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To family and friends, and to the ability to detect overconfidence



ABSTRACT

Machine learning (ML) increasingly impacts many aspects of everyday life. Appli-
cations such as translation, chatbots, autonomous vehicles, fraud detection, loan
decisions, and hiring are already influenced by ML, and the role of ML is expected
to grow further. ML algorithms learn from data to perform specific tasks, such as
automatically responding to customer queries. Modern models are larger, more
complex, and more capable than ever before. As a result, they are increasingly
deployed in safety-critical settings, where the consequences of errors can be signif-
icant. Therefore, it is essential to interpret model outputs and to understand when a
model is uncertain about its predictions in order to avoid costly mistakes.

Machine learning models can output probabilities associated with their predic-
tions, which can be used for decision-making. For example, the probability of rain
in the next hour can guide decisions, such as increasing energy production to offset
reduced solar output. In safety-critical applications, such as autonomous driving
and medical diagnosis, predicted probabilities may determine whether an action is
taken, withheld, or referred for human review. Poorly estimated probabilities may
therefore lead to unsafe or costly decisions.

The reliability of these probability estimates is characterised by calibration.
Probabilities are more reliable when they are well-calibrated, meaning that pre-
dicted probabilities correspond to observed frequencies. For instance, among
all cases where a model predicts an 80% probability of rain, approximately 80
out of 100 should indeed result in rain. In practice, predicted probabilities are
often not well-calibrated and therefore need to be evaluated and, when necessary,
adjusted. Reliability diagrams and metrics such as the estimated calibration error
(ECE) are commonly used to assess calibration quality. When a model is poorly
calibrated, post-hoc calibration methods, including temperature scaling for deep
neural networks, can be applied to improve probability estimates.

In this work, we examine several aspects of uncertainty calibration. First, we
propose a new method for multiclass calibration, along with a novel regularisa-
tion technique specifically designed for calibration methods with high number of
parameters. Second, we introduce a new perspective on calibration evaluation,
which we define as the fit-on-test view. We show that calibration evaluation inher-
ently involves fitting a calibration map, that is, a mapping from uncalibrated to
calibrated probabilities, and propose a new evaluation method. Third, we propose
a framework for representing uncertainty in perception systems, with a focus on
autonomous driving. We further show how to generate the uncertainty estimates
defined by the framework, demonstrate that these are not well-calibrated by default,
and present methods for their calibration.
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proximating the true calibration map for DenseNet40, ResNet110,
and WideNet32 models on CIFAR-5m. Each calibrator is trained
on 5000 instances, with results averaged over the three classifiers.
Adopted from Publication II. . . . . . . . . . . . . . . . . . . . . 56

7. Evaluation of calibration estimators for reliability diagrams based
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1. INTRODUCTION

Machine learning (ML) models are employed across a wide range of domains,
including economic, industrial, military, and medical applications. A model may
confidently produce incorrect outputs without immediate financial consequences,
particularly in applications such as language translation, chatbots, or image en-
hancement, where errors primarily affect user experience. However, in other
domains, such as ad targeting, ML models are directly tied to revenue generation,
and their failures can result in significant financial losses. In safety-critical do-
mains, these models are responsible for tasks such as preventing traffic collisions
or supporting medical diagnoses, where failures can result in severe harm or even
loss of human life. With the growing adoption of machine learning in such high-
stakes settings, it is increasingly important to develop models that are not only
high-performing but also interpretable and trustworthy.

Machine learning models should be reliable to support informed decision-
making and thereby reduce potential losses in safety-critical domains. It is essential
to understand when a model is uncertain about its predictions and to act accordingly
based on its uncertainty estimates. For example, if an autonomous vehicle’s
perception model is not sufficiently confident that the road is clear, it should
reduce its speed or request confirmation from a safety driver. In such settings,
predicted probabilities may directly determine whether an action is taken, withheld,
or referred for human review.

Many models can output predictions with uncertainty, even if it is just a prob-
ability that the predicted class is correct. Although probabilistic outputs provide
additional information, they might lead to incorrect conclusions, especially if they
do not reflect reality. This means that the model might not be well-calibrated. Thus,
we cannot trust the model’s predicted uncertainties unless we first check whether
they are well-calibrated. For example, a model is considered well-calibrated when
it assigns a confidence level (e.g., 80%) to its predictions and approximately the
same proportion of those predictions (e.g., 80 out of 100) are correct. On the other
hand, when the model is not well-calibrated, it is unknown whether the predicted
probability is reliable, meaning the actual probability of being in the correct class
might be lower or higher than predicted.

Most models are not calibrated out of the box. Thus, their uncertainties need
to be modified. This adjustment of predicted probabilities is called calibration.
Existing post-hoc calibration methods often trade flexibility for data efficiency:
simple methods may be unable to correct class-specific or inter-class calibration
errors, whereas more flexible methods may overfit, particularly in multiclass
settings. This motivates the development of calibration methods that can model
complex relationships between classes while remaining interpretable and well
regularised. In addition to correcting predicted probabilities, it is necessary to
evaluate how well calibrated they are. A widely used measure for evaluating
calibration is the estimated calibration error (ECE) (Bröcker, 2012; Naeini et al.,
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2015). ECE compares average confidence and accuracy within probability bins.
However, its value depends on the number and placement of the bins, may conceal
local or class-specific errors, and does not identify how the probabilities should be
corrected.

These limitations reveal three related methodological challenges. First, flex-
ible and interpretable calibration methods are needed to estimate how predicted
probabilities should be corrected, particularly for multiclass models. Second, cal-
ibration evaluation depends on how the unknown calibration map is estimated,
and selecting a method that provides an appropriate representation and reliable fit
is challenging. Third, calibrated uncertainty must ultimately be represented and
incorporated into downstream decision-making. Calibration, therefore, involves
more than computing a single error measure: it requires methods for correcting
uncertainty estimates, evaluating the quality of those corrections, and determining
whether the resulting probabilities support reliable decisions.

This dissertation aims to advance the understanding of uncertainty in machine
learning through several contributions, guided by the following research questions
(RQs):

• RQ1: Can we improve multiclass calibration for deep learning models?
• RQ2: Why is calibration evaluation a difficult problem to solve, and how

can we improve evaluation methods?
• RQ3: What uncertainty information supports reliable decision-making in an

autonomous perception system?
These research questions are answered in 3 contribution chapters 3–5. Before

the contribution chapters, the necessary background information is introduced
in Chapter 2. That chapter covers background information about uncertainty,
calibration, calibration methods, and how to evaluate calibration.

Chapter 3 addresses RQ1 by proposing a novel multiclass post-hoc calibration
method for probabilistic classifiers. The proposed method, called Dirichlet calibra-
tion, is a generalisation of a flexible binary calibration method, beta calibration.
The method helps alleviate issues with calibrating only predicted class confidence
by also calibrating classwise relations, making it more versatile and compatible
with a wider range of calibration map shapes. The method is likely to overfit; thus,
a special regularisation method called ODIR is introduced to keep the model com-
petitive while avoiding overfitting. As a result, Dirichlet calibration combined with
ODIR regularisation outperforms temperature scaling on deep neural networks.
Chapter 3 presents Publication I, entitled Beyond temperature scaling: obtaining
well-calibrated multi-class probabilities with Dirichlet calibration (Kull, Perello
Nieto, et al., 2019).

Chapter 4 addresses RQ2 by introducing a fit-on-test view for calibration eval-
uation and a novel piecewise linear evaluation method. The fit-on-test view states
that the true calibration map is not directly available. Instead, it is approximated
using a test dataset, and this approximation is then used to compute calibration error

17



(CE). Thus, the fit-on-test view highlights several issues: the CE measure depends
on the method’s ability to approximate the true calibration map, and the user has no
way of assessing how accurate the resulting CE estimate is. Viewing CE estimation
as a fit-on-test procedure, we propose using standard machine learning techniques
to ensure good generalisation and fit, such as cross-validation and regularisation.

We further propose, as an alternative to synthetic and real data, using pseudo-
real data with millions of samples to fit a true calibration map as well as possible,
and then using it to better understand the quality of the CE measure. We conduct
extensive experiments to identify which CE measure is best for post-hoc calibration,
calibration map fitting, CE measurement (ECE), and ranking methods. Chapter 4
presents Publication II, entitled On the usefulness of the fit-on-test view on
evaluating calibration of classifiers (Kängsepp, Markus, Valk, et al., 2025).

Chapter 5 addresses RQ3 by proposing a framework of uncertainties needed
for a safe and reliable autonomous perception system. The proposed framework
accounts for uncertainties in detected objects, occupancy maps, and region occu-
pancy queries. Uncertainties about detected objects include location, presence, size,
shape, and trajectory probabilities. Region occupancy queries indicate the likeli-
hood that an object is present in a given area, such as a pedestrian crosswalk. The
framework is important for capturing different aspects of uncertainty to ensure a
reliable and safe system. We propose a way to acquire these uncertainties using the
bird’s-eye-view semantic segmentation model FIERY. As we know from previous
work, probabilistic models are usually not well calibrated, and this is also true in
this setting; thus, these uncertainties in the framework require post-hoc calibration.
Finally, we test whether these extra uncertainties are useful for the downstream
task of planning, comparing uncalibrated predictions, calibrated semantic segmen-
tation and calibrated object detections. Chapter 5 presents Publication III, entitled
Calibrating perception uncertainty for autonomous driving (Kängsepp, Markus
and Kull, 2026).

The dissertation ends with a discussion of key findings, potential limitations and
directions for future work. Together, the three interconnected contributions help
better understand how to calibrate different models and what method might work
the best; secondly, to understand the limitations of calibration error estimation
and how to improve the reliability of estimates across different tasks; and finally,
to practically see how calibration affects results in downstream tasks and how to
make a safer and more reliable uncertainty framework in perception systems.
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2. BACKGROUND AND PRELIMINARIES

This chapter provides background knowledge for the following chapters. The
description is from the perspective of the probabilistic classifier, a classification
model that outputs probabilities for each predicted class. The following sections
cover notation, prediction uncertainty, calibration, and evaluation of calibration of
a probabilistic classifier.

2.1. Notation

This section introduces the necessary notation for the binary and multiclass classi-
fiers. Binary classification is a special case of multiclass classification with two
classes. Nevertheless, the distinction is retained because many calibration methods
and evaluation procedures are defined naturally for a single scalar probability.
Methods such as beta calibration, histogram binning, and estimated calibration
error (ECE) can be applied directly to binary predictions. Applying analogous
procedures to multiclass probability vectors requires additional choices, such as
reducing the problem to the confidence of the predicted class or calibrating each
class separately. These reductions do not preserve the complete joint structure
of the multiclass probability vector. Common concepts are therefore introduced
jointly below, while binary- and multiclass-specific notation is distinguished only
where necessary.

We begin with a binary classifier f : X → [0,1] that outputs the predicted
probability of a positive class. Let X denote the input space, and let X be a
random variable in the feature space X representing an input instance. Let Y
denote the corresponding ground-truth label in the label space {0,1}. The model
prediction is P̂ = f (X). Let P̂ denote the estimated probability of the positive class.
So its values are in the range [0,1], and the negative class probability is 1 - P̂.

Secondly, a multiclass classifier has a vector of probabilities - P̂ =
(p̂1, p̂2, . . . , p̂k) for k classes. Probabilities p̂i correspond to each of the k
classes and sum of these probabilities is one: ∑k

i=1 p̂i = 1. Formally, this proba-
bility vector can be defined as an element of the (k−1)-dimensional probability
simplex:

∆k−1 =

{
(p1, p2, . . . , pk) ∈ [0,1]k

∣∣∣∣∣
k

∑
i=1

pi = 1

}
.

True classes can be represented as Y = i, where i ∈ 1,2, . . . ,k. Alternatively, they
can be expressed using a one-hot encoding, where Y is a k-dimensional vector with
a value of 1 at the index of the true class and 0 elsewhere. For example, if k = 3
and the second class is the true class, then Y = [0,1,0]. Using the argmax function
(i.e., argmax(Y) = 2 in this case), one can recover the index of the true class.
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2.2. Uncertainty of probabilistic classifier

The probabilistic classifier is a predictive model that outputs probabilities for
each predicted class. The term confidence is also used instead of probability
when referring to the top-label or predicted class probability, and is commonly
used for multiclass classifiers. The aim of probability values is to indicate model
uncertainties, but these can be unreliable, as previous works indicate (Niculescu-
Mizil and Caruana, 2005; Guo et al., 2017). The higher the probability (confidence),
the more certain the model is that the prediction is correct, and vice versa.

Uncertainty is needed in safety-critical areas, for example, medical imaging (Be-
goli et al., 2019) and autonomous vehicles (Koopman, 2022). Uncertainty informa-
tion from classifiers helps inform decisions that align with the true class probability.
For example, in autonomous driving, we aim to achieve extremely high certainty
to avoid any obstacles, as even a one-in-a-million chance of failing to detect an
object can have severe consequences. Additionally, for medical imaging, we would
like to know when the model is unsure of its prediction and when a doctor should
oversee it.

In this work, we treat the model’s predicted probabilities as estimates of predic-
tive uncertainty. Alternative approaches to uncertainty quantification include, for
example, Markov chain Monte Carlo (MCMC) methods (Neal, 2012), Bayesian
methods (Bishop and Nasrabadi, 2006), ensembling (Lakshminarayanan et al.,
2017), and dropout-based methods (Gal and Ghahramani, 2016). These approaches
can provide additional insights into the magnitude and nature of uncertainty beyond
standard probabilistic outputs. However, they are not considered in detail in this
work.

2.3. Calibration of probabilistic classifier

Classifier uncertainty estimates can be misleading, as they reflect the model’s
internal confidence, which may not correspond to the true empirical frequencies
of the data. For example, a model may consistently assign high confidence (e.g.,
90%) to a particular class, while its empirical accuracy at this confidence level is
only 70%, indicating that the predicted confidence is overestimated. This implies
that the model is overconfident in its predictions, which is a common issue in deep
learning models (Guo et al., 2017). In such cases, the model is not well-calibrated,
as its predicted probabilities do not match the observed frequencies.

A model may be poorly calibrated for several reasons. Overfitting, limited
training data, class imbalance, model misspecification, and optimisation choices
can all produce unreliable probabilities even when the test data follow the same
distribution as the training data. When representative calibration data are available,
post-hoc calibration can often mitigate this type of miscalibration. A different
challenge arises under dataset shift (Moreno-Torres et al., 2012) or for out-of-
distribution (OOD) inputs. Dataset shift may occur, for example, when a model
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trained primarily under sunny conditions is deployed in rainy or foggy conditions.
For example, an OOD input may correspond to a previously unseen object, such as
a traffic sign or road debris. In these cases, the model encounters inputs that differ
from those observed during training and may assign unjustifiably high confidence
to unreliable predictions. Ordinary post-hoc calibration does not by itself guarantee
reliability under an unknown or changing distribution. Such settings may also
require shift detection, adaptation, or dedicated uncertainty estimation methods,
which are outside the main scope of this thesis. Under dataset shift or for OOD
inputs, the model may therefore become both less accurate and more overconfident.
To distinguish reliable probability estimates from such cases, calibration is defined
by the correspondence between predicted probabilities and observed outcome
frequencies.

In binary classification, a model is well calibrated when predictions assigned
a given probability correspond to that outcome with approximately the same
frequency. For example, if it predicts the positive class with 85 per cent probability
100 times and is correct 85 out of 100 times. Formally, for a binary classifier

P(Y = 1| f (X) = p̂) = p̂,

for all p̂ ∈ [0,1], meaning that for all the probabilities given, the positive class
prediction should match with the probability of the event.

Similarly for multiclass calibration (Kull, Perello Nieto, et al., 2019)

P(Y = i| f (X) = p̂) = p̂i,

for all p̂∈∆k−1 and for all i= 1, . . . ,k, where k is the number of classes, p̂ is a vector
of predicted probabilities of size k and p̂i denotes its i-th component. In multiclass
calibration, all predicted probabilities for a given input x should be calibrated
simultaneously, which is a strong and demanding condition that is difficult both
to achieve and to evaluate. Evaluating this full multiclass calibration condition
is particularly challenging because the probability space is high-dimensional and
individual probability vectors are observed infrequently, leading to sparse data
and unreliable estimates. Finite-sample estimation can also be unreliable in binary
classification, but the problem becomes more severe as the number of classes and
possible probability vectors increases.

Because full multiclass calibration is difficult to estimate and verify, weaker
calibration conditions are often considered, including class-k calibration (Kull,
Perello Nieto, et al., 2019; Nixon et al., 2019):

P(Y = k | fk(X) = p̂) = p̂,

for all p̂ ∈ [0,1], where the calibration condition is evaluated separately for each
class k, and fk(X) denotes the predicted probability for class k.

A related notion is marginal calibration (Ananya Kumar et al., 2019), which
also evaluates calibration separately for each class but may weigh the class-specific
contributions differently when computing calibration error.
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An alternative and widely used reduction of the multiclass problem is confidence
calibration:

P
(
Y = argmax f (X)

∣∣max f (X) = p̂
)
= p̂,

for all p̂ ∈ [0,1], as introduced by (Guo et al., 2017). In contrast to approaches that
take all class probabilities into account or assess calibration in a classwise manner,
this definition considers only the model’s highest-probability prediction for each
instance. Confidence calibration is also known as top-label calibration (Ananya
Kumar et al., 2019).

These definitions specify what it means for different aspects of a classifier’s out-
put to be calibrated. The following subsection introduces methods for transforming
poorly calibrated probabilities to better satisfy the relevant calibration condition.

2.3.1. Calibration methods

Calibration methods aim to improve the reliability of predicted probabilities and
can be broadly divided into post-hoc and training-time approaches. Post-hoc
methods transform the outputs of an already trained model, whereas training-time
methods modify the training procedure itself, for example, through alternative loss
functions, regularisation, or softened target labels.

A principal advantage of post-hoc calibration is that the calibrator can be
updated without retraining the underlying predictive model. This can be useful
when the target distribution changes and representative labelled data from the new
distribution are available. Nevertheless, recalibration alone may not be sufficient
because distribution shift can degrade both calibration and predictive accuracy. If
representative labelled data from the new target distribution are available, they
can be used to assess the model and determine whether recalibration is sufficient
or whether fine-tuning or complete retraining is required. Ordinary post-hoc
calibration does not, by itself, detect or adapt to previously unseen shifts.

Post-hoc calibration requires a separate labelled dataset on which to fit the
calibrator. In practice, the validation set used for hyperparameter tuning can be
reused for this purpose (Guo et al., 2017), although a separate calibration set may
be preferable when sufficient data are available. Under a known distribution shift,
new representative labelled data are required to evaluate and recalibrate the model;
reusing the original validation set would not account for the shift in the target
distribution.

Training-time calibration is incorporated during model fitting. Updating such a
method generally requires fine-tuning or retraining the model. Training-time and
post-hoc calibration are complementary and may also be combined. The following
subsections discuss these approaches in more detail.

2.3.2. Post-hoc calibrators

The idea of a post-hoc calibrator is to estimate the model’s true calibration map. In
binary classification, the true calibration map c∗f (p̂) = E[Y | P̂ = p̂] is a mapping
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Figure 1: Example of true calibration map for a binary classifier.

that adjusts the model’s confidence to get well-calibrated predictions (Vaicenavicius
et al., 2019). In practice, an estimated calibration map ĉ is learned to map predicted
probabilities p̂ to calibrated probabilities p̂′ = ĉ(p̂), thereby producing estimates
that better align with the underlying data distribution. Figure 1 shows predicted
probabilities on the x-axis and calibrated probabilities on the y-axis. The true
calibration map (orange line) shows the predicted probabilities that the model
should produce for it to be perfectly calibrated. If the model is already well-
calibrated, the calibration map follows the main diagonal (dashed line).

Post-hoc calibration is typically performed by fitting a calibration method on a
validation set using a suitable loss function, such as negative log-likelihood (NLL)
or Brier score (BS) (Brier, 1950). The input to these methods is either a vector of
uncalibrated probabilities p̂ in the multiclass setting or the predicted probability of
the positive class p̂ in the binary case, together with the corresponding labels y or
y, respectively.

However, some methods instead operate on logits z ∈ Rk, that is, the model
outputs (e.g., from a neural network) prior to applying the softmax function.
The predicted probabilities are then given by p̂ = σsm(z), where σsm denotes the
softmax function defined as σsm(z)i =

ezi

∑ j ez j , and σsm(z)i represents the predicted
probability assigned to class i. The true calibration map is not available for datasets
in practice. Thus, methods such as estimated calibration error (ECE) (section 2.4.2)
are used to assess how well the model is calibrated.

The calibration is performed on a validation or calibration dataset, after training
the classifier on the training data. This kind of calibration is called post-hoc
calibration. The calibration model can be fine-tuned to achieve optimal calibration,
for example, by adjusting its hyperparameters or initialisation. Fine-tuning could
be done by splitting the validation set into two or using cross-validation to avoid
overfitting. Note that cross-validation is performed using proper scoring rules,
such as log-loss or the Brier score, rather than the ECE itself. Further, if the
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Figure 2: Calibration pipeline for post-hoc calibrators.

calibration method has many parameters, it might overfit the validation set and
perform poorly on the test set. In this case, regularisation methods, such as L2
(ridge) regularisation, are used to reduce overfitting. Finally, the test data are used
to evaluate the results. Figure 2 visualises this approach.

There are two types of post-hoc calibrators: those designed specifically for
binary classification and those applicable to multiclass settings. Only positive
class probabilities are calibrated for binary classification. The negative class can
be calculated from the positive class probabilities. All class probabilities are
jointly calibrated in multiclass calibration. In addition to a multiclass calibrator, a
binary calibrator can also be used on a multiclass problem, applying the 1-vs-rest
approach (Zadrozny and Elkan, 2002), where a separate calibrator is trained for
each class. One of the k classes is taken as a positive prediction, and all other
class probabilities are added together as a negative class. After calibrating each
class separately, the probabilities might change, so the sum of the probabilities is
no longer 1. Thus, the probabilities need to be normalised. The downside of the
1-vs-rest approach is that it cannot learn the classifier’s classwise relations. For
example, some classes might be more similar and thus affect each other more than
other classes, which could also affect calibration.

There are many binary and multiclass calibration methods, differing in their
input representation, model complexity, structural assumptions, and data require-
ments. Some methods operate directly on predicted probabilities, whereas oth-
ers require access to the model logits. Parametric methods are generally more
data-efficient but may be unable to represent complex calibration maps, while
non-parametric methods are more flexible but typically require more calibration
data and stronger safeguards against overfitting. Table 1 summarises widely used
calibration methods together with selected recent variants.

In the following, p̂ denotes a predicted probability, z denotes a binary model
score or logit, z ∈ Rk denotes a vector of multiclass logits, σ denotes the logistic
function, and σsm denotes the softmax function.
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2.3.3. Binary calibration methods

This section reviews commonly used post-hoc calibration methods for binary
classification, ranging from simple parametric transformations to more flexible
non-parametric approaches.

Platt scaling (Platt, 2000). Platt scaling fits a two-parameter logistic transfor-
mation,

p̂′ = σ(az+b),

where a,b ∈ R. The method is simple, computationally efficient, and relatively
robust when the calibration set is small. Its main limitation is the restrictive sigmoid-
shaped calibration map, which may not adequately represent more complex forms
of miscalibration.

Histogram binning (Zadrozny and Elkan, 2001). Histogram binning partitions
the predicted probabilities into m intervals and replaces each prediction with the
empirical class frequency in its bin. The bins are chosen to have either equal width
or to contain approximately equal numbers of observations. The method is simple
and interpretable, but its estimates depend strongly on the number and placement
of the bins. Too few bins introduce approximation bias, whereas too many bins
produce high-variance estimates.

Isotonic regression (Zadrozny and Elkan, 2002). Isotonic regression fits a
monotonically increasing, piecewise-constant calibration map using the pool-
adjacent-violators algorithm. It makes fewer assumptions about the shape of
the calibration map than Platt scaling and can be trained efficiently even on very
large datasets. However, it may overfit when calibration data are limited, and
its piecewise-constant output can produce abrupt changes between neighbouring
predictions.

Bayesian binning into quantiles (BBQ) (Naeini et al., 2015). Bayesian binning
into quantiles (BBQ) extends histogram binning by averaging over multiple candi-
date binning schemes using Bayesian model averaging. This reduces sensitivity to
a single arbitrary choice of bins and provides smoothing when individual bins con-
tain few observations. The additional flexibility comes at a greater computational
cost, and the resulting map remains dependent on the considered family of binning
models.

Beta calibration (Kull, Silva Filho, et al., 2017). Beta calibration is a three-
parameter method defined by

µbeta(p̂;a,b,c) = σ (a ln p̂−b ln(1− p̂)+ c) ,

where a,b ≥ 0 and c ∈ R. It is motivated by modelling class-conditional predicted
probabilities using beta distributions. The family contains the identity map and
can represent a wider range of calibration shapes than Platt scaling while retaining
a small number of parameters. It is therefore particularly suitable when the cali-
bration set is limited, although its parametric form may still be too restrictive for
irregular calibration maps.
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Scaling-binning calibration (Ananya Kumar et al., 2019). Scaling-binning
calibration first fits a parametric scaling function and then discretises its outputs
into equal-frequency bins. The calibrated value within each bin is obtained from
the fitted scaling function rather than directly from the average label. This reduces
the variance associated with ordinary histogram binning while retaining some of
its flexibility. Nevertheless, the method still depends on the selected number of
bins and on the suitability of the initial scaling model.

Spline calibration (Gupta et al., 2020). Spline calibration represents the calibra-
tion map using piecewise polynomial functions joined at a set of knots. Compared
with histogram binning and isotonic regression, splines provide a smoother calibra-
tion map and can approximate complex relationships. Their performance depends
on the spline degree, number and placement of knots, and regularisation strength.
An overly flexible spline may overfit, whereas an insufficient number of knots may
produce a biased estimate.

Proximity calibration (Xiong et al., 2024). Proximity calibration uses both
prediction confidence and the proximity of an instance to the training data. It is
motivated by the observation that predictions in sparsely populated regions may
be more overconfident than those in dense regions. This allows the method to
capture calibration differences that cannot be identified from confidence alone. Its
effectiveness, however, depends on whether the selected representation and distance
measure provide a meaningful notion of proximity, and computing proximity may
increase inference cost.

2.3.4. Multiclass calibration methods

This section reviews post-hoc calibration methods for multiclass classification,
which map a vector of logits or predicted probabilities to a calibrated probability
vector. In addition to the flexibility–robustness trade-off discussed above, multi-
class methods must determine whether inter-class relationships are modelled and
whether the calibration map is allowed to change the predicted class.

Temperature scaling (Guo et al., 2017). Temperature scaling applies a single
positive scalar T to all logits:

p̂′ = σsm

( z
T

)
.

The method is straightforward, data-efficient, and effective for many neural net-
works. Because all logits are scaled by the same value, their ordering is preserved,
and the predicted class does not change. Its limited flexibility means that it can
correct only global overconfidence or underconfidence and cannot address class-
specific calibration errors.

Vector scaling (Guo et al., 2017). Vector scaling applies separate scale and
intercept parameters to each class:

p̂′ = σsm (v⊙ z+b) ,
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where v,b ∈ Rk and ⊙ denotes component-wise multiplication. It can correct
class-specific differences that temperature scaling cannot represent. However, it
requires more calibration data, does not model interactions between classes, and
may change the predicted class.

Matrix scaling (Guo et al., 2017). Matrix scaling uses a full linear transforma-
tion,

p̂′ = σsm (Wz+b) ,

where W ∈ Rk×k and b ∈ Rk. The off-diagonal entries allow the method to model
interactions between classes, making it more flexible than temperature or vector
scaling. This flexibility comes at the cost of k2 + k parameters, making matrix
scaling particularly prone to overfitting when the number of classes is large or the
calibration set is small. It may also alter the predicted class.

Mix-n-Match (J. Zhang et al., 2020). The Mix-n-Match framework introduces
multiclass calibration methods that combine several simpler calibration mappings.
Ensembled temperature scaling (ETS) forms an ensemble of scaling-based pre-
dictions and is designed to remain data-efficient while preserving the predicted
class. Multiclass isotonic regression (IRM) incorporates non-parametric isotonic
components to provide greater flexibility while maintaining ordering constraints.
These ensemble methods offer a compromise between simple parametric scaling
and highly flexible non-parametric calibration, but their additional components
make them less transparent than temperature scaling.

Intra order-preserving functions (Rahimi et al., 2020). The Intra order-
preserving (IOP) family constrains the calibration map to preserve the ordering
of the class probabilities within each prediction. Consequently, the predicted
class remains unchanged. The proposed neural-network parameterisation is
more flexible than temperature scaling while retaining this decision-preservation
property. The ordering constraint may, however, prevent the method from
correcting calibration errors that would require changing the relative ranking of
classes, and the neural-network formulation introduces additional optimisation and
model-selection complexity.

The post-hoc calibration methods, therefore, represent different trade-offs. Platt
scaling, beta calibration, and temperature scaling are attractive when calibration
data are limited because they use few parameters. Beta calibration provides greater
binary flexibility than Platt scaling, while temperature scaling offers a particularly
simple and effective choice for neural-network classifiers. Isotonic regression
and histogram-based methods make fewer assumptions about the calibration-map
shape and can scale efficiently to large datasets, but their flexibility makes the
choice of model complexity important. Vector and matrix scaling can correct class-
specific and inter-class errors, respectively, but require progressively more data
and may alter the original model decisions. No method is uniformly preferable:
the appropriate choice depends on the amount of calibration data, access to logits,
expected calibration-map structure, and whether preserving the predicted class is
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Table 1: Comparison of calibration methods.

Calibration method Setting Number of   
parameters

Input

Platt scaling Binary 2 Scores or logits
Histogram binning Binary Non-parametric Probabilities
Isotonic regression Binary Non-parametric Probabilities
BBQ Binary Non-parametric Probabilities
Beta calibration Binary 3 Probabilities
Scaling-binning Binary Varies Varies
Spline calibration Binary Depends on knots Probabilities
Proximity calibration Binary Depends Probabilities

and features
Temperature scaling Multiclass 1 Logits
Vector scaling Multiclass 2k Logits
Matrix scaling Multiclass k2 + k Logits
Mix-n-Match (ETS) Multiclass 4 Logits
Mix-n-Match (IRM) Multiclass Non-parametric Probabilities
IOP functions Multiclass Depends Probabilities

2.3.5. Training-time calibrators

In addition to applying post-hoc calibration, classifiers can be trained to produce
better-calibrated probabilities directly. Training-time approaches modify the target
labels, loss function, data-generation procedure, or model architecture. This
literature is substantial but more heterogeneous than post-hoc calibration, since
many methods were originally introduced for purposes such as regularisation, class
imbalance, or uncertainty estimation and were only subsequently studied from a
calibration perspective.

This thesis focuses primarily on post-hoc methods because they can be applied
to an already trained model without modifying its architecture or repeating the
computationally expensive training process. They also allow the predictive model
and the calibration procedure to be studied separately. Nevertheless, training-time
methods provide an important alternative, particularly when the training procedure
can be modified.

Label smoothing (Szegedy et al., 2016). Label smoothing replaces the one-
hot target distribution with a mixture of the original target and a distribution
assigning non-zero probability to the other classes. This discourages the model
from producing excessively confident predictions and has been shown to improve
calibration in several settings (Müller et al., 2019; Maher and Kull, 2021). Its
effect depends on the smoothing strength, however, and excessive smoothing may
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produce underconfident predictions or remove useful information from the learned
logits.

Confidence penalties (Pereyra et al., 2017). A related approach adds a penalty
for low-entropy output distributions to the training objective. Unlike label smooth-
ing, which modifies the targets, a confidence penalty acts directly on the predicted
distribution and discourages highly concentrated outputs. It is simple to com-
bine with standard classification losses, but the penalty strength must be selected
carefully to avoid reducing confidence even for reliable predictions.

Focal loss (T.-Y. Lin et al., 2017). Focal loss was originally introduced to reduce
the influence of easy examples in class-imbalanced classification. It modifies the
cross-entropy loss by assigning less weight to examples that are already predicted
with high confidence. This can restrict excessive growth of the logits and has
been shown to improve neural-network calibration (Mukhoti et al., 2020). Its
performance depends on the focusing parameter, and calibration improvements are
not guaranteed for every model or dataset.

Calibration-aware loss functions. Calibration can also be incorporated more
directly into the training objective. For example, the Brier score is a proper scoring
rule that jointly reflects the accuracy and quality of probabilistic predictions. The
maximum mean calibration error (MMCE) provides a differentiable kernel-based
calibration measure that can be added as a regularisation term to the classification
loss (Aviral Kumar et al., 2018). Such objectives target calibration more explicitly
than label smoothing or focal loss, but they introduce additional hyperparameters
and may be sensitive to minibatch-based estimation of the calibration term.

Mixup (H. Zhang et al., 2018). Mixup trains the model using convex combina-
tions of pairs of inputs and their corresponding labels. The resulting soft targets
and interpolated training examples encourage smoother decision boundaries and
have been shown to improve predictive calibration and uncertainty estimation (Thu-
lasidasan et al., 2019). However, the method assumes that interpolation between
training examples and labels is meaningful, and its effectiveness depends on the
selected mixing distribution.

Ensemble methods (Lakshminarayanan et al., 2017). Deep ensembles train
several models independently and average their predictive distributions. They
can improve both predictive performance and uncertainty estimation because
disagreement between the models captures some variation that is absent from a
single deterministic network. Their principal disadvantage is computational cost,
since several models must be trained, stored, and evaluated. Moreover, an ensemble
may still require post-hoc calibration.

Training-time and post-hoc methods, therefore, address calibration at different
stages. Training-time approaches can influence the learned representation and
may improve both accuracy and calibration, but they require access to the original
training procedure and often introduce additional optimisation choices. Post-hoc
methods are generally more modular and computationally efficient, although their
ability to correct miscalibration is limited by the information contained in the
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trained model outputs. The two approaches are complementary and may also be
combined. More comprehensive overviews of training-time calibration methods
are provided in recent surveys (C. Wang, 2023; Silva Filho, Song, Perello-Nieto,
et al., 2023).

2.4. Evaluation of calibration

An evaluation method is required to assess the calibration quality of predicted
uncertainties. This provides an opportunity to compare uncalibrated and calibrated
models and to determine which calibration method is best for the current setting.
There are many ways to evaluate how well the model is calibrated, for example,
visually using reliability diagrams (Murphy and Winkler, 1977; Bröcker and Smith,
2007), by estimating calibration error (Naeini et al., 2015) or by estimating overall
model goodness with proper scoring rules.

Calibration evaluation differs between binary and multiclass classification,
except when using proper scoring rules. In binary classification, calibration is
typically assessed for the positive class. In contrast, in the multiclass setting, cali-
bration is commonly evaluated either in a confidence-based or classwise manner;
these approaches are described in more detail in the following paragraphs. A
confidence-based evaluation can also be applied in binary classification; however,
it is less commonly used.

2.4.1. Proper scoring rules

Proper scoring rules can be used, for example, to evaluate a model’s performance
or as loss functions during training. A scoring rule is proper if it is minimised
when the predicted probabilities match the true data-generating distribution, such
that lower scores correspond to better-performing models.

Proper scoring rules use predictions p̂ and true labels y to assess how close the
model’s predictions are to the true labels. The closer the prediction is, the lower
the score.

The most widely used proper scoring rules in machine learning are negative
log-likelihood (NLL) and Brier score (BS) (Brier, 1950). NLL, also known as
log-loss or cross-entropy, measures deviance from true class in logarithmic space:

LNLL(p̂,y) =−
k

∑
i=1

yilogp̂i,

where y is a one-hot encoded label vector.
BS measures the quadratic deviation of prediction vector p̂ from true label y,

LBS(p̂,y) =
k

∑
i=1

(p̂i − yi)
2,

where k is number of classes.
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The proper scoring rules can be decomposed into calibration and refinement
loss (Kull and Flach, 2015). Thus, to achieve a low loss under a proper scoring rule,
the model must produce well-calibrated probabilities. However, a near-zero loss
on a test dataset does not guarantee well-calibrated predictions for future instances,
for example, due to dataset shift.

Many post-hoc calibration methods also use proper scoring rules as a loss
measure. For example, log-loss is used in Platt scaling, temperature scaling,
and beta calibration, while the Brier score is used as a loss measure in isotonic
regression.

Proper scoring rules are suitable for both binary and multiclass calibration
evaluation. However, using only a proper scoring rule as a calibration error
measure might give a false indication: even if the model has a better score, it
does not necessarily mean it is better calibrated, because the refinement loss might
decrease without the calibration loss decreasing.

2.4.2. Estimating calibration error

Calibration error (CE) quantifies the discrepancy between predicted confidence
and true outcome frequencies:

CE(α) = E
[∣∣c∗(P̂)− P̂

∣∣α
]
,

where the true calibration map is defined as

c∗(p̂) = E[Y | P̂ = p̂],

and the expectation is taken with respect to the test distribution (Ananya Kumar et
al., 2019). The parameter α ≥ 1 controls the emphasis placed on larger deviations,
with α = 1 corresponding to absolute error and α = 2 to squared error. The map
c∗ is determined by the relationship between the model’s predicted probabilities
and the corresponding outcomes in the target data distribution. It describes how
each predicted probability would need to be adjusted to obtain well-calibrated
probabilities. Because this distribution depends on both the model and the data,
the calibration map may change when the data distribution changes. For synthetic
data, the true calibration map may be known by construction. For real-world data,
however, it is unknown and must be estimated from a finite validation or test sample.
The resulting empirical calibration map depends on the selected function class,
fitting procedure, and available observations. Under suitable regularity conditions,
a statistically consistent and sufficiently flexible estimator may converge to the
true calibration map as the sample size increases. In finite samples, however,
reliability depends on the dimensionality of the prediction space, the complexity of
the estimator, the density of observations in different probability regions, and class
imbalance. Sparse regions of the probability space may therefore remain difficult
to estimate accurately even when the overall dataset is large. There is consequently
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no universal minimum number of observations required for reliable calibration
estimation. A restrictive estimator may have low variance but introduce systematic
bias, whereas a highly flexible estimator may reduce approximation bias but overfit
limited calibration data. Since the true calibration map is generally unavailable for
real-world data, calibration error can only be estimated.

Calibration error is most commonly estimated using estimated calibration error
(ECE), also known as expected calibration error (Bröcker, 2012; Naeini et al.,
2015). ECE is a binning-based method similar to histogram binning (Zadrozny
and Elkan, 2001). Bin vector B = [B1, . . . ,Bm,Bm+1] provides bin boundaries, so
that 0 = B1 < B2 < · · ·< Bm < Bm+1 = 1+ε , resulting in m bins like [Bi,Bi+1). A
small value ε is added to 1 to ensure that the upper bound is included in the last
bin. The probability space is partitioned into m bins using either equal-width or
equal-size binning: (1) equal-width binning means that each bin spans an equal
interval of the probability space; (2) equal-size binning means that the bins are
constructed such that each bin contains an equal number of instances.

ECE(α) =
1
n

m

∑
j=1

n j
∣∣ȳ j − p̄ j

∣∣α ,

where n j denotes the number of instances in the j-th bin and m is the total number
of bins. The parameter α ≥ 1 controls the emphasis on larger deviations between
ȳ j and p̄ j: α = 1 corresponds to the absolute error, while α = 2 corresponds to
the squared error. Average label is ȳ j =

1
n j

∑i p̂i∈[B j,B j+1) yi and average prediction

is p̄ j =
1
n j

∑i p̂i∈[B j,B j+1) p̂i.
ECE calculations differ slightly between binary and multiclass classification.

First, in binary classification, the predicted probability p̂ of the positive class is
typically used. Second, in the multiclass setting, the most commonly used variant
of ECE is confidence-ECE (Guo et al., 2017), which evaluates calibration based on
the predicted probability of the most likely class, max(p̂). Confidence-ECE can
also be applied in the binary setting. In the multiclass setting, classwise-ECE (Kull,
Perello Nieto, et al., 2019; Nixon et al., 2019) can also be used in a manner
analogous to binary classification. Specifically, for each class i, ECE is computed
separately and then averaged across all classes, which can be written as

ECE(α)
cw =

1
n

k

∑
i=1

m

∑
j=1

ni, j
∣∣ȳi, j − p̄i, j

∣∣α .

A key limitation of ECE is the choice of the number of bins. It has been shown
that different choices can lead to substantially different estimates (Roelofs et al.,
2022), and there is no clear guidance on how to select an appropriate number
of bins for a given model (Naeini et al., 2015). In addition, ECE is a biased
estimate (Ferro and Fricker, 2012), so it should be debiased (Ananya Kumar et al.,
2019). Issues with binning or inaccurate calibration-error estimation can lead to
decision errors.
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One potential addition to binning-based ECE evaluation is ECEsweep (Roelofs
et al., 2022). ECEsweep is an extension of a binning-based method that provides a
workaround for bin selection. The method incrementally increases the number of
equal-sized bins until the monotonicity constraint is violated. It then reverts to the
previous step, ensuring that the resulting bins satisfy the monotonicity constraint.

2.4.3. Other evaluation measures

Estimating calibration error with binning-based methods has several flaws. The
biggest is choosing the right number of bins for a certain dataset. The following
methods for estimating calibration error are kernel-based. A key drawback of these
methods is their higher computational cost.

Kernel density estimation (KDE) is a non-parametric binning-free evaluation
measure (J. Zhang et al., 2020). KDE outperforms debiased binning-based ECE
across datasets with up to 1000 instances, especially on smaller datasets.

Kernel calibration error (KCE) is a non-parametric binning-free evaluation
measure for multiclass evaluation (Widmann et al., 2019). KCE can be defined in
an unbiased manner and interpreted as a bounded test statistic.

Kolmogorov-Smirnov calibration error (Gupta et al., 2020) is a binning-free
calibration evaluation measure that compares classwise cumulative distributions
and is inspired by the Kolmogorov-Smirnov statistical test (Smirnov et al., 1939).
Kolmogorov-Smirnov error measures classwise-ECE and can be used to visualise
CE similar to reliability diagrams (Gupta et al., 2020).

2.4.4. Visualisation and interpretability

Another way to evaluate calibration error is through visualisation. Visualisation
provides more fine-grained information than a single scalar metric and can help
identify regions where the model is poorly calibrated.

In this context, interpretability refers to the extent to which a calibration rep-
resentation helps explain how the predicted probabilities are modified. An inter-
pretable representation may reveal where the largest adjustments occur, whether
predictions tend to be under- or overconfident, and whether calibration changes the
relative probabilities of different classes. Visualisation supports this interpretation
by showing aspects of the calibration map that are hidden by a single aggregate
error measure.

Reliability diagram (Murphy and Winkler, 1977) is the most commonly used
visualisation method for calibration (Figure 3). The reliability diagram is a bar
graph (Figure 3a), where each blue bar shows the average label ȳ, and these bars
should align with the diagonal line to have a well-calibrated model. The average
prediction p̄ is shown with red lines over blue bars (Figure 3c) or alternatively
with red bars overlapping blue bars (Guo et al., 2017). These red lines or bars
show the calibration gap, showing how much the model, on average, is under-
or overconfident. The average label ȳ and average prediction p̄ are computed
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in the same way as for ECE (Section 2.4.2). In addition to binary calibration
error, confidence-ECE and classwise-ECE can also be visualised using reliability
diagrams. For confidence-ECE, the maximum predicted probability for each
sample is used, whereas for classwise-ECE, reliability diagrams are constructed for
each class separately. Figure 4 has equal-size binning, meaning that each bin has an
equal number of elements, but the probability space for each bin is different. Some
bins might be very narrow in densely populated regions. For example, Figure 4a
has three last bins on a very narrow space, and it is very difficult to see how well
these bins are calibrated. Thus, a reliability diagram with a zoomed section, as
in 4b, is helpful for visualising this situation. If the datasets are large and the bins
are even narrower, log-scaling can help visualise them.

Reliability diagrams provide useful information about how many predictions
fall within different probability intervals. However, classical reliability diagrams
lack some useful information. Firstly, where is the bin centre location (Silva Filho,
Song, Perelló Nieto, et al., 2023) (Figure 3b), meaning the average prediction p̄k
for k-th bin. Secondly, in equal-width binning, some bins may contain only a few
samples. The solution to this is adding a frequency histogram (Silva Filho, Song,
Perelló Nieto, et al., 2023) under the figure to show how many instances are falling
into each bin (Figure 3c).

Reliability diagrams provide a marginal interpretation of calibration by showing
how empirical frequencies vary with predicted probabilities. However, the values
are averaged within bins and may therefore conceal variation among predictions in
the same interval. In multiclass settings, confidence reliability diagrams further
reduce each probability vector to its largest component, while classwise diagrams
examine each class separately and do not directly display interactions between
classes. These diagrams are therefore informative but provide only a partial
interpretation of a multiclass calibration map.

In addition to this type of bar graph, errors in reliability diagrams can also
be shown relative to a horizontal line, rather than a diagonal line, for improved
readability (Bröcker and Smith, 2007; Vaicenavicius et al., 2019). Figure 5 shows
deviation from calibrated results, so a well-calibrated model has all points close to
the middle line. One possible extension to reliability diagrams is to add consistency
bars (Vaicenavicius et al., 2019). The consistency bar shows how much confidence
one should have in the deviation. The bigger the bar, the more the actual deviation
might vary from the one shown.

Interpreting calibration becomes increasingly difficult as the number of classes
grows because a multiclass calibration map transforms one probability vector into
another. Reliability diagrams provide classwise or confidence-based projections of
this transformation, but they do not show the complete relationship among the class
probabilities. For a three-class problem, the full probability vector can instead be
visualised on the two-dimensional probability simplex. Formally, the probability
simplex is defined as ∆k−1 =

{
(p1, p2, . . . , pk) ∈ [0,1]k | ∑k

i=1 pi = 1
}

.
Figure 6 illustrates a calibration map for a three-class problem. Each vertex of
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Figure 3: Example of reliability diagram variants: (a) equal-width binning showing
only average labels ȳk, (b) equal-width binning with red dots indicating bin centres
( p̄k) and (c) equal-width binning with an added histogram of sample frequencies
and vertical lines indicating calibration gaps. Adapted from Publication II.
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Figure 4: Example of a reliability diagram with equal-size binning, each bin has
the same number of elements. The figure on the right (b) is zoomed in to show the
last 3 bins.
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Figure 5: Example of reliability diagram with deviations instead of showing
average accuracy and average probability for each bin (Vaicenavicius et al., 2019).
The blue bars indicate the sample frequencies in each bin.

Figure 6: Example of a probability simplex for visualising 3-class calibration.
The arrows mark the change of probabilities after calibration. Adapted from
Publication I.

the triangle corresponds to assigning probability 1 to a particular class, while points
on an edge assign probability 0 to the remaining class. The centre corresponds
to equal probabilities for all three classes. The arrows connect the original and
calibrated probability vectors, thereby showing both the direction and magnitude
of the calibration adjustment.

The simplex provides a more complete interpretation than separate classwise
diagrams for three-class problems because it preserves the relationship among all
class probabilities. However, this representation does not extend directly beyond
three classes. For larger multiclass problems, interpretation must therefore rely
on complementary representations, such as classwise reliability diagrams, lower-
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dimensional projections, or parameter matrices. Each representation reveals a
different aspect of the calibration map, but none alone fully characterises its
behaviour.
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3. MULTICLASS CALIBRATION METHOD -
DIRICHLET CALIBRATION (PUBLICATION I)

3.1. Introduction

This chapter introduces the first contribution of the thesis, including RQ1: Can we
improve multiclass calibration for deep learning models?

The most popular and used multiclass calibration method for deep neural
networks is temperature scaling (Guo et al., 2017). It has a single parameter and
generally alleviates the issue of overconfidence effectively.

This chapter aims to go beyond temperature scaling by highlighting its poten-
tial shortcomings and proposing a new, versatile multiclass post-hoc calibration
method. The proposed method, called Dirichlet calibration, generalises beta cali-
bration (Kull, Silva Filho, et al., 2017) method to the multiclass setting. We begin
by describing Dirichlet calibration method for neural networks, followed by a
discussion of its interpretability. We then compare it with temperature scaling
and matrix scaling, and subsequently present its implementation. Next, we pro-
pose a specialised regularisation method, off-diagonal and intercept regularisation
(ODIR), to mitigate overfitting in settings with a large number of classes. Finally,
we evaluate the performance of Dirichlet calibration across various experiments
and compare it with other popular post-hoc calibration methods.

3.2. Motivation

The background chapter reviewed a range of post-hoc calibration methods; however,
at the time our method was proposed, temperature scaling remained the dominant
approach for deep neural networks. Matrix scaling is a powerful calibration method
but is prone to overfitting and operates in logit space, as does temperature scaling.
While temperature scaling can be applied in multiclass settings, its single parameter
limits its flexibility and prevents it from achieving proper classwise calibration,
as illustrated in Figure 7. The figure compares confidence reliability diagrams
(Figures 7a and 7b) before and after calibration, indicating near-perfect calibration
of confidence. However, when examining individual classes (e.g., class 2 in Fig-
ures 7c and 7d), Dirichlet calibration demonstrates superior performance compared
to temperature scaling. These observations highlight the need for more flexible
calibration methods that can simultaneously achieve classwise calibration based
on the model’s probabilistic outputs.

3.3. Methodology

Dirichlet calibration is a post-hoc calibration method for multiclass probabilistic
classifiers. Its motivation follows from the structure of multiclass predictions: each
prediction is a probability vector whose components are non-negative and sum to
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(c) Class 2 reliability (Temp.Scal.)
Gap (class-2-ECE=0.0098)
Observed frequency
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(d) Class 2 reliability (Dirichlet Cal.)
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Figure 7: Reliability diagrams for WideNet32 (Zagoruyko and Komodakis, 2016)
on CIFAR-10. Subfigure (a) shows the confidence reliability diagram prior to
calibration, while (b) presents the same after temperature scaling. Panels (c) and
(d) display classwise reliability diagrams for class 2 after temperature scaling and
Dirichlet calibration, respectively. Adapted from Publication I.

1. Such vectors lie on the probability simplex, for which the Dirichlet distribution
provides a natural probabilistic model.

Assuming that the predicted probability vectors follow class-conditional Dirich-
let distributions, Bayes’ rule leads to posterior class probabilities that can be
expressed as a linear transformation of the logarithms of the predicted probabilities
followed by a softmax transformation. This produces a flexible calibration map
capable of correcting both class-specific biases and interactions among predicted
class probabilities.

Dirichlet calibration can also be understood as a multiclass generalisation
of beta calibration. Beta calibration models the predicted probability in binary
classification using separate class-conditional beta distributions for the positive
and negative classes. Since the beta distribution is a special case of the Dirichlet
distribution for two classes, extending the same construction to probability vectors
with more than two components leads naturally to Dirichlet calibration.

We introduce two parametrisations: a canonical parametrisation for improved
interpretability and a linear parametrisation for easier implementation. Both
parametrisations yield equivalent calibration maps. The parametrisations are then
described mathematically.

The linear parametrisation is given by

µ̂DirLin(p̂;W,b) = σsm(W ln(p̂)+b) ,

where W ∈ Rk×k is a weight matrix, b ∈ Rk is a bias vector, and ln(p̂) denotes
the element-wise natural logarithm of the probability vector p̂. The softmax
function σsm maps the transformed logits back to the probability simplex, where
σsm(z)i =

ezi

∑ j ez j .
The canonical parametrisation is given by

µ̂Dir(p̂;A,c) = σsm

(
A ln

(
p̂

1/k

)
+ lnc

)
,

where the matrix A ∈ [0,∞)k×k has non-negative entries, and each column contains
at least one zero. The term p̂

1/k denotes component-wise division, and c ∈ ∆k−1 is a
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probability vector of length k. The linear parametrisation can be readily converted
into the canonical form, which is used in the following paragraph for improved
interpretability.

The linear and canonical parametrisations differ in form but define the same
family of calibration maps, as stated in Theorem 1.
Theorem 1 (Equivalence of linear and canonical parametrisations). The parametric
families µ̂DirLin(p̂;W,b) and µ̂Dir(p̂;A,c) are equal, i.e. they contain exactly the
same calibration maps.

Proof. The proof is given in Publication I. ■

3.3.1. Interpretability

The canonical parameterisation of Dirichlet calibration improves interpretability
in two main ways. First, the intercept parameter c has a direct probabilistic inter-
pretation: it represents the calibrated output distribution when the input prediction
is uniform. Second, the entries of the coefficient matrix A are non-negative and
identifiable relative to a zero-valued reference entry in each column. An entry Ai j

describes the relative strength with which evidence for input class j contributes to
the calibrated logit of output class i.

The matrix A can therefore be used to compare class-specific interactions. Its
entries should not, however, be interpreted as direct marginal changes in the cali-
brated class probabilities. The final effect of an individual coefficient depends on
the complete input probability vector and on the other parameters of the calibration
map. Consequently, although the canonical parameterisation provides insight into
relationships between classes, interpreting the complete behaviour of a multiclass
calibration map remains challenging.

Figure 8 illustrates the interpretation of a Dirichlet calibration map for a con-
volutional neural network trained on the SVHN (Netzer et al., 2011) dataset,
which contains 10 classes corresponding to house-number digits. The left panel,
Figure 8a, shows the coefficient matrix of the canonical parameterisation. The
diagonal entries describe class-specific effects, whereas the off-diagonal entries
describe interactions between different input and output classes. For example, the
relatively large value of 0.63 in entry (3,9) indicates that evidence for input class 8
contributes comparatively strongly to the calibrated logit associated with class 2.

This coefficient does not by itself imply a fixed increase in the calibrated
probability of class 2. Rather, its effect depends on the full uncalibrated probability
vector and on the remaining coefficients of the calibration map. In the examples
considered here, the resulting calibration map shifts selected class-specific decision
boundaries and produces 26 fewer misclassifications. The corresponding changes
in the confusion matrix are shown in Figure 8b. This example demonstrates how
selected coefficients can provide limited insight into class-specific decisions, even
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Figure 8: Interpretation of a Dirichlet calibration mapping: (a) the coefficient
matrix in the canonical parameterisation for SVHN_convnet; and (b) the resulting
changes in the confusion matrix after applying the calibration map. The matrix
entries describe relative contributions to the calibrated logits and should not be
interpreted as direct marginal changes in the calibrated probabilities. Adapted from
Publication I.

though no individual coefficient fully characterises the behaviour of the calibration
map.

More generally, interpreting the complete behaviour of a multiclass calibration
map requires combining several complementary representations. The coefficient
matrix reveals relationships between input and output classes, whereas classwise
reliability diagrams show how calibration changes the predicted probabilities for
individual classes. Together, these views provide a more complete interpretation
than either representation alone.

3.3.2. Comparison to other methods

Dirichlet calibration is closely related to beta calibration and scaling-based calibra-
tion methods. In the binary case, Dirichlet calibration reduces to beta calibration.
The beta-calibration results, therefore, illustrate the behaviour of the underlying
modelling principle in the binary setting, while the Dirichlet-calibration results
demonstrate its extension to multiclass predictions. The principal difference be-
tween Dirichlet calibration and scaling methods, such as temperature, vector, and
matrix scaling, concerns the quantities to which their parameterisations are applied.
Dirichlet calibration operates on probability vectors, whereas scaling methods
operate on logits, that is, the raw model outputs before application of the softmax
function. Despite this difference, the Dirichlet calibration family contains all
temperature-scaling mappings; see Publication I for further details.

The implementation of Dirichlet calibration is nevertheless closely related to
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that of matrix scaling, as discussed in Section 3.3.3. Matrix scaling applies a linear
transformation directly to the logits. However, its parameters do not generally
admit the same interpretation as those of the canonical parameterisation of Dirich-
let calibration. An element Wi j describes the contribution of input logit z j to the
transformed logit of class i, but it does not correspond directly to a change in
the calibrated probability of that class because the final softmax transformation
depends jointly on all transformed logits. In addition, the conventional softmax
parameterisation is not fully identifiable without further constraints, since different
parameter values can represent the same calibrated probabilities. Individual coeffi-
cients may therefore provide some insight into interactions between class logits,
but their interpretation depends on the remaining parameters of the model. By
contrast, the canonical parameterisation of Dirichlet calibration operates directly
on the input probabilities and imposes constraints that provide an identifiable
representation relative to a reference entry.

The choice of calibration method also determines whether the model’s origi-
nal classification decisions can change. Temperature scaling adjusts prediction
confidence while preserving the class with the highest predicted probability. This
property may be desirable in applications where calibration should not modify the
model’s original decisions. By contrast, more flexible methods, including vector
scaling, matrix scaling, and Dirichlet calibration, can change the predicted class
when correcting class-specific or inter-class calibration errors. This additional
flexibility may improve calibration or classification performance, but it also allows
the calibration map to act as a decision-correction mechanism rather than solely as
a confidence adjustment.

3.3.3. Implementation

Dirichlet calibration can be straightforwardly implemented using neural networks.
First, the logarithm of the predicted probabilities is taken, and the transformed
inputs are then passed through a fully connected layer. Finally, a softmax function
is applied to map the outputs back to the probability space. Figure 9 illustrates
Dirichlet calibration implementation for neural networks. This implementation is
closely related to that of matrix scaling (Guo et al., 2017). The main difference
is that matrix scaling operates on logits, whereas Dirichlet calibration uses the
logarithms of probabilities (i.e., pseudo-logits). The transformation from logits to
probabilities and back to logits is lossy, as it removes one degree of freedom. This
occurs because probabilities encode only relative differences between logits, not
their absolute values; thus, logits can only be recovered up to an additive constant.
Therefore, matrix scaling is preferable when logits are available, as also supported
by the experimental results.
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Figure 9: Implementation example of Dirichlet calibration method using neural
networks.

3.3.4. Off-diagonal and intercept regularisation

Matrix scaling and Dirichlet calibration contain many parameters and are therefore
prone to overfitting. Standard ridge regression, or L2 regularisation, can mitigate
this problem, but it was insufficient for neural network calibration in our experi-
ments. We therefore introduce off-diagonal and intercept regularisation (ODIR),
which regularises the off-diagonal and intercept parameters separately:

L =
1
n

n

∑
i=1

logloss
(
µ̂DirLin(p̂(xi);W,b),yi

)

+λ ·
(

1
k(k−1) ∑

i̸= j
w2

i j

)
+µ ·

(
1
k ∑

j
b2

j

)

where wi j denotes an entry of the weight matrix W, b j denotes an entry of the
intercept vector b, and λ and µ are tunable regularisation hyperparameters.

The diagonal entries of W primarily control class-specific calibration, whereas
the off-diagonal entries capture interactions between classes. ODIR therefore
penalises the off-diagonal entries using λ and the intercept terms using µ , while
leaving the diagonal entries unregularised. By contrast, standard L2 regularisation
penalises all parameters jointly. Because the diagonal entries are typically larger,
they receive a stronger absolute penalty, while the smaller off-diagonal entries
remain relatively less constrained.

In the experiments (Table 5), the most frequently selected value of λ was
0.25, with selected values ranging from 0.005 to 5000. For µ , the most frequently
selected value was 0.001, with values ranging from 10−5 to 106. Since both penalty
terms are normalised by the number of parameters they contain, the magnitudes of
λ and µ primarily reflect the degree of regularisation required by the two parameter
groups. Their difference is therefore more indicative of the relative tendency of the
off-diagonal and intercept parameters to overfit than of any particular class or the
overall difficulty of the dataset.
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The current formulation treats all classes equally. When errors involving a
particular class carry substantially greater risk, this asymmetry is generally better
addressed through a cost-sensitive downstream decision rule. Class-specific loss
weights or regularisation terms could also be introduced, but doing so would make
the calibration objective application-dependent and could conflate probability
calibration with decision-cost optimisation.

As discussed previously, Dirichlet calibration and matrix scaling have similar
implementations. ODIR can therefore also be applied to matrix scaling, improving
its effectiveness despite earlier findings that matrix scaling is particularly prone to
overfitting on datasets with many classes (Guo et al., 2017).

3.4. Experiments

Experiments were conducted on both traditional datasets and neural network
models. The experiments with traditional datasets were carried out by the second
author of Publication I (Kull, Perello Nieto, et al., 2019).

The non-neural experiments comprise 21 UCI datasets (J. Wang, 2023) and
11 non-neural classifier configurations (e.g., KNN, decision trees, and Naive
Bayes), resulting in 231 experimental settings. The optimal post-hoc calibrator
was selected from eight methods: two binning approaches (equal-width (EW) and
equal-size (ES)), isotonic regression (Isot), beta calibration (Beta), temperature
scaling (TempS), vector scaling (VecS), and Dirichlet calibration with L2 (DirL2)
and ODIR regularisation (DirODIR).

Binary calibration methods were implemented using a one-vs-rest approach,
fitting a separate calibration map for each class, followed by normalisation. The
calibration methods were trained using 3-fold cross-validation, with NLL as the loss
function, and the final calibrated predictions were obtained by averaging the outputs
of the three folds, following the approach of Platt (2000). The hyperparameters
of calibration methods were selected using the training folds within the 3-fold
cross-validation. The number of folds was chosen to be three due to the limited
number of data instances.

For evaluation, classwise-ECE and log-loss (NLL) were used as the primary
metrics, as reported in Tables 2 and 3, respectively. Dirichlet calibration with
ODIR regularisation achieved the lowest classwise-ECE, closely followed by
vector scaling. The best log-loss was obtained by Dirichlet calibration with L2
regularisation, followed by Dirichlet calibration with ODIR regularisation.

Neural network experiments were conducted on three image classification
datasets: CIFAR-10 (Krizhevsky, 2012), CIFAR-100 (Krizhevsky, 2012), and
SVHN (Netzer et al., 2011), using six convolutional neural network architec-
tures (ResNet110 (He et al., 2015), ResNet110-SD (Huang, Sun, et al., 2016),
ResNet152-SD (Huang, Sun, et al., 2016), DenseNet40 (Huang, Liu, et al., 2016),
WideNet32 (Zagoruyko and Komodakis, 2016), and LeNet-5 (LeCun et al., 1998))
as well as three pretrained convolutional models (Cheni, 2017). In total, six models
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were evaluated on the CIFAR-10/100 datasets, and two on the SVHN dataset.
In these experiments, the proposed method was compared against the best-

performing approaches from Guo et al. (Guo et al., 2017), namely temperature
scaling, vector scaling, and matrix scaling. To mitigate overfitting, ODIR regu-
larisation was applied to matrix scaling, in addition to Dirichlet calibration. The
hyperparameter tuning and averaging procedures in the neural network experiments
were performed similarly to those in the non-neural experiments, except that 5-fold
cross-validation was used due to the larger amount of available data. Both Dirichlet
calibration with L2 regularisation and ODIR regularisation were evaluated.

For evaluation, log-loss (NLL) and classwise-ECE were used as the primary
metrics, as reported in Tables 4 and 5, respectively.

In the experiments, the proposed ODIR regularisation improved the perfor-
mance of both matrix scaling and Dirichlet calibration compared to temperature
scaling. Vector scaling achieved the lowest classwise-ECE overall, followed by
matrix scaling and Dirichlet calibration with ODIR regularisation. On CIFAR-10,
Dirichlet calibration with L2 regularisation achieved the lowest classwise-ECE,

Table 2: Classwise-ECE rankings of non-neural models, computed over 21 UCI
datasets. Adapted from Publication I.

Uncal DirL2 DirODIR Beta TempS VecS Isot ES EW

adas 6.7 3.3 2.9 5.4 6.3 3.4 4.0 6.4 6.5
forest 7.6 5.6 3.4 3.6 5.0 2.1 2.7 8.3 6.7
knn 4.1 4.6 3.1 4.2 5.5 2.5 5.4 7.9 7.6
lda 6.3 4.1 3.4 3.4 6.8 3.8 3.0 7.9 6.3
logistic 8.0 3.1 3.6 3.8 6.1 3.4 3.1 7.8 5.9
mlp 5.5 4.1 3.2 3.2 6.3 3.8 2.7 8.6 7.6
nbayes 7.4 2.8 1.9 5.0 7.8 3.4 3.8 7.0 6.0
qda 6.5 3.6 2.6 4.0 7.0 4.0 2.5 8.3 6.3
svc-linear 7.1 3.7 3.8 4.0 4.8 3.2 3.2 8.5 6.7
svc-rbf 6.0 4.0 4.0 4.2 5.0 3.7 3.3 8.6 6.2
tree 2.2 6.3 4.0 3.7 4.2 3.4 5.0 8.5 7.7

avg rank 6.12 4.12 3.28 4.05 5.89 3.34 3.54 7.99 6.67

Table 3: Log-loss (NLL) rankings of non-neural models, computed over 21 UCI
datasets. Adapted from Publication I.

Uncal DirL2 DirODIR Beta TempS VecS Isot ES EW

adas 8.4 2.1 2.0 4.7 7.8 5.1 4.9 4.8 5.1
forest 7.0 5.7 4.4 3.1 3.9 3.4 5.8 6.8 4.8
knn 8.2 2.8 4.9 6.4 7.2 5.4 2.7 4.4 3.0
lda 7.4 1.9 3.0 3.5 5.6 4.0 7.2 7.1 5.2
logistic 7.6 1.7 2.5 3.2 5.3 4.0 8.1 7.6 5.0
mlp 4.5 2.7 4.5 3.1 3.5 4.0 8.0 8.6 6.2
nbayes 8.6 1.4 2.5 4.7 6.2 4.4 5.8 4.9 6.5
qda 7.5 2.2 3.0 3.8 5.4 4.5 6.7 7.3 4.6
svc-linear 6.7 1.9 2.3 3.7 4.4 3.7 8.1 8.1 6.0
svc-rbf 7.6 4.0 3.4 3.7 5.7 2.9 6.0 5.4 6.3
tree 6.2 3.6 5.7 6.2 7.4 6.7 2.0 4.0 3.2

avg rank 7.24 2.73 3.48 4.21 5.66 4.38 5.93 6.28 5.10
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followed by vector scaling and methods using ODIR. Dirichlet calibration with
ODIR regularisation consistently outperforms its L2-regularised counterpart on
the CIFAR-100 dataset, highlighting the need for more effective regularisation in
settings with a large number of classes.

The lowest log-loss was achieved by matrix scaling with ODIR regularisation
over all datasets, followed closely by Dirichlet calibration with ODIR. The perfor-
mance difference between matrix scaling and Dirichlet calibration was marginal.
However, since matrix scaling operates directly on logits and does not rely on a
lossy transformation, it consistently achieved slightly better results.

Table 4: Comparison of calibration methods using classwise-ECE scores and
rankings across deep neural network experiments. Adapted from Publication I.

general-purpose calibrators calibrators using logits
Uncal TempS Dir-L2 Dir-ODIR VecS MS-ODIR

c10_convnet 0.1046 0.0444 0.0432 0.0455 0.0431 0.0443
c10_densenet40 0.1146 0.0405 0.0341 0.0374 0.0362 0.0373
c10_lenet5 0.1986 0.1715 0.0521 0.0594 0.0572 0.0593
c10_resnet110 0.0986 0.0435 0.0321 0.0394 0.0373 0.0362
c10_resnet110_SD 0.0866 0.0314 0.0315 0.0293 0.0272 0.0271
c10_resnet_wide32 0.0956 0.0485 0.0323 0.0292 0.0324 0.0291
c100_convnet 0.4246 0.2271 0.4025 0.2403 0.2414 0.2402
c100_densenet40 0.4706 0.1872 0.3305 0.1861 0.1893 0.1914
c100_lenet5 0.4736 0.3855 0.2194 0.2132 0.2031 0.2143
c100_resnet110 0.4166 0.2013 0.3595 0.1861 0.1942 0.2034
c100_resnet110_SD 0.3756 0.2034 0.3735 0.1893 0.1701 0.1862
c100_resnet_wide32 0.4206 0.1864 0.3335 0.1802 0.1711 0.1803
SVHN_convnet 0.1596 0.0384 0.0435 0.0262 0.0251 0.0273
SVHN_resnet152_SD 0.0192 0.0181 0.0226 0.0203 0.0215 0.0214

Average rank 5.71 3.71 3.79 2.79 2.29 2.71

Table 5: Comparison of calibration methods using log-loss (NLL) scores and
rankings across deep neural network experiments. Adapted from Publication I.

general-purpose calibrators calibrators using logits
Model Uncal TempS Dir-L2 Dir-ODIR VecS MS-ODIR

c10_convnet 0.3916 0.1951 0.1974 0.1952 0.1975 0.1963
c10_densenet40 0.4286 0.2255 0.2201 0.2244 0.2233 0.2222
c10_lenet5 0.8236 0.8005 0.7442 0.7443 0.7474 0.7431
c10_resnet110 0.3586 0.2095 0.2031 0.2053 0.2064 0.2042
c10_resnet110_SD 0.3036 0.1785 0.1774 0.1763 0.1752 0.1751
c10_resnet_wide32 0.3826 0.1915 0.1854 0.1822 0.1833 0.1821
c100_convnet 1.6416 0.9421 1.1895 0.9612 0.9644 0.9613
c100_densenet40 2.0176 1.0572 1.2535 1.0594 1.0583 1.0511
c100_lenet5 2.7846 2.6505 2.5954 2.4902 2.5163 2.4871
c100_resnet110 1.6946 1.0923 1.2125 1.0964 1.0892 1.0741
c100_resnet110_SD 1.3536 0.9423 1.1985 0.9454 0.9231 0.9272
c100_resnet_wide32 1.8026 0.9453 1.0875 0.9534 0.9372 0.9331
SVHN_convnet 0.2056 0.1515 0.1423 0.1382 0.1444 0.1381
SVHN_resnet152_SD 0.0856 0.0791 0.0855 0.0802 0.0814 0.0813

Average rank 6.0 3.5 3.79 2.93 3.14 1.64
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3.5. Summary and limitations

In conclusion, we proposed a novel multiclass post-hoc calibration method, Dirich-
let calibration, together with the regularisation method ODIR. We examined the
interpretability of Dirichlet calibration map and showed that it can provide some
insight into potential issues in uncalibrated model outputs. Furthermore, we evalu-
ated performance across a diverse range of datasets and models in both non-neural
and neural settings. The results indicate that Dirichlet calibration and matrix scal-
ing with ODIR regularisation achieve strong performance on convolutional neural
networks.

The main limitation is the lack of evaluation across different types of deep neural
networks and datasets, as the current experiments focus primarily on convolutional
architectures. Additionally, it would be valuable to investigate how different
calibration methods behave under dataset shift and how effective they are for
detecting out-of-distribution samples. Finally, hyperparameter tuning for ODIR
regularisation introduces additional computational cost, as two parameters, one for
off-diagonal terms and one for intercepts, must be selected. Even when considering
only 10 values per hyperparameter, this results in 100 combinations, each requiring
five additional fits due to 5-fold cross-validation. This makes the calibration process
significantly slower compared to other methods.
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4. RETHINKING EVALUATION OF CALIBRATION:
FIT-ON-TEST (PUBLICATION II)

4.1. Introduction

This chapter provides an overview of the second contribution of the thesis, address-
ing RQ2: Why calibration evaluation is a difficult problem to solve and how to
improve evaluation methods?

Prior work has shown that deep neural networks can be poorly calibrated (Guo
et al., 2017). To assess how well a model is calibrated, scoring metrics such as ECE
and visualisation tools such as reliability diagrams are commonly used. However,
existing calibration measures have several limitations, making evaluation results
sensitive to method and hyperparameter choices.

We begin with an overview of the issues and limitations of current calibration
evaluation methods, followed by a discussion of a key challenge: the absence of
a ground-truth calibration map. This work brings together different evaluation
approaches and requirements, and provides a comparison of evaluation methods
across synthetic, pseudo-real, and real datasets. We introduce a fit-on-test approach
for calibration evaluation and assess existing evaluation methods across three
tasks. Furthermore, we propose new calibration evaluation methods based on this
approach. Finally, we introduce a pseudo-real dataset derived from the CIFAR-
10 dataset to better understand how calibration evaluation methods perform in
calibration assessment, calibration map prediction, and calibrator ranking.

4.2. Motivation

ECE (Naeini et al., 2015) is one of the most widely used methods for evaluating
calibration. It partitions instances into bins based on predicted confidence and
compares the average confidence in each bin to the corresponding average accuracy.

A key issue with binning-based methods is selecting the number of bins. In
practice, this choice is often arbitrary, with common values being 10, 15, or 20.
However, it has been shown that different choices can significantly affect results
and even alter method rankings (Guo et al., 2017; Naeini et al., 2015). When some
bins contain only a few samples, the resulting calibration error estimates become
imprecise and exhibit high variance. This issue can be partially mitigated by
equal-size binning, where each bin contains the same number of samples. On the
other hand, using too few bins introduces a smoothing effect, which may obscure
important calibration characteristics.

To address the problem of selecting the number of bins, the method ECEsweep
(Roelofs et al., 2022) has been proposed. This approach increases the number of
bins until the estimated error stops increasing monotonically across bins. However,
this introduces an implicit bias by assuming a monotonically increasing calibration
map, which may not hold in practice. Another limitation of ECE is its inability to
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accurately capture the true calibration map. The binning procedure often fails to
follow the underlying calibration curve, as illustrated in Figure 12a. Despite these
limitations, ECE remains a widely used method for calibration evaluation. This
is largely due to its simplicity and ease of interpretation. When combined with
reliability diagrams, it provides a useful qualitative overview of model calibration.

In the next section, we discuss a fundamental challenge in calibration evaluation:
the absence of a ground-truth calibration map.

4.3. Fit-on-test

The standard practice in machine learning is to split the data into training, validation,
and test sets. The training set is used to fit the model, while the validation set is used
for model selection, including hyperparameter tuning and architecture selection.
The test set is then used to obtain an unbiased estimate of model performance.
To ensure a fair evaluation, it must remain separate from the training and model-
selection process, thereby preventing data leakage and overfitting to the test data.

The fit-on-test perspective for calibration evaluation arises from the absence
of a known ground-truth calibration map, as illustrated in Figure 10. Since this
map is unknown, it is typically estimated or approximated before the model’s
calibration error can be assessed. Within this framework, an evaluation method
first estimates the calibration map from the test data and then measures its devia-
tion from the identity function. The instance-wise calibration error is defined as
ĈE(p̂) = 1

n ∑n
i=1 |ĉ(p̂i)− p̂i|α , where n is the number of instances and ĉ denotes

the estimated calibration map.
We refer to this approach as the fit-on-test view because the calibration map

is fitted using the same dataset on which the calibration discrepancy is evaluated.
This terminology is intended to highlight an unconventional aspect of calibration
evaluation, but it does not imply that the predictive model itself is tuned or improved
using the test data. Rather, the test labels are used only to estimate a diagnostic
quantity describing the calibration of the evaluated model.

The fit-on-test approach consists of three main steps: (1) estimating the cali-
bration map on the test set, (2) computing instance-wise calibration errors, and (3)
aggregating these errors into an overall calibration error estimate. An overview is
shown in Figure 10.

The resulting calibration error also admits an intuitive interpretation as the
amount of adjustment required to calibrate the model. More precisely, it reflects
how far the original predicted probabilities must be moved to match the estimated
calibrated probabilities. A larger deviation from the identity map therefore corre-
sponds to a greater required calibration adjustment. This interpretation does not
define a separate estimation procedure, since the required adjustment can only
be quantified after the calibration map has been estimated; rather, it provides an
intuitive view of the resulting calibration discrepancy.

The reliability of the resulting estimate depends on the choice of function class
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Figure 10: Pipeline of fit-on-test estimation of calibration error. Adapted from
Publication II.

used to represent the calibration map. A class that is too restrictive may be unable
to capture the true calibration relationship and may therefore introduce systematic
bias. Conversely, an excessively flexible class may overfit the test data, particularly
when the sample size is limited, leading to an unstable calibration-error estimate.
The selected function class should therefore reflect both the expected structure of
the calibration map and the amount of available data. Quantifying the bias caused
by misspecification of the function class remains an important direction for future
research.

One alternative interpretation is to estimate the calibration map on a validation
set and then evaluate its deviation from the identity function on a separate test set.
This is a valid procedure, but it estimates a slightly different quantity. The resulting
discrepancy depends not only on the model’s calibration on the test distribution,
but also on how well the calibration-map estimator fitted on the validation set
generalises to that distribution. In contrast, the fit-on-test formulation estimates the
calibration map directly on the distribution for which the calibration discrepancy is
being measured.

In practice, the difference between these procedures may be small when the
validation and test distributions are sufficiently similar, and the calibration-map
estimator generalises well. Nevertheless, fitting on validation data includes the
generalisation error of the estimated calibration map, whereas fitting on test data
aims to estimate the calibration discrepancy of the test distribution directly.

Fitting on test data is difficult to avoid in calibration evaluation because the
test set does not provide access to the true calibration map required to compute
calibration error directly. Consequently, existing methods generally estimate some
form of calibration relationship from the same data on which the error is evaluated.
At first glance, ECE appears to avoid the fit-on-test paradigm because it operates
on bins rather than explicitly fitting a calibration function. However, each bin
implicitly estimates the calibrated probability as the average accuracy within
that bin, which is then compared with the average confidence. Thus, ECE can
also be interpreted as a fit-on-test method. In Publication II, we show that ECE
corresponds to a fit-on-test estimator with slope-1 bin tops, where each bin is

50



0.0 0.2 0.4 0.6 0.8 1.0
ECE = 2

6 |0.2 0.5|
+4

6 |0.8 0.75|
= 2

60.3 + 4
60.05

= 0.133

0.0

0.2

0.4

0.6

0.8

1.0
(a)

0.0 0.2 0.4 0.6 0.8 1.0

CE = 1
6 (|0.1 0.5| + |0.3 0.5|

+|0.65 0.75| + |0.75 0.75|
+|0.85 0.75| + |0.95 0.75|)

= 0.167

0.0

0.2

0.4

0.6

0.8

1.0
(b)

0.0 0.2 0.4 0.6 0.8 1.0
ECE = 1

6 (|0.1 0.4| + |0.3 0.6|
+|0.65 0.60| + |0.75 0.70|
+|0.85 0.80| + |0.95 0.90|)

= 0.133

0.0

0.2

0.4

0.6

0.8

1.0
(c)

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0
(d)

Figure 11: A synthetic example demonstrating ECE as a fit-on-test estimator of
calibration error. (a) Reliability diagram for a test set of six instances, yielding
ECE = 0.133; (b) piecewise-constant estimator with CE = 0.167; (c) piecewise
slope-1 estimator recovering the same ECE = 0.133 as in (a) while visualising
per-instance errors; and (d) the proposed reliability diagram with diagonal filling,
combining (a) and (c). Adapted from Publication II.

represented by a rising linear segment with slope one, that is, a 45◦ line. Instead of
measuring the distance between average accuracy, represented by flat bin tops, and
average confidence, one can reinterpret the bin tops as having slope 1 and compute
deviations at the instance level. Figure 11 shows that this formulation yields the
same score as the original ECE.

Having established that ECE can be interpreted as a fit-on-test evaluation
method, it can be improved by selecting the number of bins through cross-
validation, as illustrated in Figure 12a. The number of bins is selected using proper
scoring rules, such as log-loss or the Brier score, rather than estimated calibration
error. This reduces the risk of choosing a binning scheme that is either too coarse
to capture the calibration structure or too flexible for the available sample size.
Moreover, to the best of our knowledge, most existing approaches estimate at least
part of the calibration relationship from the test data. For example, methods based
on binning use the test labels to estimate empirical class frequencies within each
bin, then compare them with the corresponding predicted probabilities.

Building on the equivalence between ECE with slope-1 bin tops and the orig-
inal ECE, we propose a modified reliability diagram with diagonal filling. This
representation makes deviations from the diagonal easier to assess visually and
facilitates comparison between the estimated and true calibration maps when the
latter is available. Figure 12a illustrates reliability diagrams with diagonal filling,
together with the outlines of the corresponding flat-top bins for reference.

4.4. Piecewise linear method for estimating the calibration map

ECE exhibits several limitations (Figure 12a) that hinder its ability to accurately
approximate the true calibration mapping: (1) it produces a discontinuous mapping,

51



(a)

0.0 0.2 0.4 0.6 0.8 1.0
Predicted probability

0.0

0.2

0.4

0.6

0.8

1.0
Ca

lib
ra

te
d 

pr
ob

ab
ilit

y

True calibration map
Main diagonal

(b)

0.0 0.2 0.4 0.6 0.8 1.0
Predicted probability

0.0

0.2

0.4

0.6

0.8

1.0

Ca
lib

ra
te

d 
pr

ob
ab

ilit
y

True calibration map
Main diagonal

(c)

0.0 0.2 0.4 0.6 0.8 1.0
Predicted probability

0.0

0.2

0.4

0.6

0.8

1.0

Ca
lib

ra
te

d 
pr

ob
ab

ilit
y

True calibration map
Main diagonal

Figure 12: Different reliability diagrams on synthetic data, with the number of bins
or segments selected via cross-validation. Subfigure (a) shows a reliability diagram
with diagonal filling using 14 bins; (b) a piecewise linear reliability diagram with 3
segments; and (c) a piecewise linear reliability diagram in logit–logit space with 2
segments. Adapted from Publication II.

introducing artificial “jumps” that are unlikely to be present in true calibration
maps, and (2) slope-1 bin tops cannot represent calibration maps with different
slopes. We propose that the desired family of calibration functions should satisfy
the following criteria: (1) continuity, (2) inclusion of the identity function, (3)
sufficient flexibility to approximate arbitrary calibration curves, and (4) a limited
number of parameters to reduce the risk of overfitting. Since ECE already satisfies
some of these criteria, we build upon it by first allowing bin tops with varying
slopes, rather than restricting them to slope 1, and then enforcing continuity by
connecting adjacent bin tops. This results in a piecewise linear family of calibration
functions.

Our proposed method, piecewise linear (PL) (Figure 12b), is sufficiently simple
to limit overfitting while remaining flexible enough to approximate a wide range
of calibration-map shapes. The PL method consists of b linear segments connected
at their endpoints, forming a piecewise linear function. In contrast to ECE, this
representation avoids flat bin tops and can therefore approximate the underlying
calibration map more accurately. Each linear segment can be interpreted as a
bin characterised by its slope and height. Since adjacent segments are connected,
the function can be parameterised using b + 1 height parameters, denoted by
H, corresponding to the values at the segment boundaries. In addition, b− 1
parameters are required to define the internal bin boundaries B, since the first and
last boundaries are fixed at 0 and 1, respectively. In total, the model requires 2b
parameters, where b is the number of bins, or linear segments.

The number of bins b remains a hyperparameter of the PL method. To select an
appropriate value, we use cross-validation to balance flexibility against overfitting.
Figures 12a and 12b compare the standard ECE and the proposed PL methods
on the same dataset, with the number of bins selected by cross-validation in both
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cases. The results indicate that PL produces a smoother and more natural curve
that follows the underlying calibration map more closely.

The number of bins could, in principle, be learned jointly with the bin bound-
aries and heights. However, b is a discrete structural parameter, whereas the
boundaries and heights are continuous parameters, resulting in a mixed discrete–
continuous and generally non-smooth optimisation problem. Such an approach
would also require a complexity penalty or model-selection criterion to prevent the
selection of an unnecessarily large number of bins. This could be addressed, for
example, through an explicit model-selection criterion or a differentiable relaxation
that suppresses unnecessary candidate segments during optimisation. Developing
and evaluating such approaches remains a direction for future work.

The piecewise linear reliability diagram can be used analogously to a standard
reliability diagram derived from ECE for assessing model calibration. Furthermore,
the piecewise linear function obtained by PL can serve directly as a calibration
map ĉ for computing CE.

PL is implemented using a neural-network formulation to enable flexible and
efficient training. The architecture consists of two components: a binning layer
and an interpolation layer.

The main advantage of the neural-network formulation is that it enables the
partition and the piecewise linear map to be optimised jointly using the same
objective. In a fixed-tree approach, the gating structure would typically be prede-
termined or learned separately from the calibration values. The neural-network
formulation instead provides a modular and differentiable implementation in which
the loss function, input representation, output constraints, bin-width restrictions,
and gating mechanism can be modified while retaining end-to-end gradient-based
optimisation. Similar extensions may be possible in a tree-based framework, but
would generally require a different optimisation procedure.

The binning layer takes the predicted probability p̂ as input and computes
b+ 1 gating values corresponding to the bin boundaries. Each neuron in this
layer is associated with a boundary Bi and evaluates whether p̂ lies to the left or
right of that boundary, using Li = p̂−Bi and Ri = Bi − p̂. The binning layer is
parameterised by b real-valued parameters Z = (z1,z2, . . . ,zb), which define the
bin boundaries. These parameters are transformed using a softmax function σsm to
obtain bin widths, which are then cumulatively summed to produce ordered bin
boundaries. The interpolation layer contains b+ 1 parameters representing the
boundary heights, denoted by H, which are passed through a logistic function to
constrain their values.

Given the gating information from the binning layer, the calibrated probability
p̂′ is computed by interpolating between the two neighbouring heights Hk and
Hk+1:

ĉ =
b

∑
k=1

g(Lk+1,Rk)

(
Hk

Lk+1

Lk+1 +Rk
+Hk+1

Rk

Lk+1 +Rk

)
,
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where the gating function is defined as g(Lk+1,Rk) = I
[
(Lk+1 > 0)∧ (Rk > 0)

]
.

This hard gating function identifies the exact interval containing p̂ and therefore
preserves the intended piecewise linear structure. A possible alternative would be
to use smooth, locally supported basis functions that assign differentiable weights
to neighbouring intervals. Such a formulation could improve the stability of joint
optimisation of the bin locations and boundary heights. However, the resulting map
would only approximate a piecewise linear function near the learned boundaries.
The choice therefore involves a trade-off between exact piecewise linearity and
potentially smoother end-to-end optimisation, and smooth gating remains a possible
direction for future work.

We further propose PL3 (Figure 12c), a piecewise linear calibration method
defined in logit–logit space. The method is designed to retain the simplicity
and favourable properties of temperature scaling while allowing a more flexible
calibration map. Temperature scaling corresponds to a single linear transformation
in logit space, whereas PL3 generalises this idea by using multiple learned linear
segments. This produces a more flexible transformation in probability space while
keeping the model relatively constrained.

PL3 is also related to beta calibration, although the two methods impose differ-
ent structural assumptions. Beta calibration derives its shape from a parametric
transformation involving the logarithms of the predicted probability and its comple-
ment, whereas PL3 represents the calibration map using a small number of linear
segments in logit–logit space. Beta calibration can be interpreted as producing
a mapping with two characteristic pieces, while PL3 allows an arbitrary number
of segments and can therefore approximate a broader range of local calibration
patterns. Figure 13 illustrates these differences by comparing temperature scaling,
beta calibration, and PL3.

A detailed description of the implementation of PL and PL3 is provided in
Publication II.

4.5. Experiments and results

The previous chapters introduced the challenges posed by the absence of ground
truth and the fit-on-test paradigm. One possible approach is to use synthetic
datasets generated from a known calibration map, for which the true CE is available.
However, such calibration maps may not reflect the relationships encountered in
real-world data. To bridge this gap, we use a pseudo-real dataset for calibration
evaluation, which forms the basis of the main results; Publication II also reports
results on fully synthetic and real datasets.

In this thesis, pseudo-real data refers to generated data designed to preserve
realistic characteristics while providing substantially more observations than a
conventional real-world dataset. The term does not imply that the generated
observations are statistically identical to real data. Rather, the large sample size
enables the calibration map to be estimated with much greater precision, providing
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Figure 13: Motivation for PL3. Results are compared in probability space (left
column) and logit–logit space (right column) for the ResNet110 (He et al., 2015)
model on the CIFAR-5m dataset for the “cats vs. rest” task. Adapted from Publica-
tion II.

a close reference approximation against which calibration-error estimators can be
compared.

For the pseudo-real evaluation, we use the CIFAR-5m dataset (Nakkiran et al.,
2020), which contains more than five million generated images resembling those in
CIFAR-10 (Krizhevsky, 2012). Although the images are generated by a generative
model, they retain many characteristics of the original dataset, and models trained
on CIFAR-5m achieve performance comparable to models trained on CIFAR-10.
The combination of realistic image structure and a very large sample size makes
the dataset suitable for large-scale calibration analysis.

For our experiments, we train three convolutional neural networks: ResNet110
(He et al., 2015), WideNet32 (Zagoruyko and Komodakis, 2016), and DenseNet40
(Huang, Liu, et al., 2016). Each model is trained on a subset of 45,000 instances
sampled from CIFAR-5m, following the training procedures described in the
respective original works.

To approximate the true calibration map, we fit an isotonic regression model
using one million data instances, while reserving the remaining data for evalua-
tion. Alternative methods for estimating the calibration map were also tested and
achieved comparable performance. Although CIFAR-5M is a 10-class dataset, we
focus on binary classification settings, as this simplifies visualisation and compari-
son of calibration results. Specifically, we consider three one-vs-rest tasks (cars vs.
rest, cats vs. rest, and dogs vs. rest), as well as a top-label prediction task based on
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In the experiments, we consider three types of evaluation tasks. First, cali-
bration map estimation, which assesses how closely a method approximates the
underlying calibration map; in other words, how accurately it reconstructs the
reliability diagram. This is particularly relevant when model predictions are used
for downstream decision-making by humans or automated systems. Second, cali-
bration error estimation, which evaluates how accurately a method estimates the
overall calibration error. This provides a summary measure of the model’s reliabil-
ity. Third, calibrator ranking, which aims to determine which calibration method
performs best. This task is essential when selecting among competing calibration
methods, as it requires reliable comparative evaluation.

The task of evaluating calibration map estimation is studied using two comple-
mentary approaches: (1) post-hoc calibration method evaluation and (2) calibration
evaluation method assessment.

To compare post-hoc calibration methods, we use three convolutional models,
ResNet110 (He et al., 2015), WideNet32 (Zagoruyko and Komodakis, 2016), and
DenseNet40 (Huang, Liu, et al., 2016), trained on 45k samples from CIFAR-5m
and calibrated on an additional 5k samples. The training setup follows the proce-
dure described by Guo et al. (2017). We consider a range of widely used post-hoc
calibration methods, including temperature scaling (TempS), vector scaling (VecS),
matrix scaling with off-diagonal and intercept regularisation (MSODIR), Dirichlet
calibration with ODIR regularisation (DirODIR), spline calibration (Spline), and
order-invariant intra order-preserving functions (IOP). In addition, we include bi-
nary calibration methods such as Platt scaling (Platt), isotonic regression (Isotonic),
beta calibration (Beta), scaling-binning (ScaleBin), ECE-based binning (ESsweep)
with equal-size binning (ES), and the proposed piecewise linear methods (PL and
PL3).

The results show that, although the model predictions are initially uncalibrated,
PL3 provides the closest approximation to the underlying calibration map, making
it the most effective post-hoc calibration method (see Table 6). This evaluation
identifies which methods best correct poorly calibrated model outputs.

To assess the quality of calibration evaluation methods, we consider the outputs
of the six best-performing post-hoc calibration methods (Beta, VecS, Platt, PL3,
ScaleBin, and Isotonic). This setting focuses on cases where predictions are already

Table 6: Evaluation of post-hoc calibrators based on |ĉ−c∗| (×103) in approximat-
ing the true calibration map for DenseNet40, ResNet110, and WideNet32 models
on CIFAR-5m. Each calibrator is trained on 5000 instances, with results averaged
over the three classifiers. Adopted from Publication II.

Platt Beta Isotonic ScaleBin TempS VecS dirODIR MSODIR Spline IOP ESsweep PL3 PL

cars vs rest 3.62 4.37 4.05 4.16 7.312 3.84 3.83 4.38 6.710 8.213 7.111 2.91 4.99
cats vs rest 6.82 15.012 9.04 9.55 14.011 10.46 13.39 12.98 8.83 13.510 19.313 5.31 12.37
dogs vs rest 4.52 14.412 6.84 6.73 11.711 8.65 11.610 11.59 8.76 11.08 25.513 3.51 10.67
confidence 13.14 17.47 11.63 8.72 22.78 34.211 38.113 37.512 15.46 24.810 23.99 8.51 15.45
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close to being calibrated. The task then measures the discrepancy between the
estimated calibration map and the reference calibration map.

We compare a range of calibration evaluation methods, including post-hoc
calibrators and the proposed PL-based methods. As shown in Table 7, PL achieves
the best performance, followed closely by PL3, with beta calibration ranking third.

Table 7: Evaluation of calibration estimators for reliability diagrams based on
|ĉ− c∗| (×103) on CIFAR-5m. Unlike Table 6, this comparison is performed
on predictions that have already undergone post-hoc calibration. Adopted from
Publication II.

ES15 ESsweep ESCV PL3 PL Platt Beta Isotonic Spline IOP

All 9.479 8.627 8.526 7.272 6.271 8.395 7.63 9.28 9.5510 7.814

Initial model ResNet110 9.438 9.046 9.227 7.332 6.71 8.95 7.973 9.669 10.1510 8.644
DenseNet40 9.9810 8.597 8.376 7.083 5.981 7.935 7.354 9.158 9.429 6.922
WideNet32 9.09 8.226 7.975 7.392 6.141 8.337 7.493 8.88 9.0810 7.864

Data size 1000 13.3410 11.446 11.497 10.234 8.021 10.885 9.633 12.999 12.088 8.172
3000 8.468 7.646 8.197 6.642 6.221 7.445 6.83 8.659 9.2410 7.434
10000 6.616 6.777 5.883 4.932 4.591 6.858 6.385 5.974 7.349 7.8110

Task cars vs rest 4.077 4.619 3.824 3.583 2.741 4.218 3.132 3.96 4.8410 3.825
cats vs rest 10.4510 10.159 9.245 7.442 6.641 9.827 9.024 9.66 10.118 8.613
dogs vs rest 9.179 8.757 8.676 7.333 5.81 7.815 7.414 8.988 9.310 6.632
confidence 14.199 10.964 12.357 10.722 9.911 11.715 10.843 14.3410 13.958 12.166

The second task focuses on estimating the ECE score as accurately as possible,
i.e., quantifying the deviation of the calibration map from the diagonal. The results
show that ECE with 15 equal-size bins performs best, followed closely by PL3
and beta calibration (Table 8). ECE is debiased, which may give it an advantage,
although it is less effective at estimating the calibration map.

The third task evaluates the ability to rank six calibrators, with the goal of
identifying the method that produces the most accurate ranking. The isotonic
fit-on-test evaluator achieves the best performance in this task (Table 8).

Table 8: Evaluation of calibration estimators for true calibration error, measured
by |ECE−CE| (×103), together with the ranking of six calibrators according to
rankcorrel(ECE) on CIFAR-5m. Adapted from Publication II.

ES15 ESsweep ESCV PL3 PL Platt beta isotonic Spline IOP
Metric Data

|ECE−CE| one-vs-rest 2.31 3.245 3.668 2.592 2.873 3.637 2.94 3.89 4.1610 3.486
confidence 4.542 5.144 6.377 4.733 5.245 5.836 4.391 7.29 7.3910 6.968

rankcorrel(ECE) one-vs-rest 0.4573 0.1957 0.4434 0.366 0.5132 0.019 0.1288 0.5521 0.3985 −0.04310
confidence 0.6242 0.4346 0.5633 0.4067 0.515 0.0189 0.5114 0.6571 0.3928 −0.09510
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4.6. Summary and limitations

In conclusion, this work addresses the problem of evaluating calibration error in the
absence of a ground-truth calibration map. Since such a map is typically unavailable
in real-world datasets, all calibration evaluation methods must implicitly estimate
it before computing calibration error. We formalise this perspective as the fit-
on-test paradigm, which enables the use of standard techniques, such as cross-
validation, to improve model fitting and generalisation. We further introduce a
pseudo-real dataset approach that enables evaluation in a more realistic setting than
purely synthetic data. Using a large-scale dataset with millions of instances, we
approximate the calibration map by fitting on one million samples and evaluating on
the remaining data. In addition, we propose a new family of calibration evaluation
methods based on piecewise linear functions (PL and PL3). These methods extend
ECE by introducing continuity and flexible slopes, allowing for more accurate
approximation of calibration maps. Empirically, PL3 achieves the best performance
for post-hoc calibration, while PL performs best in approximating the calibration
map for already well-calibrated predictions. For calibration error estimation, ECE
with 15 equal-size bins performs best, followed by PL3 and beta calibration. For
ranking calibration methods, isotonic calibration provides the most accurate results.

The main limitation of this work is that the evaluation is conducted on a single
pseudo-real dataset. While this provides useful insights for deep convolutional
networks, it does not necessarily generalise to other model classes or datasets.
Although this setting offers a strong baseline, further investigation of pseudo-
real datasets is needed. A second limitation is the focus on binary classification,
which simplifies visualisation and interpretation but does not capture the full
complexity of multiclass calibration, including classwise and multiclass calibration
error. Finally, calibration performance is known to be sensitive to dataset shift
and out-of-distribution data. Further research is required to better understand and
address these challenges in practical deployment settings.
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5. COMBINING UNCERTAINTY INFORMATION OF
SEMANTIC SEGMENTATION FOR AUTONOMOUS

PERCEPTION SYSTEMS (PUBLICATION III)

This chapter provides an overview of the final contribution of the thesis, addressing
RQ3: What uncertainty information supports reliable decision-making in an
autonomous perception system?

The preceding chapters examined how predicted probabilities can be calibrated
and how calibration can be evaluated. This chapter applies these ideas to spatial un-
certainty estimates in autonomous driving. In this setting, the output of a perception
system is not useful only as a segmentation map; it must also be transformed into
uncertainty representations that support planning and risk-aware decision-making.
These derived uncertainty quantities may themselves be uncalibrated, creating a
direct connection to the methodological problems studied in the previous chapters.

The primary goal of a perception system is to reason about its surroundings,
for example, the environment of an autonomous vehicle (AV). Such a system
may detect objects either to avoid them or to use them for navigation, such as
lane markings; this can be described as an object-based view. Alternatively, the
autonomous system may segment the surrounding environment to determine the
category, such as object, road, or sidewalk, to which each point or grid cell in the
perception area belongs; this is referred to as a grid-based view.

This work proposes a framework that combines grid-based and object-based
representations to account for multiple sources of uncertainty required for reliable
and safe navigation. To this end, we employ the bird’s-eye-view (BEV) semantic
segmentation model FIERY (Hu et al., 2021), which produces a grid-based repre-
sentation with instance-level information. The proposed framework, using FIERY
as a representative example, is described in detail in the following sections. Finally,
a downstream planning task is used to evaluate whether incorporating additional
uncertainty information improves the safety and reliability of trajectory planning.

5.1. Motivation

Self-driving vehicles are becoming increasingly prevalent; however, their safety
and reliability are not guaranteed. A commonly reported metric for evaluating
such systems is the number of kilometres, or miles, driven without interventions
or collisions. Collisions may arise from several interacting factors, including
perception errors, inaccurate localisation, failures to predict the behaviour of other
road users, unsuitable trajectory planning, violations of traffic rules, inappropriate
speed selection, and unusual road or environmental conditions.

The contribution of this chapter focuses specifically on perception uncertainty
and its use in risk-aware planning. Reliable information about where the road
is occupied is a prerequisite for subsequent decision-making, but it does not by
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itself address the complete autonomous-driving problem. Instead, the proposed
framework should be understood as one component within a broader system that
also includes localisation, behaviour prediction, planning, and control.

Within the perception component, missed object detections are particularly
important because an undetected road user may not be considered by the planner.
Even when an object is detected, the system may need to infer not only its location
but also its likely behaviour or intention.

To reduce collision risk, the system must therefore identify when its predictions
about road conditions or surrounding objects are uncertain or imprecise. The
grid-based view, which consists of cells containing class predictions, such as road,
vehicle, or pedestrian, is effective for representing spatial occupancy and object
locations; however, it lacks explicit information about instance-level grouping
across cells.

While nearby segmented grid cells could be aggregated for object detection,
this is challenging because neighbouring cells are strongly correlated, as illustrated
in Figure 14. Since adjacent cells share information about the presence of an object,
it is difficult for a planner to obtain a reliable object-level uncertainty estimate for
a region.

Conversely, in an object-based view, the perception system detects individual
objects and must decide which detections to retain as true positives. This typically
requires a detection threshold, below which detections are discarded. Such dis-
carded detections may nevertheless contain informative signals, potentially leading
to missed objects.

Planners currently tend to use either no uncertainty information or only limited
uncertainty information (Reda et al., 2024). The proposed approach therefore has
the potential to improve the safety and reliability of trajectory planning. However,
as demonstrated in our experiments, the resulting uncertainty estimates are often
not well calibrated and consequently require additional calibration.

These limitations motivate combining object-based and grid-based representa-
tions. In addition, we incorporate information about potentially undetected objects
through a region occupancy query (ROQ). This allows the planner to query the
probability that a given region, such as the road ahead or a crosswalk, is unoccupied,
thereby supporting safer and more informed trajectory planning.

5.2. Uncertainty-aware perception system

This chapter proposes a framework that provides the necessary components for an
uncertainty-aware perception system, highlighting the importance of integrating
multiple sources of uncertainty to ensure safe and reliable operation.

An uncertainty-aware perception model should incorporate both an object-
based view, enriched with uncertainty information about each object’s shape,
size, location, and trajectory, and a grid-based view, represented as occupancy
maps indicating the likelihood that a given grid cell is occupied. In addition, the
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Figure 14: Dependence of grid-cell correlation on Euclidean distance in metres. For
each value of D, correlations are evaluated using pairs of cells with distances greater
than D−1 and at most D. Results are derived from BEV semantic-segmentation
outputs of the FIERY model. Adapted from Publication III.

framework enables the planner to query the likelihood of occupancy within specific
regions of interest, which we define as a region occupancy query (ROQ).

More precisely, the proposed uncertainty-aware perception model outputs the
following:

1. A list of detected objects (object-based view) with associated uncertainty
information:

• Presence uncertainty: the likelihood that an object exists at a given
location;

• Localisation uncertainty: a probability distribution over possible object
locations;

• Shape uncertainty: a probability distribution over possible object
shapes;

• Trajectory uncertainty: a probability distribution over possible future
trajectories.

2. An occupancy map (grid-based view) representing the probability that the
grid cell is occupied.

3. Region occupancy query (ROQ): a query mechanism that provides uncer-
tainty estimates over a specified region (e.g., multiple grid cells within an
area of interest).

The proposed framework is illustrated in Figure 15, which provides an overview
of the uncertainty-aware perception pipeline.
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Figure 15: Overview of the proposed uncertainty framework, illustrating the
uncertainties extracted from BEV semantic segmentation. The blue dashed outline
highlights the scope of this work. Adapted from Publication III.

62



(a)

0 50 100 150

0

25

50

75

100

125

150

175

12

10

8

6

4

2

0

(b)

0 50 100 150

0

25

50

75

100

125

150

175

5

4

3

2

1

0

(c)

Figure 16: Bird’s-eye-view (BEV) perception uncertainty based on the FIERY
model. Subfigures (a) and (b) show FIERY semantic segmentation in log-scale
(natural logarithm) for improved visibility, clipped at -12 and -5, respectively.
Subfigure (c) illustrates the proposed additional information on object locations,
represented as ellipsoids, along with an example region occupancy query (ROQ)
region indicated by the dashed red outline. The blue rectangle at (100,100) denotes
the ego-vehicle. Note that subfigure (c) is zoomed in. Adapted from Publication
III.

Figure 16 presents semantic segmentation outputs with and without threshold-
ing, alongside the proposed uncertainty representations, including location and
presence uncertainty, as well as uncertainty related to undetected objects based on
ROQ.

The BEV semantic segmentation model produces uncertainty estimates at the
pixel level, indicating whether each pixel belongs to an object (Figures 16a and 16b).
The output is represented as a 200×200 grid, where each cell corresponds to a
0.5m×0.5m area. The values in Figures 16a and 16b are log-scaled for improved
visibility.

Figure 16a is clipped at −12, highlighting the prevalence of low-probability
regions alongside localised areas of higher probability. Figure 16b is clipped at −5,
effectively applying a detection threshold, as low-probability regions cannot be
reliably interpreted as detected objects. However, pixel-wise predictions alone are
insufficient, as it is necessary to determine which pixels belong to the same object
in order to derive meaningful uncertainty estimates for object location, shape, and
presence (Figure 16c).

Figure 16c illustrates the output of the proposed framework, including presence
and localisation uncertainty (represented as ellipsoids), as well as the probability of
missed detections derived from the proposed ROQ, shown as a dashed red region.
These uncertainty representations are essential for enabling a comprehensive,
uncertainty-aware planning or decision-making system.
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5.3. Methods: extracting uncertainty estimates from the BEV
semantic segmentation

This section describes how to obtain the proposed uncertainty estimates for both
grid-based and object-based representations, incorporating additional region occu-
pancy queries (ROQ). In this example, we employ the BEV semantic segmentation
model FIERY, which processes six camera images to produce a 200× 200 grid
representing the surroundings of the ego vehicle. The model generates a top-
down (bird’s-eye-view) representation and outputs binary semantic predictions
in the form of occupancy probabilities, indicating the likelihood of a vehicle be-
ing present in each grid cell. However, the proposed approach is not limited to
the FIERY model; any BEV semantic segmentation model that outputs an occu-
pancy probability matrix can be used. Formally, we assume an output of the form
P̂ = (p̂i j)1≤i≤m, 1≤ j≤n, where p̂i j ∈ [0,1] denotes the probability of object presence
in the grid cell with coordinates (i, j).

The following subsections describe our approach to extracting uncertainty
estimates, specifically for object centre location, object presence, and the ROQ
probability. Shape and trajectory uncertainties are omitted from this chapter to
ensure a concise presentation; the reader is referred to Publication III for further
details and methods addressing these aspects.

5.3.1. Probabilistic object centre location

The probabilistic object centre location representation, denoted by dloc, provides a
compact approximation of the spatial distribution of occupancy evidence associated
with detected objects. The overall approach is to fit a two-dimensional Gaussian
Mixture Model (GMM) to locations sampled from the semantic-segmentation
output. A GMM is chosen because the spatial distribution of segmentation proba-
bilities often exhibits an approximately ellipsoidal structure.

First, we estimate the number of detected objects, which determines the number
of mixture components nnodes. For this purpose, we use the semantic-segmentation
output (p̂i j)1≤i≤m, 1≤ j≤n and retain grid cells whose probabilities exceed a threshold
pthresh. These high-probability cells are clustered to identify candidate object
centres using the same clustering approach as the FIERY model (Hu et al., 2021)
employs for instance segmentation.

Next, we perform probability-based stratified sampling to construct the dataset
used for fitting the GMM. Each grid cell at coordinates (i, j) is included according
to its predicted occupancy probability. The replication count is defined as

ci j = round
(
mthresh · p̂i j

)
,

where mthresh = 1/pthresh. Thus, a grid cell whose probability equals the threshold
is included once. Lowering pthresh increases the number of sampled locations and
may also increase the estimated number of objects.
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Finally, a two-dimensional GMM with nnodes components is fitted to the sampled
locations. The resulting mixture approximates the spatial distribution of location
conditional on the predicted occupancy mass.

More precisely, the representation is an equally weighted mixture

dloc(x) =
1
K

K

∑
k=1

N (x; µk,Σk) ,

where K = nnodes, and µk and Σk denote the mean and covariance matrix of com-
ponent k. The mixture weights are fixed to 1/K and are not estimated from the
data. The pixel-level probabilities affect the component means and covariances
through the sampling procedure, but differences in total occupancy mass between
components are not retained as separate mixture weights.

The component means of the GMM represent centres of occupancy mass, while
the covariance matrices describe the spatial dispersion of the associated evidence.
This dispersion may reflect uncertainty in object-centre location, as well as in
object extent, shape, orientation, and localisation. These effects are not separately
identifiable from a single occupancy map and are therefore captured jointly by the
fitted covariance.

This representation differs from the Gaussian mixture probability hypothesis
density (PHD) filter (Vo and Ma, 2006), whose intensity function, defined within
the random-finite-set framework, integrates over a region to give the expected
number of targets in that region. In contrast, dloc is normalised to unit mass, and the
estimated object count is represented separately by K. It also differs from Markov
random field occupancy models (Rachlin et al., 2005), which explicitly model
statistical dependencies between neighbouring occupancy states. The covariance
matrices used here instead describe the spatial dispersion of sampled occupancy
evidence rather than dependence between cell states.

Furthermore, the quality of the representation depends on the estimated number
of components. If too few components are selected, occupancy evidence from
multiple objects may be merged into a single Gaussian. This may be especially
problematic when the objects have different trajectories or become distinguish-
able only after the occlusion period resolves. Models that explicitly represent
uncertainty in the number of objects, such as random-finite-set or probability-
hypothesis-density formulations, provide a possible direction for future work.

Algorithm 1 summarises the procedure for generating the spatial location
representation.

5.3.2. Probabilistic object presence

The probabilistic object presence pobj is computed based on the object centre
location distribution dloc for each detected object (nnodes). The distribution dloc
represents the likelihood of the object centre being located in different grid cells,
thereby spreading the probability mass across multiple cells.
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Algorithm 1: Probabilistic object centre location. Adapted from Publica-
tion III.

Input: (p̂i j)1≤i≤m, 1≤ j≤n;
pthresh ; /* Threshold for potential cluster centres */
mthresh =

1
pthresh

;
Calculation:
Estimate the number of potential cluster centres nnodes using pthresh.
Set ci j = round(mthresh p̂i j) and construct a spatial sample by replicating
each grid-cell location (i, j) according to ci j.
Fit an equally weighted GMM with nnodes components to the sampled
locations.
Return: dloc with nnodes components.

Since an object typically occupies multiple grid cells, a reliable estimate of
its presence also requires incorporating the expected object size, denoted by Sexp.
To this end, the probabilistic object presence pobj is computed by aggregating the
probability mass over grid cells that lie within the region covering 99% of the
Gaussian distribution, denoted as dloc,99%. The aggregated value is then normalised
based on the expected object size Sexp.

The choice of the 99% probability mass reflects a trade-off between captur-
ing the majority of the object’s spatial uncertainty and excluding low-probability
regions that are more likely to correspond to noise. This ensures that most plau-
sible object locations are considered while limiting the influence of the Gaussian
distribution’s long tails.

Algorithm 2: Probabilistic object presence. Adapted from Publication III.

Input: (p̂i j)1≤i≤m, 1≤ j≤n;
dloc ; /* Location distribution */
Sexp ; /* expected size of a typical object */
Calculation:
Calculate pobj =

∑p̂i, j∈dloc,99%
p̂i, j

Sexp
; /* where dloc,99% means 99% of

Gaussian probability mass. */
Clip pobj to the range [0,1].
Return: pobj

Summing marginal probabilities across spatially dependent grid cells does not
account for their joint dependence structure and may therefore yield values exceed-
ing one. Moreover, calibrated pixel-level probabilities do not necessarily remain
calibrated after aggregation to the object level. Although the Gaussian mixture rep-
resentation captures spatial structure, it does not resolve this issue. Consequently,
the resulting object-level probability may require separate calibration.

Due to the spatial dependence between neighbouring grid cells (see Figure 14)
and potential inaccuracies in the assumed object size Sexp, the resulting probability
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estimate may exceed valid bounds. Therefore, in practice, the final object presence
probability pobj is clipped to the interval [0,1].

Algorithm 2 provides an overview of the procedure for estimating probabilistic
object presence.

5.3.3. Probabilities of region occupancy queries

The probabilistic region occupancy query (ROQ) proq represents the likelihood that
a region R is occupied, i.e., that there is an undetected object present within it. The
formulation accounts for both detected and potentially undetected objects, and is
defined as follows:

proq(R) = 1− (1− puo(R))
nobj

∏
k=1

(
1− pobj,k · poverlap,k(R)

)
.

The key idea is to estimate the probability that no objects occupy the region
and to derive the probability of occupancy as its complement. This probability is
composed of contributions from both detected and undetected objects. For detected
objects, we use the object presence probability pobj,k, obtained as described in
the previous section, and combine it with an overlap factor poverlap,k(R), which
quantifies the proportion of the object distribution overlapping with the region R.

To account for undetected objects, we estimate puo(R) using the probabilistic
semantic segmentation output. Specifically, we exclude grid cells that are likely
associated with detected objects by removing those overlapping with the 99%
probability mass of their location distributions dloc,99%. This defines the residual
region R\dloc,99%. The probability of undetected objects is then computed as

puo(R) =
∑(i, j)∈R\dloc,99%

p̂i j

Sexp
,

where p̂i j denotes the occupancy probability of grid cell (i, j) and Sexp is the ex-
pected object size. The summation used to obtain puo(R) provides an approximate
region-level aggregation and may require clipping and separate calibration.

Finally, the detected- and undetected-object contributions are combined to es-
timate the probability that the region is empty, from which proq(R) is obtained.
This definition of proq(R) assumes independent combination of detected- and
undetected-object contributions. Dependencies between objects, overlapping lo-
cation distributions, or shared pixel-level evidence may violate this assumption.
However, this formulation provides a unified region-level uncertainty estimate that
can be enriched with additional information, such as object shape and trajectory
uncertainty, to support safer and more informed planning.

5.4. Experiments

This section describes the model and dataset used for extracting uncertainty esti-
mates. Additionally, we demonstrate that the uncertainties are not well-calibrated
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out of the box, using estimated calibration error (ECE) and reliability diagrams
as evaluation metrics. Finally, we apply calibration methods and analyse how
calibration affects a downstream planning task.

The uncertainty estimates are obtained using the BEV semantic segmentation
model FIERY (Hu et al., 2021), retrained for the pedestrian class. The original
model was trained to detect vehicles; however, due to its strong performance and
the limited variability in the vehicle class, it proved difficult to reliably evaluate
uncertainty quantification. Due to the increased difficulty of pedestrian classifica-
tion, the model is retrained on pedestrians, using the same training procedure as
described in the original FIERY setup (Hu et al., 2021).

The model is trained on the NuScenes (Caesar et al., 2020) dataset, which
contains diverse driving scenarios collected under varying conditions in Boston
and Singapore. For evaluation, we use standalone validation sequences, each
approximately 20 seconds (40 frames) in duration.

In all experiments, we compare the following setups:
• Uncalibrated (uncal): raw grid-cell occupancy probabilities produced by the

model.
• Pixel-wise calibrated (pw-cal): the grid-based semantic segmentation is

calibrated at the pixel level, and object-level probabilities are derived directly
from the calibrated outputs.

• Object-wise calibrated (obj-cal): uncertainty estimates are calibrated at
the object level (e.g., location, presence), while the underlying semantic
segmentation remains uncalibrated.

This comparison highlights the importance of calibration and illustrates the
impact of calibration at different levels.

5.4.1. Results on probabilistic grid-based view

In our experiments, the grid-based representation is obtained from BEV semantic
segmentation, which produces occupancy probabilities P̂ = (p̂i j)1≤i≤m, 1≤ j≤n. For
consistency with the semantic segmentation literature, each grid cell is referred to
as a pixel.

The dataset is split into 20% for validation (approximately 41 million pixels)
and 80% for testing (approximately 164 million pixels). Calibration is performed
using isotonic regression (Zadrozny and Elkan, 2002), applied independently at
the pixel level. Consequently, a single calibration mapping is learned and applied
uniformly to all pixels at test time. Isotonic regression is chosen due to its efficiency
and suitability for large-scale datasets.

Figure 17 presents a comparison between uncalibrated and pixel-wise calibrated
reliability diagrams. The calibrated model exhibits improved alignment with the
diagonal, indicating better calibration. This improvement is also reflected in the
evaluation metrics: the estimated calibration error (ECE) decreases from 0.00038
(uncalibrated) to 0.000032, representing an approximately tenfold reduction, while
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Figure 17: Reliability diagrams illustrating pixel-wise semantic segmentation
calibration. Subfigure (a) corresponds to the uncalibrated model, and subfigure (b)
shows pixel-wise calibration with equal-width binning into 15 bins. Adapted from
Publication III.

the negative log-likelihood (NLL) decreases from 0.00356 to 0.00329.

5.4.2. Results on detected and undetected objects

In this subsection, we describe the calibration approach for object centre location,
object presence, and undetected object uncertainty within a region.

The object centre location distribution dloc is extracted using the method
described in Algorithm 1. A detection threshold of pthresh = 0.01 is used, with
mthresh = 100 controlling the sampling process for fitting GMMs. The dataset
includes 30 validation sequences with 2,153 detections and 120 test sequences
with 10,099 detections. The location uncertainty is initially modelled using a two-
dimensional Gaussian distribution. For calibration, we decompose the distribution
into two independent one-dimensional components, distance error and directional
error, and apply quantile remapping (Kuleshov et al., 2018) to each component.
Figure 18 presents a quantile–quantile plot for regression calibration (Kuleshov
et al., 2018). For perfectly calibrated predictions, the curve should align with the
diagonal, analogous to reliability diagrams. Object-wise calibration successfully
improves both directional and distance error calibration. In contrast, pixel-wise
calibration produces results similar to the uncalibrated case, indicating that pixel-
level calibration does not effectively transfer to object-level uncertainty.

The object presence probabilities pobj are derived from the location distribution
dloc, as outlined in Algorithm 2. Instead of modelling a probabilistic object shape,
we assume a fixed expected size for pedestrians, Sexp = 5, as reliable shape uncer-
tainty estimates were not available. In total, the dataset comprises 30 validation
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Figure 18: Regression calibration plots (Kuleshov et al., 2018) illustrating object
location probabilities. Subfigure (a) corresponds to direction error and subfigure
(b) to distance. Results are shown for uncalibrated (uncal), pixel-wise calibrated
(pw-cal), and object-wise calibrated (obj-cal) settings. The black dashed line
denotes perfect calibration. Adapted from Publication III.

sequences containing 3,066 objects and 120 test sequences containing 14,214
objects. A predicted detection is labelled as a true positive if the corresponding
ground-truth object lies within the 99% probability mass of the predicted object
centre location. This yields binary ground-truth labels in {0,1} paired with pre-
dicted object presence probabilities pobj, which are used as input to the calibration
method. For calibration, we employ the beta calibration method (Kull, Silva Filho,
et al., 2017), as it is well-suited for limited data scenarios. Figure 19 shows that
object-wise calibration achieves the best calibration performance, reducing the es-
timated calibration error (ECE) from 0.185 to 0.016 compared to the uncalibrated
results.

The probability of undetected objects in a region, puo, is estimated similarly
to pobj, with the key difference that it is evaluated over a predefined safety-critical
region R. In our experiments, R is defined as a 10× 20m area in front of the
ego vehicle. To avoid overlap with detected objects, the region is refined by
excluding areas corresponding to the 99% probability mass of their Gaussian
location distributions, resulting in a residual region used to estimate the probability
of undetected objects. Beta calibration (Kull, Silva Filho, et al., 2017) is applied
to calibrate puo. The results indicate that object-wise calibration achieves the
best performance, reducing the estimated calibration error (ECE) from 0.011
(uncalibrated) to 0.005. However, these results should be interpreted with caution,
as the test set contains only 29 undetected instances across 4,091 frames. A larger
dataset would be required to draw more definitive conclusions.
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Figure 19: Reliability diagrams illustrating object presence probabilities. Sub-
figures (a), (b), and (c) correspond to uncalibrated, pixel-wise calibrated, and
object-wise calibrated cases, respectively. The histograms beneath the diagrams
display the number of elements in each bin, with a logarithmic y-axis for better
comparison. Adapted from Publication III.

5.4.3. Downstream task

A downstream task is used to evaluate the benefit of incorporating additional
uncertainty information. Specifically, we consider a simplified trajectory planning
task. We predefine 25 candidate trajectories and evaluate their safety by checking
for potential collisions over four future timesteps (corresponding to a total horizon
of 2 seconds). For each trajectory, collision likelihood is estimated using three
different setups:

1. Uncalibrated semantic segmentation: raw BEV occupancy probabilities are
summed along each trajectory.

2. Pixel-wise calibrated semantic segmentation: calibrated grid-cell probabili-
ties are used to estimate collision likelihood.

3. region occupancy query (ROQ) and detection probabilities: object-wise cali-
brated location and presence uncertainties are combined with the probability
of undetected objects within the region.

For each setup, ego-vehicle-width corridors are constructed along each trajectory,
and the corresponding regions are used to evaluate collision probabilities.

To assess trajectory-ranking performance, we use the area under the ROC curve
(AUC) (Fawcett, 2006). The quality of the predicted trajectory probabilities is
evaluated using the Brier score (BS) and negative log-likelihood (NLL). The results
in Table 9 show that all metrics improve when pixel-wise calibrated probabilities
are used, with further improvements obtained from object-level calibration and
region-occupancy information.

To provide a practical interpretation of these results, we also examined the num-
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ber of potential pedestrian collisions associated with the highest-ranked trajectory.
Across 4019 sequences and 25 candidate trajectories per sequence, the full set
of candidates contained 5019 potential collisions. The trajectories selected using
uncalibrated, pixel-wise calibrated, and object-calibrated ROQ estimates resulted
in 51, 48, and 52 potential collisions, respectively. In some sequences, none of the
candidate trajectories may be collision-free, meaning that the potential collision
could only be avoided by stopping rather than by selecting an alternative trajectory
from the candidate set. These values are similar, indicating that the improvements
in NLL, BS, and AUC do not yet translate into a clear reduction in collisions in
this simplified experiment. Pixel-wise calibration avoided three conflicts relative
to the uncalibrated setup, whereas the ROQ-based method produced one additional
conflict. Further experiments with more varied and realistic planning scenarios are
therefore required to determine whether the improved probability estimates yield
practically meaningful safety benefits.

Thus, although the object-calibrated ROQ method provides the best probabilistic
and ranking performance, the collision-count analysis suggests that the practical
differences between the methods remain inconclusive in the current setting.

5.5. Summary and limitations

In conclusion, this work proposes a framework for a more reliable and safe au-
tonomous perception system by combining grid-based and object-based proba-
bilistic representations. The object-based component consists of a set of detected
objects, each associated with uncertainty estimates for object centre location,
presence, shape, and trajectory. In addition, a region occupancy query (ROQ) is
introduced to estimate the likelihood of collision within a specified region. The
proposed approach demonstrates how these uncertainty estimates can be obtained
from a bird’s-eye-view semantic segmentation model, namely FIERY, trained on
pedestrian data. We show that the extracted probabilities are not well calibrated
out of the box, but can be effectively calibrated using simple post-hoc calibration
methods. Furthermore, the results from a downstream planning task indicate that
incorporating calibrated uncertainty estimates leads to more reliable and safer
trajectory planning.

The main limitation of this work is that the framework is evaluated only in a

Table 9: Evaluation of trajectory estimation performance for three approaches: un-
calibrated (uncal), pixel-wise calibrated (pw-cal), and object-level calibration with
region occupancy query probabilities (ROQ (obj-cal)). Best results are indicated in
bold. Adapted from Publication III.

NLL BS AUC
uncal 0.605926 0.034923 0.895200
pw-cal 0.536661 0.033925 0.903931
ROQ (obj-cal) 0.269738 0.032463 0.904931

72



simplified planning scenario, which does not fully capture the complexity of real-
world applications. A more comprehensive evaluation would require comparison
with existing uncertainty-aware planning approaches, integration with alternative
perception systems, and direct assessment of the value of calibrated uncertainties
in more realistic trajectory-planning tasks. Secondly, the modelling of probabilistic
object shape remains largely hypothetical because of limitations in the available
data and model capabilities; in practice, a fixed pedestrian size is assumed. Simi-
larly, probabilistic trajectory estimation depends on the predictive capabilities of
the model and is not evaluated against alternative approaches based on motion
dynamics, such as velocity and direction distributions. Thirdly, several components
of the framework rely on approximations. In particular, probability aggregation and
object-presence estimation use simplifying assumptions, including independence
and fixed object size, that may not hold in practice. Finally, the framework is
validated using a single dataset and model, and its performance may vary across
datasets and architectures. At the time of the study, suitable datasets combining
surround-camera data with the required annotations were limited. Evaluation on
additional datasets and perception models is therefore needed to assess the general-
ity of the conclusions. The calibration analysis is also limited to ECE and simple
post-hoc calibration methods. ECE was selected because it is widely recognised
and provides a familiar baseline for readers in the autonomous-driving domain. The
primary aim of Publication III was to introduce the uncertainty representation and
demonstrate that the resulting quantities were not adequately calibrated, rather than
to compare calibration-error estimators comprehensively. Nevertheless, evaluating
the same uncertainties using PL3 and other calibration-error estimators would help
determine how sensitive the conclusions are to the selected evaluation method
and remains an important direction for future work. In addition, the framework is
not optimised for real-time performance, which may limit its applicability in real-
world autonomous-driving systems. Further evaluation across datasets, models,
calibration-error estimators, and realistic planning scenarios is therefore necessary
before deploying the framework more broadly.
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6. CONCLUSION

In conclusion, machine learning is increasingly used to support critical decision-
making, underscoring the need to develop trustworthy and reliable models. Such
models should provide probabilistic predictions that quantify uncertainty, and these
probabilities must be well-calibrated to accurately reflect true outcome frequencies.
This thesis focuses on improving classifier calibration by introducing a novel
calibration method and a new evaluation paradigm. Furthermore, it demonstrates
how incorporating richer uncertainty information can lead to more reliable and
trustworthy systems. This chapter provides a broader overview of the implications
and limitations of the work, as well as directions for future research.

The thesis is situated at the intersection of probabilistic classification, post-hoc
calibration, calibration evaluation, and uncertainty-aware decision-making. The
background chapters present the relevant literature together with the technical
concepts required for the contributions, while the contribution chapters extend this
literature in three connected stages. First, the thesis develops calibration maps
for correcting multiclass probabilities. Second, it studies how such maps and the
resulting calibration errors can be estimated reliably. Third, it applies these ideas to
uncertainty representations used in an autonomous-driving perception and planning
system. This progression connects the methodological development of calibration
methods with their evaluation and practical use.

RQ1: Can we improve multiclass calibration for deep learning models? In
Publication I, we propose a natively multiclass calibration method, Dirichlet
calibration, which operates on probabilistic inputs and provides some degree of
interpretability. While temperature scaling is a widely used baseline for neural
network calibration, we show that it fails to adequately correct classwise mis-
calibration, highlighting the need for more expressive methods. However, more
flexible methods are prone to overfitting, and standard L2 regularisation is often
insufficient. To address this, we introduced a novel regularisation technique, ODIR,
which regularises off-diagonal and intercept terms while leaving diagonal terms un-
regularised. Experimental results demonstrate that Dirichlet calibration with ODIR
regularisation performs particularly well on datasets with a large number of classes
(e.g., 100 or more). Furthermore, matrix scaling with ODIR regularisation achieves
slightly better performance than Dirichlet calibration in neural network settings.
This improvement can be attributed to the use of logits as inputs in matrix scaling,
whereas Dirichlet calibration operates on log-transformed probabilities, which may
result in information loss. The main limitation of this work is that it does not
evaluate performance under distribution shift, and neural network experiments are
restricted to convolutional neural networks.

RQ2: Why is calibration evaluation a difficult problem to solve, and how
can we improve evaluation methods? In Publication II, we show that accurate
calibration evaluation requires access to the true calibration map, which is generally
unavailable in real-world datasets. Consequently, evaluation methods implicitly
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estimate the calibration map before computing calibration error, making them
inherently fit-on-test procedures. This perspective allows calibration evaluation to
be framed as a model-fitting problem, enabling the use of techniques such as cross-
validation to improve estimation. We further demonstrate that commonly used
metrics such as ECE also fall into the fit-on-test category, despite their binning-
based formulation. To address limitations of standard ECE, including fixed binning
and flat bin-top assumptions, we introduce a piecewise linear (PL) calibration
evaluation method capable of approximating a wider range of calibration maps.
Additionally, we propose a variant operating in logit-logit space (PL3), inspired
by temperature scaling and beta calibration. To evaluate calibration methods more
rigorously, we employ synthetic datasets with known calibration maps, as well
as pseudo-real datasets where the calibration map is approximated using a large
number of samples. For this purpose, we use the CIFAR-5m dataset (Nakkiran
et al., 2020), which contains five million CIFAR-like images. This setup enables
evaluation of calibration map estimation, calibration error estimation, and method
ranking. Experimental results indicate that PL and PL3 methods are effective for
estimating calibration maps, while debiased ECE and isotonic regression perform
better for calibration error estimation and ranking, followed by PL-based methods.
The main limitations of this work are that it relies on a single pseudo-real dataset
and focuses primarily on binary classification.

RQ3: What uncertainty information supports reliable decision-making in an
autonomous perception system? In Publication III, we propose a framework for
incorporating uncertainty into autonomous perception systems. The framework
represents detected objects with probabilistic attributes, including presence, lo-
cation, shape, and trajectory. In addition, we introduce region occupancy query
(ROQ), which estimates the probability of occupancy within a specified region by
accounting for both detected and potentially undetected objects. This is particu-
larly important, as detection systems typically discard low-probability predictions,
potentially missing relevant objects. We demonstrate how these uncertainty esti-
mates can be extracted from a probabilistic bird’s-eye-view semantic segmentation
model, such as FIERY, and provide guidance for applying the approach to similar
models. The extracted probabilities are not well-calibrated by default; however,
we show that they can be effectively calibrated using simple post-hoc methods.
Finally, we evaluate the framework on a downstream planning task, showing that
incorporating both calibrated object-level and region-level uncertainty improves
decision-making. This highlights the importance of combining multiple sources of
uncertainty for safe and reliable autonomous systems. The work integrates insights
from calibration methods, calibration evaluation, and uncertainty modelling, and
applies them to the domain of autonomous driving. The main limitations of this
work are that the evaluation is limited to a simplified planning scenario and a
single model. While the framework provides a principled approach to uncertainty
representation, further validation across diverse models, datasets, and real-world
scenarios is required.
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Taken together, the three contributions address complementary parts of the
same uncertainty pipeline. A calibration method is useful only if its effect can
be evaluated reliably, while calibrated probabilities become practically meaning-
ful only when they are represented and incorporated into downstream decisions.
The thesis, therefore, connects probability correction, calibration evaluation, and
application-level uncertainty use.

6.1. Trends and opportunities for future research

The publications in this thesis primarily focus on vision classifiers, their uncertainty
estimates, and the estimation and correction of calibration errors. However, the field
has recently shifted from convolutional neural networks towards vision transform-
ers and large-scale foundation models. Despite this transition, the core challenges
remain unchanged: obtaining well-calibrated predictions and understanding when
model outputs can be trusted.

Traditional calibration methods typically apply a single global calibration map-
ping to all data points. However, this approach is often insufficient in practice.
Recent work therefore explores data-dependent calibration strategies, such as
proximity-based calibration (Xiong et al., 2024), which partitions data based on
a similarity metric, and sample-wise approaches, such as CalAttn (Liang et al.,
2025). These methods exploit additional information from the data and model to
improve calibration under varying conditions. Furthermore, proximity calibration
is complemented by proximity-informed expected calibration error (PIECE), which
incorporates proximity information into calibration error evaluation.

Beyond convolutional models, calibration methods are increasingly applied to
vision transformers. Recent studies (Xiong et al., 2024; Liang et al., 2025) evaluate
calibration performance across transformer-based architectures, demonstrating that
calibration challenges persist across model families.

Another important research direction involves foundation models, including
large language models (LLMs) and vision-language models (VLMs). LLMs are
known to exhibit overconfidence and hallucinations, particularly in low-knowledge
regimes (Kadavath et al., 2022). When access to token probabilities or logits is
limited, alternative uncertainty estimation techniques have been proposed, such
as verbalised confidence (S. Lin et al., 2022) and semantic entropy (Kuhn et al.,
2023). When internal model representations are available, standard post-hoc
calibration methods can be applied, alongside more advanced techniques such as
adaptive temperature scaling (ATS) (Xie et al., 2024), which leverages hidden state
information to compute token-specific calibration parameters.

For VLMs, calibration can often be formulated as a classification problem,
enabling the use of standard post-hoc calibration techniques (Tu et al., 2024). In
settings where probability outputs are not directly accessible, alternative approaches
such as calibrated test-time prompt tuning (C-TPT) (Yoon et al., 2024) can be
employed.
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Despite these developments, the contributions presented in Chapters 3–5 high-
light several limitations and opportunities for future work. A key limitation in
calibration research is the lack of datasets with known ground-truth calibration
maps. While synthetic datasets provide controlled settings for evaluation, they may
not accurately reflect real-world calibration behaviour. Pseudo-real datasets offer a
compromise, but remain limited in scope. Therefore, developing comprehensive
benchmarks that combine synthetic, pseudo-real, and real-world datasets would
enable more robust evaluation and comparison of calibration methods. Such bench-
marks would support practitioners in selecting methods appropriate for specific
models and applications.

A second direction concerns improving the piecewise linear (PL) calibration
method. While PL is highly effective at approximating calibration maps, it performs
comparatively worse in calibration error estimation and ranking tasks. Understand-
ing this discrepancy is an important open problem. Potential directions include
incorporating debiasing techniques, similar to those used in ECE, or conducting
broader evaluations across diverse datasets to better characterise its behaviour.

A third direction involves studying robustness under distribution shift. It re-
mains unclear how well the proposed calibration method (i.e, Dirichlet calibration)
maintains performance under distribution shifts, and whether the proposed cali-
bration evaluation metrics (PL, PL3) remain reliable in such settings. Addressing
these questions would improve the reliability of calibration methods in real-world
deployment scenarios.

In addition, Chapter 5 introduces a framework for uncertainty-aware perception
in autonomous systems. The current evaluation is limited to a single dataset, a
single model, and a simplified downstream task. Future work could extend this
framework by integrating it into more advanced planning systems or developing
new planning approaches that explicitly incorporate uncertainty estimates. Evaluat-
ing the framework across diverse models and datasets would provide further insight
into its generalisability. Moreover, comparisons with state-of-the-art planning
methods, including those that do not explicitly model uncertainty, would help
quantify its practical benefits.

Overall, the contributions of this thesis advance the development of calibration
methods, calibration evaluation techniques, and uncertainty-aware perception
frameworks. By improving both the estimation and utilisation of uncertainty, this
work contributes to the broader goal of building more reliable, trustworthy, and
interpretable machine learning systems for decision-making.
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SISUKOKKUVÕTE

Määramatuse kalibreerimine ja hindamine sügavates
närvivõrkudes

Masinõpe avaldab üha enam mõju paljudele igapäevaelu valdkondadele. Masintõl-
ge, juturobotid, isejuhtivad sõidukid, pettuste tuvastamine, laenuotsuste tegemine
ja tööliste värbamine on juba mõjutatud masinõppealgoritmidest ning see mõju
kasvab eeldatavasti veelgi. Mudelid on muutunud üha suuremaks, keerukamaks
ja võimekamaks. Seetõttu kasutatakse neid järjest enam ka sellistes tuvastus- ja
ennustusülesannetes, kus vigade tagajärjed võivad olla tõsised, näiteks teiste liik-
lejate tuvastamisel ja nende tulevase asukoha ennustamisel isejuhtivates autodes.
Sellest tulenevalt on kulukate vigade vältimiseks oluline osata mudelite väljundeid
tõlgendada ja mõista, millal on mudel oma ennustustes ebakindel.

Masinõppemudelid võivad lisaks ennustustele anda ka nendega seotud tõenäo-
sushinnanguid, mida saab kasutada otsuste tegemisel. Näiteks võib tõenäosuslik
ilmaprognoos, kas järgmisel tunnil sajab vihma, mõjutada otsuseid seoses energia-
tootmisega, et kompenseerida vähenenud päikeseenergia tootmist. Need mudeli
tõenäosushinnangud ehk mudeli ebakindluse hinnangud ei ole aga sageli piisa-
valt usaldusväärsed, mistõttu tuleb nende kvaliteeti hinnata. Tõenäosusi peetakse
usaldusväärseks siis, kui need on hästi kalibreeritud. See tähendab, et ennustatud
tõenäosused vastavad tegelikele esinemissagedustele. Näiteks kui mudel ennustab
vihma tõenäosuseks 80%, peaks umbes 80 juhul 100-st tõepoolest vihma sadama.

Kalibreerituse hindamiseks kasutatakse tavaliselt usaldusdiagramme (reliability
diagrams) ja mõõdikuid, nagu hinnanguline kalibreerimisviga (estimated calibra-
tion error, ECE). Usaldusdiagramm võrdleb mudeli ennustatud tõenäosusi sünd-
muste tegeliku esinemissagedusega ehk täpsusega. See võrdlus tehakse tulphaaval,
näiteks kasutades 10 tulpa, millest igaüks katab võrdse osa tõenäosusjaotusest
(näiteks 0–10%, 10–20% jne). ECE on kvantitatiivne hinnang, mis mõõdab en-
nustatud tõenäosuste ja tegelike sageduste keskmist erinevust, arvutades selle üle
diskreetseteks intervallideks jaotatud ennustuste. ECE arvutamiseks saab kasutada
samu tulpi, mis on kasutusel usaldusdiagrammides. Seega pakub usaldusdiag-
ramm intuitiivset ülevaadet mudeli kalibreeritusest ja ECE võimaldab väljendada
kalibreerituse määra ühe arvulise väärtusena.

Kui mudel ei ole hästi kalibreeritud, saab selle tõenäosushinnanguid paranda-
da kalibreerimismeetoditega, näiteks sügavates närvivõrkudes kasutatakse tem-
peratuuri skaleerimise meetodit. Kalibreerimine on protseduur, mille eesmärk
on parandada tõenäosuslike mudelite väljundite vastavust sündmuste tegeliku-
le esinemissagedusele. Seda kasutatakse mudelite kalibreerituse parandamiseks,
kohandades ennustatud tõenäosusi ilma mudeli sisemist ülesehitust muutmata.

Väitekiri koosneb kolmest omavahel seotud uurimusest, kus käsitletakse määra-
matuse kalibreerimisega seotud ülesandeid ja probleeme.

Esimeses uurimuses pakutakse välja uus meetod mitmeklassiliste mudelite
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kalibreerimiseks koos uudse regulariseerimistehnikaga. See nn Dirichlet’ kalib-
reerimine põhineb kaheklassilisel kalibreerimismeetodil – beetakalibreerimisel.
Töös näidatakse, et Dirichlet’ kalibreerimist on lihtne implementeerida ja see on
ka teataval määral tõlgendatav. Lisaks pakutakse välja uudne meetod diagonaali-
väliste parameetrite ja vabaliikme regulariseerimiseks (off-diagonal and intercept
regularisation, ODIR). See meetod aitab vältida maatriksipõhiste kalibreerimis-
meetodite ülesobitamist andmetele, eriti suure klasside arvuga klassifitseerijate
puhul. Peale Dirichlet’ kalibreerimise saab ODIR-i rakendada ka maatriksi ska-
leerimisele. See kalibreerimismeetod on jäänud temperatuuri skaleerimise varju
ülesobitamise tõttu. Uurimuses viiakse läbi katsed konvolutsiooniliste närvivõrku-
dega, kasutades CIFAR-10, CIFAR-100 ja SVHN andmestikke. Katsetulemused
näitavad, et Dirichlet’ kalibreerimine ületab temperatuuri skaleerimise tulemusi.
Dirichlet’ kalibreerimine koos ODIR-iga on eriti tõhus suure klassiarvuga andmete
puhul, näiteks 100 või enama klassi korral. Sügavate närvivõrkude katsetes osutub
aga veidi paremaks maatriksi skaleerimise meetod koos ODIR-iga. Selle paremus
tuleneb asjaolust, et see kasutab sisendina logiteid, aga Dirichlet’ kalibreerimine
kasutab logaritmitud tõenäosusi. Logaritmimine võib põhjustada informatsioo-
nikadu, mistõttu Dirichlet’ kalibreerija jääb maatriksi skaleerimisele mõnevõrra
alla.

Teises uurimuses tutvustatakse uut vaatenurka kalibreerituse hindamisele, mida
nimetatakse testandmetele sobitamise (fit-on-test) lähenemiseks. Näidatakse, et ka-
libreerituse hindamine hõlmab kalibreerimisfunktsiooni sobitamist, mis tähendab
vastavuse leidmist kalibreerimata ja kalibreeritud tõenäosuste vahel, ning paku-
takse välja uus kalibreerimisvea hindamise meetodi – tükatilineaarne (piecewise
linear, PL) meetod. Testandmetele sobitamise lähenemine väidab, et tegelik kalib-
reerimisteisendus (calibration map) ei ole teada, mistõttu sobitatakse kõigepealt
teisendus testandmetel ja seejärel kasutakse seda kalibreerimisvea hindamiseks.
Testandmetele sobitamise lähenemine toob esile mitu probleemi kalibreerimisvea
hindamises. Esiteks sõltub testandmetel sobitatud teisenduse kvaliteet oluliselt
kasutatava hindamismeetodi võimest seda kaardistust modelleerida. Teiseks puu-
dub kasutajal usaldusväärne viis hinnata, kui täpne on saadud kalibreerimisvea
hinnang.

Käsitledes kalibreerimisvea hindamist kui testandmetele sobitamise lähenemist,
soovitatakse uurimuses paremaks teisenduse sobitamiseks standardsete masinõp-
petehnikate kasutamist, näiteks ristvalideerimist ja regulariseerimist. Näidatakse,
et ka tavapärased kalibreerimisvea hindamise meetodid, nagu ECE, kasutavad
testandmetele sobitamise lähenemist. Võttes arvesse ECE meetodi puudujääke
ja testandmetele sobitamise lähenemise eripärasid, pakutakse kalibreerimisvea
hindamiseks välja PL meetod. See koosneb muudetava kaldenurgaga omavahel
ühendatud lineaarsetest lõikudest, moodustades pideva kalibreerimisteisenduse.
PL meetodit saab kasutada usaldusdiagrammi asemel nii kalibreerimisvea visuaal-
seks hindamiseks kui ka selle arvuliseks mõõtmiseks. Lisaks pakutakse välja PL3
meetod, mille sisendiks ja väljundiks on logitid. Lõpuks kirjeldatakse uut viisi ka-
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libreerimisvea hindamiseks, kasutades pseudoreaalset (pseudo-real) andmestikku
sünteetilise või tavapärase (reaal)andmestiku asemel. Pseudoreaalne andmestik
koosneb andmepunktidest, mis on generatiivse mudeli genereeritud ja originaaland-
mestikuga väga sarnased. Pseudoreaalne andmestik võimaldab suure hulga (nt
miljoni) andmepunktide abil hinnata kalibreerimisteisendust väga täpselt. Seejärel
saab seda teisendust kasutada erinevate meetodite kalibreerimisvea võimalikult
täpseks võrdlemiseks, säilitades samal ajal seose reaalandmetega. Katsetulemused
pseudoreaalsel andmestikul näitavad esiteks, et PL3 meetod on parim kalibreerija
ehk leiab kõige täpsema teisenduse kalibreerimata andmetelt kalibreeritud andme-
tele. Teiseks sobib PL meetod kõige paremini kalibreerimisteisenduse leidmiseks
juba kalibreeritud andmete korral. Viimaks näidatakse, et parim kalibreerimisvea
hindaja on ECE ja kalibreerimismeetodite järjestamiseks sobib kõige paremini
isotooniline regressioon, mida tavapäraselt on kasutatud hoopis mudelite kalibree-
rimiseks.

Kolmandas uurimuses esitatakse raamistik määramatuse modelleerimiseks ta-
jusüsteemides, keskendudes isejuhtivatele sõidukitele. Näidatakse, kuidas selles
raamistikus defineeritud määramatuse hinnanguid genereerida, demonstreeritakse,
et need ei ole vaikimisi hästi kalibreeritud ja vajavad lisakalibreerimist, ning paku-
takse meetodeid nende kalibreerimiseks. Täpsemalt võtab raamistik arvesse tuvas-
tatud objektide määramatusi, hõivatuse kaarte (occupancy maps) ja piirkondlikke
hõivatuse päringuid (region occupancy queries). Tuvastatud objektide määramatu-
sed hõlmavad tõenäosuslikku informatsiooni objekti asukoha, olemasolu, kuju ja
trajektoori kohta. Piirkondlik hõivatuse päring annab tõenäosuse, et tuvastamata
jäänud objekt asub etteantud alas, näiteks jalakäijate ülekäigurajal. Raamistiku
eesmärk on siduda erinevad määramatuse aspektid, et saavutada usaldusväärne ja
ohutu süsteem. Töös näidatakse, kuidas raamistikus kirjeldatud määramatusi on
võimalik genereerida pealtvaates esitatud semantilisest segmentatsioonist, kasuta-
des mudelit FIERY. Samuti uuritakse, kas raamistikus esitatud määramatused on
kasulikud planeerimisülesande lahendamisel. Selle katse tulemused näitavad, et
kalibreeritud semantilise segmentatsiooni ennustused võimaldavad valida parema
teekonna kui kalibreerimata ennustused. Kõige tõhusamaks osutub ohutu teekonna
valimisel aga tõenäosuste kombinatsioon, mis hõlmab kalibreeritud objektipõhiseid
määramatusi (nt asukoht ja olemasolu) ning piirkondlikke hõivatuse päringuid.

Kokkuvõttes käsitlevad need kolm uurimust mudeli tõenäosuslikke ennustusi ja
nendega seotud ebakindlusi, nende kalibreerimist ning kalibreerimisvea hindamist
sügavates närvivõrkudes. Töös luuakse raamistik, mis seob erinevaid määramatuse
aspekte, et võimaldada ohutuma ja usaldusväärsema tajusüsteemi arendamist.
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