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INTRODUCTION
The measurement of electrical mobilities is an important

source of empirical information about fine nanometer aerosol
particles. The mobilities are converted to particle diameters by
means of a mathematical model of the relationship between
electrical mobility and particle size. The international stan-
dard ISO 15900 recognizes the Stokes-Cunningham-Knudsen-
Weber-Millikan model (briefly the plain Millikan model)

Z = fM(p, T , d) = ne

3πηd

(
1 + Kn

(
A + B exp

(
− C

Kn

)))
,

[1]

where Z is the electrical mobility, ne is the particle charge, η

is the air viscosity, d is the particle diameter, Kn = 2l/d is the
Knudsen number, l is the mean free path of gas molecules, and
A, B, and C are the coefficients of the slip factor acquired from
a paper by Kim et al. (2005). Gas pressure and temperature are
included above because they are arguments of viscosity and the
Knudsen number. Comments about ISO 15900 are presented in
the online supplemental information.

The plain Millikan model is commonly accepted when con-
sidering sufficiently large particles. Complications come up in
case of fine nanometer particles. Effect of the finite size of
gas molecules will be discussed in next sections. Additionally,
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the concept of size is a subject of discussions because a fine
nanometer particle does not have solid surface and its geo-
metric size is a conventional parameter in the similar way as
the diameters of atoms and molecules are conventional quanti-
ties in crystallography. Mason (1984) recommended the mass
diameter (6m/(πρ))1/3, which is a diameter of an imaginary
equivalent sphere of the same mass m and of the density of
ion or particle matter ρ. The density of ionic matter exceeds
the density of condensed bulk matter about 1.9 times in case
of the simple cubic lattice and about 1.35 times in case of the
closest packing of equal rigid spheres. In the following, the
diameter of a particle is expected to be defined as the mass
diameter.

Tammet (1995) analyzed phenomena that are important when
considering the sub-3 nm particles. Later, Li and Wang (2003)
performed careful kinetic calculations and proposed an updated
model of mobility-size relationship. An alternative theoretical
model was advanced by Shandakov et al. (2005). However,
Wang (2009) pointed out that the key problem of transfer of the
scattering law still has no theoretical solution and some param-
eters can be estimated only by fitting a model to the empirical
data. The kinetic theory based theoretical models lead to com-
plicated computations and to difficulties in interpretation. These
models are mentioned in introductions of aerosol research pa-
pers but not used when processing the real measurements. Poor
success of theoretical models in the practice of aerosol research
motivates a search for simplified algorithms that should well
approximate the measurements and the kinetic theory based
models, and support simple interpretation when compared with
the classic Millikan model. The new simple general model of
size-mobility relation is proposed with the aim of developing
convenient algorithms for processing measurements and effec-
tive graphic comparison of different specific models. The model
is limited to singly charged spherical particles and does not allow
taking into account the chemical composition of particles. Fit-
ting the general model to the specific model by Tammet (1995) is
considered below as a technical example of the implementation
of the new model.
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THE CONSTANT-UPDATED MILLIKAN MODEL
The drag on a fine particle depends on the particle-molecule

collision diameter. In studies of fine nanometer particles, the
finite size of molecules cannot be ignored, and the Millikan
equation is often updated, replacing the particle diameter with
the sum of diameters of the particle and the gas molecule d +
dg. The diameter of the gas molecule is expected to be constant
and the model

Z = fM (p, T , d + dg) [2]

is called the constant-updated Millikan model in the present
article.

The constant-updated Millikan model fails within the limit
of molecular sizes. For example, the mobility of N2

+ ions in ni-
trogen at 300 K and standard pressure is 1.86 ± 0.18 cm2V−1s−1

(Mason and McDaniel 1988). The diameter of a nitrogen
molecule estimated according to the Loschmidt method or ac-
cording to the diffusion coefficient is about 0.37 nm. Equation
(2) issues at d = dg = 0.37 nm the mobility of 3.8 cm2V−1s−1.
The main reason for inconsistency is the neglecting of the polar-
ization interaction between charged particles and gas molecules.

Fernandez de la Mora et al. (2003) analyzed the measure-
ments of particles of a diameter less than 10 nm and found
a good agreement between measurements and the constant-
updated Millikan model at dg = 0.53 nm, which remarkably
exceeds the geometric diameter of gas molecules. Afterwards,
Ku and Fernandez de la Mora (2009) and Larriba et al. (2011)
compared the diameters and mobilities of particles down to the
molecular sizes. Larriba et al. (2011) concluded that the mea-
surements in the diameter range of 1.5–2.7 nm are in excellent
agreement with the constant-updated Millikan model at dg =
0.3 nm, which is less than the diameter of a nitrogen molecule.
Quantitative estimating of the uncertainty of fine nanometer
particle measurements is difficult, and the uncertainty of the
above-mentioned results remained unknown.

THE FUNCTION-UPDATED MILLIKAN MODEL
The quantity that replaces d in the plain Millikan model can

be called the effective Millikan diameter dM. The parameter dM

– d is actually an empiric parameter that may differ from the
geometric diameter of gas molecules. It will be called the di-
ameter extension and denoted � = dM – d. Comparison of the
experimental results by Fernandez de la Mora et al. (2003) and
Larriba et al. (2011) enables speculation that the diameter exten-
sion may vary with the particle size as predicted by the kinetic
theory based models. Dependence of the diameter extension on
the particle size according to the measurements is illustrated in
the supplemental information. The conclusion by Larriba et al.
(2011) about the constant value of � may tolerate the fitting of
the variations into the limits of uncertainty.

The proposal of the present study is to consider the diameter
extension as a variable quantity that depends on the particle

diameter and, to a smaller extent, on the temperature of the bath
gas � = f � (d, T). The function-updated Millikan model is
written

Z = fM (p, T , d + f�(d, T )) , [3]

where f M is the function of the plain ISO Millikan model (Equa-
tion (1)). A function of only two arguments, d and T , cannot
exactly represent the diameter extension, but the error, caused by
neglecting other possible arguments like gas pressure, usually
comes out less than a typical measurement uncertainty.

If a table of measured mobilities of nanometer particles of
well-known mass diameter d down to the molecular sizes is
available, then the values of the diameter extension can be tab-
ulated as

� = f −1
M (p, T ,Z) − d, [4]

where f −1
M is the inverse Millikan function assigning a

value of the diameter to the known mobility by means
of solving Equation (1). Next, the dependence of � on
the particle diameter and gas temperature is to be approx-
imated with as simple as possible mathematical function
� ≈ f � (d, T), which can be suggested as a tool for processing
the nanometer aerosol measurements.

NUMERICAL EXPERIMENTS
The function f �(d, T) is different for different gases. The ex-

periments below expect the air as the bath gas: � = f �air (d, T).
A study of the function f �air(d, T) requires a reference data table,
where mobilities of nanometer particles of different size in the
air are presented at different temperatures. Usage of measure-
ments presented with reduced mobilities is limited to datasets
wherein a correct inversion of applied reduction procedure is
possible; see explanations in Tammet (1998). The numerical
experiments are carried out using a provisional reference table
generated artificially using the model (Tammet 1995). Thus, the
derived approximation of the function f �air(d, T) should be con-
sidered as an example of implementation of the method, and
adjustment of the approximation is required in future.

The provisional reference table consists of mobilities for 29
diameters from 0.7 to 3.5 nm with a step of 0.1 nm at 11 values
of temperature from −50◦C to +50◦C with a step of 10 K. Some
changes were made in the published procedure (Tammet 1995):
two technical errors were corrected and the approximations of
gas viscosity and free path were replaced with approximations
acquired from ISO 15900. Parameters of the bath gas were
limited with parameters of the air. The density of particle matter
was expected to be a constant of 2 g cm−3 and it was excluded
from the list of explicit arguments of the mobility. The Pascal
code of the modified algorithm and additional explanations are
presented in the supplemental information.
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THE FUNCTION-UPDATED MILLIKAN MODEL iii

FIG. 1. Diameter extension required to fit the updated Millikan model with
the provisional reference table at p = 1000 mb. (Color figure available online.)

Figure 1 shows the dependence of the estimated � on the
diameter at three values of the temperature. It is compiled ac-
cording to Equation (4) where the values of d and Z were taken
from the reference table. The asymptotic value of � in the model
(Tammet 1995) is 0.6 nm composed of 0.37 nm collision diam-
eter of gas molecules and of 0.23 nm of extra distance caused
by other effects. The value of � decreases in the range of sub-
3 nm particles. This could partially explain differences in the
estimates of the gas molecule diameter in experimental studies
carried out with nanometer particles of different sizes.

The curves in Figure 1 can be approximated with a simple
expression

� ≈ f�air(d, T ) = 0.611 − 0.205 × exp(−2.4

× (d + 0.00135TC − 1.28)2) − 0.071/d, [5]

where TC is temperature in degrees Celsius. The values of co-
efficients were found when minimizing the sum of squares of
the deviation between the values of � calculated according to
Equation (5) and acquired from the provisional reference table.
The relative deviation of the mobility ZF = f M (p, T, d + f �air

(d)) calculated using the approximation (5) from the reference
value ZR is illustrated in Figure 2.

Neglecting of air pressure in Equation (5) appeared to be
justified. The curves in Figure 2 remained nearly invariant when
varying the air pressure between 800 and 1200 mb. The maxi-
mum effect of pressure of about 0.012% occurs at a diameter of
1.2 nm.

FIG. 2. Relative deviation of the approximate mobility from the reference data
at p = 1000 mb. (Color figure available online.)

Additional diagrams in the supplemental information show
that the approximation (5) supports the inverted transformation
from the measured mobility to the particle size well: the abso-
lute deviation of the size between the proposed model and the
reference data remains in an interval of −0.01 · · · + 0.01 nm
in the size range of 0.7 . . . 2.8 nm, and the absolute relative de-
viation does not exceed 1% for all particles of diameter above
0.7 nm.

CONCLUSIONS
The classic Millikan equation turns out to be inaccurate when

studying the finest charged nanometer particles or air ions. The
alternative kinetic theory-based models, such as by Tammet
(1995), Li and Wang (2003), and Shandakov et al. (2005), did not
have great success in aerosol measurements, and the Millikan
model is authorized in the international standard ISO 15900.

The Millikan equation is often updated by replacing the par-
ticle diameter with an effective diameter dM interpreted as the
sum of the diameters of the particle and the gas molecule dM = d
+ dg, where dg is expected to be a constant of the bath gas. Such
a model can be called the constant-updated Millikan model. The
quantity dg is an empiric parameter estimated by fitting its value
to the measurements (Fernandez de la Mora et al. 2003). The
results are different in different studies and seem to depend on
the diameters of the measured particles.

The proposal of the present study is to consider the diameter
extension � = dM – d as a variable that depends on the particle
diameter and, to a smaller extent, on the temperature. The corre-
sponding general model is called the function-updated Millikan
model. Numerical experiments with provisional reference data
show that the function �= f �(d, T) can be well approximated
with a simple mathematical expression. Improved specific mod-
els for processing of aerosol measurements could be developed
on the basis of the general model using enhanced reference data.
However, the necessity to recalculate the size distributions af-
ter each improvement of the size-mobility model advocates the
publishing of mobility distributions in case of precise measure-
ments.

The function-updated Millikan model enables to use the com-
mon computational procedures with a minor modification, and
enables interpretation in common terms explained in the stan-
dard ISO 15900.
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