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Abstract. The Langevin rule of the reduction of ion mobilities
is not correct when applied to atmospheric ions. The StokesMillikan equation provides an alternative valid in the mobility
range of large air ions. A new semiempirical model combines
the kinetic theory and Stokes-Millikan equation in the full range
of air ion mobilities. The errors caused by the usage of the
Langevin rule are discussed.
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1. Introduction
The Langevin rule:

K reduced = K measured

273.15 K
p
.
T
101325 Pa

(1)

A warning by MASON: the Langevin rule is correct only in the limit of zero-size ions
and considerable errors are possible when applying the rule to the cluster ions (the
warning has been neglected in atmospheric electricity).
The mobilities of large air ions have been presented as measured, and a question
about reduction has not been raised.
How to process the data about intermediate air ions? They are a subject of active
research today.
How to measure the deviation from the Langevin rule?
A suggestion: fit the temperature and pressure variation of the mobility with an
empiric equation
Tτ
K = const ψ .
(2)
p
where τ and ψ should equal 1 if the Langevin rule is correct.
When the temperature and pressure variation of the mobility is given in some
different way, the parameters τ and ψ are estimated:

τ=

dK T
,
dT K

ψ =−

dK p
.
dp K

(3)

The deviations of the parameters τ and ψ from the value 1 are the characteristics of
the error of the Langevin rule.
If the temperature and pressure variation of the mobility does not follow the
power law, Equation (2) is interpreted as an approximation valid in a narrow
temperature and pressure range. In this occasion the values of τ and ψ determined
according to Equation (3) depend on the temperature and pressure in the wide
temperature and pressure range.
Experimental complication: the temperature variation of the ion chemical
composition obscures the physical effect (e.g. Hõrrak et al., 1994).
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2. Langevin model and the kinetic theory
Chapman-Enskog kinetic theory (a presumption: the free molecule regime):
elementary charge

K free molecule =
number concentration
of molecules

mass of gas molecule

mass of ion

π (1 + mg / mp )
3e
,
2 mg kT
8ng Ω(1,1)
first collision
integral

Boltzmann
constant

(4)

absolute
temperature

In the Langevin model an ion is considered as a point mass carrying one
elementary charge, and the interaction between the ion and the gas molecule
separated by the distance r is described by the potential of induced dipole
polarizability of the molecule

αe 2
U pol ( r ) = −
,
8πε o r 4

(5)

the electric constant

The geometric sizes of the colliding particles is ignored.
The resulting expression of the mobility is

K Langevin = 0.5105

e ε o (1 + mg / mp )
.
ng
αmg

(6)

It follows the air ion mobility is inversely proportional to the air density and the
values of the parameters of Equation (2) are τ = ψ = 1.
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3. Stokes-Millikan model
Large air ion mobilities (Stokes, Cunningham, Knudsen, Weber, Millikan):
mean free path
of gas molecules

K Millikan

the slip factor coefficients
(a = 1.2, b = 0.5, c = 1)

l
 r
1 +  a + b exp − c  

r
l
=e
6πηr
gas viscosity

(7)

ion radius

Approximate equation
0.8

η = 0192
.
(T : K ) µPa s ,

(8)

(relative deviation from the Sutherland approximation < ±0.2% in temperature interval –50º...+50ºC).

Big particle limit τ = –0.8 and ψ = 0 is very far from the Langevin model.
Air ions are never very big particles in the sense of the slip factor. The Knudsen
number l/r is reaching a value of 1 at the mobility less than 0.0002 cm2V–1s–1.
The fine particle limit:

K Millikan → 0 =

e( a + b)l
6πηr 2

l 1256
.
kT
=
.
η
p
m

(9)

Result τ = 0.5 and ψ = 1.
The pressure variation is the same as in the Langevin model, but the temperature
variation is different.
The limit (9) does not produce correct values for small ion mobilities (Annis et
al., 1972). The Stokes-Millikan equation neglects polarization interaction and
assumes inelastic scattering of molecules by particles that is not true in the
molecular size range.

5

4. Semiempirical model
The semiempirical model (Tammet, 1995) is approaching the kinetic theory
Equation (4) in the limit of zero size and the Stokes-Millikan equation (7) for big
particles. It is equally valid for small, intermediate and large air ions. The collision
distance is considered as a function of the interaction energy. The polarization
interaction is included according to the (∞–4) potential model. The dependence of
the law of the reflection of gas molecules on the particle size is considered using the
Einstein model of “melting” the particle internal energy degrees of freedom. The
model consists of three parameters that cannot be evaluated in theory. The values of
these parameters
the internal density of particle matter ρ = 2.07 g cm–3
the extra distance added to the sum of ion and molecule radii h = 0.115 nm
the critical radius of the transfer from elastic to inelastic collisions rcr = 1.24 nm

are estimated fitting the model to the old mass-mobility data by Kilpatrick (1971).
The Kilpatrick’s data have been discussed and confirmed by various authors (e.g.
Meyerott et al., 1980, Böhringer et al., 1987), and there is no better data set
available today.
The semiempirical model cannot be expressed by an analytic expression. It is
expressed as a Pascal-function* in the paper (Tammet, 1995). The algorithm of air
ion mobility reduction according to the model consists of two stages: first, the
particle size should be calculated at a given temperature and pressure and then the
reduced mobility should be calculated according to the size, standard temperature
and standard pressure. The Pascal-statement where the Pascal-functions published
in (Tammet, 1995) are used is:
ReducedMobility :=
1.602 * Mobility (28.96, 0.00171, 0.3036, 44, 0.8, 1013.25, 273.15, 2.07, 1,
MassDiameter (millibar, 273.15 + Celsius, 2.07, 1, MeasuredMobility / 1.602));

The mobilities are expressed in cm2 V–1 s–1.

*

An erratum should be corrected in the Pascal-function Mobility (Tammet,1995):
replace if Kn < 0.03 {underflow safe} then y := 1 else y := exp (–c / Kn);
with
if Kn < 0.03 {underflow safe} then y := 0 else y := exp (–c / Kn);
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5. Discussion
The temperature and pressure variation of parameters τ and ψ is illustrated in
Figure 1. The character of variation is different for the air ions of different mobility.
A variation of the pressure factor ψ is relatively simple. It will differ from the
Langevin value 1 in the range of large air ions due to the decrease in the role of the
slip factor with the decrease in Knudsen number. The macroscopic limit of ψ is zero
but the real values of ψ for large air ions are far from this limit.
The variation of the temperature factor τ does not follow simple rules because the
temperature effect is influenced by many different physical factors.
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Figure 1. Temperature and pressure variation of parameters τ and
ψ for the air ions of various mobility.
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The dependence of the parameters τ and ψ on the air ion mobility is shown in
Figure 2. The value of τ is far from the Langevin value 1 even in case of small
atmospheric ions, typical mobility of which is about 1.5 cm2V–1s–1. The Langevin
model could be considered as a fair approximation only in case of extremely high
mobilities characteristic of atomic and pure molecular ions created in some
laboratory experiments.
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Figure 2. Air ion mobility temperature and pressure variation parameters τ
and ψ at pressure 1000 mb. The unmarked curves correspond to
temperature 0oC, the curves marked with + and – correspond to
temperatures +50oC and –50oC.
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The weakness of the Langevin rule is shown by an example. The air ion massmobility correlation in the mass interval of 35–2122 u has been measured by
Kilpatrick (1971) at 200ºC, and the mobilities have been published as reduced to
standard conditions using the Langevin rule. The fitting of these data yields a
regression equation

 850 u

K ≈ 3
− 0.3 cm 2 V -1s-1
m



m≈

850 u

(0.3 + K :cm V
2

−1 −1 3

s

)

published in CRC Handbook, 1993.
In the paper (Tammet, 1995) the original 200ºC data were restored and the
mobilities at 0ºC were recalculated according to the new model. Now the best fit is
achieved at different coefficients of the equation

 1200 u

K ≈ 3
− 0.2 cm 2 V -1s-1
m



m≈

1200 u

(

0.2 + K:cm 2 V −1s−1

)

3

The ratio of air ion masses 1200/850 estimated according to different
approximations is too big to be neglected.
The values of parameters in the size-mobility model can be justified after
improved experimental data of mass-mobility or size-mobility correlation becomes
available, and advanced models can be proposed. If the measurements are published
as reduced to standard conditions according to a certain model, a correction of the
data could be required in the future. Thus, the actual values of mobility completed
by the values of temperature and pressures are recommended for publication. If
only the reduced mobilities are published, the algorithms of reduction and
restoration of original data should be indicated.
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