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Chapter 1

Introduction

1.1 Background and summary of the thesis

A. Pietsch created the theory of operator ideals in [Pil], which has been widely
adopted and permeates the contemporary field of Banach spaces. 1. Stephani
introduced the related notions of a generating system of sets and a generating
system of sequences in [S]. Namely, given two generating systems of sets, one
obtains an operator ideal by considering all of the operators that map the sets of
the first system to the sets of the second system. Generating systems of sequences
can be used to obtain generating systems of sets. In comparison to the theory
of operator ideals, the notions of generating systems of sets and sequences have
received considerably less attention.

One of the aims of this thesis is to study the classes of generating systems of sets
and sequences and the relations between them; in particular, to show that there is
a Galois connection between the former and a certain quotient class of the latter.

In [Pill, 1.11.1], Pietsch remarks that “the collection of all operator ideals is some-
thing like a complete lattice with respect to the natural ordering”. One of our
objectives in this thesis is to study the lattice structure of various classes of oper-
ator ideals, generating systems of sets, and generating systems of sequences.

In [S], Stephani showed how one obtains operator ideals from generating systems
of sets and vice versa, how one obtains generating systems of sets from operator
ideals. From that study, the following notions emerged: the notion of a surjective
operator ideal and of an ideal system of sets. We show that some of the results
from [S] can also be seen through the lenses of a Galois connection between the
classes of operator ideals and generating systems of sets.

11



12 1. INTRODUCTION

A well-known example of a generating system of sets is the system of relatively
compact sets, which is obtained from the system of convergent sequences in a
certain way. Correspondingly, the operator ideal of compact operators consists of
operators mapping bounded sets to relatively compacts sets. As sources of exam-
ples, we additionally consider several alternative notions of relative compactness.
These notions have been inspired by a result proved by A. Grothendieck in his
famous Memoir [G2]: a subset of a Banach space is relatively compact if and only
if it is contained in the closed convex hull of a norm null sequence. Nowadays, this
result is known as the Grothendieck compactness principle.

Let 1 < p < oo. If one replaces null sequences with p-summable sequences in
the Grothendieck compactness principle, then one obtains a stronger form of rel-
ative compactness. This form of compactness was occasionally considered in the
1980s by O. Reinov |[Rel] and J. Bourgain and O. Reinov [BR] in the study of
approximation properties of order s < 1. In this thesis, such sets are said to be
relatively p-compact in the sense of Bourgain—Reinov. In 2002, D. P. Sinha and A.
K. Karn defined and studied in [SK1| another form of relative compactness, which
lays “between” the aforementioned types of relative compactness. They required
the set to belong to the so-called p-convex hull of a p-summable sequence. In the

present thesis, sets of this type are said to be relatively p-compact in the sense of
Sinha—Karn.

Let 1 <p<oocand 1l <r < p* where p* is the conjugate index of p. In this
thesis, we study the notion of relatively (p, r)-compact sets, which encompasses the
notions of relative p-compactness in the sense of Bourgain—Reinov (for » = 1) and
in the sense of Sinha—Karn (for » = p*). We observe that the system of relatively
(p,r)-compact sets is a generating system of sets. By considering the operators
which map bounded sets to relatively (p,r)-compact sets, the operator ideal of
(p, r)-compact operators is obtained. Relatively p-compact operators in the sense
of Bourgain—Reinov (for » = 1) and Sinha—Karn (for r = p*) are special cases of
this construction.

It was proven in [SKI| that the collection of all p-compact operators (in the sense
of Sinha-Karn) is a Banach operator ideal. We describe the operator ideal K,
of all (p, r)-compact operators as the surjective hull of the operator ideal N1 ,+).
This allows us to equip K,,) with the corresponding s-norm of ./\/'(S;YLT*) and to
prove that K, ,) is an s-Banach operator ideal.

In [SK1], the notion of relatively weakly p-compact sets was also studied. A more
general notion of relatively weakly (p,r)-compact sets was introduced in [AO2],
encompassing the weakly p-compact sets for r = p*. Additionally, the notion of un-
conditionally weakly (p, r)-compact sets was introduced in [AO2], residing between
the relatively (p,r)-compact sets and relatively weakly (p,r)-compact sets. The
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weakly p-compact, weakly (p,r)-compact operators, and unconditionally (p,r)-
compact operators are defined in the obvious manner. Denote by W,y and U,
the operator ideals of all weakly (p,r)-compact operators and all unconditionally
(p, r)-compact operators. It was proven in [SKIJ, that if 1 < p < oo, the oper-
ator ideal W, = W, ;) of all weakly p-compact operators is a Banach operator
ideal. We prove that W, 1) and U, 1) are quasi-Banach operator ideals, where
1 < p < oo. We do so by proposing a general method for constructing generating
systems of sets and operator ideals from a BK-space g and a normed system of
sequences h. We prove that the constructed operator ideal is always quasi-Banach
provided that g and h satisfying certain assumptions.

We show that W, = W1 is a Banach operator ideal. We prove that the
operator ideal V of completely continuous operators can be expressed as a right-
hand quotient V = W, o W=L. From this, the result [DEFLORT] Theorem 1]
follows: a weak version of the Grothendieck compactness principle holds only in
Schur spaces.

Recall that a Banach space is said to have the approximation property if the
identity operator can be approximated uniformly on compact sets by finite rank
operators. In the spirit of this thesis, we study the approximation property by con-
sidering the system of all approximable sets, where an approximable set is defined
as a bounded set on which the identity operator may be approximated uniformly.
Similarly, we define an approximable sequence as a null sequence on which the
identity operator may be approximated uniformly, and study the system of ap-
proximable sequences. Clearly, a Banach space has the approximation property
if and only if the relatively compact sets are exactly the approximable sets. We
prove a result reminiscent of the Grothendieck compactness principle: a subset of a
Banach space is approximable if and only if it is contained in the closed convex hull
of an approximable sequence. We also prove that there exists a non-approximable
sequence which can be represented as a sum of three approximable sequences.

The thesis has been organized as follows.

Chapter [1| introduces the historical background of the relevant notions, provides a
summary of the thesis and describes the notation used throughout the thesis.

In Chapter 2| we study the class OI of all operator ideals, the class GSet of all
generating systems of sets, the class GSeq of all generating systems of sequences,
and various relations between these classes. Stephani considered a domination
relation on the class GSeq, which we denote as <. This relation is a preorder,
which induces an equivalence relation ~. Using a standard procedure, the class
GSeq/ . becomes an ordered class with the order induced from the preorder <. One
of the main results of this thesis states that there is a (Galois connection between
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the ordered classes GSet and GSeq/.~. (the order on the class GSet is defined in a
natural way via inclusion). We say that a generating system of sets is sequentially
generatable if it can be obtained from a generating systems of sequences. The
Galois connection provides a useful characterization for sequentially generatable
systems of sets. This chapter is mainly based on |Lill].

In Chapter [3| we study the lattice structure on the class of operator ideals, the
classes of generating systems of sets and sequences, and related classes. We then
study the order properties of the various mappings between these classes. This
chapter is mainly based on |Lill].

In Chapter , we study the generating system Ky, of all relatively (p, r)-compact
sets and the operator ideal I, , of all (p, r)-compact operators. Relying on Chap-
ter , we show that the system K, ,) is sequentially generatable if and only if
p = o0 and r = 1, in which case K, ,) coincides with the system of all relatively
compact sets K. In turn, the system K, ,) provides answers and counterexamples
to certain questions posed in the general context of Chapter We prove that
Kpr = ./\/’(j;fir*). This allows us to equip K,y with the corresponding s-norm of

(ooLr™) and to prove that K(,,) is an s-Banach operator ideal. This chapter is
based on [ALO]| and [Lil1].

In Chapter [5 we study sequentially generatable systems of sets G, which satisfy
G < K. We introduce the notion of a hereditarily almost autoapproximable
sequence. Using this notion, we prove that the latter inequality G < K is strict if
and only if the system G is obtained from a generating system of sets g consisting
entirely of hereditarily almost autoapproximable sequences. We also provide an
example of such a system of sequences g.

In Chapter [0 we study the generating system Wy, of all relatively weakly oo-
compact sets and the operator ideal Wy, of all weakly co-compact operators. We
show that the operator ideal W, is a Banach operator ideal. We prove that the
equality V = W, o W™! holds (even in the context of Banach operator ideals).
As a consequence, this provides an alternative proof for the following result from
IDELORT] Theorem 1|: the weak Grothendieck compactness principle holds only
in Schur spaces. This chapter is based on [JLO| and [Lil2].

In Chapter [7] we propose a general method for constructing generating systems of
sets and quasi-Banach operator ideals. This method is inspired by the construction
of generating systems of sets K, ,) and W, and the corresponding operator ideals
K@) and Wy, This construction produces a quasi-Banach operator ideal from a
BK-space g and a normed system of sequences h, provided that g and h satisfy
certain criteria. Among other examples, we prove that the operator ideals W, )
and Uy, 1) are quasi-Banach operator ideals (for 1 < p < 00).
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Chapter |8 begins with an overview about some of the known results concerning
the approximation property. After this, we give the definitions of an approximable
set and an approximable sequence. We prove a Grothendieck-like criterion for
describing the approximable sets in a Banach space via the approximable sequences
in this space. We also prove that there exists a non-approximable sequence, which
can be represented as a sum of three approximable sequences.

1.2 Notation

We always consider X and Y to be Banach spaces over the same field K, where
K is either R or C. Denote by £(X,Y) the Banach space of all bounded linear
operators acting from X to Y; if X =Y, we use the notation £(X) instead. An
operator T' € L(X,Y) is of finite rank if its range is finite-dimensional. Denote by
F(X,Y) the space of finite rank operators acting from X to Y;if X =Y, we use
the notation F(X) instead. For an operator T: X — Y, we denote by ker T" and
ran 7" its kernel and range, respectively.

The closed unit ball and the unit sphere of X are denoted by Bx and Sy, re-
spectively. The identity operator of X is denoted by Iy and the dual space of
X is denoted by X*. The closure of a set K is denoted by K, its linear span by
span K, and its absolutely convex hull by absconv K. The norm closures of the
two latter sets are denoted by spank and absconv K, respectively. A closure of K
with respect to a topology 7 is denoted by K.

By using the term “sequence”, we implicitly assume that we are dealing with an
infinite sequence. In the rare cases when we need to consider finite sequences, we
state this explicitly. Denote by e, the unit sequence (§;;), where d;;, is Kronecker’s
symbol. We use the shorthand {x,} = {z\ | ¥ € N} for any sequence (zj). For
brevity, we also put T = (z3),7 = (y&), etc., and @ = (o), B = (Bx), etc. We use
the notation Ny = NU {0}.

For 1 < p < oo, let p* denote the conjugate index of p (i.e., 1/p + 1/p* = 1 with
the convention 1/00 = 0).

Let I be any set. A family of numbers (\;).c; (defined on the set I) is said to
be summable if the directed system of all finite partial sums converges (see |[Pil]
A.4.6]). In that case, the limit is denoted by > _;A;. A family of numbers
(Az)zer is said to be absolutely summable if the family (|\;|)zes is summable (see
|[Pill A.4.7]). Let us denote by ¢,[/] the Banach space of all absolutely summable
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families of numbers (\;)ze; with the norm

zel

Note that in |Pil], notation ¢,(/) is used instead of ¢;[I] (see [Pill C.1.3]). The
natural surjection Qx: {1{Bx] — X is defined by

QX((AI)IEB)() — Z )\I{,E

rEBx

A functional f € X*, where X is a topological vector space, is said to vanish on
aset Aif f(x) =0 for all x € A. A functional f is said to vanish on a sequence
(xg) if f(z) =0 for all k£ € N.

If 7, and 7, are topologies on a set X so that 7 C 7, then 75 is said to be stronger
than 7; likewise, 7y is said to be weaker than 5.

We consider the following set-theoretical structures, in addition to the sets them-
selves:

i) 1st order classes, which consist of sets (e.g., a generating system of se-
g g g
quences);

(ii) 2nd order classes, which consist of 1st order classes (e.g., the class GSeq);

(iii) 3rd order classes, which consist of 2nd order classes (e.g., the quotient

GSeq/~).

In the following we refer to all of them simply as classes.

A relation “<” (on a set or a class) is said to be an order if it is reflexive, anti-
symmetric, and transitive. If (A, <) is an ordered class, then A? denotes the class
ordered by the reverse order >.

We assume that the reader is familiar with well-known basic notions and results
from the theory of Banach spaces and topological vector spaces (such as Auerbach’s
lemma, Schauder’s theorem, Gantmacher’s theorem, the bipolar theorem, the
Eberlein-Smulian theorem, the Banach—Alaoglu theorem, and the Hahn—Banach
theorem and its corollaries (e.g., the Tukey—Klee separation theorem)).



Chapter 2

Operator ideals and generating
systems of sets and sequences

In this chapter, we study the class OI of all operator ideals, the class GSet
of all generating systems of sets, the class GSeq of all generating systems of
sequences, and various relations between these classes. Stephani considered
a domination relation on the class GSeq, which we denote as <. This
relation is a preorder, which induces an equivalence relation ~. Using
a standard procedure, the class GSeq/.. becomes an ordered class with
the order induced from the preorder <. One of the main results of this
thesis states that there is a Galois connection between the ordered classes
GSet and GSeq/. (the order on the class GSet is defined in a natural way
via inclusion). We say that a generating system of sets is sequentially
generatable if it can be obtained from a generating systems of sequences.
The Galois connection provides a useful characterization for sequentially
generatable systems of sets. This chapter is mainly based on [Lil1].

2.1 Galois connections

In this section, we recall the definition and several results about Galois connections.
The results about complete lattices and Galois connections are taken from the
book [DP| and they are easily provable without prior knowledge about Galois
connections. Although these results are stated in the context of sets in [DP], it
can be verified that they hold also in the context of classes.

Definition 2.1.1 (see [DP| 7.23]). Let A and B be ordered classes. A pair (R, S)

17



18 2. OPERATOR IDEALS AND SYSTEMS OF SETS AND SEQUENCES
of operators R: A — B and S: B — A is a Galois connection between A and B
if, for alla € A and b € B,

R(a) <b< a < S(b).
Lemma 2.1.2 (see [DP, Lemma 7.26|). Assume that the pair (R,S) is a Galois

connection between ordered classes A and B. Let a,a1,a2 € A and b,b1,by € B.
Then

(Gall) a < SR(a) and RS(b) < b;

(Gal2) a1 < ay = R(ay) < R(az) and by < by = S(by) < S(bs);

(Gal3) R(a) = RSR(a) and S(b) = SRS(b).

Conversely, a pair of maps R: A — B and S: B — A satisfying (Gall) and

(Gal2) for all a,ai,as € A and b,by,by € B sets up a Galois connection between
A and B.

Let (A4, <) be an ordered class. Recall that the symbol A2 denotes the class A
equipped with the reverse order >.
Definition 2.1.3 (see [DP, 7.1]). Let A be an ordered class. An operator 7' :
A — Ais called a closure operator if, for all a,a1,as € A,
(i) a <T(a);
(i) a1 < ag = T(a1) < T(as);
(iii) T(T(a)) = T(a).

An element a € A is said to be closed (with respect to the closure operator T') if
T(a) = a.

Definition 2.1.4 (see |[DPl 1.34]). Let A and B ordered classes. An operator
T: A — B is said to be an order-embedding provided that a < b if and only if
T(a) < T(b). T is said to be an order-isomorphism if it is an order-embedding
which maps A onto B.

Proposition 2.1.5 (see [DP, 7.27]). Assume that the pair (R,S) is a Galois
connection between ordered classes A and B. Denote A = {a € A | a = SR(a)}
and B={be B|b= RS(b)}. Then
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(i) operators SR: A — A and RS: B? — B? are closure operators;

(ii) operators R: A — B and S: B — A are mutually inverse order-isomorphisms.

The next lemma follows directly from the property (Gal3).

Lemma 2.1.6. Let (R, S) be a Galois connection between ordered classes A and
B. Let a € A;b € B. Then the following are equivalent:

(i) a € A;

(ii) 3by € B such that a = S(by).
Similarly, the following are equivalent:

(i) b € B;

(ii) Ja; € A such that b = R(ay).

2.2 Operator ideals

In this section, we recall some basic facts and properties about operator ideals. We
also recall some of the classical examples. Denote by L the class of all bounded
linear operators between arbitrary Banach spaces.

Definition 2.2.1 (see [Pi2, 2.6.6.1|). An operator ideal A is a subclass of £ such
that the components
AX,Y) =ANL(X,Y)

satisfy the following conditions:

(Oly) Ix € A, where K denotes the 1-dimensional Banach space;
(OI) S+ T € A(X,Y) for any S,T € A(X,Y);
(OL,) f T e L(X,Y),Se AY,Z),and R € L(Z,W), then RST € A(X,W).

We denote the class of all operator ideals by OI.

Recall (see, e.g. [Pi2| 3.2.5.1|) that a map from a linear space X to non-negative
numbers is a quasi-norm if the following conditions are satisfied.
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(QNy) ||z]| = 0 implies z = 0;
(QN7) there exists 2 > 1 such that ||z + y|| < s (||z]| + [ly]]), where z,y € X;

(QN2) |[Ax|| = |A] ||=||, where x € X and A € K.

A quasi-norm is called a p-norm if (QN;) is replaced with the p-triangle inequality
[z +ylI” < 2" + llylI”

(see, e.g. [Pi2l 3.2.5.2]). The following facts are well-known.

Remark 2.2.2. A 1-norm is just a norm, and an s-norm is also a t-norm if 0 < ¢t <
s < 1. Every s-norm is a quasi-norm, since the constant s := 25! can be used
to satisfy condition (QNy). To see this, start from the p-triangle inequality and
apply the generalized mean inequality (see, e.g., [HLP, (2.9.1)]) for the exponents
p and 1.

An s-norm induces a metric on X defined by d(z,y) = ||z —y||°>. A space X
is said to be s-Banach if it is complete for this metric (see, e.g., [Kal]). In the
case of a quasi-norm, X is endowed with a metrizable topology with the base of
neighborhoods consisting of the sets

{z e X||lz] <e},
where ¢ > 0. A complete quasi-normed space is called a quasi-Banach space.

Definition 2.2.3 (see [DF| 9.3]). A quasi-normed operator ideal (A, ||| ,) is an
operator ideal A together with a function ||-|| , : A — [0, 00) such that

(QOILy) [Tkl 4 =1
(QOI,) there exists a constant s > 1 such that

151+ S|l 4 < 2 (|1l 4+ [1S2]] 1) -
(QOL) If T € £(Xo, X), S € A(X,Y), and R € L(Y,Y,), then
|RST| 4 < RIS 41T -

If all of the components A(X,Y) are quasi-Banach spaces (with respect to the
quasi-norm ||| ,), then (A, |-|| ,) is called a quasi-Banach operator ideal.

As shown by the following theorem, it suffices to show that all of the components
A(X,Y) are sequentially complete in order to show that they are complete.
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Theorem 2.2.4 (see [KAL Part III, Theorem 3|). A Hausdorff topological vector
space X, which is sequentially complete and has a countable base of neighborhoods
of 0, is complete.

Proposition 2.2.5 (see [DE, Proposition(1), p. 109]). Let (A, ||| ,) be a quasi-
normed operator ideal. Then ||T|| < ||T|| 4 for every T € A(X,Y), where X and
Y are arbitrary Banach spaces.

Definition 2.2.6 (see [DE|, p. 109]). A quasi-normed operator ideal (A, ||| ;) is
a p-normed operator ideal (where 0 < p < 1) if the p-triangle inequality holds:

(p-OI) ||S1 + Sa|’y < 15115 + 1152 for S1,5: € A(X,Y).
If p=1, then (A, ||-|| 4) is called a normed operator ideal.

Remark immediately yields the following observation.

Proposition 2.2.7 (see Remark after [Pill, 6.2.1]). Let (A, ||| ,) be a p-normed
operator ideal (where 0 < p < 1). Then it is a quasi-normed operator ideal, where

the constant s = 25 can be used to satisfy condition (QOI4).

Definition 2.2.8 (see [DE, p. 109]). A p-normed operator ideal (where 0 < p < 1)
is said to be a p-Banach operator ideal if all components A(X,Y’) are p-Banach
spaces. If p = 1, then (A, ||| ;) is called a Banach operator ideal.

Definition 2.2.9 (see [DF] p. 110]). An operator ideal A is said to be closed if it
is a Banach operator ideal when equipped with the operator norm ||-|.

Recall that an operator 7' € L(X,Y) is said to be (weakly) compact if it maps
bounded subsets of X to relatively (weakly) compact subsets of Y. An operator
T € L(X,Y) is said to be completely continuous if it maps weakly null sequences
in X to null sequences in Y. The following operator ideals are well known and
studied.

(i) The operator ideal F of finite rank operators |Pill, 1.2.1];

(ii) the operator ideal K of compact operators [Pill 1.4.2];

)

)
(iii) the operator ideal W of weakly compact operators [Pill, 1.5.2];
(iv) the operator ideal V of completely continuous operators |Pill, 1.6.2];
)

(v) the operator ideal £ of bounded linear operators.
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In [Pid], the notations §, &, 20, ¥, and £ are used, respectively. It is proven in
[Pill, 4.2.5] that the operator ideals I, W, V, and L are closed.

Let A, B € Ol Recall that the inclusion A C B means that A(X,Y) C B(X,Y)
for all Banach spaces X and Y. The equality of A and B is denoted as A = B and
means that A C B and B C A. It is a well-known and easily verifiable that the
class Ol is an ordered class with respect to the relation “C”.

Similar terminology is used for a quasi-Banach operator ideals (A, |-||,) and
(B, ||:||g)- The inclusion is denoted by (A, ||-|| ) C (B, ||-||5), or shortly, A C B, if
A C B as operator ideals, and additionally, ||T|| , > ||T'||z for all Banach spaces X
and Y, and for all T € A(X,Y’). Two quasi-Banach operator ideals (A, ||-|| ,) and
(B, ||-||g) are equal, i.e., they are equal as operator ideals and their quasi-norms
coincide, if and only if A C B and B C A as quasi-Banach operator ideals.

The components of A%, the surjective hull of A are defined by
AMX)Y)=A{T € L(X,Y) | TQx € A(t,|Bx],Y)}.

If A= A", then A is surjective. If (A, ||| ,) is a quasi-Banach operator ideal,
then A®" is also a quasi-Banach operator ideal with ||T|| o = [|[TQx]| 4 for T' €
AM(X)Y) (see, e.g., |[Pi2, 6.3.2.7]). Clearly, A C A, and if A is a quasi-Banach
operator ideal, then this inclusion holds in the sense of quasi-Banach operator
ideals [Pill, 8.5.3].

Proposition 2.2.10 (see [Pill 8.5.3]). Let A, B be (quasi-Banach) operator ideals
with A C B. Then A" = A" gnd A™ C B*™ as (quasi-Banach) operator
ideals.

Recall that the right-hand quotient Ao B~ of two operator ideals A and B is the
operator ideal that consists of all operators T € L(X,Y) such that T'S € A(X,,Y)
whenever S € B(X,, X) for some Banach space Xy (see [Pill, 3.1.1]).

Let (A, ||| 4) and (B, ]|l z) be quasi-Banach operator ideals. The quotient Ao B~
becomes a quasi-Banach operator ideal if for every operator T' € Ao B~}(X,Y)
one puts

17| gop-—1 = sup{[[TS| o | S € B(Xo, X), [|5]l5 < 1},

where the supremum is taken over all Banach spaces X (see |Pill 7.2.1]).

The inclusion A C Ao B~! holds for any two (quasi-Banach) operator ideals A
and B.
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2.3 Galois connection between operator ideals and
generating systems of sets

In this section, we recall the basic definition of a generating system of sets. We
prove that there is a Galois connection between the classes of all operator ideals
and all generating systems of sets. We observe how this Galois connection relates
to the classical notions of surjective operator ideals and ideal systems of sets (see
Propositions [2.3.3| and [2.3.7). The results in this section are not really new, as
the essential parts of most of the proofs are from [S]; rather, we provide a new
perspective for seeing the known results.

We remark that our notation for generating systems of sets and sequences differs
from Stephani’s for certain convenience reasons.

By a system of sets G we mean a rule which for every Banach space X fixes a
family G(X) of subsets of X. The latter family is called a component of G (in
X). We denote the class of all systems of sets by SSet.

By B, we denote the system of all bounded sets in all Banach spaces (notations
B and b are used in [S] and [AO2], respectively).

Definition 2.3.1 (see [S, Definition 1.1]). System of sets G is called a generating
system of sets if for every Banach space X the following conditions are satisfied:

(Go) G(X) C B(X);
(G1) the component G(K) contains the unit ball Bg of the space K;

(G2) G(X) is closed under algebraic operations: if G, H € G(X) and a € K, then
aG + H € G(X);

(G3) G(X) is closed under taking subsets: if G € G(X) and H C @G, then
H e G(X);

(Gy) itGe G(X) and T € L(X,Y), then T(G) € G(Y).
We denote the class of all generating systems of sets by GSet.

Let G,H € SSet. Define G < H if G(X) C H(X) for every Banach space X.
Clearly, the relation “<” is an order on the classes SSet and GSet.

It is easy to see that the following are examples of generating systems of sets:

(i) the system B;
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(ii) the system W of all relatively weakly compact sets in all Banach spaces
(notations M, and w are used in [S] and [AO2|, respectively);

(iii) the system K of all relatively compact sets in all Banach spaces (notations
M. and k are used in [S] and [AO2], respectively);

(iv) the system F such that its component F(X) consists of all bounded subsets
of finite-dimensional subspaces of X.

For more examples of generating systems of sets, consult [S, Section 1].

It was proven by Stephani that an operator ideal A is surjective if and only if
T(Bx) C S(Bgz) implies T' € A(X,Y) for every S € A(Z,Y) and T € L(X,Y)
(see [S, Section 0]).

In [S, Section 1], Stephani showed that given systems G,H € GSet such that
H < G, one obtains an operator ideal [G — H] by considering all of the operators
which map sets from the system G to sets of the system H. In other words, an
operator T € L(X,Y) belongs to the component

(G — H|(X,Y)

if T(G) € H(Y) whenever G € G(X). Notice that Stephani used the notation
A[H/G] instead of [G — H].

In the given thesis, we use this definition mostly in the special case G := B. Put
©(H) =B — H].

It is easy to see that T' € ©(H)(X,Y) if and only if T'(Bx) € H(Y). Stephani
remarked that the operator ideal ©(H) is always surjective. Classical examples
are F =0(F), L=0(K), W=06(W), and £ = O(B).

Let G € GSet and A € OI. Stephani gave in [S, Section 2| a method for con-
structing a new generating system of sets as a product A o G, which is defined in
the following way:

AoGY)={GCY |G CT(H), where He€ G(X) and T € A(X,Y)}.

This means that the component Ao G(Y') consists of those sets that are contained
in the image T'(H) of a set from the class G, where T' is an appropriate operator
from A. In the given thesis we only consider symbols of the form A o B, which we
denote by T'(A).

To summarize, we have a mapping © from operator ideals to generating systems
of sets, and vice versa, a mapping [' from generating systems of sets to operator
ideals. The following proposition demonstrates how the classes Ol and GSet are
related to each other via those mappings.
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Proposition 2.3.2. The pair (I', ©) is a Galois connection between the classes Ol
and GSet.

Proof. We need to show that given A € Ol and G € GSet, it holds that I'(A) < G
if and only if A C ©(G). By definitions, it is easy to see that both the former and
the latter statement mean that an operator 7' € A(X,Y’) maps each bounded set

Gin X toaset T(G) € G(Y). O

Denote the class of all surjective operator ideals by surOl. According to Propo-
sition [2.1.5] the operator © o I': OI — OI is a closure operator. We have the
following proposition, which describes the corresponding class of closed elements.

Proposition 2.3.3. The following classes coincide.

(1) The class surOl of all surjective operator ideals;

(ii) the class OI of operator ideals that are mapped to themselves by the closure
operator © o' of the class OI;

(iii) the class ©(GSet).

Proof. 1t is straightforward to verify from the definitions that A = © o I'(.A) for
every surjective operator ideal A. Thus (i) = (ii).

Clearly (iii) = (i), since every operator ideal of the form A = ©(G) is surjective.
The equivalence (ii) < (iii) follows from Lemma O

Note that © o I'(A) corresponds to the smallest surjective operator ideal which
contains A. Stephani used the notation A® in [S| for this concept; however, the
notation A*" from |Pil] seems to be prevalent in the literature.

Recall that V ¢ surOl, since V" = L (see |Pill 4.7.13]).

According to Proposition the operator T'o ©: GSet? — GSet? is a closure

—O .
operator. Let us denote by GSet " the corresponding class of closed systems of
sets. In order to describe elements of this class, we need the following definitions.

Definition 2.3.4 (see [S, Section 2]). Let G C X be a bounded set. The
o-absolutely convex hull of G is defined by

o-conv(G) = {x €X|z= Zakxk, where (z;) C G and (a;) € Bgl} :
k=1
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Definition 2.3.5 (see [S, Section 2|). Let G € GSet. System G is said to be an
ideal system of sets if it fulfills an additional property (G5) saying that

(G5) G € G(X) implies o-conv(G) € G(X).

We denote the class of all ideal systems of sets by idGSet.

Definition 2.3.6 (see [S, Section 2|). Let G' be a bounded set in X. Consider the
operator

RG(()\I)SEEG) = Z )\a:l'

zelG

of (1[G] into X.

In [S], notation Qg is used instead of Rg. We have avoided using the notation Qg
to avoid confusion with the notation @ x from [Pil], which was defined earlier.
The proof of the next result is essentially due to Stephani.

Proposition 2.3.7 (cf. [S| Section 2|). The following classes coincide.

(i) The class idGSet;

(i) the class GSetOI;

(iii) the class T'(OI).

Proof. The equivalence (ii) < (iii) follows from Lemma [2.1.6]

To show (i) = (ii), let G € GSet satisfy (Gs), let X be a Banach space, and let
G € G(X). Observe that o-conv(G) = Ra(Byq)). Therefore R € ©(G) and
thus G € ' 0o ©(G)(X). We have shown that G =T 0 O(QG).

To show (iii) = (i), let a system of sets I'(A) be given, let X be a Banach space
and let G € I'(A)(X). We verify that o-conv(G) € TI'(A)(X). There exists a
Banach space Y and an operator T" € A(Y, X) such that G C T(By). Observe
that

o-conv(G) C o-conv(T(By)) = T(By).

Since T'(By) € T'(A)(X), we conclude that o-conv(G) € T'(A)(X). O

As a consequence of Propositions [2.1.5] 2.3.3] and [2.3.7] we have the following:

Corollary 2.3.8. The following classes are order-isomorphic to each other:

(1) class surOl of surjective operator ideals;

(ii) class iIdGSet of ideal systems of sets.
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2.4 Generating systems of sequences

In this section we recall the basic definition and provide several examples of gen-
erating systems of sequences. We consider certain mappings between the classes
of generating systems of sets and sequences and prove preliminary results about
these classes and mappings.

By a system of sequences g we mean a rule which for every Banach space X fixes
a family g(X) of sequences in X. The latter family is called a component of g (in
X). By SSeq, we denote the class of all systems of sequences.

By m, we denote the system of all bounded sequences in all Banach spaces (in [S],
notation B is used).

Definition 2.4.1 (see [S, Definition 1.2]). A system of sequences g is said to
be a generating system of sequences if for every Banach space X the following
conditions are satisfied:

(S0) g(X) C m(X);

(S1) every sequence T = (x;) C By contains a subsequence § of T such that
y € g(K);

(S2) g(X) is a linear subspace of m(X);
(S3) g(X) is closed under passing to subsequences;

(Sq4) f T = (x)) € g(X) and T € L(X,Y), then (Tz) € g(Y).
We denote the class of all generating systems of sequences by GSeq.
It is easy to see that the following are examples of generating systems of sequences:

(i) the system my;

(i) the system c of all convergent sequences in all Banach spaces (in [S], notation
P, is used);

(iii) the system f whose every component f(X) consists of all bounded sequences
which span a finite-dimensional subspace of X;

(iv) the system fc whose every component fc(X) consists of all convergent se-
quences which span a finite-dimensional subspace of X.
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For more examples of generating systems of sequences, consult [S, Section 1.

Let 1 < p < oco. Recall that a sequence (z;) in X is said to be absolutely p-
summable if the scalar sequence (||lxi||) belongs to £,. Consider the following
well-known systems of sequences.

(i) the system cg of all null (i.e., zero-convergent) sequences in all Banach spaces;

(ii) the system £, of all absolutely p-summable sequences in all Banach spaces.

Note that both of the aforementioned systems of sequences fail the property (S;),
since their components in the space K do not contain the constant scalar sequences.

In the following we view the classical spaces €, cy, and m respectively as compo-
nents £,(K), co(K), and m(K), where it is convenient. For notational purposes,

we sometimes use the symbol /., instead of m, and more generally, £..(X) instead
of m(X).

Definition 2.4.2 (see [S, Definition 1.3]). Let g,h € GSeq. The system h is
said to dominate the system g, written g < h, if every sequence from g(X) has a
subsequence in h(X). (In [S], the symbol < is used instead of <.)

It is easy to verify that the relation < is a preorder on the class GSeq. However, it
is not an order. Consider, for example, the systems fc and f. It is straightforward
to verify that fc < f and f < fc, yet f # fc.

We now follow a standard process to make this preorder into an order. Given
g, h € GSeq, we write g ~ hif g < h and h < g. It is easy to see that this is an
equivalence relation on GSeq, and that the preorder on GSeq induces an order on
GSeq/ .. via [g] < [h] whenever g < h.

Stephani showed in [S, Section 1| that given a system g € GSeq, one may define a
generating system of sets W (g) in the following way: every component ¥ (g) (X)
contains all subsets G of X such that each sequence (x;) C G contains a subse-
quence (z;,) € g(X). This construction gives us an operator V: GSeq — GSet
(Stephani used the notation 9, instead of ¥ (g)).

Conversely, we define an operator ®: GSet — GSeq as follows.

Definition 2.4.3. Let G € GSet. Define ® (G) to be the system of all sequences
that are contained in the sets of G. That is, a sequence is in the component
¢ (G) (X) if and only if it is contained in G for some G € G(X).

It is easy to verify that ® (G) indeed is a generating system of sequences.
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Definition 2.4.4. We say that a system G € GSet is sequentially generatable if
there exists a system g € GSeq such that W (g) = G. Denote the class of all
sequentially generatable systems of sets by seqGSet.

As Corollary below shows, the class seqGSet is strictly smaller than GSet.
Since ¥ (f) = F, ¥ (c) = K, and ¥ (m) = B, we have F, K, B € seqGSet. Note
that, in general, the operator W is not one-to-one. Indeed, ¥ (f) = ¥ (fc) = F,
yet, as mentioned before, f # fc.

Corollary below demonstrates the relation between the operator ¥ and the
equivalence relation “~”. To prove it, we use the following lemma from [S], for
which we have included a proof for completeness.

Lemma 2.4.5 (see [S, Lemma 1.1]). Let g € GSeq and let (zx) € g(X). Then
{zr} € ¥ (g) (X).

Proof. In order to show that {z;} € ¥ (g) (X), let a sequence (x,, ) be given. We
need to prove that it contains a subsequence belonging to g(.X).

Assume that the sequence (ny) contains an increasing subsequence (my). Then
(m,,) is the needed subsequence of (z,, ), since (x,,, ) € g(X) by property (S3).

On the other hand, if the sequence (nj) does not contain any increasing subse-
quences, then it must contain a constant subsequence (ry). Then (z,,) is the
needed subsequence of (x,, ), since (z,,) € g(X) by properties (S1) and (S;). O

Lemma 2.4.6. Let g,h € GSeq. Then g < h if and only if ¥ (g) < ¥ (h).

Proof. Let g < h. Take a set G € U (g)(X). By definition, for every sequence
T = (zx) C G there exists a subsequence 7 of T such that 7 € g(X). According to
the assumption, there exists a subsequence Z of § such that Z € h(X). This proves

that G € ¥ (h) (X).
Conversely, let ¥ (g) < ¥ (h) and take a sequence T € g(X). By Lemma

{zr} € ¥ (g) (X) C ¥ (h)(X).
Therefore the sequence T contains a subsequence § € h(X). O

Corollary 2.4.7. Let g,h € GSeq. Then g ~ h if and only if V(g) =V (h).

Stephani also considered the following way to construct operator ideals from two
given systems of sequences.
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Definition 2.4.8 (see [S, Section 1]). Let g,h € GSeq be such that h < g.
Denote by [g — h] the class of operators 7' € £(X,Y), which map each sequence
() € g(X) onto a sequence (y;) := (T'zy) having a subsequence (y;,) € h(Y).
(Stephani used the notation A[h/g| instead of [g — h].)

Proposition 2.4.9 (see [S, Theorem 1.1]). Let g,h € GSeq be such that h < g.
Then

[g = h]=[V(g) = ¥(h)].
Proposition 2.4.10. Let G, H € GSet be such that H < G. Then

G—-H]C[®(G)— P(H).

Proof. Let T € [G — H](X,Y) and let (z;) € ®(G)(X). This means that
(xx) C G € G(X) and we may conclude that (Tz) C T(G) € H(Y). O

Remark 2.4.11. In contrast with Proposition [2.4.9] it does not always hold that
G —-H]=[®(G) - ?H).

For a counterexample, see Proposition [4.1.13[ below.

2.5 Saturated systems of sequences

We say that a system g € GSeq is saturated if for every system h € GSeq that
satisfies h ~ g it holds that h(X) C g(X) for every Banach space X. Denote the
class of all saturated systems of sequences by satGSeq. As Corollary below
shows, the class satGSeq coincides with ® o W(GSeq). For the sake of an example,
we show that the system c is not saturated (see Proposition below). We
conclude this section by proving that the relation < is an order when restricted to
satGSeq (see Proposition below).

Proposition 2.5.1. Let g € GSeq. Then

(i) g~ ®(¥(g));
(i) the system @ (VU (g)) is saturated;

(iii) if g is saturated, then g = ® (U (g)).
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Proof. Let g € GSeq and let X be a Banach space. We prove that g(X) C
® (U (g)) (X). Take a sequence T € g(X). By Lemma {zx} € ¥V (g) (X) and
therefore 7 € ¢ (U (g)) (X).

(i). Let T € g(X). Since T is a subsequence of itself and 7 € ¢ (¥ (g)) (X), we
have g < ® (V¥ (g)). Let T € ¢ (¥ (g)) (X). By definition, {z;} € V(g) (X).
Consequently, there exists a subsequence 7§ of T such that 7 € g(X) and therefore
®(¥(g) S8

(ii). Let h € GSeq be such that h ~ g. Since ¥ (h) = ¥ (g) by Corollary [2.4.7
we have ® (U (h)) = ® (¥ (g)). Therefore h(X) C ® (¥ (h)) (X) = (¥ (g)) (X)
for every Banach space X.

(iii). Let X be a Banach space. On the one hand, ® (¥ (g)) (X) C g(X) because
g is saturated. Conversely, g(X) C ® (¥ (g)) (X) by (ii). O

Corollary 2.5.2. It holds that satGSeq = ® o ¥(GSeq).

To see that satGSeq is strictly smaller than GSeq, observe that ®(¥(fc)) = f and
therefore fc ¢ satGSeq, but f € satGSeq according to Proposition [2.5.1|(ii). An-
other example is provided by Proposition below. The next two propositions
further characterize saturated systems of sequences.

Proposition 2.5.3. Let g € GSeq, let X be a Banach space, and let T € m(X).
Then T € ® (¥ (g)) (X) if and only if every subsequence §J of T contains a subse-
quence Z of § such that Z € g(X).

Proof. By definition, (z;) € ® (¥ (g)) (X) if and only if for every sequence (yx) C
{1} there exists a subsequence (z;) of (yx) such that (z;) € g(X).

For necessity, let (yx) be a subsequence of (xy). Since (yx) C {xx}, there exists a
subsequence (z;) of (y) such that (z) € g(X).

For sufficiency, let (yx) C {zx}. If the set {y;} contains only finitely many different
elements, then there exists a constant subsequence (zx) of (yx), in which case
(zr) € g(X) because of properties (S;) and (S;). On the other hand, let us
assume that the set {yx} contains infinitely many different elements from the set
{zr}. Let (jx) C N be a sequence of indices such that y, = x;, for all & € N.
It is easy to see that there exists an increasing subsequence (hy) of (ji). Define
2, = xp, for all k € N and observe that the sequence (z) is a subsequence of both

sequences (yx) and (zx). By assumption, there exists a subsequence (wy) of (z)
such that (wy) € g(X). O

Proposition 2.5.4. Let g,h € GSeq. Then g < h if and only if
® (¥ (g)) (X) C @ (¥ (h)(X)
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for every Banach space X.

Proof. Let g < h. Take z € & (¥ (g)) (X) and let ¥ be a subsequence of Z. Since
¢ (U (g)) ~ g < h, there exists a subsequence Z of § such that Z € h(X). Thus
T € ® (¥ (h)) (X) by the “if” part of Proposition [2.5.3

Conversely, let ® (U (g))(X) € ® (¥ (h)) (X) for a Banach space X. Take T €
g(X)C P (V(g)(X)C P (¥ (h)(X). By the “only if” part of Proposition [2.5.3]

there exists a subsequence 7 of T such that § € h(X). O
Corollary 2.5.5. Let g,h € GSeq. Then g ~ h if and only if ® (¥ (g)) =
® (¥ (h)).

If follows from the next result that the system of sequences c is not saturated
(because that would be a contradiction with Proposition [2.5.1{(ii)).

Proposition 2.5.6. It holds that c(K) # @ (¥ (c)) (K).

Proof. Consider an alternating sequence @ = (1,0,1,0,...) C K. This sequence
does not converge, and therefore @ ¢ c(K), but @ € ® (V¥ (c)) (K) by Proposi-
tion

Alternatively, observe that the set {0, 1} is relatively compact and that ® (¥ (c)) =
® (K), i.e., the latter system consists of all sequences that are contained in a
relatively compact set. O]

Remark 2.5.7. Saturated systems of sequences can be alternatively characterized

as being of the form ® (G), where G € seqGSet. As Corollary 4.1.12| below shows,
a system of the form ® (G) may fail to be saturated if G ¢ seqGSet.

The following proposition shows that the class satGSeq is ordered. This result
is of critical importance because it enables us to prove below that satGSeq and
GSeq/ . are order-isomorphic to each other (see Corollary [2.6.10)).

Proposition 2.5.8. The restriction of the relation < to satGSeq is an order.

Proof. We only need to show that the relation < is antisymmetric on satGSeq.
Let g, h € satGSeq be such that g ~ h. By Proposition [2.5.1|iii) and Corollary

B55 g = @ (¥ (g)) = © (¥ (b)) = h. 0
Remark 2.5.9. A relation < was introduced in [S| Definition 1.4]. We do not use
this relation in the given thesis, but for the sake of completeness, let us observe
that it can be characterized in the following way. Let g,h € GSeq. Then g < h
if and only if g < h and

® (¥ (g)) (X) Nh(X) C g(X)

for every Banach space X.
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2.6 Galois connection between generating systems
of sets and sequences

We begin this section by proving one of the main results of this chapter: there
is a Galois connection between the ordered classes GSet and GSeq/.. (see Theo-
rem [2.6.4). Corollary shows that a generating system of sets G is sequentially
generatable if and only if G = ¥ (® (G)). We prove that the operator Vo ® is
a closure operator on GSet (see Theorem and conclude this chapter with
the result that the classes GSeq/.,satGSeq, and seqGSet are order-isomorphic to
each other (see Theorems [2.6.6| and [2.6.9)).

Definition 2.6.1. Define the operator ¢: GSet — GSeq/.. by

¢(G) = [®(G)], where G € GSet.

Define the operator ¢: GSeq/. — GSet by
v ([g]) = ¥ (g), where [g] € GSeq/-.

The correctness of the above definition is clear from Corollary

The following two corollaries are due to Lemma [2.4.6] and Proposition re-
spectively.

Corollary 2.6.2. Let [g], [h] € GSeq/~. Then [g] < [h] if and only if ¥ ([g]) <
¢ ([h]).

Corollary 2.6.3. Let [g] € GSeq/~. Then ¢ (v ([g])) = [g]

Theorem 2.6.4. The pair (¢,1) is a Galois connection between the ordered classes
GSet and GSeq/ .

Proof. Let G € GSet and [g] € GSeq/... We need to prove that ¢ (G) < [g] if and
only if G < ¢ ([g]).

By definition, ¢ (G) < [g] if for every Banach space X and for every sequence
T € m(X) which satisfies the condition {z;} € G(X) there exists a subsequence
y of T such that § € g(X).

On the other hand, G < ¢ ([g]) if for every Banach space X, set K € G(X), and
sequence T = (zy) C K there exists a subsequence 7 of T such that 7 € g(X).

It is straightforward to verify that the two statements are equivalent. O]
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The existence of a Galois connection provides us with the following two results.
The first one is immediate from Lemmas [2.1.2| and [2.1.6]

Corollary 2.6.5. Let G,H € GSet and let [g] € GSeq/~.. Then

(i) G < (0(G)) =V (2(G));
(i) G<SH=¢(G) <¢(H) < @(G) < ¢ (H);

~Y

(iii) ¢(G) = ¢ (¥ (¢(G))) and P ([g]) = v (& (v ([g])))-

Let G € GSet. Then G € seqGSet if and only if G = ¥ (¢ (G)) (equivalently,
G =V (9 (G))). To put it another way, seqGSet = ¥ o &(GSet).

Notice that condition (iii) above also follows from Corollary

We define the operators ¢: GSeq/. — seqGSet and ¢: seqGSet — GSeq/~. in a
natural way (by restriction). The next theorem follows immediately from Propo-
sition

Theorem 2.6.6. The following holds:

(i) The operator 1 o ¢ (which equals ¥ o ®) is a closure operator on GSet and
the class W o ®(GSet) is the corresponding subclass of closed elements;

(ii) The operator v: GSeq/. — seqGSet is an order-isomorphism and the oper-
ator ¢: seqGSet — GSeq/ . is its inverse.

At first sight, Proposition [2.1.5] seems to yield more than we formulated in the
previous theorem: it additionally asserts that the operator ¢ o is a closure oper-
ator on (GSeq/~)?. However, this does not provide any new information since we
already know from Corollary that operator ¢ o) is the identity operator of
GSeq/ ~.

Corollary [2.6.5((iii) yields the following result.
Corollary 2.6.7. Let g € GSeq. Then ¥ (g) =¥ (P (¥ (g))).

Proof. Observe that W (g) =1 ([g]) = ¢ (¢ (v ([g]))) = ¥ (2 (¥ (g))). =

Remark 2.6.8. Let G € GSet. In contrast with the above corollary, it does not
always hold that ® (G) = & (¥ (¢ (Q))), although Proposition guarantees
the inclusion ® (G) (X) C ¢ (¥ (P (G))) (X) for every Banach space X. For a
counterexample, see Proposition below.
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We define the operators ®: seqGSet — satGSeq and V¥: satGSeq — seqGSet
in a natural way (by restriction). Observe that Proposition [2.5.1(ii) shows the
correctness of the former definition.

Theorem 2.6.9. The operator ®: seqGSet — satGSeq is an order-isomorphism
and V: satGSeq — seqGSet s its inverse.

Proof. In order to show that the operator ®: seqGSet — sat(GSeq is an order-
isomorphism it suffices to show that it is a surjective order-embedding. Surjectivity
follows from Proposition [2.5.1](iii). Let ¥ (g), ¥ (h) € seqGSet. Let us show that
U (g) < VU (h) if and only if ® (¥ (g)) < ® (¥ (h)). According to Lemma [2.4.6]
U (g) < ¥ (h) if and only if g < h. Since g ~ ® (¥ (g)), h ~ ® (¥ (h)), and the
relation < is a preorder, we have g < h if and only if & (U (g)) < @ (VU (h)).

Corollary shows that ¥ o @ is the identity on seqGSet. To see that ® o U is
the identity on the class satGSeq, take ® (¥ (g)) € satGSeq and apply Corollary

to observe that ® (U (® (¥ (g)))) = ® (¥ (g)). O

Combining Theorems [2.6.6| and [2.6.9) we obtain the following corollary.

Corollary 2.6.10. The operator
® o 1h: GSeq/.. — satGSeq

15 an order-isomorphism.






Chapter 3

Lattice structures of operators, sets,
and sequences

In this chapter, we study the lattice structure on the class of operator ideals,
the classes of generating systems of sets and sequences, and related classes.
We then study the order properties of the various mappings between these
classes. This chapter is mainly based on [Lil1].

3.1 Smallest operator ideals, systems of sets and
sequences

It is a well-known fact that F is the smallest operator ideal (see [Pill 1.2.2]).
Similarly, we prove that the systems F and [f] are the least elements of the classes
GSet and GSeq/.., respectively (see Proposition . To do so, we need the
following lemma.

Lemma 3.1.1. Let hy,... h, € GSeq. Let sequences jj; = (yi)keN be given for
each j € {1,...,n} such that every subsequence Z of y; contains a subsequence
w of Z such that w € h;(X). Then there exists a subsequence N of N such that

(yD)ken € (X)) for each j € {1,...,n}.

Proof. The sequence (yi)ren contains a subsequence (yi)ren, € hi(X). We con-
tinue inductively. On the j-th step (where j € {2,...,n}) we use property (S3)
and the assumption to show that the sequence (y;)ren,_, contains a subsequence

37
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(yi)kez\g € h;(X). It follows from property (Ss) that (y))ren, € h;(X) for each
j€{l,...,n}. The sequence N := N,, is the needed subsequence of N. O

Proposition 3.1.2. Let G € GSet and g € GSeq. Then

(i) F<Gy

(i) £ < g (equivalently, [f] < [g]).
Proof. Let X be a Banach space. Take G € F(X) and take a sequence (z;) C G
(i.e.,, T € £(X)). We prove the first statement by showing that G € G(X); then

we show that there exists a subsequence Z of T such that Z € g(X), which proves
the second statement.

By assumption, GG is a bounded subset of an n-dimensional subspace of X, where
n € N. Since G is bounded and the finite-dimensional spaces span G and m,, are

isomorphic, there exist elements ey, ..., e,, and a constant ¢ > 0 such that
n
GCec {Z QLeL | (Oék)zzl S an} .
k=1

Define operators T}, € L(K, X) by
Ti(a) = caey,

where k € {1,...,n} and a € K. Then

G C i Ty(Bxk)

k=1
and G € G(X) by properties (G1) — (Gy).

Since (zx) C G, we have

with oz{; € Bk for each j € {1,...,n} and k € N. Let us define the sequence
U = (ai)keN for each 5 € {1,...,n} and apply Lemma [3.1.1| to the sequences
Yis---+ Yy, (we put h; := g for each j € {1,...,n}). Note that the assumptions of
the lemma are satisfied because of property (S7). By Lemma , there exists a
subsequence N of N such that (a])ren € g(K) for each j € {1,...,n}. According
to properties (Ss) and (Sy),

n

Z:= Y (Tjof) cn = (@n)ren € 8(X).

Jj=1

We have shown that there exists a subsequence z of T such that z € g(X). O
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Let us also prove the following (easy) characterization.

Proposition 3.1.3. Every sequence (xy) € f£(X) can be expressed as a sum
(zx) = (y}) + ...+ (y}), where n € N and each of the sequences (yi),. .., (y})
s bounded in X and spans a 1-dimensional subspace of X.

Proof. Obviously, every sequence of the form (zx) = (y) + ...+ (y7) belongs to
the component f(X).

For the converse, let (x;) € £f(X). By the proof of Proposition [3.1.2]
m=) Tia})
=1

with 7; € £(K, X) and (a]) C B for each j € {1,...,n}. Tt remains to put

(Wiken = (T5(0)) en

for each j € {1,...,n}. O

3.2 Complete lattices related to operator ideals

In this section, we study the lattice structures of the classes OI, surOI, GSet, and
idGSet. Pietsch mentions in [Pill, 1.11.1] that “the collection of all operator ideals
is something like a complete lattice with respect to the natural ordering”. We
add to this by showing that the classes surOI, GSet, and idGSet are also complete
lattices (see Theorems [3.2.4] [3.2.9] and [3.2.10)).

In this chapter, we repeatedly use the following two results from [DP]. Although
these results have been proven for sets, it can be verified that they hold in the
context of classes.

In the remainder of this chapter, let I be a non-empty class of indices.

Proposition 3.2.1 (cf. [DP, Theorem 2.31; Lemma 2.30]). Let G be an ordered
class with a greatest element, where )\, ; go exists for every subclass {go | o € I}
of G. Then G is a complete lattice, where

Vo= N\g€Clg>g.Vael}

ael

Proposition 3.2.2 (see [DP) Proposition 7.2]). Let G be a complete lattice and let

a closure operator T : G — G be given. Then for every x € G and every subclass
S of T(G) it holds that
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(1) T(G) is a complete lattice under the order inherited from G;
(ii) infima N\ S coincide in lattices T(G) and G;
(iii) \/ S =T(VS), where the former supremum is taken in T(G) and the latter
in G;
(iv) T(x) = My e T(G) | y = =}
The following result is well known; we include a proof for completeness.

Theorem 3.2.3 (cf. [Pill 1.11.1]). The ordered class O1 is a complete lattice with
the least element F and the greatest element L. Let {A, | a € I} C Ol. Then

N Ao =[] Ao

acl ael

Proof. It is easy to check that (,.; As € Ol and A, .; Aa = (,e; Aa- Therefore
Ol is a complete lattice according to Proposition [3.2.1] O

Recall that © oI' is a closure operator on .4 and the corresponding class of closed
operator ideals coincides with the class surOI of all surjective operator ideals (see

Proposition [2.3.3). Proposition yields the following result.

Theorem 3.2.4. The ordered class surOl is a complete lattice with the least ele-
ment F and the greatest element L. Let A € GSet and let {A, | @ € I} C surOl.
Then

A =00T(A) :ﬂ{BESMOI\BDA},

N Ao =[] Ao

acl ael

Although Proposition provides a formula for finding suprema in the classes
OI and surOl, it might be rather cumbersome for practical usage. Propositions
and below give a direct way for finding suprema instead.

Definition 3.2.5. Let {A, | &« € I} C OI. We define the collection of operators
Y ower Ao by letting T € >~ Ao (X,Y) whenever T can be expressed as a finite
sum of operators from any of the components A,(X,Y).

Proposition 3.2.6. Let {A, |a €I} C OL. Then ) ., Aq € Ol and

VA =D A

acl acl
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Proof. 1t is easy to see that ) _, A, satisfies (Ol) and (OI;). To show (Ol5),
let Te L(X,Y),S € o/ AY,Z),and R € L(Z,W). Then S =S5, + ...+ Sy,
where S; € Ag (X,Y), B; € I, and j € {1,...,n}. It holds that

RST = R(S1+ ...+ 8)T = RS\T+ ...+ RS, T € Y A (X, W).

ael

By (O5), V,e1 Aa D D ner Aa- Since A, C Y- Aq for every a € I, we see that
Vaer Ao = Xger Aa- L

Proposition 3.2.7. Let {A, | o € I} C surOl. Then

\/Aa:@oF<ZAa).
acl acl

Proof. According to Proposition [3.2.2(iii), the supremum \/ ., A, in lattice surOI
is equal to © o T (3,7 Aa)- O

Let us examine the structure of the class GSet.

Definition 3.2.8. Let {G, | o € I} C SSet. Define [ .; Go € SSet by
(Ne) =N
acl ael

Theorem 3.2.9. The class GSet is a complete lattice with the least element F
and the greatest element B. Let {G,, | « € I} C GSet. Then

A\ Go = () G-

acl ael

Proof. It is easy to check that (1), .; Go € GSet and A, ; Go = [),e; Ga- There-
fore GSet is a complete lattice according to Proposition [3.2.1] O

Theorem 3.2.10. The class idGSet is a complete lattice with the least element F
and the greatest element B. Let G € GSet and let {G, | « € I} C idGSet. Then

IoO(G) =\/{H €idGSet |H < G},

N\ Go=[)Ga.

acl ael
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Proof. Recall that I' 0 © is a closure operator on the class GSet? (see Proposi-
tion [2.1.5). According to Proposition | I 0 ©(GSet?) = (I' 0 ©(GSet))? =
idGSet” is a complete lattice. But this means that idGSet is also a complete lat-
tice. Applying Proposition (iv) for the class idGSet? and re-writing it for the
class idGSet gives that

I'oO(G) =\/{H €idGSet |H < G}.

Proposition m(iii) proves that the infimum A .,
to I' 0 O((),c; Ga)- It remains to prove that )
i.e., belongs to the class I' o ©O(GSet).

We need to prove that [ .; G, satisfies the property (Gs) from Definition [2.3.5
Let G € (Nye; Ga(X). To show that o-conv(G) € (N,c; Ga(X), it suffices to
observe that each of the systems G, is an ideal system of sets by assumption and
therefore contains the set o-conv(G). O

G,, in the class idGSet is equal

wc1 Ga 1s an ideal system of sets,

Propositions [3.2.12 and [3.2.13| below give a direct way for finding suprema in the
classes GSet and idGSet.

Definition 3.2.11. Let {G, | a € I'} C SSet. Define Sub)_ ., G, € SSet by

(SubZGa)(X):{HCX | 3neN, 36y,....8, €1,

acl

G, € Ggl(X), .. ,Gn € Gﬁn(X),H cGi+... —|—Gn}
Notice that if [ is finite, then the above formula simplifies to
(SubZG) )={H C X |3G, € G(X),...,G,, € G,(X),H C G1+...+G,}.

1<5<n

Proposition 3.2.12. Let {G, |« € I} C GSet. Then Sub}_ ., G, € GSet and

\/ Go=Sub) Ga.

acl acl

Proof. It is easy to see that the system Sub}_ _; G, satisfies (G) and (G3). To
show properties (G3) and (Gy), let a € K| let X,Y be Banach spaces, let G, H €
Sub>" . c; Ga(X), and let '€ L(X,Y). Then G C > ;' Gy and H C >, Hy,
where G € Gg,(X),...,Gn € G, (X) and H; € G, (X),..., H, € G, (X).

(G2) We have aG+ H C aGy+ ... +aGy + Hi + ...+ H, € Sub) ;G (X).
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(G4) It holds that T(G) C T (>, Gr) = > 1y T(Gr) € Suby” ., Ga(Y).

We apply properties (G3) and (G3) to see that \/ ., Go > Sub)_ ., G,. Since
G, <Sub) ., G, for every a € I, we get that \/ ., Go =Sub)_ ., Ga. O

Proposition 3.2.13. Let {G, | a € I} C idGSet. Then

\/ G, = SubZGa.

acl ael

Proof. Recall that ['0© is a closure operator on the class GSet?. Applying Proposi-
tion [3.2.2[(ii) for the class idGSet? and reversing the order proves that the suprema
V oer Ga coincide in the lattices GSet and idGSet. O

We propose the following question. Affirmative answer to it would help to simplify
Proposition [3.2.7]

Question 3.2.14. Let {A, | a € I} C surOl. Is it always true that the operator

ideal
S A,

ael

is surjective?

Currently, we do not even know if this is so for any finite collection of operator

ideals {A;,..., A,}.

3.3 Complete lattices related to systems of sets
and sequences

In this section, we show that the classes seqGSet, satGSeq, and GSeq/.. are com-
plete lattices (see Theorems, 3.3.1} [3.3.5 and [3.3.6). We provide a simpler formula
for finding infima over finite sets in the class GSeq/. (see Proposition [3.3.7). We
then prove explicit formulas for finding suprema in the classes seqGSet, satGSeq,

and GSeq/.. (see Propositions 3.3.11] and [3.3.12)).

Let us begin by examining the structure of the class seqGSet.

Theorem 3.3.1. The ordered class seqGSet is a complete lattice with the least
element F and the greatest element B. Let {G, | a € I} C seqGSet and let
G € GSet. Then

¥ (¢ (G)) = [ |{H € seqGSet | H > G},
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/\ Go = Ga-

acl acl

Proof. As Theorem [2.6.6] shows, the operator ¢ o ¢: GSet — GSet is a closure
operator. Proposition yields that 1) o ¢(GSet) is a complete lattice and that
the above formulas hold (note that 1o ¢(GSet) = seqGSet by Corollary [2.6.5). [

Let us investigate the structure of the class satGSeq.

Proposition 3.3.2. Let g € satGSeq. Then inclusion £(X) C g(X) holds for
every Banach space X.

Proof. According to Proposition f < g. Since f,g € satGSeq, Proposi-
tion yields that

f(X) =@ (¥ () (X) C @ (¥ (g)) (X) = g(X). O

Definition 3.3.3. Let {g, | « € I} C SSeq. Define () ., 8« € SSeq by

(m gﬂz) (X) = ﬂ (8a (X))

acl ael

Proposition 3.3.4. Let {g, | a € I} C satGSeq. Then (),; 8a € satGSeq.

Proof. To prove that (), .; 8« € GSeq, observe that property (S;) follows from
Proposition [3.3.2) because every sequence T = (z3) C Bk satisfies T € f(K).
Other properties are trivial to check.

By Proposition Nacs 8a € satGSeq if

Ne=e(+(0))

Let X be a Banach space and let T € ® (\If (ﬂael ga)) (X). Applying Proposi-
tion to the system [ ,c; 8, we find that for every subsequence 7 of T there
exists a subsequence Z of § such that Z € (,.;8.(X). Once more, we apply
Proposition to the systems g, and conclude that T € ® (¥ (g,)) (X) for
every a € I. We have shown that

7e (2T (g)(X) = [ gal). =

acl ael
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Theorem 3.3.5. The class satGSeq s a complete lattice with the least element f
and the greatest element m. Let {g, | o € I} C satGSeq. Then

N &= () 8o

acl ael

Proof. Since (), c; 8« € satGSeq, we have A ., 8s = (),c; 8a- Therefore satGSeq
is a complete lattice according to Proposition Since @ (V¥ (f)) = f and
® (¥ (m)) = m, it holds that f and m are the least element and the greatest
element of the class satGSeq, respectively. n

Using Corollary [2.6.10] and Theorem [3.3.5] we obtain the following result.

Theorem 3.3.6. The class GSeq/ . is a complete lattice with the least element [f]
and the greatest element [m]. Let {[g.] | « € I} C GSeq/~. Then

/\ [ga] = [ﬂ o (\Ij (ga))]

acl acl

and

\/ ga) = [ﬂ {h € satGSeq|Va € I h > & (¥ (ga))}] .

acl

The next proposition improves the previous theorem in the case when the family
I is finite.

Proposition 3.3.7. Let {[g;] | 1 < j <n} C GSeq/~., where n € N. Then

N gl = [ N gj]

1<j<n 1<j<n

Proof. By Theorem it suffices to prove that ,_;c, 8 ~ Ni<j<,  (V (g)))-
It is easy to see that the “<” part of the above equivalence holds. We show that

N &z (] 2(g).

1<j<n 1<j<n

Let T € (<<, ® (¥ (g;))(X). Then for each j € {1,...,n} and every subsequence
7 of T there exists a subsequence Z of  such that z € g;(X). We apply Lemma3.1.1]
(we put y; := T and h; := g; for each j € {1,...,n}) to find a subsequence N of
N such that (z)ren € g;(X) for each j € {1,...,n}. O
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Let us prove explicit formulas for finding suprema in the classes seqGSet, satGSeq,

and GSeq/~. (see Propositions 3.3.11} and |3.3.12)).

Proposition 3.3.8. Let {G, | a € I} C seqGSet. Then

Ve (mre))

Proof. Recall that 1 o ¢(GSet) = seqGSet and that the operator ¢ o ¢: GSet —
GSet is a closure operator. By Proposition [3.2.2(iii),

Ve o(ve))

where the former supremum is taken in seqGSet and the latter in GSet. m

Definition 3.3.9. Let {g, | @ € I} C SSeq. Define the system of sequences
Y ocr 8a by letting T € 3, 84(X) whenever T can be expressed as a finite sum
of sequences from any of the components g, (X).

Proposition 3.3.10. Let {g, |« € I} C GSeq. Then ) ., 8. € GSeq.
Proof. Tt is easy to verify properties (Sp) and (S7). Properties (S2) and (S;) are
proved similarly to properties (G2) and (G4) in the proof of Proposition [3.2.12]

(S;) Take a sequence T € ) ., 8.(X). Then T =7, + ... +7,, where J; =
(Y2 )ken € 8a,(X) for each j € {1,...,n}. Take a subsequence (z,,) of (z;). Since
(1), Jken € 8a, (X) for each j € {1,...,n},

(xpk) = (y;lyk) . ypk Z ga O

ael

Proposition 3.3.11. Let {[g.] | « € I} C GSeq/~. Then

\ [ga] = [Z ga] :

acl ael

Proof. Let us first prove that the formula [Zael ga] does not depend on the choice
of representatives. Take systems g, h, € GSeq such that g, ~ h, for every a € I.

We need to show that
Z ga ™~ Z ha~

acl acl
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LetZ € ;8a(X). Then T =7, + ... +7,, where
U= () € 85,(X), . T = (4F) € 85,(X).

Applying Lemma to the sequences 7, € gg, (X),..., ¥, € g, (X) (put h; :=
hg,), we find a subsequence N of N such that (y;)ren € hg, foreach j € {1,...,n}.
Therefore

n

(Tk)ken = Z (yi)keN € Z h,(X).

7j=1 acl

This proves that ) ;84 S D, o The opposite relation is proven by swapping
the systems g, and h,,.

It remains to show that

\ [ga] = [Z ga] :

acl acl

Obviously [g.] < [Y,c;8a] for every a € I. Let [h] € GSeq/. be such that
[ga] < [h] for every o € I. We need to show that

[Z ga] < [h]

Let 7 =y, + ... +7,, where
U= (yli)kEN € 85, (X), -, ¥, = (Ui ren € 8, (X).

Applying Lemma to the sequences 77, € gg, (X),....¥, € gs,(X) (put h; :=
h), we find a subsequence N of N such that (zx)renv = >_j_; (Yi)ken € h(X).

Therefore Y ;80 Shand V ., [8a] = [Dacr 8al- =

Proposition 3.3.12. Let {g, | o € I} C satGSeq. Then

Veoe(r(3))

Proof. By using isomorphism between the classes satGSeq and GSeq/.. and ap-
plying Proposition [3.3.11, we obtain that

Voo (o (Y mi)) =2 (o ([Ze])) -2 (o5 <
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3.4 Remarks about systems of sets and sequences

In Section , we proved that the operator ¢ : GSeq/.. — seqGSet is an order
isomorphism and therefore it preserves infima and suprema. The next proposition
shows that although the operator ¢): GSeq/. — GSet preserves infima, it preserves
suprema if and only if the class seqGSet = 1 o ¢p(GSet) is closed with respect to
the operation \/ of GSet.

Proposition 3.4.1. Let {[g.] | « € I} C GSeq/~. Then

(©) ¥ (Aaer[8a]) = Naer ¥ ([84));
(ii) ¥ (Vaes [8a]) =¥ (¢ (Vaes ¥ ([8a]))-

Proof. (i). Using the order-isomorphism between GSeq/. and seqGSet, we get
that ¥ (Ayer [8a]) = Awer ¥ ([84)), where the latter infimum is taken in seqGSet.
Comparison of Theorem [3.2.9 and Theorem reveals that the formulas for
calculating infima in GSet and seqGSet coincide.

(ii). Since GSeq/~ and seqGSet are order-isomorphic, it holds that ¢ (V. [84]) =
Vo1 ¥ ([8a]), where the latter supremum is taken in seqGSet. Propositions
and [3.2.12] show that

V¥ ([ga]) = ¢ <¢ <Sub2w <[ga]>>) =9 (¢ (\/ wqga}))) ,

where the former supremum is taken in seqGSet and the latter in GSet. m

The next proposition shows that the operator ¢: GSet — GSeq/.. always preserves
suprema and that it preserves infima if the infimum is taken over a finite family.

Proposition 3.4.2. Let {G, | a € I} C GSet. Then
(i) ¢ (/\ael Ga) < Noer @ (Go); if 1 is finite, then ¢ (/\ael Ga) = Noes ¢ (Ga);
(i) ¢ <\/a€I Ga) = \/ael ¢ (Ga)-

Proof. (i). According to Theorems [3.2.9| and [3.3.6} it suffices to show

o (ﬂ Ga> SN2 (¥ (2(Ga))

acl acl
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to prove that ¢ (Auc; Ga) < Aues @ (Ga). Let T € @ ((,o; Ga). By definition,
{z1} C G4(X) for every o € I . Therefore

T € ®(Gy) (X) C O (V(2(Ga))) (X)

for every a € I and T € [, @ (¥ (P (G,)))-
Assume that [ is finite. It is easy to see that

® (ﬂ Ga> 2 ()2 (Ga).

acl ael

Theorem and Proposition w yield that ¢ (/\ael Ga) > Noer @ (Ga).

(ii). It suffices to prove that ® (Sub_ ., Ga) ~ > ,c; ® (Ga) by Propositions
[3.2.12] and [3.3.11] In fact, we even prove that

i) <SubZGa> => 2(Ga).

acl acl

By definition, T € ® (Sub)_,.; Ga) (X) if and only if there exist sets Gy €
G, (X),...,G, € G, (X) such that {z} C G+ ...+ G,.

On the other hand, T € ) ., ®(G,)(X) if and only if there exist sequences
Ui = (yi)keN such that T =9, + ... + 7, and the property {yi | k€ N} € Gg, (X)
is satisfied for each j € {1,...,n}.

Let (zx) € @ (Sub>_,c; Ga) (X). Take k € N. Since z € G1 + ... + G, we get
that 2 = yi + ... +y}, where y, € G, for each j € {1,...,n}. Put Ui = (Y] ken
and observe that {y] | k € N} € G, (X). Therefore (z;) € 3, ; @ (Go)(X).

Let 7€) ;P (G,)(X)and T =7, +...+7,, where the sequences 7j; = (Y] ke
satisfy {y] | k € N} € G, (X) for each j € {1,...,n}. Put G; = {y] | k € N}
Then {zx} C G1 + ...+ G,, which proves that T € ® (Sub>__ ., Ga) (X). O

If the family [ is finite, then Proposition [3.3.7] gives a simpler formula for calcu-
lating infima than Theorem [3.3.6] Although the same proof technique does not
work if [ is infinite, we do not know of a counterexample to show that the simpler
formula does not hold in the infinite case. This raises the following question.

Question 3.4.3. Do there exist systems {g, | « € I} C GSeq, where I is infinite,

such that
ﬂ D (V(ga)) # ﬂ ga"

ael ael
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The next question concerns Proposition [3.4.1] If for every collection of systems
{8a | @ € I} C GSeq it were true that \/ ;v ([ga]) € ¥ 0 ¢(GSet) = seqGSet,
then it would mean that the operator ¥: GSeq/. — GSet preserves both infima
and suprema. Currently, we do not even know if it preserves suprema of finite
collections.

Question 3.4.4. Do there exist systems {[g.] | « € I} C GSeq/~. such that

\/ Y ([84]) & seqGSet?

a€el



Chapter 4

The notion of (p, r)-compactness

In this chapter, we study the generating system K, ,y of all relatively (p,)-
compact sets and the operator ideal K, of all (p,r)-compact operators.
Relying on Chapter , we show that the system K, is sequentially gener-
atable if and only if p = oo and r = 1, in which case K, ,) coincides with the
system of all relatively compact sets K. In turn, the system K, ,) provides
answers and counterexamples to certain questions posed in the general con-
text of Chapter . We prove that K, ,) = J\f(sl;fr17T*). This allows us to equip
K(.r) with the corresponding s-norm of A ., and to prove that £, is

an s-Banach operator ideal. This chapter is based on [ALO] and [Lil1].

4.1 The system of relatively (p,r)-compact sets

A. Grothendieck proved in 1955 in his famous Memoir |[G2], among other results,
the following result (see, e.g. [LiT, p. 30]). Following [DFLORT], we call this
result the Grothendieck compactness principle.

Theorem 4.1.1 (Grothendieck compactness principle). Let X be a Banach space
and let K C X. Then K is relatively compact if and only if there exists a sequence
(zx) € co(X) such that

K C {i@k$k ‘ (Oék) < Bgl} .

k=1

If one replaces co(X) with £,(X), for some fixed p > 1, then one obtains a stronger
form of relative compactness. This form of compactness was occasionally consid-

ol
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ered in the 1980s by Reinov |[Rel] and Bourgain and Reinov [BR] in the study
of approximation properties of order s < 1. Let us say, in this case, that K is
relatively p-compact in the sense of Bourgain—Reinov.

In 2002, another strong form of compactness (but weaker than the Bourgain—
Reinov one) was introduced by Sinha and Karn [SK1| through the requirement

that
K C {Z gy | (o) € sz*}

k=1

for some (xj) € £,(X), where 1 < p < oco. In this case, let us say that K is
relatively p-compact in the sense of Sinha—Karn.

Let 1 <p<ooand 1 <r <p* In[ALO|, we introduced the notion of relatively
(p,r)-compact sets. A subset K of X is called relatively (p,r)-compact if

K C {Zakxk ’ (Ckk) € Bgr}

k=1

for some (zy) € £,(X) (where (x) € co(X) if p = 00). As for the “extremal”
cases, the (p, 1)-compactness is precisely the Bourgain—Reinov p-compactness, and
the (p, p*)-compactness is precisely the Sinha-Karn p-compactness. We denote the
system of all relatively (p,r)-compact sets by K,y (in [AO2], notation k) is
used). Note that K(« 1) = K according to the Grothendieck compactness principle.

In this section, we show that the system K, ,) is sequentially generatable only
in the case when p = co and 7 = 1 (see Corollary £.1.10). Relying on [DPSI],
Theorem 3.14|, we also provide several counterexamples (see Propositions ,
Corollary 4.1.12) and Proposition to various remarks from Chapter [2] (see
Remarks [2.6.8] [2.5.7] and [2.4.9)).

Let us begin with the following definition.

Definition 4.1.2. Let 1 < p < oo and 1 <r < p*. For every T = (x3) € £,(X),
define an operator Ez € L({,., X) by

Ef(a) = Zakxk, a€l,.
k=1

In J[ALQ], [JLO], and [Lil2], we used the notation ®(,,) instead of F.

Proposition 4.1.3 (see, e.g., [Al Section 2.5]). Let 1 < p < oo and 1 < r < p*.
Let X be a Banach space and let T € £,(X) (where T € co(X) if p = 00). Then
the operator Er € L({., X) is compact.
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Clearly, a subset K of X is relatively (p,r)-compact if and only if K C Ez(B,,)
for some T € £,(X) (where T € co(X) if p = 00).

Remark 4.1.4. In the literature, the definition of relatively (1, co)-compact set K is
sometimes given by the requirement that K C FEz(B,,), where T € £,(X) (instead
of the requirement K C Ez(By,_)). However, as shown by the line of thought
given below, these notions are equivalent; we have adopted the latter variant for
notational purposes.

Proof. Clearly, the former notion implies the latter. For the converse, let a set K
satisfy K C Ez(By_), where T € £1(X). It is a well-known fact that there exists a
scalar sequence (\y) tending to infinity so that

()\kxk> € El(X)
and A\, > 1 for each & € N. Therefore we may conclude that

K C E(Akxk)(BCo)' ]

The next lemma is well known (see, e.g., [FHHMPZ, pp. 22, 33]).
Lemma 4.1.5. Let T € co(X). Then Ez(By,) = absconv{zy | k € N}.

Proposition 4.1.6. Let 1 < p < oo and let 1 <r < p*. Then K,,) € GSet and
Ken = K.

Proof. We may assume that p # oo, because there is nothing to prove for the case
K1) = K. Let G, H € K;,,)(X) be such that G C Ez(By,) and H C Ey(By,)
for some T and 7 in £,(X). Since Ez is a compact operator, we have G € K(X)
and therefore K, ,) < K. Let us verify the conditions of Definition .

(Go) This follows from the fact that any set Ez(By,) is norm bounded by || Ez||.

(Gl) Let B = (1,0,0, .. ) Then Bk C EE(BKT)

(G2) Let a € K. Put
21/Ta$(k+1)/2 if k£ is Odd,
2. =
g 24"y 1o if k is even.

We have (z) € £,(X) and aG+H C Ez(By,). Therefore aG+H € K, (X).
(G3) This is obvious from the definition of a relatively (p,r)-compact set.

(Gy4) Let T € L(X,Y). Put (yx) = (Txx) € £,(Y). Then T(G) C Ez(By,). O
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The following result describes the relations between the various forms of the rela-
tive (p,r)-compactness.

Proposition 4.1.7 (see [Al Theorem 3.6]). Let X be a Banach space. Let 1 <
p<qg<oo,1<r<p, andl <s<qg*. Assume that

1 1 1 1

e

qa S p T
Then every relatively (p,r)-compact subset of X is relatively (q, s)-compact. Put
another way, Ky < Kgq)-

The next result is rather immediate from [DPSI, Theorem 3.14].

Proposition 4.1.8. Let 1 < p < oo and 1 < r < p* and let X be an infinite-
dimensional Banach space X. Then there exists a compact set K C X such that
K & K (X).

Proof. According to [DPS1, Theorem 3.14], there exists a compact set K C X
such that K & K, ,+)(X). But then K & K, ,)(X), because K, ,) < K, p). O

Proposition 4.1.9. Let 1 <p < oo andletl1l <r <p*. Then ¥ ((ID (K(W))) =K.

Proof. According to Corollary , it suffices to show that & (K(pyr)) ~ c. We
may assume that p # oo, because @ (K1) = ®(K) = ® (¥ (c)) ~ c. Since
Ky < K, we get from Corollary (ii) that ® (Kpn) S ©(K) ~ c. It
remains to show that ® (K(W)) > C.

~Y

Let X be a Banach space and let (zy) € c¢(X) with limy_,o x = 2. Then (z,—2) €
co(X) and there exists a subsequence (y;) of (z — z) such that (yx) € £,(X).
Obviously then {y.} € K,,)(X). According to properties (G1), (G2), and (Gy), it
holds that {yy + z | k € N} € K(;,,1(X). Therefore we have found a subsequence
(yr + 2) of (x1), which satisfies

(g +2) € 2 (Kgpn) (X). O

The following result is immediate from Corollary and Propositions and
4.1.9

Corollary 4.1.10. Let 1 < p < oo and let 1 < r < p*. Then K, € seqGSet if
and only if p=o00 and r = 1.

Proposition 4.1.11. Let X be an infinite-dimensional Banach space. Let 1 <
p < co. Then there exists a sequence T € ® (¥ (P (Kp1)))) (X), but such that

TEO (K(p,l)) (X).
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Proof. According to Proposition [4.1.8] there exists a compact set K C X such
that K & K, 1)(X). Since K is compact, there exists a sequence T € co(X) such
that K C Ex(By,). Since co(X) C @ (T (c)) (X), it follows from Proposition [4.1.9]
that

7B (U(e) (X) = D (K) (X) = & (¥ (® (Kiu))) (X).

Assume to the contrary that T € ® (K,1)) (X). Then
fr} € Ky (X).
This yields a sequence § € £,(X) such that
{zx} C E5(Bp).
But then
K C Ez(By,) = absconv{xy | k € N} C absconv(Ey(By,)) = Ey(By,),
which is a contradiction because Ey(By,) € K 1)(X). O

Corollary 4.1.12. Let 1 < p < oo. Then ® (K(p,l)) ¢ satGSeq.

Proof. Assume to the contrary that the system & (K(m)) is saturated. Then,
by Proposition [2.5.1(iii), we have ® (K,1)) = @ (¥ (® (K(,1)))), which is in
contradiction with Proposition 4.1.11 O

Proposition 4.1.13. Let 1 <p< oo and 1 <r <p*. Then

[B — K(pﬂ.)] 75 [(I) (B) —- O (K(p,r))].

Proof. We have [B — K,y] = K(,,). According to Proposition W, it holds
that

[@(B) = @ (Kn)] = [¥(2(B)) = ¥ (@ (Kpn))] =B — K| =K.

4.2 Description of (p,r) as an s-Banach operator
ideal

Let 1 < p < oo. Recall that £ = O(K), since a linear operator 7: X — Y is
said to be compact if T'(By) is a relatively compact subset of Y. Using relatively
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p-compact subsets of Y instead of relatively compact ones, Sinha and Karn [SKI]
obtained the concept of p-compact operators. If one uses relatively p-compact
subsets of Y in the sense of Bourgain—Reinov instead of relatively compact ones,
then one obtains the notion of p-compact operators in the sense of Bourgain—
Reinow.

Following [SK1], denote the class of all p-compact operators (in the sense of Sinha—
Karn) by C,. Properties of K, were studied in [SKI| and, e.g., in the papers
[IDOPS|, [DPSI], [DPS2], [GLT], [LiT], [O2], [Pi3], and [SK2].

Let 1 <p <ooand 1 <7 < p* Define the operator ideal K, ) of (p,r)-compact
operators by Ky = O(K(p,)). The “extremal” cases, IC, = Koy and K1y
coincide with the classes of p-compact operators in the sense of Sinha—Karn and
Bourgain—Reinov, respectively.

The main objective of this section is to prove that the operator ideal K, ) is equal
to /\/'(S‘“ (see Theorem {4.2.10). Note that the definition of the operator ideal

p,1,r*)
(t,u,v) 18 recalled in Definition below. In this section, we use the conventions

loo =00l =14 00=00+1=00 and co/oco = 1.

Proposition immediately yields the following corollary.

Corollary 4.2.1. Let X be a Banach space. Let 1 <p<q< oo, 1 <71 <p* and

1 <s<q*. Assume that
1
—+
q

Then K, ry C K(q,s) as operator ideals.

1 1
<4
T

W | =
]

Let us start with the following (well-known) notions.

Definition 4.2.2. Let 1 < p < oo and let X be a Banach space. The space £,(X)
becomes a Banach space with respect to the norm

oo 1/p
1z, = (Z kaup) :
k=1

Definition 4.2.3. Let X be a Banach space. The space m(X) = £,,(X) becomes
a Banach space with respect to the norm

7]l = sup [z
keEN

The space co(X) becomes a Banach space with respect to the norm of £,,(X).
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Definition 4.2.4 (see, e.g., [DJT) pp. 32-33|). Let 1 < p < oo and let X be a
Banach space. A sequence T = (xy) in X is said to be weakly p-summable if

o0
D et ()P < oo
k=1

for every z* € X*.

The space E;j’(X ) of weakly p-summable sequences in X becomes a Banach space
when equipped with the norm

—j|w *
I7lly = sup [l o),

We mention that the finiteness of the norm [|Z|| follows from the closed graph
theorem (for details, see, e.g., [DJT) p. 32]). We denote the system of all weakly
p-summable sequences in all Banach spaces by £,

Consider the analogue of the previous definition for the case p = co. Then the
space £ (X)) of “weakly bounded” sequences would coincide with the space €., (X)
and the norm

[Z]|5, = sup sup |z" ()]
r*EBx* keN

would coincide with the norm [[Z([,_ ) (see, e.g., [DJT} p. 33]). Therefore we use
the notations €5 (X) and £..(X) interchangeably in the sequel.

Definition 4.2.5 (see, e.g., [DJT, p. 33]). Let X be a Banach space. A sequence
T in X is said to be weakly null if

lim z*(x;) =0
k—o0

for every z* € X*.

The space cf(X) of weakly null sequences in X is a closed subspace of £,,(X);
therefore it is a Banach space with the supremum norm of £, (X).

Denote the system of all weakly null sequences in all Banach spaces by cf’. The
following lemma is well known and straightforward to verify.

Lemma 4.2.6. Let 1 < p < oo and let X be a Banach space. Then £;(X) C
cy(X) and
Fle ) = Iy

for every sequence T € £,(X).
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Let us recall the definition of the s-Banach operator ideal N, ,) of (¢, u, v)-nuclear
operators.

Definition 4.2.7 (see |[Pill 18.1.1]). Let 0 < ¢t < 00, 1 < u,v < o0, and 1/u +
1/v <14 1/t. An operator T' € L(X,Y) is called (t, u, v)-nuclear if

n=1

with (0,) € 4, (x}) € £,.(X"), and (y,) € £..(Y). Denote
1T, = E N ) e 1) e

where the infimum is taken over all (¢, u, v)-nuclear representations (4.1)) of T'.
Set 1/s =1/t + 1/u* + 1/v*. Then s € (0, 1]. It is well known (see [Pill, 18.1.2]),
that (N0, ”'HN@M)) is an s-Banach operator ideal.

The proof of the next result follows [ALOL p. 149]. For a more detailed version of
the same proof, see [Al Proposition 2.16].

Proposition 4.2.8. Let 1 < p < oo and 1 < r < p*. Let T € £,(X). Then
Ef G ./\[(p’177‘*)<£7-,X).

Proof. Clearly, for Ez € K(¢,, X), we have

e}

TZE €n®xn7

n=1

where the unit vectors e, € ¢« C ({.)* are considered as coordinate functionals
for ¢,. It is well known and easy to verify that (e,) € Sgw(e). Therefore, from
en ® Ty, = ||2n]len ® (||2n]] " z,), it is clear that

EE € Mp,l,r*) (67‘7 X)

and
1Bl . <7l =

The key observation for our approach to the study of K, ,) is that the injective

associate of E belongs to /\/'(S};‘r1 -y Let us denote it by Ez and recall that

EE - EEQ7

where ¢ : {, — Z :={,./ ker E; is the quotient mapping.
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Proposition 4.2.9. Let 1 < p < ocoand 1 <r < p*. LetT € £,(X). Then
Ez € Nsur \(Z,X), where Z =,/ ker E, and | Bz <[z,

(p,1,r*)

NG
Proof. Let € > 0 be arbitrary. For every z € By choose a, € {, with ||a.|| <1+¢

such that ga, = z. Define Q: (1[Bz] — £, by Q((\.)sen,) = > .ep, \20z. Then
Q € L(1[B2],6,), QI <1+ ¢, and ¢Q = Qz:

— X
2N
N
By —% -7

In fact, we have here explicitly written down the lifting property of ¢1[Bz] (see
[Pil, C.3.5, C.3.6]). Therefore,

EEQZ = EEQQ = EYQA € -/V’(p,l,r*)(gl[BZL X)J

meaning that Ey € NG (2, X). Moreover,

(p,1,m*)
Qll
< (1+9)|Bsllng, ey < (1+2) |-

1Bzl . = NEzQlng e < 1Esllng )

(plr*)

Since this holds for every e > 0, we have ||Ez]|

N S < ||Z||,,, as desired. O

Let X and Y be Banach spaces, and let T € K,,y(X,Y’). Similarly to the case
of ) = Ky (see [SKIl, pp. 20-21]), we have the natural factorization of T' as
follows.

Let 7 € £,(Y) such that T'(Bx) C Ey(B,). Denote, as before, Z = {,/ker E.
Then
Ey = Eyq,

where q: £, — Z is the quotient mapping and Ey: Z — Y is the injective associate
of 5. Let v € By and let @ € By, satisfy Te = Fyo. If Ta = Eyﬁ for some
(other) B € {,, then clearly @ — (8 € ker Ey. Therefore one can define Ty: X — Z
by Tyx = qa, © € X, where @ € (, satisfies ||a|| < ||z|| and Tz = Eya:

o5y
NN
Ty
Z X
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Since By = qu, one immediately obtains the factorization
with T € L(X, Z), || T3] <1, and ker T = ker T'.

Theorem 4.2.10. Let 1 < p < oo and 1 <r < p*. Then the operator ideal IC

s equal to (L)

(p,r)

Proof. Let T € K, (X,Y). Since, by the natural factorization, T' = E;Ty, and

Ey e N3,y (Z,Y), we have T ENS;L (X,Y).
Conversely, to see that N;;“ir C Ky, it suffices to prove that Ny« C

Kpr), because K, ) is surjective and A C B™ whenever A C B (see Proposi-

tion [2.2.10)).

Consider T' € Nip1,4(X,Y). Then T = )", 0,25 ® yy, where (0,) € €, (z}) €
£ (X™), (yn) € Loo(Y'). We clearly may assume that [|(z})]|¥ = 1. Indeed,

" & T | ()]
OnTp O Yn = Ony—qrw Lo )lly Yn
CAIE

and (||| yn) € £oo(Y). Observe that (o,y,) € £,(Y). Together with the
assumption |[(z})||¥ = 1, we have

Tx = Zx T)0nYn € Eo,yn)(Be,)

for every x € Bx. Thus we have shown that 17" € K,y (X,Y). O

Since K:(p,,«) = ./\/'(SUlr

o1+ as operator ideals, defining

ey, = Wl

we immediately get that (K., H'H/c(p r)) is an s-Banach operator ideal where

ie., s =pr/(p+r). Note that < s < 1, since 1 = %Jr% < 2. The only case
when s = pr/(p +r) = 1 is precisely when r = p*. This suggests that from the
whole family of s-Banach operator ideals K, ), only K, ,+) is a Banach operator
ideal. As was mentioned earlier, K, ,«y = K, is the ideal of p-compact operators
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introduced in [SKI] by Sinha and Karn. For the other extreme, s = 1 if and only
if p =r = 1. In the language of quasi-norms, this means that K, , is a quasi-norm

with the quasi-constant » = 251 satisfying 1 < 3 < 2 (recall Proposition [2.2.7)).
Since A C B* whenever A C B (see Proposition [2.2.10), Theorem [4.2.10

together with the inclusion theorem for (¢, u,v)-nuclear operators [Pill 18.1.5]
immediately yield the following result.

Corollary 4.2.11. Let 1 <p<q<oo,1 <r<p* and1l < s <q*. Assume that
s <7r and

Then
(’C(p,r)v H'HIC(%,,)) - (K(q,s)7 H"|IC((1,5>)'

In particular, (Kp, ) € (Ko, ll,) and (K, [, ) € Ky Il ) #f
I1<p<g< oo, '

It is important that we can explicitly calculate the s-norm ||| Ky 85 follows.
p,T

Among other uses, this shows that the norm ||-||,. “coincides with the norms intro-
duced in [SK1] and [DPS1] (see Remarks [4.2.14] and |4.2.15| below).

Theorem 4.2.12 (see [ALO| Theorem 3.4]). Let T € K,y (X,Y). Then
1Tk, = mf [[T5][[[7]] = inf [[7]],

where both infima are taken over all sequences § € €,(Y) such that

T(Bx) C {ianyn | o € Bgr} .

n=1

Proof. Let 7 € £,(Y) be such that T(Bx) C FEy(By,). We know that 7' = EyTy,
[Tyl <1, and || Egllnzer . < [[7]]. Hence,

(p,1,r*

ITlkg,, = 1Tl . < I Egllaze . 175
< |7l < [|7l]-

Consequently,
1Tk, < inf || Ty[l[[7]l < inf [|7].
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On the other hand, from the factorization theorem of (¢, u,v)-nuclear operators
(see [Pill 18.1.3]), we know that the (p, 1, r*)-nuclear operator TQx factorizes as
follows:

Z:=0[Bx] - Z-x Loy
iA B
l, 2 0

where A € L(¢,,(,) is a diagonal operator of the form A(a) = (¢,a,) with 7 € ¢,
Ae L(Z1,), Be L({,Y), and

ITQx [ ny.1,0ey = ME B[ Al

where the infimum is taken over the all possible factorizations.

Let € > 0. Choose A, 7, and B as above so that
e+ 1Tk, =+ 1TQx g1 = IBITNIAN = [l

because we clearly may assume that ||A| = ||B|| = 1. Since Bx C Qx(Bz), we
have

T(Bx) C (BAA)(By) C (BA)(B,) {ZananBen |@ € B, }

n=1

where e,, n € N, are the unit vectors of ¢,. Put y, = 0,Be,. Then § € £,(Y),
T(Bx) C Ez(By,), and ||y|| < |[@]|. Therefore,

TNk, = nf 7]

This concludes the proof. O

Let us spell out the immediate special case of Theorems [4.2.10] and |4.2.12 which
characterizes the p-compact operators K, 1) in the Bourgain—Reinov sense. Con-
cerning the p-compact operators in the Sinha—Karn sense, see Remarks [4.2.14

1.2.16] below.

Theorem 4.2.13. The operator ideal K, 1) /\/';ﬁoo IS a L—Banach operator

ideal. The —-norm of T € Kp1y(X,Y) is calculated as follows

ITNlkcq,.., = W[ T5[l[[7]] = inf [[7]],

where both infima are taken over all sequences § € €,(Y) such that

T(Bx) C {Z anyn | @ € Bgl} .

n=1
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Remark 4.2.14. In [SK1l, Theorem 4.2|, the Banach operator ideal norm was in-
troduced on the operator ideal /C, through the formula |||, := inf ||T{y,|l{|yx]l,
which is the special case with r = p* of the first equality in Theorem [4.2.12] Thus
Corollary extends the inclusion result [SK1, Proposition 4.3] for Banach
operator ideals IC,,.

Remark 4.2.15. Delgado, Pinero, and Serrano [DPS1] made a thorough study of the
operator ideal ICp,, but they defined the Banach operator ideal norm in K, through
the formula |||, := inf ||y, ||, which is the special case (with 7 = p*) of the second
equality in Theorem [4.2.12] They proved (see [DPSI], Proposition 3.15]) that the
Banach operator ideal norms from [SK1] and [DPSI]| coincide: |||z, = [|T|,
whenever T € KC,(X,Y); this equality is also contained in Theorem [4.2.12]

Remark 4.2.16. One of the main results of [DPSI|(see [DPS1, Proposition 3.11])
is that (KCp, [[-[l,) = NP, [][»)™", the Banach operator ideal of right p-nuclear
operators. Since, by definition, (N?, ||-[|\») = (Np1p) Il ,,) (et [PiLl 18.1.1]
and, e.g., [Ryl p. 140]), this result is contained as the special case with r = p* in
Theorems [4.2.10[ and 4.2.12] In [DPSI], to prove this result, the authors used a
roundabout approach, first describing ICgual, and relied on Reinov’s recent study
|[Re2] on operators with p-nuclear adjoints.







Chapter 5

Sequentially generated subclasses of
the system K

In this chapter, we study sequentially generatable systems of sets ¥ (g),
which satisfy F < ¥ (g) < K. We introduce the notion of a hereditarily
almost autoapproximable sequence. Using this notion, we prove that the
latter inequality ¥ (g) < K is strict if and only if the system g consists
entirely of hereditarily almost autoapproximable sequences. We also provide
an example of such a system of sequences g.

5.1 Motivation

In Section [2.6] we proved that a system G € GSet is sequentially generatable if and
only if U (® (G)) = G (see Corollary[2.6.5)). Proposition [4.1.9and Corollary [4.1.10]
demonstrated that the systems K, ,), where 1 < p < oo and 1 < r < p*, satisfy
v (CID (K(W))) = K, and therefore fail to be sequentially generatable. These ex-
amples, together with the proof of Proposition leave the impression that it
is somewhat difficult for a sequentially generatable system G € seqGSet to satisfy
simultaneously F < G and G < K.

This chapter is devoted to investigating such systems G € seqGSet, which indeed
satisfy F < G < K. For this, we introduce the notion of hereditarily almost
autoapproximable sequences (see Definition and prove the following charac-
terization (see Theorem [5.2.6): a system ¥ (g) € seqGSet satisfying U (g) < K is
strictly smaller than K if and only if every sequence in every component g(X) is
hereditarily almost autoapproximable.

65
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However, this does not answer the question whether such systems G € seqGSet
exist (other than the trivial example F). Section 5.3]is devoted to constructing such
a system. The construction utilizes the notion and an example of a hypercomplete
sequence, taken from [GLJ.

5.2 Sequentially generated subsystems of K

We begin this section by proving the following result, which uses essentially the
same idea as Proposition 4.1.9,

Proposition 5.2.1. Let g € GSeq and let the component g(¢1) contain a sequence
of the form (axey), where |ag| > 0 for each k € N. Then ¥ (g) > K.

Proof. Take a sequence (axer) € g(¢1), where |ag| > 0 for each & € N. Let

K be any relatively compact set in any Banach space X. We aim to show that
K e V(g) (X).

Since K is relatively compact, every sequence (zy) C K contains a convergent
subsequence (yx). Put x = limg o yx and z; = yr — z. Fix an index k; such
that ||z, || < |aa|. As a next step, fix an index ko > ki such that ||z,| < |asl.
Continuing like this, we obtain a sequence (w;), where w; = z;,. Define an operator
T e L(¢,X) by

T(akek) = Wk.

According to the assumption and property (G4), we have (wy) € g(X). The con-
stant sequence (x,z,...) belongs to the component g(X) according to properties
(S1) and (S;). Therefore we have shown that the original sequence (xj) contains
a subsequence

(Y, )jen = (2k; + 7)jen = (W + 7)jen € g(X). O

The importance of the above proposition is made apparent by Proposition [5.2.4]
and Theorem below.
Definition 5.2.2. Let (x;) be any sequence. Define

[%]?é@ = span{z; | j € N,j # k}
for each k € N. Denote by d(x,Y’) the distance of an element x € X to a subset
Y of X. Clearly,
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For the proof of Proposition [5.2.4] we need the following result, which is due to R.
S. Phillips.

Theorem 5.2.3 (see [Di2, p. 71 (Theorem 3)|). Let Y be a linear subspace of the
Banach space X and suppose that T:Y — m is a bounded linear operator. Then

T may be extended to a bounded linear operator S: X — m having the same norm
as T

Proposition 5.2.4. Let X be a Banach space and let (1) be a sequence in X
which satisfies d(zg, [x]]jé@) > 0 for all k € N. Then there exists a bounded linear
operator R: X — {; such that R(xy) = agex, where |ag| > 0 for each k € N.

Proof. Put
Ve = d(z, [1,725) > 0
for each k € N. Define
Y =span{z, | k e N} C X
and T:' Y — m by
T(zy) = yrer,
where £ € N. To see that T is well defined, observe that the elements x, where

k € N, are linearly independent (since d(xy, [x]]fgg) > 0 for each k € N). Clearly,

T is a linear operator. Let x = Y ;_, Brxy € Y, where 3y,...,5, € K\ {0} and
x # 0. Observe that

|ﬁk7k‘ ’Bkl d(l'k, [x]]jGN) < ‘ﬁk Z lﬁk‘ 81gn /Bk =
J#k v
= |18kl z — Z sign ﬁk i = ||Brerr + Z@y% = ;ﬁj%
J#k v J#k v

for each k € N. Therefore the operator T' is bounded, since
T (Z 51&%) = Z BrVker
k=1 m k=1 m

By Theorem there exists a linear norm-preserving extension S: X — m of
T. Define J € L(m, {;) by

= sup Bl < || Y By
j=1

1
Jek = ?ek
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Put
R=JS e L(X, )
and
1
Qp = ﬁ%

for each k£ € N. We complete the proof by observing that

1
Rxy = JSxp = JTx), = wJep = ?%ek = i€

for each £ € N. O]

Definition 5.2.5. Let X be a Banach space. We say that a sequence (z) in X is
(i) autoapprozimable if d(xy, [xj];ég) = 0 for each k € N;

(ii) autoapprorimable modulo n if there exist indices {k, ..., k,} C N such that
d(wy, [2;)725) = 0 for each k € N\ {ky, ..., kn};

(iii) almost autoapproximable if it is autoapproximable modulo n for some n € N;

(iv) hereditarily autoapprozimable if every subsequence (yi) of () is autoap-
proximable;

(v) hereditarily autoapprorimable modulo n if every subsequence (yx) of () is
autoapproximable modulo n;

(vi) hereditarily almost autoapproxzimable if every subsequence (yi) of (zy) is al-
most autoapproximable.

Theorem 5.2.6. Take g € GSeq such that V(g) < K. Then ¥ (g) < K if and
only if every sequence in every component g(X) is hereditarily almost autoapprozx-
imable.

Proof. For the “if” part, let g € GSeq be such that ¥ (g) < K, where every
sequence in every component g(X) is hereditarily almost autoapproximable. Con-
sider the set A = {1e,} € K(¢;). We show that A ¢ W (g) ({;). Assume to the

contrary that A € ¥ (g) (¢1). Then the sequence (+e;) C A must contain a hered-

itarily almost autoapproximable subsequence (ieno € g(¢,). However, this is a
contradiction, since it fails to be almost autoapproximable.

For the “only if” part, assume that there exists a Banach space X and a sequence
() € g(X) that is not hereditarily almost autoapproximable. Then it contains
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a subsequence (yx) € g(X) which is not almost autoapproximable. It follows that
there exists a countable set of indices I such that

d(yr, [y]]%g) >0, if kel
Consider the subsequence (zx) = (yx)rer of (yx). Observe that
Az [528) > 0

for each & € N. But then ¥ (g) > K by Propositions [5.2.4| and [5.2.1] O

5.3 A system of hereditarily almost autoapprox-
imable sequences

In this section, we provide an example of a system g € GSet which consists of
hereditarily almost autoapproximable sequences and satisfies F < U (g) < K.

We begin by recalling the notion of a hypercomplete sequence (Definition [5.3.1).
We then show that hereditarily autoapproximable sequences are exactly the se-
quences that are hypercomplete in their own closed span (see Proposition 5.3.2]).
For our purposes, we prove (using essentially the same proof as in |[GL, Theo-
rem 2.1.2]) that a certain sequence (i) € co(¢1) is hypercomplete (see Proposi-

tion f-3.3).

We consider a certain system g € GSet which contains both the system f and the
aforementioned sequence (). We observe that ¥ (g) < K (see Proposition [5.3.8]).
The rest of this section is devoted to proving that such a system g indeed consists
of only hereditarily almost autoapproximable sequences, which, by Theorem [5.2.6]
proves that ¥ (g) < K.

Definition 5.3.1 (|GL, Definition 2.1.1]). Let X be a Banach space and let (xy)
be a sequence in X. Sequence (zj) is said to be hypercomplete if span{z,, } = X
for each subsequence (x,,). We say that (xy) is hypercomplete in its own closed
span if span{x,, } = span{z} for each subsequence (z,, ).

Proposition 5.3.2. Let X be a Banach space and let (xy) be a sequence in X.
Then (xy) is hypercomplete in its own closed span if and only if (xy) is hereditarily
autoapproximable.

Proof. Let (xy) be hypercomplete in its own closed span. Take a subsequence
(yx) of (zx) and fix an index j € N. By assumption, span{y; | k € Nk # j} =
span{xzy}. But then y; € span{y; | k € N,k # j} and therefore

d(y;: lynliZ5) = 0.
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On the other hand, let () be hereditarily autoapproximable. It suffices to prove
that
x; € Span{z,, },

for every subsequence (x,,) of (z;) and every element z;, which does not belong
to the sequence (x,, ). Denote by (z,,) the subsequence of (x;) satisfying

{re | ke N} ={j}U{p | k € N}.

But then ‘
d(xj, [, )}3) =0,

since (x,,) is autoapproximable. We may conclude that
x; € Span{z,, }. O
It is proven in [GLL Theorem 2.1.2| that every infinite-dimensional Banach space

X contains a hypercomplete sequence. Inspired by that result, we consider the
following sequence in cq(¢;), which suits our purposes.

Definition 5.3.3. Put
of = 2—k3—(k+j—1)2
¥ =

for each j, k € N. Define
k
Ty = Z a?ej €l
j=1
for each k € N.

In the remainder of this section, the above two notations (a7 and z;) are always
meant to be understood as defined above. For the sake of clarity, we write out the
first few elements of the sequence (xy) € co(¢y).

T = (2_1_1, 0, O, O, .. )
Ty = (27874 2789 0, 0, ...
T3 = (2—27—9 2—27—16 2—27—25 0 o )
Ty = (27647167 2764725’ 2764736’ 27647749 ) )

We will make frequent use of the following lemma.

Lemma 5.3.4. Let j € N and let j < k. Then
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Proof. Observe that

k k k
O‘_Z - Oéjzl e (Zp — 9= (2k+2j-1) | o—(2k+2p-3) <
< 2_(2k+2j—1) . 2—1 o 2—1 — 2_(2k+2j—1) ] 2_(P—j—1) _ 2_(2k+p+j_2)
Therefore

ko ok

Z = 9—(2k+2j=1) o 4 9-Bk+j=2) < 9= (2k+2j-2) koo -

% < Koo,

p=j+1 J

We prove the following result (using essentially the same proof as in [GLL Theorem
2.1.2]).

Proposition 5.3.5. The sequence T = (xy) is a hypercomplete sequence in ;.

Proof. Let (z,,) be an arbitrary subsequence of (xj). Assume that f € (] satisfies
f(z,,) =0 for each k € N. Hence

< HfHZOé”’“

o e \—\ Za”’“f )

for each k € N. According to Lemma [5.3.4

k—>oo

Therefore f(e;) = 0. Similarly, we see that

k—)oo

and thus f(ez) = 0. Continuing in this fashion, we arrive at f(e;) = 0 for each
k € N. By a well-known corollary to the Hahn-Banach theorem, we have ¢, =
Span{e,} C span{z,,}. In other words, the sequence (z) is hypercomplete, as
desired. O]
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Let us define a system g € GSeq which contains both the system f and the sequence
T E Co(fl).

Definition 5.3.6. Let X be a Banach space. The component g(X) consists of
sequences of the form

(yr) = (Tlxpllc + .+ Tvayy + 5k> ;

where N € Ny, Ty, ..., Ty € L(¢1,X), (B) € £(X), and (p}), ..., (pY) are increas-
ing sequences of natural numbers.

Throughout the remainder of this section, the system g is meant to be understood
as defined above.

Proposition 5.3.7. We have g € GSeq.

Proof. Let us verify that g satisfies the properties (Sp), ..., (Ss). The system g
satisfies (51 ), since every sequence in Bg can be written as (fj-1), where (8x) € By,
and 1 € K. Clearly, the system g satisfies (5p), (S2), and (S5). Let S € L(X,Y)
and (yx) € g(X). Then

(Syk) = <ST1:Epi + ...+ STNZEin + Sﬁk) )

where N € Ny, STi,...,STy € L(1,Y), (SBx) € £(Y), and (p}),..., (pY) are
increasing sequences of natural numbers. This means the sequence (Syx) belongs
to the component g(Y). O

Proposition 5.3.8. It holds that ¥ (g) < K.

Proof. By Lemma [2.4.6] it suffices to show that g < ¢, since K = ¥ (c). Let
(Yx) = <T133p; +.. F Ty + 5kz> )

where N € No, Ty, ..., Ty € L(¢1,X), (Bx) € £(X), and (p}), ..., (py) are increas-
ing sequences of natural numbers.

We need to show that the sequence (yi) contains a convergent subsequence. Ob-
serve that
(zk) = (Thzpr + ...+ Tveyy) € co(X),

because () € co(f1). Since f < fe, (6x) € £(X) contains a convergent sub-
sequence (B, )keny € fc(X). It remains to notice that the sequence (y,, )ren =
(2, + Br, Jken is convergent in X. O



5.3. HEREDITARILY ALMOST AUTOAPPROXIMABLE SEQUENCES 73

It remains to prove the most difficult part of this section: that every sequence
(yx) in g(X) is indeed hereditarily almost autoapproximable. For this purpose, we
define two intermediate systems of sequences g; and gy such that gy € g C g
(see Definitions [5.3.9) and [5.3.10] below).

The remainder of this section is structured as follows. We verify that every se-
quence in the system g; is hereditarily autoapproximable (Corollary [5.3.16)). Then
we show that every sequence in the system g, is hereditarily almost autoapprox-
imable (Corollary . Finally we prove that every sequence in the system g
is hereditarily almost autoapproximable (Theorem [5.3.26).

Let us define of the system of sequences g;.

Definition 5.3.9. Let X be a Banach space. The component g;(X) consists of
sequences of the form

where N € Ny, T1,..., Ty € L({1,X), and increasing sequences (s),..., (st ) of
natural numbers satisfy s; < s? < ... < s for each k € N.

Note that g fails to be a generating system of sequences, since it does not satisfy
property (S7). Indeed, the constant sequence e = (1,1,...,1,...) C Bg does not
contain a subsequence from the component g;(K) (recall that the sequence (zy) is
a null sequence in ¢;).

Additionally, g; fails to satisfy property (S2) (see Example [5.3.23) below). It is
easy to verify that g satisfies properties (), (S3), and (Sy).

Next, let us define the system of sequences g,. Recall that the sum h + k for any
two systems of sequences h and k was defined in [3.3.9

Definition 5.3.10. gy = g; + f.

Note that the system g resides inside the system g. Clearly, g, contains the
system f and therefore satisfies property (57). Likewise, it is easy to verify that g
satisfies properties (Sp), (S3), and (Ss). However, it fails to satisfy property (55)

(see Example [5.3.23| below).

In the forthcoming, it is convenient to consider the systems of sequences f> and
g5, which are the unbounded version of f and the corresponding version of g,
respectively.

Definition 5.3.11. Every component f*°(X) of the system £ consists of all
sequences which span a finite-dimensional subspace of X.
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Clearly, £ contains the system f. Note that the system > violates property (Sp)
and therefore £ ¢ GSeq.

Definition 5.3.12. g5 = g; + f*.

Clearly, g5 is not a generating system of sets and g5 ¢ g; nonetheless, it will be
advantageous to employ this system for proving Proposition [5.3.21}

We begin our journey with the following lemma.

Lemma 5.3.13. Take increasing sequences (vy) and (wy) of natural numbers such
that v < wy, for all k € N. Let 7 € N. Then

Wi Wi

Q k
» 50,
ak

Proof. By definition,
k 9—(wy)? Z;”il 9—(wy+p—1)?

Uk 9—(vk)? . 9—(vr+i—1)2

Observe that
W
S oot — el g g Gu ) <
p=1

<2UE(1 427+ 427Dy < 997wk < 2L (kD
Therefore

W awk 2—(’Uk+1)3 . 2 . 2_(Uk’+1)2
P
ol = 9—(uk)? . 9—(ve+i—1)2

p:]_ J

_ 2*(vk+1)3+(vk)3+1+(vk+j*1)2*(vk+1)2 —

9307 —3up—1+1-(2ue+5)(1-2) _ 9—3vi+(1-2)uw+2j k20

Corollary 5.3.14. Take increasing sequences (vy) and (wy) of natural numbers
such that vy < wy for all k € N. Let 7 € N. Then

Layy, k—o0
we koo,

Proof. By Lemma [5.3.13]

WE Wi Wi w
Loy, a, Qp® koo
g ——¢cill < g 0 O
Vi v I\ — Vi
o Qo (6%
J p:l J p:l J
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The following result is the cornerstone for proving that every sequence in gi(X)
is hereditarily autoapproximable (Corollary [5.3.16]).

Proposition 5.3.15. Let X be a Banach space and let (yx) € gi1(X). To be
specific, let

(yp) = (Tll’s]lc +...+ TNxSka)
be given as in the definition of the system g,. Then

{T,e; |1 <n <N, je N} Cspan{yx}.
Proof. We use induction over N. Clearly, there is nothing to prove for the base

case N = 0. We assume that the claim holds for the case N — 1 and prove that it
holds for the case N > 1.

Assume that f € X* vanishes on the sequence (y). Put another way, assume that

N
flye) = Z f(Thrgy) =0 (5.1)
n=1
for each £ € N. Recall that
5;
f(Taag) = o f(Toe;)
j=1
Hence
o sk N s}
alkf(Tlel) = |~ Za]kf(Tlej) - Z Z Oéjkf<Tn€])
Jj=2 n=2 j=1

for all k € N. By Lemma and Lemma 5.3.13| (recall that st < s2 < ... < sl),

1 1 n n
Sk o’k N S o’k koo N
FTe) < I sup (T D= +> > = | == 0+ 0=0.
1<n<N = af = =1 af n=2
Therefore f(Tie;) = 0. Similarly, we see that
gt N E N
—00
FTe) <A sup Tl (D= +> D> =] =0+ 0=0
1<n<N =3 an n=2 j=1 OZQk n=2

and thus f(Ties) = 0. Continuing in this fashion, we arrive at f(7iex) = 0 for
each k € N. We have shown that every functional f € X*, which vanishes on the
sequence (yx), vanishes also on the set

{Tlej ’j S N}
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By a corollary to the Hahn—Banach theorem, we have
{Te; | j € N} C span{y}-. (5.2)

If N =1, we have completed the proof.
Assume that N > 1. Put

S
81
(z) = (Tﬂsi +...+ TN%}:) = (yk — T1x5i> = |y — Z atTe; | (5.3)
j=1
The sequence (zj) satisfies the assumptions of the induction hypothesis for the
case N — 1. Therefore

{The;|2<n<N,jeN} Cspan{y}.

Combining the latter observation with (5.2)) concludes the proof. O

We are ready to prove the first step in the path to Theorem [5.3.26]

Corollary 5.3.16. Let X be a Banach space and let (yr) € g1(X). Then the
sequence (yx) is hereditarily autoapprozimable.

Proof. Take (yx) € g1(X). To be more specific, take

(yk) = <T11:5/19 + ...+ TNSL’SkN>

such that the assumptions from the definition of the system g; are satisfied. Let
(yp,) be an arbitrary subsequence of (yx). Then (y,,) € g1(X), where

(ypk) = (jjlxszl,lC + ...+ TNxsé\;C> .

Proposition [5.3.15| yields that
Z ={T,e; |1 <n<N,jeN} Cspan{y,,}.

On the other hand, clearly y, € span Z for each k£ € N. Combining the previous
two observations yields that

span{yy} C Span{y,, }-

Since the converse inclusion holds trivially, we have shown that (y) is hypercom-
plete in its own closed span. By Proposition [5.3.2] it is hereditarily autoapprox-
imable. O
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The following example demonstrates that if we drop the assumption that
sp<si<..<sy, keN

from the system g; (and correspondingly, from Corollary [5.3.16]), then we cannot
guarantee that the sequence (y;) will be hereditarily autoapproximable. However,
as Theorem below demonstrates, we can still prove that any such sequence
is hereditarily almost autoapproximable.

Ezample 5.3.17. Let X = ¢;. Put Ty = I;, € L({1,¢1) and put Ty, = —I,,.
Let (sp)ren = (2,3,4,...) and let (s3)ren = (1,3,4,...). Then the sequence
(yr) = (Tizg + Towg) is hereditarily almost autoapproximable, but not hered-
itarily autoapproximable.

Proof. Write
(yx) = (Thxg + Towg) = (v — 21,0,0,...).

Obviously, this sequence is not autoapproximable — its first element cannot be ap-
proximated by the other elements of the sequence. Therefore it is also not heredi-
tarily autoapproximable (since the sequence (y) is also its own subsequence).

To see that it is hereditarily almost autoapproximable, take any subsequence (zj)
of (yx). Clearly, (zx) becomes autoapproximable after dropping the first element
of the sequence (z). O

We prove the following easy result.

Lemma 5.3.18. Let (yx) be a sequence in a finite-dimensional spaceY . Then there
exists a subsequence (yp,) of (yx) which satisfies one of the following conditions.

(a) the sequence (||yp,||) tends to infinity and the sequence (Hzp—kH) converges
Pk

to some element z € Y;

(b) the sequence (y,,) converges to some element z € Y.

Proof. Suppose that the sequence (yx) is unbounded. Then it contains a subse-
quence (Y, ) such that the sequence (||yy, ||) tends to infinity and ||y, || # 0 for each
k € N. Clearly, the sequence (yn, / ||yn,||) belongs to a compact set By. We arrive
at (a) by noticing that the latter sequence contains a convergent subsequence.

On the other hand, let the sequence (yx) be bounded; then it indeed contains a
convergent subsequence (y,, ), since Y is finite-dimensional. Thus we have arrived
at (b). O
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We need the following definition and result for proving that each sequence in g, is
hereditarily almost autoapproximable (Corollary 5.3.22)).

Definition 5.3.19. Let X be a Banach space and let W be a finite-dimensional
subspace of X. We say that a sequence (yx) in X is hypercomplete modulo W in
its own closed span, if every subsequence (y,,) of (yx) satisfies

{yr} C span{y,,} +W.

Proposition 5.3.20. Let X be a Banach space and let W be a subspace of X,
where dim W < M. Let (yx) be a sequence in X. If (yx) is hypercomplete modulo
W in its own closed span, then (yy) is hereditarily autoapprozimable modulo M.

Proof. Consider a subsequence (y,,) of (yz). Assume to the contrary that there
exist indices ji, ..., ja+1 such that

k#j k#j
d(yp,jl’ [ypk]kéill)’ te 7d(yij+17 [ypk]ké]\]MH) > 0.

Consider the sequence

Let us denote
Z =span{y,, |k € N, k# ji, ...,k # ju}

By assumption,
{yk} CZ+W.

Therefore we may write

foreach 1 <m < M + 1.

The set {1, ..., pars1} € W must be linearly dependent, since dim W < M. Thus
there exists an index 1 < r < M + 1 such that

M+1

My = Z ﬁmﬂm-

m=1
m#r
Put

M+1 M+1 M+1
w = yp]'r - Z Bmypjm =2z + My — Z ﬁm(zm + ,um) =Zr — Z Bmzm €.

m=1 m=1 m=1
m#r m#r m#r
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Therefore
M+1
Yoy, =W+ D Bty € SDa0{yp, | K €N, k£ j},
mr
which is a contradiction with our assumption that d(y,, , [ypk]zgf) > 0. O

Let us take the next step in the path to proving Theorem [5.3.26

Proposition 5.3.21. Let X be a Banach space and let (y;.) € g5(X). To be more
specific, let

(yr) = (Tlxp}c ..+ Tvayy + ﬁk) :

where N € Ny, Th, ..., Ty € L(ly, X), increasing sequences (pi), ..., (pY) of natu-
ral numbers satisfy py < p2 < ... < py for each k € N, and the sequence (B,) spans
a finite-dimensional subspace W of X. Then the sequence (yx) is hypercomplete
modulo W in its own closed span.

Proof. We use induction over the pair of variables (M, N), where dim W < M. Tt
is fairly obvious that the base case N = 0 holds (for any M > 0). Now consider the
base case M = 0 (for any N > 0). Then the assumption simplifies to (y) € g1(X)
and it becomes necessary to prove that (yx) is hypercomplete in its own closed

span. To do so, it suffices to apply Corollary [5.3.16| and Proposition [5.3.2]

We use the following form of induction. We assume that the claim holds for the
cases (M — 1,N) and (M, N — 1), and show that the claim holds for the case
(M, N), where M, N > 1. Consider a subsequence (ys,) of (y;). Then

(Ysi) = (Tlxpgk +oo o Ty + Bsk> :

We need to prove that
{yx} C span{ys, } + W.

() = (5;; ) .
;"

By Lemma [5.3.18 there exists a subsequence (71 ;) of (sx) such that either

Consider the sequence

1 1
777‘1’]@ nrl,k

converges to some element pq in W;

)

. . 1
(a) the sequence (‘ ) tends to infinity and the sequence (nrl’k/‘
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(b) the sequence <n}1 k) converges to some element p; € W.
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Let us first consider the case (a). Assume that a functional f € X* vanishes on

the sequence (ys, ). In other words, it satisfies

N

Z J(Taayy ) + f(Bs) =0

n=1

f(ysk) =

for each k£ € N.

Then
Pry N o prl .
AG A G G | Y (KUY
||ﬁ7"1,k H alTlv’V HﬁTl,k H 1<n<N n—1 OélTl k Hﬁm k
Observe that
Pr .
q k—o0 0
1B il
By Lemma [5.3.4]
Pry . k—oo
P €1
o
and by Corollary
N

T1 k k:—>oo

>

n=2 (X

le

Therefore

N
ngl,k k—o0
> S e+ 0] =1
Pry g,
n=1 ¢ '

and (5.4) demonstrates that

f (ﬁrlyk) k—oco

> 0.
(|

On the other hand,
f(BTLk) f(n;1k> k—o0

1
77’!’1’k

N

> f(p1).
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Therefore f(puy) = 0.
Let W’ be a subspace of W satisfying dim W/ < M — 1 and

W =W’ + span{u, }.
Clearly, there exists a sequence (o) in W’ and a scalar sequence (7) such that

(Br) = (0% + Y1) -

(Mk) = (Tll'pi + ...+ TNiL’pkN + O'k> .

Each functional f € X*, which vanishes on the sequence (ys, ), vanishes also on
the sequence (ws, ), since f(u1) = 0. By a corollary to the Hahn-Banach theorem,
we have

span{ws, } C span{ys, }.

By the induction hypothesis for the case (M —1, N), (wy) is hypercomplete modulo
W’ in its own closed span. Therefore

{wy} C span{wg, } + W'

We conclude the proof for the case (a) by combining the last two observations and
noticing that

{un} € {wi} +W Cspan{ws, } + W'+ W C spanfys, } + W.

For this reason, let us only consider the case (b) in the following. Then

Assume that a functional f € X* vanishes on the sequence (ys, ). In other words,

it satisfies
N

F(ys) = D f(Tuwp ) + f(Bs) =0 (5.5)

n=1

for each k € N.
Equation (5.5) and Corollary [5.3.14] allow us to write

ﬁTl.k + Tl‘xpg,l &

N
o <A1l sup (1Tl
o 1,k 1<n<N —9

:L.p;ll k k—o0
” = || —— 0.

1
1,k
o%1
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By Lemma [5.3.4]

lim f - = f(u1 + Treq)
k—o0 pTl k
1
Therefore
f(,u1 + T1€1> =0. (56)
Put ) )
(z14) = (Z/k =T (0/1)'“61) - 04}17’%1)

and

2 Pi
(Bk) = (Be — o1 ).
Equations (5.5) and (5.6) demonstrate that every functional f € X*, which van-
ishes on the sequence (ys, ), vanishes also on the sequence (215, ). Observe that

flzip) = f <T1 (wl’i - 0/13’1“61)> + if (Toapp) + f (ﬁk — Oéfim) _
. (5.7

=Sl ey | + 3 f (Tuagy) + £ (52)
j=2

n=2

for each k£ € N.

Consider the sequence

By Lemma [5.3.18] there exists a subsequence (o) of (sx) such that either

) tends to infinity and the sequence (nfzk / ‘

)

(a) the sequence (‘

2 2
777”27]C 777’24’k

converges to some element o in W;

(b) the sequence <7732 k) converges to some element p, € W.

Let us first consider the case (a). Assume that a functional f € X* vanishes on
the sequence (zy ).

Then (5.7) allows us to write
2 Pry p$2,k- p71“2,k- N

f <BT2J€> < Hf” sup ”T ” 042T21k Zj:Q aj € T 2"22 J:p%,k

‘ 32 o 1<n<N "

T2,k

2
T2,k




5.3. HEREDITARILY ALMOST AUTOAPPROXIMABLE SEQUENCES 83

Observe that

pr2 k
(0%} k—00 0

2
Tk

and, by Lemma and Corollary [5.3.14

r pr N
Tk T2k
ijz a; rej+ D o oty i |l k=0

p71‘2,k ’ ||62 +O|| = 1

Qy

Therefore (5.8)) shows that
f( 327’?) k—00 0.
’ 2
T2k
On the other hand,
F(#) 0
S, 5 fn)
‘ T2k ‘nTQ,k

Therefore f(ug) = 0.

Similarly to the procedure that we followed in the previous step when we encoun-
tered the case (a), we may conclude the proof by applying the induction hypothesis
for the case (M — 1, N). Because of this, let us only consider the case (b) in the
following.

If (b) holds, then

Assume that a functional f € X* vanishes on the sequence (z;,). Observe that

(5.7) and Corollary [5.3.14] allow us to write

p’l‘ pT
52 + 2,k '2kT16‘ n
e BT s S

By Lemma |5.3.4

Pl Pl
,,, +Z 2,k -Q’lee‘
lim f 2t & L = s + Tres).

k—o00 prz k
Qg "~
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Therefore
f(p2 + Trea) = 0.

Continuing in this fashion, we arrive at one of the following results.

(A) There exists u € W such that every functional, which vanishes on (ys,),
vanishes on the element pu.

(B) For each j € N, there exists an element p; € W such that every functional,
which vanishes on the sequence (ys, ), vanishes also on the set

G={u+Tie, | j €N}, (5.9)

If (A) holds, then we may complete the proof by referring to the induction hypoth-
esis for the case (M — 1, N). Consider the case (B). Then, by the Hahn—Banach
theorem, we have

span G = span{u; + Tie; | j € N} C span{ys, }. (5.10)
By definition of the sequence z; and (5.10)),
span{Tiz; | j € N} + W C span{u; + Tie; | j € N} + W C span{y,, } + W.
If N =1, then we may complete the proof by observing that

{yr} Cspan{Tiz; | j € N} +W.

Let us assume that NV > 1. Recall that

Py
Z Pi
Tlxpi = Oéj Tlej.

j=1
Put
PE Pe
(Zook) = | Ur — Zoc?"’Tlej — Z oz?’“,uj (5.11)
j=1 j=1
and
Pk
B) = | B —>_auy
j=1
Then

(Zoop) = (Z Ty + 5;;°> : (5.12)
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The sequence (2 ) satisfies all of the assumptions of the induction hypothesis for
the case (M, N —1), as demonstrated by (5.12]). Therefore (2 ) is hypercomplete
modulo W in its own closed span and we may write

{#ook} C SPa{ 2005, } + W. (5.13)

Equation (5.11)) with (B) yield that every functional f € X* which vanishes on
the sequence (ys, ), vanishes also on the sequence (zy s, ). By the Hahn-Banach
theorem, we have

Span{zes, } C Span{ys, }. (5.14)
Combining the observations ((5.13)) and (5.14)), we obtain that
{200k} C Span{ys, } + W. (5.15)

By (5.11),
{yr} C span{zs} + spanG.

It remains to observe that by (5.15) and (5.10)),

span {Zm7k} +span G C span{ysk} + W. O

The following result follows immediately from Propositions [5.3.21| and [5.3.20

Corollary 5.3.22. Let X be a Banach space and let (y.) € g2(X). Then the
sequence (yx) is hereditarily autoapprozimable modulo M for some M € Ny.

The following example demonstrates that the systems gs and g do not coincide
and that the systems g; and g fail to satisfy property (55).

Example 5.3.23. Define S: ¢; — ¢y and T': {; — {1 by
S(ex) = eap—1

and
T(ex) = e,

where k € N. Next, define the sequences (yx), (zx) € ¢1 by
Yr = Swsp—o + Tx3p-1

and
2, = Sy, + Tasy,

where k € N.



86 5. SEQUENTIALLY GENERATED SUBCLASSES OF K

Then the alternating sequence (yi, 21, Yo, 22, . ..) fails to be hereditarily autoap-
proximable modulo M for every M € Ny and therefore does not belong to gs(¢1).
However, it can be represented as
(yl, 21,Y2, 22, . . ) = (Sl’l + TIQ, Sl’g + Tl’g, 51’4 + TI5, SIG + TIG, .. ) =
= (Sxy1,Sx3, Sxy, Sws,...) + (Txo, Tz, Tws, Txe,...) € g(l1),
where
(SZL‘l, SZL‘3, S$4, Sl‘5, .. ) S gl(&) C gg(ﬁl)

and
(TxQ,TI3,TSL’5,T$6, .. ) € g1<€1) C gg(ﬁl)

Proof. The only thing to prove is that the sequence (y1, 21, Y2, 22, . ..) fails to be
hereditarily autoapproximable modulo M for every M € N. Assume to the con-
trary that it is hereditarily autoapproximable modulo M for some M € N. Con-
sider the subsequence (wy), defined by

w =
P s ik > ML

We will reach the contradiction by proving that

d(yy, [welfZ0), .. d(yarsn, [wi FZM1) > 0,

since this shows that we cannot arrive at an autoapproximable sequence by remov-
ing M elements.

Let m € {1,..., M 4 1}. We need to prove that
Ym & sSpanfwy | k € Nk # m}.

By the Hahn—Banach theorem, this is equivalent to the fact there exists a functional
f € 47 such that

fn) = = fym-1) =0, (5.16)
fWmt1) = .. = f(ym1) =0, (5.17)
f(zx) =0foral k> M+ 1, (5.18)
vet f(ym) # 0. (5.19)
Note that condition (5.18]) is satisfied if
fler) = i,
flea) = —cu,
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Indeed,

f(z) = f(Sap + Twgi) = ( (Z oz?’keJ) +T <Z a?’keJ)) =

3k
= Za?kf(Sej + T€j> = 0,

J=1

since f(Se; +Te;j) = f(eak—1) + f(eak) = ¢ — ¢, = 0. Furthermore, f € {7 =m
whenever the scalar sequence (¢j) is bounded. Observe that

3k—2 3k—1
f(yk):f(s.fgk 2+T$3k 1 < (Z& ) +T<Za?klej>>

To satisfy (5.16)), put

Ck:07
where 1 <k <3(m—1)—1=3m —4. Then

3m—2 3m—1

_ 3m—-2_, 3m—1_ __
(Ym) = E ;" e g " ey =
: =
3m—2

Im—1 3m—1 3m—1
= O3y, _3C3m—3 t+ agm 203m 2 = Qg _3C3m—3 — Mgy, 29C3m—2 — Q3 1C3m—1-
Clearly, (5.19) is satisfied if we put

C3m—3 = C3m—2 = 0, C3n_1 # 0.
In order to satisfy (5.17)), we follow the iterative process below.

As a first step, put ¢z, = c3me1 = 0 and define the constant cs,,, o by

Im+1 3m+2
A3 _1C3m—1 — A3y _1C3m—1

Cam+2 = o3 2
3Im+2

Then

fWmi1) = agm—i_ic?)m 1 Oé§$+103m 1~ a§$1303m+2 = 0.
Similarly, f(Ym+2) = 0 for ¢3;m43 = c3mra = 0 and a suitable choice of the constant
Cam+s. Continuing in this way, we arrive at (5.17), having fixed the constants

C3m+6, - - - » CaM+2- It Temains to notice that f € 7 = m if we put ¢, = 0 for each
k> 3M + 3. ]
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For the proof of Theorem[5.3.26] we need to consider the set of all possible orderings
over the indices {1,...,n}.

Definition 5.3.24. A finite sequence

w = (d17X17d27X27 s >Xn—17dn)

is called an ordering (of length n) if the following conditions are satisfied.

(i) {dy,...,d,} ={1,...,n}k
(i) the symbol x; is either “<” or “=" for each 1 < j <n —1;
(iii) dj < djyq if x; is “=" for some 1 < j <n —1.

Denote the set of all such orderings (of length n) by Q,.

An ordering w = (dy, x1,d2, X2, - - -, Xn—1,dy) is said to correspond to a finite se-
quence s = (si,...,S,) if the following conditions are satisfied.

(i) s4, < 84;,, Whenever y; is “<;
(ii) sq, = sa,,, whenever x; is “=".
Let ¢: N — Q,, denote the function which maps each sequence s = (s1,...,5,) to
a (uniquely determined) ordering «(s), which corresponds to s.
FEzample 5.3.25. Let s = (7,3,3). Then «(s) = (2,%=",3,“<”, 1).
We are now prepared to tackle the most general case.

Theorem 5.3.26. Let X be a Banach space and let (yi) € g(X). Then the
sequence (yx) is hereditarily almost autoapprozimable.

Proof. Let (z) be an arbitrary subsequence of (yi). Then (2;) € g(X) and
(2x) = (Tl%,lc +.. +Tvry + ﬂk) )

where N € Ny, T1,..., Ty € L({1,X), B1, € £(X), and (s}), ..., (s) are increasing
sequences of natural numbers.

Our goal is to prove that (zx) is almost autoapproximable. Put

s =(Sp, .-, 50).
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Denote by I, the set of indices satisfying the condition that the ordering w corre-
sponds to the finite sequence s;. Put another way,

I, ={k e N|i(sg) = w}.

Note that the sets I, where w € Qy, form a pairwise disjoint covering of N. In the
following, we prove that each set I, where w € {2y, contains only a finite amount
of indices {ji, ..., j-} such that

k+#3j k3
d(zj17 [Zk’]kéill)v SR d(zjr7 [Zk’]kéj\l ) > 0.
This completes the proof, since there is only a finite amount of possible orderings
of length N.

Let w € Qu. There is nothing to prove if |I,| < oo. Therefore let us assume
that |/,| = co. Arrange the elements of [, in an increasing order and denote the
sequence obtained in this way by (t;). Put

1_ 1 _
Vg = Sp,- 5 Up = Sy,

for each k& € N. We aim to prove that the sequence (z;,) is almost autoapprox-
imable. By definition,

W = <d17X17d27X27 e 7XN*17dN)'

Partition the set {d;,...,dy} into the sets

Ay ={dy,...,do, }, Ao ={doy41,- - day by s A ={da_ 141, da, )

so that the indices d; and d;.; belong to the same partition if and only if x;, is
“=". This means that

xvil = $S:; = $5:§ = IL’UZQ
whenever the indices ¢; and ¢y belong to the same partition (recall that ¢, € I,
for each k € N). Furthermore,

v =5y < s =wy?

for every index ¢; € Ay and ¢y € Ajq, where 1 <h <[—1and k € N.
Define the operators Si,..., 5 € L({1,X) by

Sl:Td1+"'+Tda17
S2:Tdal+1+'--+Tda27

S, = Tdak1+1 +... +Tdal.
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Observe that, for each k € N,

lexvzl + ...+ Tle’vZN =

— (lex’uzl + e + Tdalx d“l) + e _|_ (Tdal 1+1$ dal71+1 + e + Tdalx dal) —
v - v, Yk

= Sl$vdal + ...+ Slmvdaw
k k

since ;! = x2 whenever the indices ¢; and ¢y belong to the same partition. Put

(wg) = (2,,). Note that

(wk) = <Sl$vza1 4+ ...+ Slxvdal + 5%) € go.
k

Indeed, Si,...,S5; € L({1,X) and (UZ‘”), o (UZ“Z) are increasing sequences of
natural numbers such that

da, day da,
Uk < Uk < ... < /l_)k

for each k& € N. By Corollary [5.3.22 the sequence (wy) = (z,) is hereditarily
almost autoapproximable. Clearly, it is then almost autoapproximable. O



Chapter 6

Representing completely continuous
operators through weakly
oco-compact operators

In this chapter, we study the generating system W, of all relatively weakly
oo-compact sets and the operator ideal YW, of all weakly co-compact oper-
ators. We show that the operator ideal WV, is a Banach operator ideal. We
prove that the equality V = W, . oW~ holds (even in the context of Banach
operator ideals). As a consequence, this provides an alternative proof for
the following result from [DFLORT| Theorem 1]: the weak Grothendieck
compactness principle holds only in Schur spaces. This chapter is based on
[JLO] and [Lil2].

6.1 The Banach operator ideal V., of weakly oco-
compact operators

Let us begin this section by extending Definition

Definition 6.1.1. Let 1 <p < oo and 1 <r <p*. For every T = (z3) € £,(X),
define an operator Ez € L({,, X) by

EE(E) = Z AT, O € L,.
k=1

91
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Proposition 6.1.2. Let 1 < p < oo, let 1 <7 < p*, and let T = (1) € £,(X).
Then Bz € L(Lr, X) is well defined and bounded. Moreover, ||Ez| < ||z, .

Proof. By a corollary to the Hahn—Banach theorem, it suffices to show that the set
Ez(By,) is weakly bounded by the constant ||Z||). Let @ € By, and let 2* € Bx-.
By Holder’s inequality,

o 171 - O

|l (Ez@)ll < Y lawl llz" (@)l < llall, || (=" (@n)]], < Il
k=1

Definition 6.1.3 (see [AO2, Section 4.1]). Let 1 < p < ocand 1 <r <p*. A
subset K of X is relatively weakly (p,r)-compact if

K C Ex(By,)

for some (73) € £, (X) (where (7;) € c§(X) if p = 00).

If r = p*, then we arrive at the notion of a relatively weakly p-compact set, which
originates from [SK1|. Let W,y denote the system of all relatively weakly (p,r)-
compact sets in all Banach spaces (in [AO2], the notation w,,) was used).

Put W,») = ©(Wy, ). In this chapter, we focus only on the operator ideal W 1).
Because of this, let us denote W, = W 1y and W, = W 1) for conciseness.
We prove that W, is a generating system of sets (see Proposition and that
Wi is a Banach operator ideal (see Theorem [6.1.6)).

Concerning W), 1), where 1 < p < oo, we prove in the next chapter that it is a
quasi-Banach operator ideal (see Theorem [7.7.4)) via a more general approach (see

Theorem |7.6.10)).

Proposition 6.1.4. W, € GSet.

Proof. Let us verify the conditions of Definition [2.3.1]

(Gy) This follows from Proposition [6.1.2]
(G1) Put §=(1,0,0,...) € c§(K). Then Bx C E5(By,).

(G3) Let a € K. Put
21/Tax(k+1)/2 if k£ is odd,
2 =
" 2"y o if k is even.

We have (z;) € cf(X) and aG+H C Ez(By,). Therefore aG+H € W (X).
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(G3) This is obvious from the definition of a relatively weakly oco-compact set.

(Gy) Let T € L(X,Y). Put (yx) = (Txg). To see that (yx) € cf(Y), let y* € Y™
Then limy_, o, y*(Txx) = 0, since

y'(Txy) = (T"y") (xx),
(x1) € c(X), and T*y* € X*. Therefore T(G) C Ez(By,). O
It follows that W, = O(W) is a surjective operator ideal. Let us introduce a

norm on it.

Definition 6.1.5. Let 7' € W, (X,Y) and put

1Ty, = W17l o vy | T € 5 (Y), T(Bx) C Ez(Be,)}-

We are ready to prove the main result of this section.

Proposition 6.1.6. W, is a Banach operator ideal with the norm ||-||,,, .

Proof. 1t is easy to see that || Ix|,,_ = 1. Indeed, put B=1(1,0,0,...) € c¥(K) and
observe that Bx C Eg(By,). Therefore ||Ixl|,, < 1. For the opposite inequality,

let By C E5(By,) for some § € ¢f(K). Then there exists a sequence @ € By, so
that 1 =", a,8,. Therefore

oo
> anfn
n=1

and we have shown that [|Ix||,, > 1.

Let S,T € Ww(X,Y). We need to prove that |[S+ T/, _ < |S]l,,_ + [Tl
For this, take ¢ > 0 and sequences T and 7 from cf (V') such that S(Bx) C Ez(By,)
and T(Bx) C Ey(By,) with [[z]] < (14 ¢) [|S],y,, and [[g] < (1 +¢) [T}y, -

Assume that sup,,cy ||2.|| # 0 and that sup, oy ||y.|| # 0 (otherwise, either S = 0
or T =0, and the proof is trivial). Put

1<

[o.¢] o
< Bl < sup Bl D o] < sup|Bal,
n=1 nel n=1 neN

el
U, cx 0]

Define Z € ¢/ (V) by

Zn

(g+ Dy ifn=2k-1,
)t

L if n = 2k.
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We check that
sup ||z, < sup ||z, + sup [[ya-
neN neN neN

For this purpose, we use the fact that

+1

q
(q+ 1)sup ||z,|| = Sup | yn |-
neN neN

We have

1
sup [[ynl p =
neN

= (g + 1) sup ||lz,|| =sup ||z, + gsup ||z, || = sup [|z,]| + sup [|y.|-
neN neN neN neN neN

sup ||z,|| = max {(q + 1) sup ||z,
neN N

ne
It remains to show that (S +7)(Bx) C Ez(By,). Let 2 € By, let Sz = Ex(@) and
let Tz = F=(B). Define 7 € By, by

B qurlak if n=2k—1,
T\ A =2k

Then
n=2k—1, n=2k, n=1
keN keN

Fix operators T € L(Xy,X), S € W, (X,Y), and R € L(Y,Y;). We prove
that |RST|,,_ < [[R||[|S]ly_ [IT]]. Let € > 0 and let ¥ € cy(Y) be such that
sUDpen |Unll < 1Sy, + € and S(Bx) C Ej(By,). Put (z,) := (|T]| Ryn). Then
zZ € c(Yp) and

IZlleg o) = sup llznll < W sup llynll < (2] STy + ) 1T

Since
RST(Bx,) C ||T|| RS(Bx) C ||T|| R(E(y,)(Be,)) = [Tl E(ry,)(Be,) = E(.,) (B, ),

we have [|RST |y, < ||Z] o vy and therefore | RSTIlyy,_ < [ R]|[ISlly. I7].

We have shown that (Wa, [|-][),_) is a normed operator ideal. To prove that
it is a Banach operator ideal, we need to show that each of the quasi-normed
components W, (X,Y) is complete. By Theorem [2.2.4] it suffices to show that
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they are sequentially complete. For this, we show that a series >~ Ry converges
in (WOO(X, Y), HHWoo) whenever Y7 | [ Ry, < oo.

By Proposition [2.2.5]

[e.e] oo
D IRl <D IRkl < oo
k=1 k=1

Therefore we may define

R=> Ry€L(X)Y)

k=1
It remains to show that
ReWL(X,Y) (6.1)
and
lim ||R — YR = lim Y R =0 (6.2)

k=1 Weo k=n+1 |y

Let ¢ > 0. Since the series Y .-, Ry is absolutely convergent, there exists an
increasing sequence (p,,) of natural numbers such that

> 9
S IBelhw, <

k:p’m
for each m € N. Put
Pm+1—1
Sm= > R
k=pm

and note that [|Sp,||,,_ < ;& for each m € N.

Clearly,

mi—1

SZZZS}C: ZRk:R_ ZRk
k=1 k=1

k=m1

We prove both (6.1)) and (6.2) by showing that S € W, (X,Y) and ||S],,_<e.

Let m € N. Since S,, € Woo(X,Y) and |S,]],,, < 4=, there exists a sequence
Um = (yi') € cg(Y) such that S,,(Bx) C Ey_(B,,) and

— m E
17l = sup |yl < 4
keN
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Define the sequence Z as any permutation of the following elements:

2y},2y§,...,2yé,...,
4y%,4y§,...,4yi,...,
2"yt 2yt L 2yt
where 2, = 2j"yf:. To prove that Z € ¢ (Y'), we take any y* € Y*, let § > 0, and
show that the set {n € N | |y*(z,)| > 0} is finite. It is so because

2m
2" sup [ly'|| < R 0
keN M—+00

and each of the sequences (y}")ren contains only finite number of elements such
that |2™y*(y*)| > .

We claim that S(Bx) C Fz(By). Let x € Bx. For every m € N, we have
Sm® =Y en oy for some sequence (af)ren € By,. Put

1= oo
Then (3 € By,, because
PIAED B) BEA IS
n=1 m=1 k=1
We have o o o
Sz = ZSm:c = ZZaZ”y,T
m=1 m=1 k=1

The double sequence (a'yy")m.ken is absolutely convergent. Indeed,

ZZwmmemZW|z%§.

m=1 k=1

Therefore it is unconditionally convergent and we may write

o= 33 ap = 35 (2nE) = 3 s
m=1 k=1 n=1

We have shown that S € W, (X,Y). Also,

= n,n n €
151l < NIZl] = sup [z = sup [[2"yg] < sup 2" < €. O
ne

meN n,keN
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6.2 Representing completely continuous operators
through weakly co-compact operators

Recall that K C V and £ C W, but V and W are incomparable [Pil, 1.11.8].
Consider the following well-known equality:

YV=KoWw,

which holds in the context of Banach operator ideals (see [Pill 3.2.3]). The main
tool in the proof of the latter formula in [Pill 3.2.3] is the simple fact that Ez: ¢f —
X is weak*-to-weak continuous if T € cf(X).

The main result of this chapter is that ¥V = W, o W=, We first prove that this
equality holds as operator ideals (see Theorem and then prove that it holds
as Banach operator ideals (see Theorem . As an immediate consequence, this
provides an alternative proof for the result [DFLORT, Theorem 1] below. Recall
that X has the Schur property (is a Schur space) if weakly null sequences in X are
norm null.

Theorem 6.2.1 (see [DELORT) Theorem 1|). Every weakly compact subset of a
Banach space X is contained in the closed convexr hull of a weakly null sequence if
and only if X has the Schur property.

In [DELORT], this result was concisely described as follows: the weak Grothendieck
compactness principle holds only in Schur spaces. In [DELORT], Schauder basis
theory was used for the proof. In contrast, our method of proof relies on the
Davis-Figiel-Johnson—Pelczynski factorization theorem |[DEJP].

Let us start with the following well-known fact, for which we include a proof for
completeness.

Proposition 6.2.2. If (z,) is a weakly null sequence in a Banach space X, then
Ez(By,) is weakly compact and coincides with the closed absolutely convex hull of

Proof. (ct. J[AOIl proof of the “if” part of Theorem 3]). The set Ez(By,) is clearly
absolutely convex. It is also weakly compact because I5: ¢; — X is weak*-to-weak
continuous and By, = B,; is weak® compact by the Banach—-Alaoglu theorem. It
is closed, since weakly closed convex sets are closed in the norm topology. Hence,
Ez(By,) is a closed absolutely convex subset of X containing (z,,). Since Ez(By,) is
obviously contained in the closed absolutely convex hull of (x,), it coincides with
the latter set. O
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Let X be a Banach space. By the Grothendieck compactness principle, every
relatively compact set is relatively weakly co-compact. This observation along
with Proposition yields the following (known) result.

Corollary 6.2.3.  C W, C W as operator ideals.

From the proof of Proposition below, it can be seen that these inclusions are
strict.

Theorem 6.2.4. The equality V = W, o Wt holds in the context of operator
ideals.

Proof. Since K C W,o, we clearly have that £ o W= € W, o W~L. Since also
YV C K oW (this is the obvious “part” of the equality V = Ko W™1),

YV CWo o WL

It remains to show that
Wy oWt Ccy.

Let X and Y be Banach spaces and let T € W, o W(X,Y). Assume for
contradiction that 7" ¢ V(X,Y). Then there exists a weakly null sequence (z,)
in X such that (Tx,) is not a null sequence in Y. Passing to a subsequence of
(), we may assume that ||Tz,| > d,n € N, for some 6 > 0. Hence, (T'x,) is not
relatively compact.

Since E; € W({y, X) (see Proposition[6.2.2), the Davis-Figiel-Johnson—Pelczyriski
factorization theorem [DEJP] yields a reflexive space R and weakly compact op-
erators S: {1 — R with ||S|| = 1 and J: R — X such that Ez = JS. From the
definition of Wo,oW ™!, we get that TJ € W, (R,Y') because T € Wy oW HX,Y)
and J € W(R, X). Hence, there exists a weakly null sequence 3 in Y such that
TJ(Br) C Ey(Be,). In particular, Tz, = TEze, = T JSe, € Ey(By,), n € N,
where (e,,) is the unit vector basis in /.

Denote by Eg the injective associate of Fy, which means that Fy = ng, where
q: {1 = Z := {1/ ker Ey is the quotient mapping. Since ranT'J C ran By = ran £y,
we can consider the linear operator E;TJ: R — Z. This operator is bounded: if
r € By, then T'Jr = Eja for some o € By, and HE;TJTH = |lga]] < 1.

We prove that Z has the Schur property. Observe that ker £ is weak™ closed in
l; = ¢} (because Ey is weak*-to-weak continuous). Put W = (ker Ey),. Then

W+ = ker Ey, since ((ker Ey) )" = ker By ) by the bipolar theorem and ker Ej is
w*-closed. Therefore W* = ¢, /W = (,/ker By = Z. This proves that Z has the
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Schur property, since by Grothendieck’s result [GI, Theorem 10] (see also Remark
below), the dual W* of any closed subspace W of ¢y has the Schur property.

Since R is reflexive and Z has the Schur property, L(R, Z) = K(R, Z). In partic-

ular, Eg_ '7J and therefore also Eyﬁg_ "TJ =T are compact operators. It follows
that (Tx,) = (T'JSe,) C (TJ)(Bg) is relatively compact, a contradiction that
completes the proof. O

Recall the following definition.

Definition 6.2.5. A Banach space X is said to have the Dunford—Pettis property
if for each Banach space Y, every weakly compact linear operator 7T: X — Y is
completely continuous.

For equivalent characterizations of the Dunford-Pettis property, see, e.g., [Dill
Theorem 1].

Remark 6.2.6. Let W be a closed subspace of ¢y. To prove that the dual W* has
the Schur property, Grothendieck |G1, Theorem 10| first establishes that W has
the Dunford—Pettis property (DPP). Grothendieck’s easy and beautiful proof can
be found in Diestel’s survey article [Dill, pp. 25-26, see also Theorem 4]. Since
W does not contain a copy of ¢;, relying on Rosenthal’s ¢; theorem, Diestel [Dill
Theorem 3| quickly concludes that W* has the Schur property. Let us provide a
version of Grothendieck’s proof [GI, pp. 171-172], showing that the DPP of W
implies that WW* has the Schur property.

Proof. To show that W* has the Schur property, let (w?) be a weakly null sequence
in W*. Consider the operator S € L(W,¢y) defined by Sw = ((w},w)). It is
straightforward to verify that S* = ). Since (w}) is weakly null in W*, E,»)
is weak*-to-weak continuous and thus S* € W(c§, W*). By Gantmacher’s theorem,

S e W(VV, C(]).

The Dunford—Pettis property of W yields that S € V(W,¢q). By [Sw, p. 398,
Proposition 3], S is compact, since it is a completely continuous operator and the
dual of its domain, W*, is separable. Therefore, by Schauder’s theorem, we have

S* € K(by, W*).

Assume to the contrary that the sequence (w
subsequence (wy; ) satisfying that Hw;jk ‘ > 0 for each k € N, where § > 0. Since
(wy) C Ewz)(Be, ), this subsequence (w; ) must contain a subsequence converging
to an element w* € W*, where ||w*|| > 6. But this is a contradiction with the fact
that the sequence (w}) is weakly null. O

*

*) is not null. Then it contains a
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Let € > 0 and let K be a relatively compact set in X. It is well known and easy to
see that in the proof of the Grothendieck compactness principle, one may choose
the sequence T = (zy) € co(X) so that

sup ||z, || < sup [|lz]| +e¢,
neN zeK

where K C Ez(By,).

This allows us to make the following observation.

Proposition 6.2.7. Let T'€ K(X,Y). Then ||T[],, =|T].

Proof. The Grothendieck compactness principle yields that
T = inf{sup,en [|lzall | T € co(Y), T(Bx) C Ez(B,)}-

Therefore ||T|,,,_ < ||T'[], since infimum in the definition of ||T|,,_ is taken over a
larger set than in the previous formula. On the other hand, ||T|| < ||T']|,,, because
W is a Banach operator ideal. H

For the proof of the next theorem, recall that X = ¥V o W as Banach operator
ideals (see |Pill, 3.1.3]).

Theorem 6.2.8. The equality ¥V = Wy, o W= holds in the context of Banach
operator ideals.

Proof. Fix an operator T € V(X,Y) = W, o W(X,Y). By definition,
IT[lyygoyy-1 = sup{[TW |y, [ W € W(Xo, X), [W]},y, < 1},

where the supremum is taken over all Banach spaces Xj.

Therefore TW € Vo W(Xo,Y) = K(Xo,Y) for any W € W(Xy, X). According to

Proposition [6.2.7],
[TW iy, = ITWI][ = ITW]|; -

Therefore

1T oy =sup{ITW | W € W(Xo, X), W]y, <1} =

=sup{[[TW||,c | W € W(Xo, X), [Wlly, <1} = [Tl coy— = Il -
O
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6.3 Applications

It is well known that I C V. As we see now, Wy lies strictly between K and V.

Proposition 6.3.1. X C W, C V as Banach operator ideals, and both of the
inclusions are strict.

Proof. Observe that W, C Wy o W1 =V by Theorems and The
inclusion I C W, was observed in Corollary (as operator ideals) and Propo-
sition [6.2.7] (as Banach operator ideals).

To see that I # Wy, consider the identity embedding j: ¢; — ¢ that is not
compact but is weakly oo-compact, because j = FE|,), where (e,) is the unit
vector basis of ¢g. On the other hand, the identity operator on ¢; is completely
continuous (because ¢; has the Schur property) but since it is not weakly compact,
it is not weakly oco-compact either (recall that W,, C W). (Another way to see
that W, # V is to use that W, = W3, but V # V™" = £.) Now it is easy to
see that the inclusion W,, C W in Corollary is strict: the identity operator
on /5 is weakly compact but since it is not completely continuous, it is not weakly
oo-compact. ]

Let X and Y be Banach spaces and T' € L(X,Y). Tt is well known (and clear
thanks to the Eberlein—Smulian theorem) that 7' € V(X,Y) if and only if T takes
relatively weakly compact subsets of X into relatively compact subsets of Y.

Theorem 6.3.2. Let X and Y be Banach spaces and T € L(X,Y). Then T €
V(X,Y) if and only if T takes relatively weakly compact subsets of X into relatively
weakly oo-compact subsets of Y.

Proof. The “only if” part is obvious because relatively compact sets are relatively
weakly oo-compact. From the definition of W, o W1, it is clear that if T takes
relatively weakly compact sets into relatively weakly oo-compact sets, then T' €
Wao o WHX,Y'). By Theorem this means that 7' € V(X,Y). O

Let A be an operator ideal. Recall that the space ideal Space(A) is defined as
the class of all Banach spaces X such that the identity operator on X belongs to
A(X, X). If A and B are operator ideals, then obviously X € Space(A o B~!) if
and only if B(Z, X) C A(Z, X) for all Banach spaces Z.

From the definitions, it is clear that Space()) is the class of all Banach spaces with
the Schur property. Theorem yields that

Space(V) = Space(W,, o W1).
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This can be reformulated as follows. Note that the equivalence (i) < (ii) below is
precisely Corollary and, as was mentioned in the beginning of Section it
is due to [DFLORT| Theorem 1].

Theorem 6.3.3. For a Banach space X, the following statements are equivalent:

(i) X has the Schur property;
(ii) the weak Grothendieck compactness principle holds in X ;

(i) W(Z,X) C Ww(Z, X) for all Banach spaces Z.

Proof. We already observed that (i) < (iii) thanks to Theorem [6.2.4] The impli-
cations (i) = (ii) = (iii) are obvious. (But (i) < (ii) is also the special case of
Theorem when 7' is the identity operator on X.) O

Remark 6.3.4. By the Davis-Figiel-Johnson—Pelczynski factorization theorem, (iii)
is equivalent to

(iv) all injective operators from reflexive Banach spaces to X are weakly oo-
compact.



Chapter 7

Constructing quasi-Banach operator
1deals from sequence spaces and
systems of sequences

In this chapter, we propose a general method for constructing generating
systems of sets and quasi-Banach operator ideals. This method is inspired
by the construction of generating systems of sets K, ,) and W, and the
corresponding operator ideals K,y and W,. This construction produces
a quasi-Banach operator ideal from a BK-space g and a normed system of
sequences h, provided that ¢ and h satisfy certain criteria. Among other
examples, we prove that the operator ideals W) and U/, are quasi-
Banach operator ideals (for 1 < p < c0).

7.1 Summary of this chapter

The aim of this chapter is to provide a new method for constructing generating sys-
tems of sets and quasi-Banach operator ideals. This method relies on the classical
theory of BK-spaces and their Kothe-duals. The definitions and relevant aspects
of the latter theory are given in Section

In Section , we give the definition of a normed system of sequences h (see
Definition :7.3.8) and provide several examples of them (see Examples|7.3.11}[7.3.12
and [7.3.13)).

Section starts with the definition of a g-compatible (for a BK-space g) system

103
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of sequences h (see Definition [7.4.3). Then we construct the system of sets A[g, h]
(see Definition and prove that it is a generating system of sets, provided
that g and h satisfy certain properties (see Theorem . We observe that
K1) = All1,¢co] and K,y = Al(,,£,], where 1 < p < oo and 1 < r < p* (see
Proposition [7.4.5)).

Another method for constructing systems of sets was put forth by M. Gupta and
A. Bhar in [GB], encompassing the system K, ,-) of relatively (p, p*)-compact sets.
Although there are similarities between these approaches, there are also substantial
differences (see Remark. Nonetheless, we prove in Propositionthat our
construction encompasses all of the systems of sets produced by the approach in
IGB].

In Section we study the surjective operator ideal ©(A[g, h]) (we use the nota-
tion ©4[g, h] for conciseness). We can equip it with a quasi-norm ||-[|, ), provided
that ¢ and h satisfy certain properties (see Theorem [7.5.1)). For the operator ideal

K(p.r), this quasi-norm coincides with the s-norm HH,C( : from Theorem (4.2.12|and
p,T

for the operator ideal W, it coincides with the norm ||-|,,,_ from Definition |6.1.5]

It was proven in [GB, Theorem 3.10], that under suitable assumptions on a BK-

space A, the system K of A-compact operators (a notion, which encompasses the

Banach operator ideal KC(;, ,+), where 1 < p < 00) is a quasi-normed operator ideal
with a quasi-constant of 8. In Section we prove that this result is encompassed

by Theorem [7.5.1]

In Section we prove that under some additional assumptions on ¢ and h,
the operator ideal ©,[g, h] becomes a quasi-Banach operator ideal (see Theo-

rem [7.6.10)).

In Section [7.7] we provide several examples of quasi-Banach operator ideals pro-
duced by our construction. We start with the prototypical example of IC(,,) (see
Proposition [7.7.1). Another example, the quasi-Banach operator ideal ©,[¢,, m]
(see Theorem [7.7.2), is different from any of the operator ideals K, since it
contains non-compact operators (see Proposition [7.4.12)).

In [AO2|, the notion of unconditionally (p,r)-compact operators was introduced.
The operator ideal of unconditionally (p, 7)-compact operators is denoted by Uy, ).
We prove that W, 1y = O[04, e;:] and U, 1y = Ox[l1, £,] are quasi-Banach operator
ideals (see Theorems [7.7.4] and [7.7.5] respectively). Finally, we recall some known
results about the Banach operator ideals W, ,+) and U, ,+) (see Remarks and
777,

We conclude this summary with a few general remarks. On the positive side,
the construction provided in this chapter simplifies the process of showing that
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a given collection of operators ©,[g, h| is a quasi-Banach operator ideal. Indeed,
what remains is to ensure that the given g and h satisfy the necessary properties
(see the various examples in Section [7.7)), while the “heavy-weight lifting” is done
by Theorems [7.4.9] [7.5.1] and [7.6.10l However, there is a catch. In all of the
examples provided in Section [7.7] the obtained quasi-constant s is equal to 2.
However, this is not optimal in general; for example, in the case of the operator
ideal KC(, ) of (p,r)-compact operators, this constant seems to be optimal only if
p =r =1 (see remarks following Theorem [4.2.10). The quasi-constant » = 2 is
also suboptimal for the operator ideal W 1, since it is even a Banach operator
ideal (recall Proposition and compare it to Proposition [7.7.3). For the time
being, we are not aware of a method for calculating the best quasi-constant for a
given operator ideal ©,[g, h] which would only depend on the immediate properties
of g and h.

7.2 Sequence spaces and their Kéthe-duals

We begin by giving some basic definitions related to sequence spaces. Let w denote
the vector space of all sequences over the field K. Denote by fin the smallest
subspace of w containing all of the unit vectors e,; i.e., fin = span{e, | n € N}
(in literature, the symbol ¢ is commonly used instead). A linear subspace g of w is
called a sequence space, if it contains the vector space fin (the latter assumption is
for our convenience only, as we will need to consider only such spaces; in literature,
the definitions are usually given without this assumption).

The following definition is due to G. Kothe and O. Toeplitz [KT|. We refer the
reader to [K| §30] for an overview of properties of sequence spaces and their a-
duals. A wide range of examples of sequence spaces may be found, e.g., in [K]
§30], [KG p. 48], and [Bo].

Definition 7.2.1. Let g be a sequence space. The a-dual or Kéthe-dual of g is
the space ¢* defined as

g* = {B = (Br) € w: Z|akﬁk| < 0o, forall@ = (ay) € g}.

k=1

In the literature, the notations ¢g“ and g* are used interchangeably.

Definition 7.2.2. A sequence space ¢ is said to be solid (or normal) if for every
() € g it also contains every sequence ([) satisfying |5x| < |ay| for each k € N.

The following result is well known and easy to see.
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Proposition 7.2.3. Let g be a sequence space. Then the space g* is a solid

Sequence space.

Definition 7.2.4. The k-th coordinate map Py: g — K is defined by Py(@) = ay,
where @ € g and k € N.

A sequence space g equipped with a norm is called a normed sequence space. If g
is complete with respect to this norm, then it is called a Banach sequence space.

Definition 7.2.5 (see |[Bol Definition 7.3.1]). A Banach sequence space is said to
be a BK-space provided that each of the projection maps Py is continuous.

The following definition and theorem are given in [W, Theorem 4.3.15] in the more
general setting of multiplier spaces M (g, h). The latter notion encompasses the
notion of the Kéthe-dual ¢g* for h = /¢;.

Definition 7.2.6. For a BK-space (g, |-||,), the dual norm on g* is defined as

o= sup{2|ak| 18]

k=1

I8

ceg, lal, < 1}.
Theorem 7.2.7 (see [W], Theorem 4.3.15]). Let (g, |-|,) be a BK-space. Then the
norm ||-[| < s well defined and the space (g, |||| <) is a BK-space.

Definition 7.2.8 (see [GB| p. 357]). Let g be a sequence space. A norm ||-||, on
g is said to be monotone if ||, < HBHQ for every @, 8 € g with |ag| < |B| for
each k € N.

The following result is well known and easy to see.

Proposition 7.2.9. Let g be a BK-space. The norm ||-[| x of g is monotone.

Each of the classical sequence spaces ¢, (where 1 < p < o0) and ¢, is a BK-space.
Their K6the-duals are given as follows.

Ezample 7.2.10. Let 1 < p < oco. Then

(i) é; = EP*;

(11) C6< :el

as BK-spaces.
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In [KL §30], the following observations and definition are given.

Proposition 7.2.11. Let g and h be sequence spaces. It holds that

(i) if g C h, then ™ C g*;

(ii) g :=(9*)* D g.
Definition 7.2.12. A sequence space ¢ is said to be perfect if g = g**.
Proposition 7.2.13. Let g be a sequence space. Then

(i) g* is perfect;

XX

(il) g** is the smallest perfect space containing g.

Ezample 7.2.14. Let 1 < p < oco. Each of the BK-spaces £, and ¢ is a solid space
with a monotone norm. Moreover, the spaces ¢, are perfect.

The following result is well known. We include a proof for completeness.

Proposition 7.2.15. Let g be a sequence space and let § € g. Then

18]l < 118, -

Proof. Clearly, the claim holds if 3 = 0. Assume that § # 0. Recall that

=sup{2|ak| 164

k=1

15

aeg” |[allx < 1}-

It suffices to prove that

oo

S el 184 < 17,

k=1

for each @ € B,x. This follows from the definition of the norm |[@|| . Indeed,

- | B _
o] 2L < <1 a
2 lowl 3 < Il

The normed vector-valued sequence space ¢°(X), defined below, has been intro-
duced and studied in [Rall, [Ra2], under different notation; we follow the notation
used in |GB].
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Definition 7.2.16 (cf. |[GBl p. 358]). Let g be a solid sequence space and let X
be a Banach space. Define the space ¢*(X) by

9°(X) = {(zx) € X | ([[x]) € g}
Denote by ¢° the corresponding system of sequences.

Proposition 7.2.17 (cf. |GBl p. 358|). Let g be a solid sequence space with a
monotone norm ||-||, and let X be a Banach space. The space g°(X) becomes a
normed space with respect to the norm

[k

g5(X) = ||(||$k||)k:eN’ @

where T € g°(X). Moreover, the space g°(X) contains the space fin®(X).

Proof. Let X be a Banach space, let 7,7 € ¢°(X), and let o € K. Let us prove
that a7 + 7 € ¢°(X) and

07+l ) <l 7 )

g% (X) + ||g

Clearly,
(lawell + l[yelren € -

Since g is solid and the norm |||, is monotone, we have

(llaxk + v ken € g

and

10 + Gl g ) = Ilezr + welDilly < Mokl + NyelDally < el 171 ge )+l x) -

To see that the space ¢°(X) contains the space fin®(X), recall that the space g
contains the space fin. O

We denote fin(X) = fin®(X). For conciseness, we use the notation ¢** := (¢*)*

in the remainder of this chapter. We have the following (obvious) examples.

Example 7.2.18. Let 1 < p < co. Then
(i) Ep = 61393

(i) co = ci.
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Remark 7.2.19. In |[GB, p. 358|, the normed space ¢g°(X) is defined without the
assumption that ¢ is solid. However, this seems to be an oversight — without the
assumption of, e.g., solidness, the component ¢°(X) may fail to be a linear space
for a given space X. To see this, consider the space

mo = span{ A},

where A is the set of all sequences of zeros and ones (see [KGl p. 48]). Clearly, it
is a normed sequence space with respect to the supremum norm of m. Consider
X = C. Take elements oy, Br € Sc so that oy + B = 2% for each k£ € N. Then

a = (Ofl,Oég, .. ) € mf)((C)

and

ﬁ = (61,52, .. ) c mS(C)

However,

7.3 Normed systems of sequences

In this section, we give the definition of a normed systems of sequences h (see

Definition :7.3.8) and provide several examples of them (see Examples|7.3.11}[7.3.12

and 7.3.13: . For a BK-space g, we give the definition of a g-compatible system of
sequences h (see Definition [7.4.3)).

Denote the set of all increasing functions from N to itself by Inc(N). Let us start
with the following definition (the notation is inspired by [Pill, A.4.3]).

Definition 7.3.1. Let m € Inc(N) and let g be a sequence space. Define the
operator (Q9: g — w by

Q5 (@) = (axr))-
The operator JZ: g — w is given by

JA(@) = (a1,

where agp := 0.

For the sake of clarity, we include the following example.
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Ezample 7.3.2. Let g be a sequence space and let 7 € Inc(N) be given by 7(k) = 2k.
Then

Ql(@) = (g, au, .. .)

and
J;Z(@) = (0, aq, 07 g, .. )

Clearly, the operators ()2 and J¢ are always linear.

Definition 7.3.3. Let h be a system of sequences and let X be a Banach space.
The operators Q=) and JE™) acting from the component h(X) to w*(X), are
defined analogously to their scalar counterparts )4 and JZ.

Definition 7.3.4. Let (g, ||-||) be a normed sequence space and let ¢ > 1. Then

(i) g is contractible if Q9(g) C g and Q9 € L(g) for every 7 € Inc(N);
(ii) moreover, g is c-boundedly contractible if ||Q%|| < ¢ for every 7 € Inc(N);
(iii) ¢ is ezxpandable if J2(g) C g and J? € L(g) for every 7 € Inc(N);

)
)
)
(iv) moreover, g is c-boundedly expandable if ||J¢|| < ¢ for every m € Inc(N);
(v) g is shiftable if it is contractible and expandable;

)

(vi) g is c-boundedly shiftable if it is c-boundedly contractible and c-boundedly
expandable.

If ¢ may be taken to be 1 in the above definitions, then we say that g is metrically
contractible, metrically expandable, or metrically shiftable, respectively.

In the context of systems of sequences, let us give the following definition.

Definition 7.3.5. Let ¢ > 1 and let h be a system of sequences, where every
component h(X) is a linear subspace of w*(X), equipped with a norm ||-||h(X).
Then

(i) his expandable if for every m € Inc(N) there exists a constant C; > 1 such
that JP™) (h(X)) € h(X) and ‘ J:(X)H < C, for every Banach space X;

(ii) moreover, h is c-boundedly expandable if C; < ¢ for every = € Inc(N).

The system of sequences h is said to be metrically expandable if it is 1-boundedly
expandable.
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Example 7.3.6. Let 1 < p < oo. The following BK-spaces are metrically shiftable.
(i) Cy;
(11) Co-

Proposition 7.3.7. Let g be a BK-space.

(i) If g is c-boundedly contractible, then g* is c-boundedly expandable;

(ii) if g is c-boundedly expandable, then g° is c-boundedly expandable.

Proof. (i). Let B € g*. Let us show that

|

@) =I5

Observe that

H(/Bﬂ' = Sup Z ‘/871'_1 | |aj| = SUP Z ’6k| ’O[ﬂ'(k‘)| -
a;j)€By ;1 By p=1
sup Z |Bel [vel < sup Z 1Bel 1l = Q48] . <
(’Yk)Ger(Bg =1 (w)€|| Q% || By k=1
Clearly, (ii) follows from the definitions. O

Let us give the main definition of this section.

Definition 7.3.8. We say that a system of sequences h is a normed system of
sequences if:

(NSy) every component h(X) is a linear subspace of w®(X) equipped with a norm

e
(NS,) fin(K) € h(K);

(NSs) if () € h(X), Y is a Banach space, and T' € L(X,Y), then (Txz) € h(Y)
and
1Tz lagyy < N7 CR) lncxy -

Proposition 7.3.9. Lel g be a solid BK-space with a monotone norm ||-[| . Then
the system of sequences g° is a normed system of sequences.
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Proof. Let us verify the properties (NS)—(NSs).

Proposition yields that ¢°(X) is a normed space and that fin(K) C ¢*(K)
(i.e., (NS7) and (NSz)). To show (NSs), let T € ¢°(X) and T € L(X,Y). Then
(ITx||) € g, since

T zkDren = ITI (lzklDren € g

and g is solid. Therefore (T'z;) € ¢°(Y). Similarly,

()

vy = [Tz lrenl], < UTU | Naelrenl], = 1T11I(2x)

9°(Y)>
since ||-||, is monotone. O

Corollary 7.3.10. Let g be a BK-space. Then the system of sequences g*° is a
normed system of sequences.

Proof. 1t suffices to recall that ¢* is a solid space with a monotone norm ||-||
(see Propositions [7.2.3| and [7.2.9)) and apply Proposition [7.3.9] O

Example 7.3.11. Let 1 < p < oco. The following are metrically expandable normed
systems of sequences.

(i) £y
(11) Cp.

Proof. By Example [7.2.14] and Proposition £, and ¢y are normed systems
of sequences. Proposition [7.3.7] and Example yield that they are metrically
expandable. O

Consider also the following examples.

Ezample 7.3.12. Let 1 < p < co. The systems cy’ and £, are metrically expandable
normed systems of sequences.

Proof. Let us first prove the claim for the system £.

Property (N.S1) follows from the fact that £;(X) is a subspace of £,,(X) for every
Banach space X.
Property (IV.Ss) holds, since fin(K) C £,(K) = £ (K).

To prove (NS3), let T € £)(X) and T € L(X,Y). We show that (Tx;) € £, (V)
and
(Tl g vy < NTNZN gy
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Clearly, it suffices to prove that || (y*(Tzy)) Hz < 7| |2l gwx) for each y* € By-.
Let y* € By~. Then

[ (Tz) |, = 1Ty z)lly, <Ny 1Tl ) < TN x)

since T*y* € X* and | T*y*|| < ||T*|| = |T|-

To see that £, is metrically expandable, let 7 € £(X) and 7 € Inc(N). It follows
easily from the definitions that (7,-14)) € £, (X) and

H(xfl(k)) X)) T HfHe;U(X)'

The proof for the system cy is essentially the same. The only substantial difference
is in the proof of property (N.S3). For this, let T € ¢f/(X) and T' € L(X,Y) be
given. Then (T'zy) € c(Y) and

()]

cwvy = SUp [ Tg|| < T sup [lz]| = [T [[Z]l ey (x) - U
keN keEN

As a final example of this section, let us consider the system £, of unconditionally
p-summable sequences, which resides “between” the systems £, and £ (see, e.g.,
[DE 8.2, 8.3]; we follow [BCEP] in our terminology). The space £;(X) is defined
as the (closed) subspace of £)(X), equipped with the norm of £7(X), and formed
by (v,) € £)(X) satisfying (z,) = Imy_s00(71,...,2x,0,0,...) in £(X). The
space £,(X) was introduced and thoroughly studied by Fourie and Swart [F'S] in
1979.

Ezample 7.3.13. Let 1 < p < co. The system £, is a metrically expandable normed
system of sequences.

Proof. Clearly, properties (NS;) and (NSs) are satisfied.

To show (NS3), let T € £;(X) and T € L(X,Y). Note that we only need to
prove that (T'z;) € £,(Y), since the norms of £,(X) and £(X) coincide. By

Example [7.3.12]
||(0, e ,O,TJ]N+1, T[EN+2, . )HE;’(Y) S ||T|| ||(O, e ,0, TN+1y TN+25 - - )”f;’(X)

This proves that (T'x) € £,(Y).

To see that £, is metrically expandable, let T € £,(X) and 7 € Inc(N). It follows
easily from the definitions that (z,-1() € £,(X). O
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7.4 Constructing systems of sets

In this section, we give the notion of a g-compatible system of sequences (see
Definition and show how to construct a system of sets Ag, h] from a BK-
space g and a g-compatible normed system of sequences h (see Definition .
We prove that the system of sets A[g, h| produced in this way is a generating system
of sets, provided that g and h satisfy certain properties (see Theorem [7.4.9).

In Remark [7.4.6] we compare the method of constructing systems of sets from
[GB] with our approach. We prove in Proposition that our construction
encompasses all of the examples produced by their approach. We end this section
with several examples.

Let us extend Definition

Definition 7.4.1. Let g be a BK-space. For every T € ¢**(X), define an operator
Ez: g — X by

k=1
Lemma 7.4.2. Let g be a BK-space and let T € g*°(X). Then Ez € L(g,X).

Proof. Clearly, Ez is a linear operator. To show that it is bounded, let @ € B,.
Then

[ E=(@)]| =

gx Hf”gm(x)' u

00
E ALk
k=1

Definition 7.4.3. Let g be a BK-space. We say that a system of sequences h is
g-compatible if h(X) C g**(X) for every Banach space X.

o0
<3 lawl el < || (el een
k=1

Definition 7.4.4. Let a BK-space g be given along with a g-compatible system of
sequences h. Define a system of sets A[g, h] in the following way: a set K belongs
to the component Afg, h](X) whenever there exists a sequence T € h(X) such that

K C Ez(B,).
The familiar system Ky, ,) is a special case of the above construction, as demon-

strated by the following proposition.

Proposition 7.4.5. Let 1 < p < oo and 1 <r <p*. Putg=1{ andh =¥,
(where h = ¢, if p=00). Then K,,) = Alg, h.
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Proof. Essentially, we only need to check that the system h is g-compatible. If
p = 0o, then this follows from the fact that ¢y C ¢7°. Similarly, if 1 < p < oo, then
this is clear from the fact that £, C £,» = (. O

Having given a method for constructing systems of sets, we compare it with the
method for constructing A-compact systems of sets introduced in |[GB].

Remark 7.4.6. In [GBl Definition 3.1], Gupta and Bhar started from a BK-space
A and defined for every T € A°(X) the A-convezr hull of the sequence T by

A —co(T) = {Zakxk‘ﬁe B,\x}.

k=1

A set K was defined to be A-compact if there exists a sequence T € A*(X) such
that
K C X —co(T).

Comparing the previous remark with Definition [/.4.1] one observes that we re-
quired T € A**(X) and @ € X instead of T € A*(X) and @ € A*. Nonetheless, the
systems of A\-compact sets (in the sense of Gupta and Bhar) are encompassed by
our construction, as demonstrated by the following result.

Proposition 7.4.7. Let A\ be a BK-space. Then the system AN, \°| coincides
with the system of A-compact sets.

Proof. According to Theorem A% is a BK-space. Recall that A\ C A**;
therefore the system A\* C A**® is A*-compatible and the system A[A*, \*] is well
defined. It remains to observe that the sets of the system A[A\*, \*] are exactly the
A-compact sets. O

Proposition 7.4.8. Let a BK-space g be given along with a g-compatible system
of sequences h. Then Alg,h] < B.

Proof. Let us verify that a set K € A[g,h](X) is bounded. By definition, there
exists a sequence T € h(X) C ¢*°(X) so that K C Ez(B,). Take an element y
from the set K; then y = Y-, ayxy, for some @ € By. Therefore

(3]
E ATy
k=1

which proves that the set K is bounded. O

Iyl =

oo
<D lawlllzell < 12l sy
k=1
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Theorem 7.4.9. Let an expandable BK-space g be given along with a g-compatible
expandable normed system of sequences h. Then A|g, h] is a generating system of
sets.

Proof. We prove that the system of sets Alg, h] satisfies properties (Go)—(Gy).

(Go). This has been proved in Proposition [7.4.8]
(G1). We need to show that Bx € Alg, h](K). Define

B = (lleall,,0,0,...) € fin(K) C h(K) C g**(K).

Take ¢ € Bk and denote

a= ———e €B,
el

Then .
c= Zakﬁk S EB<BQ)
k=1

Thus we have shown that Bx € Ez(B,).

(G2). Let ¢ € K and let G, H € Alg,h](X). By definition, there exist sequences
7 € h(X) and § € h(X) such that G C Ez(B,) and H C Ey(B,). Put m(k) =
2k — 1 and mo(k) = 2k (where k = 1,2,...). Define

z=2(c[ 20 @ + 7] @)

Then zZ € h(X). Let us verify that

cG+ H C Ex(B,) = {Z'ykzk |7 € Bg}.

k=1
Take w = cwy + wa, where wy = > 77 | agxy, and we = >~ Bryx with a,fe B,.

Put _
_ 1 (s @) JLB)

vy == )
2\ &l (17

Then

w=ey aaet ) by =) CO 1 (k)T (k) T > By )Yyt h) = > Wk
k=1 k=1 k=1 k=1 k=1

It remains to notice that

1 _
I, < 5 (lal, +1i3],) <1
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(G3). Trivial and omitted.
(G4). Let G € Alg,h|(X). By definition, G C Ez(B,), where T € h(X). Therefore

T(G) C TET(BQ) = E(Tﬂﬁk)(Bg)a
where (T'zg) € h(Y) by (NS;3). We have shown that T'(G) € Alg, h](Y). O

Corollary 7.4.10. Let g be a shiftable BK-space. Then A[g, g”*] € GSet.

Proof. By Corollary [7.3.10| and Proposition [7.3.7, ¢** is an expandable normed
system of sequences. The claim follows from Theorem since ¢g** is clearly

g-compatible. O]

Let us re-prove the prototypical example that K, ) € GSet.

Proposition 7.4.11. Let 1 < p < oo and 1 <r < p*. Put g = ¢, and h = £,
(where h = ¢, if p=00). Then K,,) = Alg,h] € GSet.

Proof. By Proposition m K,y = Alg, h]. It remains to observe that by Exam-
ple[7.3.6] g is an expandable BK-space and by Example|7.3.11] h is an expandable
normed system of sequences. O]

Recall that, by Remark [£.1.4] A[m, €] = Alco, £1]. Observe that we have already
considered all of the possible combinations that can be obtained from the “classical”
sequence spaces £,, co, m, and their vector counterparts, except for the system
A[¢y, m]. Let us consider it now.

Proposition 7.4.12. The generating system of sets A[l1, m] contains the system
K = K1) = A1, co] of all relatively compact sets, but does not coincide with it.

Proof. Clearly, A[l1,co] < A[¢y, m]. Observe that
Bgl = Ee(Bgl) - A[Kl,m](fl),
where e = (1,1,...,1,...) € m({;). However, By, is not relatively compact. O

Let 1 < p < oo. Observe that W, 1) = A[1,£)] and W, = Ally, c].

Theorem together with Example [7.3.12] yields the following result. For proof,
it suffices to observe that £(X) C m(X) for every Banach space X.

Proposition 7.4.13. Let 1 <p < oo. Then W, 1) = A[l1,£,] € GSet.
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Observe that Theorem together with [7.3.12) proves once again that W, is a
generating system of sets (it is only necessary to notice that cf(X) C m(X) for
every Banach space X).

In J[AO2, p. 1574], the notion of a relatively unconditionally (p,r)-compact set
was introduced, where 1 < p < oo and 1 < r < p*. In our terminology, the
system U, 1) of relatively unconditionally (p,1)-compact sets can be expressed as
Uy = Ay, €] (in [AO2], the notation wu, ) was used instead).

Theorem together with Example [7.3.13| yields the following result.
Proposition 7.4.14. Let 1 < p < oo. Then U, 1y = A[(y,£,] € GSet.

7.5 Constructing quasi-normed operator ideals

In this section, we show that under suitable assumptions, the operator ideal
©(Alg, h]) is quasi-normed. If both g and h are metrically expandable, then prop-
erty (QOI,) is satisfied for a quasi-constant s = 2. This quasi-constant is not
optimal in general; consider the quasi-Banach operator ideal KC(,,) = O(A[(,, £,])
from Section (where 1 < p < oo and 1 < r < p*). We showed that property
(QOI,) for K, is satisfied for a quasi-constant 1 < s < 2, where the one extreme
» = 1 occurs if r = p*, and the other extreme s = 2 occurs if r = p = 1. In the
following, we use the notation ©,[g, h] := ©(Alg, h]) for conciseness.

Note that it was proven in [GB| that the class K, of A-compact operators is a
quasi-Banach operator ideal with a quasi-constant of 8. We prove in Section
that their result is encompassed by the next theorem.

The quasi-norm ||-||;, , defined in the following theorem is a generalization of the

norms H-||,C(w) (recalf Theorem [4.2.12) and ||-[|,,, .

Theorem 7.5.1. Let an expandable BK-space g be given along with a g-compatible
expandable normed system of sequences h so that

(i) for each B € h(K), it holds that HB”h(K) > HB

g>< 7‘
(i) [lexllny = leallgx-
Then ©[g,h] is a quasi-normed operator ideal with respect to the quasi-norm
1T} g = WE{[[Zl| vy | 7 € W(Y), T(Bx) C Ex(By)},

where T' € O, (g, h](X,Y). If both g and h are metrically expandable, then property
(QO1) is satisfied for the quasi-constant s = 2.
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Proof. By Theorem [7.4.9, ©(A[g, h]) is an operator ideal. Let us verify (QOI,) by
showing that || /x|l = 1.

Observe that ¢g* = ¢”**(K). By assumption (i) and the fact that h is g-compatible,

il g = inf{[[Bll g0, | B € B(K), B C E5(By)} >
> inf{|[B],. | B € 9%, B C By(B,)}.

Let 8 € g* be given so that Bx C E3(B,). Then there exists @ € B, such that
1 =752, Bray. Therefore

% = SUp {Z [l 15
k=1

We have shown that ||B

I8 —1,

veBg} > 3 ] 2 [ e
k=1 k=1

o 2 1 for any 3 € g* satisfying Bx C E3(By). Therefore

||IK||[g,h} > inf{HB

B € g and Bx C Eg(By)} > 1.

|

For the opposite inequality, let us check that ||IK||[g,h] < 1+c¢ for each € > 0. By
definition,
lexll g« = sup{|aa| | @ € By}.

Therefore there exists a sequence @ € B, such that (1 + d)ay = |leq||,«, where
0<d<e. Put

— 149

F= "¢ ¢fin(K)C h(K).

lexllgx
Then
181y = 1181l =1 +6,

since [[e1]],,x) = lle1l,« by assumption (ii).

We will have shown that || Ix||,, <1+ 6 <1+ ¢ if we prove that Bx C Eg(By).
Take ¢ € Bg. Since (c¢- oy) € B,, we may conclude that, indeed,

1+ 90)ay

lexllg

= ankﬁk S EE(BQ>

k=1
In order to verify property (QOI;), let S,T € ©,[g, h](X,Y). We will prove that

15+ Tlligmy < Sy + 1Tl ),
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for a certain constant s (see (7.1) below). For this, take ¢ > 0 and sequences T
and 7 from h(Y) such that S(Bx) C Ez(B,) and T'(Bx) C Ey(B,) with ||Z|| <

h(y) =
(L +e) [|S]lgn and [Ullnyy < (L4€) [Tl n- As in the proof of Theorem [7.4.9]
put m (k) =2k — 1 and my(k) =2k (k= 1,2,...), and define

2([17, | 725 @) + (| 72,1 72 @)
Then, similarly to the proof of Theorem [7.4.9] we may verify that
(S+T)(Bx) C S(Bx) +T(Bx) C Ex(B,).

z

Since h is extendable, there exist constants Cy, and C, (independent of the space
Y) such that ‘ J}?f”‘ < C,, and ‘ J;‘;Y)H < C,,. By (NS),

1Zllny < 2 [HJ%” Cry [Ty + || 72| Crs Hth(Y):| <

<2 max {12, Coc} [l + 1]

Put
s =2 max {|J2 | Cr}. (7.1)

ke{1,2} i

If both g and h are metrically expandable, then s = 2.
Recall that (S +T)(Bx) C Ez(By). Therefore

18 + Tl < 12y < 2 [l + [Ty < 0+ )32 (150 + 1Tl
Since the choice of € was arbitrary, we have

15+ Tllgag < 5 (15 + 1T gy -
It remains to check (QOI,). Fix operators T' € L£(Xy, X), S € O,]¢,h](X,Y), and
R e L(Y,Yy). We need to prove that
IRST N gy < NRIIS gy 171}

Let £ > 0. Take y € h(Y) satistying [[7]|,y) < |5, + € and S(Bx) C Eg(By).
Put = = ([T Rys). By (NS5), = € h(¥p) and

Zllnoy < IRy < NRIWS g +2) 1T

Since
RST(Bx,) C |T|| RS(Bx) C |T|| R(E5(By)) = E(r|ryy) (By) = E=z(By),

we have [[RST[|, p < [IZ]lny,) and therefore [|[RST||, ) < (RISl 171 B
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Corollary 7.5.2. Let g be a shiftable BK-space. Then ©,[g, g**] is a quasi-normed
operator ideal. If g is metrically shiftable, then property (QOI,) is satisfied for the
quasi-constant »x = 2.

Proof. By Corollary g*® is a normed system of sequences. To see that
assumptions (i) and (ii) of Theorem [7.5.1) are satisfied, observe that ¢* = ¢**(K).
Additionally, Proposition [7.3.7 yields that ¢** is (metrically) expandable provided
that g is (metrically) contractible. O

7.6 Constructing quasi-Banach operator ideals

In this section, we prove that the quasi-normed operator ideal ©,[g, h] is complete
(i.e., a quasi-Banach operator ideal) whenever certain assumptions are fulfilled.

Definition 7.6.1. We call any bijection o: N x N — N a rearrangement. We
denote the set of all rearrangements by Arr.

Definition 7.6.2. Let g be a normed sequence space and let o be a rearrangement.
We define the rearrangement operator

HY: €(9) = w

in the following way. Let (@,).en be an absolutely summable sequence of scalar
sequences, where @, = (a})ren € g for each n € N. Put

HY((@n)nen) = (Bm)men,

where 8,0, 1) = o for each n € Nand k£ € N.

Clearly, every rearrangement operator is linear.

Definition 7.6.3. Let o € Arr. A normed sequence space g is said to be p-
rearrangeable, if

Hj(t(9) C g
and the operator HJ: £,(g) — g is bounded.

If HHgH < 1, then g is said to be metrically o-rearrangeable.

Ezample 7.6.4. Let o € Arr. The following BK-spaces are metrically po-rearrangeable.

(i) £,, where 1 <p < o0;
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(11) Cop-

Proof. (i). Let 1 < p < co. Consider sequences @,, = (o} )ken € {p, where n € N,

such that -
> @, < oo
n=1
Put
a=(ay) € 4i(lp)
and

B =Hpr(@).
The double sequence (|ag|”),, e is absolutely convergent. Indeed,

0o 00 0o 00 p
S S gl = S @l = a2 ) < [l = (z uanngp) o
n=1

n=1 k=1 n=1

Therefore it is unconditionally convergent and we may write

51, = (z w) _ (zzw) <3l
m=1 n=1

n=1 k=1

We have shown that HHﬁ”

<1

Let p = oo. To prove that m is metrically p-rearrangeable, consider sequences

@, = (a})r € m such that
oo
DIl < co.
n=1

Put

and

Observe that
(e @] o0
Bl =su = sup || < sup |ag | = @ = ||a )

(ii). Since ¢y C m and the norms agree, we only need to prove that

Hgo (£1<Co)) C ¢p.
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Let @ = (@)n = (0} )ren)nen € £1(co). Clearly, @ € co(cp). Put

B=H>@).

We need to prove that lim,, ,o |Bm| = 0. Let ¢ > 0. Observe that the double
sequence @ = ((a})ken)nen € Co(co) contains only finitely many elements satisfying
|| > e. Put

M = max{o(n, k) ‘ }ﬁg(nym = |a}| > ¢}.

Then |5,,| < ¢ for each m > M. O

Let us repeat Definitions [7.6.2] and [7.6.3] in the context of normed systems of
sequences.

Definition 7.6.5. Let h be a normed system of sequences, let X be a Banach
space, and let o be a rearrangement. We define the rearrangement operator

HYX): £(h(X)) = w*(X)

in the following way. Let (T, ),en be an absolutely summable sequence of X-valued
sequences, where 7,, = (2})ken € h(X) for each n € N. Put

HY ) (Zn)new) = Ym)men,

where Y,k = o, for each n € N and k € N.

Definition 7.6.6. Let o € Arr. A normed system of sequences h is said to be
o-rearrangeable if

HXY) e £(£(h(X)),h(X))
for every Banach space X.

If HHS(X)H < 1 for every Banach space X, then h is said to be metrically o-
rearrangeable.

It is straightforward to prove the following proposition from the definitions.

Proposition 7.6.7. Let o € Arr and let g be a normed sequence space. If g is
(metrically) o-rearrangeable, then g° is also (metrically) o-rearrangeable.

The previous proposition yields the following examples.

Fxample 7.6.8. Let o € Arr. The following normed systems of sequences are
metrically p-rearrangeable.
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(i) £,, where 1 < p < o0;
(11) Cp.

Consider also the following examples.

Example 7.6.9. Let p € Arr and let 1 < p < co. The following normed systems of
sequences are metrically o-rearrangeable.

(1) g

(i) €,

(iii) £,
Proof. (i). Let X be a Banach space. We prove that cf(X) is metrically p-
rearrangeable. Since ¢ (X) C £o(X) and the norms agree, it suffices to show

that
Hi ™) (£4(cf (X)) C /(X))

Let T = (Tp)n = ((27)ren)nen € £1(c(X)). Clearly, 7 € co(c¥(X)). Put

7= HSN) (7).

We need to prove that lim,, o [*(y)| = 0 for every x* € X*. Let 2* € X* and
let € > 0. Observe that the double sequence

<(x*<x2))k€N> € colco)

neN
contains only finitely many elements which satisfy |z*(a})| > . Put
M = max{o(n, K) | [ (ganio)| = [2°(a)] > e}

Then |2*(ym)| < e for each m > M.

(ii). Let X be a Banach space. To prove that £(X) is metrically g-rearrangeable,
consider sequences T,, = (2} )ren € £, (X) such that

o
Z anHeg(X) < 0.
n=1

Put
T =(T,) €4 (£ (X))
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and )
y= ng (E) :

We need to prove that i € £,(X) and that

Fllexy = S 1" W), < Mgy ex) -

Take z* € Bx and put _
B = (2" (Ym))men.
To complete the proof, it suffices to prove that 3 € ¢, and that

1811, < IZllg, v ) -

Put
an = (2" (7)) ke € by
for each n € N. Then

[@nlly, < 1Znll g (x) -
Therefore @ = (@)nen € £1(¢,) and

1@ g, 0,y < 1M, e x)) -

Observe that _
B=Hr@) e,

e

and B
1B, < [[H [ 1alle, e,y < 1 1Zllgy g -

(iii). Let X be a Banach space. Since £,(X) C £,(X) and the norms agree, it
suffices to show that )
H" " (4 (£3(X))) C £ (X).

Consider sequences T, = (2} )ren € £,(X) such that

o
Z %0l g x) < 00
n=1

Put
T=(7,) €4 (£ (X))
and

_ £3(X) w
7= Hy (@) e 0v(X).
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Since the norms of £(X) and £, (X) agree, it suffices to prove that 7 € £;(X).
Let € > 0. Fix N € N so that

_ £
H(an)n>NHz1(eg(X)) < 9 (7.2)
Since (7,) € £,(X) for each 1 <n < N, we may find an index K so that
n n n n €
H(xK—i—la TR+25 - )He;}(}() = H(Ov ce 707xK+17IK+2’ - )Hg;z(X) S W (73)

K
for each 1 <n < N. Put

M =max{o(n,k) |1 <n < N,1<k<K}.

It suffices to prove that

||(ym)m>M||£g(X) = H(O’ cee 707?/M+17 YM+2; - - )Hg;}(x) Se.
M

Take z* € Bx- and denote
B = (x*(ym))mEN € gp'
Let us prove that |[(8)m>umll,, < €. Denote
ay = 2" (zy)

for each k,n € N. Then
Oy, = (OCZ)kGN € Ep
for each n € N, since (2} )ren € £, (X).

Let us write

H<ﬁm>m>mup=< 3 |x*<ym>|p>p=< 3 |x*<yz>|p>ps

m=M-+1 n,k=1,
o(n,k)>M
oo o0 o .9] %
(S Sy Y \amp) <
n=N+1 k=1 n=1k=K+1
00 00 % N 00 %
< > me”) +<Z > |az|”> =
n=N+1 k=1 n=1k=K+1
- 1 N L
={ > ||an|ri;> +<Z|!<az>k>m|§p> :
n=1

n=N-+1
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According to ([7.2)),

0 v
_ _ _ _ €
( Z Han‘wp) = H(Oén)n>N”ep(e,,) < H(Oén)n>NHe1(zp) < ||<xn>n>NHel(£;;’(X)) < 5
n=N+1
since ||, [|,, < HEnHQU(X) for each n € N. By 1 :
N 7 N pooN -
n p n p
<; H(%)kﬂ(”zp) < <; H(%)bKHe;U(X)) < ; ON < 5
Combining the last two observations yields that H(ﬁm)m>MH4p <e. ]

Let us prove the main result of this section.

Theorem 7.6.10. Let an expandable BK-space g be given along with a g-compatible
expandable normed system of sequences h, which satisfy the following assumptions.

(i*) For each T € h(X), it holds that [Ty x) = 1%/l <o (x5

() [lexllng = llexlly

(iil) there exists a rearrangement o € Arr such that both g and h are o-rearrangeable.

Then the operator ideal ©5[g, ] is a quasi-Banach operator ideal.

Proof. By Theorem [7.5.1, ©,[g, h] is a quasi-normed operator ideal (observe that
assumption (i*) is stronger than assumption (i) of Theorem [7.5.1]).

To prove that ©,]g, h] is a quasi-Banach operator ideal, we need to show that each
of the quasi-normed components O,[g, h|(X,Y) is complete. By Theorem
it suffices to show that they are sequentially complete. For this, we show that a
series > oo Ry, in (©4[g, h], RIS ) converges whenever Y 7| [ Rl < 00 By

Proposition [2.2.5]
D MBS D N Rl < oo
k=1 k=1

Therefore we may define
R=> Ry € L(X,Y).
k=1

It remains to show that
R € ©,[g, h(X,Y) (7.4)
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and
n

R—ZRk

k=1

> n

k=n+1

= lim
n—oo
[g,h]

= 0. (7.5)

[g.h]

lim
n—oo

Let € > 0. By assumption (iii), there exists ¢ € Arr such that the rearrangement
operators HJ: £,(g) — g and HPO. £1(h(Y)) — h(Y) are well defined, linear,
and bounded. Put

em = 2" || HY |

and
€

dy, = .
am || 1) || e

Since the series > ;- | Ry, is absolutely convergent, there exists an increasing se-
quence (p,,) of natural numbers such that

2 IBiliyp < dm

k:pm
for each m € N. Put
p7n,+1_1
Sm= > R
k=pm

and note that ||Spl|, ) < dm for each m € N.

Clearly,
p1—1

SZ:ZSk:ZRk:R—ZRk.
k=1 k k=1

=P
We prove both (7.4) and (7.5) by showing that S € ©4[g, h|(X,Y) and ||S][, 1y < e
Let m € N. By the definition of the quasi-norm |[-[|, ). there exists a sequence
Um = (W Dpen € DY) With [[7,, [,y < di such that

Sm(BX) C Eim (Bg)~

Put
Y= (C’ﬂ«yn)HEN €l (h(Y))

The latter definition is correct, because

17l =S e Tl <> endn = F - o
fne) Z e Z ;2"\\%‘“’!\ [ ™|
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Denote
z=HyM(y) e h(Y).

Then
IZllny < | HE NG, ey < &

We claim that

Let x € Bx. For each m > 1, we have

oo
S'mgj - O Yy,
k=1

for some sequence @, = (" )ken € By.

Put .
a= (—an) € £(g).
Cn neN

The latter definition is correct, since

al, =S al < —.
3l = D o lly < 7y

n=1

Denote B
B=Hi@) eg.
Then _
181, = [HZ: @), < [[HZ]| 1@, ) < L.
We have

St = ZSnx = ZZ&Z@/};.
n=1

n=1 k=1

We prove that the double sequence (o yp)nken is absolutely convergent. Since
@, = (0} )ken € By and 7, = (Y7 )ken € h(Y) C g*°(Y) for each n € N, we have

Z el lwell < sup Z el 5l = 1Tl go vy -

gkl

By assumption (i*),

SOS g < S MTullyeiry < 3 Bl < D s < 0.
n=1 n=1 n=1

n=1 k=1
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The double sequence (a}y})nken is unconditionally convergent, since it is abso-
lutely convergent. This allows us to write

Sz = Z Z Oézyz = Z (CLQZ> Cnyk Z ﬁg(nk Zo(n,k) Z ﬁmzm

n=1 k=1 n,k=1 n,k=1
We have shown that S(Bx) C Ez(B,) and therefore S € ©,[g, h](X,Y). Also,

1SN g ) < IZllney <& U

We have the following easy corollary.

Corollary 7.6.11. Let g be a shiftable BK-space. Assume that there exists a
rearrangement o € Arr so that both g and g* are o-rearrangeable. Then ©,]g, g™°]
15 a quasi-Banach operator ideal.

Proof. Corollary yields that ©,[g, ¢”*] is a quasi-normed operator ideal.

Clearly, property (i*) of Theorem [7.6.10] is fulfilled. By Proposition and
the assumption that g* is g-rearrangeable, ¢*° is also p-rearrangeable and thus

the property (iii) holds. Therefore ©,[g, ¢*®] is a quasi-Banach operator ideal by
Theorem [7.6.10l O

7.7 Examples of the construction

We are ready to present some examples of quasi-Banach operator ideals produced
by the theory outlined in the previous sections. We begin by re-proving the pro-
totypical example of the operator ideal K, ).

Proposition 7.7.1. Let 1 < p < oo and1 <r <p*. Put g =1/ and h = £,
(where h = ¢, if p = oc). Then

’C(p,r) = @A[gv h]

is a quasi-Banach operator ideal, where the property (QOI,) is satisfied for »x = 2.

Proof. We proved already in Proposition that the system of sequences h
is g-compatible and K,y = Alg,h]. We know from Example that £, is
a metrically extendable BK-space. In order to apply Theorem [7.6.10, we need
to show that ¢, and £, (co, if p = o0) satisfy properties (i*), (ii), and (iii) of
Theorem [Z.6.10l
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Property (iii) is proven by Examples and

Clearly,

||€1||co(K) = ||€1”ep(K) = ||61||1zrX =L

To show the property (i*), consider first the case when p = oco. Then for each
(x) € co(X), it holds that

On the other hand, if 1 < p < oo, then £2°(X) = £,-(X) and

”(%)He,,(x) > |[(w)] L+ (X) — ||(xk)H€TXS(X)’

since r* > p if and only if » < p*. O

The following result complements Proposition [7.4.12

Theorem 7.7.2. The operator ideal ©x[¢1, m] is a quasi-Banach operator ideal,
where the property (QOIL) is satisfied for s = 2.

Proof. This follows from Corollary [7.6.11] since ¢; is a metrically shiftable BK-
space and both ¢; and m are metrically p-rearrangeable for any ¢ € Arr. Corol-
lary yields that the quasi-constant s does not exceed 2. O]

We proved in Section that W, is a Banach operator ideal. Let us prove this
result using the theory from the current chapter (with the shortcoming that we
only obtain a quasi-Banach operator ideal).

Proposition 7.7.3. The operator ideal Wy, = ©O(W) = Op[l1, cl] is a quasi-
Banach operator ideal, where the property (QOIy) is satisfied for » = 2.

Proof. Clearly, |||, cw) = [I*[ly. (vecall that the definition of the latter norm was
given in Definition [6.1.5). We only need to show that ¢; and c{f satisfy properties

(i*), (ii), and (iii) of Theorem [7.6.10
Property (iii) is proven by Examples and

Clearly, ||61||c0w(K) = 1= [lea]| 5, since c5(K) = co(K) = co.

To show property (i*), let T € ¢ (X). Then

17l e x) = 1Ty = 1] gs ) - 0
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We consider the next two results to be rather interesting examples of our con-
struction. Recall that the operator ideals W, 1) and U, 1) are special cases of the
operator ideals W,y and U, ), respectively, which were considered in [AO2].

Theorem 7.7.4. Let 1 < p < oo. The operator ideal W1y = O(W(,1)) =

Onll1, €] is a quasi-Banach operator ideal, where the property (QOI,) is satisfied

for =2,

Proof. We only need to show that ¢, and £ satisfy properties (i), (ii), and (iii)
of Theorem

Property (iii) is proven by Examples [7.6.4] and [7.6.9]
Clearly, [leslg gy = 1 = llexl . since £2(K) = £,(K) = 6,
To show the property (i*), let 7 € £,(X). By Lemma [4.2.6]

2w ) 2 12l ) = 1l enxy = [Tl gesx) - -

Theorem 7.7.5. Let 1 < p < oo. The operator ideal Uy 1y = O(Upy) =
Onll1, €] is a quasi-Banach operator ideal, where the property (QOI) is satis-
fied for s = 2.

Proof. We only need to show that ¢, and £ satisfy properties (i*), (ii), and (iii) of
Theorem Property (iii) is proven by Examples [7.6.4 and [7.6.9] Properties
(i*) and (ii) are proven exactly as in the previous theorem, since the norms of
£,(X) and £)(X) coincide. O

The following remarks give an overview of the already known results from the
literature about the operator ideals W,y and U, ,) for the special case r = p*
(which our construction does not contain, since the system £, is not £,--compatible
unless p = 00).

Remark 7.7.6. Let 1 < p < oo. In [SKI), Theorem 4.1|, it was proved that W, ,+
is a Banach operator ideal when equipped with a certain factorization norm.

Remark 7.7.7. In [AO2, p. 1575|, it was proven that U,y = (o - ) Recall that
by definition, K+ = N(aop p), Where K, denotes the ideal of classical p-compact
operators (see, e.g., [Pill, 18.3]). (Note that KC(,,«) = K, and K, are different as

operator ideals (see [O2] and [Pi3])).

In [Ki], the operator ideal U, ) was equipped with the following norm (where X
and Y are Banach spaces and T' € U, (Y, X)):

1T, ., = inf @)
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where the infimum is taken over all sequences (r,) € £,(X) such that
T(By) C E(In)(ng*).

It was proven that U, is a Banach operator ideal with respect to this norm.
Notice that the norm H”u< . is essentially the same norm that we have been
p,p

utilizing all along in this chapter.

In [MOP), p. 2885], referring to the fact from [AO2] that U, ) = K" as operator
ideals, Uy -y was equipped with the norm ||-|| eur. It was stated that with respect
p*

to this norm, U, ;) becomes a Banach operator ideal. The authors then remarked
that an explicit description for the norm HHM( .. can be given, using the same
p,p

technique as in [ALO], Theorem 3.4 (which is Theorem [£.2.12]in the current thesis),
and that this obtained norm coincides with the norm provided in [Ki.

7.8 A comparison with A-compact operators

In this section, we compare the approach taken in [GB| with our construction from
this chapter. Let us begin by introducing the necessary terminology and definitions
from |GBJ.

Definition 7.8.1 (see |[GB, Definition 3.1]). Let A be a BK-space. An operator
T € L(X,Y) is said to be A-compact if it maps bounded sets to A\-compact sets.

The collection of all A-compact operators between arbitrary Banach spaces is de-
noted by K. Keeping in mind Proposition |7.4.7] we state this by K, = ©,[\*, \?]

in our terminology.

It is proven in [GB, Theorem 3.10] that, under suitable assumptions, the collection
of operators K, becomes a quasi-normed operator ideal with respect to the quasi-
norm k), where, in our terminology,

FA(T) = T px xey

We prove that [GB| Theorem 3.10] is encompassed by Theorem [7.5.1] (see Propo-
sition and the preceding remarks). The following assumptions are made in
[GBl Theorem 3.10] (see Definitions for emphasized notions, which are
defined below).

(i) A is a monotone and symmetric BK-space;

(i) |I|l, is a k-symmetric and monotone norm.
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Let us provide the necessary definitions.

Definition 7.8.2. A sequence space A is said to be symmetric if (o) € A
whenever (o) € A and o € II, where II is the collection of all permutations of the
set N.

Definition 7.8.3. Let (A, ||-||,) be a symmetric sequence space. The norm |||, is

said to be k-symmetric if ||(as@))||, = Il(ow)]ly whenever (o) € A and o € I1.

The next definition is given in [GB| via J-stepspaces and the canonical preimage
of a sequence. We prefer to use the following equivalent definition, using the
terminology already established in this thesis.

Definition 7.8.4. A sequence space ) is said to be monotone if (J¥ o Q})(\) C
for every 7 € Inc(N).

For clarity, we include the following example.

FEzample 7.8.5. Let X be a sequence space and let m € Inc(N) be given by (k) = 2k.
Then
(J;} ° Qi)<j) = (07 X2, 07 Ly, 07 .. )

Clearly, every solid sequence space is monotone.

Let us prove a few preliminary results.

Lemma 7.8.6. If a sequence space X\ is solid and symmetric with a k-symmetric
and monotone norm, then it is 2-boundedly shiftable.

Proof. Let X\ be a solid and symmetric sequence space with a k-symmetric and
monotone norm. To see that it is 2-boundedly expandable, let T € A and let
7 € Inc(N). Consider the sequences

y = (331,0,51?3,0,.1'5, .- )
and
z = (O,I2,0,$4,0, .. )

Then 7,z € ), since ) is solid. Observe that the sequences J(7) and J}(Z) are
permutations of the sequences 7 and Z, respectively (since there are countably
many zeros which we may rearrange at will). Therefore J2(7) € A and J}(Z) € ),
since A is symmetric. Also note that J)T) = J)(y) + J2Z) € A Since |||, is
k-symmetric and monotone, we get

| 2@ < | 72@)| + [ 72@)| < gl + 1zl < 2|z -
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To show that A is 2-boundedly contractible, let T € A and let 7 € Inc(N). Since A
is solid and symmetric, we have

Y= (xw(l),o,xﬁ(g),o, .. ) €A

and
z= (0,$ﬂ.(2), 0, Tr(4)s - - ) S

Moreover, ||7|| < ||Z|| and [[Z]| < ||Z]|, since ||-||, is k-symmetric and monotone.
Therefore
|Qz@)[| =7 +=I < 7]l + Iz < 21zl O

Lemma 7.8.7. Let A be a solid sequence space with a monotone norm. Then
M (K) = X as normed spaces.

Proof. Let @ € A°(K). By definition, @ € A*(K) whenever (|ag|) € A. Since A
is solid, this is equivalent to the fact that @ = (o) € A. Moreover, |(ay)|l, =
|(Jew|) ], since ||-||, is monotone. O

Lemma 7.8.8. Let \ be a normed sequence space. Then
lexlly = llexfl o -

Proof. By Proposition|7.2.15] we only need to show that ||e1||,xx > |[le1]],. Observe

that
leally <
1 X X7 g
> = el

since e;/ ||e1|| € By. Put
— e
B=——— € Bx.
lex]l
By definition,

le1llyxx =sup{laa| |@ € Byxx} > |B1] = -
llex]]

> [lexll, - 0
The following result shows that |[GB, Theorem 3.10| is encompassed by Theo-
rem Observe that the monotonicity of A is not sufficient for A\* to be a linear
space (this can be seen from Remark . To ensure correctness, it suffices to
add the solidness of A to the assumptions of [GBl Theorem 3.10|. Since every solid
sequence space is monotone, it becomes unnecessary to keep the assumption that
A is monotone.

Proposition 7.8.9 (cf. [GB, Theorem 3.10]). Let X be a BK-space satisfying the
following conditions.
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(i) A is solid and symmetric;

(i) |Illy is a k-symmetric and monotone norm.

Then

(i) A* is a 2-boundedly expandable BK-space;
(ii) A° is a 2-boundedly expandable normed system of sequences;

(iii) assumptions (i) and (ii) of Theorem hold.

By Theorem Ky = Oa[N,N°] is a quasi-normed operator ideal with the

quasi-constant 8.

Proof. By Lemma [7.8.6] A is 2-boundedly shiftable. Proposition yields that
A% and A° are both 2-boundedly expandable. We know from Theorem that
A" is a BK-space. Also, we know from Proposition that A\*(X) is a normed
system of sequences.

It remains to verify that the assumptions of Theorem hold. To prove (i), let
€ A(K). By Lemma|(7.8.7, 5 € X\ and ||ﬁ||A = HB A (K)’ We need to show that

111, = l15]

which is proven in Proposition [7.2.15]

To show (i) of Theorem [7.5.1} we need to prove that |[e1[|,«x = |[e1

which follows from Lemma [7.8.8

AXX )

As(K) — el



Chapter 8

Approximable sets and sequences

We begin this chapter with an overview about some of the known re-
sults concerning the approximation property. After this, we give the defi-
nitions of an approximable set and an approximable sequence. We prove
a Grothendieck-like criterion for describing the approximable sets in a Ba-
nach space via the approximable sequences in this space. We also prove
that there exists a non-approximable sequence, which can be represented
as a sum of three approximable sequences.

8.1 Background and motivation

We begin this chapter with an overview about some of the known results concerning
the approximation property, a notion which was introduced by Grothendieck in
[G2]. By any means, we do not aim to be exhaustive; rather, we aim only to cover
some aspects of it that are directly related to the contents of this chapter. We refer
the reader to [O1] for a more detailed overview of the history of the approximation
property and its variants; for an extensive historical treatment, see [Pi2l, Section
5.7].

Recall that a Banach space X is said to have the approzimation property (AP) if,
for every compact set K in X and every ¢ > 0, there exists an operator 7' € F(X)
so that for every x € K we have

(I —=T)z| <e. (8.1)

Let A > 1. A Banach space X is said to have the A-bounded approximation
property (A-BAP) if the operators T" € F(X) appearing in the above definition

137
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can be chosen so that their norm does not exceed A. A Banach space X is said
to have the bounded approzimation property (BAP) if it has the A-BAP for some
A > 1. If A =1, then X has the metric approximation property (MAP).

The approrimation problem asks whether every compact operator between arbi-
trary Banach spaces can be approximated, in the norm topology of operators, by
finite-rank operators. The approximation problem goes back at least to the Polish
School in Lwow.

We quote [O1, p. 220]: “The AP and the MAP were deeply studied by A.
Grothendieck in his famous Memoir |G2|. He found eight important criteria for
the AP and five for the MAP (see [G2, Chapter I, pp. 165 and 179]). In “Propo-
sition” 37 in [ibid, pp. 170-171], he proved among others that the approximation
problem is equivalent (...) to the fact that all Banach spaces have the AP. In
fact, Grothendieck’s “Proposition” 37 contains 19 conditions which are all equiva-
lent to the approximation problem.”. One of those equivalent conditions may be
formulated as follows: every matrix A = (a;%)5%, of scalars, for which A% =0,
Z;’;l maxy, |a; | < oo, and limy a;; = 0, where j € N, satisfies

trace A = Z A = 0. (8.2)
n=1

Even though Grothendieck’s contribution to the understanding of the approxi-
mation problem was enormous, the problem itself remained open. Only 17 years
later, in 1972, did Enflo discover a separable reflexive Banach space without the
approximation property [E|, and therefore solved the approximation problem in
the negative.

By “Proposition” 37, Enflo’s counterexample demonstrates that there exists a ma-
trix which fails to satisfy condition , which in turn shows that there exists a
closed subspace of ¢y that fails the AP. A simplified construction of such a matrix
and the corresponding subspace of ¢y without the AP was given by Davie [Dal in
1973.

We conclude this historical overview with a quote from [OI, p. 220| concerning
the properties AP, BAP, and MAP. “Grothendieck remarked |[G2, Chapter I, p.
182] that there would exist a Banach space without the BAP, provided that there
exist Banach spaces having the BAP, but failing the A-BAP for arbitrarily large
A. This idea was made explicit by T. Figiel and W. B. Johnson [FJ] in 1973.
They succeeded to construct a sequence of Banach spaces X,,, n = 1,2,..., with
the BAP but failing the n-BAP, in particular, failing the MAP, and observed that
the direct fo-sum (Y 7, X,,)2 has the AP but fails the BAP. These were the first
counterexamples showing that the AP, BAP, and MAP are, in general, different
notions.”
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Since there are Banach spaces without the AP, it makes sense to study the extent
to which a given Banach space X has the AP. In the spirit of this thesis, we propose
to study the system AP of approximable sets, i.e., sets that satisfy condition (8.1)).
More precisely, let a bounded set K belong to the component AP (X) if for every
e > 0 there exists an operator T € F(X) so that

(I =T)x| < e (8-3)

for every x € K. Let A > 1. Define the system A—BAP of \-boundedly approx-
imable sets by letting K € A—-BAP(X) if the operators 7' € F(X) appearing in
the above definition can be chosen so that their norms do not exceed \. The system

BAP of boundedly approrimable sets consists of all A-boundedly approximable sets
for any A > 1. Denote MAP = 1-BAP.

The following well-known result demonstrates that all approximable sets are rela-
tively compact.

Lemma 8.1.1. Let X be a Banach space. Then AP(X) C K(X).

Proof. Let G € AP(X) and let € > 0. Fix an operator 7' € F(X), which satisfies
condition (8.3). Then the set T'(G) is a relatively compact e-net to the set G. [

It follows that a Banach space X has the AP if and only if AP(X) = K(X).
Similarly, X has the A-AP if and only if K(X) = A-BAP(X).

The Grothendieck compactness principle characterizes relatively compact subsets
of a Banach space X as those that reside in the closed absolutely convex hull of a
null sequence. In our terminology, this may be stated concisely as K = A[(1, cy.
Could the approximable sets be characterized in an analogous fashion? In order
to answer this question, we introduce some additional definitions.

Let us define the system ap of approzimable sequences as follows: (zy) € ap(X) if
(xk) is a null sequence in X and for every € > 0 there exists an operator T' € F(X)
satisfying

(I = Tl < e (8.4)

foreach k € N. Let A > 1. Define the system A\—bap of A-boundedly approximable
sequences by letting (z5) € A—bap(X) if the operators T' € F(X) appearing in the
above definition can be chosen so that their norms do not exceed A\. The system
bap of boundedly approzimable sequences consists of all A-boundedly approximable
sequences for any A > 1. Denote map = 1—bap.

We prove (see Theorem [8.2.3)) that the (A-bounded) approximable sets are exactly
those that reside in the closed absolutely convex hull of a (A-bounded) approx-
imable sequence. In our terminology, these observations may be stated concisely
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by AP = A[{;,ap] and A-BAP = A[/;, \—bap|. A consequence of this is that if
one desires to describe the structure AP(X) of the approximable sets of a Banach
space X, then it is sufficient to describe the (presumably simpler) structure ap(X)
of approximable sequences in X. Note that a Banach space X has the AP if and
only if ¢o(X) = ap(X), and \-BAP if and only if co(X) = A—bap(X).

From the perspective of this thesis, it is natural to ask whether the systems of
sets AP, BAP, A-BAP are generating systems of sets? Keeping in mind that
AP = A[(y,ap] and A-BAP = A[/;, \—bap], we ask whether the systems of
sequences ap, bap, A—bap are normed systems of sequences (when equipped with
the supremum norm of the system cy)? Answer to all of these questions turns out
to be no — a straightforward verification shows these systems are not closed with
respect to applying bounded linear operators (see Propositions [8.5.1 and [8.5.2)).

In Sections we revisit some of the classical results due to Grothendieck
and prove modified versions of them, where we concentrate on specific approx-
imable sets and sequences, instead of looking at the whole Banach space at once.
In this perspective, Theorem [8.3.1] (which is an extract of [G2, Proposition 35])
and the direction —(ii) = —(i) of “Proposition” (which is an extract of [G2,
“Proposition” 37]) become Theorem and Proposition respectively. Our
approach, combined with the matrix constructed by Davie, yields an example of a
non-approximable sequence, which can be represented as a sum of three approx-
imable sequences (see Theorem . This proves that the systems AP and ap
are not closed with respect to addition (i.e., they do not satisfy properties (Gz)
and (NSy), respectively).

Recall that the example of Figiel and Johnson in 1973 showed that the BAP and
the AP are different notions for Banach spaces. However, it is not immediately
apparent from this fact that the systems BAP and AP are different. Indeed,
consider a Banach space X having the AP, but failing the BAP. This means that
for each A > 1, there exists a set that fails the A-BAP. But does this guarantee
that BAP(X) # AP(X)? In order to answer this question affirmatively, we need
to construct a single set (or alternatively, a single sequence) which does not belong
to A—-BAP(X) (respectively, A—bap(X)) for any A > 1. Indeed, we are able to
construct such a sequence. We do it by taking, for each n € N, an approximable
sequence which fails to be n-boundedly approximable, and manipulating and re-
ordering these sequences into a single approximable sequence, which fails to be
boundedly approximable. In fact, we show that this construction works in every
Banach space X having the AP but failing the BAP (see Proposition [8.6.1).

Coming to terms with the fact that the system AP fails to be a generating system
of sets, it is natural to ask the following questions. What is the smallest generating
system of sets encompassing AP?7 What is the largest generating system of sets
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residing in AP? It is relatively easy to show that the answer to the first question
is the system K of all relatively compact sets (see Corollary . We propose
that the answer to the second question might be the system K, 9 of all relatively
(2,2)-compact sets (see Question [8.5.4).

8.2 Criterion for approximable sets

By a classical and well-known criterion (see, e.g., [LiT, p. 37]), a Banach space X
has the A-AP if and only if every finite set is A-boundedly approximable. Using
essentially the same proof as in [LiT| p. 37|, we obtain the following criterion for
A-boundedly approximable sets.

Proposition 8.2.1. Let X be a Banach space. Then K € A—-BAP(X) if and
only if for every € > 0 there exists a finite set L € A—BAP(X) so that L is an
e-nel to the set K.

Proof. For the “only if” part, let K € A-BAP(X) and let ¢ > 0. Find an e-net
L in the set K (we may do so, since \A-BAP(X) C AP(X) C K(X)). Then also
L € \A-BAP(X), since L C K.

To prove the “if” part, take a set K, fix ¢ > 0, and take a finite set L =
{x1,...,2,} € A-BAP(X) so that L is an 3;-net to the set K. Now let T' € F(X)
be given such that ||T']| < X and ||Tz; — ]| < § for every j € N. Fix x € K and
choose an index j € {1,...,n} so that ||z — IJH < 5 Then

T2 — x| < | Tz — Txj|| + || Tz; — x| + ||z; — I + + oy -

ol =35 ST 3/\ =

According to the following well-known result, every finite set {xi,...,2z,} is ap-
proximable. Therefore one cannot replace “A—BAP” with “AP” in Proposi-
tion B.2.1] above.

Lemma 8.2.2. Let X be a Banach space and let {xq,...,2,} C X. Then

{z1,...,2,} € AP(X).

Proof. Put Y = span{zy,...,x,}. Auerbach’s Lemma provides a projection P of
X onto Y such that || P|| < n. Observe that

|Px— x| =0

for every x € Y. O]
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The following result draws inspiration from the Grothendieck compactness princi-
ple. It describes approximable sets as those sets which are situated in the closed
absolutely convex hulls of approximable sequences. It also gives a similar charac-
terization for A-boundedly approximable sets.

Theorem 8.2.3. Let X be a Banach space and let K C X. Then K 1is approz-
imable if and only if there exists a sequence T € ap(X) such that

K C Ex(By,) = {Zakxk |a e Bgl} .

k=1

Let X\ > 1. Then K 1is A-boundedly approximable if and only if there exists a
sequence T € A—bap(X) such that

K C Ex(By,) = {Zakxk | @ e Bgl} .

k=1

These two observations can also be written as
AP = Alty, ap]

and

A—BAP = A[(;, \—bap].

Proof. The proofs for the both cases are similar in their nature. Therefore the
proof is only written once, and there are remarks in the places where the proof
techniques diverge. Note that the proof of the “only if” direction is inspired by the
proof of the Grothendieck compactness principle.

To prove the “if” direction, take a (A\-bounded) approximable sequence (xy) so that

K C {Zakxk ‘EEBgl}.

k=1

Let ¢ > 0. We may choose an operator T' € F(X) so that [[(I — T)(x)|| < € for
each k € N (if K € A-BAP(X), we require ||T|| < A). Let € X. Every element
of the set K can be represented as a sum » .~ axxy, where @ € By, so we have

I =T) (@)l = ||(I = T) (Z akxk>

<Dl [ =T)(an)ll <€) lan] <e.
k=1 k=1
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To prove the “only if” direction, let K be a (A-boundedly) approximable set.
Choose, for each k € N, an operator T}, € F(X) so that

I~ T)@ < sz (85)

for every x € K (we additionally require that ||7;|] < A if K is A-boundedly
approximable). Put

£ — min { ! L | ! } | (8.6)

4R 2R 2(1 4 | T4))7 T 22K+ (1 + || Tk )

Choose an e1-net {y ;}72, from the set K. Define a relatively compact set K, ; =
B(yy,j,e1) N K for each 1 < j <ny and put I ={1,...,n1}.

We start constructing the sequence (xy) by putting z; = 2y; ;, where 1 < j < n;.
The general idea of the proof is that in every k-th step hereafter (k > 2), we will

(a) choose a finite eg-net Ly ; C Kj_; ; for each set Kj_; j, where 1 < j <mny_q;
unite all of those nets into a single set and denote it by {yx;}:%;

j=15
(b) denote Ky ;j = B(yk,j,cx) N K for each 1 < j < ny;

(c) denote I, = {my_1 +1,...,mgp_1 + ng}, where my = max{r | r € I},

(d) put z, = 2"(yr; — yx_1,) for each 1 < j < ny, where m = my_,+j € I; and
Yrj € Ly C Ki_1, (note that [|x,,|| < 21, since yr; € B(Ys—1p,€k-1)).

This construction gives us that

(1) (zx) € eo(X);
(ii) every x € K can be expressed as a sum Y, 5 2;,, where ji € Ij.

(iii) [|(1 = Tn)(z;)|| < 55 for every j,m € N.

0 see (i), observe that it £ > 2 an € I, then ||z;|| < 2%_1 < 575 —— 0.
To see (i), observe that if k > 2 and j € I, then ||z;]| < 2e; ; < 5y 2225 0

By Lemma [4.1.5] it suffices to verify (ii) to show that K C Ez(By,), since

o0

1 00
Zﬁl’jk c {Zakxk |6€ Bgl} .
k=1

k=1
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Let z € K and take r € {1,...,n1} such that z € B(y1,,,€1). Then z € K ,,.
Take r5 € {1,...,ny} such that x € B(ya,,,e2) and ya,, € Ly1,,. Then z € Ks,,.
Continuing in this manner, we obtain a sequence (v, ) such that limy_,o. yi,, = .

Put j, = my + 1 € I if K > 2; put j; = € I. Write

, N 1 =1 =1
T = kh_)rgoyk,rk = Yi,r + Z(ykﬂ”k - yk—l,rk_l) = 537]'1 + Z %xjk. = Z %mjk‘
k=2 k=2 k=1

It remains to prove (iii), which yields that (z;) € ap(X). Furthermore, if the set
K was assumed to be A-boundedly approximable, then we chose the operators T}
so that ||T}|| < A, in which case (iii) yields that (z;) € A—bap(X).

We use two different techniques to prove that [|(I —T,)(z;)|| < 7= for every
7,m € N. Using condition , we will prove that it holds if 1 < n < m, where
j € I,,; using condition (8.6), we will prove that this inequality holds if 1 < m < n,
where j € [,.

Let 1 <n <m and let j € I,,. Then x; = 2"(yps — Yn—1,p), Where y,,; € K and
Yn—1, € K. By condition (8.5),

17 = Ton) (@) | = 11 = To) (2" (Wt = Y1)l <

n n n 1
<2 (I = To) ()l + 2" [T = To) (W1 p) | < 2" 5y < 5

Let 1 <m < n and let j € I,,. Therefore ||z;|| < 2"¢,_;. By condition (8.6),

., o1
I = Ton) ()| < (L + 1Tl N5l < 2% -1 (1 + [|Tn]]) < O

S Joem =

Remark 8.2.4. Let A be an operator ideal satisfying F C A C K. Consider the
systems of “A-approximable sets” and “A-approximable sequences”, obtained by
replacing the operator ideal F with A in the definitions of approximable sets and
sequences, respectively. It is not difficult to see that Theorem will remain
true in this more general context, using essentially the same proof.

8.3 A characterization of approximable sequences

In this and the following two sections we revisit some of the classical results due
to Grothendieck and interpret their proofs in the context of approximable sets
and sequences (instead of concentrating on the whole space). Recall the following
result from |G2| (see, e.g., |[Li'T, Theorem 1.e.4]).
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Theorem 8.3.1 (|G2| Proposition 35]). Let X be a Banach space. The following
are equivalent.

(i) X has the AP;

(ii) For every choice (xx) C X, (x}) C X* such that Y ., ||zi|| [|zx| < oo and
Zzozl xip(x)x, =0, for all x € X, we have ZZ‘;l zi(zp) = 0.

In this section, we prove a more specific version of the above theorem (see Theo-
rem [8.3.8)), which allows us to characterize whether a given sequence (zy) € co(X)
is approximable. Essentially we follow the proof of Theorem as given in [LiT)
pp. 31-33]. We begin by recalling the relevant topology.

Definition 8.3.2 (see [LiT, Proposition 1.e.3]). Let X and Y be Banach spaces.
Let K € K(X) and define the semi-norm pg: L£(X,Y) — K as follows.

px(T) = sup [ Tz|.

zeK

Denote by 7. the locally convex topology generated by the family of semi-norms

{pr | K € K(X)}.

One can also define this topology using a different set of semi-norms.

Definition 8.3.3. Let X and Y be Banach spaces. Let T € co(X) and define the
semi-norm pz: L(X,Y) — K as follows.

pz(T) = sup || Ty
keN
Put another way,

Lemma 8.3.4. The topology 7. coincides with the locally convex topology 1. gen-
erated by the family of semi-norms

{pz | T € co(X)}.
Proof. To see that the topology 7. is weaker than 7., observe that every semi-norm

Pz, where T € ¢o(X), is equal to a semi-norm pg,,, where {z;} € K(X).

To show that the topology 7. is stronger than the topology 7., take a semi-norm
P, where K € K(X). According to Grothendieck’s compactness principle, there
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exists a sequence T € co(X) so that K C Ez(By). It suffices to show that
pr(T) < pz(T) for each T € L(X,Y). In other words, we need to show that

sup || Tx|| < sup || Tz
zeK keN

Let x € K. Since K C Ez(By,), there exists a scalar sequence @ € By, with
r="> po aprg. Thus

r (i a>

We now introduce another topology on £(X,Y’) which, in general, is considerably
weaker than the topology ..

[Tz|| =

00
E akTa:k
k=1

[o¢]
< sup || T[> o] < sup |[|Tayl|. O
keN 1 keN

Definition 8.3.5. Let T € co(X). Denote by 77 the locally convex topology
generated by the single semi-norm pz.
Recall the following Grothendieck’s result.

Proposition 8.3.6 (see, e.g., [LiT, Proposition 1.e.3|). Continuous linear func-
tionals on (L(X,Y),T.) coincide with the functionals f of the form

FT) =) yi(Tay), (o) € X, (i) Y™ Dl lyill < oo
k=1

k=1

We continue by proving a modified version of the aforementioned result. We
include a proof for completeness, although it is essentially the same as in [LiT)|
Proposition 1.e.3].

Proposition 8.3.7. Let T € co(X). Continuous linear functionals on (L(X,Y), 7F)
coincide with the functionals f of the form

F(T) = wi(Tay), () C (V).
k=1
Proof. Assume that f has such a representation. Then

DI < D gl 1 Tl < sup (| Taxll Y llyill < sup | Tax]| = pe(T),
Pt keN Py keN

which proves that f is continuous.
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Conversely, assume that f is a linear functional on L£(X,Y) so that |f(T)| <
Cpz(T) for some constant C. Define S: L(X,Y) — co(Y) by

S(T) = (T.I'l, TIL'Q, .. )
Observe that ker S C ker f. Indeed,

F(T)] < Cps(T) = Csup [T} = € STy

It is well known that one may define (see, e.g., [Ml Theorem 1.7.13, 1.7.14]) a
bounded linear operator go: ran S — K by

90(5T) = f(T).

By the Hahn-Banach theorem, we may extend gy to a continuous linear functional
g on co(Y). Denote by J the canonical isomorphism from co(Y)* to £1(Y™*) and
put (y;) = J(g). Then

F(T) = go(ST) = g(ST) = J " Jg(ST) = (J7'(yi))(ST) = Y _wi(Twy). O

We are now ready to prove the main result of this section. The proof follows the
proof of Theorem [8.3.1] (see [LiT, Theorem 1.e.4]) with obvious modifications.

Theorem 8.3.8. Let X be a Banach space and let (xy) € co(X). The following
are equivalent.

(i) (zx) € ap(X);
(i) Ix € FOX, X)";
(iii) For every choice (x}) € £1(X*) such that > ;- zi(x)zy = 0 for all z € X,
we have Y -, xi(zy) = 0.

Proof. Observe that (ii) means that for every ¢ > 0 there exists an operator
T € F(X,X) such that pz(T — Ix) < e. This is equivalent to the fact that
T € ap(X), since
pa(T — Ix) = sup [Ty — |-
keN

By the Tukey-Klee separation theorem and the fact that every finite-rank operator
can be expressed as a sum of rank 1 operators, (ii) is equivalent to the fact that
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every operator f € (L(X, X),7%)*, which vanishes on operators of rank 1, vanishes
also on the identity operator. Let us show the the latter statement is equivalent
to (iii).

According to Proposition [8.3.7, f € (£(X,X),7%)* if and only if there exists a
sequence (z}) C £1(X*) such that

T) =Y xj(Tzy).

Recall that f vanishes on all operators of rank 1 if and only if f(2* ® z) = 0 for
every ¥ € X*, x € X. Observe that

x):sz R x)xy) Zx () 2} (x (ka )
k=1

Since f(Ix) =, z}(xy), it remains to show only that

Vot e X*, Ve e X, o (in(:t)a:k) =0& Ve elX, in(:ﬂ)azk = 0.

k=1

The “only if” part follows from the Hahn-Banach theorem; the “if” part is obvious.
O

We remark that having proven Theorem for a single approximable sequence
T, one may easily obtain the original Theorem from it in the following way.

Proof of Theorem[8.53.1 (ii) = (i). For every choice (zx) C X, (x}) C X* such
that > o lzilll|lzkl < oo and > ;7 zfi(z)zy = 0, for all x € X, we have
Sopeiap(xr) = 0. By the part (ii) = (i) of Theorem [3.3.8] it holds that every
sequence () € co(X) is approximable and therefore X has the AP.

(i) = (ii). Let X be a Banach space with the approximation property. Let
(zx) C X and (x}) C X* so that Y o, ||z;] [|zk|l < oo and Y ;2 | xf(x)z), = 0 for
every x € X. We need to show that ) > x}(zy) = 0. Take a sequence (f) of
positive scalars tending to oo so that

o
> Bellaill llzll < co.
k=1

Up = {ﬂk|]3€7kl|’ if 7& 0,

0, otherwise.
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and
Y = B |zl 25

Then (y;) € £.(X*) and (yx) € co(X) = ap(X). Since y;(yx) = zj(zx) and
yr(x)yr = x}(z)xy for every x € X, then by the part (i) = (ii) of Theorem [3.3.8]

> wpw) =) vilye) = 0. O
k=1 k=1

8.4 Non-approximable sequences arising from infi-
nite matrices

Recall the following result, which we mentioned in the introduction to the current
chapter.

“Proposition” 8.4.1 (see |[G2l, “Proposition” 37|). The following are equivalent.

(i) Every Banach space has the AP;
(ii) every matriz A = (a;i) of scalars, for which limg a;, = 0 for each j € N,

o0

max |a;x| < oo and A% =0, satisfies trace A = E Qpn = 0
keN
j=1 n=1

Of course, this result in the given formulation is only of historical interest, since we
now know that both of these statements are false. However, the simple and explicit
proof enables us to transfer a counterexample of one statement to a counterexample
of the other statement. Specifically, we are interested in the direction (i) = (ii),
i.e., =(ii) = —(i). By inspecting the proof of the latter direction (see, e.g., [LiT}
Proposition 1.e.8|) and modifying it slightly, we obtain the following result.

Proposition 8.4.2. Let A = (a;x) be an infinite matriz with the following prop-
erties.

(i) limg ajp =0 for each j € N;

(ii

)

) Z] | Maxgen |aji| < 0o;
(iii) A% = 0;

)

(iv) trace A # 0.
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Denote the j-th row of A by x; = (a;i)ken. Note that x; € co for every j € N.
Define X =span{z; | j € N} C ¢o. Then there ezists a sequence of positive scalars
(B;) tending to oo so that the sequence

(5;‘ ||$j!|)

converges to zero in X, but is not approrimable in X.

Proof. Let ey, where £ € N, denote the k-th unit vector of ¢ = ¢, restricted to
the subspace X C ¢g. Then ey(x;) = aj; and

llexllx- = sup |ex(z)| < sup |ex(z)| = 1.

rEBx T€Be
By assumption,
[e.o] o [e.o]
> llesll sl < D71+ (maxlal) = 3 max|az| < oo.
j=1 j=1 j=1
Fix j € Nand k € N. Then
o0 [e.9] o0
e (Z en(xj)xn> = Zen(xj)ek(xn) = Zajnank =0,
n=1 n=1 n=1

since the latter is the entry in the j-th row and k-th column of the matrix A2

Let x € X be an arbitrary non-zero element. We will show that for every k£ € N,

e (Z en(x)xn> =0.

n=1

Let ¢ > 0. Choose an element Z € span {z;} so that

le —z|| < 5/ (; max |ank|).
Then

€k (i en(:i")mn> Zen z)ej(z,) = 0.
n=1
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Observe that

o0 o0 o0
s (Z en(x):cn> e (Z en(x — i’)xn) e (Z en(:ft)xn>
n=1 n=1 n=1
oo o0
= (Z lenll |z — 2 HW\) < lz — 2| ngX\ankl <e.
n=1 n=1

< <

_|_

Take 2* € X* and find its continuous extension 2* € ¢;. Then &* = > 7 | a;e; and

z* (Z en(:)s)zvn) =" <Z en(x):vn) = Z aje; (Z en(z)$n> = Z 0=0.

We have shown that every functional z* vanishes on the element Y > e, (z)z,,
where x € X is arbitrarily chosen. Therefore Y~  e,(z)x, = 0 for every z € X.
Observe that

Z ej(x;) = Zajj = trace A # 0.

00 o]
Jj=1 J=1

Recall that 372, [lej]| [|z;]| < oo. Take a sequence of positive scalars (3;) tending
to 0o so that

o
> Billesl sl < oo.
j=1

Put

g = 4 Bl if z; # 0,
0, otherwise.

and

fi = Bj NIzl e;,
where j € N. Then (y;) € co(co) and (f;) € 41(61) = £1(c). Since fj(y;) =
ej(x;) # 0 and fj(x)y; = ej(x)x; = 0 for every z € X, then (y;) € ap(co) by
Theorem [B.3.8 O

8.5 Are approximable sets a generating system of
sets?

It is natural to ask whether the systems AP and A-BAP are generating systems
of sets. Clearly, the systems of sets AP and A—BAP satisfy properties (Gy) (each
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approximable set is relatively compact), (G1) (the unit ball By is an approximable
set), and (G3) (a subset of an approximable set is an approximable set) and they
are closed with respect to multiplication by a scalar. However, neither of the afore-
mentioned systems is closed with respect to applying bounded linear operators, as
demonstrated by Proposition below. To see this, let K in Proposition [8.5.2]
be any relatively compact set which fails to be (A-boundedly) approximable.

On a related note, are the systems ap and A—bap normed systems of sequences
(when equipped with the supremum norm of ¢g)? Clearly, they satisfy property
(NS3). Indeed, any sequence (zj) € fin(K) is (1-boundedly) approximable, since
Ix has rank 1 (and ||Ix|| = 1). However, neither ap nor A—bap is closed with
respect to applying bounded linear operators, as demonstrated by Proposition[8.5.1]
below. To see this, let (z;) in Proposition be any convergent sequence which
fails to be (A-boundedly) approximable.

Proposition 8.5.1. Let X be a Banach space and let T € co(X). Then there
exists an operator T € L({1,X) and a sequence (@) € co(f1) = 1—bap(¢y) such
that

(zx) = (T )ren-
Proof. Put ay, = ||zg|| ex € ¢4 for each k € N. Define an operator T' € L({1, X) by

T .
T(ey) = m (put T'(er) = 0 if 24, = 0).

Obviously, (@) € co(¢1) = 1—bap(¢;). Then
(Tak:)keN = (Hl’kH Tek)k:eN = (xk) O

Proposition 8.5.2. Let X be a Banach space and let K € K(X). Then there
exists an operator T' € L({1,X) and a set G € K({1) = 1-BAP({;) such that

K Cc T(Q).

Proof. Let K be a relatively compact set. Then K C Ez(By,) for some sequence
T € co(X). Define (ay) € co(f1) and T € L(¢1, X) exactly as in the proof of
the previous proposition. Denote G = Eg,)(5;,) and observe that G € K(¢;) =
1-BAP(¢;). Therefore

K C EE(Bgl) = E(Tak)(le) = TE(ak)(Bgl) = T(G) ]

The following corollary follows easily from Proposition and the fact that every
generating system of sets satisfies property (Gy).
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Corollary 8.5.3. K is the smallest generating system of sets which contains the
system AP.

Coming to terms with the fact that the system AP fails to be a generating system
of sets, it is natural to ask the following question: what is the largest generating
system of sets residing in AP? Sinha and Karn proved in [SK1l, Theorem 6.4] that
every Banach space has the (2, 2)-approximation property. In our terminology, this
result can be stated as K22y C AP. We pose the following question.

Question 8.5.4. Is K(22) the largest generating system of sets which is contained
by the system AP?

It turns out that the systems AP and ap also fail to be closed under addition
(of sets and sequences, respectively); this will be demonstrated in Theorem m
However, compared to the above proposition, its proof is rather more involved.
The proof is based on the “shape” of an infinite matrix, constructed by Davie in
[Da], which satisfies the assumptions of Proposition The latter proposition
then yields an example of a non-approximable null sequence in a subspace X of ¢g.
We will show that this sequence can be represented as a sum of three approximable
sequences (see Theorem [8.5.8).

Our proof relies on the following lemma.

Lemma 8.5.5. Let Y be a Banach space and let X be its subspace. If G € AP(X),
then G € AP(Y). Similarly, if T € ap(X), then T € ap(Y').

Proof. Let G € AP(X) and let € > 0. Then there exists an operator 7' € F(X)
so that
(I =T)x| < e

for every x € G C X. Since T is of finite rank, it admits a representation

n
T = E Ty @ Tp,
k=1

wheren € N, z7,...,2; € X*, and z4,...,2, € X. By the Hahn-Banach theorem,
each of those bounded linear functionals x} can be extended to a bounded linear
functional y; on Y. Put S = >}, y; @ zx. Then S € F(Y,Y) and for every
x € G CY we have

= [I(I =T)z| <e,

<I—Zy,§®mk> :
k=1

i.e., G € AP(Y). The claim is proved similarly for approximable sequences. [

HU—SMH—'
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Remark 8.5.6. We do not know whether the above result also holds for A-boundedly
approximable sets and sequences. Notice that the line of thought employed in the
above lemma cannot be used in that case; indeed, although the Hahn-Banach
theorem allows us to choose extensions y; such that ||y;| = [|zi]|, it does not
guarantee that S| = ||T]].

We also need the following result to prove Theorem [8.5.8|

Proposition 8.5.7. Let A be an infinite diagonal block matriz of the following
shape, where blocks By are any scalar matrices of any size my X ng and zeros
denote the zero matrices of suitable sizes.

Let Ty, denote the k-th row of A and let X = span{Ty | k € N} C ¢g. Then the
space X has the 1-BAP.

Proof. Denote the linear span of first m; rows by X, the linear span of next ms
rows by Xy, etc. For each k € N define the projection P: X — X as follows.

x;, ifxr:e X,
Pyzx;)=<"" / ’
(3) {O, otherwise.

It is easy to see that the definition of Py is correct and that || P < 1 (if X} is a
non-trivial space, then || P;|| = 1). Since X} is a finite-dimensional subspace of X,
we have P, € F(X, X). Put
Se=)»_ P
j=1

Clearly, ||Sk|]| <1 and S, € F(X, X) for each k € N.

Let (7)) € co(X). We need to show that (7,) € 1—bap(X). Fix ¢ > 0. Since
the sequence (g,) converges to 0 in X, there exists an index ng € N such that
17, < § for every n > ng.

Let 1 < j < ng. Since ; = (y})ren € X, then there exists an index m; so that

H(]_ Sm7)gj|| <e. Put

M = max m;.
1<j<no
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For each n < ng, we have

(L = Sa)nll < 1T = S )l < €.
On the other hand, for every n > ngy, we have
_ _ _ €
I = Sa)gnll = (I + 18wl 7]l = 2170 < 2- 5 =&

Therefore we may conclude that (7,) € 1—bap(X). O

We are now ready to give the main result of this section. Denote by A the matrix
constructed by Davie, which satisfies the assumptions of Proposition [8.4.2] Tt is a
block matrix and has the following shape (where P is a certain 251 x 3-2% matrix
and Qy is a certain 2% x 3 - 2% matrix for each k € Ny):

PRy POy 0 0 0
Q1R PPP— Q1@ PrQ 0 0
A= 0 —Q5 P Py Py — Q5Q Py Q3 0

0 0 —Q5 P, PyPs — Q303 P5Qq

Following Proposition denote the j-th row of A by T; = (a;x)ken. Clearly,
Tj € ¢ for every j € N. Put X = span{Z; | j € N} C ¢. Then there exists a
sequence of positive scalars (;) tending to oo so that the sequence

(7)) = (ﬁjﬁ%ﬂ)

converges to zero in X, but is not approximable in X.

Define the matrices B, C, and D in the following way.

(i) The matrix B is obtained by putting rows filled with zeros instead of all rows
of the matrix A, except for the rows from 1st, 4th, 7th, etc. blocks of rows.

(ii) The matrix C' is obtained by putting rows filled with zeros instead of all rows
of the matrix A, except for the rows from 2nd, 5th, 8th, etc. blocks of rows.

(iii) The matrix D is obtained by putting rows filled with zeros instead of all rows
of the matrix A, except for the rows from 3rd, 6th, 9th, etc. blocks of rows.

For the sake of clarity, we write out a part of the matrix B.
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PR FQr 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 Q3P PiP3—(Q30Q3 P5Qs 0
0 0 0 0 0 0

Clearly, A = B+ C + D. Denote by ¥;, Z;, and w; the j-th rows of B, C, and
D, respectively. It is easy to see that T; = y; + 2z; + w; for each j € N. Put
Y =span{y, | j € N}; Z =span{z; | j € N}; W = span{w; | j € N}. Then each
of the spaces Y, Z, and W is a subspace of X. The following theorem demonstrates
that the systems ap and AP are not closed with respect to addition.

Theorem 8.5.8. Let the space X C ¢, the scalar sequence (f3;), and the sequences
(T;), (¥;); (Z5), and (w;) be given as described above. Put

!/

%), and (W) belongs to the system ap(X), but
their sum (E;) does not belong to the system ap(X). Likewise, each of the sets
{y;}, {2}}, and {w;} belongs to the system AP(X), but {f;} ¢ AP(X), although

{7} = + 7w < {y + {Z ) +{w)-

Proof. Clearly, (7)) € co(Y). (Z}) € co(Z), and (@) € co(W). According to

Proposition [8.5.7, (7;) € 1-bap(Y), (Z}) € 1-bap(Z), and (w;) € 1-bap(WV).

Then each of the sequences (¥}), (Z

Lemma yields that each of the sequences (7.), (z},), and (w),) belongs to the
system ap(X). We conclude the proof by recalling that (7)) ¢ ap(X). O

We conclude this section by remarking that we do not know whether the systems
A—BAP and A—bap also fail to be closed with respect to addition.

8.6 Approximable sequences and sets which are
not boundedly approximable

Recall that the example of Figiel and Johnson [FJ| in 1973 showed that the BAP
and the AP are different notions for Banach spaces. From the point of view of this
thesis, we are interested in the question whether the systems BAP and AP are
also different. The answer to this questions turns out to be yes, as demonstrated
by the following result.
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Proposition 8.6.1. Let X be a Banach space which has the AP, but does not
have the BAP. Then bap(X) # ap(X). Similarly, BAP(X) # AP(X).

Proof. For each n € N, fix a set K,, € AP(X) such that K, ¢ n—BAP(X).
According to Theorem [8.2.3] there exists a sequence T,, = (z})ren € ap(X) such
that K,, C Ez,(By,), but T,, & n—bap(X). Put M, = sup,cy ||z}| # 0.

Define 5 = (y,,) as any array of the following elements:

1 1 1

oM, oM, 2My T
2 2 2

Ly ) Ly,

I, A0, AMy

ey

n n n
L1 ) Ly,

2n M, 20 M, 20 M,

Observe that 7 € co(X). But this means that 7 € ap(X), since X has the AP.
Assume to the contrary that 7 € bap(X). Then y € n—bap(X) for some n € N.
Thus also the sequence
Tn _ (@f)ken
2nM, — 2"M, '
which is a re-ordered subsequence of ¥, belongs to n—bap(X). But then the
sequence T, also belongs to n—bap(X), since the system n—bap is closed with
respect to scalar multiplication. Furthermore, this yields that K,, € n—BAP(X).
We have reached a contradiction, as desired. O
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Genereerivate hulkade ja jadade stisteemid

Kokkuvote

Operaatorideaalide teooria sai alguse A. Pietschi monograafiast [Pil] ning on téna-
seks saanud kaasaegse Banachi ruumide teooria lahutamatuks osaks. I. Stephani to6i
artiklis [S] sisse kaks operaatorideaalidega tihedalt seotud moistet: genereerivate
hulkade siisteem ja genereerivate jadade silisteem. Nimelt, 1dhtudes kahest ette-
antud genereerivate hulkade siisteemist, saame me tekitada operaatorideaali, mis
koosneb koigist operaatoritest, mis teisendavad esimesse siisteemi kuuluvad hulgad
teise siisteemi kuuluvateks hulkadeks. Genereerivate jadade siisteeme saab oma-
korda kasutada genereerivate hulkade siisteemide tekitamiseks. Siinkohal mérgime,
et genereerivate hulkade ja jadade siisteemide moisteid on uuritud operaatorideaa-
lidest oluliselt vahem.

Uks viitekirja pohieesmérkidest on uurida genereerivate hulkade ja jadade siis-
teemide klasse ning nendevahelisi seoseid. Muuhulgas toestatakse, et leidub Galois’
vastavus genereerivate hulkade siisteemide klassi ja teatava genereerivate jadade
siisteemide faktorklassi vahel.

Teine véitekirja eesmark on uurida jargmisi struktuure ning nendega seotud klas-
se voreteoreetilisest aspektist: operaatorideaalide klass, genereerivate hulkade siis-
teemide klass ja genereerivate jadade siisteemide klass.

Nagu eelnevalt mainitud, néitas Stephani, kuidas genereerivate hulkade siisteemi
kaudu saab tekitada operaatorideaale. Sellele lisaks néitas ta, kuidas etteantud
operaatorideaalist saab tekitada genereerivate hulkade siisteemi. Nende teisendus-
tega seotult t01 Stephani sisse kaks moistet: siirjektiivse operaatorideaali moiste
ja ideaalse hulkade siisteemi moiste. Viitekirjas ndidatakse, et operaatorideaalide
ja genereerivate hulkade siisteemide vahel on Galois’ vastavus, ning et 1dbi selle
vaatenurga on voimalik uuesti ndha ja motestada teatud tulemusi artiklist [S].

Uks levinud niide genereerivate hulkade siisteemide kohta on koigi suhteliselt kom-
paktsete hulkade siisteem, mis on tekitatav teatud viisil koigi koonduvate jadade
siisteemi kaudu. Koigi kompaktsete operaatorite operaatorideaal on omakorda te-
kitatav koigi tokestatud ja suhteliselt kompaktsete hulkade siisteemide kaudu jérg-
misel viisil: operaator on kompaktne parajasti siis, kui teisendab tokestatud hulgad
suhteliselt kompaktseteks hulkadeks. Viitekirjas uuritakse lisaks mitmeid alterna-
tiivseid suhtelise kompaktsuse variante. Need alternatiivsed moisted baseeruvad A.
Grothendiecki poolt 1955. aastal toestatud tulemusel [G2]: Banachi ruumi alam-
hulk on suhteliselt kompaktne parajasti siis, kui ta sisaldub nulli koonduva jada
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kinnises kumeras kattes. Ténapieval tuntakse seda tulemust kui Grothendiecki
kompaktsuse printsiipi.

Asendades Grothendiecki kompaktsuse printsiibis nulli koonduvad jadad absoluut-
selt p-summeeruvate jadadega (kus 1 < p < o), saadakse tugevam variant suh-
telisest kompaktsusest. Sellist kompaktsuse moistet uuriti 1980ndatel O. Reinovi
[Rel] ja J. Bourgaini ning O. Reinovi [BR] poolt. Kéesolevas viitekirjas nimeta-
takse selliseid hulki suhteliselt p-kompaktseteks Bourgain—Reinovi mottes. Aastal
2002 toid D. P. Sinha ja A. K. Karn artiklis [SKI] sisse teise suhtelise kompaktsu-
se moiste, mis asetseb eelmainitud moistete vahel. Viitekirjas nimetatakse sellised
hulki suhteliselt p-kompaktseteks Sinha-Karni mottes.

Kehtigu 1 < p < oo ning 1 < r < p*, kus p* on indeksi p kaasindeks. Sel-
leks, et uurida iihise késitluse raames eelmainitud omadusi, tuuakse véaitekirjas
sisse suhteliselt (p,r)-kompaktse hulga moiste, mis erijuhuna sisaldab suhteliselt
p-kompaktseid hulki Bourgain—-Reinovi méttes (juhul r = 1) ja Sinha-Karni mottes
(juhul r = p*). Seejérel veendutakse, et koigi suhteliselt (p, r)-kompaktsete hulkade
siisteem on genereerivate hulkade siisteem. Vaadeldes operaatoreid, mis teisenda-
vad tokestatud hulgad suhteliselt (p, r)-kompaktseteks, saadakse (p, r)-kompaktsed
operaatorid. Erijuhtudena sisaldab viimane moiste p-kompaktseid operaatoreid
Bourgain-Reinovi mottes (juhul » = 1) ning Sinha-Karni mottes (juhul r = p*).

Artiklis [SKI] toestati, et (Sinha-Karni mottes) p-kompaktsed operaatorid moo-
dustavad Banachi operaatorideaali. Viitekirjas antakse kéigi (p, r)-kompaktsete
operaatorite operaatorideaali KC,,y kirjeldus operaatorideaali N, .+ siirjektiivse
katte kaudu. See voimaldab varustada operaatorideaali K, ,) tuntud operaator-

ideaali (o177 s-normiga ning ndidata, et K, ,) on s-Banachi operaatorideaal.

Artiklis [SKI| vaadeldi ka suhteliselt norgalt p-kompaktse hulga moistet. Selle
moiste iildistatud variant, suhteliselt norgalt (p,r)-kompaktne hulk, toodi sisse
artiklis [AO2|. Artiklis [AO2| toodi sisse ka tingimatult (p,r)-kompaktse hulga
moiste. Norgalt p-kompaktsed, norgalt (p, r)-kompaktsed, ning tingimatult (p,r)-
kompaktsed operaatorid defineeritakse loomulikul viisil. Téhistagu W, ) ja Uy,
vastavalt koigi norgalt (p,r)-kompaktsete ja tingimatult (p,r)-kompaktsete ope-
raatorite kogumeid. Artiklis [SK1| toestati, et norgalt p-kompaktsete operaatorite
klass W, = W), ) on Banachi operaatorideaal, kui 1 < p < co. Viitekirjas toesta-
takse, et W, 1) ja U, 1) on kvaasi-Banachi operaatorideaalid. Selle saavutamiseks
tuuakse sisse lildine meetod genereerivate hulkade silisteemide ja operaatorideaa-
lide konstrueerimiseks, lahtudes BK-ruumist ¢ ja normeeritud jadade siisteemist
h. Toestatakse, et sellel viisil konstrueeritud operaatorideaal on kvaasi-Banachi
operaatorideaal, eeldusel, et ¢ ja h rahuldavad teatud tingimusi.
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Viitekirjas naidatakse, et W, = W 1) on Banachi operaatorideaal ning toesta-
takse, et téielikult pidevate operaatorite operaatorideaal V on esitatav jagatisena

VY = W, o W™L. See annab uue tdestuse tulemusele IDELORT, Theorem 1|: nork
Grothendiecki kompaktsuse printsiip kehtib vaid Schuri omadusega ruumides.

Oeldakse, et Banachi ruumil on aproksimatsiooniomadus, kui ithikoperaatorit saab
lihendada loplikumootmeliste operaatoritega iihtlaselt ruumi suhteliselt kompakt-
setel alamhulkadel. Kéesolevas viitekirjas vaadeldakse koigi aproksimeeritavate
hulkade siisteemi, kus aproksimeeritav hulk on defineeritud kui tokestatud hulk,
millel iihikoperaator on iihtlaselt 1ahendatav loplikumootmeliste operaatoritega.
Lisaks defineeritakse aproksimeeritav jada kui nulli koonduv jada, millel iihikope-
raator on iihtlaselt ldhendatav loplikumootmeliste operaatoritega. Grothendiecki
kompaktsuse printsiibile analoogiliselt toestatakse viitekirjas, et hulk on aprok-
simeeritav parajasti siis, kui ta sisaldub aproksimeeritava jada kinnises kumeras
kattes. Lisaks toestatakse, et leidub mitteaproksimeeritav jada, mis on esitatav
kolme aproksimeeritava jada summana.

Viitekirja esimene peatiikk sisaldab vaadeldava temaatika iilevaadet, viitekirja
kokkuvotet ning véitekirjas kasutatud tahistuste kirjeldust.

Viitekirja teises peatiikis uuritakse operaatorideaalide klassi OI, genereerivate hul-
kade siisteemide klassi GSet ning genereerivate jadade siisteemide klassi GSeq
ning nende klasside omavahelisi seoseid. Stephani vaatles klassil GSeq teatavat
seost, mida me tahistame siimboliga <. Selle seose n#ol on tegemist eeljiarjestusega,
mis indutseerib ekvivalentsiseose ~. Kasutades eeljirjestust <, saab faktorklassi
GSeq/. muuta jirjestatud klassiks. Uks viitekirja pohitulemustest on, et jirjes-
tatud klasside GSet ja GSeq/. vahel eksisteerib Galois’ vastavus. Defineeritakse,
et genereerivate hulkade silisteem on jadaliselt tekitatav, kui ta on tekitatav mingi
genereerivate jadade siisteemi poolt. Eelmainitud Galois’ vastavuse olemasolu an-
nab praktilise kriteeriumi jadaliselt tekitatavate genereerivate hulkade siisteemide

kirjeldamiseks. Teine peatiikk pohineb enamuses artiklil [Lil1].

Kolmandas peatiikis uuritakse klasside OI, GSet ja GSeq vorestruktuure. Samuti
uuritakse vorestruktuure eelnevate klassidega seotud klassidel, mis tekivad loomu-
likul viisil nende klasside vaheliste teisenduste ja Galois’ vastavuste kaudu. Antud
peatiikk pohineb artiklil [Lil1].

Neljandas peatiikis uuritakse koigi suhteliselt (p, r)-kompaktsete hulkade siisteemi
K, ja veendutakse, et tegemist on genereerivate hulkade siisteemiga. Toetu-
des teisele peatiikile, toestatakse, et hulkade siisteem K,y on jadaliselt tekitatav
vaid juhul p = oo ja r = 1, millisel juhul siisteem K, ,) iihtib koigi suhteliselt
kompaktsete hulkade siisteemiga K. Lisaks pakub hulkade siisteemi K, ,) uuri-
mine vastuseid ja kontraniiteid mitmetele teises peatiikis piistitatud kiisimustele.
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Toestatakse, et g, ) = (o1 mis lubab varustada operaatorideaali KC(,,) ope-
raatorideaali (o) s-normiga ning naha, et K, ) on s-Banachi operaatorideaal.

Neljas peatiikk pohineb artiklitel [ALO] ja |Lil1].

Viiendas peatiikis uuritakse jadaliselt tekitatavaid genereeritavate hulkade siistee-
me G, mis rahuldavad tingimust G < K. Selleks tuuakse sisse mitmeid moisteid,
muuhulgas paranduvalt peaaegu eneseldhendava jada moiste. Sellele moistele toe-
tudes toestatakse, et vorratus G < K on range parajasti siis, kui siisteem G on te-
kitatav mingi genereerivate jadade slisteemi g poolt, milles iga jada on padranduvalt
peaaegu eneselihendav. Samuti konstrueeritakse sellise omadusega genereerivate
jadade siisteem g.

Kuuendas peatiikis uuritakse koigi suhteliselt norgalt oo-kompaktsete hulkade siis-
teemi ning ndidatakse, et tegemist on genereerivate hulkade siisteemiga. Toesta-
takse, et koigi norgalt co-kompaktsete operaatorite kogum W,, on Banachi ope-
raatorideaal. Toestatakse iiks viitekirja pohitulemusi, et kehtib operaatorideaalide
vordus V = W,, o W™ (ning et see vordus kehtib ka Banachi operaatorideaalide
kontekstis). Vahetu jareldusena saadakse sellest vordusest uus toestus tulemusele
IDELORT) Theorem 1], et nork Grothendiecki kompaktsuse printsiip kehtib vaid
Schuri omadusega ruumides. Kuues peatiikk pohineb artiklitel [JLO] ja [Lil2].

Seitsmendas peatiikis luuakse meetod genereerivate hulkade siisteemide ja kvaasi-
Banachi operaatorideaalide konstrueerimiseks. See meetod iildistab viisi, kuidas on
konstrueeritud hulkade siisteemid K, ,) ja W, ning vastavad operaatorideaalid
K@pr) ja Wa. Antud konstruktsioon lihtub BK-ruumist g ja normeeritud jadade
siisteemist h ning annab tulemuseks kvaasi-Banachi operaatorideaali, eeldusel, et
g ja h rahuldavad teatavaid lisatingimusi. Muuhulgas toestatakse, et W, 1) ja Uy 1)
on kvaasi-Banachi operaatorideaalid (kus 1 < p < 00).

Kaheksas peatiikk algab {ilevaatega moningatest teadaolevatest aproksimatsiooni-
omadust puudutavatest tulemustest. Seejirel tuuakse sisse aproksimeeritava hul-
ga ja jada moisted. Lahtudes neist moistetest, toestatakse kriteerium, mis kirjel-
dab Banachi ruumi aproksimeeritavaid hulki selle ruumi aproksimeeritavate jadade
kaudu. Néaidatakse, et leidub mitteaproksimeeritav jada, mis esitub kolme aprok-
simeeritava jada summana.
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