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Introduction

The theory of sequence spaces deals with different spaces of se-
quences including sequence spaces defined by Orlicz functions and by
moduli. For an Orlicz function ¢ the Orlicz sequence space is deter-
mined by

Clyp) = {x = (a4): Zw(%) < oo for some g > 0} -

k

~{o=@: (")) e ¢forsome o> 0

For a certain solid sequence space A and for a modulus ¢ Ruckle [48]
and Maddox [30] considered a new sequence space

M) = {x = (zx): ((lze])) € A}

The extension of this definition was given by Kolk [21]. For a sequence
space A and a sequence of moduli ® = () he defined

A®) = {z = (2x): (prllr])) € A}

In the special case from the definition of A(®) we get the sequence spaces
of Maddox type (see, for example, [16] and [28]), which generalize the
corresponding classical sequence spaces.

To investigate all such spaces from a more general point of view, we
introduce the notion of p-function and generalize the results of [16, 21]
to the case of ¢-functions.

An essential problem in the theory of sequence spaces is the topolo-
gization of various vector spaces of sequences. For example, if & = ()
is a sequence of moduli and A is a normed (or an F-seminormed) solid
sequence space, then the linear space A(®) can be topologized by an
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F-seminorm (see [22, 23]) or by a paranorm (see [50]). We characterize
the F-seminormability of the sequence space

AMF) = Az = (z): (fui(zi])) € A,

where F = (fy;) is a matrix of moduli and A is a solid space of double
sequences.

The topologization of the spaces A(®) allows us to study different
topological properties, as continuity, boundedness and so on, of opera-
tors on there sequence spaces. We are interested of the superposition
operators, which form a subclass of all (linear and nonlinear) operators.

Superposition operators on sequence spaces are not studied so in-
tensiv as on spaces of functions (see, for example, [1]). A superposition
operator (sometimes called also outer superposition operator, composi-

tion operator, substitution operator, or Nemytskij operator) Pr: X — p
is defined by

Py(x) = (f(k,zp)) € p (z = (z3) € X),

where A\ and p are two sequence spaces and f: Nx R — R is a function
with f(k,0) = 0 (k € N). In general the superposition operator Py is
nonlinear. Some properties of this operator can be found in [1].
Characterization of P; on Orlicz sequence spaces was given by Ro-
bert [47] and Sragin [51]. Superpositsion operators on sequence spaces
U, co and ¢, for 1 < p < oo have been completely studied by Dedagich
and Zabreiko [10] (see also [8, 44]). Pluciennik [45, 46] considered the
superposition operators on wy. Some authors [9, 44, 49, 52, 53] have
been studied continuity and boundedness of superposition operators in
various sequence spaces. Our purpose is give necessary and sufficent
conditions for the continuity, local boundedness and boundedness of
superposition operators on sequence spaces defined by a sequence of

moduli. Main theorems generalize the results of Dedagich and Zabretko
[10], Ptuciennik [45, 46] and Kolk [21, 22].

The thesis is organized as follows.

In Chapter 1 we give necessary and sufficent conditions for some
inclusions of type A C p(®) and A\(®) C p, where & = (¢y) is a
sequence of ¢-functions and A\, u € {loo, 0,0} (0 < p < 00). The

inclusions A C p”(®) and A3(®) C p are also considered. We apply our
theorems to the Maddox sequence spaces.
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In Chapter 2 we study the topologization of sequence space A(F)
under some restrictions to the matrix of moduli F = (fj;) or on the
space (A, g). Our results give known theorems about the topologization
of A(®). As the concrete examples we consider the spaces of strongly
summable sequences.

In Chapter 3 we characterize the continuity, the local boundedness
and the boundedness of superpostion operators on sequence spaces de-
fined by a sequence of moduli. As an application we consider superpo-
sition operators on multiplier spaces of Maddox type.

Chapters 1 and 2 are based on [25] and [35], respectively. Chapter
3 develop results from [26, 36, 37].

11



Chapter 1

Sequence spaces defined by
moduli and ¢-functions

Main results of this chapter (see Section 1.3) are published in [25].

1.1 Sequence spaces, moduli and ¢-func-
tions

We use the symbol N to denote the set of all positive integers, and K
to denote the set of all complex numbers C or the set of all real numbers
R. We write infy, supy, Y, and lim; instead of infyen, SUPren, D open
and limy_, .., respectively.

Let w be the vector space of all number sequences, i.e.,
w={x=(z) = (xp)ren: zx € K (k€N)},
where vector space operations are defined coordinatewise, i.e.,
r+y=(rr+uyr), oar=(axg) (x = (x1), y=(w) €w, a €K).

By the term sequence space we shall mean any linear subspace of w.

The sequence space A is called solid if (yg) € A whenever (zx) € A
and |yx| < |zk| (K € N). Well-known solid sequence spaces are the
space f, of all bounded sequences, the space ¢y of all convergent to
zero sequences, the spaces

0, = {x: (x)) € w: Z\xk]p < oo}

k
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and
1 n
(wo)p = {IK = (xk) cw: hmﬁz |xk‘p — 0}
k=1

for 0 < p < co. Moreover (see [31], p. 523),

n 2011
1 1
hgﬁgguw%ﬂy;:£g§;g;|%wzo. (1.1.1)

The sequences from (wy), are called strongly convergent (with index p)
to zero. We write ¢ and wy instead of ¢; and (wy);, respectively.
For example, the space c of all convergent sequences is non-solid.

The idea of a modulus function was structured in 1953 by Nakano
[38]. Following Ruckle [48] we formulate

Definition 1.1.1. A function ¢: [0,00) — [0, 00) is called a modu-
lus function (or simply a modulus), if
() ¢t)=0 & 1=0
(i) ot +u) <p(t) +¢(u) (¢, u=0),
(iii) ¢ is nondecreasing,
(iv) ¢ is continuous from the right at 0.
It follows from (i) — (iv) that ¢ is continuous everywhere on [0, c0).

Lemma 1.1.2 ([22], Lemma 1; [33], p. 221). Any modulus ¢ satis-
fies the conditions

[p(t) —p(w)] <t —ul) (¢, u=>0), (1.1.2)
w<e(r)  mem, (113)
Proof. 1f t > u, then t —u > 0 and by (ii) we have

p(t) = o((t = u) +u) < (|t —ul) + ¢(u)

which gives
o(t) — p(u) < (|t — ul).
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Further, by (iii), ¢(t) > ¢(u) and so p(u) < @(t) < @(t) + (|t —ul),

—p(|t —ul) < o(t) — p(u).
Consequently, (1.1.2) holds for ¢ > w.
If t < u, then u —t > 0 and by above-proved we get

|p(u) = ()] < @(lu— 1)

which is equivalent to (1.1.2).
Further, we have p(nt) < np(t) for all n € N by condition (ii). So

pt) = (nt%> <ng (%)

which clearly gives (1.1.3). O

A modulus may be bounded or unbounded. For example, ¢(t) = t?
is an unbounded modulus for 0 < p < 1 and ¢(t) = t/(1 +¢) is a
bounded modulus.

It is interesting to remark that the moduli are the same as the
moduli of continuity: a function ¢: [0,00) — [0,00) is a modulus of
continuity of a continuous function if and only if the conditions (i) —
(iv) are satisfied (see [11], p. 866).

If in the definition of a modulus the condition (iii) is replaced by
the condition of convexity

(v) plat+ (1 —a)u) < ap(t) + (1 — a)p(u) (t,u>0, 0 <a<l),

then ¢ is called an Orlicz function.
Provided a modulus ¢, Ruckle [48] defined and studied the space

t(p) = {x = (24): Y pllanl) < OO} = {z = () : (p(l2])) € £}

For an Orlicz function ¢, the Orlicz sequence space is determined

by (see, [27], p. 137)

EH(@):{x:(xk):EIQ>O ;@(%) <oo}.
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If & = (¢1) is a sequence of Orlicz functions, then the space

(@) = {m:(xk): Jo>0 Zcpk (]az_;]) <oo}

is called a modular space or Musielak—Orlicz sequence space (see [34],
p. 173). Together with £°(¢) and ¢7(®) there are examined also the
sets

W«o):{x:m): So () <o <v@>o>},
EV(@):{x:(xk): ggok (%><oo (VQ>O)}.

In the mathematical literature there exist various modifications of
these definitions, where /¢ is replaced by another solid sequence space
(see, for example, [5], [6], [12]-[15], [19]-[25], [30], [41]-[43], [50]). To
investigate all such spaces from a more general point of view, we use
the following notation.

Definition 1.1.3. A function ¢: [0,00) — [0,00) is called a -
function if the conditions (i) and (iii) are satisfied.

It should be noted that by our definition, a (-function is not nec-
essarily continuous and unbounded (cf. [34], p. 4).

1.2 Sets of sequences defined by @-func-
tions

Let ® = (@) be a sequence of p-functions and let ®(x) = (pr(|xk])).
For a sequence space A we define the sets

N(P) ={z = (z) Ew:P(x/0) €A}  (0>0),
N(®) ={z=(2) €w: (Fo>0) ((x/0) € N} =[]N(2),

0>0

N (@) = {z = (z)) €w: (Vo> 0) (®(z/0) € N} =[] ().

0>0
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We write A(®) instead of A'(®). If ¢ is a p-function and ¢, = ¢ (k €
N), we write A2(), A\¥(¢) and \"(y) instead of \2(®), A3 (®) and \V(®),
respectively.
By definitions of \¢(®), A\3(®) and \7(®) it is immediately clear
that
AN (@) C A2(D) C A(D). (1.2.1)

The following examples show that these three sets are different in ge-
neral.

Example 1.2.1. Let A = /.. We define the sequence of ¢-functions
® = (1) by r(t) =t* (k € N) and consider the sequence e = (¢,) =
(1,1,1,...). Since

s%p or(|ex]) = St;p |ek|k = sipl =1 < o0,

then e € {(P). But for p € (0,1) we have

(|€k|> (1) (1>k
SupYg | — | =8up@g | — | =sup | — ] =00,
k 0 k 0 ko \@

ie., e ¢ (] (®). Therefore, (7, (P) G loo(P).

Example 1.2.2. Let A = /. For fixed o > 1 we define the sequence
of ¢-functions ® = (py) by

t iftel0,1),
t p—
Pi(t) {k; ife>1

and consider the sequence e = (¢;) = (1,1,1,...). While
sup i (lexl) = sup er(l) = sup k= 00,
then e & (o (®). On the other hand, since

Suppg | — ) =suppr | — | = — <09,
k 0 k 0 0

then e € (3(®). So, lo(P) S (2,(D).
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The sequence of p-functions ® = (p,) is said to have uniform
Ag-condition if there exists a constant K > 0 such that ¢ (2t) <
Ker(t) (EeN, t>0) (¢ [27, p. 167]).

The following proposition shows that if ® satisfies uniform As-
condition, then (1.2.1) takes the form

A (D) = Xe(D) = \(D). (1.2.2)

Proposition 1.2.3. Let A be a solid sequence space. If the sequence
of w-functions ® = (pr) satisfies uniform Ag-condition, then (1.2.2)
holds.

Proof. By (1.2.1) it is sufficient to prove the inclusion
M(@) C \V(). (1.2.3)

Let 2 = (z3) € A(®). Then, there exists o > 0 such that ®(|z/g|) =

(en(lzel/0)) € A
Let 4 > 0. If u > p, then

ol ey

K 0
Since all p-functions are nondecreasing,

Pk <%> < Ok <%> (k € N).

Because of the solidity of A we have ®(|z/ul|) € \.
If u < o, then 1/ > 1/p. We choose a number r > 0 such that

ool
K 0
Using the inequalities
N
H 0

by (iii) and uniform A,-condition, we get

x X xXr
1% 0 0

While A is a solid vector space, then ®(|x/u|) € .
Consequently, ®(|z/u|) € X for any p > 0, i.e., x € AY(®). The
inclusion (1.2.3) is proved. O
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The following example shows that the sets A\¢(®) (o > 0) may not
be linear, i.e., they may not be sequence spaces.

Example 1.2.4. Let A = {,, and ¢ > 0. We show that ¢2 (®) is
not a sequence space if the sequence of p-functions ® = (¢y) is defined
by
: 1
ift € |:0, E] ,

We consider the sequence e = () = (1,1,...). Since

suppp | — ) =suppp | — | = 57— < o0,
k 0 k 0 20

then e € (2 (®). But 2e & (2 (D), because

(|2€k|) (2) 2%k k
Sup ©y, =supyi | — | =sup — =sup— = co.
k 0 k 0 Kk 20 k0

Therefore, 2 (®) is not a linear space.

At the end of this subsection we prove, that A\¢(®), \3(®) and \7(P)
are sequence spaces under some restrictions on .

Proposition 1.2.5. Let X\ be a solid sequence space and o > 0. If
the sequence of -functions ® = (py) satisfies either (i) or (v), then
the sets \e(®), \(®) and \V(®) are solid sequence spaces.

Proof. Let ® = (¢) be a sequence of p-functions.

First we show, that the sets \¢(®), A3(®) and \"(®) are solid
whenever A is solid. Indeed, let x = (x) and o > 0 be such that
O(lz/el) = (pr(lzkl/0)) € A 1 [ye| < [ax| (k € N), then also

a(30) <o (2) ey

and by solidity of A we get ®(|y/ol) = (¢x(lyxl/0)) € A.
Next we prove, that A2(®), A\3(®) and \"(®P) are vector spaces.

1) Let ® = () satisfies the condition (ii) and let z = (x}) and
y = (yx) be from \3(®). So, there exist gy, g2 > 0 such that ®(|z/g;|) =

(Pr(lzl/e1)) € A and @(ly/0al) = (wr(lyrl/02)) € A Let o5 =

18



max{o1, 02} and let o, 3 € K be arbitrarily choosen. Using (ii), (iii)
and the inequality |y| < 1+[|y|] (v € K), where [|y|] denotes the integer
part of ||, for all £ € N we have

o (’fmk +5yk\) <o (|045Ek’ " WZ/H) <o (|04H37k|£)1>

03 03 03 0301

<+ fallon (P20) + 4 pae (1),

While X is vector space, then

(L +{lal)@(z/e]) + (1 + (BN 2(ly/ e2l) € A
and by solidity of A we get ®(|(ax + fy)/0s]) € \. Hence, ax + By €
N (D).
The same discussion with p; = 09 = p proves also the linearity of
A\e(®) and \Y(®).
2) Let ® = (yy) satisfies the condition (v) and let x = (x) and
y = (yx) belongs to A*(®). Then we can find g;, g2 > 0 such that

O(|z/arl) = (pr(lrl/e1)) € A and B(ly/af) = (pr(lykl/02)) € A Let
03 := max{2|alo1, 2|B|e2} and «, 5 € K. By (iii) and (v) we have

o (|a$k+ﬁyk|) <o (M+M> < o <|Oé||55k| n |5||yk|>

03 o 03 03 03 03

|| \yk\) 1 (!l"k!) 1 (!W)
< —+— <z — |+ —-—
o (291 200) =27\ ) 27\ o
for all & € N. Since 1/2- ®(|z/01]) +1/2 - ®(Jy/02|) € A and A is a
solid sequence space, then ®(|(az+3y)/os|) € A, L.e., ax+ By € A3 (D).
Consequently, \(®) is a sequence space.

To prove the linearity of A2(®) (o > 0) and \Y(®), it suffices to take
01 = 02 = 0 In our argument. n

Remark 1.2.6. Proposition 1.2.5 shows that, for a solid sequence
space ), the sets A\¢(®), A3(®) and \"(®) are sequence spaces whenever
ok (k € N) are either moduli or Orlicz functions. Since uniform As-
condition holds (with K = 2) for every sequence of moduli ® = (¢y),
we also conclude that (1.2.2) is true whenever all ¢, are either moduli
or Orlicz functions such that ® satisfies uniform As-condition.
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1.3 Inclusion theorems

In this section we generalize the results of [21], where the inclusions
A C u(®) and A(®) C p have been characterized for a sequence of
moduli ® = () and A\, pu € {ly,co}. Our investigations are also
motivated by the work of Grinnell [16] which is devoted to the study
of the inclusions A C pu, for various sequence spaces A and p, by the
assumptions that ¢: R — R and p, = {z = (x1): (¢(zx)) € p}.

Throughout this work, by an index sequence, we mean any strictly
increasing sequence of natural numbers and for a sequence space A we
use the notation

M ={(zg) €X:x, >0 (keN)}.

Recall that the function f: N x R — R defines a superposition
operator Py: A — p by

Pr(z) = (f(k,zp)) € (= (z1) € N).

The characterizations of superposition operators on /s, ¢y and ¢,
(0 < p < o0) are contained in results of Dedagich and Zabreiko [10],
Petranuarat and Kemprasit [44] and Kolk [24].

Proposition 1.3.1. (1) Let 0 < p,q¢ < oo. Then Py: ¢, — {, if
and only if there exist a sequence (a;) € £+ and numbers v > 0, § > 0,
ko € N such that

[F (RO < ar + [t (t] <0, k= ko).

(2) Let 0 < p <ooand 1 <gq < oo. Then P: ¢, — ¢, if and only
if there exist a sequence (by) € £} and numbers v > 0, § > 0, kg € N
such that
[f (k)] < b+ [t (8] <6, k> ko).

Proposition 1.3.2. Let 0 < p < co. The following statements are
equivalent:

(a) Pr:co— loo;
(b) Pr:ly, — lo;

20



(c) J(ag) €t F0 >0 Fko €N |f(k,t)| <ar (Jt]| <6,k > ko),

Proposition 1.3.3. Let 0 < p < co. The following statements are
equivalent:

(a) Pr:co— co;
(b) Pr: 4, — co;
(C) 1imk—>oo,t—>0 |f(k7 t)| = 07'
(d) J(ax) €cg Fd >0 Fko e N |f(k,t)| <ar (Jt| <0,k > ko);
(e) 3ko € N limy_gsup,sy, |f(k,1)| = 0.
Proposition 1.3.4. Let 0 < p < 0o. Then Py: co — £, if and only
if
36>0 3keeN > sup|f(k,1)] < oo
k>ko [t]<d

Proposition 1.3.5. Let 0 < p < oo. Then Ps: lo, — £, if and only
if
> sup|f(k, )P < oo (n>0).

k [t[<n

Proposition 1.3.6. P;: (o — ¢ if and only if

limsup |f(k,t)| =0 (n > 0).

[t|<n

1.3.1 Inclusions A C pu(®)

Let & = (¢x) be a sequence of ¢-functions and 0 < p,q¢ < oc.
Necessary and sufficient conditions for the inclusions A C p(®) in the
case \, it € {lx, co,¢,} we derive from Propositions 1.3.1-1.3.6.

It is clear that Py: A — p if and only if A C py, where py = {z =
(22) : (f(k,20)) € p}.

Now, if ¢, (k € N) are even extensions of our p-functions ¢, i.e.,

er(t) = er([t]) (¢ € R),
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and ® = (), then we have
ACu(P) <= Pp: A—p

because of ug = pu(P). So by Propositions 1.3.1-1.3.6 with 0 < p,q¢ <
oo we may characterize the inclusions ¢, C €,(®), ¢, C co(P), ¢o C
L,(D), co C co(P), low C Lp(P), Lo C co(P) and lo C Lo (P), using the
following classes of ¢-function sequences:

Coz{q):(gok):ﬂ(ak)eﬁ dv>0 dkyeN 30>0
(on(t))” < ap + 1" (k> ko, t €[0,0])},

o = ((pk) 3 to >0 Z(‘Pk‘(tﬂ))p < OO} ,

k
= (pp): ko eN hm sup @i(t) = 0} ,

Cy = {‘D = (r): > _(pe(t))) <00 (t> 0)},
{q) = (k) hiﬂ@k(t) =0 (t > 0)}7
{o= (@i <o (>0}

Cs = {fl) =(pr): Tt >0 Sl;pSOk(tO) < OO}-

Theorem 1.3.7. Let 0 < p,q < oco. The following equivalences are

true:

(1) £, C l,(P) <= P € Cy;

(2) cog Cly(P) <= D € C;

(3) loo CLy(P) = P € Cy;

(4) co C () <=1, C o(P) < P € C;
(5) Lo C co(P) <= D € Cy;

(6) Loy Cloo(P) <= D € C5;
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(7) o Clo(P) <=1, Cls(P) <= P € C.

Remark 1.3.8. Proposition 1.3.1 (2) shows that if 1 < p < co and
0 < ¢ < o0, then ¢, C £,(®) if and only if ® € ), where
C’éz{@z((pk):ﬂ(ak)eé; 3v>0 FkeN F6>0
er(t) < ap + 7t (k> ko, t €[0,0])}.

1.3.2 Inclusions \(®) C p

Let ® = (¢x) be a sequence of p-functions and 1 < p < co. In this
section we study the inclusions A(®) C p, where A € {lw, co, ¥} and
p € {loo,co}t. At it the following classes of p-function sequences are
important:

C, = {cb = (¢r): ko € N lim sup inf i (t) = OO} )

1—=00 >k k>n

C’gz{@:(gok): liincpk(t):oo (t>0)},
Cho = {cp: (0): inf or(t) > 0 (t>0)}.

Theorem 1.3.9. The inclusion o (P) C Ly holds if and only if
o e Cr.

Proof. Necessity. Let lo(P) C . Suppose that ® ¢ C7. Since the
functions
Y(t) = sup inf p(t)

n>ko k21

are non-decreasing for every kg € N, there exists a number H > 0 such
that infy g (t) < H for all t > 0. Thus, given € > 0, we can choose an
index sequence (k;) such that

o, (1) <H+e (i €N).

So, taking

)i ifk=k (1€N),
"o otherwise,
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we get (xy) € loo(P). But (z1) € (o, contrary to oo (P) C . There-
fore ® must be in Cs.

Sufficiency. Let x € loo(P), ie., pp(lzg]) < M (k € N) for some
M > 0. If & € C;, then there exists a number 7" > 0 such that t > T
implies
nf pp(t) > M (n = ko).
This yields
on(t) > M (n>ky, t>1T). (1.3.1)

Assuming x & (., we can choose indices k; > ko (i € N) such that
|xk?1| > T7 but
e (low|) < M (i €N),

contrary to (1.3.1). Hence z € /., and, consequently, {,(P) C lo,. O
Theorem 1.3.10. The following statements are equivalent:
(a) co(P) C le;
(b) 6(®) C looy
(c) € Cs.

Proof. (a) = (b) follows immediately.
(b) = (c). Let £,(®) C loo. If @ & Cy, then infy pi(t) = 0 for all
t > 0. Thus we can choose an index sequence (k;) with

(i) <2777 (i € N).

So, if
{@' for k=k; (i €N),
T =

0 otherwise,

we have x € (,(®). But z & {, contrary to £,(®) C . Hence ® € Cs.

(¢) = (a). Suppose that & € Cg and x = (xx) belongs to co(P).
If we assume = & {,,, there exists an index sequence (k;) with |xy,| >
to (i € N). This gives

which by = € ¢o(®) shows that lim; ¢y, (to) = 0, contrary to ® € Cs.
Consequently, z € {, and the inclusion ¢o(®) C ¢, holds. O
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Theorem 1.3.11. The inclusion {(®) C ¢y holds if and only if
o e Cy.

Proof. Necessity. Let o(P) C ¢y. Assuming that & ¢ Cy, we can
find numbers ¢ > 0, M > 0 and an index sequence (k;) such that
ok, (to) < M (i € N). So the sequence = = (xy), where

{to for k= k; (i € N),
T =

0 otherwise,

belongs to £o(P). But x & c¢o. Consequently, & € Cy is necessary for
EOO<CI)) C ¢p.

Sufficiency. Let @ € Cy and let x = (xj) belongs to o (P). If
T & cp, there exist a number gy > 0 and an index sequence (k;) such
that |zx,| > €0 (i € N). Now, since the p-functions are non-decreasing,
by x € {5 (P) we have, for some M > 0,

P, (€0) < i (|o|) <M (i €N),
contrary to ® € Cy . Hence z € ¢, proving {o.(P) C co. O
Theorem 1.3.12. The following statements are equivalent:
(a) co(P) C co;
(b) £,(®) C co;
(c) @ € Cyp.

Proof. (a) = (b) is clear.

(b) = (c). Let £,(®) C ¢o. If & C}p, there exists a number t5 > 0
such that infy, i (t) = 0 for all t < ¢,. Thus, letting t; = toi/(i + 1), by
induction we can choose an index sequence (k;) such that

pu(t) <277 (i€ N).
Now, if x = (xy), where

ti fOI'k?:ki (ZEN),
€T =
g 0 otherwise,
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then x € £,(®). But by lim; z,, = lim; ¢, = t, > 0 we have x & ¢y which
contradicts £,(®) C ¢p. So ® must be in Cyy.

(c) = (a). Let ® € Cyp and let x = (xx) belongs to co(P). If we
suppose, that x € ¢y, then there exist a number g > 0 and an index
sequence (k;) such that |zx,| > ¢ (i € N). This yields

0< (tpki(go) < kaz(|$kz|) (Z € N)?

and by x € ¢o(P) we have lim; g, (g9) = 0, contrary to & € Cyy. Hence
x must belong to ¢y. Consequently, co(P) C ¢o. O

1.3.3 The sets \2(®), \3(®) and \"(®)
Let ® = (¢x) be a sequence of p-functions and \, u € {lw, co, €, }-

For a fixed number o > 0 we consider a new sequence of ¢-functions
P = (p7), where
oi(t) = wi(t/0) (k€N).
It is not difficult to see that A2(®) = A\(P2), u2(P) = pu(P?) and
P eC;, = deC; (i=0,1,2,...,10).
Thus
ACu(®) <= ACpb(P), MP)Cpu <= X(P)cCpu (13.2)

and, therefore, all our Theorems 1.3.7 and 1.3.9-1.3.12 remain true if
there \(®) and u(®) are replaced by A¢(®) and pu2(®), respectively.

Further, because of (1.2.1) it is clear that for a sequence of -
functions ® = () we have

ACu'(®) = ACu(®), N(@)Cpu = AN®)Cp
It turns out that these implications are reversible.

Theorem 1.3.13. For a sequence of @-functions ® = () and a
pair of sequence spaces A, i we have

ACu'(®) <= ACu(®), N(P)Cpu <= AP)C p.
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Proof. 1t suffices to prove that
ACu(®) = ACu'(®), MNP)Cpu = IN(®)Cpu

But these implications follow immediately from the equalities u"(®) =
Nos0it8(®), AN (®) = U,=0A\e(®) because of the fact that A and u as
vector spaces contain together with an element x also the element /o,
and conversely. O]

The equivalences (1.3.2) and Theorem 1.3.13 show that we can give
extended versions of all Theorems 1.3.7, 1.3.9 — 1.3.12, replacing there
A(P) by \e(®), u(P) by pe(P) and adding to each statement of the
type A C pul(®) or \2(®) C p the equivalent statement A C u"(P)
or AM3(®) C pu, respectively. Here we formulate extended versions of
Theorems 1.3.7 (7) and 1.3.12 only.

Theorem 1.3.14. Let 0 < p < oo and o > 0. The following
statements are equivalent:

Theorem 1.3.15. Let 1 < p < oo and o > 0. The following
statements are equivalent:
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1.3.4 Inclusion theorems for some sets of sequ-
ences defined by a matrix of ¢-functions

Let F = (fri) be a matrix of ¢-functions such that
felt) ==sup fis(t) <oo  (kEN, t>0). (1.3.3)

By (1.3.3) it is clear that the functions f, (k € N) map [0, 00) into
[0,00). We claim, that f, (k € N) are o-functions, i.e. they satisfy
conditions (i) and (iii) of Definition 1.1.3.

Indeed, if fi(t) = 0 (k € N), then fi;(t) = 0 for all i € N and since
the functions fi; (k,i € N) are p-functions, so ¢ = 0. On the other
hand, if ¢ = 0, then

f1(0) = sup f,(0) =sup0 =0 (k € N).

Thus, the functions f; satisfy the condition (i).

Futher, let 0 < uw < ¢t. While the functions fy; (k,i € N) are non-
decreasing, we have

Jri(u) < fri(t)  (k,i €N).

Consequently, for all £ € N we get
felw) = sup fui(u) < sup fri(t) = fu(t).

Therefore, the functions fj, satisfy also the condition (iii).
Using a matrix of moduli F = (fy;), we define the sets

(o(F) = {x — (z) € w: sup (|l < oo} ,

ki

) = {i = (an) € s s fs(f) = 0.

lp(F) = {x = (z4) € w: Z

k

p<oo} (0 < p < o0).

sup sz(|$k\)

Since F satisfies (1.3.3), the sets (oo (F), co(F) and €,(F) we may
consider as the sets (o (F), co(F) and £,(F), where F' = (fi) is the
sequence of p-functions fi(t) = sup; fr:i(t).
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Applying Theorems 1.3.7 and 1.3.9-1.3.12 for & = f, we get neces-
sary and sufficent conditions for the inclusions A C u(F) and A(F) C u
in the case A\, € {lx,co,lp} and 1 < p,q < oo (see Theorems 1.3.16
and 1.3.17). Thereby, every class C; (i = 0,...,10) alters to the corre-
sponding class C; as follows:

Co={F=(fu):I (@) et I4y>0 FkyeN I3>0

sup(fri(t))” < ap +t* (k> ko, t € [075])} ;

p
<00y,

< 0o (t>0)},

sup fri(to)

51—{F—(fki):5|t0>0 Z
k

F=(fu): )

k

p

!

S
I

sup fri(t)

7

AL
Il
N

= (fri): 3 ko € N lim sup sup fi(t) = 0} ,

t—0+ k>ko i

(o)
I
Kﬁ

= (fri): lilgnsupfki(t) =0 (> 0)} ’

)

oY
|
Kﬁ

= (fri): sup fri(t) < oo (t> O)} ,

ki

- (sz) 3 tg > 0 sup sz(to) < OO} s

ki

92
Il
kﬁ

= (fri): Jko € N lim sup inf sup fi;(t) = oo} ’

t—=00 >k k>n

oY
Il
'\ﬁ

= (fri): 3to >0 inf sup fri(to) > 0} :

s}
Il

)

F = (fri): liinsupfki(t) =00 (t> 0)} ,

Cho =

JOY
I
/—/HHHI—/H,—/HT,—/‘\,—/H/—/HHH

F = (fr): inf sup fri(t) >0 (t> 0)} :

Theorem 1.3.16. Let 0 < p,q < oo. The following equivalences
are true:

(1) €, C L, (F) <= F e Co;
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Theorem 1.3.17. Let 0 < p,q < oo. The following equivalences
are true:

(1) Loo(F) C b <= F € Cy;

(2) co(F) Cloy == l,(F) C loy <= F € Cs;
(3) Loo(F) C ¢y = F € Cy;
(4)

4 Co(f)CCQ<:>€p(f)CCO<:>f€6'10.

1.3.5 Applications to Maddox sequence spaces

First let ® = (¢x) be a constant sequence of p-functions, i.e., ¢ =
¢ (k € N). In this case we write A(¢) instead of A(®), and ¢ € C;
instead of ® € C; for i =0,1,2,...,10. It is clear that for an arbitrary
-function ¢ we have

e C; (i=1,2,4,9) and ¢eC; (i=25,6,8,10).
Moreover,

pelCy < Ja>0 >0 (et) <at? (te]0,0]),
pe (s < tl_l)r&go(t) =0,
pelC; < tlim o(t) = 0.

Thus our results permit to formulate:

Corollary 1.3.18. Let ¢ be a ¢-function, 0 < p,q < oo and o > 0.
The following statements are true:
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(1) 4, C é;v)(Sp) — { C 65(90)
< Ja>0 3F5>0 (p@)P <at?! (tel0,d]);
(2) co(p) C co;
(3) co Ccglp) <= co=cilp) = cj(v) = 3(p)
= tl—igﬁr o(t) =0;
(4) Lo C LL(p);
(5) l(p) Clo = () = 8 (p) = L3.(¥) = L
= tlinolo o(t) = oc.

It should be noted that the inclusion ¢, C ¢, (¢) and the equiva-
lences

by Cl(p) <= Ja>0 >0 (pi) <at?! (te]0,4d)]),
co C co(p) <= tlir& e(t)=0

follow also from the corresponding results of Grinnell [16] because of
#(p) = pig.

As an example of non-constant sequence of p-functions we consider
the sequence ®®) = (gp,(f ) of p-functions go,g )(t) tPe where p = (pg)

is a bounded sequence of positive numbers, i.e.,

0<pr <suppr =P < 0.
k

For ® = ®®) the sequence spaces (o (®), co(®) and £(®) are called as
the sequence spaces of Maddox (see, for example, [17])

loo(p) = {7 = () € w: sup [z < o},
co(p) = {z = (a1) € w: hm |zg [P = 0},
lp) = {x = (z)) € Z |zi[? < o0},

respectively. Since the functions go(p/ )( t) =t/ (k € N) with r =
max{1, P} are moduli, and for o > 0 we have

£2,(0) = (2,(P7), (@P) = (@), ¢(aP)) = t2(0),
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the equalities (1.2.2) hold if ® = ®®) and X € {/.., co, £}.

To apply our theorems for sequence spaces of Maddox we must
describe the classes of sequences p = (p;,) with ®®/") € Gy (for p = )
and ®®) € C; for i = 1,2,...,10. By

min{1, t©} < < max{1, t'}
it is easy to see that for any p = (py) we have
P cC; (i=5,6,8,10) and ®P gC; (i=1,24,9).
Further, from the definitions of the sets Cy and C} it follows that
PPN e Cy = peP! and 0P c(Cy < pePy,
where

Pé={p=(pr): Iar) €T Tkg €N Iy >0 3 >0
e < ap +t7 (Vk > ko, t €[0,0])},
Pr=A{p = (px): infpy > 0}.

We claim that the o-function sequence ®® from C; are also characte-
rized by p € P;. Indeed, for t > 1 and ky € N we have

sup inf pg

sup inf tPv = ¢nzko ="
n>ko k>n

which gives that ®® ¢ C; if and only if

Jko € N sup inf p; > 0. (1.3.4)

n>kg RZN
It is clear that infy py > 0 yields (1.3.4). Indeed,

0< mfpk < sup inf py.

n>k0 >7’l

Conversely, let (1.3.4) be true. If p ¢ Py, then for some index sequence
(ki) we have lim; p, = 0, contrary to (1.3.4).

Consequently, from Theorems 1.3.7, 1.3.9 and 1.3.12 we get
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Corollary 1.3.19. Let 0 < ¢ < 0o and let p = (px) be a bounded
sequence of positive numbers. Then

(1) ¢, Cllp) < pePi;
(2) 4y Ceo(p) <= pePi;
(3) co(p) C o and loy C lo(P);
(4) ¢

4) co(p) =cop == lo(r) =l < p € P.

Corollary 1.3.19 shows that ¢ C ¢(p) if and only if p € P3. A
different necessary and sufficient condition for the inclusion ¢ C ¢(p) is
contained in a (more general) result of Maddox (see [32], Theorem 1).

Let @ = (¢x) be a sequence of moduli. Kolk [21] considered the
classes Cy, Cs, Cy and Cip. It is clear by Lemmas 1 and 2 of [20], that
the classes C5 and Cg coincide with the classes Cg and Cg, respectively.
The class C3 can be formulated as follows

{Q) = (pr): tl_i}r(])ri sgp@k(t) = O} :

So, from our Theorems 1.3.7 (4)—(7) and 1.3.10-1.3.12 it follows known
Theorems 1, 2, 4, 5 and B of [21].
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Chapter 2

Topologization of sequence
spaces defined by moduli

Main results of this chapter (see Sections 2.3.1 and 2.4) are published
in [35].

2.1 Topological sequence spaces

It is known that the classical sequence spaces (o, ¢y and £, (1 <
p < 00) are topologized by norms

el = lelle, = sup o]

1/p
[zl = <Z mv)) :
k

respectively. By the topologization of sequence spaces defined by mo-
duli there appear F-seminorms (or paranorms) instead of norms.

and

Recall that an F-seminorm ¢ on a vector space V is a functional
g: V — R satisfying, for all z,y € V, the axioms

(N1) ¢(0) = 0,

(N2) g(z+y) < g(x) + g(y),
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(N3) g(ax) < g(x) for all scalars o with |o| < 1,
(N4) lim,, g(a,,x) = 0 for every scalar sequence («,) with lim, a,, = 0.

A paranorm on V is a functional g: V' — R satisfying (N1), (N2) and

(N5) g(—x) = g(x),

(N6) lim, g(anz, — ax) = 0 for every scalar sequence (o) with
lim, o, = « and every sequence (z,) with lim, g(z, — z) =
0 (zp,xeV).

An Frechet norm (or F-norm) is an F-seminorm with the condition

(N5) g(x) =0= 2z =0.

A Banach space (or B-space) is a complete normed space. The topo-
logical sequence space in which all coordinate functionals 7y, mp(z) =
xR, are continuous, is called a K-space. A BK-space is defined as a
K-space which is also a B-space.

An F-seminorm g on a sequence space A\ is said to be absolutely
monotone if g(y) < g(z) for all z = (x1), vy = (yx) from X\ with
|yl < |zl (k€ N).

An F-seminormed sequence space (A, g) is called an AK-space if
e € X (k € N) and for any z = (z) € ),

m
lim g rpe® =z,
m

k=1

where e* = (pi)ien (k € N) with dy; = 1 if k = i and y; = 0 otherwise.

2.2 Spaces of double sequences

Let S be the vector space of all real or complex double sequences
with the vector space operations defined coordinatewise. Vector sub-
spaces of S are called double sequence spaces. Some examples of such
spaces can be found in [4].

A double sequence space A is called solid if (z1;) € A and |y| <
|zk;| (k,i € N) yield (yr;) € A. For example, the sets
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X = (z;) € S: sup |z < o0 (kEN)}7

<

IS

I |
—N

X = (z1;) € S: sup |k < oo},
ki

W = {X = (00) € 51 suplow(X)] < o0},

n,t

W] = {X = (x) € WE[B]: li7rln 0ni(X) =0 uniformly in z}

are solid double sequence spaces, where B = (B;) is the sequence of
infinite scalar matrices B; = (b,x(i)) with b,x(i) > 0 (n,k,i € N),
p >0 and

Tni(X) =) b (0) |l

Let F = (fw) be a matrix of ¢-functions and let F(|z|) =
(fri(|zr])) = (fri(|wr]))j en- For a double sequence space A we define
the sets

A(F) = {x = () ew: Flz/o) e A} (0>0),
NF)={o=(r)€w:To>0 Flx/o) €A},
AN(F)={r = () €w: Fz/o) €A (Y o>0)}.

We write A(F) instead of A'(F). It is clear that (cf. (1.2.1))
AY(F) C Ao(F) C A(F).

Definition 2.2.1. A matrix of ¢-functions F = (f;) is said to
satisfy uniform Ag-condition if there exists a constant K > 0 such that

fri(2t) < K fii(t) (k,i €N, t>0).
Analogously to Proposition 1.2.3 we can prove

Proposition 2.2.2. Let A be a solid double sequence space and
o > 0. If the matriz of o-functions F = (fxi) satisfies uniform As-
condition, then
A(F) = AU(F) = A (F).
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Since the uniform As-condition holds (with K = 2) for every matrix
of moduli F = (fx;), by Proposition 2.2.2, in this case it is sufficient to
consider only the set A(F).

It is not difficult to see (cf. Proposition 1.2.5) that A(F) is a solid
sequence space whenever the double sequence space A is solid.

2.3 The topologization of sequence spaces
defined by a matrix of moduli

An essential problem in the theory of sequence spaces is the topolo-
gization of various vector spaces of sequences. For example, if & = (¢y)
is a sequence of moduli and A is an F-seminormed (paranormed) solid
sequence space, then the linear space A(®) may be topologized by an F-
seminorm (paranorm) under some restrictions on the sequence ® = (y)
or on the space (), g) (see [22, 23, 50]).

Let A be a double sequence space and F = (fy;) be a matrix of
moduli. We consider the set

AMF) =A{z = (m) € w: F(x) = (frillzx])) € A}

Our purpose is to describe the topology of the sequence space A(F).

2.3.1 Topologization of A(F)

Let A be a double sequence space and let g be an F-seminorm on

A.

Definition 2.3.1. An F-seminorm ¢ on a double sequence space A
is said to be absolutely monotone if for all X = (xy;) and Y = (yx;)
from A with |yw| < |zk| (k,7 € N) we have g(Y) < g(X).

Now we can describe the topology of the sequence space A(F) de-
fined by a matrix of moduli F = (fi;).

Theorem 2.3.2. Let (A, g) be an F-seminormed solid double se-
quence space. If g is absolutely monotone and the matriz of moduli
F = (fri) satisfies the condition
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: fri(ut)
M1) lim sup su
(M1) lim, sup sup =20

=0,

then the functional gr defined by

gr(x) = g(F(z)) (v € AF))
is an absolutely monotone F-seminorm on A(F).

Proof. Let g be an absolutely monotone F-seminorm on A and let
F = (fri) satisfy (M1).

First we prove that gz is an F-seminorm, i.e., g satisfies the axioms
(N1)-(N4). Since g is an F-seminorm, (N1) holds by (i). The axiom
(N2) follows immediately from the subadditivity of g and f;; (k,7 € N)
because ¢ is an absolutely monotone F-seminorm and the functions fy;
(k,i € N) satisfy the property (iii).

If |a| <1 (a €K), then |azg| < |zx| (k€ N) and by (iii) we may
write

i (lawe]) < fii (lzel) (ki € N).

So, since g is absolutely monotone, we get

gr(ax) =g ((fri (lawk]) < g (fui (l2x])) = 97 (2),

i.e., (N3) is valid.

To prove (N4), let lim, a,, = 0 (o, € K) and & = (xx) € A(F).
Since fg;(t) >0 (k,i € N) for t > 0 and fi;(Janzx|) = 0 for k € Koy =
{k € N:x =0}, i €N, we have

fki (|anxk|) < hnsz (|CL’]€|) (k,z',n - N), (231)
where fi (il
7 (677
h, = sup sup b )
keKo i Sri (|T])
While

t>0 k€Ko @ flcz (t)

by condition (M1) we see that h,, — 0, as n — oco. Since g is absolutely
monotone, we get

9(F(anx)) = g ((fri (lanzi]))) < g (b (fri (J2x]))) = g(haF (2))
(2.3.2)
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by (2.3.1). Now, using that g satisfies (N4), we have
li7ILH g(h,F(x)) =0,
which, together with (2.3.2), gives
1i71;n gr(anz) = liyrln g(Flayx)) =0.

Thus gz is an F-seminorm on A(F).
Finally, let x = (z1), y = (yx) bein A(F) and |yx| < |zx| (k € N).
Then

fri (Qyl) < fri (|lzi]) (ki €N)

and since g is absolutely monotone,

97(y) = 9 ((fei (lyx]))) < g ((fei (lzx]))) = g#(2).

Hence gz is absolutely monotone F-seminorm and the proof is com-
pleted. O

In the following we apply Theorem 2.3.2 for the topologization of
the sequence space

@) = {o = (z) € w: B(x) = (pr(le])) € A},

where (), g) is an F-seminormed space and ® = (¢y) is a sequence of
moduli. For this reason we consider the space A (Fs), where Fg = (f)
is the matrix with the elements

fit) = or(t) (1 €N)

and A, is the space of double sequences X* = (x},) with 2}, = x4
(1 €N, = (xg) € ). If now A is solid and g is absolutely monotone,
then A, is also solid and gy,

gA(XT) = g(x) (2 € ),

clearly defines an absolutely monotone F-seminorm on A,. So from
Theorem 2.3.2 we immediately get

Proposition 2.3.3 ([50], Theorem 3; [22], Theorem 1). Let (A, g) be
an F-seminormed space. If g is absolutely monotone and the sequence
of moduli ® = (py) satisfies one of equivalent conditions (M) and (M'),
where
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(M) there exists a function v such that @p(ut) < v(u)pr(t) (0 < u <
1,t >0) and lim v(u) =0,

u—0+

t
(M) lim sup sup ou(t)

=0,
u—0+ >0 & @r(t)

then g is an absolutely monotone F-seminorm on A(®).

Remark 2.3.4. The equivalence of (M) and (M’) is proved in [22].

2.3.2 Topologization of A(F) for AK-space A

Let A be a double sequence space and F = (fi;) be a matrix of
moduli. In Section 1.3.4 it was proved, that the functsions f;, where

fi(t) = sup fri(t) < oo (k € N,t > 0),

satisfy conditions (i) and (iii). Besides this we assume that
(vi) fr (k € N) is continuous from the right at zero.

It is not difficult to see that f, satisfies also the condition (ii). Indeed,
since the functions fi; are moduli, for all t,u > 0 we get

fr(t +u) <sup fri(t +u) < sup fri(t) +sup fri(u) = fe(t) + fi(u).

Thus f;, satisfy condition (ii). Hence f;, (k € N) are moduli.
Let £ = (%) (k € N) be a double sequence with the elements

ji
1 ifj=k
k=4 "/ (i € N).
0 ifg#k
For a double sequence X = (zy;) we define its sections by

n

k=1

where (2;); ¥ = (2x; €)ijen
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Definition 2.3.5. An F-seminormed double sequence space A is
called an AK-space if E¥ € A and for all X = (z3;) € A,

lim XM = Xx.

Theorem 2.3.6. Let (A, g) be a solid F-seminormed AK-space. If g
15 absolutely monotone, then gz is an absolutely monotone F-seminorm
on N(F) for every matriz of moduli F = (fr;) satisfying (1.3.3) and
(vi). If (A, g) is an AK-space, then (A(F), gr) is also an AK-space.

Proof. The functional gr satisfies the axioms (N1)-(N3) by Theo-
rem 2.3.2. To prove (N4), let lim, o, =0 (v, € K) and & = (24) €
A(F). Since F(x) € A and (A, g) is an AK-space, then

lim F(z)" = F () (2.3.3)
in A by Definition 2.3.5, where

F@) =3 (fullzal))i €8 (neN).

k
Let 2l = (1) € A(F) (n € N). Using the equality
F(x — 2y = F(z) — Fa), (2.34)
for given € > 0 we can find an index m € N such that

gr(x — al™) = g(F(w — aim)) < (2.3.5)

DN ™

For all i € N, by (1.3.3) we have

While lim,, a,, = 0, the moduli f;, (k € N) are continuous and (1.3.3) is
true, we get B

Therefore, since g satisfies (N4),

lim g(fi (o) €)= 0 (2.3.6)
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for all £ € N. Moreover, since g is absolutely monotone, then
9((frillani))i€*) < g(fillanzi]) €. (2.3.7)
By (N2), (2.3.7) and F(zI") = F(2)" we conclude

™) = g (Flona™)) = g (Flaa)™)

> (frillomi]))i k) <> g ((frillomzil))i £F)

k=1

0

IN

—~

gr

NE

9

N

i
I

9(fillana)EY).

NE

i

1

From (2.3.6) it follows that
lim g7 (a,z™) = 0.
So, there exists an index ng such that, for n > ngy, we have

(2.3.8)

gr(ane™) < %

and |a,| <1 (n > ng) because lim, oy, = 0. Now, since gr satisfies
(N3), we get

gr(ant — anz™) = gr(an(z — ™)) < gr(z — ™) (2.3.9)
for n > ny. From (2.3.5), (2.3.8) and (2.3.9) by (F2) we deduce

g]:(OszT) = 97(04n$ - O‘nl'[m} + anx[m])
< g]-‘(Oénl' - O‘nx[m]) + g]:(anaj[m})
_ glm] mly « £ 4 5 =
< gr(x — ™) + gr(anx )<§+§—E
for n > ng. This implies
lim g#(a,x) = 0.
So, (F4) is true for gz.

In Theorem 2.3.2 it was already proved that gr is absolutely mono-
tone.
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Finally, using (2.3.3), by (2.3.4) we have

lim gr(z —2™) =lim g(F(z —2')) = lim g(F(z) - F(2'"))

n

=lim g(F(z) — F(2)") =0

for all z € A(F). Thus A(F) is an AK-space and the proof is completed.
[

If A is a solid AK-space and ¢ is an absolutely monotone F-seminorm
on A, then by definition of A it is clear that g, is an absolutely mono-
tone F-seminorm on A, and A, is a solid AK-space. Since Fp = (f2)
is a matrix of moduli with

sup fu(t) = sup pi(t) = pi(t) < oo (k €N, t >0),

condition (1.3.3) is satisfied. The condition (vi) also holds, because the
moduli ¢, (k € N) are continuous from the right at zero.
Now, from Theorem 2.3.6 we get

Proposition 2.3.7 ([22], Theorem 2). Let (), g) be an F-seminor-
med AK-space. If g is absolutely monotone, then geo is an absolutely

monotone F-seminorm on A(®) for an arbitrary sequence of moduli
® = (pr). Moreover, (A(®), go) is an AK-space.

2.4 Spaces of strongly summable
sequences

For a sequence ® = (B;) of infinite scalar matrices B; = (b, (7))
with b,x(i) > 0 (n,k,i € N) we consider the spaces WE [8] and W[ [¥]
of strongly ®B-bounded and strongly B-summable to zero double se-
quences, respectively, which were defined in Section 2.2.

It is easy to prove that for p > 1 the functional g%, where

G (X) = sup (o,:(X))'"”,

n,t

is an absolutely monotone seminorm on W2 [8] and W§'[®)].
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Let F = (fx;) be a matrix of moduli and p > 1. We define the
sequence spaces

wio[B, Fl = A{z = (zx) : F(x) € WL},
wol®, F| = {x = (z1) € wi[B, F| : Flx) € W[}
A sequence x = (xy) from w? [B, F] (wh[B, F]) is called strongly B-
bounded (strongly B-summable to zero) with respect to the matrix of
moduli F.
Our purpose is to characterize the F-seminormability of w? [®, F|
and w§[®B, F].
For the topologization of w? [B, F|, w§[B, F] we introduce the func-
tional gy - defined by

1/p
g _sup <ank (fri(J2e]))? ) :

The sequence spaces w? [B, F] and wh[B, F] are the spaces of type
A(F) with A = WE[B] and A = W{[®], respectively. In addition,
g%f = (gg)7. Since every seminorm is also an F-seminorm, from
Theorem 2.3.2 we immediately get

Corollary 2.4.1. Let p > 1. If the matriz of moduli F = (fr;)
satisfies the condition (M1), then gp%f 1s an absolutely monotone F-

seminorm on wr_ [B, F| and wh[B, F].

Remark 2.4.2. It should be noted that W['[®3,] is not an AK-space
in general. Indeed, let B; = (B}) be the sequence of infinite scalar
matrices B} = (b}, (7)) with the elements

b}lk(i):{nl ifi <k<i+n,

0 otherwise.

Then (W§[®1], g ) is not an AK-space (cf. [23], p. 68).

For any constant sequence ® = (A), where A = (a,;) is a non-
negative matrix, and for a sequence of moduli ® = (¢;) we consider
the space

wolA, @] = {x = (k) li}lnzank(%(lxk\))p = 0} (p=1),
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which is an one-dimensional analog of W{'[®] and which can be topo-
logized by the F-seminorm

1/p
Jhe(T) = sup (Z ank(sok(|xk|))p> :

Indeed, since

k
is an solid AK-space with respect to absolutely monotone seminorm

gh(x) = sup > ani|zil?
"ok

and ¢} 5 = (g% )e, from Proposition 2.3.7 we get

Corollary 2.4.3 ([23], Corollary 3). Letp > 1, A = (a,) be a non-
negative matriz, and ® = (py) be a sequence of moduli. Then the space
wh[A, @] is an F-seminormed AK-space with respect to the absolutely
monotone F-seminorm gl 4.

Corollary 2.4.3 extends Theorem 1 of Bilgin [3].

Let A = (a,x) be an infinite matrix of non-negative numbers, p =
(px) a bounded sequence of positive numbers and r = max {1, sup;, px}-
For a sequence of moduli ® = (¢y), following Esi [12], we consider the
sequence spaces

We|A,p, ®] = {x — (24) : sup s,u(x) < oo}

n,t
and

wolA,p, P| = {x € Woo[A,p, ] : liin Spi(z) = 0 uniformly in z} ,

where

5ni(®) =Y i (x| @rpi 1 )™ =Y tnkipr (Oripa ()P
k

k=i
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Nanda [39] examined similar to we[A,p, ] and wy[A, p, P] sequence
spaces. Theorem 3 of Esi [12] asserts that the functional g4, ¢, where

gaps(w) = sup(sui(2))"",

is a paranorm on wy|A,p, ®| for an arbitrary sequence of moduli ¢ =
(o). But it seems that this is not true in general. In fact, if A = Cj,
the matrix of arithmetical means, ® = () is a constant sequence of
moduli, i.e., o = ¢ (k€ N) and pr =1 (k € N), then Corollary 2 of
[23] shows that the functional g4, ¢ is not a paranorm on wylA,p, D]
whenever ¢ is bounded. Consequently, theorem of Esi can’t be true
without restrictions on the sequence of moduli ® = (py).

The sequence space wy[A, p, ] can be considered as a space of type
A(F). Indeed, defining the matrix of moduli F? = (f¥) by

. (Pr—i+1)/7 3 ;
) = {“”’“‘Z““” PSR C PR

t if k£ <1,
we can write
wolA, p, ®] = (W7 [R]) (F7),
where B; are matrices with the elements

. An fe—it+1 if k Z ia
boi(i) = 4 O™
#(0) {o if k<.

Since, moreover, gap s = (9%) z», from Theorem 2.3.2 we get

Corollary 2.4.4. If the sequence of moduli ® = (py) satisfies the
condition

t Pk
(M2) lim sup sup (SOk(U >) =0,
w0+ 50 g\ @r(t)

then gape is an absolutely monotone F-seminorm on wylA,p, ®|.

Our Corollary 2.4.4 shows that wg|[A,p, ®|] can be topologized by
the F-seminorm g4 p ¢ if the sequence of moduli ® = (yy) satisfies the
restriction (M2). Since, every F-seminorm is also a paranorm, Corollary
2.4.4 can be considered as a correction of Theorem 3 of Esi [12].
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Example 2.4.5. Let (A,g) be a solid F-seminormed double se-
quence space. Defining p, = 3 (1 + 1) and ¢, (t) = ¢ (k € N), we get
r = max {l,sup,pr} = 1. By (2.4.1) we have the matrix of moduli
FP = (fP) with the elements

fP(t) = P k>,
ki t if k <.

Since

sup sup fis(ut)
0 ki ()
the condition (M1) is fulfilled. Therefore, the functional gz» is an abso-

lutely monotone F-seminorm on the sequence space A(FP) by Theorem
2.3.2.

= max{u*?, u},
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Chapter 3

Superposition operators on
sequence spaces defined by
moduli

3.1 Superposition operators

In an implicit form, the superposition operator can be found in
any calculus textbook (in the old terminology, as “composite opera-
tor”, “function of a function”, etc.), where some of its properties are
described. Typical examples are the continuity of the superposition of
continuous functions, the differentiability of the superposition of dif-
ferentiable functions, and so on. The superposition operator occurs
everywhere: in mathematical analysis, functional analysis, differential
and integral equations, probability theory and statistics, variational
calculus, and other fields of mathematics.

Let A and p be two sequence spaces and let f: N xR — R be a
function with f(k,0) = 0 (k € N). A superposition operator (sometimes
called also outer superposition operator, composition operator, substitu-
tion operator, or Nemytskij operator) Pr: X\ — p is defined by

Py(x) = (f(k,zr)) € p (2= (z1) € A).

In general the superposition operator Py is nonlinear. Some properties
of this operator can be found in [1].

Superposition operators on sequence spaces are not studied so in-
tensiv as on spaces of functions (see, for example, [1]). Characterization
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of P¢ on Orlicz sequence spaces was given by Robert [47] and Sragin
[51]. The complete investigation of superpositsion operators on se-
quence spaces /o, ¢o and ¢, for 1 < p < oo was given by Dedagich and
Zabreiko [10] (see also [8, 44]). The acting conditions for Py: wy — £
are proved in [7] by the assumption that the functions f(k,-) are con-
tinuous. The results of Sragin [51] contain characterizations of super-
position operators on £¢(®) and £3(®), where ® = () is a sequence
of p-functions. Some authors [9, 10, 44, 45, 46, 49, 52, 53] have been
studied continuity and boundedness of superposition operators in va-
rious sequence spaces. Recently, the gilding hump property has been
used in the study of the continuity and boundedness of superposition
operators by Lee [28], and by Unoningsih, Ptuciennik and Yee [53].

Basing on results of Dedagich and Zabreiko [10], and Pluciennik
[45, 46] we can give necessary and sufficient conditions for the continuity
and boundedness of superposition operators on sequence spaces defined
by a sequence of moduli. Main results (see Sections 3.3 and 3.4) are
published in [26, 36, 37].

3.2 Auxiliary results

In this section we formulate some definitions and known propo-
sitions, and prove a few lemmas which are needed in the proofs of main
results.

Let ® = (¢x) and ¥ = (¢1,) be two sequences of moduli. In addition,
we assume that the moduli ¢, (k € N) are unbounded.

In some results we need the following conditions:

(B) the functions f(k,-) (k € N) are bounded on every bounded sub-
set of real numbers;

(C) the functions f(k,-) (k € N) are continuous.

We start with the following known acting conditions for superpo-
sition operators P.

Proposition 3.2.1 ([24], Theorems 3 and 4(C)). Let 0 < p,q < oo
and X\ € {co, l,}. A superposition operator Py maps A\(®) into £,(V) if
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and only if there exist (ay) € €1, numbers v > 0, § > 0 and kg € N
such that

(r(Lf (R, D) < ar +(en([E))” (n(lt]) <6, k= ko). (3.2.1)
Here v =10 if A = .

Proposition 3.2.2 ([24], Theorem 4(B)). Let 0 < p < oo and
A € {co,l,}. Then Pr: N(®) — £,(V) if and only if there exist a
sequence (ax) € cg and numbers § > 0, ko € N such that

Wr([f (kD) < ar (@r(lt]) <0, k > ko). (3.2.2)
Proposition 3.2.3 ([24], Theorem 5). Let 0 < p < 0.

(1) Pr: loo(®) — £,(V) if and only if for any o > 0 there exists a
sequence (ay) € £T such that for all k € N

(r(1f (kDN < ar (er(ft]) < o). (3.2.3)

(2) Pr: loo(®) — co(V) if and only if for any o0 > 0 there exist a
sequence (ax) € ¢§ and number ko € N such that

Ur([f (R, )]) < ax (en([t]) < 0 k= ko). (3.2.4)

(3) Pr: loo(P) — Lo(W) if and only if for any o > 0 there ezists a
sequence (ay) € 0L, such that for all k € N

k(LR D)) < ar (ei((E]) < 0)- (3.2.5)

Basing on Proposition 1 of [24], Propositions 3.2.1 and 3.2.2 we can
reformulate in the following way.

Proposition 3.2.4. Let 1 < p,q < oo, A € {cp,lp} and p €
{co, €y, loo}. A superposition operator Py maps AN(®) into u(V) if and
only if there exist a sequence (ay) € p*, numbers v > 0, § > 0 and
ko € N such that

Ul (kD) < an +A(@(ED)”? (onlt]) <0, k> ko). (3.2.6)

Here v = 0 for all pairs X\, p with X € {co, €} and p € {co, s} or
A=co and p = {,.
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Kolk [24] characterized the superposition operators Py: (wg),(®) —
0,(¥) if 0 < p,q < oo and (C) holds.

Using, in addition, the remarks of Pluciennik ([45], Remark 1; [46],
Remark 1) we may formulate

Proposition 3.2.5. Let 1 < p,q < 0o, ® = (¢r) be a sequence of
strictly increasing moduli and V = (V) a sequence of moduli. If there
exist a number § > 0 and sequences (ay) € £T and (¢;)2, € T such
that

w([f (R D)7 < ar + 27 (i), (3.2.7)

(¥
whenever (or(|t]))P < 2%, 28 < k < 2771 4 € Ny = {0,1,...}, then
Py acts (w),(®) into £,(V). Condition (3.2.7) is necessary for Py:
(wo)p(P) — £,(V) whenever (B) is satisfied.

Proposition 3.2.5 may be modified as follows.

Proposition 3.2.6. Let 1 < p,q < oo, & = (¢x) be a sequence of
strictly increasing moduli and W = () a sequence of moduli. If there
exist a number 6 > 0 and sequences (by) € €5 and (d;)i2, € £} such
that

(1 (R O]) < i+ di2 9 (pp([2]))7/°, (3.2.8)

whenever pi(|t]) < 217§, 20 < k < 241 i € Ny, then Py acts (wy),(®)
into L (V). Condition (3.2.8) is necessary for Pr: (wp),(®) — £,(¥)
whenever (B) is satisfied.

Proof. Let ar, = b and ¢; = d}. If 1 < ¢ < oo, then (3.2.7) gives
Y(lf (k1)) < @/ + ¢/ 1271 (|87, (3.2.9)

whenever o (|t]) < 297§, 28 < k < 2i+1 € Ny. So, we get (3.2.8).
Conversely, by (1.1.1) it is not difficult to see that (3.2.8) yields
Pr: (wo)p(P) — £4(V). o

To investigate the continuity and boundedness of superposition ope-
rators we introduce certain F-seminorm topologies on the sequence
spaces defined by moduli. If (), g) is an F-seminormed space, then
for the topologization of A(®) it is natural to consider the functional
go defined by



Then the topology on A(®) can be given by the F-seminorm gg in view
of Propositions 2.3.3 and 2.3.7 if A is solid and g is absolutely monotone.

It is known that the spaces co, ¢, and (wy), (1 < p < 00) are BK-
AK-spaces with absolutely monotone norms || - ||¢,, || - ||, (defined in
Section 2.1), and

. it 1 1/p
I#ll, = sup {50 2 feel” |
120 k=21

respectively. We remark that on the space (wy), is determined also the
norm ||z|| = sup,(1/n> ) _, |z4?)*/? which is equivalent to || - ||(wp),
(see, for example, [29], p. 39).

By Proposition 2.3.7, the topology on the sequence space A\(®) with
A € {cp,lp, (wo),} is given by F-norm

ga(x) = [[@(x)]]x-

Since (Coos ||-]|e..) is not an AK-space, on £oo(®) the same F-norm topol-
ogy can be given by Proposition 2.3.3 whenever ® satisfies (M) or (M').

Let (A, g) and (i, h) be two F-seminormed spaces. Recall that the
superposition operator Py: A — p is said to be locally bounded if for
any z € A there exist numbers a > 0 and 3 > 0 such that for all x € A
with g(x — 2) < o we have h(Pf(x) — Pf(z)) < . The superposition
operator Py is called bounded if sup{h(Ps(x)): g(z) < o} < oo for every
o> 0.

For the proof of main theorems we need the following lemmas.

Lemma 3.2.7. Let ¢ be an unbounded modulus. The function ™1,
defined by

o (t) = sup{u: p(u) =},
is continuous from the right at 0. Moreover, p(p~(t)) =t and t <
(1))

Proof. The continuity of =1 from the right at 0 follows from the
fact that ¢(u) — 0 if and only if u — 0+4. The assertions p(p~1(t)) =t
and t < ¢ 1(p(t)) are clear by definition of o~ !. O
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Lemma 3.2.8. Let A\, p be two solid Banach sequence space and
O = (¢r), ¥ = (Yg) be two sequences of unbounded moduli such that
AMP) and (V) are topologized by Propositions 2.3.3 or 2.3.7. Assume
that ¥ € X (k € N) and P; maps \(®) into p(V).

(1) If the superposition operator Py is continuous, then the condition
(C) holds, i.e., the functions f(k,-) (k € N) are continuous.

(2) Let @, and ' be uniformly continuous in k € N at the point 0.
If Py is continuous, €* € p (k € N), infy [[€*||x > 0 and infy, |€¥], > 0,
then the function f(k,-) is uniformly continuous in k € N.

Proof. Let i,: R — A(®) be the embedding defined for every u € R
by the formula iz (u) = ue® € A\(®). Then for every k € N the function
f(k,-) factors as follows

R —5

A [ =

AMP) —— (V) .

Py

Let € > 0 and ug € R.

(1) Suppose that the superposition operator Py: A\(®) — p(V) is
continuous. The coordinate functionals 7, are continuous for every
k € N, since by Proposition 3 from [22] the space p(¥) is a K-space.

While the moduli ¢ are continuous from the right at 0, there exists
§ > 0 such that 0 < ¢ < § implies |px(t)] < e(]|e¥|lx)~t. If now
|u — up| < then by (iii) we have @ (ju — uo|) < pr(d) < e(|[e¥]|x) L
Thus

9o (ir(u) — i (uo)) = ||P(ir(u) — ir(uo))l|x

3.2.10
= oullu — o))t < <. (3:2.10)

Hence i}, is continuous.
Consequently, all functions f(k,-) (k € N) are continuous as com-
positions of continuous functions 7, Py and .

(2) Suppose that the superposition operator Pr: A\(®) — p(V) is
continuous and [[e*||y > m >0 (k € N).

While the moduli ¢, are uniformly continuous in & from the right
at 0, there exists § > 0 such that 0 < ¢ < § implies ¢y (t) < e(||e*|lx) "
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for all k& € N. If |u — ug| < ¢ then by (iii) we have @i(|u — ug|) <
or(6) < e(]le*|ln)~t < em™* (k € N). Hence iy, is uniformly continuous
in k.

By our assumption the functions w,;l are uniformly continuous in
k at 0. So, there exists § > 0 such that if 0 < ¥x(t) < § (k € N),
then ¢ < e. Let 2° = (22) € u(¥) be fixed, 2 = (z) € p(¥) and
|e¥]|, > r >0 (k € N). If now | ¥(z — 2%)||, < rd, then

Yillan = 21 < 7 n(lze — 20)efly < r TP =2, <6 (kEN).

Consequently, |z; — 20| < € for all k& € N. Thereby, 7 is uniformly
continuous in k.

Finally, f(k,-) (k € N) is uniformly continuous in k& € N as compo-
sition of m, Py and . O

Lemma 3.2.9. Let A\, u be two solid BK-spaces and let & = (py),
U = () be two sequences of unbounded moduli such that \(®) and
w(W) are topologized by Propositions 2.3.3 or 2.3.7. Assume that eF € A
(k € N) and Py maps X\(®) into pu(W). If Py is locally bounded, then f
satisfies (B).

Proof. Suppose that the superposition operator Py: A(®) — pu(¥)
is locally bounded. Let ix: R — A(®) be the embedding defined for
every u € R by the formula iy (u) = ue® € \(®).

Since the map i is continuous (see the proof of Lemma 3.2.8 (1))
and the operator Py is locally bounded, then for any z € R there exists
a, 3 > 0 so that, for any = € R with |z — 2| < a we have

lw(1f (R, 2) = f(k,2) e[l < B,

hence

B
k(1 f (R, 2) = [k, 2)]) < 7
(calm
Now, since the moduli ¥, (k € N) are unbounded, for some M > 0 we
get

Thus the functions f(k,-) are locally bounded. Finally, it is enough to
notice that local boundedness and boundedness for scalar functions of
a scalar variable are equivalent. [
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Lemma 3.2.10. Let ® = (¢i) be a sequence of moduli and let
(A ]]-[x) be a solid Banach sequence space such that X C ¢ and |yg| <
lyllx (k € N) for all y = (yr) € X. For every fized sequence z = (z) €
A(®) and for a number § > 0 there exists m € N such that

max {¢g (|2k]), wr (Jzk])} <0 (k> m). (3.2.11)
Jor all x € \(®) with ||®(x — z)||x < /2.

Proof. Let z = (z;) € A(®) and let § > 0. Since ®(2) = (pr(|2x])) €
A C ¢, so there exists m € N with

on (|2k]) < g (k >m). (3.2.12)

If x = (x) € A(P) satisfies |[|P(z — 2)||x < /2, then

ok (lzk]) < on (|ox + 2k]) + @r (|21])

5§ & & (3.2.13)
Oz — —<-4+-=9
< ||P(x z)|\,\+2<2+2
for k£ > m. By (3.2.12) and (3.2.13) we get (3.2.11). O

Lemma 3.2.11. Let ¥ = () be the sequence of moduli. Let z =
(zr) be a given sequence and 1 < q < oo. If the functions f(k,-)
(k=1,...,m) are continuous, then for an arbitrary € > 0 there ezists
a number ¢’ > 0 such that

max (| (k,t) — f(k, 2)]) < em™/? (3.2.14)

whenever
(,Ok(|t—2’k|)<5/ (k:17am)

Proof. Let € > 0. Since the moduli ¢, (k=1,...,m) are continu-
ous from the right at 0, there exists a > 0 such that

() < em™ 1 (3.2.15)

for all &k = 1,...,m. By the continuity of functions f(k,-) (k =
1,...,m) there exists § > 0 such that

|t — 2| < B
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implies
|f(k,t) = fk, 2)] < o (3.2.16)
Further, using Lemma 3.2.7, we can find ¢’ > 0 such that

)< B (k=1,...,m).
If now (|t —2zx|) <& (k=1,...,m), thenfor k=1,...,m

[t — 2l < o (wn(lt — z]) < 97 (0) < B

Since the moduli ¥y, (k = 1,...,m) are nondecreasing, from (3.2.16)
we deduce

i (1 (R, 1) = [k, 20)]) < Yu(er),
which together with (3.2.15) gives (3.2.14). O

Lemma 3.2.12. Let U = () be the sequence of moduli, r € N and
p € {co, by, boo} with 1 < q < oco. If the functions f(k,-) (k=1,...,r)
are bounded on every bounded subset of real numbers T C R, then there
exists a number M > 0 such that

Zwk |f (k. ti) )"

sup < M. (3.2.17)

I

Proof. While the functions f(k,-) (k = 1,...,r) are bounded on
every bounded subset of real numbers T' C R, there exist

my, = sup | f(k,t)] (k=1,...,7). (3.2.18)

teT

Since the moduli ¢ are nondecreasing, because of (3.2.18) we deduce

sup ([f (ks t)]) < sup Z¢k f (ks t) )€ L
..... u t1,...,tr€T =1
< Zl/’k(mk)HekHu
k=1
Putting M =Y, _, ¥r(my)||e*]|,, we have (3.2.17). O

By a finite sequence we mean a sequence x = () for which there
exists kg € N such that z, = 0 if & > k.
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Lemma 3.2.13. Let 1 < p,q < oo. Assume that [ satisfies (B)
and the moduli ¢y, (k € N) are unbounded. If for every 8 > 0 there is a
number 9(3) > 0 such that for every finite sequence x = (xy) we have

1V (Pr(2)) e, < D(B), (3.2.19)
provided

> (er(zel))r < 87, (3.2.20)

k=1

then there exists a sequence a(B3) = (ax(3)) € £ with ||a(B)]¢, < V()
such that for each k € N,

Uil (kD) < aw(B) +2"9677/19(8) (n([2]) )71 (3.2.21)
whenever pi([t]) < B.

Proof. Let > 0. By the assumption, there exists ¥(3) > 0 such
that for any finite sequence x = (xy) the inequality (3.2.19) holds when-
ever (3.2.20) is satisfied. For every k € N we define

h(k, t) = max {0, (| f (k, )]) — 2Y9872/79(8) (r(£]) )7}, (3.2.22)
ar () = sup {hs(k,t): ox(|t]) < 5}

) —
) <
Since all sets {t: pr(|t|]) < B} (k € N) are bounded subsets of R, by
(B) we clearly have a(8) < oo ( N).

If hs(k,t) = 0, then

V(| f(k, 1)]) < 2Y967P199(8) (@r(|t]))P/?
< ak(ﬁ) + 21/q5—p/q19(ﬁ)(¢k(|t|))p/q.

Now, if hg(k,t) # 0, then
Ui(|f (K, 2)])

ha(k, t) + 29377119(8) (px(|t]))P/
< ag(B) + 2Y937P119(B) (i (|t]))P/.

Therefore, the inequality (3.2.21) holds for every k € N if i (|t]) < 5.

Next we show that a(3) € ¢; and ||a(3),, < V(). By the definition
of ar(f), for each £ > 0 there is a sequence y(3,¢) = (yx(5,¢)) such
that

er(lye(B,6))) <8 (k€ N)
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and

aw(B) < holk,(5,9) + = (k€ N). (3.2.23)

Let 5(5,¢) = (gk(B,€)) be the sequence with

- . yk(ﬁvg) if hﬁ(k,yk(ﬁ,ﬁf)) 7é 07
9u(6-€) = {0 if ha(k, yu(3,€)) = 0

Then by (3.2.22), for every k € N, we conclude

ha(k, 9(B,€)) = e[ f (K, 9(5, €))]) — 21/q5p/qﬁ(ﬁ)(wﬂ?}k(ﬁ,i)!))p/q-)
3.2.24
Since hg(k, gx(5,€)) > 0, using also (3.2.19), we get

(aullin(0,2)) < yor (LUEIEANY < 7

Thus, for each m € N, we can choose the indices m; =1 <my < ... <
m; = m such that

m mo—1 m3—1
D (i3 D) = > (erlli(B. D) + > (prlli(B,)))
k=1 k=1 k=mg
+ D (pellB(B,9))”
k=m;_1
and
6 mi4+1—1
?S Z Sok‘ykﬁa p<ﬁp (Z:17277l_2)7
s (3.2.25)
0< > (pellin(sey < 5
k=m;_1

By (3.2.19) we have

mip1—1 1/q

k=m;

1/q
( > (wk(f(kaﬂk(ﬂ,é?))l))q) <9(B).

k=m;_y

(3.2.26)
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Using Minkowski’s inequality and (3.2.23) we get

m 1/q m 1/q
(ka(ﬁ»q) < (Z (hath, (8,2) + =) )

k:zl 1/q m 1/q
g(2<hﬂ<k,gk<ﬁ,a>>Q> +(Z (;)q) .

Now we use the inequality (a — b)? < a? — b? for a > b > 0 which
we can deduce from the inequality (¢ + d)? > ¢? + d? (¢,d > 0). By
(3.2.24) this gives, for m € N,

m

(ha(k, Gi(8,€))" < (wk(lf(/f gk(8,€))D)*

k=1 k=1

—268779(8)" > _(er(|f (k, r(B,2))]))
k=1

mo—1 ms3—1

< S Wl k(B DD+ S (Wellf Gk, (8. £))D) +
3 Wllf Gk (B, ) — 28770(B)" (Z (eel[1(8, )"

£ lmBay o+ <¢k<@k<ﬁ,s>>f’)-

k=m2 k:ml, 1

Applying now (3.2.25) and (3.2.26) we have

m

> (ha(k, Gr(B.2)" < (1= 1)9(8)" — 287P0(B)"(1 — 2)3"27" = 9(B)*

k=1

for all m € N. Therefore

m 1/‘1
(Z(@k(ﬁ))q> <93 +¢e (meN).

k=1
Thus

e’} 1/q m 1/q
Ak, = (Z ) = lm (ka(m)q) <0(B) +e

k=1 k=1
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which shows that a(8) € ¢; with [|a(8)|l,, < ¥(8) because ¢ > 0 is
arbitrary. O

Lemma 3.2.14. Let f satisfy (B), 1 < p < o0, A € {co,lp, lso} and
p € {co,loc}. If for every B > 0 there is an ¥(3) > 0 such that for
every finite sequence x = (x1) one has

N (Pr ()], < 9(5), (3.2.27)
provided
[D(z)]Ix < 5,
then there exists a sequence a(f) = (ar(8)) € L1 with ||a(B)]e. < P(0)
such that for each k € N,
Ur(lf (K, 1)]) < ax(B) (3.2.28)
whenever p([t]) < 5.

Proof. Let > 0. By the assumption, there exists ¥(3) > 0 such
that the inequality (3.2.27) holds whenever ||®(z)|[y < (. For every
k € N, we define

ar(6) = sup {Pr([ (K, )]): wx((t]) < 5} (3.2.29)

Since f satisfies (B), we have ax(3) < oo (k € N).

The inequality (3.2.28) is clear by (3.2.29).

Next we show that a(5) € ¢X and ||a(0)]l., < J(3). By (3.2.29),
for each € > 0 there is a sequence y(0,¢) = (yx(5,¢)) such that

er(lye(B,e)l) <6 (k €N) (3.2.30)

and

ar(B) < (R ye(B,€))) ¢ (k€ N). (3.2.31)

Let 7(83,¢) = yn(B3, ) € = (yr(B,€) )2, for every fixed k € N. So,
by (3.2.30),

123, )l = 12(ye(B,€) )lln = enlly(B,€)]) < 5
which yields

la(B)le., = sup ap(B) < V(B) + ¢ < x

in view of (3.2.27) and (3.2.31). Thus a(8) € ¢Z,, and since € > 0 is

00)

arbitrary, we also get [|a(B)|le.. < 9(B). O
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For A € {cp, {p, U} and p € {co, ly, U} (1 < p,q < 00) we use the
notation

Npu(e) = sup {[[W(Ps(x))l, = [®(@)]lx < o}
for every o > 0.

Lemma 3.2.15. Let 1 < p < 00, A € {co,lp, loc}, pt € {co,ls0}
and Pp: N(®) — p(¥), where @ = (pi), ¥ = (¢Y) are two sequence
of unbounded moduli. Assume that for A =l (1 = ls) the sequence
of moduli ® (V) satisfies one of conditions (M) and (M'). If for every
0 > 0 there exists a sequence a(p) = (ar(0)) € €L, such that

Ur([f (R D) < arle)  (@e(|t]) < o, k € N), (3.2.32)

then Py is bounded. Moreover,

N1u(0) < Vyoo(0)
for every o > 0, where
Vioo(0) = inf {|la(o)|le., : (3.2.32) holds} .

Proof. Let o > 0 and = = (x) € A(®) be such that ||®(z)[|) < .
From (3.2.32), by

erlee]) < [[@(@)llx <o (keN),

it follows that
V(| f (b, zi)]) < aw(o)
for all £ € N. Therefore,

()l < lla(e)lle < 00 (3.2.33)

provided ||®(z)||x < o. Consequently, the superposition operator Py is
bounded.

The inequality 7y7,(0) < vi(0) is true because of (3.2.33) and
[ (z)[[x < o =
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3.3 Continuity of superposition operators

In the following let ® = (¢) be a sequence of unbounded moduli
and U = (¢;) an arbitrary sequence of moduli.

First we characterize the continuity of superposition operators from
0,(®) and co(P) into £,(P).

Theorem 3.3.1. Let 1 < p,q < oo. A superposition operator
Pp: 0,(®) — €,(V) is continuous if and only if all functions f(k,-)
(k € N) are continuous.

Proof. If Py is continuous, then all functions f(k,-) (k € N) are
continuous by Lemma 3.2.8 (1).

Conversely, suppose that Py maps £,(®) into £,(¥) and all functions
f(k,-) (k € N) are continuous. Let z = (z;) € £,(®) and ¢ > 0. If
the numbers 0 > 0, v > 0, ky € N and the sequence (a;) € (T are
determined by Proposition 3.2.1, then, basing also on Lemma 3.2.10,
we may choose a number m € N such that m > kg,

> ap<e (3.3.1)
k=m+1
(on (12el))” < & ( ) (3.32)
k=m+1 2 v + 1

and condition (3.2.11) is satisfied whenever

e 1 ca N\ VP
H<I>(m—z)||gp<g—m1n{§,§(7+1) }

Thus we get
00 1/p 0o 1/p
( > (@k(!xk!))p) < ( > (@k(|$k—zk!))p)
o 1/p
+ < > <sok<|zk|>>p) (3.33)

1 e 1/p cd 1/p
<o+ = < .
=973 (7+1) (v+1>
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Moreover, by inequality (3.2.1), because of (3.2.11), for all & > m we
have

(U ([ f(k, 20)])? < ar + v(or(|zi]))?,
(V[ f (K, 26)])? < a +v(or(|2]))"-

Further, since the functions f(k, ) are continuous, by Lemma 3.2.11
there exists ¢’ > 0 with ¢’ < ¢ such that ||®(z — 2)||,, < 0’ implies

(3.3.4)

Ur(|f(k,xp) — fk, 2z0)]) < em™9 (k=1,2,...,m). (3.3.5)

Now, by (3.3.1)—(3.3.5) we get

m 1/q
W (Py(z) = Pr(z))lle, < (Z (¢r (1f (K, x) — [ (K, Zk)|))q>
h=1
s 1/q 0o 1/q
+ ( S W (1 f (R, an |))> + ( > (Q/Jk(|f(k,2k:)|))q)

m 1/q
k:zl k= m+1
o0

0 1/q 1/q
+ < > ’V(SOk(!SCkD)p) ( V(er(lz])) )
k=m-+1 k=m+1

<e+2e+4+e+e=>0¢e.

Consequently, ||U(Pf(x) — Ps(2))|le, < 5¢ whenever [|®(z — 2)|l,, <
J. O

Theorem 3.3.2. Let 1 < g < oo. A superposition operator Py:
co(P) — £,(V) is continuous if and only if all functions f(k,-) (k € N)
are continuous.

Proof. If Py is continuous, then the continuity of functions f(k,-)
(k € N) is clear by Lemma 3.2.8 (1).

Conversely, if all functions f(k, -) (k € N) are continuous, z = (z) €
co(®) and e > 0 is arbitrarily given, then, basing on Proposition 3.2.1
with v = 0 and Lemmas 3.2.10 and 3.2.11, similarly to the proof of
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Theorem 3.3.1 we may find a sequence (a;) € ¢* and numbers m € N,
0" > 0 such that (3.3.1) holds and ||®(z — 2)||,, < 0" yields (3.3.5) and

Wi f (K, 20))" < ar, (r(Lf (R 20)])* < ar (B >m). (3.3.6)
Consequently, by (3.3.1), (3.3.5) and (3.3.6) we get

1/q
W (Ps(x) = Pp(2))le, < (Z (w (|f (K, @) — f(K, Zk)l))q>

k<m

1/q 1/q
+ (Z <wk<rf<k,mk>|>>Q> + (Z <wk<!f<k’2k>’>>q)

k>m k>m
1/q 1/q
< (Z (5m_l/q)q> +2 (Zak) <e+2 =3¢
k<m k>m
whenever || ®(z — 2)||,, < 0. O

The continuity of superposition operators from ¢,(®) (1 < p < c0)
and ¢y(P) into co(¥) describes

Theorem 3.3.3. Let 1 < p < oo and X € {co,l,}. A superposition
operator Pr: N(®) — (V) is continuous if and only if all functions
f(k,-) (k € N) are continuous.

Proof. Lemma 3.2.8 (1) shows that the continuity of functions
f(k,-) (k € N) is necessary for the continuity of Py.

Conversely, suppose that all functions f(k,-) (k € N) are continuous
and let z = (z;) be an element from ¢,(®) or ¢o(®). By Proposition
3.2.2 there exist numbers § > 0, kg € N and a sequence (ay) € cf
such that (3.2.2) holds. Now, in view of Lemma 3.2.10, for an arbitrary
number € > 0 we may choose an index m € N, m > kg, such that

ar < (k> m)

DN ™

and (3.2.11) is true whenever || ®
for all £ > m,

e (Lf (k) = f (B, 20)]) < o ([ (ks ) ]) 4+ e (LF (K, 22)])

€
Sak+ak<2-§:5.

—~

x—2z)||x < /2. So by (3.2.2) we have,
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Hence ||®(x — 2)||x < /2 yields

sup ¥y (| f (K, zx) — f(k, 1)) <e. (3.3.7)

k>m

Further, using Lemma 3.2.11, we fix a number ¢ < §/2 such that (3.3.5)
holds for ||®(x — 2)||x < ¢’. But (3.3.5) immediately gives

sup U, (| f(k, 7x) — f(k, 2)]) <e. (3.3.8)

k<m

Finally, by (3.3.7) and (3.3.8) we obtain
N (Py(z) = Py(2))le, = max {Egp O ([ (K, 2x) = [k, 20)])

sup e (1 (k) — F(F, zkm} <e

k>m
whenever ||®(z — 2)|[x < ' O

Theorem 3.3.4. Let 1 < q < oo. If the sequence of moduli & =
(k) satisfies one of conditions (M) and (M'), then Py: lo(®) — £,(¥)
is continuous if and only if all functions f(k,-) (k € N) are continuous.

Proof. If Py is continuous, then functions f(k,-) (k € N) are con-
tinuous by Lemma 3.2.8 (1).

Conversely, suppose that all functions f(k,-) (k € N) are continu-
ous. If z = (2x) € loo(®P), then for some n > 0 we have

erlla]) < 3. (33.9)
By Proposition 3.2.3 (1), for this number 7 > 0 we can find a sequence
(ax) € €T such that the condition (3.2.3) is valid for every k£ € N. Since
(ay) € T, for a given £ > 0 we may choose m € N such that (3.3.1)
holds. On the other hand, (3.3.9) together with (3.2.13) (for § = 7)
gives
er(lee] ) <

if | ®(z—2)]|e., < 1n/2. So (3.2.3) yields (3.3.6) whenever ||®(z—2)||,, <

n/2.
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Further, using the continuity of functions f(k,-) (k=1,...,m),
by Lemma 3.2.11 there exists &' > 0 with ¢ < n/2 such that (3.3.5)
is true if
S0k<|xk — Zk|) <.
Now, as in Theorem 3.3.2, from (3.3.1), (3.3.5) and (3.3.6) we deduce
the continuity of Py at z. m

Theorem 3.3.5. If the sequence of moduli ® = (py) satisfies one
of the conditions (M) and (M), then Py: loo(®) — ¢o(V) is continuous
if and only if all functions f(k,-) (k € N) are continuous.

Proof. The continuity of functions f(k,-) (k € N) is necessary for
the continuity of Py by Lemma 3.2.8 (1).

If all functions f(k,-) (k € N) are continuous and Py: {o(P) —
co(V), then by Proposition 3.2.3 (2) we can find, for n = 1, a sequence
(ax) € ¢f and a number ky € N such that (3.2.4) is satisfied. Now,
putting d = 1, continuity of Py follows in the same way as in Theorem
3.3.3. O

Now we characterize the continuity of superposition operators into
the space (o (V).

Theorem 3.3.6. Let the moduli vy, Yy and the functions gp,;l, 1/1,;1
be uniformly continuous in k € N at the point 0, 1 < p < oo and
A € {ls, co, by }. Assume that the sequence of moduli ¥ = (1) and for
A = Uy the sequence of moduli ® = (py) satisfies one of conditions (M)
and (M'). Then Pp: N(®) — L (V) is continuous if and only if the
function f(k,-) is uniformly continuous in k € N.

Proof. The proof of necessity follows from Lemma 3.2.8 (2).

Sufficiency. Let the function f(k,-) be uniformly continuous in
k€N e>0and z = (2) € A(P). Since the moduli ¢, are uniformly
continuous in k at the point 0, then there exist o« > 0 such that for all
EeN

U(t) < e (3.3.10)

whenever 0 < ¢t < . Because the function f(k,-) is uniformly continu-
ous in k € N, so there exists 3 > 0 such that

g, — 2| < 0 (3.3.11)
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implies
|f(ky ) — fk,21)] < @ (3.3.12)
for all k € N. While ¢, ' is uniformly continuous in k& € N at the

point 0, then there exist § > 0 such that (3.3.11) is satisfied whenever
0 < wg(|zr — 2i]) <6 for all k € N. Let ||®(x — 2)||y <6, then

pr(ler — zif) < |@(z = 2)[x <o (ke N),
Therefore, (3.3.11) holds. By (3.3.10) and (iii) from (3.3.12) we deduce
Or(|f (R, ) = f(k 21)]) < grla) <e (K eN).

Consequently, we get
0Py (w) = Pr()lleee = sup (| f (ko) = F(k; 2)]) < e
O

Our last theorem describes the continuity of superposition operators
on the space (wp),(®P).

Theorem 3.3.7. Let 1 < p,q < co. If the moduli ¢, (k € N) are
strictly increasing, then a superposition operator Py: (wg),(®) — £4(¥)
is continuous if and only if all functions f(k,-) (k € N) are continuous.

Proof. If Py is continuous, then the continuity of functions f(k,-)
(k € N) follows by Lemma 3.2.8 (1).

Conversely, suppose that all functions f(k,-) (k € N) are continu-
ous, Py maps (wy),(®) into £,(V) and z = (2x) € (wp),(P). By Propo-
sition 3.2.5 there exist a number § > 0 and sequences (¢x)32, € ¢ and
(dy) € €* such that condition (3.2.7) holds whenever g (|t])? < 25,
20 <k <2 (i=0,1,...). By (1.1.1) 2 = (21) € (wy),(®) if and only
if

2011
lim 27 37 (o ()’ =0.
k=21

For a fixed € > 0 we denote by i. the least of all numbers s such that

2itl_q

sup 27" Z (or (|26))” de <( ) and ch- < %q.

izs k=21 =5



Let = € (wp),(®) be such that
1 .
19(z = 2) |, < 5(2'9)". (33.13)
Since in the case i > i, we have
(or (|ze))F < 27720 (28 <k <2, (3.3.14)

by (ii), Minkowski’s inequality, (3.3.13) and (3.3.14), for ¢ > i., we get

git1_1 1/p oitl_q 1/p
27 Y (o () <27 ) (en(Joe— =)
k=21 k=2
2i+1_q ]/P
+{27 D (e () < |[[®(x — 2)l(wo),
k=20
9i+1_q 1/p
D DN CA(ET) i I I R S R )
k=2
(3.3.15)
Thus, if ¢ > 4., then
2111
D (on ()" < 276,
k=2
so (gr(|zi]))P <206 (2 < k < 2'1). Therefore, (3.2.7) implies
B 20D < dy + 27 (ol
(k| f(k, z1)])) k (erlz])) (3.3.16)

(1 f (k, 2i)]))? < di + ei27 (nllzal))P (@ > ).

Further, using the continuity of functions f(k, ), by Lemma 3.2.11 (for
m = 2'<) we may choose &' >0 with ¢ <1/2 (2i55)1/p such that

max Uy, (| f(k,2) — f(k, 21,)|) < 27"/ (3.3.17)

k< 2ie
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if [|®(z — 2)|(wp), < ¢'. Now, by (3.10) and (3.11) we conclude

2te —1

1/q
W (Pr(x) = Pr(2))le, < (Z (w (|f (K, @) — f(kyzk)))q>

k=1

00 1/q 00 1/q
( (v ([ (ks )| ) + (Z (%‘f(kazk)‘)q)
k=2te k=2te

2ie 1 /e co 2it1_1 Ha
<< (gzz/q>) *(Z (wk<f<k,xk>>>q>

oo 2it1_ Y
(Z Z (0r(1f (K, zi)|

1=t k=2¢

=1 k=21

00 2+1—1
+ ZCZQ ‘ (or(|2x]))?

<5+22+2<55)

Consequently, || (Py(x) — Py(2))[l¢, < 4c whenever ||®(z — 2)||(w,), <
J. O

o) 2i+1—1 1
< e2%27% 42 de + (Zcﬂ ") (e xkl)))

69



3.4 Boundedness of superposition opera-
tors

In this section we give necessary and sufficent conditions for local
boundedness and boundedness of superposition operators on some se-
quence spaces defined by a sequence of modulus functions.

3.4.1 Local boundedness of Py

In the following let ® = (¢;) and ¥ = (¢%) be two sequences of
unbounded moduli. By the definition of a modulus it is not difficult to
see that, for a fixed sequence z = (z), the set of real numbers

Tn() = {t € R: max oy(|t — z]) < s}

is bounded for every m € N and s > 0.

Because of Theorems 3.3.1-3.3.7 a superposition operator Pys: A(®)
— (W) is continuous for some sequence spaces A and g if and only if
all functions f(k,-) (k € N) are continuous, i.e., f satisfies (C). By the
investigation of local boundeness of P the condition (B) is important.

Now we are able to describe the local boundedness of superposition
operator Pj.

Theorem 3.4.1. Let 1 < p,q < oo, A € {co,l,} and p € {co,?y,
loo}. Assume that for u = Ly the sequence W = () satisfies one of
conditions (M) and (M'). A superposition operator Pp: A\(®) — u(V)
is locally bounded if and only if f satisfies (B).

Proof. 1f Py is locally bounded, then f satisfies (B) by Lemma 3.2.9.

Conversely, suppose that Py maps A(®) into p(V) and f satisfies
(B). Let z = (2) € A(®). By Proposition 3.2.4 we determine the
numbers 6 > 0, v > 0, kg € N and the sequence (a;) € p* such that
(3.2.6) holds. Let x = (x}) € A\(®) with

|P(z — 2)|]x < g (3.4.1)
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We may choose a number m € N, m > kg, such that

5
1R ®(2)lIx < 5. (3.4.2)

where Ry, ®(z) = (pr(l2e]))iZ
2714.
Now, by (3.4.1) and (3.4.2), we have

Hence, for £ > m we get ¢y (|zx]) <

m*

[Bm®(2)|[x < [[Rn®(z — 2)[]x + [ B ®(2)]|x
o

5
<@ =2l +[[Bu®(2)x = 5+ 5 =0 (343)

Therefore, @i (|zg|) < 0 for all & > m. From (3.2.6) we deduce that

Ullf (ks )l) < an + (o))t (k= m). (3.4.4)

Further, since the functions f(k,-) (k = 1,...,m) are bounded on
every bounded subset of real numbers T, (5) with s = 271§, by Lemma
3.2.12 there exists M > 0 such that

m—1

> (lf (kyzp)])e

k=1

< M. (3.4.5)

m

If p = {¢,, then by Minkowski’s inequality and (3.4.3)—(3.4.5) we get
W (Pr(x) = Pr(2))lln < L+ 19 (Er (), (3.4.6)

where L = M + 70?/9 + ||(ay)|l¢,. Otherwise, using (3.4.4) and (3.4.5),

because of v = 0 we obtain (3.4.6) with L = max{M, ||(ax)||,.}-
Putting 8 = L + [|[W(P(2))||,, we have ||W(Pr(x) — Pr(2))]|, < B

whenever ||®(z — 2)||, < 2710. O

Our last theorem in this subsection describes the local boundedness
of superposition operators on the space (wp),(®).

Theorem 3.4.2. Let 1 < p,q < oo. If the moduli ¢, (k € N) are
strictly increasing, then a superposition operator Py: (wg),(®) — £,(¥)
is locally bounded if and only if f satisfies (B).
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Proof. The necessity of condition (B) follows from Lemma 3.2.9.

Conversely, suppose that f satisfies (B), Py maps (wp),(®) into
0,(V) and z = (2x) € (wo),(P). By Proposition 3.2.5, there exist a
number ¢ > 0 and sequences (ax) € ¢t and (¢;)2, € ¢ such that
(3.2.7) is satisfied whenever (¢ (|t]))? < 276, 28 < k < 271 4 € Ny.
Since by (1.1.1),

2011
Jim 27> 7 (g () =0
k=2
there exists 7 € N with
2011
27 (e () <2776 (i > 7). (3.4.7)
k=21

Let x = (z) € (wo),(P) be such that
||<D(J,’ - Z)H(wo)p < 2-151/P, (3.4.8)

Then by (ii), Minkowski’s inequality, (3.4.7) and (3.4.8), for i > 7, we
have

9it1_q 1/p oitl 1 1/p
27 > (e ()| <27 D (r ok — 2l)”

k=21 k=21

2i+1_1 1/p
+127 Y ()| <19 = 2)lwo,

f=2¢

it 1 1/p
127 Y (a2l 2iatr =gl

k=21

(3.4.9)
Consequently, if i > 7, then
2i+11
> (el <29

k=21
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and so (g(|zg]))? <296 (28 < k < 2'T1). Further, by (3.2.7) we get

(Wn(f (ky 2)))* < ar + 27 (on(lza]))? (3.4.10)

Since the functions f(k,-) (i <7, 2° < k < 2°1) are bounded on every
bounded subset of real numbers T, () with » = 27167 by Lemma
3.2.12 there exists M > 0 such that

S Wk = S Wk ) < M (341

Consequently, by (ii), Minkowski’s inequality and (3.4.9)—(3.4.11) we
conclude

- 1/q
()~ Pl < | 3 ()
. TN ?
+ (Z <wk<|f<k,xk>\>>q> + (Z <wk<|f<k,zk>|>>q)
1y /g
<oy (305 i) |+ ),
o .
< (S 3w Zcﬂ l Z (eello)D)?

1/q
+ (P () e, < MY+ [[(an) Iy + <5ZQ> + [[U(Ps(2))lle,
< MY+ (@)l + (0 l1(e)Zoll) + 1P (2) e,

So, putting 3 = M1+ |(ax)ll,"" + (3 [[()Zolle)"" + 1 U (Py(2))le, we
have ||®(Pf(z) — Pf(2))le, < 8 whenever || ®(z—2)| (), < 2767, O

Local boundedness of superposition operators on (., (V) is treated
in Corollary 3.4.5.
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3.4.2 Boundedness of Ps

Let A be a solid sequence space with e* € A\ (k € N) and pu be a
solid BK-space. It is easy to verify that if Py: A(®) — p(¥) is bounded
then it is also locally bounded. So, Lemma 3.2.9 shows that f satisfies
the condition (B) if Py is bounded.

The boundedness of superposition operators into £,(¥) can be des-
cribed as follows.

Theorem 3.4.3. Let 1 < p,q < oo and X\ € {co,lp,l}. For
A = Uy we assume that the sequence of moduli ® = (¢y) satisfies one
of conditions (M) and (M'). Then a superposition operator Pr: A(®) —
0,(¥) is bounded if and only if for every o > 0 there exist a sequence
a(o) = (ar(0)) € £f and a number (o) > 0 such that

k(| f(R, 1)) < arlo) +1(0) (e ()" (pr(lt]) <o, k €N).
(3.4.12)

Here v(0) =0, if X € {co,loo}. Furthermore,

0pu(0) < vrglo) < (1+2Y9) ns,(0) (3.4.13)
for every o > 0, where
viq(0) = inf {||a(o)lle, + 7(0)"* : (3.4.12) holds} .
In the case y(0) = 0 we have

Nfu(0) = Vyq(0)-

Proof. Sufficiency. Suppose that for every p > 0 there exist a se-
quence a(g) € £ and a number v(¢) > 0 such that for each k € N
the inequality (3.4.12) is true whenever @i (|t]) < 0. Let o > 0 and
xr = (x) € A(P) be such that

()5 < o (3.4.14)

Since

er(lzel) < 12(z)[x <o (keN),
by (3.4.12) we deduce

Uil (ks 2i)]) < awlo) +(0)(er(lan)P* (k€ N)
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which gives, in the case A = £,

00 1/q 00 1/q
V(P (@))le, = <Z(¢k(\f(k,xk)\))q> < (Z(ak(y))q>

0 1/q Vg
+7(0) (Z(wk(lxk|)>”> < lla(@)le, + () <I|<I>(x)|l’2> /

k=1
< la(o)|le, + (o) 0" < <.

(3.4.15)
If X € {co, lo}, then we have
. 1/q
N (Pr())le, < (Z(ak(g))q> = [la(o)lle, < oo. (3.4.16)
k=1

The inequality 7y, (0) < v4(0) holds because of (3.4.14) and (3.4.15)
or (3.4.14) and (3.4.16).

Necessity. Let Py be a bounded superposition operator acting from
A(®) into £,(V) and z = (zx) € A(P). By Lemma 3.2.9 f satisfies (B).
For a fixed o > 0, we have

W (P (x))le, < nyu(e)

whenever || ®(z)]|x < o.
If A = {,, then by Lemma 3.2.13 there exist a sequence a(p) =
(ar(0)) € £F with [[a(0)|l¢, < ny.u(0) such that for every k € N,

Y|k, 1)) < aio) + 21907 My, (0) (pi([t]))P/1

provided ¢ (|t|) < o. Putting (o) = 24907 P/9y; ,(0), we have (3.4.12).
From Lemma 3.2.13 we also get |la(0)|l¢, < nf,u(0), so

la(0)lle, +7(0)”* < ngu(0) + (o)
< (o) +2Y907" ;. (0) "1
< (1 + 21/q)77f,u(<9)-

Hence we have vy (o) < (1 +2Y9)n;,.(0).

75



Otherwise, i.e., for A € {cy, l}, we define

ar(0) = sup {¢k([f (K, D)]): r(|t]) <o} (KEN).  (34.17)
Since f satisfies (B), then ax(0) < oo for every k € N. The inequality
(3.4.12) (with (o) = 0) is immediately clear.

To prove that a(o) = (ar(0)) € £}, let € > 0. By (3.4.17) there
exists a sequence y(0,¢) = (yk(o,€)) such that

er(lyr(o,e))) <0 (kEN) (3.4.18)
and
ai(0) < Yu(lf (k. y(e, €))]) + % (3.4.19)

for every k € N. From (3.4.18) we get

(0, €)llx@) = sup or(lys(o,€)]) < 0.

Using (3.4.19), we have

s 1/q o 1/q
(ka(g»q) s(Zwkaﬂk,yk(g,e)n»q)

k=1 k=1
0o . 1/q
€
+ (Z (%) ) = U (Pr(y(e.2))le, +<
<npule) +e
Hence, by the arbitrariness of e, we conclude that a(o) € ¢ with
la(o)|le, < nyu(e). This also shows that vy 4(0) < 1y,.(0). O

Next we characterize the boundedness of superposition operator act-
ing from co(®P), £,(P) (1 < p < 00) and L (P) into co(V) and loo(P).

Theorem 3.4.4. Let1 < p <00, XA € {co, 0y, lc} and p € {co, loo}-
Assume that for A =l (u = L) the sequence of moduli ® = (i) (¥ =
(Yr)) satisfies one of conditions (M) and (M'). Then a superposition
operator Pr: A(®) — p(W) is bounded if and only if for every o > 0
there exists a sequence a(o) = (ax(0)) € €L such that (3.2.32) holds.
Furthermore, for every o > 0,

N1u(0) = Vi oo(0).
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Proof. The sufficiency follows from Lemma 3.2.15. Moreover, we
get npu(0) < Vioo(0)-

Necessity. Let Pr: A(®) — p(V) be bounded and x = (x;) € A\(®P).
By Lemma 3.2.9 f satisfies (B). For any fixed ¢ > 0 we have

N (Pr ()l < npu(0)

provided ||®(z)||» < o. Applying Lemma 3.2.14 with ¥(3) = nys.(0)
and § = p, we can find a sequence a(p) € £X with ||a(0)|le. < nsu(0)
such that for every k € N,

([ f (K, 1)]) < arle)
whenever ¢ (|t|) < p. Therefore, (3.2.32) is true. From the inequality

la(o)|e.. = sUp ar(0) < nyulo)

it follows that vy (0) < 1y..(0)- O

Corollary 3.4.5. Let 1 < g < 0o and p € {co, ¥y, loo}. Assume
that the sequence of moduli ® = (py) and for p = (s the sequence of
moduli ¥ = (V) satisfies one of conditions (M) and (M').Superposition
operators Py from loo(®) into u(V) are always bounded and hence locally
bounded.

Proof. By Proposition 3.2.3 operator Py acts (o (®) into p(V) if and
only if for every ¢ > 0 there exists a sequence a(p) = (ar(0)) € p* such
that

V(| f(k, D)) < arlo)  (en(lt]) < 0, k €N).
Since u™ C (7 it remains to apply Theorems 3.4.3 and 3.4.4. O

Finally, we consider the boundeness of superposition operator on
the space (w),(P).

Theorem 3.4.6. Let 1 < p,q < oo. A superposition operator
Pr: (wo),(®) — €4(V) is bounded if and only if for every o > 0 there
are sequences a(0) = (ax(0)) € £ and c(0) = (ci(0))i% € £ such that

Uil f(k, 1)) < ar(o) + ei(0)2™ 7 (u(Jt]))P/1 (3.4.20)

whenever o (|t]) < 21/Pp, 20 < k < 27§ € N,
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Furthermore, for every o > 0,

77f7w0(Q) < Vf@o(@) < (1 + 21/q>77f,w0(9)7
where
Nfao(0) = sup { O (Pr(x))lle, = 19(2)](wo), < 0}

and

Viwo(0) = inf {lla(o)le, + & llc(o)e,
(3.4.20) holds (p(|t]) < 27P0,2' <k < 2", i € Ny)}. (3.4.21)
Proof. Sufficiency. Suppose that for every ¢ > 0 there are sequences
q(g) and c(o) from ¢5 such that the inequality (3.4.20) holds if py (|t]) <
2P 28 < k < 2% i € Np. Let 0 > 0 and = = (3) € (wp),(®) be
such that
19 ()| o, < 0
Then ¢ (|zg]) < 27/P0 (28 <k <271 i € Ny) and (3.4.20) yields

Uil f(k, 2)l) < ailo) + ci()2™ " (pu(Jael) )77,

So we have

co 20t1_1 1a
1 (Pr@lle, = | D2 D @l f(ky2i)))?
=0 k=2¢
oo 2itl_1 La oo 2itl_1 1a
<12 D (@) + (D2 X (al@2 (i)’
=0 k=21 =0 [=21¢
0o 211 1
< lla()lle, + | D (ci(@)?27 > (wrllzxl))”
i=0 k=2¢

=0

s 1/q
< lla(o)lle, + (Z(Q(@))qu) < [la(o)lle, + ”“[lc(0) e, < o0

whenever [|®(2)]|(wy), < o
The inequality 774, (0) < Vfw,(0) is obvious because of

1P (2))le, < lla)lle, + @ llc(o)lle,
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and [ 0(2)]| ), < o
Necessity. Let Py be a bounded superposition operator acting from
(wp),(®) into £,(¥) and z = (xy) € (wo),(P). For fixed ¢ > 0 we have

o 1/q
N (Pr () e, = (Z(%(If(k,xk)l))q) < N (0)
k=1
whenever
9i+1_q 1/p
1P () [ wo) = sup 27 ()| <e
= k=2
We define, for every i € Ny,
2i+1_q 1/q
é(o) =sup S [ D (Wrllf(kyzi)]))?
k=21
27—
27> (er(lml))P < 0 p . (3.4.22)
k=21

Since f satisfies (B) by Lemma 3.2.9, we see that ¢;(0) < oo (i € Ny).
Therefore, by definition of ¢;(p), for every € > 0 there exists a sequence

y(0,€) = (yr(0,€)) such that

3 (oY < 2o (3.429)
k=21
and
2i+1_q 1/q
a@ < | X @likumle) | +5 (3429

for any ¢ € Nj.
Let 7 € {0,1,2,...} and §(0,¢) = (Jx(0,€)) be a sequence with

N( €>_ yk(gag) if 1 §k§2f7
eI = if k> 27
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Then, by (3.4.23), we have

122, )l wo), < 0

Next, we show that ¢(o) = (&i(0))2, € €5 and [[¢(0)le, < Nfuwol0)-
Indeed, using (3.4.24), we get

q\ 1/q

: 2

bl

||

N
3

N oitl 1 1/q

1/q

7 1/q
(£ (K, yr(,€))]))? +<} (i))

k
< W(P(G(0,€))le, + € < Npawy(0) + & < 0.

7ottt

™

T

00 1/q 2 1/q
le(o)lle, = (Z(@(@))q> = lim <Z(5¢(9))q> < Npwo(0) + e

T—00 -
=0

While ¢ > 0 is arbitrary, then &(o) € ¢ with [|E(0)le, < 75.u,(0)-
On the other hand, for every 7 € N,

it 1 1/q

S Wk f ko)) | <élo)

k=2t

whenever
2ttt

2 3 (el < 2.

f=2i
Applying Lemma 3.2.13 to the previous inequality with 37 = 2¢pP,
9(B) = ¢;(0) and f(k,t) =0for k # 2,20 +1,...,2" — 1 we can find
numbers ay(0) (k = 2¢,2° +1,...,2"" — 1) such that

2i+t1_q

> (@) < lla(o)l, < (@ ()",

k=2
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Ur(|f (k1)) < arlo) + 29 271997198, (0) (@r([E]))P/4 (3.4.25)

provided o (|z1|) < 2/Pp, 2° < k < 2771, Putting ¢;(0) = 217 97P/9¢;(p)
we have (3.4.20).

So we get
oo 2011 )
q _
la(o)llz, = Z = > (al0)” <Y (&) = llEo)ll,
k=1 i=0 k=2 i=0

which yields

la(@)lle, < llE(@)lle, < 770 (0):
By (3.4.25) it follows

ar(0) +27ci(0) (pi([t]) )7 < ar(o) + 27924997219, (0) (r([t]))P/1
< lla(o)lle, + 27121774 (o) |, (27 0)"""

< Nrwo(0) + 2791E(0) e, < My (0) + 211,00 (0)
= (142", (0)

whenever ¢y (|71]) < 2/P0 and i € Ny. Hence

Vian(0) < (14210, (0).

3.5 Applications

The classical sequence spaces ¢y, £y, {s (1 < p < 00) can be consid-
ered as the spaces co(P@), (,(P), loo(P), where & = (¢)) with @i (t) =1t
(k € N). For ¥ = & from Theorems 3.3.1-3.3.6 we conclude the con-
tinuity of superposition operators from /., ¢, and cy into ¢, and ¢
for 1 < p,q < oo (see [10], Theorems 2, 7 and 8; [44], Theorems 2.4
and 2.5) and from Theorems 3.4.3, 3.4.4 and Corollary 3.4.5 we get
known characterizations of the local boundedness and boundedness of
superposition operators in sequence spaces co, {p, {o ([10], Theorems
3, 7 and 8). We remark that Theorems 7 and 8 of [10] are formulated
without proofs.

Theorems 3.3.7, 3.4.2 and 3.4.6 allows to formulate extensions of
some results of Phuciennik ([45], Theorems 2, 3 and 5) about the con-
tinuity and the boundedness of superposition operator on wy.
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Proposition 3.5.1. Let 1 < p,q < oo. If the moduli ¢y (k € N)
are strictly increasing, then a superposition operator Py: (wq), — {4 is
continuous if and only if all functions f(k,-) (k € N) are continuous,

i.e., f satisfies (C).

Proposition 3.5.2. Let 1 < p,q < oco. A superposition operator
Pr: (wo), — £y is locally bounded if and only if f satisfies (B).

Proposition 3.5.3. Let 1 < p,q < oco. A superposition operator
Pr: (wo), — £, is bounded if and only if for every o > 0 there are
sequences a(0) = (ax(0)) € £ and c(0) = (ci(0))i%y € £F such that

[f (k)] < an(o) + ci(0)2 7]t/ (3.5.1)

whenever |t| < 217 o, 20 < k < 21§ € Ny.
Furthermore,

ﬁfﬂﬂo(@) < vf,wo(g) < (1 + 21/q)ﬁf,wo(9)

for every o > 0 with

T (0) = 5D {1Pr(@)lle, © [[2llwn, < 07}

and

Tt uwo(0) = inf {|a(o)le, + ¢*/||c(0)]le, : (3.5.1) holds
(t] <290, 2 <k <27 ieNg)}. (35.2)

As certain generalizations of the spaces ¢, ¢y, £, and w, we consider
the multiplier sequence spaces of Maddox type

loo (p, {:U cw: sup|ukxk|p’c < oo}

TEW: llm |ugxy|P* = O}

{x Ew: Z |uga Pt < oo}
{a: Cw: hm Z |ugxy|PF = O}

k 1
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where u = (uy) is a sequence with uy, # 0 (k € N) and p = (p) is a
bounded sequence of strictly positive numbers (cf. [18]). Some authors
([2, 52, 49]) consider the spaces lo(p, 1), co(p,u) and ¢(p,v) for special
multipliers

wp = k7P = KPP (o> 0). (3.5.3)

In the case uy = 1 (k € N) the spaces (o (p,u), co(p,u), {(p,u) and
wo(p, u) are known as the sequence spaces of Maddox type £ (p), co(p),
¢(p) and wy(p), respectively (see, for example, [17] and [29]). We note
that the sequence spaces of type ¢(p) were introduced much earlier by
Orlicz [40].

To apply our theorems for the multiplier spaces of Maddox type, we
put » = max{1, sup, px} and define the sequence of moduli ® = ()
by

i) = (lug[)*" (k€ N).

Then the spaces (o (p, u), co(p, u), £(p, u) and wy(p, u) we may consider
as the spaces loo(P), co(P), £-(P) and (wp),(P), respectively. So, by
Propositions 2.3.3 and 2.3.7, the F-norm

ga(x) = sup [y [P/
is defined on c¢y(p,u) for any p and on £ (p,u) under the restriction

infy pr > 0. We remark that if infy p, > 0, then ¢ (p) = ¢ and
loo(p,u) reduces to normed space

loo(u) = {x € w: ||z|| = sup |ugzi| < oo} .
k

The corresponding F-norms on #(p,u) and wy(p,u) are determined,
respectively, by

0 1/r
go(z) = <Z |xk|pk)

k=1
and
. oit1_1 1/r
ge(x) =sup | D Jupalr
i20 k=2

It is not difficult to formulate the acting conditions for superpo-
sition operators on multiplier sequence spaces of Maddox type based
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on Propositions 3.2.1-3.2.6. Thereby, for the multipliers (3.5.3) we
get known characterizations of the operators Py : lo(p,u) — ¢ and
Py 2 U(p,v) — £ ([49], Theorems 1 and 8; [52], Theorems 2.1 and 2.2,
the case pr =1 (k € N)).

Let ¢ = (qx) be another bounded sequence of strictly positive num-
bers and v = (vy) be a sequence such that v, # 0 (k € N). Now, putting
s = max{1, sup, qx} and defining the sequence of moduli ¥ = (¢}) by

Ye(t) = (Juelt)®* (k € N),

from Theorems 3.3.1-3.3.7 we get the following statements about the
continuity of superposition operators on multiplier sequence spaces of
Maddox type.

Proposition 3.5.4. Superposition operators Py: ((p,u) — £(q,v),
Pf: g(p, U) - CU(vi)J Pf CO(p7 U) — CO(Q7U)7 Pf CO(p7 U) - E(Q7'U)
and Py: wo(p,u) — €(q,v) are continuous if and only if all functions
f(k,-) (k € N) are continuous.

Proposition 3.5.5. If ir]ifpk > 0, then Py: lo(p,u) — {(q,v) and
Pr: lo(p,u) — co(q,v) are continuous if and only if all functions f(k,-)

(k € N) are continuous.

Basing on Theorems 3.4.1-3.4.4, 3.4.6 and Corollary 3.4.5 we get the
following statements about the boundedness of superposition operators
on multiplier sequence spaces of Maddox type.

Proposition 3.5.6. Let A € {cy(p,u),l(p,u)} and p € {co(q,v),
0(q,v),le(q,v)}. For p = l(q,v) we assume that infyq, > 0. A
superposition operator Pr: X — p s locally bounded if and only if f
satisfies (B).

Proposition 3.5.7. A superposition operator Py acting wo(p, )
into £(q,v) is locally bounded if and only if f satisfies (B).

We use the notation

.99 (0) = sup {gu(P(2)) : ga(x) < 0}

for every o > 0.
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Proposition 3.5.8. Let A\ € {cy(p,u),l(p,u),lx(p,u)}. For A =
loo(p,u) we assume, in addition, that infyp, > 0. A superposition
operator Pr: X — {(q,v) is bounded if and only if for every o > 0 there
exist a sequence a(o) = (ax(0)) € L5 and a number v(0) > 0 such that

e f (k, )|/ < ag(0) +v(0)urtP* (Jugt|”'" < o, k € N).
(3.5.4)
If X € {co(p,u), loo(p,u) }, then y(0) = 0. Furthermore, for every o > 0,

fit90(0) < Tpql0) < (14 2")fi54, (0),

where

U14(0) = inf {{|a(0)|le, +7(0) "% : (3.5.4) is satisfied } .

In the case (o) = 0, we have

.95 (0) = Vrq(0)-

Proposition 3.5.9. Let A € {co(p,u), l(p,u), loo(p,u)} and p €

{co(q,v), loo(q,v)}. For X = leo(p,u) (n = loo(q,v)) we assume, in
addition, that infyp, > 0 (infrqx > 0). A superposition operator
Pr: N — pois bounded if and only if for every o > 0 there exists a
sequence a(p) = (ar(p)) € €L such that

onf (R, )| < ap(e)  (Jwt" <o, k €N). (3.5.5)
Furthermore, for every o > 0,

ﬁfﬁg\p - ﬁf,00<9)7

where
Uroo(0) = inf {|la(o)|le.. : (3.5.5) is satisfied} .

Corollary 3.5.10. Let € {co(q,v),4(q,v),lo(q,v)}. For p =
~(q,v) we assume that infy, g > 0. Superposition operators Py from
(P, u) into p are always bounded and hence locally bounded.

l
l

Proposition 3.5.11. A superposition operator Py acting wo(p, u)
into (q,v) is bounded if and only if for every o > 0 there are sequences

a(o) = (ar(0)) € €5 and c(o) = (ci(0))2y € £ such that

e f (k, )| < ag(0) + ci( )27 % uyt[Pr/a (3.5.6)
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whenever |ugt| < 2 o, 20 < k < 271 4 € Ny.
Furthermore,

ﬁfﬂﬂo(g) < Dﬁwo(g) < (1 + 21/8)ﬁf7w0(9)7

for every o > 0 with

it (0) = sup { | Pr(2)[3g) + Nl < 07}

and

Vfuo(0) = inf { [la(o) [l + olle(o) e :
(3.5.6) holds (Jugt|™* < 2%, 2" <k < 2!, i eNy)}. (3.5.7)

Sama-ae ([52], Theorems 6 and 14) considered the continuity of
superposition operators Py : {oo(p,u) — ¢ and Py : {(p,v) — ¢ for the
multipliers (3.5.3). Suantai ([52], Theorems 3.1-3.3 and 3.5, the case
pr = 1 (k € N)) and Sama-ae ([49], Theorems 2, 9 and 13, Corollary
3) studied the local boundedness and boundedness of superposition
operators Py : lo(p,u) — ¢ and Py : {(p,v) — (¢ for the multipliers
(3.5.3).
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Moodulfunktsioonide abil
defineeritud jadaruumid ja
superpositsioonoperaatorid

Jadaruumide teoorias on iiheks uurimisobjektiks Orliczi jadaruu-
mid. Orliczi funktsiooni ¢ korral saab Orliczi jadaruumi defineerida
vordusega

gﬂ(gp) = {$ = ($k) Zgo(|$k|/g) < o0 mingi ¢ > 0 korral} =

={z = (z4): (¢_(|$k|/g)) € ¢ mingi o > 0 korral} .

Ruckle [48] ja Maddox [30] toid antud soliidse jadaruumi A ja moo-
dulfunktsiooni ¢ korral sisse uue jadaruumi

M) = {x = (zx): ((lzi])) € A}

Jadaruumi A(p) moistet tildistas Kolk [21], asendades moodulfunkt-
siooni ¢ moodulite jadaga ® = (¢) ja vaadeldes ruumi

@) = {z = (21): (prllr])) € A}

Ruumi A(®) definitsioon sisaldab erijuhuna Maddox’i tiiiipi jadaruume
[16, 28], mis omakorda iildistavad vastavaid klassikalisi jadaruume ¢,
co, £p ja (wp), (1 < p < o00).

Et kasitleda selliseid ruume iihtsest ja tldisemast vaatepunktist,
lahtume nn. ¢-funktsiooni moistest, mis tildistab moodul- ja Orliczi
funktsiooni moisteid. Artiklites [16, 21] vaadeldud sisalduvusi on voi-
malik p-funktsioonide abil kasitleda iildisemal kujul. Saadud tulemused
on esitatud peatiikis 1.3.
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Jadaruumide teoorias pakub olulist huvi ka ruumide A(¢) ja A(P)
topologiseerimine. Moodulfunktsioonide jada ® = (¢y) korral vektor-
ruum A(P) ei ole enamasti normeeritav, siin tuleb normi asemel kasu-
tada iildisemaid funktsionaale, naiteks F-poolnormi (vt. [22, 23]) voi
paranormi (vt. [50]). Moodulfunktsioonide maatriksi F = (fi;) ja so-
liidse topeltjadade ruumi A korral kirjeldame jadaruumi

AF) =A{z = (zx): (fi(|zx])) € A}

F-poolnormeeritavust. Saadud tulemused iildistavad artiklites [22, 23,
50] toestatud teoreeme (vt. peatiikk 2.3 ja 2.4).

Ruumide A(®) topologiseerimisvoimalus lubab uurida sellistes ruu-
mides tegutsevate operaatorite erinevaid omadusi, nt. pidevust, tokes-
tatust jne. Meid huvitavad nn. superpositsioonoperaatorid, mis moo-
dustavad iihe alamklassi koigi (lineaarsete ja mittelineaarsete) ope-
raatorite hulgas.

Superpositsioonoperaatoreid ei ole jadaruumides uuritud nii pohja-
likult kui funktsioonaalruumides (vt. [1]). Superpositsioonoperaator
jadaruumist A\ jadaruumi p defineeritakse seosega

Py(x) = (f(k,zr) € p (2= (z1) € N),

kus f: N x R — R on mingi funktsioon omadusega f(k,0) = 0 (k €
N). Uldiselt superpositsioonoperaator P; on mittelineaarne. Moned
nimetatud operaatori omadused voib leida Appelli ja Zabreiko raama-
tust [1].

Robert [47] ja Sragin [51] kirjeldasid operaatorit Py Orliczi jadaruu-
mides. Superpositsioonoperaatoreid jadaruumides (o, ¢y ja £,, kui
1 < p < oo, on mitmekiilgselt uurinud Dedagich ja Zabreiko [10] (vt. ka
[8, 44]). Phluciennik [45, 46] vaatles superpositsioonoperaatoreid jada-
ruumis wy. Superpositsioonoperaatorite pidevust ja tokestatust jada-
ruumides on uuritud artilites [9, 44, 49, 52, 53]. Kéiesolevas dokto-
ritoos antakse tarvilikud ja piisavad tingimused superpositsioonope-
raatorite pidevuseks, lokaalseks tokestatuseks ja tokestatuseks moodul-
funktsioonide jada abil defineeritud jadaruumides. Saadud tulemuste
rakendusena vaatleme superpositsioonoperaatoreid Maddox’i tiiiipi ja-
daruumides (vt. peatiikk 3.5). Pohitulemused on esitatud peatiikkides
3.3 ja 3.4.
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