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Chapter 1

Introduction

An integral equation is a functional equation in which the unknown function ap-
pears under an integral sign. The origins of quantitative theory of integral equa-
tions with variable (upper) limits of integration go back to the early 19th century
work of Abel. Systematic study of integral equations started from the works of
Volterra [71], where he derived an integral equation of the form

u(z) = /K(:c,y)u(y) dy+ f(z), z€][0,b], b>0 (1.1.1)
0

(later called Volterra integral equations of the second kind). Here f and K (the
kernel of the integral equation) are given real-valued functions, u is the function
which we have to find.

Volterra integral equations arise naturally in many mathematical models of
various physical and biological phenomena. In particular, they occur in areas such
as viscoelasticity [16, 21, 30], damped vibrations [43], study of epidemics [72],
population dynamics [18], identification of memory kernels in heat conduction [28,
29] and financial mathematics [45]; further examples can be found in monographs
by Brunner and Houwen [12] and Linz [44].

Fredholm continued a comprehensive study on integral equations in [24], where
he gave the necessary and sufficient conditions for solvability of integral equations
of the form

b
u(z) = /K(m,y)u(y) dy+ f(x), z€][0,0] (1.1.2)
0

(later called Fredholm integral equations of the second kind). Also equation (1.1.1)
can be written as a Fredholm equation (1.1.2) if we set K(z,y) = 0 for y > x. The
classical Fredholm theory therefore also applies to Volterra equations, but loses
much of its power. On the other hand, a direct study of Volterra equations yields
many results which cannot be obtained with the Fredholm theory.



The main objects of study in the present thesis are numerical methods for
solving Volterra integral equations of the form (1.1.1) where the forcing function
/ is at least continuous on the interval [0, b] and the kernel K is continuous on the
triangle {(z,y) : 0 < y < z < b}.

The study of numerical methods for solving integral equations has received
considerable attention in the past. The survey papers by Baker [5, 6, 7], Brunner
[9, 11], Venturino [68] and the monographs by Atkinson [2], Baker [4], Brunner
[12], Brunner and Houwen [13], Hackbusch [27], Kress [41], Linz [44], Vainikko
[64], Vainikko, Pedas and Uba [65] give a good picture of these developments and
contain an extensive bibliography. We also refer to the papers [33, 50, 51, 52]
for convergence and stability analysis of collocation methods with smooth splines
for Volterra integral equations. The present thesis is most closely related to the
works [14, 53, 56] where a discussion about the convergence of piecewise polynomial
collocation methods for solving Volterra integral equations with weakly singular
kernels is given. The basis for our treatment is the paper by Pedas and Vainikko
[67] where an analysis about the regularity of a solution of the equation (1.1.1)
with different singularities is presented.

In particular, we consider a class of kernels K (z,y) which are m times (m > 0)
continuously differentiable on {(z,y) : 0 < y < x < b} and there exists a real
number v € (—o0,1) such that the estimate

oN' /o o\ 1 v+i<0
‘(8) <a+a> K(z,y)|<cq 1+|log(z—y)| ,v+i=0 5 (1.13)
’ v (x—y) ! v+i>0

holds with a positive constant ¢ = ¢(K) for all z,y € {(z,y) : 0 <y <z < b} and
for all non-negative integers ¢ and j such that i + j < m. It follows from (1.1.3)
by i = j = 0 that

1 ,v <0
|K(z,y)| <cq 1+|log(z—y)| ,v=0 », 0<y<az<bh
(‘r—y)_u 7V>0

Thus, if 0 < v < 1, then the kernel K (x,y) may have a weak singularity as y — :
[K(z,y)| <c(1+[log(z—y)]), v=0,
|K(z,y)| <clz—y)™", 0<v<l,

where 0 < y < z < b. If v < 0, then the kernel K (x,y) itself is bounded on
{(z,y) : 0 <y < x < b} but its derivatives may be singular as y — x. Note
that the class of kernels allowed in the present thesis is an adaption of the class of
functions that were introduced by Vainikko in [64] for multidimensional Fredholm
integral equations with weakly singular kernels.

We also consider a more complicated situation for equation (1.1.1) where the
kernel K (z,y), in addition to a diagonal singularity (a singularity as y — ), may



have a boundary singularity (a singularity as y — 0). More precisely, in addition
to the kernels K satisfying (1.1.3), we consider a set of kernels K (z,y) which are
m times (m > 0) continuously differentiable on {(x,y) : 0 < y < = < b} and there
exist two real numbers v and A such that the estimate

ANENCAY ! v+i<0 |
‘<5> <8+8) K(z,y)|<c{ 14|log(@—y)| ,w+i=0 py 7
) s (@—y) ™" vAi>0

(1.1.4)
holds with a positive constant ¢ = ¢(K) for all z,y € {(z,y) : 0 <y <z < b} and
for all non-negative integers ¢ and j such that ¢ + j < m. It follows from [57] that
under the conditions

vr<1, A<min{l,1-v}

a kernel K (z,y) satisfying (1.1.4) is still at most weakly singular in the sense that

b
sup /|K(w,y)| dy < ¢ < o0.
O<alc<b0

For example, K(x,y) may have the form
K(x,y):Kl(x,y)(‘m_y)iyyik"i_KQ(may)a 0<y<1’§b, (115)

where 0 < v < 1, A < 1—v and K;(z,y) and Ky(z,y) are some smooth functions
for0<y<z<0b.

For Volterra equations (1.1.1) with bounded kernels, the smoothness of the
kernel K and the forcing function f determines the smoothness of the solution w on
the entire interval of integration [0, b]. If we allow weakly singular kernels K(z,y)
satisfying (1.1.3) or (1.1.4), then the derivatives of the resulting solutions u(z) may
become unbounded at the initial point 2 = 0 of the interval of integration [0, b], see
Theorems 4.2.1-4.2.3 below (see also [13, 14, 47]). This complicates constructing
high order numerical methods for solving such equations.

In collocation methods, the singular behavior of the exact solution can be taken
into account by using special graded grids with the nodes

N

Here r is a parameter describing the non-uniformity of the grid: if » > 1, then
the grid points (1.1.6) are more densely clustered near the left endpoint of the
interval [0, b] where the solution of the equation (1.1.1) may be singular. By using
a collocation method based on piecewise polynomials of degree m —1 (m > 1) and
(1.1.6) one can reach a convergence order O(N~™) for sufficiently large values of
r. For instance, in the case of kernels (1.1.5) with 0 < v < 1,0 <A< 1L, v+ A <1
the convergence behavior of order O(N~™) is available for

mj—b<]> , j=0,....,N,NeN, reR, r>1. (1.1.6)



see [36, 37, 38] (for A = 0 this result follows also from the corresponding results
of [10, 11, 12, 13, 14, 53, 56]). Thus, by taking the local polynomial degree m
sufficiently large, we can obtain an order of convergence as high as we like, provided
that r is so large that the condition (1.1.7) is fulfilled. However, although the
piecewise polynomial collocation method on graded grids turns out to be stable for
solving weakly singular integral equations (see [31]), the realization of this method
in the case of strongly graded grids by large values of » may lead to unstable
behavior of numerical results.

To avoid problems associated with the use of strongly graded grids or just
improving the convergence order of piecewise polynomial collocation methods for
some special case, we first perform a change of variables in the equation (1.1.1)
so that the singularities of the derivatives of the exact solution u will be milder
or disappear and after that we solve the transformed equation by the piecewise
polynomial collocation method on a mildly graded or uniform grid. Our approach
is based on the ideas and results of [55, 56, 57], see also [8, 19, 20, 26, 48, 58, 66,
67, 69, 73].

In this thesis, we also take a deeper look at the local superconvergence of the
collocation method. The word “superconvergence” was introduced in the early
1970s to describe phenomena arising in the solution of two point boundary-value
problems and related partial differential equations (see more in [61]). For certain
piecewise-polynomial approximation methods, the order of the convergence at the
knots, or other points of interval, is higher than one might have expected from the
order of the piecewise polynomials employed. Such a phenomenon was observed for
Galerkin [22] and collocation [17] methods, under a condition that the collocation
points are very carefully chosen. Subsequently, the usage has been extended to
cover similar phenomena for Fredholm integral equations (1.1.2), under appropri-
ate assumptions on K and f (see, for example [2, 54, 58, 61, 64]). Superconvergence
phenomena of piecewise polynomial collocation methods for Volterra integral equa-
tions (1.1.1) with kernels K(z,y) satisfying (1.1.3) is studied in [14, 53, 56]. In
the present thesis, we extend the corresponding investigations to equation (1.1.1)
with a wider class of kernels K (z,y) satisfying (1.1.4). Moreover, the attainable
order of global and local convergence of proposed algorithms based on a suitable
smoothing transformation will be studied.

This thesis is organized as follows.

Chapters 1 and 2 have an introductory character. In Chapter 2, we introduce
some definitions and basic results which we use in this work. We also prove some
auxiliary estimates for later use in the proofs of main lemmas and theorems of
Chapters 4 and 5.

In Chapter 3, we introduce a wide class of smoothing transformations and
prove some new results about their smoothing properties. These results refine and
complement the corresponding results of [56]. We also derive some estimates for

10



kernels and interpolation operators which will be used in Chapters 4 and 5.

In Chapter 4, we introduce the basic assumptions about the kernel K and
forcing function f of equation (1.1.1) and formulate the underlying results about
the regularity and possible singularities of a solution of equation (1.1.1). After
that we introduce a class of numerical methods for solving (1.1.1) using suitable
smoothing transformations described in Chapter 3 and piecewise polynomial collo-
cation methods on graded grids. We prove the convergence of proposed algorithms
and derive global convergence estimates for different new classes of kernels K and
forcing functions f. These results generalize and complement the corresponding
results of [8, 10, 12, 13, 14, 20, 53, 55, 56].

Chapter 5 is devoted to the study of local superconvergence properties of pro-
posed numerical schemes introduced in Chapter 4. This chapter is an extended
expansion of the corresponding results of [39]. Using special collocation points,
error estimates at the specific points on [0,b] are given, showing a more rapid
convergence than the global uniform convergence on [0,b] available by piecewise
polynomials. These results generalize, refine and complete the corresponding re-
sults of [14, 53, 56]. The basic idea for the proofs of the superconvergence theorems
in this chapter is common for all of them. As there exist some important technical
nuances for different types of kernels, we have divided this chapter into subsec-
tions and have studied superconvergence phenomena for different type of kernels
separately. The convergence estimates for equation (1.1.1) with kernels satisfying
(1.1.3) are in good agreement with the results in [53] where the smoothing of the
solution has not been considered.

In Chapter 6, we introduce various test problems and compare the computa-
tional experiments with the theoretical results which we obtained in Chapters 4
and 5. The numerical results totally support the theoretical analysis.

Most of the results given in Chapters 3-6 are published in [35, 36, 37, 38, 39],
although the thesis contains also several new results which have not published yet.
In some cases the results in this thesis are stated and proved in a more general
form than in our published papers.

11



Chapter 2

Notations and Basic Results

In this chapter we introduce some basic notations and formulate some well-known
results but we also prove some additional results which we need later.

2.1 Notations

Throughout this work ¢ denotes a positive constant which may have different
values in different occurrences. By N = {1,2,...} we denote the set of all positive
integers, by Z = {...,—1,0,1,2,...} the set of integers and by R = (—o0, c0) the
set of real numbers. Additionally we use the sets Ng = {0} UN and Ry = [0, c0).

By C™(D) (D Cc R",m € Nyg,n € N) we denote the set of continuous and m
times continuously differentiable functions v : D — R.

By Cla, b] we denote the Banach space of continuous functions v : [a,b] — R
with the norm

lollefen = 0]l = max, (@), v e Cla,bL

By C™[a,b], m € Ny, we denote the Banach space of m times continuously
differentiable functions v : [a,b] — R with the norm

HU”C’”[(L,b] = Z ||U(Z)HCX>7 (NS Cm[ava CO[CL’b] = O[a’ab]
=0

By L°°(a,b) we denote the set of measurable functions v : [a,b] — R, such that

inf sup |v(z)| < oo,
Dc[a,b]:u(D):OacE[avb]\D| o

12



2.2.  Linear Operators

where (D) is the Lebesgue measure of the set D. The set L*(a,b) is a Banach
space with the norm

0] Loe (@) = [[V]loo = lo(z)], v e L*(a,b).

inf sup
DCla,b]:u(D)=0 zea,b)\ D

Let E and F be Banach spaces. By L(E, F) we denote the Banach space of
all linear continuous operators A : E — F with the norm

|Allzery = sup  [[Az|r, A€ L(E,F).
z€E,||z|| g<1

2.2 Linear Operators

In this work, we use the following well-known results from the theory of linear
operators (see, for example [2, 27, 41]).

Theorem 2.2.1. (Banach-Steinhaus theorem). Let A : E — F be a bounded
linear operator and let A, : E — F be a sequence of bounded linear operators
from a Banach space E into a normed space F. For pointwise convergence Apx —
Az,n — oo, for all x € E it is necessary and sufficient that || A, | < ¢ for alln € N
with some constant ¢ and that A,z — Ax, n — oo, for all x € G where G is some
dense subset of E.

Theorem 2.2.2. Let E be a Banach space, and let A € L(E, E) be a bounded linear
operator from E into E with | Al|z(p gy < 1. Then there exists (I—A)~! € L(E, E),

and
1

0= ee. < T[],y
L(B,B) L= Al z(,m)

where I is the identity mapping in E.

Theorem 2.2.3. Let E and F be Banach spaces. If the operators A, B € L(E,F)
are such that A is invertible (A~ € L(F, E)) and ||B|z(g,m) A c(pp) < 1 then
A + B is invertible and the estimate

HA71||£(F,E)
1Bl e, m) 1A 2 ()

1A+ B) erm < .

holds.

Theorem 2.2.4. Let E,G be normed spaces and let F' be a Banach space. Let
A be a compact operator mapping E into F' and let B,, : F — G be a pointwise
convergent sequence of bounded linear operators with limit operator B : F — Q.
Then

(B, — B)A|| — 0, n— oo.

13



2.3. Some Basic Results

Theorem 2.2.5. (Fredholm alternative). Let E be a Banach space, and let A €
L(E,E) be a compact operator. Then the equation v = Ax + f, f € E has a
unique solution x € E if and only if the homogeneous equation z = Az has only
the trivial solution z = 0. In such a case, the operator I — A has a bounded inverse

(I—A)"' e L(B,E).

A linear operator A : £ — F is called compact if A transforms every bounded
set of F into a relatively compact set of F'. A linear compact operator A: £ — F
is continuous. A subset M C FE is called relatively compact, if all sequences
(xn) C M contain a subsequence converging in E.

2.3 Some Basic Results

For differentiating compositions we need the following result (see, for example, [40,
p. 111]).

Theorem 2.3.1. Let m € Ny, f € C™[a1,b1] and g € C™[ag, ba] be real-valued
functions such that f maps [a1,b1] into [az, bs]. Then the derivatives of the com-
position function h(t) = g(f(t)) can be expressed by Faa di Bruno formula

) . ’ k1 ) k;
h(])(t) = Z Mg(k)(f(t» <fl('t)> (fj(t)> . 0<j<m,

4!
(2.3.1)
where t € [a1,b1], kK = ki + -+ + k; and the sum is taken over all ky,... k; € Ny
for which ki + 2ka + - - + jk;j = j.

In this thesis, we use a Gamma function I'(x) defined as Euler’s integral (see
[1, p. 255)):

I(z) = /675 s tds, x>0. (2.3.2)
0

Gamma function is related with Beta function B(xz,y) by the following equalities
(see [1, p. 258]):

T14+v)I'(1+ )

As -1 (23
Tetv+yn @ N7 (233)

1
/SA(l—S)VdS:B(l—i-I/,].-i-)\):
0

We also use the following result: for every a € R, n € N, n > 2 the inequality

n ntte  for a > —1
Zio‘ <c¢q logn fora=-1 (2.3.4)
i=1 1 for a < —1

14



2.3. Some Basic Results

holds with a positive constant ¢ not depending on n.

Next, we prove some results for estimating special integrals and functions. For
given real numbers «,b > 0 and for any x € [0, b] consider the functions

g(x) = 27(1+|loga]), f(z) =27 (i + |logx|) . (2.35)

Remark 2.3.1. Functions g and f in formula (2.3.5) are continuous and bounded
on [0,b] and the function f is monotonically increasing on [0,b] for any v > 0.
Moreover, we can estimate

27(1+|logz|) <e, x€][0,b], ~>0, (2.3.6)

and
e f(z) <g(x) <eaf(z), z€l0,b], >0, (2.3.7)

where ¢ = c(y); ca > ¢1 are some positive constants.
Indeed, for v > 1 we have
1 1 1
g(x) =727 | =+ —|logz| | <~ya7 | — + [logz| | =7 f(x).

v y

For 0 < v < 1 we write directly
1
o) =7 (14 |togal) < o7 (2 + |togal) = £(o)

We have got that g(x) < caf(x). The lower bound can be shown in similar way.

So, the inequality (2.3.7) is true. Next, we comment, why f is monotonically
increasing on [0,b]. For > 1 it is trivial. For 0 < 2 < 1 we obtain

1 1
flx)=~r2"" [ =+ |logz| | —27= =~y27 Ylogz| >0, 0<z<l.
7y T

Thus the function f is monotonically increasing on [0, b].

Lemma 2.3.1. Assume that b,a, 3 € R are such thatb >0, o > —1 and a+ (3 >
—1. Then for every t € [0,b] the following estimates

b
/s—ta sPds < c(b—t)*t o’ (2.3.8)
t
and
b
/ (s— 1) sP(1 + [log s|) ds < ¢ (b— £)°*+1 b3(1 + |log b]) (2.3.9)
t

hold with a positive constant ¢ not depending on t and b.

15



2.3. Some Basic Results

Proof. First we show (2.3.8). Let 8 > 0. Then

(s—t)° s? ds

H
w\@

(2.3.10)

1
R N} _ a+1< _ pa+1;8
s=— P (b= <ot

IN
(=
@
N\Q“
Cn
|
=

with the constant ¢ = —. Now, let # < 0. Then

b
_\B
e =/<S . t) (s —t)*7 ds. (2.3.11)
t

As the function u(s) = = is increasing on the interval [¢,b] and a + 8 > —1 then

-3 b
Ia,,B < ( ) / a+ﬁ ds
t

(2.3.12)
1 b—t\"’
= b—t) A < e (b—1)*H b,
a+6+1< b > (b=1) <cb-1)
We have proved (2.3.8). Next we show (2.3.9). First, for 5 > 0 we have
b b
/ )% s (14 |logs|)ds < ¢ b (1 +|logh|) / (s —t)*ds, (2.3.13)
t t

as we can use the inequality (2.3.7) and by Remark 2.3.1 the function u(s) =
B (% + | log s|> is monotonically increasing on [t,b]. Now (2.3.9) follows from
(2.3.8) and (2.3.13). Next we assume § < 0. Then

b
/ (s —1)° P (1+|logsl|)ds
t

(2.3.14)

b
1+ |logb) / 2 ds.
t

As a— O‘%M = %’671 > —1 then we can use (2.3.8),

+1

T+ [logb) (b — ) b

=c(b—1)"1 b7 (14 |logh]).
(2.3.15)

O

16



2.3. Some Basic Results

Lemma 2.3.2. Assume that a,b,a,3 € R are such that b > a > 0, a > —1,
B> —1and a+ 0 > —1. Then for every t > b the following estimate

b
/(t— $)¥s%ds <c(b—a)(t—a)*bP (2.3.16)

a

holds with a positive constant ¢ not depending on a,b and t.

Proof. a) First, we consider the case a > 0. Then for 8 > 0 we obtain

b b
Inpg:= / (t—s)*sPds < (t —a)* b’ / ds = (b—a)(t —a)* b’ (2.3.17)

a

and for —1 < 8 < 0 we obtain

b
Ing < (t—a)® /(s — a)# (s — a)_% s7 ds

\ (2.3.18)

< (t—a)® (b—a)#/(s—a)f# 57 ds.

a
As —% > —1 and also —% + 8 > —1 we may use (2.3.8):
Ing<c(b—a)(t—a)b’. (2.3.19)
b) Now we consider the case —1 < «a < 0. If b =t then we get for 5 > 0,
b
1

Lg <V’ / (b—s)%ds = 1 Wb—a)tt <c(b—a)(t—a)*b’, (2.3.20)
a

a
and for —1 < 8 < 0 we obtain

b

ng = [ (b= ) = (s~ )" s ds =

a

a

[(b—a)— 2% (z+a)’ dz

o7

=0b—a) [ 1-5)[(b—a)s+a]’ s’ Pds (2.3.21)

— (b _ a)oHrl

a-os (Gors) e

17

S O~ _



2.3. Some Basic Results

Note that the function wu(s) is increasing on [0, 1]. Thus

_ s
— (b—a)sta

1
Ia75§6(b_a)a+1bﬁ/(1—S)QSﬁdS:C(b—a)aJrlbﬁB(l—FOé,l—Fﬂ) (2322)

’

0
<c (b—a)(b—a)tP,
where B(1 + a,1 + ) is the Beta function (2.3.3) which is bounded with some
constant ¢ as «a, 3 > —1. We summarize our result as follows:

b
/(b—s)"sﬁdsSc(b—a)(t—a)o‘bﬂ7 b=t, —-l<a<O. (2.3.23)

a

Finally we may study the case ¢t > b for —1 < o < 0. Write

b
b _ —x
Inp = / (t S) (b— 5)* s ds. (2.3.24)
—s

Function u(s) = It’:—g is decreasing on interval [a,b]. So we can bring u(s) out from
the integral (2.3.24) with s = a and for the remaining part of the integral we can

use the estimate (2.3.23). Thus

b _ —Q
Inpg<c (t a) (b—a)*™ v =c(b—a)(t—a)*br. (2.3.25)
—a

We have proved the inequality (2.3.16).
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2.4. G@Grids and Spline Spaces

2.4 Grids and Spline Spaces

For given b € R, b > 0, N € N, let

Ay ={zo,21,...,2Ny : 0 =29 <21 < --- < zpN =)} (24.1)
be a partition (a grid) of the interval 1) [0, b].
Definition 2.4.1. A grid Ay is called reqular if

max (z; —x;-1) =0 as N — 0. (2.4.2)
i=1,..,N

Definition 2.4.2. A grid Ay = Ay = A%’b) (r € [1,00)) is called graded, if the
grid points are defined by the formula

xi—b<]if) . i=0,...,N. (2.4.3)

Here the parameter r characterizes the degree of non-uniformity of the grid
A'y. In case r = 1 we get a uniform grid. If » > 1 then the nodes xg,...,xn of
the grid A’y are more densely clustered near the left endpoint of the interval [0, b].

For a given integer m € Nand 0 < k <m — 2 let

Sf,:_li(AN) - {ZN . ZN|[:Uj_1,zj] € Tm—1, .7 = 17' . '7N}a

o ) _ (2.4.4)
Sm—l(AN) = {ZN 6 C [0>b] : ZNl[Ij_l,z]'] E 7rm—1; .7 = 17 . 7N}

be the spline spaces of piecewise polynomial functions on the grid Ay. Here
ZN|[xj,1,xj] (j = 1,...,N) is the restriction of u(t), ¢t € [0,b], to the subinterval
[j_1,2;] C [0,b] and ,,—1 denotes the set of polynomials of degree not exceeding
m — 1. Note that the elements of anili(A ~) may have jump discontinuities at the
interior knots x1,...,xy_1 of the grid Ay.

Next, we formulate some results about graded grids (2.4.3) which will be used
in this thesis. We denote the lengths of the subintervals [x;_1, z;] C [0, b] by

hizwi—l‘i_l iZl,...JV. (2.4.5)
For graded grids we can use the estimates
1

r—1
hi <e¢NTi" t=¢N! (N) <¢N7Y, i=1,...,N, (2.4.6)

DFor ease of notation we suppress the index N in z; = xEN), i = 0,...,N, indicating the
dependence of the grid points on N.
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2.4. Grids and Spline Spaces

where c¢ is a positive constant not depending on ¢ and N. Indeed,

i\’ i—1\"
i —Ti_1=b| — —b =bN (" —(: —1)"
nmne <N> (N) (= G=1) (2.4.7)
=brN "¢t <br N e (i—1,4), i=1,...,N.

Thus the inequalities (2.4.6) hold with ¢ = br. From (2.4.6) it follows that graded
grids are regular.

Further, let # € R. Then

B <l <orBlgB =

b < ., N. (2.4.8)

Indeed, for 8 > 0 the upper bound is obvious and for the lower bound we can write

i (i—1) i\
= <NT(Z—1)) _%ﬁl( —1) < 2P,

For 3 < 0 the lower bound is obvious and for the upper bound we can write

. roar\ B . rB
5 - (Z - 1) (3 B 1 —1 3
Ti1 = < NT 27‘ = i < 2T|B|xl :

Thus the inequalities (2.4.8) hold.

Now we show the estimate
Xy — Xj—1 S 2" (1‘1;1 — CUZ',Q), 1= 2, ey N. (249)
Indeed,
-y (1= ()
NT N N7 NT

Z' T
= - (i1 — @i—2) < 2" (i1 — Ti—2).
i—1

I
IN
~
3
/N
—
\
/
T
)—A‘M
N—
3
N—

Ti — Ti—1

Next, we prove the inequality
N\ B _
i 1+ |log hy] N8  for f<0 .
— ) —==< =1,...,.N,N>1, (24.10
(N) 1—|—|]ogmi|_c logN forg>0 |’ ! ’ Y ( )

1+‘ loghi| _

where the positive constant c is not depending on ¢ and N. If ¢ = 1 then THTogzs] —

1 and (2.4.10) holds. Now, let ¢ > 2. Then

1+ |log hil 1+’log<x, (1_%71))’ _ 1+|logxz|+’10g<1—@>‘
= ¢
1+ [log i 1+ |log x| = 1+ |logay]

<c <1+ log<(l_zl) 1)‘) < (1+|logi™!)).
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2.4. Grids and Spline Spaces

We formulate the following result:
1+ |log hyl
1+ |log ;]

Estimate (2.4.10) follows from (2.4.11) because of i’ (14 |logi~!|) < ¢ for 3 < 0. If

8 > 0 then (ﬁ)ﬁ < ¢ and (2.4.10) follows from (2.4.11). A corollary from (2.4.10)
is that

. 5 —ﬂ
i N~=FPlogN for <0 ,
— 1) < —
<N) (1+|loghz|)_c{logN forﬁzo}’ i=1,...,N,N > 1.
(2.4.12)

Lemma 2.4.1. Let N € N and let xg,...,xn be the node points (2.4.3) of the
graded grid. Assume a,( € (—1,00) such that o + 3 > —1. Then for every
x€zj_1,x5], j=1,...,N, and for k=1,...,j the following estimates

<c(l+|logi™'|), i=1,...,N. (2.4.11)

min{xzy,z}
(z—8)*s7ds < ¢ (xp — xp_1) (x) — xk,l)o‘x}f, (2.4.13)
Tk—1
min{zy,r}

(. —5)*s7(1 + |log(z — s)|) ds

(2.4.14)
Tp_1
< c(ag, — wpo1) (25 — 1) @ (1 + |log(z; — zp-1))),
min{zy,z}
(— 5)° 851 + | log(z — )|
o 1+ [logs| (2.4.15)

1+ |log(z; — zx—1)]
< _ _ L _ « ﬁ J
<c(wp —ap—1) (5 — 2p—1)" @) Tt [Tog 7|

hold with a positive constant ¢ not depending on k,j and N.

Proof. First we show (2.4.13). If j = 1, then k = 1, € [x,21], zo = 0 and
min{zi,x} = x. By Lemma 2.3.2,

x

/(x —5)*sPds < ¢(x — xo) (# — 20)* 2P = cax®TPHL < cx?+’g+1

o
=c(x1 —xo) (x1 — x)? x? =c(rr — 2p—1) (xj — Tp—1)" :vf
(2.4.16)
Now we consider the case 7 = 2,...,N. Then for £k = 1,...,5 — 1 we have
min{zy, z} = x and by Lemma 2.3.2,
T

/ (x—s)*s%ds < ¢ (wp — 2p1) (& — 2 ) " 2. (2.4.17)

Tp—1
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2.4. Grids and Spline Spaces

If o > 0 then (z — 25-1)* < (z; — 25—1)" and (2.4.13) holds. If & < 0 then we
may write

(o= a0 = (o~ ) (220 ) < (0 = g ()
(

Tj — Tk—1

1_331) < (w5 — zp1)® (1_111) _

Tj — Tk—1 Tj —Tj-2

From (2.4.9) it follows
i1 —xj—2\“ 2z — wi )\
(&~ 21) < (2 — a1)° (xl_xg) < (g — o1 1)” ((1))
J T T2
2T+1(l’j71 _ %‘72)

Tj—-1 — Tj-2

A

lal
> _ 2(r+1)\a\(xj _ xk—l)a-
(2.4.18)

(7 — 2p-1)" <

Estimate (2.4.13) yields from (2.4.17) and (2.4.18). It remains to consider the case
k = j. Here we have min{zy,z} = 2 and by Lemma 2.3.2,

x
/ (x—s)*sPds < c(x—xp_1) (@ —2p_1)% 2% = c(x — 2p_1)*T 2P

Tp—1
<c(xj— xk,l)a"'l P =c () — xp—1) (x5 — 2p—1)” 2P,

(2.4.19)

If 3> 0 then zf < x]’@ = xf If 3 <0 then 2% < xf_l and we may use (2.4.8). We
have proved (2.4.13).

Now we consider (2.4.14). First, note that the function

= 5) = (o =57 (3 + log o - 5]

is increasing on interval [0, 2; — x,_1] for any positive 7 (see Remark 2.3.1). Using
this for o > 0 we can write

min{zy,z}
L= / (@ — )57 (1 + | log(x — 5)|) ds
Tp—1
2.4.20
min{zy,z} ( )
<c(xj—ap—1)* (14 |log(z; — xK_1)]) / $7 ds.
Tp—1
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2.4. G@Grids and Spline Spaces

Estimate (2.4.14) follows now from (2.4.13). Next, let —1 < o < 0. Then for 5 >0
we have

min{zy,z}
I ; §xf / (a:—s)aTH_liTa(l—FHog(w—s)Dds
Tp—1
min{zy,z}
I} atl _l-a
<cxp (xj —wp—1) 2 (14 |log(z; — 21-1)]) / (x—s8)" "2 ds.
Tk—1

(2.4.21)

Estimate (2.4.14) yields now from (2.4.13). Finally we assume —1 < 8 < 0. Thus

min{ex,z}
Iy ;= (zfs)%w_ﬁﬂ%(1+\log(x75)|)s/@ds
Th—1
min{ex,z}
<c(z; — xk_l)wgﬂ (1+|log(xzj — xx—1)]) / (x — 3)07571 7 ds.
Th—1

(2.4.22)
Since o, 8 € (—1,0], O‘%M > —1 and ’%Tﬁ*l + 3 > —1, we can use (2.4.13). We
have proved (2.4.14).

The last estimate (2.4.15) follows from (2.4.14), since
s e [Zk—lamk]v k= L...,J.

1 < 1
1+|log s| — ¢ 1+ log = | for

O

Lemma 2.4.2. Let € R, N € N, N > 2 and xq,...,xzxN be the node points of
graded grid (2.4.3). Then for every k =1,..., N the following estimate

z’f:(i>f’1+|1og(xk—mi_1)l <c{ NlogN  for f=-1 } (2.4.23)

—~ \N 1+ |log ;| N-F for B< -1

holds with a positive constant ¢ not depending on k,i and N.
Proof. Let M = % if kis even and M = % if kisodd. Fori=1,..., M,

L+ |log (wg — w-1)| < 1+ [log (zr —xnm—1)| _ 14 |log (zx(1 — (242)")]
1+ |log x| - 1+ |log x;] 1+ |log x|
/14 |log x| + |log (1 — (%)T)| <
1+ |log x| '

(2.4.24)
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2.4. Grids and Spline Spaces

On the other hand, from (2.4.11) it follows that
1+ |log (g — xi—1)] - cl + | log (z; — x4-1)]

<c (1+|logit ,
1+ |log ;] - 1+ |log ;] s e (L+logi])
We denote
2\ B
141 — T
=Y () HEeed
P + [log =]
Thus
Ik:<§+ )( 71+ log (o — a1 n)
i=1 = M+1 L+ [logzi|
k ‘
<cN~ ﬁZz Z (;) (1+|logi™t|).
i=M+1
If 8 > 0 then

E\? :
I, <cN PR 4 ck <N) (14 [loghk™"|) <¢ NlogN.

If =1 < 3 <0 then
k

I, <cN+eNP(1+|logk™ 1)) Z i? < N+c NPEHP log N

i=M+1
< Nlog N.
If 3= —1 then
k

I <cN(l+logk)+eNk (14 |logk™ Z
=M+

@\w

k
<¢N logN—i—c/Nk_1 log N Z 2 < c//NlogN.
i=M+1
Finally for 8 < —1 we get from (2.4.27),

k
L <cNP+ NP 3" if(1+|logi™) < NP Z
i=M+1
Asﬁ% 1andﬁ+1<0thenz;(1+|logz ) < cand
I, <cN P Z 5 <{ N8

i=M+1
We have proved the inequality (2.4.23).
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2.5. Basic Function Sets

2.5 Basic Function Sets

Let b€ R, b > 0, m € N. First we introduce the following two sets of functions
C™9(0,b] and C™?(0,b]:

The set C™%(0,b], § < 1, consists of continuous functions u : [0, 5] — R which
are m times continuously differentiable on (0,b] and the estimates

' 1 for j<1-—6
|u(3)(a:)| <e 14 |logz| for j=1-10 (2.5.1)
=07 for j>1-86

hold with a constant ¢ = ¢(u) for all x € (0,b] and j =0,...,m.

The set C™%(0,b], 6 < 1, consists of continuous functions u, : [0,b] — R
which are m times continuously differentiable on (0,b] and the estimates

G) < 1 ‘ for j<1-0
s (@)l < C{ 27071 + |logz|) for j§>1-10 (252)
hold with a constant ¢ = ¢(u) for all z € (0,b] and 5 =0,...,m.

For example, the function u(z) = ¥ logz belongs to C"™'7%(0,b] for k € N,
k < m. The function u,(z) = 2* log z belongs to C{'~*(0, 8] for a € (0,1). Note
that
c™[0,b] € C™%(0,b) ¢ C™P(0,b] € C[0,b], meN, <1,

Further, let m € Ny, v, A € (—o0,1) and
Dy={(z,y):0<y<az<b}, Dy={(x,y):0<y<z<b} (2.5.3)

We denote by Dy, the closure of Dy, Dy = {(z,y) : 0 <y <z < b}. We introduce
the following three classes of kernels.

Wm"’(DIb) consists of m times continuously differentiable functions K : D; —
R satisfying the inequalities

o' /79 9\ 1 v+i<0
‘(8) (aJra) K(z,y)| <cq 1+|log(z —y)| ,v+i=0 (2.5.4)
! v (xz—y)" v+i>0

with a constant ¢ = ¢(K) for all (z,y) € D, and for all nonnegative integers
i,j €No,i+j<m.

W™m»A(Dy,) consists of m times continuously differentiable functions K : Dy, —
R satisfying the inequalities

aN' /8 o\’ 1 ,wv+i<0 '
|(3> <8+8> K(z,y)| <cq 1+]|loglz —y)| ,w+i=0 py 7
v * 4 (x—y)~v! ,v+i>0

(2.5.5)

25



2.6. Interpolation Operator

with a constant ¢ = ¢(K) for all (z,y) € D and for all nonnegative integers i, j €
a K2
Ny, i + 7 < m and additionally for v + ¢ < 0 the equality lim (8) K(z,y)=0
y—z \ Or
holds.

W2 (Dy) consists of functions K, € W™¥*(Dy) that in addition to (2.5.5)
satisfy for A + j > 0 the inequalities

‘(ay(a*a)j“ [ <ed tionta i riso L
= — + = «(z,y)| <c z—y) ,v+i= T
ox ox Oy (@ — y)r— +is0 1+ |logy|

(2.5.6)

with a constant ¢ = ¢(K,) for all (x,y) € Dy and for all nonnegative integers
i,j €No,i+7 <m.

For example, the kernel
K(z,y) =g(z,y)(x—y)™", g€ C™(Dy),
belongs to the set W (D) for any v < 1. The kernel
K(z,y) = g(z.y)(z —y)*log (z —y), g€ C™(Dy),
belongs to the set Wm’_k(D;) for any k € Ny, £ < m. Moreover, the kernel
K(z,y) = g(z,y)(@—y) "y, g€ C™(Dy),

belongs to the set W™¥A(Dy) for any v, A < 1, v+ A < 1. Note that

W™¥(D,) € W0(Dy) € W™HO(D,)  for 0 < v < 1,

WM A(Dy) € WANDy) € WA (D) for A< XN < 1,v < 1.

2.6 Interpolation Operator
Let m, N € N and let Ay be a grid (2.4.1) for the interval [0,5], b > 0. In every
subinterval [z;_1,2;] (j =1,..., N) we introduce m interpolation points

Tij = Ti—1 +1Nj (xif:ci,l), i=1,....,N, j=1,...,m, (2.6.1)

where 11, ..., Ny, are some fixed (collocation) parameters not depending on ¢ and
N and such that
0<m<--<np <l (2.6.2)

Next we introduce an interpolation operator Py = P](mel) which assigns to

every continuous function u € C]0,b] the piecewise polynomial function Pyu €
an__l%(AN) such that Pyu interpolates u at the nodes (2.6.1):

(P]\Wd)(l‘ﬁ) :u(acij), t1=1,....,.N, j=1,...,m. (2.6.3)
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2.6. Interpolation Operator

Thus, (Pyu)(z) is independently defined on every subinterval [z;_1, z;],i = 1,..., N,
and may be discontinuous at the interior points x = z;, i = 1,..., N — 1, of Ay.
In this case we may treat Pyu as a two-valued function at these interior points. If
71 = 0 and 71, = 1 then the function Pyu is continuous on [0,b].

Lemma 2.6.1. [64] Let Py : C[0,b] — Sf,:jz(AN) be determined by the con-
ditions (2.6.3). Then Py € L(C[zi—1, %], C[zi—1,24]) (i = 1,...,N) and Py €
L(C[0,b], L>®(0,b)). Moreover, the norms of these operators are uniformly bounded

Z.:r{laXN HPN||E(C[.Ti_l,l‘i],c[l‘i_l,li]) S C? N 6 N? (264)

1PNl zcop,Lo0p) <c N eN. (2.6.5)
Here c is a positive constant which is independent of © and N.
Lemma 2.6.2. [15] Let u € C™%(0,b], m € N, § < 1 and assume that a graded

grid (2.4.3) and the interpolation points (2.6.1) are used. Then for the operator
Py defined by (2.6.3) the following estimate

N—™m form<1—-6 ,r>1
N—™ form=1-60 ,r>1
lu — Pyulloo <c{ N™(1+1logN) for m=1-6 ,r=1 (2.6.6)
N—™ for m>1-0 ,r>q{%
N—r(1-9) for m>1-60 ,1<r <%

holds with a positive constant ¢ independent of N.

Lemma 2.6.3. [15, 53] Let T : L*°(0,b) — C[0,b] be a linear compact operator.
Suppose that the grid (2.4.1) is reqular i.e. satisfies (2.4.2). Then for the operator
Py defined by (2.6.3) we have

||T — PNT”L(LOC(O’Z))’LOO(O’I])) — 0 as N — oo. (267)

For the next lemma we use the idea of the proof in [53] where the interpolation
error for arbitrary, regular, quasi-uniform and graded grids is studied.

Lemma 2.6.4. Let u € C[0,b] N C™(0,b], m € N, b € R, b > 0 and assume that
a grid (2.4.1) and the interpolation points (2.6.1) are used. Then for the operator

Py = P](\,mfl) defined by (2.6.3) the following estimate
lu(z) — (Pyu)(z)] < ¢ /(5 — )" u ™ () ds, x € [zi_1, xi] (2.6.8)

x

holds for i =1,..., N with a positive constant c not depending on ¢ and N.

27



2.6. Interpolation Operator

Proof. Let u € C[0,b] N C™(0,b]. For every ¢ = 1,..., N we choose a polynomial
WN,i € Tm—1 of degree m — 1. Then for « € [z;_1,2;] (¢ =1,...,N) we have

u(z) — (Pyvu)(z) = u(r) — wni(z) + wni(z) — (Pyu)(z)
=u(x) —wn,i(z) + (Pvwn;)(z) — (Pyu)(z) (2.6.9)
= (I = Py)(u(z) — wni(2))-

By Lemma 2.6.1 || PN || £(Ces_1,2:],Clesi,2:]) < € and therefore
lu(z) = (Pyu)(@)] = [(I = Px)(u(z) — wni(z))]

< (L + PN 2(Claimy i), Claioy ) [(T) —wni(@)]  (2.6.10)
< clu(z) — wni(z)].

Next, we fix wy ;(x) as a Taylor polynomial for the function u(z) at z = x;:

TRl (@) ( — )"
wni(T) = Z p . T E [T, @) (2.6.11)
n=0

The integral form of the reminder term of the (m—1)th order Taylor approximation
of u at = x; gives us for © € [z;_1,x;] the inequality

! i /(x — )" ™ (s) ds

lu(z) —wn,i(z)| = m
o (2.6.12)

T

< c/ (s — )" [ul™(s)| ds.

xT

The estimate (2.6.8) now follows from (2.6.10) and (2.6.12).
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Chapter 3

Smoothing Transformations

In this chapter, we first (Sections 3.1-3.2) introduce a wide class of smoothing
transformations for functions u € C™(0,b] and v € C7?(0,b], m € N, 6 < 1. If
u € C™%(0,b] then the function u is continuous on the closed interval [0,b] but
its derivatives may be unbounded at the left endpoint of the interval [0,5]. Let
¢ : [0,a] — [0,b] be a continuous function which maps [0, a] onto [0,b], a > 0. We
are interested in such changes x = ¢(t) of the variable x that the singularities of
u(e(t)) as a function of ¢ will be milder. Here we use the ideas of [48, 56].

Section 3.3 includes the estimates for kernels K (t,s) and the derivatives
%Kq,(t, s). We use these results in the superconvergence theorems in Chapter 5.

In Section 3.4, we prove some estimates for © — Pyu on subintervals [z;_1, x;],
i=1,...,N, as well as the estimates on full interval [0, b]. The main results of this
section are given in Lemmas 3.2.3 and 3.4.4. These results are partly published in
[36, 37, 38, 39].

3.1 Definitions

For given m € N, p € R, p > 1 and for positive real numbers a,b > 0, let
v :10,a] — [0, ] (3.1.1)

be a transformation which maps [0, a] onto [0, b] such that

© € C™(0,a] N C0,al, (3.1.2)
atr < () <ept™!, 0<t<a, (3.1.3)
@) <ctr?, 0<t<a, j=0,...,m, (3.1.4)

where ¢ > 0,c9 > ¢; > 0 are some constants. The set of the transformations ¢
satisfying (3.1.1)- (3.1.4) is denoted by ®™*.
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A consequence of (3.1.1)-(3.1.3) is that
() = p(s)| 2 clt = s| (P +s°71), st €0, (3.1.5)

with a constant ¢ > 0 not depending on ¢, s € [0, a]. Indeed, due to symmetry we
may assume that s < ¢t. Then, following [56], we have

i
o(t) —p(s) = /w'(T) dr > %(tﬂ —sP), s<t.

Therefore,

o -l L aW-s) _ al-¢)
(t=s)(tr=t +s771) = p(t —s)(te=t +5271) — p(1 =€) (1 +&r71)
where { = ¥ € [0,1). Denote
Cl(l _gp)

h f - )
g e
Clearly, h(€) > 0 for 0 < ¢ < 1. Using I"'Hospital’s rule we obtain that

. C1
lim A(6) = 2 > 0.
Ellh(f) 5 >0

Thus, after extension to the point £ = 1, function h is positive and continuous on
[0, 1], hence its infimum is positive. This completes the proof of (3.1.5).

0<E< .

Remark 3.1.1. An important subset of ®™F is given by the functions
p € D™ NC™0,al. (3.1.6)

Actually, this is the class of transformations which was introduced in [56].

The simplest example of ¢ € ®™* is given by

b
So(t) = Jtp7 0 S t S a, aab > 07 14 2 1. (317)

Clearly ¢ € C™(0,a]NC'[0,a], m € N. Note that for ¢ € ®™*NC™|0, a] we must
take p € Nin case 1 < p < m and may take p € R in case p > m.

Another example of ¢ € ™ N C™[0, a] is

go(t):29/2b<sin(41at)>p, 0<t<a, N3p<m. (3.1.8)

A class of examples (see [56]) is given by the functions ¢ € ®™? N C™[0,a]
satisfying the conditions
p(t)>0, 0<t<a, (3.1.9)

eD0)=0, j=01,....p—1; ©P0)#£0, N3p<m. (3.1.10)
Note that the idea of smoothing integrands by introducing a suitable change of
variables has been used also for evaluating various types of integrals, see, for ex-

ample [3, 23, 42, 46, 49, 60, 70]. We will use this idea in Chapter 4 for constructing
high order methods for solving the equation (1.1.1).
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3.2. Smoothing Properties

3.2 Smoothing Properties

In the case p = 1 transformations ¢ € ®"™* are isomorphic and have a continuous
inverse. We are interested in transformations ¢ with p > 1 as they possess a
smoothing property for a function wu,(t) = u(p(t)) with singularities of u(x) at
z=0.

Lemma 3.2.1. Assume that:

1. ueC™?0,b), meN,0,beR, 0 <1,b>0;
2. p€®™P p:[0,a] —[0,0], a,p R, p>1,a>0;
3. up(t) = u(p(t)), t € [0,a].

Then
C™1=°(0, a] for 8 <0

Uy € Cr (0, a) for8=0 (3.2.1)
Ccml=r1=9)0,a] for0<6<1

and for0 <t <a,j=1,...,m,

‘ tP—3 for 6 <0
@ ()| < e tPI(1+]|logt]) for =0 , (3.2.2)
tr(1=0)=J for0<d <1

where ¢ is a positive constant not depending on t.

Proof. Since u € C™%(0,b] and ¢ € ™, u,(t) = u(p(t)) is a continuous function
on [0, a] which is m times continuously differentiable on (0,a] . By Theorem 2.3.1,

) . / ki ) k;j
Ug)(t) — Z ' ']’!. kj!u(lirerkj)((p(t)) (901('”) o (go ]‘.(t)> ’

k1!
k1,....k; ENo, !
k1+2ko+-+jk;=j

(3.2.3)
where 0 <t < a and 57 = 1,...,m. We shall estimate all the terms in the sum
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3.2. Smoothing Properties

(3.2.3) for 0 < t < a. From (2.5.1), (3.1.2)-(3.1.4) it follows that

, k1 ) k;
Sj(t) = u““"*kﬂ@xw><¢£“> ...(w;fﬂ)

1 kit k<10
<c{ 14 |logt?| i+t kj=1-0 tlo=Dk1+(p—=2)k2+--+(p—4)k;
tp=0=(hitthy)) bk > 10
tplkitth;)—j kit ki<1-06
<c tp(’f1+"‘+kj)*j(1 +|logt]) ,ki+---4+kj=1-6
tr(1=0)—j i+ ki >1-10
tp(kitetkj)—p k44 kj<1-6
= P77 L tr-0=2(1 4 logt]) ki+---+kj=1—0
tP(1=0)—p kit ki >1-0

(3.2.4)

In the case 0 < 0 <1 wehave 0 <1—0 <1. As k1 4+ 2ko + --- + jk;j = j then
the sum Ky +---+k; > 1>1—01is true for all j =1,...,m and we can estimate

Sij(t) <ctrB9=1 0<t<a, j=1,...,m.
Thus (3.2.2) holds for 0 < 6 < 1. We can also write

1 if j < p(1—6)

(4) < ) < | —
|u (t)|_c{ 4p(1-0)—j ifj>p(1—9)}’ 0<t<a, j=1,...,m. (3.2.5)

From this and (2.5.1) it follows that the function u, € C™!=*1=9)(0, q].

In the case 8 = 0 we have p(1 —0) — p=0. As for every j =1,...,m the sum
ki+---+kj >1=1-0, then we can estimate (3.2.4) as follows:

Sit) et (1+|logt]), 0<t<a, j=1,....m.

Thus (3.2.2) holds for § = 0. We can also write

G) < 1 A ifj<p < .
lug’ (t)] _c{ t-i(1 4 |logt]) ifj>p |’ 0<t<a, j=1,...,m.
(3.2.6)
By (2.5.2) the function u, € Cr (0, d).
In the case 6 < 0 we have p(1 —8) — p > 0 and
. t/)(k1+"'+kj)*P B+ +k<1-—6
(1) < ctP—I ) J
S;(t) <ct {1 Y e (3.2.7)

Since also p(k1 + - - -+ k;) — p > 0 then we can estimate

Si(t)y<eth, 0<t<a, j=1,...,m.
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3.2. Smoothing Properties

Due to (2.5.1) the function u, € C"™177(0,a]. This proves our lemma.

O
Lemma 3.2.2. Assume that:
1. u, € C™ (0,0, meN, 0,beR, 6 <1,b>0;
2. pe®™P p:[0,a] —[0,0], a,p R, p>1,a>0;
3. Uy, (1) = us((t)), t €[0,a].
Then
C™1=¢(0, ) for8 <0
Us, € C:n,lfp(179)(0 CL] for0 < 0 <1 (328)
and for0<t<a,j=1,...,m,
) tP=J for 8 <0
|U,*¢ (t)‘ <c { tp(l—e)—j(l + |10gt|) fOT 0 S 0 <1 s (329)

where ¢ is a positive constant not depending on t.

Proof. Since u, € CI"’Q(O,I)] and ¢ € ®"™F, u, () = u«(p(t)) is a continuous
function on [0, a] which is m times continuously differentiable on (0, a]. Tt is easy
to see that the same analysis of the proof of Lemma 3.2.1, works also here. For
example, from (2.5.2), (3.1.2)-(3.1.4) we can write (3.2.4) in the form

Si(t) <e ppktetes) =i kit ky <10

PT=7 P93 (1 + |logtP]) ki 4+ +k; >1—0 (3.2.10)
< i to(kit-tkj)—p kit <1-6 B
= t0=0=2(1 4 |logt]) L ki+-- k=10

In the case 8 < 0 we can estimate
Sit)y<et’, 0<t<a, j=1,....,m.

In the case 0 < 9 <1 we have by +---+k; >1—0forall j =1,...,m and we
can write

S;(t) < P03 (1 4 |logt|), 0<t<a, j=1,...,m.

Now we use (2.5.1) and (2.5.2) to conclude the proof.

Lemma 3.2.3. Assume that:
1. ue C™9(0,b] and u, € C™°(0,b), mEN, 6,beR, b>0,0 <1 ;
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3.2. Smoothing Properties

2. ¢ e ®™PNC™[0,a], ¢ :[0,a] — [0,b], a,p ER, p>1,a > 0;

8. uy(t) = u(p(t)) and u., (t) = u(P(t)), t € [0,a].

Then uy € C™%(0,a] and Uy, € cmoe (0, a] with

0,=1—p(1—0). (3.2.11)

Proof. The proof is based on the ideas used in the proof of Lemma 3.2.1 and in
[56]. First we consider u € C™%(0,b]. Since 1) € @™ N C™[0,al, uy(t) = u(P(t))
is a continuous function on [0, a] which is m times continuously differentiable on
(0,a]. Due to (3.1.4) and ¢ € C™[0,a] we can estimate

1 ifj>p

|¢(j)(t)|§c{ 1 ifj<p}’ 0<t<a, j=1,...,m. (3.2.12)

By Theorem 2.3.1,

' ' ‘o\" D\
ufg)(t) = Z Mu(kﬁ...%j)w(t)) (%@) (W) ’

k1!
ki,...,k; €N,
key+2ka+-+ k=]

(3.2.13)
where 0 <t < a and 7 = 1,...,m. We shall estimate all the terms in the sum
(3.2.13) for 0 < t < a. Let i € N be a fixed index defined as

i=j ifj<p
p—1<i<p ifj>p [’

Then due to (2.5.1), (3.1.2)-(3.1.4) and (3.2.12) we can write

W' (t) . D) (1) g
Sj(t) i= JulFt R (1)) (1,> ()

4!
<c{ 1+ |logtr| ki +kj=1-0 tlp=Dk1+(p=2)kz+--~+(p—i)k;
tp(I=0=(krttky)) 4 ki>1-0
/ t(ﬂfl)kl+(P*2)k2+~~~+(9*1:)ki ki k<10
<c t(P*1)k1+(ﬂf2)k2+"'+(/’*%)ki(1 + | lpgt\) kit kj=1-0
tPA=0)=p(kit14++kj)—(k1+2ka+-+ik;) kit ky>1-0
(3.2.14)
Note that
(p—Dki+(p—2ka+---+ (p—1)k; > 0. (3.2.15)

Since k1 + 2k + -+ - + jk;j = j then

plhivr+ -+ ki) + ki +2ko + - +ik; = j+ [(p— i — Dk + -+ + (p — §)k;j].
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3.2. Smoothing Properties

For k1 +---+ k; = 1 — 6 we can write

(p— V)k1 + (p— 2k + -+ (p— i)ks =p(1 — ) — j

~lp == Dhiya ++ (0= k),
(3.2.16)

and we obtain (3.2.14) in the form

1 kit k<10
S;(t) < c tP=0=i ¢=llp—i=Dkipat+(o=0Dk)(1 4 | logt|) k1 +---+ kj=1-0 3.

tP(1=0)—j t—[(p—i=Dkiy1+---+(p—3)k;] Jky oo+ k'j >1—6
(3.2.17)
By the definition of 4,
—[(p—i—=Vkip1+--+(p—Jj)kj] > 0. (3.2.18)

Note that in case k1 +---+k; = 1—0 and j > p(1—0), due to (3.2.16) and (3.2.15)
we have

(o =i = Dkisa -+ (o= D] > 0

and
t*[(ﬂ*ifl)ki+1+'“Hﬂ*j)kﬂ(1 + |logt|) < e.
Thus
Sj(t)<ecq 1+ |logt| ,j=p(1—-0) », 0<t<a, j=1,...,m, (3.2.19)

PO > p(1 - 6)

and due to (2.5.1) the function uy, € C™1=P1=9)(0, a].

Finally, we observe the function u, € CT’G(O, b]. It is easy to see that the same
analysis done for u € C™%(0,b], works also here. For example, from (2.5.2) and
(3.1.2)-(3.1.4) we get (3.2.17) in the form

S;(t)
< 1 ,k’1—|--"—|-k'j<1—9
=S¢ tP(1=0)—j t—[(P—i—1)’%+1+~~-+(P—j)kj](1 +|logt]) ,ki+---+kj>1—10
o1 _ J<p(l-0)
— LTI logt]) iz p(1-0) [

(3.2.20)

From (2.5.2) it follows that wu., € cml=r(=0) (0, al.
O
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3.3 Estimates for Kernels

Lemma 3.3.1. Let K € WO Dy), v, \ € (—00,1), ¢ € ®, »: [0,a] — [0,b],
a,b € (0,00), p€[l,00). Then

S(p—l)(l—k) ,V < 0
|K,(t,s)| <e{ s DN (1 4 ]log(t —s)|) ,v=0 ps?, (3.3.1)
slp=D=—v=2) (t _ 5)=¥ ,v>0

where (t,5) € Dy and K,(t,s) = ¢ (s) K(p(t), o(s)).

Proof. Due to (2.5.5) with ¢,j =0,

Ko (t9)] < 19 () K (p(1), 0(9))]

, 1 v <0 . (332
<clp(s)] ¢ 1+ [logle(t) —@(s)] ,v =0 »(p(s)) "
(p(t) —(s))™ v >0

Now we can use estimates (3.1.4) and (3.1.5) for ¢:

1 ,v <0
[Kp(t,s)| S est™t ¢ 14 [log((t —s)(t*~ +s7 1)) ,v=0 ps
(t—s) (Pt +sP~ )7V ,v>0
(1 (3.3.3)
s(p=1(1=X) <0
<¢ { s D=2 (1 4 |log(t —s)|) ,v=0 ps
sl DU=v=N)(} _ )= ,v>0
O
Lemma 3.3.2. Let K € WY (Dy), v € (—00,1), A € (0,1), ¢ € 1, ¢ :
[0,a] — [0,b], a,b € (0,00), p € [1,00). Then
P 1)(1 >‘) v << 0 Y
s
|Ky(t,s)| < e s DAY 1 4]log(t —s)]) ,v=0 p ——, (3.34)
(p DO-v=X) (¢ — )= >0 1+ [logs|’

where (t,s) € Dy and K,(t,s) = ¢ (s) K(p(t), o(s)).

Proof. We can use the same idea as in the proof of Lemma 3.3.1 using (2.5.6).

O
Lemma 3.3.3. Let K € WO’”(DI;), v € (—o00,1), ¢ € 4, ¢ : [0,a] — [0,0)],
a,b € (0,00), p €[1,00). Then

sP1 ,v <0
|Ky(t,s)] <c sP7L (14 |log(t —s))) ,v=0
N S ,v>0

, (3.3.5)
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3.3. Estimates for Kernels

where (t,s) € D, and K,(t,s) = ¢ (s) K(p(t), ¢(s)).

Proof. We can use the same idea as in the proof of Lemma 3.3.1 using (2.5.4).

O

Lemma 3.3.4. Let K € WA (Dy), v,\ € (—o0,1), ¢ € ®*P, ¢ : [0,a] — [0,D],

a,b € (0,00), p €[1,00). Then

RESIEESY <1
8 sPmDO=N[1 4 52 (1 + |log(t — 5)])] v=-1
'%Kw(t, s)| < e sV 4 glmvle=D) (3 _ 5)7v 1) —l<v<0 ps
s DA=NF =11 | |log(t — s)|)+ (t—s)7Y] ,v=0
sl DA—v=2+1 )= [P+ (-9 ,v>0
(3.3.6)

where c is a positive constant not depending ont and s, (t,s) € Dy and K,(t,s) =
¢ () K(p(t), ¢(s))-

Proof. First we find

%Kgo(ta s) = [w/(S)]QaayK(w(t), Y) +¢" (5)K ((t), (5)) (3.3.7)
y=4(s)
Here
S R(0.1) - (52 + 35) Ko - oK) g 099

We use the estimates (2.5.5) for i = 0,5 =1and fori =1,5 =0,

0 0 0 0
— K (p(1), < 5=+ 5 | Kz, + | —K(x,
syt (5 + 5 ) K ey * 35
1 ,v <0
Sc{ 1+ [log(p(t) — ()] v = }ws))“
(GO —p&) " >0
1 ,v+1<0
+c{ 1+ [log((t) — ¢(s))| v +1=0 }ws))-*
(o) — g1 w150
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Now we can use the estimates (3.1.4) and (3.1.5) for ¢,

s~ ,v <0
<cq s (14 |log((t— ) +s7))) ,w=0 ps
y=¢p(s) S_p(t — S)_V(tp_l + Sp_1>_u V> 0

1 ,v+1<0
+c¢ 1+ ]log((t—s)(tP  +s* 1) ,v+1=0 s P
(t—s) vttt syl v+ 1>0

s—P v < —1
sTP4+1+4log(t — s)| Jv=-1
< 5P sl DD - gyt —l<v<0 ps P

st [s7H(1 + |log(t — s)|) + (t—s)7Y] ,v=0
s DV (t — )V s 4 (t—s)7Y] v >0

(3.3.10)
From (3.1.4) we get |¢ (s)|? < cs?~2. Write
20—=2—pA=(p—1DA-XN)+p—A—-1.
Thus from (3.3.10) it follows that
g O
GO LK <
Y
y=¢(s)
sle=D(A=A) v < —1
s(P=DO=N[1 4 57 (1 + |log(t — s)|)] v=-—1
< e seDO-N[] 4 l=vl=D) (t — 5)~v—) —l<v<0 ps L
st~ DA=N+1 =11 4 |log(t —s)) + (t—s)"'] ,v=0
slp=DA=v=+1 (4 _ )= [s=1 4 (t — 5)71] ,v>0
(3.3.11)

Using (2.5.5) with ¢ = 0 and j = 0 we get

1 , v <0

& (K (p(t). o()| < el (5)] { 14 Jlog(t—5)] v =0 } s (33.12)
s D (t—s5)™" v>0

Further, from (3.1.4) we have |g0”(5)| <csP 2 As

p—2—-pA=(p-1DA-X)—-X1-1

glp=1)(1=X) v <0
¢ (5)K (1), ()| < { s DO=N(1 4 |log(t —5)]) v =0 } s
slp=1(A-r=2) (t—s)7" ,v>0
(3.3.13)
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Estimate (3.3.6) follows from (3.3.7), (3.3.11) and (3.3.13).
O

Lemma 3.3.5. Let K € W2 (D), v € (—o0,1), A € (0,1), ¢ € ®*, ¢ :
[0,a] — [0,0], a,b € (0,00), p € [1,00). Then

S v<—1
9 sV 457 (1 + | log(t — 5)])] v =-1 s
—K,(t,s)| <c{ sPTDAN[ 4 gtmvle=D (3 _ g)7v 1) ,—l<v <0 p—7—
0s (p—1)(1=N)F17 —1 -1 1+ [logs|
s\ [sT' A+ |log(t—s))+(t—s)""] ,v=0
sl DA=v=2F1 ¢ )7V [T 4 (£ — )7} ,v>0
(3.3.14)

where c is a positive constant not depending ont and s, (t,s) € Dy and K,(t,s) =
@ (s) K((t),(s))-

Proof. We have A+ j > 0 for j = 0 and j = 1. Using (2.5.6), we can get the
estimate (3.3.14) similarly as in the proof of Lemma 3.3.4.
[

Lemma 3.3.6. Let K € W' (D,), v € (—00,1), ¢ € ®*#, ¢ : [0,a] — [0,b],
a,b € (0,00), p€[1,00). If p € ®>* N C?0,a] then

Smax{p—Q,O} v < —1
P smax{p=2.0} 4 20=2(1 4 |log(t — s))|) Jv=-—1
‘a—Kg,(t, s)| e smaxlr=20} 4 (e=DU=0) (3 _ g)=vl ,—l<v<0 » (3.3.15)
° 5071 [0 (14 log(t — s)) + (E— ) Y] v =0
S(p—l)(l—u) (t _ 8)—1/ [Smax{l—p,—l} + (t o s)—l] v > 0
and if ¢ € > then
sP—2 v<—1
) 572 [1 4 5(1 + |log(t — s))] w=-1
‘aSKW(t, 8) < P24 st (- s)Tv ,—1l<vr<0

s s (14 [log(t —s)) + (t—5)"'] ,v=0
slp=1H(A-v) (t—s8)V[s7t+ (t—s5)7! ,v>0
(3.3.16)

Here c is a positive constant not depending on t and s, (t,s) € D, and K,(t,s) =
¢ (5) K(p(t), ¢(s))-

Proof. We follow the proof of Lemma 3.3.4. Let ¢ € ®>#. Then
/7 2 8 "

%Kv(tvs) = [ (s)] @K(@(t)vy) ) ()+90 (s)K(p(t),(s)).  (3.3.17)
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We use estimates (2.5.4) for ¢ = 0,5 = 1 and for ¢ = 1,5 = 0. Similarly to the
proof of Lemma 3.3.4, we use the estimates (3.1.4) and (3.1.5) for ¢:

0

0 0 0
— K (p(t <|{=—+=— K —K
oy ((t)y) —o(s) ‘(81: * 8y> (x’y)'x—w(t) + ’83} () a=p(t)
v=e y=p(s) y=¢(s)
1 ,v <0
<cq 14 |log(t—s)| ,v=0
(t—s) 7Vt t+s )" >0
1 ,v+1<0
+ed¢ 14 ]|log(t—s) ,v+1=0
(t—s)V Pt 4 s )1 p41>0
(3.3.18)
Thus
o 1 v < —1
a—K(g@(t), Y) <c{ 1+ |log(t—s9)| ,v=—1 3. (3.3.19)
Y y=w(s) sV D gD (g — )71y > —1
From (3.1.4) we get [¢'(s)]? < ¢s%*~2 and
9 522 v < —1
‘[w ()5, K (t). ) <eq s (L4 |log(t—s)) v=-1
Yy y=(s) slp=(A-v) (t—s)7"t v>-1
(3.3.20)
Next, we use (2.5.4) with ¢ = 0 and j = 0 for the formula
1 v <0
o (K1), o()| <elg’ ()14 T+ loglt—s)  w=0 . (3321)

s D (-5 v>0

Due to (3.1.4) we have |¢” (s)| < ¢s”2. Now the estimate (3.3.16) follows directly
from (3.3.17), (3.3.20) and (3.3.21).

Further, let ¢ € ®2# N C2[0,a). Then we have ¢ € C?[0,a] and using this with
the estimate (3.1.4) we can write

o' (s)| < es™p=20t g <5 <a, p>1.

Now (3.3.15) follows from (3.3.17), (3.3.20) and (3.3.21).
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3.4 Interpolation Error Estimates

Lemma 3.4.1. Assume that:

1. ue C™9(0,0], uy, € CT0(0,0), meN, 0,beR, 6 <1, b>0;
pE @m,p’ T2 [070‘] - [07b}} a,p € R) pz 17a > O;
Uy (t) = u(p(t)), ws, (t) = usl(t)), t € [0,a];

a grid An on [0, a] defined by (2.4.1) and the interpolation points (2.6.1) are
used.

Then for the operator Py = P](Vm_l) defined by (2.6.3) and for i = 1,..., N the
following estimates

= for 6 <0
sup  |up(t) — (Pnug)(t)] < chf* ¢ 27" (14 |logt;|)  for 6 =0
telti-1ti] pA=0)-m for0< 6 <1
(3.4.1)
and
trm for 6 <0
() = (Pyus )OI < ek o
te[fi?,ti] |t (1) — (P, ) (t)] < ¢ { #0071 4 g t])  for0 <0 <1
(3.4.2)

hold with a positive constant ¢ not depending on i@ and N. Here h; = t; — t;_1,
i=1,...,N.

Proof. Let u € C™9(0,b]. Then uy(t) = u(p(t)) is a continuous function on [0, a
and u,(t) is m times continuously differentiable on (0,a]. By Lemma 2.6.4 and
Lemma 3.2.1 (inequalities (3.2.2)) for every ¢t € [t;—1,t;],4=1,..., N, we have the
estimate

t;

lup(t) = (Pyug) ()] < ¢ /(8 =)™ [l (s)| ds

b sP—m ,0<0
<c /(s — )™t sP7™m(1+|logs|) ,0=0 ds.
f gp(1=0)—m ,0<h<1

(3.4.3)
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From Lemma 2.3.1 we obtain

e ,0<0
lup(t) — (Prug) ()] < et =)™ § 7 " (1+[logts]) ,0=0 ,
tp(lfe)fm 0<6<1 (344)

tE[ti_l,ti], izl,...,N.
Taking ¢t = t;_1, (3.4.1) yields.

Finally, let u, € C’l"’e(O,b]. Then u,,(t) = u«(p(t)) is a continuous function
on [0,a] and w.,(t) is m times continuously differentiable on (0, a]. Similarly by
Lemma 2.6.4 and Lemma 3.2.2 for every t € [t;—1,%;], ¢ = 1,..., N, we have the
estimate

e, (1) — (Prus,)(1)] < ¢ / (s — )™ [ul™ (s)] ds

. ! (3.4.5)

/ p—m f<0

< _ pym—1 s ’ .

<c /(S t) { Sp(l—H)—m(l +]logs|) ,0<0<1 } ds
t

We obtain our claim (3.4.2) by Lemma 2.3.1.

Lemma 3.4.2. Assume that:
1. ue Cm™9(0,0], u, € CIP(0,0), meN, 0,beR, <1, b>0;
2. ¢ € ®@™P N C™[0,a], ¢ :[0,a] —[0,b], a,p ER, p>1,a>0;

8. up(t) = u(th(t)), s, (t) = ue((1)), t € [0, a];

4. a grid Ay on [0,a] defined by (2.4.1) and the interpolation points (2.6.1) are
used.

Then for the operator Py = P](Vm_l) defined by (2.6.3) and for i = 1,...,N the
following estimates

1 ,m<p(l—20)
sup |uw(t) — (PN’LLw)(t” < Ch;n 1+ |10gti| , M= p(l - 9) (3-4'6)
t€ti—1,ti) tf(l’g)’m ,m>p(l—0)
and
[ ,m < p(l—0)
o [t () — (PNus, ) (£)| < chj { #0714 logts)  m > p(1—0)
(3.4.7)

hold with a positive constant c not depending on i and N. Here hy = t; — t;_1,
i1=1,...,N.
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3.4. Interpolation Error Estimates

Proof. Let u € C™%(0,b]. Then uy(t) = u(¢(t)) is a continuous function on [0, a]
and uy(t) is m times continuously differentiable on (0,a]. By Lemma 3.2.3 we
have uy, € C™1=P1=9)(0, a] and by (2.5.1) and Lemma 2.6.4 for every ¢ € [t;1, ;]
i =1,...,N, we have the estimate

t;

lug(t) — (Pyuyg)(t)] < ¢ / (s — )" Ll (s)] ds
t
b 1 ,m<p(l—29)
<c /(s—t)"“1 1+ logs| ,m=p(l—0) ; ds.
t sP=0=m > p(1 - 6)

(3.4.8)
By Lemma 2.3.1 we obtain
1 ,m < p(l—20)
lug(t) — (Pnuyg) ()] < et —t)™ < 1+ |logty| ,m=p(1-0) 5,
t,f)(l*@)fm 7 > p(l - 9) (349)

tE[tifl,ti], t1=1,...,N.
Taking ¢t = t;_1, (3.4.6) yields.

Finally, let u, € C7?(0,5]. Then Uy, (t) = ux(¢(t)) is a continuous function
on [0,a] and wy,(t) is m times continuously differentiable on (0,a]. By Lemma
3.2.3 we have u,, € Ci"’l_p(l_e)(o,a} and by (2.5.2) and Lemma 2.6.4 for every
t € [ti1,t],i=1,..., N, we have the estimate

t;
uns () = (Pae )0 = [ (6= 9" ()] ds

~

’ _ pym—1 1 ’m<p(1_9)
<< =0 nns gy moa o) } %

We obtain our claim (3.4.7) using Lemma 2.3.1.

Remark 3.4.1. Let the conditions of Lemma 3.4.2 be fulfilled and let w € C™9(0, 1],
0 <0 < 1. Then from Lemma 3.4.1 it follows that we can use inequality

sup  [uy(t) — (Pyuyg)(t)] < ch #7707 =1, N, (3.4.11)
te[ti,l,ti]

instead of (3.4.6).
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3.4. Interpolation Error Estimates

Remark 3.4.2. Let the conditions of Lemma 8.4.2 be fulfilled and let u, € Cln’e(O, b],
0<60 < 1. Then from Lemma 3.4.1 it follows that we can use the inequality

Sup [ty (£) — (Pyu, ) ()] < e b 207" (1 4 [logti]), i=1,...,N,
te[ti—1,ti]

(3.4.12)
instead of (3.4.7).

Lemma 3.4.3. Assume that:

1. ue C™9(0,0], u, € CT%(0,6), meN, 0,beR, 6 <1, b>0;

2. p € ®™P, ¢ :[0,a] = [0,0], a,p ER, p>1,a>0;

3. up(t) = u(p(t)), ue, (t) = ux(p(t)), t € [0,al;

4. a graded grid A’y on [0,a] defined by (2.4.3), r > 1, and the interpolation

points (2.6.1) are used.

Then for the operator Py = P](Vm_l) defined by (2.6.3) the following estimates hold:
if 0 <O then

lup — Pruplloo < c ESS", un, — Pyus,lloo < c ESS?, (3.4.13)
where
(m,0,p,7) N=™  forr=> % .
By, _{ N forirem [ (3.4.14)
if 6 =0 then
lup — Pruplloo < c ESS, luw, — Pyus,lloo < cES3 7, (3.4.15)
where
(mopr)y ) N7 for r > % .
ENvg o { N7P(1+1logN) forl<r< % ' (3.4.16)
if 0 <8 <1 then
N—™ forr >
— = p(1-0)
[ty — Prttg]| oo Sc{ N-00=0)  forl<reom } (3.4.17)
p(1-0)
N—™ forr > 1
ko * < p(1—9) =
e, = Prvuiegfloo < € { N1 +logN)  for 1 <r < oty |7 (3.4.18)

where ¢ is a positive constant not depending on N.
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3.4. Interpolation Error Estimates

Proof. First we consider u € C™%(0,b]. By Lemma 3.4.1 we have

lup = Pruglloo S ¢ max — sup |uy(t) — (Prvuy)(t)]

TtV te|ti—1,t;
" for 6 <0
<c¢ max A U1+ |logti|) for =0
i=1,...N p(1—-0)—m
t; for0 <0 <1
(3.4.19)
Now we can use (2.4.3) and (2.4.6). Thus
(%)Tp_m for § <0
lup — Pnuglloo < ¢ N~™ max (£)" " (1 +|log &) foro=0
i=L,..., i\rp(1—0)—m
(%) for0 <6 <1
(3.4.20)

Inequalities (3.4.13), (3.4.15) and (3.4.17) for u,, follow directly after we choose a
suitable r. Note that

i\ i m
— 1+|log—=])<c ifr>—.
(v)  a+iosg -

In a similar way, by Lemma 3.4.1 we can estimate

Ly <0
Us, — Pru <e¢N™™ max N - o .
i = Pl = iﬂwW{(&wme)ma+u%&w,os9<1}

(3.4.21)

After we choose a suitable r, this completes the proof of (3.4.13), (3.4.15) and
(3.4.18) for the function ..

[
Lemma 3.4.4. Assume that:
1. ue Cm™9(0,0], u. € CIP(0,0), meN, 0,beR, <1, b> 0;
2. ¢ e d™PNC™[0,a], ¢ :[0,a] —[0,b], a,pER, p>1,a>0;

3. uy(t) = u(p(t)), ux, () = u.(1p(1)), t € [0, al;

4. a graded grid A’y on [0,a] defined by (2.4.3), r > 1, and the interpolation
points (2.6.1) are used.

Then for the operator Pn = PI(Vm_l) defined by (2.6.3) the following estimates hold:

luy — Pyugllso < c B0, 0 <0, (3.4.22)
luy — Pyugllee < cESSP7, 0<g <1, (3.4.23)
s, — Prtis, oo < cEGSP7 0 <1, (3.4.24)
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3.4. Interpolation Error Estimates

where ¢ is a positive constant not depending on N and

N-m ,m<p(l—0) ,r=1
N—™ ,m=p(l=0) ,r>1
EGH0en) ) N""(1+1ogN) ,m=p(1-6) ,r=1 . (3.4.25)
) N—m™ ,m>p(1—9) = (1-6)
N-rp(1-0) ,m>p(l—0) ,1<r< p(lme)
N—™m r>_m
(mb.or) _ = e-0)
B { N0 e } (3.4.26)
N—m™ r> ey
(o) ) p(1-0)
Ens ™ = { NP0+ logN) , 1<7 < o } e

Proof. First we show (3.4.22). Let § < 0. Then by Lemma 3.4.2 and due to (2.4.3)
and (2.4.6) we have

[y — Pnuy|loo < € max sup  Juy(t) — (Pnugy)(t)]

=1 N et _q 4]

1 ,m < p(l—10)

<& s d Ut ogtl Im=pl1—0)

i=1,..., t?(l—g)_m ,m>p(l—10)
,, (3)" " L omse=o)
<c¢ N™™ max ()" " A+ llog &) m=p(1-0)

i=1,....N i\rp(1—0)—m

()" et

(3.4.28)

Thus (3.4.22) follows after we choose a suitable r. Similarly, we can show (3.4.24)
for § < 1. By Lemma 3.4.2,

||u*¢ - PNU*wnw

<e¢N™™ max
i=1,...,N (

e Lm < p(1-0)

rp(1—0)—m i .

)T (W Nlog Bl) m > p(1 - 0)
(3.4.29)

S

Now (3.4.24) follows easily for m > p(1 —0). It m < p(1 — 0) then r > 1 > i 2=0)
and (3.4.24) holds.

Finally, estimate (3.4.23) follows from Remark 3.4.1 and Lemma 3.4.3, inequal-
ity (3.4.17).

O
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Chapter 4

Smoothing and Collocation
Method

In this chapter we describe the integral equation which is the subject of this the-
sis and construct a class of numerical methods for solving it. On the basis of
results obtained in Chapter 3 we first regularize the solution of equation (4.1.1)
by introducing a suitable new independent variable so that the singularities of
the derivatives of the solution will be milder or even disappear. After that we
solve the transformed equation by a piecewise polynomial collocation method on
mildly graded or uniform grid and discuss the attainable rate of convergence of
the obtained approximations. The main results of this chapter are formulated by
Theorems 4.4.1-4.4.5. They are partly published in [35, 36, 37, 38, 39].

The idea of smoothing the solution by introducing a suitable change of variables
has been considered widely in [56, 58], see also [8, 19, 20, 26, 48, 66, 67, 69, 73].

4.1 Integral Equation

We consider a linear Volterra integral equations of the form
x
u(z) = /K(J:,y)u(y)dy + f(z), 0<xz<b, b>0. (4.1.1)
0

We assume that the forcing function f : [0,b] — R is continuous. The kernel
K (x,y) may have a diagonal singularity as y — 2. For example, the kernel K (z,y)
may have the form

K(x)y) = gl(l',y)(x - y)—u +92(x7y) IOg(ZL' - y) +93(£E,y), (1’,:1,/) € Dl/)a

where g1, 92,93 € C™(Dy), m € Ng, v < 1. We also examine a more complicated
situation for equation (4.1.1) where the kernel K(z,y), in addition to a diagonal
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4.2.  Regularity of the Solution

singularity, may have a boundary singularity (a singularity as y — 0). For example,
the the kernel K (z,y) may have the form

K(z,y) = g1(z,y)(z—y) "y *+g2(z,y) log(z—y)y *+gs(z, )y, (z.y) € Dy,

where g1, g2, g3 € C™(Dy), m € Ny, v, A < 1, v+ X < 1. More precisely, we assume
that K € W™¥(D,) or K € W™N(D,) or K € W[™"(D,). Here m € Ny,
vA<L v+ A<l

We define an integral operator 1" by the following formula:
(T 2)(z) = /K(ac,y)z(y)dy7 x € [0,b)]. (4.1.2)
0

Thus equation (4.1.1) has the operator equation form
u="Tu+ f. (4.1.3)
The proof of the following theorem can be found in [57].

Theorem 4.1.1. Let K € WO%(D,) or K € WO"N(Dy) with v,\ € (—o0,1) such
that v+ X < 1. Then T, defined by (4.1.2), is compact as an operator from L>(0,b)
into C[0,b] (and hence also from L>(0,b) to L>(0,b) and from C[0,b] to C[0,b]).

4.2 Regularity of the Solution

The regularity of the solution of equation (4.1.1) can be described by the following
Theorems 4.2.1-4.2.3, see [57].

Theorem 4.2.1. Let K € W™¥(D,) and f € C™"(0,b] where m > 1, v < 1.
Then equation (4.1.1) has a unique solution and it belongs to C™"(0,].

Theorem 4.2.2. Let K € W™ Dy) where m > 1, v < 1, A < min{1,1 — v}.
Then equation (4.1.1) has a unique solution u and the following is true:

1. ifv ¢ Z and f € C™FX0,0], then u € C™¥+X(0,b];
2. if f € CIT0,b), then u e CT"T0,b] (for v € Z as well as for v ¢ 7).

Theorem 4.2.3. Let K € W™ N(D,), f € C™*X0,b] wherem > 1, v € Z, v <
0, A\ < min{1,1—v}. Then equation (4.1.1) has a unique solution u € C™*+X(0,b].
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4.8. Description of the Numerical Method

4.3 Description of the Numerical Method

The approach proposed in this work for the numerical solution of equation (4.1.1)
can be described by the following three steps.

Step 1. Let ¢ € ®™” be the transformation (3.1.1)-(3.1.4) from [0, a] onto
[0,0], where a,b,p € R, p > 1, m € N and a,b > 0. Introducing in (4.1.1) the
change of variables © = ¢(t), y = ¢(s), s,t € [0,a] we obtain an integral equation
of the form

t
/Kwtsu¢ s)ds + fo(t), 0<t<a, (4.3.1)
0
where
up(t) = u(p(t)), (4.3.2)
fo(t) = fp(t)), (4.3.3)
Ko(ts) = ¢ (s) K(¢(t), 0(s))- (4.34)

Step 2. We find an approximation vy to wu, the solution of equation (4.3.1),
determining vy by the standard collocation method as follows.

For the collocation method, we choose NV € N. Now, let AE\T,’G) be a graded grid
on [0, a] with grid points

ti:a<]i[>r, r>1, i=0,...,N. (4.3.5)
Next, we choose the collocation parameters (2.6.2):
0<m<--<np<1l, meN (4.3.6)
We construct m collocation points in every subinterval [t;_1,¢;] as follows:

tijzti_1+77j(ti—ti_1), i=1,...,N, j=1,...,m. (4.3.7)

We find an approximation vx = vnm,re t0 U, the solution of equation (4.3.1)
by the following collocation conditions:

oy € SCHNATY), NmeN, r>1, (4.3.8)
tij
UN(tij) Z/Kw(tij,S)UN(S) dS+f¢(tij), t1=1,...,N, j=1,...,m, (4.3.9)
0

with ¢;; given by formula (4.3.7).

Step 3. We determine an approximation uy = unNm,r, to u, the solution of
equation (4.1.1), setting

un(z) =on(p  (z), 0<z<b. (4.3.10)
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4.8. Description of the Numerical Method

Remark 4.3.1. For the simplest transformation (3.1.7),

b
o(t) = —pt”, 0<t<a, ab>0, p>1, (4.3.11)
a
we have
—1 a 1
o (x) ==z, 0<z<b
br

Remark 4.3.2. If o(t) =t, t € [0,b], (i.e. p=1 and a =b in (4.3.11)), then the
method described above coincides with the standard collocation method for solving
equation (4.1.1) on the graded grids.

Remark 4.3.3. If we use the parameters my = 0, n, = 1 in (4.3.6) then the
resulting collocation approrimation vy belongs to the smoother polynomial spline

space Sf,?)_l (Ag\rf’a)).

Remark 4.3.4. The conditions (4.3.8)-(4.3.9) form a linear system of algebraic
equations whose exact form is determined by the choice of a basis in the space
S(fl)(A m)) (or in the space S(O) (A E\T,’a)) ifm=0,n,=1).

m—1

For example, in each interval [t;_1,t;] C [0,a] (¢ = 1,...,N) we may use the
representation

m
t) = Z/BijLij(t)7 t € [ti—1,ti], i=1,...,N, (4.3.12)

where L;;(t) is the Lagrange fundamental polynomial of degree m — 1,

m

t—t;
L) =] ko teltiiit], i=1,...,N. (4.3.13)
! tij — tir
k=1 7
k£

It follows from (4.3.13) that

1 ifk=j
Lij(tik):{o ifk#j.}, k=1,....,m. (4.3.14)

The collocation conditions (4.3.9) then lead to a linear system of equations for the
coefficients {/3;;}:

i—1 m

Bij = fo(ti; +ZZ /Kw ij»8) Lip(s) ds | Brp

k=1 p=1
tij

m
+Z / K¢(tij,S)Lip(S)d$ ﬂip, izl,...,N, jzl,...,m.
p=1

(4.3.15)
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The linear system (4.3.15) can be solved step by step. First, we solve the sys-
tem (4.3.15) for ¢ = 1 to find the quantities Si1,..., B1m. Using the known val-
ues B11,...,01m, we solve the system (4.3.15) for ¢ = 2 and find the quantities
Bo1,- ., Pom- We follow these steps until we find By, ..., Bnm using the known
values of G;1,...,0im,1=1,...,N — 1.

Using (4.3.4) we define an integral operator T, by

(Ty2)(t) = /Kw(t,s) z(s)ds, te€]0,al. (4.3.16)
0

Thus (4.3.1) has operator equation form
up = Tpuy + fo. (4.3.17)

Similarly to (2.6.3) we define an interpolation operator Py = P](Vm_l) which assigns
to every continuous function z € C[0, a] its piecewise polynomial function Pyz €
Sﬁ:%(Ag\T,’a)) such that Pyz interpolates z at the nodes (4.3.7):

(Pnz)(tij) = 2(ti), i=1,...,N, j=1,...,m. (4.3.18)
Thus the conditions (4.3.8)-(4.3.9) have the operator equation representation

UN = PNTgovN + Pwa. (4319)

4.4 Convergence Analysis and Error Estimates

Lemma 4.4.1. Let K € WO(D,), b € (0,00), v € (—00,1). Assume that ¢ €
1P with p € [1,00) and a € (0,00). Then T, is compact as an operator from
L>(0,a) to C[0,a] (and hence also from L>(0,a) to L*>(0,a) and from C[0,a] to
0, a)).

Proof. On the basis of (3.1.1)-(3.1.4) and (4.3.4) we obtain that K,(t,s) is con-
tinuous on D;. By Lemma 3.3.3,

1 ,v <0
|K¢(t,5)| <c 1+|10g(t_8)| v=0 ’ (tﬂs) € D,.
(t—s)7" ,v>0

Thus the kernel K, is weakly singular and the assertions of lemma follow.

O
Lemma 4.4.2. Let K € Wo"(Dy), b € (0,00), v, A € (—00,1) such that v+ \ <
1. Assume that ¢ € ®Y* with p € [1,00) and a € (0,00). Then T, is compact as

an operator from L>(0,a) to C[0,a] (and hence also from L*(0,a) to L*°(0,a)
and from C[0,a] to C[0,a]).
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4.4. Convergence Analysis and Error Estimates

Proof. On the basis of (3.1.1)-(3.1.4) and (4.3.4) we obtain that K,(t,s) is con-
tinuous on D,. By Lemma 3.3.1,

1 ,v <0
(K, (t,8)] <c{ 1+ |log(t—s)| ,v=0 s (t8) € D,.
(t—s)7" ,v>0

By Theorem 4.1.1 the assertions of lemma follow.
O
Theorem 4.4.1. Let K € WO (D;) or K € WO%N(Dy) and let f € C|0,b],

b€ (0,00), v, A € (—00,1) such that v+ X\ < 1. Then the equation (4.1.1) has a
unique solution u € C0, b.

Furthermore, assume that ¢ € ®12 with p € [1,00) and a € (0,00). Then the
equation (4.3.1) has a unique solution u, € C[0, a].

Proof. Due to Theorem 4.1.1 the operator T defined by (4.1.2) is compact from
C[0,b] to C[0,b]. By Lemmas 4.4.1 and 4.4.2 also the operator T, defined by
(4.3.16) is compact from C0,a] to C[0,a]. If f € C[0,b] (from (4.3.3) it follows
that f, € C[0, a]) then the assertions theorem follow from Theorem 2.2.5 since the
homogeneous equations v = T'u and u, = T,u, have respectively in C[0,b] and in
C10, a] only the trivial solutions v = 0 and u, = 0.

O

Next, we prove the convergence of the method described in Section 4.3.

Theorem 4.4.2. Let K € W% (D,) or K € WO"A(Dy), f € C[0,b], b € (0,00),
v, A € (—o0,1) such that v+ X < 1. Furthermore, assume that ¢ € ®L* with
p € [1,00), a € (0,00) and the interpolation nodes (4.3.7) in which the grid points
(4.3.5) and the parameters (4.3.6) are used.

Then conditions (4.3.8)-(4.3.9) determine for sufficiently large values of N, say
N > Ny, a unique approzimation vy to u,, the solution of equation (4.3.1), and

luy —vN[oc = 0 as N — oo. (4.4.1)

Moreover, the setting (4.3.10) determines for N > Ny a unique approximation
un to u, the solution of equation (4.1.1), and

lu —unlloo = 0 as N — oo, (4.4.2)
[ —unlloo < ¢flup — Prtglloo, (4.4.3)

where ¢ is some positive constant and Py = P](Vm_l) is defined by (4.3.18).

92



4.4. Convergence Analysis and Error Estimates

Proof. The proof is a standard discussion based on the compactness of the operator
T, : L>(0,a) — L*>(0,a). Let the operator T;, be defined by the formula (4.3.16).
By Theorem 4.4.1 and (4.3.17) there exists a unique solution u, = (I —T,) "' f, €
C[0,a] C L>(0,a). Here I is the identity mapping and (I — T,,)~! is bounded as
an operator from L*(0,a) into C[0,a] C L*(0, a).

Next, we consider the equation (4.3.19). By Lemma 3.4.3 and Lemma 3.4.4,
|ty — PNugllooc — 0 as N — oo for every u, € C[0,a]. Then from the compactness
of T, (see Lemmas 4.4.1 and 4.4.2) by Lemma 2.6.3 it follows that

HT@ - PNTQOHZ:(L‘)O(O,G,),L"O(O,G,)) —0 as N — oo. (444)
Now we can pick Ny such that

1Ty = PnToll c(zoo 0,0y, 0.an | (L = Tp) " ez (0.a), 00,0y < 1, N = No.
(4.4.5)

Further we can write I — PyT,, in the form
I—PNT, =[I—(PNT, —Ty,)(I — Tg,)*l] (I—-T,). (4.4.6)

Due to (4.4.5) and by Theorem 2.2.3 it follows that I — PyT,, is invertible and by
Theorem 2.2.3 the estimate

_ -1
I = T)” | <ec¢, N>N,,  (447)

I(I = PNT,) 7 < — < ¢
’ 1= [Ty = PNTo| (1 = Tp) |

holds with a positive constant ¢ not depending on IV, here all the norms are in the
space L(L>°(0,a), L*°(0,a)). We obtain that equation (4.3.19) for sufficiently large

N > Ny has a unique solution vy € Sﬁ:g(A%’G)). For this and u,, the solution
of equation (4.3.17), we have that

vy = (I — PNT,) *Pxfp, Pnf,=(Pxy — PnT,)ug.

Thus
u, — vy = (I — PNT,) (uy, — Pyuy), N> No. (4.4.8)

Therefore, by (4.4.7),
lup — vN|loo < cllup — PNuglloo, N > No. (4.4.9)

By Lemma 3.4.3 and Lemma 3.4.4 |u, — Pnug|leo — 0 as N — oo for every
uy € C[0,a] and hence (4.4.1) holds.

Finally, as the equation (4.3.19) has a unique solution vy for sufficiently large
N, then the setting (4.3.10) determines a unique approximation uy to u, solution
of the equation (4.1.1). Further,

sup [u(z) —un (@) = sup [u(o(t)) — un ()] = ug — vylloo-  (4.4.10)
0<z<b 0<t<a

Now (4.4.2) and (4.4.3) follow from (4.4.9) and (4.4.1).
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In the following three theorems, we give the estimates for the norm ||u—un||oo-

Theorem 4.4.3. Let K € W"“’(D;)), fec™(0,b], m e N, be (0,0), v €
(—00,1). Let p € @™P, :[0,a] — [0,0], p € [1,00), a € (0,00). Furthermore, let
the interpolation nodes (4.3.7) in which the grid points (4.3.5) and the parameters
(4.3.6) are used.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation uy to u, the solution of equation (4.1.1),
and the following is true:

1) if 0 <v <1, then for p € ®™P and ¢ € "™ N C™[0,a] we have

—m

, T Z %
Ju—un|oo < c{ N—rp() 1 <7f<1< ) }; (4.4.11)
rT = p(1-v)

2) if v <0, then for ¢ € ®™P N C™[0,a] we have

N—™ ,m<p(l-v) ,r>1
N—™ ,m:p(lfl/) ,7">1
U —UN|loo < C " log ym=p(l—-v) ,r= ; 4.
N™"log N (1-v) 1 44.12
N—™ ,m > p(l—v) ,rZﬁ
—rp(1-v) _ m
N m > p(l —v) s L <7 < o5
3) if v =0, then for ¢ € ®™P we have
N—™ forr>m
_ P .
||u UNHOOSC{ N~"Plog N fO’I"lSTS% }a (4'4'13)

4) if v <0, then for ¢ € ®™P we have

N—™ forrz% }

lu — unlloo < c{ N- forl<r<m (4.4.14)
= P

Here c is a positive constant not depending on N.

Proof. We choose an arbitrary transformation ¢ € ®™ or ¢ € ®™ N C™|0, a]
such that ¢, : [0,a] — [0,8], p > 1, a,b > 0. Let

up(t) = ulp(t), uy(t) =u(y(t), tel0,al.

By Theorem 4.4.1 the equation (4.1.1) has a unique solution u € C[0,b] and the
equation (4.3.1) has a unique solution u, € C0,a] or uy € C[0,a]. Moreover, by
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4.4. Convergence Analysis and Error Estimates

Theorem 4.2.1 the solution u belongs to C™"(0,]. By Lemmas 3.2.1 and 3.2.3 we
can write

u, € C™17P(0, dl, uy € C™1=P1=)(0,a]  for v <0

Uy € ot p(O al, uy € C™17,(0,d] forv=20 . (4.4.15)
Uy € cml-r(l ”)(O,a}, Uy € Cm’l_p(l_”)((),a} forO<v<1

The estimates (4.4.11)-(4.4.14) follow from Theorem 4.4.2 (see inequality (4.4.3))
and from the Lemmas 3.4.3 and 3.4.4.

O

Theorem 4.4.4. Let K € W™»NDy), f € C?’V'F)‘(O,b], m € N, b € (0,00),
v, A\ € (—00,1) such that v+ X\ < 1. Let o € ®™ ¢ :[0,a] — [0,}], p € [1,00),
a € (0,00). Furthermore, let the interpolation nodes (4.3.7) in which the grid
points (4.3.5) and the parameters (4.3.6) are used.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation uy to w, the solution of equation (4.1.1),
and the following is true:

1) if v+ A <0, then for p € ™P we have
N—™  forr>12
|lu — unlloo < c{ N forl< 7f’< % }; (4.4.16)

2) in all other cases: 0 < v+ X <1 forpo € ™ and v+ A < 1 for ¢ €
o™ N C™[0,al, we have

N—™ forr> -1
- < p=v=2) . 4.
[u —unlloo < C{ N—rp(l=v=2) logN forl1<r< p(l—TZ—)\) (4.4.17)

Here c s positive constant not depending on N.

Proof. We choose an arbitrary transformation ¢ € ®™ or ¢ € ®™? N C™|0, a]
such that ¢, : [0,a] — [0,b], p > 1, a,b > 0. Let

up(t) = u(p(t)), uy(t) =u(P(t), tel0,a.

By Theorem 4.4.1 the equation (4.1.1) has a unique solution u € C[0,b] and the
equation (4.3.1) has a unique solution u, € C[0,a] or u, € C[0,a]. Moreover, by
Theorem 4.2.2 the solution u belongs to CI™(0,b]. By Lemmas 3.2.2 and 3.2.3
we can write

u, € C"™17P(0, al, uwele pl-v= /\)(O,a} forv+A<0
ugpeCln’l_p(l_u_k)(O,a], uwGC’ml p—v= )‘)( 0,a] forO0<v4+A<1
(4.4.18)
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The estimates (4.4.16)-(4.4.17) follow from Theorem 4.4.2 and from the Lem-
mas 3.4.3 and 3.4.4.

O

Theorem 4.4.5. Assume f € C™"*2(0,b], m € N, b € (0,00), v, A € (—00,1)
such that v+ X\ < 1. Let one of the following conditions be true

1. K e WmvN(Dy), v ¢ Z;

2. K € W™ NDy), v € Z.

Furthermore, let the interpolation nodes (4.3.7) in which the grid points (4.3.5)
and the parameters (4.3.6) are used.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation uy to u, the solution of the equation (4.1.1),
and the following is true:

1)if0<v+ A <1, then for p € ®™P and ¢ € ™ N C™[0,a] we have
—-m

A (e
HU - UN”OO S C N—T‘p(l—lj—)\) 1< p(lillikym ] (4419)
R (=)

2)if v+ X <0, then for p € D™ N C™|0, a] we have

N—™ ,m<p(l—-v—2A) ,r>1
N—™ ,m=p(l—-v—X) ,r>1
| —un|joo <c{ N MlogN . m=p(l-v-A) ,r=1 :
N—™ ,m>p(171/7)\) ,Tzﬁ
N—?“p(l—l/—)\) m>p(1—l/—)\) ,1§T<ﬁ
(4.4.20)
3) if v+ A =0, then for ¢ € ®"™P we have
N—™ forr>12
— 14 .
lu uNHOOSC{ N~"log N fo7'1<r<”;}7 (4421)
4)if v+ X <0, then for ¢ € ™ we have
N™™  forr>2
= p

Here c is positive constant not depending on N .
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4.4. Convergence Analysis and Error Estimates

Proof. We choose an arbitrary transformation ¢ € ®™ or ¢ € ®™ N C™|0, a]
such that ¢, : [0,a] — [0,8], p > 1, a,b > 0. Let

up(t) = ulp(t)), uy(t) =u(y(t), tel0,al.

By Theorem 4.4.1 the equation (4.1.1) has a unique solution u € C[0,b] and the
equation (4.3.1) has a unique solution u, € C[0,a] or uy € C[0, a).
Moreover, by Theorem 4.2.2 for K € W™"*(Dy) and v ¢ Z, by Theorem

423 for K € W™"(D,) and v € Z, the solution u belongs to C™¥+(0,b]. By
Lemmas 3.2.1 and 3.2.3 we can write

u, € C™17P(0, al, wy € C™A=PU=v=N (0 a]  for v+ A< 0

Uy € Crr(0,dl, uy € C"™17°(0, a] forv+A=0

u, € CmAPUV=N(0 q], wuy € C™IPATN(0,a] for0<v+A<1
(4.4.23)

The estimates (4.4.19)-(4.4.22) follow from Theorem 4.4.2 and from the Lem-
mas 3.4.3 and 3.4.4.

O

Remark 4.4.1. For the simplest transformation (3.1.7),
pty=—t", 0<t<a, ab>0, p>1,
a

we have p(t) =t if a =b and p = 1. In this case ¢ € C™[0,b], m € N. Theorems
4.4.8-4.4.5 establish the order of global convergence of a piecewise polynomial col-
location method applied directly (without any change of variables) to the integral
equation (4.1.1).

Remark 4.4.2. [t follows from Theorems 4.4.3-4.4.5 that the accuracy
[u = unlloo = [[tp = VN [loo < cNT™

can be achieved on a mildly graded or uniform grid. For that we can choose p as
large as necessary.
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Chapter 5

Superconvergence Results

Theorems 4.4.3-4.4.5 suggest that by using a collocation method based on piecewise
polynomials of degree m — 1 (m € N) and graded grids of type (4.3.5), one can
reach a convergence order

lu —unlloo <eNT™, N > Ny, (5.0.1)

for sufficiently large values of the smoothing parameter p or the grid parameter r.

In (5.0.1) the order m cannot be improved so far as piecewise polynomials of
the order m — 1 are used for the approximation. In this chapter we will show that
the convergence order at the points ¢(t;;), ¢ = 1,...,N, j = 1,...,m, will be
higher than O(N~"™) for a careful choice of collocation parameters (4.3.6) and for
assuming somewhat higher regularity of the functions f and K. Here the function
 is a suitable smoothing transformation introduced in Chapter 3.

We use the idea which is employed in [39, 56, 64]. As the kernel K may have
different types of singularities, there exist some technical differences in the proofs
of the theorems of the current chapter. For ease of reading we have divided the
chapter to different sections depending on the type of diagonal singularity of the
kernel K. We will study superconvergence phenomena separately for the cases
0<v <1l v=0and v < 0. The results of this chapter are partly published in
[36, 37, 39].

5.1 Introduction

In this chapter, we assume that the collocation parameters

0<m < <nm<l (5.1.1)
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5.1. Introduction

(see (2.6.2) and (4.3.6)) are the node points of a quadrature formula

1

/ g(s)ds = > w;g(n;) + Em(g), (51.2)

0 J=1

which is exact for all polynomials of degree m (i.e., the rest term FE,,(g) vanishes
for each polynomial g of degree not greater than m). Actually, the weights w; =
w](m), j =1,...,m, of the formula (5.1.2) will not be used in our analysis. The
assumption about the existence of a quadrature formula in the form (5.1.2) which is

sharp for all polynomials of degree m is used in the proofs of Theorems 5.2.1-5.4.1.

Let A%’a), N €N, r > 1, be a graded grid (4.3.5) on [0, a] and let ¢;; be the
collocation points (4.3.7),

tijzti_1+77j(ti—ti_1), i=1,...,N, j=1,...,m. (5.1.3)

Assume that ¢ € @17 satisfies the conditions (3.1.1)-(3.1.4) for p € [1,00). Let
u be the exact solution of the equation (4.1.1) and u, be the exact solution of
the equation (4.3.1), vy is the approximation of u, found by collocation method
(4.3.8)-(4.3.9), and uy is the approximation of u defined by (4.3.10). We denote

VAP0,
AT = max Ju(e(tiy) — un(e(tiy)] = max_|ug(ti) — on(tiy)]-
i=1,...,.N i=1,...,.N
Jj=1,..,m j=1,...m

(5.1.4)

Theorem 5.1.1. Let K € WO%(D,) or K € WO"X(Dy), f € C[0,b], b € (0,00),
v, A € (—o0,1) such that v+ X < 1. Furthermore, assume that ¢ € ®YP with
p€[l,00), a € (0,00) and the interpolation nodes (4.3.7) in which the grid points
(4.3.5) and the parameters (4.3.6) are used.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny, a unique approzimation vy to u,, the solution of equation (4.3.1), and a
unique approximation uy to u, the solution of equation (4.1.1), and the following
estimate

t
W <e sup [ Eelt ) uale) = (P Vudends|  (5.19)
€l0,a
0

holds with a positive constant ¢ not depending on N. Here 'y](vm’y’/\’p’r) is defined by
(5.1.4).

Proof. By Lemmas 4.4.1 and 4.4.2 the operator T, defined by (4.3.16), is compact
from L*°(0,a) to C[0,a]. It follows from Theorem 4.4.2 that equation (4.3.19) has
a unique solution vy for N > Ny. For it and u,, the solution to (4.3.1), we have
that

oy = Py VTon + PU V5, (5.1.6)
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5.1. Introduction

Py My, = PO T u, + PV £, (5.1.7)
After subtracting (5.1.7) and (5.1.6) we obtain
UN — P](Vm_l)uw = P](Vm_l)vaN - PJ(Vm_l)T@ugO
= P](Vm_l)Tw(vN - P](Vm_l)uw) + P](\,m_l)TSO(PIS,m_l)u@ — Uyp).
Hence
(]_P](\fm_l)Tw)(UN_Pz(vm_l)uso) = Pz(vm_l)Tso(Pz(\fm_l)uso_“w)a N > No. (5.1.8)
From (4.4.7) and (5.1.6) it follows that
lon = Py Puglloe < e Tp(PY" Vg = ug)|oo, N > No, (5.1.9)

with a constant ¢ > 0 which is independent of N. Further, let u be the solution to
(4.1.1) and uy be the approximation for u, determined by (4.3.10). Then

u(p(tiy) — un(o(ti)] = lup(tiy) — on(ti)] = (P Vug) (i) — v (tiy)]
<clloy = P Vuglloe, i=1,...,N, j=1,...,m.
(5.1.10)

Therefore, due to (5.1.4), (5.1.9) and (5.1.10),

R79 WX -1
AT < T (P Vg — 1) oo
t

—¢ sup /Kw(t, 5) (uv(s)f(P]gm*)u(p)(s)) ds|, N> Nj.
t€[0,a] 0

(5.1.11)

This completes the proof.
O

Remark 5.1.1. If K € WO(D,), v € (—o0,1) and ¢(t) = t, t € [0,b], then
Theorem 5.1.1 coincides with Lemma 3.3.1. in [55)].

In the following theorems, we have to estimate 'y](vm’y’/\’p’r) defined by (5.1.4).
For that we use the inequality (5.1.5), writing it in the following form:

V,\,p,T k k
YD < max | osup 1P+ sup  EP@)]], [teerite] < [0,4),
k=1,,N |te(te_1,te] t€[tr—1,tx]
(5.1.12)
where

k-2 ¢
i)=Y / K,(t, ) [uip(s)—(P](\,m_l)uv)(s)] ds, te€[tei,te], (5.1.13)

=24,
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5.1. Introduction

and
t1 te—1
(1) / / / ) [upls) = (P D) (5)] ds, € ot
(5.1.14)
¢
In the formula (5.1.14), we keep in mind that there is only the integral part [ if
b
t1 t 0
k =1 and there is only the integral part [+ [ if k= 2. We also define
to  tp—1
(k) 4y — :
1Py =0, ifk<d (5.1.15)
In addition to the parameters 11, ..., nm (see (5.1.1)) we introduce a parameter
Nm+1 € [0,1] such that 9,41 # 0y, 7 = 1,...,m. The choice of 7,41 is arbitrary
but we assume that it is somehow fixed. Using 71, ..., nm+1, we can define m + 1
node points on every subinterval [t;_1,;]:
tii=ti1+niti—tis), i=1,...,N, j=1,...,m+1. (5.1.16)

Similarly to PI(mel) let P](Vm) be an interpolation operator which assigns to any

m)

continuous function z € C|0,a] a piecewise polynomial function PJ(V z so that

PJ(\,m)z is on every subinterval [t;_1, ;] a polynomial of degree not exceeding m and
(PU2)(ty) = 2(ti;), i=1,...,N, j=1,...,m+1, (5.1.17)
As the quadrature formula (5.1.2) is exact for all polynomials of degree not ex-

ceeding m, we get

/z(s)ds: %ZW(%)’ i=1,... N, (5.1.18)
j=1

(PY V) (s) = (P ug)(s)] ds =0, i =1, . (5.1.19)
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5.2 Superconvergence: the Case 0 <v < 1

Theorem 5.2.1. For a given m € N, assume that K € W™H»N(Dy) and f €
CmHLYHXN (0, 0] with b € (0,00), v € (0,1), A € (—o0,1) such that v+ X < 1. Let
o € ®mHLr N 0™ 0,a), v 1 [0,a] — [0,b], p € [1,00), a € (0,00). Furthermore,
let the interpolation nodes (5.1.3) be generated by the graded grid (4.3.5) and by
the collocation parameters mi, ..., nm (see (5.1.1)) of a quadrature formula (5.1.2)
which is exact for all polynomials of degree not exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny, a unique approzimation vy to u,, the solution of equation (4.3.1), and a
unique approzimation uy to u, the solution of equation (4.1.1), and the following
estimate

mu\p,r m,v,A,p,r
AT = s Ju(p(ty) — unl(t))| < ¢ BT (5.2.)
j=1..m

holds with a positive constant ¢ not depending on N. Here 'y](vm’y’k’p’r) 1s defined by
(5.1.4) and

—(m+1—v +1—
R _ N—(m+1-v) forr > 2;?1_7,,_11\)1 (5.2.2)
N N72rp(1fuf)\) fO’I” 1<r< %

Proof. By Theorem 4.4.1, equation (4.1.1) has a unique solution u € C[0,b] and
equation (4.3.1) has a unique solution u, € C[0,a]. Due to (4.4.23) we know that
u, € O HA=P=r=2(0,a]. Moreover, by Theorem 4.4.2 we have for N > Np a
unique approximation vy to u,. Since the conditions of Theorem 5.1.1 are fulfilled,
we may use the inequalities (5.1.5) and (5.1.12):

e sup 1MW)+ sup I (1)]

tE[tr—1,tk] tE€[tk—1,tk]

" < ¢ max o [tk—1,t] € [0,al,

k=1,..,N

(5.2.3)
where I1F)(2) is defined by (5.1.13) and I$¥) (¢) is defined by (5.1.14).

We fix the index k such that ¢t € [ty_1,t], k = 1,...,N. First, we estimate
(5.1.14):

t1 tp—1 t

19 = / n / n / K,(t, s) [uw(s)—(P}Vm*”uw)(s)] ds, t€ [te_1,ts]-

(5.2.4)
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For i =1,...,k we consider the integral
min{t;,t}
1) = / Eo(t,5) [ug(s) = (P Vug)(s)] ds

ti—1

- (5.2.5)
< s [usls) = (B Vu)(o) | K] ds

Ss€[ti—1,t;

ti—1

Note that min{t;,t} = ¢; for ¢ < k and min{¢;,t} = ¢ fori =k, t € [tg_1,tx]. Using
(3.3.1) and (2.4.13), we obtain

min{t;,t} min{t;,t}
|K,(t,s)| ds < c / sl DU=v=N=X (3 _ &)=V g
ti—1 ti—1
< ¢ (= tioa)(ty — tig) P EPTIETNTA

(5.2.6)

Let h; =t; —t;_1,i=1,...,N. Then we can write
(ty—tic) " <[(k—i+1h] " =(k—i+1)""h ", 0<v<L (5.2.7)
Due to (5.2.5), (5.2.6) and (5.2.7),

1) < ent T G ) sup Jug(s) — (PYVug)(s)].
Se[ti_l,ti]

Now we can use (3.4.6) for u, € C™+L1=,1=v=2(( q]. This together with h; <
eN~L(i/N)"1 yields

| t5(17y7/\)7(17u) ,m < p(l e )\)
L) < eh™ (k=i )7 4 V00 ogt)) m=p(1— v - )
(2p(1=v=2)~(m+1-v) m>p(l—v—2A)
(i)r(m+ﬂ(1—u—/\))—(m+1_u) m<p(l—v—2N)
N 7

<c Nf(m+17u) (%)T(m-ﬁ-p(l—u—)\))—(m-&-l—u) (1 4 |10gtz|) ,m = p(l -V — )\)
(%)2rp(17117)\)*(m+1*1’) ,m > p(l -V — )\)

(5.2.8)

If m < p(1 —v—A) then due to 0 < 1 — v < 1 we have
rtm+pl—v—-XA)—-(m+1—-v)>2rm—m—(1-v)>0.

Thus
1

N

-\ r(m+p(l—v—XA))—(m+1-v)
<> (I+1logt;]) <c
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and

1—
m Y <1<r

T <pll—v—2N).
Doy ST m < p(l—v—2A)

L) < e N~OmH1=Y)

Ifm > p(1 —v—A) then

. 2rp(1—v—X)—(m+1—v —(m+1—v m+1l—v
it [ o )—( ) _ N (mtl=v)  for p > pmilov,
N —= N72rp(171/7>\) for 1 S r< m+1l—v .

2p(1-v=X)
We obtained
It < cBQA) i =1,k € [t ti). (5.2.9)
Due to (5.2.4) and (5.2.9) we have

@) < 10 + V@) + 1 ) < c B¢ e [y ], k=1,..., N,

(5.2.10)
Next, we consider Ifk)(t) for k=4,...,N,
. k-2 U
M=% / K,(t, s) [%(s) - (p]gm—%)(s)} ds, te b1ty (5.2.11)
=2,
Using (5.1.19), we can write
i k-2 U
m—1
1M =3 / (K (t,5) = Kt ty2)] [o() = (PG D) s)] dis
=2
fi (5.2.12)
k—2 b
+ 3 Koltt) [ [uols) = (P (0)] d,
=2

ti—1

where ti/2:%,i:2,...,k—2; k=4,...,N. We have for any s € [t;_1,1;],
i=2,.. . k-2

0
KSO(L S) - K@(t tl/2) = (S - ti/?)iKﬂo(t 3)

ds . € (sitip) (5.2.13)

s=¢

By Lemma 3.3.4 we obtain for € (s,t;/3) that

[Kp(t,s)—Ky(t, tia)| < c(t; — tiq) EP7DE VA ) [t 4 (¢ — )71
(5.2.14)

Since t € [tx—1,tk], s € [ti—1,ti], § € (5,ti2), 1 =2,...,k — 2, k > 4, we have
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where co > ¢; > 0 and ¢4 > ¢3 > 0 are some constants which do not depend on
and k (see (2.4.8) and (2.4.9)). Thus for ¢ = 2,...,k — 2 we obtain

ti
/ K (t,5) — Kt i) ds

(5.2.15)
< C(ti — ti_1)2 tEpil)(liuiA)i}\(tk — ti_l)iy[ti_l + (tk — ti_l)il].
Due to (3.4.6) and (5.2.15) we have
i k-2 U
m—1
1) =3 / K (15) = Kplt 1) g () — (P D )(s)] ds
=2,
k—2
< eSTRm IO g )T 4 (b — tio1) X (5.2.16)
=2
1 m<p(l—v—=2A)
x{ 1+]logt;|] ,m=p(l—-—v—2XA)
tip(lfyf)‘)fm ,m>p(l—v—2XN)

Since hit; ' < ci~land hi(ty —ti—1) " <c(k—i+1)71 i =2,...,k—2, we have

191 <02hm+1 Yk =i+ )TV 4 (k- i+ 1) x
tp(l v=XA)—(1-v) ,m < p(l —l/—)\)

% tp(l v—X)—(1- ”>(1+|logt ) ,m=p(l-—v-—2N)
2p(1 v=A)=(m+1-v) m>p(l—v—2X)

k—2
< NN R — i 1) 4 (=i 1) 7 X
i—2
(g i) o)
X G A flogt) m=p(1—v =)
i r v— m—+ v
(&) o ) ,m>p(l—v—2X)
(5.2.17)
Ifm<p(l—-—v—A)thenr(m+p(l—v—A)—(m+1—-v)>0and
k=2
IO < e N“ DN -4 1) (ki 1)) < V),
=2
(5.2.18)

If m > p(1 —v — \) then (5.2.18) holds for r > 2’?1‘*71””)\) We denote

vy:=2rp(l—v—-X)—(m+1-v).
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5.2. Superconvergence: the Case 0 < v <1

Thenfor1§r<2:(’f171;’/\)wehave*y<0and

k—2

L&k:)(t) < CN—Qp(l—V A) Z l'y 1 )—l/ +27(k—l+ 1)—1—1/] < C/ N—Qrp(l—)\—l/)‘
=2

(5.2.19)

From (5.2.18) and (5.2.19) we obtain

1P < cBU0 0 te [ty th], k=4,...,N. (5.2.20)
Finally, we consider
1) Zu{ (t,t2)] / g (5) = (P§ug)(9)] ds, tiga € [ttt € i, il
(5.2.21)

By (3.4.6) and Lemma 3.3.1 we have

k—2
Iék) (t) S c Z h;ﬂ+2t§p_1)(1_u_)‘)_)‘(tk _ ti71)7VX

=2
1 ,m+1<p(l—v—2A)
x ¢ 1+ ]|logt| ,m+1=p(l—v—2A)

tip(l_l’_)‘)_m_l ,m+1>p(l—v—2A)

<c Z R (k — i 1) x

tp(1y,\) (1-v) mA+1<p(l—v—N)
« tp(l IJ)\) (1 V)(1—|—|10gt|) ’m—|—1:p(1—y—)\>
2p(11/)\)m2+l/ m+1>p(l—v—N)
k-2
<N Y (k=i 1)
=2
i \7(m+1+p(1—v—\)—m—2+v m+1<p(l—v—2A)
L+ [log ) sm+1=p(l—v=2
;m+1>p(l—v—2))
(5.2.22)

r(m+1+p(l—v—2XA))—m—2+v (

SRS

)2rp(1 v—XA)—m—2+v

(%

Im+1<pl—-v—A)thenr(m+1+p(l—v—XA)—m-—2+v>0and

k—2
() < e NNk —i k1) < N (5.2.23)
=2
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5.2. Superconvergence: the Case 0 < v <1

Ifm+1>p(l—v—A) then we can write

k—2
Iék) (t) < CN72rp(1fuf)\) Z Z-2rp(171/7)\)7m72+u(k, — i+ 1)7V
=2 (5.2.24)
, N*(erl*l/) for r > —mtl=v
<c —2rp(l—v—2X) B 2p(1_VT:L-)i\-)1—l/ :
N for 1 <r< m
From (5.2.22)-(5.2.24) we obtain
1) < c BT te i t], k=4,...,N. (5.2.25)

Due to (5.2.12), (5.2.16), (5.2.20), (5.2.21) and (5.2.25),

I8 @) < e@P @) + 1) < ¢ B0 te tpor,ty], k=4,...,N.
(5.2.26)
Estimate (5.2.1) follows from (5.2.3), (5.2.10) and (5.2.26).
O

Remark 5.2.1. If 0 < v+ X < 1 then Theorem 5.2.1 holds also for any transfor-
mation p € ®™ 1P, This follows from the proof of Theorem 4.4.5 (see (4.4.23)).
In this case the solution u,(t) = u(p(t)) of the equation (4.3.1) belongs to the set
CmAL1=p(1=v=X)(0 qa] for the transformations p € ®"*1P and for p € LN
C™+10,a] as well. Thus all the estimates, which we use in the proof of Theorem
5.2.1, hold.

Theorem 5.2.2. For a given m € N, assume that K € WA (Dy) and f €
CI A0, 8] with b € (0,00), v € (0,1), A € (—00,1) such that v+ A < 1. Let
o € ®™HLr N 0™ 0, a), v : [0,a] — [0,b], p € [1,00), a € (0,00). Furthermore,
let the interpolation nodes (5.1.3) be generated by the graded grid (4.3.5) and by
the collocation parameters 1, ..., mm (see (5.1.1)) of a quadrature formula (5.1.2)
which is exact for all polynomials of degree not exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation vy to uy, the solution of equation (4.3.1),
and a unique approximation uy to u, the solution of equation (4.1.1), and the
following estimate

b 7A7 b ) ’)\’ )
AN = max Jule(ty)) — un ()| < cEG0 (5.2.1)
j=l,..m

holds with a positive constant ¢ not depending on N. Here ’y](vm’y’)"p’r) is defined by
(5.1.4) and

— 1— 1-v
oo _ ) N i) forr> ﬁ;—iv—ﬂl . (5.2.28)
N N-2Zp(A=v=N]og N forl<r< %
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5.2. Superconvergence: the Case 0 < v <1

Proof. By Theorem 4.4.1, the equation (4.1.1) has a unique solution u € C[0, ]
and the equation (4.3.1) has a unique solution u, € C[0,a]. Due to (4.4.18) we
know that u, € CT+1’17P(17V7>‘)(0,a]. Moreover, by Theorem 4.4.2 we have for
N > Ny a unique approximation vy to u,. Since the conditions of Theorem 5.1.1

are fulfilled, we may use the inequalities (5.1.5) and (5.1.12):

MU sup IV @)+ sup 1P ()]

telti—1,tk] te€(th—1,tk]

) <c¢ max

’ te—1,tk) C 07 ’
L [tk—1,tk] C [0, q]

(5.2.29)
where I\ (2) is defined by (5.1.13) and I{¥)(¢) is defined by (5.1.14).

Next, we can follow the proof of Theorem 5.2.1, since the estimates for the
kernels K, remain the same and for

sup  |up(s) — (P](Vmil)uw)(s) , i=1,...,N,
SE[ti,hti]

instead of (3.4.6) we use the estimates (3.4.7):

sup  Jug(s) — (PY" Duy)(s)|
SG[tifl,ti}
m < p(l—v— ) } (5.2.30)

1
<ch" —v—A)—m
= {tf“ VI logtil) m > p(1— v - )

O

Remark 5.2.2. If 0 <v+ A <1 then Theorem 5.2.2 holds also for any transfor-
mation o € ®" P This follows from the proof of Theorem 4.4.4 (see (4.4.18)).
In this case the solution u,(t) = u(e(t)) of the equation (4.3.1) belongs to the set
cmtlizpl=r=2) (0,a] for the transformations o € ®™ 1P and for p € ®mHr N
C™ 10, a] as well. Thus all the estimates, which we use in the proof of Theorem
5.2.2, hold.

Theorem 5.2.3. For a given m € N, assume that K € WWH’V(DI;) and f €
C™TLY(0,b] with b € (0,00), v € (0,1). Let p € ®™FLP 1 [0,a] — [0,b], p €
[1,00), a € (0,00). Furthermore, let the interpolation nodes (5.1.3) be generated by
the graded grid (4.3.5) and by the collocation parameters mi,...,nm (see (5.1.1))
of a quadrature formula (5.1.2) which is exact for all polynomials of degree not
exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny, a unique approzimation vy to uy, the solution of equation (4.3.1), and a
unique approximation uy to u, the solution of equation (4.1.1), and the following
estimate

Al 0pr) maxJu(p(t)) — un(p(tiy))| < c B\ (5.2.31)
j=1ysm
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5.8. Superconvergence: the Case v =0

holds with a positive constant ¢ not depending on N. Here ’y](\,m’y’o’p’r) 1s defined by
(5.1.4) and

_ — 1—v
pmar) _ N—(m+1=v)  forp > 2”;?'17,/) (5.2.32)
N N—2rp(1-v) for1 <r< % ' o

Proof. Since W™ ¥(D,) ¢ Wm+L»0(Dy) for 0 < v < 1 then (5.2.31) follows
from Theorem 5.2.1 and Remark 5.2.1 where we take A = 0.

O

5.3 Superconvergence: the Case v =0

In this section, we often use the following inequality:
N dxogt) <e (L) Atlog i <d, im1. N, (531)
N g 7 = N g N = 9 — dyeey ) +J.

where v > 0, t; is given by formula (4.3.5), ¢ and ¢ are some positive constants
not depending on ¢ and N.

Theorem 5.3.1. For a given m € N, assume that K € W?H’O’A(Db) and f €
C™HLA0,0] with b € (0,00), A € (0,1). Let p € &P 1 [0,a] — [0,b], p €
[1,00), a € (0,00). Furthermore, let the interpolation nodes (5.1.3) be generated by
the graded grid (4.3.5) and by the collocation parameters ni,...,nm (see (5.1.1))
of a quadrature formula (5.1.2) which is exact for all polynomials of degree not
exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation vy to uy,, the solution of equation (4.3.1),
and a unique approzimation uy to u, the solution of equation (4.1.1), and the
following estimate

(m,0,\,p,7)

m,0,\,p,r
AN = max Julp(tig) - un((ti)| < ¢ BY (5:32)
j=l,...m

holds with a positive constant ¢ not depending on N. Here 'y](vm’o’)"p’r) is defined by
(5.1.4) and

e 1
E(m70,>\,,077”) _ N—™ 1 lOgN fO'I" T 2 2;?1tA) ) (533)
N N—2rp(1=2) fori1<r< #ﬂiA)

Proof. By Theorem 4.4.1, the equation (4.1.1) has a unique solution u € C|0, ]
and the equation (4.3.1) has a unique solution u, € C[0,a]. Due to (4.4.23) we
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5.8. Superconvergence: the Case v =0

know that u, € C™+L1=P(1=2(0 a]. Moreover, by Theorem 4.4.2 we have for
N > Ny a unique approximation vy to u,. Due to Theorem 5.1.1 we may use the
inequalities (5.1.5) and (5.1.12):

O sup IV @)+ sup [P (0)]

tEty—1,tk] teltr—1,tx]

) <c¢ max

) li— 7t - 07 )
k=1,...,.N [k ! k] [ a]

(5.3.4)
where I\ (t) is defined by (5.1.13) and I{¥)(¢) is defined by (5.1.14).

We fix the index k such that ¢ € [ty_1,t], k = 1,...,N. First, we estimate
(5.1.14):

t1 tre—1 t

1) = / + / + / K,(t,s) [uw(s)—<P}v’”f”u¢)(s) ds, t€ [th_1,ty].

(5.3.5)

In analogy to the proof of Theorem 5.2.1 we consider for ¢ = 1,...,k the
integral

min{t;,t}
1) = / Kolt,5) [upls) = (P Vug)(s)] ds
ti—1
min{t;,t} (536)
<c [i,up . ‘uw(s) — (P](\,m_l)uw)(s)‘ / |K,(t,s)| ds.
s€(ti—1,ti
ti—1

Note that min{¢;,t} = t; for ¢ < k and min{¢;,t} =t for i = k, t € [tx_1,tr]. Using
(3.3.4) and (2.4.15), we obtain

min{t;,t} min{t;,t}
1+ [log(t —
Kot ds<e [ somnnaaltlosl=sly,
1+ |log s|
e i1 (5.3.7)
p(1=A)—1
< : ti —t;— 1 1 tr —ti_ ii'
<c D1+ og(tr — i) ) T

Let h; =t; —t;—1,i=1,...,N. Due to (5.3.6), (3.4.1) and (5.3.7),

i —N)— —a—11+ [log(t; — ti—1)]
I(Z) 1< hm+1tp(1 A) mtp(l A)-1 3
3 ()—C ) A 7 1+|logti| (538)

From (2.4.6) we get

i >2rp(1—)\)—m—1 1+ |10g h1|

L(t) < eNTm1 ( T ot (5.3.9)

N
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5.8. Superconvergence: the Case v =0

With the help of (2.4.10) we obtain

—m—1 m+1
]éi)(t) <e {N logN forr > (1)

N—2rp(1=2) for1<r< #Jr_l)\).
Therefore
1) < CE](Vm’O’A’p’T), i=1,....k, t€[tp1,tx). (5.3.10)

Due to (5.3.5) and (5.3.10) we have

@) < VO + 18V 0+ 18P #) < cBYOMT Dt e [ty ti), k=1,...,N.
(5.3.11)

Next, we consider Il(k)(t) fork=4,...,N,
M=% / Ko(t,5) [ugp(s) — (P Vug)(s)] ds, 1€ frir,te]. (5:3.12)

Using (5.1.19), we can write

k—2 U
100 =Y [ [Kalt.) - Koltoti)] [usls) — (P V(0] ds

i . (5.3.13)
k—2 K
F 3 Kltt) [ [uols) = (P (0)] d,

=2 ti1
where t;/5 = ti*%“,i:l...,k—& k=4,...,N. We have for any s € [t;_1, ],
i=2,... k-2,

0
K<P(t7 5) - K@(tvti/Z) = (S - ti/?)iKiﬂ(ta S)

ds , €€ (s,tipp).  (5.3.14)

s=¢

By Lemma 3.3.5 we obtain for € (s,t;/3) that

gD M1 4 [log(t = O + (¢ =)'

K,(t,s) — K,(t,t; <c(t; —t;—
| LP( 8) LP( /2)‘ C( 1) 1+‘10g§|

(5.3.15)

Since t € [tk—latk‘]a ERS [tifl,ti], £ e (S,ti/Q), 1=2,...,k—2, k>4, we have



5.3. Superconvergence: the Case v =10

where co > ¢; > 0 and ¢4 > ¢3 > 0 are some constants which do not depend on ¢
and k (see (2.4.8) and (2.4.9)). Hence for i = 2,...,k — 2 we have

t;
/ K y(t,5) — Ky(t ty2)] ds
t;

P gl 0=R=2 8 (L [log (t — tim)D) + (f = tiz) ™!

1+ |logt]
(5.3.16)
Due to (3.4.1) and (5.3.16),
k-2 b
k m—1
100 =Y [ [Kolt9) = Koltstia) Juls) = (P V)] ds
7.'=2ti71
< o3 gm0 gt — tin)) (e = i)
S 1+ |logt;|
(5.3.17)

Since hit; ' < ci~'and hi(ty —ti_1) "' <c(k—i+1)7' i =2,...,k—2, we have

k—2 1 . 1
vt s (1 + og(ty — £, k—i+1
I () < ey pptgetmNmmet G (L+ [toglte = fe-)) + (R =i+ )

e 1+ |logt|

P — ’S L 2rp(1—A)—m—1 z‘—l(l + [log(ty, — ti—1)]) + (k —i + 1)—1
B 1+ |logt;
(5.3.18)

Now, for r > #Jr_l)\) we have 2rp(1 —A) —m —1 >0 and

( ) ) l+|10g(t k=2
k 2 k— —m—1 . -1
) <eN"™T E +cN g k—i+1
< ) 1+|10gt1| 2:2( )

(5.3.19)

By Lemma 2.4.2 we obtain

() <eN"™ 2N 1logN + ¢ N logN <¢ N-™ LlogN.  (5.3.20)

fi<r< ﬁ then from (5.3.18) we have
k—2
19)(1) - Z AT+ log(ty — ti)|
1+ |10g ti|
= s (5.3.21)
+ CN—er(l—/\) Z i27’p(1—)\)—m—1(k — i 1)—1
i=2
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5.8. Superconvergence: the Case v =0

Since 2rp(1 — A) —m — 2 < —1, we obtain by Lemma 2.4.2 that
IP (1) <e N=m=2 N2 m2 o Ne2p(o0) < N e2re(0) (5.3.22)
Summarizing (5.3.20) and (5.3.22):
IV < B te ity ty, k=4,...,N. (5.3.23)

Finally, for t € [tp_1,tx], k =4,..., N, we consider

) = o(ttigo)] / [up(s) = (PJ ) (3)| ds, tiga € [t 1)

(5.3.24)
y (3.4.1), (2.4.6) and Lemma 3.3.2 we have

. 1+ |log (t —t;
M <Czhm+2tp(1 Nmtyp(i-2)-1 | log ( /2)|

1+ [logt; |
i=2 A s ' (5.3.25)
P "1+ | log (tk — ti1)|
<e¢ N"m72 —.
¢ Z< ) 1+ |logt;]

By Lemma 2.4.2,

I(k)( H < { N llogN forr > 5 (1 )\)

N—2rp(1=2) for1<r< 2;?1+—1/\)

} = cEUMOAT) (5.3.26)

vy (5.3.13), (5.3.17), (5.3.23), (5.3.24) and (5.3.26),

1P @) < ecdP )+ 1) < BN, te tpor,ty], k=4,...,N.
(5.3.27)
Estimate (5.3.2) follows from (5.3.4), (5.3.11) and (5.3.27).

O

Theorem 5.3.2. For a given m € N, assume that K € W ™"NDy) and
f € CmHEA0,b] with b € (0,00), A € (—00,0]. Let ¢ € ®™+r 0 C™FL[0,q],
¢ : [0,a] — [0,D], p € [1,00), a € (0,00). Furthermore, let the interpolation
nodes (5.1.3) be generated by the graded grid (4.3.5) and by the collocation param-
eters N1, ..., Mm (see (5.1.1)) of a quadrature formula (5.1.2) which is exact for all
polynomials of degree not exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation vn to uy, the solution of equation (4.3.1),
and a unique approzimation uy to u, the solution of equation (4.1.1), and the
following estimate

’07A77 7O7A77
WO = max [u(e(ts) — un(pltip)] < cEGOMT (5325)
j=L,om
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5.3. Superconvergence: the Case v =10

holds with a positive constant ¢ not depending on N. Here ’y](\,m’o’k’p’r) is defined by
(5.1.4) and

N—™"1llog N forr > #“i\)
E](Vm,o,mr) —{ N llog? N for r = #ﬁ) . (5.3.29)
N=2P0-NlogN forl1<r< #”‘_1)\)

Proof. By Theorem 4.4.1, the equation (4.1.1) has a unique solution u € C]0, b]
and the equation (4.3.1) has a unique solution u, € C[0,a]. Due to (4.4.23) we
know that u, € Cm+11=p(1=2)(0, a]. Moreover, by Theorem 4.4.2 we have for
N > Ny a unique approximation vy to w,. Since the conditions of Theorem 5.1.1
are fulfilled, we may use the inequalities (5.1.5) and (5.1.12):

0,A
,y](vm) A,0,7) S ¢ max

(k) (k)
Jmax | s [P0+ sw (170

tE€[tr—1,tk] tE[tr—1,tk]

) [tk—htk] C [0,@],

(5.3.30)
where I{k)(t) is defined by (5.1.13) and Iék)(t) is defined by (5.1.14).

We fix the index k such that t € [tp_1,t], kK = 1,..., N. First, we estimate
(5.1.14):

tl tk—l t

M) = / + / + / K,(t,s) [uw(s)—(P](vm_l)u@)(s) ds, t€ [th_1,ti].

(5.3.31)

In analogy to the proofs of Theorems 5.2.1 and 5.3.1 we consider for: =1,...,k
the integral

min{t;,t}
() = / Kolts) [up(s) = (PY"Vu,)(s)] ds
b (et} (5.3.32)
<c ;upt]]ugp(s)—(P}Vm*”uw)(s)] / K (t,5)] ds.
SE[ti—1,ti
ti—1

Note that min{t;, ¢t} = ¢; for i < k and min{¢;,t} =t fori =k, t € [tp_1,tx]. Using
(3.3.1) and (2.4.14), we obtain

min{¢;,t} min{¢;,t}
K, (t,s)| ds <c / slP=DA=X=A (1 ¢ log(t — s)|) ds
t Ky (t,5)| t (1+ [log(t —s)|) (5.3.33)
i—1 i—1

< (ti— i) VTN log(te — tia))).
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5.8. Superconvergence: the Case v =0

Let hi =t; —ti1,i=1,...,N. Due to (5.3.32), (3.4.6) and (5.3.33),

. gp=)=1 sm < p(1=))
19(0) < ehp ' § 071 4 loghil) m=p(1—A) ¢ (1+|loghul)
2p(1*)\)7m71 m> P(l _ )\)
i \"(m+p(l=X))—m—1
/ (ﬁ) ’JH X ;m < p(1=A)
<c N llogN (ﬁ)“mﬂ’( TN log i) mo=p(1— A)
(ﬁ)%‘pl A)— ,m>,0(1—)\)
(5.3.34)

Ifm<p(l—=X) thenr(m+p(1—A))—m—-1>2rm—m—12>0 and
I2(t) < eN"™ 1 log N, m < p(1— ).

If m=p(1—X) thenr(m+p(l—A))—-m—-1=2rm—m—12>0 and

m() {N m=11og N f01r1">2p(1 %) }

N-"1log? N forr= 2p(1t1>\)

If m > p(1—A) then

—m—1
W <oV oe N forrz ity
T | NP0 N]og N for1<r< 2;?;:1)\).
We obtained
I?Ei)(t) < CE](Vm,O,/\,PJ)’ i=1,...,k t€ [te_1,ty- (5.3.35)

Due to (5.3.31) and (5.3.35) we have

P < VO + 1V 0+ 18P 8) < cBYOMT b e [ty ti], k=1,...,N.
(5.3.36)

Next, we consider I{k)(t) fork=4,...,N,

k-2 b

=% / K,(t, s) % s) — (Pgm—”u@)(s)} ds, t€[th1,tr]. (5.3.37)
i= 2t -

Using (5.1.19), we can write

k-2 b

1=y / [Kolt,s) = Kolt )] [us(s) = (P ) (s)] ds

=2

(5.3.38)



5.8. Superconvergence: the Case v =0

where ti/zz%,izl...,k—z k=4,...,N. We have for any s € [t;_1, ],
i=2... k-2,

0
Ky(t,s) — Kp(t,tin) = (s — ti/Q)%KSO(tvs) , EE(s,t)2) (5.3.39)
s=¢

By Lemma 3.3.4 we obtain for £ € (s,t;/3) that

‘Kw(tv 5) - K@(tv tz/2)|

< C(ti - tifl) f(P—l)(l—)\)—A[é-—l(l + |10g(t - £)|) n (t - g)_l], (5340)

Since t € [tp_1,tk], s € [ti—1,ti], § € (5,ti/2), i =2,...,k =2, k > 4, we have
C1§t§§02, 03<7§<C4,
i

where ¢o > ¢; > 0 and ¢4 > ¢3 > 0 are some constants which do not depend on 4
and k (see for example (2.4.8) and (2.4.9)). Hence

t

Ko(t,s) — Ko(t,t:5)ds < c(t; — t;_q)2 tP7DA=N=AL
[ 1K) = Koltstylds < et~ 1) o
ti—1
< [t (1+ [log (te — tic1)) + (b —tic1) ™', i=2,...k—2.
Due to (3.4.6) and (5.3.41) we have
X k-2 4 )
1w =3 / [t 5) = Kot tipo)| upls) = (P V) (5)] ds
=2,
k—2
<SRRI N log (t — tio1)]) + (t — tie1) Y% (5.3.42)
=2
1 ,m < p(l—=2X)
x { 1+ |logt;] ,m=p(l—2N)
tf(lf/\)fm ,m > p(l—X)

Since hit; ' < citand hi(ty —tio1) ' <c(k—i+1)71, i=2,....k—2, we can
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5.8. Superconvergence: the Case v =0

estimate I(k)(t) as follows

<c§:MM4 (1+ |log (ty, — ti—1)|) + (k —i+1)"1x
AV [loghil) m= p(1 - )
k—2
ch>m1§:‘41+qum—u4ny+w—i+1rﬂx
i=2
i \r(m4p(1-X))—m—1
(N)E:LQ; X ;m < p(l—=A)
) &) <1PA> T logtil) m=p(1=2) -
()2 m > p(1— )
(5.3.43)
Ifm<p(l—=2M) thenr(m+p(1—X)—m—1>0and
k—2 k—2
Lik) (1) < ¢ N-T(mtp(1=X) logNZ grmtp(1=2)—m=2 4 . nr—m~—1 Z(k — 4+ 1)*1
i=2 =2
< Cl N—r(m-i-p(l—/\)) Nr(m+p(1—)\))—m—1 log N + C, N—m-1 log N
< N1 log N.
(5.3.44)
It m=p(l—A)thenr(m+p(1—A)—m—1=2rm—m—12>0. We write
® k—2 i 2rp(1—X)—m—1 i *)
I, (t)ch_m_IZ(k—i—Fl)_l (N) (1+|logﬁ|)+cl5 ,
i=2
(5.3.45)
where
2rp(1—=\)—m—2
e Z ( ) (1 + 1o(ts — i) (1+ |ogi]). (5.3.46)
Further,
N-™"llogN  forr > ;mEtlo
(k) g 2p(1—X) (k)
I, () < c{ N-"log? N for r — 2;,(114&&) +ecl. (5.3.47)

(k

It remains to estimate I

k)

in the form

k=2 , .\ -1 -\ 2rp(1=X)—m—1
o 1+ |log (tg —tiz1)| [ i P 9
) — y-m-2 L — 1+ [logt;|)?.

). First we write Ié

(5.3.48)
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5.3. Superconvergence: the Case v =10

Since

i 2rp(1—X)—m—1
<N) (1+]logts|)> <ec for 2rp(l =X —m—1>0,

we obtain by Lemma 2.4.2 that

-m~—1 3 _
Iék) <c { N log? N for mrp+ |\ =1 } . (5.3.49)

N—™"llog N  otherwise

Actually, in the case m =1, r =1, p =1 and A = 0 we can improve the estimate
(5.3.49). Indeed, in this case K € W2"°(Dy). Similarly to the proof of Lemma
3.3.4, we can write

559 < PR K| sl oot
_11+|log(t — )| 4 "
<o L o0 4 I+ s (- 9))

(5.3.50)

From ¢ € C™*1(0, d] it follows that | (s)| < ¢. Thus

0
)

11+ [log (t — s)| -1
< R L =R — . .3.51
_c(s T+ oz s +(t—s) . (t,s) € Dg (5.3.51)

Now, instead of (5.3.40), we can use inequality

11+ [log(t —§)|

|Ky(t,8) =Kyt tis2)| < c(ti —ti1) {f 1+ [logé]

+(t— 5)1} . (5.3.52)

Using this, we can prove with the same idea we used before (cf. (5.3.39)-(5.3.47)),
that

—m—1 1,02
(k) N~ og®N formrp+ |\ =1
I=<c { N~ llog N  otherwise ' (5.3.53)
Now it follows from (5.3.29), (5.3.47) and (5.3.53) that
IO < e BT = p(1 - ). (5.3.54)

If m > p(1—A) then

k—2 k—2
Lgk) < CN72p(17/\) [logNZiQrp(lA)mQ + (k‘ — i+ 1)1i2rp(1A)m1]
=2

=2 i
N—™"llog N if r> #Jr_l)\)
< NmlHog? N if r = gt

N=2P(=N]og N ifl1<r< #tl)\)

(5.3.55)
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5.8. Superconvergence: the Case v =0

From (5.3.44), (5.3.54) and (5.3.55) we obtain
1) < e BN e [ty th], k=4,...,N. (5.3.56)

Finally, for t € [tx—_1,tx], k =4,..., N, we consider

I(k) Z|K (t,tis2)l / ‘uw N uw)() ds, tis € [ti—1,ti].

(5.3.57)
By Lemma 3.3.1 and (3.4.6) we have

(k) <czhm+2 (p—1)(A=A)— A(l—i—\log(tk—tl D)) %

=2
1 ,m+1<p(l—2A)
x ¢ 1+|logt;| .m+1=p(l-2A)
=M=l 1> p(1— )
k-2
< ey WML+ |log (th — ti1)]) x
i=2
1-A)—1
££1=Y) sm+1<p(l—N)
x$ OV L logtil) m4+1=p(1— A)
g2P(=A)m=2 m+1>p(1—A)
7 Y
k—2
<c N2 (14 |log (tx, — ti—1)]) X
=2
(g s PERPN
r(m —m— .
x (ﬁ)2 - Ap (1+|log %) ,m+1=p(l-]A)
(4)"" JmA 1> p(1— N)
(5.3.58)
Ifm+1<p(l—A)thenr(m+1+4+p(1—A)—m—2>m>0and
1) <eN"™log N. (5.3.59)
If m+1> p(1l— ) we can then write
k—2
Iék)(t) < CN72rp(1f)\) logN Z i2rp(17/\)7m72
=2
N~ 1llog N for r > #Jr_l)\) (5.3.60)
<c{ N 1log? N for r = 2;?1“)\)

N_ZTP(]-_}\) IOgN for 1 < r < 2p(1 )\)
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5.8. Superconvergence: the Case v =10

From (5.3.58)-(5.3.60) we obtain
1) < cBQOMT b ety ty], k=4,...,N. (5.3.61)
Due to (5.3.38), (5.3.42)7 (5.3.56), (5.3.57) and (5.3.61),
@) < ety + 1P @) < BT b (tyoaity], k=4,...,N.

Estimate (5.3.28) follows from (5.3.30), (5.3.36) and (5.3.62).

Theorem 5.3.3. For given m € N, assume that K € W™HLONDy) and f €
CA(0,6] with b € (0,00), A € (—00,1). Let ¢ € ®™FLr n C™H0,a], ¢
[0,a] — [0,b], p € [1,00), a € (0,00). Furthermore, let the interpolation nodes
(5.1.3) be generated by the graded grid (4.3.5) and by the collocation parameters
M, .-, Nm (see (5.1.1)) of a quadrature formula (5.1.2) which is exact for all poly-
nomials of degree not exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation vy to uy, the solution of equation (4.3.1),
and a unique approzimation uy to u, the solution of equation (4.1.1), and the
following estimate

M = max Ju(p(ty) — un(elty) < cBYWMD T (5.363)
j=1ym
holds with a positive constant ¢ not depending on N. Here 'y(m OAer) e defined by
(5.1.4) and
N~ llog N for r > m
(m,0,\,p,r) __ N-m—1] 3 N _m+1
Ey = og forr = 555 . (5.3.64)

N—2pr (1= /\)log N f0r1<7"<2p(1 )
Proof. By Theorem 4.4.1, the equation (4.1.1) has a unique solution u € C[0, ]
and the equation (4.3.1) has a unique solution u, € C[0,a]. Due to (4.4.18) we
know that u, € CF+1’1_p(1_A)(O, a]. Next, we follow the proof of Theorem 5.3.2.
We use the same estimates for the kernel K(t,s) and instead of (3.4.6),

1 ,m < p(l—2X)
sup Jug(s) — (PV" ug)(s)| < ch ¢ 1+ [logti sm=p(1=2A) ¢,
SE[ti—1,t4] tf(l_)\)_m m > p(l _ )\)
(5.3.65)
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5.8. Superconvergence: the Case v =0

we use the estimate (3.4.7):

sup  ug(s) — (PY" Mug)(s)]
sE[tifl,ti]

< chm 1 <
=~ i tf(l_)\)_m(l + |10g tl‘) m> p(l B )\)

Remark 5.3.1. If 0 < v+ X\ < 1 then Theorem 5.53.8 holds also for any transfor-
mation p € ®™ 1P This follows from the proof of Theorem 4.4.4 (see (4.4.18)).
In this case the solution u,(t) = u(p(t)) of the equation (4.3.1) belongs to the
set Cln+1’1_p(1_>‘)(0, a] for the transformations o € ®™+Y° and for p € ®™TLr N
C™+10,a] as well. Thus all the estimates, which we use in the proof of Theorem
5.8.8, hold.

Theorem 5.3.4. For a given m € N, assume K € W™10(Dy), f € C™+1.9(0,1),
be (0,00). Let o € @™ N C™FL0, a), ¢ : [0,a] — [0,b], p € [1,00), a € (0,00).
Furthermore, let the interpolation nodes (5.1.3) be generated by the graded grid
(4.3.5) and by the collocation parameters mi,...,nm (see (5.1.1)) of a quadrature
formula (5.1.2) which is exact for all polynomials of degree not exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation vy to uy, the solution of equation (4.3.1),
and a unique approximation uy to u, the solution of equation (4.1.1), and the
following estimate

7070? b o
A0 = ulp(tig)) — u (b)) < e EGY (53.67)
j=1)m
holds with a positive constant ¢ not depending on N. Here ,yl(vm,0,0,p,T) is defined by
(5.1.4) and

N~ llogN  forr > mTJ;l

Wy - - 2 = 1
E](Vmpr) _ N-—m—1 10g N fO’I’ r = % . (5368)

N—2?log N f0r1§r<m2—4f;1
Proof. Since Wm"’l’O(D;) C WlnH’O’O(Db) then (5.3.67) follows from Theorem

5.3.2 where we take A = 0.
O
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5.4. Superconvergence: the Case v < 0

5.4 Superconvergence: the Case v < (

Theorem 5.4.1. For given m € N, assume that K € Wm+1’”(D;) and f €
C™HLY(0,b] with b € (0,00), v € (—00,0). Let p € ®™Hr 0 C™FL0,4a], ¢ :
[0,a] — [0,0], p € [1,00), a € (0,00). Furthermore, let the interpolation nodes
(5.1.3) be generated by the graded grid (4.3.5) and by the collocation parameters
M- Nm (see (5.1.1)) of a quadrature formula (5.1.2) which is exact for all poly-
nomials of degree not exceeding m.

Then settings (4.3.8)-(4.3.10) determine for sufficiently large values of N, say
N > Ny > 2, a unique approzimation vy to uy, the solution of equation (4.3.1),
and a unique approzimation uy to u, the solution of equation (4.1.1), and the
following estimate

m,v,0,p,r VP51
A0 = max Ju(p(ts)) — un (1)) < e BT (5.41)
j=l,...m

holds with a positive constant ¢ not depending on N. Here 7](\7;171/,0,;),7“) is defined by
(5.1.4) and

N—m—1 forr > p’@f},)
El(vm,u,p,r) _ N—m—(21 lo)gN forr = p’(’;_rlll) B ) (5.4.2)
—rp(2—v m
NP for1<r< P(2—0)

Proof. By Theorem 4.4.1, the equation (4.1.1) has a unique solution u € C]0,b]
and the equation (4.3.1) has a unique solution u, € C[0,a]. Due to (4.4.15) we
know that u, € C™+51=P(1=1)(0 a]. Moreover, by Theorem 4.4.2 we have for
N > Ny a unique approximation vy to u,. Due to Theorem 5.1.1 we may use the
inequalities (5.1.5) and (5.1.12):

sup |I£k)(t)|+ sup |I§k)(t)|
tE€[th_1,tk] t€ty—1,tx]

%(Vm,u,o,p,r) < ¢ max , [tk—1,tx]) C [0,a],

k=1

[RRRE]

(5.4.3)
where Il(k) (t) is defined by (5.1.13) and Ig(k)(t) is defined by (5.1.14).

We fix the index k such that t € [tp_1,t], kK = 1,..., N. First, we estimate
(5.1.14):

t1 tp—1 t

M) = / + / + / K,(t,s) [uw(s)—(P](vm_l)uga)(s)] ds, t€ [th_1,tx].

(5.4.4)
In analogy to the proof of Theorem 5.2.1 for ¢ = 1,...,k we consider the
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5.4. Superconvergence: the Case v < 0

integral
min{t;,t}
Ig(,i)(t) = / K,(t,s) [uw(s) _ (P](mel)u@)(s)} ds
o min{t; t} (5.4.5)
=¢ se;:l}l)’ti] ’u‘P(S) - (PJ(\fm_l)“ao)(S)’ t/ |K,(t,s)| ds.
i1

Note that min{t;,t} = ¢; for i < k and min{¢;,t} = ¢ for i =k, t € [tg—1,tx]. Using
(3.3.5) and (2.4.13), we obtain

min{¢;,t} min{¢;,t}
|K,(t,s)] ds < ¢ / stV ds < et —tig) 0 (5.4.6)
ti—1 ti—1

Let h; =t; —t;—1, i =1,...,N. Due to (5.4.5), (3.4.6) and (5.4.6),

_ o1 m<p(l-v)
L) < ehp ™ $ e (14 logtil) m = p(1—v)
tf<27u)7m71 ,m > p(l - l/)
i \r(m+p)—m—1 (547)

, ) (%) E +p;_ B ym < p(1—v)

SeNTY () P (et llogtl) = p(1-v)

(ﬁ)p ,m>p(l—v)

If m < p(1 —v) then r(m+ p) —m —12>0. Thus

I:gi)(t) <eN™ L o1<r, m<p(l—v).

If m=p(1l—v)then r(m+p)—m—12>0and

N logN r=p=1&r=n1t }

() =)
;7 () < P
3 ()< c{ N—mL , otherwise

If m > p(1 —v) then

. N—m—1 for r > —m+1
132) (t) < C{ = p(2—v)

N=P2=v)  for1<r< p(’gi:lj).
We obtained

1) < c B i=1, .k, t€ [te,ti]. (5.4.8)
From (5.4.4) and (5.4.8) we get also

I @) < 1) + @) + I @) < cBEQPY) te fteon,ti], k=1,...,N.
(5.4.9)
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5.4. Superconvergence: the Case v < 0

Next, we consider Ifk)(t) fork=4,...,N,

k—2 U
M =3 / K,(t, ) [ugp(s)—(p}vmfnuw)(s)} ds, te€[tei,ti]. (5.4.10)
=27

Using (5.1.19), we can write

100 =Y [ [Ka(t.5) - Koltsti)] [upl) = (P )] ds
S . (5.4.11)
k—2 i
D Kpltoti) | [upls) = (P up)(s)] ds,
=2

Z‘ =
0
K@(t? S) - K&D(t?ti/Q) = (S - ti/Z)aKﬂo(tv S) ) 5 € (Sati/Q)' (5412)
s=¢
By Lemma 3.3.6 we obtain for £ € (s,t;/5) that
|K<p(t’5) - K<P<t7ti/2)‘
gmax{p—2,0} forv < —1

<c(t;—tim1)Q emax{r=20b 4 ¢20=2(1 4 |log (t — ¢)|) forv=—1
gmax{p—Z,O} + g(p—l)(l—u) (t _ é-)—u—l for —1<v<0

(5.4.13)
Since t € [tx_1,tk], s € [ti—1,ti], £ € (S,ti/g), 1=2,...,k—2,t; <tp_1, we have
t —
C1 < § < Co, (5414)

where co > ¢; > 0 are some constants which do not depend on ¢ and k. We denote

k-2 b

O / Kot ) = Kolt o) [up(s) = (P V) (s)| ds. (5.4.15)
=247

If m < p(1 — v) then by (3.4.6), (5.4.13) and (5.4.14),

k—2 b1 v < —1
Iik)(t)chh;nH / 1+ log(t—s) ,v=-1 ds
=2

T G () ,—l<rv<0
b2 (] v < —1

<c N_m_l/ 1+]|log(t—s)] ,v=-1 ds<c¢ N-™ 1
0 (t—s)7v1 ,—l<rv <0

(5.4.16)
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If m = p(1 — v) then by (3.4.6), (5.4.13) and (5.4.14),

k—2 b 1 v < —1
) <czhm+11+\1ogt|/ 277214 log (t — s)|) ,v=—1 ds.

= J tgp DO g 1 <y<o
(5.4.17)
Further, for v < —1 we have
k—2 b k—2
> A1+ [log til) / ds <cN™™2) ( 1+|log—\) <¢ N7 (5.4.18)
=2 tiq =2
Next, for p > 1 we use the inequalities
20721 4 [logts) < e, 1" V01 4 |logt,]) < ¢
Thus for —1 < v < 0 we have
k
17(t)
[ f 1+ log(t—9)
1 1+ |log(t—s v=-1
< m+1 P> y
th {1+|logt| =1 (t—s)7vt ,—l<rv <0 ds
i—1
’ 1 14 >1
<¢ N ! ma (e , ’ X
- =2 { (ﬁ)(r Dm+D) (1+logxl) p=1 }
tk—2
. . N—m—1 > m+1
y 1+\10§(f1 s)] ds < ¢ o r pg:f) _
(t—s)7" N7 logN 1= S5
t1 P v
(5.4.19)
If m > p(1 — v) then by (3.4.6) and (5.4.15),
1P) < CZ prtLgp=y)=m
=2
ti tmaX{p 20} for v < —1
X / tmax{f’ 200 4 420721 4 log (t— 5)|)  for v =—1 ds.
tio1 tmax{p 20}—|—tp b= V)( —s5)7v b for —1<v<0
(5.4.20)
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5.4. Superconvergence: the Case v < 0

Further,
k—2
Iﬁfﬁ)(t) th+2tp(1 v)—m+max{p—2,0} < CZ hm+2tp(2 v)—m—2
=2 =2
—m—1 m+1
(2— < 2 N—m—l " pg:f)
e Z < ¢ N . 10)gN Mo
i—= —rp(2—v m
2 N 1< r< p(2—0)
(5.4.21)
Next
k—2 1—v 2p—2
I(k)(t):ZthJﬂ t/’( )—m+2p— Jv=-—1 «
4,2 gl i tp (1-v)—m+p(l—v)—(1—v) —l<v<0
t; (5.4.22)
1+ |log(t—s)| ,v=-1
X/{(t—s)—”—l ,—l<v<0 ds.
ti—1
Therefore
(2—=v)—m—1,p—1 o
() hm+1tp t V= 1
Lat)se max { hm+1tp(2 v)=m= ltl‘”(P D icp<o [T
tho (5.4.23)
1+ |log(t—s) ,v=-1
X/{(t—s)"1 ,—1l<rv <0 ds.

t1

We may write

]Xz)(t) §64 éna)]g {hm+1tp(2 v)—m— 1}<C N—rp(Z 1/)' max {ZTpQ v)—m— 1}

[ k=2
(5.4.24)
It follows that
N m—1 r > m+1
k = v
1) < c{ N < 7@(‘2 >7(n+1) _ (5.4.25)
From (5.4.16), (5.4.19), (5.4.21), (5.4.22) and (5.4.25) we obtain
I(k) t < I E(m,l/,p,r) + I(k) +I( ) < C, E(m,y,p,r)’
P <e (B B+ 1fm) < By (5.026)
tE[tk_l,tk], k=4,...,N.
Finally, for t € [tp_1,t], k =4,..., N, we consider
19 Z Kplt. o) / [up(s) = (P )(9)] ds, b € [t til
(5.4.27)
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By (3.4.6) and Lemma 3.3.3 we have

k—2 1 ;m+1<p(l—v)
1@ <3 Rt 4 logts| m+1=p(1-v)
i=2 Ml 1 s p(1— )
k—2 ! ym—+1<p(l-v)
Sc/ZthH 271+ [logt]) ,m—+1=p(1—v)
. 2—v)—m—2
=2 tf( )=m ,m+1>p(l—-v)
k—2 (ﬁ')r(mﬂw)fmf2 ym—+1<p(l—-v)
" AT—m—2 ; +1+4p)—m—2 ;
SENTTER )T T L log ) m L= p(1 =)
=2 (ﬁ)?ﬂp( —v)—m— ,m + 1> p(l _ V)
(5.4.28)
Ifm+1<p(l—v)thenr(m+1+p)—m—22>0and
(k) S i m 1
) <eNT™ 23 1+ |log =) <N r>1> ——— . (5.4.29
0 <Ny g ) <N rz 1> GRS (6429
Ifm+1>p(l—v)then we can write
E—2 N—mL for r > ,;’(35)
IR (t) < e NTPRTI N re@omme2 < S8 NI og N for v = S
=2 N—P(2=) for 1 <r < BH,
(5.4.30)
From (5.4.28)-(5.4.30) we obtain
1) < cBUPT ) te nte], k=4,...,N. (5.4.31)

Due to (5.4.11), (5.4.26), (5.4.27) and (5.4.31),
1B @) <P )+ 1) < BECPT te ter,th], k=4,...,N.

Estimate (5.4.1) follows from (5.4.3), (5.4.9) and (5.4.32).
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Chapter 6

Numerical Experiments

6.1 Introduction

Let us consider equation (4.1.1) with b = 1:
x
u(w) = [ K@) uw)dy + f2), € 0.1 (6.1.1)
0

In (6.1.1), we make the variable changes x = ¢(t),y = ¢(s) where ¢ : [0,1] — [0,1]
is the smoothing transformation (3.1.1)-(3.1.4) with a = 1. We use the following
three transformations:

ei(t) =t p=1, (6.1.2)

pa(t) == 27/2 (sin (gt))p, p>1, (6.1.3)

w3(t) == (2pp> 2/)2;; L /(s (2—138))ds, peN. (6.1.4)
0

Here 1 (t) = t” is the most natural transformation and is used also in the works
[19, 36, 37, 38, 39, 55]. The transformation (6.1.3) is taken from [56]. Clearly
©1,p2 € ®™P for arbitrary p € [1,00) and m € N. Moreover, 1,0y € ®™° N
C™[0,1] for p € N or for p € (m,o0). A sample of nontrivial polynomial functions
3 € ML+l 0 CmHL0 1], p,m € N, is constructed similarly as in [26]. For o3
we can write

_3p2 1 i
p3(t) = 5t°(—gt+ 1), ifp=1,
9 20\ 2p+1 ,
g = ()2 -0y, pen
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6.1. Introduction

After a variable change we obtain the equation (4.3.1),

t) = /Kp(t, s)up(s)ds + f,(t), tel0,1]. (6.1.5)
0

Equation (6.1.1) was solved numerically by method (4.3.8)-(4.3.10) for

5—+15 1 54+ /15

= = = — = .1.
m 37 m 10 ; 72 2) 3 10 ) (6 6)
on(tioy + (t; — Z@j H € [0,1], (6.1.7)
1 1 T '
j=
k#j

where vy is the approximate solution of (6.1.5) and 8;; (i = 1,...,N;j=1,...,m)
are some unknown constants which we find from the linear system (4.3.15). Here
M, M2, n3 are the node points of the three-point Gauss-Legendre quadrature rule
(5.1.2) which is exact for all polynomials of degree not exceeding 2m —1 (for m = 3
we have 2m — 1 = 5). The numerical values of the node points of Gauss-Legendre
quadrature rule can be found, for example, in [1]. Most of the numerical tests in
this chapter are performed with the parameter m = 3. Some special samples are
performed with other values of m and with other node points 71, ..., 7,. We will
explicitly state different values of m in the related examples.

The numerical results of this chapter are calculated with Fortran programming
language using 16-digit double precision arithmetic in a 32-bit computer. The
analytical part is studied and tested with Maple. Weakly singular integrals in the
linear system (4.3.15) were found with the quadrature rule introduced in [62] (see
also [32, 63]):

g

/g(x) x =~ x19(€ —l—le iz IZng (&j), o0€(0,00), neN, (6.1.8)

0

where the integrand g(x) can have singularity only at = 0,

1 &+1
=5 &G=ziat e 5 (@i = i), (6.1.9)
Here —1 < & < -+ < &, < 1 are the nodes of the n-point Gauss-Legendre
quadrature rule (we used n = 10 in our calculations), o, ..., 2z, are the nodes of

the graded grid (2.4.3) on the interval [0,0], Ny € N. The number of steps Ny in
the quadrature rule (6.1.8) were doubled until a reasonable error tolerance for the
collocation method was achieved. If the integrand in (6.1.8) diverges as (z — o)?,

0 < 6 < 1, near the point z = o, we use the identity (see [59, p. 138-139])

. (U._a)l—G
/g(:c) dx = ﬁ / xﬁg(o — xﬁ) dr, 0<a<o. (6.1.10)
a 0
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6.1. Introduction

For destroying the diagonal singularity of the kernel K(¢,s) at t = s we use the
singularity subtraction technique introduced by Kantorovich and Krylov in [34]
(see also [25, 59, 65]):

b1 b1 by
/K(t,s)F(s) ds = /K(t,s)(F(s) — F(t))ds+ F(t) /K(t,s) ds, 0<a <by,
al al al
(6.1.11)
where the integrand K (¢, s)(F(s)—F(t)) is smoother than the integrand K (¢, s) F'(s)

by
and, the integral [ K(t,s)ds is computed analytically or numerically.

ai

(psr)

s\e,r) and y"’. The quantities

In the following tables, we use the quantities ¢
Eg\e’r) are approximate values of the norm ||u — uy|/~, calculated as follows:

") = maxculp(rij)) — un (p(rig))| = maup(rij) — ox (7).
’ ’ (6.1.12)

J

20(ti—ti_1), i1=1,....,N, 5=0,...,20.

Tij = i1+

Here u is the exact solution of (6.1.1), u,, is the exact solution of (6.1.5), vy is the
approximation to u, determined by (4.3.8) and (4.3.9), and uy is the approxima-
tion to u determined by (4.3.10):

un(x) = oy(p z)), =e[0,1]. (6.1.13)
In the following tables the ratios

(psT)

) ENy2
s = ) (6.1.14)
N

characterizing the observed convergence rate are also presented. For the local
superconvergence results we use the quantities:

(pr) _

v = max fule(ty) —un(e(ty))] = max fue(ti) —on(ti;)] - (6.1.15)
j=1."m j=1."m

(see (5.1.4)) and the ratios

(o) VJ(VP/’;)

slpr)

oy = (6.1.16)
TN

We give the expected values of the ratios 55\?’0 and Sj(\f’r) in the last row of

each table. If the theoretical estimate includes a logarithm, then in the last row
log N/2

of the following tables for J>-7= we use the values {gé égg = 0.875, 1?51%224 = 0.9,
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6.2. Case K € WnHLOND,) and f € C™12(0, ]

iggégig ~ 0.909 for the greatest value of N = 256, N = 1024 and N = 2048

respectively.

The errors in the following tables are written in the form

pE —d=p107¢, p>0, deZ

We will further comment the following tables in Section 6.2. The behavior of
the numerical results are similar in other sections and we point out only the most
important differences.

6.2 Case K € W0ND,) and f e C"(0, ]

We consider the equation (6.1.1), where

K(z,y) =log(z —y)y~ %, (2,y) € Dy, (6.2.1)

2
flz) =22 (1 +logz) —z <10g2 r—logz+1— 7;) , (6.2.2)
u(@) =a'*(1+logz), = €0,1]. (6.2.3)

Clearly K € W™tL01/2(Dy) and f,u € C:ﬁb—s_l’l/Q(O7 1] for arbitrary m € N. For
numerical results we use m = 3 and the node points (6.1.6). In this case numerical
results for p = 1 are published also in [35].

From Theorem 4.4.4 it follows that for sufficiently large values of N we have

(o) 23 ifr > %
6N = 27“;7/2 (IO%O(gN]\/[Q)) if1<r< % . (624)

From Theorem 5.3.3 it follows that for sufficiently large values of N we have

log (N/2 :
24 (%) if r > %
~ r 3
6N(p7 ) _ 24 (lofo(gN]\//2)) lf r = % . (625)
2
Qm(biso(g#) if1<r<i4

Tables 6.2.1-6.2.2 describe global convergence errors ||[u — up||oo for examples
(6.2.1)-(6.2.3) and for the sine transformation ¢3. The expected theoretical results
are presented in (6.2.4). Since v+ A = 1/2 > 0 the ratios (6.2.4) must hold for all
the functions 1, @2, 3 with p € [1,00), according to Theorem 4.4.4. The observed
errors EEG’T) are overall in good agreement with Theorem 4.4.4 and (6.2.4). We will
comment some interesting features which we can observe also in other tables in

the current chapter.
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6.2. Case K € W™HLONDy) and f € CT2(0, ]

Table 6.2.1: Examples (6.2.1)-(6.2.3), v = 0, A = 1/2, sine transformation ¢a,
global convergence (6.2.4), uniform grid.

N 55&,1) 65\3,1) 853,1) 65\?.5,1) 65\5771) 5%\?71) 85\?.5,1)
(5](\},1) 65\3,1) 65\2]’),1) 65\1;,,5,1) (51(\?’1) 6](\?,1) 55\?‘5,1)

16 | 24E-1 20E-2 41E-3 26E-3 11E-4 18E-4 13E-4

1.23 1.94 2.32 3.00 2.65 5.72 7.04

32| 19E-1 10E-2 18E-3 87E-4 41E-5 31E-5 18E-5
1.24 1.96 2.40 3.04 3.70 6.23 7.56

64 | 16E-1 52E-3 73E-4 29E-4 11E-5 49E-6 24E-6
1.25 1.98 2.46 3.07 4.20 6.55 7.89

128 1.2E-1 26E-3 30E-4 93E-5 26E-6 75E-7 31E-7
1.27 1.99 2.51 3.10 4.50 6.77 7.97

256 | 99E-2 13E-3 12E-4 30E-5 b58E-7 11E-7 39E-8
1.28 1.99 2.54 3.12 4.70 6.94 7.97

512 | 77TE-2 66E-4 47E-5 97E-6 12E-7 16E-8 49E-9
1.29 2.00 2.57 3.13 4.84 7.06 8.00

1024 | 60E-2 33E-4 18E-5 31E-6 26E-8 23E-9 6.1E-10
1.30 2.00 2.59 3.15 4.94 7.16 8.00

2048 | 46E-2 17E-4 T70E-6 98E-7 52E-9 32E-10 76E-11

1.29 1.82 2.57 3.06 5.14 7.27 8.00

Table 6.2.2: Examples (6.2.1)-(6.2.3), v = 0, A = 1/2, sine transformation ¢,
global convergence (6.2.4), graded grid.

N 5}}’2) 6%,3) €53,4) 553,2) 55\3;’1'5) 55\}’@ Eﬁ,'s)
55\},2) 65&’3) 65&,4) 655,2) 61(3’1‘5) 55\},6) 5}(\:{;,3)

16 | 99E-2 35E-2 11E-2 13E-3 73E-4 29E-3 68E-4

1.65 2.32 3.30 3.98 3.89 6.13 7.77

32| 60E-2 15E-2 34E-3 33E-4 19E-4 48E-4 88E-5
1.70 2.41 3.42 3.99 4.03 6.48 8.00

64 | 35E-2 63E-3 10E-3 83E-5 47E-5 T74E-5 11E-5
1.75 2.48 3.50 4.00 4.12 6.57 8.05

128 | 20E-2 25E-3 29E-4 21E-5 11E-5 11E-5 14E-6
1.78 2.52 3.55 4.00 4.20 6.79 8.05

256 | 1.1E-2 10E-3 81E-5 52E-6 27E-6 17E-6 17E-7
1.81 2.55 3.60 4.00 4.26 6.95 8.03

512 | 63E-3 39E-4 22E-5 13E-6 63E-7 24E-7 21E-8
1.83 2.58 3.64 4.00 4.31 7.07 8.02

1024 | 34E-3 15E-4 62E-6 32E-7 15E-7 34E-8 26E-9
1.84 2.60 3.67 4.00 4.34 7.17 8.01

2048 | 19E-3 59E-5 17E-6 81E-8 34E-8 47E-9 33E-10

1.82 2.57 3.64 3.64 4.32 7.27 8.00
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6.2. Case K € W™HLOXN(Dy) and f € CT7(0, ]

First, we point out that sometimes the numerical results are noticeably better
than the expected theoretical ones for specially chosen p values. When we choose
the parameters p and r such that the product rp remains the same (in this case
the theoretical estimates have the same order) we can sometimes see much better
results for the parameter p > 1. One reason for this is that, for example, if we
have functions of the type g(x) = \/z, then g(p(t)) = /t* may become sufficiently
smooth for even but not for odd values of p € N. If we know more about the behav-
ior of the solution u, then we may try to choose more carefully the transformation
o and the parameter p to achieve better convergence results.

In Tables 6.2.1-6.2.2, we see this phenomenon for the parameters p = 2,7 =1
(compare with p = 1,7 = 2) and p = 2,7 = 2 (compare with p = 1,7 = 4). The
same is true for the smoothing function ¢; instead of ¢y (these results are not
printed out in the current thesis but we have tested them as well). If we take
p =2 and p(t) = t? then

u,(t) = VE2(1 + logt?) = t(1 + log t?).

The new function u, not only belongs to C’ln’o(O, 1] but actually u,, belongs to the
smoother set C™0(0,1] € C7°(0,1]. We can also see, that the kernel

Ky(t,s) = 2slog(t? — s)(s%) 712 = 2[log(t — s) + log(t + )]

belongs to Wm’O(D/l) and K, does not possess any boundary singularity. Since
also f € C™9(0, 1] we can use instead of Theorem 4.4.4 other results, for example,
the estimates (4.4.19) (since the solution u, € C™%(0,1]). In our case it follows
from (4.4.19) that

(51(\7’T) <c27P?2 for1<r< % .

We can see this for the parameters p = 2,7 = 1 in Table 6.2.1 and for p =2,r =2
in Table 6.2.2.

The second phenomenon we see in most of the tables is that, if the parameters
p and r are close to the values where the optimal theoretical convergence rate must

occur, then the ratios 51(\’,)’T) are somewhat smaller than the predicted theoretical

estimates, but we can still see that 6](\’;’T) converges slowly to the theoretical value.

We can observe this in Tables 6.2.1-6.2.2 in the cases p =5,r =1; p=6,r = 1 and
p=1,r =6. If we take the parameters p and r a little bit larger than the optimal
values, then the ratios 55{?’” are in very good agreement with the theoretical results
(see p=6.5,7 =1 in Table 6.2.1).

To illustrate that it is not possible to improve the ratios 5%’” we usually have

added into the tables a set of parameters p and r which are much larger than the
ones required for optimal theoretical convergence. Usually the only effect we may
observe is the small growth of the actual errors egv’r), see p = 3,7 = 3 in Table
6.2.2 (compare with p = 6.5, » = 1 in Table 6.2.1). During the calculations we

used other larger values as well, but we did not see any improvements.
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6.2. Case K € WmHLOND,) and f € C™12(0, ]

Another typical behavior of the actual errors Eg\,;,r) is that they are a little
smaller already for the starting values of N for uniform grid (compare p =3, r =1
withp=1,r=3and p=6,r =1 with p=1, r =6).

Table 6.2.3: Examples (6.2.1)-(6.2.3), v = 0, A\ = 1/2, sine transformation ¢,
local superconvergence (6.2.5), uniform grid.

O I v A QIS i QI IS
SI(\},I) 55\}.511) 85\3,1) S;\?,l) Sﬁ.f},l) 85\4]1,1) 51(\?,1)

16 |38E-2 S6E-3 89E-4 44E-5 22E-5 G6AE-6 43E-6
1.34 200  3.23 5.08 8.13 13.36 1429

32 |28E-2 43E-3 28E-4 87E-6 27E-6 48E-7 B30E-7
1.40 2.11 3.39 5.58 8.62 13.64 14.31

64 |20E-2 20E-3 81E-5 16E-6 32E-7 35E-8 21E-8
1.45 2.21 3.50 5.92 8.95 13.90 14.54

198 |14E-2 92E-4 23E-5 26E-7 36E-8 25E-9 15E-9
1.51 220  3.58 6.18 9.19 1413 14.69

256 | 92E-3 40E-4 65E-6 43E-8 39E-9 18E-10 LOE- 10
155 235  3.64 6.37 9.38 1432 14.79

512 [ 60E-3 1.7E-4 18E-6 67E-9 41E-10 12E-11 67E-12
1.60 241  3.68 6.52 9.54 1448  14.65

1024 | 37E-3 71E-5 49E-7 10E-9 43E-11 S86E-13 46F- 13
1.64 2.45 3.71 6.65 9.67 14.61 10.77

2048 | 23E-3 20E-5 13F-7 15E-10 45E-12 59F-14 43F- 14
1.65 2.34 331 6.61 9.35 12.02 14.55

Tables 6.2.3-6.2.4 describe the local superconvergence errors for examples (6.2.1)-
(6.2.3) and for the sine transformation 9. The expected theoretical results are
presented in (6.2.5). The observed ratios 5}(,”) are overall in good agreement with
Theorem 5.3.3 and (6.2.5). We point out that some loss of accuracy is present in
our calculations in Tables 6.2.3-6.2.4 for N = 2048, mostly where 71(\7,7“) ~ 10714,
see p=6,r=1and p=3,7r = 1.5.

The same phenomenon about special values of p we described for global con-
vergence (Tables 6.2.1-6.2.2) can be seen in Tables 6.2.3-6.2.4 as well: compare
p=2,r=1withp=1,r=2p=4r=1with p=1,r =4.

When there was some kind of deficit of the ratios 51(\’;’T) near the optimal values
of p and r then for the local superconvergence we have the opposite effect: the
ratios S](\’,”T) are often a little bit better than the expected theoretical results for
the optimal values of the parameters p and r. See p = 4,r =1; p = 2,r = 2;
p=1,7r =6 in Tables 6.2.3-6.2.4.

By Remark 5.3.1 we can use real values of p € [1,p) and ¢ € ™1 instead
of p € ®™FTLr N C™FL0,1]. Our calculations confirm this for the different values
of p € R, in Table 6.2.3 see p=1.5,r=1and p=3.5,r=1.
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6.2. Case K € W™HLOA(Dy) and f € CT7(0, ]

Table 6.2.4: Examples (6.2.1)-(6.2.3), v = 0, A = 1/2, sine transformation s,
local superconvergence (6.2.5), graded grid.

N 75\},2) 753’3) V1(\},4) 75\?,2) %(3,1.5) 7](\},6) 7](\:;‘,3)
55\}'2) 55\},3) 55\},4) 51(3,2) 55\:;,,1.5) Sg\},a) 553,3)

16 | 92E-3 14E-3 25E-4 81E-6 45E-6 48 E-5 52E-5
2.48 5.15 9.27 12.22 13.30 21.08 12.26

32 | 37TE-3 26E-4 27E-5 6.6 E-7 33E-7 23E-6 42E-6
2.74 5.68 10.68 13.15 13.61 18.03 12.96

64 | 14E-3 46E-5 25E-6 50E-8 25E-8 13E-7 32E-7
2.94 6.04 11.41 13.67 14.01 14.48 13.40

128 | 46 E-4 T77E-6 22E-7 3.7E-9 18E-9 87E-9 24E-8
3.10 6.16 11.79 14.00 14.28 14.77 13.90

256 | 1.5 E-4 12E-6 19E-8 26E-10 12E-10 59E-10 17E-9
3.21 6.30 12.31 14.23 14.48 14.91 14.23

512 |46 E-5 20E-7 15E-9 18E-11 85E-12 39E-11 12E-10
3.30 6.48 12.70 14.41 14.20 15.02 14.44

1024 | 14 E-5 31E-8 12E-10 13E-12 60E-13 26E-12 85E-12
3.36 6.62 13.02 14.56 11.84 15.45 14.50

2048 | 42E-6 46E-9 93E-12 88E-14 51E-14 17E-13 58E-13
3.31 6.61 12.02 12.02 14.55 14.55 14.55

Table 6.2.5: Examples (6.2.1)-(6.2.3), v = 0, A = 1/2, polynomial transformation
3, global convergence (6.2.4).

N E%’l) Eg\},l,25) 553,1) 553,1) Eg\df‘,l) 55\5;,1) Eg\f]j,l)
61(\}’1) 5}(\},1.25) 655’” 555,1) 5}(\:{1,1) 5}(5,1) 55\(;,1)

16 | 22E-2 11E-2 51E-3 19E-3 24E-4 35E-4 23E-4
1.94 2.32 2.28 3.99 4.00 5.03 7.67

32| 11E-2 48E-3 23E-3 48E-4 59E-5 69E-5 30E-5
1.96 2.35 2.38 4.02 3.08 5.84 8.01

64 | 57E-3 20E-3 95E-4 12E-4 19E-5 12E-5 38E-6
1.98 2.36 2.45 4.02 3.90 6.32 7.82

128 | 29 E-3 86E-4 39E-4 29E-5 49E-6 19E-6 48 E-7
1.99 2.37 2.50 4.02 4.33 6.63 7.98

256 | 14E-3 36E-4 16E-4 73E-6 11E-6 28E-7 6.1E-8
1.99 2.38 2.53 4.01 4.59 6.84 8.00

512 | 73 E-4 15E-4 61E-5 18E-6 25E-7 41E-8 7T6E-9
2.00 2.38 2.56 4.01 4.77 6.99 8.00

1024 | 36 E-4 66E-5 24E-5 45E-7 52E-8 59E-9 95E-10
2.00 2.38 2.58 4.00 4.89 7.11 8.00

2048 | 18E-4 27E-5 93E-6 11E-7 11E-8 83E-10 12E-10
1.82 2.16 2.57 3.64 5.14 7.27 8.00
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6.2. Case K € W™HL0N(Dy) and f € CI"TH(0,b)

Table 6.2.6: Examples (6.2.1)-(6.2.3), v = 0, A = 1/2, polynomial transformation
3, local superconvergence (6.2.5).

1,1 1,1.25 2,1 1,1.75 3,1 4,1 2,2
N | oagY vt e v IS QIS w?
S](\},l) 53,1‘25) 51(3,1) S;\},L?E}) 51(\273,1) 51(\4,1,1) 81(5,2)

16 | 1.0E-3 33E-4 67E-5 28E-5 16 E-5 51E-6 94E-6

3.21 4.60 4.80 9.38 12.75 14.74 13.13

32 | 33E-4 T71E-5 14E-5 30E-6 13E-6 35E-7 T1E-7
3.37 4.83 5.42 9.76 13.44 14.70 13.68

64 | 97E-5 15E-5 26E-6 30E-7 9.6 E -8 24E-8 52E-8
3.49 4.98 5.82 9.98 13.38 14.91 14.05

128 | 28E-5 3.0E-6 44E-7 30E-8 70E-9 16E-9 3.7E-9
3.57 5.07 6.11 10.14 14.09 15.00 14.30

256 | 7T8E-6 bH58E-7 T73E-8 30E-9 49E-10 11E-10 26E-10
3.63 5.14 6.32 10.25 14.30 15.06 14.48

512 | 21E-6 11E-7 12E-8 29E-10 35E-11 70E-12 18E-11
3.67 5.19 6.48 10.35 14.46 15.06 14.51

1024 | 58E-7 22E-8 18E-9 28E-11 24E-12 47E-13 12E-12
3.70 5.23 6.62 10.42 14.58 5.62 12.72

2048 | 1.6 E-7 42E-9 27E-10 27E-12 16E-13 83E-14 97E-14

3.31 4.68 6.61 9.35 12.02 14.55 14.55

Tables 6.2.5-6.2.6 describe examples (6.2.1)-(6.2.3) for the polynomial transfor-
mation 3. For the given p € N we have o3 € ®7+1rH nCc™+1[0, 1], m € N. The
numerical results in Tables 6.2.5-6.2.6 are similar to the ones we observed in Tables
6.2.1-6.2.4 for ¢s. Special choices of parameters are p=1,r =1 and p=3,r = 1.

Table 6.2.6 shows the local superconvergence errors. We have some loss of
accuracy in calculations using N = 2048 for p = 4,7 =1 and p = 2,7 = 2. Most
of the sets of parameters p and r produce a little bit better ratios 5;v(p’r) than the

expected theoretical ones in (6.2.5) (this is related with even and odd values of p).

Next, we consider equation (6.1.1), where
K(z,y) =log(z —y)y*'°, (,y) € Dy, (6.2.6)
flx)=1. (6.2.7)
Here the exact solution u is unknown. For the numerical tests we use the approx-
imation uy obtained with the parameters m = 3, N = 8192, p = 8, r = 2 and
p(t) =t

u(x) ~ ugio2(z) = vsi02(z'/®). (6.2.8)
By Theorem 4.2.2 the solution « must be an element at least in the set C’T’B/lo(o, 1],
m € N. It may happen that because of a very smooth function f(z) =1 the solu-
tion u belongs to a smoother set C’?’G(O, 1] for some 6 < 8/10 but the calculations

in Tables 6.2.7-6.2.8 are in good agreement with (6.2.9) and (6.2.10).
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6.2. Case K € W™HLOXN(Dy) and f € CT2(0, ]

Clearly K € Wm108/10(Dy) and f € C™+10,1] ¢ ¢80, 1] for arbi-
trary m € N. From Theorem 4.4.4 it follows that for sufficiently large values of NV
we have

(o) 23 if r> 15
o = . 6.2.9
N 9ro/5 (71%0%2)) if1<r<i (6.29)
From Theorem 5.3.3 it follows that for sufficiently large values of N we have
2t (ll) ifr > 10
~ 3
T = { ot () if 7 = 10 (6.2.10)

orp/5 (los(N/2\? 10
22re/5 (L) if 1 <p < 10

Table 6.2.7: Examples (6.2.6)-(6.2.8), v = 0, A = 8/10, exponential transformation
©1, global convergence (6.2.9), uniform grid.

N 55\}'” 85\4},1) 555’1) Eg\}[),l) 5534’1) 55\}5’” 8%6,1)
65\}’1) 5%,1) 55\2,1) 5}(\}0,1) 5;}4,1) 55\}5,1) 55\}6,1)

16 | 91E-1 57E-1 29E-2 18E-2 25E-3 30E-3 35E-3

1.00 1.28 1.27 4.99 5.70 6.72 6.61

32| 90E-1 45E-1 23E-2 37E-3 43E-4 44E-4 53E-4
1.00 1.38 1.95 4.71 5.33 7.48 7.43

64 | 90E-1 33E-1 12E-2 78E-4 81E-5 b59E-5 72E-5
1.01 1.49 2.31 4.32 5.69 7.83 7.81

128 | 90E-1 22E-1 51E-3 18E-4 14E-5 75E-6 92E-6
1.01 1.57 2.39 4.12 5.90 7.00 7.96

256 | 89E-1 14E-1 21E-3 44E-5 24E-6 11E-6 12E-6
1.01 1.63 2.40 4.04 6.04 6.99 8.00

512 | 89E-1 85E-2 89E-4 11E-5 40E-7 15E-7 14E-7
1.01 1.66 2.41 4.01 6.15 7.11 8.03

1024 | 88E-1 b51E-2 37E-4 27E-6 65E-8 22E-8 18E-8
1.01 1.67 2.42 4.00 6.23 7.19 8.03

2048 | 87E-1 31E-2 15E-4 68E-7 10E-8 30E-9 22E-9

1.04 1.58 2.40 3.64 6.33 7.27 8.00

For examples (6.2.6)-(6.2.8), global convergence results are reported in Tables
6.2.7-6.2.8 and the superconvergence results are reported in Tables 6.2.9-6.2.10.
By the numerical results, special p values seem to be p =5 and p = 10.

We have some loss of accuracy in our calculations with N = 2048 in Tables
6.2.9-6.2.10 for p = 10,7 =1, p = 14,7 = 1 and p = 4,7 = 4 where SJ(@’“) ~ 1071,
The ratios 55\’;’” are smaller than one for p = 1,7 = 1 but note that the actual

errors 71(\’?’7) are relatively small. The superconvergence results for graded grids
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6.2. Case K € W™HLO0AN(Dy) and f € CT"TH(0, 8]

Table 6.2.8: Examples (6.2.6)-(6.2.8), v = 0, A = 8/10, exponential transformation
1, global convergence (6.2.9), graded grid.

N 555’2) 65\},7) 65\?’1'6) 65\?;,3) 6gé,m) 55\}’14) 6%71@
6;3,2) 6](\}’7) 5;\‘?,1‘6) 65\3”3) 55\}110) 65\}'14) 5}(\},16)

16 | 76 E-1 b57E-1 64E-2 16E-1 25E-1 14E-1 12E-1
1.13 1.51 3.59 2.77 2.18 3.13 3.76

32 | 6.7E-1 38E-1 18E-2 56E-2 12E-1 45E-2 31E-2
1.18 1.78 3.38 2.98 2.48 4.40 5.47

64 | 5. 7E-1 21E-1 53E-3 19E-2 47E-2 10E-2 b57E-3
1.25 2.02 3.17 3.08 3.08 5.28 6.68

128 | 45E-1 10E-1 17E-3 6.1E-3 15E-2 19E-3 86E-4
1.32 2.20 3.08 3.13 3.35 5.74 7.34

256 | 34E-1 48E-2 54E-4 20E-3 46E-3 34E-4 12E-4
1.40 2.30 3.05 3.17 3.48 5.90 7.66

512 | 25 E-1 21E-2 18E-4 62E-4 13E-3 b57E-5 15E-5
1.46 2.36 3.04 3.20 3.55 6.04 7.89

1024 | 1.7E-1 88E-3 58E-5 19E-4 37E-4 95E-6 19E-6
1.52 2.40 3.03 3.22 3.60 6.15 8.03

2048 | 1.1 E-1 37E-3 19E-5 60E-5 10E-4 15E-6 24E-T7
1.58 2.40 2.76 3.17 3.64 6.33 8.00

Table 6.2.9: Examples (6.2.6)-(6.2.8), v = 0, A = 8/10, exponential transformation
1, local superconvergence (6.2.10), uniform grid.

N ,y](\},l) %(\471,1) 7](5,1) ,yl(\z,s,l) ,yl(\s,),l) 71(\}0,1) 7](\}4,1)
51(\}’1) S](\zfl,l) 35\?’1) 5§\s]s,1) 55\?,1) Sg\}o,n 55\}4,1)

16 | 1.2E-2 97E-2 54E-2 17E-3 14E-3 72E-4 26 E-4
0.75 1.23 2.38 3.70 8.85 16.75 9.67

32| 16E-2 T79E-2 23E-2 46E-4 16E-4 43E-5 27E-5
0.81 1.55 3.15 6.86 10.98 17.60 11.83

64 | 20E-2 51E-2 72E-3 66E-5 15E-5 25E-6 23E-6
0.84 1.89 3.71 7.71 10.85 14.85 13.14

128 | 23 E-2 27E-2 20E-3 86E-6 13E-6 16 E-7 1.7E-7
0.85 2.19 3.93 7.74 10.50 16.37 13.03

256 | 27TE-2 12E-2 50E-4 11E-6 13E-7 10E-8 13E-8
0.87 2.41 3.93 7.70 10.38 15.39 13.38

512 | 32E-2 51E-3 13E-4 14E-7 12E-8 66E-10 99E-10
0.88 2.55 3.86 7.73 10.39 14.71 14.59

1024 | 36E-2 20E-3 33E-5 19E-8 12E-9 45E-11 68E-11
0.88 2.63 3.81 7.77 10.52 2.02 2.79

2048 | 41E-2 77E-4 86E-6 24E-9 11E-10 22E-11 24E-11
1.09 2.51 3.31 7.59 10.02 12.02 14.55
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6.3. Case K € W0 Dy) and f € C™ 120, ]

Table 6.2.10: Examples (6.2.6)-(6.2.8), v = 0, A = 8/10, exponential transforma-
tion (1, local superconvergence (6.2.10), graded grid.

N 71(\?,2) 71(\},5) 7](\},6) 7](\},8) '71(\?3) 71(\},10) 71(\;1,4)
51(3,2) S}(\},S) Sg\}ﬁ) S;\},S) S](\L;,S) 5](\},10) 51(\471,4)

16 | 85E-2 99E-2 12E-1 85E-2 13E-2 43E-2 28E-4
0.83 0.84 1.17 2.78 6.96 3.41 10.94

32 10E-1 12E-1 10E-1 31E-2 19E-3 13E-2 26E-5
1.02 1.18 1.84 3.00 7.33 5.25 11.17

64 | 10E-1 10E-1 54E-2 10E-2 26E-4 24E-3 23E-6
1.27 1.62 2.59 4.67 8.38 7.73 12.74

128 | 80E-2 62E-2 21E-2 22E-3 31E-5 31E-4 18E-7
1.55 2.08 3.20 5.49 9.17 9.62 12.89

256 | 5.2E-2 3.0E-2 65E-3 40E-4 33E-6 32E-5 14E-8
1.82 2.50 3.36 6.44 9.60 10.97 13.96

512 | 28 E-2 12E-2 19E-3 62E-5 35E-7 29E-6 10E-9
2.05 2.83 3.83 6.86 9.87 11.94 14.95

1024 | 14 E-2 42E-3 51E-4 91E-6 35E-8 25E-7 68E-11
2.24 3.06 4.12 7.24 10.07 12.42 2.72

2048 | 6.1E-3 14E-3 12E-4 13E-6 35E-9 20E-8 25E-11
2.51 3.31 4.36 7.59 10.02 12.02 14.55

(ps1) (psr)

show a little bit smaller ratios SN

, in this case note that the actual errors vy

are relatively large for the starting values of N, but they decrease slowly near the
theoretical values.

6.3 Case K € W™ (D) and f € C™+12(0, b]

We consider the equation (6.1.1), where

y~8/10
K(z,y) = log(z — y)ma (z,y) € D, (6.3.1)
f(z) =1 (6.3.2)

Here the exact solution w is unknown. For the numerical tests we use the approx-
imation uy obtained with the parameters m = 3, N = 8192, p = 8, r = 2 and

p(t) = t%

u(x) ~ usi02(x) = vsiga(x'/®). (6.3.3)
By Theorem 4.2.2 the solution u must be an element at least in the set C™8/19(0, 1],
m € N. It may happen that because of a very smooth function f(z) =1 the solu-
tion u belongs to a smoother set C™?(0, 1] for some 6 < 8/10 but the calculations
in Tables 6.3.1-6.3.2 are in good agreement with (6.3.4) and (6.3.5). For the nu-

merical results we use m = 3 and the node points (6.1.6).
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6.3. Case K € WMD) and f € C™ 120, ]

Clearly K € W™ ™03 p1) and f € ¢™+10,1] ¢ Cm+L8/19(0, 1] for arbi-
trary m € N. Since v + A = 8/10 > 0 then from Theorem 4.4.5 it follows that for
any transformation ¢ € ™ and for sufficiently large values of N we have

23 if r>12
(pr) _ =
5N - { 2rp/5 if1< rp< % : (634)

From Theorem 5.3.1 it follows that for any transformation ¢ € ®™+1* and for
sufficiently large values of N we have

o 4 (log (N/2) if > 10
5N(p7 ) _ 2 ( Tog N ) itr > ) (6.3.5)
92rp/5 if1<r< %

Examples (6.3.1)-(6.3.3) are similar to the examples (6.2.6)-(6.2.8), where we do
not have the part 1/(1 —logy) in the kernel K (x,y). Still, there exist differences
in the theory (compare (6.2.9), (6.2.10) with (6.3.4), (6.3.5)) and in the numerical
results as well.

Table 6.3.1: Examples (6.3.1)-(6.3.3), v = 0, A = 8/10, exponential transformation
1, global convergence (6.3.4), uniform grid.

N 85\1,1) 653,1) ES’\;,I) 65\}0,1) 6534,1) ES\}S,I) E(]\}S’l)
65\},1) 51(\471,1) 55\;,1) 65\}0,1) 5](\}4,1) 55\}5,1) 61(\}671)

16 | 49E-1 25E-2 23E-3 30E-4 52E-4 b57E-4 61E-4

1.06 1.80 1.71 5.01 3.92 3.67 3.42

32 | 47E-1 14E-2 85E-4 60E-5 13E-4 15E-4 18E-4
1.06 1.78 1.65 6.43 5.75 5.58 5.42

64 | 44E-1 78E-3 32E-4 93E-6 23E-5 28E-5 33E-5
1.07 1.76 2.63 7.24 6.86 6.77 6.68

128 | 41 E-1 44E-3 12E-4 13E-6 34E-6 41E-6 49E-6
1.07 1.75 2.62 7.64 7.46 7.41 7.37

256 | 38E-1 25E-3 46E-5 17E-7 45E-7 bH55E-7 6T7TE-T
1.08 1.75 2.62 7.84 7.75 7.73 7.70

512 | 36 E-1 15E-3 18E-5 21E-8 58E-8 72E-8 87E-8
1.08 1.74 2.62 7.98 7.90 7.89 7.88

1024 | 33E-1 83E-4 67E-6 27E-9 74E-9 91E-9 11E-8
1.09 1.74 2.62 5.13 8.09 8.04 7.99

2048 | 30E-1 48E-4 26E-6 52E-10 91E-10 11E-9 14E-9

1.15 1.74 2.64 4.00 6.96 8.00 8.00

Tables 6.3.1-6.3.2 describe global convergence errors for examples (6.3.1)-(6.3.3)
with the exponential transformation ¢;(t) = t*. The results for the uniform grid
in Table 6.3.1 are mostly in good agreement with the theoretical one (6.3.4), but
the choices of parameters p = 10,7 = 1 and p = 14,7 = 1 are much better than
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6.4. Case K € W™HWA(Dy) and f € C™Hv+2(0, 0]

Table 6.3.2: Examples (6.3.1)-(6.3.3), v = 0, A = 8/10, exponential transformation
1, global convergence (6.3.4), graded grid.

N 555’2) 55\}77) 85\}571«6) 553’3) 55\}’10) 8%14) 55\}716)
51(3,2) 5](\},7) 51(5:,1.6) 5534,3) 6;},10) 51(\},14) 6](\},16)

16 |11 E-1 45E-2 19E-4 40E-3 19E-2 11E-2 95E-3

1.63 2.49 5.27 3.43 3.72 6.01 7.29

32 | 70E-2 18E-2 36E-5 12E-3 51E-3 18E-3 13E-3
1.67 2.56 3.78 3.44 3.86 6.58 8.35

64 | 42E-2 T71E-3 96E-6 34E-4 13E-3 27E-4 16E-4
1.69 2.59 3.69 3.45 3.92 6.77 8.79

128 | 26 E-2 26E-3 26E-6 99E-5 34E-4 39E-5 18E-5
1.70 2.60 3.62 3.46 3.94 6.84 8.95

256 | 1.5E-2 26E-3 T72E-7 29E-5 85E-5 bH57E-6 20E-6
1.71 2.61 3.57 3.46 3.95 6.88 8.76

512 | 85E-3 26E-4 20E-7 83E-6 22E-5 84E-7 23E-7
1.72 2.62 3.53 3.46 3.96 6.90 8.21

1024 | 49E-3 26E-4 b57E-8 24E-6 b54E-6 12E-7 28E-8
1.72 2.62 3.49 3.47 3.97 6.91 8.10

2048 | 29E-3 26E-5 16E-8 69E-7 14E-6 18E-8 34E-9

1.74 2.64 3.03 3.48 4.00 6.96 8.00

the expected theoretical ones. The results for graded grids are reported in Table
6.3.2. We can see, that the related values p = 1,7 = 10 and p = 1,7 = 14 do not
produce better results than the theoretical ones.

Tables 6.3.3-6.3.4 describe superconvergence errors for examples (6.3.1)-(6.3.3).

We can see some roundoff errors for the values 'y](\’,”r) ~ 107", Typically the
numerical results in Tables 6.3.3-6.3.4 are slightly worse but close to the expected
theoretical ones in (6.3.5) for the smaller values of p, r and are slightly better for
the optimal values of p and r.

6.4 Case K €¢ W™tA(Dy) and f € C™ A0, b]

We consider the equation (6.1.1), where

K(,y) = (x—y) 2y (2,y) € Dy, (6.4.1)

s TAE s s TR
f( ) — 1/5 (1 ?(g)l(} 1/5 4/5 + ;(%)10 , (642)
u(z) =% -z, 2e€l0,1]. (6.4.3)
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6.4. Case K € WA (Dy) and f € C™Hv+A(0, ]

Table 6.3.3: Examples (6.3.1)-(6.3.3), v = 0, A = 8/10, exponential transformation
1, local superconvergence (6.3.5), uniform grid.

N ow? e e QI QI QIS e
S](\},l) Sg\jl,l) Sg\?,l) Sg\?,l) SE\?J) 5](\}0,1) 51(\}4,1)

16|54E-2 57E-4 13BE-5 13E-5 17E-5 21E-5 30B-4
1.00 2.99 5.36 7.87 7.18 6.54 21.35

32| 55E-2 19E-4 25E-6 16E-6 24E-6 33E-6 14E-5
1.03 2.99 4.94 10.85 10.37 9.90 26.93

64 | 53E-2 64E-5 51E-7 15E-7 23E-7 33B-7 52BE-7
1.05 2.98 4.73 12.57  12.22 12.22 15.61

128 |51E-2 21E-5 11E-7 12E-8 19E-8 27E-8 33E-8
1.08 2.98 4.62 12.55 12.72 12.49 11.71

256 | 47E-2 72E-6 23E-8 96E-10 15E-9 22E-9 28E-9
1.10 2.99 4.56 10.71 13.69 11.99 13.53

512 |43E-2 24E-6 51E-9 89E-11 11E-10 18E-10 21E-10
1.12 2.99 4.52 3.44 4.30 14.56 10.62

1024 | 38E-2 80E-7 11E-9 26E-11 25E-11 12E-11 20E-11
1.14 2.99 4.48 1.20 1.20 1.20 1.88

2048 | 34E-2 27E-7 25E-10 22E-11 21E-11 10B-11 11E-11
1.32 3.03 4.00 9.19 12.13 14.55 14.55

Table 6.3.4: Examples (6.3.1)-(6.3.3), v = 0, A\ = 8/10, exponential transformation

1, local superconvergence (6.3.5), graded grid.

N 7](\?,2) 7](\;,5) 7](\},6) 71(\},8) ’Y](\C/’),B) ,Y](\;,IO) 7](\471,4)
S}(\g,z) 55\}"5) 85\},6) 55\}’8) 55\?3) SS,IO) S%‘A)

16 | 59E-3 63E-3 28E-3 96E-4 18E-5 5.0E-4 63E-5
2.54 3.22 4.00 6.95 7.88 11.16 4.95

32 | 23E-3 19E-3 70E-4 14E-4 23E-6 44E-5 13E-5
2.69 3.49 4.52 7.80 10.63 13.02 8.11

64 | 87TE-4 56E-4 15E-4 18E-5 22E-7 34E-6 16 E-6
2.79 3.54 4.81 8.34 12.16 14.33 10.86

128 | 31 E-4 16E-4 32E-5 21E-6 18E-8 24E-7 15E-7
2.85 3.67 4.96 8.64 13.13 14.85 12.48

256 | 1.1 E-4 43E-5 65E-6 25E-7 14E-9 16 E-8 1.2E-8
2.89 3.76 5.05 8.80 13.44 15.19 13.04

512 | 38E-5 11E-5 13E-6 28E-8 10E-10 11E-9 89E-10
2.92 3.82 5.07 8.85 4.10 15.35 14.47

1024 | 1.3E-5 30E-6 25E-7 31E-9 25E-11 69E-11 62E-11
2.94 3.86 5.10 8.92 1.19 6.90 3.76

2048 | 44E-6 77E-7 b50E-8 35E-10 21E-11 99E-12 16E-11
3.03 4.00 5.28 9.19 12.13 14.55 14.55
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6.4. Case K € WHWA(Dy) and f € C™HLv+2(0, 0]

Note that v = 1/2 and X\ = 3/10. Clearly K € W™+L1/23/10(D) and f,u €
C™+1:1/5(0, 1] for arbitrary m € N. For the numerical results we use m = 3 and
the node points (6.1.6).

Since v+ =1/24+3/10 = 1/5 > 0 from Theorem 4.4.5 it follows that for any
transformation ¢ € ®”"” and for sufficiently large values of N we have

23 ifr>1
(p,T) — -
o = { orols if 1< rp< % . (6.4.4)

From Theorem 5.2.1 and Remark 5.2.1 it follows that for any transformation
© € @™+ and for sufficiently large values of N we have

3.5 : 8.75
= (pir) 2 if 7> 22
Sy = { P (6.4.5)
= p

Table 6.4.1: Examples (6.4.1)-(6.4.3), v = 1/2, A = 3/10, sine transformation (s,
global convergence (6.4.4), uniform grid.

N 65&,1) 853,1) ES\E]),I) Eg\(j,l) Eg\??l) Eg\:}l,l) 55\2}6,1)
51(\}a1) 51(\;1,1) 51(\«;)?1) 55\??1) 6;’?71) 5;}1’1) 55\}6«1)

16 | 88E+1 55E-3 24E-4 81E-4 83E-4 14E-3 45E-3

1.94 1.75 12.78 2.31 9.14 8.56 8.31

32 | 45E+1 31E-3 19E-5 35E-4 90E-5 17E-4 54E-4
1.82 1.75 11.85 2.30 9.28 8.80 7.58

64 | 25E+1 18E-3 16E-6 15E-4 97E-6 19E-5 71E-5
1.78 1.74 11.68 2.30 4.58 8.99 9.40

128 | 14E+1 10E-3 14E-7 66E-5 21E-6 21E-6 76E-6
1.76 1.74 10.94 2.30 3.48 8.93 8.81

256 | SOE+0 b59E-4 13E-8 29E-5 61E-7 24E-7 86E-T7
1.76 1.74 10.70 2.30 3.48 8.76 8.51

512 | 45E+0 34E-4 12E-9 13E-5 18E-7 27E-8 10E-7
1.77 1.74 8.12 2.30 3.48 7.83 8.48

1024 |26 E+0 19E-4 14E-10 55E-6 50E-8 34E-9 12E-8
1.78 1.74 8.05 2.30 3.48 4.60 8.38

2048 | 14E+0 11E-4 18E-11 24E-6 14E-8 75E-10 14E-9

1.15 1.74 2.00 2.30 3.48 4.59 8.00

Tables 6.4.1-6.4.2 describe global convergence errors ||u — un||co for examples
(6.4.1)-(6.4.3) and for the sine transformation ¢9. The numerical results in Tables
6.4.1-6.4.2 are in good agreement with the theoretical estimates (6.4.4). The actual
errors 5%}’74) are quite large for the parameters p = 1,7 = 1 and thus also the ratios
55\’,”) are better than the expected theoretical ones in (6.4.4). We can see the same

for the superconvergence in Table 6.4.3.
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6.4. Case K € WMHLWA(Dy) and f € CHvHA(0, b]

Table 6.4.2: Examples (6.4.1)-(6.4.3), v = 1/2, A = 3/10, sine transformation s,

3

global convergence (6.4.4), graded grid.

N 65\},4) e%’w 553’2) 553,3) gg\?s,l.s) ggvl,w) 653,3)
5](\},4) 65\},5) 61(3,2) 6](\5;;,3) 5](\'77,5,1.5) 51(\},16) 55\?,3)

16 |19E-1 79E-2 52E-3 97E-4 14E-3 26E-1 44E-2

5.26 4.40 2.30 3.49 10.72 33.58 24.35

32 | 36E-2 18E-2 22E-3 28E-4 13E-4 78E-3 18E-3
1.75 2.01 2.30 3.48 9.18 22.31 8.33

64 21E-2 89E-3 97E-4 80E-5 14E-5 35E-4 22E-4
1.75 2.00 2.30 3.48 9.28 12.21 8.66

128 | 1.2E-2 45E-3 42E-4 23E-5 15E-6 29E-5 25E-5
1.75 2.00 2.30 3.48 9.22 8.97 8.86

256 | 68E-3 22E-3 18E-4 66E-6 17E-7 32E-6 28E-6
1.74 2.00 2.30 3.48 7.78 9.31 8.81

512 | 39E-3 11E-3 80E-5 19E-6 21E-8 34E-7 32E-7
1.74 2.00 2.30 3.48 4.76 9.22 8.64

1024 | 22E-3 56E-4 35E-5 54E-7 45E-9 37E-8 37E-8
1.74 2.00 2.30 3.48 4.76 8.91 8.54

2048 | 13E-3 28E-4 15E-5 16E-7 94E-10 42E-9 44E-9

1.74 2.00 2.30 3.48 4.76 8.00 8.00

An interesting choice of parameters is p = 5, = 1 because then the smoothing
function @9 eliminates the boundary singularity from the first derivatives of the
solution wu:

1/5

u(pa(t)) = <22'5 (sin (Zt))f)) — 225 (sin (%t))s Nt —cotd

where ¢y, c2 are some constants and ¢ is small. We can see this effect very clearly
in Table 6.4.1, compare it with the parameters p = 1,7 = 5 in Table 6.4.2.

Tables 6.4.3-6.4.4 describe the local superconvergence errors for examples (6.4.1)-
(6.4.3). The numerical results in Tables 6.4.3-6.4.4 are in good agreement with the

theoretical one (6.4.5). A characteristic feature here is, that near the optimal

values of p and r, the ratios (5}v(p’r) are large for the small values of N but they

will decrease if NV will increase. See, for example, p = 5.5,r = 1; p = 1,r = 4;
p=3,r=2and p=1,r =6, the same can be seen in Tables 6.4.1-6.4.2 for global
convergence and for the parameters p = 11,7 = 1 and p = 7.5, = 1.5. The ratios
6;V(p’r) are larger for the parameters p = 1,7 =1 and p = 1,r = 2 (compare with
p =2,r = 1) but they probably also will decrease if N will increase as we can see
for other choices of the parameters p and 7.

Next, we illustrate a very similar experiment to (6.4.1)-(6.4.3) by switching the
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6.4. Case K € WHWA(Dy) and f € C™H7+2(0, ]

Table 6.4.3: Examples (6.4.1)-(6.4.3), v = 1/2, A = 3/10, sine transformation ¢,
local superconvergence (6.4.5), uniform grid.

N| oY QI RIS QI QIS wh oo gt
S](\},l) 51(\3,1) 81(\471,1) S](\?,l) 51(\?.5,1) 51(\57),1) 51(\}4,1)

821E+2 16E+0 92E-4 24E-3 32E-3 11E-2 53E-2
2.45 4.26 9.50 10.78 11.34  12.82  18.33

16 |86E+1 37E-1 97E-5 22E-4 28E-4 82E-4 29E-3
1.92 4.55 5.38 12.43 12.49 10.08  11.63

32| 45E+1 82E-2 18E-5 18E-5 23E-5 82E-5 25E-4
1.81 4.84 3.63 11.80 1174 13.02  12.16

64 |25E+1 17E-2 50E-6 15E-6 19E-6 63E-6 21E-5
1.77 5.24 3.10 11.81 11.65 12.32  11.76

128 [14E+1 32E-3 16E-6 13E-7 17E-7 51E-7 18E-6
1.76 6.02 3.07 11.16 11.19 1150  11.82

256 | S0E+0 54E-4 52E-7 12E-8 15E-8 44E-8 15E-7
1.76 2.33 3.05 11.13 8.30 11.16  11.07

512 |45E+0 23E-4 17E-7 10E-9 18E-9 40E-9 13E-8
1.77 1.79 3.04 10.80 4.60 1114 11.16

1024 | 26E+0 13E-4 56E-8 97E-11 39E-10 36E-10 12E-9
1.32 1.74 3.03 4.00 459 11.31 11.31

Table 6.4.4: Examples (6.4.1)-(6.4.3), v = 1/2, A = 3/10, sine transformation g3,
local superconvergence (6.4.5), graded grid.

N|og? IS 7w 7w 73 73 i
S}(\},Z) S}(\}A) S}(\},S) S}(\:fs,z) S;\}ﬁ) SE\},Q) 8534,3)

8/24E+1 16E+0 99E-1 12E-3 85E-1 12E+0 25E-1
3.03 8.66 13.43 7.92 18.55 27.51 6.91

16| 78E+0 18E-1 73E-2 15E-4 46E-2 44E-2 36E-2
3.07 10.08 16.44 9.53 22.29 26.48 19.64

32 |25E+0 18E-2 45E-3 16E-5 20E-3 17E-3 18E-3
3.15 11.01 18.09 10.45 22.01 19.52 12.11

64| 81E-1 16E-3 25E-4 15E-6 93E-5 85E-5 15E-4
3.23 11.76 22.66 11.04 17.60 14.24 12.42

128 25E-1 14E-4 11E-5 14E-7 53E-6 60E-6 12E-5
3.29 9.48 4.93 9.11 11.98 11.77 12.02

256 | 76E-2 15E-5 22E-6 15E-8 44E-7 51E-7 10E-6
3.34 3.06 4.03 5.28 5.29 11.90 11.67

512 | 23E-2 47E-6 55E-7 28E-9 83E-8 43E-8 B86E-8
3.37 3.05 4.01 5.28 5.29 11.57 11.15

1024 | 67E-3 16E-6 14E-7 54E-10 16E-8 37E-9 77E-9
1.74 3.03 4.00 5.28 5.28 11.31 11.31
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6.4. Case K € WmHTLvA(Dy) and f € C™+H1v+2(0,b]

values of v and A. Thus we consider the equation (6.1.1), where

K(z,y) = (x —y)" "0y~ (x,y) € Dy, (6.4.6)

_ 1 L(10)T () 1 L()T(3)
flz)=a'/® (1—112(903: 15— 45 4 1“0(20)2x> , (6.4.7)
w(z) = 25—z, zel0,1]. (6.4.8)

Note that the solution u is the same as in examples (6.4.1)-(6.4.3) and the forc-
ing function f contains Gamma functions with arguments that differ from those
of the functions (6.4.2). This time v = 3/10 and A = 1/2. Clearly K €
WmHL3/101/2(Dyy and f,u € C™*t11/5(0,1] for arbitrary m € N. For the nu-
merical results we use m = 3 and the node points (6.1.6).

Since v+ A =3/10+1/2 =1/5 > 0 it follows from Theorem 4.4.5 that for any
transformation ¢ € ®™ and for sufficiently large values of N we have

3 : 15
(PyT) o 2 if r Z —
5]\7 - { 2rp/5 if1< rp< 175 : (6.4.9)

The equality (6.4.9) is the same as (6.4.4).

From Theorem 5.2.1 and from Remark 5.2.1 it follows that for any transforma-
tion o € @™+ and for sufficiently large values of N we have

3.7 : 9.25
~ (pyr) 2 ifr> 222
oN = { 2ol if1 < TP< % . (6.4.10)

The equality (6.4.10) differs from (6.4.5) by the optimal convergence rate 237

instead of 23® and by the choice of p and 7.

We can compare global convergence results in Table 6.4.5 with the results in
Table 6.4.1. The overall picture is very similar which is in good agreement with
the theoretical estimates (6.4.9) and (6.4.4).

We see more differences for the local superconvergence results in Table 6.4.6
and in Tables 6.4.3-6.4.4. For example, compare p = 9,7 = 3 in Table 6.4.6 with
p = 9,7 = 3 in Table 6.4.4. The numerical results are in good agreement with
the theoretical ones in (6.4.10) but the same effect about the better ratios for the
small values of N, that we have described for examples (6.4.1)-(6.4.3), is true also
here.

Other numerical results for the equation (6.1.1) can be found with
K € WmHvA(Dy) and f € C™H#+2(0,0] in [36] (for p1, m = 3, v = 2/5 and
A =1/5), in [39] (for 1, m =3, v = & and A = &) and in [37] (for ¢1, m = 3,

v=2%and A=1).
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6.4. Case K € WHWA(Dy) and f € C™H7+2(0, ]

Table 6.4.5: Examples (6.4.6)-(6.4.8), v = 3/10, A = 1/2, sine transformation ¢,
global convergence (6.4.9), uniform grid.

N Egé,l) 653,1) 6(J\?,l) 8S\(?.l) Eg\?,l) Eg\}l’l) 55\}6’1)
5](\},1) 5](\47;,1) 5}(5,1) 5}(\?,1) 5§V94,1) 55\}1,1) 55\}6,1)
16 | 95E+0 55E-3 41E-5 81E-4 33E-4 72E-4 25E-3
1.88 1.76 8.36 2.31 8.49 8.21 7.66
32| 51E+0 31E-3 49E-6 35E-4 39E-5 88E-5 33E-4
1.70 1.75 8.22 2.30 5.32 8.19 7.93
64 | 30E+0 18E-3 5H59E-7 15E-4 74E-6 11E-5 42E-5
1.62 1.75 8.13 2.30 3.48 8.15 8.02
128 18E+0 10E-3 73E-8 66E-5 21E-6 13E-6 52E-6
1.59 1.74 8.08 2.30 3.48 8.10 8.04
256 | 12E+0 59E-4 90E-9 29E-5 61E-7 16E-7 65E-7
1.58 1.74 8.05 2.30 3.48 8.07 8.04
512 | 73 E-1 34E-4 11E-9 13E-5 18E-7 20E-8 80E-8
1.57 1.74 8.03 2.30 3.48 5.85 8.04
1024 | 47E-1 19E-4 14E-10 55E-6 50E-8 34E-9 10E-8
1.57 1.74 8.00 2.30 3.48 4.60 8.02
2048 | 30 E-1 11E-4 18E-11 24E-6 14E-8 75E-10 12E-9
1.15 1.74 2.00 2.30 3.48 4.59 8.00
Table 6.4.6: Examples (6.4.6)-(6.4.8), v = 3/10, A = 1/2, sine transformation ¢a,
local superconvergence (6.4.10).
N ,y](\;,l) ,y](\?,l) 71(\;1,1) 71(\53,1) ’Y](\Z,l) ,YI(\}O.S,I) 7](\?,3)
SE\},I) 853,1) 55\4,1,1) S](\(,)l) S;\']?,l) 55\}0.5,1) 85\?‘”
8§ 24E+1 42E-1 11E-3 12E-4 16 E-4 6.8E-4 14E-2
2.54 2.60 7.01 15.70 14.35 12.33 10.66
16 | 94E+0 16E-1 16E-4 74E-6 11E-5 55 E-5 13E-3
1.87 2.63 7.50 10.93 13.37 12.76 11.65
32| 50E+0 62E-2 22E-5 68E-T7 84E-7 43E-6 11E-4
1.69 2.64 3.56 5.28 13.22 12.69 13.24
64 | 30E+0 24E-2 60E-6 13E-T7 64E-8 34E-7 83E-6
1.62 2.65 3.08 5.28 10.54 12.83 13.02
128 | 1I8E+0 89E-3 20E-6 24E-8 6.1E-9 27TE-8 63E-7
1.59 2.66 3.06 5.28 6.97 12.97 12.78
256 | 12E+0 33E-3 64E-7 46E-9 87E-10 21E-9 5.0E-8
1.58 2.66 3.05 5.28 6.97 13.18 12.87
512 | 73E-1 13E-3 21E-7 87E-10 12E-10 16E-10 39E-9
1.57 2.66 3.04 5.28 6.97 15.90 13.04
1024 | 47E-1 47E-4 69E-8 17E-10 18E-11 98E-12 30E-10
1.32 1.74 3.03 5.28 6.96 13.00 13.00
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6.5. Case K € Wm+1O(D ) and f € C™TL0(0, b]

6.5 Case K ¢ W™0(D,) and f € C™+19(0, b]

We consider the equation (6.1.1), where

K(z,y) =log(z —y), (,9) € Di, (6.5.1)

2
f@)=x(1+logx)— %J;Z <log2x —logx + % - 6> , (6.5.2)
u(z) =z(1+logx), =€]l0,1]. (6.5.3)

Clearly K € W™*10(D}) and f,u € C™+19(0, 1] for arbitrary m € N. For current
test problem we use m = 4 and the node points 7, ..., n4 of the four-point Gauss-
Legendre quadrature rule (5.1.2):

7—@ 7—\/21—14\@

m=4, m=—"——"—", UQ*f: (6.5.4)
7+,/21714\/§ 7+\/21+14\/g
773 = 14 9 T]4 = 14 .

From Theorem 4.4.3 it follows that for any transformation ¢ € ®™*NC™[0, 1]
and for sufficiently large values of N we have

24 ifp>4 ,r>1
24 ifp=4 ,r>1
; 4 (L N/2 : _ _
6](\;737") _ 9 (%) ifp=4 ;r=1 , (6.5.5)
91 ifp<d ,r>1
orp ifp<d 1<r< %

and for any transformation ¢ € ®™ and for sufficiently large values of N we have

(p.7) 24 if r > ;
(5N = orp (IO%O(gN]\//2)) if 1 S r S % . (656)

From Theorem 5.3.4 it follows that for any transformation ¢ € ®™*+%r N
C™*+10, 1] and for sufficiently large values of N we have

2 (e NR) i > 20

log N
~ (pr 2
6N(p’ s 10150(gN]\/,2) if r= % . (6.5.7)
r log (N/2 . 2.5
220(7%021\/[)) 1f1§7’<7

Tables 6.5.1-6.5.2 describe global convergence errors ||u — un||co for examples
(6.5.1)-(6.5.3) and for the exponential transformation ;. In Table 6.5.1, we only
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6.5. Case K € W™LO(Dy) and f € C™+19(0, b

Table 6.5.1: Examples (6.5.1)-(6.5.3), v = 0,
o™ N C™[0,1], global convergence (6.5.5)

exponential transformation ¢; €

N 55\}’1) 555’” 553’1'25) 553*2'5) Eg\},4> 5%71) 555,1)
65\}’1) 6%’1) 61(5‘1‘25) 5}(\}725) 5&},4) 653’1) 6%”1)

8| 10E-2 43E-4 15 E-4 47TE -4 97E -5 38E-5 14E-4
1.98 3.99 5.65 5.65 15.87 16.79 16.29

16 | 5.2E-3 11E-4 27E-5 83E-5 6.1 E-6 22E-6 88E-6
1.99 4.00 5.66 5.66 15.99 16.61 16.43

32 |26E-3 27E-5 47E-6 15E-5 38E-7 13E-7 53E-7
1.99 4.00 5.66 5.66 16.00 14.05 16.34

64 | 1.3E-3 6.7E-6 83E-7 26E-6 24E-8 9.6 E-9 33E-8
2.00 4.00 5.66 5.66 16.00 12.84 16.22

128 | 66 E-4 17E-6 15E-7 46E-7 1.5E-9 75 E-10 20E-9
2.00 4.00 5.66 5.66 16.00 13.36 16.14

256 | 33E-4 42E-7 26 E -8 81E-8 93E-11 56E-11 12E-10
2.00 4.00 5.66 5.66 16.00 13.74 16.09

512 | 1.7E-4 10E-7 46E-9 14E-8 58E-12 41E-12 78E-12
2.00 4.00 5.66 5.66 16.00 14.02 16.14

1024 | 83 E-5 26E-8 81E-10 25E-9 36E-13 29E-13 48E-13
2.00 4.00 5.66 5.66 16.00 14.40 16.00

Table 6.5.2: Examples (6.5.1)-(6.5.3), v = 0, exponential transformation
o™ global convergence (6.5.6)

N 55\1'5'1) 65\3.5,1) 83,25,2) 55\35,2) Eg\},g,z) Egvl.s,'s) 55\?.5,2)
5%5,1) 51(35,1) 6](\}'25’2) 65\}.5,2) 55\?9,2) 5](&5,3) 61(3‘5’2)

8 19E-3 84E-5 17E-4 14E-4 1.7E-5 24E-5 19E-4
2.32 4.17 3.61 6.34 12.48 15.46 15.14

16 | 80E-4 20E-5 48E-5 22E-5 14E-6 1.5E-6 1.3E-5
2.40 4.48 4.16 6.63 12.64 16.52 15.95

32 | 33E-4 45E-6 12E-5 32E-6 11E-7 94E-8 T9E-7
2.46 4.69 4.47 6.83 12.75 17.26 16.16

64| 14E-4 96E-7 26E-6 48E-7 84E-9 54E-9 49E -8
2.50 4.83 4.68 6.98 12.84 17.05 16.16

128 | 55 E-5 20E-7 55E-7 68E-8 66E-10 32E-10 30E-9
2.54 4.93 4.82 7.09 12.92 16.51 16.12

256 | 22E-5 40E-8 12E-7 96E-9 51E-11 19E-11 19E-10
2.56 5.02 4.93 7.19 12.99 16.24 16.08

512 | 84E-6 81E-9 23E-8 13E-9 39E-12 12E-12 12E-11
2.59 5.08 5.01 7.26 13.05 16.12 16.20

1024 | 32E-6 16E-9 47E-9 18E-10 30E-13 74E-14 72E-13
2.55 5.09 5.09 7.20 12.54 16.00 16.00
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6.6. Case K € W™tb(Dy) and f € C™1%(0,b], v >0

use values p € N and in Table 6.5.2, we allow also values p € R. The numerical
results in Tables 6.5.1-6.5.2 are in very good agreement with the theoretical esti-
mates (6.5.5)-(6.5.6). We mention the special choice of parameters p = 4, r = 1
for which the numerical results are also in good agreement with the theoretical

estimate log(N/2)
o
= oo < c2° (igN> .
We can see form Table 6.5.2 that there exist important differences between
w1 € P™P N C™[0,1] and @1 € ™. Compare p=1,r=2.5and p=2,r=1.25
with p=2.5,r=1and p=1.25r = 2.

Table 6.5.3: Examples (6.5.1)-(6.5.3), v = 0, exponential transformation ¢y, local
superconvergence (6.5.7)

1,1 1,1.5 1.5,1 2,1 2,1.25 1.25,2 5,1
I A | N A B - | st N A
5L FLLs) 5 5@ 5@129) 5252) 5E

4| 47E-4 14E-4 27E-5 12E-5 34E-6 56 E-6 21E-4

3.29 6.40 4.54 13.08 25.46 25.85 21.59

8| 14E-4 22E-5 60E-6 93E-7 13E-7 22E-7 98E-6
3.42 6.73 5.20 13.46 26.42 26.42 25.57

16 | 41E-5 33E-6 12E-6 6.9E-8 50E-9 82E-9 38E-7
3.52 6.94 5.65 13.76 27.19 23.40 26.87

32 | 12E-5 47E-7 21E-7 50E-9 18E-10 35E-10 14E-8
3.58 7.09 5.97 14.02 27.65 17.37 26.77

64 | 33E-6 67E-8 34E-8 36E-10 67E-12 20E-11 53E-10
3.63 7.19 6.20 14.23 27.84 20.45 27.85

128 | 91 E-7 93E-9 55E-9 25E-11 24E-13 98E-13 19E-11
3.67 7.27 6.39 14.38 28.32 22.38 28.10

256 | 25 E-7 13E-9 87E-10 17E-12 85E-15 44E-14 68E-13

3.50 7.00 14.00 24.50 28.00

Table 6.5.3 describes the local superconvergence errors for examples (6.5.1)-
(6.5.3). The expected theoretical results are presented in (6.5.7) for the transfor-
mations 1 € ®™F1? N C™[0,1]. The numerical results are in good agreement
with the theoretical ones. We can compare the parameters p = 1,7 = 1.5 with
p=15r=1and p = 2,r = 1.25 with p = 1.25,7 = 2 where the condition
@1 € d®mFtLr n C™H1 0, 1] is important.

6.6 Case K € W™*'(D,) and f € C"(0,b], v > 0

We consider the equation (6.1.1), where

K(@,y) = (@—y) ", (x,y) € D), (6.6.1)
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6.6. Case K € W™b¥(Dy) and f € C™F1%(0,b], v > 0

fz) =a2*? <1— F(%)I;?(%)x‘l/g—x‘r’/g—i— 1x>, (6.6.2)
I'(5)
uw(z) =2 -z, x€]0,1]. (6.6.3)

Clearly K € W™L5/9(D) and f,u € C™*+15/9(0,1] for arbitrary m € N. For the
numerical results we use m = 3 and the node points (6.1.6).

Since v = 5/9 > 0 from Theorem 4.4.3 it follows that for any transformation
@ € ®™F and for sufficiently large values of N we have

3 : 6.75
sen _ )2 ifr > 22
N 2t/ 1< < B (0
= p

From Theorem 5.2.3 it follows that for any transformation ¢ € ®™+1* and for
sufficiently large values of N we have

&Mﬂ{

Table 6.6.1: Examples (6.6.1)-(6.6.3), v = 5/9, sine transformation ¢, global
convergence (6.6.4), uniform grid.

(6.6.4)

93+4/9

28rp/9

ifr > 3.875
= (6.6.5)

if 1 <r< 300

N 85\},1) 85571) 85\:?,1) 553‘5’1) 85\?,1) 8S\Z,l) 55\}071)
5}(\}71) 6;?’1) 61(\;]3,1) 65\?'5’1) 51(\?,1) (51(\7’1) 65\}0,1)

16 | 84E-2 20E-3 70E-4 39E-5 95E-5 19E-4 T79E-4
1.44 1.86 2.57 8.42 8.77 8.72 8.54

32 | 58E-2 11E-3 27E-4 46E-6 11E-5 22E-5 93E-5
1.38 1.86 2.54 8.27 8.85 8.72 8.50

64 | 42E-2 58E-4 11E-4 56E-7 12E-6 25E-6 11E-5
1.37 1.85 2.53 8.19 8.35 8.79 8.61

128 | 31 E-2 31E-4 43E-5 68E-8 15E-7 29E-7 13E-6
1.37 1.85 2.52 8.13 8.11 8.80 8.61

256 | 23E-2 17E-4 17E-5 84E-9 18E-8 33E-8 15E-7
1.37 1.85 2.52 8.09 6.35 8.71 8.55

512 | 16 E-2 91E-5 67E-6 10E-9 28E-9 38E-9 17E-8
1.37 1.85 2.52 8.07 6.35 8.48 8.46

1024 | 12E-2 49E-5 27E-6 13E-10 45E-10 45E-10 20E-9
1.36 1.85 2.52 8.04 6.35 8.12 8.36

2048 | 88E-3 27E-5 11E-6 16E-11 70E-11 55E-11 24E-10
1.36 1.85 2.52 4.00 6.35 8.00 8.00

Tables 6.6.1-6.6.2 describe global convergence errors ||u — up||oo for examples

(6.6.1)-(6.6.3) and for the sine transformation 9. The results in Tables 6.6.1-6.6.2
are in very good agreement with the theoretical estimates (6.6.4).
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6.6. Case K € W™tb(Dy) and f € C™1¥(0,b], v >0

Table 6.6.2: Examples (6.6.1)-(6.6.3), v = 5/9, sine transformation @2, global
convergence (6.6.4), graded grid.

N 65\},2) 55\},3) 55\2,"2) 55\},4.5) 65&,6) 55\},7) 55\?,2)
5}(\},2) 65\},3) 655’2) 65&'45) 6}(\},6) 61(\}’7) 61(5’2)

16 | 23 E-2 65E-3 17E-4 11E-3 67E-4 10E-3 28E-3
1.87 2.53 3.43 4.02 8.82 8.77 8.90

32 |12E-2 26E-3 49E-5 28E-4 76E-5 12E-4 31E-4
1.86 2.52 3.43 4.00 6.40 8.75 8.63

64 | 66E-3 10E-3 14E-5 71E-5 12E-5 14E-5 36E-5
1.86 2.52 3.43 4.00 6.35 8.72 8.64

128 | 35 E-3 40E-4 42E-6 18E-5 19E-6 16E-6 42E-6
1.85 2.52 3.43 4.00 6.35 8.63 8.65

256 | 19E-3 16E-4 12E-6 44E-6 30E-7 18E-7 48E-7
1.85 2.52 3.43 4.00 6.35 8.562 8.62

512 | 10 E-3 64E-5 36E-7 11E-6 47E-8 21E-8 56E-8
1.85 2.52 3.43 4.00 6.35 8.41 8.563

1024 | 55 E-4 25E-5 10E-7 28E-7 73E-9 25E-9 66E-9
1.85 2.52 3.43 4.00 6.35 8.32 8.43

2048 | 30E-4 10E-5 30E-8 69E-8 12E-9 30E-10 78E-10
1.85 2.52 3.43 4.00 6.35 8.00 8.00

Note that an interesting choice of parameters is p = 4.5, = 1 because then the

smoothing function 9 eliminates the boundary singularity from the first deriva-
tives of the solution w:

u(pa(t)) = (24.5/2 (sin (Zt))d‘b)yg _ 945/2 (sin (%t>>4‘5 ~ et — o th,

where ¢y, co are some constants and ¢ is small. We can see this effect in Table 6.6.1,
compare it with the parameters p = 1,7 = 4.5 in Table 6.6.2.

Tables 6.6.3-6.6.4 describe the local superconvergence errors for examples (6.6.1)-
(6.6.3). The superconvergence results in Tables 6.6.3-6.6.4 are in good agreement
with the theoretical one (6.6.5).

The ratios 5%’7’) are much better for the choice of parameters p = 1,7 = 1
and we have seen this for many tests. Nevertheless, it is not always true. We can
observe for the superconvergence results in Tables 6.6.3-6.6.4 that the ratios 55{;’77
are much better than the theoretical ones for smaller values of N but they will
decreas if N will increase (see p=3,7r=1;p=1,r=3; p=1,r = 1.5).

Note that for the local superconvergence phenomenon the choice of the node
points 71, ..., Ny, is important. For illustrating we use same examples (6.6.1)-
(6.6.3) taking m = 2 with the arbitrary node points:

m = 0.]., N2 = 0.9.
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6.6. Case K € W™tb(Dy) and f € C™F1%(0,b], v > 0

Table 6.6.3: Examples (6.6.1)-(6.6.3), v = 5/9, sine transformation s, local su-

Y

perconvergence (6.6.5), uniform grid.

Nt ARt e Y Qi Qi '
55\},1) Sﬁ\}.&,l) 51(5,1) 5;?.5,1) S}(\.’;},l) S}(\A/L,l) 51(\}0,1)

$|23E-1 44E-3 16E-4 32E-5 7AE-5 19FE-4 43E 3
2.80 446  6.55 8.83 9.42 9.46 9.93

16| 82E-2 98E-4 24E-5 36E-6 79E-6 20E-5 43E-4
2.78 441  3.69 5.73 9.66 1052 10.34

32 [29E-2 22E-4 36E-6 62E-7 81E-7 19E-6 42E-5
2.77 435  3.62 488 1014 1042  10.64

64 [11E-2 51E-5 99E-7 13E-7 80E-8 18E-7 39E-6
2.76 4.41 3.47 4.75 10.11 10.32 10.84

128 [39E-3 12E-5 28E-7 27E-8 79E-9 17E-8 36E-7
2.75 293 3.45 4.70 6.37  10.61  10.84

256 | 14E-3 40E-6 82E-8 57E-9 12E-9 16E-9 33E-8
2.74 254 3.44 4.68 6.36  10.75  10.87

512 [51E-4 16E-6 24E-8 12E-9 20E-10 15E-10 31E-9
273 253 3.44 4.67 6.35  10.65  10.88

1024 [19E-4 61E-7 70E-9 26E-10 31E-11 14E-11 28E-10
1.85 2.52 3.43 4.67 6.35 10.89 10.89

Table 6.6.4: Examples (6.6.1)-(6.6.3)

perconvergence (6.6.5), graded grid.

v = 5/9, sine transformation 9, local su-

Nt Wt Y ' w' e
FL) 512 512 5L 5@ 5110 5

§|48E-2 12E-2 43E-3 30E-3 35E-4 16E-1 49E-3
451 740 1170 1526  12.53  44.54 2.89

16| 11E-2 16E-3 37E-4 20E-4 28E-5 35E-3 17E-3
452 748 1180 1418 1131  18.65  10.73

32 [23E-3 21E-4 31E-5 14E-5 25E-6 19E-4 16E-4
4.52 7.50 11.68 13.11 10.07 13.57 10.60

64 52E-4 28E-5 27E-6 11E-6 22E-7 14E-5 15E-5
4.51 5.64 4.69 11.75 10.99 11.80 10.89

128 [11E-4 50E-6 57E-7 89E-8 20E-8 12E-6 14E-6
451 345  4.68 6.37 1095 1126  10.84

256 | 26E-5 14E-6 12E-7 14E-$ 19E-9 11E-7 13E-7
373 344 4.67 6.36 1094  11.06  10.88

512 | 68E-6 42E-7 26E-8 22E-9 17E-10 95E-9 12E-8
254 344 4.67 6.35 1105 1098  10.89

1024 | 27E-6 12E-7 56E-9 35E-10 15E-11 87E-10 11E-9
2.52 3.43 4.67 6.35 10.89 108  10.89
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6.7. Case K € W™tL(Dy) and f € C™F1¥(0,b], v < 0

In Table 6.6.5, we can see that there is no better convergence order than
O(N~2) even for large values of p and r. Compare the results with Table 6.6.6
where the node points

3-V3 3+V3
m = 6 3 = 6 ;

of the two-point Gauss-Legendre quadrature rule (5.1.2) are used.

Table 6.6.5: Examples (6.6.1)-(6.6.3), v = 5/9, sine transformation s, local su-
perconvergence, 171 = 0.1, 19 = 0.9.

I R R i S S i
51(\},1) 59.5,1) S}(\%,l) 55\?,5,1) Sg\?,l) 51(\471,1) S}(\?,S)

16 |63E-1 21E-1 89E-2 72E-2 74E-2 92E-2 57E-1
217 358  3.92 3.92  3.96  4.09 7.14

32 |29E-1 59E-2 23E-2 18E-2 19E-2 23E-2 SO0E-2
2.33  3.64  3.88 3.85  3.85  3.86 411

64 [13E-1 16E-2 59E-3 48E-3 48E-3 59E-3 20E-2
2.45 370  3.90 3.88  3.87  3.85  3.86

198 | 51E-2 44E-3 15E-3 12E-3 13E-3 15E-3 51E-3
253 376  3.92 391  3.90  3.89  3.85

256 | 20E-2 12E-3 38E-4 31E-4 32E-4 39E-4 13E-3
259  3.80  3.94 3.93  3.93 391  3.89

512 | 78F-3 31E-4 97E-5 80E-5 82E-5 10E-4 34F 4
2.63  3.84  3.96 3.96  3.95  3.95 3.1

1024 [30E-3 S0E-5 25E-5 20E-5 21E-5 25E-5 86E-5
2.66  3.86  3.97 3.96  3.96  3.95  3.95

2048 | 11E-3 21E-5 61E-6 51FE-6 52E-6 64E-6 22E-5

6.7 Case K ¢ W™'%(D,) and f € C"1(0,b], v <0

We consider the equation (6.1.1), where

K(z,y)=(x—y)/*+1, (z,y) €D, (6.7.1)

L 54 4 9/4 F(%)F(%) w0/4 1 2
= cg¥t — —gPlt - A —a? -2+ 1 72
f(z) 52 T (D) e+ g 41, (6.7.2)
w(z) =2t —z+1, zel0,1]. (6.7.3)

Clearly K € W tL=Y4(D}) and f,u € C™*+1=1/4(0,1] for arbitrary m € N. For
the numerical results we use m = 3 and the node points (6.1.6).
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6.7. Case K € W™b¥(Dy) and f € C™F1%(0,b], v < 0

Table 6.6.6: Examples (6.6.1)-(6.6.3), v = 5/9, sine transformation 2, local su-
perconvergence, Gauss-Legendre points for m = 2.

N 75\}’1) V;\}As,n /y](\?,l) %(\?.5,1) 7](\;5,1) 75\?'1) 71(\?’3)
51(\},1) SX}.SJ) 5}(\3,1) 5](3.5,1) Sﬁ,l) 5](\4]1,1) S](\z;,,s)

16 | 24E-1 48E-3 90E-4 15E-3 17E-3 24E-3 16E-2
2.82 4.47 4.36 5.62 5.66 5.48 6.38

32 | 85E-2 11E-3 21E-4 27E-4 30E-4 43E-4 24E-3
2.80 4.44 4.96 5.51 5.26 5.18 5.90

64 |31 E-2 24E-4 42E-5 48E-5 b56E-5 84E-5 41E-4
2.78 4.39 5.17 5.40 5.40 5.40 5.36

128 | 1.1 E-2 55E-5 80E-6 89E-6 10E-5 16E-5 T7.7E-5
2.76 4.36 5.25 5.45 5.46 5.46 5.51

256 | 40E-3 44E-5 15E-6 16E-6 19E-6 28E-6 14E-5
2.75 2.56 5.34 5.50 5.51 5.52 5.51

512 | 14E-3 26E-6 29E-7 30E-7 35E-7 51E-7 25E-6
2.74 2.54 5.41 5.49 5.50 5.50 5.56

1024 | 53 E-4 25E-6 b53E-8 54E-8 63E-8 94E-8 46E-7
2.74 2.53 4.85 5.49 5.49 5.50 5.52

2048 | 19E-4 25E-7 11E-8 99E-9 11E-8 17E-8 83E-8
1.85 2.52 3.43 4.67 5.44 5.44 5.44

From Theorem 4.4.3 it follows that for any transformation ¢ € ®"* N C™[0, 1]
and for sufficiently large values of N we have

6](\77T) —

23
23
93 (lo
23
257‘p/4

g (N/Q))
log N

if p>2.4
if p=2.4
if p=24
if p<24
ifp<24

,r>1
,r>1
,r=1
77">%
' a4
71§7‘<?

(6.7.4)

and for any transformation ¢ € ™ and for sufficiently large values of N we have

23

1fr_p

s = (6.7.5)

orp H1§r<%

From Theorem 5.4.1 it follows that for any transformation ¢ € ®™* N C™[0, 1]
and for sufficiently large values of N we have

94 ifr>£
50 = 2%%%%5 if r = 10 (6.7.6)
99rp/4 ifl1<r<it
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6.7. Case K € W™L(D,) and f € C™ 1% (0,b], v < 0

Table 6.7.1: Examples (6.7.1)-(6.7.3), v = —1/4, exponential transformation ¢ €
o™ N C™[0,1], global convergence (6.7.4)

N D £(1:19) (12 2D 21D e(124) @D

65\}’1) 65\}’1‘5) 5}(\},2) 6;?’1) 61(5’1‘1) 51(V1,2,4) 65{?’”

8| 17E-3 45E-4 12E-4 15E-4 91E-5 6.7E-5 19E-4

2.39 3.68 5.66 5.66 6.73 8.00 7.83

16 | 69E-4 12E-4 21E-5 27E-5 14E-5 83E-6 24E-5
2.39 3.67 5.66 5.66 6.73 8.00 7.93

32 | 29E-4 33E-5 38E-6 48E-6 20E-6 10E-6 30E-6
2.38 3.67 5.66 5.66 6.73 8.00 7.97

64 | 12E-4 90E-6 67E-7 8HE-T7 30E-7 13E-7 38E-7
2.38 3.67 5.66 5.66 6.73 8.00 7.99

128 | 51 E-5 25E-6 12E-7 15E-7 45E-8 16 E-8 48E-8
2.38 3.67 5.66 5.66 6.73 8.00 7.99

256 | 21 E-5 67E-7 21E-8 26 E-8 6.6 E-9 20E-9 6.0E-9
2.38 3.67 5.66 5.66 6.73 8.00 8.00

512 | 90E-6 18E-7 37E-9 47E-9 98E-10 25E-10 7.5E-10
2.38 3.67 5.66 5.66 6.73 8.00 7.99

1024 | 38E-6 50E-8 65E-10 83E-10 15E-10 32E-11 94E-11

2.38 3.67 5.66 5.66 6.73 8.00 8.00

Table 6.7.2: Examples (6.7.1)-(6.7.3), v = —1/4, exponential transformation ¢; €
o™ global convergence (6.7.5)

N 55342,1) Eﬁ.&,l) E%.7s,1) agvm,z) Eg\yz,z) 55344,1) Eﬁ.f),l)
65\}’2’1) 5%5,1) 55\}‘78,1) 5](&1,2) 65\}.2,2) 6](5’4’1) 61(3’5’1>

8| 63E-4 87TE-4 42E-4 48E-5 90E-5 78E-5 93E-5

1.77 2.73 3.72 3.30 4.52 4.65 5.25

16 | 35E-4 32E-4 11E-4 16E-5 20E-5 17E-5 18E-5
1.93 2.75 3.66 3.72 4.82 4.23 4.77

32 | 18E-4 12E-4 31E-5 43E-6 41E-6 40E-6 37E-6
2.04 2.77 3.61 4.07 4.99 4.67 5.13

64 | 90E-5 42E-5 86E-6 11E-6 83E-7 85E-7 72E-7
2.10 2.79 3.56 4.26 5.10 4.90 5.34

128 | 43 E-5 15E-5 24E-6 25E-7 16E-7 17E-7 14E-7
2.15 2.80 3.53 4.38 5.16 5.04 5.46

256 | 20E-5 b53E-6 69E-7 56E-8 31E-8 34E-8 25E-8
2.18 2.80 3.51 4.45 5.20 5.13 5.563

512 | 91 E-6 19E-6 20E-7 13E-8 60E-9 67E-9 45E-9
2.21 2.81 3.49 4.50 5.23 5.18 5.58

1024 | 41 E-6 68E-7 56E-8 28E-9 12E-9 13E-9 81E-10

2.30 2.83 3.43 4.59 5.28 5.28 5.66

116



6.7. Case K € W™+tb(Dy) and f € C™F1%(0,b], v < 0

Tables 6.7.1-6.7.2 describe global convergence errors ||u — un||co for examples
(6.7.1)-(6.7.3) and for the exponential transformation ¢;. In Table 6.7.1, we only
use values p € N and in Table 6.7.2, we allow also values p € R. The numeri-
cal results in Tables 6.7.1-6.7.2 are in very good agreement with the theoretical
estimates (6.7.4) and (6.7.5).

As we can see form Table 6.7.2, there exist important differences between p; €
™ N C™[0,1] and ¢ € ™. Compare p =1, 7 = 1.5 and p = 2, r = 1.1 with
p=15r=1land p=11,r=2,also p=1,r =24 with p=24,r = 1.

Table 6.7.3: Examples (6.7.1)-(6.7.3), v = —1/4, exponential transformation ¢,
local superconvergence (6.7.6)

N | Y o e et A o S

S}(\},l) Sg\},la) 51(\1.2,1) 51(\},1.5) 51(;.5,1) S](\?’l) S}(\:?,l)

4| 10E-4 54E-5 96E-6 23E-5 21E-5 1.1E-5 T4E-5

4.91 6.68 7.53 10.80 7.48 16.20 13.89

8| 21E-5 80E-6 13E-6 21E-6 28E-6 6.6 E-7 53E-6
4.82 6.55 3.99 10.59 7.57 16.48 15.17

16 | 43E-6 12E-6 32E-7 20E-7 3.TE-7 40E-8 35E-7
4.79 6.50 4.46 10.50 7.69 16.58 15.86

32 | 90E-7 19E-7 71E-8 19E-8 49E-8 24E-9 22E-8
4.77 6.50 4.73 10.45 777 16.60 16.18

64 | 19E-7 29E-8 15E-8 18E-9 63E-9 15E-10 14E-9
4.76 6.50 4.89 10.43 7.84 16.73 16.33

128 | 39E-8 46E-9 31E-9 18E-10 80E-10 87E-12 84E-11
4.76 6.50 4.99 10.47 7.89 16.52 16.68

256 | 83E-9 69E-10 62E-10 17E-11 10E-10 53E-13 50E-12

4.76 6.50 10.38 16.00 16.00

Table 6.7.3 describes the local superconvergence errors for examples (6.7.1)-
(6.7.3). The expected theoretical results are presented in (6.7.6) for the transforma-
tions o1 € @™ LN C™F1[0,1]. The superconvergence results in Table 6.7.3 are in
good agreement with the theoretical ones. The condition ¢, € ®™*T1rnC™+1(0, 1]
is important as we can see for p = 1,7 = 1.2 and p = 1.2,r = 1, also for
p=1r=15and p=1.5r=1.

Next, we consider the equation (6.1.1) (see [51]), where

K((E7y) = -2, ($7y) S Dlly (677)
3sinz — cosx + 3e”

flz) = 5 (6.7.8)

u(x) _ sinx + C;)sac +e e [07 1}' (6.7.9)
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6.7. Case K € W™ (D,) and f € C™F1¥(0,b], v < 0

Here K € W™¥(D)) and f,u € C™[0,1] € C™¥(0,1] for arbitrary m € N and
v < 1. For the numerical results we use m = 3 and the node points (6.1.6).

Table 6.7.4: Examples (6.7.7)-(6.7.9), v < 1 — m, exponential transformation ¢y,
global convergence (6.7.10)-(6.7.11).

N 65\},1) 55\}’5’1) 55&’1'5) 553’1) 55\2,‘5’1) 55&’25) 553'5’1)
5}(\}71) 5}(\}.5,1) 5}(\},1.5) 655"” 5}(\?.5,1) 5}(\},2.5) (55\?'5'1)

16| 30E-6 36E-4 96E-6 3.7TE-5 7T9E-5 40E-5 24E-4
7.93 2.83 7.71 7.60 7.48 7.30 7.24

32 38E-7 1.3 E-4 1.3E-6 49E-6 1.1E-5 5.5 E-6 33E-5
7.97 2.83 7.86 7.80 7.73 7.64 7.61

64 48 E -8 44 E-5 16 E-7 6.2E-7 14E-6 T2E-7 43E-6
7.98 2.83 7.93 7.90 7.87 7.82 7.80

128 | 60E-9 16E-5 20E-8 7T9E-8 1.7E-7 92 E-8 556 E-7
7.99 2.83 7.96 7.95 6.59 7.91 7.90

256 | 75 E-10 56E-6 25E-9 99E-9 26 E-8 1.2E-8 7T0E-8
7.99 2.83 7.98 7.97 5.66 7.95 7.95

512 | 94E-11 20E-6 32E-10 1.2E-9 4.7E-9 15E-9 88E-9
7.95 2.83 7.98 7.98 5.66 7.97 7.97

1024 | 1.2 E-11 69E-7 40E-11 16E-10 83E-10 18E-10 1.1E-9
7.64 2.83 7.89 7.97 5.66 7.97 7.98

2048 | 15 E-12 25E-7 bH50E-12 20E-11 15E-10 23E-11 14E-10
8.00 2.83 8.00 8.00 5.66 8.00 8.00

From Theorem 4.4.3 it follows by v < 1 — m that for any transformation

@ € @™P N C™[0,1] and for sufficiently large values of N we have

5(p,7‘) — 23

N p=1

>, (6.7.10)

)

and for any transformation ¢ € " and for sufficiently large values of N we have

28 ifr>3
P

65\?’7,) = 27’p

(6.7.11)

The numerical results in Table 6.7.4 are perfectly in agreement with the theo-
retical results (6.7.10) and (6.7.11). Note that there is a difference between p € N
and p e Rfor 1 <p < 3.
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Sisukokkuvote

Tiikiti poliinomiaalne kollokatsioonimeetod
isedrasustega Volterra integraalvorrandi jaoks

Kéesolevas t60s vaadeldakse lineaarset Volterra II liiki integraalvorrandit
x
uw) = [ K@yudy + f@), scpb, b>0. (1LY
0

kus otsitavaks on w. Vabaliikme f kohta tehakse teatud eeldused, mis on téide-
tud koigi 16igus [0, b] pidevate ja m korda pidevalt diferentseeruvate funktsioonide
korral ning voimaldavad vaadelda ka selliseid funktsioone, mille tuletised mingist
jargust alates voivad olla tokestamata punkti 0 ldheduses.

Tuuma K (z,y) kohta eeldatakse, et K (z,y) on m korda pidevalt diferentseeruv
kolmnurgas {(z,y) : 0 < y < z < b}, kusjuures leidub reaalarv v < 1 nii, et koigi
tingimust ¢ + j < m rahuldavate mittenegatiivsete tédisarvude ¢ ja j korral kehtib
vorratus

aN' /o 9\ 1 v4i<0
‘(a) (a+a) K(z,y)| <c{ 14|log(z—y)| ,w+i=0 p, (712)
: v (x—y) ! v+i>0

kus ¢ = ¢(K) on mingi positiivne konstant ja 0 < x < b, 0 < y < z. Tingimusest
(7.1.2) jareldub i = j = 0 korral, et kehtib hinnang

1 ,v <0
|IK(z,y)| <c 14|log(xr—y)| ,v=0 p, 0<y<a<hb
(xiy)_y 7V>O

Seega, kui 0 < v < 1, siis tuum K (z,y) voib omada logaritmilist voi astmelist
isedrasust diagonaalil y = a:

[K(z,y)] < c(1+[log(z —y)]), »=0,

|K(J},y)|§0(]}—y)7u7 0<V<17
kus 0 <y < z < b. Kui v < 0, siis tuum K(z,y) on tokestatud hulgal {(z,y) :
0 <y < x < b}, kuid tema tuletised voivad y — z korral tokestamatult kasvada.

Vaadeldakse ka juhtu, kus K(z,y) voib lisaks diagonaalsele isedrasusele (s.t.
isedrasusele kui y — x) omada veel isedrasust y — 0 korral. Tépsemalt, vaadel-
dakse tuumade K(z,y) klassi, kus K(x,y) on m korda pidevalt diferentseeruv
kolmnurgas {(x,y) : 0 < y < 2 < b}, kusjuures leiduvad reaalarvud v < 1 ja A < 1
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nii, et ¥ + A < 1 ning kdigi tingimust ¢ + j < m rahuldavate mittenegatiivsete
tdisarvude ¢ ja j korral kehtib vorratus

o\ (o oY 1 w+i<0 |
‘<8> (3+3) K(z,y)| <cq 1+[log—y)| v+i=0 oy,
€T xXr Y (x—y)fy*i 7V+’L'>O

(7.1.3)
kus ¢ = ¢(K) on mingi positiivne konstant ja 0 < z < b, 0 < y < x. Néiiteks vdib
tuum K (z,y) omada kuju

K(z,y) = Ki(z,y)(z —y) "y >+ Ka(z,y), 0<y<z<bh,

kus 0 < v <1, A < 1—v ja Ky(z,y) ning Ks(x,y) on mingid m korda pidevalt
diferentseeruvad funktsioonid, kui 0 <y < z < b.

Vorrandi (7.1.1) lahend w on sel juhul pidev funktsioon 16igul [0, b], kuid tema
tuletised voivad olla tokestamata punktis 0.

Vorrandi (7.1.1) ligikaudsel lahendamisel tiikiti poliilnomiaalse kollokatsiooni-
meetodiga saab lahendi w isedrast kditumist arvesse votta, kui kasutada selliseid
ebaiihtlaseid vorke, kus vorgupunktid asuvad tihedamalt 16igu [0, ] vasakpoolse
otspunkti timbruses. Kuid tugevalt ebaiihtlaste vorkude kasutamine voib soodus-
tada iimardamisvigade kuhjumist ning praktiliste arvutuste ldbiviimisel pohjus-
tada teatavat numbrilist ebastabiilsust, kui vorgupunktide arv on kiillalt suur.

Vorrandi (7.1.1) ligikaudseks lahendamiseks on t66s vaadeldud meetodit, mis
tugineb vorrandi teisendamisel kujule, mille lahendi tuletiste isedrasused on norge-
mad, kui ldhtevorrandi lahendi tuletiste isedrasused. Teisendatud vorrandi la-
hendamiseks kasutatakse kollokatsioonimeetodit iihtlasel voi norgalt ebaiihtlasel
vorgul tiikiti poliinomiaalsete koordinaatfunktsioonide korral.

Dissertatsioon koosneb kuuest peatiikist. Esimeses kahes peatiikis antakse {ile-
vaade t60st ja toestatakse rida abitulemusi, mida 1dheb vaja ldhislahendite vigade
hindamisel.

Kolmandas peatiikis tuuakse sisse t66s olulist rolli méngiv siluvate teisenduste
klass ja uuritakse sellesse klassi kuuluvate teisenduste omadusi.

Neljandas peatiikis kisitletakse vorrandi (7.1.1) ligikaudset lahendamist mee-
todiga, mis tugineb siluvale muutujate vahetusele ja kollokatsioonimeetodile tiikiti
poliinomiaalsete koordinaatfunktsioonide korral. On toestatud vaadeldava mee-
todi koondumine ning tuletatud rida koonduvuskiiruse hinnanguid mitmesuguste
tuumade ja vabaliikmete jaoks erinevate siluvate teisenduste ja vorgu ebaiihtlust
kirjeldava parameetri viartuste korral. Saadud tulemustest jareldub muuhulgas,
kuidas tuleb valida vastav siluv muutujate vahetus ja kuidas tuleb tihendada vorku
integreerimisloigu [0, ] vasakpoolse otspunkti iimbruses nii, et saavutada mee-
todi korgeim voimalik koonduvusjark O(N~™), kui teisendatud vorrandi lahendi
ligikaudseks leidmiseks kasutatakse m — 1 jiarku (m > 1) tiikiti poliinomiaalset
aproksimatsiooni.
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Viiendas peatiikis esitatakse uusi superkoondumise tulemusi 16igu [0, b] spet-
siaalsetes punktides tingimusel, et lahendi, vabaliikme ja tuuma isedrasusi siluv
teisendus on sobivalt valitud ning kollokatsioonipunktide valik rahuldab teatud
tdiendavaid eeldusi.

Viimases peatiikis on kontrollitud teoreetiliste hinnangute tdpsust ulatuslike
numbriliste eksperimentide l&dbiviimise teel. Testiilesannete lahendamisel saadud
arvulistest tulemustest jareldub, et t66s saadud veahinnangud on jéargu poolest
mitteparandatavad.

Enamus kiesoleva t66 pohitulemustest sisalduvad autori viies avaldatud teadus-
artiklis ning neid tulemusi on tutvustatud kuuel teaduskonverentsil. Osa juba
avaldatud tulemusi on laiendatud {ildisemale juhule ja osa tulemusi on uued.
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