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Abstract:

In this thesis, a method is proposed, which is suitable for fast solving of sparse systems
of linear equations over finite extension fields for the purpose of improving the speed of
decoding related tasks for LDPC codes. The aim of the study is to optimize the Gaussian
elimination algorithm for sparse systems of equations, which would solve the problem
more efficiently than the standard approach. The proposed method is implemented in the

Java language. Its performance is analyzed and tested experimentally.
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1 Introduction

Solving systems of linear equations is a common problem in computer science. Even
though the first solutions to the problem were discovered already in the classical age (for
example Gaussian elimination method was discovered in China about 2000 years ago), it

made its way to Europe through the algebra books of Isaac Newton [1, 2].

In 1969, Volker Strassen found a divide-and-conquer multiplication algorithm that is

faster than the Gaussian elimination (the time complexity of it being O(n?%!)

) in solving
systems of linear equations through the fast finding of an inverse. This discovery vastly
broadened the interest in the problem and was a great scientific breakthrough in the field.
Since then, mathematicians have been working to find and optimize new algorithms
for this problem, since in large matrices a small change in algorithm speed can greatly

improve efficiency [3].

The field of coding theory frequently uses methods based on solving systems of linear
equations, especially in decoding processes. This thesis covers the methods for solving
systems of linear equations used for decoding of LDPC codes and studies ways to im-
prove their efficiency. Sparsity is a key metric here, since most conventional solving
methods do not use sparsity. Our aim is to optimize Gaussian elimination to work well
on LDPC codes.

In the first chapter, we cover all the required mathematical notation. The chapter gives
insight into the area of finite fields, extension fields, error-correcting codes, generator
matrix, parity-check matrix and minimum distance of codes. In the second chapter, we
give an overview of the decoding of LDPC codes, where the solving of sparse systems of
linear equations is mostly needed. The chapter also points out all of the uses of the sparse
equation solving algorithm. In the third chapter, we consider improvements to solving
systems of linear equations. Non-binary regular matrices are discussed first. After that,
we look at the differences between algorithms for non-binary regular matrices and binary
extension field matrices. In the appendix, we present a Java library for solving systems of

linear equations over finite extension fields and the related decoding simulation results.



2 Terms and notation

The aim of this chapter is to make the reader familiar with the mathematical terminology

and the notation used. These will serve as the foundation for the further discussion.

2.1 Finite fields

In the thesis, we use finite fields to represent systems of 2, 4, 8, 16, 32, 64, 128 and
256 elements together with operations of addition and multiplication. Since classical
computers work on bits, the elements of these fields can be viewed as binary vectors.
These fields can also be viewed as extentions of a binary field. Since a finite field is a

special type of ring, we will start the following definition [4]:

Definition 1. A commutative ring with unit is a set R with two operations "+" and

nn

(addition and multiplication respectively) with the following properties:

(1) Associativity: a + (b+c¢) = (a+b)+canda- (b-c) = (a-b)-c

(2) Commutativity: a +b=bb+aanda-b=0b-a

(3) Additive identity: there exists 0 € Rsothata+ 0 = a

(4) Multiplicative identity: there exists 1 ## 0 € Rsothat1-a =a

(5) Additive inverses: For every a € R, there is a additive inverse, denoted —a

satisfying a + (—a) =0

(6) Distributivity of multiplication over addition: a - (b+¢) = (a-b) + (a - ¢).




Definition 2. A field is a ring K such that every nonzero element has a multiplicative
inverse. That is, for each a € K with a # 0, there is some o~ € K so that

a-at=1.

Definition 3. A field with a finite number of elements is called a finite field or
Galois field (GF).

Definition 4. A prime field is a field GF(q) of a prime order, which is constructed

by taking integers modulo ¢, where ¢ is a prime [5].

Let us take GF(7) as a prime finite field example. We can see that it is finite (it has 7
elements), has all the properties of a commutative ring and also for every a € GF(7) there
exists a multiplicative inverse. This can also be seen from the addition and multiplication
tables of GF(7):

01 2 3 45 6 01 2 3 45 6
0/0 0 OO0 OO0 O 0/0 1 2 3 4 5 6
110 1 2 3 4 5 6 1f/1 2 3 45 6 0
2/0 2 4 6 1 35 212 3 45 6 0 1
310 3 6 2 5 1 4 313456 01 2
4/0 41 5 2 6 3 414 5 6 01 2 3
500 5 3 1 6 4 2 515 6 01 2 3 4
60 6 5 4 3 2 1 6|6 01 2 3 4 5

Table 1. Multiplication table of GF(7)  Table 2. Addition table of GF(7)

2.2 Extension fields

In this thesis we consider only the extension of the binary Galois (finite) field. These
extention fields are obtained as a finite field modulo a irreducible polynomial. We work
mostly over fields GF(22) to GF(28). The definiton of an irreducible polynomial is the
following [5]:

10



Definition 5. Let I be a finite field GF(q). A polynomial P(z) € F[z], where
F[z] denotes the set of polynomials with the coefficients from the field F, is called

irreducible over F' if:

(i) deg P(z) >0
(ii) for any a(x), b(x) € F[z] such that P(x) = a(z) - b(x), either deg a(z) = 0 or
degb(z) = 0.

A polynomial that is not irreducible is called reducible.

The definiton of an extention field is the following [6]:

Definition 6. The field formed by taking polynomials over a field GF(¢) modulo an
irreducible polynomial P(z) of degree m is called an extension of degree m over
the field GF(g). If polynomial P(z) is a primitive polynomial then all ¢™~! nonzero

elements of the extension field can be obtained as powers of its root.

As an example we present how the extention field elements are found. The following is

the table of all the irreducible polynomials of degree 2, 3 and 4 over GF(2™):

Irreducible polynomials of degree m over GF(2)
?+r+1

2 Hr+1,22+22 41
e+ttt a1

Awws

Table 3. List of irreducible polynomials over GF(2)
In our software we are interested in only specific primitive polynomials for each extention

degree. The following is a table of the primitive polynomials of degree 2, 3 and 4 that we

use.

11



n | Primitive polynomials of degree n over I
2 |22+ +1

3|t +r+1

4 |t +ad+1

Table 4. List of primitive polynomials over GF(2) used in the software of this thesis

Example: Let us take GF(22). We have to find the field modulo P(z) = 2? + x + 1. Let
/3 be the root of the polynomial P(x). We construct a table based on the powers of 3.

Power of 3 | Element | Vector | Decimal
- 0 (00) 0
o 1 (01) 1
g s (10) 2
3? B+1 | (11) 3

Table 5. Representations of the extension of the binary Galois field GF(2%) modulo
> +r+1

2.3 Error-correcting codes

In information science and telecommunications error-correcting codes (ECC) are used
for detecting and correcting errors that happen in data transmission over noisy channels.
The type of error-correcting codes covered in this thesis are linear block codes, which

are typically used in practice [5].

12



Definition 7. An (n, M, d) block code C' is a set of M > 0 vectors ¢ (called code-
words) of length n over GF(q) such that ¢ € C', where [5]:

(1) Length: n

(2) Size or cardinality: M
(3) Dimension: k = log, M
(4)Rate: r = £

(5) Minimum distance: d

Definition 8. Let F' = GF(q) be a finite field and ™" a set of all vectors of length n
over field F'. The Hamming distance between two words ,y € F is the number
of coordinates on which 7 and ¥ differ. We denote the Hamming distance by d(7, )
[5].

Definition 9. The minimum distance of C' is the minimum Hamming distance
between any two distinct codewords of C'; that is, the minimum distance d is given
byd=  min {d(¢,e)} [5]

¢1,c2€C,C1#C2

Definition 10. A code C' over a field F' = GF(q) is called linear if C' is a linear
subspace of /'™ over F', where ™" is a set of all vectors of length n over field £'. This
means that for every two codewords ¢y, ¢z € C' and two scalars a1, ay € F' we have
a1¢1 + asts € C. An [n, k,d] linear code is a linear code of length n, dimension k

and minimum distance d. [5].

13




2.4 Generator matrix

Definition 11. A generator matrix G of a linear [n,k,d]-code is a k X n matrix

whose rows form a basis of the code [5].

2.5 Parity-check matrix

Definition 12. Let C' be a linear [n,k,d] code over a finite field F' = GF(¢g) and I
a set of all vectors of length n over field F'. A parity-check matrix H of C is an

r X n matrix H over F', where r = n — k, such that for every ¢ € F™ [5]:

teC «— H- ¥ =0"
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3 Background

This chapter gives an overview of the problem background and discusses low-density
parity-check code decoding on the binary and non-binary erasure channels. We will
introduce the most common algorithms for solving systems of linear equations and

explain how we can make decoding of LDPC codes faster.

3.1 Erasure Channels

The mathematical communications model, first introduced by Claude E. Shannon in
1948 [7], has since become the basis of all coding theory. The communication scenario
consists of the source, the encoder, the channel, the decoder and the sink. This can also

be seen in the following figure:

Figure 1. Communications model

The information is transferred from the source to the sink using a channel. The problem
of error correction arises due to the channel noise which modifies the sent information.
This is solved by error-correction in the decoder. More formally, the notion of channel is

given in the next definition.
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Definition 13. A channel is defined by the triple (3, , > ., Prob), where:

(1) >, is the input alphabet;
(2) >, 1s the output alphabet;
(3) Probability function Prob: ). x> . — [0, 1] is defined on pairs of symbols

Prob (a, b) = Pr ( b received | a transmitted ),

where Pr (+|-) denotes a conditional probability

Note that an alphabet can be either discrete or continuous. In this thesis we consider
only the erasure channel. Erasure channels can be both binary or non-binary. The binary
erasure channel erases each bit with probability p € [0, 1] [5]. The input and outputs are
definedas ), = > ., = {0,1}. The probability function is defined as follows:

out —

Pr(b=1la=1)=Pr(b=0la=0)=1-p
Pr(b=11la=0)=Pr(b=0la=1)=p

This is also shown in Figure 2 (where ¢ stands for erased element):

Figure 2. Binary Erasure Channel
Nonbinary LDPC codes over the extensions GF(2™) of the binary fields demonstrate

better performance than their binary counterparts [12]. They are decoded over nonbinary

erasure channels where groups of m bits corresponding to nonbinary symbols are erased.

16



3.2 LDPC codes

The main code family, which is considered in this thesis, are the low-density parity-check
(LDPC) codes. LDPC codes were first introduced by Robert G. Gallager in his doctorial
thesis [8]. The main advantage of LDPC codes is existence of low-complexity (linear
with the code length) iterative decoding procedures. LDPC codes functionally are defined
by a sparse parity-check matrix. Let w, be the average number of non-zero elements
in a row and w, the average number of non-zero elements in a column. For a code
defined by its (n — k) x n parity-check matrix (where (n — k) is the number of rows and
n the number of columns) to be considered low density, the following two conditions
have to hold: w. << (n — k) and w, << n [9]. Even though regular LDPC codes
are not the best error-correcting codes in the sense of the correcting capability, they
are asymptotically good. This means that if w. > 3, then minimum distance for this
class of codes grows linearly with their length [10]. More formally if n — oo, we have
k/n — r > 0and d/n — ¢ > 0. In a code where w, = 2 and w,. = 4, a parity-check

matrix looks for example as follows:

(1100010001
1001001100
H=[01001010T10
00101007101
0011010010

To have a large enough minimum distance one should use rather long LDPC codes. In

practical cases codes can reach the size of over 10000 symbols.

LDPC codes can be both binary or non-binary. In non-binary cases the non-zero elements
are usually defined over binary extention fields (it is easy to imagine these symbols
as packets of m bits if GF(2™) is used). In this thesis, for the sake of implementation
convenience, we associate the symbols in the extension field GF(2™) with the correspond-
ing polynomials with binary coefficients, which, in turn, are associated with decimals
numbers. For example, the polynomial 22 + 1 is associated with the binary vector 101,
which is, in turn, is associated with the decimal number 5. A non-binary version of the

matrix H over GF(2%) could be written as follows:

17



8 1000014 0 0 0 3
120 0600 1 8 00
Hy= 2 003 0 11 40
0709 0 6 10 0 8
0002107 0 0 140

The rows and columns of the parity-check matrix of an LDPC code can have different
weights. The LDPC code defined by such a parity-check matrix is called irregular. We
call a LDPC code regular if w, is constant for every column and w, = w, - (n/(n — k))

is also constant for every row [9].

Another way to view LDPC codes is by using a Tanner graph, which was introduced in
1981 by R. Michael Tanner [11]. Tanner graph of a parity-check matrix is a bipartite
graph whose biadjecency matrix is H. It consists of column nodes v (also called variable
nodes) and row nodes ¢ (also called check nodes). The connections of these nodes
mark the positions of non-zero elements in the matrix. The following is a Tanner graph

representation of the previously shown LDPC code (H;):

Figure 3. Tanner Graph of matrix H;

There are two common methods for decoding of LDPC codes:
(1) Belief-propagation (BP) decoding. This is commonly used low-complexity iterative

decoding technique. Its main shortcoming is that the BP decoding performance is not

optimal.
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(2) Maximum-likelihood (ML) decoding. This is an optimal decoding, which minimizes
the decoding error probability. However, its computational complexity in soft-decision
channels is exponential and for this reason it is not applied to long LDPC codes. For-
tunately, in erasure channel ML decoding of error-correcting codes can be reduced to
solving system of linear equations and has at most cubic (with the code length) complex-
ity. In this thesis we optimize ML decoding of LDPC codes in erasure channel by taking
into account sparsity of their parity-check matrices. Notice, that BP decoding over era-

sure channel is also simplified to so-called peeling algorithm discussed in the next section.

3.3 Decoding of LDPC codes over erasure channel

LDPC codes with iterative decoding are used in most of the existing communication
standards. Nonbinary LDPC codes allow for improved decoding performance compared
to their binary counterparts. However, performance of iterative decoding (so-called belief
propagation decoding) even for nonbinary LDPC codes is still inferior to the theoretically

optimal performance [12].

In this thesis we focus on the decoding of LDPC codes over the erasure channel. In fact,
decoding over noisy communication channels can be reduced to decoding over erasure
channel by erasing unreliable code symbols [13]. On the other hand, in larger network
applications, the lost data packets are often interpreted as erasures [14]. This makes the

erasure channel an important communication model.

Due to the above reasons the decoding can be reduced to a problem of solving a system
of linear equations over a finite field. Sparsity of the obtained system allows for iterative
belief-propagation based peeling decoding algorithm for solving the system of linear
equations [15]. The idea behind this algorithm is based on iterative solving of equations
with only one unknown until such equations exist. This can also be seen in the following

general algorithm for erasure channel decoding example [16]:
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Algorithm 1: Iterative decoding on erasure channel
Input: Tanner graph of A and received word with erasures

7= (y1,---,yn) € (GF(q) U {e})"

Output: Decoded codeword ¢ = (¢4, ..., ¢,) € (GF(¢))"

Step 1. The values of symbols y; from variable nodes v; are sent to the check nodes.

Step 2. If there is no check node which has received exactly one erased position ¢,

then the decoding algorithm stops due to the decoding being impossible.

Step 3. Otherwise let ¢; be the check-node that received exactly one € (in case there
are several of such nodes, pick any one of them) and let v; be the variable node, that
has sent € to ¢;. Then from parity-check equation we can find that the value in v;.

We can see that this value is equal to the sum of the other values received by c;.
Step 4. The deduced value is sent back to the variable node v;.

Step 5. Repeat steps 2. to 4. until all the erasures are restored or a decoding error

happens. If all the erasures are restored, then output decoded message.

The success probability of such an iterative decoding is not optimal. The optimal
maximum-likelihood solution can be obtained with time complexity of order of O(n?)
by applying Gaussian elimination. There is a need in more efficient techniques which

would take into account sparsity of the system.

We also present the comparison of both BP and ML decoding simulations in the Appendix
1 and 2, where we compare these in relation to the error rate. There are two error rates

that we measure:

(1) FER — frame error rate. It measures the probability that the frame (the codeword) was

not decoded correctly.

(2) BER - bit error rate. It measures the probability that a bit or symbol was not decoded
correctly. Even if the frame is not decoded correctly, many bits are usually correct.
Therefore, the BER is usually smaller than FER.

20



3.4 Overview of methods for solving systems of linear equations

There are a lot of different methods that solve systems of linear equations. This chapter
gives an overview of some of the existing methods for solving linear system of equations

and the related operations.

3.4.1 Solving system of linear equations using matrices

A system of linear equations is a set of linear equations that use the same variables
(unknowns). In computer systems a common way to view systems of linear equations are
in their augmented matrix form. An example of a reformatted system of linear equations

is as follows:

3'[L’1+2'[E2—1'I3:2
5!E1+1[L‘2+2[L‘3:0
4 x14+2-29—1-235=1

3 2 -1 2
5 1 2 0
4 2 -1

In order to solve this system we need to find for 7 in the equation AZ = b, where A is
the matrix containing coefficients of unknowns, 7 is the vector of unknowns and b is the

value vector of all linear equations in the system. The previous example would look as

follows:
3 2 —1| [n 2
2 zo| = |0
4 2 —1| |x3 1
A T b

In the sequel, we consider ML decoding of non-binary LDPC codes defined by parity-
check matrices of size (n — k) x n. In order to simplify implementation of ML decoding,
we first decode the received vector by Algorithm 1 (peeling decoding) and then solve the

system of linear equations obtained after applying Algorithm 1.
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Belief-propagation decoding might fail to fully restore all the erased symbols. In that
case, the remaining erased values of the codeword symbols together with the correspond-
ing columns of the parity-check matrix and the syndrome vector form a linear system of
equations. Next, consider a system of [ linearly independent equations with s unknowns.
If s > [ or s = [, which is a typical case, there is a solution to the system. In the case

when s < [, there is no solution.

The algorithms for solving systems of linear equations group into the following two

method families:

1. Direct method algorithms compute the solution to a problem in a finite number

of steps. That means that the output of these algorithms is always a precise answer.
2. Iterative method algorithms in contrast, start from an initial guess and iteratively
converge to an exact solution. Iterative methods are much more time efficient when it

comes to large matrices, but they lose in precision.

In the following table, we list some of the known algorithms for this problem:

22



Algorithm Method | Matrix structure | Year | Speed Author
(FLOPs)
Gaussian elimination direct any - 25%/3 -
Cramer’s rule direct s = 1750 | s! x s Cramer [17]
Cholesky decomposition direct SPD 1910 | s3/3 Cholesky [18]
LU-decomposition direct any 1948 | 253/3 Turing [20]
QR-decomposition direct any 1961 | 4s3 /3 Francis [21][22],
Kublanovskaya [23]
Golub-Reinsch (SVD) direct any 1970 | 653 Golub &
Reinsch [24]
Least squares iterative | s > [ 1795 | a x ©* Gauss [25],
Legende [26]
Jacobi iterative | SPD 1845 | a x ¢* Jacobi [27]
Gauss-Seidel iterative | SPD 1872 | a x ¢** Seidel [28]
Richardson iterative | SPD 1910 | a x ¢* Richardson [29]
Method of steepest descent | iterative | SPD 1939 | a x ¢* Temple [30]
SOR iterative | SPD 1950 | a x ¢* Young [31],
Frankel [32]
Conjugate gradient iterative | SPD 1952 | a x ¢~ Hestenes &
Stiefel [33]

Table 6. Algorithms for solving systems of linear equations

* - The runtime depends on the number of iterations, therefore time complexity is O(az),
where a is the number of iterations and 7 the complexity of one iteration.

SPD stands for symmetric positive definite matrices.

Note that most of these algorithms do not explicitly work on sparse matrices, thus it is
interesting to investigate whether some algorithms can work more efficiently with sparse
matrices. This is why it is important to mention and analyze them, when looking for
most optimal methods for solving sparse systems. The algorithm selection process for

sparse systems is discussed later on in Chapter 3.4.5.
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When solving systems of linear equations using direct method algorithms, there are

two tehniques:

1. Using elementary row-operations to achieve row-echelon format and back-substituting

the answer. This is the standard method of Gaussian elimination.

2. Since AT = b, then we can see that T = A~'b. This means that we can find
the inverse of A and multiply it by b to get the solution vector Z. Finding an inverse
of a matrix depends on the speed of multiplication of two s X s matrices thanks to the

blockwise invertion (or analogous solutions, like the Strassen algorithm).

3.4.2 Matrix inversion

Definition 14. A s x s matrix A is called invertible (nonsingular) if there exists a
s x s matrix B, such that AB = BA = .

I, 1s a identity matrix of size s in this case.

Definition 15. A pseudoinverse (also known as Moore-Penrose inverse) of a s x [
matrix A over the field GF(q) is defined as a s x [ matrix B over the field GF(q)
such that all of the Moore-Penrose [34][35] conditions are satisfied:

1.ABA=A

2. BAB =B
3. (AB)* = AB
4. (BA)* = BA

Note that * marks the Hermitian transpose of a matrix.

When A is non-singular, any generalized inverse B = A~! is unique, but in all other
cases, there are an infinite number of matrices that satisfy the first condition. However the
pseudoinverse is unique [36]. Therefore we are only interested in non-singular inverses

and pseudoinverses. We denote the inverse of the matrix A as A~! and pseudoinverse as
At

24



There are different methods for finding the inverse of a matrix.

an overview of some known methods:

The following table gives

Algorithm Method | Output Year | Complexity | Author

Gaussian elimination direct inverse - O(s?) -

Newton iterative | inverse 1669 | O(a x 1) Newton [37]

Cramers rule direct inverse 1750 | O(s! x s) | Cramer [17]

Least squares iterative | pseudoinverse 1795 | a x 1 Gauss [25],
Legende [26]

Cholesky decomposition | direct inverse, pseudoinverse | 1910 | O(s?) Cholesky [18]

Blockwise inversion direct inverse 1937 | O(f(s)*) Banachiewicz [19]

LU-decomposition direct inverse, pseudoinverse | 1948 | O(s?) Turing [20]

QR-decomposition direct inverse, pseudoinverse | 1961 0(53) Francis [21][22],
Kublanovskaya [23]

Strassen direct | inverse 1969 | O(s*81) Strassen [38]

Golub-Reinsch (SVD) direct | pseudoinverse 1970 | O(s®) Golub &

Reinsch [24]

Table 7. Algorithms for finding inverse of matrix A

* - f(s) in this case is the complexity of multiplying two s X s matrices.

From this table we can see that the fastest method Blockwise inversion depends on the

speed of multiplying matrices (full proof shown in [39]). As an example, let us imagine

we have a s x s matrix X (XT = b), where we split the matrix into four s/2 x s/2 sized
blocks A, B,C, D.

A B
C D

X =

Let S = D — C A~ B be the Schur compliment of X . Then we can get the inverse X ~*

as follows:

X =

Al 4+ ATIBSTICAT!

—S71CAT!

25
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The final solution Z can be achieved through solving Z = A0 as introduced previously.

3.4.3 Matrix multiplication

The time complexity of fast methods for solving systems of linear equations rely heavily
on the speed of multiplication of two s X s matrices. The time complexity of the
algorithms for solving a system of s equations with O(s) unknowns is believed to be
O(s"), where w > 0 is some constant. On one hand, the Gaussian elimination method
requires time O(s*). On the other hand, the input to the problem contains 2(s*) values,
and therefore Q(s?) is the lower bound on the time complexity. Thus, the optimal w
is between 2 and 3. It is possible to compose a table for historical improvement of the

achieved exponent for solving systems of linear equations.

Year | Exponent | Author

<1969 | 3 -

1969 | 2.81 Strassen [38]

1978 | 2.79 Pan [40]

1979 | 2.78 Pan [41]

1979 | 2.78 Bini et al [42]

1981 | 2.55 Schonhage [43]

1981 | 2.53 Pan [44]

1982 | 2.52 Romani [45]

1982 | 2.50 Coppersmith and Winograd [46]
1986 | 2.48 Strassen [47]

1987 | 2.376 Coppersmith and Winograd [48]
2012 | 2.3729 Williams [50]

2014 | 2.3728639 | Le Gall [3]

Table 8. Historical improvement on the achieved exponent for solving systems of linear

equations

The fastest known matrix multiplication algorithm, that is based on 1987 Coppersmith-

Winograd algorithm was proposed by Francois Le Gall in 2014 and has the time com-
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plexity 0(82‘3728639) [3]

3.4.4 Matrix decompositions

One of the most common way for solving sparse systems of equations is based on using
matrix decomposition algorithms. The fastest decomposition algorithms are at the same
time complexity as Gaussian elimination (O(s?)). In these systems, if the decomposition
is formed, then the elimination time complexity is only O(s?) for different value vectors
b (in AT = b). This is useful if the matrix A does not change during different runs. In

many applications however, this is not the case.

As an example of a decomposition based solving, we will present the LU-decomposition.
LU-decomposition of the matrix A is a product of the lower-triangular matrix L (which
has all ones on the main diagonal) and upper-triangular matrix U. This can be seen from

the following equation:

An A Az Au I 0 0 0 Un Ui Uiz Uny
Agr Agp Agg Ay | | Lmw 1 0 O 0 Ux U Uy
A Ap Az Asi | | L Lp 1 0 0 0 Us Usn
An A Az Au Ly Lip Lag 1 0 0 0 Uu

This form can be achieved by using Gaussian elimination to find L and based on that
we can find U. The following is an example for solving a system of linear equations by
using the LU-decomposition (through inversion):
u _ _
»| Simple Matrix u-1
.y

Inversion
Matrix
Multiplication
.| Simple Matrix

N /A
Inversion L-1

S

A LU

Decomposition

Figure 4. Getting an inverse of matrix A using LU-decomposition [51]
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We can also solve the decomposition directly by using the forward and backward substi-
tution. For example in LU-decomposition, if we have the lower (L) and upper triangular
matrices (U), then we can solve Ly = b and after that solve UZ = 7, where we get the

values of Z. The complexity of this is only O(s?).

A LU Selving
Decomposition Ly=b

Solving
Ux=y

Figure 5. Solving AT = b by substitution using LU-decomposition [20]

3.4.5 Solving systems of linear equations for LDPC codes

When trying to solve systems of linear equations, we can disregard iterative methods,
since these methods are good asymptotically and do not perform better than Gaussian
elimination in systems of size s < 100, which is the case considered wherein. We can
also disregard algorithms that require s = [ or symmetric matrices, since the systems of
equations can also have s < [ or [ < s. We have chosen to optimize Gaussian elimination
since it suits well the sparse systems. By contrast in many of the other algorithms, there

are many substeps that make optimizing for sparseness not as efficient.

3.4.6 Gaussian elimination

Gaussian elimination is the most known and widely used algorithm for solving systems of
linear equations. Consider a system of linear equations with s equations and [ unknowns,

namely AZ = b. In the matrix form, such a system has a form [1]:

Y1
ai;y ... Qip I
Y2
am1 --- Amn Tn
~~ o Yn
A z ~——

b
In this approach, first, the matrix is turned into the row-echelon form. By using ele-

mentary row operations it is possible to obtain all zeros under the main diagonal of A.

28



Elementary row operations are either the swapping of rows, the multiplication of an
equation with a non-zero integer or the addition of an equation with another already mul-
tiplicated equation. In this example the different constant coefficients of multiplications

have been marked as ¢, ¢ and ¢”’. After completing this step the result is the following

matrix [1]:
/!
/ i
Ci1a11 ...  CipQin G I
ColY2
0 —=
0 0 Conlmn| |Chn .
A z —_——

b
From here, a backward substitution must be used to obtain values of all of the unknowns.

Because we need to make the elements under the main diagonal equal zeros, and there
are s* such elements, each elementary row operation required time O(s). Therefore the
total time complexity of the Gaussian elimination method is O(s*), which makes it very

inefficient when it comes to solving large systems of linear equations [1].
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4 Solving sparse systems of linear equations over finite

extention fields

In this subsection, we consider sparse systems of linear equations over finite extension
fields. The elimination process is different due to the specific arithmetical propreties of
the fields. The extention fields we work with here range from GF(2?) to GF(28), but
these methods can be used on larger fields as well. The systems are sparse and thus
Gaussian elimination in it’s original form, is very inefficient, since there are a lot of zero
elements and doing operations on zeros can take up computation time. Therefore we

propose an algorithm that gives a more efficient approach to this

4.1 Constructing the extention field

Before any elimination over extension fields can be done, the arithmetic has to be defined.
For this we construct a table of the field elements modulo polynomial P(x). This
polynomial P(z) together with the field extention GF(2™) and /3 (the root and solution to
P(x)) are what define the table. Let a field GF(2?) be defined by the primitive polynomial
P(z) = 2 + 2® + 1. Let 3 be the root of the polynomial P(x). Therefore the root /3
satisfies: 3* = 3% + 1. The following would be the table of elements over the extension
field:
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Power of 3 Element Vector | Decimal
- 0 (0000) 0
s 1 (0001) 1
Ik 6 (0010) 2
3 3 (0100) 4
33 33 (1000) 8
B B+ 1 (1001) 9
B B +pB+1 | (1011) 11
3¢ B2+ B2+ B+1 | (1111) 15
BT B2+ B+1 (0111) 7
S8 B2+ B2+ 3 | (1110) 14
32 B2+1 (0101) 5
B B+ B (1010) 10
pH B2+ B2+1 | (1101) 13
pt2 B+1 (0011)
B3 %+ B (0110) 6
[ 33+ 52 (1100) 12

4.2 Creating calculation tables
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Table 9. Elements over extension finite field of GF(2*) modulo 8* + 3% + 1

There are different ways to represent elements of the extension field which are poly-
nomials. First way is to represent polynomials as binary vectors of their coefficients
and the second is to consider decimal equivalents of the corresponding binary vectors.
Depending on if we use polynomials or numerical representations, the arithmetic can be
implemented differently. In the first case we can add together the polynomials modulo 2,
but with bigger extension fields the performance does not scale well. Another way for
implementing addition over binary extension fields is taking the exclusive disjunction
(XOR) of either the binary or decimal element representations. This is a better way, since
we only need to compare each bit once and do not need to do any additional operations.

Examples of both ways over the previously shown extension field look as follows:




BT+ = +8+ )+ (F+7+1) =5 +2-++2-1=5+5=5"
Alternatively,
A7+ B = 0111 @ 1101 = 1010 = B*°

Multiplication over binary extension fields can also be done in different ways. One way
is to multiply the polynomials together over modulo 2 with reducing modulo primitive
polynomial. Another way is to add together the powers of /5 over modulo 2™ — 1 where

m is the extention degree. Example:

BT-pl = +p+1)- (B +p+1) =
B+ + B+ + B8 +8+8+8+1=+p+1=+8+1+8+1=3

Alternatively,
67'611:B7+11:6182515'/33:1’/33:B3

Inverse of an element is easy to find when we know how to do multiplication. If we want
to find an inverse of an element a, then. we have to look for another element b, where

a - b = 1. For example:
(612)—1 — ﬂ_12 — 6—12 X /315 — 53

After selecting arithmetic methods, the calculation tables can be formed for all pairs
of elements as in Tables 8 and 9 (note that the elements are held here as decimals for

simplicity).
It is not optimal to build an addition table since taking XOR of two decimals is a fast

process by itself. Instead of an inversion table, a flipped multiplication table can also be

used (so called division table).
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0O 1 2 3 4 8 10 11 12 13 14 15
0/0 0 O O O 0 0O 0 0 O 0 O
1o 1 2 3 4 5 8 10 11 12 13 14 15
210 2 4 6 8 10 12 14 9 11 13 15 1 3 5 17
3/0 3 6 5 12 15 10 1 2 7 13 14 11
410 4 8 12 9 13 1 11 15 2 6 10 14
5/]0 5 10 15 13 8 7 2 6 9 12 14 11 4 1
6 |0 6 12 10 7 13 11 2 4 8 3 5 15
710 7 14 9 5 2 11 12 10 13 3 15 8 1
810 8 9 1 11 3 10 15 7 14 4 12 13
910 9 11 2 15 6 4 13 4 12 5 8 1 3 10
10(0 10 13 7 3 9 14 4 12 11 1 5 15 8 2
1my{o 11 15 4 7 12 8 3 14 5 1 10 9 2 6 13
12(0 12 1 13 2 14 15 4 8 5 6 10 7 11
13/0 13 3 14 6 11 5 8 12 1 15 10 9 4
4(0 14 5 11 10 4 15 13 3 8 7 9 2 12
I5s(o 15 7 8 14 1 9 6 5 10 2 13 11 4 12 3

Table 10. Multiplication table
01 2 34 5 6 7 8 9 10 11 12 13 14 15
-1 12 8 6 15 4 14 3 13 11 10 2 9 7 5

Table 11. Inversion table
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4.3 Gaussian elimination over extension field

Gaussian elimination over an extension field for the most part follows the same steps,
but uses the new field arithmetic. Take the following solution over the field GF(2%) as an

example:

6 4 6 To| = |3
5 1 4 T3 6

We start from the first element of the first row and make that the pivot. First we have to
make sure that the pivot we select is a non-zero element, therefore we swap it with a

non-ze€ro row.

4 6 T 3
14 To| = 5
4 I3 6

Now we eliminate down all of the remaining elements in the first column. As the first
column element in the second row is already zero, then we can focus on the third row.
We have to find an element «, such that 5 + o x 6 = 0. Using the multiplication table,
we can see that o 1s 13, since 5 4 13 x 6 = 0. Now we can multiply the first row by 13

and add it to the third row. We obtain the following:

4 6 T 3
7 14| |z = |D
7 5 T3 8

Now we shift the pivot to the next row and second element. We do the same processes
as before and iterate the steps for all rows of the matrix until we have obtained the

row-echelon form:

4 6 T 3
14 To| =
15| [z 13



From this form we can back-substitute the valued of known variables by using the

calculation tables and find the solution:

15-23=13 = z3=11
T -29+14-11 =5 = z =11
6-21+4-1146-11=3 = 2, =2

This example covers only a unique solution problems, but systems of linear equations

can also have multible solutions, for example:
T
6 4 6 3
To| =
0 7 14 5
I3

For these situations we can either return the basis of the solution space or output all the
solutions. Note that in larger systems the solution space can get very large and has to be

limited.

4.4 Gaussian eliminaton of sparse matrices over extention fields

As it was stated previously, using standard Gaussian elimination for solving systems
of linear equations is not optimal in terms of time complexity. Thus we exploit the
availability of zero elements by using different data structures. The algorithm used to

solve these issues is as follows:
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Algorithm 2: Optimized Gaussian elimination

Input: matrix A, syndrome vector b, sum table, product table, inversion table.

Output: solution vector 7.

Step 1. Get all of the positions of non-zero elements (by index) and store them into

row and column tables.

Step 2. Check if the pivot is a non-zero element, if not then change the row with

another where element in the current column is non-zero.

Step 3. Reduce all the non-zero elements to zeros by eliminating using the pivot.

Update the column and row tables.

Step 4. Continue on to the next pivot (next row and column). Repeat Steps 2, 3 and 4

until row echelon form is achieved.

Step 5. Do back-substitution by going through only the non-zero elements by each

row.

Step 6. Output the solution.

Consider matrix A and a vector b. The system is as follows:

(12 0 000 1] [&n] [4]
0 11 300 0| |2

e |10 0 400 fa] {0
0 4 600 0| [z |9
0 0 06 2 0| |z
0 0 00 35| |

First we create the row and columns arrays with non-zero element positions.

columns = [[0,2],[1,3],[1,3],[2,4],[4,5],[0,51]
rows = [[0,5],[1,2],[0,3],[1,2],[3.,41,[4,5]]

We start from the upper-left element of A and pick it as the pivot. Then we check if the
pivot is zero. Since 12 is a non-zero element, then we do not have to switch the rows.

Now, we start eliminations as it is described in the last chapter but rather than going
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through all the elements, we only need to check the non-zero elements in the column.
We can get the position from the column array that we constructed beforehand. In this

case the next non-zero element 14 is at position 2 of the first column.
columns = [[0,2],[1,3],[1,31,[2,4],[4,5],[0,5]]

After finding the non-zero element row, we eliminate the pivot row from the selected
row. Since we want to ignore the zeros in the rows as well, then we only operate at
the positions, where the pivot row has non-zero elements. These elements are also

highlighted in the following:

rows = [[0,5],[1,2],[0,3],[1,2],[3,41,[4,5]]

12 0

000 1| |z
0 11 3 0 0 0| |29
e (140 0 40 0) gl 10| o
4 6 00 0| a4 9
0 06 2 0| |as
0 00 3 5| |z

After we eliminate the elements in the first column (and the corresponding row element

in the value vector b), the system looks as following:

(12 0 0 0 0 1| (=] [4]
0 11300 0 |a| o
e 00 0406l a 1]
0 4 600 0| |a| |0
0 0 06 20| |z| |0
0 0 00 35| |z| |0

After that, we update the row and column arrays by checking the elements only at the

given indices.

rows [[0O, 5], [1, 2], [O, 3], [1, 2], [3, 4], [4, 5]]
columns [[0, 2], [1, 31, [1, 31, [2, 4], [4, 5], [O, 5]]
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When all of the elements are eliminated in the pivot column, we choose a new pivot

which is one position to the right and to the bottom. The new pivot is marked in bold:

(12 0
0 11
|00
0 4
0 0
0 0

0
3
0
6
0
0

S OO O =~ O O

w N O O O O

O O O o O =

T
X2
T3
Ty
Ts

Ze

SO O © = O

(=l

We repeat the same process with the new pivot. Note that since we only care about

the elements below the pivot row, then we can ignore the rows above it when iterating

through the column non-zero elements. We repeat this until we reach the row-echelon

form:
(12 0
0 11
0 0
AT =
0 0
0 O
0 O

0
3

15

0

0
0
0
4
0
0

S N O O O O

1

T O O O =

—_

T
o)
xs3
Ty

Ts

Te

o = O O =

12

I
(e

To obtain the values of all entries in T we have to back-substitute the known valued of

7. Note that we substitute only with the non-zero elements by using existing row and

column arrays. We obtain the following answer:

T=1[11,9,4,9,8,9]

The program outputs the answer as an integer array, and the execution of the algorithm is

finished.
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4.5 Complexity and performance

We analyse the optimized Gaussian elimination by the different steps it takes. First
the algorithm creates row and column arrays for non-zero elements, then it does the
elimination into row-echelon form and from there it back-substitutes to get the values
of unknowns. It is known that ultra-sparse non-binary LDPC codes perform very well
in practice [52]. When the matrix A is obtained from such a non-binary LDPC code,
for example from an LDPC code with a column weight 2, then it can be shown that
the optimized GE algorithm performs only O(s?) operations. In that case, we obtain a
significant improvement in complexity compared to the regular Gaussian elimination
(O(s?)). The performance of each of these steps for GF(21) can also be seen from Figure
6.

w= Array creation == Elimination Back-substitution == Total
1000000
750000
=
=
c
[=]
3
e 500000
c
m
=
E
= 250000
0"
20 40 60 80
Size (s)

Figure 6. Performance of various steps of optimized GE for GF(2°)
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We see in Figure 6 that for smaller matrices elimination takes more time than the array
creation. We observe that the array creation is the most time-consuming step in the
algorithm for a sufficiently large system size. The back-substitution is the least time-
consuming step therein. We ran decoding simulations with LDPC codes of length 2000,
where after introducing the erasures, the number of unknowns s is taken in the range
10 < s < 100. For the chosen systems of equations, we compare the execution time of
the regular Gaussian elimination method and its optimized counterpart. The results are

presented in Figure 7.

== Optimized GE == Regular GE

8000000
6000000

_

=

c

(=]

L8]

& 4000000

G

=

g

= 2000000

20 40 60 80

Size (s)
Figure 7. Performance difference between regular GE and optimized GE for GF(2°)

From Figure 7 we can see that for s of size 100 an approximately 85% reduction in the
runtime has been achieved by using the modified algorithm. Comparison of ML and
BP decoding performance of rate 7 = 1/2 codes for two cases GF(2!) and GF(2°) are
presented in the Appendix 1 and 2.

40



4.6 Implementation

This algorithm was implemented in Java and the source code can be found in the Github
repository mentioned in Appendix 3. We present a pseudocode in two parts. Note that

multiplication and division tables have been marked as protable and divtable respectively.

Algorithm 3: Optimized Gaussian elimination (part 1)

Input: matrix A, vector b, table protable, table divtable
Output: solution vector T

Initialize: table rows, table columns, vector .

[ = number of equations;

s = number of unknowns;

for: =07 < s;i++ do

for j =0;,5 <I; j++do

L if Afi][j] is non-zero then

| Add element A[7][j] to row and column arrays

forp=20;p < s, p++do
if A/p][p]is zero then
for i = 0; v < columns[p] size; i++ do

if p <= columns[p][i] then
L switch ¢ row with p row;

break for-loop;
update row and column arrays;

for i = 0; ¢ < columns[p] size; i++ do
« = divtable[ A[indexrow][p]1[Alpl[p]];

blcolumns[p][i]] = b[columns[p][i]] & protable[alpha][b[p]];

for j = 0; j < rows[p] size; j++ do
L Alcolumns|[pl[z]][rows[p][7]] =

Alcolumns[p][:]][rows[pl[;j]] & protable[a][A[p]l[rows[p][j]1];
update row and column arrays;
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Algorithm 3: Optimized Gaussian elimination (part 2)

for: =0;7<!{;1++ do
L if if A[i] is a zero row then

| remove row ¢;
update row and column arrays;
check = false;
fori =s—1;7>0;i—do
sum = 0; for j = 0; j < rows[1] size; j++ do

if check is true then
L if rows[i][j] > i then
| sum = sum & protable[ A[¢][rows[¢][j]]][Z[rows[:][j]]];

check = true;

if sum is zero then
| Z[i] = divtable[b[i ][ A[7][:]];

else
if sum == b[i] then
| Z[i]=0
else

| Z[i] = divtable[b[i] & sum][A[][i]];

return 7,
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5 Conclusion

This thesis discussed the methods for fast solving of systems of linear equations which
arise in LDPC decoding. Gaussian elimination algorithm was chosen to be optimized.
The optimized Gaussian elimination was implemented in Java and also presented as a

pseudocode.

The thesis surveyed belief propagation decoding over erasure channel and discussed why
solving systems of equations is important in the runtime of the decoding process. Various

methods of solving systems of linear equations were discussed.

The optimized Gaussian elimination algorithm was introduced and measured for systems
of length 10 < s < 100. The empirical results show that near quadratic time complexity
was achieved, compared to the cubic complexity of the regular Gaussian elimination.

This vastly speeds up the runtime of BP LDPC decoding algorithms.

Further research includes optimization of the process of creating and updating the column
and row tables (which are now the most time consuming operations). Future research
can also be done into iterative ways of solving system of equations and doing parallel

computing to reach even better performance.
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Appendices

I. BP and ML LDPC decoding plot over GF(2*)
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Figure 8. Simulation of BER and FER performance for LDPC codes with n = 2080,
R = 1/2, over GF(2%), for BP decoding and ML decoding with the improved Gaussian

elimination.
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II. BP and ML LDPC decoding plot over GF(2%)

Symbol erasure channel, n=2184, R=1/2, m=6
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Figure 9. Simulation of BER and FER performance for LDPC codes with n = 2184,
R = 1/2, over GF(2%), for BP decoding and ML decoding with the improved Gaussian

elimination.
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II1. Proposed algorithm source code

The optimized algorithm was implemented in Java programming language. It was
uploaded to Github and the instructions on how to run the program are found there. Link

to Github repository: https://github.com/ukangur/LDPCGaussian
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