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§ 1

Doctrina serierum campum late patentem praebet, magnam copiam meditationum evol-
vere; atgiie cum tanti momenti sit in Analysi, contemplatio serierum tantum utilitatis quan-
tum voluptatis adfert. Quare meas meditationes huc specrantes, giiamvis exigiiae sint, in
hac Dissertatiuncula exponere constitiii: ac ne hujus libelli fines excedam, ad easseries me
restringam, (uae secundum quandam legem differentiatae evadunt = Sit scilicet propo-
Sita series.
adbxdcx®bdx®dext bl g et

cujus summa = (Qx habeatur
quae multiplicata per x™ et differentiata, perquedx divisa, dahit

an’x™ " o b 1) X" ok e ) X ok d@' i 3) 3™ b e(g) XMP L.
quae multiplicata per X™ ac denuo differentiata, dabit
a.‘nl. (n’-—- " _!_n") xRt —1 o b(ﬂ‘ﬂ{- 1) (n/* nu) xn'+n”-—x + C(ﬂ't{' 2) (n’-l-n”+ ,) Xn’+n”+ etc.
quae rursus multiplicata per x™“ ac differentiata, et sic contiiiuo multiplicata per x*, x=",
1o a antegiiam differentiatio suscipiatur, perducet ad seriem hrijiisformae:

a. nt (0n— 1) (W—pn¥— 1) (7 — 1fen— 1ofen— 1 n™V) coas (D(n—1 )1 ) x IO+

K3 b (n. & ]) (,1/+n14) (n/__ 1 *nu_!,nm) (nt___ [ — 1 +n‘”+n“’) vens (z(n — ) 2) x L@—tr

o EfC.. .. b p(1fen’fem) (Nn’Ahm) (n'— LENAEN“ARm). ... (E(—1)dedm) X2 O—Fmt g efc.
uum factores, quibus Coefficientescomponuntur, itasint comparati, ut, pluribus n’,

n“, n"... positis==1, aequalesevadant, haecformaseriei prodibit:

am m’m’. ms my XZOD b (megen)” (m, ok l)ﬁ(mxbl)y----(m“*l)ﬂ xZE=HE o etc,

~l~p(m+k)“ (m.»-l-k)P... (m, k) xS0+ L et ®)

existentes e, (3, /... M; m,; m,;... numer postitivi et integri.

Tradidit illustris Euler in ejus Institiitione Calculi Differentialis methodos, quarum ope
series et hac forma contentae siirnmari possint, dummodo ¢, 3, ¢ ... Sint numeri determi-
nati, plerumque tarnen illae, ab evolutione differentiarum finitarum vel differentialium pen-
dentes, gravioribus difficultatibus obvolutae sunt, dum seriec generalioris indolis sint,
earumgue summae ita assignandae, ut ad nullas amplius evolutiones neque differentiarum,
neque differentialium perducant.  Quare cum ad methodum, nondrim in summatione serie-
rum, quantum egiiidem sciam, adhrbitam, pervenerim, cujus opefaciliiis summae istarum
serierum generalioris indolis eruuntrir, operis pretium fore videtur, eamin hoc libello expo-
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nere. Primo quidem, ut sponte appareat, quaenam artificia in usum vocanda sint, paulo
accuratius perpendam seriem:
1o 2" X o 37 X2 4P X P X (P R R X R
cujus summa per x multiplicata constat esse ==
2 3 2 — —_—
x‘( X X ppner g XoRX n(n——l)tn__,_x Fe4xx n(n—1)(n
X

—1 (x—1)* (x—1) 2 (x—) 2. 3
guae reddat summam = 0, 9 ponatur t=o.

Haec vero expressio reductionem admittit, quam quidem formam reductam e seriei con-
templatione delineabo.  Et primo quidem summam assignabo, s ponatur x < 1 et seriesin
infinitum excurrat, ac deinde s pro liibitu abrumpatur, et x quemcunque induat valorem.

Quare duae hujus investigationis partes erunt.

§ 2
fnyestigatio noya Seriei 1™ 4 g"x*...,.. R
Pars prima.

3 ponatur & < 1 et series in infinitum excurrat.
1. Quo casu constat esse

) ' 2 etc.)i C

1 X o X2 ok X% o XY ... Bl L, == Y

1— X
0+x),='l-l-ﬁx-I-3X’~I~4x3+5X‘+..etc....
f;l_x)’ = 1. (1p2)x ok (LR2dg)x® b (DRasd)xt B (R2dkpRs)xt L L.
’ quae Series multiplicata per (1 %) reddit
________;-pxs = 1 & (LFD)X & (DR2d)x® o (URbsR)X b (1h2dbads)x® ...
(;——x) o1 e (102) (1 2k3) B YGT T LT 7 N

= 1 s 2® X o 37X X 5T XL e L
quia coefficienti praecedenti continuo additur 1% 2; 2+ 3; 3% 4; etc. qui componunt nu-
merosimpares, quare giiadrati numerorum naturalium evadunt.
2, Jam inde supponi poterit, seriei
10k 28 X ok 37 X% ok 4 XT ok ) X: L b oEtC L.

X e
fore summam == _9__7, ac simili modo
(1 —X

4 b 'Fx
1ok 2 X ok 30X ok gt X kXL L el =

@ —=x"
: : N fx
sicque porro, ita ut sit seriei (R') summa sub forma =% contenta; denotantes Px, Fx, fx

functiones ipsius x; si Seriespro lubito abrumpatur, istis functionibus aliquid addendum it
guod sit == X. Posito x==1 series potestatum numerorum abtinsbitur

1CE 2 3k 4"k 5", ... g p~
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Quodsi vero ponatur x=1 erit (1 —x) == 0, inde, sumto finito terminorum numero,
L))& = 2, cujus ergo valor differentiatione usque ad ordinem (n#e1) in-
@a— x)t o
stituta, €t tum ponendo x == 1 eruetur: differentiatione vero producta, ex(ns1) factori-
bus composita, evadent, quem niimeriim factorum et functio, qua =x™ exprimitur, conti-
net. Quare convenit concludere, denorninatorem habituriim esse Exponentem (n ).
3. 'S fX definito terminorum numero constare accipiatur, e serie (R*) multiplicata per
(1 —x)*** expressionem finitarn prodire oportet, quametsi series in infinitum excurrat, vel,
quod idem est, coefficientes, datum terminurn excedentes, in producto evanescere debent.
Instituatur Multiplicatio:
1 "I‘ an + 3nX2 + 4nx3 + 5nx4 * 6nxs
— () — (p1)2" = (nd1)3° — (ng1)g” — (ng1)5"
N1 )n N1 )N

fieri oportet

2 2 2
__ (ng1)n(n-1) - (n-lnl)n(n-l)g,, (n-]-l)n(n—l) 5
2.3 2.3 2.
*<n+l)n(n-l)(n-‘2) (n»{-l)n(n-l)(n-q) n
2. 9. 4

__ (ng1)n(n-1 )(n-q )(n_3)

2. 3. 4.5
o 7"x® e et . e pixET
— (nF1)6" "(“‘*‘1)(P‘1)n
g @EDR,, <n+x>n(p oy
2

__ (npDn(@n-1) , _(n+l)n(n-1) o)n
® (n+1)n(n—l)(n—9)3n *(ns’[-l)gn(;-l‘l)(n-ﬁ)(p. o

2. 3. 4
(n-{-x)n(n——l)(n—fz)(n—g) n

-3 45
3. (0 l)n(n—l)(n—e)(n-3)<n-4)
> 3456 b (p-(nege1))
guod productum littera Q) designaho.
jusmodi Coefficientes, quibus quantitates x™, x*+* et sequentes affectae, utique eva-

nescere, jam e doctrina serierum recurrentium apparet, quod attamen nova demonstratione
illustrabo.

Sit p* Coeﬂicxens quicunque seriei (R*) inde atermino (n+ 2), erit, existente k > n, Coef-
ficiensipsiusx* in producto Q) hujus formae:

P = @ CEN g — CROROT gL ()

qui, evolutis(p —1)";(P— 2)*; (p—3"; ec. formam sequentem induet :




pﬂ .
(n ) n-2 __ - 2) s n-
_(n+1)[p N 1 n(n l)(n dprs . € 12)0; Qi(n ) ok p“"‘]

s nig 21 (n“) na_2°N(N- “)(" 2 s *n(n-1)(n-2)(n-
3 l)n[p I G S 2 ) an g 2*n(n-1)(n-2)(n Dy iznpn_,‘l

2. 3- ¢4
(¥ 1)n(n- n-l)G) ~3np™ige3 n(n 1) n2_3 n(n-x)(n 2)P" ™ 3'n(n-1)(n -9 S gypn +3“pn_n]
2., 2. 3. 4 -
voel T1= =1 -2 = n- -1 n-2 -
.*.<ni‘;l)3 (4’:1 Q)Cp _4np *4 n(n ]) 4: n(n 1)( Q) n3+4 n(n )( )(ﬂ. 3)FH4 * 4“p“'“
.3 2 2. 3 2. 3. 4 —

~£%‘3)":}(né3)cpn_5npn 1*5 <n >p“ 25 riu)(n'Q) n3+5 n(n")CnSQ%fn'S) ne “I‘ 5nPn-n

(n-!-n) (n-4) A GILI) a0’ n(n-l)(n 2) s 6‘n(n-1)(n-q)(n-3) - S
~7—3T [p p 'I' P *+ 2. 3. 4 o :{'_6 P
—(ng1)...(n- C np“-’+7 n(n-l) na_/ n(n-l)(n Q) 7 *n(n-1)(n-2)(n- 3) JEU——
2. 3.. 2. 3 2. 3. 4 -

(n+ . (n F))Cp _gnp* ’+ zn(n 1) D 8°n(n-1)(n-2)pn+,0.8 ‘n(n-1)(n-2)(n- 3)pnes.. o grp
2.3 2 2. 3 2.3 4 -

(S(o (S(o etc. etc. etc.

(1) .. [p“ (n,g. np™ '.{-n(n.*-l) l) 2 p™i—(ne1),n(n-1)(n-2)p™° W .iis & () p“'“]
2. 3 (nvl-l) 2.3 _
Considerentur nunc jum Coefficientes quibus gnantitates p", p**, €iC. affectae.

Coefficiensipsiuspest = i — (n+1).{.(n_+l_)ﬂ b1 = (1—1)""=o.

Coefficiens ipsius p™" = (o 1)n(1—n n(n2 ) D) =@k )n(1— 1) ==

sitmodon > O.

Huc usque ergo Coefficientesevanescere patet; erit dernonstrandum, idem in sequenti-
buslocum habere. Facile autem perspicitur ex expressione generali, omnes prodituros €S
= o, S Ingenere

ol e M7 enm—1) (i) _
— % 3 23 a3 =0

denotante n’ numerum guemcungue positivum, integrum nec majorem ipso N.
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Quod manifestum, existente n’==1, quare videndum erit quomodo aequationes sequen-
tes a praecedennbus pendeant, Accipiatur ergo aegiiatio ,
w, D(N—1) ., D(n—1) (n—2) ()™
1 —Q _*3 —_ . SR BY
2 2. 3 2. 3. 4 — Nl

gquae locum haheat, dummodo nesit n’, >n
quae, multiplicata per (N ¥+ 1), siMili modo erit = 0. Quare multiplicetur per (n1), Ve,
quod idem est, terminus primus per (1 4 n), secundus per (2 # (N — 1)), tertiuc per
(B (n—4a), quartus per (44 (n—3)) et sic porro; obtinebitur

apr T g g, n(n—-—l) — g, n(n —1)(n—2) , . o (et ]
2. 3. 4 — nei —o
“ ncn D g D(@=2) _ o, 2(0=1) (o2) (mg) j"
e [n 2 *3 2, 3 ’ Q. 3. 4 f_ ﬁ : n]
Cum pars secunda, sub parenthes conteiita, sit =
n[ 1 —a™, T ’{' 3n' (n 1)('1—9) n’, (n——l)(ﬂ—-—n)(ﬂ—'&)““] = 9 (‘2)
2. 3 2. 3 4
propterea qlrod evanescit, d demum (1—1)"™"== 0, inde sequitur, et primam partem
atgr N o't “(“ D 4o nn —1)(n—2) etc. esL == a
31— o™t g get .
: 2 3 2. 3 2. 3 4 ™

%JO modo vero pendeat (2) ab aequatione (1 = 1)*** == 0 sequenti modo clarius
apparebi

Designent (1 — 1); (1 1)®; (1—1),"; (17 1) quantitates
.M, m(m—1) m(m-—-l) (m—q) . — .m m(m — 1)
1—2% — —_ . €fc. ; p— 3 .
T B R < I
.m(m— 1)+etC _ =M ~m(m—1)
11— *3—3 . > 1 Q2+3 93_—etc...

meus signis adhibitis, ratio, quam inter se quantitates constituant, $equenti tabula re-
praesentari poterit
Q=
a— ]):—x; (1 - 1)::;
(1= 1 )k (1—1):::, (1=
G—1r,; (L—a)=ty — )=y —1)2
éx —1 % (1 — 1%‘,::;; %x — 13',:1, %1 — 1505 =D

1= h s @ )ass Q10T (010078 T it —1)nss

€tc. €tc. etc. etc
(—1)% O~ (=17 00— G—1)% Q—1)r ... ( —1):.
G ) Q=105 (a5 (1P (15 (1—1 ) g—'% ------ (=1
L et(aT

Quﬂlbet terminus superior (1—1)§ aduobus tefminis |nfer|or|bus 135
pendet, ac cum quivis seriei infimae termlnusevanescat omnes Usque ad supremum termin

2
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.opoytetfiant = 0.  Ulterius autem progredi non licet, proptereaquod (1 = 1)+ ab aequa-
tione (1 — 1)° =i demum pendeat.

EX modo allatis perspicitur, omnes Coefficientesipsarum p", p™—, p"—* €lc. evanescere,
quare €t quemcunque Coefficientem in Producto Q inde a termino (n 4 2) evanescere
conseqjiiitur.

4. Quodsi series(R") prolubitu abrumpatur, hancce demonstrationem postremos Coeffi-
“ciéntes producti Q) non admittere, sed diversosvaoresinduere, perspicuum.

Si fingatur seriem ininfinitum excurrere, Coefficientes postremi producti Q in infinitum
excrescent, ita ut fiant numeri infiniti ordinisn.  Qui tamen termini evanescunt, cum affecti

sing dignitate infinitaipsiusx < 1. St enim x == o
g
positivum, etS minimum, ne tamen ininfinitum decrescat, erit terminus, quem evanescere
statuimus = Am_p — A "
(ll‘l‘q) l*rq.!'x(m"l_‘iqg :D(-D".._l)(b_‘z)qa‘*‘etc.

2. 2%

J

denotante A numerum finitum;
qui terminus, 'denominatore existente infinite magno respectu numeratoris, utique evaneit.

" 5. Exallatisconsequitur, fX definito terminorum, secundum potestatesipsiusx progre-
dientium, numero constare; erit ergo

fX =1 A X A XA XA X ...k A, X"
qui valores A, A,, A,, eta ... facillime ex producto Q inveniuntur.

l_Q -(n-h,;)

,..3 -(n-;-a)a"-i-(n*l)"

( o{ol)n , (n-!-l)n(n—l)

Asg"- (b 1)3“4-

2. 3
A=5"-(nk 1)4“4-(“'{' D, (0 'Q)"gn' Dyng (b1 ):(';' ’i("")
—ran (nq-x)n _(n¥1)n(n-1) , (n-[-l)n(n—l)(n—q) n (n-]-])n(n—l)(n-'z)(n—-g)
A5 2. 3 »E 2. 3 4 . 2. 3- 45
A=y (0o 1)6"—1--(ml;l ')ns_“-(n* 'Q)n(zn_ D e etc.

Perspicuum, esseA,,=1,A,,=A,, A,,=A, A, ,=A,, etc.; Coeflicientem enim termini

(N 2) i.n Pryoducto Q evanescere ostendi, quare, GP=XP9-, P=tR—>r—g* )

W ete. antepositis seriei (RY) ita ut hanc formam induat
T L iTxe



<p+<p+3>>" g @I 5 GoGEDY g P gy garxp gt

ac postea continuata mulnphcattone, evadet in hoc novo producto et termini (nd«1) Coeffi-
ciens = 0, atque simili modo terminorumn, n — 1, n=— 1, ec. Coefficientesevanescent

Hinc sequitur Coefficientem termini (n 4« 1)-in ipso Q) esse==0+0, termini n=0+1, ter-
mini (n— 1) = o 2" = (ade1), termini (n—z)==odg*— (ke 2" o LED et
genere A, ,, A.,, A, €lC. eosdem valoresinduere quam A, A, A, ec.

6. EX allatis nunc colligitur, seriei propositae (R?) esse summam

— i E A, R e A Aix_:. o AL X existente X < 1 et seriein infinitum excurrente.
- (l — x)n 4

Pars secunda.

Si series pro lubitu abramparur, et x quemcunque induat valorem.

Decignet X functionem, functioni f X addendam, quo seriei summa abruptae obtinea-
tur; sit " X* terminus seriel ultimus, et consideretur pars ultimaProducti Q, quae erit:

. x™*
= (g ))(E-1)" — (n)x’
t 3 (n-!-l)n(t 2)" 2 (n l)ﬂ(t )n (n"l"l)ntnxt-{—:
2

(nn-}u)n(n—x)(t 3y (e )n(n-l)(t 2y — (n--I-u)n(n-l)(t y— (n-{u)n(n 1){,,X,+2 3 etc.
QetC:.?, etc. etc etc.

Inde sequitur fore X =

— (xR () Py — [ gy~ s e
£ [QEDO= D gy — OF Doy g0 rp ) e 97 — @r o0

_ [(n E 3 1)n§n;—;)(n _ Q)Ct..P D — (n 1)Qn(3n— 1)(“1‘ 2 K (n+ 1)n(t* 3),,
— () 1)(t ok 4" + (o 5)"] x+ - . EtC ‘ o
uam functionem X e producto qmdem valorest", (t— 1)", (t— 2" etc. continere in-

venitur, sed facile perspicitur, inde ejusmodi, ad prtimos terminos ipsius X magis accommo-
datam, forrnam, sicuteam expre551, pendere.




§. s.

Designet in genere fx fiinctionem , definito terminorum numero constantem; et @x
functionem guamcunque ipsius Xx. Manifestum est, functionem fx facillime erui, S summa

seriei propositae T ad formam = fx >{< U, ,denotante U, functionem cognitam ipsiisx, reduci

queat; prodibit €Nim aequatio fx = (T — ,) x. Jam nunc, quomodo haec forma invenia-
tur, investigabo.

Reseo redit, utinveniatur ejus modi dx, quae coefficientes Producti (T —U,) dx evo-
luti inde a quodam termino assignabili reddat = o. Sit @x ita coinparata, ut ejus differen-
tiale ordinis p determinati sit =
o d, X o dy X < dyx* o d, X vaaas ok dg 8™ = (FX)Y, cujus @x differentiationeeva-
dant series formae (R) (§. 1); denotante v quemcunque numerum positivum, negativum,
vel fractum. Instituatur differentiatio secundum legem (§. 1) indicatam, et obtine-
bitur:

’ 3
d. X", @X o= rllxnl_, ¢x + xn: d. @
dx dx
nll nl
d.X .;1;‘:( . @x =e”Xno__,+nu_, ¢X + el”x.l__,_l,nn _(_].E@_x + ” ‘l+nu ddfx
d x”, d.x", d.x". @x —= @/ xn=1tn"=1in’t— @x ke, lllxll'—1+n”-l+ll'“d Px sttt Y ltlxn'—l+n"+l\"'d -Dx
dx® dx dx?

"< eslrlxn'-f—nu..'_nm. dz. ¢'x
etc. etc.
¢= ,
Designet d™ (xnm) ejusmodi differentiale ordinis m, eritque

%)
?
x® | dd@ Je er x0a, d? @x

— oD o P d—}-l.
=X gk ie

Tk et.. .. ok X7 (d ok <'i,x>}<d,,1si’....>-}<d,,,x"‘)‘r

()

dxe+

d. Px

dx

= et X", Px »f P+ xTH,

’ HOEC L e T (fix)Y
+ (f'x)v-x (d; xﬂ-i—p-}-l + d; x71-tp—+% + d; xﬂ-i—p—{-; e e + d:n x"+P+m>



det2 ngiz) d. ox

dxF+2 ‘ dx + etc.
e T (EY g @ X g OO (Y-

J (A 1 xTEEe g dO g xOEEeb L, L g dG) 1 xR (fix) Vel

de+* - Px
( np+’)
* = ge+n

—] e(r-+—=) xﬂn. @x + G£P+=)

() etC [ - . [} 0 5 [ - [ 5 [} ’ [} ®
dxl""l-vi
etc. etc.
a» Px
(x“ ) d.¢x
g = er, x7o-e ¢x & € xOr—ptr, ra €C. . . b e} xR R (x)¥

g (A xFP-rt g etC. . v+ e dOP xOn=p—p~t-m) (fx)v—=

g (P xrrer oL L, L) (VR o ete L L
o (A XTTEERTEOTD G ete. L L L o dff XTTERRRO-RE) (fix)V—oep)
quod st = A4 F (Ex)Y & F )V ¢ F (fx)V-2 . . .. F—? (fx)V-0-»
quae forma ad hanc reducitur
A ke (F. (Fx)y~? o F (Fx) 2 of Fo (fx)"272 o etc.... o Forr, i Fo-ry !

fxr—r—V
quae evoluta hanc debit formam generalem »
Cxm—2+? g Cxr+1 o Cx™PH2 o efC. . . . o Cppy (X PHrHE—pm
(ftx)n—-p-—v

U+

fx
Litterae e, d, ¢, C scilicet cum eorum signis denotant quantitates, per differentiatio-
nem et multiplicationem introductas.

S nunc Sit proposita series ejusmodi formae, ut (R) ejus summa sequenti modo assignari
poterit:

quae sit =

E differentione ipsius ¢x deducaturforma summae, guae it £ 4 A; ac deinde po-
bx
natur

X = (@ —U ox; (1)



Comparentur singuli termini, cumque ita pro quocunque Coefficiente nisi unicus detur
valor, et x in ipsa fX potestatem ¢ N — p & p+ (N = p) M non excedat, omnes Coefficien-
tes Producti ((R)— A) ®x ultra rerminum, potestate o N~ p # P+ (0™ p) M ipsius x af-
Jectum, progredientes neussario evanescere debent.

Quod attinet ad functionem ¥, ea sine difficultateinveniri poterit, nam, cum p St nu-

merus determinatus, dlfferentlallad@ ng o &9 assignari parsunt; ad quantitates
ax * dx* dx° dx?

e vero, quibus sunt affecta, abtinendas, consideretur, eosdem Coefficientes evadere, S loco
@x differentietur ¢~ simili modo. Designet E functionem quantitates e involventem, d“(‘;;n)

—X

seriem, qua e~ exprimitur, itadifferentiatarn, prodibit E = d’\ )€ quae aequatio da-
bit valores e.

Jam nunc gnantitates C; C,; C; C,;..etc. ex aequatione (1) sine difficiiltate definiri
possunt, s modo ¢x itacomparata, ut gus evolutio generalis vires Analyseos non superet.

Exemplum
Proposita sit series cognita.

ArcSmy—y*'X-[n L-l-]aJy o €tC.
3 2245 2.4.6 7
e qua assignetur summa ¢ seriei

2!.*_*4—-—3— b e M e ha 'l‘.l._u_-,-:‘y'l'etc
Yo U 2.3 5 a4G7 1.4.6.8 g

Differentietur _2 Arc y, quo facto obtinebitur
—r
YT yR
Exit Y = Q“%AIC Y, & sinpar, = siimpar. p==1; ¢n = p=-—3, quare ¢gn—p

= }% Arcy & Multiplicetur per x et denuo differentietur, sicque porro.

dbp=—2;m=2; gn—phpk(M—=—pm=2(n—2); v=-1; erit igitur forma

C —l; + C 4 Cy... .k G,y ®?

summae § = v Q"EAICY & Y Ponatur 1 & 2" == a;
— VY n 20—1) k1 —
(1—yy =52
1 Q" 1. ™ o o® 2(n— 1)1 o )
—] =celc. ——— = rodibi erminandos
* p L30T N o A 2) 4, prodibit ad det d
2. 3 2. 4+ 5

Cotfficientes C, C, etc. aeguatio.



C -]:- ofe Cx * Cz YI “i" CJ Y' e + C“—' 'ya(n—2)=

2

Zab b ® dy’ o &
Y" i

o pua ub J7C pd e

.{./'_f(/‘____I_)a* ,u_(/u:-l_)_b* 1 ...

2 2 2
g BU=—D—2), plu—1)(p—a),
Q. 3 . 3 -
s plu—1)p—2)(u—3),
2. 3. 4
§ 4

Saepenumero series occurrunt, de quibus non statim perspicitur, quomodo earum sum-
mae ad formam (§. -..) exhibitam reduci queant.  I'n usum tum erunt artificiavocanda, quo-
rum Ope aequationes Obtineantrir, quae ita comparatae sint, ut quantitates determinandas in
altera parte signi aequalitatis separatim contineant.  Quod quidemin genere interdum com-
paratione plurium serierum, interdum introducendo novas Sseries, quarum summae quantita-
tis quaesitascontinent, efficitur. Quem in finem consideretiir series:

NPT SESURY S S I LIS ¥ q° X’ o .. in infinitum
2.3 2.3.4. 5 2.3.4.5.6. 7 2.3.4.5.6.7.8.9

functio x Cosx differentiatadabit

Cosx — x SinXx = 1 — 3_2)(2*';}{‘_&(:...;;
2.3 2. 3. 4. §
giiae multiplicata per x, et differentiata, perque dx divisadabit
3 3
Cosx = 3x Sinx — x*Cosx P 1 — 3 x’*S—x“-—-etc.....
2. 3 2. 3. 4. 5

eritque in genere
(14 Cx* e Cx* b Cx* L L Lw Cux™) Cosx #(CX o C1x* ..o b CLx™7) Sinx

=1——LXZ+LX*— 7“ X‘*ac.llll (l)
2. 3 2. 3. 4. 5 2. 3. 4. 5. 6.7 ’

Erit que simili modo



. s 6
Snxui.xCosx=Qx—4X 23 XP = alC. . u s
2. 3 2.3 4 5 —
Sinx & 3x Cosx. — x* Sinx == 2*x — _f_x’ +Lx= — ec ....
2.3 2.3.4.5

sicque porro
O CxR Cxte. o Cx™™) Sink — (Cx o CIx* . u o w o Cpx*%) Cosx ==
Qn—t X e 4n—l x? —+ 6n—l
2. 3 2. 3. 4
denotante scilicet N NUMerum positivum integrum imparem.  Facile perspicitur quomodo
se habeat, si n par.
Aequationes (1) per Cosx, (2) per Sin x multiplicatae et additae, dabunt

1 R CXxa Cx*yw. . G x**, (quod sit T)

2

1—§::x’ ) __r’!‘_—(__.x‘ —_— 1 x* e eC. ...
1. 2 1.2.3. 4 1.2.34.5.6
— g 3 — — 5 o oec....
2 1.2.1.2 1.2. 3. 4.1.2
1 n--i
+ i ne—— —_ 3— . [ ] L L
1.2.3. 4 1.2. 1.2 3 4 ' ec
=4 L — ; GZC [ .
1.2.3.4.5.6
n-—1 6!!'—!
N1yt e 4 Xt o —_ X & eC ..
ol 123 1.2.3. 4.5
Q1-.--! 4n—l
— ct. —_— ec. ....
123 12323 +
Qll—-l
L3 _— (o
L 12348 T

Inde quo lex, secundum quam CoefficientesC, C, etc. progrediuntur, facile perspicitur.
Ponatur N — 1 =n/, ertque

C—= — 3_“_3‘_1 o™
S 3" 4MCho®
C’—x.a.3.4*1_2.1.2 1.2 3

7n' 1 _ 5n’ K2 3\\’ Y 6"’ g Q-' * 41:’
1,2.3.4.5.6 1.2.3. 4. 1. 2 1.2.34.5 1,232 3
etC [l [ [ ] etC [] [ ] [ [ [] u u L u

C,= —
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Frit simili modo C'x o Cix* o . . . b CL X" = Z¢

r M g ™ X e
¥ F R T732% T 123456
1 A W
T 2.3 o 1.2.2. 9 1.2.3. 4.2. 3
o 1 -
1.2.3. 4.5 1.2.2. 3. 4.5
_ 1
1.2.3.4.5.6.7
=< n! 65’ 8n|
— o™ 4 o % o — 2% X" — elC.
QX»{-Q.:%X 2.3 45 234567
1.2 2.3 12 2.34.5 1.2
S S S S
1. 2. 3. 4 2.9.1.2. 3.4
Q™
R . S
1.2.3.4.5.6
guare
CG= 1" 2"
C=— 3 L g & g
1.2 2. 3 1.2.3 1.2
nt n’ n’ n! Qn'
Clmmwe 5 3 g2 -t —
1.2.3. 4 1.2.2. 3 2.%. 4.5 1.2. 9. 4. 5 1,20 3. 1. 2 1.2.3. 4
—_ 7™
Ce=—__ ! — _—@ec .. ...
1.2.34.5.6
C = [ =" 4 (—4) 5 (n—6y" ook ]
1.2.3..(n—3)  1.2.3..(0—5)2.9  1.2.3...(0—7).2.5.4.5 1.2 (n—ﬂ)
—r (—y —g ) (n—5)~
[ ) (n—3) K A — ]
1.2.3..(0—2) © 1.2.3.(n-4)1.2 = 1.2.3.(0—06).1.2.3.4 1.2.5. (n—ng)

Praecedentibus, ut corollarium, adjici potest, esse seriel
l * an — 3nx2 — 4!'\5(3 + 5nx& * 6nxg e ow .‘
summam = Z (Sinx # Cosx) o Z* (Sinx — Cosx).



Si Cosfficienter C; C'; C,; C: etc. expressionibus recurremibusdefiniri debeane, consi-
deretur functio e, quae per x multiplicata, antequam differentiatiosuscipiatur , dabit

X X*
Xe* == X b X*dh —— ok

etC. [l 1 ] [l
1.2 1.2.3'1‘

r 2 3
e‘*xe‘=1+qx+§_}‘_+ 4X
1.2 1.2, 3
x2 42
2 1.2 3

W+ etc. . .

X ec ...,

ex.-!-3Xe"+xzex=1.{~Q’x+32
1

e* b 7xXe* o OX*¢* e XPe™ == 1 b 2°X Lx” = 4w % etc. ...

1.2 1.2.3
sicque porro; unde, s in Z, Z* CoefficientesC; C,; C'; C!; etc. quicunque positivi as-
sumantur

(ZwZ) e = 1+ 2"X %x** 4 3x3 & etc. ...
1. .

1.2
quare, si g, 13 3, d + » + » . designent Coefficientes positivos assumtos
x* 1 1 ]
1 x ok & X* o x* o — x° o etC.
F 1. 2 1. 2. 3 1. 2. 3 4 1. 2. 3. 4.5 'k
o o 3
L - L S
hodk oa oF 1.2 *1.2.3 1. 2. 3. 4
B B
—_ ey =
* B v B * 1, 2 12,9 {
Y
o '+ 4 ® 1. 2
| g ) E
B € J
n 1 n 6n
» 5 xe 4 X D . x* o eiC. . .
1 "X b X" ok X &
® 1.2 1.2.3 12 3.4 * 1.2.3.4.5
Inde sequitur
o = Q" — 1
31\ _ _ _3_
B 1.2 « 1.2
= A g% !
= 1.2 3 8 1.2 1.2.3
— o5 B e 1
T l.2.3.4 v 1.2 1.2.3 1.2.3. 4
- _ 6 sy _ B e 1
8_1.2.3.4.5 4 1. 2 1.2.3 1.2.3. 4 1.2, 3. 4
ac- - L] L ] L] L ] ac L] L ] ]
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e""ﬁ - 3!\ 4“
Apparet, si ponatur d" =1 2" X o e XP X — 5 x“ete.
PParet, st p (ﬁ") *1.2 1.2 12 3.4 B

&

Ad vaores ¢y B, Y, 8 ... calculandos inde ab n==1, differentiatione continua com-
mode uti licet. Quos valores calculatos usque ad n==g repragsentabit istud triangulum.

<3
—X
quantitates C; C'; C,; C! etc. et obtineri aequatione Z ¥ Z* = d (ex>e—‘.

7 1 127 966 |1701 1050

Litteris , R, ¢ -« « numeri in columnis verticalibus subjacentes, diversos valores
ipsarum, o, (3, ¢ ...y POSt primam, secundain, tertiam etc. differentiationem prodeuntes
significant. Numeti, 1; 2; 3; €C. |aéva manu designant ordinem differentiationis, a quo
pendet valor ipsius n; numern, hypotheniisae inscripti, sunt factores, per quos S quilibet
valorum «, B, ¢ . . . multiplicentur, evadunt differentiae sei-ierum, quas numeri paral-
lelli cum hypothenusa progredientes constituunt.

$ 5.

Sic, idoneis artificiis adhibitis, ulterius progredi licebit.  Niinc quidem, antequam
finem investigationi imponam, dabo seriem
1— o" o 3 4 + 5
12 1.2 3 1234
calculatam inde ab N = 0 usque N = 7
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I

[T 0l ol0 ol® ol= ol

|-

o

I

|

l

1 )
1.2.3 1.2, 3.4 1.2. 9. 4.9
4 P 3 6 e ete,
1.2.5 1.2. 3. 4 1.2. 9. 4.5
2
LB ? 5 6* e etc.
1.2.3 1.2.3.4 1.2 3.4.5
K2 5° 6* & etc,
1,23 1. 2. 3. 4 1.2, 9. 4.5
4 o 5 6* e etc.
1.2.3 1.2.3.4 l.2.34.5
4 e 3 5° al e etc.
1.2. 3 1.2.%. 4 1.2.3. 4.5
4° h 2 5° 6° e ac.
1.2.3 1. 2. 3. 4 1.2.3.4. 5
; SR NN " & ec
1.2.3 1.2.3. 4 1.2.3.4.5

Finis.




T h e s e s

ad Disputandum propositae.

1.
Nulla datur lineae rectae definitio realie.

I1I.

Differentiale est differentiae status, medio arithmetico omnium differentiae valorum
assignabilium correspondens.

IIT.
Luminis reflexio est purum elasticitatis phaenomenon.
Iv.
Amor prodigii est magni momenti in amplificandis scientiis.
V.
Est spatium vacuum in mundo.
M.

Telluris et planetarum oOrbitas perpetuo coargui probabile est.

VII.
Quae sit vera elasticitatis causa adhuc nescitur.

VIIIL.
Planetae moventur in medio, quod eoruni motibus non resistit.

IX,
Telluris figura accurate cognosci nequit.




Emendanda.

Errata. Corrige.
Pag. I linea 10. xn xn*t
— I — 1Io, xu+#2 xn®k2
~— 2 . penult. abtinebitur obtinebitur
— 5 — 4anteult, (1—1),0—3 (1—1),0—25 (I -1},n—3
— 5 — ult. termin terminum
— 7 — 10 abrampatur abrumpatur
— 8etg ubique « e
— getg — (v (x?
— g =~ 13. debit dabit
— 9 — antepenult. differentione differentiatione
— 1 = 4. neussario necessario
— 10 ‘— 6. parsunt possunt
— 10 — 1g.x y
—_— 12 — 9. T Z
— -~ 5 n
- 13 penult. Ix2nx—30 x.., 1% Hx-—-;-”.—g:%x’_ 12?3-4}{3 % 1‘5.3,4.5 x4
6n ;
Theses VI. coargui coar ctari




