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1 Introdu
tionThere are strong reasons to believe that the near-boundary region of a solidhas properties, whi
h di�er from properties of its bulk. If the boundary aroseas a 
onsequen
e of the 
leavage of a solid parallel to an atomi
 layer, atomsmay be shifted from their equilibrium positions, steps and other defe
ts of
rystal stru
ture may appear. Even in the absen
e of su
h imperfe
tions, thela
k of neighbors on one side of the boundary leads to an in
rease of distan
esbetween atomi
 planes with the respe
tive 
hanges in matrix elements - thephenomenon 
alled the relaxation in surfa
e physi
s [1℄. Moreover, in some
ases boundary atoms are re
onstru
ted in a stru
ture with symmetry, whi
hdi�ers from the symmetry of the bulk. For the behavior of 
harge 
arriersbroken atomi
 bonds, whi
h exist on the boundary, are of primary importan
e.In the 
ase of metals and narrow gap semi
ondu
tors these bonds lead tothe appearan
e of the Sho
kley boundary states [2, 3℄. Analogous states intransition metals and wide gap semi
ondu
tors are 
alled Tamm boundarystates [4, 5℄. Boundary states 
an also be observed in ioni
 
rystals [6, 7℄. Theele
troni
 density in these boundary states is lo
ated in several near-boundarylayers in 
ontrast to the bulk states, in whi
h the density is nonzero throughoutthe 
rystal. The boundary states resemble lo
alized states, whi
h appear nearpoint defe
ts in solids. These states are lo
ated in some region around thedefe
t, where the magnitude of bulk states is suppressed [8�10℄. This leadsto the situation in whi
h the defe
t neighborhood and the rest of the 
rystal
onstitute two systems with di�erent dominant ex
itations. Thus, the 
rystalboundary behaves in some respe
ts similar to the defe
t [1℄.In re
ent years, an a
tive interest has been taken in the ele
troni
 propertiesof heterostru
tures and surfa
es of strongly 
orrelated materials [11℄. Lookingfor new e�e
ts and their possible appli
ations a wide variety of systems hasbeen investigated both experimentally and theoreti
ally. In parti
ular, it wasestablished that the interfa
e of Mott and band insulators 
an demonstratemetalli
 behavior [12�15℄. Similar behavior is expe
ted for the interfa
e oftwo Mott insulators [16℄. With lowering temperature, this two-dimensionalmetal be
omes super
ondu
ting and the transition has some properties of theBerezinsky-Kosterlitz-Thouless transition [17, 18℄. The 
ondu
tion layer 
anbe manipulated by gate voltages whi
h thereby provide a way for 
arrier dopingby ele
tri
 �eld, in a disorder-free way, and is promising for new devi
es [19℄.Noti
e also experiments with ultra
old atoms where the 
oexisten
e of severalphases with phase boundaries is often observed [20, 21℄.Theoreti
al studies of 
harge ex
itations near the boundary of a 
rystalwith strong ele
tron 
orrelations have been 
arried out mainly in the frame-work of the two- (2D) and three-dimensional (3D) Hubbard model. For thispurpose di�erent approximate methods have been used, in
luding the slaveboson method [22℄, the perturbation theory [23℄ and the dynami
al mean-�eldtheory [24�26℄. In these works, the 
ase of half-�lling was 
onsidered, when10



strong ele
tron 
orrelations 
ause the antiferromagneti
 ordering of the 
rystal[27℄. However, approximations used in the mentioned works did not take intoa

ount the ordering and the intera
tion of ele
trons with respe
tive magneti
ex
itations. One of the results obtained in [22�26℄ for uniform model param-eters is that on the surfa
e layer the quasiparti
le weight is smaller than thebulk value. The reason is a redu
ed surfa
e 
oordination number whi
h impliesa lower kineti
 energy and 
onsequently e�e
tively stronger 
orrelation e�e
tsat the surfa
e.As mentioned above, 
rystals with strong ele
tron 
orrelations are mag-neti
 materials, and their magneti
 ex
itations are usually des
ribed in theframework of the quantum Heisenberg model [28℄. For this model, the in�u-en
e of boundaries on the spe
trum and observables has been studied in one[29, 30℄ and two [31�33℄ dimensions. One of the results obtained in the 2D
ase with the use of Monte Carlo simulations [31℄, the spin-wave approxima-tion [32℄ and the series expansion [33℄ is the in
reased absolute values of thenearest-neighbor spin 
orrelations near the boundary of the antiferromagnet.With distan
e from the surfa
e the 
orrelations tend rapidly to their bulk valuerevealing some os
illations. The arising pattern of spin 
orrelations was 
alledthe 
omb stru
ture. It was argued that the in
reased surfa
e 
orrelations 
anbe a manifestation of a short-range valen
e-bond-solid ordering in the Néelphase [32, 33℄.The thesis is devoted to the investigation of the in�uen
e of a 
rystal bound-ary on elementary ex
itations in a strongly 
orrelated 
rystal. It is well knownthat in su
h a 
rystal the intera
tion between spin ex
itations and 
harge 
ar-riers is of primary importan
e in determining their dispersion [28, 34℄. To takeproper a

ount of this intera
tion the t-J model is applied for the des
riptionof these ex
itations. This is one of the most frequently used models for strongly
orrelated 
rystals, in parti
ular, for 
uprate perovskites. In the undoped 
ase,the model redu
es to the Heisenberg model, whi
h is investigated at �rst. The
ases of two and three dimensions were 
onsidered. It was shown that in the d-dimensional Heisenberg antiferromagnet the boundary leads to the appearan
eof two regions with drasti
ally di�erent spin ex
itations - a near-boundary re-gion with (d−1)-dimensional magnons and a bulk with d-dimensional standingspin waves. Spin 
orrelations in the near-boundary region are in
reased in 
om-parison with the bulk due to the de
reased dimensionality of spin ex
itations inthe former area. Thus, to a great extent the behavior of spin ex
itations nearthe 
rystal boundary resembles ele
trons near a point defe
t [8�10℄ - in both
ases the perturbation divides the 
rystal into two regions with di�erent ex
i-tations. Some of these ex
itations are lo
alized in the perturbed region, whilethe other are the bulk ex
itations. Considering the 
ase of small hole 
on
en-trations in the two-dimensional 
rystal it was shown that the near-boundaryregion is depleted of 
arriers. In the 
onsidered system, the 
arriers are spinpolarons - holes surrounded by a 
loud of magnons [28, 34℄. The approa
h ofthe spin polaron to the boundary is a

ompanied with a deformation of the11



magnon 
loud, whi
h is energeti
ally unfavorable and leads to the depletion.No boundary states were found for holes - in the 
onsidered 
ase of strongele
tron 
orrelations the intera
tion with spin ex
itations has a larger impa
ton the 
arrier properties than dangling bonds on the boundary. Due to thebroken translational symmetry in the dire
tion perpendi
ular to the boundarythe hole spe
tral fun
tion is 
hara
terized by 
omponents of the wave ve
tor,whi
h are parallel to the boundary, and by the distan
e of an atomi
 row fromthe boundary. The depletion of 
arriers in the near-boundary region meansdi�eren
es in the spe
tral fun
tions belonging to various rows. As a 
onse-quen
e, the spe
tral fun
tion of the boundary row di�ers 
onsiderable from itsbulk shape.The stru
ture of the thesis is the following. In Chapter 2 a theoreti
aloverview of the retarded and Matsubara Green's fun
tions as well as of twomain models of strongly 
orrelated systems, the Hubbard and the t-J models,is given. In Chapter 3 the t-J Hamiltonian on a semi-in�nite two-dimensionallatti
e is derived from the Hubbard model in the limit of large Hubbard re-pulsions and small hole 
on
entrations using the spin-wave approximation. InChapter 4 the in�uen
e of the boundary on magneti
 ex
itations and nearest-neighbor spin 
orrelations of a semi-in�nite two- and three-dimensional spin-12Heisenberg antiferromagnet is investigated. Square and simple 
ubi
 latti
esare 
onsidered with the boundary oriented perpendi
ular to one of the 
rys-tal axes. The spin-wave approximation is applied for zero temperature. InChapter 5 the in�uen
e of the boundary on 
harge 
arriers in a semi-in�nitetwo-dimensional t-J model is studied. For this purpose, the hole spe
tral fun
-tion is 
al
ulated using the spin-wave and non-
rossing approximations for the
ase of small hole 
on
entrations and zero temperatures.

12



2 Theoreti
al overview2.1 The retarded Green's fun
tionLet us introdu
e two arbitrary operators A(t) and B(t′) in the Heisenbergrepresentation:
A(t) = eiHtAe−iHt, B(t′) = eiHt′Be−iHt′ ,where H is the Hamiltonian of a system.Lets us de�ne a double-time retarded Green's fun
tion as follows [35℄:
G(t, t′) =

〈〈

A(t)|B(t′)
〉〉

t
= −iθ(t− t′)

〈

[A(t), B(t′)]η
〉

, (2.1)where [A(t), B(t′)]η = A(t)B(t′) − ηB(t′)A(t). Usually η = 1 is 
hosen ifoperators satisfy the Boson 
ommutation relations, and η = −1 is taken ifoperators satisfy the Fermion 
ommutation relations. In Eq. (2.1), averaging isperformed over the Gibbs 
anoni
al ensemble: 〈. . .〉 = Z−1Sp
(

e−Hβ . . .
), Z =

Sp
(

e−Hβ
) is the partition fun
tion, β is the inverse value of the temperaturein energy units, and θ(t) is the Heaviside fun
tion.If the Hamiltonian does not depend on time, the retarded Green's fun
tiondepends only on the time di�eren
e, G(t, t′) = G(t− t′). This property 
an beveri�ed using tra
e invarian
e with respe
t to 
y
li
 permutation of multipliers.Therefore, it is 
onvenient to take one of the temporal arguments equaling tozero: G(t) ≡ G(t, 0).To obtain the equation of motion des
ribing evolution of Green's fun
tionlet us di�erentiate it with respe
t to the time t

i
dG(t)

dt
=

dθ(t)

dt

〈

[A(t), B]η

〉

+ θ(t)

〈[

dA(t)

dt
, B

]〉

.Taking into a

ount that dθ(t)

dt
= δ(t), the known property of Dira
's deltafun
tion, δ(t − t0)f(t) = δ(t − t0)f(t0) and the equation of motion for anoperator in the Heisenberg representation,

i
dA(t)

dt
= [A(t),H] ,one arrives at the equation of motion for Green's fun
tion

i
dG(t)

dt
= δ(t) 〈[A,B]η〉+ 〈〈[A,H]|B〉〉 . (2.2)

134 



The Fourier transform of Green's fun
tion is de�ned as follows:
G(ω) =

∞
∫

−∞

dt eiωtG(t). (2.3)The retarded Green's fun
tion is an analyti
al fun
tion in the upper half-planeand has its poles, 
uts, and bran
h points in the lower half-plane and on thereal axis. The real and imaginary parts of the energies of the poles de�neenergies and dampings of quasiparti
les (elementary ex
itations), respe
tively.2.2 The Matsubara Green's fun
tionLet us introdu
e two arbitrary operators A(τ) and B(τ ′),
A(τ) = eτHAe−τH , B(τ ′) = eτ

′HBe−τ ′H .The Matsubara Green's fun
tion at non-zero temperatures is de�ned as follows[36, 37℄:
G(τ, τ ′) = −〈T A(τ)B(τ ′)〉, (2.4)where T is the time-ordering operator that arranges other operators from rightto left in as
ending order of times. In the 
ase of Fermi operators their permu-tation 
aused by the time ordering leads to the 
hange of sign in the expression.As follows from the de�nition (2.4), Matsubara Green's fun
tions dependsonly on the time di�eren
e τ̄ = τ − τ ′ and satisfy the 
ondition G(τ̄ < 0) =

∓G(τ̄ + β), where the upper and lower signs 
orresponds to Fermi and Boseoperators, respe
tively. Therefore, it is 
onvenient to take one of temporalarguments equaling to zero: G(τ) ≡ G(τ, 0), where τ ∈ [0, β].If the parti
les in a system are not free it is 
onvenient to use the intera
tionrepresentation of the quantum �eld theory [38℄. If we separate the Hamiltonianinto two parts,
H = H0 +Hint,where H0 is an exa
tly solvable unperturbed part, while Hint is a perturbation,then we 
an introdu
e an arbitrary operator Ã(τ) in the intera
tion represen-tation,̃
A(τ) = eτH0Ae−τH0 .Also for this purpose we introdu
e the matrix G(τ) (0 < τ < β), the analogue

14



of the S-matrix of the �eld theory, whi
h is de�ned as
G(τ) = T exp







−
β
∫

0

H̃int(τ
′)dτ ′







, H̃int(τ) = eτH0Hinte
−τH0 . (2.5)The expression for Green's fun
tion in the intera
tion representation may bewritten via the G matrix (2.5) as

G(τ) = −〈T (Ã(τ)BG(β))〉0
〈G(β)〉0

, (2.6)where the subs
ript "0" near the angular bra
kets denotes that the averagingis determined by the non-intera
ting Hamiltonian H0.If the intera
tions between parti
les are weak, the expression for the Mat-subara Green's fun
tion (2.6) in the intera
tion representation enables us towrite the perturbation theory series in powers of intera
tion Hamiltonian Ĥint.The intera
tion Hamiltonian appears in the Green's fun
tion only via the
G matrix (2.5). Expanding the exponent in the right-hand side of Eq. (2.5) inpowers of H̃int(τ), we get

G =

∞
∑

n=0

(−1)n

n!

β
∫

0

· · ·
β
∫

0

dτ1 · · · dτnT (H̃int(τ1) · · · H̃int(τn)). (2.7)Substituting this expansion in the numerator of Green's fun
tion (2.6), we getthe perturbation theory series
G(τ) = − 1

〈G(β)〉0

∞
∑

n=0

(−1)n

n!

β
∫

0

· · ·
β
∫

0

dτ1· · · dτn〈T Ã(τ)BH̃int(τ1) · · · H̃int(τn)〉0.After applying Wi
k's theorem [39℄, the Matsubara Green's fun
tion 
an beredu
ed to the evaluation of all 
onne
ted diagrams
G(τ) = −

∞
∑

n=0

(−1)n

n!

β
∫

0

· · ·
β
∫

0

dτ1· · · dτn〈T Ã(τ)BH̃int(τ1)· · · H̃int(τn)〉0,c, (2.8)where the subs
ript "
" points to this limitation. Ea
h diagram is evaluatedas a fun
tion of τ , and then one takes the Fourier transform
G(n) ≡ G(iωn) =

β
∫

0

dτG(τ)eiωnτ , ωn =

{

(2n+ 1)πT for fermions,
2nπT for bosons, (2.9)

15



where n is an integer and the shorthand symbol for the Matsubara frequen
y
ωn. The terms in series yield self-energy diagrams, whi
h may be 
olle
ted intothe Dyson equation (the self-energy equation)

G(n) = G(0)(n)−G(0)(n)Σ(n)G(n), (2.10)where G(0)(n) is the zeroth-order (non-intera
ting) Green's fun
tion and thefun
tion Σ(n) is 
alled the self-energy.In order to transform the Dyson equation to real frequen
ies one needs toperform the analyti
 
ontinuation
iωn → ω + iη, η → +0.This pro
edure gives the Dyson equation for Green's fun
tions of se
tion 2.1,
G(ω) = G(0)(ω) +G(0)(ω)Σ(ω)G(ω). (2.11)2.3 The Hubbard modelInitially the Hubbard model [40℄ was introdu
ed to des
ribe magnetism in3d transition metals and their 
ompounds in an e�ort to over
ome the 
ontra-di
tions between the itinerant (band) nature of d ele
trons and the presen
eof lo
alized magneti
 moments in su
h systems. A
tually, as was shown byHubbard [41℄, the appli
ability range of the model proved to be mu
h broader:the model made it possible to des
ribe the metal-insulator transitions initi-ated by 
hanges in the Hamiltonian parameters. The su

ess of the Hubbardmodel is due to its simpli
ity, and at the same time, to its ri
h 
ontent. TheHubbard model is able to des
ribe a number of su
h nontrivial phenomenaas ferromagnetism and antiferromagnetism, super
ondu
tivity, and Luttingerquantum liquid. The model Hamiltonian reads
H = t

∑

ijσ

a†iσajσ + U
∑

i

ni↑ni↓. (2.12)It 
ontains a kineti
 term des
ribing the ele
tron motion from site to site andthe energy of repulsion at a single site. Here aiσ (a†jσ) is the Fermi annihilation(
reation) operator for an ele
tron at site i with spin σ, niσ = a†iσaiσ is thenumber of ele
trons at a site i with the given spin σ, t is the hopping 
onstantof an ele
tron from one site to an adja
ent site in the latti
e, and U is theCoulomb repulsion between two ele
trons at the same site.For su�
iently large U > Uc ∼ W the ground state of the system is aninsulator state, while for U < Uc it is a metalli
 state. Here W is the bandwidthof nonintera
ting ele
trons. The reason is that for large U the appearan
e oftwo ele
trons at the same site is energeti
ally unfavorable and the initial bandsplits into two Hubbard sub-bands with a gap at the initial band 
enter. Thus,16



when the band is half-�lled, the Fermi level is in the gap, and the groundstate is an insulator state. The ele
trons be
ome lo
alized at the latti
e sitesand behave like lo
alized magneti
 moments with spin S = 1/2. An indire
tex
hange intera
tion arises between su
h ele
trons, so that the system in theinsulator state is an antiferromagnet.Of 
ourse, at deviations from the half-�lled state of the band the system a
-quires �nite 
ondu
tivity, but 
learly, there exists a strong intera
tion betweenthe 
harge 
arrier and the magneti
 order, whi
h may initiate deviations fromthe Fermi-liquid behavior of the ele
tron system. All these e�e
ts � the metal-insulator phase transition, the emergen
e of lo
alized magneti
 moments, andthe deviations from the Fermi-liquid behavior � are manifestations of strong
orrelations existing in the system, i.e. the tenden
y of ele
trons to avoid ea
hother.2.4 The t-J modelThis model was derived from the Hubbard model (2.12) in the limit ofstrong ele
tron 
orrelations, W/U ≪ 1, and developed to des
ribe ele
tronmotion in an antiferromagneti
 matrix. It has gained popularity after P. An-derson [42℄ suggested that the ele
tron properties of high-Tc super
ondu
torsof the metal-oxide group are des
ribed by the t-J Hamiltonian. To derive the
t-J Hamiltonian one has to apply a 
anoni
al transformation whi
h ex
ludesthe lo
al two-ele
tron states. Then after the use of the se
ond-order pertur-bation theory in W/U , where the Coulomb term is taken as the zeroth-orderHamiltonian and the kineti
 term is 
onsidered as a perturbation, one obtainsthe t-J Hamiltonian [43, 44℄ (see also the next 
hapter):

H = t
∑

i 6=j,σ

(1− ni,−σ)a
†
iσajσ(1− nj,−σ) +

J

2

∑

i 6=j

(

SiSj −
1

4
ninj

)

. (2.13)Here ni =
∑

σ niσ is the number of ele
trons at a site i, J = 4t2/U is the kineti
ex
hange (antiferromagneti
 
oupling) 
onstant, and Si is the spin-12 operatorat a site i. The fa
tors 1 − ni,−σ in Eq. (2.13) prevent double o

upan
y ofthe site i. Thus, the t-J model des
ribes the motion of ele
trons from oneuno

upied site to another.In the 
ase of half-�lling, when the number of parti
les is equal to unity atea
h site,
ni↑ + ni↓ = 1,the t-J model redu
es to the Heisenberg model
H = J

∑

ij

(

SjSj −
1

4
ninj

)

. (2.14)175 



Near half-�lling in the spin-wave approximation the Hamiltonian of the t-Jmodel on an in�nite 2D latti
e in momentum spa
e reads [45℄
H =

Jz

2

∑

k

[

2b†kbk + γk

(

bkb−k + b†−kb
†
k

)]

+
tz√
N

∑

kq

h†khk−q

(

γkb
†
−q + γk−qbq

)

. (2.15)Here bk is the spin-wave operator, hk is the hole annihilation operator, z is thenumber of the nearest neighbors (the 
oordination number), γk = z−1
∑

r e
ikr,and r is a nearest-neighbor ve
tor. After applying the 
anoni
al (Bogoliubov)transformation

bk = ukβk + vkβ
†
−k (2.16)to the new Bose operators βk, we arrive at the expression for the e�e
tiveHamiltonian

H =
∑

k

ωk

(

β†
kβk +

1

2

)

+
1√
N

∑

kq

[

Mq(k)h
†
khk−qβq + c.c

]

. (2.17)Here
Mq(k) = zt(uqγk−q + vqγk) (2.18)is the hole-spin-wave intera
tion amplitude, and
uk =

1

2

(

4

√

1− γk
1 + γk

+ 4

√

1 + γk
1− γk

)

, vk =
1

2

(

4

√

1− γk
1 + γk

− 4

√

1 + γk
1− γk

)

,

ωk = Jz
√

1− γ2k.We see that near half-�lling the Hamiltonian of the t-J model redu
es to thespin-wave Hamiltonian of an antiferromagnet intera
ting with holes. This
losely resembles the phonon polaron problem in a deformable latti
e [46℄� the spin waves play the role of the phonons. However, between the twoproblems there is an important distin
tion: Hamiltonian (2.17) has no bareterm, H0 =
∑

k εkh
†
khk, for holes. The hole kineti
 energy of the t-J modeltransforms into a term des
ribing hole-magnon 
oupling. Sin
e the intera
-tion amplitude Mq(k) is proportional to t ≫ J , we are dealing with strong
oupling.The hole-magnon intera
tion leads to the dressing of holes with magnons.The 
ombined quasiparti
le is 
alled the magneti
 or spin polaron. Its dis-persion is determined by the self-energy. Note that the intera
tion amplitude

Mq(k) vanishes at q = 0 and q = (π, π); however, it be
omes large at inter-18



mediate values of the momentum transfer q. This implies that the intera
tionbetween a hole and short-wavelength spin-waves plays an important role in thespin polaron problem. This means that the spin polaron is well lo
alized inspa
e.Using the self-
onsistent Born approximation in the diagram te
hnique oneobtains the following self-energy equation for the 
ase of one hole:
G(k, ω) =

1

ω −Σ(k, ω) + i0
(2.19)with the self-energy

Σ(k, ω) =
1

N

∑

q

M2
q(k)G(k − q, ω − ωq). (2.20)In this 
ase, the spe
tral fun
tion 
onsists of a narrow quasiparti
le peak,whi
h is well separated from a broad 
ontinuum. In the hole pi
ture, the
ontinuum is lo
ated on the high-energy side of the quasiparti
le peak. Thebandwidth of the quasiparti
le states is of the order of J , and their 
ontributionto the total intensity is in the region of J/t. The energy range o

upied by the
ontinuum is 
lose to zt. States, whi
h 
onstitute the 
ontinuum, 
orrespondto di�erent ex
ited states of the spin polaron, in parti
ular, to the so 
alledstring states. The band of the quasiparti
le states has minima at the waveve
tors (±π/2,±π/2), where the latti
e spa
ing is set as a unit of length.Maxima of the band are lo
ated at (0, 0) and (π, π). In 
omparison with thedispersion along the line (0, 0)− (π, π) the variation of the band energy alongthe boundaries of the magneti
 Brillouin zone (0,±π)− (±π, 0) is small.
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3 The t-J model on a semi-in�nite 2D latti
e3.1 From the Hubbard model to the t-J modelIn this subse
tion the transformation of the Hubbard Hamiltonian to the
t-J Hamiltonian is 
arried out for the 
ase of a semi-in�nite 2D square lat-ti
e. The 
ase of small hole 
on
entrations and strong 
orrelations (U ≫ |t|)is 
onsidered. A semi-in�nite antiferromagnet is 
hosen to be lo
ated in thehalf-spa
e lx > 0 (a boundary is lo
ated along the Y 
rystallographi
 axis.).We limit ourselves to the 
ase of an idealized boundary: the variation of latti
espa
ing and model parameters near the boundary is negle
ted. The Hamilto-nian reads
HH = t

∑

lyσδ

∑

lx>0

a†ly+δ,lxσ
alylxσ + t

∑

lyσ

∑

lx>0

(

a†ly ,lx+1,σaly lxσ + a†lylxσaly ,lx+1,σ

)

+ U
∑

ly ,lx>0

nlylx,+1nlylx,−1 − µ
∑

lyσ

∑

lx>0

nlylxσ, (3.1)where ly and lx are the ve
tor 
omponents labeling sites of the 
rystal, δ = ±1(the latti
e spa
ing is set as the unit of length), σ = ±1 is the spin proje
tion,and µ is the 
hemi
al potential of ele
trons. Only the hopping between nearest-neighbor sites t is taken into a

ount in Hamiltonian (3.1).It is 
onvenient to swit
h to the Hubbard operators [47, 48℄
Xij

M = |Mi〉〈Mj|, M = (lx, ly). (3.2)Here |Mi〉 denotes four possible site states - the uno

upied state (i = 0), thetwo singly o

upied states (i = σ), and the doubly o

upied state (i = 2).The Hubbard operator Xij
M is a transition operator with the initial state |Mj〉and the �nal state |Mi〉. The algebra of Hubbard operators is given by thefollowing rules:1. the multipli
ation rule

Xp1q1
M ·Xp2q2

M = |Mp1〉〈Mq1||Mp2〉〈Mq2| = δq1p2X
p1q2
M ,2. the 
ommutation rule

[

Xp1q1
M1

,Xp2q2
M2

]

±
= δM1M2

(

δq1p2X
p1q2
M1

± δp1q2X
p2q1
M1

)

,where [Xp1q1
M1

,Xp2q2
M2

]

±
denotes the anti
ommutator when both operatorsare of fermion type (X0σ

M , Xσ2
M and their 
onjugates) and the 
ommutatorin other 
ases,
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3. the sum rule (the 
ompleteness 
ondition)
∑

p

Xpp
M =

∑

p

|Mp〉〈Mp| = 1.All these rules are 
onsequen
es of the de�nition of the Hubbard operators (3.2)and the 
ondition that {|Mp〉} is a 
omplete set of orthogonal and normalizedve
tors.The ele
tron 
reation operator a†ly lxσ, the ele
tron annihilation operator
aly lxσ, and the number operator nlylxσ are 
onne
ted with the Hubbard oper-ators by the relations,

aly lxσ = X0σ
ly lx + σX−σ,2

ly lx
, a†ly lxσ = Xσ0

ly lx + σX2,−σ
ly lx

,

nlylxσ = Xσσ
ly lx +X22

ly lx .
(3.3)Taking into a

ount Eq. (3.3), the multipli
ation rule, the sum rule of theHubbard operators and dropping a 
onstant term, we get for the Hamiltonian

HH = H0 +H1 +H2,

H0 = U
∑

ly ,lx>0

X22
ly lx − µ

∑

ly ,lx>0

(

X22
ly lx −X00

ly lx

)

,

H1 = t
∑

lyσδ

∑

lx>0

(

Xσ0
ly+δ,lxX

0σ
lylx +X2,−σ

ly+δ,lx
X−σ,2

ly lx

)

+ t
∑

lyσ

∑

lx>0

(

Xσ0
ly ,lx+1X

0σ
ly lx +X2,−σ

ly ,lx+1X
−σ,2
ly lx

+Xσ0
ly lxX

0σ
ly ,lx+1 +X2,−σ

lylx
X−σ,2

ly ,lx+1

)

,

H2 = t
∑

lyσδ

∑

lx>0

σ
(

Xσ0
ly+δ,lxX

−σ,2
ly lx

+X2,−σ
ly+δ,lx

X0σ
lylx

)

+ t
∑

lyσ

∑

lx>0

σ
(

Xσ0
ly ,lx+1X

−σ,2
lylx

+X2,−σ
ly ,lx+1X

0σ
lylx

+Xσ0
ly lxX

−σ,2
ly ,lx+1 +X2,−σ

lylx
X0σ

ly ,lx+1

)

.

(3.4)
By analogy with an unbounded 
rystal [43, 49℄, in the 
ase of strong ele
tron
orrelations, U ≫ |t|, and an ele
tron �lling less than half-�lling, Hamiltonian(3.4) 
an be redu
ed to the Hamiltonian of the t-J model using a unitarytransformation and a perturbation theory in powers of the small parameter

t/U ,
HtJ = eSHe−S ≈ H0 +H1 +H2 + [S,H0] + [S,H1] + [S,H2]

+
1

2
[S, [S,H0]] + · · · . (3.5)216 



In Eq. (3.5), H0 is the zero-order term, while other terms in the right-handside are of the �rst and se
ond order in the parameter t/U . This unitarytransformation has to remove terms of the �rst order in t whi
h 
hange theo

upation of the Hubbard subbands. Terms of this type are 
olle
ted in thepart H2 in Eq. (3.4). The operator S is looked for in the form
S = ξ

∑

lyσδ

∑

lx>0

σ
(

Xσ0
ly+δ,lxX

−σ,2
ly lx

−X2,−σ
ly+δ,lx

X0σ
ly lx

)

+ ξ
∑

lyσ

∑

lx>0

σ
(

Xσ0
ly,lx+1X

−σ,2
ly lx

−X2,−σ
ly,lx+1X

0σ
ly lx

+ Xσ0
ly lxX

−σ,2
ly ,lx+1 −X2,−σ

ly lx
X0σ

ly ,lx+1

)

, (3.6)where the parameter ξ is determined from the 
ondition
H2 + [S,H0] = 0, (3.7)whi
h eliminates the mentioned terms from the transformed Hamiltonian (3.5).Substituting H0, H2 (3.5), and S (3.6) into 
ondition (3.7) and using the
ommutation rule of the Hubbard operators, we obtain that
[S,H0] =

ξU

t
H2, ξ = − t

U
.In the 
ase of strong ele
tron 
orrelations, U ≫ |t|, it is su�
ient to leave termsup to the se
ond order in t in the transformed Hamiltonian (3.5). If in additionwe take into a

ount 
ondition (3.7) then the expression for Hamiltonian (3.5)is redu
ed to

HtJ = H0 +H1 + [S,H1] +
1

2
[S,H2]. (3.8)In the 
ase of an ele
tron �lling less than half-�lling we retain terms of theHamiltonian, whi
h des
ribe only pro
esses in the lower Hubbard subband andwe negle
t terms 
ontaining the Hubbard operatorsX2,−σ,X−σ,2,X22,X02,X20.Sin
e ea
h term of the 
ommutator [S,H1] 
ontains su
h Hubbard operators,the 
ommutator does not 
ontribute to the Hamiltonian. After some mathe-mati
 manipulations, the Hamiltonian is redu
ed to

HtJ = t
∑

lyσδ

∑

lx>0

Xσ0
ly+δ,lxX

0σ
ly lx + t

∑

lyσ

∑

lx>0

(

Xσ0
ly ,lx+1X

0σ
ly lx +Xσ0

ly ,lx+1X
0σ
ly lx

)

− 2t2

U

∑

ly,lx>0

∑

σσ′

σσ′
(

Xσσ′

ly+1,lxX
−σ,−σ′

ly lx
+Xσσ′

ly ,lx+1X
−σ,−σ′

ly lx

)

+ µ
∑

ly,lx>0

X00
ly lx . (3.9)22



Here we negle
ted three-site terms whi
h des
ribe an assistant hole hopping,as it is frequently done in the 
onsideration of the t-J model. The third sumin the right-hand side of Eq. (3.9) 
an be rewritten in terms of the spin-12operators S±
M, Sz

M and ele
tron number operators if we use the relations
S+
lylx

= X1,−1
ly lx

, S−
lylx

= X−1,1
lylx

,

Sz
lylx =

1

2

(

X11
ly lx −X−1,−1

ly lx

)

, nlylx = nlylx↑ + nlylx↓.
(3.10)In these notations Hamiltonian (3.9) reads

HtJ = t
∑

lyσδ

∑

lx>0

Xσ0
ly+δ,lxX

0σ
ly lx + t

∑

lyσ

∑

lx>0

(

Xσ0
ly ,lx+1X

0σ
ly lx +Xσ0

ly ,lx+1X
0σ
ly lx

)

+ J
∑

lyσ

∑

lx>0

(

Sly+1,lxSly lx + Slylx+1Slylx

)

− J

4

∑

lyσ

∑

lx>0

(

nly+1,lxnlylx + nly,lx+1nlylx

)

+ µ
∑

ly ,lx>0

X00
ly lx . (3.11)3.2 The spin-wave approximationFurther simpli�
ations of the model Hamiltonian are 
onne
ted with theexisten
e of the long-range antiferromagneti
 ordering in the 
rystal in the
ase of zero temperature and low doping. The long-range antiferromagneti
ordering allows us to use the spin-wave approximation whi
h in appli
ationsto the t-J model was shown to give results in good agreement with exa
t di-agonalization in the unbounded 
rystal [45, 50℄. The spin-wave approximationis introdu
ed using the following Holstein-Primako� transformation [51℄:

S+
lylx

= P+
ly lx

ϕly lxblylx + P−
ly lx

b†ly lxϕly lx ,

S−
lylx

= P−
ly lx

ϕly lxblylx + P+
ly lx

b†ly lxϕly lx ,

Sz
lylx = eiπ(ly+lx)

(

1

2
− b†lylxbly lx

)

.

(3.12)Here the spin-wave operators b†ly lx , bly lx satisfy the Boson 
ommutation rela-tions and
P±
ly lx

=
1

2

[

1± eiπ(lx+ly)
]

, ϕly lx =
√

1− b†ly lxbly lx . (3.13)In the 
onsidered antiferromagneti
 ba
kground the hole 
reation and an-nihilation operators are introdu
ed as
h†ly lx =

∑

σ

P σ
ly lxX

0σ
ly lx , hly lx =

∑

σ

P σ
ly lxX

σ0
ly lx . (3.14)23



The Hubbard operators 
an be expressed via the hole 
reation and annihilationoperators and the spin-wave operators as
X0+

M = P+
M|M0〉〈M+| + P−

M|M0〉〈M−|M−〉〈M+|
= P+

Mh†M + P−
Mh†MbM,

X0−
M = P−

M|M0〉〈M−| + P+
M|M0〉〈M+|M+〉〈M−|

= P−
Mh†M + P+

Mh†MbM.

(3.15)Using Eqs. (3.13) and (3.15) we 
an rewrite the �rst and se
ond sums in Hamil-tonian (3.11) as
∑

σ

Xσ0
M1

X0σ
M2

= hM1
h†M2

bM2
+ b†M1

hM1
h†M2

.The spin wave operators b†M, bM and the hole 
reation and annihilation op-erators h†M, hM, whi
h belong to the same latti
e, generally speaking, do not
ommutate. However, in the 
ase of low hole doping this non
ommutivity
an be negle
ted due to small densities of holes and magnons. This 
on
lu-sion is also supported by 
al
ulations 
arried out for the unbounded latti
e[45, 50, 52, 53℄, whi
h demonstrated good agreement between results obtainedin the spin-wave approximation and by exa
t diagonalization. As a result thesum ∑

σ X
σ0
M1

X0σ
M2


an be approximately rewritten as
∑

σ

Xσ0
M1

X0σ
M2

= hM1
h†M2

(

bM2
+ b†M1

)

.Substituting Eqs. (3.12), (3.13) and (3.15) into Hamiltonian (3.11) and leavingterms up to the se
ond order in the spin-wave operators we �nd the Hamilto-nian of the t-J model in the spin-wave approximation
HtJ = t

∑

lyδ

∑

lx>0

hly+δ,lxh
†
ly lx

(

blylx + b†ly+δ,lx

)

+ t
∑

ly ,lx>0

[

hly ,lx+1h
†
ly lx

(

blylx + b†ly,lx+1

)

+ hly lxh
†
ly,lx+1

(

bly,lx+1 + b†ly lx

)]

+HAF

− J

4

∑

ly,lx>0

(

νly+1,lxνlylx + νly,lx+1νlylx
)

− J

2

∑

ly

νly0 + µ
∑

ly ,lx>0

νly lx , (3.16)
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where νlylx = h†ly lxhly lx and
HAF = 2J

∑

ly ,lx>0

(

1− 1

4
δlx0

)

b†ly lxblylx

+
J

2

∑

ly,lx>0

(

bly+1,lxblylx + b†ly+1,lx
b†ly lx

)

+
J

2

∑

ly,lx>0

(

bly ,lx+1blylx + b†ly ,lx+1b
†
ly lx

) (3.17)is the Hamiltonian of the 2D semi-in�nite Heisenberg antiferromagnet in thespin-wave approximation. In Eq. (3.16), some 
onstant terms were omittedand the term 2J was added to the 
hemi
al potential µ.The next to the last term in the right-hand side of Hamiltonian (3.16)des
ribes an attra
tion of a hole to the boundary. It originates from termsof Hamiltonian (3.11) whi
h 
ontain z 
omponents of spin and o

upationnumbers on neighboring sites. In the antiferromagneti
 state, these terms givethe energy gain equal to J/2 for ea
h nearest-neighbour bond. In the 2D 
asea hole destroys 4 su
h bonds deep inside the 
rystal and only 3 bonds at theboundary. Thus, for an immobile hole it is energeti
ally more favourable toreside at the boundary.Considering the 
ase of a low hole doping, in Hamiltonian (3.16) we negle
tterms 
ontaining two hole o

upations operators on neighboring sites.Let us take into a

ount the translational invarian
e of Hamiltonian (3.16)along the Y axis and apply the Fourier transformation
bkylx =

1
√

Ny

∑

ly

eiky lxblylx , hky lx =
1

√

Ny

∑

ly

eiky lxhly lx , (3.18)where Ny is the number of sites in the Y dire
tion and ky is the 1D waveve
tor.Finally the Hamiltonian of the t-J model on a semi-in�nite 2D latti
e reads
H = Hint +HAF +

∑

ky ,lx>0

µ′
lxνkylx , µ′

lx = µ− J

2
δlx0,

HAF = 2J
∑

ky,lx>0

(

1− 1

4
δlx0

)

b†kylxbkylx

+ J
∑

ky ,lx>0

(

bkylxb−ky,lx+1 + b†kylxb
†
−ky ,lx+1

)

+ J
∑

ky ,lx>0

cos(ky)
(

bkylxb−ky,lx + b†kylxb
†
−ky,lx

)

,
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Hint = N
− 1

2
y

∑

kyk′y

∑

lx>0

1
∑

s=−1

θ(lx + s)hky ,lx+sh
†
ky+k′y,lx

×
(

bk′ylxgk′ys + b†−ky,lx+sgky+k′y,s

)

, (3.19)with the intera
tion 
onstant,
gkys =

{

2t cos(ky), if s = 0;
t, if s = ±1.Refusing the 
onstraint lx > 0 Hamiltonian (3.19) is redu
ed to the spin-waveHamiltonian on an unbounded latti
e (2.17), used in Refs. [45, 50℄ and in a lotof subsequent works.Analogous transformations 
an be 
arried out for a three-dimensional semi-in�nite 
rystal [54℄.
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4 Magneti
 ex
itations and 
orrelations: a semi-in-�nite 2D/3D latti
e4.1 The HamiltonianIn the 
ase of small hole 
on
entrations we 
an negle
t the in�uen
e of holeson the magnon Green's fun
tion and use its value for the undoped 
ase. In addi-tion to the 2D antiferromagnet we shall 
onsider also the 3D antiferromagnet inorder to investigate the in�uen
e of the dimensionality on the near-boundaryphenomena in the magnon spe
trum and nearest-neighbor spin 
orrelations.Sin
e the Heisenberg Hamiltonian for the 2D semi-in�nite square latti
e wasderived in the previous 
hapter, in this subse
tion we shall 
on
entrate ourattention on a 3D simple 
ubi
 latti
e. A semi-in�nite 3D antiferromagnetis lo
ated in the half-spa
e lx > 0. An antiferromagnet is des
ribed by theHeisenberg Hamiltonian (2.14)
H =

J

2

∑

la

∑

lx>0

Sl+a,lxSllx + J
∑

llx>0

Sl,lx+1Sllx . (4.1)In the 3D 
ase the following notations are used: sites of a simple 
ubi
latti
e are labeled by the three 
oordinates lx, ly, lz, l = (ly, lz), and a =
(±1, 0), (0,±1) are four unit ve
tors, whi
h 
onne
t nearest neighbor sites inthe Y Z plane.Sin
e for low temperatures the system has the long-range antiferromagneti
ordering, its low-lying elementary ex
itations 
an be des
ribed in the spinwave approximation, whi
h 
an be introdu
ed using the Holstein-Primako�transformation [51℄:

S+
L = P+

L ϕLbL + P−
L b†LϕL, S−

L = P−
L ϕLbL + P+

L b†LϕL,

Sz
L = eiΠL

(

1

2
− b†LbL

)

.
(4.2)Here the spin-wave operators bL and b†L satisfy the Boson 
ommutation rela-tions and

P±
L =

1

2

(

1± eiΠL
)

, L = (l, lx),where Π = (π, π, π). Substituting Eq. (4.2) into Hamiltonian (4.1), dropping
onstant terms and terms 
ontaining more than two spin-wave operators bL,
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b†L, we obtain
H = 3J

∑

llx>0

(

1− 1

6
δlx0

)

b†llxbllx +
J

4

∑

la

∑

lx>0

(

bl+a,lxbllx + b†l+a,lx
b†llx

)

+
J

2

∑

llx>0

(

bl,lx+1bllx + b†l,lx+1b
†
llx

)

. (4.3)Taking into a

ount the translational invarian
e of Hamiltonian (4.3) inthe plane Y Z we use the Fourier transformation
bklx =

1√
N

∑

l

eiklbllx , (4.4)where N is the number of sites in the periodi
 Y Z plane and k = (ky, kz) isa 2D wave ve
tor. After the Fourier transformation (4.4) the Hamiltonian isexpressed in the following form:
H = dJ

∑

klx>0

(

1− 1

z
δlx0

)

b†klxbklx + J
∑

klx>0

γ
(d−1)
k

(

bklxb−k,lx + b†klxb
†
−k,lx

)

+
J

2

∑

klx>0

(

bklxb−k,lx+1 + b†klxb
†
−k,lx+1

)

. (4.5)In Eq. (4.5) we 
ombined Hamiltonians for the two and three dimensions [seeEq. (3.19)℄. Here d = 2 or 3 is the dimensionality of the latti
e and
γ
(2)
k =

1

2
[cos(ky) + cos(kz)] , γ

(1)
ky

=
1

2
cos(ky).In the 2D 
ase k redu
es to ky. It is worth noting that Hamiltonian (4.5)without the term proportional to δlx0 is easily diagonalized by the use of theBogoliubov-Tyablikov transformation [51℄.4.2 The magnon Green's fun
tion and its equation of motionTo investigate the magnon spe
trum we introdu
e the two-
omponent op-erator

B̂klx =

(

bklx
b†−k,lx

) (4.6)and de�ne the matrix retarded Green's fun
tion (2.1)
D̂(ktlxl

′
x) =

〈〈

B̂klx |B̂†
kl′x

〉〉

t
= −iθ(t)

〈[

B̂klx(t), B̂
†
kl′x

]〉

, (4.7)with the time dependen
e and the averaging determined by Eq. (4.5).28



Instead of the diagonalization of Hamiltonian (4.5), it is more 
onvenientto solve the equation of motion (2.2) for the magnon Green's fun
tion (4.7).This equation reads
i
d

dt
D̂(ktlxl

′
x) = δ(t)

[

B̂klx , B̂
†
kl′x

]

+
〈〈

[

B̂klx ,H
]

|B̂†
kl′x

〉〉

t
. (4.8)The 
ommutators [B̂klx ,H

] are 
al
ulated using the 
ommutation relationsfor the spin-wave operators bklx , b†klx ,
[bklx ,H] = dJ

(

1− 1

z
δlx,0

)

bklx + 2Jγ
(d−1)
k b†−k,lx

+
J

2

[

b†−k,lx+1 + b†−k,lx−1

]

,

[

b†−k,lx
,H
]

= −dJ

(

1− 1

z
δlx,0

)

b†−k,lx
− 2Jγ

(d−1)
k bklx

− J

2

[

bk,lx+1 + bk,lx−1

]

.

(4.9)
Substituting 
ommutators from (4.9) into the equation of motion (4.8), weobtain

i
d

dt
D̂(ktlxl

′
x) = δ(t)δlxl′x τ̂3 + J

[

d

(

1− 1

z
δlx0

)

τ̂3 + 2γ
(d−1)
k τ̂1

]

D̂(ktlxl
′
x)

+
J

2
τ̂1

[

D̂(kt, lx + 1, l′x) + D̂(kt, lx − 1, l′x)
]

, (4.10)where the matri
es τ̂1 and τ̂3 are given by
τ̂1 =

(

0 1
−1 0

)

, τ̂1 =

(

1 0
0 −1

)

.To solve the equation of motion (4.10) we use a modi�
ation of the methodapplied by I. M. Lifshits for the problem of a lo
al defe
t [8�10℄. In this method,the magnon Green's fun
tion D̂(ktlxl
′
x) is expressed in terms of Green's fun
-tion D̂(0)(ktlxl

′
x) of a simpler problem whi
h is des
ribed by Hamiltonian (4.5)without the term proportional to δlx0. This latter Hamiltonian 
an be eas-ily diagonalized by the use of Bogoliubov-Tyablikov transformation [51℄. Thesolution of the equation of motion (4.10) 
an be written as

D̂(ktlxl
′
x) = D̂(0)(ktlxl

′
x)−

J

2

∞
∫

−∞

dt′D̂(0)(k, t− t′, lx0)D̂(kt′0l′x). (4.11)In order to make 
ertain that Eq. (4.11) is indeed the solution of Eq. (4.10)it is ne
essary to substitute the former equation into the latter and use the298 



equation of motion for D̂(0)(ktlxl
′
x). This equation 
oin
ides with Eq. (4.10)without the term proportional to δlx0.It is worth mentioning that ex
ept for the matrix form and the depen-den
e on k the equation of motion (4.11) is similar in form to the equation forGreen's fun
tion of a 
rystal with a lo
al defe
t [8�10℄. After Fourier trans-formation (2.3), the use of the 
onvolution theorem for the Fourier transform[55℄ and some mathemati
al manipulations we obtain the expression for themagnon Green's fun
tion

D̂(kωlxl
′
x) = D̂(0)(kωlxl

′
x)

− J

2
D̂(0)(kωlx0)

[

τ̂0 +
J

2
D̂(0)(kω00)

]−1

D̂(0)(kω0l′x), (4.12)where τ̂0 is the 2× 2 unit matrix.4.3 The magnon Green's fun
tion D̂
(0)To 
al
ulate the magnon Green's fun
tion D̂(0)(kωlxl

′
x) it is ne
essary todiagonalize Hamiltonian (4.5) without the term proportional to δlx0. This 
anbe ful�lled using the Bogoliubov-Tyablikov transformation [51℄,

bklx =
∑

kx

(

uklxkxβkkx + vklxkxβ
†
−k,kx

)

. (4.13)In the new representation Hamiltonian (4.5) has the diagonal form,
H ′ =

∑

kkx

Ekkxβ
†
kkx

βkkx + const.The transformation whi
h is opposite to Eq. (4.13) reads
βkkx =

∑

lx>0

(u∗klxkxbklx − v−k,lxkxb
†
−k,lx

). (4.14)Sin
e new operators βki, β†
ki satisfy the Boson 
ommutation relations, the fol-lowing 
onditions are imposed on the 
oe�
ients uklxkx and vklxkx :

∑

kx

(

uklxkxu
∗
kl′xkx

− vklxkxv
∗
kl′xkx

)

= δlxl′x ,
∑

kx

(

uklxkxv−k,l′xkx − vklxkxu−k,l′xkx

)

= 0,

∑

lx>0

(

uklxkxu
∗
klxk′x

− v−k,lxk′xv
∗
−k,lxkx

)

= δkxk′x ,

∑

lx>0

(

u∗−k,lxkx
v−klxk′x − vklxkxu

∗
klxk′x

)

= 0

(4.15)
30



If we use Eqs. (4.5), (4.15) in the relation
[

βkkx ,H
′
]

= Ekkxβkkx (4.16)we �nd the system of equations for the determination of the 
oe�
ients uklxkx ,
vklxkx and the energy of magneti
 ex
itations Ekkx ,

Ekkxu
∗
klxkx = dJu∗klxkx + 2Jγ

(d−1)
k v−k,lxkx

+
J

2
[v−k,lx+1,kx + v−k,lx+1,kx ]

−Ekkxv−k,lxkx = dJv−k,lxkx + 2Jγ
(d−1)
k u∗klxkx

+
J

2

[

u∗k,lx+1,kx + u∗−k,lx+1,kx

]

,

(4.17)
with the boundary 
onditions

u∗k,lx=−1,kx = 0, v−k,lx=−1,kx = 0. (4.18)The solutions for this system of equations 
an be written in the form
u∗klxkx = Akkxe

κkx lx , v−k,lxkx = Bkkxe
κkx lx , (4.19)where κkx is in general a 
omplex number. Due to the linearity of system(4.17) a linear 
ombination of su
h solutions whi
h 
orrespond to the sameenergy Ekkx is also a solution of system (4.17). Substituting solution (4.19)into system (4.17) we obtain a system of two equations for the 
oe�
ients

Akkx , Bkkx

(dJ − Ekkx)Akkx + J
[

2γ
(d−1)
k + cosh(κkx)

]

Bkkx = 0

J
[

2γ
(d−1)
k + cosh(κkx)

]

Akkx + (dJ + Ekkx)Bkkx = 0
(4.20)instead of the in�nite system of equations (4.17). The existen
e 
ondition ofnon-trivial solutions of system (4.20) gives the energy of magneti
 ex
itations,

Ekkx = J

√

d2 −
[

2γ
(d−1)
k + cosh(κkx)

]2
. (4.21)Sin
e the energy Ekkx has to be a real number, the imaginary part of cosh(κkx)should be zero,

Im[cosh(κkx)] = − sinh[Re(κkx)] sin[Im(κkx)] = 0.From this 
ondition it follows that κkx has to be either real or purely imagi-nary. Solutions with real κkx or their linear 
ombination either do not satisfyboundary 
onditions (4.18) or grow unrestri
tedly deep into the 
rystal, in31




ontradi
tion with 
onditions (4.15). These solutions 
annot be admixed tosolutions with imaginary κkx , sin
e these two groups of solutions 
orrespondto di�erent energy ranges for a �xed k (the energies are equal only for κkx = 0,whi
h 
orresponds to solutions independent of the 
oordinate lx and therefore,unsatisfying the boundary 
onditions). Only linear 
ombinations of solutionswith imaginary and opposite in sign κkx, κkx = ±ikx, the standing waves,satisfy 
onditions (4.15) and (4.18). These solutions read
u∗klxkx = Akkx sin[kx(lx + 1)], v−k,lxkx = Bkkx sin[kx(lx + 1)], (4.22)where kx varies 
ontinuously in the range (0, π). Thus, in Eqs. (4.13)-(4.15)sums over kx and Krone
ker symbols 
ontaining kx have to be substituted withintegrals and the Dira
 delta fun
tions. One of equations of the system (4.20)and the �rst relation for uklxkx , v−k,lxkx in Eq. (4.15) allows us to �nd the
oe�
ients Akkx , Bkkx ,
Akkx =

√

2

π

dJ +Ekkx
√

(dJ + Ekkx)
2 −

(

dJγ
(d)
kkx

)2

=

√

2

π

1

2





4

√

√

√

√

1− γ
(d)
kkx

1 + γ
(d)
kkx

+ 4

√

√

√

√

1 + γ
(d)
kkx

1− γ
(d)
kkx



 ,

Bkkx = −
√

2

π

dJγ
(d)
kkx

√

(dJ + Ekkx)
2 −

(

dJγ
(d)
kkx

)2

=

√

2

π

1

2





4

√

√

√

√

1− γ
(d)
kkx

1 + γ
(d)
kkx

− 4

√

√

√

√

1 + γ
(d)
kkx

1− γ
(d)
kkx



 ,

Ekkx = dJ

√

1−
(

γ
(d)
kkx

)2
,

(4.23)
where

γ
(3)
kkx

=
1

3
[cos(kx) + cos(ky) + cos(kz)], γ

(2)
kykx

=
1

2
[cos(kx) + cos(ky)].Here we took into a

ount the fa
t that quantity A2

kkx
−B2

kkx
does not dependon kx.With a knowledge of eigenfun
tions and eigenenergies of the Hamiltonian,
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the Green's fun
tions D̂(0)(kωlxl
′
x) 
an be easily 
al
ulated

D̂(0)(kωlxl
′
x) =

∫ π

0
dkx sin[kx(lx + 1) sin[kx(l

′
x + 1)]

×
(

P̂kkx

ω − Ekkx + iη
− Q̂kkx

ω + Ekkx + iη

)

, (4.24)
P̂kkx =

(

A2
kkx

AkkxBkkx

AkkxBkkx B2
kkx

)

,

Q̂kkx =

(

B2
kkx

AkkxBkkx

AkkxBkkx A2
kkx

)

,where η = +0.From Eqs. (4.12), (4.24) one 
an derive the following property of Green'sfun
tion:
Dij(kωlxl

′
x) = Dji(kωl

′
xlx). (4.25)4.4 The magnon spe
trumThe poles of Green's fun
tion (4.24) 
orrespond to standing spin waves(4.22), (4.23). Apart from them, the magnon Green's fun
tion D̂(kωlxl

′
x) mayhave poles 
onne
ted with the se
ond term in the right-hand side of Eq. (4.12).In Figs. 1-4 the imaginary part of Green's fun
tions D̂(kωlxlx) is shown in
omparison with the Green's fun
tions D̂(0)(kωlxlx) for various distan
es lxfrom the edge of the 3D and 2D antiferromagnets. On the edge, lx = 0, themagnon spe
trum ImD̂(kωlxlx) is dominated by the peak, whi
h frequen
y
oin
ides with the zero of the denominator of the se
ond term in the right-hand side of Eq. (4.12) [see Figs. 1(a) and 3(a)℄. This means that this peakarises from this term. As seen from Figs. 1(a) and 3(a), the standing spin wavesmanifest themselves as a weak shoulder on the high-frequen
y side of the peak.Consequently ex
itations 
orresponding to the peak eje
t standing waves fromthe edge layer (row) of sites. The similar situation is observed in the se
ondlayer (row). However, as seen from Figs. 1(b) and 3(b), already in the thirdlayer (row) the mentioned peak is weak and the spe
trum is dominated by the
ontinuum of standing waves. Thus, the boundary divides the antiferromagnetinto two regions with di�erent spin ex
itations. The two layers near the edgeare the lo
ation of the mode 
onne
ted with the pole of the se
ond term in theright-hand side of Eq. (4.12). This ex
itation 
an be named the near-boundarymode. Ex
itations of the rest of the 
rystal, the bulk modes, are the standingspin waves related to the �rst term in Eq. (4.12). This pi
ture is in manyrespe
ts similar to the situation in the above-mentioned problem of a lo
aldefe
t [8�10℄: if lo
al states arise near the defe
t, they eje
t bulk states fromthe defe
t region, and the 
rystal appears to be divided into the parts with339
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Figure 1: The 3D 
ase. Theimaginary parts of Green's fun
tions
D11(kωlxlx) (the solid lines) and
D

(0)
11 (kωlxlx) (the dashed lines) for(a) lx = 0 and (b) lx = 2. k =

(0, 0.6π). In part (a), the dash-dottedline demonstrates the real part of thedenominator in the se
ond term in theright-hand side of Eq. (4.12).
-4 -2 0 2 4

-1

0

1

-4

-2

0

2

4

6

 /J
 

(b)

 

 

J 
Im
D

(a)

Figure 2: The same as in Fig. 1for Green's fun
tionsD12(kωlxlx) and
D

(0)
12 (kωlxlx).

di�erent ele
troni
 ex
itations.Figure 5 demonstrates the dispersions of the near-boundary spin waves ofthe 3D (a) and 2D (b) antiferromagnets derived from the Green's fun
tions
ImD11(kωlxlx) for lx = 0. In the 3D 
ase the dispersion (the solid lines) isshown along the symmetry lines of the Brillouin zone. For the d-dimensional
rystal the dispersion is des
ribed by the formula

ωk =
√

d(d− 1)J

√

1−
(

γ
(d−1)
k

)2
. (4.26)This formula resembles the dispersion of the spin waves in the (d − 1)-dimensional unbounded 
rystal [47℄ [see also Eq. (4.23)℄,

ωk = (d− 1)J

√

1−
(

γ
(d−1)
k

)2
. (4.27)34
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Figure 3: The 2D 
ase. Theimaginary parts of Green's fun
tions
D11(kyωlxlx) (the solid lines) and
D

(0)
11 (kyωlxlx) (the dashed lines) for(a) lx = 0 and (b) lx = 2. ky =

0.6π. In part (a), the dash-dotted linedemonstrates the real part of the de-nominator in the se
ond term in theright-hand side of Eq. (4.12).
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Figure 4: The same as in Fig. 3 forGreen's fun
tions D12(kyωlxlx) and
D

(0)
12 (kyωlxlx).

This dispersion for d = 3 and 2 is shown with the dashed lines in Fig. 5.Thus, the near-boundary mode has dimensionality one less that of the bulkmode. As seen from 
omparison of Eqs. (4.26), (4.27) and from Fig. 5, thenear-boundary mode has somewhat in
reased frequen
y in 
omparison with the
(d− 1)-dimensional magnon mode. Noti
e that near k = (0, 0) and k = (π, π)in the 3D 
ase and near ky = 0 and ky = π in the 2D 
ase the near-boundarymode is ill-de�ned, sin
e the real part of the denominator of the se
ond termin the right-hind side of Eq. (4.12) is small but non-zero.4.5 Spin 
orrelationsThe nearest-neighbor spin 
orrelations 
an be expressed via the spin-waveoperators (4.2) with the use of the translational invarian
e of Hamiltonian (4.4)as
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〈SLSL′〉 =

1

2N

∑

k

{

2 cos[k(l− l′)]〈bklxb−k,l′x〉+ 〈b†klxbklx〉

+ 〈b†kl′xbkl′x〉
}

− 1

4
. (4.28)The 
orrelation fun
tions in Eq. (4.28) are 
onne
ted with magnon Green'sfun
tion (4.12) by the relation (see Appendix)

〈

B̂klxB̂
†
kl′x

〉

=

∫ ∞

−∞

dω

π

Im[D̂(kωlxl
′
x)]

e−ωβ − 1
. (4.29)Let us 
onsider the nearest-neighbor spin 
orrelations whi
h are paralleland perpendi
ular to the boundary,

CL = 〈Sl+a,lxSllx〉 , CT = 〈Sl,lx+1Sllx〉 . (4.30)For T = 0 with the use of Eq. (4.29) these spin 
orrelations read
CL = − 1

N

∑

k

cos(ky)

∞
∫

0

dω

π
ImD12(kωlxlx)

− 1

N

∑

k

∞
∫

0

dω

π
ImD22(kωlxlx)−

1

4
,
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lxFigure 6: The nearest-neighbor spin 
orrelations parallel (�lled 
ir
les) andperpendi
ular (open 
ir
les) to the boundary of the 3D (a) and 2D (b) antifer-romagnets as fun
tions of the distan
e lx from the boundary for T = 0. Solidlines are the guide to the eye. The dashed lines indi
ate the bulk values.
CT = − 1

N

∑

k

∞
∫

0

dω

π
ImD12(kωlx, lx + 1)− 1

2N

∑

k

∞
∫

0

dω

π
ImD22(kωlxlx)

− 1

2N

∑

k

∞
∫

0

dω

π
ImD22(kω, lx + 1, lx + 1)− 1

4
. (4.31)The 
al
ulated values of these spin 
orrelations are shown in Fig. 6 for 3D(a) and 2D (b) antiferromagnets. As seen from the �gure, the main deviationsfrom the bulk value of the 
orrelations fall on the boundary and the se
ond tothe boundary layers (rows), i.e. on the existen
e domain of the near-boundarymode. The largest in absolute value spin 
orrelations a

ount for the boundarywhere Green's fun
tion is dominated by the near-boundary mode. As wasshown above, this mode has dimensionality one less that of the bulk ex
itations.Noti
e that moduli of nearest-neighbor spin 
orrelations in unbounded 
rystalsde
rease monotonously with the growth of the 
rystal dimensionality. In a

ordwith our 
al
ulations these moduli are equal to 0.3005 and 0.3346 in the 3Dand 2D 
ases, respe
tively, whi
h is in good agreement with earlier 
al
ulations[56�58℄. In the one-dimensional antiferromagnet the modulus of the nearest-neighbor 
orrelation equals to 0.4432 [47℄. Thus, it is reasonable to relate thein
reased spin 
orrelations near the boundary to the de
reased dimensionalityof the near-boundary mode in 
omparison with the bulk ex
itations. Anotherinterpretation of this result, �rst observed in Monte Carlo simulations [31℄, wassuggested in Refs. [32, 33℄ where it was 
onne
ted with the enlarged valen
e-bond-solid 
orrelations near the edge. The 
orrelations in the se
ond rowand between the se
ond and third rows are smaller than in the bulk due tothe destru
tive summation of the 
ontributions of near-boundary and bulkex
itations. [see Eq. (4.12)℄. Already in the third layer from the boundary the
orrelations di�er only slightly from the bulk value. Near the boundary the3710



Figure 7: The pattern of nearest-neighbor spin 
orrelations near the boundaryof the 3D or 2D antiferromagnet. Thin solid lines indi
ate spin 
orrelationsapproximately equal to the bulk value, thi
k solid lines are 
orrelations largerin absolute value, while dotted lines 
orrespond to 
orrelations smaller thanthe bulk value.pattern of spin 
orrelations resembles the 
omb stru
ture [31℄ shown in Fig. 7.From Fig. 6 it 
an be seen that qualitatively dependen
ies of spin 
orrela-tions on the distan
e from the boundary are similar for the 3D and 2D 
ases.However, there is a quantitative di�eren
e (see Fig. 8). In the 2D 
ase thedeviations from the bulk value are greater then in the 3D 
ase � in the former
ase the largest deviation is equal to 12% in 
omparison with 5% in the latter.As mentioned above, the strengthening of spin 
orrelations near the bound-ary of 2D 
lusters was �rst observed in Monte Carlo simulations [31℄. If resultsin Fig. 6 are 
ompared with the data of these simulations two di�eren
es standout:
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i) In our 
al
ulations, the absolute value of the edge 
orrelation on theparallel bond is larger than on the bond perpendi
ular to the edge, whilein the Monte Carlo data the relation is opposite.ii) In the Monte Carlo data there are weak os
illations of spin 
orrelationsaround the bulk value whi
h are per
eptible over a few latti
e periodsfrom the edge, while su
h os
illations are missing from our results.Partly, these di�eren
es 
an be as
ribed to the dissimilarity of the used samples� a square-shaped �nite 
rystal in the Monte Carlo simulations and a semi-in�nite 
rystal in our 
ase. However, we suppose that the main reason forthese di�eren
es is the quasi-1D 
hara
ter of the boundary mode be
ause thismode is the origin of the mentioned pe
uliarities. However, as known, thespin-wave approximation is unsuitable for the 1D antiferromagnet. Therefore,it is believed that the used approa
h gives only a rough des
ription of theboundary ex
itations. It would be interesting to 
ompare our results [54, 59℄for the 3D 
ase, when both the boundary and bulk modes are satisfa
torilydes
ribed by the spin-wave approximation, with Monte Carlo data. However,to our knowledge su
h simulations are la
king.
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5 Hole ex
itations: a semi-in�nite 2D latti
e5.1 The Dyson equationNow let us turn to the 
al
ulation of the hole Green's fun
tion in the 2D
t-J model on a semi-in�nite latti
e,

G(kyτ lxl
′
x) = −〈T hkylx(τ)h

†
ky l′x

〉. (5.1)We use the Matsubara Green's fun
tion to apply the perturbation theory for its
al
ulation. In this 
hapter the 
ase of small hole 
on
entrations is 
onsidered.As mentioned above, in this 
ase the undoped magnon Green's fun
tion 
on-sidered in the previous 
hapter 
an be used in the 
al
ulations. Its Matsubara
ounterpart reads
D̂(kyτ lxl

′
x) = −〈T B̂kylx(τ)B̂

†
ky l′x

〉, (5.2)and the Fourier transform will be labeled by the Boson Matsubara frequen
y
ων .We use the perturbation theory with the expansion in powers of the hole-magnon intera
tion Hint (3.19), in full analogy with earlier works 
arried for anunbounded latti
e [45, 50℄. For this latter 
ase, the self-energy equation (theDyson equation) was obtained in the non-
rossing approximation in whi
hdiagrams with interse
ting magnon lines were negle
ted. It was shown thatresults obtained in this approximation are in good agreement with data ofexa
t diagonalization. Therefore we also use this approximation for a semi-in�nite latti
e.Within the perturbation theory (see Eq. (2.8)) the Matsubara Green's fun
-tion (5.1) reads

G(kyτ lxl
′
x) = −

∞
∑

n=0

(−1)n

n!

β
∫

0

· · ·
β
∫

0

dτ1 · · · dτn

× 〈T hky lx(τ)h
†
ky l′x

H̃int(τ1) · · · H̃int(τn)〉0,c, (5.3)where averaging and time dependen
ies of operators are determined with thenon-intera
ting Hamiltonian
H0 = HAF +

∑

kylx>0

µ′
lxνkylx .In the non-
rossing approximation one 
an obtain the following self-energyequation (2.10) for the Fourier transform (2.9) of the hole Matsubara Green's
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fun
tion (5.1):
G(kynlxl

′
x) =

∑

lx1,lx2>0

G(0)(kynlxlx1)Σsun(kynlx1lx2)G(kynlx2l
′
x)

+
∑

lx1

1
∑

s=−1

G(0)(kynlxlx1)Σbub(kynlx1s)G(kyn, lx1 + s, l′x)

+ G(0)(kynlxl
′
x), (5.4)

Σsun(kynlxl
′
x) = − T

Ny

∑

k′yν

1
∑

s,s′=−1

G(ky − k′y, n− ν, lx + s, l′x + s′)

× θ(lx + s)θ(l′x + s′)
[

gky−k′y,sgkys′D12(k
′
yνlx, l

′
x + s′)

+ gky−k′y,sgky−k′y,s
′D11(k

′
yνlxl

′
x)

+ gkysgkys′D22(k
′
yν, lx + s, l′x + s′)

+ gkysgky−k′y,s
′D21(k

′
yν, lx + s, l′x)

]

, (5.5)
Σbub(kynlxs) = − T

Ny

∑

k′y

∑

l′x>0

1
∑

s′=−1

θ(lx + s)〈hk′y ,l′x+sh
†
k′y l

′

x
〉gkysgk′ys′

× [D21(00, lx + s, l′x + s′) +D22(00, lx + s, l′x)

+ D11(00lx, l
′
x + s′) +D12(00lxl

′
x)], (5.6)where

G(0)(kynlxl
′
x) =

δlxl′x
iωn − µ′

lx

(5.7)with µ′
lx

taking into a

ount the attra
tion of a hole to the boundary, and
Dij(kyνlxl

′
x) (3.19) is the Fourier transform (2.9) of the 
omponents of thematrix magnon Matsubara Green's fun
tion D̂(kyτ lxl

′
x) (5.2).In the Dyson equation (5.4), self-energies Σsun(kynlxl

′
x) (5.5), Σbub(kynlxl

′
x)(5.6) des
ribe the 
ontributions of the sunrise and bubble diagrams (see Fig. 9),respe
tively. In this �gure, the solid and dashed lines indi
ate the hole and

(b)(a)

Figure 9: The sunrise (a) and bubble (b) diagrams.the magnon Green's fun
tions, respe
tively. It is worth noting that in the 
ase4111 



of an unbounded 
rystal a 
ontribution of the bubble diagram vanishes. In asemi-in�nite 
rystal this latter 
ontribution is in general 
ase nonzero and isdetermined by the multiplier
∑

ky

gkys〈hky,lx+sh
†
kylx

〉.in the self-energy Σbub (5.6). In this multiplier, the mean value 
an be expressedthrough the retarded hole Green's fun
tion G(kyωlxl
′
x) as

〈hky lxh†kyl′x〉 = −
∞
∫

−∞

dω

π

ImG(kyωlxl
′
x)

1 + e−ω/T
.For T = 0 the integration is 
arried out over the uno

upied states. For smallhole 
on
entrations these are in fa
t all states and therefore one 
an rewritethe integral as

−
∞
∫

−∞

dω

π
ImG(kyωlxl

′
x) = δlxl′x .Thus, for s = ±1 the multiplier is small be
ause the mean value is negligible,while for s = 0 it is small be
ause gky0 ∝ cos(ky) and the sum over ky isnegligible. We 
on
lude that in the semi-in�nite 
rystal in the 
ase of small hole
on
entrations the 
ontribution of the bubble diagram 
an be also negle
ted,as in the unbounded 
rystal. The self-energy equation (5.4) 
an be rewrittenin a simpli�ed form,

G(kynlxl
′
x) = G(0)(kynlxl

′
x) +

∑

lx1,lx2>0

G(0)(kynlxlx1)

× Σ(kynlx1lx2)G(kynlx2l
′
x), (5.8)where Σ(kynlxl

′
x) = Σsun(kynlxl

′
x). In the diagrammati
 form this equation isshown in Fig. 10. In the �gure, thin and thi
k lines indi
ate the zeroth-order

G(0) and full G Green's fun
tions, respe
tively.
= +Figure 10: The diagram representation of the Dyson equation (5.8).Lets us swit
h from the Matsubara Green's fun
tions to the real-frequen
yretarded Green's fun
tions. It 
an be done using the following relations be-42



tween these fun
tions:
Dij(kyνlxl

′
x) =

∞
∫

−∞

dω

2π

Im[D̂(kωlxl
′
x) + D̂T (kyωl

′
xlx)]

ω − iων

− i
Re[D̂(kyωlxl

′
x)− D̂T (kyωl

′
xlx)]

ω − iων
, (5.9)

G(kynlxl
′
x) =

∞
∫

−∞

dω

2π

Im[G(kωlxl
′
x) +G(kyωl

′
xlx)]

ω − iωn

− i
Re[G(kyωlxl

′
x)−G(kyωl

′
xlx)]

ω − iωnwith DT
ij(kyωlxl

′
x) = Dji(kyωlxl

′
x). The relations 
an be veri�ed using thespe
tral representation. From the Dyson equation (5.4), self-energy (5.5), andequations below one 
an see that

G(kyωlxl
′
x) = G(kyωl

′
xlx). (5.10)Owing to this equation and Eq. (4.25), the relations between Matsubara andretarded Green's fun
tions (5.9) are simpli�ed,

Dij(kyνlxl
′
x) =

∞
∫

−∞

dω

π

ImDij(kyωlxl
′
x)

ω − iων
,

G(kynlxl
′
x) =

∞
∫

−∞

dω

π

ImG(kyωlxl
′
x)

ω − iωn
.

(5.11)By the analyti
 
ontinuation
iωn → ω + iη, η → +0the self-energy equation is transformed to real frequen
ies,

G(kyωlxl
′
x) = G(0)(kyωlxlx) +

∑

lx1,lx2>0

G(0)(kyωlxlx1)

× Σ(kyωlx1lx2)G(kyωlx2l
′
x). (5.12)If we take into a

ount that

G(0)(kyωlxl
′
x) =

δlxl′x
ω − µ′

lx

, (5.13)
43



the Dyson equation (5.12) 
an be rewritten as
G(kyωlxl

′
x) =

1

ω − εlx



δlxl′x +
∑

lx2>0

Σ(kyωlxlx2)G(kyωlx2l
′
x)



 . (5.14)In order to swit
h to the real-frequen
y self-energy one needs to substitutethe representations (5.11) into self-energy (5.5) and 
arry out the summationover ν by using the Poisson summation rule [60℄,
∞
∑

ν=−∞

F (iων) =
β

2πi

∫

C

F (ν)dν

eβν − 1
. (5.15)Here the 
ontour C en
loses the imaginary axis of the frequen
y plane andwithin the 
ontour there is no singularities of the fun
tion F (ν). Deforming the
ontour to in�nity, bypassing poles of Green's fun
tions, we �nd the expressionfor the imaginary part of the self-energy:

ImΣ(kyωlxl
′
x) = − 1

Ny

∑

k′y

1
∑

s,s′=−1

θ(lx + s)θ(l′x + s′)

×
∞
∫

−∞

dω′

π
[nF (ω

′ − ω) + nB(ω
′)]

× ImG(ky − k′y, ω − ω′, lx + s, l′x + s′)

× [gky−k′y,sgkys′ImD12(k
′
yω

′lx, l
′
x + s′)

+ gky−k′y,sgky−k′y,s
′ImD11(k

′
yω

′lx, l
′
x)

+ gkysgkys′ImD22(k
′
yω

′, lx + s, l′x + s′)

+ gkysgky−k′y,s
′ImD21(k

′
yω

′, lx + s, l′x)]. (5.16)Here nF (ω) and nB(ω) are the Fermion and Boson o

upation numbers, re-spe
tively,
nF (ω) =

1

eω/T + 1
, nB(ω) =

1

eω/T − 1
. (5.17)The real part of the self-energy 
an be 
al
ulated from the Kramers-Krönigrelation

ReΣ(kyωlxl
′
x) = P

∞
∫

−∞

dω′

π

ImΣ(kyω
′lxl

′
x)

ω′ − ω
, (5.18)where P stands for the Cau
hy prin
ipal value.It is instru
tive to elu
idate how the Dyson equation (5.14) and self-energy44



(5.16) are transformed to the form for an unbounded 
rystal with distan
efrom the boundary. The se
ond-term in the right-hand side of the magnonGreen's fun
tion (4.12), (4.24) be
omes negligibly small if at least one of the
oordinates lx or l′x is larger then two. The Green's fun
tion D̂(0)(kyωlxl
′
x)(4.24), to whi
h D̂(kyωlxl

′
x) (4.12) is redu
ed for su
h lx 
oordinates, 
ontainsthe multiplier sin[kx(lx + 1)] sin[kx(l

′
x + 1)] in its integrand [see Eq. (4.24)℄. Ifin this multiplier the sines are repla
ed by their representation through theexponential fun
tions,

sin(x) =
1

2i
(eix − e−ix),one 
an realise that terms with the same signs of exponents are small for large

lx or l′x, sin
e the respe
tive exponential fun
tions rapidly os
illate. Remainingterms depend only on the di�eren
e lx−l′x as must be for the unbounded 
rystal.It 
an be shown that these terms are identi
al to the Green's fun
tion for this
ase. Sin
e the magnon Green's fun
tion de�nes the form of the hole Green'sfun
tion, one 
an expe
t that the latter also be
omes 
lose to its unboundedform when at least one of the x 
oordinates is large. Taking this into a

ount,from the Dyson equation (5.14), self-energy (5.16), Eqs. (4.12) and (4.24) afterthe Fourier transformations over lx we obtain the equations for the unbounded
rystal (periodi
 in the Y dire
tion and in�nite in the X dire
tion),
Gb(kykxω) =

1

ω − µ+Σ(kykxω)
, (5.19)

ImΣb(kykxω) = −16t2

Ny

∑

k′y

1

2π

∫ π

−π
dk′x

{

ImGb(kx − k′x, ky − k′y, ω − Ek′xk
′

y
)

×
[

nF (Ek′xk
′

y
− ω) + nB(Ek′xk

′

y
)
]

×
(

γ
(2)
ky−k′y,kx−k′x

uk′xk′y + γ
(2)
kykx

vk′xk′y

)2

− ImG(kx − k′x, ky − k′y, ω + Ek′xk
′

y
)

×
[

nF (−Ek′xk
′

y
− ω) + nB(−Ek′xk

′

y
)
]

×
(

γ
(2)
kxky

uk′xk′y + γ
(2)
kx−k′x,ky−k′y

vk′xk′y

)2}

, (5.20)where
ukykx =

1

2







4

√

√

√

√

√

1− γ
(2)
kykx

1 + γ
(2)
kykx

+ 4

√

√

√

√

√

1 + γ
(2)
kykx

1− γ
(2)
kykx






,
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vkykx =
1

2







4

√

√

√

√

√

1− γ
(2)
kykx

1 + γ
(2)
kykx

− 4

√

√

√

√

√

1 + γ
(2)
kykx

1− γ
(2)
kykx






.For small hole 
on
entrations, when the se
ond term in bra
es in Eq. (5.20)
an be negle
ted, equations (5.19) and (5.20) be
ome identi
al to the equationsobtained for an unbounded latti
e (2.19), (2.20) [45, 50℄.For the numeri
al 
al
ulations it is 
onvenient to restri
t the 
oordinates

lx and l′x within the range [0, lxm] in the Dyson equation (5.14) and to rewritethis equation in a more tra
table form
lxm
∑

l′′x=0

[

(ω − εlx)δlxl′′x − Σ(kyωlxl
′′
x)
]

G(kyωl
′′
xl

′
x) = δlxl′x +M(kyωlxl

′
x), (5.21)where

M(kyωlxl
′
x) =

∑

l′′x>lxm

Σ(kyωlxl
′′
x)G(kyωl

′′
xl

′
x). (5.22)The parameter lxm is expe
ted to be large enough for substituting the self-energy and Green's fun
tion in Eq. (5.22) by their values in an unbounded
rystal, Σb(kyωlxl

′
x) and Gb(kyωlxl

′
x), in 
omplian
e with the above dis
ussion.At the same time lxm 
an be 
hosen to be small enough for the inversion ofthe matrix in the left-hand side of Eq. (5.21) to not lead to time-
onsuming
al
ulations.5.2 The hole spe
trumIn the below 
al
ulations we set T = 0 and J/t = 0.2. The latter ratio of pa-rameters was sele
ted from the range [0.1−0.4] derived for hole-doped 
upratesfrom the many-band Hubbard model of the Cu-O plane [61, 62℄. Equations(5.21) and (5.22) were solved by iterations for lxm = 4, using as the startingfun
tion forG(kyωlxl

′
x)Green's fun
tion for an unbounded 
rystalGb(kyωlxl

′
x).To ensure the 
onvergen
e of the iteration pro
edure an arti�
ial broadeningwas introdu
ed by substituting ω with ω + iη, η = 0.05t, in Eq. (5.21). The
hemi
al potential µ was 
hosen so that the frequen
y ω = 0, whi
h separateso

upied and uno

upied states, was lo
ated in the low-frequen
y tail of thespe
tral fun
tion

A(kyωlx) = −ImG(kyωlxlx). (5.23)This ensures a low hole 
on
entration expe
ted in the derivation of the aboveformulas.The spe
tral fun
tion gives the density of states proje
ted on states of therow lx. A typi
al example of this quantity obtained in the 
ourse of the 
al
u-46
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Figure 11: The spe
tral fun
tion A(kyωlx) for ky = 0, lx = 0, 1, 4 and in anunbounded 
rystal Ab(kyω0).lations is shown in Fig. 111. Besides the spe
tral fun
tion for near-boundaryrows, Fig. 11 
ontains also the spe
tral fun
tion of the unbounded 
rystal,
Ab(kyω, lx − l′x) = − 1

2π

π
∫

−π

dkx cos[kx(lx − l′x)]ImGb(kykxω), (5.24)whi
h is given for 
omparison. Due to the translation symmetry this fun
tiondepends only on the di�eren
e lx−l′x and for the 
onsidered 
ase lx = l′x its lastargument is zero. In shape this fun
tion resembles spe
tral fun
tions obtainedfor a �xed waveve
tor (kx, ky) in an unbounded 
rystal [45, 50℄. However, themaxima in Fig. 11 are somewhat broadened in 
omparison with these fun
tionsdue to the integration over kx in Eq. (5.24). As would be expe
ted, the spe
-trum in the boundary row lx = 0 di�ers most greatly from Ab(kyω0). From the�gure one 
an see how the spe
trum is transformed, gradually approa
hing tothe spe
trum of an unbounded 
rystal, with the distan
e from the boundary.In the s
ale of Fig. 11 already the spe
trum in the �fth row (lx = 4) is barelydistinguishable from Ab(kykx0).The vi
inity of the main maximum of the spe
tral fun
tion is shown inFig. 12 for several waveve
tors. From the above formulas it 
an be shown that
A(kyωlx) = A(π− ky, ωlx). Besides, in a

ord with the symmetry A(kyωlx) =
A(−ky, ωlx). Therefore, we sele
ted waveve
tors ky from the range [0, π/2].From these �gures and equations one 
an see that the spe
tral maxima are1It is worth noting that the shape of the spe
tral fun
tion is markedly 
hanged only whenthe frequen
y of the main maximum ωm be
omes 
lose to ω = 0 [63℄. Thus, nearly the samespe
tral fun
tion as shown in Fig. 11 is obtained for any 
hemi
al potential for whi
h ωm & t.47



0

1

2

0

1

2

3.4 3.6 3.8 4.0
0

1

2

3

 

 

 

 l
x
=0

  1
  4
 unbounded

ky=0
(a)

 

 

 

tA

(b)
ky= /4

 

 

/t

(c)
ky= /2

Figure 12: The spe
tral fun
tion
A(kyωlx) in the vi
inity of the mainmaximum for ky = 0 (a), π/4 (b) and
π/2 (
) in the rows lx = 0, 1, 4 and inan unbounded 
rystal Ab(kyω0).
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 /tFigure 13: The spe
tral fun
tion
A(kyωlx) in the vi
inity of the mainmaximum with taking into a

ountthe boundary magnon mode (bla
ksolid lines) and without it (red dashedlines) for ky = π/4, lx = 0 (a) and1 (b). Blue dash-dotted lines 
orre-sponds to Ab(kyω0).shifted to higher frequen
ies on approa
hing the boundary for all waveve
tors

ky. In a

ordan
e with this the low-frequen
y tails of the maxima be
omeweaker with de
reasing lx. Sin
e the 
on
entration of holes in a row lx isdetermined by this tail,
x(lx) =

1

Ny

∑

ky

〈h†ky lxhkylx〉 =
1

Ny

∑

ky

∞
∫

−∞

dω

π
A(kyωlx)nF (ω),one 
on
ludes that the 
on
entration de
reases monotoni
ally on approa
hingthe boundary � near-boundary rows are depleted of holes.To elu
idate a formation me
hanism of this hole depletion layer it is worthnoting that the near-boundary region has three di�eren
es from the bulk 
rys-tal: (i) the attra
tion of an immobile hole to the boundary, (ii) the dominationof the near-boundary magnon mode in the spe
trum, and (iii) the shape of aspin polaron. These pe
uliarities 
an be expe
ted to in�uen
e the population48



of holes in the near-boundary region.As for the �rst possible fa
tor, the 
al
ulations show that the omission ofthe attra
tion term is barely per
eptible in the shape and lo
ation of maximaof the spe
tral fun
tion. This 
on
lusion 
an be also drawn from Figs. 11and 12 and from the fa
t that for the 
hosen 
hemi
al potential, the energyof an immobile hole is equal to 6t. As seen in these �gures, by virtue of thehole-magnon intera
tions there is an energy gain equal approximately to 2.5tin the states 
orresponding to the main maximum. Sin
e the attra
tion is ofthe order of J ≪ t, mu
h smaller than the energy gain, it 
annot play any rolein the hole distribution.The 
ontribution of the se
ond fa
tor, the near-boundary magnon mode,
an be estimated from Fig. 13. The spe
tral fun
tion without this mode was
al
ulated with the magnon Green's fun
tion (4.12) instead of the full fun
tion(4.24). As seen from the �gure, the in
lusion of the near-boundary modede
reases the frequen
y of the main maximum and redistributes the spe
tralintensity. The largest frequen
y shift is observed for the boundary row. Thus,the 
ontribution of the near-boundary mode is essential for the formation of
harge 
arriers near the boundary. However, the sigh of the frequen
y shiftgiven by this me
hanism is opposite to the one observed in Figs. 11 and 12.Therefore, the third of the mentioned fa
tors, the shape of the magnon 
loudof the spin polaron, is of primary importan
e in the formation of the depletionlayer.As known, in the 
onsidered model holes form spin polarons [45, 50℄. Due tothe antiferromagneti
 ba
kground a hole 
an move over the latti
e only withthe emission and absorption of magnons, as seen from Hamiltonian (3.19).As a 
onsequen
e the hole is surrounded by a 
loud of magnons. Withoutthe antiferromagneti
ally ordered spins the maximum energy gain, whi
h amoving hole 
an a
hieve in 
omparison with an immobile quasiparti
le, is 4t� the di�eren
e between the lowest energy in the 2D nearest-neighbor bandand its 
enter of mass. In the antiferromagneti
 latti
e this gain is de
reasedby the energy 
onsumption for the distortion of the magneti
 order aroundthe hole. For the ratio J/t = 0.2 the energy gain is redu
ed approximatelyto 2.5t (see Figs. 11 and 12). This energy gain is still 
omparable with themaximal possible value 4t. This large energy gain 
ompli
ates the formation offerrons - ferromagneti
ally ordered regions around holes - and stripes or a phaseseparation in the t-J model. Only for ratios J/t whi
h are mu
h smaller thanthose 
orresponding to hole-doped 
uprates, the gain in the hole kineti
 energyin the ferromagneti
 region is large enough to stabilize ferrons [52, 53, 64, 65℄.On the other hand, a phase separation is observed for pra
ti
ally immobileholes at mu
h larger J/t > 1 [34℄.Away from the boundary the magnon 
loud of the spin polaron has thesymmetry determined by the group of the hole waveve
tor and this symmetryensures the lowest energy of the spin polaron. Near the boundary, the bulk
rystal symmetry is violated and the 
loud is distorted, whi
h inevitably leads4913
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Figure 14: The spe
tral fun
tion
A(kyωlx) in the vi
inity of the mainmaximum for lx = 0 and ky rang-ing from 0 (the bottom 
urve) to π/2(the upper 
urve) with the step π/20.For better visibility 
urves with larger
ky are shifted upward with respe
t to
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Figure 15: The same as Fig. 14, butfor the spe
tral fun
tion of an un-bounded 
rystal Ab(kyω0).
to a growth of the energy. Thus, it is energeti
ally unfavorable for a hole toreside near the boundary. This is just the me
hanism of the formation of thedepletion layer in the 
onsidered model. The extent of the 
loud deformationnear the boundary 
an be estimated from the shift of the main spe
tral max-imum in a given row with respe
t to its bulk 
ounterpart. For the boundaryrow and J/t = 0.2 this shift is of the order of J (see Fig. 12) and is 
omparablewith the spin-polaron bandwidth 2J . This fa
t points to a strong distortionof the magnon 
loud near the boundary. The depth of the row in whi
h thelo
ation of the main maximum pra
ti
ally 
oin
ides with that in an unbounded
rystal gives an estimate of the size of the magnon 
loud. In our 
ase, its radiusis approximately equal to four latti
e spa
ings.Closer inspe
tion of the obtained spe
tral fun
tions shows that the mainmaximum for the boundary row has a more 
ompli
ated stru
ture than spe
trafor lx = 2-4 and for an unbounded 
rystal. Figures 14 and 15 demonstrate this50



di�eren
e. The evolution of maxima in rows lx = 2-4 is similar to that shownin Fig. 15, while for lx = 1 the spe
trum has some additional pe
ularities like inthe 
ase lx = 0. The behaviour of the spe
tral features in the latter �gure 
anbe understood from the known dispersion of the spin polaron in an unbounded
rystal [45, 50℄. This dispersion has a minima at waveve
tors (±π
2 ,±π

2 ) andit is weak on the boundary of the magneti
 Brillouin zone, whi
h is 
omposedof segments (0,±π)�(±π, 0). The states near these segments make the main
ontribution to the maximum in Fig. 15 � for ky = 0 waveve
tors of these stateslie near (±π, 0), while for ky = π
2 these wave ve
tors are from the neighborhoodof (±π

2 ,
π
2 ). The 
hange in the lo
ation of the maximum when ky grows from

0 to π
2 in Fig. 15 re�e
ts the mentioned weak dispersion of the states alongthe boundary of the magneti
 Brillouin zone. The shoulder, whi
h approa
hesthe maximum from high frequen
ies, is mainly 
onne
ted with states from thevi
inity of the axes and the boundary of the Brillouin zone � for ky = π

2 thesestates have waveve
tors near (0, π2 ) and (±π, π2 ). At least two high-frequen
yshoulders 
an be revealed in Fig. 14. Additionally the main maximum in theboundary row has also a low-frequen
y shoulder whi
h is best seen for small
ky. As follows from Fig. 12(a), the lo
ation of this latter shoulder is 
lose tothe position of the maximum in the row lx = 1. Indeed, in the 
onsideredsystem two neighboring rows have maxima, whi
h are shifted in the frequen
ys
ale relative to ea
h other. Sin
e in a

ord with the Dyson equation (5.8) thespe
tral fun
tion of a given row is 
onne
ted with the fun
tions in neighboringrows, one 
an expe
t that a repli
a of the more intensive maximum for lx = 1will be seen in the boundary row. In the present 
ase this repli
a looks like thelow-frequen
y shoulder of the main maximum. Con
eivably the presen
e ofthe additional high-frequen
y shoulders is also 
onne
ted with the deeper row.Thus, a more 
ompli
ated 
hara
ter of the boundary spe
tra is 
onne
ted withthe repli
a of the maximum of the underlying row. Noti
e that this repli
a isan attendant e�e
t of the hole depletion in the near-boundary region.From the similarity of the 2D and 3D magnon spe
tra [54, 59, 66℄ we 
anexpe
t to obtain analogous results for 
harge 
arriers in a 3D 
rystal withstrong ele
tron 
orrelations. From these results, the 
on
lusion 
an be drawnthat even in the 
onsidered 
ase of the idealized surfa
e the spe
tral fun
tion atthe boundary may essentially di�er from the bulk spe
trum. This fun
tion 
anhave additional features and shifts whi
h, among other things, are 
onne
tedwith a deformation of polarons near the surfa
e. Noti
e, however, that thein�uen
e of the boundary on the magnon spe
tra [66℄ and presumably on thehole spe
tral fun
tions is more pronoun
ed in the 
onsidered 2D 
ase than inthe 3D 
ase. The dis
repan
ies between the photoemission data of a number oftransition-metal oxides and 
al
ulated bulk spe
tra [67, 68℄ may be 
onne
tedwith the dis
ussed e�e
ts.Comparing results obtained in the semi-in�nite Hubbard model [22�26℄with our results, we �nd some similar features. In spite of the di�eren
esof models and 
omputation methods, in both models for uniform parameters51



the quasiparti
le weight is lowered, while the intensity of the high-energy partof the spe
trum grows [23℄ at the boundary. The reason for this intensityredistribution is similar � it is a redu
ed 
oordination number at the boundary,whi
h leads to an e�e
tive strengthening of the on-site repulsion in the Hubbardmodel and to the deformation of the magnon 
loud around the hole in the spinpolaron in the t-J model.
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SummaryIn the last few years, an a
tive interest is taken in the behavior of elemen-tary ex
itations near a jun
tion of a strongly 
orrelated 
rystal with another
rystal or va
uum. Crystals with strong ele
tron 
orrelations are usually 
har-a
terized by magneti
 ordering, whi
h plays a large role in the properties of
harge 
arriers. Our study was aimed at the investigation of the in�uen
e of a
rystal boundary on elementary ex
itations in su
h a 
rystal.Firstly, the in�uen
e of the boundary on magneti
 ex
itations and nearest-neighbor spin 
orrelations of a semi-in�nite two- and three-dimensional spin-12Heisenberg antiferromagnets was 
onsidered. Noti
e that the Hubbard model,widely used for the des
ription of strongly 
orrelated systems, is redu
ed to theHeisenberg model at half-�lling and in the limit of large Hubbard repulsions.Two-dimensional square and three-dimensional simple 
ubi
 latti
es were 
on-sidered with the boundary oriented perpendi
ular to one of the 
rystal axes.The spin-wave approximation was applied for zero temperature.The main results are the following:
• The presen
e of the boundary divides the antiferromagnet into near-boundary and bulk regions whi
h are 
hara
terized by di�erent dominantspin ex
itations. The spe
trum of the near-boundary region, whi
h isformed by the �rst two rows/layers of spins nearest to the boundary,
onsists of a (d−1)-dimensional mode of near-boundary spin waves. Here

d = 2 or 3 is the dimensionality of the antiferromagnet. Ex
itations ofthe rest of the antiferromagnet are d-dimensional standing spin waves.
• The des
ription of perturbations introdu
ed by the boundary into thespe
trum of spin ex
itations is in many respe
ts similar to the problemof a lo
al defe
t in a 
rystal. In this latter problem, the perturbation alsodivides the 
rystal into two regions with di�erent elementary ex
itations- a vi
inity of the defe
t with lo
alized states and the rest of the 
rystalwith bulk states.
• Near-boundary mode of spin waves leads to the appearan
e of 
omb-like pattern of nearest-neighbor spin 
orrelations in the near-boundaryregion: the 
orrelations on the boundary and between the boundary andthe se
ond to the boundary layers are in absolute value larger than inthe bulk, while in the se
ond layer and between the se
ond and the thirdlayers the 
orrelations are smaller than in the bulk. Enhan
ement of spin
orrelations on the boundary is 
aused by the lower dimensionality of thenear-boundary mode in 
omparison with the bulk mode.
• In regard to the in�uen
e of the dimensionality of an antiferromagneton spin 
orrelations, qualitative dependen
ies of spin 
orrelations on thedistan
e from the boundary are similar for the 2D and 3D 
ases. However,there is a quantitative di�eren
e. In the 2D 
ase the deviations from the5314



bulk value are greater then in the 3D 
ase � in the former 
ase the largestdeviation is equal to 12% in 
omparison with 5% in the latter.Se
ondly, the in�uen
e of the boundary on 
harge 
arriers in a semi-in�nitetwo-dimensional t-J model was 
onsidered. For this purpose, the hole spe
tralfun
tion was 
al
ulated using the spin-wave and non-
rossing approximationsfor the 
ase of small hole 
on
entrations and zero temperatures.The main results are the following:
• The near-boundary region � several near-boundary site rows� is depletedof holes. The formation of this depletion layer is 
aused by a deformationof the magnon 
loud, whi
h surrounds the hole, near the boundary. Thedeformation of a 
loud leads to a growth of the energy of the spin polaron.
• The hole depletion leads to a more 
ompli
ated spe
tral fun
tion in thenear-boundary row in 
omparison with its bulk shape - the main maxi-mum may have additional low-frequen
y and high-frequen
y shoulders.This is a 
onsequen
e of a di�eren
e in the spe
tral fun
tions for near-boundary rows - repli
as of maxima from these rows are seen in theboundary spe
tral fun
tion.

54



Summary in EstonianElementaarergastused tugevalt korreleeritud kristalli pinna lä-hedalViimastel aastatel on ilmnenud aktiivne huvi elementaarergastuste käitu-mise iseärasuste vastu tugevalt korreleeritud kristalli äärelähedases piikonnasning kahest kristallist koosneva heterostruktuuri eralduspinnalähedases piir-konnas juhul, kui vähemalt üks kristallidest on tugevate elektronkorrelatsioo-nidega. Tugevate elektronkorrelatsioonidega kristallidele on tavaliselt iseloo-mulik magnetiline korrastatus, mis mängib suurt rolli laengukandjate käitu-mises. Doktoriväitekirja eesmärgiks oli uurida kristalli ääre(pinna) mõju ele-mentaarergastustele sellises kristallis.Esiteks, on uuritud äärepinna mõju magnetilistele ergastustele ja lähinaab-rite spinnide korrelatsioonidele poollõpmatutes kahe- ja kolmemõõtmelistesHeisenbergi spinn-12 antiferromagneetikutes. Tasub märkida, et Hubbard mu-del, mida laialt kasutatakse tugevalt korreleeritud süsteemide kirjeldamiseks,on taandatav Heisenbergi mudelile pooltäidetud juhul ning tugeva Hubbard'itõukumise piirjuhul. Ruutvõret ja lihtsat kuubilist võret käsitleti juhul, kuiäär oli risti ühega kristalli telgedest. Spinnlaine lähendust kasutati nulltempe-ratuuril.Põhilised tulemised on järgmised:
• Ääre(pinna) olemasolu jagab antiferromagneetiku äärelähedaseks piir-konnaks ja kristalli sügavuseks, mis on iseloomustatud erinevate domi-nantsete spinn-ergastustega. Äärelähedases piirkonnas, mille moodusta-vad spinnide kaks äärele lähimat rida/kihti, koosneb spekter spinni ääre-pindlainete (d − 1)-mõõtmelisest moodist. Siin d = 2 või 3 on antiferro-magneetiku dimensioonid. Antiferromagneetiku ülejäänud osa ergastusedon d-mõõtmelised seisvad spinnlained.
• Ääre poolt indutseeritud häirituste kirjeldamine spinn-ergastuste spekt-ris on paljudes aspektides sarnane lokaalse defekti probleemiga. Viimaseljuhul on kristall häirituse poolt samuti jagatud kahte ossa, kus elemen-taarergastused on erinevad - defektilähedane osa lokaliseeritud olekutegaja kristalli ülejäänud osa ruumiliste olekutega.
• Spinni äärepindlainete mood põhjustab spinnide korrelatsioonide kamm-struktuuri moodustumist äärelähedases piirkonnas: korrelatsioonid äärelning ääre ja teise kihi vahel on absoluutväärtuselt suuremad kui kristallisügavuses, seevastu teises ning teise ja kolmanda kihi vahel on korre-latsioonid absoluutväärtuselt väiksemad kui kristalli sügavuses. Spinnidekorrelatsioonide tugevnemine äärel on põhjustatud spinni äärepindlainemoodi madalamast dimensioonist.55



• Mis puutub antiferromagneetiku dimensiooni mõjusse spinnide korrelat-sioonidele, spinnide korrelatsioonide kvalitatiivsed sõltuvused kaugusestäärest on sarnased, kuid on olemas üks kvantitatiivne erinevus. Nimelt,kahemõõtmelisel juhul on kõrvalekalded väärtusest kristalli sügavusessuuremad kui kolmemõõtmelisel juhul � kahemõõtmelisel juhul suurimkõrvalekalle on 12% ja kolmemõõtmelisel juhul - 5%.Teiseks, on uuritud ääre mõju laengukandjatele poollõpmatus kahemõõt-melises t-J mudelis. Selle eesmärgiga arvutati augu spektraalfunktsioon, kasu-tades spinnlaine lähendust ja Born'i lähendust aukude madalate kontsentrat-sioonide korral nulltemperatuuril.Põhilised tulemused on järgmised:
• Äärelähedane piirkond � mõned äärelähedased read � on aukudest vaesed.Suikekihi moodustumine on põhjustatud augu ümbritseva magnonpil-ve deformatsioonist äärelähedases piirkonnas. Pilve deformatsioon viibspinnpolaroni energia kasvuni.
• Aukudest vaesustus põhjustab ääre spektraalfunktsiooni keerulisematkuju võrreldes kristalli sügavusega - peamaksimumil võivad olla madal- jakõrgsageduslikud lisaõlad. Ääre spektraalfunktsiooni keerulisem kuju ontingitud äärelähedaste ridade spektraalfunktsioonide erinevusest - nenderidade maksimumide kosted on nähtavad ääre spektraalfunktsioonis.

56



A
knowledgementsFirst of all, I am sin
erely grateful to my supervisor, Alexei Sherman, forintrodu
ing me to the fas
inating �eld of physi
s of strong ele
tron 
orrelationsand initiating these studies. His wide and deep knowledge, and experien
e havebeen extremely important for the progress of resear
h. During our 
ollabora-tion he has been a pleasant tea
her, willing to share knowledge, experien
e andpassion for physi
s of strongly 
orrelated ele
tron systems. His enthusiasm andpassion has been a sour
e of inspiration for my studies. Timely feedba
k, 
on-tinuous help and advi
e are highly appre
iated. Thank you very mu
h for
ontinuous support, warm en
ouragement, kindness, and believing in me. Iam really fortunate to have had su
h a fabulous supervisor to go through thisjourney.I thank all the 
olleagues of the Laboratory of Solid State Theory at theInstitute of Physi
s for 
reating pleasant and friendly atmosphere.I am indebted to my previous supervisors, Teet Örd and Risto Tammelo,for introdu
ing me to the topi
 of sto
hasti
 pro
esses and 
ollaboration. Iappre
iate the opportunity to gain a wider breadth of experien
e.Sin
ere gratitude goes to all my tea
hers who have edu
ated me during myuniversity studies.This work has been partially supported by the Estonian Ministry of Edu-
ation and Resear
h (Target Finan
ed Proje
t No 0180013s07), the EstonianS
ien
e Foundation (Grant No 6918), the Tartu University Foundation (KalevaTravel s
holarship), and graduate s
hool "Fun
tional Materials and Pro
esses"re
eiving funding from the European So
ial Fund under proje
t 1.2.0401.09-0079 in Estonia.

5715



Appendix: The relation between the spin 
orrelationand Green's fun
tionIn order to obtain the relation between the 
orrelation fun
tion 〈B̂klxB̂
†
kl′x

〉and the matrix magnon Green's fun
tion D̂(kωlxl
′
x) (4.12) let us use theirde�nitions

〈

B̂klxB
†
kl′x

〉

= Z−1
∑

i,j

e−Eiβ〈i|B̂klx |j〉〈j|B̂†
kl′x

|i〉, (A.1)
D̂(kωlxl

′
x) = −iθ(t)Z−1

∑

i

e−Eiβ
〈

i
∣

∣

∣

[

Bklx(t), B
†
kl′x

]∣

∣

∣
i
〉

, (A.2)where Ei, |i〉 and |j〉 are eigenenergies and eigenfun
tions of the Hamiltonian.Taking into a

ount that eiHt|i〉 = eiEit|i〉, Green's fun
tion (A.2) 
an berewritten as
D̂(ktlxl

′
x) = −iθ(t)Z−1

∑

ij

(

e−Eiβ − e−Ejβ
)

ei(Ei−Ej)t

× 〈i|B̂klx |j〉〈j|B̂†
kl′x

|i〉 (A.3)Performing here the Fourier transformation we obtain
D̂(kωlxl

′
x) = Z−1

∑

ij

(

e−Eiβ − e−Ejβ
) 〈i|B̂klx |j〉〈j|B̂†

kl′x
|i〉

ω + Ei −Ej + iη
, (A.4)where we used the following relation

∞
∫

−∞

dt θ(t)ei(ω+Ei−Ej)t = − 1

i(ω + Ei −Ej + iη)
.Exploiting de�nition of a Hermitian 
onjugate operator, 〈i|Â|j〉∗ = 〈j|Â†|i〉,we 
an write

Z−1
∑

ij

(

e−Eiβ − e−Ejβ
)

(

〈i|B̂klx |j〉〈j|B̂†
kl′x

|i〉
)∗

ω + Ei − Ej + iη
= D̂T (kωl′xlx), (A.5)where DT

ij(kωlxl
′
x) = Dji(kωlxl

′
x).Considering that
1

x± iη
= P 1

x
∓ iπδ(x),
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we get
Im
[

D̂(kωlxl
′
x) + D̂T (kωl′xlx)

]

= −2πZ−1
∑

i,j

e−Eiβ
(

1− e−ωβ
)

× δ(ω + Ei − Ej)Re
[

〈i|B̂klx |j〉〈j|B̂†
kl′x

|i〉
]

,

Re
[

D̂(kωlxl
′
x)− D̂T (kωl′xlx)

]

= 2πZ−1
∑

i,j

e−Eiβ
(

1− e−ωβ
)

× δ(ω + Ei − Ej)

× Im
[

〈i|B̂klx |j〉〈j|B̂kl′x |i〉
]

. (A.6)Using the property of the Dira
's delta fun
tion,
∫ ∞

−∞

dxf(x)δ(x − x0) = f(x0),we obtain the following expressions for the real and imaginary parts of the
orrelation fun
tion:
Re
〈

B̂klxB̂
†
kl′x

〉

=

∫ ∞

−∞

dω

2π

Im
[

D̂(kωlxl
′
x) + D̂T (kωl′xlx)

]

e−ωβ − 1
,

Im
〈

B̂klxB̂
†
kl′x

〉

=

∫ ∞

−∞

dω

2π

Re
[

D̂(kωlxl
′
x)− D̂T (kωl′xlx)

]

1− e−ωβ
.

(A.7)Due to the property of Green's fun
tion (4.25) we obtain the simpler relation(4.29) 
onne
ting Green's fun
tion and the 
orrelation fun
tion,
〈

B̂klxB̂
†
kl′x

〉

=

∫ ∞

−∞

dω

π

Im[D̂(kωlxl
′
x)]

e−ωβ − 1
. (A.8)
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