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D o c t r i n a  serier~im carnpiim iate patentem praebet, rnagnarn copiam meditntioniirn evol- 
vere; atqiie cum tanti momenti sit in Analysi, contemplatio strieriim tantum utilitatis quan- 
turn voluptatis adfert. Qiiare meas meditationes huc spectantes, qiiamvis exigiiae sint, in 
hac Dissertatiuncula exporiere constitiii: ac ne hiijus libelli fines excedam, atl eas stries me 
restringam, quae secundum quandam legern differentiatae evadunt - Sit scilicet propo- 
sita series. 

a C ) ( b x + c x 2 + d x 3 + e x x ' + f x 5 + e t c .  
cujus siimma = Spx habeatur 
qiiae miiltipli~ata per X"' et differentiata , perque dx divisa, dahit 

a nl xn'-' + b(nl+ i )  xn + c(ri1+2) X"'+' + d ( n ~ + ~ )  + e(nt+ 4) xn'f' . . . . 
quae multiplicata per xn" ac deiiiio diff'erentiata, dabit 
=., (*r - + X-~'-s+P"-= + b (nd+ 1 )  (nd+ nn") xn'S "̂"-' + C (nl+ 2) (n4+ ndl+ t ) X"'+""+ etc. 
qiiae rursus miiltiplicata Per X""' ac tlifferenriata, et sic contiiiuo milltiplicata per X""", xnv, 
,pV1 . . . anteqiiam differentiatio siiscipiatur, perducet ad seriem hrijiis formae: 
a. nl. (nf- i +nd? (nd- i +n0- I +nddl) (nd- I +nd- 1 + n U C  I +nXV) . . . . (z(n-  I)+ 1) XT(~-')+ 
+ b (nf + 1) (iil+ntl) (nl- i +nll+nldl) (nl- I +ndl- 1 + n"l+nXv) . . . . (C(n - I )  + 2 )  X'-(~-I)+~ 
cfi etc.. . .+P( i +nl+m) (n'+nl'+m) (nl- I +nl'+ndl'+m). . . . a ( n -  l ) + ~ + m )  x=(~-"$"+' + . . . etc. 

Quum factores, qilibiis Coefficientes componuntur, ita sint comparati, ur, pluribus n; 
nl, n1I1.. . positis = i , aequales evadant , haec forma seriei prodibit : 

a ß  r J cc P P 
a. m . m. m, . m, . . . xz("-')+ b (m+ 1) (m. + 1) (m.+ij/. . . . (m,+ 1) xz(n-a*x + etc. 

P + (m + k). (m,* k) . . . (m,,+ kf' x r ~ - ~ ) + ~  +... etc .... (R) 
existentes a, ß, EJ . . . m; mi; mp; . . . nilmeri postitivi et integri. 

Tradidit illiistris Euler in ejus Institiitione Calculi Differentialis methodos, quariim ope 
series et hac forma conteiitae siirnmari possint , dummodo a, B,  7 . . . sint numeri determi- 
nati, plerumque tarnen illae, ab evolutione differentiarum finitarum vel diR'rentialium pen- 
dentes, gravioribus difficultatibus obvolutae sunt, dilm seriec generalioris indolis siilt, 
earumque summae ita assignandae , ut  ad niillas amplius evolutiones neqiie differentiarurn, 
neque differentialium perducailt. Quare cum ad me~hodum, nondrim in summatione serie- 
rum, quantum eqiiidem sciam, adhibitam , perverierim , cujiis ope faciliiis summae istarurn 
serierum generalioris indolis eruuntrir, operis pretium fore videtur , eam in hoc libeUo expo- 
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nere. Primo quidem, ut sponte appareat, quaenam artificia in usum vocanda sint , paulo 
accuratius perpendam seriem : 

1 + 2 n ~ + ~ n x 2 + ~ n x 3 * 5 n x * * f ' n ~  s . . .+tnxt-x  
cujus summa per X multiplicata constat esse = (R') 

quae reddat silmmam = o, si ponatur t =o. 
Haec ver0 expressio reductionem admtttit , quam quidem formam rediictam e seriei con- 

templatione delineabo. Et primo tquidem summam assignabo, si ponatur X < 1 et series in 
infinitum excurrat, ac deinde si pro liibitu abrumpatur, et X quemcunqile induat valorem. 
Quare duae hujixs investigationis Partes erunt. 

$. 2. 

Inoestigatio nova seriei 1 + 2% + 3 " x 2 . .  . . .. (R') 
P a r s  p r i m a .  

Si ponatur 1 ~ '  < 1 e t  series in infinitum exutrrat. 
1. QLIO casu constat esse 

- 1 
1 Cf. X + x2 + x3 + X*. . . . + etc. . . . 

1-X 

= 1 + 2 x + 3 x 2 + 4 x 3 + S x ~  . .  e t c . . . .  
(1 - x y  

. = I .E ( i+n)x  + ( i+2+3)x2 + (1+2+3+4)x3 + (1+2+3.E4*5)~* . - ; 
(*J.- 

quae series multiplicata Per ( I  +X) reddit 

--. 1 + 2% X + 32 x2 + 42 x3 + 5 %  X* . . . etc. . . . 
quia coeficienti praecedenti coritiiiiio additur I + 2 ; 2 + 3 ; 3 Q 4; etc. qui componunt nu- 
meros impares, quare qiiadrati numerorum iiaturalium evadunt. 

2.  Jam inde supponi poterit, seriei 
1 23 X + 33 x2 CI( 43 x3 + b3 X* . . + etc. . . . 

SFx fore summam = * ac Simili modo 
( 1  -X)'' 

1 + 2. X + 3' x2 + 44 x3 + 54 x4 . . . etc. = - Fx . 
(1 -X)" 

fx 
sicque pono, ita ut sit seriei (R') summa sub forma -- contenta; denotantes qx, Fx, fx f I -X\''+' 

functiones ipsiiis X ;  si series pro liibito abrumpatur, istis functionihlis aliquid addeirdum erit, 
\ I 

quod sit = X. Posito X= i serits potestatum numerorum abtinsbitur 
1 CE 2" CE 3" * 4" + b5" . . . . * p n .  



Quodsi vero ponatur X = i erit (1 -X) = o , inde , sumtu finito terminorum numero, 
fx+x - 0 

fieri oportet - -, cujtis ergo valor differentiatione usque ad ordinem (n+ 1) in- 
(1 - 0 

stituta, et tum ponendo X = 1 eruetur: differentiatioile vero producta, ex(n+ 1) factori- 
bus composita, evadent, qiiem niimeriim factorum et functio, qua Ex" exprimitur, conti- 
riet. Quare convenit concludere, denorninatorem habituriim esse Exponentem (n+ 1). 

3. Si fx definit0 terminorum niimero coristare accipiatur, e serie (Ra) multiplicata per 
(1 -X)"+' expressionem finitarn prodire oportet , quametsi series in infinitum excurrat , vel, 
quod idem est , coefficientes, datum terminurn excedentes , in producto evanescere debent. 

Instituatur Multiplicatio : 
1 + p n x  + 3"xZ + 4"X3 + 5"x' + 6"xS 
- (II+ 1) - (n+ I) 2'' - (n+ 113" - (n+1)4" - (n+1)5" 

(n+ 1 )n +- (n+ 1 )n + -2.. (n+ 1)n +- 3' (n+ 1 )n +- 
2 2 2 4 

4" 

2. 3. 4. 5 + 7"x6 + etc. . . . + pnxP-' - (n+i)Gn -(n+ 1 )(P- 1)" 
(n+1)n5. + -  (n+ 1 )n 

.E-(P-2)" 
2 2 

(n+ 1)n(n- i ) (n-~)(n-~)(n-~)  + 
2. 3. 4. 5. 6 % @-(n*l ) r  

4 uod prodiictiim littera Q designaho. 
jusmodi Coefficientes, quibtis quantitates X"+', X.+* et sequentes affectae, utique eva- 

nescere, jam e doctrina serierum recurrentium apparet, quod attamen nova demonstratione 
illustrabo. 

Sit pn Coefficiens qtiicunqiie seriei (W) inde a termino (n+ 2), erit, existente k > n, Coef- 
ficiens ipsius xk in producto Q hujus formae: 

p8 - (n+ l)(p-iY' + (niE 1)n 
(P-2)" - (W 1) n (n- . . . . + (P-(n+ i)y 

2 2. 3 - 
qlG7 evolutis (p - I)"; (P- P)"; (p - 3)"; etc. formam sequentem induet : 



- cn+ ) [pn - npn-' + (nn l)Pn-z - n(n- I )(n-2) -pll-~ + n(n- 1 )(n-~)(n-?) -P" .... 
2 2. 3 2 .  3. 4 

~'n(n-')~n-2-~'"('- I)("-') "n(n-1 )(n-~)(n-?)~n-+. . . . + 88Pna I>"-2npn-'+ -- 
2 2 

pn"+ 
2. 3 2' 3. 4 - 

- @+l)n(n-') pn-3nPn-I+ 3^n(n- 1 ) ~ = - ~ 3 ' n ( n -  ])("-I) P"-'+ s4n(n- I)(I:-2)(n- -P"-'. 3) . . . 
1 

-C 2 .  > 2 2. 3 2. 3. 4 

* ( 2 )  p n 4 n p n - ~ + 4 2  - 2 - 4  1 ( 2 )  4'"("- ')("2)(n-3) C P"'+ -pn' .... .I anPn-n] 
2. 3. 4 2 2. 3. 2. 3. 4 - 

- (n+ 1)...(n-3) pn-5npu.I+ 5'n(n-l) --pn-2- 53"("-1 )("-2)pn-3+5*n(n- 1 )(n-~)(n-3)~~-+... + 5npn-n] C 2. 3. 4. 5 2 2. 3 2. 3. 4 
(l1.f. l ).s.(n-4) p~i6ilpn-~,+ G2n(n- ~ ) ~ ~ - ~ - r i ~ n ( n -  i)(n-2) 64~i(n- I )(n-~)(n-~) +--[ 2.3.4.5.6 P"-' + -pw4.... + 6"pn-" 

2 2- 3 2. 3- 4 - 
- ( 1 ) 5 npn-r+ - 

1 
. C 72n(n-l)pn-2- 7 '"(n-'X'-') 74n(n-')("-')("-3)1,n-4 .... + I nPn-n] 

2 
P""+ 

' '2. 3 . . .  7 2. 3 2,- 3. 4 - 
(n+ i )...(n-6) C g2n(n- 1) g3 n(n- i)(n-2) g4n(n- i)(n-n)(n-3) pn-8 npn-I+ P"$- P"-'+ pn. '.... + 8npn-u] 

2.3 .... 8 2 2. 3 2. 3. 4 d 

etc. etc. etc. etc. etc. 

+ (n" '1 .. ' ' [p~l-(n+i)npn-l+(n+ I > ' m P n n 2 - ( n +  I )  ,n(n- i)(n-2) pn-' + . . . . . + (n+ I)" p""] 
2.3 ... ("+I) 2 L?* 3 - 

Considerentur nunc jum Coefficientes, quibus qiiantitates pn, pn-I, etc. aKectae. 

Coefficiens ipsius pn est = i - (n + 1) + ("+J '1". . . + i = ( I -  i ~ * =  0. 
2 - 

Coefficiens ipsius pn- l=(n+i )n( i -n+l l (n- l ) . . .  + ~ ) = ( i i + i ) n ( i - i ; " z o  
2 - 

sit m d o  n ) o. 
Hilc usqiie ergo Coefficientes evanescere patet; erit dernonstrandum, idem iri ceqiieizti- 

~ I I S  luctim habere. Facile autem perspicitur ex expressione generali, omnes yrodituroi esse 
= 0, si in genere 

,,, 11 ,,, n(n - I) n(n- 1) (n-2) 
1- 2  - + 3  - 4" - . . . . - C 3  - 

2 2. 3 2. 3- 4 
denotante n' numerum quemcunque positivum, integrum nec majorem ipso n. 



Quod manifestiim, existente nd= I ,  quare videndum erit quomodo aequationes sequen- 
tes a praeccdentibu~ pendcant. Accipiatur ergo aeqiiatio 

n n(n- I) 
1 - - + 3n" - *"? 

n(n-I) (n-a) , (n+ 1>.Is . . . .  C i ( - - - i o  
2 2. 3 2. 3. 4 - n + i  

quae locum haheat, dummodo ne sit nt, > n 
quae, milltiplicata per (n + I ) ,  simili modo erit = o. Quare multiplicetur per (n+ I ) ,  vel, 
quod idem est, termin~is piirnus per (1 + n), secundiis per (2 + (n - I)), tertiuc pc-r 
(3 ~ f .  (n - a)), qiiartus per (4 + (n - 3)) et sic porro ; obtinebitur 

I - 2ni.tl. .E 3n11+'. n(n-1) - 4nl,+,,n(n-l)(n-2) . . . . + - - -  (n + I )n'ifr 7 
2 2- 3 2. 3- 4 - n + i  

nn: 

I 
n(n- 1) (11-2) n(n-1) (n-2) (n-3) > s o  n(n- 1) * [ n - ~ n c  - + 3n: - $5 - - + - . n ]  I 

2 2. 3 2- 3. 4 n J - 
Cum pars secunda , sub parenthesi conteiita , sit = 

propterea qirod evanescit, si derniim (1 - I)"-": = o, inde sequitur, et primam partem 
n - 2n1,+~ - + 3-:+~ n(n - 1) - 401B+1 n(n - 1) (n- 9) .etc. esse = a 
2 2. 3 2. 3. 4 

Qiio modo ver0 pendeat ( 2 )  ab aequatione (1 - I)"-": I o sequenti modo clarius 
apparebit : 

Designent C i  - I):; (1 - 1):; (1 - I),"; (1 - 1): quantitates 
m ' m(m-I) m(m- 1) (m- 

1-2'- rf. 3* m m(m-I) - 42 '1. etc. ; 3 - 23 - * 33 + etc.; 
2 2. 3 2. 3. 4 2 2. 3 
m m(m- m m(m-I) 

1 - 2 + - + 3 ~  If + etc. - ; i - 2" - + 3' -- etc. . . . 
2 2 -  3 2 2. 3 

Qiiibus signis adhibitis, ratio, quam inter se quantitates constituant, $equenti tabnla re- 
praesentari poterit 
( 1  - 4:. 
(1 - 1 ) L  ; (1 - 1 >:I;. 

n-z 
(1 - ])L2;  (1 - 1);:;; (1- I),,-~. 
(1 - I>:-~; (1 - l)"-l. 11-1 7 (1 - I)"-~* n-3 1 (1 - 1)P:. 

' 11-2 
(1 - lX-+; (I  - IY~I:; (! - I ) ~ - ~ ;  ( I  - 11-4 9 (l - l):Ze - 
(1 - 1 )L.$ ; (1 - I)::;; (1 - 17;:;; (1 - I;:=;; (1 - 1);:;; (1 - 1);::. 

etc. etc. etc. etc. 
(I - 1);; (I-I):-~ ; (~-i):-~; (I-I);+; (1-1);-~. , (I-1)r6. . . ( I  - 1);. 

(1-1)"; (i-]Y-I; (i-~)"-~; ( J -~Y-~ ;  (I-IY-~; (1-ly-5; ( I - ~ Y -  6...,,.(~-l) 

Quilibet termin~is siiperior (1 -1); a duobus terminis inferioribus ( I  - I)&, et (1 - ,)F: 
pendet , ac curh quivis seriei iiifimae terminus evanescat, onlnes usque ad supremum termm 
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. op-t fiant 5 o. Ulterius autem progredi non licet, propterea quod (I - I);+= ab aequa- 
tione (I - I )" = i demum pendeat. 

Ex m ~ d o  allatis perspicitur, omnes Coefficientes ipsarum pn, pn-', pn-' etc. evanescere, 
qiiare et qiiemcunque Coefficientem in Producto Q inde a termino (n + 2 )  evanescere 
conseqiiitur. 

* 4. Quodsi series (W) pro lubitu abrumpatur, hancce demonstrationem postremos Coeffi- 
Gentes producti Q non admi ttere , sed diversos valores iriduere , perspicuum. 

Si fingatur seriem in infinitum excurrere, Coefficientes postremi prod:lcti Q in infinitiim 
excrescent , ita ut fiant numeri infiniti ordinis n. Qui tamen termini evanescunt , cum affecti 

1 s iq  dignitate infiriita ipsius X < 1. Sit enim X = - denotante q quemcilnque valorem 
J +q - 

positivum, etsi minimum, ne tamen in infinitum decrescat, erit terminus, quem evanescere 
AB" - statuimus -- - A. 3" 

33(3 - 1) 
1.f.oq.t .  - q z  * ~ ( 3  -1) (9 - 2) q3 * &C, 

2. '2 
J 

denotante A niimerym finitum; 
qui tbiminuc, 'denominatore existente infinite magno rrspectu niimeraioris, utique evanescit. 
. \  
, 5.  Ex allatis conseql~itiir , fx definit0 terminorum, secundi~m potestates ipsius X progre- 

dientium , nu,mero coristare ; erit ergo 
fx = i + A, X .t. A, X' + A, X'+ A4 x4 . . . . + An-, xn-'. 

qui valores A„ A„ A,, etc, . . . facillime ex producto Q inveniuntur. 

Perspicuum, esse An.,= I, A,=Ax, An., = A ,  A,=A„ etc.; Coeficientem enim termini 

(n 2) in Producto Q evanescere ostendi, quare , (D-PI". 2 (P-(P* 1))". 9 (P-(P+Q)~;  
. , X X= X' - (P * 3))'' etc. antepositis seriei @') ita ut hanc formarn induat 

: 11. - &X* 



ac postea continuata multiplicatione, evadet in hoc novo producto et termini (n+ 1) Coeffi- 
ciens = o , atque simili modo terminorum 11, n - I , n - I ,  etc. Coefficientes evanescent 
Hinc sequitur Coefficieritem termini (n + i),in ipso Q esse = o + o , terniini n= o + 1 , ter- 

mini (n- i ) = o  * 2" - (n+i),  termini ( n - ~ ) = o + ~ " -  ( n + i ) ~ ~ * ( ~ +  'In etiii 
2 

genere A„, An,, An+ etc. eosdem valores induere quam AI,  A., A3 etc. 
6. Ex allatis nunc colligitur, seriei propositae (W esse summam 

- i + A, x + A,xP + A3x3 . . . . + An-, X"-' existente X < i et serie in infinitum excurrente. 
- (1 - X)"+= 

P a r s  s e c u n d a .  

S i  series pro lub i lu  a b r a m p a r u r ,  et X qitemcunque iadua t  valorem. 

Decignet X frinctioriem, functioni f x addendam, quo seriei siimma abruptae obtinea- 
tur ; sit tn X'-' terminus seriei ultimus , et consideretur pars ultima Producti Q ,  quae erit : 

tn. xbl 
- (n+i)(t-1)" - (n+i)tnxt 

(n* 1 )n(n-l)(t-3)n- - (n+ 1 )n(n-l)ct-2)n- 1 )n(n-~)(~- ly-(n* l)n(n-l)tnXt+z a etc, 
2 .  3 2. 3 2- 3 2. 3 
etc. etc. etc. etc. 

Inde sequitur fore X = 

Quam functionem X e producto quidem valores tn, (t- I)", (t- 2)" etc. continere in- 
venitur, sed facile perspicitur , inde ejusmodi , ad primos terminos jpsius X magis accommo- 

- I datam, forrnam , sicut eam expressi , pendere. 



' . . .  $8 3. 

Designet in genere fx fiinctionem , definit0 terminorum numero constantem ; et @X 
functionem qilamcilnque ipsius X. Manifestum est, functionem fx facillime eriii, si summ= 

fx seriei propositae T ad formam - + U, ,denotante %, functioilem cognitam ipsiiis X, reduci 
@X 

quest; p d i b i t  enim aequatio fx = (T - Y,) @X. Jam nunc, quomodo haec forma invenia- 
tur , investigabo. 

Res eo redit, ut inveniatur ejus modi @X, quae coefficierites Prodiicti (T - 'U,) @X evo- 
luti inde a quodam termino assignabili reddat i o. ' Sit px ita coinparata, ut ejits Jifferen- 
tiale ordinis p determinati sit = 
(d + d, X + d, X' + d, X' + d, X' . . . . . + d, xmjV = ( P X ) ~ ,  cujus Qx differentiatione eva- 
dant series formae (R) ($. I ) ;  denotante V qliemcunqiie niimeriim positivum, negativiim, 
vel fractum. Instituatur difierentiatio secundum legem ($ i ) indicatam , , et obtirie- 
bitur : 

d* xnl* @X - Ildxni-~ -- d @X px + xnl i_ 
dx dx 

etc. etc. 

Designet dm (F) ejusmodi differentiale ordinis rn, $tque 

+ etc. . . . + e(P3-~) P Xar-+P, (pX)V 



dp+O 

= e(?+*) xba. 
d. px PX + e v )  dx + etc. 

+ ($9 1 XG2+~-k1 c). d$') 1 Xt*+~+f . , . ,+ X t ~ + ~ - i - l m )  @)V-2 

d~+ '  

(x?43) - - e ( e 3 ) .  . . etc. . . . . . , . . . , . , . 
dxPts 

etc. etc. 

d. px = en. X"-P pX + e: Xc"-P+'. -- 
dx" dx2 

etc. . . cfi e; xUn-*..+P (PxIv 
+ (~F-P)  Xcn-~-i-~+l cfi etc. , . . + d 2 - p )  X"n-P+pTt-m ) ( f '~ )~ - '  

+ (~YP)  1 xCn-p-i-p-Pt2 + . . , . ) + etc. . . . 

quod sit = 'U ,+ F ( f ' ~ ) ~  + F' (PX)~-' + F" (PX)~-" . . . . Fn7 (fk)v4n-p)  

qilae forma ad hanc reducitur 

--- 
quae evoliita hanc debit formam generalem. 

c X o n -  P+P + C , X u n - ~ + ~  + C , , X ~ ~ - P ~ ~  rjr etc. . . . + C ~ „ ) m ~ u ~ - ~ + ~ U n - ~ ) -  

U + 
( f ' ~ j " -~ -~  

fx 
quae sit = -- 

(fr,)i~-n-v 

Litterae e ,  d ,  D ,  C scilicet ciim eorum signis denotant quantitates, per differentiatio- 
nem et multiplicationem introductas. 

Si niinc sit proposita series ejusmodi formae, ut (R) ejus siimma sequenti modo assignari 
poterit : 

fk E d~$erentione ipsius px deducatur forma summae, qzlae sit - + I(; ac deinde po- 
@X 

fx = ((R) - U) @X ; (1) 

3 



Comparentur singuli termini, cumque ita pro quocunque Coeciente nisi unicus detur 
valor, et X in ipsa fx pofestutem a n - p + p + (n - p) m non excedat, omnes Co~flcien- 
tes Producti ( (R)  - U) @X ultra terrninum, potestate CT n - p + p + (11 - p) m ipsius X af- 
Jectum, progredientes neussario evunescere debent. 

Quod attiilet ad functionem SI,  ea sine difficultate inveniri poterit, nam, ciim p sit nu- 
dQ daq.  d3p merus determinatiis , differentialia - ; - , - . . . - assignari parsunt; ad quantitates 
dx dx' dx3 Cixp 

e vero, quibus sunt affecta , abtinendas , consideretur , eosdem Coefficientes evadere , si loco 

px differentietur 6 simili modo. Designet E functionem quantitates e involventem, du(::) 

seriem , qua C' exprimitur , ita differentiatarn , prodibit E = dn(zl)ex, quae aequatio da- 
- - 

bit valores e. 
Jam nunc qnantitates C; C,; C,; C,;. . etc. ex aequatione ( I )  sine difficiiltate definiri 

possurit, si modo @X ita comparata, ut ejus evolutio geiieralis vires Analyseos non superet. 

E x e m p Z u m .  
P r o p o s i t a  s i t  s e r i e s  c o g n i t a .  

y3 1. 3 y' I .  3. 5 Y' A r c S i n y S y  + g - + - - + - - + etc. 
3 1 - 4 5  2 - 4 - 6 7  

e qua assignetur Summa s seriei 
1 ? X + -  + -. 1. 3" ya - + -_ - . -+ .  1. 3. 5" Y* I. 3. 5. jn . f + etc. 

Y' 2. 3 2. 4 5 2. 4. G : 1.  4. 6. 8 CJ 

1 
Differentietur - Arc y,  quo facto obtiriebitur 

Y, 
2 'I - - Arc y + Multiplicetur per X et deniio differentietur , sicque porro. 
Y' y'(i - y2)~ '  

1 
EritU=c]E2"-Arcy, + s inpar ,  - siimpar. P = I ;  o n - p = -  3, quare an-p 

- Y' 
+ P = - 2 ;  m = 2 ;  g n - p + p + ( n - p ) r n = 2  (n-2); V=-%; erit igitur forma 

1 C + C, + C* Y'. . . + Ca., Y"-" 
1 

summae s = + 2" - Art Y 4? Y Ponatur i + 2" = a; - Y' (' -Y? 1) + 1 - 
2 

1 + jrn I. 3 (3"l - + 2 3  - 2 (n- I ) +  i 
= b  C etc. - = p ,  prodibit ad determinandos 

2. 3 2. 4. 5 2 

Cotfficientes C, C, etc. aequatio. 



1 + C* * C, Y' + C, Y' . . . . .E C„y2(n-2)= C- 
yZ 
? + b  41 cyZ * dy' * ey' . . . . 
Y" I 

C)' pa  + * PC + j ~ d  .... 
P ( P - ' ) ~  + -- I .... 

2 2 2 

Saepenumero series occurriint, de quibus non statim perspicitur, quomodo earum sum- 
mae ad formam (s. .: .) exhibitam reduci queant. In usum tum erunt artificia vocanda, qua- 
riim ope aeqiiationes obtineantrir, quae ita comparatae sint, ut  quantitates determinandas in 
altera parte signi aequalitatis separattm contineant. Quod quidem in genere interdum com- 
paratione plurium serierum, interdiim introducendo novas series, quarum summae quantita- 
tis quaesitas continent , efficitur. Quem in fmem consideretiir series : 

3" 1 - X ' +  5" ~ 5 -  7" x7 + 9' X' G . . in infinitum 
2. 3 2. 3. 4- 5 2 .  3. 4. 5 .  6. 7 2. 3. 4. 5.6.  7. 8. g 

functio X Cosx differentiata dabit 

3a - - Cosx - X  S inx  = I - - x2 + ,  52 X' - etc. . . . . 
2. 3 2 .  3. 4. 5 

qiiae multiplicata per X, et differentiata , perque dx divisa dabit 

Cosx - 3x Sinx - x2Cosx P 1 - - 33 x 2 +  53 x4 - etc. . . . . 
2. 3 2. 3. 4. 5 

eritque in genere 

( I  + cxa + c ,xe  + CaxC . . . . C,x-') Cosx .#I (C'x * c:x3 . . . . rE CLx"-l) Si. 

-. - 1 - -  3' xa + X* - .7"  5" 
(1.) X' + etc. . . . . 

2. 3 1- 3. 4. 5 2. 3. 4. 5.  6. 7 
E& que sirnili modo 



4xs + Sinx + xCosx = 2x - 6 
X" etc. . . . . 

2. 3 2. 3. 4. 5 - 

42 Sinx + 3 x  Cosx. - x2 Sinx = 2*x - - x3 + 6" 
X* - etc. . . . . 

2. 3 2. 3. 4. 5 
sicqiie porro 

(I + Cx 2 + C,x' . . . . + C,xn-') Sinx - (C1x+ CC:x3. . . . + CC,x"-2) Cosx= 
611-1 4"-' + 2rn-I X - P X' - etc. . . . . (2) 

2. 3 2. 3. 4 
denotante scilicet n numerum positivum integrum imparem. Facile perspicitur quomodo 
se habeat, si n Par. 

Aequationes ( I )  per Cosx, (2) per Sin X miiltiplicatae et additae, dabunt 
1 + C xa + C, x4 . . . . + C, xn-' , (quod sit T) 

- 7"' X' + etc. . . . . 
I. 2. 3. 4. 5.  6 

- 5"' etc. . . . . 
1.2.3.4. 1 . 2  

- 3"-' + etc. . . . . 
1.2. 1. 2. 3. 4 

- 1 

=/ 

+ etc. . . . . 
1. 2. 3. 4. 5. 6 

4"' 
6"-z 

+, 2 n - ~ ~ =  - X* + X* + etc. . . . . 
1. 2. 3 1.2.3.4. 5 

- P"-' 
Cf. 4"' + etc. . . . . 

i 1. 2. 3 1. 2. 3. 2. 3 
'"-1 + + etc. . . . . 

1. 2. 3. 4. 5 

Inde qiio lex, seci~ndiim quam Coefficientes C, C, etc. progrediuritiir, facile perspicitur. 
Ponatur n - i = nl, eritque . 

5"#+ 1 + 3"' - qn' Cf. '2"' C, = 
1. 2. 3. 4 1. 2. 1. 2 1. 2. 3 

7% 1 - 5"'+3"' + 6 " ' + ~ ~ '  + 

Ca= - 4*' 
1.2.3.4.5.6 1.2.3.4.1.2 1. 2. 3. 4. 5 1. 2. 3. 2. 3 

etc. . . . etc. . . . . . . . . .  



f 3" 7 "I X - X '  + 5"' 1. - ' x7 + etc. 
1 . 2  1. 2. 3.4 1. 2. 3. 4. 5.6 

6"' 
X$ + 8"' X' - etc. 

2. 3 2. 3. 4. 5 2. 3. 4. 5. 6. 7 

2"I - 4"l CE - - etc. 6"' * - 
1. 2 2. 3. 1. 2 2. 3.4. 5. 1 . 2  

quare 
c x = 1  - 2-' 

C: = - 7 "' - - etc. . . . . . . 
I .  2. 3. 4. 5. 6 

(n-Q).' + (n-4).' a (n- 6)'" +,.;.* 
1.2.3 ..... ("-3) 1.2.3 ..... (n-5)u.3 1.2.3 ..... (n-7).2.3.4.5 i .2..... ' (n-2) -1 

- (n-I )"I * (n-3)"' (n- 5)"' ......+ 2"l 
- C f (  * [1.%3 ...(n- 2) 1.2.3..(n-4).1.2 1.2.3 ...( n-6).1.~.3,4 1.2.3 ...( n-3) -1 

Praecedentibus , ut corollarium, adjici potest , esse seriei 
1 CE I"X - 3"xD - 4"x3 + g n x 4  6"x5 . . . . ; 

summam = Z (Sinx + Cos X) + Z1 (Sinx - Cosx). 



Si Coefficienter C ; C'; C, ; C: etc. expressionibus recurremibus definiri debeane, consi- 
deretur functio ex, quae per X multiplicata , antequam differentiatio suscipiatur , dabit 

X' X* 
xex = X (E x2+ -L)( -L)( etc. . . . 

I .  2 1 . 2 .  3 

3" xs ex I+ gxex + x2ex = i + 2 2 ~  )E 4* .)( - x3 + etc. . . . . 
1. 2 I .  2. 3 

3' 4" ex + 7xex + 6x2cX + xSeX = 1 + 2 3 ~  + -xC + -x3 + etc. . . . 
I .  2 1. 2 . 3  

sicque porro; unde, si in Z  , Z' Coefficientes C; C, ; C'; C: ; etc. quicunque positivi as- 
sumant ur 

(Z+zs )  ex = 1 * 2 " x  + 5 x 2  + 4" -x3 + etc. . . . 
1 .  2 1 .  2. 3 

quare, si ä, ß, y, $ . . . . . designent Coefficientes positivos assumtos 
x2 1 

X' + 1 
x4 * 1 

l + X + -  * P  - x5 + etc. 1 
1. 2 1. 2. 3 1. 2. 3. 4 I. 2. 3. 4. 5 I 

3" 4" x3 * x t+ 2=x + -xz + - 5" x4 * xs + etc. . . . 
1 .  2 1. 2. 3 1.2. 3.4 1 . 2 .  3.4. 5 

Inde seqiiitur 
a = 2" 7 1 -- 

etc. . . . . . etc. . . . . . . . 



Apparet, si ponanrr du 

1.2 1.2.3 
5" i+ e tc  

1. 2. 3 . 4  
e-= 

quantiates C; C'; C,; C: etc. et obtineri aequatione Z I+ Z z  = du ( )e-x. 
EX 

Ad valores 2, ß, y, 8 . . . calciilaridos inde ab n=  I ,  differentiatione continua com- 
mode uti licet. Quos valores calculatos usqile ad n=8 repraesentabit istud triangiilum. 

Litteris a ,  ß, . . . numeri in columnis verticalibus subjacerites, diversos valores 
ipsarum , a, ß , Y . . . , post primam, secundain, tertiam etc. differentiationem prodeuntec 
significant. Numeri, I ; 9 ; 3 ;  etc. laeva manii designant ordinem diffeientiationis, a qiio 
 endet valor ipsius 11; numeri, hypotheniisae iilscripti, sunt factores, per quos si quilibet 
valorum a, ß, y . . . miiltiplicei~tiir, evadr~nt differentiae sei-ierum, quas numeri paral- 
lelli cum hypothenusa ~rogredientes constituunt. 

Sic , idoneis artificiis adhibitis , ulterius progredi licebit. Niinc quidem, antequam 
fiiiem investigationi imponam , dabo seriem 

3" 1-2"*--- *" + 5" . . , . . . . 
1. 2 I. 2. 3 1. 2. 3. 4 

calculatam inde ab n = o usqrle n = 7 



1 -  1 - 1 -  - -  I *  U + etc. 1 - 

e I. 2 1. 2. 3 1. 2. 3.4 1.2.  3.4. 5 

1  3' 
- - 1 - 2 2 r h ( - - -  4' 4 5P - " 9 etc. 

e 1. 2 1. 2. 3 I. 2. 3. 4 1. 2. 3. 4. 5 

3' - . ! . = 1 - 2 3 + L -  4' >E 5> - + etc. 
e I. 2  I. 2. 3 1. 2. 3. 4 1. 2. 3. 4. 5 

2 -  3' - - 1 - 2 Q + - -  4' .E 5' - " etc. 
e 1. 2  I. 2. 3 I. 2. 3.4 I. 2. 3.4. 5 

9, 35 - - 1 - 2 S ~ - -  4y * 5' - " + etc. 
e 1 . 2  I. 2. 3 1 . 2 . 3 . 4  1 . 2 . 3 . 4 . 5  

9 - 3" 46 - - 1 - - 2 6 + - - -  +I 5" 66  8 ac. 
e 1. 2  I. 2 . 3  1.9.3.4 1 . 2 . 3 . 4 . 5  

3' -E=, - Q ~ + - - -  4' * 5' - 6' 9 etc. 
e 1. 2 1 . 2 . 3  1 . 2 . 3 . 4  1 . 2 . 3 . 4 . 5  

F i n i s .  



T h e s e s  

a d  D i s p u t a n d u m  p r o p o s i t a e .  

1. 

Nulla datur lineae rectae definitio realie. 

11. 

Differentiale est differentiae Status, rnedio arithtnetico omnium differentiae valorum 
assignabilium correspondens. 

311. 

Luminis reflexio est purum elasticitatis phaenomehon. 

IV. 
Amor prodigii est magni momenti in arnplificandis scientiio. 

V. 
Est spatium vacuum in mundo. 

VI. 
Telluris et  planetarum orbitas perpetuo coargui probabile est. 

vIr. 
Quae s'it vera elasticitatis Causa adhuc nescitur. 

VIII. 
Planetae moventur in  medio, quod eoruni motibus non resisiit. 

IX. 
Telluris figura accurate cognosci nequit. 



E m e n d a n d a .  

E r r a t a .  
Pag. I linea 10. xn 

- I - ~ o . x n + z  - 2 - penult. abtinebitur 

- 5 - 4 ante ult. (1-l),n-3 . - - 5 - ult. t e r 4 n  
- 7 - 10 abradpatur 

- 8 et g ubique U 

- 8 e t g  - (xIV 
- g - 13. debit 
- g - antepenult. differentionc 

, - 1 - 4. neussario 
- 0 - 6. parsunt 
- 10 - 19. X 

- I 2  - 9. T 

C o r r i g e .  
xn 

xri I .E2 

ohtinebitur 
(I-l) ,n-z;  (I  -1>,n-3 
terrninum 
abrumpalur 
u- 

(X; Y 

tlabit 

differentiationc 
necessario 
possunt 

- 13 - penult. 1 % 2 n x - 3 " + . . .  1 %  Sn - X - - x a - - - ~ 3  3" (tn 
1.2 1.2.3 1.2.3.4 1.2.3.4.5 

Theses VI. coargui 

6 n * 1.2.3.4.5.6 x 5 . .  .. 
coarctari 


