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Chapter 1

Introduction

1.1 Background

Recall that a Banach space has the approximation property if its identity
operator can be approximated, uniformly on compact sets, by finite-rank
operators. If in addition the finite-rank operators can be chosen with norms
less than or equal to A for some 1 < A\ < oo, then the Banach space is said
to have the bounded approximation property, more precisely, the A-bounded
approrimation property. The 1-bounded approximation property is called
the metric approximation property. From the definitions, it is clear that the
metric approximation property implies the bounded approximation property,
which in its turn implies the approximation property. In our brief survey
below, we rely on [O3, Section 1].

Systematic studies of the approximation properties started mid 1950s when
the terms of the approximation property and the metric approximation prop-
erty were introduced by Grothendieck as la condition d’approzimation and
la condition d’approzimation métrique (see |G, Chapter I, pp. 167, 178]),
and deeply studied in his famous Memoir |G]. The bounded approximation
property was also occasionally introduced in [G] as la variante affaiblie de la
propriété d’approzimation métrique (see |G, Chapter I, p. 182]). However,
the origin of the bounded approximation property dates back to 1930s — the
notion was essentially considered already in Banach’s book [Bl p. 237], in a
more general setting of the bounded compact approximation property (where
“finite-rank operators” are replaced by “compact operators” in the definition
of bounded approximation property).

Grothendieck proved (see |Gl “Proposition” 37, pp. 170-171]) that the ques-
tion whether all Banach spaces have the approximation property is equiva-
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10 1. INTRODUCTION

lent to the following two famous problems: the Mazur’s Problem 153 in the
Scottish Book and the approximation problem.

Problem 153 was posed on November 6, 1936, had a live goose as a prize
(see, e.g., [Scotl p. 231]), and was as follows. Given a continuous function
f = f(s,t) defined on [0,1] x [0,1] and any number ¢ > 0; do there exist
numbers aq,...,a,; b1,...,b,; c1,...,c, such that

)= S af (s, ant) <
k=1

for all s,t € [0,1]?

According to Pelezyniski [Pl p. 68], Mazur knew that the positive answer to
Problem 153 would imply the positive answer to the approzimation problem:
can all compact operators between arbitrary Banach spaces be approximated,
in the norm topology of operators, by finite-rank operators? It was considered
to be one of the central open problems of functional analysis.

It was not until 1970s, when the first example of a Banach space failing
the approximation property was produced: in 1972, Enflo [En| discovered
a separable reflexive Banach space, which does not have the approximation
property. A year later, in 1973, Figiel and Johnson [FJI] constructed the
first counterexamples showing that the approximation property, the bounded
approximation property, and the metric approximation property are, in gen-
eral, different notions. However, it is not known whether these notions are
different for dual spaces. One of the most famous open problems is as fol-
lows (see, e.g., [C, Problem 3.8|; for an overview see [O3] Section 3|). Does
the approximation property of a dual space imply the metric approximation
property?

While approaching the problem, some new versions of the bounded approx-
imation properties have emerged in the recent years. Two of these are the
bounded approximation property for the pairs, consisting of a Banach space
and its closed subspace, introduced in the seminal paper [F.JP] in 2011, and
its extension — the bounded nest approzimation property considered in [FJ3|
in 2016.

1.2 Summary of the thesis

The aim of the thesis is to systematically study the bounded approximation
property of pairs, the bounded nest approximation property, and even more
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general version of the bounded approximation properties from [LisO| — the
bounded convex approximation property. The latter concept also includes
the bounded positive approximation property of Banach lattices.

The thesis has been organized as follows.

Chapter [1] briefly introduces the historic background of the approximation
properties, contains a summary of the thesis, and describes notation used in
the thesis.

Chapter 2| contains an overview of the notions and results needed in the
following chapters. These include polar sets, nests in Banach spaces, the
link between the space of finite-rank operators and tensor products, and
Grothendieck’s descriptions of its dual space as integral operators. A pre-
liminary knowledge of some of the most important locally convex topologies
defined on the space of bounded linear operators is given. Some preliminaries
are due to [OV2].

In Chapter [3] we consider and describe various bounded approximation prop-
erties and their duality versions. The characterization of the bounded approx-
imation properties defined by arbitrary operator ideals from [O2] is extended
to bounded convex approximation properties. We prove that the bounded
approximation property of the pair (X*, Y1), where X is a Banach space
and Y is its closed subspace, implies the bounded duality approximation
property of (X,Y). This result extends an important theorem from [J1] on
classical approximation properties to the approximation properties of pairs.
The chapter is based on [OT, [OV1] [V].

In Chapter [4 we establish versions of the principle of local reflexivity which
respect nests of subspaces. We prove a rather far-reaching extension of the
Ringrose theorem on nests. We also extend a duality result on approximation
properties of pairs from |LisO| and its bounded version from Chapter |3 to
the context of nest approximation properties. Criteria of the nest approx-
imation properties from [FJ3| are applied to obtain criteria of the duality

nest approximation properties in the spirit of Grothendieck. This chapter is
based on [OV?2].

In Chapter 5] we study the lifting of bounded convex approximation proper-
ties from a Banach space to its dual space in some special cases. We show
that for such a lifting rather weak forms of the principle of local reflexiv-
ity and the extendable local reflexivity are sufficient. It is also shown that
such a lifting is possible whenever the dual space already enjoys a weaker
bounded convex approximation property. We also complement and extend
some results from |GS2, [O2]. This chapter relies on [OV1] [OV2] [V].
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The main results of the thesis are contained in [OT, OVl [OV2] [V].

1.3 Notation

Our notation is standard.

Let X and Y be Banach spaces, both real or both complex. We denote by
L(X,Y) the Banach space of all bounded linear operators from X to Y and by
W(X,Y), K(X,Y), and F(X,Y) its subspaces of weakly compact, compact
and finite-rank operators, respectively. We write £(X) for £(X,X) and,
similarly, W(X) for W(X, X), K(X) for £(X, X), and F(X) for F(X, X).
The range of an operator S : X — Y is denoted by ran S := {Sz : = € X}.
The identity operator on X is denoted by Ix. If A and B are subsets of £(X)
and L(X**), respectively, then {S™ : S € A}oB:={S™T: Se€ A, T € B}.

A Banach space X will be regarded as a subspace of its bidual X** under
the canonical embedding jx : X — X**. Occasionally, we write x € X** for
r € X, rather than jyxr € X™. The closed unit ball and the unit sphere of
X are denoted by Bx and Sy, respectively. For a subset M of X, its closure
is denoted by M, its linear span by span M, and its convex hull by conv M.
If Z is a subspace of X, then Z+ is its annihilator in the dual space X*, i.e.,
Zt ={x* € X* :2*(2) =0 Vz € Z}. For a subspace W of X*, we denote
by W, its annihilator in X, i.e., W, :={z € X :w(z) =0 Yw € W}.

We consider Banach lattices over R. If X is a Banach lattice and A is a
subset of £(X), then A, := AN L(X), denotes the set of positive operators
belonging to A.

We assume that the reader is familiar with well-known basic notions and
theorems from the theory of Banach spaces and topological vector spaces
(such as dual pairs, the Hausdorff theorem, the Hahn-Banach theorem, the
Goldstine theorem, etc.) and we shall often use these without proper refer-
ences.



Chapter 2

Preliminaries

This chapter contains an overview of the notions and results needed
in the following chapters. These include polar sets, nests in Banach
spaces, the link between the space of finite-rank operators and tensor
products, and Grothendieck’s descriptions of its dual space as integral
operators. A preliminary knowledge of some of the most important
locally convex topologies defined on the space of bounded linear op-
erators is given. Some results are due to [OV2].

2.1 Polar sets

Let (X,Y) be a duality and let M be a subset of X. Recall that the polar
of M is the set

M°:={yeY :Re(z,y) <1 Vo e M},

where Re (x,y) denotes the real part of (z,y). The polar of M° is a subset
of X, called the bipolar of M, and is denoted by M°°.

If X is a normed space, then for a subset Z C X, we have

Z°={z"€ X*:Rex*(z) <1 Vz e Z}
with respect to (X, X*) and also with respect to (X**, X*).
By the definition, the following facts hold:

(a) if p # 0 and uM C N, then N° C p~1M°;

13



14 2. PRELIMINARIES
(b) if X is a normed space, then B = Bx- with respect to (X, X*) and
also with respect to (X**, X*).
Proposition 2.1. Let X be a normed space. The following properties hold
for the dual pair (X, X*).
1. If Z is a subset of X, then (7)O =7Z°.
2. If Z is a subspace of X, then Z+ = Z°.
Proof. 1. Since Z C Z, we have (7)0 C Z°. Let us show that Z° C (7)0.
Let z* € Z° be arbitrary. Then z* € (Z)” whenever Rex*(z) < 1 for all

r € Z. But this is the case. Indeed, for any = € Z, there is (2,) C Z such
that lim,, 2, = . Hence, we have

Rex*(z) = Rex*(limz,) = limRez*(z,) < 1.

2. Clearly, Z+ C Z°. For Z° C Z*, assume that Z° ¢ Z*. Then there is
x* € X* such that Rea*(z) < 1 for all z € Z, but there exists zy € Z such
that |2*(z0)| = r > 1. Indeed, clearly there is € Z such that |z*(z)| = a >
0. Put 2o = (14 1/a)z. Then zy € Z (because Z is a subspace) and we have

|z*(20)| = |2" (1 + 1/a)x)| = (1 + 1/a) |z*(z)| = a+ 1 > 1.

Now pick ¢ € R such that 2*(zy) = re®. Notice that then r = x*(e™"z),
e ¥z € Z and we have

Rex* (e z) = Rer =r > 1,
which is a contradiction with Rez*(z) < 1 for all z € Z. O

Remark 2.2. Notice that in the literature the absolute polar of M, i.e., the
set {y €Y : [(x,y)| <1 Va € M}, is occasionally referred to as “the polar”
of M. The notions are distinguished, e.g., in [SchW].

2.2 Nests in Banach spaces

This section is based on [OV?2].

Let X be a Banach space. Recall that a family of subspaces A of X is a nest
if it is linearly ordered by inclusion, i.e.,if Y, Z € N, thenY C Zor Z C Y.
By the definition, the following holds.
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Proposition 2.3. Let X be a Banach space. A finite nest {Y1,Ys,...,Y,}
of subspaces of X is nested, e.g., Y1 C Yo C--- CY,.

A nest A of closed subspaces of X is said to be complete if N contains {0}
and X, and N is closed under arbitrary intersections and closures of arbitrary
unions (meaning that

(YEN and | YeN

YeN! YeN!
whenever A’ is a non-empty subfamily of A/).

Example 2.4. By Proposition [2.3] every finite nest of closed subspaces of a
Banach space containing {0} and the whole space is a complete nest.

Let X and Y be Banach spaces. Let G be a nest of subspaces of X* and
let Ng = {Vz : G € G} be a nest of subspaces of Y. We say that Ng is
increasing on G if Vg C Vi and Vg # Vg whenever G C H and G # H in
G. Notice that in this case, G is also increasing on Ng. Indeed, if Vi C Vy,
Vo # Vy, then G # H. We have either G € H or H C G. If H C G,
then Vi C Vi, which is a contradiction with Vi C Vg, Vg # V. Therefore,
GCH,G#H.

We shall use the following easy observation.

Lemma 2.5. Let X be a Banach space. Let Y and Z be closed subspaces of
X. If S € L(X), then S(Y) C Z if and only if S*(Z+) C Y.

Proof. We shall include a proof for completeness. The “only if” part is clear.
For the “if” part, assume that there exists S € £(X) such that S*(Z+) C Y+,
but there is yg € Y such that Sy, € Z. Using the Hahn—Banach theorem, we
can find z* € X* such that 2*(Syg) = 1 and z*(z) = 0 for all z € Z. Then
r* € Z*+. Hence, S*z* € Y+ and we have

2" (Syo) = (5"27) (%) = 0,

which is a contradiction with z*(Sy) = 1. O

Notice that in the case when S = Ix in Lemma [2.5] it reduces to Lemma [2.6
below.

Lemma 2.6. Let X be a Banach space. Let Y and Z be closed subspaces of
X. Then'Y C Z if and only if Z+ C Y*. Consequently, Y = Z if and only
if Z+ =Y+



16 2. PRELIMINARIES

If V is a nest of subspaces of a Banach space X, then we shall denote
L={Yt:Y eN}
and N+ = (V)4

The following simple result clarifies some interrelations between the nests N,

N+, and N+,

Proposition 2.7. Let X be a Banach space and let N be a nest of closed
subspaces of X.

1. The following assertions are equivalent:

(a) Nt is closed under arbitrary intersections,

(b) N is closed under closures of arbitrary unions.
2. The following assertions are equivalent:

(a) N+t is closed under arbitrary intersections,
(b) Nt is closed under closures of arbitrary unions,
(c) N is closed under arbitrary intersections and
( ﬂ Ll = ﬂ Y+ for every non-empty subfamily N' of N'. ()
YeN’ YeN’
Proof. Let N’ be an arbitrary non-empty subfamily of V.

1. First notice that, since (J, .\~ Y is a subspace of X and the polar of a
union coincides with the intersection of the polars (see, e.g., [SchW| p. 126]),
by Proposition we have

) - -0

YeN! YeN’ YeN’

Therefore, by Lemma the statement

“there exists Z € N such that Z+ = m y+?”
YeN”!

is equivalent to

“there exists Z € N such that Z = U Y 7.
YeN’
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Hence, (a) and (b) are equivalent.

2. The equivalence of (a) and (b) is clear from part 1. Also, (¢) clearly implies
(a).

To prove (b) = (c), assume that (b) holds. Then there exists Z € N such

that
zt=J v
YeN'
Therefore,
Nr= (YL)L—(U yL) —(U w) _z
YeN! Yen' YeN! L YeN! L1
and
1 L 1L
N Y“_(U Y¢> _<U YL) _Z“_(ﬂ Y) .
YeN’ YeN! YeN! YeN!
Hence, (c¢) holds. O

Remark 2.8. Notice that a nest N of subspaces of a Banach space satisfies
condition (x) if and only if

( ﬂ Y)L = U Y+ for every non-empty subfamily N of N.
YeN! YeN!

Indeed, by the proof of part 2 of Proposition [2.7], the equality

N v = ( U Yi>L,

YeN’ YeN’

holds for every non-empty subfamily A of A/. Therefore, the “if” and “only
if” parts are clear by taking (-)* and (), respectively.

We have the following immediate consequence of Proposition [2.7

Corollary 2.9. Let X be a Banach space and let N be a nest of closed
subspaces of X. Then the nest N+ is complete if and only if N is complete
and satisfies condition ().
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2.3 The dual space of the space of finite-rank
operators

Let X and Y be Banach spaces.

Recall that, for a functional x* € X* and an element y € Y, the operator
r*®y: X — Y is defined by (z*®@y)zr = 2*(z)y, z € X. Clearly, z* ® y has
rank one if and only if 2* # 0 and y # 0.

It is well known that a mapping S : X — Y belongs to F(X,Y) if and only
if S can be represented as a finite sum of rank one operators

k=1

where z7,...,2;, € X* and y1,...,y, € Y. In this case, the conjugate
operator of S has the representation

S* = Z Yr ® Ty
k=1

An operator T' € L(X,Y) is an integral operator if there exists a probability
measure space (with the measure p) and operators a € L(X, Ly(p)) and
b€ L(Li(p),Y™) such that jyT = bjia, where j; : Loo(p) — Li(p) is the
identity embedding, meaning that the diagram

X T Yy Jy y o

| | I

Loo (1) - Lyi(p)

commutes. The integral norm ||T'||; of an integral operator T' € L(X,Y) is
defined by the equality
1Tl = inf flall 6]

where the infimum is taken over all possible factorizations of T as above. The
space of all integral operators from X to Y equipped with their integral norms
will be denoted by Z(X,Y"). It is straightforward to verify that Z(X,Y) is a
Banach space (see, e.g., [DLIT Theorem 5.2]).

Notice that since we have

Iy Tllz =Ty ¥vT € Z(X,Y)
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(see, e.g., |Ry, Proposition 3.21] or [DiJT, Theorem 5.14|), there exists a
natural isometric embedding J : Z(X,Y) — Z(X, Y*") defined by JT = jy T
for T € T(X,Y).

Integral operators were introduced by Grothendieck in |G} Chapter I, Propo-
sition 27, pp. 124-127] (see, e.g., [DiU, pp. 231-232| or [Ryl p. 58]) with
the aim to describe the dual space of an injective tensor product. With-
out entering into the theory of tensor products, we may reformulate this
very important Grothendieck’s description in the following way (cf. [O4] pp.
202-203)).

Theorem 2.10 (Grothendieck). Let X and Y be Banach spaces. Then the
dual space (F(X,Y),||-[)* is linearly isometric with Z(Y, X*™*) under the

duality
(Y wiouT) =3 (Tu))
k=1

k=1
and also with Z(X*,Y™*) under the duality

<Zxk @y T) = S (e} ).

k=1

We shall express Theorem by writing (F(X,Y))* = Z(Y, X*™) and
(F(X,Y))" = Z(X",Y7).

The link with tensor products of Banach spaces is that, in fact, F(X,Y)
is algebraically the same as the algebraic tensor product X* ® Y, with the
rank one operator z* ® y corresponding to the elementary tensor z* ® y.
The link with the injective tensor norm ¢ = ||-||_ is that, in fact, ||S] =

1> 2 ® yil|, for all S € F(X,Y), S = Y or 1 T @ Y

By the above mentioned description due to Grothendieck, the dual of the
algebraic tensor product X ® Y C F(X*,Y) (where X ® Y is equipped with
the usual operator norm) can be identified with Z(X,Y™), ie., (X ®Y)* =
Z(X,Y™). This identification is realized via the duality

(S ouT) = ST

k=1

Let us recall the definition of the projective tensor norm m = ||-||. using
finite-rank operators (cf. [O4, p. 203]): if T € F(X,Y), then ||T||, is defined

by
Il mf{ZkaHHka Zx;;@yk},
k=1
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where the infimum is taken over all possible representations of T'. A straight-
forward verification shows that (F(X,Y),| -,) is a normed space (see, e.g.,
[Ry, Proposition 2.1]). In fact, (F(X,Y),||-|.) = X*®,Y = (X*®Y, || -|.).
The completion of X*®,Y is called the projective tensor product and denoted
by X*®,Y. Its elements have the following useful representation.

Proposition 2.11 (see, e.g., [Ry, Proposition 2.8]). For every u € X*®,Y
and € > 0, there exist bounded sequences (z}) C X* and (yx) C Y such that
the series Y oo} @ yy, converges to u and > ;- ||kl lyell < ||ull, +¢.

The next well-known lemma shows that every element of projective tensor
product defines a bounded linear operator. We shall include a simple proof
for completeness.

Lemma 2.12. Let X and Y be Banach spaces. For every u € X*®,Y, with

a representation
o
*
u = E 'rk; ® yk)
k=1

where (z}) C X*, (yr) C Y, and Y ;o |zl llyel| < oo, there exists an
operator i € L(X,Y) with @] < ||ul|,. such that

ur = Za:};(ac)yk, r e X.
k=1

Proof. Since, algebraically, X* ® Y = F(X,Y), there exists a natural em-
bedding j : X* ®, Y — L(X,Y) defined by

(Ju)x = Zx};(x)yk, z € X,
k=1

whereu = Y7 75 ®y, € X*®,Y. Notice that j is a bounded linear operator
with ||j|| = 1. Indeed, clearly, j is linear. For u=>7_ @y, € X* ®, Y,
we have

IGu)e]| < <Z [Eal Hka> ] Vo e X,
k=1

and, since this holds for any representation of u, it follows that

|Gu)al| < inf{z el ol s w =3 ®yk} el = llull, lal] ¥z € X.
k=1 k=1
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Hence, ||ju|| < ||u|, for all v € X* ®, Y and thus ||j|| < 1. On the other
hand, if * ® y € X* ®, Y is an elementary tensor, then

l7(z" @ y)ll = sup 1 (2" @ y))z| = sup [z (@) Iyl = ll="[ ]

= [l=" @yl

implying that
l2" @yl < [l7lHz" @yl -

Therefore, ||j|| = 1.

Now, since j € L(X* ®, Y,L(X,Y)), it can be uniquely extended to a
bounded linear operator from X*®,Y to L(X,Y). After passing to the
unique extension, we shall denote

U =ju, u€X'®,Y.

Then @ € £(X,Y) and [|@| < ||u| for all u € X*®,Y.

Hence, for
U = Z Ty @ Yk,
k=1
where (z7) C X*, (yx) C Y, and Y, ||z} lyx]| < oo, we have
ur = Zm,ﬁ(m)yk, r e X.
k=1
[

Finally, let us recall that the trace functional trace : X*®,X — K is defined
as follows: if u € X*®,Y has a representation

*
u= ) TpQ Yk,

00
k=1

where (z7) C X*, (yx) C Y, and Y, |lz;]] [lyxl] < oo, then

[e.e]
trace u = Z xyp(xy).
k=1
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2.4 Locally convex topologies on the space of
bounded linear operators

Let X and Y be Banach spaces.

The strong operator topology (SOT or 75) on L(X,Y) is defined by the system
of seminorms {p, },cx with

pa(S) =[Sz, S € LIX,Y).

The SOT on X* = L(X,K) is called the weak* topology.

The weak operator topology (WOT or 7)) on L(X,Y) is defined by the system
of seminorms {p(y+ z)}y*cv+zex with

P (S) = ly"(Sz)|, S € LX,Y).

The topology of uniform convergence on compact sets (1.) on L(X,Y) is
defined by the system of seminorms {px : K is a compact subset of X} with

pr(S) = sup [|Sz]|, S e L(X,Y).

zeK
Notice that the following statements are true in £(X,Y).

(a) A net (S,) converges to S in the SOT if and only if S,z —, Sz for all
r € X, ie., S, =, 85 pointwise.

(b) A net (S,) converges to S in the WOT if and only if y*(S,z) —, y*(Sx)
forall x € X and y* € Y*.

If 7. denotes the norm topology on £(X,Y"), then we have
Tw C Ts C 7. C T

Proposition 2.13. Let (S,) C L(X,Y) be a bounded net. Then (S,) con-
verges to S in the strong operator topology if and only if (S,) converges to S
in the topology of uniform convergence on compact sets.

Proof. The “if” part is clear.

For the “only if”, let M > 0 be such that ||S,|| < M for all v and assume that
S, —, S in the SOT, i.e., pointwise. We may assume that ||S|| < M. Let
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us show that S, —, S uniformly on compact subsets of X. Let K C X be a
compact set and let € > 0. Put 6 =¢/(2M + 1). By the Hausdorff theorem,
there exists a finite d-net {z1,...,x,} for K. Then for any z € K there is
k€ {1,...,n} such that ||z — x| < . Notice that there exists v, such that
if v > v, then
Sy — Sxpl] <90, k=1,...,n.

Indeed, since S,z; —, Szi, we can find 14 such that if v > v, then
|S,x1 — Sxq|| < §. Also, since S,xs —, Sxp, we can find vy such that
ve > vy and if v > 1y, then || S, 29 — x5]| < 0. This way we can find v, such
that v, > v,_1 > -+ > 1y > vy and if v > v, then ||S,x, — Sz,|| < 40. It
suffices to take v, = v,.

If v > v, then for any z € K, we have

1Sve = Sz|| < 1Su[| [l — zxll + [1Sver = Sarll + S]] [lox — ]
< (2M +1)6 =,

as wished. O

Theorem 2.14 (see, e.g., [DuS, Theorem VI.1.4]). The weak and the strong
operator topologies on L(X,Y") yield the same dual space.

Proposition 2.15. Let (S,) C L(X,Y) be a net converging to S in the
weak operator topology. Then there exists a net (1,) consisting of convex
combinations of the elements of (S,) such that (T),) converges to S in the
strong operator topology.

Proof. Let vy be an arbitrary index. Denote A := conv{S, : v > 15}. Then
any T € A can be represented as

T=> NSy, n€N, vp>wp, Ay >0, and Y =1

k=1 k=1
By assumption, (5, ),>,, also converges to S in the WOT on L(X,Y). Since
{S,:v>py}CAC ZWOT,

we have S € 4" 7 (because A"%" is a closed subset in the WOT on
L(X,Y)).

Recall that the closure of a convex set in a locally convex space is determined
by the dual space (see, e.g., [Day, Corollary 5, p. 25]). Hence, by Theorem

FJWor _ 4sor
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Hence, S € A% and thus there exists a net (T,,) C A converging to S in
the SOT on L(X,Y). O

Recall that Grothendieck’s characterization |G| (see, e.g., [LT1, Proposition
1.e.3|) states that, algebraically,

(E(X)> TC)* = X*®7rXa
under the duality

(T,u) =) aj(Tay),

where u =377 2} @ 1), € X*®,X and T € L(X).



Chapter 3

Bounded convex approximation
properties

In this chapter, we consider and describe various bounded approxi-
mation properties and their duality versions. The characterization of
the bounded approximation properties defined by arbitrary operator
ideals from [O2] is extended to bounded convex approximation prop-
erties. We prove that the bounded approximation property of the pair
(X*, Y1), where X is a Banach space and Y is its closed subspace,
implies the bounded duality approximation property of (X,Y). This
result extends an important theorem from [J1] on classical approxima-
tion properties to the approximation properties of pairs. The chapter
is based on [OT, [OV1, V].

3.1 Definitions

We shall begin with some general definitions which provide unified approach
to various approximation properties. Throughout the thesis “approximation
property” is often abbreviated to “AP”.

Let X be a Banach space and let A be an arbitrary subset of £(X'). The space
X has the A-approximation property if for every compact subset K of X and
for every € > 0, there exists S € A such that ||Sz —z|| < e for all z € K.
Let 1 < XA < co. The space X has the A\-bounded A-approrimation property
if S can be chosen with ||S|| < A (meaning that X has the (ANAB,(x))-AP).
If A = 1, then one speaks about the metric A-approximation property. The

25
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dual space X* of X is said to have the (A-bounded) A-approzimation property
with conjugate operators if X* has the (A-bounded) {S*: S € A}-AP.

It is convenient to extend the well-known notion of A-bounded duality approz-
imation property (due to |[J1]; see, e.g., |[C, p. 288| or [S, p. 314|) as follows.
We say that X has the (A-bounded) duality A-approxzimation property if for
all compact subsets K of X and L of X*, there exists an operator S € A
(with ||.S|| < A) such that ||Sz —z| < e for all x € K and ||S*z* —2*|| < ¢
for all x* € L. If A is convex and contains 0, then the A\-bounded duality
A-AP is equivalent to the A-bounded A-AP with conjugate operators (see

Proposition in Section [3.4).

Remark 3.1. It follows from a theorem by Godefroy and Saphar [GS2, The-
orem 1.5] (see |[LisO, Theorem 5.2] for an alternative proof of this theorem)
that if A is a convex subset of (X)) containing 0, then the duality A-AP of
X is always metric whenever X* or X** has the Radon—Nikodym property.

The concept of A-APs has been studied since the early 1980s by Reinov,
Gronboek, Willis, and others (see, e.g., [BB1], [BB2], |Lis|, [LMO] for refer-
ences and recent results). In the case when the set A is convex and contains
0, we speak about conver approximation properties. The study of convex
APs was launched in [LisO| (these were occasionally introduced already in
[ILMO]). The concept includes the following notions (together with their
duality and respective bounded versions, which are defined in the standard

way).

(1) The approzimation property of a Banach space X (when A = F(X)).

(2) The approzimation property of pairs (X,Y), consisting of a Banach
space X and a closed subspace Y of X (when A = {S € F(X) :
S(Y)cY}.

(3) The nest approzimation property or the AP of pairs (X, ), consisting
of a Banach space X and a nest N of closed subspaces of X (when
A={SeF(X):S(Y)CY VY e N}).

(4) The positive approzimation property of a Banach lattice X (when A
consists of all the positive finite-rank operators, i.e., A = F(X),).

Clearly, the APs for X, (X, X), and (X, {0}) are all equivalent. In their
turn, the APs of pairs (X,Y) are the nest APs, namely when N' = {Y'}, or,
equivalently, N = {{0},Y, X }.
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The APs of pairs were introduced and studied by Figiel, Johnson, and
Pelczynski in their seminal paper [EJP| (see also [F.J2]). The nest APs are
useful extensions of the APs of pairs; these were considered by Figiel and
Johnson in [FJ3]. Even versions of the APs of pairs in the context where
the space of finite-rank operators F(X) is replaced by a linear subspace A
of £(X) have been studied (see |[CKZ, IChZ]); these are called the A-APs of
pairs.

The positive APs date back to 1967 (under the name “order approximation
property”; see |BI| for references and recent results). Szankowski [Sz1] was
first to construct a Banach lattice without the AP, and thus without the
positive AP. Tt is still an open question whether the AP implies the positive
AP (and similar question holds for the bounded versions of these properties).
The last process on this subject was made by Nielsen in [N].

After Enflo’s construction of the Banach space failing the AP, examples of
Banach spaces without the AP inside classical spaces quickly followed. Ac-
cording to Grothendieck’s “Proposition” 37 in |G|, there exists a subspace
of ¢y failing the AP (see, e.g., [PF] for an explicit construction). Also, the
spaces {,, p # 2, have subspaces without the AP. The case of 2 < p < o0
was shown independently by Davie [Dav| and Figiel [I] in 1973 (see, e.g.,
ILT1, pp. 86-90|). Examples in the case when 1 < p < oo, p # 2, were con-
structed by Szankowski [Sz2| in 1978 (see, e.g., [LT2, pp. 107-111]). Relying
on the concept of bounded APs of pairs, Figiel, Johnson, and Petczyriski
showed that ¢y and ¢; have closed subspaces which have the AP, but fail the
bounded AP (see [F.JP, Corollary 1.13]).

3.2 Reformulating bounded (duality) approxi-
mation properties

Well-known reformulations of the A\-bounded AP of Banach spaces (see, e.g.,
[Cl Theorem 3.3] or [S, Theorem 18.1]) can be extended to the following
conditions (a) — (d) in Theorem below, all equivalent to the A-bounded
A-AP; and also to the conditions (a) — (f) in Theorem in the next section,
all equivalent to the A-bounded AP of pairs.

Theorem 3.2. Let X be a Banach space and let A be a subset of L(X). Let
1 < A< o0. Then the following properties are equivalent.

(a) For every compact subset K of X and for every ¢ > 0 there exists
S e A with ||S|| < A such that |Sx —z|| < e forall z € K.
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(b) There exists a net (S,) C A satisfying ||S,|| < A for all v such that
S, = Ix uniformly on compact subsets of X.

(¢) There exists a net (S,) C A satisfying ||S,|| < A for all v such that
S, =, Ix pointwise.

(d) For every finite subset M of X and for every e > 0 there ezists S € A
with ||S]| < A such that ||Sx — x| < € for all z € M.

(e) For every finite-dimensional subspace E of X and for every ¢ > 0 there
erists S € A with ||S|| < A such that ||Sx — z|| < e ||z for all z € E.

Proof. The proof uses standard arguments but we shall include a proof for
completeness.

To prove (a) = (b), consider the set of all couples v = (K, ¢), where K C X
is a compact subset and € > 0. Let us define an ordering in the following
way:

(Kl,El) < (KQ,Z‘fQ) < K C Ky and g1 > e.
Let us prove that this is indeed an ordering of directed set.
If v = (K, ¢), then K C K and € > e. Therefore, v < v.

Let vy = (Ky,¢e1), va = (K2,89), v3 = (K3,e3) be such that v; < s and vp <
v3. In this case K1 C Ky C K3 and €1 > 9 > e3. Hence, v; < vs.

Let vy = (Ky,e1), vo = (Kj,69). We show that there exists v3 = (K3,¢e3)
such that v; < wv; and vy < 3. Take K3 = K U K5. Since the union of two
compact sets is compact, K3 is compact. Put e5 = min{e;,e2}. Then for
vy := (K3, ¢e3), we have 1 < vz and vy < vs.

Define a net (S,) in such a way that for every index v take the corresponding
operator S, € A from (a). Then ||S,]| < A for all v and if v = (K, ¢), then
|Syz —z|| <eforall z € K.

Let us show that S, —, Ix uniformly on compact subsets of X. For any
compact subset Ky of X and for any gy > 0, take vy = (Ky,e0). If v =
(K,e) > vy, then Ky C K and

|S,x — x| <e<gy Va € Ky,
as wished.

The implication (b) = (c) is clear, because every one-element set is compact.

To prove (c¢) = (d), consider a finite subset M := {z1,...,2,} C X and
let ¢ > 0. Let (S,) be a net from (c). We can find v, such that if v > v,
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then [|S,xr — zil| < e, k=1,...,m (cf. the proof of Proposition [2.13)). Put
S =3.5,,. Then ||S|| < X and ||Sz — z| < e for all x € M.

To prove (d) = (e), let £ C X be a finite-dimensional subspace with a basis
{e1,...,en} and let € > 0. Then any x € F has a representation

m
r = E )\kek.
k=1

Since all norms are equivalent in a finite-dimensional normed space, there
exists ¢ > 0 such that

> I\l <cllz]| vaeE.
k=1

Let S € A with ||S]| < A be an operator from (d) such that
ISer —ex|| <efe, k=1,...m.

Then for any z € F, we also have
S(Yner) = Soven
k=1 k=1

<D llISer —erll <D IMele/e < el
k=1

k=1

m

Z /\k(Sek — ek)

k=1

1Sz — || =

To prove (e) = (a), let K C X be a compact subset and let ¢ > 0. According
to the Hausdorff theorem there exists a finite ¢ /(A+2)-net M := {x1,..., 2}
for K. Then for every x € K there exists x; € M such that

|z — x| <e/(A+2).
Put F =span M and § = ¢/ maxy, ||zx|| (A + 2). By (e), there is S € A with
|S]| < A such that ||Sz — x| < d]|z| for all € E. Hence,
1Sy — k|| <6 llakl| < e/(A+2)
for k=1,...,m. For any x € K, we have

|Sx — x| = ||Sx — Sxp + Sxy, — xp + 24 — 2|
< [SNHle = zpll + 1Sz — zp]l + [z — =]
<A/ A+2)+2/(A+2) =¢,

as wished. O
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To reformulate the A-bounded duality A-AP, one can apply Theorem
below.

Theorem 3.3. Let X be a Banach space and let A be a subset of L(X). Let
1 < A< oo. Then the following properties are equivalent.

(a) For all compact subsets K of X and L of X*, and for every e > 0 there
exists S € A with ||S|| < A such that ||Sz —z|| < e for all x € K and
|S*a* — x*|| < e for all x* € L.

(b) There exists a net (S,) C A satisfying ||S,|| < A for all v such that
Sy, =, Ix and S} —,, Ix+ uniformly on compact subsets of X and X*,
respectively.

(¢) There exists a net (S,) C A satisfying ||S,|| < A for all v such that
S, = Ix and S; —, Ix~ pointwise.

(d) For all finite subsets M of X and N of X*, and for every ¢ > 0 there
erists S € A with ||S]| < X such that ||Sz — z|| < ¢ for all x € M and
|S*a* — x*|| <€ for all z* € N.

(e) For all finite-dimensional subspaces E and F of X and X*, respec-
tively, and for every ¢ > 0 there exists S € A with ||S]| < X\ such
that ||Sz — z|| < e||z|| for all x € E and ||S*z* — z*|| < e||z*|| for all
x* e F.

Proof. The proofs are similar to the proofs in Theorem [3.2l We shall point
out only the main differences.

To prove (a) = (b), it is sufficient to consider the set of all triples v =
(K, L,e) where ¢ > 0, K C X and L C X* are compact subsets. A net (S,)
as in (b) can be constructed using the idea from the proof of the respective
implication in Theorem [3.2]

The implication (b) = (c) is clear.

To prove (¢) = (d), consider finite subsets M := {x,...,2,,} C X and
N :={xj,...,25} € X* and let ¢ > 0. Let (S,) be a net from (c¢). We can
find v, as in the proof of the corresponding implication in Theorem and
vp such that v, > v, and if v > v, then ||Siz* — 2*|| < ¢ for all z* € N.
Clearly, then also ||S,z — x| < ¢ for all x € M and v > v,. It sufficies to
put S =25,,.

To prove (d) = (e), let £ C X and F' C X* be finite-dimensional subspaces
with bases {e1,..., e} and {fi,..., fu}, respectively. Let € > 0. Take ¢ > 0
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as in the proof of the corresponding implication in Theorem and choose
d > ¢ such that

n

Sl <dlat|] Vot =Y mfi € F.

k=1 k=1
Let S € A with ||S]| < A be from (d) such that
||Sek’_ek|| S&‘/CL kzla"'vma

and
1S*fu — fill <e/d, k=1,...,n.

It is straightforward to verify that ||Sz —z| < e||z|| for all x € E and
|S*a* — a*|| < e||z*| for all 2* € F.

To prove (e) = (a), using the Hausdorff theorem, choose finite £/(\+ 2)-nets
M and N for given compact subsets K C X and L C X*, respectively. Put
E =span M, F =span N, and § = ¢/(max ey ||| + maxgen [|2*|) (A + 2).
Let S € A be a operator from (e) such that ||S]| < A, [|[Sx — x| < ¢ ||z for all
x € E and ||S*x* — z*|| < & ||«*| for all z* € F. Then ||Sz — z|| < e/(A+2)
for all x € M, and [|S*z* — z*|| < ¢/(A +2) for all 2* € N. It is easy to
verify that S satisfies condition (a). O

3.3 Reformulating bounded (duality) approxi-
mation properties of pairs

This section is based on [OT].

We begin with the following auxiliary Lemma[3.4] Its special case when X is
a Banach space was applied in the proof of [FJP, Lemma 1.5|. However, even
in this special case, we have not found its proof in the literature. Therefore,
we include a proof for completeness.

Lemma 3.4. Let X be a locally conver Hausdorff space. Let Y be a closed
subspace and F a finite-dimensional subspace of X. Then there exists a
continuous linear projection P on X such that ran P = F and P(Y) C Y.

Proof. 1. Let us consider first a particular case, assuming that FNY = {0}.
Let (x)}_, be a basis of F. Denote F,,, := span{xy : k # m}. Then Y + F,,
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is a closed subspace of X (see, e.g., [Rul, Theorem 1.42|) and z,,, ¢ Y + F,,.
Indeed, if z,,, € Y + F},,, then

where y € Y. Therefore,

n
Ty — Z e € FFNY.
k=1, km

Since F'NY = {0}, we have z,,, = > /| ;. A2y, which is a contradiction
with the linear independence of x4, ... x,.

According to a separation theorem (see, e.g., [Ru, Theorem 3.5]), there exist
continuous linear functionals f,,, m = 1,...,n, such that f,(z,) = 1 and
fmly+r, =0, in particular f,,|y = 0 and fi(2,,) = Ogm, k,m =1,...,n.

Define P: X — X by
Pr=>" fu(r)z.
k=1

Then, clearly, ran P C F. We also have F' C ran P because

Pl’m = ka(flfm)l’k = fm(l’m)xm =Ty, M= ]_’ R
k=1

Let us show that P is continuous. For that it is sufficient to show that
for any k& € {1,...,n}, the rank one operator f; ® xj is continuous. Fix
k€ {1,...,n}. Let P be a family of semi-norms generating the topology
of X. Recall that f; ® xx is continuous if and only if for each continuous
semi-norm ¢ on X, there exists a finite subset P’ of P and a number ¢ > 0
such that ¢((fx ® zx)x) < cmax{p(x) : p € P'} for all x € X (see, e.g.,
[SchW. p. 74]). Since fx is continuous, there is a finite subset P, of P and
cx > 0 such that |fi(x)| < ¢ max{p(z) : p € Py} for all z € X. Let ¢ be any
continuous semi-norm on X. Then for any x € X, we have

9((fx ® zr)x) = q(fr(x)r) = |fe(@)| q(zr) < cxqlar) max{p(z) : p € Py}

It suffices to put P’ = Py and ¢ = cpq(xy).

Since Pxj = a1, k =1, ...,n, we have P2 = P, i.e., P is a projection.
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For any y € Y, we also have

n n

Py = ka(y)ﬂfk = kzoxk =0,
=1

k=1
implying that P(Y) = {0} C Y.

2. Let us show that the general case can be reduced to the particular case
above.

We start by decomposing F' = (FNY)®G. Then (FNY)NG = {0} and
G NY = {0}. Hence, by the above, there exist continuous linear projections
@ and R on X such that ran@Q = FNY, Q(G) C G, and ranR = G,
R(Y) C Y. Define P =Q + R — RQ. Then P is continuous and linear, and
P(Y) CY (because ran@, R(Y) C Y).

Clearly, ran P C F. Let us show that ' C ran P. Notice that every f € F
has a unique representation f = y + g, where y € FNY and g € GG. Since
Qy =y and Rg = g, we have

Pf=(Q+R—-RQ)(y+g)=y+ Ry—Ry+Qg+g— RQg
=y+QRg+g— RQRg.

Notice also that QR = 0 (because Q(G) C (FNY)NG = {0}), implying
that
Pf=y+g=1

Therefore, ran P = F and P? = P. Hence, P is a continuous linear projection
on X, as desired. O

Let X be a Banach space and let Y be a closed subspace of X. Let 1 < \ <
0o. The A-bounded AP of the pair (X,Y’) and its duality version may be
equivalently expressed using Theorems [3.5and [3.6|below. The original notion
of A\-bounded AP of the pair (X,Y) in [FJP| was defined as condition (f) of
Theorem [3.5] The A-bounded duality AP of the pair (X,Y) was introduced
in [OT] as property (c) of Theorem [3.6] Note that we preferred to define the
notions through conditions (a).

Theorem 3.5 (cf. [FJP, Lemma 1.5]). Let X be a Banach space and let Y
be a closed subspace of X. Let 1 < X\ < oo. Then the following properties of
the pair (X,Y) are equivalent.

(a) For every compact subset K of X and for every ¢ > 0 there exists
S € F(X) with ||S|| < X such that S(Y) CY and ||Sx — z|| < e for all
x € K.



34 3. BOUNDED CONVEX APPROXIMATION PROPERTIES

(b) There exists a net (S,) C F(X) such that ||S,|| < X and S,(Y) C Y

for all v, and S, —, Ix uniformly on compact subsets of X.

(¢) There ezists a net (S,) C F(X) such that ||S,|| < X and S,(Y) C Y
for all v, and S, —, Ix pointwise.

(d) For every finite subset M of X and for every € > 0 there exists S €
F(X) with ||S]| < A such that S(Y) C Y and ||Sx — x| < e for all
xe M.

(e) For every finite-dimensional subspace E of X and for every e > 0 there
exists S € F(X) with ||S]| < X such that S(Y) C Y and ||Sz —z|| <
ellz|| for all z € E.

(f) For every finite-dimensional subspace E of X and for every e > 0 there
exists S € F(X) with ||S|| < A+ ¢ such that S(Y) C Y and Sx = x
forall x € F.

Proof. Let A ={S € F(X): S(Y) C Y}. The equivalence of (a) — (e) is
immediate from Theorem [3.2]

The implication (e) = (f) is proved in [FJP, Lemma 1.5]. We shall include a
proof for completeness. Let £ C X be a finite-dimensional subspace and let

e > 0. Using Lemma 3.4} choose a projection P € F(X) such that ran P = E
and P(Y) C Y.

Let § > 0 be such that § | P|| < e. By (e), there is T' € F(X) with ||T]] < A
such that T(Y) C Y and ||Tx — z|| < d||z| for all z € E.

Put
S=P+T-TP=P+T(Ix — P).

Then, clearly, S € F(X) and S is the identity on E. Also, S(Y) C Y because
Py,TyeY forallyeY.

Finally, let us observe that

IS =Tl = TP = P|| = sup [[TPr — Pz|| < sup §[|Pz|| =[P <e.

rEBx r€Bx

Hence, we have
ST < |17+ 1[5 =T < A+e.

To prove (f) = (e), let E C X be a finite-dimensional subspace and let ¢ > 0.
By (f), there is T' € F(X) with ||T']| < A+esuchthat T'(Y) CY and Tx =
for all z € E.
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Put S = AT/(A+¢). Then S € F(X), S(Y) CY and

ISl = M|T|| /(A +¢) < A

Notice that Sx = Az /(A +¢) for all € E. Hence, for any = € E, we have

1Sz — 2 = M +2) = 1l = /(A + ) [l < ],

as wished. O

Theorem 3.6. Let X be a Banach space and let Y be a closed subspace of
X. Let 1 < X\ < oo. Then the following properties of the pair (X,Y) are

equivalent.

(a)

(b)

()

(d)

(e)

For all compact subsets K of X and L of X*, and for every ¢ > 0 there
exists S € F(X) with ||S]| < X such that S(Y) C Y, ||Sz —z|| < ¢ for
al x € K and ||S*z* — x*|| < e for all z* € L.

There exists a net (S,) C F(X) such that ||S,]| < A and S,(Y) C Y
for allv, and S, —, Ix and S} —, Ix- uniformly on compact subsets
of X and X*, respectively.

There ezists a net (S,) C F(X) such that ||S,|| < X and S,(Y) C Y
forallv, and S, —, Ix and S} —, Ix~ pointwise.

For all finite subsets M of X and N of X*, and for every ¢ > 0 there
exists S € F(X) with ||S]| < X such that S(Y) C Y, ||Sz —z| < ¢ for
all z € M and ||S*x* — z*|| < e for all x* € N.

For all finite-dimensional subspaces E of X and F of X*, and for
every € > 0 there exists S € F(X) with ||S|| < X\ such that S(Y) C Y,
|Sz —z|| < e|lz|| for all x € E and ||S*z* —z*|| < e||z*| for all
x* e F.

For all finite-dimensional subspaces E of X and F of X*, and for every
e > 0 there exists S € F(X) with ||S]| < A+ e such that S(Y) C Y,
Sx=ux for allx € E and S*z* = x* for all x* € F.

Proof. The equivalence of (a) — (e) is immediate from Theorem [3.3] (in the
special case when A = {S e F(X): S(Y)CY}).

To prove (e) = (f), let £ C X and F' C X* be finite-dimensional subspaces
and let ¢ > 0. Using Lemma choose a projection P € L£(X) such that
ran P = F and P(Y) C Y. Look at X* endowed with its weak™ topology.
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Notice that Y+ is weak* closed. Indeed, let f € X* and let (f,) C Y be
a net converging to f in the weak* topology of X*, i.e., f, —, [ pointwise.
Then, for any y € Y, f(y) = lim, f,(y) = 0. Hence, f € Y+

Using Lemma again, choose a weak*-to-weak™ continuous linear projec-
tion R on X* such that ran R = F and R(Y*) C Y1. Then there exists
Q € L(X) such that R = Q* (see, e.g., [M, Theorem 3.1.11]).

Since Q*(Y+) C Y1, we have, by Lemma , QY)cCY.

Let 0 > 0 satisfy
(P + [ Ix — PIIQ]) < e.

According to (e), there is T € F(X) with ||T|| < X such that T(Y) C Y,
1Tz — x| <6 ||z| for all z € E and ||T*z* — z*|| < § ||z*|| for all z* € F.

Applying a perturbation argument inspired by [OPL proof of Lemma 1.2|, we
denote
S = IX + (IX - Q)(T—Ix)<IX — P),

ie.,

S=T+P-TP+Q—QT+ QTP —QP.

Then, clearly, S € F(X). Since Px =z, i.e., (Ix — P)x =0, forall z € E =
ran P and Q*z* = z*, ie., (Ix» — Q%)z* = 0, for all 2* € F = ranQ*, S
is the identity on FE and S* = Ix« + (Ix» — P*)(T* — Ix+)(Ix» — Q) is the
identity on F. Also, S(Y) C Y because Py, Ty, Qye Y forally € Y.

Finally, let us observe that
S=T+{Ux—-T)P—-Q(T —Ix)(Ix — P).
Let us also observe that

I(Ix = T)P|| = sup TPz — Pxl| < sup 4 ||Px| = 0[P

rEBx z€Bx
and
|Q(T — Ix)(Ix — P)|| < |lIx — P|| |Q(T — Ix)||
= |[Ix = P[| [(T" — Lx)Q"|
with

(T* = Ix-)Q"|| = sup [ T°Q"z" —Q"z*|| < sup 0[|Q"z7|

$*€Bx* ‘T*EBX*

=oQ I =alell
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Hence, we have

15 =T < [(Ix =T)P|| + [[Q(T = Ix)(Ix — P)|
<o(IP +[lix = PIHIQI) <€

and
IST<IT[[+ IS =T <A+e.

To prove (f) = (e), it is easy to verify that it suffices to take S as in the
corresponding implication in Theorem ]

Remark 3.7. The A-bounded duality AP of a Banach space X is usually
defined as the special case of either property (c) or (e) in Theorem when
Y = {0} (equivalently, Y = X). The equivalence of (e) and (f) in the context
of the A\-bounded duality AP of a Banach space X has been established in
[J1, Lemma 3] (see also, e.g., [S, Lemma 9.2]).

3.4 Describing bounded convex approximation
properties

This section is based on [OV1] V.

Let X be a Banach space. In [O2] Theorem 2.1|, Oja characterizes bounded
A-APs, in the special case when A is a component of an arbitrary operator
ideal (i.e., A = A(X,X), where A is an operator ideal), via elementary
functionals defined on A. However, by the proof of this theorem, A could
also be assumed to be a linear subspace of L(X) (see Theorem 3.8 below).

Recall that if A is a linear subspace of £L(X), 2** € X**, and z* € X*, then
an elementary functional x* ® z** : A — K is defined by the equality

(" @) (T) =™ (T*z"), T € A.
Clearly, z* ® x** € A* and ||z* @ ™| < ||z*]|| ||=**]|.

Theorem 3.8 (cf. [O2] Theorem 2.1|). Let X be a Banach space and let A
be a linear subspace of L(X). Let 1 < X < oco. Then

(a) X has the \-bounded A-approzimation property if and only if there
exists & € A™ such that ||| < X and

Q2" @ jxz) =2 (x) Vo e X*, Vo e X,
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(b) X* has the A\-bounded A-approzimation property with conjugate opera-
tors if and only if there exists ® € A** such that ||®|| < X and

O(z* @ ™) =a™(2") Vo' e X*, Vo™ € X™.

The following Theorem extends Theorem to bounded convex APs.
Its proof is inspired by the proof of [O2, Theorem 2.1]. In Theorem
3.9] we consider elementary functionals defined on £(X) and the duality

((L(X))™, (L(X))).
Theorem 3.9. Let X be a Banach space and let A be a bounded convex
subset of L(X) containing 0. Then

(a) X has the A-approzimation property if and only if there exists ® €
A°° C (L(X))*™ such that

O(z* ® jxz) =a"(x) Va* € X7, Vo € X

(b) X* has the A-approzimation property with conjugate operators if and
only if there exists ® € A*° C (L(X))™ such that

O(2* @a™) =™ (x%) Va*r e X*, Vo™ e X,

Proof. First, notice that jx)A " is bounded whenever A is. In fact,

j[;(X)Aw* C AB(z(x))= whenever A C AB.(x). Indeed, take S € jg(x)Aw ,
then there exists a net (S,) C jrx)A C ABz(x))=- such that S, —, S in the
weak™ topology of (L(X))*, i.e., pointwise. Therefore, for any f € (L(X))*,
we have

1Sl =

lim S, f

= lim [S, f| <sup [[S,|[ IFl < Al

Hence, ||S]| < A, i.e., S € AB((x))=, as needed.

For the “only if” part, consider a net (S,) C A. For (a) assume that S, —, Ix
pointwise, and for (b) assume that S¥ —, Iy- pointwise.

Since jrx)A " is bounded and weak* closed, by the Banach—Alaoglu theo-
rem (see, e.g., [DuS, Corollary V.4.3]), it is weak* compact. We also have
(JexySy) C jex)A C A " After passing to a weak™ converging subnet,
we may assume that there exists a weak™ limit of (S,). Take ® to be equal
to that weak™® limit. Then we have

(I)f = 11£Hf<sl/)7 f € (‘C(X)>*a



3.4. DESCRIBING BOUNDED CONVEX APS 39

¢ e (L(X))™, and ® € jyx)A y By the bipolar theorem (see, e.g., [SchW!,
Theorem 1.5]),

w*

A% = conv(je(x)AU {0})
Since A is convex and contains 0,

w*

A% = jrx)A
Therefore, ® € A*°.
In the case (a), we have
o2 @ jxw) = lim(e" @ jxx)(Sy) = lim(jx2)(Spz") = lim(S;2")(2)

= limz*(S,z) = «*(lim S,z) = 2™ (x),

for all z* € X* and x € X. In the case (b), we have
Q" @a™) = liin(x* ® ™) (S,) = lign r(Shat) = x**(liin Sra*)
= (@),
for all z* € X* and 2™ € X™**.

For the “if” part, let & € A°°. Then, by the bipolar theorem, ® € jL(X)Aw*.
Hence, there exists a net (S,) C A such that j(x)S, —, ® in the weak™*
topology of (£(X))**. In particular, for any z* ® 2** € (L(X))*,

lim 2™ (S;x*) = lim(z* ® 2™)(95,) = ®(z* @ ™),

and for any z* ® jxz € (L(X))%,

hin(S:x*)(a:) = li,{n(x* ® jxx)(S,) = ¢(2* ® jxx).

In case (z* ® jxx) = 2*(x), as in (a), we have

limz*(S,z) = im(Sz")(x) = ¢(2" ® jxx) = z*(x),

v v

meaning that S, —, Iy in the WOT on £(X). By passing to convex combi-
nations, we may assume that S, —, Ix in the SOT on £(X), i.e., pointwise.

Hence, by Theorem [3.2] X has the A-AP.

In case ®(z* ® z**) = ™ (x*), as in (b), we have

lim 2™ (S)z*) = ¢(z* @ ™) = 2™ (x¥),
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meaning that S} —, Ix- in the WOT on £(X*). By passing to convex
combinations, we may assume that S} —, Ix« pointwise. Hence, by Theorem
X* has the {S* : S € A}-AP, i.e., X* has the A-AP with conjugate
operators. ]

Remark 3.10. Notice that if A is a linear subspace of £(X) and AN ABgx)
is considered in the place of A in Theorem then it reduces to Theorem
Indeed, in this case, by the Goldstine theorem, j;(x)A is weak™® dense
in A**. Thus, by the bipolar theorem, A°° = A*. We have ® € (AN
)\Bﬁ(x))oo C A°° = A*. On the other hand, (A N )\Bg(x))oo C )\(BE(X))OO
and A(Bg(x))° = AB(g(x))«. Therefore, [|®] < A.

Application of Theorem [3.9is a lifting result for metric convex approximation
properties from a Banach space, with the unique extension property, to its

dual space (see Section [5.5).

In the case of bounded convex approximation properties, the following result
is useful. For instance, it shows that “X* has the A-AP with conjugate
operators” in Theorem 3.9 (b) can be replaced with “X has the duality A-AP”.

Proposition 3.11. Let X be a Banach space and let A be a conver subset
of L(X) containing 0. Let 1 < X\ < co. Then the following properties are
equivalent.

(a) X has the A-bounded duality A-approximation property.

(b) X* has the A-bounded A-approximation property with conjugate opera-
tors.

(¢) There exists a net (S,) C A such that

limsup||S, || < A

and
r(Spa*) =, 2™ (z) Vot e X, Vo™ e X

In the proof of this proposition, we shall need the following simple lemma.

Lemma 3.12. Let X be a Banach space and let A be a conver subset of
L(X) containing 0. Let 1 < X\ < oco. Then X has the A\-bounded duality
A-approzimation property if and only if X has the (A + €)-bounded duality
A-approximation property for all € > 0.
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Proof. The “only if” part is obvious and holds for any subset A C £(X).

For the “if” part, let us show that condition (d) of Theorem holds. For
that, let M C X and N C X* be finite subsets. Let ¢ > 0. Put § =
e/(A 4+ max,en ||z]] + maxgen ||2*||). Then (A + ||z||) < e for all z € M
and 0(\ + ||z*]|) < e for all z* € N. By assumption (and Theorem (d)),
there is T' € A with ||T']] < A+ 4§ such that |Tx — z|| < 6 for all z € M and
|T*z* — x*|| < ¢ for all z* € N.

Put S = (A/(A+9))T. Then S € A because A is convex and contains 0.
Clearly, ||S|| < A. For any z € M,
1Sz =z = [[(A/ (A + )Tz — x| = [MT2 — ) — ozl /(A +0)
STz =zl + ozl < 0(A+ [lz]]) <e.

Similarly, for 2* € N, we have
50" — & = [+ O)T"a" — o' < 5(A+ [la*]]) < e.

as wished. O

Proof of Proposition[3.11 The implications (a) = (b) = (c) are obvious
((b) = (c) holds thanks to Theorem [3.2] (c)). Notice that these hold for any
subset A C L(X).

To prove (¢) = (a), we shall show that X has the (A + €)-bounded duality
A-AP for all ¢ > 0. Then, by Lemma [3.12] condition (a) holds.

Let (S,) C A be a net from (c). Notice that

limsup||S, ]| < A

is equivalent to the fact that for every € > 0 there exists v. such that if
v > v, then ||S,| < A+ e. By assumption, (S,),>,. converges to Ix« in the
WOT on L£(X*). By passing to convex combinations, we may assume that
S* —, Ix« in the SOT on L£L(X*), i.e. pointwise. In such a case, S, —, Ix
in the WOT. By passing to convex combinations again, we may assume that
S, —, Ix pointwise. By Theorem , X has the (A 4 ¢)-bounded duality
A-AP.

Hence, X has the (A + ¢)-bounded duality A-AP for all € > 0. O

Remark 3.13. Let A be a convex subset of £(X) containing 0. Consider the
following statements.
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(a) X has the duality A-approximation property.
(b) X* has the A-approximation property with conjugate operators.
(c) There exists a net (S,) C A such that

N (Sx") =, o™ (2") Vat e X7, Vatt e X

Notice that then the implications (a) = (b) = (c) hold (even when A C
L(X) is just a subset). However, the implication (¢) = (a) does not hold in
general. Indeed, in the particular case when A = F(X), condition (c) holds
in every Banach space (see Proposition below), but there exist Banach
spaces without the AP and for these spaces the statement in (a) is false.

Proposition 3.14. Let X be a Banach space. Then there exists a net (S,) C
F(X) such that

r(Spa*) =, ™ (x) Vot e X7, Vo™t e X

Proof. Consider a set of all couples v = (F,¢), where F' C X* is a finite-
dimensional subspace and € > 0, directed in the natural way. Fix v = (F)¢).
By the Auerbach lemma (see, e.g., |[Pi, B.4.9]), there exists a projection
P, € F(X*) such that ran P, = F. Using the version of the principle of
local reflexivity, according to which finite-rank operators on a dual space are
“locally conjugate”, (see, e.g., [OPL Theorem 2.5]), we can find S, € F(X)
such that ran S} = ran P, and S}z* = P,x* for all #* € F'. Notice that then
S» —, Ix- pointwise. Indeed, let z* € X* be arbitrary. For ¢y > 0, put
v = (span{z*},e0). Now, if v = (F,e) > 1, then 2* € span{z*} C F and
e < ep. We have S’z* = P,a* = z*, implying that ||Siz* — 2*|| = 0 < &, as
wished. O

3.5 Duality of bounded approximation proper-
ties of pairs

This section is based on [OT].

Let X be a Banach space. Let 1 < A < co. By the well-known Enflo-James—
Lindenstrauss result (see, e.g., [LT1, p. 34]), the metric AP of X does not
imply the AP of the dual space X*. However, if X* has the A-bounded
AP, then also X has the same property. This result is essentially due to
Grothendieck (proved in |G, Chapter I, p. 180] for the metric AP), but its
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essence resides in the following important result due to Johnson [J1] (see,
e.g., |[C, Proposition 3.5] or [S, Proposition 9.8]).

Theorem 3.15 (Johnson). Let X be a Banach space. Let 1 < X\ < oco. If
X* has the \-bounded approximation property, then X* has the \-bounded
approximation property with conjugate operators.

Theorem follows easily from the version of the principle of local reflexiv-
ity (see, e.g., [CL Proposition 3.5]), according to which finite-rank operators
on a dual space are “locally conjugate” (see, e.g., [OPL Theorem 2.5]). We
shall include a proof.

Proof. Let F C X* be a finite-dimensional subspace and let ¢ > 0. By
Theorem (f), it is sufficient to show that there is S € F(X) with ||S|| <
A + e such that S*z* = z* for all * € F. By assumption (and Theorem
B.5 (f)), there is T € F(X*) with ||| < XA + /2 such that Tz* = 2* for
all z* € F. Then, by [OP, Theorem 2.5|, there exists S € F(X) such that
S| = IT||| <e/2and S*z* = Tx* forall 2* € F. Hence, ||S|| < ||T||+¢/2 <
A+ e and S*zx* = x* for all 2* € I, as wished. ]

Remark 3.16. Already in the special case when A = KC(X), the notions “A-AP
with conjugate operators” and “A-AP” for the dual space differ. Grenboek
and Willis showed in [GW| Example 4.3] that there exists a Banach space
with its dual space having the bounded IC(X)-AP, but failing the K(X)-AP
with conjugate operators. Therefore, in general, Theorem [3.15] cannot be
extended to A-APs.

Consider the following duality conditions.

(a) (X,Y) has the A-bounded AP.
(a*) (X*, Y1) has the A-bounded AP.
According to the discussion in the beginning of this section, the implication

(a) = (a*) does not hold in general. But the implication (a*) = (a) holds
for an arbitrary X in the particular case when Y = {0} (or Y = X).

Proposition 3.17. If X is a reflexive Banach space, then conditions (a) and
(a*) are equivalent.

Proof. We shall describe the A\-bounded APs of pairs using the criterion (c)
in Theorem [3.5
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To prove (a) = (a*), let (S,) C F(X) be such that ||S,]| < Aand S,(Y) C Y
for all v, and S, —, Ix in the SOT on L£(X). We have S¥* = S, for
all v (because X is reflexive), implying that S¥* —, Ix« in the SOT on
L(X*). In that case S} —, Ix+ in the WOT on L£(X*). By passing to
convex combinations, we may assume that S} —, I in the SOT on £(X*),
i.e., pointwise. Clearly, (S}) C F(X*) and ||S}]] = [|S,|| < A for all v. Also
for any v, Si(Y+) C Y (because S,(Y) C (Y)). Therefore, (X*,Y"1) has
the A-bounded AP.

For (a*) = (a), notice that if (X*,Y*) has the A-bounded AP, then, by
the implication (a) = (a*), (X**, Y1) has the A\-bounded AP. Since X is
reflexive, we have X** = X and Y14 = (Y1), =Y. Hence, (X,Y) has the
A-bounded AP. O

Concerning Proposition [3.17} it may be added that, by [LisOlL Corollary 5.3,
the AP of a pair (X,Y) is always metric whenever X is reflexive.

It is natural to say that the pair (X*, Y1) has the A\-bounded approzimation
property with conjugate operators if X* has the A-bounded {S € F(X) :
S(Y) C Y}-AP with conjugate operators. The principal result of this section
is as follows (see also Theorem [3.21]).

Theorem 3.18. Let X be a Banach space and let'Y be a closed subspace of
X. Let 1 < X\ < oco. The pair (X*, Y1) has the \-bounded approximation
property if and only if (X*, Y1) has the \-bounded approzimation property
with conjugate operators.

Theorem extends Theorem from X* to (X*, Y1), showing that the
implication (a*) = (a) holds in full generality.

Let X and Y be Banach spaces. The following Lemma will concern
some structure of Banach spaces of integral operators considered as dual
spaces of the space F(X,Y) of finite-rank operators. We shall use Lemma
3.19 (or, more precisely, its Corollary in the proof of the “only if” part
of Theorem It uses the canonical identifications (F(X))* = Z(X*, X*)
and (F(X*))* = Z(X*, X***) from Theorem [2.10]

Lemma 3.19. Let X be a Banach space and let Y be a closed subspace of
X. Denote

R={Re F(X):RY)CY}

and
S={SeFX*):80" vyt
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and consider R and St as subspaces of T(X*, X*) and Z(X*, X***), respec-
tively. If T € T(X*, X*) is such that T € R*, then jx-T € S*.

Proof. Let T € R+, i.e., (R, T) = 0 for every R € R. We have to show that
(S,jx+T) = 0 for every S € §. Suppose that S € S, i.e,, S € F(X*) and
S(Y+) c Y+, Consider a representation of S

n

where (z})P_, C X* and (23%)p_, C X™.

Since Y is a linear subspace of X*, Y is algebraically complemented. This
means that there is a linear subspace W of X* such that X* = W @ Y,
ie, X* =W +Y+tand WNYL = {0}. Thus, for every z* € X* there is
a unique representation z* = w + y*, where w € W and y*~ € Y*. Since
xh = wy + yi, where wy, € W and yi- € Y4, we have S = S + Sy, where

S = Zx}z* ®wy, and Sy = sz* ® yr.
k=1 k=1

Note that ranS; C W. Let (wg)j~; C W be an algebraic basis of ran S;.
Then there is a system (Z;*)7, C X** such that

Si=) @,
k=1
(see, e.g., [FHH'L p. 203]). Let x* € Y+ be arbitrary. Since S(Y+) C Y,
Sa* = S1a* 4 Sea” = Z (") wy, + Z o (2 ) yr € Y,
k=1 k=1

implying that
>z (a)w, € WNY' = {0},

k=1

Since 1wy, . .., W, are linearly independent, it follows that z;*(x*) = 0 for all

k=1,...,mand for all z* € Y, ie., (z;*)F, C Y14

Let us consider the canonical isometry I : Y+t — Y**  defined by
(Iy*H)(y*) = yt(z*), where y* € Y*, ¢yt € Y and 2 € X* is
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an arbitrary extension of y* (see, e.g., [M, Proposition 1.11.14]). Then
(Izp*)7, C Y** and, by Theorem [2.10, we get

(S, jx+T) = (S1,jx=T) + (S2, jx+T)

(- D) (@) (77 + (- T) (i) (27)

k=1

(Twy) —1—295 (Ty;)

I
NE

x~
Il
—_

[
Ms

e
Il
—

[
Ms

(IZ2)(Twgy ) +Za: (Tyd).

B
Il

—
w
H

Denote y;* = Izy* € Y* and y; = Twi|y € Y*, and choose elements
ye € Y, k = 1,...,m, such that y;*(y;) = vi(yx). Also choose z;, € X,
k=1,..n, such that x (Tyk) (Ty)(z). (Such elements exist. Indeed,
let Z be a normed space, z* € Z*, z* € Z** and denote a := z**(z*). If
a = 0, then a = z*(z) for z = 0. If a # 0, then there is w € Z such that
b:= z*(w) # 0. Take z = ab~'w. Then a = ab™'b = ab™'2*(w) = 2*(2).)
Using elements y;, and zy, define

R::Zwk®yk+2y,§®azk GJ—"(X)

k=1 k=1

Then R(Y) C Y, because for every y € Y,

Ry =" w@)ys+ D v (w)ox = > wr(y)ye €Y.
k=1 k=1 k=1

Hence, R € R and therefore (R,T) = 0. On the other hand,

(R,T) =Y (Tw)(ye) + (T (xx) = Z (U +Zx (Tyi)

k=1 k=1
=Dy ) + D (Tyr) = > _(Iz7)(Taly) + Zx (Tyy)
k=1 k=1 k=1 k=1
:< 7jX*T>
Hence (S, jx+T) = 0, as desired. O

Recall from Section that there exists a natural isometric embedding J :
Z(X*, X*) — Z(X*, X**) defined by JT = jx-T for T' € Z(X*, X*).
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Corollary 3.20. Let R and S be as in Lemma[3.19, and let
JI(X* XN RE — IT(X*, X*) /S
be defined by )
J(T+RY)=JT+8 T eI(X*X"),

where J @ T(X*, X*) — Z(X*, X**) is the natural isometric embedding.
Then J is a well-defined operator, Hj” < 1, and Jg = qoJ, where
@ I(XH X)) = I(X* X)) /RE and qp - T(X*, X**) — IT(X*, X**) /St
denote the quotient mappings.

Proof. Notice that since, by Lemma J(RY) C 8%, the definition of J is
correct. Indeed, if T}, Ty € Z(X*, X*) are such that T} + R+ = To +R*, then
T1 — T2 c ’R,L. It follows that J(Tl - TQ) S SL, i.e., JT1 —FSL = JT2 —FSL.

Clearly, J is linear. Also, we have ¢oJ = Jq;. Indeed, for any T € Z(X*, X*),
(@2)(T) = (JT) = JT + 8" = J(T+RY) = J(aT) = (Ja )(T).

It follows that B )
17 = 1T || = llaa T < 1] =1,

as wished. O

Proof of Theorem[3.18 The “if” part of Theorem is clear because if
S(Y) CY, then S*(Y+) Cc Y.

To prove the “only if” part,let R={Re F(X): RY)CY}and S={S €
F(X*): S(Y+) C Y} be as in Lemma [3.19]

Assume that the pair (X*, Y1) has the A-bounded AP. This is the same
as the A\-bounded S-AP of X*. According to Theorem (a), there exists
® € §** such that ||®|| < A and

Q(z™ ® jx-x*) = 2™ (2") Var € X7, Vo™ € X,

Since R C F(X) and § C F(X*), R* and S* are isometrically isomor-
phic to (F(X))*/R* and (F(X*))*/S*, respectively (see, e.g., [M, Theorem
1.10.16]). Hence, under the canonical identifications (see Theorem [2.10]), R*
and S* are isometrically isomorphic to Z(X*, X*)/R* and Z(X*, X***)/S+,
respectively. Let r : R* — Z(X*, X*)/R* and s : Z(X*, X**)/S+ — §*
denote the corresponding isometric isomorphisms.

Let iy : R — F(X) and 45 : S — F(X*) be the identity embeddings and let
@ (X", X*) = Z(X*, X*) /R and qp : Z(X*, X*™*) — Z(X*, X**) /St
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denote the quotient mappings (as in Corollary [3.20)). Then, under canonical
identifications (see Theorem [2.10), we have i} = r~'q; and i} = sqo.

Define ¥ : R* — K by ¥ = ®s.Jr, where J is the operator from Corollary
3.20,. Then the diagrams

R* v K ® S*
I(X*, X*)/R* J T(X*, X*+) /St
q1 q2
I(X* X*) J T(X*, X**)

commute, U € R*™ and ||V < ||Q < A
Let z* € X* and 2** € X**. We shall show that V(z* @ ™) = ™ (a*).

Denote f := 2* ® 2™ € R*. Then f(R) = 2™ (R*z*) for all R € R. Notice
that if f := 2" ® #* € Z(X*, X*) is a rank one operator, then (R, f) =
o™ (R*z*) for all R € F(X). Indeed, let R = >} 2y ® z; € F(X) be
arbitrary. Then R* = >} | z; ® z} and we have

(R, f) = Z (fz})(zk) Za:** (xg)z" (zx) <Zx Tp)T )
k=1

Hence, f(R) = f(i1R) = it f(R) for all R € R, implying that f = i{f =
rqf.

Now denote g := 2™ ® jx-x* € S§* and consider the rank one operator
G =" ® jx-a* € T(X*, X**). In this case, we have ¢g(5) = (S*a**)(z*) =
x**(Sz*) for all S € S and (S,g) = «™(Sz*) for all S € F(X*). Hence,
g(S) = g(ixS) = i5g(S) for all S € S, implying that g = i5g = s¢ag.

Therefore, since g = jy-f and ®(g) = 2**(z*), we get

U(z*@a™) =U(f) =V qf) = (sJrrqf) = O(sJq f)
= ®(sqa ] f) = P(squix f) = P(sg29) = ®(g)
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According to Theorem [3.8] (b), X* has the A\-bounded S-AP with conjugate
operators, i.e., (X*, Y1) has the \-bounded AP with conjugate operators. [J

Using Proposition [3.11], we may reformulate Theorem as follows.

Theorem 3.21. Let X be a Banach space and let Y be a closed subspace of
X. Let 1 < )\ < co. The pair (X*, Y1) has the M\-bounded approzimation
property if and only if the pair (X,Y) has the A\-bounded duality approzima-
tion property.

Remark 3.22. The version of Theorem stating that the pair (X*, Y1)
has the AP if and only if the pair (X,Y) has the duality AP, was essentially
established in [LisOl Proposition 5.11]. The proof in [LisO] uses the principle
of local reflexivity (see Theorem [4.1)). Also the special case of Theorem
when Y is of finite codimension, can be proved using the principle of
local reflexivity. We could not figure out how to use the principle of local
reflexivity, even in its most sophisticated form (see [Behl| or, e.g., [OP]
Theorem 2.4]), to prove Theorem In [O5] Corollary 4.2], an alternative
proof was given to Theorem [3.18] The proof is based on a new version of the
principle of local reflexivity, also established in [O5].

Remark 3.23. If X* or X** has the Radon—Nikodym property, then |[LisOl
Proposition 5.11] states the following: if (X*,Y") has the AP, then (X,Y)
has the metric duality AP (cf. Remark [3.1).

Let us conclude this section with applications to the lifting of the A-bounded
AP from (X,Y) to (X*, Y1) in some special cases.

In [FJP, Corollary 1.3], Figiel, Johnson, and Petczyniski proved that if X is
a Banach space, q - X — Z is a quotient map, and dimker ¢ < oo, then the
A-bounded AP of X implies the same property of Z. Note, that their proof (a
straightforward one, which only uses condition (f) of Theorem actually
yields the following auxiliary result.

Lemma 3.24 (see the proof of [FJP, Corollary 1.3]). Let X be a Banach
space and let Y be a finite-dimensional subspace of X. Let 1 < A < oo. If X
has the A-bounded approximation property, then also the pair (X,Y) has the
A-bounded approximation property.

Proof. We shall present a proof for completeness. Let F' C X be a finite-
dimensional subspace. Then F := Y + F'is also a finite-dimensional subspace
of X. By assumption, the pair (X, X) has the A\-bounded AP. Hence, by
Theorem (f), for every € > 0 there exists S € F(X) such that ||S| <
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A+ e and Sx = z for all z € E. Hence, we also have S(Y) C Y (because
Y C E). Therefore, by Theorem the pair (X,Y) has the A-bounded AP,
as wished. O

The equivalence of conditions (a) and (c) below was established in [FJP.
Proposition 1.6]. We can complement this result as follows, providing also
an alternative proof for the implication (a) = (c).

Theorem 3.25 (cf. [FJP, Proposition 1.6]). Let X be a Banach space and
let 1 < X\ < oo. Then the following conditions are equivalent.

(a) The dual space X* has the A-bounded approzimation property.

(b) The pair (X*, Y1) has the \-bounded approzimation property for every
finite-codimensional closed subspace Y of X.

(¢) The pair (X,Y) has the A\-bounded approzimation property for every
finite-codimensional closed subspace Y of X.

Proof. Since Y is a finite-dimensional subspace of X*, the implication (a) =
(b) is immediate from Lemma The implication (b) = (c) is clear
from Theorem because, obviously, the A-bounded duality AP of the pair
(X,Y) implies its A\-bounded AP. The implication (¢) = (a) is proved in
|[EJPL, Proposition 1.6]. ]

Finally, let us mention that, as a by-product, we have the following slight
complement to [F.JPL Corollary 1.4 (i)], asserting that if the dual space X*
has the A-bounded AP, then all finite-codimensional closed subspaces Y of X
and their dual spaces Y* have the \-bounded AP.

Proposition 3.26. Let X be a Banach space and let Y be a finite-codimen-
stonal closed subspace of X. Let 1 < A\ < oo. If X* has the A-bounded
approzimation property, then all spaces Y+, X* /YL Y* (X/Y)*, X, Y and
X/Y have the A-bounded approximation property.

Proof. By [EJPL Corollary 1.2|, the A-bounded AP of a pair (Z, W) implies
that Z, W and Z/W all have the same property. According to Theorem
[3.25] both pairs (X*,Y*) and (X,Y) have the A\-bounded AP. Hence, Y+,
X*/Y+, X, Y, and X/Y all have the \-bounded AP. Since the dual spaces
Y* and (X/Y)* are naturally isometric to X*/Y = and Y1, respectively, Y*
and (X/Y)* also have the A-bounded AP. O
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In general, the bounded AP cannot be lifted from a closed subspace Y of X
to the pair (X,Y). Indeed, let X be a Banach space without the AP and
Y a finite-dimensional subspace of X. Then Y has the metric AP (because
Iy € F(Y)), but (X, X) does not have the AP. Hence, the pair (X,Y") also
cannot have the AP, in particular, it fails the metric AP.

In [EJP, Proposition 1.8|, it was shown that in the special case when the
closed subspace Y of X has finite codimension, then the A-bounded AP of Y
implies that (X,Y’) has the 3A-bounded AP.

Also, in general, the bounded AP cannot be lifted from the quotient space
X/Y to (X,Y). Indeed, let X be a Banach space without the AP. Let
f € X* be any non-zero functional. Put Y = ker f. Notice that then
dim X/Y = 1. Indeed, since (X/Y)* is isometrically isomorphic to Y+ (see,
e.g., [M, Theorem 1.10.17]) and ran f* = (ker f)*, we have dim(X/Y)* =
dim(ker f)* = 1. Hence, dim X/Y = 1. It follows that X/Y has the metric
AP. By the discussion above, the pair (X,Y") fails the metric AP.

The following question is still open (see [FJP, Problem 6.1]). If X, Y, and
X/Y all have the bounded AP, then does the pair (X,Y) have the bounded
AP?






Chapter 4

Principle of local reflexivity
respecting nests of subspaces and
the nest approximation properties

In this chapter, we establish versions of the principle of local reflexiv-
ity which respect nests of subspaces. We prove a rather far-reaching
extension of the Ringrose theorem on nests. We also extend a du-
ality result on approximation properties of pairs from [LisO] and its
bounded version from Chapter (3| to the context of nest approximation
properties. Criteria of the nest approximation properties from [FJ3]
are applied to obtain criteria of the duality nest approximation prop-
erties in the spirit of Grothendieck. This chapter is based on [OV2].

4.1 The principle of local reflexivity

The principle of local reflexivity (PLR) states that the bidual X** of a Banach
space X and the space X itself are “locally almost the same”. Theorem
below seems to be the most well-known and widely used version of the PLR.

Theorem 4.1 (PLR in [IRZ]). Let X be a Banach space. For all finite-
dimensional subspaces E of X** and F of X*, and for every € > 0 there
exists a one-to-one operator T € F(E,X) such that ||T|, T < 1 +e,

23
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Tx =z for all z € X NE, and z*(Tx*) = a**(a*) for all x** € E and
zrel.

The PLR was discovered by Lindenstrauss and Rosenthal [LR] in 1969. It
was improved by Johnson, Rosenthal, and Zippin [JRZ| in 1971. Since then,
many new proofs, refinements, and generalizations of the PLR have been
given in the literature (see, e.g., [Beh2]| and [OP] for results and references).
For instance, there is a version of the PLR for Banach lattices due to Conroy
and Moore [CoM|, and Bernau |[Ber], revisited in [LisO|. Recently, with the
aim to study the APs of pairs, a PLR respecting subspaces was established
by Oja in [O5].

We shall propose some versions of the PLR that respect given nests of sub-
spaces so that these could be applied to the nest APs; see Theorems
[4.11] and in Section These theorems will be based on Lemma
our main PLR lemma, which we shall prove in Section The main
PLR lemma, in its turn, will essentially use (through Lemma a rather
far-reaching extension of the Ringrose theorem (see Theorem [4.3)), which is
established in the following section.

4.2 Extension of the Ringrose theorem on nests

Let X be a Banach space. Let A be a nest of subspaces of X containing {0}.
For Y € N, we define the subspace Y_ of X as follows. If Y # {0}, then

Vo= J{HeN:HCY H#Y},

and if Y = {0}, then Y_ = {0}.

We start by recalling the Ringrose theorem on nests from the 1960s (see [Er,
Lemma 2 (this is Lemma 3.3 in |[Ri]) and Theorem 1|).

Theorem 4.2 (Ringrose). Let N be a complete nest of closed subspaces of
a Hilbert space H. Denote R={Re€ H® H: R(G) C G VG € N'}.

(a) Let R =1x®y be a rank one operator. Then R € R if and only if there
is a subspace G in N such that x € (G_)*, the orthogonal complement

of G_, and y € G.

(b) Let R € H® H be an operator of rankn > 0. If R € R, then R can be
written as the sum of n operators of rank one, each belonging to R.
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Theorem 4.2/ has been extended from the Hilbert space case to more general
settings of Banach spaces (see [FJ3] for related references) and even of topo-
logical vector spaces (see [Sp, Lemma 1 and Theorem 2|). To prove our main
PLR lemma (Lemma , we need the following far-reaching extension of
the Ringrose theorem.

Theorem 4.3. Let X and Y be Banach spaces. Let G be a nest of subspaces
of X* containing {0} and let Ng = {Vi : G € G} be a nest of closed subspaces
of Y containing Y. Assume that Ng is closed under arbitrary intersections

and Ng is increasing on G. Denote R = {R € X®Y : R(G) C Vg VG € G}.

(a) Let R =1z ®uy be a rank one operator. Then R € R if and only if there
is a subspace G in G such that x € (G_), and y € Vg.

(b) Let R € X ®Y be an operator of rankn > 0. If R € R, then R can be
written as the sum of n operators of rank one, each belonging to R.

Proof. The proof will be modelled after the proof of [FJ3| Lemma 1].
(a) For the “only if” part, assume that x ® y € R. Denote

Vo = ﬂ{VH:yEVH} ENg.
Heg

(Such a G € G exists because Ng is closed under intersections.) Clearly,
(VRS Vg.

If G = {0}, then G_ = {0} and (G_), = X. Hence, z € (G_),. Let
G # {0}. If + € (G_)., then there is H € G such that H C G, H # G,
together with h € H such that h(z) # 0. Therefore, as Ny is increasing, we
have Vg C Vg and Vg # V. Since 2 ® y € R, (x ® y)h = h(z)y € Vg,
implying that y € Vp, because h(x) # 0. Hence, Vi; C Vy, which is a
contradiction with Vi C Vi and Vg # V. Therefore, x € (G_),.

For the “if” part, assume that there exists G € G such that z € (G_), and
y € Vi. Let us show that then 2 ® y € R, ie., (r®y)(H) C Vy for every
HeG Let He G. If G C H, then y € V. Hence, (z ® y)h = h(z)y € Vi
for every h € H. f H C G, H # G, then H C G_ and, as x € (G_),, we
have h(xz) =0 for every h € H.

(b) We shall proceed by induction on the rank of operators. The rank one
case is clear. Suppose that the claim is true for operators of rank n — 1 > 1.

Let R € R and let dimran R = n. Denote

FH = SraanVI-D Hega
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and

Heg

(Such a G € G exists, because Ny is closed under intersections.) Let us show
that Fg # (). Observe that

Fo=(WFu:Fy#90, Heg}.

Observe also that the family {Fy : Fy # 0, H € G} of closed subsets of
Sian g has the finite intersection property, because, by Proposition its
finite subfamilies are nested. Therefore, since Sa, g is compact, Fg # 0.

Let y; € Fi. Extend {y;} to a basis {y1,...,y,} for ran R. Then there exist
r1,...,T, € X such that

k=1

Let us show that 27 € (G_),. If G = {0}, then (G_), = X and 21 € (G_) .
Let G # {0}. If 1 & (G_),, then there is H € G such that H C G, H # G,
together with h € H such that h(x;) # 0. We have Vi C Vg, Vg # Vg,
because Ny is increasing. On the other hand, as R € R, Rh € Vy. And
since h(x1) # 0, by the linear independence of yy, ..., y,, we have

Rh =" h(zp)ye # 0.
k=1

Hence, Fy # () implying that Vi C Vi, which is a contradiction with Vi C
Ve and Vg # V. Therefore, z; € (G_) .

Since z; € (G_), and y; € Vi, by (a), 21 ® y; € R. Therefore, we see that
the rank n — 1 operator

Zxk®yk:R—x1®y1€R.
k=2

By the induction hypothesis, z; @ yr € R also for all £ = 2,... n, as wished.
O

Corollary 4.4. Let X and Y be Banach spaces. Let G be a nest of subspaces
of X containing {0} and let Ng = {Vs : G € G} be a nest of closed subspaces
of Y as in Theorem[f.3 Denote R ={R € F(X,Y): R(G) C V& VG € G}.

(a) Let R = z* ® y be a rank one operator. Then R € R if and only if
there is a subspace G in G such that z* € (G_)* and y € Vg.
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(b) Let R € F(X,Y) be an operator of rankn > 0. If R € R, then R can

be written as the sum of n operators of rank one, each belonging to R.

Proof. Recall that, algebraically F(X,Y) = X* ® Y. Hence, we have R =
{Re X*®Y : R(G) C Ve YG € G}. Notice that if we consider G as a nest of
subspaces of X** = (X*)*, then the assumptions of Theorem 4.3 are satisfied.
We also have (G_); = {z* € X* 1 2*(z) =0 Vr € G_} = (G_)t C X* for
any G in G. The assertions (a) and (b) immediately follow from Theorem

4.3l O

Corollary below is a well-known Banach space version of the Ringrose
Theorem [4.2] Tt is immediate from Corollary

Corollary 4.5 (cf. [EJ3] Lemma 1]). Let X be a Banach space. Let N be
a nest of closed subspaces of X containing {0} and X. Assume that N is
closed under arbitrary intersections. Denote R = {R € F(X) : R(Y) C
Y VY e Y.

(a) Let R = x* ® « be a rank one operator. Then R € R if and only if
there is a subspace Y in N such that * € (Y_)* andx €Y.

(b) Let R € F(X) be an operator of rank n > 0. If R € R, then R can be

written as the sum of n operators of rank one, each belonging to R.
If we specify Corollary for the nests containing only one non-trivial ele-
ment, then we have the following result.
Corollary 4.6 (see [FJ2, Lemma 2.1]). Let X be a Banach space and Y a
closed subspace of X. Denote R ={R e F(X): RY)CY}.

(a) Let R = x* ® x be a rank one operator. Then R € R if and only if
either x* € Y+ orz €Y.

(b) Let R € F(X) be an operator of rankn > 0. If R € R, then R can be

written as the sum of n operators of rank one, each belonging to R.

Proof. Denote N := {{0},Y, X}. Then the nest N clearly satisfies the as-
sumptions of Corollary [4.5land R = {R € F(X): R(Z) C Z VYZ € N'}.

(a) For the “only if” part, let R = x* ® = be a rank one operator such that
R € R. By Corollary [4.5]

(1) z* € ({0})* = {0} = X* and = € {0},
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or

(2) zre (Y )P ={0}t =X*andz €Y,
or

(3) e (X )t=Ytand x € X.

Condition (1) cannot hold because R has rank one. Therefore, we have either
z* €Yt orxz €Y, as wished.

For the “if” part, let R = x* ® x be a rank one operator such that either
2* €Y+ or z € Y. First, let us consider the case when z* € Y+ and z € X
is arbitrary. Then 2* € (X_)* (cf. condition (3)). Since X € N, it follows
from Corollary [£.5] (a) that R € R. Now, let us consider the case when z € Y
and z* € X* is arbitrary. Then we have z* € (Y_)* (cf. condition (2)) and
thus, by Corollary (a), R € R. The assertion (b) immediately follows
from Corollary {4.5] (b). O

4.3 The Main PLR Lemma

Let V be a nest of closed subspaces of a Banach space X. Recall the following
condition (from Proposition [2.7)):

( ﬂ Y) — ﬂ Y++ for every non-empty subfamily A7 of N. (%)
YeEN! Yen'

Lemma 4.7 (Main PLR Lemma). Let X and Y be Banach spaces. Let G be
a nest of subspaces of X* containing {0} and let Ng = {Vo: G € G} be a
nest of closed subspaces of Y containing Y. Assume that Ng is closed under
arbitrary intersections, Ng is increasing on G, and Ng satisfies condition ().
Let T € X @ Y™ be such that T(G) C Va+ for all G € G. Then there exists
a net (T,) C X ®Y satisfying T,(G) C Vi for all v and for all G € G such
that

AN = (171,
2° Try* —, T*y* for all y* € Y™,

3° T,x* —, Tx* for all those x* € X* for which Tx* € Y.
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The proof of Lemma [4.7] will use Lemma [4.8] below (this is an extension of
Lemma for nests), which in its turn uses Theorem [4.3] the extension of
the Ringrose theorem.

Lemma will use the canonical identifications (X ® Y)* = Z(X,Y™*) and
(X @ Y™)* =Z(X,Y™) due to Grothendieck (see Theorem [2.10)).

Lemma 4.8. Let X and Y be Banach spaces. Let G and Ng = {Vs : G € G}
be nests of subspaces of X* and of closed subspaces of Y, respectively, as in
Lemma[{.7 Denote

R={ReX®Y :R(G)CVy VG € G}

and

S={SeX@Y*™:5(G)cCVst VG e g},

and consider R and St as subspaces of Z(X,Y™) and T(X,Y*™), respec-
tively. If T € Z(X,Y™) is such that T € R*, then jy-T € S*.

Proof. We start by showing that Theorem is applicable to the pair of
nests G and Ng+ = {Vgz+ : G € G}. Since Ny is a nest that contains Y and
is increasing on G, by Lemma ./\fgLL is a nest of closed subspaces of Y **
that contains Y** and is increasing on G. By Proposition ./\/'gLL is also
closed under arbitrary intersections.

Let T € R, ie., (R, T) = 0 for every R € R. We have to show that
(S,jy+T) = 0 for every S € S. By Theorem (b), it is enough to show
that (z ® y**, jy+T) = 0 for every x ® y** € S.

Let z@y*™* € S be arbitrary. Then, by Theorem [4.3|(a), there is a subspace G
in G such that z € (G_), and y** € V#+. Consider the canonical isometry
I : Vgt — Vg* defined by (Ivtt)(v*) = vt (y*), where v+ € Vi+ and
y* € Y* is an arbitrary extension of v* € V3. Then Iy™ € V3* and we have
y(Tz) = (Iy™)(Txlvg)-

Choose v € Vg such that (Iy*™)(Tz|y,) = (Tx|v,)(v). (Such an element v
exists. Indeed, let Z be a normed space, z* € Z, z** € Z**, and denote
a:=z"(z%). If a = 0, then a = z*(v) for v = 0. If a # 0, then there is w € Z
such that b := 2*(w) # 0. Take v = ab~'w; then a = z*(v).)

Put R = 2 ® v. Then, by Theorem 4.3 (a), R € R and therefore (R, T) = 0.
On the other hand,

(R, T) = (Tx)(v) = (Iy™)(Tlvg) =y (Tx) = (z @ y™, jy-T).

Hence, (z ® y**, jy+~T) = 0, as desired. O
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Let Y be a closed subspace of a Banach space X. In the special case when
G =Ng :={{0},Y, X} in Lemma [£.§ it reduces to the following.

Corollary 4.9. Let X be a Banach space and let Y be a closed subspace of
X. Denote
R={Re F(X):RY)CY}

and

S={SeF(X,X"):S(Y)C Y},

and consider R+ and St as subspaces of Z(X*, X*) and Z(X*, X***), respec-
tively. If T € Z(X*, X*) is such that T € R+, then jx-T € S*.

Proof. Notice that since algebraically F(X) = X* ® X and F(X, X™) =
X*®@ X*™, we have R={Re€ X*® X : R(G) C Vg VG € G} and § =
{S € X*@ X* : S(G) C Vi+ VG € G}, where G = Ng(= {Vs : G €
G}) = {{0},Y, X} (because {0} = {0} and X+ = X**). Clearly, Nz
is a complete nest (because it is finite and contains {0} (= X*) and X*
(= {0}*)). Hence, by Corollary 2.9 Ng satisfies (x). If we consider G as a
nest of subspaces of X**, then the assumptions of Lemma [4.8| are satisfied.
The assertion is immediate from Lemma [4.8 O

Proof of Lemma[{.74 Thanks to Lemma [4.8] the proof is close to part (a) of
the proof of [O5, Lemma 2.1]. We shall include a proof for completeness.

Let J: Z(X,Y*) — Z(X,Y*™™) be the natural embedding defined by JA =
jy=Afor A € I(X,Y™) (see Section 2.3)). Let R and S be as in Lemma
Then, by Lemma [4.8] J(R*) C S*. This implies that the operator

JI(X,Y*) /R — I(X, V™) /S,

given by
JA+RY) =JA+ S, AcI(X,YY),

is well defined. Moreover, (similarly to the proof of Corollary [3.20) it is easy
to verify that ||J|| <1, and Jg; = goJ, where ¢, : Z(X,Y™) — Z(X,Y*)/R*+
and ¢y : Z(X,Y**) — Z(X,Y**) /S denote the quotient mappings.

Since R and S are linear subspaces of X ® Y and X ® Y**, respectively, the
duals R* and S8* are canonically isometrically isomorphic to (X ® Y)*/R*
and (X ® Y**)* /S, respectively. Hence, under the canonical identifications,
R* and 8* are isometrically isomorphic to Z(X,Y*)/R*+ and Z(X,Y***)/S+,
respectively. Let r : R* — Z(X,Y*)/R* and s : Z(X,Y***) /St — S* denote
the corresponding isometries.
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Define ® : R* — S* by ® = sJr. Then the diagrams

R* 2 S
I(X,Y*)/R* / I(X,Y*) /St
q1 q2
Z(X,Y") J Z(X,Y")

commute and, clearly, ||®] < 1.

Let T be the given operator. Then 7" € S C §** and ®*(T) € ||T|| Bg+. By
the Goldstine theorem, there exists a net (7,) C ||T'|| Br converging weak*
to ®*(7T). Therefore, (T,) C X ® Y is a net such that, for every v, we have
IT,|| < ||IT|| and T,(G) C Vg for all G € G. Moreover, if for every z* € X*
and y* € Y, we consider 2" ® y* € R* and 2* ® jy-y* € S*, then

e (Ty) = (T, 2" @y") = (2" ©y", &(T)) = (T, (z" @ y))
This means that 7)) — T*|y~ in the WOT on L(Y*, X).

For 1° — 3°, we shall use a convex combination argument as in the proof of
[OP], Lemma 1.1]|. After passing to convex combinations, we may assume that
T — T*|y« in the SOT on L(Y™*, X) (see Proposition 2.15)), i.e., Ty* —,
T*y* for all y* € Y*. Hence, T, converges to T in the WOT on L(T~}(Y),Y).
After passing to new convex combinations, we may assume that 7, x* —, Tz*
for all z* € T~!(Y"). Therefore, we have 2° and 3°. Since limsup,, ||T,| < ||T||
and, by 2°,

7)) = tim |73 < linf |73y " € V™,

we have ||T'|| < liminf, |7, ||, implying 1°. O
4.4 Versions of the principle of local reflexivity
respecting nests of subspaces

It was proved in |O5] by Oja (see [O5, Theorems 1.3 and 3.1]) that finite-rank
operators between dual spaces are “locally conjugate” and respect a given pair
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of subspaces. Theorems and below are versions of this result for a
pair of nests of subspaces.

Theorem 4.10. Let X and Y be Banach spaces. Let U be a nest of closed
subspaces of X containing {0} and let Ny = {Viy © U € U} be a nest
of closed subspaces of Y containing Y. Assume that Ny is closed under
arbitrary intersections, Ny is increasing on U, and Ny satisfies condition
(%). Let S € F(Y* X*) satisfy S(Vi7) C Ut for all U € U. Then there
erists a net (T,) C F(X,Y) satisfying T,(U) C Vi for all v and for all
U e U such that

AT = 1151,
2° Try* —, Sy* for all y* € Y™,
3° Trra™ —, S*x*™* for all those ™ € X** for which S*z** € Y.

Proof. Since F(Y*, X*) is algebraically the same as Y** ® X*, we have S €
Y* @ X* and thus S* € X* @ Y**. We also have S*(U*) C Vi++ for all
Uel.

We shall apply Lemma[d.7to S*. For that take G = U+ == {U+ : U e U}.
Then G is a nest of closed subspaces of X** and {0} = {0}* is in G. Take
Ng = Ny. By Lemma 2.6 there is a bijective correspondence between U and
U+, where U corresponds to U+*. Therefore, we may assume that A, is
indexed by U+, i.e.,

Ng = {Vy : U € G}

Then N is a nest of closed subspaces of Y containing Y, Ng is closed under
arbitrary intersections, and Ng satisfies condition (x). Also, Ng is increasing

on G.

Lemma produces a net (S,) C X* ® Y which, considered as a net in
F(X*,Y), satisfies the following: S, (U++) C Vi for all v and for all U € U,
ISu = I1S*]] = |IS|l, Siy* —, S™y* = Sy* for all y* € Y*, and S, 2™ —,
S*x** for all those z** € X** for which S*2™ € Y. On the other hand,
X*®Y = F(X,Y), so that if we take T, = S,|x € F(X,Y), then T)* = S,
for all v. Therefore, 1° — 3° hold and T,(U) C Vy for all v and for all
Uel. O

Theorem 4.11. Let X and Y be Banach spaces. Let U and Ny = {Vy :
U € U} be nests of closed subspaces of X and Y, respectively, as in Theorem
. Let S € F(Y*, X*) satisfy S(Vit) C UL for allU € U. If K and L are
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compact subsets of X** and Y™, respectively, and € > 0, then there exists an
operator T € F(X,Y) satisfying T(U) C Vi for all U € U such that

1T =115l <e,
2° ||T*y* — Sy*|| < e for all y* € L,

3° || T — S*a™|| < e for all those x** € K for which S*z** €Y.

Proof. Let (T,) be the net from Theorem Since ||T,|| —, |IS||, we
can choose vy such that ||7,| — ||S]|| < € whenever v > 1. Hence, the
net (7,),>,, is bounded. Since the pointwise convergence of bounded nets of
operators is uniform on compact sets (see Proposition 2.13), we have (T}), >y,
and (7)%*),>,, converging uniformly on L and K, respectively. Therefore, we

v

can find v > vy such that 1° — 3° hold for T":=1T,,. O

Remark 4.12. If the nests in Theorems and contain only one non-
trivial element (i.e., Y = {{0},U, X} and Ny = {{0},V,Y}, where U and
V' are closed subspaces of X and Y, respectively), then these special cases
of Theorems and are contained in [O5, Theorem 3.1| and in [O3]
Theorem 1.3|, respectively.

In |O5, Theorem 1.2], it was proved that finite-rank operators between bidual
spaces are “locally biconjugate” and respect a given pair of subspaces. A
version of this result for a given pair of nests of subspaces is as follows. Its
special case, when the nests contain only one non-trivial element, is contained
in [O5, Theorem 1.2].

Theorem 4.13. Let X and Y be Banach spaces. Let U be a nest of closed
subspaces of X containing {0} and let Ny = {Viy © U € U} be a nest
of closed subspaces of Y containing Y. Assume that Ny is increasing on U,
Nt is closed under arbitrary intersections, and U+ is closed under closures
of arbitrary unions. Let S € F(X**,Y**) be such that S(U+) C Vi for
allU e U. If K and L are compact subsets of X** and Y™, respectively, and
e > 0, then there exists an operator T € F(X,Y) satisfying T(U) C Vi for
allU € U such that

TN = 1Sl < e,

2° ™ (T*y*) — (Sz™)(y*)| < e for all x** € K and y* € L.

Proof. To prove the theorem, we shall apply Theorem twice.
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First of all, notice that there is clearly no loss of generality to assume that
K C Byxs+ and L C By-. Indeed, assume that Theorem holds for all
compact subsets Ky C By« and Ly C By+, and for all 5 > 0. Let us show
that then the assertion of Theorem holds for any compact subsets K C
X** and L C Y*, and for any ¢ € (0,1). Put g9 = /(1 + maxgcx ||2**] +
maxy-¢cp, ||[y*||). Then gg < 1, g ||z|| < 1 for all z € K, and & ||y*|| < 1 for
all y* € L. There exists an operator 7' € F(X,Y) satistfying T(U) C Vi for
all U € U such that |||T|| — ||S]|]| < €3 and |2**(T*y*) — (Sz**)(y*)| < &§ for
all z** € e¢gK C Bk and y* € ¢gL. C Bp. Clearly, 1° holds. Also, for any
" € K and y* € L, we have

g0 |2 (Ty") — (Sz™)(y")| = leox™ (T" (coy")) — (S(e0z™))(20y")] < &5,

implying that
27 (Ty") — (S2™)(y")| < 20 < <.

Hence, 2° holds.

We start by applying Theorem to S € L((X*)*,(Y*)*). Notice that
N and Ut are nests of closed subspaces of Y* and X*, respectively. Let
us show that we can take Nj; and U~ in the roles of U and Ny, of Theorem

4.11], respectively.

We have {0} = Y+ € Aj; and X* = {0}* € U*. Since Ny is increasing
on U, U is increasing on Ny, But this, via Lemma means that U* is
increasing on Aj;. Since U1 is closed under closures of arbitrary unions,
by Proposition , Ut is closed under arbitrary intersections and satisfies
condition (x).

An application of Theorem to S yields R € F(Y*, X*) such that
R(VF#) c Ut for all U € U, |||R]| — ||S]|| < €/2 and ||R*x** — Sz**|| < /2
for all z** € K.

Notice that U and Ny, together with R € F(Y*, X*) satisfy the assumptions
of Theorem Indeed, since N+ is closed under arbitrary intersections,
by Proposition Ny, is closed under arbitrary intersections and satisfies
condition (*). Now an application of Theorem to Ryields T € F(X,Y)
such that T(U) C Vi forall U e U, || T|| — || R||| < €/2 and || T*y* — Ry*|| <
e/2 for all y* € L.

Hence, 1° and 2° hold. O]

Remark 4.14. The assertions of Theorems and hold whenever N;; =
{V : U € U} is a nest of closed subspaces of Y, which is increasing on U
and such that the nest N is complete. If, moreover, U+ is complete, then
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also the assertion of Theorem [K.13] holds. These conditions are satisfied in
the special case when U and Ny, are finite nests, having the same number of
elements and both containing {0} and the whole space (see also Corollary

2.9).

4.5 Duality of nest approximation properties

The following result extends Johnson’s Theorem (see Section from
APs to nest APs. Notice that in the special case when N' = {Y'}, where Y
is a closed subspace of a Banach space X, Theorem below reduces to
Theorem

Theorem 4.15. Let X be a Banach space and let N be a nest of closed
subspaces of X satisfying condition (). Let 1 < A < co. Then (X,N) has
the A-bounded duality approzimation property if and only if (X*, N't) has the
A-bounded approximation property.

Proof. The “only if” part is clear, because if S(Y) C Y, then S*(Y+) C Y.

For the “if” part, consider the set of all couples v = (L, ), where L is a finite
subset of X* and & > 0, directed in the natural way. Since the pair (X*, N't)
has the A-bounded AP, there exists a net (7,,) C F(X*) with ||7,] < A for
all v such that T, (Y1) C Y+ for all v and for all Y € N, and

|T,x* —x¥|| <e/2 Va* € L.

By enlarging N, if necessary, we clearly may assume that A contains {0}
and X. We also may assume that N is closed under intersections. Indeed,
let A be a non-empty subfamily of A/. Then, using condition (%) twice, we
have

T;(( N Y)u) :Tj( N Y“) c(mythHc v+

YeN’ YeN! YeN’ YeN’
11
YeN!

Hence, by Lemma [2.5

n((nr))e(ny)
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Now, for every operator T,, € F(X*), by Theorem [4.11] there is an operator
S, € F(X) such that S,(Y) C Y forallY € N, ||S,|| < A +¢, implying that

limsup |15, ]| < A

and
|Sia* — T,x*|| < e/2 Vz* € L.

Hence,
|Sta™ — || < ||Skax” — T, x| + || Tue* —x*|| <e Va* € L,

implying that Sjz* —, * for all z* € X*. Indeed, let 2* € X*. For a given
go > 0 take vy = ({2*},20). f v = (L,e) > vy, then z* € L and ¢ < ¢, and
we have

ISz — x*|| < e < ey,

as needed. Therefore,
r(Spr") =, ™ (2") Vat e X*, Vot e X

By Proposition [3.11, X has the A-bounded duality {S € F(X) : S(Y) C
Y VY € N'}-AP, i.e., the pair (X, N) has the A-bounded duality AP. ]

Next we shall also extend [LisOl, Proposition 5.11| from APs of pairs to nest
APs (see Theorem [£.16). In the special case when N' = {Y'}, where Y
is a closed subspace of X, Theorem below reduces to [LisO, Propo-
sition 5.11], providing an alternative proof to it. The original proof of
|[LisOl Proposition 5.11] relied on the classical PLR and was quite techni-
cal. Let us mention that we cannot figure out how the classical PLR could
be used to prove Theorem Our proof uses the canonical identification
(L(X),7.)" = X*®,X, due to Grothendieck [G], where 7. denotes the (lo-
cally convex) topology on L£(X) of uniform convergence on compact subsets

of X (see Section [2.4).

Theorem 4.16. Let X be a Banach space and let N be a nest of closed
subspaces of X satisfying condition (x). Then (X, N') has the duality approz-
imation property if and only if (X*,N'1) has the approzimation property.

Proof. Similarly to Theorem the “only if” part is clear.

For the “if” part, consider the set of all couples v = (L,¢), where L is a
compact subset of X* and ¢ > 0, directed in the natural way. As in the
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proof of Theorem [£.15] using Theorem we can find a net (S,) C F(X)
such that S,(Y) C Y for all v and for all Y € N, and S —, Iy in the
topology 7. Indeed, since the pair (X*, N'*) has the AP, there exists a net
(T,)) € F(X*) such that T,(Y+) C Y for all v and for all Y € A/, and

|T,x" — x| <e/2 V" € L.

Enlarging N, if necessary, we may assume (as in the proof of Theorem
that A and T, satisfy the assumptions of Theorem .11} Hence, for 7, €
F(X*), by Theorem there exists S, € F(X) such that S,(Y) C Y for
all Y € NV, and

|Sia™ — T,a*|| <e/2 Vz* € L.

Now, for any compact subset Ly of X* and any ¢ > 0, take vy = (Lo, &¢). If
v=(L,e) > 1y, then Ly C L and ¢ < gy, and we have

|Ska™ —a*|| < ||Ska™ — T,x™|| + ||Tyx" —2¥|| <e <egy Va* € Ly.

Therefore, S} —, Ix~ in the topology 7., as wished.

Hence, S} —, Ix+ = I% in the weak topology of the locally convex space
(L(X*),7.), meaning that

(S — I v) Zx —I)xt) =, 0
forall v =377 2" ® 2} € X*®,X* (= (L(X*),7.)*). But then
(S, — Ix,u) Zxk ((S, — Ix)axy) =, 0

forall u =), 2f Quy € X*®,X, meaning that S, —, Ix in the weak
topology of (L£(X), 7.). After passing to convex combinations, we may assume
that S, —, Ix in the topology 7. (see, e.g., [Day, Theorem 2, p. 46]). Hence,
the pair (X, V) has the duality AP. O

In view of Corollary from Theorems and [4.16] we immediately get
the following.

Corollary 4.17. Let X be a Banach space and let N be a nest of closed
subspaces of X. If the nest N+ is complete, then the assertions of Theorems

and hold.
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Let us also spell out the corresponding result for finite nests (cf. Remark
4.14).

Corollary 4.18. Let X be a Banach space and let N be a finite nest of closed
subspaces of X. Then the assertions of Theorems and [{.16] hold.

Remark 4.19. If X* or X** has the Radon-Nikodym property, then Theorems

and [4.16, and Corollaries and state that the pair (X, N) has the
metric duality AP if and only if the pair (X*,N*) has the AP (cf. Remark

5).

4.6 Criteria of the nest approximation proper-
ties in the spirit of Grothendieck

Let X be a Banach space. Recall the “condition de biunivocité”, a criterion
of the AP, established by Grothendieck in his memoir |G, Chapter I, p. 165].

(AP). Ifu € X*®,X is such that u(X) = {0}, then traceu = 0.

By Grothendieck [G] (see, e.g., [Ry, p. 74| or |[LT1, p. 32|), a Banach space
X has the AP if and only if condition (AP) holds.

The main result of the recent paper by Figiel and Johnson [EJ3, Theorem
2.1] provides a criterion of the nest AP. The authors call it “the dual version
of the statement that (X, ') has the AP” (see [FJ3, p. 569]), and it refines
the dual form of the AP for the pair (X,Y"), where Y is a closed subspace of
X, from |[FJ2, Theorem 2.2|. The Figiel-Johnson theorems are formulated
in terms of nuclear operators under the hypothesis that X has the AP. The
proof of [FJ3, Theorem 2.1| (using also Corollary shows the following
result. We shall include a proof for completeness.

Theorem 4.20 (cf. [FJ3, Theorem 2.1]). Let X be a Banach space. Let N
be a nest of closed subspaces of a Banach space X containing {0} and X.
Assume that N is closed under arbitrary intersections. Then (X, N') has the
approximation property if and only if the following condition holds.

(APy). Ifu € X*®,X is such that a(Y) C Y_ for allY € N, then traceu = 0.
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Proof. For the “only if” part, assume that the condition (AP,r) does not hold.
Then there exists u € X*®,X,

k=1
where (z}) C X*, (z) C X, and Y o0 [|lz%]| |7x]| < oo such that @(Y) C Y
for all Y € NV, but
trace u = Zx}i(zk) =a#0.
k=1

Since, algebraically, (£(X),7.)* = X*®,X (see Section 2.4), we have

= ixZ(Sxk), S e L(X).

Hence,
(Ix,u) = traceu = a.

By assumption, there exists a net (S,) C F(X) such that S,(Y) C Y for all
v and for all Y € NV, and S, —, Ix in the topology 7.. Hence, S, —, Ix in
the weak topology of the locally convex space (£(X), 7.), meaning that

<SU —IX,U> —y 0.

Let us show that (S,,u) = 0 for every v. By Corollary any S, can be

written as .
SV = Z ?JZ & Yk,
k=1

where m is a rank of S, and for each k € {1,...,m} there is Y € N such

that yp € (Y,) and y, € Y. In particular, 4y, € Y_ and, by Proposition
L yr € (Y_)*. It follows that for any k € {1 .,m},

Therefore,
Sua U Z yk ® Yk, U 07
k=1

implying that
(S, — Ix,u) = (S,,u) — (Ix,u) =, —a#0,
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which is a contradiction with

<S,/ — [X,U> — 0.

For the “if” part, assume that (X, ') does not have AP. Then

Ix¢ {REFX):RY)CY VY e N}".

According to a separation theorem, there exists u € (£(X),7.)" = X*®, X,
such that (Ix,u) = traceu = 1 and (R, u) = 0 for every R € F(X) for which
R(Y) CY for all Y € N. In particular, by Corollary [4.5] for any Y € N,

(v @y,u) =0 Vy* € (Y_)", Yy €Y.

Let us show that @%(Y) C Y_ for all Y € N. Consider a representation of u

oo
u = E Ty @ Tp,
k=1

where (27) C X*, (z) C X, and > 27, [|a}| [lzk]| < co. For any Y € N, we
have

v (ay) = y*(ZxZ(y)xk): (y*@y,u) =0 YyeY, Vy e (Y.)"
k=1

Hence, @iy € (Y_)*), =Y_forally € Y and Y € N, as wished.

By condition (APy), traceu = 0, which is a contradiction with traceu =
1. ]

Clearly, in the special case when N' = {{0}, X'}, condition (AP ) reduces to
(AP), because X_ = {0}.

Let us spell out Theorem for the finite nests.

Corollary 4.21 (cf. [EJ3| Corollary 1]). Let X be a Banach space. Let
N ={Y1,...,Y,} be an n-element nest of closed subspaces of X containing
{0} and X. Assume that {0} =Y, C Yo C--- CY, = X. Then (X,N) has
the approzimation property if and only if the following condition holds.

If u € X*®,X is such that U(Yyui1) C Yy for m = 1,...,n — 1, then
traceu = 0.

Proof. This is an immediate corollary because (Y,11)_ = Y, =Y,, form =
l,...,n—1and (Y;)_ = {0} = Y;. O
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Remark 4.22. In the special case when ' = {{0},Y, X'}, where Y is a closed
subspace of X, Corollary reduces to [[FJ2, Theorem 2.2|, stating that
the AP of the pair (X,Y) is equivalent to the condition: if u € X*®,X is
such that (X)) C Y and a(Y) = {0}, then traceu = 0.

Our goal is to present a criterion of the duality nest APs in the same spirit.
We shall rely on Theorems and

Let NV be a nest of subspaces of X containing X. For Y € N, we define the
subspace Y, of X, the “dual version” of Y_, as follows. If Y # X, then

Yo=({HeN:Y CH, Y +H},
and if Y = X, then Y, = X.

Theorem 4.23. Let X be a Banach space. Let N be a nest of closed sub-
spaces of X containing {0} and X. Assume that N is closed under closures
of arbitrary unions and satisfies condition (x). Then (X, N') has the duality

approximation property if and only if the following condition holds.
Ifu € X**®,X* is such that a(Y*) C (Y,)* for allY € N, then traceu = 0.

Proof. Since N satisfies condition (*), by Theorem [£.16} the pair (X, \) has
the duality AP if and only if the pair (X*, ") has the AP. By Proposition
2.7, Nt is closed under arbitrary intersections because A is closed under
closures of arbitrary unions. Also At contains {0}(= X1) and X*(= {0}1).
Hence, from Theorem [4.20) we see that the AP of (X*,N'*) is in its turn
equivalent to the condition in Theorem whenever (Y1)_ = (Y,)* for all
Y € N. But this is indeed the case. If Y # X, then N' :={H e N': Y C
H, Y # H} is a non-empty subfamily of N (because N contains X). Since
N satisfies condition (), by Remark [2.8] we have

W:W:(ﬂ H) (V)

HeN’ HeN’

IfY = X, then (Y1)_ = {0} = X+ = (v;)4. O

For finite nests, the corresponding criterion of the duality nest AP is as
follows.

Corollary 4.24. Let X be a Banach space. Let N = {Y1,...,Y,} be an
n-element nest of closed subspaces of X containing {0} and X. Assume that
{0} =Y1CcY,C---CY,=X. Then (X,N) has the duality approzimation
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property iof and only if the following condition holds.
Ifu € X*®,X* is such that a(Y,y) C Y;b., form = 1,...,n — 1, then
traceu = 0.

Proof. This is an immediate corollary because (Y,,)y = Y41 for m =
I,...,n—1and (V}), = X =Y. O

Taking N' = {{0},Y, X}, where Y is a closed subspace of X, the following
criterion of the duality AP for pairs is immediate from Corollary

Corollary 4.25. Let X be a Banach space and let Y be a closed subspace
of X. Then (X,Y) has the duality approzimation property if and only if the
following condition holds.

Ifu € X*®,X* is such that a(X*) C Y+ and a(Y+) = {0}, then traceu =
0.



Chapter 5

Lifting bounded convex
approximation properties from
Banach spaces to their dual
spaces

In this chapter, we study the lifting of bounded convex approximation
properties from a Banach space to its dual space in some special cases.
We show that for such a lifting rather weak forms of the principle of
local reflexivity and the extendable local reflexivity are sufficient. It
is also shown that such a lifting is possible whenever the dual space
already enjoys a weaker bounded convex approximation property. We
also complement and extend some results from [GS2, [(02]. This chap-
ter relies on [OV1)], IOV2, V].

5.1 Lifting of the bounded convex approxima-
tion property and the related local reflex-
ivity

Let X be a Banach space. Starting from the seminal paper [JRZ| by Johnson,

Rosenthal, and Zippin, cases when bounded APs can be lifted from X to its

dual space X* have been studied, for instance, in [EJ1] [GS2, [J2, KW [LisO],
O1) [02]. By an important result, due to Johnson and Oikhberg [JO], such a

73
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lifting is possible when X is extendably locally reflexive (see Theorem [5.2)).

Definition 5.1. A Banach space X is A-extendably locally reflexive (ELR)
if for all finite-dimensional subspaces £ C X** and F' C X*, and for all
e > 0, there exists T € L(X™) such that T(F) C X, ||[T| < A+ ¢, and
o (Tx*) = a**(2*) for all ** € E and x* € F.

The ELR was discovered by Rosenthal and studied by Johnson, Oikhberg,
and Rosenthal in [JO] and [OR]. The next theorem is proved in [JO, Theorem
3.1 (1)]; for its quantized version, see [OR) Theorem 3.13].

Theorem 5.2 (Johnson—Oikhberg). If a Banach space X is \-extendably
locally reflexive and has the p-bounded approximation property, then X* has
the Ap-bounded approrimation property.

The proof in [JO] relies on the PLR (see [O2, Corollary 3.13] for an alternative
proof which does not use the PLR). The method of the proof in [JO| seems to
suggest that the PLR for Banach lattices and the PLR respecting subspaces
could be used for the lifting of the positive bounded AP and of the bounded
AP of pairs, respectively. Since these APs are special cases of the convex AP,
a question arises about a unified approach to lifting results in the framework
of convex APs.

We introduce the following general forms of the ELR and the PLR. In Theo-
rem [5.6] we shall see that these rather weak forms of the ELR and the PLR
are sufficient for the lifting of different bounded APs from Banach spaces to
their dual spaces.

Definition 5.3. Let X be a Banach space and let C' be a subset of £(X**).
Let 1 < A < oco. We say that X is A-extendably locally reflexive of type C' if
for all finite-dimensional subspaces £ C X** and F C X*, and for all ¢ > 0,
there exists T € C with ||T'|| < A+ ¢ such that T(F) C X and

|z*(Tx™) — 2™ (x¥)| < e Va** € Sg, Vz* € Sk.

Notice that if C' and D are subsets of £(X**) such that C C D and X is
M-ELR of type C, then X is \-ELR of type D. The M-ELR of a Banach
space X clearly implies the A-ELR of type £(X**). More examples will be
presented in the following sections.

Definition 5.4. Let X be a Banach space, let A and B be subsets of £(X)
and L(X™*), respectively. We say that the principle of local reflexivity of type
B — A holds in X if for all T' € B, for all finite-dimensional subspaces £ C
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X* and F C X*, and for all £ > 0, there exists S € A with ||S|| < ||T|| + ¢
such that

|(Tx™)(2") — 2™ (S*z")| < e Va™ € Sg, Va* € Sp.

The PLR of type B — A means that the operators on X** of “type B” are
“locally” of “type A” on X.

Examples 5.5. The following assertions are true.

(1) By the PLR (see [JRZ, the proof of Theorem 3.3] or, e.g., [OP, Theorem
2.5]), in every Banach space X, the PLR of type F(X**) — F(X)
holds.

(2) Let X be a Banach space and let Y be a closed subspace of X. By the
PLR respecting subspaces (see [O5, Theorem 1.2]), the PLR of type
{T e FIX™):T(YH) c Y} - {Se F(X): S(Y) C Y} holds in
X.

(3) Let X be a Banach space and let A/ be a nest of closed subspaces of
X such that the nest N+ is complete. By Theorem the PLR
of type {T' € F(X*) : T(Y*) c YH VY e N} — {S € F(X) :
S(Y)CY VY € N} holds in X.

(4) In every Banach lattice X, the PLR of type F(X*™*), — F(X); holds
(see Corollary [5.20)).

(5) Let A be a subset of £(X). Trivially, in every Banach space X, the
PLR of type {5 : S € A} — A holds (even for £ = 0).

Theorem 5.6. Let X be a Banach space. Let A be a convex subset of L(X)
containing 0. Let B and C be subsets of L(X**) such that {S™ : S € A}oC C
B. Let 1 < M\ u < oo. Assume that the principle of local reflexivity of type
B — A holds in X. If X is X-extendably locally reflexive of type C' and has
the p-bounded A-approzimation property, then X has the Ap-bounded duality
A-approzimation property.

Proof. By Proposition [3.11] (¢), it suffices to construct a net (R,) C A such
that limsup, || R,| < A and

rH(Ryx") —, 2™ (2") Vot e X*, Vo™ e X,

Consider the set of all v = (E, F,¢), where E C X™ and FF C X* are
finite-dimensional subspaces and ¢ > 0, directed in the natural way. Since
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X is A-ELR of type C, for every v, there exists an operator T, € C with
IT,|| < A+ e such that T,(F) C X and

|z*(T,z™) — a™ (2*)| < e V2™ € Sg, Va" € Sp.

The set T,(Sg) C X is compact because Sg is compact. Since X has the
p-bounded A-approximation property, there exists S, € A with ||S,| < p
such that

IS, T, — T, ™| <e Va™ € Sg.

Hence, for any z** € Sg,
15, 1™ = Toa™ || = |57 — Ly« || | To2™ | = [|S) — Lx || [| 72" ]
= |8, T,z* — T, < e.

We have S**T, € {S**: S € A} oC C B. By the PLR of type B — A, there
exists R, € A with

IRl < 157 Tl +e <u(A+e) +e,

implying that
limsup | R, || < Ay,

and
|(S3 T, a™) (") — ™ (Ryx™)| < e Va™ € Sg, Va* € Sp.

For any z** € Sg and z* € Sp, we have
[z (Rya™) — 2™ (27)] < [a™(Ryz™) — (S)"T,a™) (27|
+ (S ™) (@") — (Ta™) (")
+ (@) (To2™) — ™ (z7)]
< 3e.
Let us show that

lima™ (Rx*) = o™ (2*) Va* e X*, Vo™ € X™.

v

Clearly, it is sufficient to show the equality for the elements of unit spheres.
Let x* € Sx+ and ** € Sxs be arbitrary elements. For g > 0, take 1y =
(span{z*™*},span{z*},&0/3). If v = (E, F,¢) > vy, then 2™ € span{z**} C
E, x* € span{z*} C F, € < ¢g¢/3, and we have

|z (Rix™) — 2™ (") < 3e < gy,

as needed. O
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From Theorem [5.6) and Example (5), we have the following immediate
corollary that will be applied in lifting results Theorem and Corollary
in Section .3l

Corollary 5.7. Let X be a Banach space. Let A be a conver subset of L(X)
containing 0 and let C' be a subset of L(X*) such that {S** :S € A} oC C
{5 : S € A}, Let 1 < A\ < oco. If X is A-extendably locally reflexive
of type C' and has the p-bounded A-approximation property, then X has the
Ap-bounded duality A-approzimation property.

Remark 5.8. If X* or X** has the Radon-Nikodym property, then Corollary
asserts that X has the metric duality A-AP (cf. Remark [3.1).

5.2 Applications of the lifting theorem

Let X be a Banach space. Taking A = F(X), B = F(X*), and C = L(X™),
and noticing that “X has the Au-bounded duality AP” trivially implies that
“X* has the Au-bounded AP”, the following result, hence also Theorem [5.2]
is immediate from Example (1) and Theorem [5.6]

Corollary 5.9 (cf. Theorem [p.2). Let X be a Banach space. Let 1 <
A < oo, If X is A-extendably locally reflexive of type L(X**) and has
the p-bounded approximation property, then X has the Au-bounded duality
approximation property.

Remark 5.10. The proof of Theorem in [JO| uses the PLR, which states
that X** and X are “locally almost the same”. Our proof uses the version of
the PLR stating that F(X**) and F(X) are “locally almost the same”. This
appropriately chosen version of the PLR considerably shortens and eases the

proof of Theorem

By Theorem even stronger versions of Corollary [5.9 hold (see Theorems
and below). These versions are expressed using APs of pairs and
APs of nests, respectively. It seems natural to define the ELR also for pairs
as follows.

Definition 5.11. Let X be a Banach space and Y a closed subspace of X.
Let 1 < X\ < oco. We say that the pair (X,Y) is A-extendably locally reflexive
if X is Ad-extendably locally reflexive of type {T € L(X**) : T(Y14) c Y141,

In the special case of (X,{0}), the following Theorem coincides with
Corollary
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Theorem 5.12. Let X be a Banach space and let Y be a closed subspace
of X. Let 1 < A\, u < oo. If the pair (X,Y) is A\-extendably locally reflezive
and has the p-bounded approximation property, then the pair (X,Y) has the
Au-bounded duality approximation property.

Proof. Let A={S e F(X):S(Y)CVY}, B={T e F(X*):T(Y*) cC
Y+ and C ={T € L(X*): T(Y*+) c Y} Then {S**:Se€ A}oC C
B, because if S(Y) C Y for S € £(X), then clearly S*(Y1) C Y, hence
also S™(Y14) C Y4+, Therefore, the claim is immediate from Example
(2) and Theorem O

Remark 5.13. If, in Theorem X* or X** has the Radon—Nikodym prop-
erty, then the pair (X,Y’) has the metric duality AP (cf. Remark [3.1]).

It is convenient to define the ELR also for pairs (X, N') extending Definition
611 as follows.

Definition 5.14. Let X be a Banach space and let N/ be a nest of closed
subspaces of X. Let 1 < X\ < co. We say that the pair (X, N) is A\-eztendably
locally reflexive if X is »-ELR of type {T' € L(X*): T(Y*) c Yt VY €
N}

Taking A = {S € F(X) : S(Y) C Y VY € N}, B ={T € F(X*) :
T(Y') C YL VY € N} and C = {T € L(X*™) : T(YY) € Y2 vy e
N}, Example 5.5 (3) and Theorem [5.6/immediately yield the following lifting
result for bounded nest APs.

Theorem 5.15. Let X be a Banach space and let N be a nest of closed
subspaces of X such that the nest N** is complete. Let 1 < A\, pu < 0.
If the pair (X,N) is A-extendably locally reflexive and has the p-bounded
approzimation property, then the pair (X,N) has the A\u-bounded duality
approximation property.

For finite nests, Theorem reads as follows.

Corollary 5.16. Let X be a Banach space and let N be a finite nest of closed
subspaces of X. Then the assertion of Theorem holds.

Proof. Notice that (X, ) is »-ELR if and only if (X, NU{0}UX) is A-ELR.
Also notice that the bounded AP and its duality version of (X, ) are equiv-
alent to the bounded AP and its duality version of (X, N U{0} U X), respec-
tively. Therefore, the assertion is immediate from Theorem ]
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Remark 5.17. Theorem [5.15 and Corollary are nest versions of Theorem
In the special case when N/ = {Y'}, where Y is a closed subspace of X,
Corollary reduces to Theorem [5.12]

Remark 5.18. If, in Theorem (or Corollary [5.16), X* or X** has the
Radon-Nikodym property, then (X, N') has the metric duality AP (cf. Re-

mark .

In [LisO, Theorem 5.6], it was established that positive finite-rank operators
between dual Banach lattices are “locally conjugate”. From this theorem, the
following result about “locally biconjugate” operators can be obtained.

Theorem 5.19. Let X and Y be Banach lattices. If T € F(X*,Y*™),,
E C X*™ and FF C Y™ are finite-dimensional subspaces, and € > 0, then
there exists S € F(X,Y )y with ||S]| < ||T|| + € such that

(T2™)(y*) — 2™ (S"y")| < ¢ Vo™ € Sp, Vy* € Sp.

Proof. Let E and F' be finite-dimensional subspaces of X** and Y™, re-
spectively, and T" € F(X*,Y**),. Let ¢ > 0. Take § > 0 such that
0(2+0) <e/(L+|T1)).

We shall apply [LisO, Theorem 5.6 and Remark 5.3] twice. On the first
application, there exists R € F(Y*, X*), such that ||R| < (1+0)||7||, and
|R*x** — Tx*™| < § ||| for all z** € E. On the second application, we have
an operator S € F(X,Y), such that ||S|| < (1+49) ||R||, and || S*y* — Ry*|| <
J |ly*|| for all y* € F. Hence,

ISI < (@ +0)* |7l = 1Tl + 62 + o) | Tl < |T| +e.

For any z** € Sg and y* € Sp, we have

[(T2™)(y") — 2™ (S™y")| < [(T2™)(y") — (R*2™)(y")]
+(R2)(y") — 2™ (5™
= [(R"2™)(y") — (T2™)(y")|

< Sl Hly I+ Nl {1 0 ly™[ = 20
<6(2+06) <,

as desired. O

We shall need the immediate consequence.



80 5. LIFTING BOUNDED CONVEX APS

Corollary 5.20. In every Banach lattice X, the principle of local reflexivity
of type F(X**); — F(X)+ holds.

It is convenient to introduce a positive version of the ELR in Banach lattices
as follows.

Definition 5.21. Let X be a Banach lattice. Let 1 < A < oo. We say
that X is positively \-extendably locally reflexive if it is Ad-extendably locally
reflexive of type £(X**),.

It is natural to call the A\-bounded duality F(X),-AP of a Banach lattice X
the \-bounded duality positive approximation property. This property triv-
ially implies the A\-bounded positive AP both for X and its dual lattice X*.
Thus, taking A = F(X),, B = F(X*™);,and C = L(X*);, we immediately
get from Corollary and Theorem [5.6] the following version of Theorem
(or Corollary for positive APs.

Theorem 5.22. Let X be a Banach lattice. Let 1 < A\, pu < oo. If X is pos-
itwwely X-extendably locally reflexive and has the p-bounded positive approxi-
mation property, then X has the Au-bounded duality positive approximation

property.

Remark 5.23. 1f, in Theorem X* or X** has the Radon—Nikodym prop-
erty, then X has the metric duality positive approximation property (cf.

Remark [3.1)).

Remark 5.24. Tt is well known that abstract L-spaces and M-spaces have
the metric positive AP. Since the dual of an M-space is an L-space and vice
versa, by Theorem [5.27 below, abstract L-spaces and M-spaces are positively
1-ELR. On the other hand, Petczynski’s universal space U for unconditional
bases, considered as a Banach lattice, has the metric positive AP, but U*
fails the AP (see, e.g., |[LisO, Remark 3.2]); hence, by Theorem U is
not positively ELR. We do not know any example of a non-reflexive Banach
lattice without the (metric positive) AP which is positively ELR. Neither do
we know of a Banach lattice which is ELR, but not positively ELR.

5.3 Extendable local reflexivity implied by
bounded convex approximation properties

The lifting Theorem by Johnson and Oikhberg has a strong converse, due
to Rosenthal (see [JO, Theorem 3.1 (2)]).
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Theorem 5.25 (Rosenthal). Let X be a Banach space. Let 1 < X\ < co. If
X* has the A\-bounded approzimation property, then X is A-extendably locally
reflexive.

Recall that, by Johnson’s Theorem (see Section [3.5), the assumption “ X*
has the A-bounded AP” is equivalent to “X* has the A\-bounded AP with
conjugate operators”. Keeping this in mind, we shall see that Rosenthal’s
Theorem [5.25] can be extended as follows, providing a general converse to
Theorem [5.6

Proposition 5.26. Let X be a Banach space. Let A be a subset of W(X).
Let 1 < X\ < oo. If X* has the A\-bounded A-approximation property with
conjugate operators, then X is A-extendably locally reflexive of type {S*™ :

S e A}

Proof. Let ' C X* be a finite-dimensional subspace and let £ > 0. Since Sg
is compact and X* has the A-bounded {S* : S € A}-AP, there exists S € A
with ||S]| < A such that

|S*x" —x¥|| < e Va* € Sp.

Then S** € {S** : S € A} and ||S*]| < A. Since S € W(X), we have that
S*(X*) C X (see, e.g., [DuS, Theorem VI.4.2]). For any z** € Sy and
x* € Sp, we have

Hence, for any finite-dimensional subspace E of X**, the conditions of the
A-ELR of type {5 : S € A} for X are satisfied. O

In the case of Banach lattices, we have the following version of Rosenthal’s
Theorem [5.25]

Theorem 5.27. Let X be a Banach lattice. Let 1 < X\ < oo. If the dual
lattice X™* has the A-bounded positive approzimation property, then X is pos-
itiwely \-extendably locally reflezive.

Proof. Since X* has the A-bounded positive AP, it has the A-bounded
positive AP with conjugate operators (see |[LisO, Proposition 5.7]). Let
A= F(X);. Then A C W(X) and {S* : S € A} € F(X*), C L(X*™),.
The claim is immediate from Proposition O
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The following result shows that the lifting of convex APs from a Banach

space to its dual space is possible whenever the dual space already enjoys a
weaker AP.

Theorem 5.28. Let X be a Banach space. Let A be a convexr subset of
L(X) containing 0 and let B be a subset of W(X) such that Ao B C A.
Let 1 < A\, < oo. If X* has the A-bounded B-approximation property with
conjugate operators and X has the u-bounded A-approximation property, then
X has the \u-bounded duality A-approximation property.

Proof. The result is immediate from Proposition and Corollary 5.7 In-
deed, it follows from Proposition [5.26|that X is \-ELR of type {T** : T € B}.
Notice that {S** : S € A} o{T*™ : T € B} C {S* : S € A} (because
Ao B C A). Now, since X is \-ELR of type {T"* : T € B} and has the
p-bounded A-AP, by Corollary 5.7, X has the Au-bounded duality A-AP. [

If, in Theorem A C K(X) and X* or X** has the Radon-Nikodym
property, then X has the metric duality A-AP (cf. Remark [3.1]).

Let us spell out an immediate general application of Theorem to (posi-
tive) approximation properties of pairs.

Corollary 5.29. Let X be a Banach space and Y a closed subspace of X.
Let A be an operator ideal. Denote A = {S € A(X) : S(Y) C Y} and
B={TeW(X): :T(Y)CY}. Letl < A\u<oo. Then the assertion of
Theorem holds. In the special case when X is a Banach latlice, A and
B may be replaced by Ay = AN L(X);y and By := BNL(X),.

The classical cases when Corollary [5.29 applies are A = F(X) and A = K(X).
For instance, it follows that the dual lattice X* has the bounded (metric if
X* has the Radon-Nikodym property) positive AP whenever X has the
bounded positive AP and X* has the bounded positive weakly compact AP
with conjugate operators.

Let A be an operator ideal. It is natural to consider weaker versions of nest
APs by replacing “F(X)” in the definitions of the nest APs with “A(X)”,
the component of A. We say that the pair (X,N) has the (A-bounded)
A-approzimation property if X has the (A-bounded) {S € A(X) : S(Y) C
Y VY € N}-AP. The (A-bounded) duality A-AP of a pair (X, N) is defined
in a standard way, as the (A\-bounded) duality {S € A(X): S(Y)CY VY €
N}-AP of X. Clearly, the nest A-APs coincide with the nest APs whenever
A=F.

Proposition [5.26], specialized to nest A-APs, yields the following.
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Proposition 5.30. Let X be a Banach space and let N be a nest of closed
subspaces of X. Let A C W be an operator ideal. Let 1 < \ < oo. If the
pair (X, N) has the \-bounded duality A-approzimation property, then X is

A-extendably locally reflexive of type {S** : S € A(X), S(Y)CY VY e N'}.

Let us spell out the special case of Proposition for the nest APs, because
this provides a strong converse to Theorem [5.15] The “moreover” part below
follows from Theorem .15

Theorem 5.31. Let X be a Banach space and let N be a nest of closed
subspaces of X. Let 1 < X\ < oo. If the pair (X,N) has the A-bounded
duality approrimation property, then X s \-extendably locally reflexive of
type {S* : S € F(X), SY) C Y VY € N}; hence, the pair (X,N) is
A-extendably locally reflexive.

Moreover, if the nest N satisfies condition (%), then the claim holds under the
hypothesis that the pair (X*,N1) has the A-bounded approzimation property.

The next Theorem complements Theorem showing that the lifting
of bounded nest APs from a Banach space to its dual space is possible when-
ever the dual space already enjoys a weaker nest AP. Important cases when
Theorem applies are A = F and A = K. For instance, it follows that
(X, N) has the bounded duality AP whenever (X, ) has the bounded AP
and the bounded duality weakly compact AP.

Theorem 5.32. Let X be a Banach space and let N be a nest of closed sub-
spaces of X. Let A be an operator ideal. Let 1 < X\, u < oo. If the pair (X, N)
has the A-bounded duality VV-approximation property and the p-bounded
A-approzimation property, then the pair (X,N) has the A\p-bounded dual-
ity A-approzimation property.

Proof. Since (X, N) has the A-bounded duality W-AP, by Proposition [5.30}
X is A-ELR of type C := {S* : S e W(X), S(Y)CY VY € N}. Clearly,
the PLR of type B := {5* : S € AX), S(Y)CY VY e N} = {S €
AX):SY)CY VY e N} =: Aholds in X (cf. Example 5.5 (5)).

Moreover, we have the inclusion {S**7T : S € A, T € C} C B. Indeed, let
S € Aand T € C. Then there is R € W(X) such that R(Y) C Y for all
Y € N and R* = T. Hence, SR € A(X) (because A is an operator ideal)
and (SR)(Y) Cc S(Y) C Y for all Y € N, implying that S**T = S*R* =
(SR)*™* € B.

An immediate application of Theorem [5.6] concludes the proof. O
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Remark 5.33. In the special case when N' = {Y'}, where Y is a closed sub-
space of X, Theorem is contained in Corollary

5.4 The strong extendable local reflexivity

Let X be a Banach space. If one adds in the definition of the \-ELR (see
Definition the requirement that the operator T € L£(X™) also satisfies
T*(X*) C X*, then one obtains the notion of the strong \-extendable local
reflexivity. The strong \-ELR was introduced and studied in [O2]. Among
others, Rosenthal’s Theorem was strengthened and extended in [O2
Theorem 3.4] as follows.

Theorem 5.34 (Oja). Let A be an operator ideal and let X be a Banach
space. Let 1 < X < oo. If A(X) C W(X) and X* has the A\-bounded
A(X)-approzimation property with conjugate operators, then X is strongly
A-extendably locally reflexive.

It was also observed in [O2 Proposition 3.2] that Rosenthal’s Theorem
fails already for the bounded compact AP, i.e.;, F(X) cannot be replaced by
K(X) in Theorem This also means that the assumption “X has the
A-bounded A(X)-AP with conjugate operators” is essential in Theorem [5.34]
A “strong” example of this phenomenon was presented in [O2, Theorem 3.6]:
there exists a strongly 1-ELR Banach space X with a monotone shrinking
basis such that:

(a) its even duals X**, X**** . are strongly 1-ELR, have the metric com-
pact AP, but do not have the bounded weakly compact AP with con-
jugate operators;

(b) its odd duals X*, X** ... are not ELR, but have the metric compact
AP with conjugate operators.

Inspired by the idea of the proof of Theorem (see [O2, Lemma 3.3|),
we shall extend Theorem to conver APs of pairs as follows (see also
Theorem |5.38|).

Theorem 5.35. Let X be a Banach space and Y a closed subspace of X.
Let A be a linear subspace of L(X) containing F(X). Let 1 < A < oo. If
X* has the A-bounded {S € A : S(Y) C Y }-approximation property with
conjugate operators, then for every finite-dimensional subspace F' C X* and



5.4. THE STRONG ELR 85

for every e > 0, there exists S € A with S(Y) C Y such that ||S|| < A+ ¢
and S*x* = x* for all x* € F.

Moreover, if A C W(X), then the operator T := S** has the following prop-
erties: T(X*™) C X, T(Y*Y) Y, |IT|| < X +¢, 2*(Ta*) = 2**(z*) for all
e X*™ and x* € F, and T*(X*) C X*.

Proof. Let ' C X* be a finite-dimensional subspace and let ¢ > 0. Look
at X* endowed with its weak™ topology and, using Lemma choose a
weak*-to-weak™ continuous linear projection R on X* such that ran R = F
and R(Y1) C Y. Then there exists Q € F(X) such that R = Q*. Hence,
F =ran@* and, by Lemma 2.5, Q(Y) C Y.

Since X* has the A-bounded {S* : S € A, S(Y) C Y}-AP, by condition (e)
of Theorem there exists P € A with P(Y) C Y and ||P|| < A such that
[P*x” —a*|| < (e/ | Q) [|«*[| for all 2~ € F.

Put S = P+ Q(Ix — P). Then, clearly, S € A (because F(X) C A) and
S(Y) C Y. Let us observe that

[(Ix- = P)Q"| = sup [[PH(Q%2") — Q™2™ < sup (¢/[|Q)[|Q"27|

CL’*EBx* x*e X*
= (/IR =«
Hence, we have
IS =157l = 1P* + (Ix+ = P)Q|| < [|[P*[| + [[(Ix — PT)Q[| < A +e.
Let us also observe that
S*=1Ix+ (Ix+ — P*)(Q" — Ix+).
Hence, clearly, S* is identity on F' = ran Q*.

Assume now that A C W(X). Then S € W(X) and S* € W(X™). Therefore,
T := 5" ¢ WX* X) and T* € W(X™, X") (see, e.g., [DuS, Theorem
VI.4.2]). Moreover, since S(Y) C Y, we get that T(Y++) € XNY++. Notice
that X NY++ C Y. Indeed, assume that there is xy such that zo € XNY -+,
but zo ¢ Y. Using the Hahn—Banach theorem, choose z* € X* such that
2*(zo) = 1 and z*(y) = 0 for all y € Y. Hence, 2* € Y. Since 2y € Y+ it
follows that x*(z) = 0, which is a contradiction with z*(z¢) = 1. Therefore,
Xny+cv.

We also have

o (Tx™) = ™ (S"x") = 2™ (2%) Va™ € X™*, Vo™ € F.
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Remark 5.36. Theorem without its “moreover” part also follows from
ICKZl Proposition 2.3|, the equivalent conditions to the bounded A-APs of
pairs. In [CKZ]|, the observation was made by extending the proof of [FJP.
Lemma 1.5]. The converse of the statement in Theorem also holds and
is standard to deduce (see, e.g., the proof of Theorem [3.5] (f) = (e)).

It is appropriate to extend the strong ELR to pairs as follows.

Definition 5.37. Let X be a Banach space and let Y be a closed subspace
of X. Let 1 < X < co. We say that the pair (X,Y) is strongly \-extendably
locally reflexive if for all finite-dimensional subspaces £ C X*™ and F C X*,
and for all ¢ > 0, there exists T' € £(X**) such that T(F) Cc X, T(Y++) C Y,
IT|| < A+e, a*(Te*) = 2™ (z*) for all ™ € E and z* € F, and T*(X*) C
X*.

Let A be a linear subspace of £(X). It is natural to say that the pair (X*,Y+)
has the A\-bounded A-approzimation property with conjugate operators if X*
has the A-bounded {S € A : S(Y) C Y}-AP with conjugate operators.
Thus, the “moreover” part of Theorem may be reformulated as follows.

Theorem 5.38. Let X be a Banach space and'Y a closed subspace of X. Let
A be a linear subspace of W(X) containing F(X). Let 1 < X < oco. If the
pair (X*, Y1) has the A\-bounded A-approzimation property with conjugate
operators, then the pair (X,Y") is strongly A-extendably locally reflexive.

Theorem contains Theorem as the special case when Y = {0} and
A is the component of an arbitrary operator ideal, since the strong ELR of
X coincides with the strong ELR of the pair (X, {0}).

Recall that by Theorem , the A-bounded AP of the pair (X*, Y1) implies
that it has the A-bounded AP with conjugate operators. Therefore, taking
A = F(X), we immediately get from Theorem the following version of
Rosenthal’s Theorem for pairs.

Corollary 5.39. Let X be a Banach space and let Y be a closed subspace of
X. Let 1 < X < oo. If the pair (X*, Y1) has the \-bounded approximation
property, then the pair (X,Y) is strongly A-extendably locally reflexive.

Remark 5.40. Theorem is a special case of Corollary when Y = {0}.
Notice that the proof of our result, unlike the proof of Theorem 4.1 in [JO,
does not use any kind of PLR.



5.5. THE UNIQUE EXTENSION PROPERTY 87
5.5 The unique extension property

Finally, let us mention the important case of lifting the metric APs from a
Banach space X to its dual space X* which was discovered by Godefroy and
Saphar in |[GS2|. This is the case when X has the unique extension property
(UEP), a useful concept studied by Godefroy and Saphar in [GS1] (using the
term “X is uniquely decomposed”) and |[GS2|. Recall that a Banach space
X has the unique extension property (UEP) if the only operator T' € L£L(X*)
such that ||T|| < 1 and T|y = Iy is the identity operator on X** i.e.,
T = Ixw.

For instance (see [GS2]), the following Banach spaces have the unique exten-
sion property: Hahn-Banach smooth spaces, in particular, spaces which are
M-ideals in their biduals (for example, closed subspaces of ¢); spaces with
a Fréchet-differentiable norm; separable polyhedral Lindenstrauss spaces;
spaces of compact operators K(X,Y) for reflexive Banach spaces X and Y.

By [GS2, Theorem 2.2|, the UEP permits to lift the metric A-AP from X
to X* in the special case when A = F(X) or A = K(X). In [O2, Corollary
2.5], the result was extended to components of an arbitrary operator ideal.
However, the proof in [O2] holds for any linear subspace of £(X) (see Propo-
sition below) and we shall show that, thanks to Theorem it can be
modified even for convex subsets of £(X) (see Proposition below).

Proposition 5.41 (cf. [O2, Corollary 2.5]). Let X be a Banach space hav-
ing the unique extension property. Let A be a linear subspace of L(X).
If X has the metric A-approzimation property, then X* has the metric
A-approximation property with conjugate operators.

Proof. The proof is essentially the same as in [O2, Corollary 2.5|. We present
it for completeness. Since X has the metric A-AP, by Theorem (a), there
exists & € A** such that ||®|| <1 and
Q2" @ jxz) =2 (x) Vo' € X, Vo € X.
Define T' € L(X**) by
(Tx™)(z") = P(z* @ ™), 2™ e X™, 2" e X"
Then clearly ||T|| <1, and T|x = Ix because

(Tx)(z") = (2" @ jxz) =2"(z) Vo e X, Vo* e X",
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By the UEP, T' = Ix+«. Hence,
O(z* @ ™) = (Ixwa™)(x%) = 2™ (2") Va* e X*, Vo™ € X™,

meaning that X* has the metric A-AP with conjugate operators (see Theorem

(b)). 0

Since the metric AP of the pair (X,Y’) is precisely the metric A-AP of X
where A = {S € F(X) : S(Y) C Y}, by Proposition X* has the
metric A-AP with conjugate operators. But the latter is, by Proposition [3.11]
equivalent to the metric duality A-AP of X, which in its turn is precisely the
metric duality AP of the pair (X,Y). Thus, looking also at Lemma (or
Theorem [3.21]), we have obtained the following lifting result.

Theorem 5.42. Let X be a Banach space having the unique extension prop-
erty and let Y be a closed subspace of X. If the pair (X,Y) has the metric
approzimation property, then the pair (X,Y) has the metric duality approz-
imation property; hence, the pair (X*, Y1) has the metric approzimation

property.

However, Proposition is not applicable in the case of the metric positive
AP or its version for pairs. The use of the idea of the proof of [O2, Corollary
2.5] and Theorem yield the following general lifting result for the metric
convex APs.

Proposition 5.43. Let X be a Banach space having the unique extension
property. Let A be a convex subset of L(X) containing 0. If X has the metric
A-approximation property, then X* has the metric A-approrimation property
with conjugate operators.

Proof. The proof is similar to the proof of Proposition [5.41}

Let ® € (AN Bgx))*° C (L(X))*™ be from Theorem [3.9] (a). Then [|®[| < 1.
Indeed, we have (B(x))° C (ANB(x))°, and thus, (ANB.(x))°° C (Bex))°°s
where (Bg(x))® = Bg(x)=- As in the proof of Proposition one can
verify that ® satisfies Theorem (b), which completes the proof. H

Let us spell out an immediate application of Proposition to the positive
approximation properties of pairs.

Corollary 5.44. Let X be a Banach lattice having the unique exten-
ston proerty and let Y be a closed subspace of X. Let A be an opera-
tor ideal. Denote A = {S € AX,X)y : S(Y) C Y}. If X has the
metric A-approximation property, then the dual lattice X* has the metric
A-approximation property with conjugate operators.
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The classical cases where Corollary applies are 4 = F, A = K, and
A = W. For instance, taking A = F and Y = {0}, we have the following
version of Corollary for positive approximation properties.

Corollary 5.45. Let X be a Banach lattice. If X has the unique extension
property and the metric positive approzimation property, then the dual lattice
X* has the metric positive approzimation property with conjugate operators.

Remark 5.46. If X is a Banach lattice, then the metric positive approxima-
tion property and the metric positive approximation property with conjugate
operators coincide for the dual lattice X* (see [LisOl, Proposition 5.7]).

We also have the following immediate result from Propositions and [5.43]

Proposition 5.47. Let X be a Banach space having the unique extension
property. Let A be a convexr subset of W(X) containing 0. If X has the
metric A-approximation property, then X 1is 1-extendably locally reflexive of
type {S** . S € A}.

Recall that if A is a convex subset of £(X) containing 0 (as in Proposition
[5.43)), then “X* has the metric A-AP with conjugate operators” is equiva-
lent to “X has the metric duality A-AP” (see Proposition [3.11]). Therefore,
we immediately have the following Theorem for metric nest APs from

Propositions and [5.47]

Theorem 5.48. Let X be a Banach space having the unique extension prop-
erty and let N be nest of closed subspaces of X. Let A be an operator ideal. If
(X, N) has the metric A-approzimation property, then (X, N') has the metric
duality A-approximation property.

Moreover, if A C W, then X 1is l-extendably locally reflexive of type
{§*:Se€ AX), S(Y)CY VY e N}

Remark 5.49. In the special case, when A = F and N = {Y'}, where V'
is a closed subspace of X, Theorem reduces to Theorem [5.42] a lifting
theorem of the metric APs for pairs.

Applying Theorem to A = F yields the following metric nest AP version.

Corollary 5.50. Let X be a Banach space having the unique extension prop-
erty and let N be a nest of closed subspaces of X. If the pair (X, N) has the
metric approzimation property, then (X, N) is 1-extendably locally reflexive.
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Proof. By Theorem [5.48] X is 1-ELR of type {S* : S € F(X), S(Y) C
Y VY € N'}. Since

{§*:S e F(X), S(Y)CY VY eN}C
{Te F(X™): T(Y ) cYH VWeN}cC
{T e £L(X*™): T(Y*H) cYH VY e N},

we see that X is 1-ELR of type {T € £(X**): T(Y1t) c Y1 VY e N},
ie., (X,N) is 1-ELR. O

In general, the UEP does not guarantee lifting of the A\-bounded AP from
a Banach space to its dual space, at least when A > 6. Indeed, let X ;g be
the closed subspace of ¢y constructed by Johnson and Schechtman (see [JOL
Corollary JS]). Then X ;5 has the UEP (all closed subspaces of ¢y have, as
was already mentioned) and X ;g has the 6-bounded AP (see |Z]), but X7g
does not have the AP, in particular, it does not have the A-bounded AP for
any A > 1.

We conclude with the following rather surprising result, showing that the
UEP permits to lift the A-bounded convex APs from a Banach space to its

dual space, 1 < X < oo, whenever the space already enjoys a weaker convex
AP.

Theorem 5.51. Let X be a Banach space having the unique extension prop-
erty. Let A and B be a convex subsets of L(X) and W(X), respectively, such
that Ao B C A and both contain 0. Let 1 < X\ < oo. If X has the met-
ric B-approximation property and the A-bounded A-approrimation property,
then X has the A-bounded duality A-approzimation property.

Proof. By Proposition [5.43] the dual space X* has the metric B-AP with
conjugate operators. It follows from Theorem that X has the A\-bounded
duality A-AP. ]

Let A be an operator ideal. Taking A= {Se€ AX): S(Y)CY VY e N'}
and B={T e W(X):T(Y)CY VY € N}, we get from Theorem the
following version for nest APs.

Theorem 5.52. Let X be a Banach space having the unique extension prop-
erty and let N be a nest of closed subspaces of X. Let A be an operator ideal
and let 1 < X\ < oo. If the pair (X,N) has the metric W-approzimation
property and the \-bounded A-approzimation property, then the pair (X, N')
has the \-bounded duality A-approximation property.
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For instance, it follows from Theorem that if X has the UEP, then the
pair (X, ) has the bounded duality AP whenever (X, A) has the bounded
AP and the metric weakly compact AP.
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Tokestatud aproksimatsiooniomaduste
tulekandumine Banachi ruumide
kaasruumidesse

Kokkuvote

Aproksimatsiooniomadusi on uuritud alates 1930. aastatest. Tokestatud ap-
roksimatsiooniomadust vaadeldi esmakordselt juba Banach raamatus [B]
(seda kiill {ildisemas, kompaktse aproksimatsiooniomaduse kontekstis). Siis-
temaatilised ja aktiivsed uuringud algasid 1955. aastal, mil Grothendieck
|[G] aproksimatsiooniomaduse ja meetrilise aproksimatsiooniomaduse moisted
kasutusele vottis. Aproksimatsiooniomadustega on seotud mitmeid siiani la-
hendamata probleeme. Kuulsaim neist on jargmine: kas Banachi ruumi kaas-
ruumi puhul on aproksimatsiooniomaduse ning meetrilise aproksimatsiooni-
omaduse moisted erinevad? Seoses antud probleemi voimalike lahendusteede
uurimisega on voetud kasutusele mitmeid uusi tokestatud aproksimatsiooni-
omaduse versioone. Aastal 2011 toodi artiklis [F.JP] sisse tokestatud aprok-
simatsiooniomaduse versioon paaride jaoks, mis koosnevad Banachi ruumist
ja tema kinnisest alamruumist. FErijuhul, kui alamruumiks on nullalamruum
(voi terve ruum), iihtib antud versioon klassikalise tokestatud aproksimat-
siooniomaduse maistega. Hiljuti vaadeldi artiklis [F.J3] selle omaduse {ildis-
tust — Banachi ruumi kinniste alamruumide ahela tokestatud aproksimat-
siooniomadust.

Kéesoleva viitekirja pohieesmérk on siistemaatiliselt uurida paaride ja ahela
tokestatud aproksimatsiooniomadusi ning nende iildisemat versiooni artik-
list [LisO] — tokestatud kumerat aproksimatsiooniomadust. Viimane holmab
erijuhul ka Banachi vorede positiivse aproksimatsiooniomaduse moiste.

Kéesolev viitekiri koosneb viiest peatiikist. Viitekirja esimene sissejuhatav
peatiikk sisaldab aproksimatsiooniomaduste ajaloolise tausta tutvustust, vii-
tekirja kokkuvotet ning viitekirjas kasutatavate tahistuste kirjeldust.

Teises peatiikis tuuakse dra t00 iilejadnud osade jaoks vajalikud moisted ja
tulemused. Vaatluse all on polaarid, ahelad Banachi ruumides, 16plikumoot-
meliste operaatorite ruumi seos tensorkorrutistega ning selle ruumi kaasruu-
mi kirjeldus integraalsete operaatorite kaudu, mis on antud Grothendiecki [G]
poolt. Tutvustatakse ka pidevate lineaarsete operaatorite ruumi olulisemaid
lokaalselt kumeraid topoloogiaid. Tulemused Banachi ruumi alamruumide
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ahelate kohta périnevad artiklist [OV2].

Viitekirja kolmandas peatiikis defineeritakse iildised aproksimatsioonioma-
dusega seotud moisted, nende hulgas ka artiklitest [F-JP, [FJ3, [LisO] parinevad
aproksimatsiooniomaduste versioonid. Kirjeldatakse tokestatud aproksimat-
siooniomaduste erinevaid versioone ning nende duaalseid vorme. Seejuures
toestatakse paaride tokestatud (duaalse) aproksimatsiooniomadusega viis sa-
mavédrset tingimust, millest neli toestatakse tildisemas tokestatud (duaalse)
A-aproksimatsiooniomaduse kontekstis, kus A on pidevate lineaarsete ope-
raatorite ruumi alamhulk. Too6tatakse vilja jirgmine tokestatud kumera ap-
roksimatsiooniomaduse kriteerium, mis laiendab artiklis [O2] saadud operaa-
torideaali poolt defineeritud tokestatud aproksimatsiooniomaduse kirjeldust.

Teoreem . Olgu X Banach ruum ja olgu A ruumi L(X) tokestatud kumer
alamhulk, mis sisaldab nulloperaatorit. Siis

(a) ruumil X on A-aproksimatsiooniomadus parajasti siis, kui leidub ® €
A°° C (L(X)*™ nii, et

O(2* @ jxz) =2 (x) Vo e X*, Vo € X,

(b) kaasruumil X* on kaasoperaatoritega A-aproksimatsiooniomadus para-
jasti siis, kui leidub ® € A°° C (L(X))™ nii, et

Q2" @a™) =™ (2%) Va* e X*, Vo™ e X,

Lisaks toestatakse, et paari, mis koosneb Banachi ruumi kaasruumist ja kinni-
se alamruumi annulaatorist, tokestatud aproksimatsiooniomadus toob enda-
ga kaasa ldhtepaari vastava omaduse. See tulemus iildistab jairgmist Johnsoni
|J1] klassikalise aproksimatsiooniomaduse kohta kéivat olulist teoreemi kaas-
ruumilt X* paarile (X*, Y1).

Teoreem (Johnson). Olgu X Banachi ruum. Olgu 1 < X\ < co. Kui
kaasruumil X* on A-tokestatud aproksimatsiooniomadus, siis tal on kaasope-
raatoritega \-tokestatud aproksimatsiooniomadus.

See peatiikk tugineb artiklitele [OT, [OVT] [V].

Neljandas peatiikis tootatakse vilja lokaalse refleksiivsuse printsiibi ver-
sioonid, mis on kooskolas Banachi ruumide kinniste alamruumide ahelate-
ga. Muuhulgas iildistatakse 1960. aastatest parinev Ringrose’i ahelateoreem
Hilberti ruumi ja selle kinniste alamruumide taieliku ahela juhult allolevale
kahe Banachi ruumi ning kahe ahela juhule.
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Teoreem Olgu X ja Y Banachi ruumid. Olgu G kaasruumi X* selline
alamruumide ahel, et {0} € G, ning olgu Ng = {Vg : G € G} ruumi Y
selline kinniste alamruumide ahel, et Y € Ng. Eeldame, et Ng on kinnine
tihisosade moodustamise suhtes ja kasvav ahelal G. Tdhistame R = {R €

X®Y :R(G)C Vs VG e G}.

(a) Olgu R = x ® y themaootmeline operaator. Siis R € R parajasti siis,
kui leidub alamruum G € G nii, et v € (G_), jay € Vg.

(b) Olgu R € X ® Y n-maootmeline operaator, kus n > 0. Kui R € R,
sits R on avaldatav summana n-st tihemootmelisest operaatorist, mis

kuuluvad hulka R.

Uute lokaalse relfeksiivsuse printsiibi versioonide rakendusena laiendatakse
paari aproksimatsiooniomaduse ning selle tokestatud versiooni duaalsustule-
mused (mis on vastavalt téestatud artiklis [LisO] ning véitekirja kolmandas
peatiikis) vastavalt ahela aproksimatsiooniomaduse ning selle tokestatud ver-
siooni juhule. Seejuures iildistatakse Johnsoni [J1] teoreem kaasruumilt
X* paarile (X*, N1), kus N+ on teatud ahel, mis koosneb ruumi X kinniste
alamruumide annulaatoritest. Ndidatakse, et ahela aproksimatsiooniomadus-
te kirjeldused artiklist [EJ3] on rakendatavad analoogiliste Gorthendiecki [G]
tiilipi kriteeriumite saamiseks duaalsete omaduste jaoks. See peatiikk pohi-
neb artiklil [OV2].

Viitekirja viiendas peatiikis vaadeldakse, millistel tingimustel saab tokes-
tatud kumerat aproksimatsiooniomadust iile kanda Banachi ruumilt tema
kaasruumile. Ndidatakse, et seda saab teha kahel pohilisel juhul. Esiteks eel-
dusel, et ldhteruum rahuldab laiendatava lokaalse refleksiivsuse ning lokaal-
se refleksiivsuse printsiibi teatavaid norgendatud vorme. Teiseks eeldusel, et
kaasruumil on olemas tokestatud kumera aproksimatsiooniomaduse norgem
versioon.

Teoreem Olgu X Banachi ruum. Olgu A ruumi L£(X) kumer alam-
hulk, mis sisaldab nulloperaatorit ning B ruumi W(X) selline alamhulk, et
AoB C A. Olgu 1 < A\ < oo. Kui kaasruumil X* on kaasoperaatori-
tega \-tokestatud B-aproksimatsiooniomadus ja ruumil X on p-tokestatud
A-aproksimatsiooniomadus, siis on ruumil X Au-tokestatud duaalne A-ap-
roksimatsiooniomadus.

Need tulemused annavad iildise meetodi erisuguste tokestatud aproksimat-
siooniomaduste iilekandmiseks lihteruumilt kaasruumile ning iildistavad ja
parendavad teadaolevaid tulemusi klassikalise tokestatud aproksimatsioo-
niomaduse kohta. Esimesest {ildisest tulemusest jareldatakse muuhulgas
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Johnson-Oikhbergi [JO] tokestatud aproksimatsiooniomaduse kohta kéiv
teoreem, mida seejirel laiendatakse paari ja ahela tokestatud aproksimat-
siooniomaduste juhule. Viitekirja kolmandast peatiikist périneva tokesta-
tud kumera aproksimatsiooniomaduse kriteeriumi, teoreemi[d.3] rakendusena
toestatakse jargmine iildistus Godefroy—Saphari teoreemile meetrilise aprok-
simatsiooniomaduse iilekandumiseks Banachi ruumi kaasruumile, mis raken-
dub ka Banachi voredes.

Lause [5.43] Olgu X Banachi ruum, millel on ihese jatkamise omadus. Olgu
A ruumi L(X) kumer alamhulk, mis sisaldab nulloperaatorit. Kui ruumil X
on meetriline A-aproksimatsiooniomadus, stis on kaasruumil X* kaasoperaa-
toritega meetriline A-aproksimatsioontomadus.

Teatavasti iildjuhul ei voimalda {ihese jatkamise omadus tokestatud aproksi-
matsiooniomadust iile kanda Banachi ruumilt tema kaasruumile, kuid lausest
[5.43 ning teoreemist selgub, et see on voimalik juhul, kui ldhteruumil on
olemas meetrilise aproksimatsiooniomaduse norgem versioon.

Teoreem Olgu X Banachi ruum, millel on ihese jitkamise omadus.
Olgu A ja B wvastavalt ruumide L(X) ja W(X) sellised kumerad alamhul-
gad, et Ao B C A ning molemad sisaldavad nulloperaatorit. Olgu 1 < X <
o0o. Kui ruumil X on meetriline B-aproksimatsiooniomadus ja \-tokestatud
A-aproksimatsiooniomadus, siis on ruumil X M-tokestatud duaalne A-ap-
roksimatsiooniomadus.

Antud peatiikis on moningad tulemused toestatud paaride ja ahela aproksi-
matsioonomaduste iildisemates kontekstides, milleks on paaride kumer ap-
roksimatsiooniomadus ning operaatorideaali poolt defineeritud ahela aprok-
simatsiooniomadus. See peatiikk pohineb artiklitel [OV1] [(OV2] [V].

Viitekirja olulisemad tulemused on ilmunud/ilmumas artiklites [OT] [(OV1],
Ov2, V.
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