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Chapter 1

Introduction

1.1 Background

In 1972, E. M. Alfsen and E. G. Effros introduced in their fundamental
article “Structure in real Banach spaces” the notion of an M-ideal as follows.
Suppose that L is a real Banach space and L£* is the dual space of L. It is
said that a subspace K of £ is an M-summand of L if there is a subspace
H C L such that CdH = L and, for all k € K, h € H,

1k + hll = max{[|k[|, |p]}-

Similarly, a subspace N of £* is an L-summand of L* if there is a subspace
M with N M = L* and, for all p e N, ¢ € M,

Ilp +qll = llpll + llqll - (1.1)

A closed subspace K of L is said to be an M-ideal if its annihilator Kt (see
Definition 2.2) is an L-summand in £*.

The letter “M” in the notion of an M-ideal comes from the word “maximum”
and is referring to the norm of £ ([23, p. v|). The word “ideal” seems
to be inspired by the connection between M-ideals and algebraic ideals: in
C*-algebras, the M-ideals coincide with the closed two-sided ideals (see, for
example, |23, Theorem V.4.4]).

E. M. Alfsen and E. G. Effros introduced M-ideals as an analog and gen-
eralization of algebraic ideals. Their approach was designed to encompass
structure theories for C*-algebras, ordered Banach spaces, L!-preduals, and
spaces of affine functions on compact convex sets. However, the M-structure
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theory was defined solely in terms of norms of Banach spaces, providing a
wide range of applicability.

The theory of M-ideals has been widely used for studying the geometry
of Banach spaces. It has turned out that K being an M-ideal in £ has a
strong impact on spaces K and £. Namely, there are a number of important
properties shared by M-ideals but not by arbitrary subspaces. For example,
for every linear functional defined on an M-ideal, there exists a unique norm-
preserving extension to the whole space. In general, this holds for arbitrary
subspaces of £ only in the case when £* is strictly convex (see [57| and [14]).

In 1993, in the paper |[15], G. Godefroy, N. J. Kalton, and P. D. Saphar
introduced the notion of an ideal (see Definition 2.3) and related it with
M-ideals. M-ideals form a subclass of u-ideals (see Definition 5.1) which
were introduced by P. G. Casazza and N. J. Kalton earlier in 1990 (see
[8]). The M- and u-ideals are ideals satisfying different norm conditions.
Nowadays M-ideals are usually defined based on the concept of an ideal (see
Definition 2.4).

The approach in [15] inspired J. C. Cabello and E. Nieto (see |4]) to consider
a weaker form of the norm condition (1.1), that is, the M (r, s)-inequality

lp+qll =rlpll+sllgll YpeN, Vge M,

where 7, s € (0,1]. They introduced and studied the notion of an ideal satis-
fying the M (r, s)-inequality, we call it an M (r, s)-ideal (see Definition 3.1).
Note that if » = s = 1, then M(r, s)-ideals coincide with M-ideals.

In [4], 5], |7], Cabello, Nieto, and Oja studied whether properties holding
for M-ideals carry over to the more general M(r, s)-ideals. For example, it
turned out that M-ideals, and more generally M (1, s)-ideals, (see [4]) have
property U (see Definition 3.4) and therefore they also have the unique ideal
property (see Definition 3.3). However, e.g., for r # 1, M(r,1)-ideals of
compact operators JC(X) need not have property U (see [7, Example 4.5]).
Also the 3-ball property (see Definition 2.5) does not hold for M (r, s)-ideals
in general (see |7, Lemma 2.2|), but according to Alfsen and Effros, being an
M-ideal is equivalent to the 3-ball property (see Theorem 2.6). In 7], one can
find several examples of M (r, s)-ideals which are not M-ideals. M (r, s)-ideals
have been studied, e.g., in [4], [5], [21], |7], [18], [22], [19], [52], [20].

Over the 40 years, the theory of M-ideals has been well studied. There is
also a thorough monograph about M-ideals by P. Harmand, D. Werner, and
W. Werner (see [23]) that grew out of the Berlin school of E. Behrends. The
studies of u-ideals and ideals in general have been carried out among others
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by P. G. Casazza, G. Godefroy, K. John, N. J. Kalton, A. Lima, V. Lima,
E. Oja, P. D. Saphar, D. Werner. A recent unified approach regarding the
ideals is the concept of an (a, B, ¢)-ideal (see, for example, [49]) which enables
to study the M-, M(r,s)-, u-, and other types of ideals simultaneously.

The first example of an M-ideal of compact operators origins from 1950.
Namely, J. Dixmier showed in [11| that for every Hilbert space H, K(H) is
an M-ideal in £(H). From the beginning of the M -ideal theory, the prob-
lem of identifying for which Banach spaces X and Y the space of compact
operators I(X,Y') is an M-ideal in the space of all bounded linear opera-
tors L(X,Y), has attracted a number of authors. The question is of interest
because the existence of M-ideals gives information about the dual space
L(X,Y)*. Not less important is the connection between M-ideals and the
theory of approximation properties where even today there are famous un-
solved questions which have been open for decades. Regarding Dixmier’s
result, describing M-ideals of compact operators can also be viewed as a
study of the question of how far one can move away from Hilbert spaces
without ruining the property of K£(X,Y’) being an M-ideal in L(X,Y) ([23,
p. 289]).

The question, for which Banach spaces X and Y the space of compact op-
erators KC(X,Y) is an M-ideal in the space of all bounded linear operators
L(X,Y), in a general formulation, is also a central question in this thesis.
We study this question in terms of M-, M(r, s)-, and u-ideals.

1.2 Summary of the thesis

The starting point of the investigations in this thesis is the following result
by E. Oja. It allows to produce, departing from Banach spaces X such that
K(X) is an M-ideal in £(X), new classes of M-ideals of compact operators.

Corollary 2.29 (|45, Corollary 9|). If K(X) and K(Y) are M-ideals in L(X)
and L(Y') respectively, then K(X,Y) is an M-ideal in L(X,Y).

The extension of Corollary 2.29 from M-ideals to M (r,s)-ideals presents
difficulties since the main techniques from the theory of M-ideals involving
the 3-ball property do not work in this more general case. For instance, in
[23, p. 301], Corollary 2.29 is proven using the 3-ball property.

The objectives of this thesis is to investigate whether a similar result is valid
for M (r, s)-ideals, how the parameters r and s are affected by forming new
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M (r, s)-ideals, and to study u-ideals of compact operators using the method-
ology developed for M (r, s)-ideals. The thesis consists of five chapters.

Chapter 1 introduces the background of the problem and the basic notation
used throughout this thesis.

The aim of Chapter 2 is to give, based on the schematic original proof in [45],
a detailed proof of Corollary 2.29. In Section 2.1, we introduce the notion of
an M-ideal through the concept of an ideal, and look at some classical exam-
ples of M-ideals of compact operators. Section 2.2 is dedicated to properties
(M) and (M*) which have turned out to be the key structure conditions on
X, in order to K(X) appear as an M-ideal in £(X). In Section 2.3, the
basic background results on approximating the identity operator by compact
operators in operator topologies are presented with detailed proofs.

Johnson’s lemma, introduced in Section 2.4, guarantees us the existence of
an ideal projection whenever there exists a special kind of net of compact
operators. As preliminary results, some descriptions of M-ideals of compact
operators are regarded in Section 2.5. Corollary 2.29, the main result of
Chapter 2, is proved in Section 2.6.

In Chapter 3, we extend and develop the results and methods used in Chap-
ter 2, for M-ideals, to the case of M (r,s)-ideals. In Section 3.1, we define
M (r, s)-ideals. Following [54], the notion of the Johnson projection is in-
troduced in Section 3.3. Properties M(r,s) and M*(r, s) for M(r,s)-ideals
are analogs of properties (M) and (M*) for M-ideals and are discussed in
Sections 3.4 and 3.5. The main result of Chapter 3 is Corollary 3.22, in
Section 3.6, which extends Corollary 2.29 from M-ideals to M (r, s)-ideals.

Corollary 3.22. Let X and Y be Banach spaces. Assume that K(X) is an
M (ry, s1)-ideal in L(X) with r1 4+ s1/2 > 1 and K(Y') is an M (rq, s2)-ideal
in L(Y) with vy + so/2 > 1. Then K(X,Y) is an M(riry, s3sy)- and an
M (rir3, s15%)-ideal in L(X,Y).

Chapter 3 is inspired by [45], [49], [54] and is based on [19].

The parameters 737y and sis,, or 7173 and s;1s3 seem to be not optimal. In
Chapter 4, we propose a different approach which will improve the parameters
to r1ro and s15y (see Theorem 4.18 for the case when X or Y is separable
and Theorem 4.26 for the general non-separable case).

The key concepts of the new approach are “the ideal projection preserving
elementary functionals” (introduced in Section 4.2) and “property M*(r,s)
for operators” (see Section 4.4). An important tool, we are basing on, is
the Feder-Saphar description of the dual space of K(X,Y") (see Section 4.1)
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which holds whenever X** or Y* has the Radon—Nikodym property. The
reader may notice that this hypothesis is often present also implicitly (as can
be seen, e.g., from Proposition 4.21).

Sections 4.2, 4.3, and 4.4 contain necessary auxiliary results regarding the
ideal projection preserving elementary functionals and property M*(r, s) for
operators which lead, relying on a vector-valued version of Simons’s inequal-
ity (see Lemma 4.14), to the main results in the case when one of the spaces
X orY is separable (see Theorems 4.16 and 4.18) in Section 4.5.

In Section 4.6, we prove that M (r, s)-ideals of compact operators I(X,Y)
are separably determined for distinct spaces X and Y (see Theorem 4.20;
the result seems to be new even for M-ideals). Theorem 4.20 allows us
to conclude some results concerning general structure of Banach spaces in
Section 4.9.

The fact that M(r, s)-ideals of compact operators are separably determined
together with Theorem 4.16 lead to the main result of the chapter (Theo-
rem 4.23) asserting that M*(rq, s;)-property of X and M*(rq, sa)-property
of Y imply that K£(X,Y') is an M (ryrq, $152)-ideal in £(X,Y), and to Theo-
rem 4.26 which improves Corollary 3.22.

Theorem 4.26. Let X and Y be Banach spaces. Let rq,81,72,82 € (0,1]
satisfy ri+s1/2 > 1 and ro+s9/2 > 1. If K(X) is an M (rq, s1)-ideal in L(X)
and KK(Y') is an M (rq, s2)-ideal in L(Y), then K(X,Y) is an M (rira, s152)-
ideal in L(X,Y).

Section 4.8 provides corollaries, which complete and improve some well-
known result on M-ideals, from Theorems 4.16, 4.20, and 4.20.

Chapter 4 is inspired by [36], [47], [49] and is based on [20].

In Chapter 5, we apply the methodology developed in Chapter 4 to the case
of u-ideals. Relying on |34] and |49| we prove that u-ideals are also separably
determined. However, it turns out that the property of creating new u-ideals
of compact operators behaves somewhat differently from the case of M- and
M (r, s)-ideals (see Section 5.4). The chapter is based on |26].

1.3 Notation

Our notation is standard. Throughout the thesis we consider Banach spaces
X and Y over the field K = R or C if not stated otherwise. The identity
operator, the closed unit ball, and the unit sphere of a Banach space X are
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denoted by Ix, Bx, and Sx, respectively. For a set A C X, its norm closure
is denoted by A, its linear span by span A, and its convex hull by conv A.

The closures with respect to other topologies are marked such as A" , for
example.

We denote by £(X,Y’) the Banach space of all continuous linear operators
from a Banach space X to a Banach space Y and by K(X,Y) its subspace
of compact operators. We write C(X) and £(X) instead of (X, X) and
L(X,X), respectively. The notation Z(X) stands for span(K(X) U Ix). For
an operator T : X — Y, we denote

kerT' = {2z € X : Tz =0}

the kernel of T, and
ranT ={Tzx €Y :2 € X}

the range of T. The restriction of T to a subset K C X will be denoted by
T|k.

Let £ be a subspace of £(X,Y), and let 2™ € X and y* € Y*. Then
the functional z** @ y* € L* is defined by (z** @ y*)(T) = «**(T*y*) for any
T € L. Note that ||[2** @y*|| = ||«**||||y*|| whenever L contains the finite-rank
operators. By A ® B, where A C X* and B C Y*, we mean the set of all
™ ® y* such that 2** € A and y* € B. Thus A® B C L(X,Y)"

The canonical projection wx : X** — X*** is defined by
mx = jx-(ix)",
where jx : X — X™ and

(jxz)(z") =2 (x), 2" e X", zeX.

Recall that a net (K,) C K(X) is a compact approzimation of the identity
(CAI) provided K, — Ix strongly (that is, K,z — x for all x € X). If
additionally K} — Ix- strongly, then (K,) is called a shrinking CAI. If X
has a CAI such that the convergence is uniform on compact subsets, then X
is said to have the compact approzimation property (CAP), and in the case
of a shrinking CAI, X* is said to have the CAP with conjugate operators. If
(K,) is a CATI and, moreover, ||K,| < A for some A > 1 and for all «, then
(K,) is called a bounded CAI (BCAI) and a shrinking BCAI, respectively.
In this case X is said to have the BCAP and X* is said to have the BCAP
with conjugate operators. In the special case, when A = 1, (K,) is called a
metric CAI (MCAT) and a shrinking MCAI, respectively; and X is said to
have the MCAP and X* is said to have the MCAP with conjugate operators.
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We assume that the reader is familiar with well-known basic notions and
theorems from the theory of Banach spaces and topological vector spaces
(such as a dual space, separability, the Hausdorff theorem, the Hahn—Banach
theorem, the bipolar theorem, etc.), and we shall use them without proper
references.
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Chapter 2

M-1deals

The aim of the chapter is to prove in details that £(X,Y) is an M-
ideal in £(X,Y') as soon as K(X) and K(Y') are, respectively, M-ideals in
L(X) and L(Y). The result allows to produce, departing from Banach
spaces X such that IC(X) is an M-ideal in £(X), new classes of )/-ideals
of compact operators and is, together with the methodology used here,
the starting point for the theory developed for )M (7, s)-ideals later in
Chapter 3. The current chapter relies on the original proof scheme of
[45].

2.1 Definition and examples

In this section we introduce the notion of an M-ideal through the concept
of an ideal, and look at some classical examples of M-ideals of compact
operators.

Definition 2.1. Operator P € £(X) is a projection on X if P2 = P.

Note that if P # 0, then ||P| > 1.

Definition 2.2. Let K be a subset of a normed space £, then
{fEE*Z f’]CZO}

is called the annihilator of K and is denoted by KCt.
The annihilator K+ is a closed subspace of £*.

17



Definition 2.3. A closed subspace IC # {0} of a Banach space £ is said to be
an ideal in L if there exists a norm one projection P on £* with ker P = K.
Such a projection P is called an ideal projection.

An ideal projection has the minimal positive projection norm. We emphasize
that an ideal projection might not exist even if we allowed ||P| > 1. It
follows from the fact that not every closed subspace of a Banach space can
be complemented (see, for example, |38, Theorem 3.2.20]).

Definition 2.4. A closed subspace I C L is said to be an M-ideal in L if
K is an ideal in £ with respect to some ideal projection P such that

Il =1PAI+1F =PI VfeLl (2.1)

Due to the triangular inequality, the inequality “<” always holds. Thus, the
important part in (2.1) is the inequality “>".

The notion was first introduced and studied by E. M. Alfsen and E. G. Effros
in 1972 (see [1]). The definition above is given using the dual space L£*.
However, due to Theorem 2.6, discovered in [1], one can avoid the dual space
by relying on the 3-ball property.

Definition 2.5. Let £ be a Banach space and IC # {0} be a closed subspace
of L. If for all ky, ks, k3 € By, all [ € B, and all ¢ > 0 there exists k € K
satisfying

l+Fk—Fk|<1l+e (i=1,2,3),

then IC has the 3-ball property in L.

The following fundamental theorem is due to Alfsen and Effros [1].

Theorem 2.6 ([1] or [23, Theorem 1.2.2]). Let K be a closed subspace of a
Banach space L, then K is an M-ideal in L if and only if K has the 3-ball
property in L.

The following facts are verified in [23] relying on Theorem 2.6.

Example 2.7 (|23, Example VI.4.1]). Let X be a Banach space, then
K(X,co) is an M-ideal in L£(X, co).

Example 2.8 (|23, Example VI.4.1|). Let 1 < p < ¢ < oo. Then K(¢,,¢,) is
an M-ideal in L(£,, ().
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2.2 Properties (M) and (M*)

Properties (M) and (M*) have turned out to be the key factors for describing
M-ideals of compact operators (see Theorem 2.27). Next, we will give the
definitions of these properties and describe them in connection with relatively
compact nets and bounded linear operators.

Definition 2.9. A net (z,) C X is said to converge weakly to z € X if

" (x) — z*(z) Vz©e X"

The weak convergence of (x,) to x is denoted by x, s 2 or w-lim, z, = x.
Note that a weakly convergent net does not have to be bounded, even though
every weakly convergent sequence is.

Definition 2.10. A Banach space X has property (M) if
limsup [|u + 24| < limsup [|v + 24,

whenever u,v € X satisty ||ul| < ||v]|, and (z,) C X is a bounded net
converging weakly to null in X.

In [45], the symbol (sM) is used for the definition above, however, the con-
temporary notation is (M) (see, for example, [23, Definition VI.4.12|), and
the original version of property (M) by N. J. Kalton (see [31]) is the sequen-
tial version of property (M). Similar remark holds also for property (M*)
(see Definition 2.12).

Definition 2.11. A net (z})) C X* converges weak* to z* € X* if
o (x) — 2%(z) Ve X.
[e]
We denote this convergence by x}, 2 2* or w*-lim, ¥, = 2*. As in the case

of the weak convergence, a net which converges weak* does not need to be
bounded.

Definition 2.12. A Banach space X has property (M*) if

limsup ||u* + 2} || < limsup [[v* + 27|,
« (6%

whenever v*,v* € X* satisfy |[u*|| < ||[v*[|, and (z}) C X* is a bounded net
converging weak™® to null in X™*.
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It is a simple and well-known result that if a Banach space X has prop-
erty (M*), then it has property (M) (see, for example, [31, Proposition 2.3]
and |45, Proposition 2| or |23, Proposition VI.4.15]). The converse usually
does not hold, one of such examples is the sequence space ¢;. Also, if X has
property (M*), then X is an M-ideal in X** with respect to the canonical
projection (see [31, Proposition 2.3] and [45, Proposition 2|, or [23, Proposi-
tion VI.4.15]).

Lemma 2.13 ([23, Lemma VI1.4.13|). Let X be a Banach space.
1. The following conditions are equivalent.

(a) X has property (M).

(0) If (ua), (va) C X are relatively compact nets with ||ua| < ||va| for
every «, then

limsup [|uq + 24| < limsup [[va + za,
whenever (x,) C X is a bounded net converging weakly to null in X,

2. The following conditions are equivalent.

(a*) X has property (M*).

(b*) If (ur), (vi) € X* are relatively compact nets with ||u’|| < ||vi] for

[e%
every «, then

limsup ||u) + 2 || < limsup ||v} + 2],
(0% «
whenever (z¥) C X* is a bounded net converging weak* to null in X*.

Proof. Implications (b) = (a) and (b*) = (a*) are trivial. We will show
the implication (a) = (b). (The implication (a*) = (b*) can be proved
analogously.)

If the conclusion were false, then by passing to subnets, we would have

lim ||ug + 2ol > lim [Jvg + 2ol -
67 «

Suitable subnets (ug) C (u,) and (vg) C (v,) converge to u,v € X, respec-
tively. Thus |lu]| < ||v]| and we have

lim ||u + zg|| = im ||ug + 24| > Hm [Jv, + 24| = lim ||v + z4]|
B a a B
which contradicts property (M). O
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Lemma 2.14 (|45, Lemma 4]|). 1. Let X and Y be Banach spaces with
property (M). If nets (v,) C X and (u,) C Y are relatively compact with
lluall < |lvall for every o, and (x,) C X is a bounded net converging weakly
to null in X, then

lim sup ||ug + T2 || < limsup ||vg + 24|

Jor any T € Brxy).

2. Let X and Y be Banach spaces with property (M*). If nets (u}) C X*

and (vl) C Y™ are relatively compact with ||u}|| < ||vk|| for every o, and

(yr) C Y* is a bounded net converging weak® to null in X*, then

limsup [|u, + T*yz|| < limsup [|[v], + vz |
for any T € Brxy).

Proof. 1. Suppose first that ||T'|| = 1. Fix € > 0. Then there exists x € Bx
such that

[Tzl = (A=) Tl =1-e.
For every index a, let us define v, = ||v,|| 2. Thus
[l < [vall
and

10 = &) uall = (1 = ) Juall < T2 ] Joall = T(Uvall )| = 1751

The nets (7,) C X, (T0,) CY, and ((1 —¢)u,) CY are relatively compact
and (Txz,) is a bounded net converging weakly to null in Y. (A bounded
linear operator transfers a bounded set to a bounded set and a weakly null
net to a weakly null net.) We have

IN

limsup [[(1 — &) ug + T4 | limsup ||70 + Txa||

IN

lim sup ||T|| [|Ua + Za|]
«

lim sup || + 4|
(03

IN

lim sup ||va + Za|
«
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due to Lemma 2.13 and thus,
limsup ||ug + T24| = limsup [[(1 — €) ug + T4 + € Uy ||
<limsup |[(1 — €) uq + Tzo| + limsup || uq ||
< limsup ||ve + ol + € im sup ||ug || -
Letting e — 0 we obtain

limsup ||ug + T2o|| < limsup ||vg + 24| - (2.2)

Now suppose that 0 < ||| < 1. If T' = 0, let us choose T € L(X,Y) so

that HTH =1 (it is always possible to choose such an operator for non-trivial
spaces X and Y). If T # 0, let us define T = ﬁ We can represent Tz, by

a convex combination of Tz, and —Tx, as follows
Tro=ATx0+ (1 =N\ (-T2,)

where A = w € (0,1). The convexity of the functional |ju, + T 2.,
t € [-1,1], allows us to estimate

lua + Tzol|| = }’ua+)\T$a+(l—)\)(—T$a)|‘
< maxc{ [[ua + Taa|, || ~tta + Tl |}
Thus,
limsup ||uq + Txo| < limsup max{”ua—l—TxaH,H—ua+TxaH}

= max{limsup Hua +T:EQH ,lim sup H—ua +T:EQH},
(0% o

and since inequality (2.2) holds for T, we have

limsup [Jug + Txof| < limsup |[vg + 24 -
« [e%

2. The following proof is analogous to part 1. Suppose that ||T'|| = 1, then
|T*|| = 1. Fix £ > 0. There exists y* € By« such that

1Ty = (=) I T7] =1 -
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For every index a, let us define v¥ = ||v}| y*. Then
[oall < vl

and
(1 —e)ugll < [T, -

The nets (v)) C Y*, (T*v}) C X*, and ((1 —e)u}) C X* are relatively

« o

compact and (T*y*) is a bounded net converging weak* to null in X*. (The
dual operator of a bounded linear operator maps a weak* null net into a
weak* null net.) Due to Lemma 2.13

limsup [(1 —e)u,, +T*y.|| < limsup||T*0 + Ty} ||
<t sup 7] 5 + ;)
< limsup [[vy + g5 |
and letting € — 0 we obtain
limsup [Juy, + Ty5|| < limsup [[v), + 35l - (2.3)
In the case when T = 0, choose T~ € L£(Y*, X*) such that ||[T"|| = 1, and in

the case when 0 < ||T|| < 1, let T" = ”;—H We represent 7%y’ by a convex

combination of T y* and —T y7 as follows
Trya = AT yo+ (1= 2) (T y;)

where \ = w € (0,1). The functional |Ju}, +tT y|, t € [~1,1], is convex
and thus,

luf, + Toysll = g + AT g+ (1= 2) (=T g5l
< maX{Hu:; +T*?JZH7 | — u, +T*ZJ;H}-
Inequality (2.3) holds for 7" and hence
limsup |[u% + T*| < limsup max{uu; ST || — o+ T*ygn}
= max{lim sup ||u 4+ Ty ||, limsup || — w +T*Z/;H}
< max{lim sup ||v; + ya ||, limsup v}, + IUZH}

— timsup [l + 3|
«
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2.3 Convergence of operators

Besides properties (M) and (M*), we also need a special type of net of com-
pact operators which converges in the strong operator topology for describing
M-ideals of compact operators (see Theorem 2.27). Let us recall now the ba-
sic notions concerning convergence of operators and give some preliminary
results regarding it.

Definition 2.15. A net (K,) C L£(X,Y) converges to an operator K €
L(X,Y) in the strong operator topology if

Koo — Kx VrelX.

Such a convergence is also called the pointwise convergence.

Definition 2.16. A net (K,) C L£(X,Y) converges to an operator K &€
L(X,Y) in the weak operator topology if

Y (Kpr) — y*(Kz) Vre X, Yy eY™.

It is a well-known classical fact that in £(X,Y) the closure of a convex
set in the strong operator topology equals its closure in the weak operator
topology (see, for example, [12, VI.1.5]). (Sometimes the result is referred to
as a generalization of the Mazur theorem (compare, for example, with |38,
Theorem 2.5.16|)). By passing to convex combinations, this allows to consider
a net converging in the weak operator topology as a pointwise converging net.

Lemma 2.17. Let X be a Banach space and let a net (Ko)aca C Brx) be
such that
Kiz" — 2" V2" e X"

Then there exists a net (Ka), Ka € conv(Ky)asy, ¥ € A, for which

Ksx —x Vr e X.

Proof. Since
Kiz* — 2" Va'e X' = (Ka")x — a%(z) V' e X', Ve e X
& " (Kyr) — z(x) Vo' e X*) Vx € X,

we have K, —, Ix in the weak operator topology, i.e., for an arbitrary v €
A, we have Iy € conv(K,)as~ in the weak operator topology. The closures

24



of a convex set in the strong and the weak operator topologies coincide, thus,
we conclude that (for an arbitrary v € A) Ix € conv(K,)as~ in the strong
operator topology.

Let B be some base of neighbourhoods for I in the strong operator topology.
Then for every v € A and U € B, there exists K, ) € conv(Ky)a-s such
that K, ) € U. Let us define a partial ordering on the set

A={(U):v€A UeB}
as follows: if a; = (71, U1), @ = (72, Us) € A, then
a1 = Qo < ’yl>-72and U, C U,.

Thus A is a directed set and the net (Kg)szeq C Br(x) converges to Ix in
the strong operator topology. O

Remark 2.18. Since K5 € conv(Ky)asry, 7 € A, and Klz* — z* for all
r* € X*, also K*s2* — z* for all #* € X*. Thus, by denoting A := A and
K, = Kg, we may assume without loss of generality that K,z — z for
every x € X whenever K} z* — z* for all * € X*.

Of course, in addition to the convergences in the strong and the weak operator
topologies, there is also the convergence in the norm topology of £(X), i.e.,

limK, = K.

Recall that in general the convergence in the norm topology does not follow
from the pointwise convergence. However, Lemma 2.19 below shows how
to construct a net which converges in the norm topology from a pointwise
converging net.

Lemma 2.19. Let X and Y be Banach spaces.
1. Let (K,) C Brx) be a net such that

Kiz* — 2" Va* e X"
[0

Then
lIimSK, =S VSeKX,Y).

2. Let (K,) C Bex) be a net such that
K,xo— 2z VrelX.
Then
imK.S =S VS ek(Y,X)
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Proof. 1. Fix ¢ > 0. We have to show that
doy  ([|S — SK.|| <e Vo= ).
For an arbitrary «, we have
15 = SKall = |57 = K57
= [[(Ix- — K3) 5|
= sup |[|(Ix- — K3)S™y"||

Yy*EBy
= KXo

= sup |

z*elU

where U = S*(By+). By the Schauder theorem (see, e.g., [38, Theorem

3.4.15]), we know that S* is compact and thus the set U is relatively compact.

Hence, due to the Hausdorff theorem, there exist n € N and z7,...,z;, € U
such that

€
Vet e U e {l,...,n} |z*—2af| < 3
Let z* € U, then for every «
o = Koat|| = o —ay + o) — Koay + Kooy — Koa||
< ot = il 4 [y — Koail| + [[Kqay — Ko7
€
< gt e = Koaill + Kl l27 — 27|
2e
< Tkl - Kol
Since K}z; — z} for all ¢ = 1,...,n, there exists o such that for a > oy
(6%
we have .
1Ko —afl <5 Vi=1,.m
and thus,

1S = SKal| = sup [l2* — K3z
z*eU

26 * * %
< §+ggla§>;llxz _Kaxz‘H
<2€—i—8 e Va =

— 4+ - = o - op.
=3 3 0

2. Fix £ > 0. Similarly to the first part, we have to show that
ElOéO (HS — KaSH <e¢ Vo = O[()).
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For an arbitrary index «, we have

15 = KaS|l = |(Ix — Ka)S|
= sup ||(Ix — Ka) Sy

yEBy

=sup ||z — K,z||
xelU

where U = S(By). Since U is relatively compact, we can continue as above
and find ¢ such that

|S — KuS|| =sup ||z — Kzl < e Va = a.
zeU

O

Remark 2.20. Note that, by passing to a subnet, we can replace the assump-
tion ||K,| < 1 in Lemma 2.19 with the assumption limsup || K, || < oo and
the proof still holds.

2.4 Ideal projection and Johnson’s lemma

An important well-known property of an ideal projection is that the range
space of an ideal projection can be regarded as a dual space of the ideal.

Lemma 2.21. Let L be a Banach space and let K be an ideal in L. Let
P : L — L* be the corresponding ideal projection. Then ® : K* — ran P,
defined by

®g=Pf, gek,
where f € L* is any extension of g, is an isometric isomorphism such that

O(flx) = Pf for all f € L*.

Proof. It fi, fo € L* are some extensions of g, then Pf; = P fs since f1— fy €
K+ = ker P and thus the definition of ® is correct.

Note that ® is linear. Indeed, let o € K, g1, g2 € K* and f1, fs € L* be their
extensions, respectively. If f € £(X,Y)* is an extension of g; + ags, then
f — (f1 + Oéfg) € ker P and

P(gr+ag)=Pf=P(fi+tafy)=Pfi+taPf,=og +adg.
If f e L then ®(f|c) = Pf and it is clear that ® is a surjection.
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It remains to prove that ® is isometric. Let ¢ € K* and let f € L* be a
norm-preserving extension of g. Then

[Pgll = 1P A1 < [IPIHLAN = llgll
and, on the other hand,

gl = [IPfII = gl

since Pf is an extension of g. Thus ® is an isometric isomorphism. ]

Remark 2.22. If K is an M-ideal in £ and P is the corresponding M-ideal
projection, then

ran P =A{f e L [[f[| = || flcll}
(see, e.g., |23, Proposition 1.1.12]).
As it was stated earlier, an ideal projection need not exist. However, as we
can see from Johnson’s lemma, i.e, Lemma 2.23 below, the existence of a

special kind of a net of compact operators always guarantees the existence
of an ideal projection.

Lemma 2.23. Let X and Y be Banach spaces with K(X,Y) # {0}.
1. Let (K,) C Bi(x) be a net such that

Kyz* — 2" Va* e X
If the net (K,) converges weak* in KC(X)**, then P : L(X,Y)* — L(X,Y)*,

where

(PH(T) =lim f(TK,), f€LX,Y), TeLX,Y),
is a projection with ||P|| =1 and ker P = K(X,Y)*.
2. Let (K,) C Bk(x) be a net such that
Kyx T vz € X.
If the net (K,) converges weak® in K(X)**, then P: L(Y, X)* — L(Y, X)*,

where
(Pf)(T) = liglf(KaT), fely,X), TeclLlY, X),

is a projection with ||P|| =1 and ker P = K(Y, X)*.

Remark 2.24. By the Banach—Alaoglu theorem (see, e.g., |38, Theorem
2.6.18]), we can extract from every net (K,) C By(x) a subnet so that
the subnet converges weak* in IC(X)**. Thus, the condition “if the net (K,)
converges weak* in K(X)*” is not really a restriction.
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Lemma 2.23 is essentially the same as a result by J. Johnson (see |28, proof
of Lemma 1]). We will prove Lemma 2.23 for the sake of completeness.

Proof of Lemma 2.23. 1. Fix f € L(X,Y)" and T € L(X,Y). For the cor-
rectness of the definition of P, we have to show that the limit lim, f(TK,)
exists. Let us define T € L(K(X), L(X,Y)) by

TS =TS, SeK(X).

The limit
lim (T f)(Ka) = lim f(TK,) = lim f(TK,)

exists because T f € K(X)* and the net (K,) converges weak™.
Clearly P is linear, and || P|| < 1 since
(P = [lim f(TKq)| = lim [ f(TKa)| < Tsup [ f][ T Kol < [T

If T'e K(X,Y), then Lemma 2.19 implies that lim, TK, = T and thus,
J(T) = [ TK,) = lim f(TK,) = (P/)(T).

Since f — Pf € K(X,Y)*, we conclude that ker P C K(X,Y)*. We have
K(X,Y)t C ker P because TK, € K(X,Y) and for all f € K(X,Y)*

(PF)(T) = lim f(TK.) = im0 = 0.
Thus, ker P = K(X,Y )L, and f — Pf € ker P for all f € £(X,Y)* proving
that P = P2

Note that if P = 0, then (X,Y)* = ker P = £(X,Y)* which contradicts
K(X,Y) # {0}. Hence P # 0.

2. The proof uses the operator T € L(K(X), L(Y, X)) defined by
TS =S5T, SekK(X),
and is symmetric to the proof above. O
Remark 2.25. Due to Remark 2.18, we can replace
K, z* — z* Vrt e X¥
in Lemma 2.23, part 1, and the assumption

Ko —zx VreX

in Lemma 2.23, part 2, with the assumption that (X, ) is a shrinking MCAI
of X.
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2.5 Descriptions of M-ideals of compact oper-
ators

As preliminary results, we will next look at some criteria for compact opera-
tors to appear as an M-ideal in the corresponding space of all bounded linear
operators. The results are needed for showing, in Section 2.6, that M-ideals
of compact operators create new M-ideals of compact operators.

The following result is immediate from [43, Corollary 2.3]. We present a
self-contained proof for completeness.

Proposition 2.26 (|43, Corollary 2.3| or [45, Proposition 7|). Let X and Y
be Banach spaces.
1. If there exists a shrinking MCAI (K,) of X such that

lim sup HS + T([X — Ka)|| <1 VSe B}C(X,Y), VT € BL(X,Y)7 (2.4)

then K(X,Y) is an M-ideal in L(X,Y).
2. If there exists an MCAI (K,) of X such that
limsup ||S + (IX — Ka)TH < 1 VSe BIC(Y,X)7 VT € BL(Y,X); (25)
then KK(Y, X) is an M-ideal in L(Y, X).
Proof. Without loss of generality we may assume that the net (K,) converges

weak® in IC(X)* (see Remark 2.24).

1. Let P be the projection on £(X,Y)* from Lemma 2.23, part 1. Then
K(X,Y) is an ideal in £(X,Y’) with respect to P and it remains to prove
that

[P+ =PFI<IfIl VfeLX,Y)"

Fix f € L(X,Y)" and ¢ > 0. Recall that ||Pf| = ||Pf|cxyll by
Lemma 2.21. Now, there exist S € By (x,y) and T' € B(x,y) such that

I1Pflcxll + 1f = Pfll —e < (PAS) + (f = PAT)
= (Pf)(S) + f(T) = (Pf)T).
Thus, based on the definition of the projection P and Lemma 2.19, we have
IPAI+11f = Pl — & < lim f(SKL) + F(T) ~ lim f(TK.)
- f(hgl SK&) + f(T) - hOIP f(TKa)
=1lim f(S + T = TK,) <limsup [|f|| = || ]|
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Letting ¢ — 0 we obtain
IPFII+11f = PFI< (£

2. Let P be the projection on L£(Y, X)* from Lemma 2.23, part 2. Then
K(Y,X) is an ideal in £(Y, X') with respect to P and the inequality

[P+ If = PFAIL<IfI VfeLll,X)
is verified verbatim to the first part. O

Theorem 2.27 (|45, Theorem 5|). Let X be a Banach space. The following
are equivalent.

(a) K(X) is an M-ideal in L(X).

(b) X has property (M) and there exists a shrinking MCAI (K,) of X such
that
limsup limsup ||Ks+ Ix — K| < 1.
B8 a

(¢) X has property (M*) and there exists a shrinking MCAI (K,) of X
such that
limsup |[Kg+ Ix — K[| <1 Vp. (2.6)

(d) K(X) is an M-ideal in Z(X).

The equivalence (a) < (d) in Theorem 2.27 was first proved for separable
case by N. J. Kalton in |31, Theorem 2.6|.

Proof of Theorem 2.27. (a)=-(d) is obvious by the 3-ball property (see The-
orem 2.6).

(d)=(c). Relying on a strong version of the principle of local reflexivity, due
to E. Behrends (see [3, Theorem 3.2]), it is proved in [58, Proposition 2.3]|
that there exists (K,) C K(X), limsup, ||K| < 1, such that

f(Ka) — f(Ix) Vf€ranP,
where P is the M-ideal projection, and

limsup [|S+ Ix — Ku|| <1 VS € Byx). (2.7)
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From Remark 2.22, it is clear that ™ ® x* € ran P for all z** € X** and
x* € X*. Thus

e(Kia") — o™ (Ix«a™) Vo™ e X™, Va" e X7,
that is, K — Ix~ in the weak operator topology. By applying a convex
combinations argument (see the proof of Lemma 2.17 and Remark 2.18), we

may assume that (K,) is a shrinking CAI, and after norming the operators
K,, we may assume that (K,) is also an MCAI, in particular, (2.6) holds.

For showing that X has property (M*), fix u*, v* € X* satisfying ||u*|| < ||v*||
and a bounded net (z}) C X* converging weak* to null in X*. Then

lim ||K}z)|| =0 Ve

Choose v € X such that v*(v) = 1 and ||u*|| < %;. Define a finite-rank

[v]]
operator S on X by Sz = u*(z)v, x € X. Then S € Bgx), u* = S*v*, and
lim, ||S*z}|| = 0. We can estimate
limsup ||u* + 2} || = limsup || S0 + (Ix — K,)"z} ||

<limsup ||S*v" 4+ S*z, + (Ix — K.) "z} ||
< 187+ (x = Ko [T sup o7 4+ apf] + [|(7x — Ka)™v7|
and, thus,
limsup ||u* 4 x|
<limsup ||S* + (Ix — K,)*|| limsup |[v* + z} ||
+ limsup ||(Ix — K,)"v"||
< limsup ||[v* + z} ||
because of inequality (2.7) and K v* — v*.
Now, if ||u*]| < |[v*||, then ||u*|| < |[tv*|| for all ¢ > 1 and
limsup ||u* 4+ x| < limsup [[tv* + 2|
<limsup |[v* + 2| + (¢t — 1) [[o*|| .
The required inequality follows from letting t — 1.
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(¢)=(b). Recall that property (M) follows from property (M*) (see Sec-
tion 2.2).

(b)=(a). By Proposition 2.26, taking also into account that lim, SK, = S
(see Lemma 2.19), it is sufficient to prove that for all S € Bx(x) and T' €

Brx)
limsuplimsup ||[SKg+ T —TK,| <1
8 a

since
limsup||S+ T — TK,| <limsup||S — SKj|
a B
+ limsup limsup ||SKz + T — TK,||
B e’
= limsuplimsup |SKg + T — TK,| .
Ié] [}
Fix 3. By defining €n) = % and K, n = K, for every a, n € N, and
replacing (K,) by the net (K(,»)), which we denote also by (K,), we may

assume without loss of generality that, for the net (K,), there exists a net
(€a), €a > 0, such that e, — 0. Let us choose (z,) C By so that

|SKpzo +T(Ix — Kool > ||SKs+T(Ix — Ko)|| — €a.

Then
limsup||SKgzo + T (Ix — Ko)zal|
<limsup ||[SKs + T(Ix — Ka)||||za||
< lmsup(|SKyzo + T(x — Ka)ral +20)
= limO;up ISKszo + T (Ix — Ko)xol| + limsupe,
= limasup |SKpxo +T(Ix — Ko)al, )
and hence,

limsup |SKg+ T — TK,|| = limsup [|[SKsze + (T — TK,)zo| -

Note that (SKpz,)e C X and (Kgxa)e C X are relatively compact nets
satisfying [|[SKgx,| < ||[Kpz,| for all «, and ((Ix — K,)z,) is a bounded
net converging weakly to null in X. Since X has property (M), we have by
Lemma 2.14

limsup ||SKpzq + T(Ix — Ka)zo|| < limsup ||Kpgzq + (Ix — Ka)za|

< limsup [ K5 + Ix — K|
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and thus,

limsuplimsup [|[SKg+ T —TK,|| <limsuplimsup |Kg+ Ix — K,|| < 1.
B «a B8 «

]

2.6 M-ideals of compact operators creating
new M -ideals

We will prove that K£(X,Y) is an M-ideal in £(X,Y") as soon as K(X) and

K(Y') are, respectively, M-ideals in £(X) and L(Y") (see Corollary 2.29). The

result allows to produce, departing from Banach spaces X such that IC(X)
is an M-ideal in £(X), new classes of M-ideals of compact operators.

Theorem 2.28 ([45, Theorem 8|). Let X be a Banach space such that IC(X)
is an M-ideal in L(X). Then K(X,Y) is an M-ideal in L(X,Y") for every
Banach space Y having property (M), and K(Y, X) is an M-ideal in L(Y, X)
for every Banach space Y having property (M*).

Proof. From K(X) being an M-ideal in £(X), it follows that X has properties
(M) and (M*), and there exists a shrinking MCAI (K, ) of X such that

limsup limsup |[|[Kg+ Ix — K.l <1 (2.8)
B a

(see Theorem 2.27).

To prove the first claim, it is sufficient to show that inequality (2.4), from
Proposition 2.26, holds. Fix S € Bi(x,y) and T' € Bz(x,y). We have, as in
the proof of Theorem 2.27, (b)=(a), that

limsup ||S+T(Ix — K,)|| < limsup limsup ||SKsz+T(Ix — K,)|,
«a 8 o'

and, moreover, we may assume that for every /3 there exists (z,) C By such
that

limsup ||SKpg + T (Ix — K,)|| = limsup ||SKgz, + T(Ix — Ko)za|.

It remains to prove that

limsup limsup ||SKpg+T(Ix — K,)|| < 1. (2.9)
B a

34



The nets (SKpxa)a C Y, (Kgxs)o C X are relatively compact, and
[1SKpall < [[Kpzall Vo

The net ((Ix — K,)x4) is bounded and converges weakly to null in X. Since
spaces X and Y have property (M), based on Lemma 2.14,

limsup [|SKpze + T(Ix — Ka)zo|l < limsup ||Kgzq + (I — Ka)za||

<limsup || Kz + Ix — K,|.

This together with inequality (2.8) implies

limsup limsup ||SKz+T(Ix — K,)|| <limsup limsup ||Kz+ Ix — K| < 1.
B a B a

Hence, inequality (2.9) holds, and thus, we have proved that K(X,Y") is an

M-ideal in L(X,Y).

To prove the second claim of the theorem, it is sufficient to prove that inequal-
ity (2.5), from Proposition 2.26, holds. Fix S € Byy,x) and T" € Bry,x).
Based on Lemma 2.19, as in the previous part, we see that inequality (2.5)
holds if

limﬁsup limsup [|S*Kj + T*(Ix — Ko)*|| < 1. (2.10)

Fix 8. Proceeding similarly to the previous proof, we may assume that for
some (z}) C Bx-,
limsup [|S*Kj + T (Ix — Ko)*|| = limsup ||.S* K5, + T (Ix — Ko)" @]
« (%
Now, the nets (S*Kja})o C Y™ and (Kjz},). C X* are relatively compact
because the operators S*Kj and K} are compact. Moreover,
15" Kgag |l < [|[K5z,]] Va

and ((Ix — K,)*z%) is a bounded net converging weak* to null in X*.

[e%

Both the spaces X and Y have property (M*). Hence, using Lemma 2.14,
lim sup HS*KE@‘; +T*(Ix — K,)"x}|| <limsup||Ks + Ix — K,

which together with inequality (2.8) yields inequality (2.10) as needed. [

The main result of this chapter follows directly from Theorems 2.27 and 2.28.
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Corollary 2.29 (|45, Corollary 9|). If K(X) and K(Y') are M-ideals in L(X)
and L(Y'), respectively, then K(X,Y') is an M-ideal in L(X,Y).

Proof. Banach space Y has property (M) by Theorem 2.27. Hence, by The-
orem 2.28, K(X,Y) is an M-ideal in L(X,Y). O

36



Chapter 3

M (r, s)-ideals

Next, we will extend and develop the results and methods used in
Chapter 2, for M-ideals, to the case of M(r, s)-ideals. Namely, we will
prove that K(X,Y) is an M (r?ry, s?s5)-ideal and an M (7,73, s153)-ideal in
L(X,Y) whenever K(X) is an M(ry, s;)-ideal in £(X) with r; +s,/2 > 1
and K(Y) is an M (rs, so)-ideal in L(Y) with ry + s5/2 > 1. The chapter
is motivated by [45], [49]. [54] and relies on [19].

3.1 Definition and examples

Let £ be a Banach space.

Definition 3.1. A closed subspace K C L is said to be an M(r, s)-ideal in £
if I is an ideal in £ with respect to some ideal projection P and there exist
r,s € (0,1] such that

Il =7l Pfl+sllf =PI Vel

In [4] and subsequent works, such a I was called an ideal satisfying the
M (r, s)-inequality in £. The shorter name was first used in [19].

In principle, we could also consider the parameters range (r,s) € (0,1] x
(0,00). However, it is clear that I = £ if and only if K is an M(r,s)-
ideal in L for some s > 1 (or for all (r,s) € (0,1] x (0,00)). Nevertheless,
occasionally (following [21]) we shall consider M (r, s)-ideals also for positive
numbers » < 1 and s, which allows us to obtain some applications to the
general structure of Banach spaces in Chapter 4 (see Section 4.9).
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Note that M-ideals are precisely M (1, 1)-ideals.

From Example 2.8, we know that K(¢,) is an M-ideal in £(¢,) for p > 1.
One of the closest analogs of ¢, is the Lorentz sequence space d(v, p).

Let p > 1, and let v = (v,,) be a non-increasing sequence of positive numbers
such that v; = 1, lim,v, = 0, and ) v, = oo. The Banach space of all
sequences of scalars = (x,,) for which

o0

1/
Il = sup (3= va ] ) " < o0,

& n=1

where 7w ranges over all the permutations of the natural numbers, is denoted
by d(v,p) and is called a Lorentz sequence space.

Example 3.2 (|7, Example 4.2|). For the Lorentz sequence space d(v,p), p >
1, the space of compact operators K(d(v,p)) is an M(r, s)-ideal in L(d(v, p))
if r,s € (0,1] satisfy r? + s? < 1.

It is a well-known result of Hennefeld [25] (see, e.g., [23, p. 305|) that for
the Lorentz sequence space d(v,p), p > 1, the space of compact operators
K(d(v,p)) is not an M-ideal in L(d(v,p)). That K(d(v,p)) is indeed an
M (r, s)-ideal will be proved in Section 3.3.

For additional examples of M(r, s)-ideals which are not M-ideals, see, e.g.,
[4], 5], or [7].

3.2 M(r,s)-ideals of compact operators and the
ideal projection
One of the differences between M-ideals and M (7, s)-ideals is that in the case

of M (r, s)-ideals the corresponding ideal projection need not be unique. (For
the uniqueness of the ideal projection of M-ideals, see |23, Proposition I.1.2].)

Definition 3.3 (see [36]). A closed subspace K of a Banach space £ has the
unique ideal property if K is an ideal in £ and there exists precisely one ideal
projection, that is, a unique norm one projection P on £* with ker P = K.

An obvious example of subspaces having the unique ideal property is pre-
sented by ideals having Phelps’s property U.
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Definition 3.4 (see [53]). A closed subspace K of a Banach space £ is said to
have property U in L if every g € K* has a unique norm-preserving extension

fecr.
Ideals with property U have been studied, e.g., in [25], [41], [42], [43], [46],
[51], |54].

Cabello and Nieto showed in the paper [4| that M (1, s)-ideals have property
U and therefore they also have the unique ideal property. However, e.g., for
r # 1, M(r,1)-ideals of compact operators X(X) need not have property U
in £(X) even if X* has the Radon-Nikodym property (see |7, Example 4.5]).

3.3 Johnson projection

The result captured in Lemma 2.23 has given a motivation to the following
definition (see also Remark 2.25).

Definition 3.5. Let £ be a closed subspace of £(X,Y) containing C(X,Y).
Suppose that (K,) is a shrinking MCAI of X (respectively, of Y'). Then an
ideal projection P on L£* such that

(PfT) = liinf(TKa), ferls, Tecl
(respectively,

(PfT) = lig1f(KaT), fecrl, Tecl)
is called the Johnson projection.

This is essentially the same concept as in [39] and [54].

The following result extends Proposition 2.26 to M (r, s)-ideals.
Proposition 3.6. Let X and Y be Banach spaces and let r,s € (0,1]. Then
K(X,Y) is an M(r,s)-ideal in L(X,Y) with respect to some Johnson pro-
jection whenever there is a shrinking MCAI (K,) of Y (respectively, of X)
with

limsup ||rS + s(T' — K, T)|| < 1

(respectively,
limsup ||rS + s(T' — TK,)|| < 1)

for any S € Bi(x,y) and T € Br(x,y).
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Proof. Let (K,) be a shrinking MCAI of Y (the proof is almost verbatim with
obvious changes if we assume that (K,) is a shrinking MCAI of X). Then,
relying on Lemma 2.23 and Remark 2.24, we can assume that (X,Y") is an
ideal in £(X,Y') with respect to the Johnson projection P corresponding to

(Ka)-

Let us fix f € L(X,Y)* and ¢ > 0. According to Lemma 2.21, |Pf|| =
| flicx,v)ll and thus, there exist S € By (x,y) and T' € Bg(x,y) such that

APS 4 SIF — Pl — = < 7(5) + s(f ~ PA(T).
Hence, by definition of P, we have
APSI+ 51 = Pl - € < 1F(S) 4 s(T) — slim (S, T)
— lim f(rS + s(T — K.T))
< 51 Fmsup S+ 5(7 ~ K, 7|
<10

whenever limsup, 7S + s(T — K,T')|| < 1. O

Note that due to the proof above, we can reformulate Proposition 3.6 for
the case when Y has an MCAI without the shrinkingness assumption (see
Corollary 3.7 below).

Corollary 3.7. Let X and Y be Banach spaces and let r,s € (0,1]. Then
K(X,Y) is an M(r,s)-ideal in L(X,Y) whenever there is an MCAI (K,) of
Y with

limsup ||7S + s(T' — K, T)|| <1

for any S € Bi(xy) and T € Brxy).

Remark 3.8. Based on |7, Theorem 3.1], whenever we assume that X =Y
and 7 4+ s/2 > 1, also the converse of Proposition 3.6 holds: if I(X) is an
M (r, s)-ideal in £(X), then X admits a shrinking MCAT (K,) such that

limsup ||rS + s(T' — TK,)|| <1

for any S € BIC(X) and T € Bg(x).

Next, relying on Corollary 3.7, we will prove Example 3.2.
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Proof of Fxample 3.2. Let us denote the canonical coordinate projection by
P, : d(v,p) — d(v,p) where

Py(x1,29,...) = (21,...,2,,0,0,...), (x) € d(v,p).

For every n € N, we have P, € K(d(v,p)), ||P.|| = 1, and P,z — z for all
x € d(v,p). Hence,

|rPoz + s(Latwy) — Pa)y||” < 1 Pa(ra) [P + || Laqw) — Ba)(sv)|]”
<P | Pall? |2l + 57 || (L) — o) ||” 1917
<rP+sP

whenever ||z], |ly|]| < 1. Relying on Lemma 2.19, we have
limsup ||rS + s(Lawy) — Pu)T|
<limsup [ |rS — rPuS|| + ||[rPuS + s(Laqwp) — Pa)T|| ]

< limsup sup HTPHSZ + s(Lagup) — Pn)TzH
nozll<1

<limsup sup Hran + 5(Lgqup) — Pn)yH
n lzlllyll<1

for every S € B}C(d(v,p)) and T € Bﬁ(d(v’p)). Thus,

hmsup HT‘S + 5T (Lawp) — H

for every S € Bi(qwp) and T € Br(gwyp) Whenever r? + s? < 1, which
proves, due to Corollary 3.7, that K(d(v,p)) is an M (r, s)-ideal in L(d(v,p))
if r? 4 s? < 1. 0l

3.4 Properties M(r,s) and M*(r,s)

Analogously to properties (M) and (M*) for M-ideals, Cabello and Nieto
introduced properties M (r,s) and M*(r,s) for M(r, s)-ideals (see [6]).

Definition 3.9. Let r,s € (0,1]. A Banach space X has property M(r,s) if

limsup [|ru 4 sz, || < limsup ||v + z, ||,
v v

whenever u,v € X satisfy |lul| < |[v||, and (z,) C X is a bounded net
converging weakly to null in X.
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Definition 3.10. Let r,s € (0,1]. A Banach space X has property M*(r,s)
if

limsup ||ru* + sz || < limsup ||[v* + ||,
v v

whenever u*, v* € X* satisfy ||u*|| < [[v*|, and (23) C X* is a bounded net
converging weak* to null in X™.

Properties M(1,1) and M*(1, 1) clearly coincide with their prototypical prop-
erties (M) and (M*). A much more general version of property (M*), namely
property M*(a, B, c), was introduced and studied in [49] (see also [48]). Tt
can be easily seen that property M*(s, {—s},r) is precisely property M*(r, s).

Analogously to properties (M) and (M*) (see Section 2.2), one can prove
that property M*(r,s) implies property M(r, s).

Lemma 3.11. 1. Let X and Y be Banach spaces with properties M (r1, s1)
and M (rq, s9), respectively. If (uy) C X and (v,) CY are relatively compact
nets with ||va|| < ||lual| for every «, and (z,) is a bounded net converging
weakly to null in X, then

lim sup ||r17900 + s182T 24 || < limsup ||ug + 2o |
87 67

for any T € Brxy).

2. Let X andY be Banach spaces with properties M*(ry,s1) and M*(rs, $2),
respectively. If (v5) C X* and (u)) C Y* are relatively compact nets with
il < ||ubl| for every o, and (y) is a bounded net converging weak® to null

m Y™, then

limsup [|r17rov}, + s1s2 Ty || < limsup [Juy, + 5 ||
for any T € Brixy).

Proof. We only give a proof of the first half of the lemma; the other half is
a matter of similarity. We first do the case ||T'|| = 1. Suppose that, contrary
to our claim,

li;n |r1move + 18212, > lién lua + zo|

for some relatively compact nets (u,) C X and (v,) C Y with [Ju,|| <
|ua|| for every «, and for some bounded weakly null net (z,) C X. By
passing to subnets, we may assume that v, — v in X and v, — v in Y.
Consequently,

ligén lr1rov + s182T 2o || > liin lu+ x|
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For any ¢, choose x € Bx so that (1 + ¢)||Tz|| > 1. Note that (T'z,) is a
bounded weakly null net in Y. Applying property M (rq, s3) we have

lim ||r1720 4 180Tz, || < lim supHrl(l +e)||lv||Tx + 51Tz,

< limsupHr1||v||x + $1Z4
[e3

+eloll,

and applying property M (ry, s;) we have

limsup‘ rif|vl|e + s124 || < lim [Ju + 24|
o o

This leads to
lim ||ryrov + s159T 2, || < lim ||u + 24|

which is a contradiction.

The general case follows now by writing 7' € By (x,y) in the form T = XT" +
(1 =MX)T" for some A € [0,1] and 77, 7" with ||T"|| = ||7”|| = 1 (see the proof
of Lemma 2.14). ]

Remark 3.12. In the special case of r{ = s; = 19 = s = 1, Lemma 3.11
reduces to Lemma 2.14.

3.5 Descriptions of M(r,s)-ideals of compact
operators

The following lemma (inspired by [45, Theorem 5, (d)=-(e)]) shows how to
fulfill the lim sup assumptions of Proposition 3.6.

Lemma 3.13. 1. Let X and Y be Banach spaces with properties M (ry, sq)

and M (rq, s9), respectively. If there exists a shrinking MCAI (K,) of X such
that

limsup limsup ||[F Kz + §(Ix — K,)|| <1
8 «
for some 7,5 > 0, then
limsup ||rS + s(T' - TK,)|| <1

Jor any S € Bi(xyy) and T € Br(x)y), where r = rirof and s = s15,8.
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2. Let X and 'Y be Banach spaces with properties M*(ry,s1) and M*(rq, $3),
respectively. If there exists an MCAI (K,) of Y such that

limsup limsup |7 Kz + §(Iy — K,)|| <1
B a

for some 7,5 > 0, then

limsup ||rS + s(T' — K, T)|| < 1
for any S € Bx(xy) and T € Brx)y), where r = rirof and s = s1558.

Proof. 1. Assume that (K, ) is a shrinking MCAI of X. Fix S € By (x,y) and
T € Brx,y). Since SK, — S (see Lemma 2.19),

limsup ||7S + s(T' — TK,)|| < limsuplimsup ||[rSKs + s(T — TK,)||
a B «

Fix 3. Proceeding similarly to the proof of Theorem 2.27, (b)=-(a), we may
assume that there exists (z,) C Bx such that

limsup |[|[rSKs + s(T' — TK,)|| = limsup ||rSKpzy + s(T — TK,)xa|-
Note that (SK3xa)e C Y and (Kpz,)s C X are relatively compact nets with

|SKpza|| < || Kpzo| for any «, and ((Ix — K,)x,) is a bounded weakly null
net in X. Hence, by Lemma 3.11,

limsup ||[rSKpxe + s(T — TK,)x,| <limsup [|[FEpz, + 5(Ix — Ko)za|]
<limsup ||[FKg 4+ 3(Ix — K,)|| <1

and the claim follows.

2. Assume now that (K,) is an MCAI of Y. Fix S € Bix,y) and T €
Brxyy. Since K,S — S (see Lemma 2.19),

limsup ||7S + s(T' — K,T)|| < limsuplimsup ||[rKzS + s(T — K, T
« B8 «

= limsup lim sup ||rS*Kj + s(T" — T*K},)||.
B a

Fix . Analogously to the proof of the first part, we may assume that there
is a net (y%) C By~ such that

limsup [|rS*Kj + s(T" — T*K})|| = limsup ||rS*Kjy, + s(T" — T Kyl
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Note that (S*Kjy;)a C X* and (Kjys)a C Y are relatively compact nets
with [|S*K5ysll < [[Kjysl for any a, and ((Iy — K.)*y},) is a bounded net
converging weak* to null in Y*. Hence, by Lemma 3.11,

limsup [|[rS* K3y, + s(T" — T K}y, || < limsup [|[FKzy;, + 5(1y — Ko) "y
<limsup ||FKE +3(Iy — Ko)*|| <1
and the claim follows. Ol

For proving that M (r, s)-ideals create new M (r, s)-ideals, we shall need, as
auxiliary results, the following two lemmas together with their corollaries.

Lemma 3.14 ([49, Corollary 4.4|). Let X be a Banach space. If r,s € (0,1]
satisfy r + s/2 > 1, then the following assertions are equivalent.

1° K(X) is an M(r,s)-ideal in T(X).

2° X has an MCAI and property M*(r,s).
Lemma 3.15 ([7, Theorem 3.1|). Let X be a Banach space and let L C L(X)
be a closed subspace containing Z(X). If r;s € (0,1] satisfy r+s/2 > 1, then
the following assertions are equivalent.

1° K(X) is an M(r,s)-ideal in L.

2° There exists a shrinking MCAI (K,) of X such that

limsup ||[rSK, + s(T' —TK,)|| <1 VS,T € Bg. (3.1)

Corollary 3.16. Let X be a Banach space and let r,s € (0,1] satisfy

r+s/2>1. If K(X) is an M(r,s)-ideal in Z(X), then X has property
M*(r,s) and there is a shrinking MCAI (K,) of X with

limsup [[rS + s(Ix — Ko)|| <1 VS € Bix). (3.2)

Proof. By Lemma 3.14, X has property M*(r,s). By Lemma 3.15, there
exists a shrinking MCAI (K,) satisfying (3.1) with 7" = Ix. O
Corollary 3.17. Let X be a Banach space and let r,s € (0,1] satisfy r +
s/2> 1. If K(X) is an M(r,s)-ideal in L(X), then K(X) is an M(r, s)-ideal
in Z(X).

Proof. Based on Lemma 3.15, X has a shrinking MCAI (K,) such that in-

equality (3.1) holds with £ = £(X). Hence, it also holds with £ = Z(X).
Therefore, by Lemma 3.15, K(X) is an M (r, s)-ideal in Z(X). O
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3.6 M(r,s)-ideals of compact operators creat-
ing new M (r, s)-ideals

The M-ideal prototype (that is the case when 7 = s; = ry = s5 = 1) of the
following Theorems 3.18 and 3.19 is Theorem 2.28.

Theorem 3.18. Let X and Y be Banach spaces and let 1, 51,79, s2 € (0, 1].
Assume that KC(X) is an M(ry, s1)-ideal in Z(X) with r1 + s1/2 > 1, and Y
has property M(ry, so). Then K(X,Y) is an M(r?rq, s2s9)-ideal in L(X,Y).

Proof. By Corollary 3.16, X has property M*(ry, s1), recall that this implies
property M (r,s), and there is a shrinking MCAI (K, ) of X with

limsup || Kg+ s1(Ix — K,)|| <1 VB.

By the first part of Lemma 3.13,

limsup [|[r{reS + s1s2(T — TK,)|| < 1

for any S € Bx(x,y) and T' € Bz(x,y). The claim now follows from Proposi-
tion 3.6. []

Theorem 3.19. Let X and Y be Banach spaces and let 1, 51,79, s2 € (0, 1].
Assume that X has property M*(ry,s1) and K(Y') is an M (rq, s9)-ideal in
Z(Y) with ra+s9/2 > 1. Then K(X,Y) is an M(rir3, s1535)-ideal in L(X,Y).

Proof. The proof is analogous to the previous one. By Corollary 3.16, Y has
property M*(rq, so) and there is a shrinking MCAI (K,) of Y with

limsup 1 Kp + s1(ly — Ko <18,
when we take S = Kj3. By the second part of Lemma 3.13,
limsup ||r3reS + s2s9(T — K, T)|| < 1

for any S € Bx(x,y) and T' € Bz(x,y). The claim now follows from Proposi-
tion 3.6. []

Recall that M(1,1)-ideals are just M-ideals. Hence, the following Corol-
lary 3.20 is immediate from Theorems 3.18 and 3.19 by Corollary 3.17.
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Corollary 3.20. Let X be a Banach space such that K(X) is an M-ideal in
L(X) and let r,s € (0,1]. Then K(X,Y) is an M(r,s)-ideal in L(X,Y) for
all Banach spaces Y with property M(r,s), and K(Y, X) is an M (r,s)-ideal
in L(Y, X) for all Banach spaces Y with property M*(r,s).

Gathering the assumptions of Theorems 3.18 and 3.19 together and using
Lemma 3.14 yield our main result in Chapter 3.

Theorem 3.21. Let X and Y be Banach spaces and let 1, 51,79, s2 € (0, 1].
Assume that K(X) is an M(ry,s1)-ideal in Z(X) with 1 + s1/2 > 1 and
K(Y) is an M(rq, so)-ideal in Z(Y') with ro + so/2 > 1. Then K(X,Y) is an
M (rirq, s3s2)- and an M(ryr3, s1s3)-ideal in L(X,Y).

Using Corollary 3.17, this immediately implies:

Corollary 3.22. Let X andY be Banach spaces and let 11, 51,79, s2 € (0, 1].
Assume that K(X) is an M(ry,s1)-ideal in L(X) with vy + $1/2 > 1 and
K(Y) is an M(rq, se)-ideal in L(Y') with o+ so/2 > 1. Then K(X,Y) is an
M (r¥ry, s3s9)- and an M (ryr3, s153)-ideal in L(X,Y).

Corollary 3.22 extends Corollary 2.29 from M-ideals to M(r, s)-ideals.
The following is immediate from Corollary 3.17 and Theorem 3.21.

Corollary 3.23. Let r,s € (0,1] satisfy r +s/2 > 1. If K(X) is an M(r, s)-
ideal in L(X), then (X)) is an M (r, s)-ideal in Z(X). If K(X) is an M (r, s)-
ideal in Z(X), then K(X) is an M(r3,s3)-ideal in L£(X)

In the special case of r = s = 1, Corollary 3.23 reduces to Kalton’s theorem
(the equality (a)<(d) in Theorem 2.27): IC(X) is an M-ideal in £(X) if and
only if (X)) is an M-ideal in Z(X). The following problem remains unsolved
in this thesis.

Problem 3.24. Can Corollary 3.23 be improved to yield the desirable result:
K(X) is an M(r, s)-ideal in £(X) if and only if (X)) is an M (r, s)-ideal in
Z(X)?
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Chapter 4

Improved parameters of
M (r, s)-ideals

In Chapter 3, we proved that K(X,Y) is an M(riry, s?sy)- and
an M (ryr3, s1s3)-ideal in £(X,Y) whenever K(X) and K(Y) are M (ry, s1)-
and M (ry, so)-ideals in £(X) and L(Y), respectively, with r; +s,/2 > 1
and ry + 5,/2 > 1. The parameters rir, and s?sy, or r172 and s;s5 seem
to be not optimal. In this chapter, we propose a different approach
that improves the parameters to r;r7, and s;s,. The key concepts
of the new approach are “the ideal projection preserving elementary
functionals” and “property AM*(r,s) for operators”. An important tool,
we are basing on, is the Feder—Saphar description of the dual space
of £(X,Y) which holds whenever X** or Y* has the Radon—Nikodym
property. The chapter relies on [20].

4.1 The Feder—Saphar description of (X, Y)*

The Feder—-Saphar theorem, in [13], is formulated in the terminology of tensor
products. Here we introduce some basic notation of it, for definitions and
the theory in general, see, for example, [17] or [55].

Let X and Y be Banach spaces. Denote by X®Y the projective tensor
product of X and Y, and by |.|| the projective norm on it. If u € X®Y,
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then there is a representation (see, e.g., [17], [56], or [55])

u:an@)yn, Tn €X, Yn €Y,

n=1

with 3277 1 [lan| flynl| < oo
Let Z be another Banach space and let 7' € L(Y, Z). One defines

Tuzixn@JTyn, u:ixn@)yneX@Y.

n=1 n=1

Then Tu € X®Z and ||Tul|, < ||T||jull,. For every u € X&®X*, u =
> x, @k, we denote

n=1

(o]
trace u = Z i (xy,).
n=1
The functional u — trace u is well defined, linear, and of norm less than or
equal to 1.

Definition 4.1. The dual space X* has the Radon—Nikodiym property if from
the separability of a subspace Z of X it follows that also Z* is separable.

Theorem 4.2 (|13, Theorem 1|). Let X and Y be Banach spaces. If X**
or Y* has the Radon—Nikodijm property, then V : Y*@X** — K(X,Y)*
defined by

(Vu)(S) = trace(S*u), ueY*®X™ SeK(X,Y),
s a quotient map such that

Ve K(X,Y) JueY*oX*™, f=Vu A |f] = |ull

A useful conclusion of the Feder—Saphar theorem is the following result, also
named as the Feder-Saphar theorem, which was observed, e.g., in [16] and
[43].

Theorem 4.3. Let X and Y be Banach spaces, and let L be a closed sub-
space of L(X,Y) containing K(X,Y). If X** or Y* has the Radon—Nikodym
property, then

K(X,Y)" =span{z™ @y [xxy) 2™ € X™, gy e Y™, 27 @y" € L'}
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Proof. Let V : Y*®@X* — K(X,Y)* be defined as in Theorem 4.2. Note
that V(y*®@2™) = 2" @y*|kx,y) for every 2 € X** and y* € Y*, 2 ®@y* €
L*. Indeed,

(V(y" @ 2™))(S) = trace(S™(y* @ 2™)) = 2™ (5"y") = (2™ @ y")(9)
for every S € K(X,Y).
Since V' is a bounded linear surjection,
K(X,Y) =V (Y*@X™)
_ V(m{y* QI Yt e Y o e X**}>
C spW{V(y* Q™) iyt eY" e X**}
— span{z™ ® i |y 1 € X7,y €Y, @yt € L.
Thus,
K(X,Y) =span{s™ @y [gxy) ¢ € X7,y € Y™, 2" @y" € L7}
O

4.2 Ideal projection preserving elementary
functionals

Let £ be a closed subspace of £(X,Y) containing K := K(X,Y). Assume
that IC is an ideal in £ with respect to an ideal projection P.

Definition 4.4. If P(z** ® y*) = 2™ ® y* for all 2™ € X** and y* € Y,
then we say that P preserves elementary functionals.

Example 4.5. The Johnson projection is an ideal projection preserving el-
ementary functionals.

Proof. By Lemma 2.23, the Johnson projection is an ideal projection. Let
us denote it by P. Consider any ™ @ y* € L£*, and let T € L. If (K,) is a
shrinking MCAT of X, then

(P(a™ @y")I(T) = lim(z™ @ y")(TKay)
= lién e (KT y") = 2™ (T"y")
= (@ @ y")(T).
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If, respectively, (K, ) is a shrinking MCAI of YV, then
(P(x™ @y")(T) = lim(z™ @ y*) (KaT)
_ ligl T K y) = 2 (Ty")
= (@ @y )T).
[

In contrast with the Johnson projection, an ideal projection preserving el-
ementary functionals may also be defined departing from a (generally) un-
bounded net of compact operators, as the following example shows.

Example 4.6 (see |35, Theorem 5.1] and [36, proof of Theorem 4.6]). Let
X and Y be Banach spaces such that X** or Y* has the Radon-Nikodym
property. Let £ be a closed subspace of £(X,Y’) containing K := (X, Y).
If X* or Y* has the CAP with conjugate operators, then I is an ideal in £
with respect to an ideal projection preserving elementary functionals.

Proof. Suppose first that X* has the CAP with conjugate operators. Let a
net (K,) C K be such that K} — I% uniformly on compact subsets of X*.

According to Theorem 4.2, for any g € K*, there exists u = > ° | y* @z €
Y*®X** such that

= @ (Sty) VSek

and |g|| = |lul|,. Without loss of generality we may assume that
>0 @] < oo and [Jyk|| — 0. Let T € L. Then TK, € K and

ltrace(T*u) — g(TK.)| = Z[ = (T —x;*(K;T*y;;)H
=1

< sup [|(Ix- = KT )l > |-
n n=1

We have
sup [[(Ix- — K2)(T")]| —> 0

because {0, T*y;, T*y3, ...} is a compact subset of X*. As a result, we can
conclude that

lim [trace(T"u) — g(TK,)|=0 VT € L.
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Let us define P : £* — L* by

(Pf)(T) =lim f(TK,) = trace(T*u), feL*, T €L,
where u € Y*®X** corresponds to f|x € K* due to the Feder—Saphar theo-
rem.

Clearly P is well-defined and linear, and since
[trace(T™w)|| < [[Tull, < |T*[[ {lull, = [Tl < [TIIA

for every T € L, we have ||P| < 1.
Recall that lim SK, = S for every S € K (see Lemma 2.19 and Remark 2.20)
providing

f(S) = f(lim SK,) =lim f(SK,) = (Pf)(S) VfeL".
Thus, f — Pf € K+ and we conclude that ker P C K*. The operator P is
a projection if X+ C ker P. The latter holds since TK, € K and for f € K+

we have
(Pf)(T) =lim f(TK,) =1lim0 = 0.

Projection P preserves elementary functionals since
(P(e™ ®@y"))(T) = limz™ (K T*y") = ™ (T"u") = (¢ @ y")(T)
forall T € £, x** € X**, and y* € Y.

The case when Y™ has the CAP with conjugate operators is analogous to the
previous case.

Let a net (K,) C K be such that K} — I3 uniformly on compact subsets of
Y*. As in the previous part, for any g € K*, there exists u = > >~ v+ ® x}*
with Y07 [|z*|| < oo and ||y%|| — 0 such that

g(S) =Y (S VSeK
n=1

and ||g|| = [Ju||,. Let T"€ L. Then K,T € K and

S e (@) = @ (7 K|

n=1

< sup ||(Ly- = KD )l Y Il 117 -
" n=1

[trace(T™u) — g(K,T)| =
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Since {0, y}, s, ...} is compact, we have

sup | (- — K2)(w7)]| — 0

providing
lim [trace(T"u) — g(K,T)|=0 VT € L.

Defining P : £* — L* by
(Pf)(T) =lim f(K,T) = trace(T*u), feL* TeL,

where u € Y*®X** corresponds to f|x € K* due to the Feder—Saphar theo-
rem, we can conclude the proof as in the previous part. O

In the sequel, we shall need the fact that in many important cases, the ideal
of compact operators enjoys the unique ideal property with respect to ideal
projections preserving elementary functionals.

Proposition 4.7. Let X and Y be Banach spaces. Let L be a closed subspace
of L(X,Y) containing K = K(X,Y). If X** or Y* has the Radon—Nikodgm
property, then for K in L there is at most one ideal projection preserving
elementary functionals.

Proof. Let () and P be ideal projections on L£* preserving elementary func-
tionals with ker @ = ker P = K+. Let ® : K* — ranQ and ¥ : K* — ran P
be the corresponding isometric isomorphisms such that Pf = ®(f|c) and
Qf = Y(f|x), where f € L* (see Lemma 2.21). Therefore, we need to prove
that

dg=Vg VgeK.

The desired equality is immediate from the fact that
K* = span{(z™ @ y*)|c: £ € X*, g €Y, 27 @y € L)
(see Theorem 4.3) and the equality
2@ 9y')le) = Pla” ©y) =5 9y’ = Q™ y7) = (@ © y')lx)
which holds for all x** € X** and y* € Y. O

Definition 4.8. The dual weak operator topology on L(X,Y) is defined by
the functionals A — o™ (A*y*), y* € Y*, 2™ € X*.
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Clearly the dual weak operator topology is not weaker than the weak operator
topology which is defined by the functionals A — y*(Ax), y* € Y*, z € X.
However, under the assumption of the Radon—-Nikodym property, we obtain
from convergence in the dual weak operator topology, the convergence in the
weak topology induced by the projection preserving elementary functionals.

Proposition 4.9. Let X and Y be Banach spaces, and suppose that X** or
Y™ has the Radon—Nikodym property. Let L be a closed subspace of L(X,Y)
containing K := IC(X,Y), and suppose that K is an ideal in L with respect to
an ideal projection P preserving elementary functionals. If for an operator
T € L there ezists a bounded net (T,) C L such that T,, — T in the dual
weak operator topology, then

(PANTo) — (PAT) VfeL

Proof. As in the previous proof, we shall apply the fact that span{(z** ®
Y - e XM, yt € Y, 2™ @yt € L} is dense in £* (see Theo-
rem 4.3). Using the associated isomorphism ® : K* — ran P satisfying
O(flx) = Pf, f € L* (see Lemma 2.21), and that P preserves the elemen-
tary functionals, we get that span{z*™ @ y*: 2™ € X** y* € Y*} Cran P is
dense in ran P C L*.

Every A € £ can be viewed as an element of (ran P)* with the same norm,
defining

(A h) =h(A), heranP.
Since the net (7,) is bounded and for all z** € X** y* € Y*,
(To, 27 ®@y") = (27 @ y")(Ta)
=2 (Toy") — a™(T7y")
— <7“l7 x** ® y*>’
we have (T, h) —, (T, h) for all h € ran P. This means that (Pf)(T,) —a
(Pf)(T) for all f e L. O

Proposition 4.9 extends Lemma 1.2 of [54] from the case of the Johnson
projection (involving the shrinking MCAI assumptions for X or Y) to an
arbitrary ideal projection preserving elementary functionals.

95



4.3 M(r,s)-ideals of compact operators and
the ideal projection preserving elementary
functionals

We shall apply Proposition 4.9 to deduce the following criteria for M (r, s)-
ideals of compact operators with respect to the ideal projection preserving
elementary functionals. The result will be needed in Section 4.6.

Theorem 4.10. Let X and Y be Banach spaces, and suppose that X** or
Y* has the Radon—Nikodym property. Let L be a closed subspace of L(X,Y)
containing K = K(X,Y), and suppose that K is an ideal in L with respect
to an ideal projection P preserving elementary functionals. Let r <1 and s
be positive numbers. If for every operator T € Sy there exists a bounded net
(T,) C K such that T, — T in the dual weak operator topology, then the
following assertions are equivalent.

(a) K is an M(r,s)-ideal in L with respect to P.

(b) For every e > 0, S € Bx, T € B, and every index « (in the corre-
sponding net (Ty,)), there exists

K € conv{Tp: 5 > a}
such that
lIrS+s(T - K)|| <1+e.

(c) For every S € Sk and T € Sg, there exists a net (K,) C K such that
K, — T 1in the dual weak operator topology and

limsup ||rS + s(T — K,)|| < 1.

Proof. (a) = (b). This implication follows from a general M (r, s)-inequality
criterion (see [21, Proposition, (a) = (b)|. If the conclusion is false, then
there are e > 0, S € By, T € B, and « such that for C' := conv{Ts: 8 > a},
we have

sCNB(rS+sT,1+¢) =0,

where B(rS+sT,1+¢) is the open ball with center S+ s7 and radius 1+¢.
By the Hahn-Banach theorem, there exists f € S;« such that

Re f(rS+sT)—(1+¢)=inf{Re f(U): U € B(rS+ sT,1+¢)}
> sRe f(K)=sRePf(K) VK e€C,
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because C' C K and f — Pf € ker P = K. Hence,

1+e<Ref(rS+sT)—sRePf(K)
=rRePf(S)+sRe(f—Pf)(T)+sRePf(T — K)
<1+sRePf(T—K) VKeC.

Since Pf(T) = lim, Pf(T,) (see Proposition 4.9), this implies that ¢ <0, a
contradiction.

(b) = (c). Consider the set of all pairs v = (¢, &), where € > 0 and where (7,)
corresponds to 7', directed in the natural way, and choose K, € conv{Tjs: >
a} from condition (b).

(c) = (a). Let us fix f € £* and ¢ > 0. Recalling that ||Pf| = || flc| (see
Lemma 2.21), we choose S € Sx and T € S, so that

rllPfI 4 sllf = Pl —e <rf(S) + s(f = PIUT).

Let (K,) be given by (c). By passing to a subnet, we may assume that (K,)
is bounded. By Proposition 4.9, (Pf)(T) = lim,(Pf)(K,) = lim, f(K,),
because K, € K and Pf — f € ker P = K. It follows that

r|PfIl+sllf = PfI —e <rf(S) + sf(T) - slim f(K,)
= lim f(rS+s(T - K,))
< [/l timsup [jrS + (T — K, )|
< I71-
0
Historically, for M-ideals, conditions similar to (b) and (c) of Theorem 4.10

were first considered in [37, Proposition 2.8], [58, Theorem 3.1 and Remark],
and |47, proof of Theorem 2|.

4.4 Property M*(r,s) for operators

In [32, Section 6|, an operator version of property (M) was introduced and
studied (see also [27] and [29] for applications of this property). We need to
extend its (M*) prototype as follows.
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Definition 4.11. Let X and Y be Banach spaces, and let r, s € (0,1]. We
say that an operator T' € By (x,y) has property M*(r, s) if

limsup [|rz”* + sT™y, || < limsup [[y* + v,

whenever 2* € X*, y* € Y* satisfy ||z*|| < [Jy*||, and (y};) C Y* is a bounded
net converging weak* to null in Y*.

If Y is separable, then T' € B (x,y) has property M*(r,s) if and only if T" has
the sequential version of property M*(r,s) (i.e., the nets (y%) being replaced
with the weak* null sequences (y%)). This can be easily checked using the
fact that the bounded subsets of Y* are weak® metrizable.

Clearly, an operator T has property (M*) if and only if T has property
M*(1,1), and a Banach space X has property M*(r,s) if and only if its
identity operator Ix has property M*(r,s). A much more general notion,
namely an operator having property M*(a, B, ¢), was introduced and studied
in [49] (see also [48]). As in the case of spaces, property M*(r, s) for operators
is precisely property M*(s,{—s},7).

Properties M*(r, s) for spaces and operators are related similarly to the (M*)
case (see Lemma 2.14 part 2).

Proposition 4.12. Let X and Y be Banach spaces, and let r1,51,72,82 €
(0,1]. If X has property M*(ry, s1) and Y has property M*(rq, s2), then every
T € Brx,yy has property M*(rirs, s152).

Proof. Take z* € X*, y* € Y* satisfying ||z*]] < [|y*||, and let v} = 2* and
v: = y* for every o in Lemma 3.11 part 2. Ol

Proposition 4.13. Let X and Y be Banach spaces, and let r,s € (0,1]. Let
L be a closed subspace of L(X,Y) containing K := K(X,Y). If an operator
T € B has property M*(r,s) and there is a net (T,) C K such that T} —
T* strongly, then

limsup |f(rS+ s(T' —1T,))| <1

weak™

for all S € B and f € Bx+«+ @ By C L.

Proof. Let [ = w*-lima}* @ yi, ie., o3 (A*y) — f(A), A € L, with

*%

¥ € Bxs«, y: € By-. By passing to a subnet, we may assume that (y})

v
converges weak® to some y* € By~«. Property M*(r,s) implies that

limsup ||7S™y* + sT*y;, — sT*y*|| < limsup ||y;|| < 1.

58



Hence, for any fixed «,

£(rS + S(T = T)| = lim [z (rS + (T = T.))"5;)]
<limsup ||(rS + s(T — T,)) "y, ||
< lim sup <||r5*y,f —rS*y*|
+ |rS*y* + sTy; — sT y||
STy = SToy || + 5Ty — sTay'l )
<1+ ||sT*y* — sTry*||,

which implies
limsup |f(rS+s(T —T,))| < 1.

In the sequential case in Proposition 4.13, one may go further, by applying the
following vector-valued version of Simons’s inequality due to [33], to obtain
a similar norm condition: see Lemma 4.15 below.

Lemma 4.14 (see |33, Corollary 4] and its proof). Let X and Y be Banach
spaces. Let L be a closed subspace of L(X,Y) and let (Ay) be a bounded
sequence in L. If

limsup Re f(A4,) < A

n

weak™

for some A > 0 and for all f € Sx ® Sy~ C L*, then there exists B, €
conv{A,, Api1, ...} such that

limsup || B,|| < A

Lemma 4.15. Let X and Y be Banach spaces, and let r,s € (0,1]. Let L
be a closed subspace of L(X,Y) containing K = K(X,Y). If T € B has
property M*(r,s) and there is a sequence (T,,) C K such that T} — T*
strongly, then for all S € By there exists S, € conv{T,,T,11,...} such that

limsup ||rS + s(T — S,,)|| < 1.
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4.5 TImproved parameters of M(r,s)-ideals for
the separable case

The next theorem is one of our main results. As we shall see in Section 4.8,
in the M-ideal case, its Corollary 4.28 complements |32, Theorem 6.3|, and
its Corollaries 4.29 and 4.31 improve the dual version of |32, Theorem 6.3;
see p. 171] and [27, Theorem 2.4].

Theorem 4.16. Let X and Y be Banach spaces. Suppose that X** or Y*
has the Radon—Nikodym property and that X orY has a shrinking compact
approzimating sequence. Let L be a closed subspace of L(X,Y) containing
K :=K(X,Y) and let r,s € (0,1]. If every T € S, has property M*(r,s),
then K is an M (r, s)-ideal in L with respect to an ideal projection preserving
elementary functionals.

Remark 4.17. The assumptions enforce X* (and X) or Y* (and Y') to be
separable. In the latter case, Y* automatically has the Radon—Nikodym
property and, as was mentioned before, property M*(r,s) for operators is
equivalent to its sequential version (see Section 4.4).

Proof of Theorem 4.16. By Example 4.6, K is an ideal in £ with respect to
an ideal projection P preserving elementary functionals.

For every operator T' € S, let us define T,, = T'K,, (respectively, T,, = K, T')
if (K,) is the shrinking compact approximating sequence of X (respectively,
of Y). Then clearly T} — T* strongly. Let S € Sk. By Lemma 4.15, there
exists S, € conv{T,,T,+1,...} such that

limsup ||7S + s(T"— S,,)|| < 1.

Since also S} — T* strongly, by Theorem 4.10, (c) = (a), K is an M(r, s)-
ideal in £ with respect to P. O

Now, using Theorem 4.16 and Proposition 4.12, we can prove the desired
improvement of Corollary 3.22 for the case if one of the Banach spaces X or
Y is separable.

Theorem 4.18. Let X and Y be Banach spaces such that X orY is separa-
ble. Let 11, 51,72,82 € (0,1] satisfy 1 +$1/2 > 1 and ro+ s9/2 > 1. If K(X)
is an M (rq, s1)-ideal in L(X) and K(Y) is an M(rq, s9)-ideal in L(Y), then
K(X,Y) is an M(ryre, s182)-ideal in L(X,Y).
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Proof. If r + s/2 > 1 and K(X) is an M(r,s)-ideal in £(X), then, by |7,
Lemma 2.3 and Proposition 2.1], X* = span(w*-sexp Bx+) (i.e., the weak*
strongly exposed points of Bx« span a norm dense subspace of X*) and X*
has the Radon—Nikodym property. Therefore, by [7, Proposition 3.2| and
[49, Theorem 4.1, 1° = 2°|, X has the MCAP and property M*(r,s). Hence,
in our case, both X and Y have the MCAP, X has property M*(ry,s1),
and Y has property M*(rq, s2). From Proposition 4.12 we get that every
T € Br(x,y) has property M*(ri72, 5152).

We can now apply Theorem 4.16 to show that IC(X,Y) is an M (ry7a, 5152)-
ideal in £(X,Y). Indeed, as we saw above, Y* has the Radon-Nikodym
property. If, e.g., X is separable, since X has the MCAP, X clearly has a
metric compact approximating sequence (,,)2° ;. Then (K,)7°, is shrinking
because X* = span(w*-sexp Bx~) (this fact is well-known and can be easily
checked). O

The proof of Theorem 4.18 clearly shows that 4f Theorem 4.16 held true
also in the non-separable case (i.e., with the assumption “X or Y has a
shrinking compact approximating sequence” being replaced by “X* or Y*
has the BCAP with conjugate operators”), then in Theorem 4.18 the sepa-
rability assumption (“X or Y is separable”) could be dropped. However, we
do not know whether the non-separable case of Theorem 4.16 is true. Nev-
ertheless, in Section 4.7, we shall establish the general non-separable case of
Theorem 4.18 (see Theorem 4.23) using different methods.

4.6 M(r, s)-ideals of compact operators are sep-
arably determined

It is well-known that M-ideals of compact operators are separably deter-
mined [47]: if a Banach space X has the MCAP and K(E) is an M-ideal
in L(E) for all separable closed subspaces E of X having the MCAP, then
K(X) is an M-ideal in £(X). This theorem and its proof have served as a
prototype to obtain similar results on certain general approximations of the
identity [49] (see also [48|) and ideals of compact operators having Phelps’s
uniqueness property U [54]. The next result shows that M(r, s)-ideals of
compact operators are also separably determined. For its proof, we shall
develop ideas from [47] and [49, proofs of Lemmas 3.2 and 4.2] but (following
an idea in [54, proofs of Theorems 2.2 and 2.3|) there are no precise e-nets
of certain compact subsets. One inconvenience to be overcome is that in
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the M(r, s)-ideal case, unlike the M-ideal and property U cases, the ideal
projection need not be unique.

Definition 4.19. If a Banach space X is an M (r, s)-ideal in X** with respect
to the canonical ideal projection on X***, then we say that X satisfies the
M (r, s)-inequality.

Theorem 4.20. Let X and Y be Banach spaces. Let positive numbers r <1
and s satisfy v +s > 1, and let p,0 € (0,1] satisfy o + o > 1. Suppose
that Y satisfies the M (o, o0)-inequality and has the MCAP. If K(E,F) is
an M(r,s)-ideal in L(E,F) with respect to an ideal projection preserving
elementary functionals for all separable closed subspaces E of X and F of Y
such that F has the MCAP, then KC(X,Y) is an M(r,s)-ideal in L(X,Y).

For proving Theorem 4.20, we shall need the following auxiliary result.

Proposition 4.21 (see |7, Proposition 2.1] and [49, proof of Corollary 1.7]).
Let r;s € (0,1]. If a Banach space X satisfies the M(r, s)-inequality (in
particular, if X has property M*(r,s)) for r+s > 1, then X* has the Radon—
Nikodym property and every MCAI of X is shrinking.

Proof of Theorem 4.20. We are going to apply Theorem 4.10. Let (K,) be an
MCALI of Y. By Proposition 4.21, (K,) is shrinking and Y* has the Radon—
Nikodym property. Further, K(X,Y") is an ideal in £(X,Y") with respect to
an ideal projection preserving elementary functionals (see Example 4.6) and
K,T — T in the dual weak operator topology for every T € B.(x,y).

Assume for contradiction that (X,Y') is not an M (r, s)-ideal in L(X,Y).
Then condition (b) of Theorem 4.10 is not satisfied: there are ¢ > 0, S €
Bi(x,y), T € Bg(x,y), and g such that

|IrS+s(T— KT)|| >143¢ VK € conv{K,: a > ap}.
We shall define separable closed subspaces E of X and F' of Y such that
F has the MCAP, but IC(E, F') cannot be an M(r, s)-ideal in L(E, F') with

respect to any ideal projection preserving elementary functionals. This will
contradict the assumption and complete the proof.

To begin, let Ey = {0} C X and Fy = {0} C Y. Pick zy € Bx such that
|(rS + s(T' — Koy T))xo|| > [|rS 4+ s(T' — Koy, T)|| —€ > 1+ 2e.

Denote Ey = EgU{zo} and F; = FyUK,,(Fy)US(E;)UT(E;). Then choose
a1 > ap such that
||Ka1y - y” <1 Vy € Fl'
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Also choose a finite £/s-net Ay in conv{K,,, K,, }, and for every L € A pick
ry € Bx such that

|(rS +s(T — LT))xr| > [|[rS+s(T — LT)|| —e > 1 4 2.
Denote
E2:E1U{ILI LGAl}

and
FQ — F1 U Kao(Fl) U Kal(Fl) U S(EQ) U T(EQ)

Continuing similarly, we obtain, for all n € N, an index «,,, a finite £/s-net
A, in conv{K,,, ..., K,,}, a finite subset {x: L € A,} C Bx such that
[(rS+s(T = LT))xr|| > 142, L €A,
and finite subsets F,, C X and F,, C Y such that
Enyn=E,U{zp: L €A},
Foan=F, UK, (F,)U...UK,, (F,)US(E,1)UT(E,11),

and 1
| Ko,y —yll < ~ VY e b

Denote E =spaulJ, -, E, and F =span |-, F,,. It can be easily seen that
S(E)yC F, T(E)C F, K,,(F) C Fforalln € N, and K,,y — y for all
y € F. Consider S|g € Bxg,r), T'|e € Bee,r), and K, |p € Brr).

Since Y satisfies the M(p, o)-inequality, also F' does (this fact, which is sim-
ilar to that of the M-embedded spaces (see, e.g., [23, p. 111]), was observed
in [4, Proposition 2.1]). Consequently, as in the beginning of the proof, we
are in position to apply Theorem 4.10 to I(E, F') in L(E, F'). According to
Theorem 4.10, if IC(E, F) were an M (r, s)-ideal in L(F, F') with respect to
an ideal projection preserving elementary functionals, then there would exist
K € conv{K,,,...,K,,}, for some n € N, such that

|(rS + s(T'— KT))|gll <1+e.
Let L € A, satisfy ||[K — L|| < &/s. Then

142 < ||(rS+s(T — LT))|g|l
<(rS + (T = KT))[pll +¢
<1+ 2e,

a contradiction. O
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Remark 4.22. From the proof of Theorem 4.20 it is clear that the assump-
tion “Y satisfies the M (p, o)-inequality with ¢ + o > 1”7 can be replaced by
any assumption guaranteeing that Y* has the Radon—Nikodym property and
every MCAT of any closed subspace F' of Y is shrinking.

4.7 Improved parameters of M(r,s)-ideals for
the general case

Let us now turn to the promised main results of the present chapter.

Theorem 4.23. Let X and Y be Banach spaces. Assume that Y has the
MCAP. Let rq,81,72,52 € (0,1] satisfy 1 +s1 > 1 and 1o+ s9 > 1. If X
has property M*(r1,s1) and Y has property M*(rq, s2), then K(X,Y) is an
M (ryra, s152)-ideal in L(X,Y).

Proof. Property M*(rq,s2) of Y implies that Y satisfies the M (rq, s9)-
inequality (see Proposition 4.21). Let F C X and F C Y be separable closed
subspaces, and assume that F' has the MCAP. Property M*(r, s) is inherited
by closed subspaces (see [49, p. 2804]). Hence, E has property M*(rq, s1) and
F has property M*(ra, s9). From Proposition 4.12, we know that then every
T € Bg(g,r) has property M*(rirs, s152). Since F' is separable and has the
MCAP, it has a metric compact approximating sequence which is shrinking,
because F satisfies the M (ry, so)-inequality (see Proposition 4.21). It follows
that F™* is separable. Applying Theorem 4.16, we get that IC(E, F') is an
M (rq7r9, s159)-ideal in L(E, F') with respect to an ideal projection preserving
elementary functionals. Hence, according to Theorem 4.20, K£(X,Y) is an
M (ri7a, s152)-ideal in L(X,Y). O

A basic theorem of the theory of M-ideals of compact operators asserts that
K(X) is an M-ideal in L(X) if and only if X has property (M*) and the
MCAP. Tt was established in [32]| for separable X, in [34] for reflexive X,
and extended to arbitrary (non-separable) X in [47]. A self-contained and
“the shortest known proof” (we quote [39] here) is given in [49], another
self-contained proof based on a new structure theorem for Borel probabil-
ity measures can be found in a very recent paper [39]. The above theo-
rem together with Theorem 2.28 immediately yields a more general result:
K(X,Y) is an M-ideal in L(X,Y) whenever X and Y have property (M*),
and 'Y has the MCAP. A self-contained measure-theoretic proof of this result
is given in [39]. Keeping in mind that property (M*) is precisely property
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M*(1,1), Theorem 4.23 contains the latter result as a special case, yielding
another self-contained proof of it. It would be interesting to study whether
the measure-theoretic approach by Nygaard and Poldvere [39] could be used
to give an alternative proof of Theorem 4.23.

For the M-ideal prototype of the next result, see Theorem 2.28.

Corollary 4.24. Let X and Y be Banach spaces. Let ry,s1,7r2,52 € (0,1]
satisfy 11 + s1 > 1 and ro + s9/2 > 1. If X has property M*(r1,s1) and
K(Y) is an M(rq, s9)-ideal in Z(Y'), then K(X,Y') is an M(rira, s152)-ideal
in L(X,Y).

Proof. This is immediate from Theorem 4.23 and Lemma 3.14. O]

Corollary 4.24 improves Theorem 3.19 from parameters 7175 and s;s5 to
parameters 7175 and s ss.

The next theorem, which is one of the main results of the current chapter, is
also immediate from Theorem 4.23 and Lemma, 3.14. It improves parameters
of Theorem 3.21.

Theorem 4.25. Let X and Y be Banach spaces. Let r1,51,79,82 € (0,1]
satisfy ri+s1/2 > 1 and ro+s9/2 > 1. If K(X) is an M (rq, s1)-ideal in Z(X)
and IC(Y') is an M (rq, $2)-ideal in Z(Y'), then K(X,Y) is an M (rira, s152)-
ideal in L(X,Y).

From Theorem 4.25 and Corollary 3.17 we immediately get the desired ex-
tension of Theorem 4.18 to arbitrary (non-separable) spaces. Let us spell it
out.

Theorem 4.26. Let X and Y be Banach spaces. Let r1,51,79,82 € (0,1]
satisfy ri+s1/2 > 1 and ro+s9/2 > 1. If K(X) is an M (r1, s1)-ideal in L(X)
and IC(Y') is an M (rq, s2)-ideal in L(Y), then IC(X,Y) is an M (rira, s152)-
ideal in L(X,Y).

Remark that Theorem 4.26 extends Corollary 2.29 from M-ideals to M(r, s)-
ideals and improves Corollary 3.22 in the sense of parameters.

Corollary 4.27. Let X be a Banach space and let r,s € (0,1] satisfy r +
s/2 > 1. If K(X) is an M(r,s)-ideal in Z(X), then K(X) is an M(r?, s?)-
ideal in L(X).

Corollary 4.27 improves Corollary 3.23 where the claim is that I(X) is an
M(r3, s%)-ideal in L(X).
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4.8 Applications to the theory of M-ideals

Next, we will make several corollaries from Theorems 4.16, 4.20, and 4.23
which complete and improve some well-known results on M -ideals.

According to a theorem due to Kalton and Werner [32, Theorem 6.3|, if X
is Banach space having an unconditional shrinking compact approximating
sequence and Y is a Banach space such that every T' € Sp(x,yy has property
(M), then K(X,Y) is an M-ideal in L(X,Y). The following immediate spe-
cial case of our Theorem 4.16 completes the Kalton—Werner theorem showing
that the unconditionality assumption is superfluous if one assumes that Y™*
has the Radon—Nikodym property and strengthens property (M) up to (M*).

Corollary 4.28. Let X and Y be Banach spaces. Suppose that X** or Y*
has the Radon—Nikodym property and that X has a shrinking compact ap-
prozimating sequence. If every T € Sp(xy) has property (M*), then K(X,Y)
is an M-ideal in L(X,Y).

The dual version of the Kalton-Werner theorem states (see [32, p. 171] and
[27, pp. 54 55]): if Y is a Banach space having an unconditional shrinking
compact approximating sequence and X is a Banach space such that every
T € Sexy) has property (M*), then K(X,Y) is an M-ideal in L(X,Y).
The following immediate special case of Theorem 4.16 improves this theorem
showing that the unconditionality assumption is superfluous.

Corollary 4.29. Let X and Y be Banach spaces. Suppose that Y has a
shrinking compact approzimating sequence. If every T € Sg(x,y) has property
(M*), then K(X,Y) is an M-ideal in L(X,Y).

Definition 4.30. A Banach space Y has property (wM*) (introduced by
Lima [34]) if
limsup ||y}|| = limsup ||2y™ — v},

whenever y* € Y* and (y;) C Y* is a bounded net converging weak* to y* in
Y.

Corollary 4.31 below is an improvement of a theorem due to John and Werner
[27, Theorem 2.4]: its assumption that Y has an unconditional shrinking
compact approximating sequence (which easily implies property (wM*) of
Y) will be weakened up to the assumption that Y has property (wM*),
showing, e.g., that there is no need for a separability requirement of Y*.

If Y is separable, then again (due to the weak* metrizability of bounded
subsets of Y*) the sequential version of (wM™*) is equivalent to property
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(wM*), and the same concerns the property of Y (introduced by John and
Werner [27]) described in the following.

Corollary 4.31. Let 1 < p < oo and 1/p+1/q = 1. LetY be a Banach
space having property (wM™*) and let

W+mumumgw

s+ 159 < i !

whenever y* € Y* and (y}) C Y* is a bounded net converging weak* to null
inY*. Then K(€,,Y) is an M-ideal in L((,,Y).

Proof. Based on Corollary 4.28, it is sufficient to show that every T' € Sg(, v)
has property (M*).

Let z* € £, and y* € Y* be such that ||z*|| < [|y*||, and let (y}) C Y* be a
bounded net such that y; — 0 weak*. Then for every T' € S, v),

limsup ||z + T*y;|| = limsup(||2* || + | T*y;]|*)

< lim sup(||y*||? + Hy;“q)l/q

ly* +ypll+ lly* — y,illq)l/q

< lim sup ( 2

v

Since Y has property (wM*),
lim sup [|y* + g || = limsup [[y* =y, |-

Hence,
limsup ||z* + T*y;|| < limsup [|y* + v, |-

]

It is well-known to be true that if Y has property U in its bidual Y**, then Y™*
has the Radon—Nikodym property and every MCAI of any closed subspace
F of Y is shrinking (see [50, Corollary 5] and, e.g., [54, Lemma 2.1]).

From Theorem 4.20, by applying Remark 4.22, we obtain the following re-
sult which shows that M-ideals of compact operators K(X,Y') are separably
determined not only for X =Y but also for distinct spaces X and Y.

Corollary 4.32. Let X and Y be Banach spaces. Suppose that'Y has prop-
erty U in its bidual and has the MCAP. If K(E, F') is an M-ideal in L(E, F')
for all separable closed subspaces E of X and F of Y such that F has the
MCAP, then K(X,Y) is an M-ideal in L(X,Y).
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Proof. This is immediate from Theorem 4.20 and Remark 4.22 because M-
ideals enjoy the unique ideal property, and under the assumptions on F
and F, IC(E, F) is an ideal in £(E, F') with respect to an ideal projection
preserving elementary functionals (see Example 4.5 or 4.6). O

Remark 4.33. The prototype of Corollary 4.32 is [54, Theorem 2.3| asserting
that property U of K(X,Y) in £(X,Y) is separably determined.

Definition 4.34. A Banach space X is said to have the A-commuting BCAP
(with A > 1) if X has a CAI (K,) such that K,Kz = KK, for all indexes
a and (3, and limsup || K,| < A.

It follows from |52, Theorem 4.4| that X has the MCAP whenever X satisfies
the M (r,s)-inequality and has the A-commuting BCAP with A < r + s.
Therefore we can make the following essential remark.

Remark 4.35. The assumption of the MCAP of Y in Theorem 4.23 (and
also in Theorem 4.20) can be replaced by the assumption that Y has the
A-commuting BCAP with A < o4 o (and A < ry + s9, respectively).

Both results described in Remark 4.35 are new for M-ideals. Since a corollary
of Theorem 4.23 represents a version of the basic theorem of the theory of
M-ideals of compact operators, let us spell it out as follows.

Corollary 4.36. Let X and Y be Banach spaces having property (M*). If
Y has the A-commuting BCAP with A\ < 2, then K(X,Y) is an M-ideal
L(X,Y).

Remark that the special case of Corollary 4.36 when X =Y is proven in [52,
Corollary 4.10].

4.9 Applications to the general structure of Ba-
nach spaces

Theorem 4.20 allows us to conclude some results concerning the general struc-
ture of Banach spaces.

There exist infinite-dimensional Banach spaces X and Y for which £(X,Y) =
L(X,Y). This is the case, for instance, when X = ¢,, Y = ¢, with p > ¢
(Pitt’s theorem); X = /), Y = d(w,q) with p > g and w & €},/(,—q) [44] (other
Pitt’s type theorems for Lorentz and Orlicz sequence spaces can be found in
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[2]). A consequence of Theorem 4.20 is that the property (X,Y) = L(X,Y)
is also separably determined.

Corollary 4.37. Let X and Y be Banach spaces. Suppose that'Y has prop-
erty U in its bidual and has the MCAP. If K(E,F) = L(E, F) for all sepa-
rable closed subspaces E of X and F of Y such that F' has the MCAP, then
K(X,Y)=L(X,Y).

Proof. Apply Remark 4.22 and Theorem 4.20 to any s > 1. Ol

It is a well-known consequence of the Eberlein-Smulian theorem that a Ba-
nach space is reflexive whenever all its separable closed subspaces are (for an
alternative easy proof see |21, Corollary 2|). The next corollary shows that
for £L(X,Y) to be reflexive, it suffices that the separable subspaces of the
form KC(E, F') are reflexive.

Corollary 4.38. Let X and Y be reflexive Banach spaces. Suppose that'Y
has the CAP. If K(E, F) is reflexive for all separable closed subspaces E of
X and F of Y such that F' has the CAP, then L(X,Y) is reflexive.

Proof. 1t is known (see [9] or |16]) that a reflexive Banach space with the
CAP actually has the MCAP. Since F' has the CAP, by [16, Corollary 1.3],
K(E,F)* = L(E,F), and by this identification, jig,r)(T) = T, for all
T € K(E,F). Since K(E, F) is reflexive, we have K(E, F) = L(E,F). By
Corollary 4.37, K(X,Y) = L(X,Y). Hence, according to a classical theorem
proved independently by Heinrich [24] and Kalton [30], £(X,Y) is reflexive.
Alternatively, we have as above, (X, Y )" = L(X,Y) = £(X,Y), meaning
that IC(X,Y) is reflexive, and also so is £(X,Y). O
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Chapter 5

u-Ideals

Let us apply now the methods developed for M (r, s)-ideals in Chap-
ter 4 to the case of u-ideals. Similarly to M- and M (r, s)-ideals, we will
prove that u-ideals are separably determined. However, the property
of creating new u-ideals of compact operators behaves somewhat dif-
ferently compared with M- and M(r, s)-ideals. This chapter is based
on [26]

5.1 The definition

Let us start with introducing the notion.

Definition 5.1. Let £ be a Banach space. A closed subspace K C L is said
to be a u-ideal in L if K is an ideal in £ with respect to some ideal projection
P satisfying

| Iz — 2P| = 1.

Equivalently, it can be said that for Kt there exists a closed subspace M C
L* such that K+ @ M = £* and

lp+qll = llp — qll

for every p € K+, g € M.

Note that if IC is an M-ideal in £, then K is a u-ideal in £. Indeed, in the
case of M-ideal we have for every p € K+ and ¢ € M the norm condition

Ilp+4qll = llpll + llqll ,
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but also
P —qll = llpll + llall -

Thus, u-ideals are a generalization of M-ideals.

The notion of a u-ideal was introduced by P. G. Casazza and N. J. Kalton
in [8]. The letter “u” comes from the word “unconditional” and refers to
the existence of a special kind of unconditionally converging series (see [8,
Theorem 3.8] and [8, Theorem 3.9]).

5.2 wu-ldeals and the ideal projection

Let £ be a closed subspace of £(X,Y") containing K := K(X,Y). If (K,) is
a shrinking MCALI of X (respectively, a shrinking MCAI of V), then due to
Lemma 2.23, K is an ideal in £ with respect to the Johnson projection P.

Note that P satisfies the condition ||/« —2P|| = 1 whenever we assume that
limsup, [[Ix — 2K,|| < 1 (respectively, limsup, ||[Iy — 2K,|| < 1). Indeed,
let (K,) be a shrinking MCAT of X (respectively, a shrinking MCAI of Y),
then for every € > 0 there exist f € Sy« and T € S, such that

M- — 2P| — = < | (T) — 2lim f(TK,)|
= |lim f(T — 2T K.,)|
< (A 171 im sup || Iy — 2K | < 1

(respectively,
e = 2P| — & < [f(T) = 2lim f(KT)[ < 1).

Thus, we can state that I is a u-ideal in L if there exists a shrinking MCAI
(K,) either in X orin Y such that limsup, ||[{ —2K,|| < 1, where I denotes,
respectively, the identity operator of X or of Y. Following [40, proof of
Theorem 1] or [43, Theorem 1.3|, we can formulate the result even in more
general terms.

Lemma 5.2 (cf. [40, proof of Theorem 1] or [43, Theorem 1.3|). Let L be a
Banach space and let KC be a closed subspace of L. Suppose that (U,) C L(L)
1S a net with

limsup |U, ]| <1
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and
ranU, C K Vo, limg(Uyy)=9(y) Yy e K, Vge K.

Then there exists a projection P € L(L*) with | P|| = 1 and ker P = K+ such
that
(Pf)(z) = liénf(Ua(ﬁ)x), fel, xel,

for some subnet (Uys)) of (Ua). Moreover, if limsup, || I, — 2U,|| < 1, then
|1z« — 2P| < 1.

Remark 5.3. If we assume that limsup, ||z — 2U,|| < 1, then due to the
estimate
2||Uall < [12Ua = Il +1

we can conclude that limsup, [|Uy,] < 1.

Proof of Lemma 5.2. Since limsup,, |U,|| < 1, we may assume without loss
of generality that sup, |U,|| < co. By the Banach-Alaoglu theorem (see
Remark 2.25), we can extract from (U,) a subnet (U,)) which converges
weak® in L£(L)**.

Fix x € £ and f € L£*. Let us define
p(A) = f(Az), AeL(L)
Clearly ¢ € L(L)*. Since ran U,g) C K for all 5, we have

(p(Ua(ﬂ)) = f(Ua(B)x) - g(Ua(g)l'),

where ¢ = flc. The limit limg @(Uass)) exists because (Uys)) converges
weak® in £(L£)** and thus, also the limit

lim f (Uag)z) = lim ¢(Uags))
exists. If we define
(Ph)w) =lim f(Uae)z), [fEL, v€L,
then P € L£(L£*), and ||P]| < 1 since for every f € £L* and z € L
|((Pf)(@)] =l f (Uage)2)| < 1imﬁsup|\f|| [Uaga) || Nzl < 1LA1 Nl
We have for every f € L* and y € K

(f=PhHy) = fly) — lim 9Uupyy) = 9(y) — g(y) =0,
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where g = f|x and thus, f — Pf € K*. The operator P is a projection with
ker P = Kt if Kt C ker P. The latter holds since ran Ua(py C K for all 3 and

(Pf)(x) = liénf(Ua(ﬁ)x) = liénO =0 Vexel

for all f € Kt

Let us assume that limsup, [[/z — 2U,|| < 1. Then, in the same way as in
the beginning of this section, for every € > 0 there exist f € Sy« and z € S,
such that

1z = 2P|| =& < |f(2) = 2lim f(Ua(p)7)| < 1.

]

Remark 5.4. Johnson’s lemma (see Lemma 2.23) is a special case of
Lemma 5.2. Indeed, in the first part of Lemma 2.23 we assume the exis-
tence of a net (K,) C B(x) such that

Kyz* — 2" Va* e X
Let us define
Us(A) = AK,, AecL(X,Y).

Then clearly U, € £(£(X,Y))and ran U, C K(X,Y) for all ov. Since || K,| <
1 for all o, we have

IUall = sup [[Ua(A)|| = sup [[AK.| < sup [|A]l|Kal <1 Va.
lAlI=1 lAlI=1 | AlI=1

Moreover, due to Lemma 2.19, for all S € £(X,Y) and g € K(X,Y)*, we
have
hmg(Ua(S>) = hmg(SKa) = g(thKa) = g(S)

For the second part of Lemma 2.23, where (K,) C B(y) and
Koy —y Vyey,

we define

Un(A) = K.A, A€ L(X,Y).

Then similarly U, € L(L(X,Y)), ranU, C K(X,Y) and |U,]|| < 1 for all o,
and for all S € £(X,Y), g € K(X,Y)* we have lim, g(U,(S5)) = lim, g(5).
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Corollary 5.5. Let X andY be Banach spaces, and let L be a closed subspace
of LIX,Y) containing K := K(X,Y). If X* has the CAP with conjugate
operators and

limsup ||[Ix — 2K,| <1,
where (K,) is a shrinking CAI of X, then K is a u-ideal in L.

Proof. Let us define
Us(A) = AK,, A€cCL,

where (K,) is a shrinking CAI of X. Then U, € L(L), ranU, C K for all o,
and lim, g(U,S) = g(S) for all g € £*, S € K (see Remark 5.4). We have

||[£ - 2Ua|| = Ssup ||(]E - 2Ua)(A)||
lAll=1
= sup ||A—2AK,|

Al=1

< sup [Al[[[Ix — 2Kl
lAlI=1
=[x — 2K

and thus, limsup, ||z — 2U,| < 1. Due to Lemma 5.2, K is a u-ideal in
L. O

Corollary 5.6. Let X andY be Banach spaces, and let L be a closed subspace
of L(X,Y) containing K := K(X,Y). If Y has the CAP and

limsup |1y — 2K, || <1,
where (K,) is a CAI of Y, then K is a u-ideal in L.
Proof. Similarly to the proof of Corollary 5.5, we define

Uy(A) = K,A, A€ecL,

where (K,) is a CAI of Y. Then also U, € L(£), ranU, C K for all «,
lim, g(U,S) = g(5) for all g € K*, S € K, and

limsup ||I; — 2U,|| < limsup ||y —2K,|| < 1.
Due to Lemma 5.2, K is a u-ideal in L. O

Corollaries 5.5 and 5.6 are essentially known from [8] (see [8, Theorem 3.9]).
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5.3 wu-Ideals and the ideal projection preserving
elementary functionals

We can describe u-ideals of compact operators in terms of ideal projections
preserving elementary functionals and bounded nets converging in the dual
weak operator topology as follows.

Theorem 5.7. Let X and Y be Banach spaces, and suppose that X** or
Y™ has the Radon—Nikodym property. Let L be a closed subspace of L(X,Y)
containing K := KK(X,Y"), and suppose that K is an ideal in L with respect to
an ideal projection P preserving elementary functionals. If for every operator
T € S¢ there exists a bounded net (T,) C K such that T, — T' in the dual
weak operator topology, then the following assertions are equivalent.

(a) K is a u-ideal in L with respect to P.

(b) For every e >0, T € B, and every index « (in the corresponding net
(T.)), there exists
K € conv{Tp: 5 > a}

such that
IT —2K| <1+e.

(c) For every T € Sg, there exists a net (K,) C K such that K, — T in
the dual weak operator topology and

limsup ||T — 2K, || < 1.

Theorem 5.7 for u-ideals is analogous to Theorem 4.10 for M(r, s)-ideals.

Proof of Theorem 5.7. (a) = (b). If the conclusion is false, then there are
e>0,T € Bg, and « such that for C := conv{Ts: § > a}, we have

20N B(T,1+4¢) =2,

where B(T,1 + ¢) is the open ball with center 7" and radius 1 + . By the
Hahn Banach theorem, there exists f € S,« such that

Re f(T)— (1+¢)=inf{Re f(U): U € B(T,1+¢)}
> Re2f(K) VK e C.
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Since f — Pf € ker P = K+ for every f € L£*, we have
Re2f(K)=Re2Pf(K) VK e(C
because C' C KC . Hence, by (a),
1+e<Ref(T)—Re2Pf(K)

=Re(f —2Pf)(T) 4+ Re2Pf(T — K)

<14 Re2Pf(T—K) VK eC.
Since Pf(T) = lim, Pf(T,) (see Proposition 4.9), this implies that ¢ < 0, a
contradiction.

(b) = (c). Consider the set of all pairs v = (¢, «), where € > 0 and where (7},)
corresponds to 7', directed in the natural way, and choose K, € conv{T: § >
a} from condition (b).

(¢) = (a). Fix € > 0. Recall that |Pf]| = ||flc| where f € L£* (see
Lemma 2.21). We choose f € Sg- and T € S, so that

[{zr = 2P| — e < (f = 2Pf)(T).

Let (K, ) be given by (c). By passing to a subnet, we may assume that (K,)
is bounded. By Proposition 4.9, (Pf)(T) = lim,(Pf)(K,) = lim, f(K,)
because K, € K. It follows that
|1z — 2P|| =& < f(T) — 2lim f(K,)
= lim f(T — 2K,)
< |fI im sup [|T" = 2K, |
<1

Thus, K is a u-ideal in L. O

Remark 5.8. Historically condition similar to (c) of Theorem 5.7 were first
considered in [49, Theorem 4.1, 5°|.

Corollary 5.9. Let X be a Banach space, and suppose that X* or X** has
the Radon—Nikodym property. Let L be a closed subspace of L(X) containing
K = K(X) and Ix, and suppose that K is a u-ideal in L with respect to an
ideal projection P preserving elementary functionals. If X* has the BCAP
with conjugate operators, then there exists a shrinking MCAI (K,) of X such
that limsup,, || Ix — 2K,| < 1.
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Proof. If X* has the BCAP with conjugate operators, then, by passing to
convex combinations, we may assume that X has a shrinking BCAI (S,).
Thus, for every T' € S,, we can define a net (7'S,) C K which is bounded
and T'S, — T in the dual weak operator topology. By Theorem 5.7, (a) =
(c), there exists (K,) C K such that K, — Ix in the dual weak operator
topology and

limsup ||[Ix — 2K, || < 1.

Since
rN(KxY) — ™ (Iya”) = 2™ (Ix-x™) Vo™ € X, Vo' € X7,

we have K — Ix- in the weak operator topology. By the argument of
convex combinations (see the proof of Lemma 2.17), we may assume that

K)x* — 2" Vo' e X', Ko —z VrelX.
It remains to observe that limsup || K, | < 1 (see Remark 5.3). O

Remark 5.10. Note that in general from X** having the Radon-Nikodym
property does not follow that X* has the Radon—Nikodym property (see,
e.g., [16, Remark 1.8]) or consider, for example, ¢y and ¢§* = {, which do
not have the Radon—Nikodym property, but ¢ = ¢, has (see, e.g., |10, pp.
218-219]). Thus, the assumptions X* having the Radon—Nikodym property
and X** having the Radon—Nikodym property are independent.

Now, we will see that the assumption “X* has the BCAP with conjugate
operators” of Corollary 5.9 is in fact redundant. The next proposition relies
on a method developed in |7] (see |7, Proposition 3.2|), and allows us to give
a necessary and sufficient condition for K(X) being a w-ideal in £(X) (see
Corollary 5.12).

Proposition 5.11. Let X be a Banach space, and suppose that X* or X**
has the Radon-Nikodijm property. Suppose that K = K(X) is an ideal in L =
L(X) with respect to an ideal projection preserving elementary functionals.
Then there exists a shrinking MCAI (K,) of X.

Proof. Let P : L* — L* be an ideal projection preserving elementary func-
tionals. Then Pf = ®(f|c) for every f € L* where ® : K* — ran P
is the isometric isomorphism (see Lemma 2.21). Let us consider on £ the
weak topology induced by the ideal projection, i.e., the topology o (L, ran P).
Then, due to the bipolar theorem, By is o(L,ran P)-dense in B, and thus,

78



there exists a net (K,) C By such that K, — Ix in the o(L£,ran P)-
topology. By the Feder—Saphar theorem (see Theorem 4.3),

K*=span{z™ @ 2", : 2™ € X™, 2" € X*, 2™ @a" € L},

and since P preserves elementary functionals, we have ®(2**®z*|¢) = z* ®x*
for every z** € X** z* € X*. Hence,

(™ @a" | )(Ky — Ix) =™ (K — Iy)x" — 0

for every z** € X**, 2* € X*, ie., K} — I} in the weak operator topology.
By applying the argument of convex combinations (see Lemma 2.17 and
Remark 2.18), we may assume that (K,) is a shrinking MCAT of X. O

We can conclude from Proposition 5.11, Corollary 5.9, and Corollary 5.5 the
following result.

Corollary 5.12. Let X be a Banach space, and suppose that X* or X** has
the Radon—Nikodym property. Then KC(X) is a u-ideal in L(X) with respect
to an tdeal projection preserving elementary functionals if and only if X has
a shrinking MCAI (K,) with limsup,, ||[Ix — 2K,| < 1.

Corollary 5.12 is essentially contained in |49, Corollary 4.5], however, we do
not assume that X* = Span(w*-sexp Bx~) as in [49]|, where w*-sexp Bx-
denotes the set of all weak* strongly exposed points of By-«.

5.4 wu-Ideals of compact operators creating new
u-ideals

Recall that any Banach space X is an ideal in X** with respect to the canon-
ical projection.

Definition 5.13. If X is a w-ideal in X™* with respect to the canonical
projection, then we say that X is a u-ideal.

Theorem 5.14. Let X and Y be Banach spaces. If K(Y) is a u-ideal in
L(Y) andY is a u-ideal, or if (X)) is a u-ideal in L(X) and X is a u-ideal,
then KK(X,Y) is a u-ideal in L(X,Y).

Proof. Let us assume that IC(Y') is a u-ideal in £(Y') and Y is a u-ideal, the
proof in the other case is analogous.
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By [49, Corollary 4.5, 1°° = 3°|, there exists a shrinking MCAI (K,) of YV
such that
limsup || Iy — 2K,] < 1.

Thus, (X,Y) is an ideal in £(X,Y") with respect to the Johnson projection
P and (see the beginning of Section 5.2)

[Ty —2P) = 1.

A separable prototype for Theorem 5.14 is |15, Proposition 8.2|.

5.5 Property (wM™)

Analogously to property (M*) concerning M-ideals or property M*(r,s)
concerning M (r, s)-ideals, there is property (wM*) for spaces concerning
u-ideals. Let us recall the definition of property (wM*).

Definition 5.15. A Banach space X has property (wM*) if

limsup ||z}, — 2z*|| = limsup ||z} ||,
v v

whenever z* € X* and (23) C X* is a bounded net converging weak* to x*
in X™.

Property (wM*) was introduced by Lima in [34]. The letter “w” in the no-
tation (wM™*) comes from the word “weak”. It denotes the fact that property
(wM*) follows from property (M*). Indeed, if () C X* is a bounded net

converging weak* to z* € X* in X* then z} — x* % 0 and for X with
property (M*) we have

limsup || —z* + (2} — *)|| = limsup ||z* + (2] — )|
v v

— limsup 7
14

and
limsup ||—z* 4 (x — 2")|| = limsup ||z}, — 227 .

Let us introduce also the operator version of property (wM™*).
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Definition 5.16. An operator T' € B(x,y) has property (wM*) if

limsup || 7*(y, — 2y")|| < limsup [|y; |,

whenever y* € Y* and (y) C Y* is a bounded net converging weak* to y* in
Y™

We say that T has the sequential version of property (wM?*) if the nets
(y%) € Y* in the definition, are replaced with the sequences (y*) C Y*
which converge weak* to some y* € Y*. Analogously to property M*(r, s) for
operators, in the case when Y is separable, T' € B (x y) has property (wM*)
if and only if it has the sequential version of the property.

Clearly, a Banach space X has property (wM™*) if and only if its identity
operator Ix has (wM*). It is immediate that if either X or Y has property
(wM™), then every T' € By (x,y) has property (wM*). Indeed, let T" € Bz(x y),
y* € Y* and let (y}) C Y* be a bounded net converging weak* to y* in Y*.
Then also (T*yf) C X* is a bounded net converging weak* to T*y* € X*.
Now, if X has property (wM*), then

limsup |7 (y;, — 2y*)|| = limsup [|T*(y;)|| < limsup [y, ||,

and if Y has property (wM™), then

limsup |7 (y;, — 2y")|| < limsup ||y, — 2y*|| = limsup ||y, .

Properties (wM*) for spaces and for operators are precisely properties
M*(a, B, ¢) for spaces and for operators, when a =1, B = {-2}, and ¢ =0
(see [49] and /or [48]).

In [34, Corollary 4.4], Lima showed that for reflexive Banach spaces X the
MCAP assumption together with property (wM™*) (for spaces) is equivalent
to K(X) being a u-ideal in £(X). The following theorem proves that for
arbitrary Banach spaces X and Y, the MCAP assumption together with
property (wM*) for one of the spaces is sufficient for I(X,Y) being a u-
ideal in £(X,Y).

Theorem 5.17. Let X and Y be Banach spaces. If X orY has the MCAP
and property (wM*), then K(X,Y') is a u-ideal in L(X,Y).

Proof. If Y has the MCAP and property (wM*), then, due to [49, Corol-
lary 4.5, 2° = 3°|, there exists a shrinking MCAI (K,) of Y such that

limsup || Iy —2K,| < 1.
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From Corollary 5.6 follows that K(X,Y) is a u-ideal in L(X,Y).

In the case when X has the MCAP and property (wM*), apply Corollary 5.5.
O

The following Proposition 5.18 and Theorem 5.20 are inspired by similar
results for M (r, s)-ideals (see Section 4.4).

Proposition 5.18. Let X and Y be Banach spaces. Let L be a closed sub-
space of L(X,Y) containing K := K(X,Y). If an operator T € B, has
property (wM?*) and there is a net (T,) C K such that T — T* strongly,
then

limsup |f(T —2T,)| <1

weak*

for all f € Bx« ® By~ C L.

Proof. Let f = w*-lima* ® v, ie., x5 (A*y:) — f(A), A € L, with
x}* € Bx«, Yy € By+. By passing to a subnet, we may assume that (y)
converges weak* to some y* € By-. From property (wM™*) we get that

lim sup ||27™y* — Ty} || < limsup |ly}]| < 1.

Hence, for any fixed o,

(T = 2T%)| = lim [a}* (T — 2T0)"y;)|
<limsup ||(T" — 21,)"y, ||
< lim sup (HZT*y* — Ty, |l

+2([|Thy"™ — Thy,ll
1Ty = Tyl
<14 2Ty =Ty,

which implies
limsup |f(T —27,)| < 1.

]

By applying the vector-valued version of Simons’s inequality (see
Lemma 4.14) to a sequential version of Proposition 5.18, we obtain the fol-
lowing result.
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Lemma 5.19. Let X and Y be Banach spaces. Let L be a closed subspace of
L(X,Y) containing K := K(X,Y). If T € B has property (wM?*) and there
is a sequence (T,,) C K such that T — T* strongly, then for all n € N
there exists S,, € conv{T,,, Ty y1,...} such that

limsup |7 — 2S,| < 1.

The next theorem is analogous to Theorem 4.16 for M (r, s)-ideals. Note that
its assumptions enforce X* (and X) or Y* (and Y') to be separable.

Theorem 5.20. Let X and Y be Banach spaces. Suppose that X** or Y*
has the Radon—Nikodym property and that X or'Y has a shrinking compact
approzimating sequence. Let L be a closed subspace of L(X,Y) containing
K :=K(X,Y). If every T € S has property (wM*), then K is a u-ideal in
L with respect to an ideal projection preserving elementary functionals.

Proof. Based on Example 4.6 we get that K is an ideal in £ with respect to
an ideal projection P preserving elementary functionals.

For every operator T' € S, and n € N, let us define T,, = TK,, (respectively,
T, = K,T) where (K,,) is the shrinking compact approximating sequence of
X (respectively, of V). Then clearly T} — T* strongly. By Lemma 5.19,
there exists S,, € conv{T,,, T,,+1, ...} such that

limsup |7 — 2S,| < 1.

Since also S} — T™* strongly, by Theorem 5.7, (¢) = (a), K is a u-ideal in
L with respect to P. Ol

Corollary 5.21. Let X and Y be Banach spaces. Suppose that X** or Y*
has the Radon Nikodym property. If X orY has a shrinking compact approz-
imating sequence and property (wM™*), then K(X,Y) is a u-ideal in L(X,Y).

Proof. Since X or Y has property (wM*), every T' € By (x,y) has property
(wM*) and thus, by Theorem 5.20, IC(X,Y) is a u-ideal in £(X,Y). O

Note that Corollary 5.21 is a separable version of Theorem 5.17. However,
Corollary 5.21 assumes the existence of a shrinking compact approximating
sequence, but in Theorem 5.17 we have the MCAP assumption.
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5.6 wu-Ideals of compact operators are separably
determined

Next, we will prove that u-ideals of compact operators are separably deter-
mined. The result is analogous to Theorem 4.20 for M (r, s)-ideals.

Theorem 5.22. Let X and Y be Banach spaces. LetY have property (wM™*)
and the MCAP. If K(E, F) is a u-ideal in L(E, F) with respect to an ideal
projection preserving elementary functionals for all separable closed subspaces
E of X and F of Y such that F has the MCAP, then K(X,Y) is a u-ideal
in L(X,Y).

Proof. Let (K,) be an MCAI of Y. Since Y has property (wM*), by |34,
Proposition 4.1], (K,) is shrinking and Y* has the Radon-Nikodym prop-
erty. Also, we know that K(X,Y) is an ideal in £(X,Y’) with respect to the
Johnson projection and K,T' — T for all T' € S, (x,y) in the dual weak
operator topology.

Assume for contradiction that K(X,Y) is not a u-ideal in £(X,Y’). Then
condition (b) of Theorem 5.7 is not satisfied: there are € > 0, T' € B(x,v),
and ag such that

T —2KT| >1+3c VK € conv{K,: o> ap}.

We shall define separable closed subspaces £ of X and F' of Y such that F
has the MCAP, but K(E, F') cannot be a u-ideal in L(E, F') with respect to
an ideal projection preserving elementary functionals. This will contradict
the assumption and complete the proof.

To begin, let Fy = {0} C X and Fy = {0} C Y. Pick 2y € Bx such that
(T — 2K, T)xo|| > |T — 2Ko,T)|| — > 1+ 2¢.

Continuing similarly to the proof of Theorem 4.20 (where S = 0), we obtain
for all n € N an index «,, a finite £/2-net A,, in conv{K,,,..., K,,}, a finite
subset {z1: L € A,,} C Bx such that

(T —2LT)zp|| > 1+2e, LeA,,
and finite subsets F,, C X and F,, C Y such that
En+1 = En @] {xL: L - An},

Foyn=F, UK. (F,)U...UK, (F,)UT(E1),
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and

1
| Ko,y —yll < ~ Vy e F

Denote E = spau|J,_, E, and F =span|J,_, F,,. It can be easily seen that
T(E) C F, K,,(F) C F forall n € N, and K,,y — y for all y € F.
Consider T'|g € Br(g,r), and K, |r € Bi(r).

It follows from a general fact about property M*(a, B, c) (see [49, p. 2804])
that if Y has property (wM*), then also F' has it. As in the beginning of
the proof, note that F* has the Radon—Nikodym property. Consequently
we are in position to apply Theorem 5.7 to K(E, F) in L(E, F'). According
to Theorem 5.7, if IC(E, F) were a u-ideal in L£(FE, F') with respect to an
ideal projection preserving elementary functionals, then there would exist
K € conv{K,,,...,K,,}, for some n € N, such that

| — 2K T <1+
Let L € A, satisfy |K — L|| < ¢/2. Then

14 2¢ < ||(T - 2LT))| ]
< (T —2KT))|sll +¢
<1+ 2e¢,

a contradiction. ]

Lima showed in |34, Proposition 4.1| that if X is a u-ideal, then X* has the
Radon—Nikodym property and X* = span(w*-sexp Bx~). The latter yield
that every MCALI of X is shrinking (cf. the proof of [49, Corollary 1.7]).

From the proof of Theorem 5.22, it is clear that we can replace the assumption
“Y has property (wM*)” by any assumption guaranteeing that Y* has the
Radon—Nikodym property and every MCATI of any closed subspace of Y is
shrinking. Both are fulfilled if we assume that Y is a u-ideal.

Corollary 5.23. Let X and Y be Banach spaces. Let Y be a u-ideal and
have the MCAP. If K(E, F) is a u-ideal in L(E, F) with respect to an ideal
projection preserving elementary functionals for all separable closed subspaces
E of X and F of Y such that F has the MCAP, then K(X,Y) is a u-ideal
in L(X,Y).

The following Lemma 5.24 is needed for proving Theorem 5.25 below.
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Lemma 5.24 (|49, Theorem 3.5]). A Banach space X has a shrinking MCAI
(K4) such that
limsup ||[Ix —2K,| <1

if and only if X has the MCAP, and for every separable closed subspace E
having the MCAP, there exists a shrinking MCAI (K,,) of E such that

limsup ||Ig — 2K,|| < 1.

Theorem 5.25. Let X be a Banach space such that X is a u-ideal. If IC(X)
is a u-ideal in L(X) with respect to an ideal projection preserving elementary
functionals, then IC(E) is a u-ideal in L(E) for all separable closed subspaces
E of X having the MCAP.

Proof. If X is a wu-ideal, then X* has the Radon-Nikodym property. By
Corollary 5.12, X* has the MCAP with conjugate operators and

limsup | I — 2K, ]| < 1,
(0%

where (K,) is a shrinking MCAI of X. By Lemma 5.24, every separable
closed subspace E has a shrinking MCAI (K,,) such that limsup, ||[Ip —
2K, || < 1. Thus, based on Corollary 5.5, K(E) is a u-ideal in L(E) with
respect to an ideal projection preserving elementary functionals. O
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Kompaktsete operaatorite M (r, s)-ideaalid

Kokkuvote

Kéesoleva viitekirja keskne kiisimus on jirgmine. Milliste Banachi ruumi-
de X ja Y korral koigi ruumist X ruumi Y tegutsevate kompaktsete ope-
raatorite alamruum C(X,Y) osutub M-ideaaliks voi, veelgi iildisemalt,
M (r, s)-ideaaliks koigi pidevate lineaarsete operaatorite ruumis L£(X,Y)?
See probleem on huvipakkuv n#iteks seetottu, et M-ideaalil voi {ildisemalt
M (1, s)-ideaalil méadratud igal pideval lineaarsel funktsionaalil leidub iihene
normi séilitav jitk kogu ruumile. Teiseks annab M (r, s)-ideaalide struktuuri
olemasolu teavet kaasruumi £(X,Y)* ehituse kohta. Sugugi vihetéhtis pole
ka kompaktsete operaatorite M (r, s)-ideaalide teooria seos aproksimatsiooni-
omaduste teooriaga, kus veel tdnapaevalgi on aastakiimnetevanuseid kuulsaid
lahendamist ootavaid probleeme.

Viitekirja ldhtekohaks on jargmine E. Oja tulemus 1993. aastal ilmunud
artiklis, mis on publitseeritud ka P. Harmand, D. Werner ja W. Werner mo-
nograafias “M-ideals in Banach Spaces and Banach Algebras” |23, lk. 301].
See tulemus néitab, kuidas Banachi ruumid X, mille korral (X)) := K(X, X)
on M-ideaal ruumis £(X) := L(X, X), tekitavad uusi kompaktsete operaa-
torite M-ideaale.

Teoreem ([|45]). Olgu X ja Y Banachi ruumid. Kui K(X) ja IC(Y') on M-
ideaalid vastavalt ruumides L(X) ja L(Y), siis K(X,Y') on M-ideaal ruumis
LX,Y).

Kaiesolevas vaitekirjas uuritakse, kas analoogiline tulemus kehtib ka kompakt-
sete operaatorite M (r, s)-ideaalide korral, milliseks kujunevad sellisel juhul
uute tekkinud M(r, s)-ideaalide parameetrid, ja rakendatakse kompaktsete
operaatorite u-ideaalidele M (r, s)-ideaalide jaoks viitekirjas loodud metoo-
dikat.

Kéesolev viitekiri koosneb viiest peatiikist. Viitekirja esimene peatiikk
sisaldab probleemi tausta tutvustust, viitekirja kokkuvotet ning iildiste ka-
sutatud tiahistuste kirjeldust.

Teises peatiikis toestatakse iiksikasjalikult Teoreem tuginedes originaaltdes-
tuse skeemile artiklist [45]. Selleks tuuakse sisse M-ideaali moiste tuginedes
ideaaliprojektori moistele. Tutvustatakse omadusi (M) ja (M*), mis on osu-
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tunud votmeteguriteks kompaktsete operaatorite M-ideaalide kirjeldamisel.
Kasitletakse operaatorite ruumi erinevaid topoloogiaid ja koondumisi nendes
ning toestatakse Johnsoni lemma, mis garanteerib teatavat tiiiipi kompakt-
sete operaatorite pere olemasolul ideaaliprojektori eksisteerimise. Teoreem
jareldatakse kompaktsete operaatorite AM-ideaalide kirjeldusest, kus iiks
ruumidest on omadusega (M) voi (M*) ja teine ruum rahuldab tingimust, et
K(X) on M-ideaal ruumis £(X).

Kolmandas peatiikis iildistatakse M-ideaalide toestusmetoodikat M (r, s)-
ideaalide jaoks. Tutvustatakse M(r,s)-ideaali moistet ning tuuakse néi-
teid moningatest M-ideaalide ja M (r, s)-ideaalide erinevustest. Analoogiliselt
artikli |54] kéisitlusele defineeritakse Johnsoni projektor. Késitletakse M (r, s)-
ideaalidega seotud omadusi M (r,s) ja M*(r,s), mis on omaduste (M) ja
(M*) iildistused. Tuginedes artiklile [49] toestatakse kolmanda peatiiki pohi-
tulemus.

Jéreldus 3.22. Olgu X ja 'Y sellised Banachi ruumid, et K(X) on M(ry, s1)-
ideaal ruumis L(X) ja K(Y) on M(ry, so)-ideaal ruumis L(Y), kus ri +
51/2 > 1 ja ry + s9/2 > 1. Siis K(X,Y) on nii M(riry,s3ss)- kui ka
M (ry73, s153)-ideaal ruumis L(X,Y).

Kolmas peatiikk on inspireeritud artiklitest [45], [49], |54] ja tugineb artiklile
[19].

Parameetrid riry, sisy ja rir3, s;s3 jiarelduses 3.22 tunduvad olevat mitte-
optimaalsed. Seetottu pakutakse neljandas peatiikis vilja teistsugune ldhe-
nemisviis, mis voimaldab saada paremad parameetrid, nimelt r179 ja $;18s.
Seejuures on votmemoisteteks “elementaarfunktsionaale siilitav ideaalipro-
jektor” ja “operaatorite omadus M*(r,s)”. Olulisteks téGvahenditeks on
Simonsi vorratuse operaatorvariant [33] ja Feder Saphari kirjeldus [13] kom-
paktsete operaatorite ruumi K(X,Y’) kaasruumile, mis kehtib eeldusel, et
X** voi Y* on Radon-Nikodymi omadusega.

Tuginedes elementaarfunktsionaale siilitavaid ideaaliprojektoreid ja operaa-
torite omadust M*(r,s) puudutavatele tulemustele, toestatakse, kasutades
Simonsi vorratust, neljanda peatiiki pohitulemuse separaabel versioon. Edasi
toestatakse, et kompaktsete operaatorite M(r, s)-ideaalid on separaablilt
médratud. See voimaldab pohitulemuse separaablilt versioonilt minna edasi
iildisele juhule ning niidata, et kompaktsete operaatorite M (r,s)-ideaalid
tekitavad uusi kompaktsete operaatorite M (r, s)-ideaale jargmisel viisil.

Teoreem 4.26. Olgu X jaY sellised Banachi ruumid, et K(X) on M(rq, s1)-
ideaal ruumis L(X) ja K(Y) on M(rq, s9)-ideaal ruumis L(Y), kus r +
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s1/2 > 1 ja ro + s2/2 > 1. Siis K(X,Y) on M(rire, $152)-ideaal ruumis
L(X,Y).

Neljanda peatiiki tulemuste rakendusena on muuhulgas parendatud mo-
ningaid klassikalisi M-ideaalide teooria tulemusi.

Neljas peatiikk on inspireeritud artiklitest [36], [47], [49] ja tugineb artiklile
[20].

Viiendas peatiikis rakendatakse M (r, s)-ideaalide jaoks arendatud toestus-
metoodikat u-ideaalidele, mis on iiks M(r, s)-ideaalidest erinev M-ideaalide
tildistus. Osutub, et nii nagu M- ja M (r,s)-ideaalid, on ka wu-ideaalid se-
paraablilt méaaratud, kuid omadus tekitada uusi kompaktsete operaatorite
u-ideaale erineb monevorra M- ja M (r, s)-ideaalide juhust.

Viienda peatiiki pohitulemusi sisaldava artikli eelvariant on [26].
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