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ABSTRACT

Motion planning is a key aspect of robotics, allowing robots to move through
complex and changing environments. A common approach to address mo-
tion planning problems is trajectory optimization. Trajectory optimization
can represent the high-level behaviors of robots through mathematical for-
mulations. However, current trajectory optimization approaches have two
main challenges. Firstly, their solution heavily depends on the initial guess,
and they are prone to get stuck in local minima. Secondly, they face scala-
bility limitations by increasing the number of constraints.

This thesis endeavors to tackle these challenges by introducing four inno-
vative trajectory optimization algorithms to improve reliability, scalability,
and computational efficiency.

There are two novel aspects of the proposed algorithms. The first key
innovation is remodeling the kinematic constraints and collision avoidance
constraints. Another key innovation lies in the design of algorithms that
effectively utilize parallel computation on GPU accelerators. By using refor-
mulated constraints and leveraging the computational power of GPUs, the
proposed algorithms of this thesis demonstrate significant improvements in
efficiency and scalability compared to the existing methods. Parallelization
enables faster computation times, allowing for real-time decision-making in
dynamic environments. Moreover, the algorithms are designed to adapt to
changes in the environment, ensuring robust performance even in unknown
and cluttered conditions.

Extensive benchmarking for each proposed optimizer validates their ef-
ficacy. Through comprehensive evaluation, the proposed algorithms consis-
tently outperform state-of-the-art methods across various metrics, such as
smoothness costs and computation time. These results highlight the po-
tential of the proposed trajectory optimization algorithms to significantly
advance the state-of-the-art in motion planning for robotics applications.

Overall, this thesis makes a significant contribution to the field of tra-
jectory optimization algorithms. It introduces innovative solutions that
specifically address the challenges faced by existing methods. The proposed
algorithms pave the way for more efficient and robust motion planning so-
lutions in robotics by leveraging parallel computation and specific mathe-
matical structures.
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1. MOTION PLANNING CHALLENGES AND
OBJECTIVES

1.1. Introduction

Motion planning is a critical component of any robotic application. In
simple terms, it involves computing how different independent parts of a
robot will move over a specific time horizon to perform tasks such as object
manipulation or navigation [9, 10, 11]. For instance, in the case of a ma-
nipulator, motion planning can be thought of as computing the sequence of
joint motions to grasp particular objects [12]|. Likewise, for a mobile robot,
motion planning is expressed in terms of computing the sequence of spatial
positions for the robot to navigate through a cluttered environment [13](see
Figure 1).

(a) (b)

Figure 1. Motion planning examples in a (a) mobile robot (the sequence of
positions are shown as a blue trajectory). (b): manipulator ( the sequence of joint
motions is shown in transparent color)

There are three broad classes of approaches for motion planning,
namely graph-search, sampling-based, and trajectory optimization meth-
ods. Graph-search methods like A* [14, 15] and Dijkstra [16, 17| represent
the environment as a graph, where nodes represent potential robot states,
and edges show possible transitions between states. Through traversing this
graph, graph-based algorithms determine the shortest path from the start-
ing point to the destination. However, these methods are computationally
heavy, especially when the robot has many degrees of freedom or when we
have to plan over a long horizon in cluttered and dynamic environments
[18, 19].

Sampling-based methods, such as Rapidly-exploring Random Trees
(RRTs) [20, 21, 22] and Probabilistic Roadmaps (PRMs) [23, 24, 25|, offer a
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robust approach to exploring the configuration space of a robot. Nonethe-
less, a common challenge associated with these methods is the tendency to
generate non-smooth trajectories, leading to suboptimal paths and potential
inefficiencies in meeting tight constraints [18].

In recent years, trajectory optimization methods have become the default
standard for motion planning since they allow for encoding a robot’s behav-
ior through carefully designed cost functions and a set of constraints |26,
27, 28|. For example, cost functions may be designed to facilitate smooth
motions [29] or track a specific path, while constraints encompass bound-
ary conditions on position, velocity, acceleration [6], and collision avoidance
criteria [29]. By modeling mathematical functions to define the robot’s be-
havior, optimization-based approaches generate smooth trajectories capable
of performing complex navigation and manipulation tasks. Thus, this thesis
concentrates on improving trajectory optimization approaches.

Core Challenge: Trajectory optimization problems are straightforward
when the underlying cost and constraint functions have a property called
convexity. We discuss the exact mathematical description of convexity later
in section 2.3. But intuitively, convexity ensures that the trajectory op-
timization problem has only one solution (global minimum), and we are
guaranteed to find it. Moreover, there is a large collection of optimization
algorithms (or optimizers) with efficient open-source implementations that
can be applied to convex problems [30].

Unfortunately, the majority of trajectory optimization problems encoun-
tered in robot motion planning are non-convex [31]. More precisely, the cost
and constraint functions modeling the motion planning problem do not have
the convexity property. For example, one major source of non-convexity
stems from the collision avoidance constraints that are quintessential in any
navigation or manipulation problems [31|. Intuitively, non-convexity results
in having multiple solutions (local-minima), and it is often difficult to pre-
dict which one of the potential solutions will be returned by a particular
optimizer. Nevertheless, many optimizers are proposed in the existing liter-
ature that can efficiently compute local minima in a wide class of problems
[32, 33, 34]. However, the following fundamental challenges still remain,
especially if the aim is to use trajectory optimization for real-time motion
planning in dynamic environments.

e C1 Scalability: Motion planning in highly cluttered environ-
ments and over long horizons requires considering a large number
of collision avoidance and kinematic constraints. However, existing
SOTA optimizers like Sequential Quadratic Programming (SQP)[35,
36), Interior-point [37|, etc, implemented in software libraries like
ROCKIT |32], FATROP |[38], ACADO |39, 40|, IPOPT [41] do not

scale well with the increase in the number of non-convex constraints.
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More precisely, their computation time increases sharply with either
the planning horizon or the number of obstacles.

e C2 Initialization: Existing optimizers for non-convex problems
heavily rely on the user providing a good guess of potential optimal
solutions. Poor initial guesses can result in the optimizer running for a
long time without even converging to a feasible solution or converging
to a bad local minimum.

This thesis aims to provide a solution to the two challenges described
above and develop novel non-convex optimizers that push the boundary of
robot motion planning.

1.2. Objective and Contributions of the Thesis

The overall objective of this thesis is to tackle the challenges associated with
trajectory optimization and improve their reliability, scalability, and com-
putational performance. We focus primarily on problems encountered for
robot navigation, although results can find potential utility in manipulation
as well. To achieve these goals, we are focusing on two core ideas:

e I1: Exploiting specific structures in the trajectory optimiza-
tion problem: Our key idea is to reformulate constraints, such as
collision avoidance, into a suitable form that exposes hidden convex
structures and allows us to leverage these structures for efficient com-
putation.

e I2: Leveraging parallel computing abilities of modern com-
puting hardware like GPU: Another important idea behind the
work presented in the thesis is to find ways to exploit the paral-
lel computation ability of GPUs. For example, we can reformulate
the collision-avoidance or kinematic constraints in a way that allows
for breaking trajectory optimization into smaller parallelizable sub-
problems.

In the following, we provide a brief summary of the publications associ-
ated with each core idea presented above and how they solve the scalability
(C1) and initialization (C2) bottlenecks of existing approaches. Also, a di-
agram that shows the interrelation among papers is provided in Figure 2.
To enhance clarity in this research, the work is divided into two distinct
parts: single robots and multi-agent robots. Moving forward, I will always
begin by discussing works related to single robots and then transition to
multi-agent robots.

e Paper I (Addressing Challenge C1 based on Idea I1): We present a new
approach to formulating collision avoidance constraints. We demon-
strate that this novel representation has some multi-convex struc-
tures that can be exploited through techniques such as Alternating
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Minimization (AM) and Alternating Direction Method of Multipliers
(ADMM) [42, 43|. We demonstrate that our resulting optimizer has a
better scaling with the number of obstacles. We validate our optimizer
by comparing it with the SOTA method, Convex Concave Procedure
(CCP) [41], which utilizes affine approximations of collision avoidance
constraints in terms of both optimal cost and computation time.

Paper II (Addressing Challenge C2 based on Idea 12): This work is
based on a simple idea that one way to by-pass the local-minima
issue in non-convex optimization is to run the optimizer from multi-
ple initialization. We can then choose the best solution among the
different local minima obtained. In this work, we introduce a novel
GPU-accelerated optimizer that allows us to implement this multiple-
initialization idea for real-time navigation. We show that the op-
timization problem can be reduced to just computing large matrix-
vector products that can be trivially parallelized across GPUs. We
also demonstrate that our batch optimizer has linear scalability with
the number of parallel problem instances (or initialization) and colli-
sion avoidance constraints. Additionally, we benchmark our optimizer
against the SOTA method, Cross-Entropy Method CEM [44], in terms
of success rate and tracking cost.

Paper III (Addressing Challenge C2 based on Idea 12): This work pro-
vides us insight on how to solve several optimizations in parallel. This
paper uses this foundation to combine sampling-based (gradient-free)
and convex optimization. In particular, we introduce a projection op-
timizer with sampling-based optimizer routines to guide the samples
towards feasible regions. we compare our proposed optimizer against
both SOTA gradient-based methods (FATROP and RACKIT ), and
Gradient-free approaches, (Robot Operating System (ROS) naviga-
tion stack and Cross-Entropy Method (CEM)), and show improve-
ments in terms of success rate, time-to-reach the goal and computa-
tion time.

Paper IV (Addressing Challenges C1 and C2 based on Idea 12): Joint
trajectory optimization for multiple agents are generally considered
intractable but provides good quality solution due to access to a
large feasible space. In paper IV, we make joint optimization more
tractable, by reformulating the inter-agent collision avoidance into a
certain form allows us to decompose the underlying computations into
an offline and online part. The offline part involves expensive matrix
factorization and needs to be done only once for a given class of prob-
lems. The online part involves computing just matrix-vector products
that can be trivially parallelized across GPUs. In this work, we in-
troduced a fast joint multi-agent trajectory optimizer and compared
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Paper |
Paper Il

A novel modeling for
collision avoidance  — Batch optimization with
constraints initial guess distribution

Paper Il
Combining convex

optimization and sampling-
based optimization

Paper IV

. Joint multi-agent trajectory
optimization

Figure 2. Publication interrelation: single robot and multi-agent robots

it with SOTA methods, Sequential Convex Programming (SCP), in
terms of optimal costs and computation time.

This thesis is organized as follows. In Chapter 2, an overview of the
mathematical concepts utilized in this thesis is provided. Chapter 3 defines
the basic trajectory optimization problem and provides a comprehensive
literature review. Subsequently, Chapters 4- 7 elaborate on each publica-
tion in detail. Finally, Chapter 8 offers conclusions and outlines future
directions.
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2. MATHEMATICAL PRELIMINARIES

This chapter offers a concise overview of the foundational mathematics used
in this dissertation.

2.1. Convex Set

Definition 1. A set C is convez if for all & and & in C, 01 + (1 — 6)&y €
C [42].

In simpler terms, this definition implies that all points on the line segment
connecting any two arbitrary points &; and & must also belong to the C
(see Figure 3).

@) (b)

Figure 3. Illustration of a convex and non-convex set. (a) The line segment
between points &; and &, is entirely contained within the green set. (b) In contrast,
a portion of the line segment connecting &1 and & extends outside of the green set.

2.2. Convex Function

Definition 2. A function f : R®™ — R is convex if its domain is a convex
set and for all &, &2 in its domain, and all 0 € [0,1], f(0& + (1 —0)&) <

0f(&)+ (1 —0)f (&) [42]

Geometrically, a function is convex if and only if the line segment connecting
any two points on the graph of the function lies above or on the graph
between these two points. (see Figure 4).

2.3. Convex Optimization Problem

A standard form of convex optimization problem can be written as:
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Figure 4. Ilustration of a Convex and Non-Convex function. (a) The function

remains below or on the line segment, connecting two points. (b) A a portion of
f(€) is situated above the line segment connecting &; and &s.

min 1) (2.1)
st gj(§) <0, j=1,2,...,m (2.2)
hi(€) =0, i=1,2,...,p (2.3)

where £ is the optimization variable; f is the objective function and it is
convex. The inequality constraint function, which is convex, is shown with
gj, and equality constraint function, which has affine form, is shown as h;.
A non-convex optimization problem is a problem in which at least one part
of the optimization problem involves a function that does not satisfy the
properties of convexity.

2.4. The Significance of Convexity

Convexity plays a pivotal role in our pursuit of optimizing functions. It
holds a special place in this thesis due to its ability to reveal essential
information about the minima, which are the solutions to our optimization
problems.

One of the defining characteristics of convex functions is that any local
minimum also serves as the global minimum, given the existence of a unique
global minimum (refer to [42] for proof). This is in stark contrast to non-
convex functions, which are characterized by the presence of several local
minima. It is important to note that in non-convex functions, these local
minima may or may not correspond to the global minimum (see Figure 5).

Why does this property matter? Solving an optimization problem re-
quires an initial guess. Convex problems ensure that no matter where we
start, we always end up in the same best spot because there is only one
minimum. This makes optimization efficient and reliable, leading to glob-
ally optimal solutions. However, non-convex problems depend on the initial
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Figure 5. Local minima in a convex (a) and non-convex function(b)

guess, determining which local minimum is reached in the end (see Fig-
ure 6). It should be mentioned that whether these minima are acceptable
depends on the specific task at hand.

FNWA GG
8, &)

(a) (b)

Figure 6. Demonstration of how initial guesses (red and purple points) can affect
the solution of a convex and non-convex function. (a) In a convex function, both
the purple and red points converge to the same global minimum. (b) In a non-
convex function, distinct local minima are reached for each of these initial guesses.

2.5. Multi-Convex Function

Definition 3. Multi-convezity refers to a property of optimization problems
where the variables can be partitioned into different sets, and within each
set, the problem is convex when the other variables are held fized [45, 46].
For example, the function f=(£1&a+&364—2)% is a multi-convex function. We
can partition the variables into two sets including &3,&3 and &1,€4. When
we consider 2, &3 fized, we can observe that the function is convex in terms
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of & and &. Similarly, by fixing &1,&4, the function is convex in terms of
& and &3 (see Figure 7).

Multi-convexity allows us to break complex problems into simpler sub-
problems. Each of these subproblems are convex and can be solved inde-
pendently through optimization methods.

140
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100 & 400 N
3 [\
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Figure 7. An example of a multi-convex function. The function f=(& &+&6-2)2
is a multi-convex function. We can observe its convexity by fixing certain variables
as follows: (a) when & = 1 and {5 = 1, f remains convex. This can be visualized
as a convex function in the &; and &4 variables while holding & and £5. Similarly,
when & =0.4 and &4 = 4, f remains convex. This can be visualized as a convex
function in the & and &3 variables while holding &; and &4 fixed.

2.6. Quadratic Programming (QP)

Definition 4. A Quadratic Programming (QP) optimization problem is a
mathematical problem that involves minimizing a quadratic cost function
subject to linear inequality and equality constraints [42]. The QP problem
can be defined as

1
min ~¢7 Q¢ + ¢"¢
& 2
st.: AE=D (2.4)
where €& € R™ s the optimization variable and n, shows the number of
variables. The symmetric matriz Q € R™*™ defines the quadratic term.

The matriz A € R™*™ presents the coefficients of the equality constraints.
The vectors b € R™ specify the value of the equality constraint.

If the QP problem has only equality constraints, then the problem (2.4)
can be converted to a set of linear equations as

rYIEEN @s
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where v € R™ is the dual optimization variable. Finally, (2.5) can be solved
as

AT -
o= 2
As can be seen, the problem (2.4) simplifies to only a matrix -vector pro-
duction.
If I assume that the matrix Q is semi-definite positive, then (2.6) has
a unique solution. This property of (2.6) is instrumental in my research.
In subsequent chapters, I demonstrate how to convert the non-convex op-
timization problems into QP problems with convex costs. Following this,
I further transform them into a system of linear equations. Then, I show
that this transformation is beneficial because linear equations can be solved
more efficiently and are more easily parallelizable over a GPU.
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3. BASIC PROBLEM FORMULATION AND REVIEW
OF EXISTING APPROACHES

This chapter introduces a basic trajectory optimization problem and offers
an overview of existing solution approaches. Before presenting the problem
formulation, the symbols, and notations utilized throughout this thesis are
established. Additionally, the concept of differential flatness, a property
used in the optimization problem, is elucidated.

Symbols and Notations: I adopt a notation convention where lowercase
normal font letters denote scalars, bold font letters represent vectors, and
bold uppercase letters signify matrices. The variables ¢t and T correspond
to time stamps and transpose of vectors/matrices, respectively. The left
superscript k represents the optimizer’s iteration. Table 1 provides a concise
summary of some notations utilized in this research. Additional notations
will be introduced at their first instance of use.

It should be mentioned that for the sake of consistency throughout this
thesis, a uniform notation is employed across all chapters. It is acknowl-
edged that each original paper introduces its distinctive set of notations
and variable names, which may deviate from those specified in this thesis.
Nonetheless, to ensure clarity and precision, symbols and notations in each
original paper are explicitly defined within the corresponding paper.

Table 1. Notations used throughout the thesis

Notation Definition ‘
(x(t),y(t), 2(t)) Robot position
(%0,5(t);Yo,i (1), 20,5 (t)) 4" obstacle position
(xdes (t)a Ydes (t)7 Zdes (t)) desired position
Btk Crioars Minimum and maximum velocity
Amin > Gmaz Minimum and maximum acceleration
Np Number of planning steps
o Number of obstacles
Ny Number of decision variables
e Number of multi-circles
N Number of iterations
Ny Number of batches
N, Number of agents

Differentially Flat Robot Motion Model: Throughout this thesis, I
assume that the robot motion model has a property called differential flat-
ness. This allows ensures the control inputs u = ® (29 (t), 3D (t), (D (t))
can be obtained through some analytical mapping ® of ¢*" level derivatives
of the position-level trajectory. For example, for a simple 2D double inte-
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grator robots, the control inputs are simply u = (#(t), %(¢)). Similarly, for a
car-like robot, we can express the forward acceleration and steering inputs
as a function of position derivatives [47, 48](More details are provided in
Chapter 6).

3.1. Basic Trajectory Optimization Problem for 3D Navigation

I am interested in addressing the fundamental problem of trajectory opti-
mization, which is crucial for navigating a holonomic robot (e.g., a quadro-
tor) in 3D space. A key element of this problem is collision avoidance.
The robot’s task is twofold: it is required to meet its navigation objectives,
such as smoothness or following a desired trajectory, and it also needs to
ensure avoiding collisions with obstacles in its environment. To aid in this,
I model the obstacles as axis-aligned ellipsoids with (a,a,b) dimensions.
Subsequently, collision avoidance can be defined as a series of constraints
that keep the robot’s trajectory free from potential collisions. In Chapters
5-7, I consider a more sophisticated version of this problem. Nevertheless,
the basic formulation would allow us to identify the gaps in the existing
literature as well as highlight our contribution in the later chapters. The
mathematical structure of the optimization problem is defined as follows.

%1 Zcx @W(1) + g (9 (1) + . (219(2)) (3.1a)
cte (w(t)—;f;,j(t))Z_(y( )—i/;,j(t))Q_(z(t)—;,,j(t))QH <0.1<j<n,
(3.1b)

where (x(t),y(t),2(t)) and (z,(t), yo,j(t), 20,j(t)) respectively denote the
robot and the ;% obstacle position at time ¢. The function c(.),c,(.) and
¢ (.) are quadratic convex functions encompassing smoothness, trajectory
tracking error, or distance to a desired goal position. Even bounds of po-
sition and their derivatives can be expressed as quadratic costs and can
be included in the cost function. The (.) represents the ¢*” derivative of
position variables. Constraints (3.1b) also enforce collision avoidance.

3.1.1. Trajectory Parametrization

Optimization (3.1a)-(3.1b) is defined in terms of trajectory functions. To
express it as a standard optimization problem in terms of finite-dimensional
variables, I parameterize the x(t),y(t), and z(t) as smooth polynomials.
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z(t1) y(t) " 2(th)
=Pe¢,, | =Pg,, L | =P& (32

2(tn,) y(tn,) 2(tn,)

where P is a matrix created using time-dependent polynomial ba-
sis functions that map coefficients &,,§,,§, to the trajectory vari-
ables z(t),y(t), z(t). Similar expressions can be applied for derivatives
z(t),y(t), 2(t),Z(t),y(t) and Z(t) in terms of trajectory coefficients and
derivatives of the basis function matrix P, P.

Remark 1. The choice of matriz P includes Bernstein polynomial [49],
cubic spline [50], etc. When considering the matriz P is identity, the
parametrization essentially represents the trajectories as a sequence of way-
points.

3.1.2. Reformulating Trajectory Optimization (3.1a)-(3.1b) Using
Trajectory Parametrization

Using trajectory parametrization, the optimization problem (3.1a)-(3.1b)
can be rewritten as

1
min 367 Q¢ + ' (3.3)
s.t.: g(€) <0 (3.4)
where & = [ﬁm £, & Z]T. Due to the presence of collision avoidance con-
straints, (3.4), our optimization problem becomes non-convex, posing a sig-

nificant challenge to solve. In the following, I elaborate on how various
methods address this issue and discuss their limitations.

3.2. Literature Review

In this section, available methods for solving the (3.3)- (3.4) are reviewed.
In addition, it is explained how different methods can handle non-convex
inequality constraints and what limitations they have.

3.2.1. Gradient Descent (GD)
Gradient Descent (GD) is a common technique for solving unconstrained
trajectory optimization problems [51, 42, 52|. It begins by taking an ini-
tial guess of the trajectory parameters and calculating the gradient of the
cost function concerning these variables [42]. Subsequently, it updates the
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trajectory parameters by taking a small step in the direction opposite to
the gradient. This process iterates until the decrease in the cost function
saturates or the maximum iteration limit is reached.

How does GD method solve the trajectory optimization prob-
lem (3.3)-(3.4)? GD-based method is primarily designed for unconstrained
problems. Thus, to apply this method to the optimization problem (3.3)-
(3.4), inequality constraints are relaxed as penalties in the cost function.
The reformulated optimization problem can be written as:

fod
min (5€7QE + a7 + wafyen(£))) (3.5)

where fe, is the penalty function. There are various choices for fpen, and
[42] provides a good overview of them. Also, w; and wy are weights to make
a trade-off between different terms of the cost function. The steps to solve
(3.5) using GD are :
1. Initialization: Choose an initial guess for the decision variables &
at iteration k£ =0
2. Compute Gradient: Calculate the gradient of the objective func-
tion with respect to & and evaluate at ¥¢ . The gradient is given

by:

V(") = QF&+ a+ Vien(), (3.6)

and Q€& + q represents the gradient of the quadratic term.

3. Update Decision Variables: Update the decision variables using
the gradient descent update rule:

Mg = kg —nViq(*e) (3.7)

where 7 is the step size (or learning rate) and k denotes the iteration
number.

4. Termination Criterion: Repeat steps 2-4 until a termination crite-
rion is met, such as reaching a maximum number of iterations, achiev-
ing a desired objective function value, or observing small changes in
the decision variables.

GD method limitations: The limitations of GD-based methods are:

e Choosing the appropriate 1 is crucial [53]. Typically, a small value
for 7 is chosen. This slows down the convergence of GD. Conversely,
selecting a higher 7 can lead to divergence.
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e In its original form, GD is not designed for constrained problems. In
practice, careful choice of the constraint weights w;s are required to
make GD work. However, the choice of w; is problem-specific and
difficult to know apriori.

Existing works: A notable example of GD-based algorithms in trajec-
tory optimization is the Covariant Hamiltonian Optimization (CHOMP)
method, which uses covariant gradient techniques to enhance the quality
of sampled trajectories [29, 54]. However, as with any GD-based method,
CHOMP exhibits sensitivity to the selection of parameters, such as the
learning rate. Furthermore, it is prone to getting stuck in local minima.
Similarly, the authors in [55] introduced another GD-based method that
begins with an initial collision-free trajectory. The method employs a ba-
sic gradient to shorten the trajectory, thereby optimizing it. However, this
method is not immune to the typical issues associated with GD-based tech-
niques, such as learning rate selection and getting stuck in local minima.

3.2.2. Interior Points

Interior point methods are a class of optimization algorithms widely used
for solving constrained optimization problems [37, 56, 57]. These meth-
ods require the problem to be in a specific form where all constraints are
expressed as equality constraints. To ensure this, inequality constraints,
such as collision avoidance, are converted into an equality form. The core
mechanism of interior point methods involves iteratively updating primal
and dual variables to make progress toward the optimal solution while sat-
isfying both constraints and optimality conditions. This update process
continues until convergence is achieved, typically when the solution satisfies
specified convergence criteria.

ming 1ETQE+ATE fongs e
s.t.: g(é) < 0 Interior-points i

A& ‘
| KDAE= Ky —1——
’7> i ’— g 4 i Optimal Solution

Trajectory )
Optimization ; |

Figure 8. The trajectory optimization can be reduced to solving a set of linear
equations iteratively where ¥D and ¥x represent a changing matrix and vector for
each iteration, respectively. Also, A€ shows the update

How does Interior Points method solve the trajectory optimiza-
tion problem (3.3)-(3.4)? It can be shown that the optimization problem
(3.4) can be reduced to solving a set of linear equations iteratively (see Fig-
ure 8). The slack variable s is introduced to achieve such a form, and the
optimization problem is rewritten in the following manner.
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min J67Q¢ + a'¢ (38)

st.: g(§) —s=0 (3.9)
s>0 (3.10)

Then, the slack variable is transferred into the cost function using the log-
barrier method [58]. Thus, the optimization problem can be written as

min J67Q¢ +a’€ — Y logs; (3.11)
J
st.: g(§) —s=0 (3.12)

The initial step in solving the barrier problem involves expressing the
Karush-Kuhn-Tucker (KKT) conditions [59]. By defining a new variable
z= Sﬁj, the KKT conditions can be written as:

1
VeL=0, L=5£"Q6+a £+ A, (g(€) —s) —2's  (3.13)
V.L=0 (3.14)
g(§)—s=0 (3.15)
1
ZS — e =0, Z = diagz,S = diags;,e= |: (3.16)
1

The above (3.13)-(3.16) are nonlinear and pose a significant challenge when
attempting a direct solution. Therefore, in the context of the interior
point method, authors in [37, 56, 57| opt to linearize and approximate
the solution. This is achieved by considering the update directions as
[AE As ANy AZ]T. Furthermore, the left side of (3.13)-(3.16) is con-
sidered as the residuals of the current states. Then, using the first-order
approximation for the k" iteration, the following linear system is obtained.

k kT
Vil 0 Fvg 07 A¢ "VeL
0 0 I -I||As | | *ViL (3.17)
ng -1 o0 0 AXin | — |g*¢) —Fs :
0 Fz o0 kS| | Az kZkES — Le

The update directions can be computed at this point. The current iterate
can then be updated iteratively to derive the solution. It is also worth
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noting that (3.17) follows a linear format similar to Figure 8, where the left
side represents the matrix *D, and the right side represents the vector Fx.

Interior Point method limitations: As it can be seen, the computation
cost of this linear equation depends on computing the right and left side of
(3.17), D, and ¥y respectively, at each iteration. Furthermore, for each
iteration, it is necessary to calculate the inverse of matrix *D, which is
computationally demanding. It should be mentioned that as the number
of constraints increases, the size of this matrix expands, further amplifying
the computational complexity. For example, a highly cluttered environment
will lead to a large number of collision avoidance constraints and may render
the interior-point-based approach too slow for real-time applications [37].
Nevertheless, these classes of optimizers are extremely popular and have
been packaged in the form of some easy-to-use libraries.

Existing works: Some of the studies that are built on top of the interior-
point-based approach are as follows.

a) Interior Point OPTimizer(IPOPT). IPOPT is an open-source soft-
ware package designed to address large-scale nonlinear optimization prob-
lems. It employs a variant of the interior point method, customized for
nonlinear optimization tasks [60, 61, 62, 63, 64]. Like the interior point
method, the effectiveness of IPOPT’s solution is influenced by the initial
guess provided by the user. Furthermore, it may encounter computational
challenges when applied to large-scale problems with numerous constraints
and variables [65].

b) ROCKIT. Rockit is a software framework for optimal control. It
utilizes various Non-Linear Programming solvers, including IPOPT, to solve
optimization problems through the implementation of a primal-dual interior
point method. When a problem is defined in ROCKIT using CasADi’s [66]
symbolic representation, IPOPT is utilized as the solver to determine the
optimal solution. This process involves iteratively refining an estimate of
the solution while considering the problem’s constraints and the objective
function [32, 67, 68, 69].

¢) FATROP. FATROP is a constrained nonlinear optimal control prob-
lem solver that solves the optimization problem through the dual-primal
Interior-Point method [38].

3.2.3. Convex-Concave Procedure (CCP)

The collision avoidance constraints, denoted as (3.1b), possess a unique
characteristic: they are purely concave. This means that their affine ap-
proximation can serve as a global conservative upper bound for the original
quadratic constraints. This structure has led to the development of a set of
methods known as the Convex-Concave Procedure, or CCP, which is used
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to solve optimization problems [70, 41, 71, 72, 73, 74, 75]. CCP simpli-
fies these problems by using the affine approximations of the concave parts
(as shown in Figure 9). By iteratively alternating between solving simpli-
fied convex problems and refining the approximation of concave parts, CCP
gradually converges to the locally optimal solution |74, 75].

Unfeasible region

@) (b)
Figure 9. (a)Feasible region (in green) in general, (b) feasible region (in green)
using affine approximation of collision-avoidance constraints

How does CCP method solve the trajectory optimization problem
(3.3)-(3.4)? CCP is an iterative process, where at each iteration, we solve a
convex approximation of the original problem [41]. To solve the optimiza-
tion problem using (3.3)-(3.4), at iteration k, the inequality constraints g(&)
is linearized using the first-order Taylor expansion as:

g(&) ~ Vg("e)T (¢ -7 &) +g(*¢) = "AE— *b (3.18)

Typically, the affine approximation of (3.18) are more conservative than the
original constraints (see Figure 9). In other words, optimization with (3.18)
can be infeasible, even though the original problem might have a solution.
To counter such cases, it is common practice to introduce slack variables s
[41]. The final convex approximation that CCP solves at iteration k can be
defined in the following manner.

1
ngin 5sTQ_s +qle+uls (3.19)

,S
st FAE *b-s<0 (3.20)
s>0 (3.21)

As can be seen, for our specific trajectory optimization problem, the CCP
approximation (3.19)-(3.21) has essentially reduced to a Quadratic Program
(QP). Figure 10 shows a graphical representation of the CCP process.

CCP method limitations: While CCP has proven effective, it faces crit-
ical limitations, particularly in cluttered and dynamic environments. The
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Figure 10. Trajectory optimization problem is reduced to solving QP problem.

first limitation stems from the necessity of providing a collision-free initial
trajectory guess, a condition challenging to meet in cluttered and dynamic
scenarios. The addition of slack variables solves this problem at the cost
of increased computation time [41]. The second limitation arises from the
need to solve a constrained optimization problem at each iteration, mak-
ing real-time implementation impractical for highly cluttered environments.
Finally, the affine approximation is conservative and removes a large part
of obstacle-free space from the feasible region of the optimization [41].

Existing works: CCP is extensively used for trajectory optimization in
robotics, often by a different name Sequential Convex Programming (SCP).
For example, [76] uses SCP in their work on decoupled multiagent path plan-
ning via incremental sequential convex programming. Similarly, [34] applies
SCP for the generation of collision-free trajectories for a quadrocopter fleet.
Moreover, [77] employs this method in a recursively feasible and convergent
sequential convex programming procedure to solve non-convex problems
with linear equality constraints. These references highlight the effective-
ness of CCP/SCP in addressing complex optimization problems in robotics.
However, as mentioned before, the existing approaches of CCP/SCP do not
show good performance in highly-cluttered or dynamic environments. For
example, the approach of [34] is restricted to a very small swarm size. In
contrast, the optimizer introduced in this thesis is much more scalable for
larger swarms and can also allow for navigation over LiDAR point clouds
by treating them as point obstacles. Such results are not possible with
CCP/SCP.

Additionally, it is worth noting that the SCP methods inherit the lim-
itations of CCP method such as the potential for local optima and the
requirement for convexity in the problem formulation.

3.2.4. Sampling-based Optimizers

Sampling-based optimizers function by iteratively sampling in the space of
trajectories (or control inputs) to produce potential solutions and refining
them across multiple iterations [78, 79, 80, 44, 81, 82, 83|. Each iteration
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involves randomly selecting points or configurations within the search space
and evaluating their performance based on a specified objective function.
Through this iterative process of sampling and refinement, the optimizer
endeavors to converge towards a solution.

In the following, I will review some SOTA sampling-based optimizers
used for comparisons in this thesis.

a) Cross-Entropy Method (CEM). One of the common sampling-based
methods is the Cross-Entropy Method CEM |78, 79, 44, 84|. This method
is used to tackle optimization problems, especially in scenarios where
conventional deterministic approaches encounter challenges, such as high-
dimensional or non-convex optimization problems. To understand how the
CEM method solves our trajectory optimization problem (3.1a)-(3.1b), we
follow the following steps

1. Initialization: Initialize the number of samples , Ny, and distribution
parameters including mean, ', and covariance 'S at [ = 1.

2. Sample Generation: Generate N, samples £y, ...,§y, from Gaus-
sian distribution N (‘p,! 3), where A is a normal distribution with a
specific mean and a standard deviation that characterizes the spread
of the distribution.

3. Evaluation: Evaluate each sampled solution by computing the ob-
jective function and checking whether it satisfies the inequality con-
straint. We utilize linear penalty to evaluate samples. Thus, the
evaluation can be obtained through computing.

Cevi = %@TQ& +q7¢+ ) max(0,g;(¢), i=1,...N, (3.22)
j

4. Selection: Choose top Nejite samples from cey ;.

5. Parameter Update: Update the mean, "' p, and covariance of the
probability distribution, 13, using

1
= , 3.23
h= 5 Zezcﬁm (3.23)
1
e = o & =" )&, - )T (3.24)
elite meC

where set C consists of the top Ngjjze samples.

6. Termination Criterion: Repeat the iteration process until a termi-
nation criterion, reaching a maximum number of iterations, is met.
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CEM limitations: There are two main issues with CEM methods. Firstly,
CEM requires considering a large number of samples to ensure finding an op-
timal solution [85]. This consideration makes CEM computationally heavy
for large-scale problems with a large number of variables. Secondly, the
performance of CEM heavily depends on the initial distribution. If all the
samples fall into infeasible regions, CEM may not be able to find a feasible
solution [85].

b) Covariance Matriz Adaptation Evolution Strategy (CMA-ES). By just
changing the distribution update rules (3.23)-(3.24), it is possible to obtain
different variants of sampling-based optimizers. One such method is Co-
variance Matrix Adaptation Evolution Strategy (CMA-ES) [86]. Its overall
process is the same as CEM. In the context of this thesis, it begins by creat-
ing a set of potential solutions, which in this case are various possible robot
trajectories. These trajectories are assessed using an objective function that
considers factors such as distance to the target, trajectory smoothness and
avoidance of collisions. The top-performing trajectories are then selected
to generate a new set of potential trajectories for the next iteration. This
is achieved by sampling from a multivariate normal distribution, with the
mean and covariance matrix of the distribution updated based on the suc-
cessful trajectories from the previous iteration. This procedure is repeated
until a satisfactory trajectory is identified [87].

One of the recent works that uses CMA-ES method is Via-Point-Based
Stochastic Trajectory Optimization (VP-STO). This method uses CMA-ES
to optimize the trajectories, defining velocity and acceleration limits and
internally constraining the solution to those. VP-STO is one of the recent
CMA-ES-based methods designed to optimize robot behavior in complex
dynamic environments [80].

CMA-ES limitations: One of the main CMA-ES limitations is its de-
pendency on the quality of chosen features or the underlying parametric
function space. The quality of the solution depends heavily on the selec-
tion of these parameters [86]. For example, in VP-STO these parameters
include the number of via-points, the selection of via-points and trade-off
weights in the cost function. Another limitation is the high computational
time. CMA-ES uses high-dimensional trajectory representations, which can
be computationally expensive and inefficient, limiting the speed at which
the system can react to changes in the environment. Also, it can suffer from
local optima, where it may get stuck in a suboptimal solution [87].
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4. PAPER I: A NOVEL TRAJECTORY OPTIMIZATION
ALGORITHM

4.1. Overview of the Main Algorithmic Results

In this chapter, a novel algorithm [1] for solving the optimization prob-
lem (3.1a)-(3.1b) is introduced. At a broad level, the main features of the
proposed approach can be described as follows:

. 1 -1 -
ming §§TQ§ + qTé our for k 1:n
k+1
s.:g(6) <0 Method Do k7 e
Trajectory hE e="x Optimal Solution
Optimization

Figure 11. The trajectory optimization problem can be reduced to solving a
system of linear equations where D and ¥ represent a fixed matrix and changing
vector during different iterations, respectively

o [ show that the solving (3.1a)-(3.1b) can be reduced to solving a sys-
tem of linear equations (4.1) with matrix D being fixed across all
iterations and vector X (see Figure 11). Later, it will be explained
how D and X are derived latter.

D¢ = Fx (4.1)

Since the matrix D is fixed across all iterations (4.1), I can show that:

1. The factorization/inverse of D can be computed once and used
across all iterations.

2. The size of matrix D does not change with the number of con-
straints and only depends on the planning horizon. Thus, an
increase in the number of obstacles does not affect the computa-
tion cost for factorization of D.

3. I further show that D has block-diagonal structure. Thus, the
computation along each motion axis can be decoupled in the
following manner:

ﬁm&x = kiw’ ﬁygy = kigﬁ ﬁzgz = kiz (42)

e To obtain the computational structure of the form (4.1), I present a
novel reformulation of the quadratic collision avoidance constraints. I
show that this new reformulation has a multi-convex structure that

37



can be leveraged through mathematical concepts such as AM and the
augmented Lagrangian method.

In the next sections, I will outline the advantages of the proposed work
over SOTA method and explain the main results in detail.

4.2. Advantages of the proposed Approach Over SOTA

e Efficient Computational Complexity: The per-iteration compu-
tational complexity of the proposed optimizer is significantly lower
than SOTA approaches like CCP [41]| (refer to Figurel9). I show
while the solution quality of our optimizer is competitive with CCP,
it can be several orders of magnitude faster.

e Lower Computation time: The proposed optimizer offers the pos-
sibility of caching the matrix factorization part and thus reducing the
entire computation to computing matrix-vector products or evaluat-
ing some symbolic expressions.

4.3. Main Algorithmic Results

In this section, I present the main theoretical details of the proposed op-
timizer. The discussion is initiated by providing the context and rationale
behind the proposed novel collision avoidance model. Following this, I delve
into the details of how this model is leveraged within the optimization prob-
lem.

Reformulating collision avoidance constraint: I adopt polar/ spheri-
cal representation to reformulate the collision avoidance constraints (3.1b)
as:

x(t) — o, (t)— ad, ; (t) cos v ;(t) sin B, ;(t) = 0 (4.3a)
Y(t) — Yo, () —ad, ;(t) sin a, ;(t) sin B, ;(t) = 0 (4.3b)
2(t) — 20,5 (t) — bd, ;(t) cos B, j(t) =0 (4.3¢)
do;(t) > 1,V1, (4.3d)

where d, ;(t) is the distance between the robot center and j** obstacle cen-
ter. Also, a, j(t) and B, ;(t) are angles between the robot and obstacle
center (see Figure 12(a)). These variables, derived from the polar/spherical
representation, play a key role in guiding the optimization problem to avoid
collisions effectively. To understand it better, consider a scenario where a
point (z(t),y(t),z(t)) resides within an obstacle (Figure 12(b)). The colli-
sion can be avoided if we push away the considered point from the center
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of the obstacle, (z,(t), yo,j(t), 20,;(t)) along the directions of «, ;(t) and
Bo,j(t). The parameter d, j(t) tells us how much the point needs to move
away from the obstacle’s center. We note that d, j(t) has an analytical form
as (4.4).

a? a? b2
(4.4)
z
(xo,j’Ya.j»Zo,j)
—_————
Final point
>y
/
/

/
‘ Start point

() (b)

Figure 12. (a) The polar/spherical relationship between the positions of the
robot and the obstacle can be derived through trigonometry. The vector d, ;(t)
represents the line-of-sight distance, representing the distance between the centers
of the robot and the obstacle. The polar angle, 3, ;(t), signifies the angle that
do,;(t) makes with the z-axis. Additionally, the azimuth angle, o, ;(t), serves as the
normal polar/spherical coordinate in the x-y plane. Together, these parameters
provide a comprehensive polar/spherical representation capturing the geometric
relationship between the robot and obstacle positions (b) Intuition behind the
proposed collision avoidance model: the point (x(t),y(t), z(t)) that is in collision
with the obstacle needs to be pushed away from the center of the obstacle along
the directions o, (), Bo,;(1).

Remark 2. For clarity and to facilitate the tracking of changes in the
optimization problem, each term of the optimization problem is highlighted
with a specific color.

Reformulating Trajectory Optimization Problem: By considering
the new formulation of collision avoidance constraints (4.3a)-(4.3d), the
original optimization problem (3.1a)-(3.1b) can be rephrased in the follow-
ing manner.
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min (@D () + ¢y (YO (t)) + . (219 (1)) (4.5a)
x(t),y(t), 2(t), ca i (1),
Sa,i(t),cp,5(t), 58,5(1),
do,j(t), to,j (1), Bo,j (t

s.t:

Ca,j(t) = cosaoj(t) . sa.;(t) =sina,;(t) (4.5b)

cg,j(t) = cos Bo,;(t) . sp,;(t) = sinB,,;(t) (4.5¢)

dos(t) > 1 (4.5d)
T(t) = 0,5 (t) — ado,jCa,;(t)ss,5(t) =0 (4.5e)
Y(t) — Yo,;(t) — ado jSa.;(t)s,;(t) =0 (4.5f)
2(t) = 20,5(t) — bdo,jcp,5(t) = 0, (4.5g)

where ¢, (z(@(t)), ¢,(y@(t)), and c,(2(D(t)) represent the quadratic cost
functions along each motion axis. I have introduced additional vari-
ables ¢4 j,5q4,j,¢p,; and sg;. These new variables act as a copy of sine
and cosine of angles, «, ;(t) and S, ;(t) in the collision avoidance con-
straints (4.3a)-(4.3d). Moreover, new equality constraints (4.5b)-(4.5¢)
have introduced to maintain the relationship between cq, j, sa.5, 3,5, 58,; and
oS (), sin a, j(t), cos Bo, j(t),sin o, j(t), respectively.

I now relax all the equality constraints in optimization (4.5b)-(4.5g) using
augmented Lagrangian method as

£((8), y(0), 20), ca s (1); 50,50, €,5(1): 55,50, dos (1), 0,4 (8), Bo (1))
= o (2 D(t)) + ¢, (YD (1)) + c2 (29 (1))
Np J=n

=No

+ Z Z (x\;r,j(t)( T(t) — Zo,j(t) — ado,jca,;(t)sp,;(t) )
=0
- ’;"(

j=1
2 (@(t) = 704(t) — adoca (t)ss;(t) )?)

J=no

+Z (M — Yoj (1) — ado j5a(t)s5,(1) )
0
pO(

t= 7j=1
+ L2yt = Yo (1) — 050 (1)334(1) )
t=np j=no
+ 33 (a2 = 20 (8) = bdnea (8))

t=0 j=1
n %( 2(t) = 20,4(t) — bdo jcp,(t) ))
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t=npj=n,

Aco (t) p ] As,, (®)
+ZZ( (cayj(t)—cos ao,;(t)+ p] )2-F§(8a](t) sin a5 () + ; )2)
t=0 j=1
l=npj=n,

Aes @) 1o, p , s, (0)
3 3 (; (EEOSRBER ) (SO =E O ——))
t=0 j=1

Thus, the trajectory optimization can be written as

min £ (2(8), y(0), 2(0), Cag (1) 805 (1), €5 (1), 30,5 (1), o (1), 05 (1), Bos (1))

z(t), y(t), 2(t),
Ca,j(t), 80,5 (t)
cp,5(t), sp,5(t)s
do,j(t), cvo,;
(), Bo,5(t)
(4.7)
d(hj(t) > 1, (4'8)

where n, and n, stands for the number of planning steps and obstacles, re-
spectively. The parameters Ay ;(t), Ay j (), Az j (), Ao ; (), Asa (), Acy; () and
Asg ;(t) are Lagrange multipliers. The p, and p are scalar. As can be seen, we
relaxed the equality constraints in (4.5e)-(4.5g) and transferred them into
cost function (4.7) using a combination of quadratic penalties and linear
terms multiplied with Lagrange multipliers. Along similar lines, we also re-
laxed the equality constraints in (4.5b)-(4.5¢) as quadratic penalties in (4.6).

On initial inspection, the formulation (4.7)-(4.8) may seem like a typi-
cal non-linear programming problem. However, upon closer examination,
we recognize its multi-convex structure within the space (z(t),y(t), z(t)),
do,j(t), (ca,j(t),5q,i(t)), and (cs,;(t), sp,;(t)). That is,

o If we consider the optimization variables d, j(t), (ca,;j(t), 5,;(t)), and
(cp,j(t),sp,5(t)) fixed, then the optimization problem (4.7)-(4.8) is con-
vex in terms of (z(t),y(t), z(t)).

e If we consider the optimization variables, (z(t),y(t), 2(t)), do;(t), and
(c,;(t), s5,5(t)) fixed, then the optimization problem (4.7)-(4.8) is con-
vex in terms of (cq,j(t), Sa,;j(t))-

e Similarly, for a given (z(t),y(t), 2(t)), do;(t), and (ca,;(t), Sa,;(t)),
then the optimization problem (4.7)-(4. ) is convex in terms of

(cs,i(t), 58,5 (2)).

This multi-convex structure enables us to use techniques such as AM to
solve the trajectory optimization problem effectively. Algorithm 1 outlines
the step-by-step process of solving (4.7)-(4.8). We comprehensively analyze
each stage of the Algorithm 1 in the subsequent paragraphs

Analysis and Description of Algorithm 1: Now, the details of the
proposed algorithm can be explained as follows:
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e Lines 1-2: The algorithm begins with initializing *d, ;(t), *a,.;(t),
and ¥, ;(t), and subsequently calculating *c, ;(t), Fs4,;(t), Fcg(t),
and Fsg ;(t) at k= 0.

e Line 3: Following this, we compute the optimization variables
ke (), y(¢) and k*12(¢). Thus, first, we inspect equations (4.7)-
(4.8) and identify terms associated with x(t), y(t), and z(¢) and rewrite
the trajectory optimization as (4.13a)-(4.13c). Remarkably, given val-
ues of ¥d, ;(t), Fao(t), and *B,(t), (4.13a)-(4.13c) are decoupled
from each other, as they involve distinct terms (illustrated in different
colors). So they can be solved in parallel. To solve trajectory opti-
mization, (4.13a), we parametrize x(t) using (3.2) and assume that
for the k" iteration, the first term in (4.13a) takes the following form

e (1) = 1€ QuE, + Fale,, (49)

for some constant positive definite matrix Q,, and vector q,. The
exact expression for these depends on the definition of ¢, (z(9)(t)),
and we discuss some possible choices in implementation details. The
second term of (4.13a) also can be defined as:

No

k
Z( Aw,j(PEm—Xo,j—akdoJkca,jkSB,j)ﬂL%(PSx—XoJ—akdo,jkca,jkSﬂ,j)Q)

j=1

(4.10)

where A j,X,,doj,Cq,; and sg; are formed by stacking
Az,j(t), o j(t), doj(t), cai(t) and sg;(t) at different time steps.
Additionally, using some simplifications, the quadratic programming
problem (4.13a) can be reduced to solving a set of linear equations as

X

D.

(Qm + ponoPTP) Emzi(qu‘i’z PT k)\m,jfpoPT(Xo,j‘i’akdo,j kcoz,j kSﬁ,j)) .

j=1

(4.11)

As can be seen, the optimization problem is reduced to the structure
of (4.2) with a fixed matrix across all the iterations. Similarly, we
solve (4.13b) and (4.13c) to compute y(t) and z(t).

e Line 4: In this stage, we derive the optimization variables k“cad- (t)
and ¥+1s, ;(). To compute these variables, we look at equations (4.7)-
(4.8) and identify terms associated with cq ;(t) and sq ;(t). The tra-
jectory optimization is then reformulated as (4.14a)-(4.14b). Impor-
tantly, with given values of ®d, ;(t), ¥z (t), ¥1y(t), ¥H12(t), Fa,,;(2)
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and * 3, ;(t), the trajectory optimization problems (4.14a)-(4.14b) are
independent, featuring distinct terms (color-coded for clarity). Thus,
they are thus amenable to parallel computation. Crucially, for a spe-
cific obstacle index j, **lc, j(t) and **ls, ;(t) are temporally un-
correlated. Similar to line 3, we stack our optimization variables at
different time instances. Moreover, we observe the decoupling of opti-
mization variables across various obstacles. Consequently, optimiza-
tion (4.14a)-(4.14b) can be decomposed into n, x n,, parallel optimiza-
tions, each entailing the minimization of a single-variable quadratic
function. The solutions for each can be derived symbolically, further
enhancing the computational efficiency of the algorithm.

Line 5: While optimization (4.15) poses a non-convex challenge, an
approximate solution can be derived through simple geometric intu-
ition. Illustrated in Figure 12 (b), each set of feasible x(t) — z, (1),
y(t) —yo,j(t), and z(t) — 2, j(t) forms an ellipsoid centered at the origin
with dimensions (ad, ;(t), ad, ;(t), bd, ;(t)). Consequently, (4.15) can
be viewed and obtained as a projection of x(t) -, ;(t) and y(t)—yo,; ()
onto an axis-aligned ellipsoid centered at the origin.
Line 6: In this phase, we determine the optimization variables
Mlcgi(t) and ¥ lsg(t). To achieve this, we meticulously exam-
ine equations (4.7)-(4.8), isolating terms associated with cg ;(t) and
s5,(t). The trajectory optimization is then reconfigured as (4.14a)-
(4.14b). Importantly, given values of *d, ;(t), ¥lx(t), *+1y(¢), and
F1la, j(t), the trajectory optimization problems (4.16a)-(4.16b) are
independent, featuring distinct terms (color-coded for clarity). Hence,
they lend themselves to parallel computation. Similar to line 4, our
optimization problems (4.16a)-(4.16b) can be decomposed into n, xn,,
parallel optimizations, each entailing the minimization of a single-
variable quadratic function.
Line 7: Similar to the intuition applied in line 5, optimization
problem (4.17) can be understood and derived as a projection of
2(t) — 2,,5(t) and y(t) — yo,;(t) onto an axis-aligned ellipsoid centered
at the origin.
Line 8: We compute **1d, ;(t) using (4.4).
Line 9: In this step, we update the Lagrange multipliers based
n (4.12a)-(4.12g). The rules for these updates are adopted from
[88]. Additionally, in each iteration, we increment the weights of the
quadratic penalties, p and p,, if the residuals do not fall below the
specified threshold.

I =" X O +po (FT 2 () =20 () =0 doyi (B T cag (0 55, (1))
(4.12a)
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Ny ="y O+ 00 T YO Yo, O)—a " doy (B 505 (6 55,5 (1)

(4.12b)
B (0 =" Ay 000 (F 2020y 05 1 do s (OFFlep,(0)  (4.120)
B 0="e, , O+ (o () = cO5 o () (4.12d)
BN 0= A, O+0( 50 (t) = sinao, (1)) (4.12¢)
B 0 =F,, (00 (C ) = o8 Boy (8) (4.121)
BN ="y, 0+ (3 (0) = sin Boy () (4.12g)

4.4. Validation and Benchmarking

Implementation Details: We implemented Algorithm 1 in Python, uti-
lizing the Numpy [89] libraries, and incorporated CVXOPT [90] to solve
the QPs within each iteration of the CCP. The execution of all benchmarks
took place on a laptop with a 2.60 GHz processor and 32 GB RAM. To
enhance the computational efficiency of the CCP, we adopted the heuristic
proposed in [41], which involves considering only 6 —8% of the total number
of collision avoidance constraints at each iteration. It is crucial to note that
this heuristic’s effectiveness is highly dependent on problem parameters,
and determining the specific percentage involved multiple trial and error
iterations. The following cost function was employed in our analysis.

(=t Z wid(t)? + wa(x(t) — waes(t)) (4.18)
Z wigi(t)? + w2 (y(t) — Yaes(t)) (4.19)

Zwlz )2+ wa(2() = Zaes (1)), (4.20)

where each cost function comprises two terms: the first term ensures
smoothness, while the second term relates to the tracking of the desired tra-
jectory (ges(t), Ydes(t), zdges(t)). The weights wq and wy enable a trade-off
between different components of the cost function. We employ the following
metrics to evaluate our proposed method

e Smoothness cost: This metric shows the acceleration values and it can
be defined as

Tp

(f(t)Z-i-y( )245(t) ) (4.21)

t=0
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Algorithm 1: Alternating Minimization for Solving (4.7)-(4.8)

Initialization: Initiate *d, ;(t), Fa, ;(t), B0 ()

1 while k < maziter do

2

3

8
9

Compute kca\,'(t) =cos kaoﬂ-(t) ¥ S0 t) =sin Fap,; (t)7k65’j (t)=cos kﬁo,j(t) ,kSB’j (t) =sin kﬁo,j(t)
Compute *+1z(t),Ft1y(t) and F+12(¢)

t=np j=n,
k+1x(t) — argzﬂ(itr)lcz (‘1) + Z Z <k/\z ] x(t) ajo,](t) —akd ,]()
t=0 j=1
xkca,j(t)ksﬁ,j(t))+%(m(t)fxo,j(t)—a’“do,j(t)’“ca,j(t)’“ss,j(t))2) (4.13a)

t=np j=n,
FHy ()= argminey (0 O)+ 3 D0 (M (03090, 0) = atdo; 0
t=0 j=1
Xksa,j(t)ksﬁ,j(t))Jr%(y(t)_yo,j(t)—akdo,j(t)ksa,j(t)ksﬁ,j(t))Q) (4.13b)

t=np j=n,

k+1 z(t)= argmlncz +Z Z( Az O (2(0) — 20,5 () — bkdO,j(t)
=(t) =0 j=1
Po
xkop,i(8) )+ 52 ( 2(8) = 20,(t) = bdo g *es,5(8) )?) (4.13¢)
Compute *tle, ;(t),*1sq ;(t)

Ac,, s (t
kHle, ) = arg mm ZZ( ( Ca,j(t) — cosPae ;(t) + %7]()

)2
+ X (O al) —x0 () —aFdo,j(t)ca,; ) Fsp,5(t) )
2 () = 0, (t) = aFdo i (Bca g () Fsp (1) )P)  (4.14a)

As. (T
k+ls, ;(t) = arg min ZZ( ( Sa,;(t) —sinka, ;(t) + SQTJ())Q

Sa, ]( )
+ Ay (OCFT Y () = Yo i(t) —aFdo,j(8)sa,i () sp,5(¢))

+ 2 0) = 3o () — @ do  B30.5(9) *35.40) )?) (4.14b)

Compute k"'laoj(t) ©
Sa,j(t
Yoo, ;(t) = arg mln ZZ a,;(t) — arctan QWZ;(O)Z (4.15)

aoJ

Compute ktles 5(t), Ftlsg (1)

Aey . (t
Cﬂ,J(t)farg mm ZZ( (cp,;(t) — cos* B, ;(t) +ﬁvTJ())2

+ EAL (O (FF2(2) — 20,5(t) — bPdo,5(t)ep,;(2) )
+ %( ktla(t) — Zo,5(t) — bkdo,j (t)es,;(t) )2) (4.16a)
Asg
SB i) = arg ;mn Z Z ( 53, (t) — sin* 3, J(t)ﬂ)

+ 0 s Oy (1) = yo, (1) —aFdo,j(8)¥ T sa,5(t)55,5 () )

2Ry () — o 5 (1) — aFdo g () + 50,5 (D)35,5(1) )2)  (4.16D)
Compute F*18, ;(t)

t
k+lg, i(t) = arg min ZZ(,@o’j(t) arctan 2%“ (4.17)
Bo.i (1) S5 ¢,5(t)
Compute #*1d, ;(t) through (4.4) using updated (z(t),y(t), z(t))
Update Az,;(£), Ay,j (1), Az 5, Acq j (£)s Asy (£ Acg ; (8) and Asg (t) at k+1

10 end
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Figure 13. (a) and (b): Static obstacle benchmarks depicting a narrow corridor-
like scene and an environment with randomly placed obstacles. The paths obtained
with our proposed optimizer are marked in blue, while the CCP approach paths
are marked in cyan. The desired trajectory to be tracked is indicated in magenta.

e Tracking cost: This metric shows how well our optimizer follows a
desired trajectory and it can be defined as

np

S ((@lt) — 2aes(t))” + W)~ vaea®) + ((0) — 20 (1))?) (422)

t=0

e Computation time: This metric shows how long it takes for our pro-
posed optimizer to find a collision-free trajectory.

e Scalability: Computation time changes by increasing the number of
obstacles and for a fixed number of iterations.

4.4.1. Benchmarks and Qualitative Results

Three benchmarks, including scenarios with 2D static obstacles (Figures
13(a) and 13(b), for a narrow corridor-like scene and an environment with
randomly placed obstacles), 2D dynamic obstacles (Figures 14(a) and 14(b))
and 3D collision avoidance (Figure 15) are considered. For each bench-
mark, we considered n, = 10 obstacles and generated 15 different problem
instances by varying the initial position and velocity for a given final state.
The planning time interval ranged from 15s to 60s, depending on the start
and goal positions, and was discretized into n, = 1000 steps. Thus, the
total number of collision avoidance constraints across all benchmarks was

10, 000.

4.4.2. Convergence Validation

A key validation for our optimizer, Algorithm 1 is the decrease in different
residuals over iteration. Figure 16 shows this trend for equality constraints
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Figure 14. (a) and (b): Dynamic obstacle benchmarks depicting environments
where obstacles are moving in opposite and perpendicular directions relative to
the agent. The paths obtained with our proposed optimizer are marked in blue,
while the CCP approach paths are marked in cyan. The desired trajectory to be
tracked is indicated in magenta.

Figure 15. 3D obstacle benchmark. The paths obtained with our proposed
optimizer are marked in blue, while the CCP approach paths are marked in cyan.
The desired trajectory to be tracked is indicated in magenta.

(4.5g) and (4.5b). As can be seen, on average, around 100 iterations suffice
to achieve a residual on the order of 1073.

4.4.3. Quantitive Results

Optimal Cost Analysis: Figure 17 presents the statistical analysis of
the optimal costs, including smoothness and tracking across various bench-
marks. A diverse trend is observed in the 2D benchmarks. However, upon
averaging the costs across all instances, both the proposed optimizer and
CCP demonstrate very similar smoothness and tracking costs, with CCP
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Figure 16. The general trend of residuals of equality constraints (4.5g) and
consensus term (4.5b) with iterations for 2d static and dynamic obstacles

showing a marginal superiority. Notably, for the 3D obstacle benchmark
in Figure 17, the proposed optimizer consistently achieves solutions with
significantly lower smoothness costs.

Computation Time Comparison: We now introduce one of the key
results of this paper. Figs. 18 presents the statistical analysis of computa-
tion times across different benchmarks. Notably, for the 2D static obstacle
benchmark (see Figure 18(a)), the proposed optimizer achieves an average
speed-up of up to two orders of magnitude compared to CCP. Furthermore,
the computation times for CCP exhibit high variance, suggesting that the
worst-case difference in computation time could be even more pronounced.
The proposed optimizer demonstrates a similar speed-up in both the dy-
namic obstacle (see Figure 18(b)) and 3D benchmarks (see Figure 18(c)).
Computation Time Scaling: Figure 19 reveals the second important
result in this paper. It illustrates how computation time varies with an
increase in the number of collision avoidance constraints. CCP exhibits
almost quadratic scaling, consistent with a similar observation presented
in [34] (see Figure 3 in [34]). In contrast, the proposed optimizer displays
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Figure 17. The optimal cost statistics for static 2D obstacles (a)-(b), dynamic
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2D obstacles (¢)-(d) and 3D environments (e).

sub-linear growth in computation time. This nice characteristic stems from
the fact that the computation cost of the left-hand side of (4.11) does not

depend on the number of obstacles.

We demonstrated some snapshots from real-world experiments using Parrot
Bebop robot ! in Figure 20. These snapshots were obtained from the qual-
itative results of our proposed optimizer over two configurations, including

Tracking

4.4.4. Real-world Demonstration

one static and one dynamic environment.

https://www.youtube.com/watch?v=_HXO0fErJzQo
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Figure 18. The computation time comparison for static 2D obstacles (a), dy-
namic 2D obstacles (b) and 3D environments (c).
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Figure 19. Scaling of computation time with the number of collision avoid-
ance constraints: CCP has quadratic scaling, while our optimizer shows sub-linear
growth.
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(@) (b)

(c) (d)

Figure 20. Snapshots of real-world experiments utilizing our optimizer in both
a static (a-b) and dynamic (c-d) environment. Obstacles are marked in green,
and the robot is shown in red. In (c¢-d), the dynamic obstacle is represented by a
moving robot.

4.5. Connections to the Rest of the Thesis

This work serves as the foundational cornerstone for all subsequent research
presented in this body of work. The conceptualization and modeling of col-
lision avoidance constraints, as well as additional constraints introduced in
subsequent papers, draw inspiration from the intuition developed in this
paper. Furthermore, the algorithms presented in our subsequent works
extensively leverage the principles of the AM method, building upon the
concepts and analyses outlined in this foundational work. Key method-
ologies such as parametrized trajectory optimization and the augmented
Lagrangian method, outlined in this foundational work, form an integral
part of the analytical framework adopted in subsequent studies.
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5. PAPER II: BATCH TRAJECTORY OPTIMIZATION
ALGORITHM

5.1. Context

As discussed in Chapters 3 and 1, a significant challenge in trajectory op-
timization problems is selecting an appropriate initial guess. A poor initial
guess may cause the optimizer to run for a long time without converging
to a solution or converging to a bad solution (see Figure 21(a)). Therefore,
the focus of this chapter is to tackle this issue by considering a rather sim-
ple idea. I can initialize a trajectory from multiple initial guesses, which,
for example, could be drawn from a distribution. This will lead to a dis-
tribution of locally optimal trajectories, as shown in Figure 21(b). I can
then choose one of them based on their associated optimal cost value. Al-
though, simple, the conventional wisdom suggests that this idea is unlikely
to be useful as the computational cost of running several hundred trajec-
tory optimizations could be prohibitive. This chapter essentially challenges
this conventional wisdom for a class of optimization problems that cover
autonomous navigation of a rectangular-shaped robot in cluttered and dy-
namic environments. Specifically, I propose a batch-trajectory optimizer
that leverages GPU parallelization to runs hundreds of different instances
of the considered trajectory optimization problem in real-time.

!!o :\E

@) (b)

Figure 21. (a): Naive initialization (e.g., straight blue line) may lead the tra-
jectory optimizer to unsafe local minima. Our batch setting allows us to run
hundreds of different instances of the problem in real-time, obtained by different
initializations of the problem. In (b), the blue trajectories represent initialization
samples drawn from a Gaussian distribution [91]. After a few iterations, our batch
optimizer returns a distribution of locally optimal trajectories (green) residing in
different homotopies (best cost trajectory: red)
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5.2. Problem Formulation

I am interested in solving a batch of trajectory optimization for autonomous
navigation. In this chapter, a slightly different variant of the problem is dis-
cussed. Specifically, I consider a rectangular shaped robot for which collision
avoidance also depends on the orientation. The mathematical problem is
given by:

z(mws(tws (O (i ()= aes () *H(yi () —Yaes (t))Q),l <i <N,

min
zi(t),y: (), ()

(5.1a)
s.t.:
(zi(to), yito), wi(ty), yi(ty)) = b (5.1b)
(i(to), ¥i(ty)) = by (5.1c)
FF) + 97 (t) < Vnags  EF(E) + 7 (1) < afgy (5.1d)
(@i (8) +rmcos Pi(t) =20, (1) (yi(t)+rm sin () =y, (1)

- a - = +1<0,1<m < ne
a

(5.1e)

Where the objective of the cost function (5.1a) is to minimize the sum of
squared linear and angular accelerations, as well as the tracking error from a
desired position trajectory (Zges(t), ydes(t)) at different time instants. Here,
1;(t) represents the heading angle of the robot. The vectors b and by in
(5.1b) and (5.1c) represent the initial and final values of boundary con-
ditions on linear and angular positions and their derivatives. We assume
Umax and amax as the maximum velocity and acceleration, inequality (5.1d)
sets bounds on the total velocity and acceleration. Inequality (5.1e) intro-
duces collision avoidance constraints. The obstacle locations are defined by
(20,5(t), Yo, (t)), assumed to be axis-aligned ellipses with dimensions (a, b).
We consider the robot to have rectangular footprints, which we can repre-
sent as a collection of n. overlapping circles [92], [31], each positioned at
coordinates (&7, 0) in the local frame. Thus, (5.1e) ensures that the m!"
circle of the footprint does not overlap with the j* elliptical obstacle, as
illustrated in Figure 22(b).

5.3. Overview of the Main Algorithmic Results

Figure 23 and 24 illustrate how our approach addresses trajectory optimiza-
tion for various initializations across GPUs. It is also shown in Figure 24
how the off-the-shelf optimizers handle trajectory optimization problems
using multiple initializations.

I show that the main computation associated with solving (5.1a) - (5.1e)
can be reduced to solving a set of equality-constrained QPs (5.2), charac-
terized by a distinctive structure where only the vector q; varies among the
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Figure 22. (a): Robots with rectangular footprints can be modeled in two ways:
a combination of circles (utilized in this work) and a single circle [92]. Using a com-
bination of overlapping circles, as depicted, enables the incorporation of rotational
motions, facilitating better maneuverability in confined spaces. In contrast, the
circular footprints may be overly conservative, potentially compelling the robot to
take larger detours. (b) A rectangular footprint with center O(t) = (z;(t), y;(t))
and heading angle 1;(t) is represented through combinations of four circles. (c)
The robot is modeled as a single circle.

instances of the problem and also across the iterations of each problem’s
solution process.

win (3€7QE + fale), st A& =B icLN] (52

Based on our discussion in Section 2.6, the it optimization problem (5.2)
can be reduced to a set of linear equations as

QDAT 3 75“
EIFEH =

where v; is dual optimization variable. Since the matrix in (5.3) is constant
for different batch instances, and also all batches are independent of each
other, I can compute solution across all the batches at a given iteration k
in one-shot as follows:

constant
= 7 k= k=
H ﬁfﬂ—([ﬁ ﬂ)l[,‘;‘l T e

where | implies that the columns are stacked horizontally. As can be seen,
the optimization problem is reduced to the Fig 24 form. Additionally, for
providing a graphical representation of the concepts discussed, I visualize
each of QPs for all initial guesses in Figure 23.
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QP Problem Problem reformulation

- One-shot solution

Figure 23. Visualization of the Main Idea: Schematic representation illustrating
the structure and relationships of a set of equality-constrained QPs. The diagram
demonstrates how varying vectors among instances, denoted as q;, undergo a re-
duction process, revealing insights into computational simplifications. Each green
box represents an individual QP instance. Notably, the matrix inside the blue
box remains constant across all QP instances, enabling a one-time computation
for subsequent matrix-vector productions.

The main feature of this reduced problem is the matrix D is fixed for
both iterations and all initial guesses. As a result:

The factorization /inverse of D can be computed once and used across
all iterations and all batches.

The size of matrix D does not change with the number of constraints
and batches and depends on the planning horizon. Thus, by increasing
the number of obstacles or batches, the computation cost for factor-
ization of D is fixed.

The structure of the reduced problem is just a matrix-vector product
that is compatible with GPU architecture. Thus, all the trajectories
can be computed in parallel over GPU

Computing trajectories over GPU accelerates computations and pro-
vides real-time solutions.

In addition to the main algorithmic features of this work, I utilized a
combination of circles to model the robot footprint instead of a single circle.
This modeling:

Improves maneuverability, especially in narrow spaces. For instance,
as shown in Figure 22, representing the robot with multiple circles
provides a less conservative space compared to using just one circle.

Provides information about the heading angle of the robot.
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In the next sections, I will first outline the existing works and the ad-
vantages of our work over SOTA methods. Then, I explain the main results
in detail and validate the proposed method through several benchmarks.

5.4. Connections to Existing Works on Batch Trajectory
Optimization

outer loop
the parallization is over GPU

Fori=1: N,

-Fork=1:n

“\e.&\oé Fork=1:n
D2l

Optimization

Problem (5.1a) (a)

- (5.1e)

outer loop
the parallization is over CPU

Fori=1: N, Fori=1:N,

Fork=1:n - Fork=1:n
R

i Xi

(b)
Figure 24. Overview of batch trajectory optimization vs Interior-Point method

In this section, I explain how the vectorized structure in our proposed op-
timizer helps vis-a-vis a baseline approach. It is possible to use any off-the-
shelf optimizer across parallel CPU threads in order to run it from different
intializations. For example, if one uses an interior-point method, then the
parallel /batch trajectory optimization takes the form of the pipeline shown
in Figure 24 (b). As can be seen, each initialization would lead to a differ-
ent set of matrix D;, which also changes across each iteration k. The outer
loop can be parallelized across CPU threads/cores. However, the number
of threads in CPUs is limited.

In contrast, for the proposed approach shown in Figure 24 (a), I solve
linear equations for which the matrix part does not change either across
iterations or across different initialization batches. This allows for much
better parallelization opportunities across GPU cores that are much larger
in number than CPU threads. In fact, GPU parallelization of computational
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that can be inherently vectorized across batch instances forms the core of
the modern deep learning algorithms.

An alternated competing approach was proposed in [93] that combined
GD with the Cross-Entropy Method [85|. This approach benefits from the
fact that GD is easily batchable/parallelizable across GPU cores. Our batch
optimizer can enable methods such as the one proposed in [85] to utilize
a more powerful optimizer than GD, thereby enhancing the overall perfor-
mance. However, it is important to note that GD method still suffers from
the limitations mentioned in section 3.2.1, especially for high-dimensional
problems.

5.5. Advantages Over SOTA Methods in Navigtion Performance

The proposed work advances the SOTA in several key aspects. Firstly, the
parallel initialization naturally identifies a range of locally optimal trajec-
tories within various homotopies. Secondly, I enhance navigation quality,
including success rates and tracking performance, compared to the baseline
approach, which relies on computing a single locally optimal trajectory at
each control loop. Lastly, I demonstrate that when initialized with trajec-
tory samples from a Gaussian distribution, the proposed batch optimizer
surpasses the performance of the SOTA CEM [94, 93] in terms of solution
quality.

5.6. Main Results

Reformulated constraints: To reach this aim, I extend the po-
lar /spherical representation of collision avoidance constraints discussed in
Section 4.3, and reformulate (5.1e) in the form f, = 0, where

Yi (8) +7m sin; () —yo,; (t) — bdmy,i(t) sin omyj i (¢

fc<xi<t>,yz-(t),wiu)):{x”(t”rmC"S‘/’i(t)‘”””() i COS“’"“ }
dgi(t)>1 (5.5)

where dy,,;(t) and ;. i(t) are the line-of-sight distance and angle between
the m!" circle of the robot and j** obstacle. As can be seen, (5.5) ex-
hibits convexity within the space of (z;(t),y:(t)) and (cos;(t),sin;(t)).
It should be mentioned that this convex characteristic later becomes advan-
tageous in leveraging the proposed optimization problem.

Similarly, I reformulate the velocity and acceleration constraints in the
form f, = 0 and f, = 0, where
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_ J&i(t) — dy,i(t)Vmaz €OS Qy i (t) _ ,

= {z’n(t) — iy 3(8)Umas S a3 () | P () S L T (5.6a)
_ JE:i(t) — da,i(t)amas cos aq i (t) _ :

b= {10 oy ) o0 <1 Wi o

where dy i, dg i,y i(t) and og;(t) are variables based on polar/spherical
representation. Similar to (5.5), (5.6a) and (5.6b) are also convex in the
space of (sin oy ;(t), cos o i(t)), dyi, (sin oy, i(t), cos agi(t)) and dg ;.

The insights gained from the convex features of (5.5)-(5.6b) lead us to
reformulate the trajectory optimization problem (5.1a)-(5.1e) as follows:

im0 IR0 aes (00 (0)-yaes (1))
zi(l), Yi(l), Yi

i), $.4(6), du s(0), das(8),

i (£), 0, (), i (1), @y i (1)

(5.7a)
s.t.:
(zi(to), yi(to), xi(tf) yi(ty)) =b (5.7b)
(%(to) '(/]l(tf» (5 7C)
£,(t) = 0, dm( ) < 1,V (5.7d)
£,(6) =0,  doi(t) <1,V (5.7¢)
cy,i(t) = cos () (5.7f)
sy,i(t) = sin¢;(t) (5.7g)

JZi(t) + Tmcy,i(t) — @o,j(t) — admy,i(t) cos amji(t) =

fc‘{yi(t) 4 P8.5() — Yo (£) — by (2) sin agji(t) = 0 } (5.7h)
dmj,i(t) > 1, (5.71)

where two new slack variables, cy ;(t) and sy ;(t) are simply the copy of
cos;(t) and sine);(t). Our main trick is to treat ¢y ;(t) and sy ;(t) as in-
dependent variables and somehow ensure that when the optimization con-
verges, they indeed resemble the cosine and sine of ;(t).

The above optimization is defined in terms of time-dependent func-
tions. To ensure smoothness in trajectories, using (3.2), I parameterize
the optimization variables, ;(t), yi(t), zi(t), ¥i(t), ¢y i (t) and sy ;(t). In our
parametrization, &, ;, &, ;, &y 4, & and & ; represent the coefficients of the
polynomial.

Now, using (3.2) and some simplifications, the problem (5.7a)-(5.71) can
be formulated as

min (%éfQEZ + qTEi + %ﬂJPTPEW) (5.8a)

§i7ai7di7£w,i

58



s.t.:

A& =b, Awﬁw = bw (58b)
F¢, = gi(a, &y ds) (5.8¢)
dmin S dz S dmaw- (58(31)

where, §; = (51‘,i7€c,i7€y,i?€s,i)7 £w,i7 Q@ = (amj,i, Ay i, aa,i) and d; =
(dpmj,isdo,i;da,i) are optimization variables to be obtained. The matrix A
is generated by stacking the first and last row of P and their derivations
corresponding to equality boundaries. Similarly, the matrix A, is generated
by stacking the first and last row of P. The constant vectors, d;», and d;,qz
are formed by stacking the lower ([1,0,0]) and upper bounds (]oo, 1,1]) of
dyji,doi,dgi. The matrix and vector Q and q are used to convert the
acceleration and tracking cost in (5.7a) into QP problem and can be defined
as

PTP + PTP _PTXdes
0 0

Q - 4= _PTydes

PTP + PTP (5.9)
0 0

where X 4.5 and yges are obtained by stacking xges(t) and yges(t) at different
time instances. Also, the matrix F and vector g; in (6.7c) are obtained by
rewriting constraints (5.7d) - (5.7h) in the following manner.

F
~ - gi
[P O] 0 d,,;cos(a ;) |
[P 0] 0 d, ; cos(ag,;)
A, 0 ¢, (D%, o (Bl o Cng )
0o P 0 " cos Y,
o ® o | — i (5.10)
0 [P 0] €ri d, ; sin(o, ;)
. £si g
0 [P O] ’ d, ;sin(o,;)
0 A, bo,  (dmj,is Otmj,i)
o [0 P | sing;,
where
Xo,j dlj,i COS Q1 P P
bo, ;= ;| te s Ao= )
Xo,j dmj,i COS Q4,1 P ’I“mP
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Yo,j dyjisinagj,
be,, = | ¢ | +b : (5.11)

Yo,j dinj,i SN Ot g

and dy ;, dg i, dpj,i, are constructed by stacking d, ;(t), dq i(t), and dp;i(t)
at different time instances. Similar derivation is used for generating
Xo,js Yo,j» Ov,is Qayi, Oy and 1, as well.

To show how the proposed reformulation (5.8a)-(5.8d) offers a computa-
tional advantage over (5.1a)-(5.1e), an additional layer of simplification is
necessary. So, using the augmented Lagrangian method, I relax the non-
convex equality constraints (6.7¢) as [y penalties.

) 1 1 P
min (367 Q€ + 7€+ 360 PTPE,  — (M &) — (Mvin€y)
ghai,digy, ; \2 2

p
Jr2

where the vectors A; and Ay ; are known as the Lagrange multipliers and
are crucial for ensuring that the ls penalties of the equality constraints are
driven to zero.

Upon careful examination of (5.12), it becomes apparent that:

e For a given &, ;, @;, and d;, (5.12) is convex in the space of §;.

e For a given §;, ;, and d;, (5.12) is non-convex in terms of £, ;, but

it can be replaced with a convex surrogate from [31].

e For a given &, ;,&;, and d;, (5.12) is solvable in a closed-form for «;.

e For a given &, ;, ;, and §;, (5.12) is convex in the space of d; and

has a closed-form solution.

Motivated by the above discussion, I adopt an AM approach for mini-
mizing (5.12). At each step of AM, I only optimize over only one of the
optimization variables and the rest of them are considered fixed. Algorithm
2 explains the steps in solving (5.12).

Analysis and Description of Algorithm 2: I provide a detailed break-
down of each line in Algorithm 2.

Line 2: A glance at (5.12) reveals that (5.12) has the same structure as
(5.2) where

Q=Q+pF'F,

q; = _k>‘i B (PoFTg(kfzp,iv kaia kdi))T (5.19)
Thus the solution of (5.13) over all the batches can be computed in one-shot
using (5.4).
Line 3: In this step, I calculate the optimization variable £, ;. To compute
this variable, I inspect (5.12) and determine terms associated with &, ;.
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AlgOI‘ithm 2: Proposed Batch Optimizer Algorithm for the it" agent

Initialization: Initiate *d;, oy, ’ng at k=0
1 while k < maziter do
2 Update #+1¢, through

kel s (LT k. P ok k,k,Q . _
+ 51"“‘5“(55" Q& >‘27€i>+2 HFQ g( Eyir di, o) 2):S~t~- Ag;=b (5.13)

3 Update k+1£w’i through
1 R
Mg, = oin (555:‘PTP5#},¢ = (*Xyin €y

p , 2
+ > HFkJrlﬁz‘_g(Ew,i{Caiédi) ) >7S-t-5 Ay€y i=by (5.14)

4 Update **1c; through

. (P 2
Fammin(G [ e e et ) (515
5 Update ¥+1d; through
2

Fhdi=min (7 |FF e e (e e o)) (5.16)

6 Update Lagrange multiplier coefficient through
FHX =P Xi—p(FF e, —g(F e, F T a1 dy)F (5.17)
RN =" Ay i—py (FFT1E, —g(FT1e, P T oy F 1 dy)F (5.18)

7 end
8 Return k+1§i,k+1§w,i,k+1ai,k+1di

Given ¥t1¢i, kFavi, and *d;, trajectory optimization (5.12) can be expressed
as (5.14). The optimization problem (5.14) is then simplified as

2

)

(5.20)

k+1E,¢7i:I€n1n (iéi,iPTP€’¢,i_<kvai’ €w71>+50
WP,

r“cw,z} B {cos Pﬁwﬂ}

Mlsyi| [sinP&,

Here, ¢, and sy ; are formed by aggregating the obtained slack variables,
cy,i(t) and sy ;(t), across different time instances. Subsequently, by sub-
stituting the third term in (5.20) with a convex surrogate [31], &, ; and
consequently 1), can be determined by solving

RS
ey = in (gﬁi,iPTpfw,i = ("X €y)
+ % [arctan 2("* s, ;, ey ;) — Psw’iH;), st A€, =by. (5.21)

where the optimization problem (5.21) takes the form of a QP, allowing for
the efficient computation of its batch solution in one shot using (5.4).

Line 4: In this stage, the objective is to compute **'a; using (5.12). To
achieve this, I identify the terms associated with **la;, update &; and
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€y, and then simplify the proposed optimization problem as shown in
(5.15). k1o comprises three variables: Qjis Oy, and o 4, each of which
is independent. Consequently, I can decompose (5.15) into three parallel
optimization problems as

ktlg,
k+1 k41 k <
By = min e « Xi + Tm COST TPy — Xo j =0 i COS Qi (5.22a)
mast Amji 2 k+1yi + 7, sin k+1’l/1i —Yo.,j —bkdm]‘,i sin Qmji
kg 2
k41 k 2
. x; — "dy ; cos a4
*la, ; = min Po hble kg T (5.22Db)
’ oy 2 yi —"dy sinay, ; 5
k+ls k . 2
. X; — ®dg, ; cos g ;
Fla, ; = min Po kdlen koMt (5.22¢)
i 2 yi — da,i SIN Qg ||,

Similar to my prior work, although (5.22a)-(5.22¢) exhibit non-convexity,
their solutions can be readily computed through geometric reasoning. It is
noteworthy that each element of ay,;;, oy, and ag; is independent of
the others for a given position trajectory. Consequently, (5.22a) can be
interpreted as the projection of #t1%; and ¥+1y; onto an axis-aligned ellipse
centered at the origin. Similarly, (5.22b) and (5.22c) can be viewed as the
projection of (F*1x;, ¥*ly;) and (**'%;, ¥¥'5;) onto a circle centered at
the origin with radii dy; X Vpmee and dg; X @mas, respectively. Thus, the
solutions of (5.22a)-(5.22c) can be expressed as

Moy, = arctan 2(FF 1y, MR, (5.23a)
Mla, ; = arctan 2(FHly, Frlx,). (5.23Db)
1o, = arctan 2(" 1y, M%), (5.23¢)

Line 5: I update the acquired optimization variables and reformulate the
optimization problem (5.12) in terms of **1d; as shown in (5.16). Following
a similar procedure as in the previous step, the proposed optimization prob-
lem (5.16) can be reduced into three independent optimization problems:

2

k413 k+1
k+1d o . o + X; — admj’i COS + Amji 5.24
mji = WL TE ey T ke 8 (5.24a)
dpj,i>1 2 Yi myg,i S Qg 2
k+1y k+1 2
ktlq . = Po [|*1%; —dyicos e, 5.24b
v, — MaxX — ktly _d. ;si k+1 . ( . )
dy,i<1 2 y v,i SH1 Ay i ||
k41 k+1 2
k1 — Po ||"T1%; — dg,icos“Tlag, 5.94
ai = MAX ol 4 kg, (5.24¢)
da,i<1 2 Yi —dai ST Qg ||,

Since elements of d,; and d,; at different time instances are independent
of each other, the problem can be reduced to i x n, QP parallel problems,
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allowing for simultaneous solution. In a similar way, I can reduce (5.24a)
problem into i X m X n, QPs.
Line 6: Lagrange multipliers are updated based on residuals [95].

5.7. Validation and Benchmarking

Implementation Details: I implemented both the proposed algorithm
and CEM in Python, utilizing the JAX [96] libraries as a GPU-accelerated
backend. Additionally, I developed a Model Predictive Control (MPC)
framework on the proposed batch optimizer, initializing Lagrange multi-
pliers A; and Ay ; with the solution from the preceding control loop. The
MPC executed within a time budget of 0.04s, sufficient for ten iterations of
the proposed optimizer with a batch size of 1000. I employ three metrics
to evaluate the proposed method, each defined as:

e Success-Rate: Total evaluated problems (20) in benchmark divided

by successful runs with no collisions.

e Tracking Error: the tracking error can be defined as

(i(t) = 2aes (1)) + (Wi(t) — yaes (1)), (5.25)

where the desired trajectory is chosen as a straight line between the
initial and final point with a constant velocity.

e Smoothness cost: acceleration value used in navigation.

Furthermore, the validation benchmarks used are outlined below.

e Benchmark 1, Static Crowd: In this benchmark, I generated an envi-
ronment including static human crowds with size 30.

e Benchmark 2, Same Direction Flow: In this benchmark, the human
crowd is in motion in the same direction as the robot and with a max
velocity of 0.3m/s. The robot follows a straight-line trajectory with
a velocity of 1.0m/s and needs to overtake the human crowds.

e Benchmark 3, Opposite Direction Flow: For this benchmark, the
crowd is moving with a max velocity of 1.0m/s, and the robot is
moving in the opposite direction tracking a straight-line trajectory
with 1.0m/s desired speed.

5.7.1. Qualitive Results

In Figure 25, I illustrated the qualitative results of MPC built on top of
the proposed optimizer at three different snapshots for Benchmark 1 and
Benchmark 2 (For better visualization, visit the youtube video !).

Mhttps://www.youtube.com /watch?v=ZIW Jk-w03d8
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Figure 25. Qualitative result of MPC built on top of our batch optimizer. The
top and bottom rows show the navigation in Benchmarks 2 and 1, respectively.
The green trajectories are the different locally optimal solutions obtained with
our batch optimizer. The blue trajectories show the past positional traces of the
robot. The trajectories in red show the predicted motion of the obstacles

5.7.2. Validating the Batch Optimizer

Figure 26 shows the changes of non-convex equality constraints residuals,
(5.8b), and the convex surrogate residuals, introduced in (5.21) for different
iterations. Here, only the residual for the best trajectory of the batch is
plotted. As can be seen, by increasing the number of iterations, the residuals
approach zero. Thus, the kinematic and collision avoidance constraints are
gradually satisfied. Also, another validation is provided in Figure 27. In this
Figure, as iteration progresses, more locally optimal trajectories residing in
different homotopies are obtained.

Optimizer Convergence
50 == |IFE-gl}

—— |larctan2(s;, ¢;) — Pcy|3

40

residual
w
8

N
(S}

10

0 10 20 30 40 50
iterations

Figure 26. Validating optimizer convergence empirically. The residual con-
straints, ||[F€, — g;|| and [|arctan 2(sy ;, ¢y i) — P&, ;| go to zero over iterations.
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Figure 27. The number of feasible homotopies increases by iterations. Trajecto-
ries are plotted over 5, 20, 30, and 50 iterations in Figures (a), (b), (c), and (d),
respectively. The initial guess trajectories, the best trajectory among batches, and
feasible trajectories are in blue, red, and green, respectively.

5.7.3. Quantitive Results

Comparison with Baseline MPC: In this step, the objective is to ana-
lyze how the navigation performance evolves with an increase in batch size.
For comparison, I establish the MPC setting with a batch size of one as the
baseline and subsequently increase the number of batches. It is important
to note that any off-the-shelf optimizer can be employed in this comparison.
I tried to use ACADO optimizer [39], but it could not achieve reliable and
real-time performance for the provided benchmarks.

Table 2 presents our results. Notably, the MPC baseline exhibits a very
low success rate, approximately one percent. However, with an increase in
the number of batches, our success rate experiences a gradual ascent and
reaches to 97% success rate for 1000 batches. Additionally, a slight increase
in tracking error and acceleration is observed, attributed to the necessity for
our optimizer to take detours in order to furnish a collision-free trajectory.

Comparison with CEM: I present the pivotal results of our paper by
comparing our optimizer with the SOTA, CEM, in an MPC setting in Table
3. To make the comparison, I consider 8k samples (8 times of the number of
our samples) and heavily vectorized the cost evaluations in CEM. Through
trial and error, I obtained the number of iterations of CEM that can be
performed within 0.04s (the computation time of our MPC).
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Table 2. Performance Metrics with Respect to Batch Size

Batch size Success rate | Lracking error (m) [ Acceleration (m/ )
mean/max,/min mean/max,/min
0.016 3.19/4.78/1.69 0.097/0.29/0.0003
08 3.15/4.89/1.51 0.15/0.37/0.0006
0.88 3.10/4.77/1.32 0.139/0.32/0.0005
0.9 3.09/4.74/1.39 0.139/0.32/0.0005
0.95 3.07/4.75/1.45 0.136,/0.31,/0.004
100 3.06/4.65/1.56 | 0.166/0.31/0.03

Table 3. Comparison with CEM

Our Benchmark 1 | 100% 2.44/5.44/0.079 | 0.13/0.32/0.0
Our Benchmark 2 | 95% 3.11/5.01/0.88 0.20/0.49/0.0
Our Benchmark 3 | 95% 2.74/4.82/0.07 0.17/0.45/0.0
CEM Benchmark 85% 3.5/5.22/1.94 0.09/0.36,/0.0
CEM Benchmark 75% 3.99/6.87/1.12 0.09/0.28/0.0
CEM Benchmark 40% 3.25/4.05/2.56 0.13/0.46/0.0

On Benchmark 1, our success rate is an impressive 100%, surpass-
ing CEM by 15%. Furthermore, our average tracking error is 43% lower
than CEM on the same benchmark. For Benchmark 2 and Benchmark
3, our optimizer’s success rates are 20% and 45% higher than CEM, re-
spectively. Similarly, our tracking error remains lower than CEM on these
benchmarks. Notably, the CEM method generally deploys less accelera-
tion on average compared to our proposed method. This arises from our
method’s dual focus on minimizing acceleration and addressing the need to
navigate obstacles while following the desired trajectory. In more challeng-
ing scenarios, our method may utilize more acceleration to yield feasible
trajectories, contributing to a higher success rate.

Computation Time Scaling: Figure 28 visually presents the per-
iteration computation time scaling of our batch optimizer for varying num-
bers of circles and obstacles. Notably, the plot indicates a (sub)linear scaling
of per-iteration computation time in relation to the number of circles and
obstacles. This trend can be attributed to the matrix algebra employed in
our optimizer. Specifically, a linear increase in the number of footprint cir-
cles or obstacles leads to a similar increase in the number of rows of matrices
F and g;, while the number of columns remains constant. Consequently, the
computation cost of obtaining F7g; in (5.19) can be made approximately
linear through suitable GPU parallelization. Also, the matrices FTF need
to be computed only once since they remain constant across iterations and
batches. A similar linear complexity analysis applies to the solutions of
(5.14) as well, where solutions are available as symbolic formulae, ensuring
linear complexity concerning the variables n. and n,.

Additionally, I assess the per-iteration computation time of our vector-
ized batch optimizer across GPUs and multi-threaded CPUs in Table. 4.
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Figure 28. Time per iteration(ms) for batch size 1000. Solutions are typically
obtained within 5 — 10 iterations. The figure presents the scaling with respect
to the number of circles used to approximate the footprint of the robot and the
number of obstacles in the environment.

Table 4. Per-iteration comparison for GPU vs multi-threaded CPU

Batch size

5 200 400 600 800 1000
GPU | 0.0016 0.0017 | 0.0026 | 0.0033 | 0.0039 | 0.0045
CPU | 0.0015 | 0.075 0.12 0.18 0.24 0.3

The advantage of the latter lies in its ability to execute any off-the-shelf
optimizer in parallel CPU threads without necessitating changes to the un-
derlying matrix algebra. However, CPU parallelization introduces a sce-
nario where each problem instantiation competes with others for compu-
tational resources, potentially slowing down the overall computation time.
Our experiments revealed that a C++ version of our optimizer performed
smoothly with a batch size of 5, achieving a per-iteration computation time
of 0.0015s, which was competitive with our GPU implementation. Never-
theless, scaling beyond this batch size resulted in a significant slowdown.
For instance, with a batch size of 6, the per-iteration CPU time increased
to 0.03s. Hence, for larger batch sizes, it became more practical to run se-
quential instantiations with mini-batches of 5. I note that a more rigorous
implementation might improve batch equality-constrained QP structure in
some critical steps in the performance of multi-threaded CPU-based batch
optimization. However, our current bench-marking establishes the compu-
tational benefit derived from several layers of reformulation that induced
equality-constrained QP structure in some critical steps of our batch opti-
mizer and allowed for effortless GPU acceleration.
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5.8. Connection to the Rest of Thesis

The concept of representing rectangular robots using multiple overlapping
circles is drawn from the polar/spherical representation of collision avoid-
ance constraints outlined in the earlier paper. Similarly, the approach to
reformulating boundaries is inspired by previous work.

Moreover, the QP structure proposed in Paper I acts as a foundation
for the notion of formulating trajectory optimization for multiple initial
guesses concurrently and redefining the problem. Additionally, Algorithm
2 serves as an extension of Algorithm 1 and employs analogous procedures
to solve the trajectory optimization problem. By getting inspiration from
batch trajectory optimization, the next paper is established.
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6. PAPER Ill: PROJECTION-BASED TRAJECTORY
OPTIMIZATION

6.1. Context
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Figure 29. A comparison between CEM (left column) and PRIEST (middle col-
umn). Figure (a)-(c) shows how CEM (or any typical sampling-based optimizer)
struggles when all the sampled initial trajectories lie in the infeasible (high-cost)
region. My approach, PRIEST, integrates a projection optimizer within any stan-
dard sampling-based approach that guides the samples toward feasible regions
before evaluating their cost. Figure (g)-(h) presents changes in the cost function
values, and constraint residuals change across both CEM and PRIEST iterations.

As mentioned in previous chapters, gradient-based approaches and
sampling-based planners are two classes of motion planning algorithms.
Gradient-based approaches, [32, 38|, rely on the differentiability of cost
and constraint functions. These methods often require a well-initialized
trajectory, posing challenges in rapidly changing environments. On the
other hand, sampling-based planners, such as CEM [78] and CMA-ES [80],
explore the state-space through random sampling, allowing them to find
locally optimal solutions without relying on differentiability. Despite their
exploration capabilities, these optimizers face challenges when all sampled
trajectories end up in the infeasible (high-cost) region (see Figure 29(a-c)).
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My main motivation for this chapter is to integrate the advantages of both
sampling-based and gradient-based methods. In the next section, I will
explain the contribution and main results of my work in detail.

6.2. Overview of the Main Results

Figure 30 provides a visual overview of my proposed approach, highlighting
its distinctive features compared to existing baselines. A pivotal distinction
lies in the insertion of the projection optimizer between the sampling and
cost evaluation blocks. This optimizer directs the sampling process toward
feasible (low-cost) regions at each iteration. Thus, my approach, PRIEST,
can handle pathological cases where all sampled trajectories are infeasible,
e.g., due to violation of collision constraints (see Figure 29(d-f))

(@)
Sampling gi » Cost evaluation
NCOu'E) Update sampling | _ Optimal
141, 1+1 istribution Elite samples
N PS> distributi - p sample
ey
5 i Projection on ‘fi
0. oF feasible set ]
N ( Optimal

ILO;E)
] I+1,, 141 sample
p T E) Update sampling

distribution

Figure 30. Comparison between a sampling-based optimizer (a) and PRIEST (b).

The heart of PRIEST lies in an innovative optimizer with the distinct
ability to take a set of trajectories, project each one onto the feasible set,
and refine the sampling distribution. In this chapter, I illustrate how the
proposed projection optimizer can be effectively parallelized and accelerated
on GPUs. The key to this achievement lies in the reformulation of under-
lying collision and kinematic constraints into polar/spherical form, coupled
with an AM approach to tackle the resulting problem. Furthermore, my op-
timizer naturally integrates with decentralized variants of sampling-based
optimizers 79|, wherein multiple sampling distributions are refined in par-
allel to enhance the optimality of the solution.

6.3. Advantages Over SOTA Method

PRIEST shines when compared to existing approaches. It demonstrates
superior performance in terms of success rate, time-to-reach the goal, com-
putation time, etc. Notably, on the BARN dataset [97], PRIEST surpasses
the ROS Navigation stack, boasting at least a 7% increase in success rate
and halving the travel time. On the same benchmarks, our success rate is
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at least 35% better than SOTA local sampling-based optimizers like Model
Predictive Path Integral (MPPI) (98] and log-MPPI [99]. Additionally, we
consider a point-to-point navigation task and compare PRIEST with the
SOTA gradient-based solvers, ROCKIT [32] (a collection of optimizers like
IPOPT, ACADO, etc) and fast constrained optimal control problem solver
for robot trajectory optimization and control (FATROP) [38], and sampling-
based methods CEM and VP-STO [80]. We show up to a 2x improvement
in success rate over these baselines. Finally, we show that PRIEST respec-
tively has 17% and 23% higher success rates than the ROS Navigation stack
and other SOTA approaches in dynamic environments.

6.4. Problem Formulation

Trajectory Optimization: We are interested in solving the following 3D
trajectory optimization:

e (@), 59 (2), 29 (1)) (6.1a)

s.t.:

(q)() Q)(t) @t (t)|1=t,= bo, x(‘”() (Q)(),z@(tﬂt t,=by (6.1b)
&2 (t) 497 (0)+2°(t) < Vnaar ZO+TO)+27() < a0, (6.1c)

smm_( (1), y(1), 2(1)) < Smaz (6.1d)
0200 GO0s O GOZ0aF g o (o

where the cost function c1(-) is expressed in terms of ¢'" derivatives of
position-level trajectories, allowing for the inclusion of penalties related to
accelerations, velocities, curvature, etc., where ¢=0,1,2. Additionally, we
leverage differential flatness to enhance control costs within ¢;(-). It should
be mentioned that in my approach, the cost functions ¢ (+) are not required
to be convex, smooth, or even possess an analytical form. The vectors bg
and by in (6.1b) denote the initial and final values of boundary conditions.
The affine inequalities in (6.1d) set bounds on the robot’s workspace. Con-
straints on velocity and acceleration are imposed by (6.1c). Lastly, (6.1e)
enforces collision avoidance, assuming obstacles are modeled as axis-aligned
ellipsoids with dimensions (a, a, b).

By adapting the parametrized optimization (3.2) and compact version
of variables, we can reformulate (6.1a)-(6.1e) as

mén c1(€) (6.2a)
s.t.:

A£ = beq (62b)
g(€) <0, (6.2¢)
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where & = [ﬁg 55 EZ]T With a slight abuse of notation, ¢;(+) is now used
to denote a cost function dependent on &. The matrix A is block diagonal,
where each block on the main diagonal consists of [PO Py Py P,l}. The
subscripts 0 and —1 signify the first and last row of the respective matrices,
corresponding to the initial and final boundary constraints. The vector b,
is simply the stack of by and by. The function g contains all the inequality
constraints (6.1c)-(6.1e).

6.5. Main Results

In this section, I introduce my main block, the projection optimizer, and
subsequently, I detail its integration into a sampling-based optimizer.

6.5.1. Projection Optimization

I can demonstrate that for a specific class of constraint functions g involving
quadratic and affine constraints, the optimization problem

1 —
min§||§i — &3 i=1,2,...,N, (6.3a)
&
st.i AE; = bey, g(€,) <o, (6.3b)

where the cost function (6.3a) aims to minimally modify the i*" sampled
trajectory &; to §; in order to satisfy the equality and inequality constraints,
can be reduced to the fixed-point iteration of the following form

Frle, X, = h(¥E, k) (6.4a)
_ . 1 — p _ 2 _

& = agmin S IE &35 [FE e, - TG (6.4b)

st.: AE; = bey, (6.4c)

The vector *¥1); is the Lagrange multiplier at iteration k + 1 of the pro-
jection optimization. Additionally, F and e; present a constant matrix
and vector which will be defined later. The h is a closed-form analytical
function. The primary computational challenge associated with projection
optimization arises from solving the QP (6.4a). However, due to the ab-
sence of inequality constraints in (6.4b)-(6.4c), the QP simplifies to an affine
transformation, taking the following form:

(kHEz" k+1’/i) = M’?(kgz) (6.5a)
[T+ pFTF AT]™'  [—pFTk+le, + k+1); 1+ ¢,
M—[ " o | M= b, (6.5b)

where v; presents the dual variables regarding with the equality constraints.
The derivation of the (6.4b)-(6.4c) is detailed below.
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Reformulated constraints: Considering the same motivation as Section
4.3, 1 reformulate the collision avoidance and boundary inequality con-
straints, (6.1d) (6.1e), f,; =0, f, = 0 and f, = 0 as follows

z(t) — 0, (t) — ad, ;(t) cos o, ;(t) sin B, ;(t)
fo; =9 Y(t) — Yo, (t) — bdo,;(¢) sina,,;(t) sin Bo,;(t) . do () > 1 (6.6a)
2(t) — 2o,5(t) — bdo,j(t) cos Bo

{x(t) — dy(t)Vmae €OS ayy (t) sin B, (t)}
£, = < 9(t) — dy(t)Vmaz SN @y (t) cOs iy (t) 3, dy(8) < 1, Vit (6.6b)
(t) — dy(t)Vmaz cos By (t)
Z(t) — do(t)@maq cos ag(t) sin B, (t)}
do(t) <1, Vt

t) — do(t) @maz Sin @ (t) sin B, (1)
t (t)amaz cos Bq(t)

(6.6¢)

where variables d, ;(t), v ;(t), Boj(t), dy(t), da(t), an(t), aq(t), Ba(t) and
By(t) are additional variables which will be computed along the projection
part.

Reformulated Problem: Now, I leverage (6.6a)-(6.6c) and rewrite the
projection problem (6.3a)-(6.3b) as

& *argmm ||€ - &l (6.7a)

s.t.:

AEz =beq (6.7b)

FEZ = é(ah ﬁz’a dl) (6 7C)

dmzn S dz S dmaa:a (6 7d)

GE <t (6.7¢)
where a;, 3, and d; are the representation of[a aT aT ]:C[ T gr. aTZ]T

and [d?;Z dai dgz] respectively. The constant vector 7 is formed by stack-
ing the S;in and S;ee in appropriate form. The matrix G is formed by
stacking —P and P vertically. Similarly, d;nin, dinee are formed by stack-
ing the lower ([1,0,0]), and upper bounds ([oo, 1,1]) of dy;,dy 4, dg . Also,
F, and e are formed as
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- [ q [ x, + ad,,; cos a, ; sin B, ; 1
P 0 0 dy.iUmaz COS 0y ; SID ﬁv,i
p dg,i@max COS Qg ; SIN IBa,i
F, Yo tad,;sina, ;sin3,;
F = 0 P 0 ,e = dv7ivmam sin Qy g sin ﬂv,i s (68)
P dy,iGmaz Sin 0 i sin B, ;
F, Zo +bd,cos 3,
0 0 P dv,ivmam COos /Bv,i
L P J da,iamaw COS /Ba,i

where F, is formed by stacking as many times as the number of obstacles.
Also, X, Yo, Zo is obtained by stacking z, (1), Yo,;(t), z0,(t) at different time
stamps and for all obstacles.

Solution Process: I relax the equality and affine constraints (6.7c)-(6.7e)
as ls penalties utilizing the augmented Lagrangian method

Lg 2 z Ples _ al? L P e 2
£=5 & -&ls - &)+ £||FE - 3|+ 2[|GE — 7 +si;
1= — _
= S & —&lls - %) + £ |FE — e, (6.9)

where, F = [(1;] ,e = [7‘ es ] Also, A;, p and s; are Lagrange multiplier,
-5

scalar constant and slack variable. I reduce the problem (6.9) subject to
(6.7b) using AM method [46] as follows

klo, = argminﬁ(kgi,ai, k3, *d;, P, Fs) (6.10a)
kg — argnéinﬁ(kgi, Mlag, B;, Fdy, FAg, Fsy) (6.10b)
kg, = argrr(liinﬁ( FE, Flay, FH1B, d;, P, Fs) (6.10c)
Ftls; = max(0, -G "€, + 7) (6.10d)
RN =F X\ — pFT(F FE, —F @) (6.10¢)
é k+1a,’k+1 ﬁi,kJrl d.

hr1g — |8 ke . i) (6.10f)
FHLE = argmin £(€,, " e, T N;)) (6.10g)

i

where that stacking of right-hand sides of (6.10f) and (6.10e) provide the
function h presented in (6.4a) and (6.10g) is a representation of (6.12a)-
(6.12¢). Also, the steps (6.10a)-(6.10c) have closed form solutions in terms

74



of ¥, (see analysis of Algorithm 1 and Algorithm 2 in Sections 4.3 and 5.6).
Note that for each AM step, I only optimize one group of variables while
others are held fixed.

GPU Accelerated Batch Operation: The proposed method involves
projecting multiple sampled trajectories onto the feasible set (see Figure30).
However, as mentioned before, performing these projections sequentially can
be computationally burdensome. Fortunately, my projection optimizer ex-
hibits certain structures conducive to batch and parallelized operations. To
delve into this concept, consider the matrix M in (6.5a), which remains
constant regardless of the input trajectory sample §,. In essence, M re-
mains unchanged irrespective of the specific trajectory sample requiring
projection onto the feasible set. This characteristic enables us to express
the solution (6.5a) for all trajectory samples &, = 1,2,..., N, as a single
large matrix-vector product. This computation can be effortlessly paral-
lelized across GPUs. Similarly, acceleration is attainable for the function h,
which primarily involves element-wise products and sums. This allows for
efficient parallelization and leveraging GPU capabilities to enhance overall
performance.

Scalability: The matrix M in (6.5a) requires a one-time computation, as
A and F remain constant throughout the projection iteration. Conversely,
the matrix n is recalculated at each iteration, with its computational cost
primarily dominated by F” ¥*1e;. The number of rows in both F and e
increases linearly with the planning horizon, the number of obstacles, or
the batch size. This characteristic, in conjunction with GPU acceleration,
shows my approach with remarkable scalability for long-horizon planning in
highly cluttered environments. Figure 31 presents the average per-iteration
time of the projection optimizer. It also demonstrates how it scales with
the number of obstacles and batch size.
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Figure 31. Scalability of per-iteration computation time of my projection opti-
mizer to number of obstacles and batch size
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6.5.2. Projection Guided Sampling-Based Optimizer

Algorithm Description: Algorithm 3 presents another core contribution
of this paper. It starts by generating N, samples of polynomial coefficients
¢ from a Gaussian distribution with A'(‘u,'2) at iteration 1 =0 (line 3).
The sampled &, is subsequently projected onto the feasible set (lines 4-5).
Due to real-time constraints, it may not be impractical to execute the pro-
jection optimization long enough to push all the sampled trajectories to
feasibility. Thus, in line 6, I compute the constraint residuals 7(&;) associ-
ated with each sample. In line 7, I select the top Np.,; samples with the
least constraint residuals and append them to the list ConstraintEliteSet.
Lines 8-9 involve the creation of an augmented cost, c4yg, achieved by ap-
pending the residuals to the primary cost function. Subsequently, cquq is
evaluated on the samples from ConstraintEliteSet. In line 11, I once again
select the top Nejte samples with the lowest ¢4,y and append them to the
list EliteSet. Finally, moving to line 12, I update the distribution based
on the samples of the EliteSet and the associated cqyg values. The final
output of the optimizer is the sample from the EliteSet with the lowest

Caug-
1 _
+1,, _ !
p=>0-0) 'pnp+o( 5 Cm) %Smcm, (6.11a)
meC m
Z cm(EnL — l'l’)(g’m — /'L)T

Hly—(1-0) ' SHo2EC o , (6.11b)

meC
em = exp (Y (Caug(&,) — 0)), (6.11c)

where the scalar constant o is the so-called learning rate. The set C' consists
of the top Nejte selected trajectories (line 11). The constant v specifies
the sensitivity of the exponentiated cost function cayy(€,,) for top selected
trajectories. § = min cayq('E,,) is defined to prevent numerical instability.

6.6. Validation and Benchmarking

Implementation Details: I implemented Algorithm 3, PRIEST, using
Python with the JAX [96] library as the GPU-accelerated algebra backend.
Our simulation framework for experiments was developed on the ROS [100]
platform, utilizing the Gazebo physics simulator. All benchmarks were con-
ducted on a Legion7 Lenovo laptop featuring an Intel Core i7 processor and
an Nvidia RTX 2070 GPU. I employed the open3d library for downsam-
pling PointCloud data [101]. I selected t;=10, N=13, Ny=110, Np,; =80
and N =20. All the compared baselines operated with the same plan-
ning horizon. Furthermore, to provide the best possible opportunity for
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Algorithm 3: Projection Guided Sampling-Based Optimization (PRIEST)
Input: Initial states
Initialization: Initiate ‘p and !X at ¢ =0

1 for I < N do

2 Initialize CostList = []

3 Draw Np, samples &, ..., £, from N(p,!x)

4

Solve the inner convex optimizer to obtain &;

1= 2
in= || —¢&, 6.12
min 3 & — &, (6.12a)
s.t.: A€, = beg (6.12b)
g(&) <o, (6.12c)
5 Compute the residuals set 7(€;)
6 ConstraintEliteSet < Select Npo; samples from r(€;) with the lowest values.
7 Evaluate the cost
8 caug < c1(§;) +7(&;)
9 FEliteSet < Select Ngjite top samples with the lowest cost obtained from the
CostList.
10 Update the new mean and covariance, 1y and 13, using (6.11a)-(6.11b)
11 end

12 Returnzicorresponding to the lowest cost in EliteSet

MPPI and log-MPPI, they were executed with their default sample size of
2496, which is over 20 times higher than that utilized by PRIEST. The
benchmarking against other baselines is based on the following metrics:
e Success Rate: A run is considered successful when the robot ap-
proaches the final point within a 0.5m radius without any collision.
The success rate is calculated as the ratio of the total number of suc-
cessful runs to the overall number of runs.
e Travel Time: This metric represents the duration it takes for the
robot to reach the vicinity of the goal point.
e Computation Time: This metric quantifies the time required to
calculate a solution trajectory.
Furthermore, I compared my approach with different baselines in four
sets of benchmarks, including:

e Comparison on BARN Dataset [97]: In this benchmark, I used a
holonomic mobile robot modeled as a double-integrator system. The
robot is tasked with iteratively planning its trajectory through an
obstacle field in a receding horizon manner. Consequently, the dif-
ferential flatness function for extracting control inputs was defined as
® = (&(¢t),y(t)). The cost function (¢1) took the following form:

D E)? 4 () + e + o (6.13)

g2 —2@)y(t)

where ¢, = (W)2 penalizing curvature, ¢, minimizes
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the orthogonal distance of the computed trajectory from a desired
straight-line path to the goal. It is important to note that ¢, does not
have an analytical form as it necessitates the computation of the pro-
jection of a sampled trajectory waypoint onto the desired path. I uti-
lized the BARN dataset, consisting of 300 environments with varying
complexity, designed to create local-minima traps for the robot. The
evaluation involves comparing our approach against Dynamic Window
Approach (DWA) [102], Time Elastic Band (TEB) [103] implemented
in the ROS navigation stack, MPPI [98|, and log-MPPI [99]. All
baselines, including PRIEST, had access only to the local cost map
or point cloud. TEB and DWA employed a combination of graph
search and optimization, while PRIEST and log-MPPI were purely
optimization-based approaches.

e Point to Point Navigation with Differentiable Cost: In this
benchmark, our aim is to generate a single trajectory between a start
and a goal location. The cost function ¢; incorporates the first term of
(6.13). For comparison, I considered SOTA gradient-based optimizers
ROCKIT [32] and FATROP [38] and sampling-based optimizers CEM,
and VP-STO [80].

e Comparison in a Dynamic Environment: In this evaluation, I
benchmark against CEM, log-MPPI, MPPI, TEB and DWA, employ-
ing the same cost function as used for BARN Dataset (6.13). In this
dynamic scenario, I introduced ten obstacles, each with a velocity of
0.1m/s, moving in the opposite direction of the robot. Simulations
were conducted across 30 distinct obstacle configurations and veloc-
ities. The robot model used for this benchmark is a nonholonomic
mobile robot known as Jackal.

6.6.1. Qualitative Results

A Simple Benchmark: Figure 29 presents a comparison of the behaviors
of CEM and PRIEST in a scenario wherein all the initial sampled trajec-
tories lie within a high-cost/infeasible region. The results clearly demon-
strate that while CEM samples persistently remain in the infeasible region,
PRIEST samples move toward the out-of-infeasible region. Additionally,
Figure 29 (g-h) empirically validates Algorithm 3 by illustrating the grad-
ual reduction and saturation of both constraint residuals and cost values
as the iterations progress. The projection optimizer is essentially a set of
analytical transformations over the sampled trajectories. Thus, Algorithm
3 retains the convergence properties of the base sampling-based optimizer
upon which the projection part is embedded. For example, it will inherit the
properties of CEM when integrated with CEM-like a sampler. Moreover,
the projection optimizer by construction satisfies the boundary constraints
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on the trajectories and ensures a reduction in the cost by pushing the sam-
ples toward the feasible region.

Receding Horizon Planning on BARN Dataset: In Figure 32, I show
trajectories generated by PRIEST at three different snapshots within one
of the BARN environments. These trajectories are compared with those
produced by MPPI, TEB, DWA, and log-MPPI in the same environment.
As can be seen in Figure 32(e), PRIEST successfully generated collision-
free trajectories while other methods faced challenges and got stuck (see
the bottom row of Figure 32(a)-(d). Furthermore, to illustrate the explo-
ration of various homotopies at each iteration, I compare the behavior of
PRIEST with TEB in one of the BARN environments in Figure 33. While
TEB employs graph search, PRIEST leverages the stochasticity inherent in
the sampling process, guided by the projection optimizer. Consequently,
PRIEST can explore over a more extended horizon and a broader state
space. It is noteworthy that increasing the planning horizon of TEB sig-
nificantly raises computation time, potentially degrading overall navigation
performance rather than enhancing it. I provide a quantitative comparison
with TEB and other baselines in the next section.
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Figure 32. Comparative visualization of qualitative results from MPC built on
MPPI (a), log-MPPI(b), TEB(c), DWA(d), and PRIEST(e). I showed the best
trajectory obtained from each optimizer at three distinct snapshots.
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Figure 33. Qualitative result of MPC built on PRIEST (a-b) and TEB (c-d).
Blue and purple trajectories show top samples in the PRIEST and TEB planner.

Point-to-Point Navigation Benchmark: Figure 34 illustrates trajec-
tories generated by PRIEST, as well as those produced by gradient-based
optimizers ROCKIT and FATROP, and sampling-based optimizers CEM
and VP-STO. In the specific 2D example presented, both PRIEST and VP-
STO successfully generated collision-free trajectories, surpassing the perfor-
mance of other baselines. In the showcased 3D environment, only PRIEST
and CEM achieved collision-free trajectories. In the next section, I present
the quantitative statistical trends for all the baselines across different ran-
domly generated environments.
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Figure 34. Qualitative result of point-to-point navigation. Trajectories for dif-
ferent approaches have the same color in both 2D and 3D configurations.

Decenteralized Variant: Figure 35 shows the application of D-PRIEST
for car-like vehicle trajectory planning. The cost function ¢ penalizes the
magnitude of axis-wise accelerations and steering angle. Leveraging the
differential flatness property, I express the steering angle as a function of
axis-wise velocity and acceleration terms [47]. In Figure 35, D-PRIEST
demonstrates three different distributions (depicted in green, red, and blue)
in parallel, resulting in multi-modal behaviors. These maneuvers intuitively
correspond to overtaking static obstacles (depicted in black) from left to
right or slowing down and shifting to another lane. In contrast, traditional
CEM could only obtain a single maneuver for the vehicle.
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Figure 35. Comparison of D-PRIEST with baseline CEM. As is shown, the
former updates multiple parallel distributions, resulting in multi-modal optimal
trajectory distribution upon convergence. D-PRIEST maintained three different
distributions (shown in green, red, and blue) and thus could obtain multi-modal
behavior. In contrast, CEM, which only has a single distribution, provides a
limited set of options for collision-free trajectories.

6.6.2. Quantiative Results

Comparison with MPPI, Log-MPPI, TEB, DWA: Table 1 summa-
rizes the quantitative results. PRIEST achieves a 90% success rate, out-
performing the best baseline (TEB) with an 83% success rate. TEB, along
with DWA, employs graph search and complex recovery maneuvers to im-
prove success rates, albeit with increased travel time. Conversely, purely
optimization-based approaches MPPI and log-MPPI exhibit a 32% and 35%
lower success rate than PRIEST, accompanied by slightly higher travel
times. Although PRIEST shows a slightly higher mean computation time,
it remains fast enough for real-time applications.

Table 5. Comparisons on the BARN Dataset

Method Success Travel time (s) Computation time (s)
rate Mean,/ Min/Max Mean,/ Min/Max
DWA 76% 52.07/ 33.08,/145.79 0.037/ 0.035/0.04
TEB 83% 52.34/ 42.25/106.32 0.039,/0.035,/0.04
MPPI 58% 36.66/ 31.15/99.62 0.019/0.018,/0.02
log-MPPI | 55% | 36.27/30.36/58.84 0.019,/0.018/0.02
PRIEST | 90% | 33.59/ 30.03/70.98 | _ 0.071/0.06/0.076

Comparison with Additional Gradient-Based and Sampling-based
Optimizers: Table 6 compares the performance of PRIEST with all the
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Table 6. Comparing PRIEST with Gradient/Sampling-Based Optimizers

Method Success rate | Computation time (s) (Mean/Min/Max)
ROCKIT-2D 6% 2.57/0.6/6.2
FATROP-2D 64% 0.63/0.07/2.87
PRIEST-2D 95% 0.043/0.038/0.064

CEM-2D 78% 0.017/0.01/0.03

VPSTO-2D 66% 1.63/0.78/4.5
ROCKIT-3D 65% 1.65/0.68/5
FATROP-3D 81% 0.088,/0.034,/0.23
PRIEST-3D 90% 0.053/0.044/0.063

CEM-3D 74% 0.028/0.026,/0.033

VPSTO-3D 37% 3.5/0.93/3.5

baselines in 2D and 3D cluttered environments (see Figure 34). ROCKIT
and FATROP were initialized with simple straight-line trajectories between
the start and the goal, typically not collision-free. Due to conflicting gra-
dients from neighboring obstacles, both methods often failed to obtain a
collision-free trajectory. Interestingly, the sampling-based approaches did
not fare much better, as both CEM and VP-STO reported a large num-
ber of failures. We attribute the failures of VP-STO and CEM to two
reasons. First, most of the sampled trajectories for both CEM and VP-
STO fell into the high-cost/infeasible area, creating a pathologically diffi-
cult case for sampling-based optimizers. Second, both CEM and VP-STO
roll constraints into the cost as penalties and can be sensitive to tuning
the individual cost terms. In summary, Table 6 highlights the importance
of PRIEST, which uses convex optimization to guide trajectory samples
toward constraint satisfaction.

PRIEST also shows superior computation time than ROCKIT and FAT-
ROP. The CEM run times are comparable to PRIEST. Although VP-STO
numbers are high, we note that the original author implementation that we
use may not have been optimized for computation speed.

Combination of Gradient-Based and Sampling-based Optimiz-
ers: A simpler alternative to PRIEST can be just to use a sampling-based
optimizer to compute a good guess for the gradient-based solvers [104].
However, such an approach will only be suitable for problems with differ-
entiable costs. Nevertheless, we evaluate this alternative for the point-to-
point benchmark of Figure 34. We used CEM to compute an initial guess
for ROCKIT and FATROP. The results are summarized in Table 7. As can
be seen, while the performance of both ROCKIT and FATROP improved
in 2D environments, the success rate of the latter decreased substantially
in the 3D variant. The main reason for this conflicting trend is that the
CEM (or any initial guess generation) is unaware of the exact capabilities of
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the downstream gradient-based optimizer. This unreliability forms the core
motivation behind PRIEST, which outperforms all ablations in Table 7. By
embedding the projection optimizer within the sampling process itself (refer
Algorithm3) and augmenting the projection residual to the cost function,
we ensure that the sampling and projection complement each other. Bench-

Table 7. Comparing PRIEST with Hybrid Gradient-Sampling Baselines.

Method Success rate | Computation time (s) (Mean/Min/Max)
ROCKIT-CEM 94% 2.07/0.69/6.0
FATROP-CEM 84% 0.34/0.06/0.96

PRIEST-2D 95% 0.043/0.038/0.064
ROCKIT-CEM 100% 1.19/0.7/2.56
FATROP-CEM 25% 0.056,/0.039/0.079

PRIEST-3D 90% 0.053,/0.044/0.063

marking in Dynamic Environments: Table 8 presents the results obtained
from the experiments in dynamic environments. Herein, the projection opti-
mizer of PRIEST ensures collision constraint satisfaction with respect to the
linear prediction of the obstacles’ motions. By having a success rate of 83%,
our method outperforms other approaches. Furthermore, our method shows
competitive efficiency with a mean travel time of 11.95 seconds. Overall,
the results show the superiority of our approach in dealing with the com-
plexities of cluttered dynamic environments, making it a promising solution
for real-world applications in human-habitable environments.

Table 8. Comparisons in cluttered and dynamic environments

Method Success| Travel

rate time(s) (mean,min/max)
log-MPPI 60% 18.80/15.68/24.3
MPPI 53% 19.38,16.28,/27.08
CEM 16% | 11.95/9.57/14.21
DWA 66% 33.4,31.4/37.17
PRIEST 83% 11.95/11.43/13.39

6.6.3. Real-world Demonstration

To conduct real-world experiments and compare the performance of
PRIEST against TEB, DWA, MPPI, and log-MPPI, I created a series of
random indoor cluttered environments simulating scenarios similar to those
available in the BARN dataset, with dimensions of 4m x 8m. The experi-
mental platform involved a Clearpath Jackal equipped with Velodyne Light
Detection and Ranging (LiDAR), and the robot’s state was tracked using
the OptiTrack Motion Capture System. I plotted two snapshot of PRIEST
implementation in a BARN-like environment in Figure 36. More results of
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these experiments can be accessed on our website !. The website includes
videos demonstrating that PRIEST consistently outperforms the considered
baselines in terms of the success rate metric.

Camera 1l Camera 2 RViz Visualization

@ ®) ©

(d) (e) (U]

Figure 36. Two snapshots of PRIEST in BARN-like environment. Two cameras
are used to show the environment. Also, for more clarity, the RViz visualization
is added as well.

6.7. Connection to the Rest of Thesis

I extended the idea of proposing several initial guesses for trajectory opti-
mization from our previous papers and utilized their techniques to leverage
the optimization problem.

"https://sites.google.com/view/priest-optimization
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7. PAPER IV: MULTI-AGENT TRAJECTORY
OPTIMIZATION

7.1. Context

Joint (or centralized) trajectory optimization for multiple agents is tradi-
tionally considered to be intractable. With existing approaches, generating
joint trajectories for as few as 10 agents can take several seconds. This
chapter/paper of the thesis challenges some of the established notions of
joint trajectory optimization. In particular, I derive a novel optimizer that
can compute trajectories of tens of agents in cluttered environments in a
few tens of milliseconds.

7.2. Problem Formulation

The overall trajectory optimization is just a multi-agent version of the prob-
lem (3.1a)-(3.1b) introduced in Chapter 3.

gntl;?%(t) z; tz; ( )+ 2 (t) + Z?(t)) (7.1a)
s.t.:
(zi(t), i (), 2 (V)yi (1), 9i (1), §s (V)i (1), 2 (), Zi () le=to= Do (7.1b)
(wi(t), Zi(t), £:(L)yi(t), 9i(t), Ji()2i(t), 2i(t), Zi(t))|t=t,= by (7.1c)
o (@mit) — () (i) —wo(1)*  (zi(t) — 20(t))?

" — " — 72 +1<0, (7.1d)
where in the cost function (7.1a), I aim to minimize the acceleration along
the x, y, and z axes. The vectors by and by denote the boundary values for
each motion axis and its derivatives. The inequality constraint (7.1d) cap-
tures collision avoidance constraints, modeling obstacles as spheroids with
dimensions (a, a, b). Solving this problem poses two main challenges: firstly,
the complexity scales linearly with the number of agents, and secondly, the
non-convex collision avoidance constraints exhibit exponential growth, (”20)
In addition, N, and n, stand for the number of agents and number of plan-
ning steps, respectively. In the next sections, I elaborate on how I handle
these challenges.

7.3. High-Level Overview of the Main Algorithmic Results

Just like in previous chapters, I show in this chapter that, at each iteration,
the core computations of the joint trajectory optimization can be reduced
to solving a QP of the following form:

85



min 367Q¢ + “a”¢ (7.2)
5.4.0 Aggf = beg. (7.3)

The most important thing to note is that only the vector q changes across
iterations. This allows us to cache the most expensive matrix factorization
and reduces the entire numerical steps to just computing matrix-matrix
products that can be trivially accelerated over GPUs.

In addition, I later show that the exact formulation derived even has
more simplified structure where the trajectories along each motion axis can
be decoupled and solved in parallel.

7.4. Contribution

The primary algorithmic challenge in multiagent trajectory optimization
arises from the non-convex quadratic nature of inter-agent collision avoid-
ance constraints, whose complexity escalates with an increasing number of
agents. In this study, I address this challenge by first modeling non-convex
collision avoidance as non-linear equality constraints through polar repre-
sentation. Subsequently, I propose an AM procedure that organizes the
optimization variables into specific blocks and optimizes them sequentially.
An essential insight is that each block within the proposed optimization
problem exhibits a QP structure with a fixed inverse component applica-
ble to all agents. This allows us to precompute and cache the inverse part
offline, effectively decomposing the large optimization problem into several
parallel single-variable optimization subproblems.

The proposed optimizer offers several distinct advantages over the SOTA
at the time of developing this paper:

1. Ease of Implementation and GPU Acceleration: The proposed
optimizer’s numerical computation primarily involves element-wise
operations on matrix-matrix products. These operations can be effi-
ciently accelerated on GPUs using libraries such as CUPY [105] and
JAX [96]. T also provide an open-source implementation, which can
compute trajectories for 32 agents in just 0.7 seconds on a desktop
computer equipped with an RTX-2080 GPU.

2. SOTA Performance: The proposed optimizer significantly outper-
forms the computation time of joint trajectory optimization methods
[34] while achieving trajectories of comparable quality. It also sur-
passes the current SOTA sequential approaches [106] by producing
shorter trajectories in benchmark tests. Moreover, it exhibits im-
proved computation times on several benchmarks despite conducting
a more rigorous joint search over the agents’ trajectory space.
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3. Suitability for Edge Devices: The proposed optimizer can effi-
ciently compute trajectories for 16 agents in approximately 2 seconds
on an Nvidia Jetson-TX2. This performance is nearly two orders of
magnitude faster than the computation time of [34] on standard desk-
top computers. As a result, my work enhances the onboard decision-
making capabilities of agents like quadrotors, which may have limited
computational resources. To my knowledge, there are no existing
works that achieve similar performance on edge devices at the time of
working on this paper.

7.5. Main Results

Considering the same motivation as Section 4.3, I reformulate collision
avoidance constraint, f, = 0 as

zi(t) — a;(t) — adi;(t) sin B (t) cos i (t)
f, = yi(t) —y;(t) — ad”( ) sin B35 (t) sin oy (¢) ,dij > 1 (7.4)
(t) Zj (t) bdzg COs Blj ( )

where d;;(t), o;;(t) and B;;(t) are optimization variables which are needed
to be computed. Similar to previous works, to exploit the hidden convex
structure within (7.1a)-(7.1c) and (7.4), I utilize the augmented Lagrangian
method for the proposed optimization problem.

N, np

min Z Z(m?(t)—i—yl +Z & L—i—ml(t) 2 (t)
w0, :0),2(0), S e 2 Po
@ij(t), Bij (t), diy () J=Lj

—ad;;(t) sin ;5 (t) cos a5 (t) ) +'020 ( zi(t)—z; (t)—bd;; (t) cos Bi; (t)—l—A—z;;(Lt)) )

22 u(8) = y(®) — adyy (D) sin By (1) simagy (1) + 2221 )2)

: - (7.5)

where A, (1), Ay, (t), Az;; () are time-dependent Lagrange multipliers and
pPo is a scalar constant. I can utilize the AM method [46] to solve (7.5) with
respect to optimization variables. Algorithm 4 provides a summary of the
steps involved in solving (7.5) subject to (7.1b) and (7.1c).

Analysis and Description of Algorithm 4: Now, I analyze each step
of the proposed optimizer.

Line 2: The optimization problem (7.5) can be converted into QP forms
where matrices remain constant across iterations. To achieve this, I examine
(7.5) and restructure it by including only terms involving x;(t) as (7.10a).
Subsequently, using (3.2), I parameterize the optimization variable, x;(t)
and z(t) and rewrite each terms of (7.10a) as
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where £, is the stack of £, for all the agents and &, is the coefficient
associated with the basis functions. The initial two terms in (7.6) are the
parameterized and simplified representations of the corresponding terms in
(7.10a). In the following, I show how this simplification is done and define
each matrix and vector used in (7.6)

First term: >3 i;(1)? = LeTQue Q. = e . (7.78)
'til o Sa WS er = .. o .
Second term: ) 37 37 57 (i (1), (1)=a"dy (1) sin By, (1) cos o <t>+'“m;(“) i
t i g k}\mij
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A, i Pl \ .
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(7.7b)
. .. . .. T
A, = A = [PO Py, Py P, P, P_4 ]
A
(7.7¢)

Now, the problem (7.6) can be reduced to a set of linear equations as

Q. 4o

——
(Qr + pA?c;Afo) AZq £a: — PA?‘;kb?o
A, 0 v b‘"gq

(7.8)

where v is the dual optimization variable.

Line 3: I adopt the geometrical intuition from the main results of the first
provided paper, Section 4.3 to solve (7.11).

Line 4: Similar to previous step, I obtain (7.12).

Line 5-6: As the optimization variables d;;(t) are independent across dif-
ferent time instances and agents, the optimization problem (7.13) can be
decomposed into n, x (]\g") QP problems, each with a single variable. Con-
sequently, I can readily express the problem symbolically. It is important
to note that the bounds on d;;(t) are maintained by clipping the values to
the interval [0, 1] at each iteration.
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Line 7: I update the Lagrange multipliers as
N O N (O +po (i (O (1) —a T d; () sin M85 (t) cos ay; (1) (7.9a)

N O Ny O+po (M yi ()Y O~ dy; @) sin T8 () sin Ty @) (7.9b)
k+1)\Z” ( ) k)\zij (t) + po(k+12i (t) - k+12j (t) — karldij (t) COS k+16ij (t)) (79C)

Algorithm 4: Alternating Minimization for Solving Multi-agent Trajectory Op-
timization (7.1a)-(7.1d)

Initialization: Initiate *d;;(t), *ou;(t), *Bi;(t)
1 while k < maziter do
2 Compute *+1z;(¢),* 1y, (¢) and F+12;(t)
t=npi=N,

o) =g min > 3 #0)
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8 Update Az, (t), Ay, (£), Az;; at k+1
9 end
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7.6. Validation and Benchmarking

Implementation Details: Algorithm 4 is implemented using Python with
the JAX [96] and CUPY [105] library as the GPU-accelerated algebra back-
end. More specifically, the CUPY is used for trajectory optimization of up
to 32 agents. All the benchmarks were conducted on a desktop computer
with RTX 2080 featuring an Intel Core i7 processor and 32 GB RAM.

Also, in the implementations, agents were modeled as spheres for sim-
plicity, and a circumscribing sphere was constructed for static obstacles to
integrate them into the proposed optimizer. In addition, to enhance the
convergence of Algorithm 4, I precomputed the inverse of Q, in (7.8) for
ten incrementally higher values of p,. These values were used in the latter
iterations of Algorithm 4 and are inspired from [107]|. For a fair compar-
ison with [34] and [106], I utilized their open-source implementations and
datasets. In comparison with [34], T omitted hard bounds on position, veloc-
ities, and accelerations, resulting in a reduction in the number of inequality
constraints. Similarly, I adjusted the "downwash" parameter in [106] to
1 to align with the proposed optimizer’s implementation. As trajectories
obtained from the proposed optimizer, [34|, and [106] operate at different
time scales, I employed the second-order finite difference of the position as a
proxy for comparing accelerations across these three methods. In addition,
I compared the proposed approach with different baselines in two sets of
benchmarks, including:

e Square Benchmark: The agents are positioned along the perimeter
of a square and tasked with reaching their antipodal positions.

¢ Random Benchmark with static obstacles: In this scenario, the
starting and goal positions of the agents are randomly sampled. Addi-
tionally, I introduce a modified version of this benchmark where static
obstacles are randomly distributed within the workspace.

It should be mentioned that three metrics, including smoothness cost, Arc-
length cost, and computation time, are used for all the comparisons.

7.6.1. Qualitative Results

I showed the qualitative results for different benchmarks that are used in
Figure 37. Additionally, I provided snapshots of 32 agents exchanging po-
sitions in a narrow hallway in Figure 38 as an extra result. Also, I demon-
strated trajectories obtained from the proposed algorithm and RVO in Fig-
ure 39.

7.6.2. Quantitative Results

Computation time for varying numbers of agents: Figure 40 (a)
shows the average computation time of the proposed optimizer for vary-
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Figure 37. Qualitative trajectories for square and random benchmarks without
static obstacles and random benchmark with static obstacles.

Figure 38. Collision avoidance snapshots of 32 agents exchanging positions in a

narrow hallway is shown. The start and goal positions are marked with a "X" and
n.n

a "o" respectively.

ing numbers of agents (with radii of 0.4 meters), relative to the proximity
of initial and final positions. Specifically, I randomly sampled initial and
final positions within square rooms of varying dimensions to generate prob-
lem instances of differing complexity levels. As can be seen, even in the
most challenging scenarios, the proposed optimizer successfully computed
trajectories for 32 agents in approximately one second.

Computation time for varying numbers of static obstacles: Figure
40 (b) depicts computation time for 16 agents under varying numbers of
static obstacles. As can be seen, the proposed optimizer exhibits nearly
linear scalability in computation time. This behavior arises because the
inclusion of static obstacles primarily impacts the computational cost of
obtaining A};kbi in equation (7.8). Furthermore, both the matrix and
vector dimensions increase linearly with the number of obstacles, and the
resultant product is distributed across GPUs.
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Figure 39. Trajectories obtained for the proposed optimizer for the 16, 32, and

64 agents are shown in the first column, while trajectories obtained using RVO are
shown in the second column
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Figure 40. Figure (a) shows computation time for a varying number of agents
for benchmarks where I sample start and goal positions from a square with varying
lengths. Figure (b) shows the linear scaling of computation time with obstacles
for a given number of agents.
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Comparison with RVO [108]: The RVO [108] is a widely used local, re-
active planning approach in multi-agent navigation. While RVO focuses on
immediate collision avoidance in a single step, my optimizer tackles the more
intricate task of global multi-agent trajectory optimization across multiple
steps (100 in my implementation). Despite this fundamental difference, I
benchmark the proposed optimizer against RVO to establish a baseline for
trajectory quality comparison.

It is worth noting that the computation time of RVO is notably faster
(three times faster in the benchmark with 16 agents) compared to the pro-
posed optimizer. However, the trajectory comparison results, summarized
in Table 9, reveal that RVO produces slightly shorter trajectories than the
proposed optimizer. This discrepancy arises because RVO operates with
single-integrator agents, allowing for abrupt velocity changes. In contrast,
the proposed optimizer generates polynomial trajectories that prioritize
higher-order differentiability.

Furthermore, while RVO’s use of abrupt velocity changes enables shorter
trajectories, it also incurs a substantially higher smoothness cost compared
to the proposed optimizer. This trade-off highlights the differing optimiza-
tion priorities between the two methods.

Comparison with [34]: Figure 41 provides a comparison between the pro-
posed optimizer and SCP [34] in terms of arc length and smoothness cost.
Despite both optimizers converging to different trajectories, the arc-length
statistics observed across all agents are remarkably similar. Moreover, the
proposed optimizer demonstrates superior performance in terms of trajec-
tory smoothness cost compared to [34].

Table 10 also shows the computation time of the proposed method and
SCP for different numbers of agents. As can be seen across various con-
figurations with eight agents, the proposed optimizer computation time is
28 times faster than the SCP method. This gap became even bigger by
increasing the number of agents. For 16 agents, the proposed optimizer was
613 times faster than the SCP method.

Table 9. Comparison with RVO [108]

Number of agents | Benchmark | Arc-length(m) | Smoothness cost
R RVO 9.491/1.12 0.217/0.1
Our 9.877/1.33 0.062,/0.01
3 et RVO 9.348/0.94 0.26/0.11
Our 9.613/1.12 0.06/0.01
B4l crsies RVO 9.360.99 0.228/0.09
Our 9.439/1.07 0.064,/0.01
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Figure 41. Comparisons with SOTA [34] in terms of arc-length and smoothness
cost

Comparison with [106]: Figure 42 shows the most important results of
this study, where I compare the proposed optimizer with the current SOTA
method, [106]. The cited work adopts a sequential approach but with a
batch of agents. It also leverages the parallel QP-solving ability of CPLEX
[109] on multi-core CPUs. My optimizer provides trajectories with compa-
rable smoothness to [106] but with significantly shorter arc lengths. This
trend can be attributed to the reduced feasible space accessible to a sequen-
tial approach. Additionally, the proposed optimizer surpasses [106] in terms
of computation time for 16 and 32 agent benchmarks while achieving compa-
rable performance on the 64 agent benchmark. It is crucial to contextualize
these timings by acknowledging that the proposed optimizer conducts a
much more exhaustive search than [106] across the joint trajectory space of
the agents. The trends in computation time can be explained as follows:
for a smaller number of agents, the computation time of [106] is primar-
ily influenced by the trajectory initialization derived from sampling-based
planners. Additionally, the overhead of CPU parallelization is substantial
for fewer agents, but this overhead is offset by the computational speed-up
attained for a larger number of agents.

Performance on Jetson TX2: Table 11 displays the computation time
for varying numbers of agents in the square benchmark conducted on the
Nvidia Jetson TX2 platform. The starting and ending positions are ran-

Table 10. Computation time(s) comparison with SCP:

8 agents | 16 agents

SCP

Computation time 6.79 160.76
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Figure 42. Comparisons with SOTA [106] in terms of arc-length and smoothness
cost and computation time

domly selected within an 8-meter square area. The results demonstrate
that the proposed optimizer facilitates rapid on-board decision-making for
up to 16 agents. Furthermore, even with 32 agents, the computation time
remains sufficiently low to be applicable in practical scenarios.

Table 11. Computation time on Nvidia-Jetson TX2:

Square Benchmark Computation time
8 agents, radius = 0.1/0.6/1.2 | 1.01/1.32/1.27

16 agents, radius = 0.3/0.6 2.10/2.34

32 agents, radius = 0.25 7.70

7.6.3. Algorithm Validation

As mentioned in previous works, a key to validating the proposed trajec-
tory optimization algorithm is to show that residuals are going to zero over
iterations across various benchmarks. The residuals plot is generated by
averaging residuals from 20 distinct problem instances. Typically, around
150 iterations were adequate to achieve residuals of approximately 0.01. It
is worth noting that these residuals represent the norm of a vector com-
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prising tens of thousands ((g) m) of elements. For instance, with 64 robots,

each of the collision avoidance vectors along the x, y and z axis, £¥, f, f?
contains more than 2 x 10® elements. Hence, it’s crucial to monitor both the
norm and the maximum magnitude across these vector elements to ascer-
tain the convergence of Algorithm 4. I observed that individual elements of
the residual vector often have magnitude around 10~2 or lower even when
the residual is around 0.01. I can allow the optimizer to run for more itera-
tions to obtain even lower residuals. My implementation uses an additional
practical trick. I inflate the radius of the agents by four times the typical
residual I observe after 150 iterations of the proposed optimizer. In practice,
this increased the agent’s dimensions by around 4cm.

10

0 50 100 150 200
Iteration

Figure 43. The general trend in residual observed across several instances.

7.6.4. Real-world Demonstration

I have presented two instances from an actual experiment involving four
Parrot Bebop 2 robots moving simultaneously. These instances are depicted
in Figure 44. A video of this experiment can be found at Youtube !. For
better understanding, the robots’ trajectories are plotted over RViz.

7.7. Connection to Other Chapters

The proposed optimizer extends the single-agent trajectory optimization
method introduced in paper I to a multi-agent setting. More specifically, I
develop the multi-agent version of the collision avoidance model and recon-
figure the underlying matrix algebra to facilitate distributed computations

"https://youtu.be/hUuq9yiNoxQ
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RViz view

(a) (b)

RViz view

(c) "

Figure 44. Multi-agent real-world demonstration using four robots. (a) and (c)
shows the trajectory of the robots on RViz. For clarity, each robot position is
marked with a specific color.

on GPU. This approach explores a feature that has not been previously
leveraged in previous work.
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8. CONCLUSION

In conclusion, this thesis has addressed the challenge of achieving reliable
and efficient trajectory optimization in cluttered environments.

The first significant contribution of this research involves the develop-
ment of a novel trajectory optimizer algorithm that is scalable with a num-
ber of constraints. To reach this scalable structure, Algorithm 1 leverages
non-convex constraints, and explores hidden convex structures through mul-
tiple layers of reformulations in the optimization problem. The proposed
optimizer shows superior performance in computation time compared to
SOTA method, CCP. Also, our proposed algorithm is scalable with increas-
ing the number of constraints.

Building upon the insights gained from the preceding work, the second
contribution introduces an innovative GPU-accelerated batchable trajectory
optimizer tailored for autonomous navigation in cluttered environments.
This novel approach overcomes the challenge of initialization in trajectory
optimization problems by incorporating hundreds of initial guesses. Our op-
timizer significantly enhances computational efficiency across various chal-
lenging scenarios by leveraging GPU accelerations. We also benchmark our
work in terms of success rate, acceleration, and tracking error with the
SOTA method, CEM.

Furthermore, as the third contribution, the thesis introduces a real-
time projection-based trajectory optimization technique that guides initial
guesses toward feasible regions at each iteration. Our proposed algorithm
can handle any arbitrary cost function and removes the condition of hav-
ing a convex cost. The proposed optimizer surpasses SOTA methods such
as MPPI, CEM, and DWA in terms of computation time and success rate
across various static and dynamic benchmarks set in highly cluttered envi-
ronments.

Lastly, the thesis presents a trajectory optimization method designed
specifically for multi-agent robots, constituting the final contribution. This
method addresses the complexities inherent in coordinating multiple agents
within cluttered environments, further extending the applicability and ro-
bustness of trajectory optimization techniques in real-world scenarios.

Overall, the culmination of these contributions represents a significant
advancement in the field of trajectory optimization, offering promising av-
enues for enhancing the reliability, scalability, and efficiency of robotic nav-
igation in cluttered environments.
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8.1. Limitations

In this section, I introduce the limitations that each optimizer has
Chapter 4: A key limitation of the optimizer proposed in this chapter is
its dependency on the convexity of the cost function. This shows that it is
best suited for holonomic robots. Additionally, this optimizer is susceptible
to getting stuck in local minima.
Chapter 5: In this chapter, similar to the previous one, the requirement
for the cost function to be convex exists. This is a significant constraint that
can limit the applicability of the optimizer. Additionally, the parameters for
the distribution of samples are fixed. This means that even with hundreds
of samples, there is a possibility that our optimizer may not be able to
refine the samples effectively. As a result, it might fail to generate feasible
trajectories. This highlights the need for careful parameter selection and
potential improvements in the sampling process.
Chapter 6: One of the limitations of our optimizer in this chapter is that
although PRIEST can plan over a reasonably long horizon, it is still a local
planner. Thus, it is expected to struggle in maze-like environments without
some guidance from a global plan or some learning-based methods.
Moreover, an additional limitation stems from our assumption of having
accurate knowledge of obstacle positions. In scenarios where point cloud
data is uncertain or imprecise, there is a risk of PRIEST becoming trapped
in local minima and colliding with obstacles.
Chapter 7: Finally, for multi-agent trajectory optimizer, we use only one
initial guess for each agent. Thus, our optimizer is prone to get stuck in
local minima. Also, similar to chapter 4, the cost function in our optimizer
has to be convex.

8.2. Future Works

As part of my future work, I am interested in focusing on the design of tra-
jectory optimization algorithms that can address the limitations identified
in the algorithms presented in this thesis. Specifically, I aim to explore the
following concepts:

e Integration of learning-based methods: Investigate the integra-
tion of learning-based methods, such as reinforcement learning or im-
itation learning, into trajectory optimization algorithms. By leverag-
ing the power of machine learning, we can enhance the adaptability
and robustness of trajectory planning in dynamic and maze-like envi-
ronments.

e Combination of perception methods with trajectory opti-
mization: Explore the integration of perception methods, such as
LiDAR and camera sensors, with trajectory optimization algorithms.
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By incorporating real-time environmental awareness into the trajec-
tory planning process, we can improve the adaptability and robust-
ness of motion planning algorithms. This integration may involve
techniques such as feature extraction, object detection, and scene un-
derstanding to provide a richer context for trajectory optimization.

e Batch multi-agent trajectory optimization: Design batch tra-
jectory optimization for multi-agent optimization problems. By lever-
aging parallelization and optimization techniques tailored for multi-
agent scenarios, we can mitigate the risk of getting stuck in local
minima and improve overall optimization performance.

In addition to the mentioned subjects, another avenue for improvement
involves incorporating arbitrary dynamics and control constraints within the
formulation. By considering a broader range of dynamics and control con-
straints, we can develop more versatile and adaptable trajectory optimiza-
tion algorithms that are capable of addressing a wider array of real-world
scenarios and challenges. This expansion of the optimization framework
will further enhance the applicability and robustness of our algorithms in
practical robotic systems.
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SISUKOKKUVOTE

Usaldusvaarse reaalajas trajektoori optimeerimise suunas

Liikumise planeerimine on robootika pohiaspekt, mis voimaldab robotitel
liikuda ldbi keeruliste ja muutuvate keskkondade. Levinud ldhenemisviis
liikumise planeerimise probleemide lahendamiseks on trajektoori optimee-
rimine. Trajektoori optimeerimine voib matemaatiliste aparatuuride kaudu
esindada robotite korgtasemelist kiitumist. Siiski praegustel trajektoori op-
timeerimise ldhenemisviisidel on kaks peamist véljakutset. Esiteks, soltub
nende lahendus suuresti esialgsest oletusest ja nad kipuvad takerduma ko-
halike miinimumidesse. Teiseks seisavad nad silmitsi mastaapsuse piirangu-
tega, kuna kitsenduste arv suureneb.

Antud doktoritéo piiiiab nende véaljakutsetega toime tulla, tutvustades
nelja uuenduslikku trajektoori optimeerimise algoritmi, et parandada usal-
dusvéadrsust, mastaapsust ja arvutusliku efektiivsust.

Pakutud algoritmidel on kaks uudset aspekti. Esimene oluline uuendus
on kinemaatiliste kitsenduste ja kokkuporke véltimise kitsenduste timber-
kujundamine. Teine oluline uuendus seisneb algoritmide véljatoéotamises,
mis kasutavad tohusalt graafikaprotsessori kiirendite paralleelset arvutust.
Kasutades iimbersonastatud kitsendusi ja voimendades graafikaprotsessori-
tede arvutusvoimsust, nditavad selle 1oput66 pakutud algoritmid oluliselt
tohususe ja mastaapsuse paranemist vorreldes olemasolevate meetoditega.
Paralleelarvutus voimaldab kiiremat arvutusaega, voimaldades diinaamilis-
tes keskkondades reaalajas otsuseid langetada. Lisaks on algoritmid loodud
kohanema keskkonnamuutustega, tagades tugeva joudluse isegi tundmatu-
tes ja segastes tingimustes.

Iga pakutud optimeerija pohjalik vordlusanaliiiis kinnitab nende tohu-
sust. Ténu pohjalikule hindamisele iiletavad pakutud algoritmid pidevalt
tipptasemel meetodeid erinevate moodustike kaudu, naiteks sujuvuse ku-
lude ja arvutusaja osas. Need tulemused rohutavad pakutud trajektoori
optimeerimise algoritmide potentsiaali robootikarakenduste liikumise pla-
neerimise tipptasemel markimisvéaarselt edendada.

Kokkuvottes annab antud doktorit66 olulise panuse trajektoori optimee-
rimise algoritmide valdkonnale. See tutvustab uuenduslikke lahendusi, mis
kasitlevad konkreetselt olemasolevate meetodite ees seisvaid valjakutseid.
Kavandatud algoritmid sillutavad teed tohusamatele ja joulisematele liiku-
misplaneerimise lahendustele robootikas, voimendades paralleelset arvutust
ja spetsiifilisi matemaatilisi struktuure.
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