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Introduction

This Master’s thesis is in the field of functional analysis, more specifically, in Banach
space geometry. In the thesis we study Daugavet- and A-points in Lipschitz-free
Banach spaces. This is a fairly new direction in the investigation of the famous
Daugavet property and diameter-2 properties; Daugavet- and A-points were first
introduced in 2018 [1] by T. A. Abrahamsen, R. Haller, V. Lima and K. Pirk.

This new line of study has received the interest of several researchers, in particular
interest to us is the very recent preprint [11] by M. Jung and A. Rueda Zoca. They
obtained several results both on Daugavet-points and on A-points in Lipschitz-free
spaces. Most importantly, the following characterization were provided in [11]:

e If M is a compact metric space, then 1 € Sg(yy) is a Daugavet-point if and
only if ||u — v|| = 2 for every denting point u;

e If M is a metric space and = # y € M, then myy € Sy is a A-point if
and only if for every € > 0 and slice S with m,, € S there exist u # v € M
such that my, € S and d(u,v) < €.

This left open two important questions:

e How to characterize Daugavet-points in Lipschitz-free spaces when M is not
compact?

e How to characterize A-points that are not molecules in Lipschitz-free spaces?

The goal of the thesis was to provide answers to these questions.

The thesis are divided into three chapters. In the first chapter we will introduce
main concepts as well as some useful auxiliary results.

The second chapter is dedicated to Daugavet-points. We shall present two results
from [11] and then add some new results. Our main purpose here is to provide
a characterization for Daugavet-points in Lipschitz-free spaces that works for any
metric space M. Two such characterizations are provided in Theorem 2.6. Subse-
quently we will apply this theorem to construct an example of a metric space M
such that the corresponding Lipschitz-free space F (M) has the Radon—Nikodym
property and also contains a Daugavet-point.

In the third chapter we examine A-points. First we will present several results
from [11] and then add a few original results to the existing ones. Our main purpose
of here is to provide a characterization for A-points among convex combinations
of molecules, which is archived by Theorem 3.7. We shall apply our new result to
construct an example showing that a convex combination of molecules that are not
A-points can be a A-point.



In the thesis, we consider only real Banach spaces. We use common notation. For
Banach space X we will denote the closed unit ball by Bx, the unit sphere by Sx
and the dual space by X*.



1 Preliminaries

In this chapter we will introduce some concepts and results that will be used
throughout the thesis.

First let us recall the definition of closed convex hull.

Definition 1.1. Let A be a subset of Banach space X. The convex hull of subset
A is the set

convA:{Z)\ixi:neN,aﬁl,...,xnEA,)\l,...,)\n>0,)\1—|—~-+)\n:1}.
i=1

The closed convex hull conv A of subset A is the closure of the convex hull.

1.1 Daugavet- and Delta-points

There are many different ways to define Daugavet- and A-points. In this thesis, we
will define these points using slices.

Definition 1.2. Let X be a Banach space. A slice of the unit ball By is a set
S(z*,a) ={y € Bx: 2" (y) > 1 — a},
where z* € Sx» and a > 0.

Definition 1.3 (see |1, Lemmas 2.1,2.2]). We say that a norm-1 element x of a
Banach space X is a Daugavet-point, if for every slice S of Bx and for every
e > 0 there exists y € S such that ||z —y|| > 2 —e.

We say that a norm-1 element x of a Banach space X is a A-point, if for every slice
S of Bx with « € S and for every € > 0 there exists y € S such that ||z —y|| > 2—e¢.

The concepts of Daugavet-point and A-point were first introduced in 2018 by the
authors of the article [1], where they defined these points by using convex com-
binations and also presented the equivalent definition used above. The concepts
are closely related to the Daugavet property and the diametral local diameter two

property.

Definition 1.4 (see |14, Lemma 2.2]). We say that a Banach space X has the
Daugavet property, if for every x € S, for every € > 0 and for every slice S of
Bx there exists y € S such that ||z —y|| > 2 —e.

Definition 1.5 (see [5, Page 2]). We say that a Banach space X has the diametral
local diameter two property, if for every slice S of Bx, for every € > 0 and for
every € Sx NS there exists y € S such that ||z —y|| > 2 —«.



It is easy to see that a Banach space X has the Daugavet property if and only if
every x € Sy is a Daugavet-point, and X has the diametral local diameter two
property if and only if every x € Sx is a A-point.

We will provide another equivalent criterion for A-points that will be used in the
thesis.

Lemma 1.6 (see |11, Remark 2.4|). Let X be a Banach space, x € Sx and let
A C Bx be such that conv A = Bx. Then x is a A-point if and only if for every
slice S with x € S and € > 0, there exists y € ANS such that ||z —y|| > 2 —e.

The last lemma of this section allows us to choose however small o when proving
an element is a A-point.

Lemma 1.7 (see [10, Lemma 2.1]). Let X be a Banach space, x* € Sx+ and

a > 0. Then for every x € S(z*,«) and every 6 > 0 there exists yx € Sx» such
that x € S(y*,9) and S(y*,d) C S(z*, ).

1.2 Lipschitz-free Banach spaces

Definition 1.8. Let M and N be metric spaces and f: M — N. We say that a
mapping f is Lipschitz if there exists a constant L > 0 such that

d(f(p), f(q)) < L-d(p,q)

for all p,q € M. The least such number L is called the Lipschitz constant of f
and is denoted by Lip(f).

Definition 1.9. A metric space M together with a fixed point 0 € M is called a
pointed metric space.

From here on we assume that all metric spaces M are in fact pointed. We will
denote by Lipg (M) the vector space of all such Lipschitz functions f: M — R that
f(0) = 0. It is a known fact (see, e.g., [13, Proposition 1.29]) that Lipy(M) with
the norm

[If]l = Lip(f)

is a Banach space.

Let 6: M — Lipg(M)* be the canonical isometric embedding of M into Lipy(M)*,
which is given by = +—— §,, where d,(f) = f(z). The norm closed linear span of
d(M) is called the Lipschitz-free space and denoted by F(M). An element in
Lipg(M)* of the form

Mgy =



for x # y € M is called a molecule. We denote the set of all molecules by Mol(M).
It is well-known and easy to prove that ||mg,| = 1 for every x # y € M. Also, note
that

conv ( Mol(M)) = Br (),

therefore we can use Lemma 1.6 when deriving results about A-points.

Theorem 1.10 (see, e.g., [13, Theorem 3.3|). Let M be a pointed metric space.
Then F(M)* = Lipy(M).

By Theorem 1.10, in Banach space F(M) we can choose the defining functional
of the slice from Sy, (ar)- Note that for convex combinations of molecules, f and
f + a give the same value for every f € Lipy(M) and constant a. Therefore, we do
not need to ensure that f(0) = 0, when creating slices.

Theorem 1.11 (see, e.g., [13, Theorem 1.33]). Let M be a metric space, let My be
a nonempty subset of M and let fo be a Lipschitz function from My into R. Then
there exists an extension f: M — R of fo which has the same Lipschitz constant

as fo.

1.3 Auxiliary lemmas

In this section, we will introduce some lemmas that will be used throughout the
thesis. The results of this chapter hold for all metric spaces M.

Lemma 1.12 (see [13, Proposition 1.32|). Let f,g € Lipy(M). Then we have
min{ f, g}, max{f, g} € Lipy(M). Furthermore,

| min{f, g}| < max {I ], llgl}

and

| max{, g}|| < max { /]l g}

When proving that a unit sphere element is a Daugavet-point or a A-point we
usually examine elements that are almost at distance two from each other. We
shall provide two lemmas that assist us with this.

Lemma 1.13. Let x # y,u # v € M and € > 0. The following statements are
equivalent:

(i) mey + Myl 22 —¢;

(ir) d(z,v) + d(u,y) > d(z,y) + d(u,v) — emax {d(z,y),d(u,v)}.



Proof. Without loss of generality, let us assume that d(z,y) > d(u,v).
(i) = (i4). Assume that ||mgy + myy| > 2 — . Then

2 — e < ||may + M|
 mad(a, )+ mayd(u,y) + mu(d(z,y) = du,v))|
d(z,y)
< d(z,v) +d(u,y) + d(z,y) — d(u,v)
N d(z,y) '

Therefore

d(z,v)+d(u,y) > (1—e)d(z,y)+d(u,v) = d(x,y)—l—d(u,v)—emax{d(ac,y),d(u,v)}.

(74) = (7). Assume that
d(xz,v) +d(y,u) > d(x,y) + d(u,v) — e max {d(x, ), d(u,v)},
o d(v,z) + d(y,u) — d(u,v) > (1 —e)d(z, y).
Let us examine the function f: M — R,
f(p) = min {d(y, p),d(v,p) + d(y,u) — d(u,v)}.

According to Lemma 1.12, f € Lipy(M) and ||f|| < 1. Let us note that

f(z) = min {d y,x),d(v, x) + d(y, ) d(u, v)} > (1—¢)d(z,y),

f(y) = min {0 d(v,y) + d(y,u) } 0,

f(u) = min {d(y, u),d(v,u) + d(y, —d(u,v)} =d(y

f(v) = min {d y,v),0 4+ d(y,u) } d(y,u) — d( v).
Therefore

fa) = f@) | S = 10)

>
(Y R (0

We will derive our next lemma from the following theorem.

Theorem 1.14 (see [11, Theorem 2.6]). Let (uy,), (vy) be two sequences in M such
that u, # v, for every n € N and d(uy,vy,) — 0. Then for every u € Srr) we get
that

[+ M, || = 2.

Lemma 1.15. Let u € Sr(ar). Then for every e > 0 there exists 6 > 0 such that
if u#v € M satisfy d(u,v) < 9, then || —my,|| > 2 —e¢.

8



Proof. Fix € > 0. Assume for the sake of contradiction that for every n € N there
exist u, # v, € M such that d(up,v,) < 1/n and |[p — My, || < 2 —e. Then
d(up,vy) — 0 and ||p — My, 0, || 7 2, which contradicts Theorem 1.14.

Therefore there must exists n € N such that ||u—myy| > 2—¢ for every u #v € M
with d(u,v) < 1/n. By choosing § = 1/n, we conclude the proof. O

Some results about A-points in Lipy(M) are achieved by constructing a special
Lipschitz function. The last two lemmas we introduce in this chapter will assist us
with that.

Lemma 1.16. Letn € N, A,...., A\, >0, 1 # y1,...,Zn  yn € M and f €
SLipy (M) be such that

f(f: )\imriyi> = H En: AiMMgy, || = 2”: A
i=1 i=1 i=1

Ifme{l,....,n} and k1, ..., kms1 € {1,...,n} with k1, ..., kn pairwise distinct
and ky1 = k1 are such that

m m

Z d(xkj 5 yijrl) = Z d(xk] ) Z/kj )7

j=1 j=1

then f(xg,) — f(yk,) = d(Tky, Yky)- In particular, f(x;) — f(yi) = d(x4,y:) for all
ie{l,...,n}.

Proof. Let m € {1,...,n} and kq,...,kpn+1 € {1,...,n} be such that ki, ..., kp,
are pairwise distinct, k,,4+1 = k1 and

Z d(l'kj ) ykj+1) = Z d(wk] ) Yk )
j=1 j=1
Set )
Ao = 1min ‘
07 ieflm} d(zi, y0)
and

[ — i — )\od(%,yi), if i € {]{31,.. .,k‘m},
P ifie{l,...,n}\{ki,... km}



Clearly I; > 0 for every i € {1,...,n}. Then

zn:li + Ao zm:d(xk“ykm) = zn: A = zn: /\zf(::;()_‘f()yz)
=1 =1 i=1 i=1

LiyYi
=1 d($zayz) i—1
o, @) = f) -
< Z li + )\0 Z d(l’ki, yk¢+1)'
=1 =1
In particular, f(xkl) - f(ykz) = d(kaykz)' o

Lemma 1.17. Letn € N, Ay,.... A\ > 0 and ©1 # y1,...,Tn #* Yo € M
be such that Y 1 Ni = || 30) Aitayy,||. There exists f € SLipy(M) Such that
FOXy Aimayy,) = || X2y Nimayy, || and for all ki, ko € {1,...,n} the following

conditions are equivalent:

(Z) f(xlﬂ) - f(ykz) = d(xkpyk’z);

(i) Then either ki1 = ky or there exist m € {1,...,n} and ks,...,km+1 €
{1,...,n} with ky,..., ky, pairwise distinct and ky,+1 = k1 such that

m m

Z d(xkj > yij) = Z d(xk] s Yk, )

j=1 j=1

Proof. Write = """ | \imy,y,. From Lemma 1.16 we see that if for f € SLipy (M)
we have f(p) = ||p||, then (i) = (i) holds true. Therefore our goal is to find
such f € Spip, () that f(u) = ||ul| and (i) = (ii) holds true. We will start with
a function g € Spip, () such that g(u) = [[u| and use g to define new functions.
Note that in case n = 1 we can choose f = g, therefore from here on we will assume
n > 1.

Let A C{1,...,n} x{1,...,n} be such that (k1, k2) € A if and only if k1 # ks and
for every m € {1,...,n} and ks,...,knt1 € {1,...,n} with kq,..., k,, pairwise
distinct and k11 = k1 we have

m m

Z d(xhy, Y1) 7 Z (s Y, )-

j=1 j=1

For each k = (ki,k2) € A we will define a function hy € Spi (ar) such that
hi(p) = |[pll and hi(zr, ) = P (yr,) < d(hy s Yrs)-

10



Fix k = (k1,k2) € A. If g(zk,) — 9(yn,) < d(xk,, Yk, ), then let by = g.

Now we consider the case where g(xg,) — 9(yr,) = d(zk,, Yk,). Set
MO = {mlv""xnaylv"'ayn} C M.

Let us first define a function iLk on My. To do so, we will first define a set of indexes.
Let B C {1,...,n} be such that ¢ € B if and only if there exist m € {2,...,n}
and ks, ..., kmy1 € {1,...,n} with &y, ..., ky, pairwise distinct and ky,+1 = i such
that

g(xkj) - g(ykj+1) = d(xkj’ykj+l)
for every j € {1,...,m}.
From Lemma 1.16 we get that g(zx,) — 9(yk,) = d(xg,, Y, ). Therefore we can take
m = 2 and k3 = ko, giving us ko € B.

Let us assume that k1 € B. Then there exist m € {2,...,n} and ks, ..., kni1 €
{1,...,n} with ki, ..., k,, pairwise distinct and k,,+1 = k; such that

g(‘rk]) - g(ykj+1) = d(xkj7ykj+l)
for every j € {1,...,m}. By reshuffling we get

m m

> d(@r, ykn) = Y (9l 9(e)) = (g u,)) = Y d(@k;, ur,),
j=1

j=1 j=1 j=1
contradicting (k1, k2) € A. Therefore k; ¢ B.

Let us show that if g(x;) — g(yi) = d(x;,y;) for i € B and i’ € {1,...,n}, then
i’ € B. There exist m € {2,...,n} and k3,...,kni1 € {1,...,n} with kq1,..., kn
pairwise distinct and k,,4+1 = ¢ such that

g(l’k]) - g(yk]’+1) = d(xk]"ykj+1)

for every j € {1,...,m}. If // = k; for some j € {3,...,m+ 1}, then ks, ..., k; are
suitable indexes, giving us 7 € B. Otherwise by the pigeonhole principle we must
have m < n and therefore ks, ..., k11,7 are suitable indexes, giving us 7' € B.

Now let C = {x;: i € B}U{y;: i € B}. Assume that g(p) — g(q) = d(p, q) for some
p € C and g € My. Let us show that then ¢ € C. Let i € B, j € {1,...,n} be such
that p € {x;,y;} and ¢ € {z;,y;}. Then

9(z:) — 9(p) + 9(p) — 9(a) + 9(q) — 9(y;)
= d(zi,p) + d(p, q) + d(q,y;)
d
This gives us that j € B, i.e., ¢ € C. From this we deduce that if p € C, g € M\ C,

then g(p) — g(q) < d(p, q).

11



Let § > 0 be such that for every p,q € My, if g(p) — g(¢q) < d(p, q), then g(p) —
g(p) + 6 < d(p,q). Finally we are ready to define the function hy. Let

7 g(p)+5a lfpeca
g(p)’ lfp € MO\C

First we will show that ||| < 1. Let p € C and q € {21,..., %0, y1, .-, Yn} \ C.
We showed previously that in this case g(p) — g(¢) < d(p,q) and therefore g(p) —
9(q) + 6 < d(p,q). Now we see that

hi(p) — hi(q) = 9(p) — 9(q) + 6 < d(p,q)
and
hi(q) = hi(p) = 9(q) — 9(p) — & < d(p, q)
giving us |h(p) — hr(q)| < d(p, q). Therefore Lip(hy,) < 1.
Let us also note that for every i € {1,...,n} we have either z;,y; € C or z;,y; ¢ C
giving us that hg(z;) — hg(yi) = g(x;) — g(y;). Therefore

hie(p) = g(p) = [lpell-

Last we point out that

hi(Thy ) — P (Uky) = 9(Thy) — 9(Yy) — 6 < d(Tky s Yiy)-

We will extend hy, by Theorem 1.11 to a Lipschitz map hy on M, with Lipy(hi) =
Lipg (i) =1

Now we have defined hy, for every k € A. Let
f= 1 Z hy.
Al &
By the triangle inequality || f]] < 1 and
1 (i) — by
o) = i ,;EAW = .
Furthermore, for every k = (k1,ks) € A we have

f(zr,) — fyk,) = \iﬂ > (hilery) = ulyr,))

leA
Al -1
<
A

A(Thy s Yry) + P (Thy) — P (Yhy) < d(Thy s Yiy)-

12



2 Daugavet-points in Lipschitz-free Banach spaces

In this section, we study Daugavet-points in Lipschitz-free spaces. We present pre-
viously known results and generalize some of them.

In order to present these results we first need to introduce the concept of denting

points, extreme points and preserved extreme points.

Definition 2.1 (see, e.g., |7, Definition 3.59], |6, Page 119]). Let K be a bounded
closed convex subset of a Banach space X. We say that x € K is an extreme
point of K if x; = zo = x whenever 1,22 € K and = = 1/2(x1 + 22).

We say that « € K is a denting point of K if z ¢ conv (K \ B(z,¢)) for every
e > 0.

We denote the set of all extreme points of K by ext(K) and the set of all denting
points of K by dent(K).

We say that an extreme point = € ext(Byx) is a preserved extreme point of
Bx if € ext(Bx=«+). Note that in Lipschitz-free spaces the concepts of denting
point and preserved extreme point of Br(yy) are equivalent (see [8, Theorem 2.4]).
Therefore any result attained for preserved extreme point holds for denting points
as well.

Lemma 2.2 (see [13, Corollary 3.44|, [8, Theorem 2.4|). Let M be a complete
metric space and let p € dent(Bz(ap)). Then p = my,y for some u# v € M.

Let us introduce some more notation. For every u,v € M and § > 0 we denote
[u,v] = {p € M :d(u,p) + d(v,p) = d(u,v)}

and

Line(u,v,6) = {p € M : d(u,p) + d(v,p) < (1 + 8)d(u,v)}.

This first set contains all points that are on the segment between u and v and the
second set contains all points that are close to the segment between u and v.

Theorem 2.3 (see |8, Theorem 2.6|). Let M be a metric space and u # v € M.
The following are equivalent:

(i) The molecule my, is a denting point of Brnr).-

(ii) For every e > 0 there exists 0 > 0 such that

Line(u,v,0) C B(u,e) U B(v,¢).

13



2.1 Characterization of Daugavet-point in Lipschitz-free
Banach spaces

The following necessary condition for a norm-1 element to be a Daugavet-point
was presented in [11].

Proposition 2.4 (see, e.g. [11, Proposition 3.1|). Let X be a Banach space and
x € Sx be a Daugavet-point. Then for every y € dent(Bx) we have ||z — y|| = 2.

It was shown in [11] that in Lipschitz-free spaces over compact metric spaces the
previous condition is, in fact, an equivalent condition.

Theorem 2.5 (see |11, Theorem 3.2|). Let M be a compact metric space and
p € Symy- The following statements are equivalent:

(i) p is a Daugavet-point.

(i) For every v € dent(Bxr(yp)) we have ||p —v|| = 2.

Moreover, if p is of the form myy for x #y € M, then the previous two statements
are equivalent to:

(111) If u,v € M satisfy [u,v] = {u,v} then

d(z,y) + d(u,v) < min{d(x,u) + d(y,v),d(x,v) + d(y,u)}. (2.1)

Here we would like to point out that according to Lemma 1.13 the condition 2.1 is
equivalent to ||mgy £ muy,|| = 2.

This theorem was used to provide an example of a Lipschitz-free space that contains
a Daugavet-point, but does not have the Daugavet property (see [11, Example 3.3|).

In this thesis we will not present the original proof of Theorem 2.5 (for the original
proof please see [11]). Instead we will provide a characterization of Daugavet-point
for any metric space M and use that to prove Theorem 2.5.

Theorem 2.6. Let M be a melric space and p € Sxnry. The following statements
are equivalent:

(i) p is a Daugavet-point;
(i) For every v € dent(Bz(yp)) we have ||p —v|| = 2;
(i1i) For every u # v € M and e > 0, if there exists § > 0 such that
B(u, (1 —¢€)d(u,v)) N B(v, (1 — €)d(u,v)) N Line(u, v,§) = 0,

then || — myy|| > 2 — 4e.

14



Figure 1: Illustration of Lemma 2.7

Our proof of Theorem 2.6 is long, therefore we shall divide the proof into parts and
first introduce two lemmas used in the proof.

Lemma 2.7. Let u # v € M, § > 0 and let p € Line(u,v,d). Then there exists
8" > 0 such that
Line(p,v,d’) C Line(u, v, §)

and
Line(u, p,d’) C Line(u, v, d).

Proof. Since p € Line(u, v,d) then there exists ¢’ > 0 such that
(1+ ") (d(u,p) +d(v,p)) < (1+8)d(u,v).
If ¢ € Line(p,v,d’), then

d(u, q) + d(v,q) < d(u,q) + (1+8")d(v,p) — d(p, q)
< d(u,p) + (1 +&)d(v,p)
< (1+9)d(u,v)

giving us Line(p,v,d0’) C Line(u,v,d). The inclusion Line(u,p,d’) C Line(u,v,d)
can be proved analogously. O

Lemma 2.8. Letu#ve M, ee(0,1/2) and § > 0 be such that
B(u, (1 —€)d(u,v)) N B(v, (1 — €)d(u,v)) N Line(u, v, 6) = 0.

For every a > 0, there exist 3 > 0, € B(u, (1 — €)d(u,v)) N Line(u,v,8) and
y € B(v, (1 —€)d(u,v)) N Line(u,v, ) such that the following holds

(1) B(x, (1- a)d(x,y)) N B(y, (1-— a)d(x,y)) N Line(z,y,406) = 0,
(2) Line(z,y, ) C Line(u, v, ),
(3) d(z,y) < d(u,v),

(
(4) d(u,x) + d(v,y) + d(z,y) < (1 +0)d(u,v).
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Figure 2: Illustration of Lemma 2.8

Proof. Fix o > 0. Let ¢, > 0 be such that J,, < § and 35, < a(1 — 2¢). Then
B(u, (1 - £)d(u,v)) N B(v, (1 — &)d(u, v)) N Line(u, v, 8,) = 0.
Set
eu = sup {eg : B(u, (1 —)d(u,v)) N B(v, (1 — eo)d(u,v)) N Line(u, v, 6,) # 0}

We see that 0 < g, < e. If ¢, =0, then let v, = 0 and z = u, otherwise let ~, > 0
be such that =, < €, and v, < d,,/2 and let

z € B(u, (1 —e)d(u,v)) N B(v, (1 — ey + vu)d(u, v)) N Line(u, v, &,).
Note that 7, — &, < 0. Furthermore, d(x,v) > (1 — &,)d(u, v) since
B(u, (1 —e€)d(u,v)) N B(v, (1 — &0)d(u,v)) N Line(u, v, d,) = 0
for every €¢ > €,. According to Lemma 2.7 there exists 4, > 0 such that
Line(z, v, d,) C Line(u, v, dy,).
We may assume that ¢, is small enough to satisfy d,(1 — ey + ) < Yu/2,
d(u, ) + (1 + 6y)d(x,v) < (14 6y)d(u,v),

and if e, > 0, then also (14 6,)(1 — €, + 7u) < 1. Note that from Line(x,v,d,) C
Line(u, v, d,,) we get

B(u, (1 —€)d(u,v)) N B(v, (1 — &, — Yu)d(u,v)) N Line(z, v, d,) = 0.
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Now set
ey = sup {eo : B(u, (1—¢g0)d(u,v)) NB(v, (1—&y —7y)d(u,v)) NLine(z, v, 8,) # 0}.

We see that 0 < ¢, < e. If &, =0, then let v, = 0 and y = v, otherwise let 7, > 0
be such that v, < &, and 7, < 7,/2 and let

y € B(u, (1 — &y + y)d(u,v)) N B(v, (1 — &4 — 7u)d(u,v)) N Line(z, v, §,).

Note that v, —e, < 0 and d(y,u) > (1 —ey)d(u, v). According to Lemma 2.7 there
exists § > 0 such that

Line(zx,y, 8) C Line(z,y,48) C Line(z,v,d,) C Line(u, v, d,) C Line(u, v, 9).
Hence (2) holds. Note that
A, 2) + d(v, ) + d(z,y) < du,7) + (1 +8,)d(z,v) < (1 +6,)d(w,v)
and therefore condition (4) is also true.
If ¢, =0, then z = u and
d(z,y) = d(u,y) < (1 -y +7)d(u,v) < d(u,v).
If g, > 0, then
d(z,y) < (14 6y)d(z,v) —d(v,y)
< (146,)(1 = ey + yu)d(u, v) — d(u,v) + d(u,y)
< d(u,v) — d(u,v) + (1 — gy + Y)d(u, v)
< d(u,v).
Therefore d(z,y) < d(u,v), i.e., (3) is true. Also,
d(z,y) < (14 d,)d(z,v) — d(v,y)
(1 4+ 0)(1 — ey + Y)d(u,v) — d(u,v) + d(u,y)
Gu(1 = €y + Y )d(u, v) + (Yu — €u)d(u,v) + (1 = €y + )d(u,v)
(1 - ey — &v + 27)d(u, v)
(1 — ey — € + du)d(u,v).
Assume that there exists
z € B(z, (1 — a)d(z,y)) N B(y, (1 — a)d(z,y)) N Line(z, y, 45).
Recall that d(x,v) > (1 — e)d(u, v) and therefore
d(u, z) < d(u,z) + d(z, 2)
< (L+0u)d(u,v) — d(v, ) + (1 — a)d(z, y)
( Yd(u,v) — (1 — ey)d(u,v) + (1 — a)(1 — &y — €y + 6y)d(u,v)
= (1 — &y)d(u,v) 4+ 20,d(u,v) — (1 — &, — &y + dy)d(u,v)
( )d(u,v) + (
(

ANVANE VAR VAN

(26, — a(1 — 2¢))d(u, v)
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Analogously, d(v, z) < (1 — gy, — 0y)d(u, v).
Notice that z € Line(z,y,43) C Line(z, v, d,) and therefore

z € B(u, (1 — &y — 0y)d(u,v)) N B(v, (1 — &, — 6y)d(u,v)) N Line(z,v,d,),
which is a contradiction since this intersection is empty. This gives us
B(z, (1 — a)d(z,y)) N B(y, (1 — a)d(z,y)) N Line(z, y,48) = 0.
Therefore (1) holds. O

Now we are ready to prove Theorem 2.6

Proof of Theorem 2.6. (i) = (ii). Is a consequence of Proposition 2.4.

(4i) = (i17). Assume that ||u — v|| = 2 for every v € dent(Br(,)). First we will
prove (i7) = (4i7) assuming M is complete.

Note that the case e > 1/2 is trivial. Fix u # v € M and ¢ € (0,1/2), such that
there exists § > 0 with

B(u, (1 —€)d(u,v)) N B(v, (1 — €)d(u,v)) N Line(u, v, 6) = 0.

Note that we can choose § to be however small. Therefore, if we show || — My, || >
2 — 4e — 44, then from that we can derive || — myy|| > 2 — 4e. Additionally, we
assume that 6 < 1/2 —e.

Let us find = € B(u, (1 — €)d(u,v)) N Line(u,v,d) and y € B(v, (1 — &)d(u,v)) N
Line(u, v, ) such that mg, is a denting point. To do so, we shall inductively con-
struct two Cauchy sequences (up) and (v,) of elements in the sets

B(u, (1 — €)d(u,v)) N Line(u, v, §)

and
B(v, (1 — €)d(u,v)) N Line(u, v, ),
respectively, and also find positive numbers d,, and e, for every n € N. We will

define these in such a way that for every n € N we have

1) B(un, (1 = &p)d(tn, vy)) N B(vn, (1 — €n)d(up, vn)) N Line(y, yn, 46,) = 0;

2) Line(up, vy, dp) C Line(u, v,d/4);
4 (urwun—i—l) +d(vn77)n+1> +d(un+l77}n+l) (1 +6n)d(un7vn);

(1)

(2)

(3) d(tnsrrns1) < d(tn, v0);

(4)

(5) max {d(u,un),d(v,v,)} < (1 —e—6/2""")d(u,v);
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(6) 5n+175n+1 < 5n/2§

starting by 01 = §/4, e1 = ¢, u1 = v and v; = v. Then (u,,) and (v,) converge to
the elements x and y we are looking for.

It is easy to see that conditions (1), (2), (5) and (6) hold for 6; = 6/4, 1 = ¢,
u1 = u and v1 = v. Assume that we have found u,, v,, 6, and ¢, for n € N.

Let en41 € (0,0,/2). By Lemma 2.8 (taking v = uy,, v = vy, 6 = 0y, € = &, and
a = €p41) choose 0py1 (= ), upt1 (= x) and v,41 (= y). Additionally assume
that 5n+1 < (Sn/Q

Note that un+1 € B(un, (1 = &n)d(un, Un)) N Line(uy, vp, 0p,). Therefore
d(vp, unt1) > (1 — &) d(up, vy)
and we get

< (1 + 0p)d(up, vy) — d(vp, Upt1)
< (1 + 0p)d(up,vyn) — (1 —ep)d(up, vy)
= (0 + en)d(u,v).

d(una Un+1 )

If n =1, then recall that 6 + ¢ < 1/2 and therefore

d(u,uz) = d(ui,u2) < (01 +e1)d(u,v) < (6 +€)d(u,v) < (1 —e — 9)d(u,v).

If n # 1, then
d(ua unJrl) < d(ua un) + d(unv unJrl)
0
< (1 e 2n_1)d(u, V) + (e + 8n)d(u, v)
J
< (1 —e— 2n_1)d(u,v) + 5-d(u,v)
)

= (1 —e— 2—”)d(u,v)

Therefore
d(u,upt1) < (1 —e—0/2")d(u,v).

Analogously,

d(v,vp41) < (1 —e—9/2")d(u,v).

Now we have two sequences (uy) and (vy,). Let us show that these are Cauchy
sequences. Note that for every m > n € N\ {1} we have

m—1 m—1 m—1
J o
(U, Upy) < Z d(ug, uit1) < 2(62 +ei)d(u,v) < gd(u,v) < Fd(u,v).

19



Therefore d(uy,, umy) — 0 and there exists € M such that w, — z. Analogously

we see that (v,) is a Cauchy sequence and there exists y € M such that v, — y.
Note that

un € B(u, (1 — €)d(u,v)) N Line(u, v, §/4)
and
vn, € B(v, (1 — €)d(u,v)) N Line(u,v, §/4),
for every n € N. Therefore
z € B(u, (1 — €)d(u,v)) N Line(u, v, §)
and
y € B(v, (1 — €)d(u,v)) N Line(u, v, ).
Furthermore by (3) we have d(x,y) < d(uy,v,) for every n € N.
Now we show that mg, is a denting point. Fix ¢/ > 0. Let n € N be such that
d(up,x) < €'/2, d(vn,y) < €'/2 and (e, + 40,,)d(un, vy) < €'/2. Note that
B(un, (1 — en)d(un, vn)) N B(vn, (1 — en)d(un, Un)) N Line(uy,, vy, 0p,) = 0.
There exists m > n such that d(um,x) + d(vm,y) < ond(un, vy). By conditions (4)
and (6) we get

m—1

(U, Upn) + d(Vp, V) < Z (d(ui, uit1) + d(vi, vit1))

i=n

m—1 m—1

= (d(ui, uir1) + d(vi, vig1) + d(wig1, vig1)) — Z d(Uit1,Vig1)

i=n =n

m—1
< (1 + 6;)d(ui, v;) — Z d(iy1,vit1)

= 0id(ug, v;) + d(tn, vn) — d(Um, Vi)

on
< 9i—n d(un7 Un) + d(urm 'Un) - d(uma Um)

< 20pd

—~

Un, vn) + d(uru Un) - d(umu Um)-
If p € Line(z,y, 0y,), then

d(tn, p) + d(vn, p) < d(un, um) + d(vpn, Vm)
+ d(um, z) + d(vm, y) + d(z,p) + d(y, p)
< 20nd(Un, vy,) + d(Un, V) — d(Uny, Vi)
+ 0nd(Un, vy) + (1 + 9p)d(z,y)
< (1 + 46,)d(uy, vp)-
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Therefore
Line(z,y, 0,) C Line(uy, vy, 40,).

Let p € Line(x,y,d,). Our aim is to show that p € B(z,&’) U B(y,€’). Note that
On + €n < 1/2. Hence

d(tn,p) + d(vn,p) < (14 46,)d(un, vn) < 2(1 — &p)d(up, vn)

and either p € B(un, (1 — €,)d(un,vs)) or p € B(vy, (1 — &,)d(tn, vy)). We only
consider the case p € B(un, (1—&p)d(un, Un)), the case p € B(vn, (1—en)d(up, vn))
is analogous. Then p ¢ B(vn, (1 — &,)d(tun, vy)). Now we get

/

d(a,p) < d(a,wn) + d(un,p) < 5 + (L+48,)d(un, 0n) = d(vn,p)
/
+ (14 465)d(un, vy) — (1 — &) d(un, vy) < €.

Therefore Line(x,y,0,) € B(z,e’) U B(y, ). According to Theorem 2.3, mgy is a
denting point and by assumption (i7) we have |[p — myy|| = 2.

Since z € B(u, (1 — £)d(u,v)) N Line(u, v,§) and
B(u, (1 —¢€)d(u,v)) N B(v, (1 — €)d(u,v)) N Line(u, v,§) = 0,
we have
d(z,u) < (14 8)d(u,v) — d(z,v) < (1+8)d(u,v) — (1 —&)d(u,v) = (¢ + 8)d(u,v).
Analogously, d(y,v) < (¢ + 6)d(u, v). Therefore

| maud(z, ) + myyd(v, y) — M (d(u, v) — d(z,y)) |

- i
< d(z,u) + d(y,v) + ’d(u,v) —d(x, y)|
- d(u,v)
< 2(e + 0)d(x,y) + d(z,u) + d(y,v)
- d(u,v)
<A(e+9).
Consequently,

e = munll = [l = may || = Imay = muo| = 2 = 4(e +9).

Hence || — myy|| > 2 — 4e. This closes the case when M is complete.

Now assume M is not complete and let M’ be its completion. Then F(M) = F(M’)
and therefore for every v € dent(Bz(yr)) we have ||u — v| = 2.
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Let us note that, if for u # v € M and € > 0 there exists § > 0 such that in M we
have

B(u, (1 —¢€)d(u,v)) N B(v, (1 — €)d(u,v)) N Line(u, v,§) = 0,
then in M’ we have

B(u, (1 —¢€")d(u,v)) N B(v, (1 — &')d(u,v)) N Line(u,v,8") = 0
for every ¢’ € (0,¢) and ¢’ € (0,0). Then by the first case we get || —myy| > 2—4¢’
for every &’ € (0,¢) and therefore || — my,|| > 2 — 4e.

This is what we wanted to prove.

(7i7) = (i). Assume that (i77) holds. We will show that p is a Daugavet-point. Fix
J € SLipy(ar) and a,e > 0. We will prove that there exist u # v € M such that
Myy € S(f, ) and ||p — myy|| > 2 — €.

Let ug # vo € M be such that f(ug) — f(vo) > (1 — a)d(ug,vp). According to
Lemma 1.15 there exists v > 0 such that if x # y € M satisfy d(x,y) < -, then
|t — Mgyl > 2 —€. Let n € N and § > 0 be such that

(1 — i)nd(u(),vg) <

and f(uo) — f(vo) > (1 — a)(1 + 6)"d(uo, vo)-
If ||t — Mugue || = 2 — €, then we have found suitable points u and wv.

Consider the case where ||t — Mg, || < 2 — €. By (447) there exists

pE B(uo, (1 - Z)d(uo,vg)) N B(vg, (1 — Z)d(uo,vo)) N Line(ug, vy, ).

Therefore

f(uo) = f(p) + f(p) — f(vo) > (1 — a)(1 + 8)"d(uo, vo)
> (1—a)(146)""" (d(uo, p) + d(vo,p))-

Then either
fluo) = f(p) > (1 = ) (1 +8)""d(ug, p)

or
f(p) = f(vo) > (1 = a)(1+6)""'d(vo, p).
Additionally we have
€
max {d(u07p)7 d(/U07p)} < (1 - 1>d(’LL0, UD)'
Therefore there exist u; # vy € M such that

flur) = flur) > (1= a)(1 +6)" " d(u, v1)
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and d(uy,v1) < (1 —&/4)d(ug,vo).

Now we will repeat this step as many times as needed, but no more than n times.
Assume for k € {1,...,n — 1} that

flur) = for) > (1= a)(1+6)"*d(u, vr)

and d(ug,vx) < (1 —e/4)kd(ug, vo).

If || — e, ]| > 2 — €, then ug and vy, are suitable points, since f(ug) — f(vg) >
(1 — a)d(ug, vg).

If || — Mg, || < 2 — €, then as we did before, we can find ug1 # vg41 € M such
that

furtr) = f(onpr) > (1= a)(146)" " d(upy1, vps1)
and d(upi1,vrs1) < (1 —/4)" 1 d(ug,vp).
If by the n-th step we have not found suitable points, then we have f(u,)— f(v,) >
(1 — a)d(up,vy,) and
e\
d(up, vy) < (1 — Z> d(up,vg) < 7,

which gives us ||i — muy,0,| > 2 — . Now we have found suitable points u and v,
therefore p is a Daugavet-point. O

The following corollary can be directly derived from Theorem 2.6 and Lemma 1.13
in case p is a molecule.

Corollary 2.9. Let M be a metric space and x # y € M. The following statements
are equivalent:

(1) May in a Daugavet-point;
(i) For every u # v € M and € > 0, if there exists 0 > 0 such that
B(u, (1 —€)d(u,v)) N B(v, (1 - £)d(u,v)) N Line(u, v, 8) = 0,
then

d(z,u) + d(y,v) > d(z,y) + d(u,v) — 4e max {d(z, y), d(u,v)}.

Another natural question to consider is whether ¢ and § are indeed needed in
condition (7ii) of Theorem 2.6. From Theorem 2.5 we see that in case of compact
spaces the characterization can be presented without using € and §. In Theorem
2.6 we examine only bounded sets, which indicates that € and d can be left out in
case of proper metric spaces, i.e., metric spaces in which all closed bounded sets
are compact. This is indeed so, as can be seen by following lemma.

23



Lemma 2.10 (see [4, Proposition 2.3], [8, Theorem 2.4|). Let M be a proper metric
space. Then the following are equivalent for all uw #v € M :

(i) My, € dent Bran;
(ii) [u,v] = {u,v}.

Note that if M is proper then it is complete and by Lemma 2.2 all denting points
are molecules.

Corollary 2.11. Let M be a proper metric space and p € Srnry- Then the fol-
lowing statements are equivalent:

(i) p is a Daugavet-point;
(i1) For every u # v € M if [u,v] = {u,v}, then ||u — my| = 2.

Let us notice by using Lemma 1.13 we can also simplify Corollary 2.11 when p is
a molecule.

Corollary 2.12. Let M be a proper metric space and x # y € M. The following
statements are equivalent:

(1) May in a Daugavet-point;
(ii) For every u # v € M, if [u,v] = {u,v}, then
d(ar,u) + d(y,v) > d(z,y) + d(u,)

Now we see that Theorem 2.5 can be derived from Theorem 2.6 and Corollary 2.12.

As a last part of this section, we ask if positive € and § are really needed in Theorem
2.6 in case M is not proper. Our aim is to present an example of complete metric
space M such that there exists x # y € M such that m,, is a Daugavet-point,
but condition (i¢) from Corollary 2.11 does not hold true. This example is far from
trivial and it also serves as an example of a metric space M such that F(M) has
the Radon—Nikodym property and a Daugavet-point. This example is provided in
the following chapter.

2.2 Example of Lipschitz-free Banach space with Radon—
Nikodym property and with Daugavet-point

In this chapter, we will provide an example of a Lipschitz-free space with the
Radon—Nikodym property and a Daugavet-point. We will first show that the Lipschitz-
free space in our example has the Schur property and then apply Theorem 2.15
to conclude that this space also has the Radon—Nikodym property. First, let us
introduce these properties.
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Definition 2.13 (see [12]). We say that a Banach space X has the Radon-—
Nikodym property if every nonempty bounded closed convex set has a denting
point.

Definition 2.14 (see [7, Page 253|). We say that a Banach space X has the Schur
property if every weakly convergent sequence in X is norm convergent.

Theorem 2.15 (see |2, Theorem 4.6]). For Lipschitz-free Banach spaces these
properties are equivalent:

(i) F(M) has the Radon—Nikodgm property;

(i) F(M) has the Schur property.

To show that F(M) in our example has the Schur property we will use following
result.

Lemma 2.16 (see [3, Corollary 2.7]). Let M be a countable complete metric space.
Then F(M) has the Schur property.

Now we are ready to present our example.

EXAMPLE 2.17. Let z = (0,0), y = (1,0) and Sp = {z,y}. For every n € N let

sn:{(zﬁn%n) ke {0129}

DO [—

FTn

=
N |
=~

—_

Figure 3: The sets Sy, ..., Sy

Let -
M={]S,
n=0
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be a metric space with metric

|a1—b1|, ifa2:b2
min{a; + b1,2 —a; — b1} + |ag — bal, if ay # bo.

d((a1,az), (b1,b2)) = {

Let us convince that d is indeed a metric. Let a = (a1, a2) and b = (b1, b)) € M.
Clearly d(a,b) > 0 and d(a,b) = d(b,a). If d(a,b) = 0, then we must have ay = ba,
which implies also a1 = by.

Let us show that d(a,b) < d(a,c) +d(b,c) for ¢ = (¢1,¢2) € M by examining three
cases.

1. If ag = by = c9, then

d(a,b) = \al — bly < |a1 — Cl| + ‘bl — Cl| = d(a,c) +d(b,c).

2. If ag # co and by = co (the case where aa = ¢p and by # ¢y is analogous),
then let us notice

min{a1 4+ 01,2 — a1 —bl} = min{a1 +c1+b—c,2—a1—c14 a1 —bl}
<min{a; +¢1,2 —a; —ec1} + |b1 — ¢

and therefore d(a,b) < d(a,c) + d(b,c).

3. Consider the case where as # ¢o and by # co. Clearly |a; — b1| < a1 + b1, and
since a1, by < 1 we conclude that |a; — b1| < 2 — a; — by. This gives us

]al — 51’ < min{a1 +b1,2—a; — bl}.

Therefore, it is enough, if we examine only the case when as # bs.

If2—ay—c1 <ay+ciand 2—5b; —c; < by + cq, then
2—a1—b1<2—a1—c1+2—-b1—¢
by using ¢; < 1. Otherwise
a1 +b; <minf{a; +¢1,2 — a1 —c1} + min{b; +¢1,2 — by — 1}
by using aq,b; < 1. This gives us d(a,b) < d(a,c) + d(b,c).

We conclude that d(a,b) < d(a,c) + d(b,c) and therefore the triangle inequality
holds.

Next we show that M is complete. Let (ay) be a Cauchy sequence in M. To show
that (ay,) converges to an element of M we consider two cases.
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1. First assume that there exists m € N such that (a,) is in U S,. Then
there exists € > 0 such that for every u # v € U]"_S,, we have d(u,v) > e.
Therefore, (ay,) is eventually constant.

2. Assume that for every m € N, there exist & > m and n € N such that a,, € Sj.
Choose a subsequence (ay, ) such that a,, € Sy, , where m; < mg <mg---.
The distance between any two different elements a,, = (by,,cn,) # an, =
(bp,, cn,) is defined as

min{by, + bp,,2 — by, — bp, } + |cn, — cnyl-

Since (ap, ) is a Cauchy sequence, either a,, — (0,0) or a,, — (1,0).

According to Lemma 2.16, F(M) has the Schur property, since M is countable and
complete. By Theorem 2.15, F(M) also has the Radon—Nikodym property.

We will now show that myg, is a Daugavet-point; recall that = (0,0) and y =
(1,0).

By Theorem 2.6, it suffices to show that ||m, —v| = 2 for every v € dent(Bz(ar))-
According to Lemma 2.2 v is a denting point in Bz, only if v = my, for some
utuveM.

Fix myy € dent(B;(M)). Let u = (ug,u2) and v = (v1,v2). Then according to
Theorem 2.3, for every € > 0 there exists d > 0 such that

Line(u, v,6) C B(u,e) U B(v,¢).

If there exists p € [u,v] \ {u,v}, then p € Line(u,v,d) for every 6 > 0 and there
exists € > 0 such that min {d(u,p), d(v,p)} > . This implies that Line(u,v,d) €
B(u,e)UB(v,¢e) for every § > 0, which is a contradiction. Therefore [u, v] = {u, v}.

We will now show that u,v ¢ {z,y}. Assume that v € {z,y} (case v € {z,y} is
analogous). Then ug = 0. If vy # 0, then

z = (u1,v2/2) € [u,v] \ {u, v},

because d(u,z) = vy/2 and d(v,z) = min{uj + v1,2 — ug — v1} + v2/2. This is
in contradiction with [u,v] = {u,v} and therefore vy = 0, i.e., v € {z,y}. Since
the conditions for u and v are symmetrical then let us assume u = z and v = y.
However, m,, is not a denting point because

= (3o € Line (21 57)
2= (30 g1 ine (2, y, o
and min{d(u, 2), (v, z)} > 1/2 for every n € N, since d(z, z) = d(y,z) = 1/2+1/2".

Now we know that [u,v] = {u,v} and u,v ¢ {z, y}. Let us show that ||mgy—m,| =
2.
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If ug = v9, then |u; — v1| = ug, because otherwise either

(u1 + ug, uz) € [u,v] \ {u,v}

or
(u1 — ug,u2) € [u,v] \ {u,v}.
Hence
d(z,u) +d(y,v) =us +ug+1—vy +vy > 1+ |ug —v1| = d(z,y) + d(u,v)
and according to Lemma 1.13 we get ||mgy — muyy|| = 2.

If ug # wo, then either uy = v1 = 0 or u1 = v1 = 1, because otherwise one of the
four points (0, u2), (1,u2), (0,v2), (1,v9) is in [u,v] \ {u,v}. Hence

d(z,u)+d(y,v) = u1+us+1—v1+ve = 1+us+v2 > 14+ |ug—v2| = d(z,y)+d(u,v)

and according to Lemma 1.13 we get ||mgy — muyy|| = 2.

Now we have shown that for every v € dent(Br(ys)) we have ||mgyy, — v|| = 2 and
therefore m,, is a Daugavet-point.

Furthermore, we see that condition (77) from Corollary 2.11 does not hold for myg,,
since [z, y] = {x,y} and ||may — may|| = 0.
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3 Delta-points in Lipschitz-free Banach spaces

In this chapter, we will examine A-points in Lipschitz-free spaces. We will present
some results and examples from [11] and add some new related results.

This chapter is mostly dedicated to examining convex combinations of molecules.
For simplicity, when writing g = Y7 | A\imy,y, € conv (MOI(M )) N Srry, we
assume by default that A; > 0 for every ¢ € {1,...,n} and > ;" ;| \; = 1.

3.1 Characterization of Delta-point in Lipschitz-free Ba-
nach spaces

In the article [11], the question of when a molecule is a A-point was studied.
They provided one equivalence condition for molecule to be a A-point as well one
sufficient condition. An example of a A-point that was not a Daugavet-point was
also presented, thus proving A- and Daugavet-points are not the same in Lipschitz-
free spaces.

Definition 3.1 (see [11, Definition 4.1]). Let  # y € M. We say that points
x and y are connectable if for every € > 0 there exists 1-Lipschitz mapping
a: [0,d(z,y) + ] — M with «(0) = y and a(d(x,y) + €) = z, and say that «
connects = and y.

Proposition 3.2 (see [11, Proposition 4.2|). Let M be a metric space and let
x #y € M be connectable. Then myy is a A-point.

This result is a good tool for proving that a certain point is a A-point. In [11]
it was also used to show that A-points and Daugavet-points are not the same in
Lipschitz-free spaces.

EXAMPLE 3.3 (see [11, Example 4.3]). Let 0 < r < 1 and define M := [0,1] x
{0} U {(0,7),(1,7)} € (R%|.|]2) and consider z := (1,0) and y := (0,0). Note
that mg, is a A-point because there exists a 1-Lipschitz mapping «: [0,1] — M
connecting = and y, namely o(t) := (t,0) for every ¢ € [0, 1]. However, my, is not
a Daugavet-point. For u := (1,r) and v := (1,7) we get [u,v] = {u, v}, however

d(a,w) + d(y,v) = 2r < 2 = d(z,y) + d(u,v),
so by Theorem 2.5, mg, is not a Daugavet-point.

Theorem 3.4 (see [11, Theorem 4.6]). Let x #y € M. Then myy is a A-point if
and only if for every e > 0 and slice S with my, € S there exists u # v € M such
that my, € S and d(u,v) < e.
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We will not present the original proof in this thesis. Instead we will prove that a
generalization of Theorem 3.4 holds true for arbitrary p € conv (MOI(M )) NSFor,
not just for m,, € conv (Mol(M )) NSxr- To do so we will find a function similar
to fzy that was used in the proof of Theorem 3.4.

Lemma 3.5 (see |9, Lemma 3.6]). Let x #y € M and let

Fl®) =5 )+ )

We have

(1) [ fayll = 1;
(2) If muy € S(fay, ) for some u# v € M, then

(1 — a)max{d(z,v) + d(y,v),d(z,u) + d(y,u)} < d(x,y).

Note that the main benefit of f,, is condition (2), which tells us that if a molecule
My, 1s in the slice defined by f;,, then both u and v are close to the segment
[, y]. Our aim is to find for = Y7 A\img,y, € conv (Mol(M)) NSx a norm-1
function f, such that if a molecule my, is in the slice defined by f,, then it is close
to segment [z;,y;] for some i € {1,...,n}. Note that if for some m € {1,...,n}
and ki, ..., knt1 € {1,...,n} with k; = k41 we have

Z d(xkz ) yki+1) = Z d(xkz ) ykz)
=1 =1

then there exists a presentation of y as convex combination of molecules, where
all the molecules my, gy, ..., Mk, k,,,, are included. With that in mind we will
construct the function.

Lemma 3.6. Let 1 =Y ;" | Aimg,y, € conv (Mol(M)) N Sx(np). There exists f,, €
SLipy(a) and & > 0 such that the following holds:

(1) f#(:u) =1;

2) For everyu # v € M and a € (0,0) with my, € S(f,, ) there exists m €
(2) yu# : 0
{1,....n} and ky,...,kmy1 € {1,...,n} with ki, ..., ky, pairwise distinct
and k1 = kpy41, such that

Z d(xkl ) yk¢+1) - Z d(xklv ykl)
i=1 i=1

and
(1 - a) maX{d(xkl ) U) + d(ka, U)a d(xkpu) + d(ykga u)} < d(xk17yk2)'
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Proof. According to Lemma 1.17 there exists g € Sy, (ar) such that g(n) =1 and
for k1 # ko € {1,...,n} we have

g(x/ﬂ) - g(yk’z) = d(xkpykz)
if and only if either k1 = ko or there exists m € {1,...,n} and ks,...,kpt1 €
{1,...,n} with &y, ..., k,, pairwise distinct and k,,1+1 = k1 such that

m m

Z d(xkj 5 yk]'+1) = Z d(xkj s Yk, )

j=1 j=1

Let 6 > 0 be such that if g(x;) — g(y;) < d(zs,y;) for some 4,5 € {1,...,n}, then
9(xi) — g(y;) < (1 —6)d(ws, y;). Set

d(zi, y;)d(zi,p) .
d(zi,p) +d(y;,p)

hi(p) = max { € {1 nhgla) — g(y) = dwi,yy) |
for every i € {1,...,n}. Note that g(z;) — g(v;) = d(x;,y;) for every i € {1,...,n}
by Lemma 1.16, therefore the set we use in definition of h; is not empty. Further-
more,

d(zs,y;) d(xs, p) + d(y;,p) — (d(y;,p) — d(zi,p))
2 d(xi,p) + d(y;,p)

_ d(zi,y;)d(xi, p)
d(zi,p) + d(y;,p)’

then from Lemmas 1.12 and 3.5 we get ||h;|| < 1. Set

d(z;, y;
U)o (0) =

(3.1)

fu(p) = max {g(xz) — max {hi(p), (1- 5)d(mi,p)}}.

ie{1,...,n}

Note that that from Lemma 1.12 we get ||f,]| < 1. We will show that f, and §
satisfy the conditions of the lemma.

For every i € {1,...,n} we have

fulwi) > g(ai) — max {hi(x;), (1 = 0)d(xi, xi) } = g(i).

Next we show that f,(y;) < g(y;) for every i € {1,...,n}. For fixed i € {1,...,n}
let j € {1,...,n} be such that

fulyi) = g(x;) —max {hj(yi), (1 = 6)d(zj, ) }-
If g(z;) — g(y:) = d(zj,y;), then

Fulyi) = g(xj) — max {hj(yi), (1= 6)d(xj,:) } = g(aj) — d(xj,y:) = g(yi)-
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If g(z;) — g(yi) < d(xj,y;), then by the choice of § we have g(z;) — g(yi) <
(1 —9)d(xj,y;) and therefore

fulyi) = g(aj) —max {h;(ys), (1 — 6)d(xj, i) }
< g9(yi) +9(x) — g(yi) — (1 — 0)d(x;,y:)
< g(yi)-

This gives us f,(z:) — fu(yi) > g(xs) — g(ys) for every i € {1,...,n} and therefore
fu(p) = g(u) = 1. Note that [|f,[| < 1, hence fy, € Spip ar) and fu(p) = 1.

Now let us show that condition (2) holds. Fix u # v € M and « € (0,6) such that
Muy € (fu, ).
Let k1 € {1,...,n} be such that
f}t(u) = g(xkl) — Inax {hk1 (U), (1 - 5)d(xk17u)}
Then
(1 = a)d(u,v) < fu(u) = fu(v)
< g(xg,) — max {hkl (u), (1 — 5)d($k1,u)}

— g(zk, ) + max {hk1 v), (1 —d)d(xy,, )}
= max { hy, (v), (1 — 0)d(zy,,v)} — max {hy, (u), (1 — §)d(zk,, u) }.

If max { hy, (v), (1 — 8)d(zy,,v)} = (1 — 8)d(wy,,v), then
(1 — a)d(u,v) < max {hg, (v), (1 — 8)d(zy,,v)} — max {hy, (v), (1 — 8)d(zk,, u)}
< (1 ) (d(i,v) — Ay, 0)) < (1 - 8)d(u, ),
which contradicts with a € (0, 8). Hence
max { b, (v), (1 = 0)d(zk,, v) } = hi, (v).
There exists kg € {1,...,n} with g(zk,) — 9(yk,) = d(zk,, yk,) such that

d(xlﬂ y Yko )d(‘rlﬂ ) ’U)

hiy (v) = d(2hy,v) + d(Yry, v)

By 3.1 we get that

(1 — a)d(u,v) < max {hk1 (v), (1 —0)d(xg,,v } max {hkl ,(1— 5)d(:nk1,u)}
< d($k17yk2)d(‘rk17v) _ d(xkl?ka)d(mkl7 u)

=A@, v) + d(Yryyv)  d(@r s w) + d(Yry, )
= fﬂcklka (u) - fa:klyk2 (U)

From Lemma 3.5 we get

d(xk,, Yr,) > (1 — o) max {d(:vkl,u) + d(Ygy, w), d(xg, ,v) + d(ykz,v)}.
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Note that g(zx,) — 9(Yk,) = d(Tky,Yr,), therefore either k1 = kg or there exists
m € {1,...,n} and ks,...,knt1 € {1,...,n} with ki,..., k,, pairwise distinct
and kp,4+1 = k1 such that

m m

Z d(xk] 5 yijrl) = Z d(mk] ) Z/kj )

Jj=1 Jj=1

Since in case k1 = ko we can choose m = 1 and k1, ko as suitable indexes, then we
conclude the proof. O

Now we present our generalization of Theorem 3.4.

Theorem 3.7. Let u € conv (MOI(M)) NSz Then p is a A-point if and only if
for every e > 0 and a slice S with p € S there exist uw # v € M such that my, € S
and d(u,v) < €.

Proof. (<) This is a direct consequence of Lemma 1.15.

(=) Assume that p is a A-point. Let n € N, Ay,..., A, > 0 with Y7 | A; =1 and
TL# Y1, Tn # Yo € M be such that p =370 Aimg,y,.

According to Lemma 3.6 there exists f,, € Spip, (1) and 6 > 0 such that f,(u) =1
and for every u # v € M and &' € (0,9) with f,(u) — fu(v) > (1 — ¢)d(u,v)
there exist m € {1,...,n} and ki, ..., knt1 € {1,...,n} with ky,..., k,, pairwise
distinct and k; = k41 such that

m m

Z d(xk] ) Z/ij) = Z d(xkj ) ykj)

j=1 j=1
and

(1 — &) max {d(zk,,v) + d(Yk,, V), d(p, , u) + d(Yry, w) } < d(Tp,, Yk )-

Fix € > 0 and a slice S = S(f, «) such that p € S. According to Lemma 1.7 we
can assume that o < § and

1
((1 —a)? 1) i,jer?lz,%.).(.,n} d(wi,yj) < &

Our aim is to show there exists u # v € M such that my, € S and d(u,v) < €. Set
g=1[f+fuand

Ag = min Ai
O el my (i, ;)

It is easy to see that g(u) = fu(p) + f(i) > 2 — o. Then

2 —
,ueS(i,l— a>.
gl g
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Since p is a A-point, by Lemma 1.6 there exist u # v € M such that

9 _
Myy € S( 1-— 704)
lgll’ gl

and
it — muyy|| > 2 — Agarmin {d(xi,yj): i, €{1,...,n} d(z;,y;) # O}.

It is easy to see that f,(u)— f.(v) > (1—a)d(u,v) and f(u)—f(v) > (1—a)d(u,v),
which means my, € S(f,a). Now we will show that d(u,v) < e.

Since f,(u) — fu(v) > (1 —a)d(u,v) and a € (0,0), there exist m € {1,...,n} and

k... kme1 € {1,...,n} with kq,...,ky, pairwise distinct and k; = ky,+1 such
that
m m
Zd (ks Yhy 1) Zd (Th; Yr;) (32)
j=1 J=1
and

(1 — @) max {d(:vkl,v) + d(Yky, v), d(Tky s 0) + d(Yky s u)} < ATy s Yhy )-
Clearly d(zk,, yk,) > 0 and therefore

”/.L - mlw” >2- )‘Oamln{d(xlayj) Zv] € {17 s 7”}7d(xzayj) ?é 0}
> 2 — Nad(Tky , Yksy )-

Now we will show |[[mg, y,, — Musl| > 2 — €. Note that A; > Aod(z;, ;) for every
ie{l,...,n}. Let

[ — i — )\od(xl-,yi), if i € {kl, .. .,k‘m},
R pY ifie{1l,....n}\ {k1,... Em}

By 3.2 we have

n n m
= Z AiMgy, = Z limay; + Ao Z d(@k, yki+1)m$kiyki+1 :
We see that

n
2 — aAOd(xkl)ykz) < H Z )\mezyz - My
i=1

n m
= H Z limll?iyi + Ao Z d(xkz y Ykiga )mmkikal — My
i=1 =1

n m
< Z liHm%‘yi H + Ao Z d(wkw yki+1)"m$kiyki+1 H

+ (1 - )‘Od(xkuykz)) ||muvH + )\Od($k1,yk2)”mzklyk2 - muv”
=2 = 200d(Tp s Yy ) + Aod( @y s Yko ) M2y oy — Mo -
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Therefore ||my, y,, — Muol| > 2 — . From Lemma 1.16 we get

fu(xlﬁ) - f,u(yk’2) + fu(u) - fu(v)

>2— .
d(xk’pykz) d(u,v)

||mxk1yk2 + mu’u” Z

By Lemma 1.13 we get that

min {d<xk1 ’ ’U) + d(ka, u)? d(xlﬂ ’ u) + d(ka, ’U)}
> d(xlﬂ ) ykz) + d(uv U) — amax {d(xk’l ) ka)v d(ua U)}
> (1= a)(d(zk,, yr,) + d(u,v)).

We also know that
(1 - a) max {d(xlﬂ ) U) + d(ka,’U), d(mlﬂ s u) + d(yk27u)} < d(xkl 5 ka)

and therefore

d(xkuv) + d(ka, u) + d(m’ﬂ 3 u) + d(ykzvv>

d(u,v) < 21 —a) — d(Tky, Yksy)
2d(xk1 ) yk2)
2(1 —04)2 d(x/ﬁ’yk?)
1
<f(— _ . )
- ((1 —a)? 1) i,jer?f.)f,n} d(zi,9;) < €
Therefore we have found u # v € M such that my, € S and d(u,v) < e. O

It was also shown in [11] that Theorem 3.4 implies the following corollary

Corollary 3.8 (see [11, Corollary 4.7]). Let x #y € M and let my,, be a A-point.
Then for every r € (O,d(a:, y)) and € > 0 we get that

B(z,r+e)NB(y,d(z,y) —r+e) #0.

Moreover, if M is proper then S(z,r)N S(y, d(z,y) — 7“) # (.

Proof. The following proof is from [11], small modifications have been made to fit
the style of the thesis.

Fix r € (0,d(z,y)) and £ > 0. Let § € (0,£/2) be such that 7+ < d(z,y) and
d(z,y) —r+0 < d(x,y). Let

fi(t) :=max {r +§ — d(,1),0}
fa(t) == min{ — (d(x,y) —r) — 0 +d(y, 1), 0}

and let f:= f1 + fo. Then fi1(y) = fa(z) = 0 and therefore

@)= fly) = filz) = faly) =r+ 6+ (d(z,y) —7) + 6 = d(x,y) + 26 > d(z,y).
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Then mgy, € S(f/||If],1 —1/||f]]) and from Theorem 3.7 we get that there exist
u # v € M such that my, € S(f/||f|l,1 =1/ f|]) and d(u,v) < §. Hence

1
Fl) = £@) > U1 =1+ () = (o)

Notice that according to Lemma 1.12 we have || fi|| < 1 and || f2|| < 1. Therefore
fi(u) = fi(v) > 0, which gives us u € B(x,r + §). Analogously, v € B(y,d(z,y) —
7+ ). Then

d(y,u) < d(y,v) + d(u,v) < d(z,y) —r+d+06 <d(z,y) —r+e.
Thus
u € B(z,r+¢)NB(y,d(z,y) —r+¢),

ie.,
B(z,r+¢)NB(y,d(z,y) —r+e) #0.

Now assume that M is proper. Fix r € (O, d(zx, y)) We can construct a sequence

1 1
Up, EB(:U,?"—I—E> ﬁB(y,d(m,y)—r—l—ﬁ).

Let (uy, ) be a convergent subsequence of (u,) and let u,, — u. It is easy to see
that
u € S(z,r)N S(y,d(x,y) — 7"),

o S(a:,r)ﬂS(y,d(:c,y)—r) =+ ().
OJ

A natural question to consider is whether the reverse of Corollary 3.8 holds. In [11]
it was shown that in general it does not (see [11, Example 4.10]), although for some
compact metric spaces the reverse of Corollary 3.8 is in fact true. Note that the
metric space M from example provided in [11] was non-compact, therefore leaving
open the question of whether the reverse of Corollary 3.8 holds for all compact
metric spaces. The following example concludes that the reverse does not hold for
all compact metric spaces.

EXAMPLE 3.9. Let M = [0, 1] be a metric space with distance
d(a,b) = |la — b|min{l + a,1 +b,2 — a,2 — b}.

First, we will show that d is indeed a metric. Let a,b € M. Clearly d(a,b) > 0 and
d(a,b) = d(b,a). If d(a,b) = 0, then we must have a = b.

Now we will show d(a, b) < d(a, c)+d(b, c) for any ¢ € M. Without loss of generality
we will assume that min{l + a,2 — a} < min{1 + b,2 — b}.
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If min{1+ a,2 — a} < min{l + ¢,2 — ¢}, then
d(a,b) = |a — blmin{l +a,14+b,2 —a,2 — b}
<(la—c|+|b—c|)min{l +a,1+b,2—0a,2—b,1+¢2—c}
<l|a—c¢/min{l +a,1+¢2—a,2—c}
+|b—c/min{l +b,14+¢,2—-0,2—c}
=d(a,c)+d(b,c).

If min{l +a,2 —a} > min{l 4+ ¢,2 — ¢} = 1+ ¢, then a > ¢ and b > ¢. Therefore

d(a,b) = |a — blmin{l +a,14+b,2 —a,2 — b}
< |a = b|(1 + min{a, b})
= la —b|(1 4 ¢) + |a — b|(min{a, b} — ¢)
<la—0b|(1+¢)+ 2(min{a,b} — ¢)(1 +¢)
=(a—c+b—c)(1+c¢)
=la —c¢/min{l +a,1+¢,2—-a,2—c}
+1b—c/min{l +b,1+¢,2-0,2—c}
=d(a,c)+d(b,c).

Ifmin{l+a,2—a} >min{l+¢,2—-c} =2—c¢,thena<cand b<c
d(a,b) =|a —b/min{l +a,1+b,2 —a,2 — b}
< |a — b|(2 — max{a, b})
=la—0b|(2 —¢) + |a — b|(c — max{a, b})
<|a—=0b|(2—c¢)+2(c — max{a,b})(2 —¢)
=(c—a+c—0b)(2—c¢)
=|a—c¢/min{l +a,14+¢,2—a,2—c}
+[b—c/min{l +b,1+¢,2—-b,2—c}
= d(a,c) + d(b,c).
Note that M is compact since |a — b| < d(a,b) < 2|a — b| for all a,b € M.
Denote x = 0 and y = 1. Then
reS,r)nS(y,1—r)

for every r € (0,1). However, mg, is not a A-point. Let A € (0,1/8) and let us
define two functions f,g: M — R by

f(p)=-p

and 1 1
9(p) = min{max{l ~ Py _,\}75 +)\}'
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Clearly || f]| < 1. Note that by Lemma 1.12 we also have ||g|| < 1. Let
h=(1-=MNf+Ag.
Then

h(m)—h(y):1—A+A(%+A—(%—A)):1—A+2A2.

Therefore
Mgy € S(B/||R], 1= (1 =X+ A)/|R]]).

Assume that d(u,v) < A and myy € S(h/|[R],1 — (1 = X+ A?)/||A]|). Then
(1 =X+ 2A2)d(u,v) < h(u) — h(v)
=1 =N (f(u) = f() + Mg(u) - g(v))
< (1= Nd(u,0) + Ag(u) - g(v)).
Therefore g(u) — g(v) > 0 and then from d(u,v) < A we see that either u €
(1/2—=X1/24+ X)) orve (1/2— A, 1/2+ \). Furthermore,
(1= Nd(u,v) < (1= N)(f(u) = f() +A(g(w) = g(v)) — Ad(u,v)
< (1 =XN)|u—v|+ Md(u,v),
giving us (1 — 2A\)d(u,v) < (1 — A\)|u — v|. Hence

d(u,v)_1<1—)\_ A
lu — v 1—2x  1-—2)\

min{u,v,1 —u,1 —v} =

Now we see that either

ue [0,A/(1—2X) N (1=X/(1—2\),1]

or
ve [0,M/(1=2X\) N (1=X/(1-2)),1].
Therefore
1 A 11 1_1
> |y — B N -
A > d(u,v) > |u v|>2 A T—ox "3 3 6>8>)\,

which is absurd. Therefore, by Theorem 3.7, mg, is not a A-point.

From Theorem 3.7 we can easily derive the following result.

Corollary 3.10. Let p1 = Y i) Aiig,y, € conv (Mol(M)) N Sxrypy. If mayy, is a
A-point for every i € {1,...,n}, then u is a A-point.

Proof. Let my,y, be a A-point for every i € {1,...,n}. Fix f € Sp;pr) and a,e > 0
such that p € S(f,«). There exists ¢ € {1,...,n} such that m,,, € S(f,a). Since
Mg,y 18 @ A-point, then according to Theorem 3.7 there exist u # v € M such that
Mmyy € S(f, @) and d(u,v) < e. That means that u is a A-point. O
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It is natural to ask whether the converse of this corollary holds. The following
example shows that in general it does not.

EXAMPLE 3.11. Let M = {(a,b): a € {0,1},b € [0,1]} be a metric space with
distance

d((a1,b1), (az,b2)) = max {|a; — az|, [by — bal}.
Let z1 = (0,0), y1 = (1,0), z2 = (1,1) and y2 = (0, 1).

Y2 T2

x Y1

Figure 4: Metric space M from Example 3.11

We have d(x1,y1) = d(z1,y2) = d(x2,y1) = d(x2,y2) = 1 and from Lemma 1.13
we derive that

||mx1y1 + mazzyz” = Hmar1y2 + mx2y1H =2

By Corollary 3.8, my,y, and my,,, are not A-points. However, from Proposition
3.2 we see that my, 4, and my,,, are A-points. Therefore

Mgy + Magys My T Mooy,

2 2

is a A-point according to Corollary 3.10.
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