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1. INTRODUCTION

Ultrashort laser pulses have become an invaluable tool in many areas of
science and technology; they are one of the shortest events ever created by
humankind. Lasers that produce pulses shorter than 6 fs (1 fs = 10−15 s) in
duration and lasting only a few optical cycles have become commercially
available. The spectrum of such ultrafast events spans over an octave in
the visible region. Furthermore, for numerous applications, high spatial
localization of pulses is desired, in addition to temporal localization. Both
diffractive and dispersive broadening of laser pulses are inevitable and make
achieving such spatiotemporal localization of broadband pulses more than
a challenging task. However, a certain set of solutions exists to the wave
equation that have a tight maximum which propagates seemingly unaffected
by the diffraction and/or dispersion. These wave packets are called non-
diffractive or localized waves, see, e.g. collective monographs [1, 2].

In addition to the prolonged depth of focus, the localized waves have
many useful properties that may seem intriguing or somewhat controversial.
These include superluminal propagation or even acceleration of the pulse
maximum in free space and self-reconstruction behind obstacles. The mono-
chromatic non-diffracting Bessel beams—the basic building blocks for the
non-diffractive waves—have been widely studied and applied since the pion-
eering work by Durnin in 1987 [3, 4]. Similarly, after the first experimental
evidence of superluminally propagating Bessel-X pulses a decade later [5],
the subject of non-diffractive pulsed waves has evolved into a mature field
with emerging applications. For example, the non-spreading peak of non-
diffracting localized high-power laser pulses has proven necessary to record
weak Hawking radiation from an optical analogue of an astrophysical black
hole evaporation [6, 7]. In addition, Bessel pulses have become useful tools
in imaging [8], micromachining [9, 10], and cell transfection [11]. Even the
newest addition to the non-diffractive family—the seemingly curvilinearly
propagating Airy beams [12, 13]—have found use in several applications
only a few years since their first realization. For example, Airy beams have
been useful in optical micro-manipulation [14], and Airy pulses have been
used in inducing filaments and curved plasma channels [15, 16] and have
also been applied for micromachining along curved trajectories [17].

In general, the propagation of ultrashort pulses is a spatiotemporal phe-
nomenon, and very often, the electric field of an ultrashort pulse cannot
be separated into a product of purely temporal and spatial factors (see,
e.g. review [18]). Further, the propagation of an ultrashort pulse through
a simple circular aperture creates a separate trailing pulse, which has
an X-like spatiotemporal structure and can have almost the same axial
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intensity as the main pulse [19, 20, VI]. This can be easily understood in
the framework of the boundary diffraction wave theory [19, 21–26], which
formulates the diffracted field as a sum of the main and boundary wave
contributions. The pulse corresponding to the boundary wave contribution
is found to be in the shape of an expanding spindle torus originating from
the edge of the aperture and forms an ultrashort counterpart of the well-
known Arago spot, which is actually a quasi non-diffractive accelerating
Bessel pulse [19, VI].

Although the separability of the pulsed wavefield into temporal and
spatial parts may seem convenient, this restriction overlooks the wide vari-
ety of spatiotemporally coupled pulses, which have been found useful in
many applications. For example, widely used pulse compressors exploit
probably the best known spatiotemporal coupling, the angular dispersion
[27, 28]. Spatiotemporally coupled pulses can be used to suppress both the
spatial and temporal spread of localized light pluses propagating in a bulk
dispersive medium [29], and spatiotemporal couplings have an important
role in the self-compression of ultrashort laser pulses by filamentation [30,
31]. Additionally, spatiotemporally coupled intense ultrashort pulses have
been recently proven to be advantageous for generating isolated attosecond
pulses by exploiting the so-called attosecond lighthouse effect [32, 33]. How-
ever, in order to introduce spatiotemporal couplings in a controlled manner
or avoid them, both the study of non-diffractive waves as well as ultrashort
pulse applications in general requires spatiotemporal pulse characterization
methods that can accurately and reliably measure the electric field of
ultrashort pulses with high spatial and temporal resolutions.

Along with the development of ultrashort sources and their applications,
ultrashort pulse measurement methods have evolved as well (see, e.g. re-
views [34, 35]). However, the measurement of the shortest events ever
created by humans is obviously a rather difficult task since oscilloscopes
cannot sample electric field at visible wavelengths. In order to reconstruct
the pulse electric field vs. time or, equivalently, the pulse spectrum and
spectral phase, the involvement of nonlinear processes and iterative complex
retrieval algorithms is needed.

The most common pulse measurement techniques (e.g. FROG [36] and
SPIDER [37]) measure the electric field of ultrashort pulses averaged over
the cross-section of the beam or in a single point, but our goal is to
measure the complete spatiotemporal field in three spatial and one temporal
dimension. Although in some cases where the temporal characteristics are
uniform over the beam cross-section it is sufficient to measure the pulse
at only one point, this is generally not the case for non-diffractive pulsed
waves or for spatiotemporally coupled pulses.
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The following approach can be adopted to completely characterize the
spatiotemporal field of ultrashort pulses. First, a well-characterizable ref-
erence pulse is measured. Then, an interferometric or holographic method
can be used to measure the spatiotemporal electric field of a complex
unknown light pulse with respect to this reference. Furthermore, in many
types of experiments, the goal is to characterize the response of an optical
device or system, and in that case, the actual employment of temporally
coherent femtosecond laser pulses is not obligatory. For example, such
methods include digital holography-based STRIPED FISH [38, 39], a vari-
ant of spectral interferometry called STARFISH [40], and a variant of
spatial spectral interferometry called SEA TADPOLE [41–44]. Recently,
the aforementioned interferometric techniques have achieved simultaneous
few-micron spatial and few-fs temporal resolutions [45, 46, IX, X]. Fur-
ther, sub-wavelength spatial resolution has been demonstrated with the
SEA TADPOLE technique using near-field scanning microscopy probes [44].
However, the expansion of measurement techniques to sub-cycle accuracy
has not yet been accomplished.

In this thesis, the formation and spatiotemporal propagation of ultra-
broadband non-diffractive waves is studied with a focus on superluminally
propagating Bessel-X pulses, superluminal accelerating and decelerating
Bessel pulses, subluminal pulsed Bessel beams, boundary diffraction wave
pulses and accelerating Airy pulses. These ultrashort pulsed wavefields are
studied both theoretically and experimentally. This thesis remains within
the scope of physical optics and scalar description of light in free space or in
linear media. The scalar field can be attributed to either linearly polarized
electric or magnetic field component of the electromagnetic field.

This thesis is organized as follows.
Section 2 provides an overview of non-diffractive waves. The mathem-

atical formulation and the most common generation methods of Bessel-X
pulses, accelerating Bessel pulses, pulsed Bessel beams, and Airy pulses
are provided. In addition, the generation of negatively accelerating Bessel
pulses owing to diffraction by circular apertures is described, and the
expression for a diffracted Gaussian pulse is derived within the framework of
boundary diffraction wave theory. Beyond a literature review, this section
also contains an overview of the author’s original contribution to the theory.

Section 3 gives an overview of interferometric spatiotemporal ultrashort
pulse characterization techniques. Both spectral and spatial spectral inter-
ferometry setups are considered. The SEA TADPOLE variant of spatial
spectral interferometry is covered in greater detail, and the challenges
in obtaining ultrabroadband operation of the measurement method are
discussed. In addition, specific solutions for these challenges taken in the
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Section 4 describes the actual measurement setup and presents the ex-
perimental results obtained with SEA TADPOLE on diffracting and non-
diffractive light pulses. The measured wavefields are analysed and com-
pared with the theoretical predictions.

Finally, the work is summarized and the main results are outlined on the
basis of the author’s contribution.
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2. DIFFRACTIVE AND NON-DIFFRACTIVE LIGHT
PULSES

Localized waves or non-diffractive waves are both spatially and temporally
sharply peaked wave packets that propagate seemingly unaffected by dif-
fraction and dispersion. Of course, all of the solutions to the wave equation
are prone to diffraction and dispersion. However, in the special case of
non-diffractive waves, the wavefield retains its spatial profile within the
propagation range thanks to the special angular arrangement of its plane
wave constituents and wide aperture. Considering the terminology, the
term “non-diffracting” refers to pulses that retain their transversal profile
over propagation, and the keyword “localized” refers to bullet-like pulses
that are propagation invariant, i.e. also impervious to the temporal spread.
First started as an exotic subject in mathematical physics that studied the
causality and feasibility of localized wave solutions of the wave equation,
the realm of non-diffractive light pulses has now become a rather topical
subject and a valuable tool in optics and spectroscopy. In 2008, the first
collective monograph [1] on the subject was published, and the second one
[2] will be published in 2013.

In this section, an overview of the non-diffractive Bessel beams and
pulses is given in subsec. 2.1. Surprisingly, the generation of non-diffractive
waves can occur owing to diffraction itself. This is best understood in the
framework of the boundary diffraction wave theory, which is discussed in
subsec. 2.2. The youngest among the non-diffractive waves—Airy beams—
are considered in subsec. 2.3.

2.1. Bessel-type waves

Bessel beams are probably the most well-known “non-diffractive” solutions
to the wave equation [3, 4]. The field of a monochromatic Bessel beam can
be expressed in cylindrical coordinates as

ΨB (ρ, φ, z) ∝ Jn (kρρ) exp (±inφ) exp (ikzz) , (2.1)

where Jn is the nth-order Bessel function of the first kind, kρ and kz
are the radial and longitudinal wavevector components, respectively, with
k2 = k2z+k

2
ρ and k = ω/c = 2π/λ is the wavenumber of the electromagnetic

radiation [47]. The parameter θ = atan (kρ/kz) is referred to as the cone
angle or the axicon angle of the Bessel beam. An ideal Bessel beam would
require infinite aperture and would carry infinite power and is therefore
physically impossible to generate as is an ideal plane wave. However,
one can generate a quasi-Bessel beam that propagates in a non-diffractive
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manner over a finite distance [4]. This distance is called the Bessel zone.
As the k-vectors of the Bessel beam lie on a cone, the propagation distance
can be geometrically estimated as zB = R/ tan θ, where R is the radius of
the beam.

There are various linear methods for generating Bessel beams: the most
common ones are an annular slit in conjunction with a collimating lens,
a conical lens (refractive axicon), a reflective axicon and a planar cir-
cular diffraction grating (diffractive axicon) (see, e.g. review [48]). In
the monochromatic case, the output fields of different Bessel generators
are indistinguishable. However, this is not the case for polychromatic or
ultrashort illumination, and the properties of the resulting Bessel field are
dependent on the generation method. For example, a refractive axicon gen-
erates a superluminal Bessel-X pulse, whilst a diffractive axicon generates
a subluminal pulsed Bessel beam [49].

2.1.1. Bessel-X pulses

A Bessel-X pulse can be thought of as a cylindrically symmetric angular
summation of pairs of plane wave pulses [5] forming a double conical pro-
file. Among localized waves, Bessel-X pulses are probably the most widely
studied [5, 29, 50–53, I]. They propagate without exhibiting any spatial
or temporal spread in vacuum or linear media over large distances. For
example, Bessel pulses have been applied in plasma generation [51, 54], light
filamentation [55], imaging [8], micromachining [9, 10], and cell transfection
[11]. In addition, Bessel wavepackets have been used to generate optical
analogues of the Hawking radiation [6, 7] and to demonstrate the generation
of negative frequencies in the process of soliton phase matching [56].

The field of a Bessel-X pulse can be expressed in spectral representation
as

ΨBX (ρ, z, t) ∝
ˆ ∞

0
dωS (ω) J0 (kρρ) exp [i (kzz − ωt)] , (2.2)

where S (ω) is the spectral amplitude of the pulse [5, 57]. In the case
of Bessel-X pulses, the axicon angle θ is constant over the spectrum and
the radial wavenumber is proportional to the wavenumber kρ = k sin θ,
as is the longitudinal wavenumber kz = k cos θ. The propagation speed of
the pulse along the z-axis vg = c/ cos θ is superluminal, which has been
verified by several experiments [5, 29, 50–52] and more recently by direct
spatiotemporal measurements [53, I]. Bessel-X pulses can be formed by
an annular slit and a collimating achromatic lens, by a reflective axicon or
by a refractive axicon, as shown in Fig. 2.1. The variation of the angle θ
owing to the dispersion of the axicon material may be neglected even for
femtosecond pulses having a bandwidth of up to 40 nm [I].
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Figure 2.1. Schematic of the formation of a Bessel-X pulse in the case of
illumination of a conical lens (axicon) with ultrashort pulses. zB indicates the
range along the propagation axis, where the pulse can be considered “diffraction-
free” [V].

2.1.2. Accelerating Bessel pulses

If a lens is placed in front of an axicon, as shown in Fig. 2.2, the plane
waves forming a double conical profile of the Bessel-X pulses are replaced
by slightly spherical ones. In this case, the axial region of the resulting pulse
acquires the shape of a shrinking or expanding spindle torus if the lens is
convex or concave, respectively. However, the central spot of these pulses
is still localized and intense over a propagation distance considerably longer
than that of a Gaussian beam with a comparable waist size. Equation (2.2)
can still be used to describe the pulse in the axial region, but the axicon
angle θ is not a constant; instead, it is dependent on the propagation
distance z as θ (z) = atan

[∣∣∣f (f − z)−1
∣∣∣ tan θ0

]
[II]. Here, f is the focal

length of the lens and θ0 is the axicon angle of the Bessel field without the
lens. As the velocity of the pulse vg = c/ cos θ is determined by this angle,
we can obtain a pulse whose propagation speed along the z-axis is not only
superluminal, but also accelerates or decelerates in free space. Such pulses
have been named accelerating Bessel pulses [58].

2.1.3. Pulsed Bessel beam

A pulsed Bessel beam is a Bessel pulse whose spectral components share
the same radial profile over its propagation length and can be thought
of as a thin slice cut from a Bessel beam [49, 59–61]. In contrast to
Bessel-X pulses generated by a refractive axicon, the spatiotemporal profile
of the pulsed Bessel beam has no X-like section and its group velocity is
subluminal. Although the spatial profile of the pulse propagates in a non-
diffracting manner, a pulsed Bessel beam is not propagation invariant, as
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Figure 2.2. Schematic of the formation of accelerating Bessel pulses from a plane-
wave pulse. The conical surface of the axicon transforms the plane-wave pulse into
a Bessel-X pulse, and the convex lens yields an accelerating pulse [II].

the pulse exhibits spatially induced group-velocity dispersion and broadens
temporally over its propagation range in free space.

A pulsed Bessel beam can be generated conveniently with a circularly
symmetric binary phase diffraction grating, i.e. diffractive axicon, as shown
in Fig. 2.3. If the grating constant is K = 2π/d, d being the groove spacing,
then for a given diffraction order m, the resulting pulsed Bessel beam can
be expressed in the form

ΨPBB (ρ, z, t) ∝ J0 (kρρ)

ˆ ∞

0
dωS (ω) exp [i (kzz − ωt)] , (2.3)

where kρ = m×K is the radial wave vector component and k2z = ω2/c2−k2ρ
is the longitudinal wave vector component [49, IX]. S (ω) is the complex
spectral amplitude of the pulse taking into account the initial spectrum
of the input pulse, initial spectral phase, grating efficiency and on-axis
intensity dependence for a monochromatic wave component of the pulsed
Bessel beam.

The grating induces negative chirp that may partially compensate for
the positive chirp present owing to the material dispersion of the grating
substrate and/or propagation medium at certain propagation distances and
the pulse is temporally focused. In the region behind the grating where
the second-order dispersion effects are balanced, the remaining third-order
dispersion sums up and evolves in an unsymmetrical trailing oscillatory
temporal envelope, which is confirmed to be a temporal Airy distribution
[62]. Therefore, the pulsed Bessel beam temporally focuses into Airy–Bessel
wave packets [63, IX].
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Figure 2.3. Schematic of the formation of a pulsed Bessel beam using a
circularly symmetric diffraction grating. The colours represent the different
spectral components of an ultrashort pulse and their propagation characteristics.
Only one diffraction order is shown.

2.2. Boundary diffraction wave

The diffraction of ultrashort laser pulses is usually studied in the spatial
domain at fixed wavelengths. However, in the case of ultrabroadband
illumination it may be useful to study the diffraction in the spatiotemporal
domain [VI]. The somewhat forgotten and alternative boundary diffraction
wave theory has been inspired by the early ideas of Thomas Young and
developed by Maggi [21], Rubinowicz [22, 23], Miyamoto and Wolf [24, 25]
(see also §8.9 in [26] and Refs. therein). It has been brought into the context
of ultrashort laser pulses more recently by Bor and Horváth [19, 20].

The boundary diffraction wave theory treats the diffracted light field as
the sum of contributions from geometrical optics and the diffracting aper-
ture. It has been shown to be mathematically equivalent to the well-known
Fresnel–Kirchhoff diffraction theory [24, 25]. The contribution from the
diffracting aperture or the boundary wave is expressed as a superposition
of spherical wavelets emitted from the edge of the diffracting aperture,
and its wavefronts form an expanding spindle torus. The main pulse front
seems to propagate according to the laws of geometrical optics. In the case
of ultrashort pulses, those two contributions often can be separated in time
and space, and the boundary diffraction wave formalism thus proves to
be a mathematically more simple and intuitive approach to the diffraction
phenomena [19, VI]. In terms of boundary diffraction wave theory, the
formation of a double pulse behind a diffracting aperture and therefore the
modulation of the spectrum of the diffracted ultrashort pulse can be easily
understood [20].
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Figure 2.4. Notation relating to the diffraction geometry. P is a point of interest
in the half plane behind the diffracting aperture z > 0, Q represents a point in the
aperture plane, and s is the distance between the points P and Q.

2.2.1. Boundary diffraction wave for plane wave pulses

A mathematical overview of boundary diffraction wave theory is given
next. If the diffracting aperture is located at z = 0, then according
to the boundary diffraction wave theory, the diffracted wave at a point
P = (ρ, φ, z) in the region z > 0 behind the aperture can be represented as
a sum of two contributions [25]:

Ud (P, ω) = UB (P, ω) + UG (P, ω) . (2.4)

Here, UG (P, ω) is a wave that propagates according to the laws of geomet-
rical optics and is called the geometrical wave. It is equal to the incident
wave for points in the direct beam and is zero elsewhere. UB is called the
boundary wave and can be expressed by a line integral along the edge of
diffracting aperture Γ as

UB (P, ω) =

˛
Γ

W (P,Q, ω)dl, (2.5)

where W is a vector potential associated with the incident field Ui (P, ω) ,
dl is the element vector of Γ, and Q represents a point in the aperture
plane (see Fig. 2.4). Instead of integration over the area of the diffracting
aperture, in the framework of boundary diffraction wave theory, only one-
dimensional integration is needed, which may be computationally advant-
ageous.

For an incident monochromatic plane wave, whose propagation direction
is determined by a unit vector p :

Ui (P, ω) = A exp
(

iω
c

p · r
)
, (2.6)
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where r is the position vector of point P and A is a constant. In this case,
the vector potential in Eq. (2.5) can be expressed as [24]

W (Q,P, ω) =
A

4π
exp

(
iω
c

p · r′
) exp

(
iωc s

)
s

ŝ× p
1 + ŝ · p . (2.7)

Here, r′ is the position vector of Q, ŝ denotes the unit vector in the direction
PQ, i.e. ŝ = s/s, and s = r′ − r.

A polychromatic field can be represented as a superposition of its mono-
chromatic constituents

u (P, t) = F−1 {U (P, ω)} . (2.8)

According to the linear properties of the Fourier transform, a diffracted
polychromatic field can also be represented as a sum of two contributions,
as in Eq. (2.4):

ud (P, t) = uG (P, t) + uB (P, t) , (2.9)
where

uG (P, t) = F−1 {UG (P, ω)} , (2.10)
uB (P, t) = F−1 {UB (P, ω)} . (2.11)

Wave fields uG (P, t) and uB (P, t) can be considered the main and boundary
wave pulses, respectively [19].

Next, the simplest case of a diffraction of a plane wave pulse normally
incident on a circular aperture, as shown in Fig. 2.5, will be considered.
The incident plane wave pulse can be given as

ui (P, t) = u0h
(
t− z

c

)
, (2.12)

where u0 is a constant and the function h (t) = v (t) exp (−iω0t) charac-
terises the temporal evolution of the pulse. Here, v (t) represents the
temporal envelope function of the pulse and ω0 is the central frequency.
If the aperture radius is a, then the main pulse can be written as

uG (P, t) =

{
ui (P, t) for ρ < a,
0 for ρ > a.

(2.13)

Equations (2.5), (2.7), and (2.12) can be used to deduce the expression of
the boundary wave pulse for the diffracted plane wave [19, 64]:

uB (P, t) =
u0
2π

exp (−iω0t)

×
ˆ π

0
v

(
t− s (ψ)

c

)
exp (ik0s (ψ))

s (ψ)

aρ cosψ − a2

s (ψ)− z
dψ. (2.14)
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(a) (b)

Figure 2.5. Schematic of the formation of a diffraction wave within the framework
of boundary diffraction wave theory: (a) behind a circular aperture, (b) behind
an opaque disc. The geometrical wave component of the output field is formed
directly by the shape of the obstacle. In addition, the edges of the obstacle excite
the boundary diffraction wave, which expands from a ring torus shape through a
spindle-torus-like stage (cross-section depicted in the figure) into a spherical wave
at infinity. On the axis, overlapping and interfering boundary waves form the
Arago spot. Around the shadow boundary in the overlap regions of the boundary
wave and geometrical wave, the common interference rings appear. In geometry
(a), the Arago spot propagates along the axis behind the front of the transmitted
geometrical wave, but catches up with the latter at infinity because its velocity is
superluminal [VI].

Here, s (ψ) =
(
z2 + a2 + ρ2 − 2aρ cosψ

)1/2 is the distance between the point
on the boundary and the point of interest P given in cylindrical coordinates.

From the expression of the boundary wave pulse for the case of a circular
aperture given in Eq. (2.14), it can be seen that the boundary wave pulse is
simply a sum of spherical wavelets emitted along the edge of the boundary
having the temporal profile of the incident pulse and forms a luminally
expanding spindle torus [VI]. From Babinet’s principle, it follows that the
boundary wave pulse in the case of a disc is also given by Eq. (2.14), but
with an opposite sign [64]. The formation schematics of the main and
boundary wave pulses are shown in Fig. 2.5.

On the optical axis, for ρ = 0, the integral in Eq. (2.14) loses its ψ
dependence. The diffracted field on the optical axis can therefore be
expressed as [19]

u (z, t) = ui (z, t)−AB (z)ui (z, t− T (z)) , (2.15)

where AB = (1 + z/s0) /2, s0 =
(
z2 + a2

)1/2
, and T (z) = (s0 − z) /c. Here,

AB represents the relative amplitude of the boundary wave pulse on the
optical axis to the incident plane wave. It can be seen from Eq. (2.15)
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that on the axis, the boundary wave has the same temporal profile as the
incident plane wave. On the plane of the diffracting aperture, the amplitude
of the peak of the boundary wave pulse is half of the incident wave and it
is delayed with respect to the main pulse by the time it takes light to travel
from the edge of the aperture to the optical axis. Further away from the
aperture, the boundary wave reaches the same amplitude as the incident
plane wave and catches up with it at large distances.

Near the optical axis, it can be shown [19] that the field of the boundary
wave pulse can be approximated by

uB (ρ, z, t) ≈ −AB (z)ui (z, t− T (z)) J0 (k0ρ sinχ) . (2.16)

Here, J0 is the zero order Bessel function of the first kind, and χ is the
angle the diffracted ray makes with the optical axis at a particular axial
point. Therefore, the boundary diffraction wave pulse can be approximated
as a decelerating Bessel pulse [58, II].

2.2.2. Boundary diffraction wave for Gaussian pulses

The boundary diffraction wave formalism was developed first for plane and
spherical waves. However, it has been shown by Otis [65, 66] that the
boundary diffraction wave theory is also applicable to Gaussian beams—
the well-known solution of the paraxial wave equation. This would allow
a direct evaluation of the diffracted field of Gaussian pulses in the spatio-
temporal domain by a single 1D integration along the diffracting aperture
at every point of interest. Compared to the traditional monochromatic
treatment of diffraction, the boundary diffraction wave representation may
be computationally advantageous in the case of ultrabroadband pulses.

An isodiffracting Gaussian pulse can be written as [67, 68, VII]

ui (ρ, z, t) =
q (0)

q (z)
v

(
t− z

c
− ρ2

2cq (z)

)
exp

[
−ik0c

(
t− z

c
− ρ2

2cq (z)

)]
,

(2.17)
where

v (t) = exp
(
−4 ln 2

t2

τ2

)
(2.18)

is the temporal envelope of the pulse and τ is the pulse duration (FWHM of
the field strength). q (z) = z+d− izR is the complex beam parameter, and
zR = k0w

2
0/2 is the Rayleigh diffraction length, with z = −d as the location

of the waist of the smallest spot size w0 for the central wavenumber k0. In
order to develop an equation for a diffracted Gaussian pulse, a similar
approach as in [19] can be taken, where the boundary diffraction wave
theory was developed for plane and spherical wave pulses.
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If the Gaussian pulse is normally incident on a circular aperture with a
radius a, then the field of the pulse propagating according to the laws of
geometrical optics is given by [VII]

uG (P, t) =

{
ui (P, t) for ρ < ρh (z),
0 for ρ > ρh (z) ,

(2.19)

where
ρh (z) = a |q (z) /q (0)| (2.20)

determines the shadow boundary. The boundary wave pulse for the same
case can be written as

uB (P, t) =
a

2π
exp

[
−ik0

(
ct− a2

2q (0)

)]
×
ˆ π

0
v

(
t− a2

2cq (0)
− s (ψ)

c

)
exp (ik0s (ψ)) f (ψ)dψ, (2.21)

where

f (ψ) =
ρ
[
1− a2

2q2(0)

]
cosψ − a

[
1− a2

2q2(0)

]
− az

q(0)

s (ψ)
[
s (ψ)− aρ

q(0) cosψ + a2

q(0) − z
(
1− a2

2q2(0)

)] , (2.22)

and s (ψ) =
(
z2 + a2 + ρ2 − 2aρ cosψ

)1/2 [VII]. On the optical axis, the
integrand in the equation of the boundary wave pulse is independent of
the angle ψ, but becomes quickly oscillating off-axis. However, an adaptive
quadrature method can be used for evaluating boundary wave pulse integ-
rands. The results for Gaussian pulses are consistent with the limiting cases
of plane and spherical waves, i.e. w0 → ∞ or d→ ∞, respectively [VII].

2.3. Airy pulses

Optical beams and pulses with a transverse spatial profile described by the
Airy function—the Airy beams—were introduced to optics by Siviloglou
and Christodoulides in 2007 [12, 13]. Since then, they have attracted
increasing attention, mostly owing to their remarkable property that the
intensity maximum of the beam accelerates laterally in free space.

Airy beams arise from a cubic phase of the spatial Fourier spectrum.
Most commonly, Airy beams are generated using a spatial light modulator
(SLM), as shown in Fig. 2.6. However, there have been reports of successful
generation of Airy beams by means of custom design cylindrical lenses [69],
or even aberrations of lenses [70]. In addition to lateral acceleration, which
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Figure 2.6. Schematic of the formation of an Airy pulse using a cubic phase
element and a Fourier transforming lens. The dashed line shows the curved
trajectory of the Airy beam maximum.

allows bending of the trajectory of the light maximum around obstacles [71],
Airy beams are found to be self-healing, similar to Bessel beams [63, 72].

In addition to the monochromatic Airy fields on which the majority
of experiments have been focused, pulsed versions have been introduced
[73]. The intense transverse-coordinate-Airy pulses have been used to
induce filaments and curved plasma channels in nonlinear regimes [15, 16].
Airy pulses have been applied for micromachining along tailored curved
trajectories [17].

The general expression for the wave function of 1D Airy pulses in the
paraxial approximation can be given by a superposition of its monochro-
matic constituents with wavenumber k over spectrum S (k) [73, X]:

Ψ(x, z, t) =

ˆ ∞

0
dkS (k)Φ (x, z, k) exp [ik (z − ct)] , (2.23)

where

Φ(x, z, k) =Ai
[
x

x0
−

(
z

2z0

)2

+ ia z
z0

]

× exp
[
a
x

x0
− a

2

z2

z20
+ iφ (x, z, k)

]
, (2.24)

and

φ (x, z, k) =
x

2x0

z

z0
− 1

12

(
z

z0

)3

+
a2

2

z

z0
. (2.25)

Here, Ai (. . . ) is the Airy function, x0 and z0 are the transversal and
longitudinal characteristic lengths, and a is a small positive number to
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Table 2.1. Wavenumber dependencies of parameters for four main types of pulses
with lateral Airy profile [X].

Type x0 z0 c0 b0
I const. ∝ k ∝ k ∝ k−2

II ∝ k−1 ∝ k−1 const. ∝ k

III ∝ k−1/2 const. ∝ k1/2 ∝ k−1/2

IV ∝ k−2/3 ∝ k−1/3 ∝ k1/3 const.

ensure the containment of the infinite Airy trail. However, the parameters
x0 and z0 are not independent, as the parabolic wave-equation imposes
the relation z0 = kx20 on them. Additionally, the parameter b0 = x0/4z

2
0

characterizes the parabolic trajectory of the main lobe of the Airy beam.
Combining two 1D Airy beams for both transverse coordinates, the 2D Airy
pulses are obtained: Ψ(x, y, z, t) = Ψx (x, z, t)Ψy (y, z, t) .

Airy pulses are most conveniently generated using a cubic phase element
on the Fourier plane of a thin lens with a focal length of f (see Fig. 2.6).
The Fourier transform of the Airy field at the distance z = 0 is given by

Φ0 (ξ, k) = e−ac20ξ
2
ei 1

3(c
3
0ξ

3−3a2c0ξ−ia3), (2.26)

where c0 = x0k/f and ξ is the transversal coordinate on the phase element.
The wavenumber dependence of the Airy field parameters x0, z0, b0,

and c0 determines four main types of Airy pulses, which are summarized
in Table 2.1 [73, 74]. The first three types are generally applicable to
ultrashort pulsed wave fields [73, 75]. Type I Airy pulses have the same
spectral distribution in the waist plane z = 0. For type II pulses, the
spectral distribution is identical in the far field. Type III pulses retain
their spectral distribution along the optical axis x = 0. In the case of
type IV pulses, all the frequency components propagate along the same
curved trajectory, so that the main lobe does not disperse [74]. The type
of generated Airy pulse is restricted by the generation method used in the
particular experimental setup. Thus far, only type II Airy pulses have been
experimentally verified [X].
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3. SPECTRAL INTERFEROMETRIC ULTRASHORT
PULSE CHARACTERIZATION TECHNIQUES

Recent developments in the field of ultrashort pulse generation have made
lasers providing few-fs pulses in the visible region available. Along with
the development of ultrashort sources and their applications, temporal
characterization methods have evolved. Actually, there is a plethora of
different measurement techniques (see, e.g. reviews [34, 35]). The intens-
ity autocorrelation, which was the first method for measuring ultrashort
pulses, yields some measure of the pulse length, but it is not able to
characterize unambiguously the pulse shape [76]. The most prominent
methods for measuring the phase and amplitude of the electric field of
ultrashort pulses include FROG (Frequency-Resolved Optical Gating) [36]
and its variants, e.g. a simplified version of FROG called GRENOUILLE
(GRating-Eliminated No-nonsense Observation of Ultrafast Incident Laser
Light E-fields) [77], and SPIDER (Spectral-Phase Interferometry for Direct
Electric-field Reconstruction) [37]. There are also methods developed more
recently, e.g. SRSI [78] and d-scan (d as in dispersion) [79], but these
methods have been tested only in the cases of relatively simple pulses.
Developing a reliable method for measuring ultrashort pulses is a very
complicated task, and even SPIDER, which has been around for 15 years,
has recently been found to give erroneous results in some of the common
measurement scenarios [80].

All of the aforementioned ultrashort pulse characterization methods meas-
ure the electric field at a single point or average over a small fraction
of the cross-section of the laser beam. This certainly is not sufficient to
accurately measure the spatiotemporally coupled light pulses introduced
in the previous section. However, it is possible to use interferometric or
holographic methods that are able to measure the electric field of a complex
unknown light pulse with respect to a well-characterized reference [81, 82].
Such methods include SEA TADPOLE (Spatially Encoded Arrangement
for Temporal Analysis by Dispersing a Pair Of Light E-fields) [41–44],
STRIPED FISH (Spatially and Temporally Resolved Intensity and Phase
Evaluation Device: Full Information from a Single Hologram) [38, 39],
CROAK (Complete Retrieval of the Optical Amplitude and phase using the
(k⊥, ω) spectrum) [83, 84], Shackled-FROG [53, 85], STARFISH (Spatio-
Temporal Amplitude-and-phase Reconstruction by Fourier-transform of In-
terference Spectra of High-complex-beams) [40] and others. Recently, some
of the interferometric methods have achieved measurement of the electric
field of complex spatiotemporally coupled pulses with an octave-spanning
spectrum [45, 46, IX, X]. It should be noted that for characterizing the
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impulse responses of optical devices, neither the measurement of the refer-
ence pulse nor the actual employment of coherent femtosecond laser pulses
is obligatory.

In this section, several spectral interferometric ultrashort pulse character-
ization methods that allow high spatial and temporal resolution measure-
ments of ultrabroadband wavefields are considered. Namely, in subsec. 3.1,
an overview of spectral interferometry will be given, and in subsec. 3.2,
spatial spectral interferometry is considered. In subsec. 3.3, the SEA TAD-
POLE technique is studied in greater detail.

3.1. Spectral interferometry

Spectral interferometry is a linear method for measuring the ultrashort spec-
tral amplitude and phase responses of optical systems. The main principle
of spectral interferometry relies on measuring the combined spectrum of an
unknown and a reference pulse, where one of them is delayed with respect
to the other. This yields an interference in the frequency domain and the
spectral phase of the unknown pulse with respect to the reference pulse can
be retrieved [81, 86]. As a linear method, it has been demonstrated in the
measurement of very weak pulses [82].

An unknown electric field E (t) at a position P (x, y, z) is given by the
convolution of the initial field E0 (t) with the impulse response h (t) of
the optical system under characterization E (t) = E0 (t) ∗ h (t) . In the fre-
quency domain, the unknown field is Ẽ (ω) = Ẽ0 (ω)H (ω) , where H (ω) =
F (ω) exp (φ (ω)) is the the complex frequency response of the optical sys-
tem. If the unknown field is delayed in time by τ, then when those two
fields interfere in the spectrometer, the measured spectrum is

SSI (ω) =
∣∣∣Ẽ (ω)

∣∣∣2 + ∣∣∣Ẽ0 (ω)
∣∣∣2 + 2

∣∣∣Ẽ (ω)
∣∣∣ ∣∣∣Ẽ0 (ω)

∣∣∣ cos (ωτ + φ (ω)) . (3.1)

By taking a Fourier transform of the measured spectrum and choosing a
suitable delay τ , it is possible to separate the interference term in Eq. (3.1)
and retrieve the frequency response of the optical system, i.e. the phase
and amplitude difference between the reference and unknown fields. The
retrieval algorithm is depicted in Fig. 3.1.

Because of the loss in the spectral resolution during the phase retrieval
algorithm of the spectral interferometry, the longest pulse measured with
the spectral interferometry is often limited [41]. However, it is possible to
use a method called phase-stepping spectral interferometry or dual quadrat-
ure spectral interferometry, where the spectral interferograms are recorded
with four different phase steps: 0, 0.5π, π, and 1.5π. In this case, both
the sine and cosine of the phase difference are found. However, it might
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Figure 3.1. Schematic of the trace analysis routine for Fourier-transform spectral
interferometry [87].

be experimentally difficult to achieve wavelength-independent and stable
phase stepping experimentally [81, 87].

Spectral interferometry has been realized in a fibre-optics-based configur-
ation in a technique called STARFISH [40] that uses a fibre-optic coupler
to combine the unknown and reference pulses to be measured with a fibre
spectrometer. By scanning the input of the fibre on the measurement arm
and recording the interference spectrum at each point of interest, the full
spatiotemporal dependence of the field, E (x, y, z, t) , can be easily retrieved.

For example, STARFISH has been used to study circularly symmetric
binary amplitude diffraction gratings [88], spatiotemporal evolution of fil-
aments [89], fractal light pulses [90], and ultrashort pulse focusing using a
Fresnel lens [91]. The measurement of pulsed light fields as short as 8 fs
has been demonstrated using this method [45]. The use of optical fibres
in STARFISH has eliminated very precise experimental restrictions on the
collimation of the reference and unknown beams otherwise present in the
spectral interferometry [41].

3.2. Spatial spectral interferometry

Spatial spectral interferometry [92, 93] is a variation of spectral interfer-
ometry that uses non-collinear beams and imaging spectrometer to re-
cord a 2D trace. The spectral phase information can be retrieved from
interference fringes perpendicular to the frequency axis, and no spectral
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resolution is lost during the retrieval. It has also been named by different
groups as Spectrally Resolved White Light Interferometry (SRWLI) and
Spatially and Spectrally Resolved Interference (SSRI) (see reviews [94, 95]
and Refs. therein). Spatial spectral interferometry has emerged as a
powerful technique for measuring the phase function of optical elements
with high precision [94]. In conjunction with a supercontinuum laser source,
it has been recently used for spectral phase measurements of small-scale
(∼ 50 µm) metamaterial arrays in the infrared region [96].

A variant of spatial spectral interferometry that employs equal length
single-mode fibres on the both arms of the interferometer is called SEA
TADPOLE [41]. The SEA TADPOLE will be discussed in detail in the
next subsection.

Analogous to spectral interferometry, if we consider the fields of two spa-
tially uniform pulses that enter an imaging spectrometer on a small angle
θ : Ẽ0 (ω) exp

(
iωc sin θ · ξ

)
and Ẽ (ω) exp

(
−iωc sin θ · ξ

)
, then the recorded

intensity trace on the output plane of the spectrograph reads

SSSI (ω, ξ) =
∣∣∣Ẽ (ω)

∣∣∣2 + ∣∣∣Ẽ0 (ω)
∣∣∣2

+ 2
∣∣∣Ẽ (ω)

∣∣∣ ∣∣∣Ẽ0 (ω)
∣∣∣ cos

(
φ (ω) + 2

ω

c
sin θ · ξ

)
, (3.2)

where ξ is the coordinate perpendicular to the frequency on the 2D detector
trace. The spatial spectral interferogram in Eq. (3.2) itself provides a fast
qualitative feedback about the measured field [93]. Quantitative measure-
ment data can be obtained from the interferogram either by direct cosine
fitting [92] or using fast Fourier processing [41]. The latter is found to be
three to four times faster than fitting algorithms; however, the cosine fit
method is more accurate if the number of fringes is low and the pulses used
in the experiment are close to Gaussian [94].

In the following, the Fourier processing of the spatial spectral interfero-
gram is discussed in more detail. By taking the Fourier transform of
Eq. (3.2) along the camera coordinate ξ, one can separate the data into
three bands:

SSSI (ω, ζ) = F {SSSI (ω, ξ)}

=
∣∣∣Ẽ (ω)

∣∣∣2 δ (ζ) + ∣∣∣Ẽ0 (ω)
∣∣∣2 δ (ζ)

+
∣∣∣Ẽ (ω)

∣∣∣ ∣∣∣Ẽ0 (ω)
∣∣∣ e−iφ(ω)δ

(
ζ + 2

ω

c
sin θ

)
+

∣∣∣Ẽ (ω)
∣∣∣ ∣∣∣Ẽ0 (ω)

∣∣∣ eiφ(ω)δ (ζ − 2
ω

c
sin θ

)
, (3.3)

where δ (ζ) is the Dirac delta function. The required information can be
extracted from either of the complex conjugate sidebands. This process is
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Figure 3.2. Schematic of the trace analysis routine for spatial spectral
interferometry [43]. Left: typical spatial spectral interferometry trace. Centre:
the magnitude of the Fourier transform of the trace. Right: measurement result
obtained from the Fourier filtered trace.

illustrated in Fig. 3.2. As the fringe spacing along the camera coordinate ξ
is frequency-dependent and the sidebands are tilted, it is computationally
more convenient to inverse-Fourier transform the filtered Eq. (3.3) back to
the ξ domain. This tilt then becomes a small linear spectral phase term,
2ω
c sin θ · ξ′, which usually can be neglected [43]. The linear spectral phase

corresponds to a shift in the temporal axis, but it will be the same for
all measurements with a given device. In addition, the temporal origin is
determined by the path difference between the two arms and is freely ad-
justable within the temporal measurement range of the device by selecting
the delay on the reference arm. Therefore, when the objective is to measure
pulse velocity and there is no reference available within the measurable
wavefield, it is important to keep the lengths of the interferometer arms
fixed and move the optical system under study with respect to the input of
the spectrometer (cf., e.g. [I, II, VIII, IX], [VI, VII] and [X]).

The accuracy of the spectrometer calibration plays important role in the
quality of the results in spatial spectral interferometry as well as in spectral
interferometry [97]. The calibration of the spectrometer can be carried out,
as with any other fibre spectrometer, with a calibration lamp. However, as
pointed out in [IX], the tilt of the sidebands in the Fourier transform of
the spatial spectral interferogram in Eq. (3.3) carries frequency calibration
information. If the angle between the unknown and reference beams can
be considered wavelength independent, the position of the sideband is
proportional to the frequency. The angle can be easily determined using a
single monochromatic source, e.g. a HeNe laser. This can be particularly
useful in the case of ultrabroadband spectrum and is independent of the
dispersing element used in the spectrometer.
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Figure 3.3. Experimental setup for measuring the ultrashort impulse response of
an unknown optical system S. The beam from the laser L is expanded by a reflective
beam expander BE and then sampled into the reference arm of the interferometer
by a UV fused silica window BS1, directed by mirror M1 through a beam splitter
dispersion compensation plate BS2 and a variable delay line D, and focused by
a spherical mirror SM1 into photonic crystal fibre PCF1. On the measurement
arm, the light is directed with mirrors M2–4 to the input of the optical system
under measurement S, and the resulting field is sampled by fibre PCF2. The
output of the fibres is placed on the entrance slit of an imaging spectrometer with
a few mm separation, so that light enters the spectrometer under a small angle 2θ
perpendicular to the frequency axis ω. The spectrometer consists of a spherical
mirror SM2, reflecting half-prism P, cylindrical lens CL, and a CCD camera. A
spatial interference pattern on the CCD camera is processed to retrieve the spectral
phase and amplitude information of the field correlation function [IX].

3.3. SEA TADPOLE

SEA TADPOLE is a variant of spatial spectral interferometry that employs
equal length single-mode fibres on the both arms of the interferometer.
The optical fibres allow effortless redesign of the measurement setup while
keeping the most alignment-critical part—the spectrometer—intact. The
experimental setup is shown in Fig. 3.3. Scanning the fibre tip on the
measurement arm of the interferometers provides the device with a full
x, y, z spatial resolution, as the fibres couple light into them only from
a small portion of space, which is roughly equal to the mode size of the
fibres—typically achieving 3µm of spatial resolution. Sub-micron spatial
resolution has been demonstrated in the SEA TADPOLE setup using near-
field scanning microscopy probes [44]. In addition, the fibres can have a use-
ful role as attenuators in balancing the intensities of the signal and reference
pulses to optimize the fringe contrast [41]. In the case of ultrabroadband
illumination, photonic crystal fibres are required to ensure single-mode
operation over the entire spectrum [IX].
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pulses [41]. However, the capabilities of the SEA TADPOLE in directly
characterizing the spatiotemporal electric field E (x, y, z, t) proved to be
useful for studying the focusing of ultrashort pulses and aberrations of lenses
[42, 44]. SEA TADPOLE has been widely used in measuring ultrashort non-
diffractive waves: Bessel-X pulses [I], accelerating Bessel pulses [II], pulsed
Bessel beams [VIII, IX], and Airy pulses [X]. It has also been used to study
the diffraction of ultrashort pulses and to validate the boundary diffraction
wave theory by direct measurements [VI, VII]. Of course, SEA TADPOLE
has been applied in measuring shaped pulses [98–100] and found to be useful
for characterizing pulse compressors [101]. In addition, there has been
some effort for enabling single-shot attosecond measurements using SEA
TADPOLE [102]. A method that expands the SEA TADPOLE temporal
range by making multiple measurement with different delays has been called
MUD TADPOLE (MUltiple Delay for Temporal Analysis by Dispersing a
Pair Of Light E-fields) [103, 104].

Much like in any other interferometric pulse characterization technique,
the spectrum of the unknown field must be contained within the reference
spectrum [41]. The use of optical fibres in SEA TADPOLE can cause
slow drift in time in the measured absolute spectral phase [41, 42]. How-
ever, this can be simply minimized by enclosing the interferometer. In
addition, it has been shown that the absolute phase is actually contained
in the measured SEA TADPOLE data, and it can be recovered using a
Gerchberg-Saxton-like phase-diversity algorithm, enabling truly complete
spatiotemporal measurement of the pulse field [105].
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4. RESULTS AND DISCUSSION

In the previous two sections, the overview of several diffractive and non-
diffractive light pulses, as well as a few interferometric ultrashort pulse
characterization methods was given. In this section, the results obtained
from SEA TADPOLE measurements of Bessel-X, accelerating Bessel pulses,
pulsed Bessel beams, ultrashort pulse diffraction, and Airy pulses are presen-
ted.

The experimental results presented in [I–VIII] were obtained in collab-
oration with prof. Rick Trebino and then-PhD student Pamela Bowlan at
Georgia Institute of Technology, Atlanta, Georgia, USA. As a laser source,
a KMLabs Ti:Sapphire oscillator with a ∼ 37 nm of bandwidth and ∼ 30 fs
of pulse duration and a centre wavelength at 805nm was used. The laser
pulses, which served as a reference in these experiments, were routinely
monitored using a Swamp Optics GRENOUILLE [41]. The spectrometer in
the SEA TADPOLE was calibrated in the near-infrared region over 200 nm
centred at the laser wavelength and used a diffraction grating as a diffractive
element. In these measurements, a temporal resolution of ∼ 17 fs was
achieved, and zero filling decreased the point spacing to 4.6 fs [I]. The setup
included two solid single-mode fibres with a pure silica core of diameter
5µm, resulting in a spatial resolution of ∼ 3µm. The detailed description
of this particular SEA TADPOLE device can be found in [42, 43, 64].

The experimental results presented in [IX, X] were obtained at the In-
stitute of Physics, University of Tartu, Estonia. For these measurements,
the SEA TADPOLE method was further developed to be used together
with a ultrabroadband light source to measure the ultrashort impulse re-
sponses of optical systems with a spectrum spanning the visible region. A
supercontinuum fibre laser Fianum SC-400-2-PP with a spectrum spanning
400–2500 nm was used as a laser source. To ensure single-mode operation
of the fibres in the interferometer, photonic crystal fibres were used [106].
Particularly, NKT Photonics LMA-5 was used in [X], and its polarization
maintaining version LMA-PM-5 was used in [IX]. The mode field diameter
of the fibres is almost constant over the spectrum and has respective values
of 4.5µm and 4.2 µm at 532 nm (1/e2). A prism was used in the spectro-
meter part of the setup, and the spectral phase and amplitude response
was measurable in the range of 428 to 1088 nm. The spectral range was
limited by the increasing dispersion of the prism in the blue end and by
the diminishing quantum efficiency of Si-based CCD camera in the infrared
region. A temporal resolution of up to 2.5 fs, i.e. almost one optical cycle
at the central wavelength, could be achieved in this setup [X]. The longest
measurable impulse response is determined by the spectral resolution of the
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spectrometer, and in the current setup, it is ∼ 3ps, yielding that pulses with
a time-bandwidth product of more than 1500 could be accurately measured
[IX].

In the case of such an ultrawide bandwidth, every optical element in
the setup becomes a challenge of its own. For example, there are no
commercially available beamsplitters that have uniform performance over
a bandwidth spanning the visible region. Therefore, high-precision UV
fused silica windows were used as beam splitters. They have been put
into the beam path at an almost normal incidence to minimize unnecessary
wavelength-dependent polarization effects and spatial chirp. Coupling only
a small fraction of the light out of the measurement arm has the advantage
of allowing the measurement of more loosely focused pulses.

4.1. Bessel-X pulses [I, IV, V]

Several preceding publications have reported experimental studies on the
properties of Bessel-X pulses. For example, evidence of the X-like spatial
profiles and the superluminal propagation of the Bessel-X field were first
demonstrated in [5]. The superluminal speed of Bessel-X pulses has also
been measured by observing the ionization front in argon gas owing to the
central spot of an intense Bessel-X generated using an axicon and 70 fs
pulses [51]. However, to the best of our knowledge, the field of a Bessel-X
pulse in the course of its propagation has never been directly measured
with simultaneous high spatial and temporal resolutions.

To generate the Bessel-X pulses, a fused silica axicon with an apex angle
176◦ was used (see Fig. 2.1). This resulted in a corresponding Bessel cone
angle of θ = 0.92◦. The variation of the cone angle over the bandwidth of
the laser source owing to the material dispersion of the axicon was < 5′′ and
therefore negligible. To cancel out the group-delay dispersion introduced
at the centre of the axicon, a flat glass window with an equal thickness was
placed on the reference arm. There was still a small radially varying group-
delay dispersion left in the beam, but considering the large apex angle of
the axicon and our bandwidth, this effect was insignificant.

The spot size of the laser beam at the front surface of the axicon was
4mm. The field was scanned with the fibre transversely in the horizontal
axis, and the axicon was displaced to several distances from the fibre input
longitudinally to yield the spatiotemporal field, E (x, z, t) . Three of our
measurements together with corresponding simulation results are shown
in Fig. 4.1. These results can be considered “snapshot in flight” images
of the Bessel-X pulse. The measurements show good agreement with the
numerical simulations.

Note that the central maximum of the pulse has a width of ∼ 20 µm
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Figure 4.1. Left: the measured field amplitude of the Bessel-X pulse at three
different distances after the axicon. Right: the corresponding simulations. The
field amplitude is indicated by the colour scale and is normalized for each field.
The white bar on the time axis emphasizes the origin of the temporal axis in a
reference frame moving at the speed of light [I].

comparison, a Gaussian beam of the same waist would have expanded by 26
times over this distance. As the relative pathlengths of both interferometer
arms were kept constant, the recorded temporal positions of the Bessel-X
pulse directly reflect its group velocity in a reference frame moving at the
speed of light. The superluminal velocity of the pulse is therefore apparent
in these plots. The Bessel-X group velocity along the z-axis was found to
be 1.00012c—within 0.001% error of the expected value.

A pulse with both superluminal group and phase velocities may seem
intriguing. However, these velocities should not be confused with the signal
velocity and do not violate the relativistic causality. Any attempt to cut
a signal “notch” into the core of the Bessel-X pulse, would lead the notch
to spread out in space luminally. Nevertheless, the central highest-energy
part of the Bessel-X pulse propagates rigidly faster than a plane wave, as
also seen from the direct measurements.

The results reported in [I] were selected among the most exciting research
in 2009 in a special issue of Optics & Photonics News [XV].
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Figure 4.2. Left: the measured spatiotemporal profile of the electric field
amplitude of an accelerating Bessel pulse at three positions along the propagation
axis. Right: the corresponding simulations [II].

4.2. Accelerating Bessel pulses [II, IV]

To generate accelerating (or decelerating) pulses, a fused silica axicon with
an apex angle of 176◦ was first used to transform plane wave pulses into
Bessel-X pulses. Thereafter, lenses with focal lengths of +153mm and
−152mm were used to transform the Bessel-X pulse into accelerating and
decelerating Bessel pulses respectively. For experimental convenience the
positions of the axicon and lens were interchanged compared to Fig. 2.2,
but this does not influence the results [II]. The spatiotemporal profiles of
the pulses were measured at several positions and are shown in comparison
with corresponding simulation results in Figs. 4.2 and 4.3. The simulations
were performed using Eq. (2.2), taking into account the z-dependence of
the axicon angle θ. As seen in the figures, the agreement between the
simulations and experimental results is very good.

The group velocity of the accelerating Bessel pulse was measured to
accelerate from 1.0002c to 1.0009c over 4 cm of propagation, and the velocity
of the decelerating pulse was measured to decelerate from 1.00007c to
100003c over a distance of 12 cm. It should be noted that placing a lens
in front of the axicon directly compresses or stretches the Bessel zone.
Without the lens, the length of the Bessel zone for this axicon was ∼ 8 cm;
when the positive lens was added (accelerating Bessel pulse), this decreased
to ∼ 5 cm. In the case of the negative lens (decelerating Bessel pulse), the
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Figure 4.3. Left: the measured spatiotemporal profile of the electric field
amplitude of a decelerating Bessel pulse at three positions along the propagation
axis. Right: the corresponding simulations [II].

Bessel zone lengthened to tens of kilometres in principle. Despite the fact
that we could not measure the pulse kilometres from the axicon, the Bessel
ring pattern was observable by eye on the lab wall ∼ 10m beyond the
axicon.

4.3. Pulsed Bessel beam [VIII, IX]

Pulsed Bessel beams were generated in our experiments using two circularly
symmetric binary phase diffraction gratings (diffractive axicons) manufac-
tured at the Heinrich Hertz Institute. The groove spacings of the fused silica
diffractive axicons were d1 = 100 µm and d2 = 20 µm, i.e. corresponding
to groove densities of 10mm−1 and 50mm−1, respectively. The depths
of the grating grooves were optimized for a Ti:sapphire laser and were
δ1 = 910 . . . 915nm and δ2 = 940 . . . 945nm, respectively. The first grating
had a duty cycle of 50% and therefore only odd diffraction orders were
generated; in the case of the second grating, the duty cycle was 47.5% and
weak even diffraction orders were detected.

In Fig. 4.4, the measured spatiotemporal field of the 30 fs laser pulses after
passing through the 10mm−1 circular grating is given at three distances
behind the grating. The accompanying simulations are based on the scalar
diffraction theory for polychromatic waves. As can be seen in the figure,
the grating produces multiple diffraction orders that propagate as a train of
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Figure 4.4. Left: the measured spatiotemporal profile of the electric field of an
ultrashort pulse diffracted from a circularly symmetric binary phase grating with
a groove spacing of d1 = 100µm. Right: the corresponding simulations [VIII].

pulses. Each pulsed Bessel beam corresponds to a certain diffraction order.
The higher the diffraction order, the lower the subluminal velocities. At a
distance of z = 120mm, only the first, third, and fifth diffraction orders are
present, as the higher orders do not fit inside the temporal window shown.
In addition, the higher diffraction orders have shorter propagation lengths
as the spectral components of those propagate at higher angles (see also
Fig. 2.3).

As described in subsec. 2.1.3, the pulsed Bessel beams are non-diffracting,
but not propagation-invariant, as are the Bessel-X pulses. Even in free
space they spread out over the course of propagation because of the (neg-
ative) dispersion introduced by the grating that increases linearly with
the distance. However, in the results presented in Fig. 4.4, this could
not be measured because of the very low groove density of the diffraction
grating and relatively narrow bandwidth. Therefore, the measurements
were repeated with the 50mm−1 grating using the ultrawideband SEA
TADPOLE setup. To test the hypothesis using the diffractive axicon to
compensate for material dispersion at certain propagation distances, the
measurements were taken with three different amounts of uncompensated
dispersion placed in the system. The three cases corresponded to equivalent
thicknesses of the fused silica grating substrate: (a) 1.57mm, i.e. fully
uncompensated, (b) 0.92mm, i.e. partially compensated, and (c) 0mm, i.e.
fully compensated.
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Figure 4.5. Temporal focusing of a pulsed Bessel beam into a Bessel–Airy wave
packet generated by a circularly symmetric grating with a groove spacing of d2 =
20µm and a substrate thickness of 0.92mm. Top: the spatiotemporal measurement;
Bottom: the corresponding simulations. Colour shows instantaneous frequency;
luminosity shows field amplitude [IX].

The measured impulse response of the partially dispersion compensated
diffractive axicon is shown in Fig. 4.5. The simulations were carried out
by directly evaluating Eq. (2.3) for the zero to fifth diffraction orders. In
addition to previous plots of the spatiotemporal field, in this figure, the
instantaneous frequency is shown. It can be seen that a long positively
chirped pulse initially focuses in time for certain propagation distances
and thereafter spreads out again, becoming negatively chirped. Near the
temporal focus, the trailing pulses after the main peak refer to the temporal
profile of the Airy–Bessel wave packets. A faint positively chirped pulse
corresponding to the zero diffraction order can be seen at greater distances.
The theoretical predictions show good agreement with the experimental
results.

41



To further study temporal focusing using the diffractive axicons, the
FWHM durations of the pulse intensities were calculated from each meas-
urement. The prevailing first diffraction order with a transform-limited
duration of 3.7 fs, which initially after propagation through a 0.92mm
substrate had a duration of 27.8 fs, achieved an average duration of 5.9 fs for
propagation distance z = 20 . . . 65mm with the shortest duration of 5.1 fs.
For the fully uncompensated grating substrate, the temporal focusing from
44.8 fs down to an average of 7.0 fs was achieved, and the shortest duration
of 6.1 fs occured within the propagation range z = 40 . . . 110mm. In the case
of the fully compensated grating substrate, temporal broadening from 4.1 fs
to 91.7 fs was observed over 10 cm of propagation length. Therefore, a 7-
fold decrease in the temporal spread of ultrashort pulses was demonstrated
at a prescribed propagation depth soley by using this diffractive axicon.

4.4. Boundary diffraction wave [III–VII]

The spatiotemporal field of the diffracted ultrashort pulses was recorded
behind four different diffracting apertures: (a) a circular aperture with a
diameter of 4.4mm; (b) an opaque disc with a diameter of 4mm; (c) an
annular slit with a diameter of 5.4mm and width of 10µm on a partially
transparent substrate; and (d) a system of four concentric annular slits
with diameters of 2.1, 4.7, 6.3, and 12.2mm and widths of 20, 10, 60, and
610µm, respectively. The measurement results for each case are given in
Figs. 4.6, 4.7, 4.8, and 4.9. The simulation results shown in the figures are
based on the boundary diffraction wave theory, which was expanded to be
applicable to Gaussian pulses. The diffracted field was directly calculated
using Eq. (2.9), where the geometric pulse was defined by Eq. (2.19) and the
boundary wave pulse was obtained using the adaptive quadrature method
to numerically integrate Eq. (2.21). The measurement results were also
compared to the boundary diffraction wave theory for plane wave pulses, i.e.
the Gaussian pulses from the laser were approximated as plane wave pulses.
While this approximation could give good qualitative agreement between
the measurement and the theory, the agreement with the simulations based
on the diffraction of Gaussian pulses was much better, especially further
from the optical axis.

Fig. 4.7 reveals the spatiotemporal structure of the Arago spot—the
bright point in the centre of the shadow region, also known as Poisson
spot or Fresnel bright spot—which is the fundamental manifestation of the
wave nature of light. Interestingly, the plots in Fig. 4.6 reveal the same
spatiotemporal structure of the boundary pulse in the diffracted field of the
ultrashort pulse behind a circular aperture. Furthermore, the Arago spot
appears at the centre any circular boundary, and not only behind a circular
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Figure 4.6. Left: the measured light field amplitudes of an ultrashort pulse
diffracted by a circular aperture at three distances behind the aperture. Right:
the corresponding simulations. The boundary waves interfere with each other
and with the directly transmitted pulse, but the interference maximum on the
axis (actually a temporally resolved Arago spot) lags behind the direct pulse and
eventually catches up with it [VI, VII].

Figure 4.7. Left: the measured propagation and evolution of the diffracted pulse
behind an opaque disc. Right: the corresponding simulations. The measurements
reveal the spatiotemporal structure of the weak boundary waves and the brightest
spot at the centre of the beam owing to their constructive interference, i.e. the
Arago spot [VI, VII].
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Figure 4.8. Left: the measured electric field amplitude of the pulse generated
behind an annular slit on a partially transparent substrate. Right: the correspond-
ing simulations. The partial transmission provided a useful luminally propagating
reference pulse, and this series is therefore a good example of the superluminal
propagation of the boundary wave pulse [VII].

Figure 4.9. Left: the measured electric field amplitude of a pulse diffracted by a
system of four concentric annular slits of different widths and diameters. Right: the
corresponding simulations. At the distance z = 142mm, two separate boundary
wave pulses can be resolved that correspond to the inner and outer boundary of
the outermost annular slit [VII].
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disk. In the case of longer pulses or monochromatic illumination, the
boundary wave and the geometric wave overlap, but thanks to the temporal
localization of the pulsed illumination and the temporal resolution of our
measurements, the small spot can be directly visualized. Therefore, in the
case of ultrashort pulses, the boundary diffraction wave theory provides a
more intuitive approach to diffraction phenomena in the time domain.

As can be seen in Figs. 4.6 and 4.7, the Arago spot is delayed in time with
respect to the main pulse front, and this delay decreases with z, indicating
a superluminal propagation speed along the z axis. Indirect observations
of this have also been reported previously [20, 107, 108]. In fact, the group
velocity of the Arago spot varies from infinity at z = 0 to c for very large
values of z. As shown in subsec. 2.2, the boundary wave pulse is nothing
but a mere decelerating Bessel pulse.

The superluminal propagation of the boundary wave pulse is even more
evident in Fig. 4.8, where the partially transparent substrate provides a
reference pulse propagating at the speed of light and unaffected by the
diffracting aperture. In general, there exists a boundary pulse for both the
inner and outer boundary of the annular slit. However, for the most annular
slits, those two boundary pulses overlap in time. Two separate pulses can
be seen in Fig. 4.9 at z = 142mm, corresponding to the outermost annular
slit with a width of 610µm. Also, the figure shows how the boundary wave
pulses corresponding to slits with different radii are separated in time close
to the diffracting aperture and catch up with each other and overlap at
larger distances.

The last results show that even more complicated diffraction problems
can be understood by rather simple treatments in the time domain. More-
over, the boundary diffraction wave theory aids the general understanding
of the diffraction phenomena of ultrashort pulses by expressing the dif-
fracted wavefield as the sum of the boundary and geometric waves. Even
quantitatively, all of the setups discussed in this section are calculated by
1D integration from 0 to π at every point of interest. According to the
boundary diffraction wave theory, the results are equivalent to Fresnel–
Kirchhoff’s theory and are not restricted by Fresnel approximations.

The results published in [VII] on the boundary diffraction wave theory for
Gaussian pulses and the experiments have been selected into the collection
“Highlights of 2012” of the Journal of Optics by the editorial board of the
journal.

4.5. Airy pulses [X]

Airy pulses were generated with a reflective liquid-crystal-on-silicon SLM
(Holoeye LC-R 2500) with an imprinted wrapped cubic phase mask in
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both transverse orthogonal directions. The phase response of the SLM was
calibrated using a HeNe laser, and the SLM was placed in the focal plane of
an achromatic lens with a focal length of f = 500mm, as shown in Fig. 2.6.
By measuring the spatially resolved spectral phase along with the intensity,
the complete spatiotemporal response function of the Airy pulse generator
was reconstructed at various propagation distances. The measured Airy
impulse response is shown and compared with simulations in Fig. 4.10. The
simulations are based on Eq. (2.23) using the measured spectrum and Airy
beam parameters calculated from the phase mask displayed on the SLM.
Near the Fourier plane of the lens at the distance z = 0mm, the Airy profile
is obstructed by the so-called zero order of the SLM. Also considering that
in the simulations the laser beam profile was approximated to a Gaussian,
the agreement between the measurement and simulations is good.

It was evident from the measured spectral response of the Airy pulse
generator that the parabolic deflection rate of the Airy maximum b0 was
proportional to the wavenumber. Consequently, the parameters x0 and
y0 were proportional to the wavelength, implying that type II Airy pulses
were generated in the SLM–lens setup (cf. Table 2.1). Although the phase
modulation of the SLM depends greatly on the wavelength, the cubic phase
mask on the SLM acted in the same manner over the whole spectrum. The
effective phase mask in the current setup was determined rather by the
locations of the non-2π phase discontinuities in the phase mask profile than
by the obtainable phase modulation depth. Similar wavelength dependence
of the Airy beams generated by an SLM has been previously reported in
[109], where the propagation properties of Airy beams were studied at four
wavelengths. Here, we have done so over a much broader spectral range.

Because of the proportional relationship between the deflection rate and
the wavenumber, the measured impulse response exhibited strong lateral
dispersion of the pulse maximum, especially near the beginning and end
of the measured propagation range. As can be seen in Fig. 4.10, at the
furthest distance, the Airy maximum is smeared diagonally. However, it
was determined that the temporal duration at the intensity maximum of
the measured Airy impulse response remained almost constant near 3.6 fs
over the measured propagation range. For the current phase mask, lateral
displacement of more than 300µm over 100mm of propagation occured.

By measuring the impulse response of a system for shaping ultrabroad-
band Airy pulses with high spatial and temporal resolution, it was shown
that the SLM–lens setup results in type II pulses, which have identical
spectral phase distributions over the beam cross-section after the SLM.
Aforementioned results are important for the generation of real near single-
cycle Airy pulses.
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Figure 4.10. Left: the measured impulse response of an SLM–lens Airy pulse
generator at three distances. Right: the corresponding simulations. Colour
represents the relative amplitude of the electric field. The images show projections
of the pulses to the corresponding planes [X].
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SUMMARY

This thesis falls within the field of physical optics and more particularly
deals with the formation and propagation of ultrabroadband non-diffractive
(i.e. localized) waves. These ultrashort pulsed wavefields, whose intensity
peaks retains their localization in space and time despite diffraction and
dispersion, were studied both theoretically and experimentally. The study
included superluminally propagating Bessel-X pulses, superluminal accel-
erating and decelerating Bessel pulses, subluminal pulsed Bessel beams,
boundary diffraction wave pulses and accelerating Airy pulses.

The spatiotemporal characterization of ultrashort pulsed wavefields and
impulse responses was carried out using a version of spatial spectral in-
terferometry called SEA TADPOLE that uses equal-length single-mode
optical fibres in both arms of the interferometer. The setup was found
to be particularly useful for studying the underlying physics of light field
transformations in optical systems and for designing and selecting suitable
optical elements for generating prescribed ultrashort light fields.

The following main results were obtained:

1. The diffraction of ultrashort Gaussian pulses was studied in the frame-
work of boundary diffraction wave theory. The boundary diffraction
wave theory for pulsed wavefields was generalized to apply to Gaus-
sian pulses. An expression for a Gaussian pulse diffracted by a cir-
cular boundary was derived, which is evaluable by a one-dimensional
integration for every point of interest.

2. The spatiotemporal field of ultrashort Gaussian pulses diffracted by a
circular aperture, an opaque disc, an annular slit, and a system of four
concentric annular slits was measured using SEA TADPOLE. The
formation of superluminally propagating and decelerating boundary
wave pulses was directly observed and shown to agree well with theory.

3. A white-light spatial spectral interferometry setup for the characteriz-
ation of ultrashort impulse responses of optical systems was developed
following SEA TADPOLE setup that was adapted for unprecedented
octave-spanning spectrum. Using a supercontinuum laser source, a
prism-based imaging spectrometer and endlessly single-mode photonic
crystal fibres, almost a one-wave-cycle (i.e. 2.5 fs) temporal and 3 µm
spatial resolution was achieved in the present realization.

4. The spatiotemporal impulse response of a circularly symmetric binary
phase grating, i.e. diffractive axicon generating ultrashort sublu-
minally propagating pulsed Bessel beams was measured using SEA
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TADPOLE. The measurements were in good agreement with the
simulations.

5. The formation of the Airy–Bessel wave packet behind a diffractive
axicon was observed in the spatiotemporal measurements. The tem-
poral focusing of the ultrashort pulse at a prescribed propagation
depth was demonstrated, achieving a 7-fold decrease in the temporal
spread of the initial pulse using this single optical element.

6. The spatiotemporal impulse response of an optical system for generat-
ing ultrabroadband Airy pulses was measured using SEA TADPOLE
and was found to be in good agreement with the theory. It was shown
that type II Airy pulses are generated in a setup consisting of an SLM
with an imprinted wrapped cubic phase and a Fourier transforming
lens.

These results from papers [I–X] have been highlighted on the basis of the
thesis author’s sole or significant contribution (see p. 9). Results from the
joint publications that are mainly attributed to the co-authors have not
been included in this list.
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SUMMARY IN ESTONIAN

Difrageeruvate ja mittedifrageeruvate valgusimpulsside
aegruumiline karakteriseerimine

Käesolev doktoritöö kuulub laineoptika valdkonda ja uurib ülilaiaribaliste
mittedifrageeruvate ehk lokaliseeritud lainete formeerimist ja levi. Neid üli-
lühikesi impulsslainevälju, millede intensiivsusmaksimum jääb difraktsioo-
nist ja dispersioonist justkui puutumata ning levib ruumis ja ajas lokalisee-
ritult ega valgu laiali, on uuritud nii teoreetiliselt kui ka eksperimentaalselt.
Töös on käsitletud superluminaalselt levivaid Bessel-X impulsse, superlumi-
naalselt kiirenduvaid kui ka aeglustuvaid Besseli impulsse, subluminaalsed
Besseli lainepakette, difraktsiooni äärelaine impulsse ja kiirenduvaid Airy
impulsse.

Ülilühikeste impulsslaineväljade ja optiliste süsteemide impulsskosteid
mõõdeti ülikõrge ajalise ja ruumilise lahutusega kasutades ruumilis-spekt-
raalsel interferomeetrial põhinevat SEA TADPOLE mõõtemetoodikat, mis
kasutab ühepikkusi ühemoodilisi optilisi kiudusid interferomeetri mõlemas
õlas. See seade on osutunud väga kasulikuks valgusvälju kujundavate opti-
liste süsteemide üksikasjalikul uurimisel ning etteantud lainevaljade tekita-
miseks sobivate optiliste elementide disainimisel ja valimisel.

Töö põhitulemused on järgnevad.

1. Ülilühikeste Gaussi impulsside difraktsiooni uuriti difraktsiooni ääre-
laineteooria kontekstis. Ülilühikeste impulsside difraktsiooni äärelaine-
teooriat üldistati tasa- ja keralaine impulssidelt Gaussi impulsside-
le. Tuletati avaldis ümmarguselt tõkkelt difrageerunud Gaussi impul-
si lainevälja jaoks, mis avaldub ühedimensionaalse integraalina igas
huvipakkuvas ruumipunktis.

2. Mõõdeti ümmarguselt avalt, ümmarguselt kettalt, rõngaspilult ja nel-
jast kontsentrilisest rõngaspilust koosnevast süsteemilt difrageerunud
ülilühikese Gaussi impulssi laineväli SEA TADPOLE-ga kõrge ajalise
ja ruumilise lahutusega. Otseselt õnnestus jälgida ülevalguskiirusel
leviva, kuid aeglustuva difraktsiooni äärelaine impulsi ehk tõkke taha
tekkiva Arago täpi ajalise analoogi moodustumist ja levikut, mis
osutusid teooriaga heas kooskõlas olevateks.

3. Töötati välja valge valguse ruumilis-spetraalse interferomeetria sea-
de optiliste süsteemide ülilühikeste impulsskostete mõõtmiseks üli-
kõrge ajalise ja ruumilise lahutusega. Seade lähtus SEA TADPOLE
mõõteskeemist, mida kohandati töötamaks pretsedenditult laia, üle
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ühe oktaavi ulatuva spektriga. Kasutades superkontiinumit genereeri-
vat laserit, kujutavat prismaspektromeetrit ja lõpmatult ühemoodilisi
footonkristallist optilisi kiude (photonic crystal fibres) saavutati prae-
guses mõõteseadme realisatsioonis pea-aegu ühele valgusvälja võnkele
vastav ehk 2.5 fs ajaline lahutus ja sama-aegne 3µm ruumiline lahu-
tus.

4. Mõõdeti subluminaalseid Besseli impulsse genereeriva ringsümmeet-
rilise binaarse faasivõre ehk difrageeriva aksikoni impulsskoste SEA
TADPOLE-ga väga kõrge ajalise ja kõrge ruumilise lahutusega. Mõõte-
tulemused olid heas kooskõlas numbriliste simulatsioonidega.

5. Registreeriti Airy–Bessel valguskuuli teke difrageeriva aksikoni taga.
Demonstreeriti ülilühikese impulsi ajalist fokusseerumist etteantud
levikukaugusel. Saavutati impulsi kestuse kuni 7-kordne lühenemine
võrreldes esialgse, dispersiooni tõttu pikenenud impulsiga, kasutades
ainult seda lihtsat optilist elementi.

6. Mõõdeti ülilaiaribaliste Airy impulsside generaatori impulsskoste SEA
TADPOLE-ga väga kõrge ajalise ja kõrge ruumilise lahutusega ning
mõõtmistulemused leiti olevat heas kooskõlas teooriaga. Õnnestus
näidata, et kasutades ruumilisel valgusvälja modulaatoril ja optilist
Fourier’ pööret sooritaval läätsel põhinevat ülilaiaribaliste Airy im-
pulsside generaatorit, tekivad II tüüpi Airy impulsid, mille puhul
valguse spektraalne jaotus on identne kaugväljas.

Eespool mainitud tulemused artiklitest [I–X] on esile tõstetud vastavalt
dissertandi panusele tulemuse saavutamisel, mille juures on see olnud ainu-
isikuline või määrav (vt lk 9). Sellest loetelust on välja jäetud need ühis-
publikatsioonide tulemused, mille juures on määrav tähtsus olnud kaas-
autoritel.
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