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Abstract. The purpose of this thesis is to validate the Value at Risk (VaR)
model of the currency portfolio of the global FinTech company Wise, develop
the risk metrics further by introducing the Conditional Value at Risk (CVaR)
and estimating VaR and CVaR multipliers for different time horizons using
empirical percentile and Bayesian Model Averaging methods. The first two
chapters give an overview of the foreign exchange market and some of the
most common risk metrics. The third chapter presents the data, methods
used, and results. The results show that the current VaR models’ assumptions
are appropriate to calculate daily 95% VaR and CVaR, but would under-
estimate 95% CVaR for most of the shorter time horizons. Furthermore, the
two applied methods yield similar results, both suitable for computing 95%
VaR and CVaR for most time horizons between 1 to 24 hours.
CERCS research specialisation: P160 Statistics, operations research, pro-
gramming, financial and actuarial mathematics.
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GLOBAALSE FINTECH ETTEVÕTTE VALUUTAPORTFELLI
RISKIMÕÕDIKUTE VALIDEERIMINE JA EDASIARENDUS

Magistritöö
Anna-Helena Salurand

Lühikokkuvõte. Käesoleva magistritöö eesmärgiks on valideerida globaalse
FinTech ettevõtte Wise valuutaportfelli Value at Risk (VaR) mudelit ja aren-
dada riskimõõdikuid lisades Conditional Value at Risk (CVaR) mõõdiku
ning hinnates VaR ja CVaR kordajate väärtuseid erinevatele ajaperiood-
idele empiirilise protsentiili ja Bayesi mudelite keskmistamise meetodite abil.
Esimesed kaks peatükki annavad ülevaate valuutaturgudest ja levinumat-
est riskimõõdikutest. Kolmandas peatükis esitletakse kasutatud andmeid,
meetodeid ning tulemusi. Tulemused näitavad, et praeguse VaR mudeli eel-
dused on sobivad päevase 95% VaR ja CVaR arvutamiseks, kuid alahindaksid
enamiku lühemate ajahorisontide puhul 95% CVaR’i. Kaks töös rakendatud
meetodit annavad sarnaseid tulemusi ning mõlemad sobivad 95% VaR ja
CVaR hindamiseks enamiku ajaperioodide jaoks vahemikus 1 kuni 24 tundi.
CERCS teaduseriala: P160 Statistika, operatsioonianalüüs, programmeer-
imine, finants- ja kindlustusmatemaatika.
Märksõnad: valuutaturg, finantsriskid, riskiteooria
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Introduction

The foreign exchange market is the largest and most liquid financial market, form-
ing the base for the rest of the financial structure and trading. Among other reasons,
a diverse range of market participants engage in forex transactions with the purpose
of facilitating global trade, earning risk-based return or hedging currency risk. This
thesis focuses on the latter in the context of the global FinTech company Wise.

In order to form hedging decisions for a currency portfolio, risk is usually quantified
by a suitable risk metric. Two of the most widespread ways of quantifying market
risk are Value at Risk (VaR) and Conditional Value at Risk (CVaR). A model
for the former is also in place at Wise. Both of these metrics describe risk in
monetary units — FX gain or loss in case of a currency portfolio, making it easy
to comprehend and communicate.

The most complex part of computing VaR and CVaR is determining the distri-
bution of the FX gain or loss variable. The current VaR model assumes that FX
gain or loss variable is normally distributed with a zero mean, and estimates the
standard deviation of the portfolio based on recent history. In this thesis, the port-
folio volatility estimate is taken as given. The ratio of the realised risk (FX gain
or loss) to the estimated risk (portfolio standard deviation estimate) is first com-
puted based on historical data. This ratio can be used to validate the normality
assumption of the current model, but also compute estimates for the so called VaR
and CVaR multipliers that, in combination with the portfolio volatility value, can
be used to calculate VaR and CVaR values.

The main objective of this thesis is to validate the current Value at Risk model
used in the company with historical data, and propose and test confidence inter-
val estimates for the 95% VaR multipliers with two different methods: empirical
percentile method and Bayesian Model Averaging method. Furthermore, the aim
of this thesis is also to develop the current risk model further to include a metric
to describe the potential losses when VaR is exceeded — the CVaR. The goal is to
propose and test confidence interval estimates for the 95% CVaR multipliers with
the two aforementioned methods. In addition, this thesis also aims to conduct the
described validations, estimations and testing of the estimates for time horizons of
different length, varying from 1 to 24 hours, to be able to estimate the risk metrics
for different time horizons and analyse whether the choice of the time horizon has
an impact on the VaR and CVaR multiplier values.

This thesis consists of three chapters. The first chapter gives an overview of the
foreign exchange market, its history, participants, main transactions and instru-
ments and the costs and returns involved. The second chapter defines risk and
introduces different ways of measuring market risk: volatility, expected loss and
downside semi-deviation, VaR and CVaR. The third chapter of the thesis outlines
the case of Wise and its VaR model, describes the data used in the empirical part,
gives an overview of the two methods used in this thesis, presents the results and
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their analysis. Data used for computations was obtained from Wise. Computations
and visualisations were performed using Python programming language.

The author would like to thank the supervisors of this thesis, Raul Kangro and
Egor Kraev for their advice, feedback and support. The author is also grateful to
Wise for allowing to use their data for conducting the research.
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1 Foreign exchange market

The foreign exchange market (also forex, FX or currency market) is the in-
stitution facilitating the trading of one currency in exchange for another. While
the foreign exchange market initially emerged to enable merchants settle foreign
trades, risk management (hedging), arbitrage and speculation are nowadays equally
common use cases. As one of the oldest forms of financial markets, it constitutes
a base for the rest of the financial structure and trading, providing international
liquidity. The foreign exchange market is also the largest and most liquid financial
market where daily turnover reaches trillions of dollars. This chapter gives a brief
overview of the history of the foreign exchange market and explains its functioning:
participants, instruments and mechanics. (Hudson, 2013)

1.1 Brief history

Foreign exchange trading is thought to date back centuries, to the Babylonian
period. The oldest method of exchange, dating back to 6000 BC, is the barter
system, where goods were exchanged in return for other goods. Over time, certain
goods, such as salt and spices, became a popular subject of exchange. (Bradfield,
2018)

In the 6th century BC, first gold coins were produced, forging its way to become the
primary medium of exchange. Gold coins satisfied the essential expectations for the
main exchange asset: they were portable, durable, divisible, uniform, acceptable
and had limited supply. However, their heavy weight made them impractical to
carry around, which led to several countries adopting the gold standard in the
19th century. (Bradfield, 2018)

This meant that governments started to issue paper money guaranteeing to re-
deem it for its value in gold. Such a system, together with the widespread trust in
governments, allowed for the medium of exchange itself to be of a marginal worth
compared to the worth attributed to it by the counter-parties conducting the trade.
The equivalent of the exchange rate between two currencies was the price difference
of a unit of gold between the two currencies. (Bradfield, 2018)

As the price of a unit of gold in gold standard currencies was fixed, exchange
rates were also fixed. The actual exchange rates could deviate from the official
parity only by the cost of shipping gold — one could either exchange their local
currency to a foreign currency or exchange their local currency to gold, ship the
gold abroad and exchange gold for the foreign currency in the other country. The
costs of shipping gold in one direction or the other set the limits for the actual
exchange rate on the market and were called the gold points. With the prevalence
of the gold standard, most of the commercial world de facto operated in a single
currency area. (Bradfield, 2018; A. H. Meltzer, 2020)
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The gold standard became unfeasible to uphold during World War I — governments
started to print more money to cover their military expenses and suspended the
free convertibility of gold. After the war ended, countries aimed to restore the gold
standard. As a result of the money printing, prices had increased, and the two
feasible options for restoring the gold standard were devaluation and deflation.
For the intermediary period before all major currencies were again linked to gold,
exchange rates were determined by the market, fluctuating from time to time.
However, the gold standard established in the end of 1920s was far from that of
the prewar times, forcing deflation and unemployment. As a response, many major
economies left the gold standard. (A. H. Meltzer, 2020)

In July 1944 with World War II still waging, the Bretton Woods system was estab-
lished, ending the era of the gold standard and transitioning to the so-called dollar-
standard. Under the Bretton Woods agreement, driven by the United States and
the United Kingdom, and signed by more than 40 countries, an adjustable pegged
foreign currency market was formed. Governments would fix their currency’s ex-
change rate against the US dollar while the US dollar would be pegged to gold.
Ultimately, the US dollar became the benchmark currency and reserve currency —
the dollar became the most widely used currency in international trade and coun-
tries held most of their reserves in interest-bearing dollar securities. (Bradfield,
2018; A. H. Meltzer, 2020)

Over time, it became more difficult for the United States to honour its commitment
of converting dollars into gold at a fixed rate. The system of fixed exchange rates
had lived its time. In August 1971, President Richard M. Nixon ended the Bretton
Woods system by announcing that the United States would no longer sell gold. This
gave way to floating exchange rates determined by the market, as governments no
longer had to fulfill the obligation of maintaining a fixed exchange rate between its
currency and the dollar or gold. Now, currencies could be valued only against each
other and the gold market lost its role in the foreign exchange market. This can
be interpreted as the beginning of the modern forex market. (A. H. Meltzer, 2020;
Coppola, 2018)

Several countries with high dependency on foreign trade disliked the new order of
constantly fluctuating exchange rates. Consequently, some government fixed their
currency against another currency, like the US dollar or the German mark. To
foster greater economic integration, the Euro currency was formed in the 1990s,
replacing national currencies of most of the member states of the European Union.
This development significantly decreased the exchange rate risk for European banks
and businesses. Most economies abandoned their fixed exchange rate systems by
the end of the century. For the first time, it was the foreign exchange market trading
that determined foreign currency exchange rates, as opposed to the governments,
policies or commodity values. (Bradfield, 2018; A. H. Meltzer, 2020; Coppola, 2018)
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1.2 Market participants

The 1990s also witnessed rapid developments in electronic communication, which
in turn gave way to opening the forex market up to a wider range of participants.
In the 1970s and 1980s, foreign exchange market was directly accessible only to
large banks and financial institutions. The spread of the Internet facilitated the
creation of online networks between banks and businesses for automated quotation
and instant trading. Online trading platforms emerged, allowing individuals to par-
ticipate in the FX market. Such developments grew the foreign exchange market
tremendously and diversified both, the spectrum of market participants, the in-
tentions for engaging in the forex market and the range of FX products offered.
(Coppola, 2018)

The modern foreign exchange market is a global and decentralised over-the-counter
(OTC) market: there are no central regulations or national markets for individual
currencies. Most currencies can be traded against each other in any jurisdiction,
although there are some restrictions in place in some jurisdictions. Forex markets
operate 24/5.5, opening at 5:00am Sydney time on Monday and closing at 5:00pm
New York time on Friday. Practically all counter-parties involved in commerce rely
on the FX market in one way or another. The main participants of the foreign
exchange market are:

• Commercial banks operate as liquidity providers or market makers, fa-
cilitating the majority of FX trades between other market participants and
earning from commission fees and the difference between the buy (bid) and
sell (ask) prices. Commercial banks constitute the interbank market

• Corporations engage in the foreign exchange market primarily for two rea-
sons: to transact with counter-parties operating in another currency or to
mitigate the risk of currency rate fluctuations impacting the value of its
assets and liabilities

• Investment funds and institutional traders transact on the currency
market for executing international securities transactions and managing their
global operations. Furthermore, they may invest their assets on the forex
markets with the goal of gaining from exchange rate movements or diversifi-
cation of their portfolio

• Government bodies (e.g. central banks) mainly get involved in the FX
market with the purpose of policy implementation and commercial activity

• Information platforms such as Reuters and Bloomberg provide real-time
high accuracy data about the exchange rates and other aspects of the mar-
ket. Market participants rely on them for daily market analysis and trading
decisions (Kolakowski, 2020)
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• Forex brokers serve as the link between retail forex traders and the inter-
bank market, offering the possibility to purchase and hold currency pairs.
Moreover, forex brokers often allow their customers to access forex leverage
(Russell, 2021)

• Individual investors speculate on forex markets with the purpose of earn-
ing risk-based return, often engaging in day-trading. (FXPA, 2013; Segal,
2020)

According to the most recent Triennial Central Bank Survey of the Bank of In-
ternational Settlements, the daily trading volume on the foreign exchange market
reached $6.6 trillion (BIS, 2019). Large capitalisation of the forex market ensures
liquidity and reduces volatility. Despite having only a few members, the interbank
trading constitutes most of the daily volume, including trading between banks,
trades for clients and facilitated trading by banks’ own trading desks. Therefore,
the interbank market dictates currency values. The biggest share of the foreign
exchange trading is conducted on the London market (43.1%), followed by New
York, Singapore, Hong Kong and Tokyo. (Venketas, 2019; Amadeo, 2020)

1.3 Transactions and instruments

Contrarily to other financial markets, the forex is not an absolute value market: it
is not pricing or valuing an asset in absolute terms. The foreign exchange market is
a relative value market where one currency is valued in terms of another currency.
This means that each exchange rate value is impacted by developments in the
economies on both sides. (FXPA, 2013)

The currencies that are traded most often are called the major currencies. The
major currencies are USD, EUR, JPY, GBP, CAD, CHF, AUD. The most com-
monly traded currency pairs are similary called the major pairs, all of these include
USD on one side: EUR/USD, USD/JPY, GBP/USD, USD/CHF, USD/CAD, AU-
D/USD. Currency pairs which include one of the major currencies but exclude the
US dollar are called major currency crosses or minor pairs. The minor pair with
the highest turnover is EUR/JPY. Exotic pairs are currency pairs which include
the US dollar on one side and a currency other than one of the majors on the other
side, for example, USD/NOK, USD/MXN, USD/SGD. (Markets, 2019)

The US dollar remains the most dominant currency in the foreign exchange market.
It was on one side of 88% of all trades in 2019, followed by the euro (32%), the
Japanese yen (17%) and the British pound (16%). Currencies of emerging market
economies have gradually gained market share, reaching 25% of global turnover by
2019. (BIS, 2019)

A foreign exchange trade or a contract is essentially an agreement to exchange
two currencies. There are three main types of trades on the OTC foreign exchange
market. The following paragraphs will explain their main characteristics.
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Spot trade is an agreement to settle the currencies exchanged in two working
days. This means there will be a two working day period between the deal date,
when the trade agreement is confirmed, and the value date, when the currency
amounts are settled. One must note that weekends and holidays may also have an
influence on the two working day period. Originally, the two-day period was meant
for performing validity checks and allowing time for processing the transaction.
Nowadays, payment processing is much speedier, but one must still consider the
timezone differences and the remaining need for prudential controls. Spot trades
constitute 30% of the global currency market turnover (BIS, 2019). (Walmsley,
2000; Parker, 2018)

Spot exchange rates on the interbank markets are usually the main measure of the
value of one currency in relation to another and form the basis for any other foreign
currency exchange quotations. Contrarily to the order-driven equity market, spot
market is generally quote-driven, meaning that the market makers provide quotes
for executing a trade (FXPA, 2013). The currency for which the traded amount
is fixed in a quote is called the base currency and the one for which the amount
is variable is called the quoted currency. Quotes are usually given for pairs in the
form of base currency/quoted currency. For example, when one writes EUR/USD
1.2034, EUR is the base currency and USD is the quoted currency, and 1 EUR
= 1.2034 USD. Quotes can be divided into direct and indirect, where in the case of
the former the foreign currency is the base currency and in case of the latter the
domestic currency is the base currency. As the interbank market usually quotes
against the US dollar, the exchange cross rates, which are exchange rates between
two currencies where neither one is the dollar, are derived using the two respective
dollar quotes. (Walmsley, 2000; Parker, 2018; Coyle, 2000)

There are two spot rates: bid rate at which customers can sell the quoted currency
in exchange for the base currency, and ask rate at which customers can buy the
quoted currency in exchange for the base currency. The difference between the two
rates is called bid-ask spread. The mid-point between the bid and ask quotes is called
the mid rate or mid-market rate. Bid and ask rates are always set in a favourable
direction for the market makers: they would always buy the quoted currency at
a lower price and sell it at a higher price, thus the bid rate is always lower than
the ask rate. The difference — the bid-ask spread — forms the revenue base for
the market makers. Usually the more liquid the market, the narrower the bid-ask
spread. While trades on the interbank market between large banks are executed
at narrow spreads, smaller market participants seeking to trade would normally be
quoted a less favourable price, meaning a wider spread. (Coyle, 2000)

Forward trade (also forward outright) is also a trade where two counter-parties
exchange the agreed currency amounts between each other once at a pre-determined
rate. Forward trades allow for counter-parties to fix the exchange rate at which
currencies will be exchanged on the deal date and execute the settlement with this
pre-agreed rate on the value date. The main difference from a spot trade is the

10



value date: settlement takes place on any other day than two working days from
the deal date. The settlement date may be three or more days after the two working
days, but may also fall between the deal date and the spot date. (P. Pontikis, 2012)
Exchange deals with a value date before the spot date are called ante-spot, pre-
spot or short-date trades: outright value today or outright value tomorrow. Fixed
tenors refer to the standard FX contract durations, most common ones being TOD
(today), TOM (tomorrow), SN (spot next or one day after spot), 1 WEEK, 2
WEEK, 3 WEEK, 1 MONTH, 2 MONTH etc. (Parker, 2018; Just, 2021)

The forward rate or the rate at which a forward outright trade is quoted does not
represent the expectation for the spot rate on two working days prior to the value
date of the forward trade. The forward price is a function of the spot price, the
relative difference between the interest rates of the two currencies involved in the
deal, and the maturity of the contract. The forward exchange rate neutralises the
difference between the interest rates of the two currencies. If this was not the case,
investors could always buy currencies with higher interest rates, invest them in
time deposits and neutralise the exchange rate risk with a forward contract. The
difference between the spot and forward exchange rates is called forward points.
As the forward exchange rate does not reflect or depend on the expectation of the
future spot rate, it also does not reflect the future expectations of the interest rate
differential. Therefore, forward rate volatility is driven by several factors: the spot
price volatility and the interest rate changes for both currencies. (P. Pontikis, 2012;
Foreign Exchange Training Manual)

FX swap trade involves two outright trades: it is a combination of two agreements
to exchange a currency pair with two different value dates. The two agreements
are often called the legs of the swap, with the earlier one referred to as the near
leg and the later one as the far leg. FX swaps often contain a spot trade and a
forward trade, but could also be a combination of two forward trades. One may
also view the FX swap as a combination of a money market deposit and loan in
different currencies. This yields a negligible effect on the balance sheet compared
to outright trades. In April 2019, FX swaps accounted for almost half of global FX
trading. (Just, 2021; Neftci, 2008; BIS, 2019)

Swap trades can be used for moving the forward trade settlement date earlier or
later in time, by setting one leg of the swap so that it cancels out the forward trade.
The rates of the near and the far leg of the swap trade will be agreed upon at the
deal date, taking into consideration the spot rate and the interest rate differential
between the two currencies similarly to forward outright pricing. FX swaps’ price
is the difference between the forward and the spot rates and is mostly determined
by the interest rate differential. When trading FX swaps, one needs to cross the
bid-ask spread only once despite engaging in two currency exchange transactions in
total, and the FX swap spread is generally much tighter than the outright spread.
(Just, 2021; Neftci, 2008)

In addition to the three aforementioned trade types, there are several other in-
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struments traded on the foreign exchange market, such as futures, options, non-
deliverable forwards (NDFs) and cross-currency basis swaps. Furthermore, a small
minority of about 3% of the global turnover of the forex market is formed by or-
der driven instruments traded on exchanges as opposed to the OTC market share.
(Markets, 2019; P. Pontikis, 2012; BIS, 2019)

It is common to use leverage when trading on the foreign exchange market. This
means borrowing from an FX broker to execute currency exchange trades and it
is usually called margin trading. The trader has to provide the initial deposit
to the broker which is called margin — its own contribution to the trade — and
the broker will lend a multiple of it. The margin percentage required by the broker
depends on the customer’s profile and amounts traded, but can be as low as 1–2%.
Leveraged trading allows to reap higher gains from the market, but also bears the
risk of suffering higher losses than one would have when trading without leverage.
Margin trading also allows to gain more exposure while using up less liquidity than
without margin. This could be beneficial for the purpose of hedging, for example.
(Fieldhouse, 2012; Carver, 2019)

1.4 Cost and return

This subchapter will focus on different types of costs and returns associated with
holding a foreign currency position or transacting on the foreign exchange market.
As in the previous section, focus will be on the outcomes of the most common
trade types, acknowledging that more sophisticated instruments also come with
more complex cost and return structures and calculations. While the main types
of costs and returns will be elaborated, different custom fees applied by FX dealers
and brokers exist, but are not included in this section. Furthermore, cost and return
components will be explained from the viewpoint of a corporation transacting on
the foreign exchange market, as the thesis addresses foreign currency risk mitigation
from the perspective of a business.

Similarly to the holding of any other asset, be it real estate or equity, holding a
non-zero position in a foreign currency means that its value changes over time.
However, exchange rates are relative prices of one currency in terms of another.
Therefore, to understand if the value of a foreign currency position has increased
or decreased, one should look at the exchange rate of the foreign currency against
the functional currency of the entity holding the currency position. International
Financial Reporting Standards (IFRS) state: "An entity’s functional currency is
the currency of the primary economic environment in which the entity operates
(ie the environment in which it primarily generates and expends cash). Any other
currency is a foreign currency." The value of assets and liabilities held in foreign
currencies are usually translated into the functional currency using the spot rate.
(IAS, 2003)
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Definition (FX gains and losses). Foreign currency (FX) gain or loss is the
difference in the value of the foreign currency balance in the functional currency
at the time of valuation (fair value) and at the time of acquiring the position (book
value) using the spot rates of the foreign currency against the functional currency
at the respective points in time

RFX = Nf · (ff − fi), (1)

where RFX is the FX gain or loss in the functional currency, Nf is the nominal
value of the foreign currency position, ff and fi are the spot rates of the foreign
currency in relation to the functional currency at the times of valuing and acquiring
the position respectively. In this definition, the foreign currency is the base currency
and the functional currency is the quoted currency. (AICPA, 2018)

In case the foreign currency depreciates against the functional currency, those hold-
ing a position in that foreign currency will experience a loss whereas the apprecia-
tion of the foreign currency against the functional currency introduces a gain. An
unrealised FX gain or loss should be recognised if the foreign currency position
is still open or unsettled at the time of determining its fair value and calculating
the gains and losses. A realised FX gain or loss should be recorded when the
foreign currency position is sold or settled. ff in this case should be the spot rate
at the time of selling or settling the position. (AICPA, 2018)

When executing spot trades, the market maker will offer a different exchange rate
to the counter-party depending on whether it wishes to buy or sell a currency: ask
or bid rate respectively.

Definition (Spread cost). Spread cost of a foreign exchange trade is the mark-
up on the mid-market exchange rate earned by the FX dealer and suffered by the
business executing the trade.

In case of buying a currency, spread cost in absolute terms can be calculated as

Cs = Nf · (fa − fm), (2)

and when selling a currency

Cs = Nf · (fm − fb), (3)

where Cs is the spread cost in the functional currency, Nf is the nominal amount
of the foreign currency bought or sold and fb, fm and fa are the bid-, mid- and ask-
exchange rates of the foreign currency in relation to the functional currency at the
time of the transaction. In this definition, the foreign currency is the base currency
and the functional currency is the quoted currency. (Kantox, 2021)
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When discussing the pricing of forward trades in 1.3, we introduced the significance
of the interest rate differential arising from the difference of interest rates of different
currencies. In addition to the gains or losses incurred from the value change of the
currency position held, and transaction costs, there might also be costs or returns
related to holding currency positions. (Carver, 2019)

Definition (Carry). Carry (also interest) is the difference between earnings and
costs of holding a currency position arising from the interest rate differential. Carry
interest can be calculated as

Ic = N · (iforeign − ifunctional), (4)

where Ic is the carry interest earned in functional currency, N is the nominal value
of the foreign currency position in functional currency, iforeign and ifunctional are
the interest rates on the foreign and functional currencies for the period. (Carver,
2019)

One must keep in mind that carry can be both, positive and negative, as currencies
can earn both, positive and negative interest rates. Moreover, it is possible to take
short positions in currencies, essentially taking a loan in a foreign currency. This is
common practice in margin trading. When a positive position is taken in a higher
yielding currency against a negative position in a lower yielding currency with
the purpose of gaining from the interest rate difference, it is called carry trading.
(Carver, 2019; R. Zhang, 2019)
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2 Measuring risk

There are numerous varying definitions of risk depending on the discipline and
context being discussed. In finance and insurance, risk is often related to suffering
financial losses. For the purpose of this thesis, risk is defined as follows.

Definition (Risk). Risk is the possibility of an adverse deviation from the desired
outcome (Outreville, 1998).

For financial institutions, the outcome in question is usually the future net return
for which the company would often have an expectation. There are several funda-
mental sources of this uncertainty: credit risk, operational risk, liquidity risk and
market risk. In FX trading, market risk is usually prevailing — it is the uncertainty
of future returns due to changes in market conditions. When discussing foreign cur-
rency positions and trading, market risk is dominated by exchange rate risk which
is the uncertainty of future returns due to exchange rate changes. This thesis will
concentrate on the latter. (S. Manganelli, 2001; Döhring, 2008)

Once the existence of risk is recognised, there are several ways to operate: decide
to accept the risk and take no further action with regards to it, eliminate the
risk with the consideration of possibly having to accept the side effects or costs of
elimination, avoiding the risk in the first place by modifying behaviour or transfer
the risk to a third party, often by insurance contracts (Käärik, 2019). If a company’s
business model demands holding foreign currency positions, avoidance might not
be possible and acceptance might not fall under the risk appetite of the business.
Therefore, such companies often need to develop strategies to eliminate or reduce
the exchange rate risk, for example, by conducting currency hedging.

Definition (Currency hedging). Currency hedging by an entity holding a foreign
asset is the elimination or reduction of exchange rate risk by taking an opposite
position in the foreign currency resulting in the reduction of the volatility of the
value of its total position due to exchange rate fluctuations (M. M. Dacorogna,
2001).

Measuring risk usually comes down to measuring one or both of the two following
aspects: the possibility of a negative outcome (loss) and the deviation or variability
of the outcome over time in terms of the expected result (volatility) (Righi, 2019).
Decision on whether to include one, the other or both into the risk measurement
depends on what is seen as risk by the entity using the risk measurement. This
subchapter provides an overview of several ways of measuring risk, concentrating
on both of these aspects.

2.1 Volatility

In financial context, volatility is often measured as the standard deviation of the
rates of logarithmic returns of an asset, e.g. foreign currency position (Righi, 2019).
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Definition (Logarithmic return). Logarithmic return, shortly log return, is the
measure of gain or loss of an investment over a given period of time with respect
to changes in its market value, which is computed as

rt = ln

(
St

St−∆t

)
, (5)

where rt is the log return of an asset for time t and time interval of length ∆t,
St−∆t is its price at time t −∆t, the beginning of the observed time interval, and
St is its price at time t, the end of the observed time interval. (Kotze, 2005)

Research has shown that the normality assumption for the distributions of returns
on foreign exchange markets usually does not hold. There are two phenomena that
often occur in the time series of foreign exchange returns: heavy tails and volatil-
ity clustering. Therefore, assuming normality for the returns on foreign exchange
markets can lead to under-estimating the probability of extreme events, both on
the gaining and losing side. (Cotter, 2005)

Standard deviation of log returns — the measure of volatility — is the most common
measure of risk. The higher the standard deviation of the return of an asset, thus
also the higher the volatility, the higher the risk associated with the asset. However,
the true volatility of an asset of interest is hard to measure as well as constantly
changing. Therefore, different methods are used to estimate the volatility. One of
the most common methods is calculating historical volatility of an asset. (Kotze,
2005)

Definition (Historical volatility). Historical volatility is a measure of risk as-
sociated to an asset calculated as the sample standard deviation of a historical time
series of the log returns of the asset and is computed as

σ̂r =

√√√√ 1

n− 1

n∑
i=1

(ri − r̄)2, (6)

where σ̂r is the historical volatility of the asset, n is the number of equal time inter-
vals in the historical time period from which the sample of log returns is obtained,
ri is the log return for the i-th time interval and r̄ is the sample mean log return
defined as

r̄ =
1

n

n∑
i=1

ri. (7)

(Kotze, 2005)
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As volatility is usually far larger during trading hours than during market off-
hours, periods when trading is closed are usually ignored. Therefore, the time series
of historical returns used for estimating historical volatility often use consecutive
business days or market open hours as the equal time intervals. (Kotze, 2005)

Definition (Historical covariance). Historical covariance of two assets j and
k is defined as

ĉjk =
1

n− 1

n∑
i=1

(rij − r̄j)(rik − r̄k) (8)

where ĉjk is the historical covariance of the two assets j and k, n is the number
of equal time intervals in the historical time period from which the sample of log
returns is obtained, rij and rik are the log returns of assets j and k respectively for
the i-th time interval and r̄j and r̄k are the sample mean log returns of assets j and
k respectively. (E. J. Elton, 2009)

Definition (Historical portfolio volatility). Historical portfolio volatility of m
assets is defined as

σ̂P =

√√√√ m∑
j=1

m∑
k=1

wjwk ĉjk =
√
wT Ĉw (9)

where σ̂P is the historical volatility of the portfolio, ĉjk is the historical covariance
of the returns of two assets estimated over a finite historical time interval, ĉjj = σ̂2

rj
is the square of the historical volatility of the log returns of the j-th asset, wj is
the weight of the j-th asset in the portfolio, w is the vector of weights and Ĉ is the
historical covariance matrix. (E. J. Elton, 2009)

Assuming that random variables corresponding to log returns for non-overlapping
time intervals are iid random variables, the standard deviation of the log returns
of an asset or of a portfolio of assets can be scaled for different time periods using
the square root of the time interval in the units of the time interval for which the
standard deviation is given as the scaling factor

σh = σ
√
h, (10)

where σ is the standard deviation for an interval of 1 unit and σh is the standard
deviation for an interval of h units. Historical volatility for different period lengths
can be estimated using the same relation

σ̂h ≈ σ̂
√
h, (11)
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where σ̂ is the historical volatility for an interval of 1 unit and σ̂h is the estimate
of historical volatility for an interval of h units. For example, to convert daily
volatility to hourly volatility, one would need to execute the following calculation:
σ̂hour = σ̂day

√
1/24. (Kotze, 2005)

One of the main decision points when estimating risk with historical volatility is
the choice of n — the length of the historical period over which volatility is cal-
culated. Historical volatility is quite sensitive to outliers: a single volatile interval,
depending on the choice of n, might overestimate volatility for the immediate fu-
ture. However, the opposite might also occur, where historical volatility calculated
over a calm period will not give a reasonable volatility estimate for the immediate
future in case of the occurrence of a significant market event inducing a high volatil-
ity period. Nevertheless, due to volatility clustering, historical volatility might give
useful insights for forecasting the immediate future. Historical volatility method
can be modified to give different weights to time intervals, e.g. assigning higher
weights to the more recent time intervals. (L. H. Ederington, 2006)

Using standard deviation or variance as the standalone measurement of risk is often
criticised due to the fact that it only addresses the volatility or uncertainty aspect
of risk. If the returns of a particular asset are trending upwards over time, higher
volatility can increase the return potential of an investment. This is, however, usu-
ally not the case for currency portfolios held for conducting international business
and not for speculation. Standard deviation assumes a symmetric risk distribution
and assumes that unexpected gains are as risky as unexpected losses. Furthermore,
standard deviation is not an intuitive metric to grasp the magnitude of risk or
communicate it to relevant stakeholders. Nevertheless, standard deviation can be
used as an input to compute more comprehensive risk metrics such as Value at
Risk and Conditional Value at Risk, defined in subchapters 2.3 and 2.4. (Keppler,
1990; Sumnicht, 2009)

In addition to the historical volatility method and its modifications that use the
historical returns of the asset of interest, implied volatility can be used. Implied
volatility is a future-looking theoretical volatility measure of an asset. It is usu-
ally calculated based on current option prices for the period of interest, where the
underlying instrument is the asset for which volatility estimate is derived. Implied
volatility derivation uses option pricing models, such as the Black-Scholes model.
Furthermore, GARCH (Generalized Autoregressive Conditional Heteroskedastic-
ity) models are used for volatility estimation as they consider fat tails and volatility
clustering, both significant characteristics of returns distributions. (Kotze, 2005; L.
Lyons, 2005)

2.2 Expected loss and downside semi-deviation

Investors and asset holders usually perceive potential losses and the volatility of
their magnitude as risk. Therefore, metrics focusing only on the downside, are
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further suggested. Such measures also account for any upside- or downside-bias
that can occur. The following subchapters define some of the possible metrics of
risk which focus on the downside of returns — the aspect of losses in the concept
of risk. (Keppler, 1990; Sumnicht, 2009)

Definition (Loss). Loss is a measurement of realised risk calculated as

L = −min(X, 0), (12)

where X is the random variable which corresponds to the monetary outcome of an
investment. (Keppler, 1990)

When calculating loss in the context of financial returns, one would take X = r
where r is the log return of an asset and loss would then be calculated as

L = −min(r, 0). (13)

Expected loss is also used as a measurement of risk. It follows from probability
theory that expected loss can be calculated using the conditional expectation for-
mula: expected loss can be calculated as the product of the expected loss amount
for the period given that the loss occurred and the probability of making a loss

E[L] = E[−min(r, 0)] = −E[r | r < 0] · P (r < 0). (14)

Similarly to volatility, expected loss can be estimated using historical time series of
log returns. The probability of loss would then be calculated as the proportion of
losing periods out of all periods. The conditional expectation of log returns would
be calculated as the average loss size over all losing periods. (Keppler, 1990)

Definition (Downside semi-deviation). Downside semi-deviation is a downside
risk metric measuring the below-mean variability of log returns, calculated as

σsemi =
√

E[(min(0, r − µr))2], (15)

where r is the log return of the asset and µr is the mean log return.

Semi-deviation can be estimated by the sample semi-deviation

σ̂semi =

√√√√ 1

n

n∑
i=1

(min(0, ri − r̄))2, (16)

where n is the number of equal time intervals in the historical time period from
which the sample of log returns is obtained, ri is the log return for the i-th interval
and r̄ is the sample mean log return. (Hardy, 2006)
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If the investor is concerned by returns below a certain threshold different from the
mean return level, e.g. only negative returns, semi-deviation can be modified to
calculate the threshold semi-deviation. For that purpose the mean return r̄ should
be replaced by a suitable threshold value τ , e.g. τ = 0. (Hardy, 2006)

2.3 Value at Risk (VaR)

Definition (VaR). Value at Risk (VaR) is a statistical risk metric of potential
losses: Value at Risk V aRα at a given confidence level α ∈ (0, 1] and a given time
horizon is the smallest value q for which the probability that the loss variable L for
the given time horizon is higher than the threshold value q is smaller than 1 − α
under normal market conditions. V aRα can be calculated as

V aRα = min{q : P (L ≤ q) ≥ α}, (17)

where L is the loss variable and α is the confidence level. (Jorion, 2007)

V aRα can also be written as

V aRα = F−1
L (α), (18)

where FL(y) is the cumulative distribution function of the loss random variable L
(Hardy, 2006). Mathematically, at the confidence level α, V aRα is the α-percentile
of the distribution of loss for a given period of time. Value at Risk is usually given
as a positive number. For the case of foreign exchange gain or loss, the loss variable
can be written as

L = −RFX . (19)

The choices of the confidence level and time horizon are relatively subjective and
depend on the nature of the portfolio and the purpose of calculating VaR. Higher
confidence level should result in fewer occurrences of losses exceeding VaR, but will
also yield a higher VaR. As risk increases with the time horizon, choosing a longer
time horizon will also increase VaR. (Jorion, 2007)

Although VaR is more complex to calculate than the previously mentioned risk
metrics, it is a forward-looking metric and is easily explainable to various audi-
ences. Furthermore, it gives an aggregate view of a portfolio’s risk, taking into
consideration the current positions of individual assets, their risk and the correla-
tion of risk between different assets in the portfolio. VaR measures risk in the same
units as the bottom line of a company, in monetary units, which makes it easier to
comprehend. (Jorion, 2007)

The main steps in estimating VaR for a given portfolio are as follows:
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1. mark to market the current portfolio

2. estimate the loss distribution

3. set the time horizon

4. set the confidence level α

5. calculate the V aRα.

The most complex of the above steps is usually the second one. There are several
approaches one could take to estimate the loss distribution which can be divided
into: (a) parametric, (b) non-parametric and (c) semiparametric. While parametric
VaR models assume the loss distribution to belong to a parametric family, such as
the normal distribution or Student’s t-distribution, the non-parametric VaR models
make no assumptions about the distribution of losses, e.g. using historic data or
Monte-Carlo simulations. (S. Manganelli, 2001; Jorion, 2007)

Each approach to estimating the loss distribution has its pros and cons. In case of
the parametric approach, the chosen parametric distribution might not represent
the actual loss distribution well enough and result in under- or over-estimated VaR.
In case of using historic data to calculate VaR, the assumption that losses in the
near future are identically distributed as those from the past, which also might not
be true and can result in under- or over-estimated VaR respectively, when market
moves from a calmer period to a more volatile one or vice versa. (S. Manganelli,
2001)

VaR has some undesirable mathematical characteristics: lack of subadditivity and
convexity. Furthermore, it is coherent only under the normality assumption of re-
turns. As an example, VaR for a combination of two portfolios can be greater than
the sum of the individual VaRs of the two portfolios. Lastly, VaR can turn out to
be difficult to optimise, sometimes resulting in multiple local extrema. (S. Uryasev,
1999)

2.4 Conditional Value at Risk (CVaR)

One of the main aspects of VaR that has received critique is that it carries no
information about the losses exceeding the VaR threshold. Conditional Value at
Risk (CVaR), also Mean Excess Loss, Mean Shortfall, Expected Shortfall, or Tail
VaR, aims to fill this gap. With the same confidence level, portfolios with low
CVaR also have a low VaR, as VaR is the lower bound for CVaR by definition.
Contrarily to VaR, CVaR possesses some favourable mathematical characteristics,
it is a coherent risk measure. (S. Manganelli, 2001; S. Uryasev, 1999)

Definition (CVaR). Conditional Value at Risk (CVaR) at a given confidence
level α ∈ (0, 1] and a given time horizon is the conditional expectation of losses
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above V aRα for the same time horizon under normal market conditions and can
be computed as

CV aRα = E[L | L > V aRα], (20)

where L is the loss variable and V aRα is the value at risk level for the confidence
level α.

If the loss distribution is continuous, at least for loss values higher than V aRα,
conditional Value at Risk can also be written as

CV aRα =
1

1− α

∫ ∞
V aRα

yfL(y)dy, (21)

where fL(y) is the distribution function of the loss random variable L. (S. Uryasev,
1999; Hardy, 2006)

Figure 1: Graphic illustration of VaR and CVaR (C. Filippi, 2020)

Figure 1 illustrates the concepts of VaR and CVaR for a loss random variable with
a continuous probability density function. α denotes the confidence level of the
VaR and CVaR and the highlighted area under the probability density function
where loss is higher than VaR is 1 − α. Furthermore, one can see how VaR is the
effective lower bound for the CVaR value.
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3 Validation and development of risk metrics

This chapter focuses on the empirical validation and development of the current
VaR model used for monitoring and managing the foreign currency risk at the
global FinTech company Wise. Firstly, a brief overview of the company’s business
model and its relation to foreign exchange markets is given. Secondly, the current
VaR model set-up is explained. Thirdly, the data used in the empirical part of
the thesis is introduced. Lastly, the two different methods: determining empirical
percentile and Bayesian Model Averaging are introduced, applied and compared.
In addition to validating and suggesting improvements to the current VaR model
of the company, CVaR multiplier estimates based on the same model are also
proposed.

3.1 Case of a global FinTech company

Wise is a global FinTech company founded in 2010 with a mission to help people
manage their money internationally at a lower cost, higher speed and transparency.
The company has over 10 million customers and processes over 5 billion EUR
in cross-border transactions every month. Over 30% of its international transfers
are instant (delivered in less than 20 seconds). Wise saves around 1.15 billion
EUR every year for its customers compared to using a traditional bank for cross-
currency transactions. The company offers a range of products involving currency
conversions, the main ones being:

• foreign currency transfers at mid-market (spot) rate with a transparent fee
charged on top (no hidden spread in the exchange rate)

• multi-currency account to hold several currency balances and convert your
balance between currencies at mid-market rate

• local bank details to receive funds to your multi-currency account like a local

• debit card to spend your multi-currency account balance in whichever cur-
rency

• direct debits to spend your multi-currency account balance for recurring
payments.

Wise operates globally — there are 80 countries one can send money to and 43
countries one can send money from using Wise. The multi-currency transfer ser-
vice covers 2500 currency routes and offers 55 currencies. The Wise multi-currency
account is available in more than 170 countries, offering local bank details in 10
currencies and the ability to hold a balance in additional 45 currencies. Further-
more, Wise has issued 1.4 billion debit cards since their launch in 2018, which can
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be used for spending in any currency in the world, in which one can make purchases
using a debit card.

Wise manages to keep its currency coverage high and fees low by using a network
of local bank accounts instead of the traditional slow and costly correspondent
banking. When a customer makes a cross-currency transaction with Wise, money
never actually crosses borders, as the payin and payout are made to and from the
company’s local bank accounts. Nevertheless, from the company’s point of view,
not all routes are symmetric and in the course of its natural business cycle, Wise
accumulates excess assets in some currencies and excess liabilities in others. As a
result, the treasury department needs to trade currencies in bulk to cater for the
liquidity needs of the product offering.

Furthermore, the treasury function is also responsible for monitoring the foreign
exchange risk and taking hedging actions to mitigate the risk. As the company offers
cross-currency products 24/7, the currency positions are constantly changing. A
Value at Risk model has been developed for live monitoring of the foreign currency
risk. The model gives a live view of the daily 95% VaR. Several thresholds have
been set to the daily VaR level — when they are reached, appropriate hedging and
other risk mitigation actions are triggered. The VaR model in use plays an essential
role in the risk management framework of the company. Therefore, it is essential
to eliminate the model risk and validate the accuracy of the outputs of the VaR
model, adjusting its parameters if needed. In addition, Wise does not currently
monitor any metrics describing the potential losses in case VaR is exceeded. This
thesis also aims to bridge this gap and suggest parameter ranges for calculating
the Conditional Value at Risk metric based on the VaR model already in use.

The current VaR model of the company uses a parametric approach, namely the
variance-covariance method for the live calculation of the live VaR level:

1. The vector N of current notional values of foreign currency positions is cal-
culated: the current net currency positions are marked to market — that is,
converted to GBP as the local currency for the portfolio — using the latest
available mid-market exchange rates obtained mainly from Reuters, but also
from XE and some central banks.

2. For each day, the variance-covariance matrix Ĉ of log returns of currencies
is estimated as follows:

(a) hourly log returns are calculated from to-GBP mid-market currency
rates for the last eight business days (excluding weekends)

(b) for each date and currency, Kendall tau correlations and standard de-
viations of the hourly log returns are calculated

(c) estimates for both, correlations and standard deviations are exponen-
tially smoothed over the eight days using smoothing rate of 0.95 for
correlations and 0.8 for standard deviations
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(d) exponentially smoothed estimates of correlations and standard devia-
tions of log returns are used to compile the estimated covariance matrix
of log returns.

3. The FX gain and loss distribution is assumed to be a normal distribution
with zero mean and variance equal to the variance of the portfolio.

RFX ∼ N (0, σ2), (22)

where variance is equal to
σ2 = NTCN, (23)

where N is the vector of notional values of net foreign currency positions
in GBP units and C is the variance-covariance matrix of the log returns of
the assets in the portfolio. However, as the actual covariance matrix and
therefore also the actual variance of the portfolio is unknown, it is estimated
by

σ̂2 = NT ĈN, (24)

where Ĉ is the estimate of the variance-covariance matrix introduced in the
previous step.

4. The company monitors the daily Value at Risk at a 95% confidence level.
Therefore, the live VaR level is calculated as

V aR95 = |F−1
RFX

(0.05)|, (25)

where F−1
RFX

(p) is the inverse cumulative distribution function of the FX gain
or loss random variable RFX . VaR is usually presented as a positive value,
therefore also the absolute value is taken. As the FX gain or loss random
variable is assumed to be normally distributed, V aR95 is approximately equal
to

V aR95 ≈ 1.645 · σ̂. (26)

Prior research has shown that the normality assumption does not usually hold for
returns on the foreign exchange market. Therefore, the current assumption of the
model might result in inaccurate VaR estimates, potentially under-estimating the
risk. Furthermore, several assumptions are taken when estimating the variance-
covariance matrix of the log returns of currencies. For the aforementioned reasons,
model validation is necessary to confirm the adequacy of the VaR model in use by
the company.

3.2 Data description

The following data sets are gathered from the company’s data sources for a 22-
month long period from 01/07/2019 to 30/04/2021.
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1. Beginning of the hour net foreign currency positions for each hour in
the period are obtained. GBP is taken as the local currency of the company
and there are 143 foreign currencies in which the company held a non-zero
position at least once during the period observed. The net position is defined
as the sum of assets, liabilities and hedges executed on margin and is given
in the units of the respective foreign currency.

2. Beginning of the hour to-GBP mid-market currency rates for each
hour in the period are gathered. The primary source for the rates stored in
the company database is Reuters. XE and local central banks’ data sources
are used for a few currencies. Exchange rates are gathered for all 143 foreign
currencies in which the company held a non-zero position at least once during
the period.

During data gathering, it was noted that rates for some currencies and some
hours are missing from the data set. However, the missing data does not
constitute a large part of the rates data set: 69% of currencies have < 0.5%
of values missing, 76% of currencies have < 1%, 92% of currencies have < 2%
and 97% of currencies have < 3% of values missing. Out of the four currencies
which have more than 3% of values missing, one is a currency in which the
company only held a negligible non-zero position at 2% of the hourly intervals
in the observed period, two are currencies in which the company does not hold
a large position over the period and one is a currency in which the company
holds a moderate position compared to the portfolio size. To address the
missing data, forward-filling of rates was used: NaN values were replaced
with the previous available hourly rate for the currency. In case the first rate
or rates of the period were missing, back-filling was used: NaN values were
replaced with the earliest available hourly rate for the currency.

3. Daily covariance matrix estimates of log returns for each day and all
currencies held in the portfolio were extracted. These are the same covari-
ance matrices that the company uses for its current VaR calculation. The
covariance matrix estimates are taken as given in this thesis, as the purpose
is to validate the current model without changing the underlying data used
by the model.

For the purpose of validating the current VaR model, the ratio of realised risk
to the estimated standard deviation of the risk is calculated. While the VaR
model gives a live estimate of the standard deviation of the risk for the immedi-
ate future, the risk amount that will realise in the immediate future is unknown.
Information about the relation between the realised risk and the estimated stan-
dard deviation of the risk can inform assumptions about the magnitude of risks
that can potentially realise in the immediate future. Therefore, the following sub-
chapters will proceed with investigating the mentioned ratio of realised risk to the
estimated standard deviation of the risk.
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Realised risk is measured as the FX gain or loss and the estimate of standard
deviation of the risk is calculated in line with the algorithm used in the current VaR
model. The mentioned ratios are calculated for periods of length h = 1, 2, 3, ..., 24
hours and for each i-th consecutive non-overlapping interval of length h in the
period, where i = 1, 2, 3, ..., n and n is the total number of respective intervals in
the period. The value of n is different for each value of h, as only non-overlapping
periods are taken into consideration.

xih =
RFXih
σ̂ih

(27)

1. Realised risk or FX gain or loss is firstly calculated separately for each cur-
rency as the product of the beginning of the i-th period net foreign currency
position and the difference between the to-GBP exchange rate at the end
and at the beginning of the i-th period as defined in equation 1. The total
FX gain or loss of the portfolio RFXih is the sum of the FX gains and losses
of the individual currency positions for the i-th period.

2. Estimated standard deviation of the risk σ̂ih is calculated as per equa-
tion 24, where the vector of notional values of net foreign currency positions
in GBP units is taken for the beginning of the i-th period and the covari-
ance matrix of the respective day in which the i-th period begins, is scaled
according to the period length h as per equation 11.

As the raw data obtained has an hourly granularity, when h = 1, the ratio xi1
is calculated for each hour in the period. For h ≥ 2, the ratio xih is calculated
for consecutive non-overlapping time periods, first period starting at the first data
point available in the raw data: the midnight of the first day in the data set. For
example, in case h = 4, the first value of the ratio x1,4 is calculated for 01/07/2019
00:00 – 04:00, second value x2,4 for 01/07/2019 04:00 – 08:00 etc.

Foreign exchange markets operate 24/5.5 and the company is interested in moni-
toring the risk metrics during the period when markets are open. This is because
during the period when markets are closed, the exchange rates do not change and
as a result no FX gains or losses are experienced — no risk is realised. Therefore,
time periods which contain at least one hour from the market off-hours period of
22:00 Friday to 21:00 Sunday UTC, are excluded from the time series.

The two methods used for validating the VaR model, described in the following
subchapters, assume that the vectors xh consist of independent observations. To
confirm this assumption, the time series for hourly ratios x1 was tested for au-
tocorrelation. Figure 2 depicts the output of the pandas autocorrelation_plot
function under the plotting module. The horizontal lines in the plot correspond
to 95% and 99% confidence bands. One can observe some autocorrelation coeffi-
cients in the x1 time series being slightly over the 95% and 99% confidence bands
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Figure 2: Autocorrelations of x1, the hourly ratios of realised risk to the
estimated standard deviation of the risk.

suggesting a weak autocorrelation. However, the autocorrelation can be deemed
weak enough to be insignificant and for further calculations, the vectors xh will be
assumed to consist of independent observations.

Figure 3: Minimum and maximum values and standard deviation of xh.

In Appendix 1, Figure 12, the histograms of xh for all values of h are included. It can
be noted that the sample mean is very close to zero, ranging from−0.0143 to 0.0187.
However, the sample standard deviation is larger than one for all values of h (see
Figure 3), ranging from 1.0534 to 1.1538. Although xh for smaller values of h can
be noted to have a standard deviation in the higher range of observed values, there
is no clear trend in sample standard deviation of xh decreasing with h increasing.
Nevertheless, extreme values, especially on the negative side, where realised risk
exceeds the estimated standard deviation of the risk, are higher in absolute terms
for smaller values of h. xh,min and xh,max do not decrease significantly with the
increase of h for h ≥ 11, as can be observed on Figure 3.
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3.3 Empirical percentile method

The current VaR model assumes the ratios xih to be standard normal random
variables xih ∼ N (0, 1). Using historical data, the aim of the empirical percentile
method is to validate this assumption and give empirical estimates for the VaR
multiplier values qαh, calculated as the absolute values of (1−α)-percentile of xh.
The empirical percentile values could be used to calculate the live V aRαh for the
currency portfolio by

V aRαh = qαh · σ̂h, (28)

where α is the confidence level of the VaR value, h is the length of the period for
which the VaR value is computed in hours and σ̂h is the estimate of the standard
deviation of the risk computed as per equation 24 using the current vector of
notional values of net foreign currency positions in GBP units and the estimate of
the variance-covariance matrix for the current day scaled to the period of length h
hours as per equation 11. As the company’s risk management policy sets thresholds
to 95% VaR, the confidence level is set to α = 0.95 for all following computations.

The company does not currently monitor any risk metrics describing the potential
losses once VaR is exceeded. To improve the risk management tools of the company,
the empirical CVaR multipliers pαh, which are calculated as the mean tail ratios
given qαh is exceeded, is also calculated based on the empirical values of xh as

pαh =

∣∣∣∣∑n
i=1 xihIqαh(xih)∑n
i=1 Iqαh(xih)

∣∣∣∣ , (29)

where Iqαh(xih) is the indicator function indicating whether the VaR level for the
respective period length and confidence level has been exceeded

Iqαh(xih) :=

{
1 if xih < −qαh ,
0 if xih ≥ −qαh .

(30)

Using the empirical CVaR multiplier pαh, the live CV aRαh for the currency port-
folio can be calculated similarly to V aRαh as

CV aRαh = pαh · σ̂h. (31)

3.4 Bayesian Model Averaging method

In addition to the non-parametric empirical percentile method, a simplified Bayesian
Model Averaging (BMA) method is used to estimate the values of qαh and pαh.
This subchapter and the application of the BMA method is based on David J.C.
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MacKay’s book "Information Theory, Inference, and Learning Algorithms" (MacKay,
2003). The method is based on fitting several different continuous distributions to
the data set. Instead of choosing one of the distributions as most suitable as per
some appropriate metric, VaR and CVaR multipliers are computed from all the fit-
ted distributions and the final estimates for qαh and pαh are given as the likelihood
weighted averages of the individual distributions’ VaR and CVaR multipliers.

Firstly, a list of k different candidate distributions is set: double gamma, double
Weibull, exponentially modified normal, folded normal, generalised normal, gener-
alised extreme value, left-skewed Gumbel, right-skewed Gumbel, hyperbolic secant,
Laplace, logistic, Moyal, non-central Student’s t, normal, normal inverse Gaus-
sian, Pearson type III, skew-normal, Student’s t, triangular, truncated normal and
Tukey-Lambda. The list of candidate distributions is chosen based on available
continuous probability distribution functions in the Python scipy.stats module
with a support for the argument on the whole real line. (SciPy, 2021) Equal prior
probabilities are set for all candidate distributions

P (Hk) =
1

m
∀k, (32)

where Hk denotes the k-th candidate distribution, k = 1, 2, ...,m and m = 21 is
the number of candidate distributions.

Secondly, all m candidate distributions are fitted to the data sets xh and the
maximum likelihood estimates (MLE) for distribution parameters are obtained.
This step is conducted using the scipy.stats.rv_continuous.fit method, which
maximises the log-likelihood function. Using the MLE estimates of the parameters,
the estimates for qαh and pαh are calculated for each fitted distribution as

q̂kαh = −F−1
k (1− α) (33)

p̂kαh = − 1

1− α

∫ −q̂αh
−∞

yfk(y)dy, (34)

where F−1
k (β) and fk(y) denote the inverse cumulative distribution function and

the probability distribution function of the k-th fitted distribution.

Next, to obtain weights for the multipliers calculated for each model, the posterior
probabilities of each models given the data D need to be assessed. Based on the
posterior probability of each model being

P (Hk | D) ∝ P (D | Hk)P (Hk) (35)

and P (Hk) being equal for all models, P (D | Hk), the evidence of each model needs
to be determined. Evidence can be computed as

P (D | Hk) ' P (D | wk,ML,Hk) · P (wk,ML | Hk)σw|D, (36)
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where the first term P (D | wk,ML,Hk) is the best fit likelihood function value and
the second term is called ’Occam factor’ with a value less than one that penalizesHk
for having the parameters w. For the purpose of this thesis, a simplified approach
is taken, the Occam factor is not estimated and evidence is approximated as

P (D | Hk) ≈ P (D | wk,ML,Hk) (37)

and the posterior probability based weights of the models are taken to be propor-
tional to the likelihood function value at the MLE estimates for parameters

uk ∝ P (D | wk,ML,Hk). (38)

In practice, the following steps are taken to compute the weights uhk for each
combination of period length h and model k:

1. Log-likelihood function values lhk for the given data and MLE parameter esti-
mates is calculated using the scipy.stats.rv_continuous.logpdf method.

2. The log-likelihood function values are large negative numbers and taking
the exponent of them directly to obtain the likelihood function value would
often yield 0 as the result due to rounding. Therefore, for each iteration of
computing the estimates of qαh and pαh, the maximum log-likelihood of all k
values lhk,max is determined and subtracted from all k models’ log-likelihood
values

l∗hk = lhk − lhk,max. (39)

This essentially scales the log-likelihoods of all models into the units of the
log-likelihood of the model with the highest log-likelihood.

3. Finally, the weights are calculated as exponents of the scaled log-likelihoods

uhk = exp (l∗hk), (40)

which still ensures that the weights are proportional to the likelihood function
values, as

uhk = exp (l∗hk) = exp (lhk − lhk,max) =
exp (lhk)

exp (lhk,max)
∝ exp (lhk), (41)

where the likelihood function value Lhk can be written as

Lhk = exp (lhk), (42)

and therefore
uhk ∝ Lhk. (43)
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Lastly, the likelihood-weighted average estimates for VaR and CVaR multipliers
are calculated as

q̂αh =

∑m
k=1 uhk q̂kαh∑m
k=1 uhk

(44)

p̂αh =

∑m
k=1 uhk p̂kαh∑m

k=1 uhk
(45)

and these values can be applied to calculate the estimates for V aRαh and CV aRαh
exactly the same way as described in the previous subchapter.

3.5 Confidence intervals and testing

Regardless of the method used for deriving the estimates of the VaR and CVaR
multipliers qαh and pαh, the data set available for the computations is finite. There-
fore, to be better informed to make any conclusions from the results, in case of both
methods, confidence intervals are calculated for the multiplier values by bootstrap-
ping.

Furthermore, to test the obtained estimates for the VaR and CVaR multipliers, the
full data set is split into training and test set. For each value of h, the first 70% of
values in xh are assigned to the training set and the last 30% to the test set. As n,
the length of the time series, varies for different values of h, the size of the training
and test set is different for each value of h (see Figure 4).

Figure 4: Training and test set sizes for different values of period length h.
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3.5.1 Bootstrap confidence intervals

Using the training set, the following steps are taken to obtain 95% confidence
intervals for qαh and pαh, where α = 0.95 and h = 1, 2, 3, ..., 24:

1. Sample values for both multiplier estimates q̂αh and p̂αh are calculated using
the full training data set. These are used as the estimates for the true values
of qαh and pαh.

2. To calculate the 95% confidence intervals for the multipliers, we estimate the
distributions of

δqh = q̂αh − qαh (46)

and
δph = p̂αh − pαh (47)

by bootstrapping. Empirical bootstrap sample, that is, a resample from the
training data set with the size equal to the training data set size ntrain is
obtained m times. For the empirical percentile method, the number of boot-
strap samples taken was m = 20 000 and for the Bayesian Model Averaging
method m = 75. The latter value of m is much smaller due to restrictions
on computation time.

For each bootstrap sample, multiplier values q∗jαh and p∗jαh are estimated
and their difference from the sample values q̂αh and p̂αh are computed. For
each bootstrap sample j, where j = 1, 2, ...,m the following values are cal-
culated

δ∗jqh = q∗jαh − q̂αh (48)

δ∗jph = p∗jαh − p̂αh (49)

δ∗qh and δ∗ph are used as estimates of the distributions of δqh and δph.

3. If the distributions of δqh and δph were known, the 0.025 and 0.975 critical
values for both δqh,0.025, δqh,0.975 and δph,0.025, δph,0.975 could be determined
and the confidence intervals could be derived from

P (δqh,0.025 ≤ q̂αh − qαh ≤ δqh,0.975 | qαh) = 0.95 (50)

P (δph,0.025 ≤ p̂αh − pαh ≤ δph,0.975 | pαh) = 0.95 (51)

which can also be written as

P (q̂αh − δqh,0.025 ≥ qαh ≥ q̂αh + δqh,0.975 | qαh) = 0.95 (52)

P (p̂αh − δph,0.025 ≥ pαh ≥ p̂αh + δph,0.975 | pαh) = 0.95. (53)
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With the bootstrap method, the critical values are approximated by δ∗qh,0.025,
δ∗qh,0.975 and δ∗ph,0.025, δ

∗
ph,0.975 which are calculated from δ∗qh and δ∗ph as 2.5-

percentile and 97.5-percentile of the respective data set of differences. As a
result, the 95% bootstrap confidence intervals for qαh and pαh are obtained
as

[q̂αh − δ∗qh,0.025, q̂αh + δ∗qh,0.975] (54)

[p̂αh − δ∗ph,0.025, p̂αh + δ∗ph,0.975]. (55)

(J. Orloff, 2014)

3.5.2 Performance metrics and testing

To test the computed bootstrap confidence interval estimates of qαh and pαh the
following performance metrics are calculated respectively:

• Percentage of times VaR is exceeded

testqh =

∑ntest
i=1 Iqαh(xih)

ntest
· 100%, (56)

where ntest is the size of the respective test set. As the multiplier values are
calculated for 95% confidence level, the benchmark value for testqh is 5%.

• Percentage deviance of mean tail ratio (given qαh has been ex-
ceeded) from pαh

testph =

∑ntest
i=1

xih+pαh
pαh

Iqαh(xih)∑ntest
i=1 Iqαh(xih)

· 100%. (57)

If Iqαh(xih) = 1 then xih < 0, and as pαh > 0, then negative values of testph
indicate that the mean tail loss given VaR level was exceeded is higher than
the CVaR threshold and vice versa. The benchmark value for testph is 0%.

Similarly to the training set, the test set is also finite. Therefore, the same boot-
strapping method as described in subchapter 3.5.1 for computing the confidence
interval estimates for VaR and CVaR multipliers is applied to obtain confidence
intervals for testqh and testph. For both performance metrics, their 95% bootstrap
confidence interval is calculated twice, firstly for testqh,L and testph,L given the
lower bound values of the confidence interval of the respective VaR or CVaR mul-
tipliers

q̂αh,L = q̂αh − δ∗qh,0.025 (58)

p̂αh,L = p̂αh − δ∗ph,0.025 (59)
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and secondly for testqh,U and testph,U given the upper bound values of the confi-
dence interval of the respective VaR or CVaR multipliers

q̂αh,U = q̂αh + δ∗qh,0.975 (60)

p̂αh,U = p̂αh + δ∗ph,0.975. (61)

In more detail, the following steps are conducted:

1. Using the full test set, sample values for both multipliers’ performance met-
rics’ estimates given the upper and lower bounds of the confidence intervals
of the VaR and CVaR multipliers are computed. The following estimates are
obtained

t̂estqh,L =

∑ntest
i=1 Iqαh,L(xih)

ntest
· 100% (62)

t̂estph,L =

∑ntest
i=1

xih+p̂αh,L
p̂αh,L

Iqαh,L(xih)∑ntest
i=1 Iqαh,L(xih)

· 100% (63)

and

t̂estqh,U =

∑ntest
i=1 Iqαh,U (xih)

ntest
· 100% (64)

t̂estph,U =

∑ntest
i=1

xih+p̂αh,U
p̂αh,U

Iqαh,U (xih)∑ntest
i=1 Iqαh,U (xih)

· 100%, (65)

where

Iqαh,L(xih) :=

{
1 if xih < −q̂αh,L ,
0 if xih ≥ −q̂αh,L

(66)

Iqαh,U (xih) :=

{
1 if xih < −q̂αh,U ,

0 if xih ≥ −q̂αh,U
. (67)

These are used as the estimates for the true values of testqh,L, testph,L,
testqh,U and testph,U given the lower and upper bounds of the VaR and
CVaR multipliers’ estimates respectively.

2. To calculate the 95% confidence intervals for the performance metrics, we
estimate the distributions of

δtestqh,L = t̂estqh,L − testqh,L (68)

δtestph,L = t̂estph,L − testph,L (69)

δtestqh,U = t̂estqh,U − testqh,U (70)

δtestph,U = t̂estph,U − testph,U (71)
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by bootstrapping. The number of bootstrapping samples m taken remains
the same as used when bootstrapping for VaR and CVaR multipliers’ confi-
dence intervals.

For each bootstrap sample, multiplier values test∗jqh,L, test
∗
jph,L, test

∗
jqh,U

and test∗jph,U are estimated and their difference from the sample values ob-
tained in the precious step are computed. For each bootstrap sample j, where
j = 1, 2, ...,m the following values are calculated

δ∗testjqh,L = test∗jqh,L − t̂estqh,L (72)

δ∗testjph,L = test∗jph,L − t̂estph,L (73)

δ∗testjqh,U = test∗jqh,U − t̂estqh,U (74)

δ∗testjph,U = test∗jph,U − t̂estph,U (75)

and used as estimates of the distributions of δtestqh,L , δtestph,L , δtestqh,U and
δtestph,U respectively.

3. If the distributions of δtestqh,L , δtestph,L , δtestqh,U and δtestph,U were known,
the 0.025 and 0.975 critical values for all four could be determined and the
confidence intervals could be derived from

P (δtestqh,L,0.025 ≤ t̂estqh,L − testqh,L ≤ δtestqh,L,0.975 | testqh,L) = 0.95 (76)

P (δtestph,L,0.025 ≤ t̂estph,L − testph,L ≤ δtestph,L,0.975 | testph,L) = 0.95 (77)

P (δtestqh,U ,0.025 ≤ t̂estqh,U − testqh,U ≤ δtestqh,U ,0.975 | testqh,U ) = 0.95 (78)

P (δtestph,U ,0.025 ≤ t̂estph,U − testph,U ≤ δtestph,U ,0.975 | testph,U ) = 0.95. (79)

With the bootstrap method, the critical values are approximated the same
way as described in the previous subchapter. As a result, the 95% bootstrap
confidence intervals for testqh,L, testph,L, testqh,U and testph,U are obtained
as

[t̂estqh,L − δ∗testqh,L,0.025, t̂estqh,L + δ∗testqh,L,0.975] (80)

[t̂estph,L − δ∗testph,L,0.025, t̂estph,L + δ∗testph,L,0.975] (81)

[t̂estqh,U − δ∗testqh,U ,0.025, t̂estqh,U + δ∗testqh,U ,0.975] (82)

[t̂estph,U − δ∗testph,U ,0.025, t̂estph,U + δ∗testph,U ,0.975]. (83)

We have now obtained 95% bootstrap confidence intervals for performance metrics
separately given the lower and upper bound values of the 95% bootstrap confi-
dence intervals of VaR and CVaR multipliers. However, we would like to obtain a
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single bootstrap confidence interval for both performance metrics, given the 95%
bootstrap confidence intervals of VaR and CVaR multipliers.

For any value qαh of the VaR multiplier such that q̂αh,L ≤ qαh ≤ q̂αh,U , the re-
spective performance metric’s testqh confidence interval obtained from the same
test set should have a lower bound not smaller than t̂estqh,U − δ∗testqh,U ,0.025 and
an upper bound not larger than t̂estqh,L + δ∗testqh,L,0.975. Therefore, the confidence
interval of testqh obtained from the same test set given q̂αh,L ≤ qαh ≤ q̂αh,U should
fall into the following interval

[t̂estqh,U − δ∗testqh,U ,0.025, t̂estqh,L + δ∗testqh,L,0.975]. (84)

Similarly, for any value pαh of the CVaR multiplier such that p̂αh,L ≤ pαh ≤ p̂αh,U ,
the respective performance metric’s testph confidence interval obtained from the
same test set should have a lower bound not smaller than t̂estph,L−δ∗testph,L,0.025 and
an upper bound not larger than t̂estph,U + δ∗testph,U ,0.975. Therefore, the confidence
interval of testph obtained from the same test set given p̂αh,L ≤ pαh ≤ p̂αh,U should
fall into the following interval

[t̂estph,L − δ∗testph,L,0.025, t̂estph,U + δ∗testph,U ,0.975]. (85)

Conclusively, we can say that equations 84 and 85 outline the bootstrap confidence
intervals for testqh and testph given the 95% bootstrap confidence intervals for qαh
and pαh.

3.6 Results and analysis

This subchapter present the results of the empirical validation of the current VaR
model and the estimation of confidence intervals for the VaR and CVaR multipliers
using the two previously described methods. Furthermore, the performance metrics
of the obtained VaR and CVaR multipliers are outlined. Lastly, the results of
the empirical percentile method and the Bayesian Model Averaging method are
compared. The source code used for computing the results is attached in Appendix
4. The numeric results are included in Appendix 3.

3.6.1 Validation of the current model

The current VaR model assumes the FX gain or loss variable RFX to be normally
distributed with zero mean and standard deviation of the log returns of the port-
folio. Therefore, the current model assumes the ratios xh to come from a standard
normal distribution. Under this assumption, the current model’s VaR and CVaR
multipliers would be equal to

qαh = −Φ−1(0.05) ≈ 1.645 ∀h, (86)
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where Φ−1(β) is the inverse cumulative distribution function of standard normal,
and

pαh =
1

0.05

∫ ∞
qαh

yfZ(y)dy ≈ 2.063 ∀h, (87)

where fZ(y) is the probability density function of standard normal.

These values of qαh and pαh derived from the normality assumption were tested
on the full data set available, as there was no need for a separate training set.
95% bootstrap confidence intervals were obtained for the respective performance
metrics testqh and testph. Number of bootstrap samples taken was n = 20 000.

Figure 5: Standard normal VaR and CVaR multipliers’ performance metrics’
testqh and testph 95% bootstrap confidence intervals.

On the left hand side graph of Figure 5, the respective testqh values are outlined,
with the red line denoting the 5% threshold value. It can be noted that for most
values of h, taking qαh ≈ 1.645 would result in the benchmark 5% value of percent-
age of times VaR exceeded to fall into the 95% confidence interval of the respective
performance metric. There are a couple of exceptions to this for lower values of
h, where with 95% probability VaR would be exceeded more than 5% of times.
However, for the current VaR model of the company, where the time horizon is
taken to be one day (h = 24), the standard normal assumption can not be proven
to be inadequate for VaR calculation.

On the right hand side graph of Figure 5, the CVaR multiplier performance metric
testph values are outlined, with the orange line denoting the 0% threshold value.
One can observe that for most values of h taking pαh ≈ 2.063 would result in under-
estimating the risk given VaR is exceeded. However, for the current VaR model of
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the company, where the time horizon is taken to be one day (h = 24), the standard
normal assumption can not be proven to be inadequate for CVaR calculation.

3.6.2 Empirical percentile method results

The VaR multiplier qαh 95% confidence interval estimates for α = 0.95 obtained
with the empirical percentile method and bootstrapping are outlined on the left
hand side of Figure 6. The red line on the graph depicts the VaR multiplier value
of the current VaR model used in the company, derived from the standard normal
assumption. It can be noted that the VaR multiplier value stemming from the
standard normal assumption falls into the confidence intervals of qαh for most
values of h, except for h = 1 and h = 20, where qαh estimate is respectively slightly
higher and slightly lower than −Φ−1(0.05). Although VaR multiplier estimates for
higher values of h seem to be slightly lower, no clear relationship between h and
qαh can be detected.

Figure 6: VaR multiplier qαh and the respective performance metric testqh
confidence intervals obtained with the empirical percentile method and boot-
strapping.

The empirical percentile method VaR multiplier performance metric testqh con-
fidence interval estimates obtained with bootstrapping are outlined on the right
hand side of Figure 6. One can observe the 5% threshold for the percentage of
times VaR has been exceeded to fall into the range of the performance metric
confidence intervals. However, the confidence intervals for testqh are fairly large
for higher values of h spanning from 1.7% to 21.7% for h = 24. Considering the
significantly lower size of training and test sets for higher h values, the confidence
intervals are expected to be wider.
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Figure 7: CVaR multiplier pαh and the respective performance metric testph
confidence intervals obtained with the empirical percentile method and boot-
strapping.

The left hand side graph on Figure 7 demonstrates the CVaR multiplier pαh 95%
confidence interval estimates for α = 0.95 obtained with the empirical percentile
method and bootstrapping. The CVaR multiplier values decrease with the increase
in h. This is in line with Figure 3 where larger extreme values of xh were noted for
smaller values of h. For h ≤ 10, the CVaR multiplier 95% confidence intervals do
not include the 95% CVaR multiplier value that the standard normal assumption
would suggest and are higher than that. This is in line with the validation results
of the current model’s standard normal assumption.

The empirical percentile method CVaR multiplier performance metric testph boot-
strap confidence interval estimates are illustrated on the right hand side of Figure
7. One can observe the 0% benchmark for the percentage deviance of mean tail ra-
tio from pαh given VaR has been exceeded to fall into the range of the performance
metric confidence intervals. Confidence intervals for testph also increase with the
increase of h similarly to the confidence intervals of testqh.

3.6.3 Bayesian Model Averaging method results

Before computing the bootstrapping confidence intervals for the VaR and CVaR
multipliers with the Bayesian Model Averaging method, the multiplier values were
calculated for all period length values h = 1, 2, 3, ..., 24 and all m = 21 candidate
models using the training set. The goodness of fit of the fitted distributions to the
xh ratios data set was tested on the test set with the Kolmogorov-Smirnov test
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using the scipy.stats.kstest method.

Figure 13 in Appendix 2 illustrates the VaR-CVaR multiplier scatter plots for all
values of h, where each dot represents one of the fitted distributions. The scatter
plot markers are scaled according to the Kolmogorov-Smirnov test p-values such
that a higher p-value would result in a larger marker size. Furthermore, the color
of the marker indicates whether the p-value is over or under 0.05. Therefore, for
distributions represented by blue markers, the Kolmogorov-Smirnov test rejects
the null hypothesis of the data set coming from the fitted distribution with 95%
probability. For most period lengths there are several distributions for which the
null hypothesis of the Kolmogorov-Smirnov test is not rejected, with the exception
of h = 1, 23, 24. Therefore, for the majority of period lengths at least some of the
candidate distributions would be suitable to describe the ratios xh.

Figures 8 and 9 illustrate the 95% bootstrap confidence intervals for the VaR and
CVaR multipliers qαh and pαh and their respective performance metrics testqh and
testph confidence intervals obtained with the Bayesian Model Averaging method.
Similarly to the empirical percentile method, CVaR multiplier values decrease with
the increase of h, but no clear relationship between the VaR multiplier qαh and pe-
riod length h can be observed. The performance metrics’ benchmark values 5% and
0% respectively for testqh and testph fall into the bootstrap confidence intervals of
the performance metrics. Confidence intervals for both, VaR and CVaR multipliers
and their performance metrics tend to be wider for larger values of h, which can be
expected, considering the decrease of available data points for training and testing
with the increase of h.

Figure 8: VaR multiplier qαh and the respective performance metric testqh
confidence intervals obtained with the Bayesian Model Averaging method
and bootstrapping.
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Figure 9: CVaR multiplier pαh and the respective performance metric testph
confidence intervals obtained with the Bayesian Model Averaging method
and bootstrapping.

3.6.4 Discussion

In this subchapter, the empirical percentile and Bayesian Model Averaging meth-
ods’ results are compared against each other and the current VaR model normality
assumption. In addition, the VaR and CVaR multipliers’ performance metrics’ re-
sults are compared for the three.

Figure 10 outlines the above-mentioned comparison for VaR multiplier and its
performance metric. It can be concluded that the current model’s VaR multiplier
qαh = −Φ−1(0.05) ≈ 1.645 falls into the range of the qαh 95% bootstrap confidence
intervals for both methods, except for minor exceptions of h = 1 and h = 20. Fur-
thermore, for all three options of the VaR multiplier values, the performance metric
testqh bootstrap confidence intervals include the expected benchmark value of 5%
as the percentage of times VaR is exceeded. There are, however, slight exceptions to
this for the current model’s VaR multiplier and lower values of h. Therefore, it can
be concluded that the current VaR model’s normality assumption and respective
VaR multiplier are suitable for calculating the daily (h = 24) 95% Value at Risk
level. If the company decided to monitor the VaR level for shorter time horizons,
the current model assumptions would still be suitable.

Figure 11 outlines the comparison for CVaR multiplier and its performance metric.
It can be concluded that the current model’s CVaR multiplier pαh ≈ 2.063 falls
into the range of the pαh 95% bootstrap confidence intervals for both methods only
for period length values h ≥ 11. However, the performance metric testph bootstrap
confidence intervals indicate that the current model would under-estimate risk for

42



Figure 10: VaR multiplier qαh and the respective performance metric testqh
bootstrap confidence intervals with the empirical percentile and Bayesian
Model Averaging methods.

Figure 11: CVaR multiplier pαh and the respective performance metric testph
bootstrap confidence intervals with the empirical percentile and Bayesian
Model Averaging methods.

time horizons h ≤ 16. CVaR multiplier values pαh decrease with the increase of
h for both of the applied calculation methods. Proposing higher CVaR multiplier
values for shorter time horizons than the current model, the two methods outputs
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cannot be said to under-estimate the tail risk as the current model would. The
performance metric testph bootstrap confidence intervals for both methods include
the benchmark value 0% which corresponds to no deviance of mean tail ratio from
CVaR multiplier value, given VaR is exceeded. To conclude, the current model’s
assumptions would be suitable for calculating the daily 95% CVaR, but would
under-estimate the tail risk for most of the shorter time horizons. If the company
would like to monitor CVaR levels for shorter time horizons, calculating the CVaR
multiplier with either empirical percentile or Bayesian Model Averaging method
would be suitable.

Lastly, one can observe the results of the two applied methods to be rather sim-
ilar for both, VaR and CVaR multipliers, with minor exceptions. For example,
CVaR multiplier’s confidence intervals are significantly larger for BMA method
and h = 23, 24. To arrive at narrower confidence intervals, calculations could be
conducted with larger data sets. The results of this thesis also demonstrate nar-
rower confidence intervals for shorter time horizons where training and test sets are
respectively larger. Furthermore, the Bayesian Model Averaging method could be
further developed to incorporate the ’Occam factor’ (described in subchapter 3.4)
into the calculations. In addition, alternative methods, such as Monte-Carlo sim-
ulations could be conducted and compared to the methods applied in this thesis.
Lastly, the Value at Risk model could be developed further to, for example, take
carry interest costs also into consideration.
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Conclusions

The purpose of this thesis is to validate the current Value at Risk model used in
the global FinTech company Wise with historical data; propose and test confidence
interval estimates for the 95% VaR and CVaR multipliers with two different meth-
ods: empirical percentile method and Bayesian Model Averaging method for time
horizons of 1 to 24 hours; compare the results of the current model validation and
the two applied methods; and analyse whether the choice of the time horizon has
an impact on the VaR and CVaR multiplier values.

In the first chapter, an introductory overview of the foreign exchange market was
given, describing its history, main participants and instrument types and potential
gains and losses involved. In the second chapter, some of the most common risk
metrics used for measuring market risk were defined, together with Value at Risk
(VaR) and Conditional Value at Risk (CVaR) which are in the focus of this thesis.

In the third chapter, the global FinTech company Wise, its business model, cur-
rency portfolio and VaR model were first introduced. Next, the data sets used in
this thesis were described and the main variable used in further calculations — the
ratio of the realised risk (FX gain or loss) to the estimated risk (portfolio stan-
dard deviation estimate) was introduced. Then, the two methods for estimating
VaR and CVaR multipliers were outlined: the empirical percentile method and
Bayesian Model Averaging. Furthermore, bootstrapping method for obtaining con-
fidence interval estimates for VaR and CVaR multipliers was described. In addition,
the respective performance metrics for the two multipliers were introduced: per-
centage of times VaR is exceeded, and percentage deviance of mean tail ratio from
CVaR multiplier, given VaR has been exceeded. Lastly, the results of validation,
estimation and testing were presented, analysed and compared.

This thesis found that the current VaR model’s assumptions can not be proven to
be inadequate for calculating the daily 95% VaR, as the current models’ empirical
validation results show that the benchmark value 5% of percentage of times VaR
exceeded falls into the confidence interval of the VaR performance metric. Fur-
thermore, current model would also be suitable for calculating 95% VaR for most
shorter time horizons. In addition, current model did not prove to be inadequate
for calculating the daily 95% CVaR level. However, it would under-estimate risk
for most of the shorter time horizons.

The empirical percentile method and Bayesian Model Averaging method yielded
relatively similar results for both, VaR and CVaR multipliers’ 95% confidence in-
terval estimates. While VaR multiplier values did not have a clear relation to the
time horizon length, CVaR multiplier estimates decreased with the increase of the
length of the time horizon. In case of both methods, multipliers’ and their perfor-
mance metrics’ confidence intervals widened with the increase of the time horizon,
as the training and test sets’ size decreased respectively.
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Both methods used for estimating VaR and CVaR multipliers proved to be suit-
able, as their respective performance metrics confidence intervals included the per-
formance metric benchmark values for most time horizon lengths respectively for
VaR and CVaR: 5% of times VaR is exceeded, and 0% deviance of mean tail ra-
tio from CVaR multiplier, given VaR is exceeded. However, to arrive at narrower
confidence intervals, calculations could be conducted with larger data sets. Lastly,
Bayesian Model Averaging method could be developed further to include the ’Oc-
cam factor’, and additional alternative methods, such as Monte-Carlo simulations
could be applied and compared to the results of this thesis.
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Appendix 1. Histograms of xh

Figure 12: Histograms of xh, the ratios of realised risk to the estimated
standard deviation of the risk for h = 1, 2, 3, ..., 24.
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Appendix 2. VaR-CVaR multiplier scatter plots,
BMA

Figure 13: VaR-CVaR multiplier scatter plots from fitted distributions.
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Appendix 3. Results tables

h ntrain ntest q p testq testqL testqU testp testpL testpU
1 7996 3426 1.6449 2.0627 5.5244 5.1129 5.9447 -1.3623 -1.7247 -1.0634
2 3965 1698 1.6449 2.0627 5.4918 4.9091 6.0922 -1.2939 -1.7516 -0.9149
3 2621 1123 1.6449 2.0627 5.9829 5.235 6.7308 -1.4504 -2.026 -0.9782
4 1949 835 1.6449 2.0627 5.352 4.5259 6.2141 -1.4348 -2.0887 -0.8982
5 1546 662 1.6449 2.0627 5.7971 4.846 6.7935 -1.0591 -1.7161 -0.5321
6 1277 547 1.6449 2.0627 5.2632 4.2763 6.3048 -1.2571 -1.9547 -0.6776
7 1076 460 1.6449 2.0627 6.3151 5.1432 7.5521 -1.2963 -1.9803 -0.7192
8 941 403 1.6449 2.0627 5.5804 4.3899 6.8452 -1.1786 -1.9078 -0.5783
9 829 355 1.6449 2.0627 5.4899 4.223 6.7568 -0.8858 -1.6331 -0.3275
10 740 316 1.6449 2.0627 5.9659 4.5455 7.4811 -0.9105 -1.6543 -0.317
11 666 285 1.6449 2.0627 4.7319 3.47 6.0988 -0.6347 -1.1747 -0.1644
12 605 259 1.6449 2.0627 5.0926 3.7037 6.5972 -0.7795 -1.5458 -0.1861
13 553 237 1.6449 2.0627 4.8101 3.4177 6.3291 -1.0945 -1.9603 -0.4089
14 538 230 1.6449 2.0627 5.3385 3.776 7.0313 -0.8755 -1.6019 -0.2688
15 471 201 1.6449 2.0627 4.9107 3.4226 6.5476 -0.9351 -1.7046 -0.3311
16 437 187 1.6449 2.0627 5.4487 3.6859 7.3718 -0.8319 -1.6364 -0.1823
17 407 174 1.6449 2.0627 5.3356 3.6145 7.2289 -0.2288 -0.7818 0.2446
18 381 163 1.6449 2.0627 5.1471 3.3088 6.9853 -0.6249 -1.4356 0.0131
19 358 153 1.6449 2.0627 4.8924 3.1311 6.8493 -0.2188 -0.9062 0.2914
20 336 144 1.6449 2.0627 3.9583 2.2917 5.8333 -0.4574 -1.2067 0.1348
21 336 144 1.6449 2.0627 5.4167 3.5417 7.5 -0.9995 -1.8499 -0.2926
22 299 128 1.6449 2.0627 3.9813 2.3419 5.8548 -0.4399 -1.2923 0.2373
23 285 121 1.6449 2.0627 3.9409 2.2167 5.9113 -0.0292 -0.3938 0.2623
24 269 115 1.6449 2.0627 4.4271 2.6042 6.5104 -0.5313 -1.3551 0.1051

Table 1. Training and test set sizes and results of the validation of the current
VaR model’s normality assumption.
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h q qL qU p pL pU
1 1.7534 1.6852 1.8375 2.6548 2.5221 2.7981
2 1.6731 1.5558 1.7962 2.553 2.3816 2.731
3 1.788 1.6272 1.8949 2.6621 2.4544 2.8829
4 1.6031 1.4589 1.7841 2.514 2.2643 2.785
5 1.6931 1.582 1.792 2.4073 2.1815 2.6589
6 1.6197 1.46 1.7452 2.4609 2.179 2.7681
7 1.7838 1.5379 2.0741 2.5624 2.3009 2.8355
8 1.6855 1.4541 1.9499 2.4851 2.1763 2.8089
9 1.6768 1.4361 1.9088 2.3764 2.0956 2.6598
10 1.7626 1.5354 1.9989 2.3944 2.1373 2.6609
11 1.6051 1.4266 1.778 2.2764 1.9766 2.6012
12 1.6213 1.4933 1.8281 2.2253 1.941 2.533
13 1.6393 1.4064 2.0051 2.4104 2.0437 2.7977
14 1.6803 1.4218 1.9833 2.3502 2.0242 2.702
15 1.5489 1.3566 2.004 2.2372 1.8952 2.5882
16 1.6469 1.4113 1.9093 2.309 1.9613 2.7089
17 1.5537 1.3562 1.774 2.0792 1.7776 2.411
18 1.7022 1.4588 1.8854 2.2882 1.9129 2.7699
19 1.4785 1.25 1.6961 2.0776 1.6811 2.5875
20 1.4941 1.2902 1.6171 1.9344 1.6493 2.3204
21 1.6316 1.3921 2.0152 2.356 1.9254 2.845
22 1.3633 1.1861 1.6764 2.0317 1.5967 2.5658
23 1.5364 1.2888 1.8091 1.9256 1.6605 2.2137
24 1.553 1.3137 1.8057 2.0088 1.6649 2.4351

Table 2. Empirical percentile method results for VaR and CVaR multipliers.
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h testq testqL testqU testp testpL testpU
1 4.2615 3.0648 5.3999 -0.3154 -1.1923 0.1785
2 5.6537 3.828 7.8327 -0.2988 -1.4924 0.4203
3 5.3428 3.3838 8.2814 -0.306 -1.6761 0.5384
4 7.1856 4.0719 10.2994 -0.3385 -2.4952 0.692
5 5.7402 3.6254 8.3082 -0.8111 -3.1016 0.5606
6 6.5814 3.6563 10.4205 -0.4281 -2.7092 0.882
7 5.6522 2.1739 11.3043 -0.5779 -2.0936 0.1788
8 5.9553 2.2333 12.4069 -0.4271 -2.2996 0.5799
9 5.6338 1.9718 10.1408 -0.4053 -2.9517 0.568
10 5.3797 2.2152 10.1266 -0.6692 -3.0217 0.5939
11 4.2105 1.7544 9.1228 -0.3344 -1.7979 0.6114
12 5.7915 2.7027 11.9691 -0.962 -3.9818 0.8788
13 4.6414 1.2658 10.9705 -0.6748 -3.3587 0.5278
14 5.2174 0.8696 11.3043 -0.6358 -2.96 0.1429
15 7.4627 1.99 12.9353 -0.7469 -4.4329 0.2783
16 5.8824 1.0695 11.2299 -0.6941 -3.9062 0.3762
17 7.4713 1.7241 15.5172 -0.2096 -2.6336 0.6983
18 4.2945 1.227 11.6564 -0.5101 -2.9351 0.8833
19 9.1503 3.268 16.9935 0.5613 -2.3927 2.5585
20 7.6389 2.7778 18.0556 -1.3779 -5.4711 1.3228
21 7.6389 1.3889 13.8889 -0.2476 -4.0299 0.5115
22 10.1563 1.5625 19.5313 0.641 -4.7879 1.6806
23 7.438 0.8264 17.3554 0.1501 -1.8691 0.0478
24 8.6957 1.7391 21.7391 -0.906 -5.4463 0.4543

Table 3. Empirical percentile method results for performance metrics.
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h q qL qU p pL pU
1 1.7246 1.667 1.7883 2.7329 2.6342 2.8543
2 1.671 1.5817 1.7904 2.561 2.3919 2.7949
3 1.7036 1.614 1.8729 2.6303 2.4719 2.8102
4 1.6438 1.5578 1.873 2.4398 2.3039 2.7525
5 1.6706 1.5404 1.8777 2.4275 2.2281 2.7163
6 1.7453 1.5579 1.8769 2.549 2.262 2.7521
7 1.7354 1.5853 1.8803 2.5455 2.2601 2.7703
8 1.7257 1.4783 1.933 2.4941 2.1253 2.7974
9 1.7208 1.5618 1.8494 2.4082 2.1454 2.613
10 1.7367 1.5313 1.9022 2.4498 2.1147 2.6984
11 1.629 1.4625 1.9168 2.3511 2.0637 2.7991
12 1.7229 1.5516 1.8796 2.2592 2.0007 2.492
13 1.7202 1.4383 2.0243 2.4493 1.9067 2.9041
14 1.7013 1.5161 1.9578 2.365 2.0741 2.7363
15 1.6055 1.4452 1.8534 2.215 1.9148 2.6294
16 1.6592 1.4522 1.9967 2.3039 1.9958 2.7857
17 1.611 1.4217 1.8512 2.1293 1.7931 2.5211
18 1.7438 1.4571 1.9823 2.4167 1.8756 2.7702
19 1.5687 1.3596 1.8261 2.0708 1.6876 2.5377
20 1.5726 1.3247 1.6917 2.0581 1.6224 2.3235
21 1.7805 1.5114 2.1036 2.4787 1.9193 2.9963
22 1.5171 1.3017 1.8339 2.0406 1.6737 2.644
23 1.58 1.3568 1.8311 2.1517 1.6794 2.7206
24 1.6057 1.353 1.8983 2.1442 1.6476 2.7107

Table 4. Bayesian Model Averaging method results for VaR and CVaR multipliers.
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h testq testqL testqU testp testpL testpU
1 4.3199 3.2983 5.3123 -0.1635 -0.8025 0.3629
2 5.7126 4.0695 7.8416 -0.2596 -1.4693 0.4477
3 5.9662 3.4728 8.3348 -0.1643 -2.0102 0.4642
4 7.0659 4.0359 9.1198 -0.6083 -2.6863 0.5658
5 5.8912 3.1495 8.5498 -0.7105 -2.4574 0.3703
6 5.4845 3.053 8.9854 -0.5625 -2.2627 0.3078
7 6.087 2.8261 10.4674 -0.4849 -2.4826 0.5643
8 5.9553 2.196 11.4888 -0.4042 -2.7852 0.5123
9 5.3521 2.7746 9.2958 -0.4098 -2.9279 0.6832
10 5.3797 2.2152 10.7595 -0.5324 -3.1335 0.6769
11 4.2105 0.6491 7.8246 -0.19 -1.2171 0.3512
12 5.4054 3.0888 10.0965 -0.9672 -3.5436 0.6026
13 4.2194 1.2658 11.3924 -0.7257 -4.1455 0.5898
14 4.7826 1.3043 8.9565 -0.7219 -3.3481 0.3194
15 6.4677 2.9104 11.4428 -1.1054 -4.7677 0.5474
16 5.3476 1.0695 10.6952 -0.859 -3.9822 0.3093
17 6.8966 1.6379 12.069 -0.1751 -2.6503 0.4096
18 4.2945 1.227 12.362 -0.2548 -2.8789 0.8313
19 7.8431 1.9608 15.1307 0.1823 -3.0139 1.6389
20 6.9444 1.9792 17.3611 -1.0008 -6.2105 0.4826
21 6.9444 1.2847 12.7083 -0.0928 -4.5848 0.6171
22 7.0313 0.7813 16.5234 -0.2115 -4.1736 0.6969
23 4.1322 0.8264 17.3554 0.0029 -1.5795 1.2192
24 5.2174 2.4783 18.2609 -1.2204 -4.6209 1.1238

Table 5. Bayesian Model Averaging method results for performance metrics.
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Appendix 4. Source code� �
1 ""## Include packages
2 import keyring
3 import pandas as pd
4 import numpy as np
5 import scipy
6 from scipy import stats
7 import matplotlib . pyplot as plt
8 import datetime as dt
9 import time

10 import copy
11 import random
12 import sqlalchemy
13 import snowflake . connector
14 from statsmodels . graphics . tsaplots import plot_acf
15 from snowflake . sqlalchemy import URL
16 from os import name as os_name
17 from scipy import stats
18

19 ## Define database connection functions
20

21 def sf_connect ( ) :
22 # ...
23 # / Excluded from thesis appendix due to privacy reasons /
24

25 ## Define functions to extract data and calculate ratios x_h
26

27 def get_base ( con , start_time , end_time ) :
28 # make sure to exclude GBP positions
29

30 """
31 Query hourly exposures from Treasury
32 """
33

34 qt = """
35 with data as (select SNAPSHOT_TIME HOURLY_TIMESTAMP ,
36 CCY ,
37 sum(BALANCE) BALANCE_CCY
38 from // excluded //
39 left join // excluded //
40 where ACCOUNT.TYPE in (’HEDGE ’, ’BORDERLESS ’, ’CUSTOMER

’)
41 and CCY != ’GBP’
42 and SNAPSHOT_TIME >= ’{start_time}’
43 and SNAPSHOT_TIME < ’{end_time}’
44 group by 1, 2
45 having BALANCE_CCY != 0)
46 select distinct CCY
47 from data;
48 """ . format ( start_time=start_time , end_time=end_time )
49

50 try :
51 datetimes = pd . DataFrame (
52 {’HOURLY_TIMESTAMP ’ : pd . date_range ( start_time , end_time , freq=’1

H’ , closed=’left’ ) })
53 df_ccy = pd . read_sql ( qt , con )
54 base = datetimes . assign ( key=1) . merge ( df_ccy . assign ( key=1) , on=’key’ )

. drop ( ’key’ , axis=1)
55

56 return base
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57

58 except Exception as e :
59 print ( e )
60

61

62 def get_hourly_rates ( con , start_time , end_time ) :
63 qt = """
64 select
65 rh.HOURLY_TIMESTAMP ,
66 rh.CCY ,
67 rh.rate_to_gbp as MID_RATE
68 from
69 // excluded // as rh
70 where
71 rh.hourly_timestamp >= ’{start_time}’
72 and rh.hourly_timestamp < ’{end_time}’;
73 """ . format ( start_time=start_time , end_time=end_time )
74 try :
75 df_new = pd . read_sql ( qt , con )
76

77 return df_new
78

79 except Exception as e :
80 print ( traceback . format_exc ( ) )
81

82

83 def get_hourly_positions ( con , base , rates , start_time , end_time ) :
84 # make sure to exclude GBP positions
85

86 """
87 Query hourly exposures from Treasury
88 """
89

90 qt = """
91 select SNAPSHOT_TIME HOURLY_TIMESTAMP ,
92 CCY ,
93 sum(BALANCE) BALANCE_CCY
94 from // excluded //
95 left join // excluded //
96 where ACCOUNT.TYPE in (’HEDGE ’, ’BORDERLESS ’, ’CUSTOMER ’)
97 and CCY != ’GBP’
98 and SNAPSHOT_TIME >= ’{start_time}’
99 and SNAPSHOT_TIME < ’{end_time}’

100 group by 1, 2;
101 """ . format ( start_time=start_time , end_time=end_time )
102

103 try :
104 df_balances = pd . read_sql ( qt , con )
105 df_rates = copy . deepcopy ( rates )
106

107 # merge positions and rates
108 exposures = pd . merge ( base , df_balances , how=’left’ , on=[’

HOURLY_TIMESTAMP ’ , ’CCY’ ] )
109 exposures = pd . merge ( exposures , df_rates , how=’left’ , on=[’

HOURLY_TIMESTAMP ’ , ’CCY’ ] )
110 exposures [ ’BALANCE_CCY ’ ] = exposures [ ’BALANCE_CCY ’ ] . fillna (0 )
111 exposures [ ’MID_RATE ’ ] = exposures . groupby ( ’CCY’ ) [ ’MID_RATE ’ ] . fillna (

method="ffill" )
112 exposures [ ’MID_RATE ’ ] = exposures . groupby ( ’CCY’ ) [ ’MID_RATE ’ ] . fillna (

method="bfill" )
113

114 # calculate exposures in GBP
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115 exposures [ ’BALANCE_GBP ’ ] = exposures [ ’BALANCE_CCY ’ ] ∗ exposures [ ’
MID_RATE ’ ]

116 exposures = exposures . sort_values ( by=’HOURLY_TIMESTAMP ’ , ascending=
True )

117

118 return exposures
119

120 except Exception as e :
121 print ( e )
122

123

124 def get_hourly_fx ( positions , period_hours ) :
125 df_fx = copy . deepcopy ( positions )
126 # set off -hours rate change to NaN
127 df_fx . loc [ ( ( df_fx [ ’HOURLY_TIMESTAMP ’ ] . dt . dayofweek == 4) & ( df_fx [ ’

HOURLY_TIMESTAMP ’ ] . dt . hour >= 22) ) | (
128 df_fx [ ’HOURLY_TIMESTAMP ’ ] . dt . dayofweek == 5) | ( ( df_fx [ ’

HOURLY_TIMESTAMP ’ ] . dt . dayofweek == 6) & (
129 df_fx [ ’HOURLY_TIMESTAMP ’ ] . dt . hour <= 21) ) , ’MID_RATE ’ ] = np .

nan
130

131 # depending on period length , find the end -of -period rate
132 df_fx [ ’END_RATE ’ ] = df_fx . groupby ( ’CCY’ ) [ ’MID_RATE ’ ] . shift(−period_hours

)
133

134 # calculate rate change
135 df_fx [ ’RATE_CHANGE ’ ] = df_fx [ ’END_RATE ’ ] − df_fx [ ’MID_RATE ’ ]
136

137 df_fx [ ’FX’ ] = df_fx [ ’BALANCE_CCY ’ ] ∗ df_fx [ ’RATE_CHANGE ’ ]
138 return df_fx
139

140

141 def get_ratios_freq ( start_time , end_time , period_hours ) :
142 # get list of currencies
143 ccy = pd . read_csv ( ’covariance /2020 -01 -01 _covmat.csv’ )
144 ccy . rename ( columns={’ccy1’ : ’CCY’} , inplace=True )
145 ccy = ccy [ ’CCY’ ]
146

147 # generate date range
148 start = dt . datetime . strptime ( start_time , "%Y-%m-%d" )
149 end = dt . datetime . strptime ( end_time , "%Y-%m-%d" )
150 dates = [ start + dt . timedelta ( days=x ) for x in range (0 , ( end − start ) .

days ) ]
151

152 # placeholder for output
153 output = pd . DataFrame ( columns=[’datetime ’ , ’FX’ , ’std’ , ’FX/std ratio’ ] )
154

155 # generate data
156 base = get_base ( con , start_time , end_time )
157 hourly_rates = get_hourly_rates ( con , start_time , end_time )
158 positions = get_hourly_positions ( con , base , hourly_rates , start_time ,

end_time )
159 fx = get_hourly_fx ( positions , period_hours )
160

161 # calculate hourly total FX
162 hourly_fx = fx . groupby ( [ ’HOURLY_TIMESTAMP ’ ] ) [ ’FX’ ] . apply ( pd . DataFrame .

sum , skipna=False ) . reset_index ( )
163

164 for date in dates :
165

166 # get covmatrix and convert to respective frequency
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167 df_covmatrix = pd . read_csv ( ’covariance/’ + str ( date . strftime ( "%Y-%m
-%d" ) ) + ’_covmat.csv’ )

168 df_covmatrix . rename ( columns={’ccy1’ : ’CCY’} , inplace=True )
169 covmat = df_covmatrix . drop ( columns=[’CCY’ ] ) . values
170 covmat_hourly = covmat / (24 / period_hours )
171

172 # generate datetimes in the day
173 datetimes = [ date + dt . timedelta ( hours=x ) for x in range (0 , 24) ]
174

175 for time in datetimes :
176 # get FX for the datetime
177 time_fx = hourly_fx . loc [ hourly_fx [ ’HOURLY_TIMESTAMP ’ ] == str (

time ) , ’FX’ ] . values [ 0 ]
178

179 # get position for the datetime
180 time_positions = positions . loc [ positions [ ’HOURLY_TIMESTAMP ’ ] ==

str ( time ) ]
181 time_exposures = pd . merge ( df_covmatrix [ ’CCY’ ] , time_positions ,

how=’left’ , on=[’CCY’ ] )
182 time_exposures = time_exposures . fillna (0 )
183 vec_exp = time_exposures [ ’BALANCE_GBP ’ ] . values
184

185 # calculate variance for the datetime
186 variance = ( vec_exp . dot ( covmat_hourly ) ) . dot ( vec_exp . T )
187

188 # calculate std for the datetime
189 std = np . sqrt ( variance )
190

191 # calculate ratios for the datetime
192 std_ratio = time_fx / std
193

194 # append to output
195 output = output . append ({ ’datetime ’ : time , ’FX’ : time_fx , ’std’ :

std , ’FX/std ratio’ : std_ratio } ,
196 ignore_index=True )
197

198 output = output . sort_values ( by=’datetime ’ , ascending=True )
199 return output
200

201

202 ## Define functions for Bayesian Model Averaging method
203

204 def fit_distributions_light ( dataset , alpha ) : # set alpha for confidence
level

205

206 # fit distributions
207 list_of_dists = [ ’dgamma ’ , ’dweibull ’ , ’exponnorm ’ , ’foldnorm ’ , ’gennorm

’ , ’genextreme ’ , ’gumbel_r ’ , ’gumbel_l ’ ,
208 ’hypsecant ’ , ’laplace ’ , ’logistic ’ , ’moyal ’ , ’nct’ , ’

norm’ , ’norminvgauss ’ , ’pearson3 ’ , ’skewnorm ’ ,
209 ’t’ , ’triang ’ , ’truncnorm ’ , ’tukeylambda ’ ]
210

211 results = [ ]
212

213 # fit all distributions
214 for d in list_of_dists :
215 dist = getattr ( stats , d )
216

217 # get parameters by fitting distribution to empirical data (training
set)

218 param = dist . fit ( dataset )
219
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220 # calculate likelihood (training set)
221 loglh = dist . logpdf ( dataset , ∗param ) . sum ( )
222 lh = np . exp ( loglh )
223

224 # calculate VaR multiplier
225 VaR = dist . ppf ( alpha , ∗param )
226

227 # assign parameters
228 n = len ( param )
229 shape = param [ 0 : n − 2 ]
230 loc = param [ n − 2 ]
231 scale = param [ n − 1 ]
232

233 # calculate tail loss and CVaR multiplier
234 tail_loss = dist . expect ( lambda x : x , args=shape , loc=loc , scale=

scale , ub=VaR )
235 CVaR = (1 / alpha ) ∗ tail_loss
236

237 results . append ( [ d , loglh , lh , −VaR , −CVaR ] )
238

239 # save results to dataframe
240 results . sort ( key=lambda x : float ( x [ 2 ] ) , reverse=True )
241 df_results = pd . DataFrame ( results , columns=[’distribution ’ , ’log -

likelihood ’ , ’likelihood ’ , ’VaR’ , ’CVaR’ ] )
242

243 # get weights from likelihoods
244 max_loglh = df_results [ ’log -likelihood ’ ] . max ( )
245 df_results [ ’adj -log -likelihood ’ ] = df_results [ ’log -likelihood ’ ] −

max_loglh
246 df_results [ ’lh-weight ’ ] = np . exp ( df_results [ ’adj -log -likelihood ’ ] )
247

248 # calculate multipliers
249 mults = [ ]
250 lhsum = df_results [ ’lh-weight ’ ] . sum ( )
251

252 VaR_estimate = ( df_results [ ’lh-weight ’ ] / lhsum ∗ df_results [ ’VaR’ ] ) . sum
( )

253 CVaR_estimate = ( df_results [ ’lh-weight ’ ] / lhsum ∗ df_results [ ’CVaR’ ] ) .
sum ( )

254

255 # save results to dataframe
256 mults . append ( [ VaR_estimate , CVaR_estimate ] )
257

258 return mults
259

260

261 def fit_distributions_forplotting ( dataset , test , alpha ) : # set alpha for
confidence level

262

263 # fit distributions
264 list_of_dists = [ ’dgamma ’ , ’dweibull ’ , ’exponnorm ’ , ’foldnorm ’ , ’gennorm

’ , ’genextreme ’ , ’gumbel_r ’ , ’gumbel_l ’ ,
265 ’hypsecant ’ , ’laplace ’ , ’logistic ’ , ’moyal ’ , ’nct’ , ’

norm’ , ’norminvgauss ’ , ’pearson3 ’ , ’skewnorm ’ ,
266 ’t’ , ’triang ’ , ’truncnorm ’ , ’tukeylambda ’ ]
267

268 results = [ ]
269

270 # fit all distributions
271 for d in list_of_dists :
272 dist = getattr ( stats , d )
273
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274 # get parameters by fitting distribution to empirical data (training
set)

275 param = dist . fit ( dataset )
276

277 # perform Kolmogorov -Smirnov test for goodness of fit (test set)
278 ks = stats . kstest ( test , d , args=param )
279

280 # calculate likelihood (training set)
281 loglh = dist . logpdf ( dataset , ∗param ) . sum ( )
282 lh = np . exp ( loglh )
283

284 # calculate VaR multiplier
285 VaR = dist . ppf ( alpha , ∗param )
286

287 # assign parameters
288 n = len ( param )
289 shape = param [ 0 : n − 2 ]
290 loc = param [ n − 2 ]
291 scale = param [ n − 1 ]
292

293 # calculate tail loss and CVaR multiplier
294 tail_loss = dist . expect ( lambda x : x , args=shape , loc=loc , scale=

scale , ub=VaR )
295 CVaR = (1 / alpha ) ∗ tail_loss
296

297 results . append ( [ d , ks [ 0 ] , ks [ 1 ] , loglh , lh , −VaR , −CVaR ] )
298

299 # save results to dataframe
300 results . sort ( key=lambda x : float ( x [ 2 ] ) , reverse=True )
301 df_results = pd . DataFrame ( results ,
302 columns=[’distribution ’ , ’KS-statistic ’ , ’KS-

pvalue ’ , ’log -likelihood ’ , ’likelihood ’ ,
303 ’VaR’ , ’CVaR’ ] )
304

305 # get weights from likelihoods
306 max_loglh = df_results [ ’log -likelihood ’ ] . max ( )
307 df_results [ ’adj -log -likelihood ’ ] = df_results [ ’log -likelihood ’ ] −

max_loglh
308 df_results [ ’lh-weight ’ ] = np . exp ( df_results [ ’adj -log -likelihood ’ ] )
309

310 return df_results
311

312

313 ## Connect to database
314

315 con = sf_connect ( )
316

317

318 ## Generate data
319

320 start_date = ’2019 -07 -01’
321 end_date = ’2021 -05 -01’
322

323 h = 24
324 raw_datasets = [ ]
325

326 for f in range (1 , h+1) :
327 print ( "Period:" , f , ’hour(s)’ )
328 data_f = get_ratios_freq ( start_date , end_date , f )
329 raw_datasets . append ( [ f , data_f ] )
330

331
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332 ## Describe data (histograms)
333

334 a = 6 # number of rows
335 b = 4 # number of columns
336 c = 1 # initialize plot counter
337

338 fig = plt . figure ( figsize=(20 , 21) )
339 stats = [ ]
340

341 for f in range (1 , h + 1) :
342 # get the full (overlapping) dataset for the frequency
343 df = raw_datasets [ f − 1 ] [ 1 ]
344

345 # get indexes and data for non -overlapping periods
346 size = df . shape [ 0 ]
347 indexes = np . arange (0 , size , f )
348 df_nonoverlap = df . iloc [ indexes , : ]
349 mean = np . round ( df_nonoverlap [ ’FX/std ratio’ ] . mean ( ) , 4)
350 std = np . round ( df_nonoverlap [ ’FX/std ratio’ ] . std ( ) , 4)
351 n = df_nonoverlap . shape [ 0 ]
352 minimum = df_nonoverlap [ ’FX/std ratio’ ] . min ( )
353 maximum = df_nonoverlap [ ’FX/std ratio’ ] . max ( )
354 stats . append ( [ f , n , mean , std , minimum , maximum ] )
355

356 plt . subplot (a , b , c )
357 plt . title ( ’h={}; n={} \n $\mu$ ={}; $\sigma$ ={}’ . format (f , n , mean , std ) )
358 df_nonoverlap [ ’FX/std ratio’ ] . hist ( density=True , bins=np . arange ( int ( np .

floor ( df_nonoverlap [ ’FX/std ratio’ ] . min ( ) ) ) ,
359 int ( np .

ceil ( df_nonoverlap [ ’FX/std ratio’ ] . max ( ) ) ) ,
360 0 . 1 ) )
361 plt . xlim (−15 , 15)
362 plt . ylim (0 , 0 . 7 5 )
363 c = c + 1
364

365 df_stats = pd . DataFrame ( stats , columns=[’h’ , ’n’ , ’mu’ , ’sigma’ , ’min’ , ’max
’ ] )

366

367 fig . subplots_adjust ( hspace=0.5)
368 fig . subplots_adjust ( wspace=0.3)
369 fig . suptitle ( "Histograms of $\mathbf{x}_h$" , fontsize=20, y=0.93)
370 plt . show ( )
371

372 df_stats
373

374 ## Plot autocorrelation plot
375

376 hourly_data = raw_datasets [ 0 ] [ 1 ] . dropna ( subset=[’FX/std ratio’ ] )
377 plt . figure ( figsize=(20 ,5) )
378 pd . plotting . autocorrelation_plot ( hourly_data [ ’FX/std ratio’ ] )
379 plt . ylim ( −0.05 ,0 .05)
380

381

382 ## Current VaR model validation
383

384 from scipy . stats import norm
385

386 # assign parameters
387 loc = 0
388 scale = 1
389

390 # calculate tail loss and CVaR multiplier

63



391 norm_VaR = −norm . ppf ( 0 . 0 5 , loc=loc , scale=scale )
392 norm_tail_loss = norm . expect ( lambda x : x , loc=loc , scale=scale , ub =

norm_VaR )
393 norm_CVaR = −(1/0.05) ∗norm_tail_loss
394

395 random . seed (0 )
396 bs_count = 20000
397 confidence_level = 95
398 train_pct = 0.7
399 norm_results = [ ]
400

401 for f in range (1 , h + 1) :
402 print ( "Period:" , f , ’hour(s)’ )
403

404 # Take full df with overlapping periods
405 full_df = raw_datasets [ f − 1 ] [ 1 ]
406

407 # Extract only a subset of datapoints that are not over -lapping (
currently for starting hour 00:00)

408 size = full_df . shape [ 0 ]
409 indexes = np . arange (0 , size , f )
410 data_f = full_df . iloc [ indexes , : ]
411

412 # Exclude NaN values
413 data_f = data_f . dropna ( subset=[’FX/std ratio’ ] )
414

415 data = data_f
416 n = data_f . shape [ 0 ]
417 indexes = np . arange (0 , n )
418

419 norm_test = [ ]
420

421 # test mean multipliers on test dataset
422 var_exceeded = data [ ’FX/std ratio’ ] < −norm_VaR
423 VaR_exceeded_pct_mean = var_exceeded . sum ( ) / n ∗ 100
424 cvar_mean_diff = ( var_exceeded ∗ ( ( data [ ’FX/std ratio’ ] + norm_CVaR ) /

norm_CVaR ) ) . mean ( )
425 CVaR_mean_diff_pct_mean = cvar_mean_diff ∗ 100
426

427 # bootstrapping for testing
428 for i in range (0 , bs_count ) :
429 # get bootstrap sample
430 bs_indexes = np . random . choice ( indexes , size=n )
431 bs_sample = data . iloc [ bs_indexes , : ]
432

433 # test multipliers on test dataset (upper)
434 var_exceeded = bs_sample [ ’FX/std ratio’ ] < −norm_VaR
435 var_exceeded_pct = var_exceeded . sum ( ) / n ∗ 100
436 cvar_mean_diff = ( var_exceeded ∗ ( ( bs_sample [ ’FX/std ratio’ ] +

norm_CVaR ) / norm_CVaR ) ) . mean ( )
437 cvar_mean_diff_pct = cvar_mean_diff ∗ 100
438

439 # save results
440 norm_test . append ( [ var_exceeded_pct , cvar_mean_diff_pct ] )
441 df_norm_test = pd . DataFrame ( norm_test , columns=[’VaR_exceeded_pct ’ ,

’CVaR_mean_diff_pct ’ ] )
442

443 # calculate CI for test results
444 sample = df_norm_test [ ’VaR_exceeded_pct ’ ] − VaR_exceeded_pct_mean
445 VaR_exceeded_pct_CIl , VaR_exceeded_pct_CIu = VaR_exceeded_pct_mean + np .

percentile ( sample , (
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446 (100 − confidence_level ) / 2) ) , VaR_exceeded_pct_mean + np .
percentile ( sample , (

447 confidence_level + (100 − confidence_level ) / 2) )
448

449 sample = df_norm_test [ ’CVaR_mean_diff_pct ’ ] − CVaR_mean_diff_pct_mean
450 CVaR_mean_diff_pct_CIl , CVaR_mean_diff_pct_CIu = CVaR_mean_diff_pct_mean

+ np . percentile ( sample , (
451 (100 − confidence_level ) / 2) ) , CVaR_mean_diff_pct_mean + np

. percentile ( sample , (
452 confidence_level + (100 − confidence_level ) / 2) )
453

454 # save results
455 norm_results . append ( [ f ,
456 norm_VaR ,
457 norm_CVaR ,
458 VaR_exceeded_pct_mean ,
459 VaR_exceeded_pct_CIl , VaR_exceeded_pct_CIu ,
460 CVaR_mean_diff_pct_mean ,
461 CVaR_mean_diff_pct_CIl , CVaR_mean_diff_pct_CIu ] )
462

463 df_norm_results = pd . DataFrame ( norm_results ,
464 columns=[’period_in_h ’ ,
465 ’norm_VaR_mult ’ ,
466 ’norm_CVaR_mult ’ ,
467 ’VaR_exceeded_pct_mean ’ ,
468 ’VaR_exceeded_pct_CIl ’ , ’

VaR_exceeded_pct_CIu ’ ,
469 ’CVaR_mean_diff_pct_mean ’ ,
470 ’CVaR_mean_diff_pct_CIl ’ , ’

CVaR_mean_diff_pct_CIu ’ ] )
471 df_norm_results
472

473

474 ## Empirical percentile method
475

476 random . seed (0 )
477 bs_count = 20000
478 confidence_level = 95
479 train_pct = 0.7
480 emp_results = [ ]
481

482 for f in range (1 , h + 1) :
483 print ( "Period:" , f , ’hour(s)’ )
484

485 # Take full df with overlapping periods
486 full_df = raw_datasets [ f − 1 ] [ 1 ]
487

488 # Extract only a subset of datapoints that are not over -lapping (
currently for starting hour 00:00)

489 size = full_df . shape [ 0 ]
490 indexes = np . arange (0 , size , f )
491 data_f = full_df . iloc [ indexes , : ]
492

493 # Exclude NaN values
494 data_f = data_f . dropna ( subset=[’FX/std ratio’ ] )
495

496 # Split data to train and test (70/30)
497 n = data_f . shape [ 0 ]
498 train = data_f . head ( int ( np . ceil ( train_pct ∗ n ) ) )
499 test = data_f . tail ( n − int ( np . ceil ( train_pct ∗ n ) ) )
500

501 n_train = train . shape [ 0 ]
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502 n_test = test . shape [ 0 ]
503

504 train_indexes = np . arange (0 , n_train )
505 test_indexes = np . arange (0 , n_test )
506

507 emp_mults = [ ]
508 emp_test_u = [ ]
509 emp_test_l = [ ]
510

511 # get mean estimates from training dataset
512 emp_VaR_mult_mean = np . abs ( np . percentile ( train [ ’FX/std ratio’ ] , 5) )
513 emp_CVaR_mult_mean = np . abs ( train . loc [ train [ ’FX/std ratio’ ] < −

emp_VaR_mult_mean , ’FX/std ratio’ ] . mean ( ) )
514

515 # test mean multipliers on test dataset
516 var_exceeded = test [ ’FX/std ratio’ ] < −emp_VaR_mult_mean
517 VaR_exceeded_pct_mean = var_exceeded . sum ( ) / n_test ∗ 100
518 cvar_mean_diff = ( var_exceeded ∗ ( ( test [ ’FX/std ratio’ ] +

emp_CVaR_mult_mean ) / emp_CVaR_mult_mean ) ) . mean ( )
519 CVaR_mean_diff_pct_mean = cvar_mean_diff ∗ 100
520

521 # bootstrapping for multipliers
522 for i in range (0 , bs_count ) :
523 # get bootstrap sample
524 bs_indexes = np . random . choice ( train_indexes , size=n_train )
525 bs_sample = train . iloc [ bs_indexes , : ]
526

527 # calculate multipliers on bootstrap sample of training dataset
528 emp_VaR_mult = np . abs ( np . percentile ( bs_sample [ ’FX/std ratio’ ] , 5) )
529 emp_CVaR_mult = np . abs ( bs_sample . loc [ bs_sample [ ’FX/std ratio’ ] < −

emp_VaR_mult , ’FX/std ratio’ ] . mean ( ) )
530

531 # save results
532 emp_mults . append ( [ emp_VaR_mult , emp_CVaR_mult ] )
533 df_emp_mults = pd . DataFrame ( emp_mults , columns=[’emp_VaR_mult ’ , ’

emp_CVaR_mult ’ ] )
534

535 # calculate CI for multipliers
536 sample = df_emp_mults [ ’emp_VaR_mult ’ ] − emp_VaR_mult_mean
537 emp_VaR_mult_CIl , emp_VaR_mult_CIu = emp_VaR_mult_mean + np . percentile (

sample , (
538 (100 − confidence_level ) / 2) ) , emp_VaR_mult_mean + np .

percentile ( sample , (
539 confidence_level + (100 − confidence_level ) / 2) )
540

541 sample = df_emp_mults [ ’emp_CVaR_mult ’ ] − emp_CVaR_mult_mean
542 emp_CVaR_mult_CIl , emp_CVaR_mult_CIu = emp_CVaR_mult_mean + np .

percentile ( sample , (
543 (100 − confidence_level ) / 2) ) , emp_CVaR_mult_mean + np .

percentile ( sample , (
544 confidence_level + (100 − confidence_level ) / 2) )
545

546 # bootstrapping for testing
547 for i in range (0 , bs_count ) :
548 # get bootstrap sample
549 bs_indexes = np . random . choice ( test_indexes , size=n_test )
550 bs_sample = test . iloc [ bs_indexes , : ]
551

552 # test multipliers on test dataset (upper)
553 var_exceeded_u = bs_sample [ ’FX/std ratio’ ] < −emp_VaR_mult_CIu
554 var_exceeded_pct_u = var_exceeded_u . sum ( ) / n_test ∗ 100
555 cvar_mean_diff_u = (
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556 var_exceeded_u ∗ ( ( bs_sample [ ’FX/std ratio’ ] +
emp_CVaR_mult_CIu ) / emp_CVaR_mult_CIu ) ) . mean ( )

557 cvar_mean_diff_pct_u = cvar_mean_diff_u ∗ 100
558

559 # test multipliers on test dataset (lower)
560 var_exceeded_l = bs_sample [ ’FX/std ratio’ ] < −emp_VaR_mult_CIl
561 var_exceeded_pct_l = var_exceeded_l . sum ( ) / n_test ∗ 100
562 cvar_mean_diff_l = (
563 var_exceeded_l ∗ ( ( bs_sample [ ’FX/std ratio’ ] +

emp_CVaR_mult_CIl ) / emp_CVaR_mult_CIl ) ) . mean ( )
564 cvar_mean_diff_pct_l = cvar_mean_diff_l ∗ 100
565

566 # save results
567 emp_test_u . append ( [ var_exceeded_pct_u , cvar_mean_diff_pct_u ] )
568 emp_test_l . append ( [ var_exceeded_pct_l , cvar_mean_diff_pct_l ] )
569

570 df_emp_test_u = pd . DataFrame ( emp_test_u , columns=[’
VaR_exceeded_pct_u ’ , ’CVaR_mean_diff_pct_u ’ ] )

571 df_emp_test_l = pd . DataFrame ( emp_test_l , columns=[’
VaR_exceeded_pct_l ’ , ’CVaR_mean_diff_pct_l ’ ] )

572

573 # calculate CI for test results
574 sample = df_emp_test_u [ ’VaR_exceeded_pct_u ’ ] − VaR_exceeded_pct_mean
575 VaR_exceeded_pct_u_CIl , VaR_exceeded_pct_u_CIu = VaR_exceeded_pct_mean +

np . percentile ( sample , (
576 (100 − confidence_level ) / 2) ) , VaR_exceeded_pct_mean + np .

percentile ( sample , (
577 confidence_level + (100 − confidence_level ) / 2) )
578

579 sample = df_emp_test_u [ ’CVaR_mean_diff_pct_u ’ ] − CVaR_mean_diff_pct_mean
580 CVaR_mean_diff_pct_u_CIl , CVaR_mean_diff_pct_u_CIu =

CVaR_mean_diff_pct_mean + np . percentile ( sample , (
581 (100 − confidence_level ) / 2) ) , CVaR_mean_diff_pct_mean + np

. percentile ( sample , (
582 confidence_level + (100 − confidence_level ) / 2) )
583

584 sample = df_emp_test_l [ ’VaR_exceeded_pct_l ’ ] − VaR_exceeded_pct_mean
585 VaR_exceeded_pct_l_CIl , VaR_exceeded_pct_l_CIu = VaR_exceeded_pct_mean +

np . percentile ( sample , (
586 (100 − confidence_level ) / 2) ) , VaR_exceeded_pct_mean + np .

percentile ( sample , (
587 confidence_level + (100 − confidence_level ) / 2) )
588

589 sample = df_emp_test_l [ ’CVaR_mean_diff_pct_l ’ ] − CVaR_mean_diff_pct_mean
590 CVaR_mean_diff_pct_l_CIl , CVaR_mean_diff_pct_l_CIu =

CVaR_mean_diff_pct_mean + np . percentile ( sample , (
591 (100 − confidence_level ) / 2) ) , CVaR_mean_diff_pct_mean + np

. percentile ( sample , (
592 confidence_level + (100 − confidence_level ) / 2) )
593

594 # save results
595 emp_results . append ( [ f , n_train , n_test ,
596 emp_VaR_mult_mean , emp_VaR_mult_CIl ,

emp_VaR_mult_CIu ,
597 emp_CVaR_mult_mean , emp_CVaR_mult_CIl ,

emp_CVaR_mult_CIu ,
598 VaR_exceeded_pct_mean ,
599 VaR_exceeded_pct_u_CIl , VaR_exceeded_pct_u_CIu ,
600 VaR_exceeded_pct_l_CIl , VaR_exceeded_pct_l_CIu ,
601 CVaR_mean_diff_pct_mean ,
602 CVaR_mean_diff_pct_u_CIl , CVaR_mean_diff_pct_u_CIu ,
603 CVaR_mean_diff_pct_l_CIl , CVaR_mean_diff_pct_l_CIu ] )
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604

605 df_emp_results = pd . DataFrame ( emp_results ,
606 columns=[’period_in_h ’ , ’train_size ’ , ’

test_size ’ ,
607 ’emp_VaR_mult ’ , ’emp_VaR_mult_CIl ’ , ’

emp_VaR_mult_CIu ’ ,
608 ’emp_CVaR_mult ’ , ’emp_CVaR_mult_CIl ’ ,

’emp_CVaR_mult_CIu ’ ,
609 ’VaR_exceeded_pct_mean ’ ,
610 ’VaR_exceeded_pct_u_CIl ’ , ’

VaR_exceeded_pct_u_CIu ’ ,
611 ’VaR_exceeded_pct_l_CIl ’ , ’

VaR_exceeded_pct_l_CIu ’ ,
612 ’CVaR_mean_diff_pct_mean ’ ,
613 ’CVaR_mean_diff_pct_u_CIl ’ , ’

CVaR_mean_diff_pct_u_CIu ’ ,
614 ’CVaR_mean_diff_pct_l_CIl ’ , ’

CVaR_mean_diff_pct_l_CIu ’ ] )
615 df_emp_results
616

617

618 ## Bayesian Model Averaging method
619

620 ## Plot VaR -CVaR
621

622 random . seed (0 )
623 confidence_level = 95
624 train_pct = 0.7
625 bam_results = [ ]
626 alpha = 0.05
627

628 for f in range (1 , h + 1) :
629 print ( "Period:" , f , ’hour(s)’ )
630

631 # Take full df with overlapping periods
632 full_df = raw_datasets [ f − 1 ] [ 1 ]
633

634 # Extract only a subset of datapoints that are not over -lapping
635 size = full_df . shape [ 0 ]
636 indexes = np . arange (0 , size , f )
637 data_f = full_df . iloc [ indexes , : ]
638

639 # Exclude NaN values
640 data_f = data_f . dropna ( subset=[’FX/std ratio’ ] )
641

642 # Split data to train and test (70/30)
643 n = data_f . shape [ 0 ]
644 train = data_f . head ( int ( np . ceil ( train_pct ∗ n ) ) )
645 test = data_f . tail ( n − int ( np . ceil ( train_pct ∗ n ) ) )
646

647 # get mean estimates from training dataset
648 bam_data = fit_distributions_forplotting ( train [ ’FX/std ratio’ ] , test [ ’FX

/std ratio’ ] , alpha )
649

650 # save results
651 bam_results . append ( [ f , bam_data ] )
652

653 a = 6 # number of rows
654 b = 4 # number of columns
655 c = 1 # initialize plot counter
656

657 fig = plt . figure ( figsize=(20 , 21) )
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658 stats = [ ]
659

660 for f in range (1 , h + 1) :
661 data = bam_results [ f − 1 ] [ 1 ]
662 data . loc [ data [ ’KS-pvalue ’ ] >= 0 .05 , ’category ’ ] = ’p >= 0.05’
663 data . loc [ data [ ’KS-pvalue ’ ] < 0 . 05 , ’category ’ ] = ’p < 0.05’
664

665 maxp = data [ ’KS-pvalue ’ ] . max ( )
666 data [ ’s’ ] = data [ ’KS-pvalue ’ ] . to_numpy ( ) / maxp
667 data [ ’dotsize ’ ] = 100 ∗ data [ ’s’ ] ∗∗ 0 .5
668 data . loc [ data [ ’dotsize ’ ] < 10 , ’dotsize ’ ] = 10
669

670 set1 = data [ data [ ’category ’ ] == ’p < 0.05’ ]
671 set2 = data [ data [ ’category ’ ] == ’p >= 0.05’ ]
672

673 plt . subplot (a , b , c )
674 plt . scatter ( set1 . VaR , set1 . CVaR , marker=’o’ , s=set1 [ ’dotsize ’ ] , label=’p

< 0.05’ )
675 plt . scatter ( set2 . VaR , set2 . CVaR , marker=’o’ , s=set2 [ ’dotsize ’ ] , label=’p

>= 0.05’ , c=’orange ’ )
676

677 plt . title ( ’h={}’ . format ( f ) )
678 plt . xlabel ( r’VaR multiplier $q_{\alpha h}$’ )
679 plt . ylabel ( r’CVaR multiplier $p_{\alpha h}$’ )
680

681 plt . xlim (1 , 8)
682 plt . ylim (1 , 8)
683 c = c + 1
684

685 fig . subplots_adjust ( hspace=0.5)
686 fig . subplots_adjust ( wspace=0.3)
687 fig . suptitle ( "VaR -CVaR multipliers from fitted distributions , Bayesian Model

Averaging method" , fontsize=20, y=0.93)
688 lgnd = fig . legend ( [ ’p < 0.05’ , ’p >= 0.05’ ] , loc=(0.07 , 0 . 935 ) , fontsize=12)
689 lgnd . legendHandles [ 0 ] . _sizes = [ 5 0 ]
690 lgnd . legendHandles [ 1 ] . _sizes = [ 5 0 ]
691 plt . show ( )
692

693 ## Calculate multipliers
694

695 random . seed (0 )
696 bs_count = 75
697 confidence_level = 95
698 train_pct = 0.7
699 bam_results = [ ]
700 alpha = 0.05
701

702 for f in range (1 , h + 1) :
703 print ( "Period:" , f , ’hour(s)’ )
704

705 # Take full df with overlapping periods
706 full_df = raw_datasets [ f − 1 ] [ 1 ]
707

708 # Extract only a subset of datapoints that are not over -lapping (
currently for starting hour 00:00)

709 size = full_df . shape [ 0 ]
710 indexes = np . arange (0 , size , f )
711 data_f = full_df . iloc [ indexes , : ]
712

713 # Exclude NaN values
714 data_f = data_f . dropna ( subset=[’FX/std ratio’ ] )
715
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716 # Split data to train and test (70/30)
717 n = data_f . shape [ 0 ]
718 train = data_f . head ( int ( np . ceil ( train_pct ∗ n ) ) )
719 test = data_f . tail ( n − int ( np . ceil ( train_pct ∗ n ) ) )
720

721 n_train = train . shape [ 0 ]
722 n_test = test . shape [ 0 ]
723

724 train_indexes = np . arange (0 , n_train )
725 test_indexes = np . arange (0 , n_test )
726

727 bam_mults = [ ]
728 bam_test_u = [ ]
729 bam_test_l = [ ]
730

731 # get mean estimates from training dataset
732 bam_mult_mean = fit_distributions_light ( train [ ’FX/std ratio’ ] , alpha )
733 bam_VaR_mult_mean = bam_mult_mean [ 0 ] [ 0 ]
734 bam_CVaR_mult_mean = bam_mult_mean [ 0 ] [ 1 ]
735

736 # test mean multipliers on test dataset
737 var_exceeded = test [ ’FX/std ratio’ ] < −bam_VaR_mult_mean
738 VaR_exceeded_pct_mean = var_exceeded . sum ( ) / n_test ∗ 100
739 cvar_mean_diff = ( var_exceeded ∗ ( ( test [ ’FX/std ratio’ ] +

bam_CVaR_mult_mean ) / bam_CVaR_mult_mean ) ) . mean ( )
740 CVaR_mean_diff_pct_mean = cvar_mean_diff ∗ 100
741

742 # bootstrapping for multipliers
743 for i in range (0 , bs_count ) :
744 print ( ’calculating multipliers , bootstrap sample:’ , i )
745 # get bootstrap sample
746 bs_indexes = np . random . choice ( train_indexes , size=n_train )
747 bs_sample = train . iloc [ bs_indexes , : ]
748

749 # calculate multipliers on bootstrap sample of training dataset
750 bam_mult = fit_distributions_light ( bs_sample [ ’FX/std ratio’ ] , alpha )
751 bam_VaR_mult = bam_mult [ 0 ] [ 0 ]
752 bam_CVaR_mult = bam_mult [ 0 ] [ 1 ]
753

754 # save results
755 bam_mults . append ( [ bam_VaR_mult , bam_CVaR_mult ] )
756 df_bam_mults = pd . DataFrame ( bam_mults , columns=[’bam_VaR_mult ’ , ’

bam_CVaR_mult ’ ] )
757

758 # calculate CI for multipliers
759 sample = df_bam_mults [ ’bam_VaR_mult ’ ] − bam_VaR_mult_mean
760 bam_VaR_mult_CIl , bam_VaR_mult_CIu = bam_VaR_mult_mean + np . percentile (

sample , (
761 (100 − confidence_level ) / 2) ) , bam_VaR_mult_mean + np .

percentile ( sample , (
762 confidence_level + (100 − confidence_level ) / 2) )
763

764 sample = df_bam_mults [ ’bam_CVaR_mult ’ ] − bam_CVaR_mult_mean
765 bam_CVaR_mult_CIl , bam_CVaR_mult_CIu = bam_CVaR_mult_mean + np .

percentile ( sample , (
766 (100 − confidence_level ) / 2) ) , bam_CVaR_mult_mean + np .

percentile ( sample , (
767 confidence_level + (100 − confidence_level ) / 2) )
768

769 # bootstrapping for testing
770 for i in range (0 , bs_count ) :
771 # get bootstrap sample
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772 print ( ’testing , bootstrap sample:’ , i )
773 bs_indexes = np . random . choice ( test_indexes , size=n_test )
774 bs_sample = test . iloc [ bs_indexes , : ]
775

776 # test multipliers on test dataset (upper)
777 var_exceeded_u = bs_sample [ ’FX/std ratio’ ] < −bam_VaR_mult_CIu
778 var_exceeded_pct_u = var_exceeded_u . sum ( ) / n_test ∗ 100
779 cvar_mean_diff_u = (
780 var_exceeded_u ∗ ( ( bs_sample [ ’FX/std ratio’ ] +

bam_CVaR_mult_CIu ) / bam_CVaR_mult_CIu ) ) . mean ( )
781 cvar_mean_diff_pct_u = cvar_mean_diff_u ∗ 100
782

783 # test multipliers on test dataset (lower)
784 var_exceeded_l = bs_sample [ ’FX/std ratio’ ] < −bam_VaR_mult_CIl
785 var_exceeded_pct_l = var_exceeded_l . sum ( ) / n_test ∗ 100
786 cvar_mean_diff_l = (
787 var_exceeded_l ∗ ( ( bs_sample [ ’FX/std ratio’ ] +

bam_CVaR_mult_CIl ) / bam_CVaR_mult_CIl ) ) . mean ( )
788 cvar_mean_diff_pct_l = cvar_mean_diff_l ∗ 100
789

790 # save results
791 bam_test_u . append ( [ var_exceeded_pct_u , cvar_mean_diff_pct_u ] )
792 bam_test_l . append ( [ var_exceeded_pct_l , cvar_mean_diff_pct_l ] )
793

794 df_bam_test_u = pd . DataFrame ( bam_test_u , columns=[’
VaR_exceeded_pct_u ’ , ’CVaR_mean_diff_pct_u ’ ] )

795 df_bam_test_l = pd . DataFrame ( bam_test_l , columns=[’
VaR_exceeded_pct_l ’ , ’CVaR_mean_diff_pct_l ’ ] )

796

797 # calculate CI for test results
798 sample = df_bam_test_u [ ’VaR_exceeded_pct_u ’ ] − VaR_exceeded_pct_mean
799 VaR_exceeded_pct_u_CIl , VaR_exceeded_pct_u_CIu = VaR_exceeded_pct_mean +

np . percentile ( sample , (
800 (100 − confidence_level ) / 2) ) , VaR_exceeded_pct_mean + np .

percentile ( sample , (
801 confidence_level + (100 − confidence_level ) / 2) )
802

803 sample = df_bam_test_u [ ’CVaR_mean_diff_pct_u ’ ] − CVaR_mean_diff_pct_mean
804 CVaR_mean_diff_pct_u_CIl , CVaR_mean_diff_pct_u_CIu =

CVaR_mean_diff_pct_mean + np . percentile ( sample , (
805 (100 − confidence_level ) / 2) ) , CVaR_mean_diff_pct_mean + np

. percentile ( sample , (
806 confidence_level + (100 − confidence_level ) / 2) )
807

808 sample = df_bam_test_l [ ’VaR_exceeded_pct_l ’ ] − VaR_exceeded_pct_mean
809 VaR_exceeded_pct_l_CIl , VaR_exceeded_pct_l_CIu = VaR_exceeded_pct_mean +

np . percentile ( sample , (
810 (100 − confidence_level ) / 2) ) , VaR_exceeded_pct_mean + np .

percentile ( sample , (
811 confidence_level + (100 − confidence_level ) / 2) )
812

813 sample = df_bam_test_l [ ’CVaR_mean_diff_pct_l ’ ] − CVaR_mean_diff_pct_mean
814 CVaR_mean_diff_pct_l_CIl , CVaR_mean_diff_pct_l_CIu =

CVaR_mean_diff_pct_mean + np . percentile ( sample , (
815 (100 − confidence_level ) / 2) ) , CVaR_mean_diff_pct_mean + np

. percentile ( sample , (
816 confidence_level + (100 − confidence_level ) / 2) )
817

818 # save results
819 bam_results . append ( [ f , n_train , n_test ,
820 bam_VaR_mult_mean , bam_VaR_mult_CIl ,

bam_VaR_mult_CIu ,
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821 bam_CVaR_mult_mean , bam_CVaR_mult_CIl ,
bam_CVaR_mult_CIu ,

822 VaR_exceeded_pct_mean ,
823 VaR_exceeded_pct_u_CIl , VaR_exceeded_pct_u_CIu ,
824 VaR_exceeded_pct_l_CIl , VaR_exceeded_pct_l_CIu ,
825 CVaR_mean_diff_pct_mean ,
826 CVaR_mean_diff_pct_u_CIl , CVaR_mean_diff_pct_u_CIu ,
827 CVaR_mean_diff_pct_l_CIl , CVaR_mean_diff_pct_l_CIu ] )
828

829 df_bam_results = pd . DataFrame ( bam_results ,
830 columns=[’period_in_h ’ , ’train_size ’ , ’

test_size ’ ,
831 ’bam_VaR_mult ’ , ’bam_VaR_mult_CIl ’ , ’

bam_VaR_mult_CIu ’ ,
832 ’bam_CVaR_mult ’ , ’bam_CVaR_mult_CIl ’ ,

’bam_CVaR_mult_CIu ’ ,
833 ’VaR_exceeded_pct_mean ’ ,
834 ’VaR_exceeded_pct_u_CIl ’ , ’

VaR_exceeded_pct_u_CIu ’ ,
835 ’VaR_exceeded_pct_l_CIl ’ , ’

VaR_exceeded_pct_l_CIu ’ ,
836 ’CVaR_mean_diff_pct_mean ’ ,
837 ’CVaR_mean_diff_pct_u_CIl ’ , ’

CVaR_mean_diff_pct_u_CIu ’ ,
838 ’CVaR_mean_diff_pct_l_CIl ’ , ’

CVaR_mean_diff_pct_l_CIu ’ ] )
839

840 df_bam_results� �
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