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Chapter 1

Introduction

1.1 Motivations

This thesis begins with a brief journey from Newtonian gravity to Einstein’s
general relativity (GR) and beyond while we touch upon some of the key highlights
and general properties of those theories. Subsequently, we will explore the
limitations of GR and examine various approaches to its modification, which are
known as modified theories of gravity, one of the main topics in this research.

In the Newtonian framework, gravity is understood as a force of attraction
between massive objects. The theory assumes space and time are absolute and
treats mass and energy as independent quantities. The gravitational potential ® in
this scenario obeys Poisson’s differential equation

V2® = 4nGp, (1.1)

which relates the potential to the matter density p, with G being Newton’s
gravitational constant. Newtonian gravity, however, exhibits limitations in strong
gravitational fields, where relativistic effects become significant. To address these
limitations and provide a more comprehensive understanding of gravity, Einstein
introduced the general theory of relativity in 1915. This revolutionary theory
reconceptualized gravity as a curvature of spacetime rather than a force caused
by mass and energy. His identification of inertial mass and gravitational mass
was a cornerstone of the Equivalence principle, which played a pivotal role in the
development of gravitational theory, and the universality of free fall is a consequence
of this principle. Newtonian gravity emerges as an approximation of GR under
specific conditions (a static field, in the limit of weak gravitational fields, and
at low velocities). Nature has four fundamental forces: strong (exists between
quarks and short range) and weak (exists in leptons and very short range) operates
at the subatomic level, electromagnetic (acting between charged particles and
long range), and gravitational (weakest force, exist everywhere and long range).
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Unlike the other three forces, gravity is distinguished by the equivalence of inertial
and gravitational mass. It remains incompatible with quantum mechanics, and
a full renormalizable theory of quantum gravity has not yet been found. For a
comprehensive understanding, readers are encouraged to consult [1, 2].

While the dynamics of objects in flat spacetime are relatively straightforward,
understanding their behavior in curved spacetime presents a significant challenge.
To conceptually know the dynamics in curved spacetime, we need some knowledge
of tensor calculus, differential geometry, and Riemannian geometry, partially
covered (only the necessary geometrical structure in the thesis) in Chapter 2.

In curved spacetime, a metric tensor plays a fundamental role in defining the
geometry of spacetime. Two assumptions are made in GR in order to obtain the
unique Levi—Civita connection: the first is the metric compatibility condition, and
the second is the vanishing torsion that makes the connection symmetric. Einstein
explained a crucial mathematical relationship between how spacetime geometry
responds to the presence of matter configuration, where gravity is measured by
spacetime curvature, through Einstein’s field equations

. . 1. 8w
G,uzz = R,ul/ - iRg#V = CTI]LV (1.2)

Here, G wv denotes the Einstein tensor, }O?W the Ricci tensor constructed from
Riemann tensor by contracting first and third indices, R the Ricci scalar built
from contracting a metric tensor, and 7,,,, source of the matter-energy momentum
tensor. As the Riemann tensor involves second-order derivatives of the metric
tensor, Einstein’s equations (1.2) are second-order differential equations for the
metric tensor.

By modifying the underlying assumptions of GR, interestingly, two alternative
equivalent formulations of gravity emerge: teleparallel equivalent of general
relativity (TEGR) based on torsion and symmetric teleparallel equivalent of general
relativity (STEGR) based on nonmetricity, discussed in Secs. 3.2 and 3.3. It
is noteworthy that metric teleparallel alternative theories were considered even
alongside the development of GR, often motivated with the aim of formulating
gravity as a gauge theory [3-5]. However, symmetric teleparallel theory emerged
later and has a less extensive history compared to metric teleparallel theories [6, 7].
In the modern perspective, these three theories, commonly known as the ‘Geometric
Trinity of Gravity’ [8], offer distinct perspectives on the nature of gravity. Recently
the authors of [9] have argued that, unlike in GR, the equivalence principle is
not fundamental in TEGR and STEGR, although it can be recovered through a
specific gauge choice. A recent work [10] has proposed a more general theory
known as a general teleparallel equivalent to GR (GTEGR), which incorporates
both torsion and nonmetricity to describe the gravitational field. This theory is
further explored in [11-13]. We consider these alternative formulations as starting
points for modifying GR.

11



1.2 Why Modified Theories of Gravity?

Despite the remarkable successes of GR in explaining phenomena such as
the perihelion precession of Mercury, Solar System tests, redshift distortions,
gravitational lensing, prediction and detection of gravitational waves, and the
existence of black holes, it faces significant challenges in addressing the quantization
of gravity [14], the nature of dark matter and dark energy, inconsistencies observed
in the Hubble constant (Hj tension) [15-17] and growth index perturbation (og
tension) [18], including the recent indications on variable dark energy from the
Dark Energy Spectroscopic Instrument (DESI) survey [19]. To address these
shortcomings, researchers have explored modified theories of gravity, as reviewed
in [20-25], while preserving the core structure of GR. Some possible ways of
modification include:

* modifying the underlying geometry of GR,

* incorporating extra fields into the gravitational action,

* introducing nonlinear functions to the gravitational action,

* exploring higher-dimensional gravitational theories,

* modifying the matter content of the universe,

* breaking local Lorentz invariance or diffeomorphism invariance.

This thesis aims to address the first three modifications to investigate the effects of
non-Riemannian connections in teleparallel geometry. Here, it would be useful for
the reader to know that the teleparallel connections, unlike the Levi—Civita one, are
not fully determined once we impose vanishing curvature. Therefore, there are free
functions that define the curvatureless connection, and those functions represent a
gauge freedom of the theory. The thesis explores the physical meaning of gauge
fixing (these free functions) and their relation to fixing dynamic variables such as
the tetrad and the metric. Leaving the gauge freedom untouched is the so-called
covariant approach. We follow the covariant approach to gain deeper insights into
the role of teleparallel connections and if they carry extra dynamics beyond those of
the fundamental dynamical variables. Furthermore, the analysis is extended to the
cosmological context to explore whether the cosmological stability is influenced by
the impact of the free function of the teleparallel connection.

1.3 Aim of the Thesis

Hamiltonian formalism and Dirac’s algorithm are very important tools for
analyzing any physical theories and enabling the identification of physical degrees

12



of freedom (PDOF) through constraint classification. We applied the Hamiltonian
technique to the covariant formulation of TEGR (which consists of six extra fields
due to the inclusion of spin connection through the Lorentz matrix) in order to
better understand the dynamical behavior of the theory, the nature of its degrees
of freedom (DOF) and compared the results with the standard GR case. Our
research addressed the following questions: Do the six additional fields in the
spin connection carry dynamical DOF? If not, how could it be demonstrated they
do not contain any new physical information? Why is gauge fixing important in
teleparallel theory? Then, what are the advantages of using a gauge independent
and covariant approach to construct the Hamiltonian formalism in TEGR? Are
there any significant differences in covariant TEGR Hamiltonian formalism with
the standard Hamiltonian formulation in GR? Does the inclusion of a boundary
term in the Hamiltonian impact the PDOF and the resulting Hamilton’s equations
of motion? How does our methodology offer advantages over previous existing
literature? A detailed discussion of these questions is found in Chapter 7 of the
attached publication.

We investigated the stability of the scalar-nonmetricity cosmology within the
three nontrivial branches: set 1, set 2, and set 3 corresponding to zero spatial
curvature (each contained an additional free function), in the vicinity of GR limit,
considering all the eras starting from the radiation dominated epoch to matter
domination, to the era of dark energy. Our research aimed to address how the
additional function in the connection influences typical cosmological dynamics
across different evolutionary eras. Can the connection be itself a source of dark
energy, or enable or disable the scalar field to behave as one? Can it allow phantom
crossing for even a minimally coupled scalar field? Does the cosmological evolution
spontaneously stabilize at some field values, i.e., is there an “attractor mechanism’
like in the original scalar-tensor theory, or does the connection make the universe
unstable? Among all the three connection branches, can we have some evidence to
say which one is more physical? All these questions are addressed in the attached
paper in Chapter 8.

While f(Q) gravity is a subclass of scalar-nonmetricity theory, it is not
immediately clear how the dynamics of the extra scalar field manifest in f(Q) theory
within the nontrivial connection. Furthermore, problematic features such as ghost
DOF and singularities, noted in [26, 27] motivate further study in f(Q) cosmology.
We investigated the stability of f(Q) solutions within the nontrivial connection
in the close GR regime considering the radiation, dust matter, and cosmological
constant dominated eras. We aimed to address the following questions in our
work in the attached article in Chapter 9: Are there any general conditions that
define a viable f((Q) model, and are these conditions independent of the choice of
connection? Even if an analytic solution exists near GR, can we say those solutions
are stable? Apart from the square root model (derived from the equations of motion
of set 1), why do other f(Q) models also exhibit observational compatibility with

bl
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ACDM? Can it always be the case that a single f(Q) function is able to explain
all the epochs of the universe? Does the answer have any impact on the physical
viability of the nontrivial connection?

1.4 Statements

This thesis presents the following significant findings:

1. The counting of the number of PDOF is independent of gauge fixing in TEGR,
which also applies to other alternative and generalized modified theories.

2. In general, Hamilton’s equations are affected by the inclusion of boundary
terms.

3. The Hamiltonian formulation of TEGR offers a significant advantage by
eliminating undetermined antisymmetric evolution equations.

4. While alternative Friedmann—Lemaitre—Robertson—Walker (FLRW) connections
in symmetric teleparallelism cannot be deemed outright pathological and do
not necessarily make the universe unstable, they do have a very strange and
possibly dangerous influence on scalar field dynamics.

5. The stability of a f(Q)) model cannot be assessed independently of the
connection; the two aspects must be considered together.

6. The nontrivial realization of the GR regime in set 2 of f((Q) probably has
limited applications because different eras imply different behaviors of f(Q).

7. The existence of an unstable solution signaling f(Q) theory is already
problematic at the background level, which further supports the existing
literature results on strongly coupled fields and ghost degree of freedom.

8. The phenomenon of sudden singularities in f (@) needs further investigation,
and it could turn out that the alternative connections are unable to provide
reliable backgrounds for cosmology.

1.5 Structure of the Thesis

The structure of the thesis is organized as follows. Chapter 2 provides useful
geometric foundations for all the papers about the remaining part of the thesis.
Chapter 3 introduces the action and field equations in alternative theories and their
extensions, emphasizing more on teleparallel gravity, which plays a major role
in this thesis. Chapter 4 outlines the basic concepts of Hamiltonian formalism
needed to understand the discussions in the attached publication in Chapter 7. We

14



discuss the idea of understanding the stability of a theory in cosmology using the
perturbative technique around the GR limit in Chapter 5 to follow the attached
publications 8 and 9. This thesis concludes with a discussion of future research
directions in Chapter 6, followed by a comprehensive summary, acknowledgments,
a bibliography, a summary in Estonian, and finally, my Curriculum Vitae presented
in both English and Estonian.

We employ the following notation: Lorentz spacetime indices are denoted
by uppercase Latin letters A, B, ... = 0,1,2, 3, while Greek letters u, v, ... =
0,1, 2, 3 represent spacetime indices. Lowercase Latin letters ¢,7,... = 1,2,3
indicate spatial indices. Both the spacetime metric g,,,, and the Minkowski metric
NAB possess a positive signature (—1,+1,+1,+1). To distinguish among different
types of connections, we employ the following notation: {F w V} for the general
connection, {I", w, V} for teleparallel connection, and {F w V} for the Levi—Civita
connection.

15



Chapter 2

Geometrical Foundations

This chapter introduces the geometrical interpretation of curvature, torsion,
and nonmetricity, along with presenting the structure of parallel transport and
independent connections in teleparallel gravity. The notions of Lie derivatives,
Killing equations, and symmetries are also given. The chapter concludes with a
discussion on the trajectories of point particles in curved spacetime, emphasizing
the distinction between geodesics and autoparallels in teleparallel geometries.

2.1 General Affine Connection

A manifold M is equipped with a line element to measure distances between
points

ds?® = Guvdatdz, 2.1)
where under general coordinate transformations, the metric transforms as a tensor

oz 928
g:Ll/(x/) = 8:[;/“ W‘gaﬁ(l‘) (22)

The affine connection I'*,,, defines parallel transport and covariant derivatives
along curves, given by

... LA
vaTul upul...uq :aozT'LLl #pul...uq + F'LLI)\CVT 'upul...uq +...+ Fup)\aT'ul V1.

- F)\zzlaTlleup)\... q FAuan'ulmupm...)\a (23)
which generalizes the concept of partial derivatives to curved spaces. Although the
connection itself does not transform as a tensor,

o' OxP Ox° or'® 9%z
F/a V(ZE/) _ T T X 8 0(1:) 4 T X ’ (24)
K 0B ox'* oz’ P dx> dz'" Ox'H
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the covariant derivative of any tensorial object, as shown in Eq. (2.3) does indeed
transform as a tensor.
The most general affine connection can be split into

M, =10 + KNy + L, (2.5)
where I uv denotes the Levi—Civita connection of the metric
o 1 o

P/\W ~— 9 o (Ougsy + Ovgsu — O3g) = IV\VM , (2.6)

K* v denotes the contortion tensor expressed in terms of torsion tensor as

1
K)\W = 59)\5 (=Tupy — Tupp + ) = — KuAV ) 2.7
and the disformation tensor L* v built from the nonmetricity tensor as
») 1 A
L = *g ( Quﬁu Quﬁu + Qﬁ;w) =L v - (2.8)

By construction, both the Levi—Civita connection and the disformation tensor are
symmetric w.r.t. last two indices. The contortion tensor is constructed from the
torsion tensor, which captures the antisymmetric part of the connection as

T, =T, T, (2.9)

which is indeed a tensorial quantity' though the connection itself is not a tensor.
Geometrically, torsion quantifies the failure of a parallelogram to close when its
sides are parallel and transported around a closed curve. While the nonmetricity
tensor is constructed as

Qp,ul/ = @pg,uzz = apg/w - f‘ﬂupgﬁu - f‘ﬂupguﬁ ’ (2.10)

which measures how the connection deviates from being metric-compatible.
Geometrically, the curvature tensor measures the deviation of the direction of
a vector when we parallel transported a vector along a closed loop. Mathematically,
this relationship can be represented as

R pu(T) = 0,17 py — 0,17 py +T7 3, Ty = T7 5, T 0 2.11)

Substituting the decomposition of general affine connection (2.5) into the curvature
tensor (2.11), yields the following relation between the most general curvature and
the Riemannian curvature as

Raul/p(f) = Ra/wp<9> + TAVPKQAM + T)\VPLQA# + QV[VKQP}M + 2V[VLOCP]M

A A A
+ 2K 0B+ 2L I, + 2K n L g+ 200 6 L,

(2.12)

plu

'"The non-homogeneous term gets canceled during the subtraction of the connections.
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where the square brackets indicate antisymmetrization, and the symbol “|” within
square brackets excludes the immediately adjacent index from antisymmetrization.?
A contraction in the first and third indices of curvature tensor

R, = R®0p; (2.13)
yields the Ricci tensor

Rup(f) = éup(g) + T/\VPKV/\M + 26[ Kyp}u + T/\VPLV/\M + 2¢[VLVp]u

—I—2KV[V|)\K ol +2LY [u\)\ ]M—I—QKVM)\L)\ —|—2LVV‘)\L>\pW,

(2.14)

plp
and upon another contraction with a metric tensor

R = g""R,,. (2.15)
The most general Ricci scalar is related to the Levi—Civita Ricci scalar by

R(D) = R(g) +T — Q + 2V, T" — V,.(Q" — Q"), (2.16)

where V denotes the covariant derivative w.r.t. to Levi—Civita connection.
The torsion scalar 7' is written in terms of a scalar combination of torsion tensor

1 1
T = ZTPWT,)“” + ngWTwp —1°,,T",, 2.17)
and trace of torsion
TH =T M. (2.18)

The nonmetricity scalar is defined as’

1 1 1 1 A
Q = - Z Q)\,LLI/Q/\“V + 5 Q)\;WQIW)\ + Z QMQM - 5 QMQH ) (2-19)
while

Q,u = Q;wy and Q,u = Quuy (2.20)

are two independent traces that arise from the symmetry properties of the
nonmetricity tensor.

By imposing restrictions on the connection, we can manipulate tensorial
objects such as curvature (2.11), torsion (2.9), and nonmetricity (2.10) to formulate
various geometric theories. For vanishing torsion, nonmetricity, and curvature,
the underlying geometry is Minkowskian. Conversely, when all three entities are

2Alag) = Mandfxa M

3Note that some authors define Q w1th an overall opposite sign [28].
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nonzero, the theory falls under the umbrella of metric affine geometry [22]. A
particularly interesting subset, which is the focus of this thesis, is teleparallel
geometry, characterized by vanishing curvature alongside nonzero torsion and
nonmetricity (see, for example, the recently proposed GTEGR [10]). Furthermore,
vanishing curvature and nonmetricity (or known as metric teleparallel postulates)
refer to metric teleparallel geometry detailed in Sec. 3.2, while vanishing both
curvature and torsion, known as symmetric teleparallel geometry (or symmetric
teleparallel postulates), are covered in Sec. 3.3; this thesis is more towards the latter
part. Apart from this, though, other geometric frameworks are possible, but they
fall outside the scope of this thesis. For further exploration, interested readers may
look at this comprehensive review [24]. The accompanying diagram in Fig. 2.1
illustrates how these different theories are interconnected.

2.2 Tetrads and Noncoordinate Frames

The alternative geometric representation of teleparallel geometry can be
formulated using two independent quantities, tetrad (64 ,) and spin connections
(w? p,,), instead of metric and affine connections.

Consider a manifold equipped with a non-holonomic/non-coordinate basis
vector 64 in the tangent space. Their dual covector e 4 in the cotangent space are
related to a coordinate basis by

04 = GAudaz“, ea = el 40y, (2.21)

where 64 x and e# 4 are the components of the non-holonomic basis and its dual
basis, respectively, expressed on a coordinate basis. Those fields are defined on
each spacetime point and are related to the spacetime metric via

Juv = nABeA,uHBVa NAB = gWe“Ae”B, (2.22)

which implies infinite tetrads can correspond to the same spacetime manifold while
the tetrad and cotetrad components satisfy the orthonormality relation

04 et p = o4, 04 e 4 = 0. (2.23)

The spin connection defines a spacetime affine connection with connection
coeflicients

I = e a (0,04, + 0" 5.05,), (2.24)
which is a unique affine connection satisfying the tetrad postulate

0,04, +ap6°, — 17,04, =0, (2.25)
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General Metric—Affine
Geometry

R#0,T+#0,Q+#0

Teleparallel Geometry Torsionless Geometry Riemann—Cartan
Geometry

T#0,Q+#0 R#0,Q#0 R#0,T#0
R=0 T=0 Q=0

Symmetric— Weitzenbock Riemannian Geometry
Teleparallel Geometry Geometry

Q+£0 T#0 R#0
R=0,T=0 R=0,Q=0 T=0,Q=0

Euclidean / Minkowski
Geometry
(depending on
signature of metric)

R=0,T=0,Q=0

Figure 2.1: Geometric Classification Based on Restricting the Connection, taken
from Ref. [25].
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it is the connection that forces the distinction between curvature and teleparallel-
based connections.

A remarkable feature of the above tensorial formulation is its invariance of
the metric tensor (2.22) and general connection (2.24) under simultaneous local
Lorentz transformations (LLT) of the tetrad and the spin connection given by

04, (") = Ap(2)6P,(z), (2.26a)
W (2") = Ao(@)ApP (2)w pu(z) + Ao (x)0,ABC (z) ,(2.26b)

where the Lorentz matrix satisfies the fundamental relation
nacA*BAY p = npp, (2.27)

and the notation A” is the inverse of(A~1)? p. It is noteworthy that an LLT on
the tetrad (2.26a) alone while keeping the spin connection arbitrary, or vice versa,
fails to preserve the affine connection relation (2.24) invariance.

Again, by employing a general coordinate transformation, the coordinate index
of the tetrad and spin connection transforms as

oxY
G

Both the simultaneous LLT (2.26) and coordinate transformation (2.28) leaves the
metric (2.22) and general connection (2.24) invariant. Those transformations can
also be viewed as gauge choices and are further explored in Sec. 3.2.

The coordinate basis tensorial quantities (2.9), (2.10) and (2.11) can also be
represented on a non-coordinate basis. For instance, in a non-coordinate frame the
torsion tensor is formulated as

a 14
Apulal) = 8T:U,MWABV(CU)- (2.28)

QIAM(JZ‘/) HAV(I‘), W'

T4, = 0,04, — 0,04, + 55,07, — 55,05, (2.29)

the nonmetricity tensor is expressed in terms of spin connection via the Minkowski
metric

_ ~C ~C
QuAB = —NACW” By — NCBW™ Aus (2.30)
and the curvature tensor is
A _ a9 ~A ~A ~A o~ ~A o~
R Buv = 6uw By — 3,,(0 Bu +w CHWCB,, — W Cl,ch#. (2.31)

Using tetrad and cotetrad fields, tensorial objects can be seamlessly transformed
between mixed tangent space and spacetime indices and vice versa. In both ways,
the curvature tensor is shown as

RAB;U/ = eApegBRpauuy Ruupa = euAHBVRABpaa (232)
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the torsion tensor

T4, = 04,T° ., T, = et aT4,,, (2.33)

and the nonmetricity as

Q,uAB = eyAepBQ,uupa Q;wp = QAueBpQuAB- (2.34)

2.3 Teleparallel Geometry

Teleparallel geometry, a crucial part of this thesis, is a subclass of metric affine
geometry, which is characterized by 10 independent components of the metric tensor
and 64 independent components of affine connection. We shall now investigate
how the application of teleparallel postulates reduces the number of independent
components of the connection.

We now proceed to apply the postulates of teleparallel geometry, specifically
the vanishing curvature (2.11). This allows us to express the general connection in
the form of [11]

T, = L%0,L,% (2.35)

where L%, € GL(4,R) and the inverse is denoted as L, carrying in total 16
independent components. The index ‘a’ is neither a tangent space nor a spacetime
index, but under certain limiting conditions, it can be associated with either.

As previously discussed, teleparallel gravity encompasses two primary sub-
branches: metric teleparallelism and symmetric teleparallelism. By incorporating
the vanishing nonmetricity condition (2.10) alongside the assumption of a flat
spacetime (2.11), we can express the connection within the framework of metric
teleparallelism as [24]

wip, = A, ABC. (2.36)

This specific form of the connection is commonly referred to as the teleparallel
spin connection and possesses a total of six independent components provided
by the independent components of the matrices A4 associated with Lorentz
transformations. Here, it is important to note that one can always fix a gauge to
formulate the theory entirely in terms of the tetrad field. If we set w* Bu = 0, this
is known as the Weitzenbock gauge. Later, we will discuss the consequences of this
gauge choice, particularly in the context of nonlinear modification of the theory, in
Sec. 3.2.

Assuming a flat connection (2.11) and vanishing torsion (2.9), we can write
the symmetric teleparallel connection as [29]

I, = 0\2%0,0,&", (2.37)
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where £* are set of four independent scalar functions that can be interpreted as
change of coordinates £*(z¥). Like metric teleparallel, it is always possible to
vanish the symmetric teleparallel connection (2.37) globally I'*,,, = 0 by the
specific choice of the function £€* = 2%, often referred to as the coincident gauge
[29], ensures that the origin of the four scalar functions coincides with the spacetime
coordinates and covariant derivative coincides with partial derivative.

2.4 Lie Derivative and Symmetries

A fundamental concept of how much a tensor field changes to first-order when
it is dragged along by a flow generated by a vector field is measured by the Lie
derivative.* The Lie derivative of a tensor of rank (p, q) along the direction of the
vector v reads

LT, :'U)‘a)\Tﬂl“'prlmyq _ a)\vﬂlT)\'“ﬂpylmyq ...

_ 8)\UHPT,LL1---)\V1WV(Z + aylv)\Tulw-up)\myq 4.

+ Oy T, (2.38)

Using Eq. (2.38), the Lie derivatives of the fundamental geometric objects,
expressed in holonomic bases, are given by:

*Cvg;w = U)\akg,uu + g,\ya,w)‘ + guA8VU>\7 (2.39a)
L, = v NI, — T2 ,00" + T%,,0,0" + T 08,0 + 9,0,0°
=V, V,0® — 0" Ry — Vo (07T 45). (2.39b)

Up to this point, v represents an arbitrary vector.

Killing vectors are vector fields that are independent of spacetime coordinates,
which preserve the metric along the direction of the Killing vector. Since in
the teleparallel context, the connection is independent of the metric, imposing a
symmetry that respects the teleparallel connection means that the Lie derivatives
of the metric and affine connection (2.39) along Killing vectors v vanishes,

Logw =0,  L,0%, =0, (2.40)

which allows us to determine a maximum number of independent connection
coeflicients.

“The Lie derivative of the connection, as shown in Eq. (2.39b), is a tensor despite the connection
itself not being a tensor. It can also be related to infinitesimal change of coordinates.
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2.4.1 Cosmological Symmetry in Symmetric Teleparallelism

This point would be more illustrative if we consider a specific example to
demonstrate which independent connections respect the symmetry (2.40) along
the Killing vector. The example we have taken here is in the framework of the
symmetric teleparallel case, so the connection must follow (2.40).

The spatially homogeneous and isotropic cosmological spacetimes in the
spherical coordinate system

ds? = —dt* + a(t)? (dr® + r*d6” + 1* sin® 0d¢”) (2:41)

are characterized by the Killing vectors of translations (7, and rotations (g,,

CTI (0 xsinfcos¢ X cosfcos ¢ —%%) , (2.42a)

= (0 xsinfsing Xcosfsing X 3) , (2.42b)
CTZ = (0 xcosf —Xsin6 0) (2.42¢)
Cr,=(0 0 sing 523‘5) : (2.42d)
Cr, = (0 0 —cosé {35) . (2.42¢)
Ch, = (0 00 —1), (2.42f)

where Y = /1 — kr? describes the curvature of the 3-space. In symmetric
teleparallel theory, it has been found that the following three different branches
of connections, when considering zero spatial curvature respect the symmetry
condition (2.40) while simultaneously fulfilling the postulates of symmetric
teleparallelism.

Connection set 1:

The connection set 1 is given by the expression

() 0 0 0] [0 0 O 0
|0 00000 0 0
o 00 000 —r 0
0 00000 0 -rsin?0
000 0 00 0 0
o0 1 0 00 0 1
010 0 00 0 cotp|| @
0 0 0 —sinfcosf O%COtQ 0

which has been previously studied in the literature, appearing as case 1 (Ky =
K3 = 0) with v = K; = —K in Ref. [28], as case ['{" with v = Cy in Ref. [30],
and as the trivial branch a; = aj; = 0 in Ref. [27] with no restriction on the
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unknown function (¢). Using the metric (2.41) and the affine connection (2.43),
the nonmetricity scalar (2.19) is

Q=—6H>. (2.44)

Connection set 2

The following equation defines the connection set 2

YO +HF 00 0[T0 At 0 0
e 0 00 0| [v) 0 0 0
me 0 00 0 0 0 -r 0
0 000 0 0 0 —rsin®0
0 0 ~(t) 0 0 0 0 ~@)
o o0 1 0 o o o 1%
() 20 0 0 0 0 cotfl|]”
0 0 0 —sinfcosf] [y(t) 2 cotf 0

(2.45)

which by definition () # 0, corresponds to case 3 (Ko = 0, K3 # 0) with v =
K3 = K in Ref. [28] and case Fg) with v = (3 in Ref. [30]. The corresponding
nonmetricity scalar (2.19) using the metric (2.41) and the connection (2.45) is

Q= —6H>+9Hy + 35. (2.46)

Connection set 3

Finally, the connection set 3 corresponds to

_3®)
w0 0 0 00 0 0
re, - 0 () 0 0 000 0
" 0 0 r2y) 0 00 —r 0
0 0 0  r2y(t)sin20| [0 0 0 —rsin®0
000 0 00 0 0
00! 0 oo o 1%
0+ 0 0 00 0 cots|| @7
0 0 0 —sinfcosf]| [0 % cotf 0

where by definition () # 0, corresponds to case 2 (Ko # 0, K3 = 0) with
v = Ky = —a’K in Ref. [28] and case F(QH) with v = Cs in Ref. [30]. Using
the metric (2.41) and the affine connection (2.47), the nonmetricity scalar (2.19)
obtained as

Q = —6H?+9H~y+37. (2.48)
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Another branch exists for nonzero spatial curvature that also respects this
symmetry (2.40). However, our research focuses only on the zero curvature case.
Interested readers can refer to [30]. We need to point out that with a suitable
transformation, one can transform all three branches of connection (2.43), (2.45),
and (2.47) into the coincident gauge but at the expense of a very complicated metric,
for instance, see [31].

2.5 Geodesic and Autoparallel Curves

In Euclidean geometry, the shortest path between two points is a straight line.
In curved spacetime, this concept is generalized to geodesics and autoparallels.
Geodesics represent the shortest paths between two points, while autoparallels are
curves whose tangent vectors remain parallel along the curve. Mathematically,
autoparallels are characterized by the equation:

'Vt = 0. (2.49)

To mathematically characterize geodesics in any geometry, the action integral is

A1
S = vV Guvdxtdx’ d, (2.50)
A2

where ) is the affine parameter. Sticking to Riemannian geometry, extremizing the
action (2.50) yields the trajectory of a freely falling test particle
2pm & b .
ddj; + “aﬁ%% — 0= 2OVat = 0, 2.51)
demonstrates that both geodesics and autoparallels coincide, implying there is
no difference in shortest paths and straight lines of test particles. For a detailed
derivation, see [32].

In teleparallel gravity, where the connection is no longer restricted to the Levi—
Civita connection, the question arises: Do geodesics of the general connection
describe the free fall motion of a test particle? Can geodesics exhibit behavior that
differs from autoparallel? To investigate this, let us take the general connection
(2.5) defined before. The autoparallel equation (2.49) for this connection is given
by [33]:

>z~ dxP dx’
— He———— =0, 2.52
dr? L7 dr dr (2.52)
and the geodesics equation, on the other hand, is
%t = dxP ﬁ dxf dxz°

R
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By considering only the symmetric part of the general connection (2.1), Eq. (2.53)
reduces to:

d%zH dx? dx® dx? dx°

— Hoo———— = L! jo———. 2.54

d72+ P dr dr L7 dr dr 2.54)
Similarly, considering only the antisymmetric part of the Eq. (2.1), Eq. (2.53)
becomes:

d%xt dx? dx® dx? dx®

', ,——=K",——. 2.55
dr? Podr dr Podr dr ( )

At this point, let us recall the equation of motion for a charged particle of mass m
and charge ¢ in an electromagnetic field

d?xt oy dxf dx? q . dz?

c—— —— = _ 2.56
dr? 7 dr dr m- Pdr ( )

where the r.h.s. represents the Lorentz force. In teleparallel gravity, the distortion
and contortion tensors, which appear on the r.h.s. of Egs. (2.54) and (2.55), play a
role analogous to the Lorentz force [24, 34]. Consequently, in teleparallel geometry,
geodesics and autoparallels are distinct.
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Chapter 3

Action and Field Equations

This chapter gives an overview of the action principle and its corresponding
field equations in alternative theories of GR and their extensions. We analyzed the
necessary conditions for a general model function in modified theories of gravity to
define a consistent gravitational theory. Furthermore, we have identified all possible
equivalent actions for some modified gravity theories that describe the same field
equations. Finally, based on an analysis of previous studies, this chapter concludes
with a discussion of the procedure for solving field equations in teleparallel gravity.

3.1 Einstein—Hilbert Action and its Extension

The Einstein—Hilbert action in the standard! formalism is given by

1 .
Sor =55 d*zy/=gR + Sn(g), (3.1)

with matter Lagrangian S,,, k? = BZTG and /—g = y/—det(g,,). Varying the
action (3.1) w.r.t. the metric yields Einstein’s metric field equations of motion
(EOM)

o o 1o
G = Ry = 5 Rgjus = 52T, (3.2)

which are second-order differential equations in the metric, and 7, is the energy-
momentum tensor defined by

-2 685,
V=g g

'This theory is purely metric dependent.

Tow (3.3)
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The f(R) action is given by

1 o
Syt = gz | AoV=aI )+ Sulo). G4

Varying the action (3.4) w.r.t. inverse metric, yields the modified Einstein field
equations

o

o o 1 o o o
PR Ry = 51 R g = (V¥ = ) F1(R) = #¥T, (3.5)

where ’ denotes differentiation w.r.t. i and (3.5) leads to fourth-order differential
equations for the metric. This arises because the surface term of the Ricci tensor
itself is second-order in metric and now becomes part of the action; hence, it is no
longer solely a boundary term. This characteristic distinguishes the f (R) EOM
from those arising in nonlinear teleparallel theories, which we will explore in the
following sections 3.2 and 3.3. The appearance of the last two terms within the
bracket on the left side introduces the extra dynamics beyond those present in GR
unless f(R) is a linear function. This implies that f(R) gravity admits a richer
solution space compared to GR. General relativity is recovered as a limiting case
of f(R) gravity when f(R) = R.

Physical viability condition for f(R) theory: A viable metric f(R)
theory needs to satisfy the following conditions for consistency with successful
cosmological evolution, starting from radiation to matter to dark energy [35].

« To avoid ghost states, f/(R) > 0.

* To avoid the existence of a scalar degree of freedom with negative mass
squared, i.e., tachyons, the model should obey the condition f”(R) > 0.

* A necessary condition for stability and the existence of a late time de Sitter

i Rf"(R)
solution holds 0 < T < 1,

for R > Ry, where Ry is the present value of Ricci scalar. For a comprehensive
review of f(R) theory and associated cosmological and theoretical issues, please
refer to [20, 23].

3.2 Maetric Teleparallel Gravity and its Extension

The TEGR provides an alternative geometric formulation of Einstein—Hilbert
action

1
STEGR = ~53 d*z0T + S,,(6), (3.6)
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where 6 is the determinant of the tetrad and is related to the determinant of metric
by

0 = det(84,) = vV—g, (3.7)
and the energy-momentum tensor defined through the matter Lagrangian S,,, by
16 (0Sn)
A m
=- . 3.8
Ta TN (3.8)

Enforcing the metric teleparallel postulates on identity (2.16), the TEGR Lagrangian
is related to GR

R=—T +209,(eT") = —T + Br, (3.9)

up to a boundary term Br. Due to the above relation (3.9), the TEGR EOMs are
equivalent to GR EOMs since the surface term does not contribute to the EOM
(in the bulk). Moreover, the spin connection is a pure gauge degree of freedom
(GDOF) or non-physical.

At this point, it is instructive to review how the theory responds under a LLT. As
previously noted, a simultaneous transformation of the tetrad and spin connection
(2.28) leaves the torsion tensor invariant, hence the TEGR lagrangian (3.9) remains
unchanged. However, for a historical reason, it has been seen that, if we make a
transformation purely on tetrad and leave the spin connection arbitrary, or purely
on spin connection but leave tetrad untouched as

04, =Ap0%,, WA, =0, (3.10a)
A A -1\¢ A _ pA

wpy=Acd, (AN B, 04, =07, (3.10b)
this transformation keeps the lagrangian (3.9) pseudo-invariant up to a boundary
term B7. While this is not an issue in TEGR due to the isolation of problematic
terms to surface integrals, it exhibits peculiar characteristics in its nonlinear

modifications, as will be discussed shortly.

The torsion scalar can alternatively be written as

1
T = TSy, 3.11)

where the so-called superpotential is defined in terms of the contortion and torsion
tensor as
S, = K," — 5ZTV”“ + 5,’0‘Tl,l’". (3.12)

The tetrad EOM are obtained by varying the TEGR action (3.6) w.r.t. tetrad as

1 1
500 (0S4"7) = T7,4 8, + STeal + wB A, S5 = K2TAH, (3.13)
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and the spin connection EOM are identically satisfied, which can also be easily seen
from the antisymmetric part of tetrad EOM (3.13), and this coincidence occurs
due to Bianchi identities [24]. From (3.13), a tetradic formulation of the Einstein
tensor can also be expressed as

1 1
Guog = 531, (05’/30/) — TBVQSBVQ + §Tga5 + OJBgVSBVa. (3.14)

The modified TEGR action is given by

1 4

Spry = =55 | T20f(T) + Sm(0). (3.15)
Upon varying the action with respect to the tetrad and spin connection, the EOMs
become

1
— g /70 (054") = Sa™0, fr + frTP, 488"

1
— frw® 4, Sp"" — §feAH = K2TyH, (3.16a)

Siap) Ovfr = 0. (3.16b)

Rearranging the above EOM to isolate the GR term and the modification yields a
second-order differential equation for the tetrad

s 1
fTGuV + 5 (.f - fTT) Guv + fTTS;waaaT = K/27;LV7 (317)

which is no longer equivalent to f (R) theory. The notation fr and frr denote the
first and second derivatives of the model function w.r.t. torsion scalar. The above
field equations (3.16) reduce to GR when f(T") = T.

We shall now resume the discussion of LLTs in the nonlinear f(7') theory.
Unlike TEGR, the torsion tensor is now not invariant under a pure tetrad LLT since
the extra term that appears inside the function is no longer a surface term. Therefore,
the theory breaks local Lorentz invariance, and due to this, some consequences
are seen in the literature. For instance, while solving the f(7") EOM (3.16), some
tetrad restricts the model function to be linear (trivially), in terminology known as
“bad tetrad”, and those tetrads solve the EOM without restricting the model function
trivially, in terminology are known as “good tetrad” [36]. A detailed review and
examples of these issues can be found in [37]. Similar issues arise in symmetric
teleparallel theory, as will be discussed in the following section.

A reasonable choice for a good tetrad-spin connection pair should obey the
following two conditions:

* The tetrad must exhibit symmetry compatible with the chosen spin connection.
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* The tetrad must satisfy the antisymmetric field equations (3.16) without
imposing restrictions on the underlying theory trivially.

However, these peculiarities are avoided with a simultaneous tetrad and spin
connection transformation (2.26) that makes the metric teleparallel theory fully
covariant [38—40].

3.3 Symmetric Teleparallel Gravity and its Extension

An alternative geometric formulation of GR can be achieved using the STEGR
action, given by

1

SsTEGR = 55 d*z/=9Q + Sm(g) . (3.18)

By imposing symmetric teleparallel postulates on (2.16), the STEGR Lagrangian
relates to GR

R=Q+V,.(Q" - Q") =Q + Bg, (3.19)

up to a boundary term Bg. This relation implies the STEGR EOM should be
equivalent to GR EOM, as the surface term does not contribute to the field equations
unless working on the boundary of the manifold. In this scenario, the symmetric
teleparallel connection is a pure gauge and can be chosen arbitrarily. Looking at
relation (3.19), the Ricci scalar R is invariant under diffeomorphism purely on
metric (2.2), but the boundary term in r.h.s. is not, then the nonmetricity scalar
also changes under such transformation. Therefore, any production of such a
boundary term inside the action is integrated out. Hence, STEGR lagrangian is
pseudo-invariant up to a boundary term and has some peculiarity in its nonlinear
extensions, analogous to metric teleparallel theory.

Another useful tensor, the so-called superpotential (or conjugate) tensor is
expressed as

1

1 1 1 A
ZQa,uV + iQ(pazx) + Zg,uVQa - Z(g,uuQa + 6(1(qu))' (3.20)

Varying the action (3.18) w.r.t. metric the metric EOM are

Q
P, =-

Gy = Va (V=9P%w) + Plujas@n)™ = 2P (,Qupyyn

2
Vs
1
_ng,uu = sznzm (3.21)

when the matter field is not coupled with the connection, the connection field
equations are

V.V, (V=gP*"4) =0, (3.22)
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which can either be obtained from the Levi—Civita covariant derivative of the
gravitational sector of the metric equation, a consequence of Bianchi identities
[41].

The f(Q) action is defined as

St@ = g | V@) + Snlo). 32

Varying the action (3.23) w.r.t. metric the metric equations are

o 1
faGu + 5 (Qfq = F(Q) g + 200 P wdrQ = *Tu,  (3.24)
and the connection equations are [29]

VoV (V=9fqP" ) =0. (3.25)

GR is recovered as a special case of f(Q) gravity when f(Q) = Q.

Unlike STEGR, a diffeomorphism purely on the metric (2.2) no longer
keeps the f(Q) lagrangian invariant since the extra term inside the function
is no longer a surface term. Hence, this theory breaks the diffeomorphism
invariance. Consequently, while solving the f(Q) EOM (3.24) and (3.25), some
coordinate choices restrict the model function to be linear (trivially), which are
termed “bad coordinates.” Conversely, those solve the EOM without imposing
restrictions trivially on the model function are called “good coordinate.” However,
a simultaneous transformation of both the metric and the affine connection, as
defined in equations (2.2) and (2.4), restores full covariance to the theory.

Physical viability condition for the f(Q) theory: Following the established
criteria for physical viability in f(R) gravity, in the publication III, we investigate
the conditions for a physically valid f(@) model to obtain a well-defined
gravitational theory. A viable f(Q) model must satisfy the following:

* To ensure the absence of antigravity, infinite gravitational constants, or
singularities, the function f(()) must always be positive, i.e.

Jo > 0. (3.26)

e Ideally, 0 < Qfg — f(Q) < oo. However, this condition is not strictly
necessary. Negative cosmological constants, while generally leading to a
collapsing universe, may be acceptable in certain scenarios.

A crucial subtlety may arise when the nonmetricity scalar, undergoes a sign
change during evolution or within specific configurations of a given connection.
The viability of the model is dependent upon the form of the model function f(Q)
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and whether the conditions are immune under such sign changes. For instance,
models of the form f(Q) = @ + Q™, where n is an even integer, can violate the
conditions Eq. (3.26) when () changes sign. Conversely, models with odd values
of n remain unaffected. Therefore, it seems we can not claim that a certain model
f(Q) is viable by itself or that a certain connection is viable by itself, but these
aspects must be investigated together.

3.4 GTEGR Gravity and its Extension

Yet another equivalent theory of GR known as GTEGR developed in recent
years completes the understanding of all possible ways to formulate the equivalent
theories of GR, which can be fitted another equivalence class of GR alongside the
established Geometric Trinity of Gravity [10].

The dynamical fields of the theory are a metric tensor and an affine connection,
which is imposed to be vanishing curvature, explicitly defined the form in (2.35).
The Lagrangian is built of torsion and nonmetricity and mixed combinations of
them, as given by

G=-Q+T+T""Qupp — TV puQu"” +T",,Q" p. (3.27)

Then the action is formulated as

1
2K2

Screcr = d*(x)v/—gG + Sm(g), (3.28)

and a general connection variation defined as

y,ve — 2 95GTEGR
V=g 5ruyp
Let us define a new tensor constructed from the combination of the contortion
tensor and the disformation tensor

(3.29)

MY, =K",,+ L"), (3.30)
The Lagrangian of GTEGR is related to GR up to a boundary term expressed as
R=-G+B, (3.31)

where,
B=2v, MW", =y, (QM _Qr - 2T“> . (3.32)

The metric field equations turn out to be identical to those of GR (3.2). Since the
connection contributes to the action only as a total derivative term, which does
not alter the equation of motions within the bulk of spacetime, the connection
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can be treated as a GDOF. Given the absence of coupling between matter and the
connection, the connection equations yield

V.Y, — MYV, =0, (3.33)

where 1
YH”” = 22 (M”JJ(Sz + M"uggyp — M”pu — Mpﬂ”) . (3.34)

The modified general teleparallel action takes the form

1

S=—
2K2

d*(2)v/=gf(G) + Sm(9)- (3.35)
Upon varying the action with respect to the metric and flat connection, the respective
resulting field equations are [11, 42, 43]

o

F(@) Gy = ML, N, Q)+ Y [(G)MS, + MEg,, , f1(G)+

(v
1
5 (F(G) = F(G)G) g = w2 T
(3.36a)
MY N, (G) + M 66"V o f'(G) — MY? NV, f'(G) — M? 'V, f'(G) = 0.
(3.36b)

The f(G) theories differ from GTEGR primarily due to the nature of the connection
term within the action (3.35). In GTEGR, this term is a total derivative, rendering
the connection non-dynamical. Conversely, in f(G) theories with f”(G) # 0,
the connection contribution to the action ceases to be a total derivative, thereby
introducing the connection as a dynamical field and necessitating additional non-
trivial connection field equations. From this modified general teleparallel theory,
f(T) and f(Q) gravity emerge as limiting cases when either metric compatibility
or vanishing torsion is imposed. Furthermore, a linear f(7") model within a metric-
compatible framework or a linear f(()) model within a torsionless framework
reduces to GR.

An alternative action formulation involves using Lagrange multipliers to enforce
the geometric postulates through coupling with Lagrange multipliers while leaving
the connection free [30]. However, both approaches yield identical equations of
motion.

3.5 Equivalent Formulations of Modified Gravity Theories

This section explores equivalent action principles of f (R), f(T), and f(Q)
gravitational theories, which can also be extended to establish equivalence at the
level of field equations.
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3.5.1 Scalar-Curvature Representation of f (R) Gravity

First, we turn our attention to a dynamically equivalent formulation of the f (R)
action (3.4), where, under suitable field redefinitions of both gravity and matter,
the resulting action is identical to the original f (R) theory.

This involves introducing a pair of auxiliary fields ¢ and ¢ and writing the
dynamically equivalent f(R) action

Srariy = 3 | Fov7a (CR-®)+ @) +5ule) 33

where “EQf(R)” denotes the equivalent formulation of f(R) gravity. Varying
w.r.t. the auxiliary field ( yields the constraint

R=9, (3.38)

effectively restricting the action (3.37) to be equivalent to that given by (3.4), unless
#”(R) = 0 in which case the theory reduces to Einstein—Hilbert.

Upon varying (3.37) w.r.t. ®, yields the algebraic equation f'(®) = (.
Introducing a new field f'(®) = A(®), the action (3.37) can be recast as

Sepqfi) = # /d4$\/—79 <A(‘I’)ﬁf - V((I))) + Sm(9), (3.39)
where
V() = A(P) — f(2) (3.40)

is the potential of the scalar field. By utilizing (3.38) and redefining A(®) = f'(R)
the action (3.39) cab seen to be equivalent to the original f(R) action, where A(®)
and V(®), respectively, represent gravitational coupling and potential functions. If
we choose A(®) = P, the action (3.39) is equivalent to Brans—Dicke theory (BD)
[44] with a vanishing BD parameter, which means that the action lacks a kinetic
term.

A generalized formulation of scalar-tensor action can be expressed as [45]

1 .
Sir =55 | d'ov=g (A@)R - B®)g*70,00;0 —2V(®)) + Sulg).
(3.41)
where “JF” denotes the Jordan frame scalar-curvature representation. Here, the

scalar field introduces an additional DOF beyond the two tensor DOF that appeared
in GR.
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Varying the action (3.41) w.r.t. the metric g" and scalar field, the metric and
scalar field EOM are, respectively [46],

o o o o 1 o o
A(@)G + 9 VAW@) = VY, A@) + g (vawa@zs@) n 2v<q>))

—V, OV, 8B(®) = k2T, ,
(3.422)

2B(®)1P + B (D) Vo dVED 4+ A'(D)R — 2V (d) =
(3.42b)

Further, a conformal transformation can be used to break non-minimal coupling
in curvature and the scalar field in the generalized scalar-tensor action. Under a
conformal transformation of the metric

guu = ng;u/a g = 9_29/“/’ (3.43)

where Q2 is the conformal factor, and an overhat notation indicates quantities in
what we will refer to as the Einstein frame. After evaluating all necessary quantities
by using (3.43), an action is obtained in the Einstein frame as [20]

Spr = / doy/ G | o % Y (8,0) (9,0) — U(W)
+Sp, <e‘ 3"“@,,) , (3.44)
with
2U(T) = V(®)A2(®),  A(®) = Q*(x). (3.45)

For a detailed review of conformal transformation, see Ref. [20, 47]. We stress
once more that actions (3.39) are equivalent to (3.4). However, the generalized
scalar-curvature JF action (3.41) and Einstein frame action (3.44) have more
functional freedom compared to f(R) theory. In fact, f(R) gravity can be viewed
as a limiting case of these more general formulations obtained through a particular
substitution within the arbitrary model function.

3.5.2 Scalar-Torsion Representation of f(7") Gravity

Analogous to the scalar-curvature theory, f(7") gravity action can be recast in
an equivalent form by introducing two auxiliary fields, ¢ and ®, as

SposT) = — / A0 [C(D—T) + £(®)]. (3.46)
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Varying the above action w.r.t. { enforces the constraint ® = 7" which means the
action (3.46) is equivalent to (3.15), unless frr = 0, in which case the action
reduces to TEGR.

Varying the action w.r.t. ® yield, ( = —f/(®) and redefining A(®) = f'(P),
the action (3.46) is rewritten as

1
Spqir) = 5.5 | d'w0[A@)T - V(D)], (3.47)
where
V(®) = df' () — f(D). (3.48)

This reformulated action (3.47) is equivalent to the standard f(7") (3.15) action.
Notably, it lacks a kinetic term for the scalar field @, rendering it equivalent to a
(teleparallel) BD theory with a vanishing BD parameter and A(®) = ®.

Like scalar-curvature action, a more general f(7') equivalent scalar-torsion
action can be formed by introducing arbitrary scalar functions as

Sor = 5y [ dey/=g (A@)T ~ B®)§*/0,205% — 2V(®)) + Su(s).

2K2
(3.49)
Varying the action (3.49) w.r.t. the tetrad, the symmetric part of tetrad field equations
yield [48, 49]
. 1
A(®)G, + A’(<I>)8p5(w,)p + ~ 9w (B(®)g”7 0,20, +2V(®))

2
—B(9)0,20,® =xT),,,
(3.50)
the antisymmetric part of the tetrad field equations

A(®)T7,,0,® =0, (3.51)

which is identical to the connection equation as expected from Bianchi identities
and the scalar field equation is

2B(2)00® + B (9)g" 9,80, + A' ()T — 2V'(®) = 0. (3.52)
Limiting cases

* When the scalar field is globally constant, Eq. (3.50) reduces to Einstein’s
equations in GR with the value of the potential playing the role of the
cosmological constant, while (3.51) and (3.52) immediately vanish.

* By setting the nonminimal gravitational coupling function A(®) to unity and
eliminating both the kinetic and potential terms of the scalar field B(®) =
V(®) = 0 reduces the theory to the TEGR (3.6).
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» The f(T') gravity is recovered by choosing
A(@) = f(T),  B(@)=0, 2V(®)=Qf(T) - f(T), (3.53)
as previously established at the action level.

Under the same conformal transformation (3.43), the tetrad and its inverse must
transform as R
0 = Q)04 et = Q7 (¢)eal (3.54)

After applying this conformal transformation to all the tensorial objects and scalars,
the conformally transformed f(7°) action without matter content in the Einstein
frame assumes the following form

= L 400 | =T z 1 lﬁul/ _
Spr = 972 d m@[ T+AT O A+ 59 oo, —UW)|. (3.55)

It is crucial to note that the presence of the coupling term involving the scalar
field and torsion vector in the second term of the action prevents a straightforward
transition to the Einstein frame via the conformal transformation, at least not
in the way that it occurs in f(R) theory. A detailed discussion of conformal
transformations in f(7") gravity can be found in Refs. [S0-52] and references
therein.
3.5.3 Scalar-Nonmetricity Representation of f(()) Gravity

Following the approach outlined in Subsec. (3.5.1) and (3.5.2) the f(Q) gravity

action can be recast in an equivalent form by introducing a pair of auxiliary fields

Skas@ = 5z | CoVIIK@- B+ F@) +Sule). 356

Varying w.r.t. { leads to the constraint ) = &, enforcing the action (3.56) is
equivalent to (3.23), unless fop = 0. Further varying the action (3.56) w.r.t. ®
gives ¢ = f’(®) and by redefining f'(¢) = A(®), the action can be rewritten as

Sraniar = gz [ A0V (A@IQ — (B5/(®) ~ J@) + Suls), 357
with
V(®) = df'(®) — f(P). (3.58)
Now the most general scalar-nonmetricity action can be expressed as

1
Sor =55 [ d'ev=g (A®)Q - B(®)g*0,80; — 2V(@)) + Su(g).
(3.59)
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Varying the action (3.59) w.r.t. metric, the metric field equations yield [53, 54]
. 1
A@) Gy + 24/ (@) P02 + 39,0 (B(2)g° 02050 + 20(D) )
~B(9)9,20,® = k*T,, (3.60)
the symmetric teleparallel connection equations
( Qs +vg> [ < Quy®’ — —5%25 Qu“’ +5g@ﬂ3ﬂ =0,
(3.61)

and the scalar field equation
2B01® + B'(0)g*? 9,895 + A'()Q — 2V'(®) = 0. (3.62)
Limiting cases

* When the scalar field is globally constant, Egs. (3.60) reduces to Einstein’s
equations in GR with the value of the potential playing the role of the
cosmological constant, while (3.61) and (3.62) immediately vanish.

¢ STEGR is recovered if

A@) =1, B(®)=V(®) =0. (3.63)

» The f(Q) gravity is recovered by setting
A(®@) = f(Q), B(®)=0, 2V(2)=Qf(Q)-f(Q). (.64

By using the conformal transformation, in Einstein frame f(Q) theory yields

[53, 55, 56]
2
SEr = = /\/ Q‘i'\/; - Q" )@W

00,0~ ()] + S ( L XD
where
3102
Y= \/;an (). (3.66)

Similar to f(7T") gravity, the presence of a coupling term between gravity and the
scalar field in the second term, the Einstein frame in f(Q) theory is unable to
cleanly separate the extra DOF from gravity.
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3.6 Consideration of Cosmological Field Equations and
Solutions

Having established the geometrical foundations, formulated the action, and
derived the most general field equations, we now turn our attention to the
cosmological solutions of the modified gravity theories that are discussed in
the previous Sec. 3. The motivation for finding those solutions is crucial for
understanding the late time accelerated expansion of the universe and the nature of
dark energy. Cosmological solutions in any gravity theory are typically derived
under the assumption of the cosmological principle (i.e., homogeneity and isotropy
on large scales) and a suitable matter content consistent with this symmetry.

While this thesis focuses on teleparallel gravity, interested readers may refer to
the extensive literature on cosmological solutions in metric f (R) [57-60], Palatini
f(R) [61, 62], and scalar-curvature theories [63] and references therein for a broader
perspective. Unlike metric f(R) gravity, modified teleparallel theories incorporate
the flat spin connection (flat affine connection) alongside the tetrad (metric) in
field equations, where both of them are independent fields. The nonlinear f(7')
and f(Q) have different cosmological solutions from each other unless working
in specific gauge choices, such as the Weitzenbock gauge and coincident gauge,
respectively, and their cosmological solutions have been extensively studied in
[22, 24, 25, 64—67] and the references therein. A priori without fixing a gauge,
different strategies are used in [30, 68] where it has been imposed that the tetrad
(metric) shares the same symmetry with the spin connection (affine connection),
with the aim of finding the most general spin connection (affine connection), which
satisfies the teleparallel field equations.

To better understand the symmetric teleparallel case, it is instructive to briefly
review the corresponding results in metric teleparallelism. In metric teleparallelism,
three distinct branches of the connection have been identified that respect the
imposed symmetry: one branch corresponds to zero spatial curvature, while the
remaining two correspond to non-zero spatial curvature scenarios. Notably, all
connection coeflicients in metric teleparallelism are entirely determined by the tetrad
field, implying that the connection does not introduce any additional dynamical
DOF [30, 68].

We now focus on the symmetric teleparallel case. As demonstrated in
Subsec. 2.4.1, three distinct connection branches fulfill the symmetry requirement.
These branches are associated with spatial curvature, and all incorporate an
additional function that consequently appears in the cosmological field equations.
The cosmological equations derived from the first connection branch (2.43) are
found to be identical to those obtained from the coincident gauge f(Q) theory, and
are often referred to as the trivial branch [28, 30], while the other two branches
are known as the nontrivial connection branch. In our publication II and III,

41



we investigate analytical cosmological solutions within scalar-nonmetricity and
f(Q) gravity by employing a perturbative approach near GR cosmology, focusing
specifically on the nontrivial connection branches, as detailed in Chapter 5.
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Chapter 4

Hamiltonian Formalism in
Teleparallel Theories of Gravity

Hamiltonian analysis is an important tool in understanding the viability of any
physical theory, identifying all constraints, and predicting the correct number of
DOF.! Furthermore, the analysis provides valuable insights into energy, entropy,
and canonical quantum gravity from a Hamiltonian perspective, which is essential
for understanding a physical system. For instance, interested readers may take a
look Refs. [69-74], where the authors employed the Hamiltonian formalism in
different modified theories of gravity to gain deeper insights into the theory. The
application of this theory could also be extended to numerical relativity.

A linear perturbative analysis around a fixed background reveals both f(7") and
f(Q) theories are strongly coupled,” as demonstrated in [27, 56], in the sense that
the counting of perturbative modes does not match with the Hamiltonian analysis
result [75, 76]. In this situation, one might look into higher-order perturbation
theory or a careful Hamiltonian analysis to gain insights into the correct dynamics
of the theory. Unfortunately, there is no clear result on the number of correct
PDOF of f(T') [72,73,77] and f(Q) [25, 78, 79] theory, except the information of
carrying some extra dynamics as compared to GR. This arising peculiarity might
be due to the symmetry violations in those theories.

Let us examine some counting PDOF and GDOF that are confirmed from
Hamiltonian analysis. GR, Coincident General Relativity (CGR) [80], and TEGR
[81] are found to exhibit two PDOF and four GDOF. While f(R) gravity introduces
an additional PDOF [82], it preserves diffeomorphism symmetry, making it
equivalent to a scalar-tensor theory. Recent work by [83] has clarified the possible

"Determine the number of independent dynamical DOF contained in the canonical fields.

>When the interactions between particles within a system become so significant that they cannot
be accurately described using linear perturbation theory, it becomes necessary to use higher order
perturbation methods.
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PDOF in f(Q) theory and shown no GDOF exists, a result deviating the f(Q)
theory from the standard GR and f(R). However, this remains a subject of debate,
and the findings require further validation.

This thesis presents the derivation of Hamilton’s equations for both covariant
(including spin connection) and Weitzenbock gauge of TEGR, and we argue that
counting of PDOF is independent of gauge choice. To achieve this, we first
formulated a covariant Hamiltonian, hence a basic understanding of the Dirac—
Bergmann algorithm to count DOF and a 3+1 split of the Lagrangian to analyze the
time evolution of canonical variables and momenta is needed, which is explained
in the subsequent Subsec. 4.1 and 4.2.

4.1 Overview of Dirac-Bergmann Algorithm

This section gives a brief introduction to the Dirac—Bergmann algorithm, which
provides a method for going from Lagrangian formalism to Hamiltonian formalism.
Our main motivations for studying this algorithm are to classify between the
constraints that help in counting the PDOF in modified theories of gravity and
identifying the potential pathologies. Before going to review the Dirac-Bergmann
algorithm, one important assumption often considered is that the Lagrangian only
depends on first-order derivatives of the phase space variables. For Lagrangians
of higher-order derivatives, it is necessary to generalize Dirac and Bergmann’s
recipe and consider the Ostrogradsky procedure for systems with higher derivatives,
which has been much less studied in the literature and out of the scope of this thesis.
The procedure can be summarized with the following steps:

1. The equations of motion for a physical system are derived by extremizing
the action, defined by the Lagrangian L(q’, ¢*) as

t
S = 2L(qﬁ',qi)dt, i=1,...,N 4.1)

t1
where ¢' = ¢'(t) defines the state of the system and ¢’ is the velocity.

2. Then, the Euler-Lagrange equations can be obtained by performing a
variation of the dynamical variables that help in identifying the Hessian,
which plays a crucial role in Hamiltonian formalism.

3. The canonical momenta are determined by taking the derivative of the
Lagrangian with respect to the time derivatives of the fundamental fields

oL

pi(q,q) = o5 (4.2)
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. Then, from the definitions of canonical momenta, we can identify primary
constraints as

where the index p labels the primary constraints.

. The Poisson bracket of two functions, F, G, in phase space, crucial for
deriving Hamilton’s equations, is defined as

oF 0G  OF 0G

FGy=_"" "2 _ > 7
R} oq* Op,  Opy, Og*

(4.4)

. To derive the primary Hamiltonian (H,), we begin by constructing the
canonical Hamiltonian (H.), defined as

H. = ¢*px — L(q,49), (4.5)

where the first term is always written in the form of the product of velocities
and the respective canonical momenta (for instance, the number of terms =
number of primary constraints). Then, the primary Hamiltonian is expressed
as

H,=H.+u¢,, (4.6)
where u” denote Lagrange multipliers.

. Once the primary Hamiltonian is obtained, one can compute the Hamilton’s
equation of motion
0H,

osagt’

SH,
dqt

q

4.7)

qi

. Ensuring the time evolution of the constraints in equation (4.6) is equivalent
to enforcing that the Poisson bracket between the constraints and the primary
Hamiltonian vanishes when evaluated on the constraint surface

(H,, 6,} ~0. (4.8)

This process can yield either identities or restrictions on the Lagrange
multipliers u”. If nontrivial results emerge from the Poisson bracket
calculation, a secondary constraint is identified. These new constraints are
then incorporated into the Hamiltonian, and the process is repeated. This
iterative procedure continues until no new constraints are generated.
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9. Though the classifications of primary, secondary, and tertiary constraints
do not give any physical insights, in fact, the identifications of first-class
and second-class are useful for counting the number of DOF. A phase space
function F(q, p) is classified as a first-class if its Poisson brackets with the
remaining constraints weakly vanish, i.e.,

{F(a:p),¢p} =0, (4.9)
if not satisfied (4.9) then it is second class.

10. First-class constraints are related to gauge symmetries and manifest the
redundancy in the description of the system, but a gauge transformation
is not necessarily always linked to the existence of a corresponding first-
class constraint. However, the second-class constraints represent physical
restrictions and do not correspond to gauge symmetries.

11. After arriving at this stage, the number of physical DOF can be readily
calculated using the following formula:

1
Number of physical DOF =3 (No. of canonical variables—

No. of second class constraint—
2 x No. of first-class constraint) (4.10)

A remark here is that the aforementioned procedure has been described for
mechanical systems, but we have used its (not so straightforward) extension to
field theory. However, in our article 7, the algorithm is used until the 7th step, as
our primary objective was to derive Hamilton’s equations within the framework of
covariant TEGR.

4.2 3+1 Decomposition

An Arnowitt—Deser—Misner (ADM) split is usually adopted for performing
a 3+1 decomposition, which is useful for separating the time evolution of
the gravitational field; this split parametrizes the spacetime into three spatial
hypersurfaces with constant time slices and a normal vector to the hypersurfaces.
The ADM variable consists of a three-dimensional intrinsic metric> 7i; on the
hypersurfaces of constant time slices and the normal vector £, whose components
are written in terms of new variable lapse o and shift 5° as

50:—3, fi:@, (4.11)

« (67

3Some literature also calls it induced metric.

46



along with these variables the covariant ADM metric
goo = = + B85, g0i = Bis  9ij = Vij» (4.12)
and the inverse metric is expressed as

2 00 01 /6
g =, =
o

gl =~ Baf : (4.13)

The teleparallel fundamental variable, such as tetrad, is split into the temporal and
spatial parts as ‘
04 = ac? + 504, (4.14)
in the same manner, the cotetrad is defined as
i

1 . .
ea’ = ——¢&q, es' =04"+ EAB*, (4.15)
(0] «

satisfying the relation
646" jnap = ij, (4.16)

along with the following orthogonal

nap€ed = €agt = 1, (4.17)
and orthonormal relation

nap€P0%; = €404 = 0. (4.18)

In order to recover the ADM metric from the tetrad (4.14), the normal vector needs
to satisfy the condition

1 3
§A = —66ABCDQBi90j9Dk6”k. 4.19)

4.3 The Impact of Gauge Selection on Teleparallel Equivalent
to General Relativity

The minimal way to work with the Weitzenbock gauge and including spin
connection (covariant formalism) in TEGR has been discussed in Sec. 3.2. As we
pointed out before, in the Weitzenbock gauge, the TEGR lagrangian is pseudo-
invariant up to a boundary term; hence the theory is not covariant under LLTs,
although it is easier to work with, and many Hamiltonian analyses have been done
with this gauge choice [73, 84]. The advantage of not imposing gauge fixing is
that the theory is fully covariant and the opportunity to study the impact of the
physical role of the extra fields (Lorentz matrices) in the Hamiltonian analysis.
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In Chapter 7, we argued the gauge choice is independent of the counting DOF
obtained from the Dirac—Bergmann algorithm. In Hamiltonian analysis, though
there are different fields being treated as fundamental, in our approach, both tetrad
and Lorentz matrices are treated as fundamental. From the beginning, the tetrad
has 16 independent components, along with six extra from the spin connection.
Furthermore, Chapter 7 includes a brief discussion of the final counting of physical
DOF.

4.4 Hamiltonian Analysis for Teleparallel Equivalent to
General Relativity

Employing the 3+1 decomposition defined in Sec. 4.2, the TEGR Lagrangian
can be expressed as

LTEGR :%M% sT?0iT50; — %TAOiTBkl : [MZAl 5B

a (1
- =" <2539Ak - £A03k> | +Ls. (4.20)

while the tensor M" X p that multiplies the quadratic velocity terms is given by

i 1/1 . 1 U S
Myp=— (27”?7AB + 5€alpn" + 504705" — eAlegﬂ) : “.21)
and the spatial term of the Lagrangian, collectively denoted Lg, is explicitly
expressed as

Y 1 a (1 ./
Lg \FTAijTBlel |:2MJAZBBk - Evﬂ <2539Ak - €A93k)] + T{?’T,

a

(4.22)
where the notation 3T explicitly represents
ST — HABijleAijTBkl
(4.23)

1 o 1 . . .
= <—477A37k[27]]l + 593[17]”’“%” - 9A[17]”k93”> T45T .

We found that the conjugate momenta associated with the lapse and shift form part
of primary constraints

o« _ OL N
= Saa (4.24)
oL
Br. = ~ 4.2
i = 580 0, (4.25)
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and a new momenta appeared associated with the Lorentz matrix of the spin
connection denoted by

oL ; _
PBA = m = Tc'NAD (A 1)E BUC[EHD]z‘a (4.26)
and these primary constraints read
CAB = P nBICAP + rein©1BoAl ~ 0. (4.27)

The conjugate momenta with respect to the time evolution of the tetrad, derived
from the Lagrangian, are given by
0L

D064,

Y ) a 2 (1
= % MY p(TPo — TP uB™) + ETBmﬂzl (2§B9Am - 5A93m>} :

(4.28)

A"

4.4.1 Irreducible Decomposition

To construct the Hamiltonian presented in the following Subsec. 4.4.2, it is
necessary to express all velocities in terms of their conjugate momenta. This is
achieved by employing an irreducible decomposition technique, where velocities are
decomposed into vectorial, antisymmetric, symmetric, and trace-free components
under the rotation group. This approach facilitates the calculation of the Moore—
Penrose pseudoinverse, which is essential for this process. The velocities of the
tetrad are decomposed as

éAi = VéigA + Aéji’}/kjeAk + Séji’}/ijAk + TéQAi, (4.29)
and the conjugate momenta is,
mal =Vriea + 2708 map + 57708 inap + T w08 napy?. (4.30)

With this irreducible decomposition at hand, the TEGR primary constraints
are obtained from (4.28) as

Vrig

Vi — + 7B ‘k'yik’yﬂHAmAB ~0 “4.31)
Vi ’
and
AL 1 ., .

AOZ] _ Tk Lk ]lTB ~

= A"y rép =~ 0. 4.32)
vy o2
Following the decomposition, the Moore—Penrose inverse can be expressed as
_NAC K

(M), =5 (™ 0% m0n + 04405 — 04,6 . (4.33)
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4.4.2 Hamiltonian for TEGR
After some computations, we obtain the primary Hamiltonian for covariant

TEGR:

K . 3K Nal . .
H —y | S Sdj . O T T 3T — A7 4% i, A ¢B
TEGR Q[Q\ﬁ Tij " T 1/ [ E°0ima' + ma'w Bi€

+ ,Bj [—QAjaiﬂAi + TFAiwACiQCj — WAiTAij] — )\ACA

s (PRon 0P 4 moiP04,)

V_i
- YN ( + TBjk’YZkVﬂQAmAB>

val

A g 1 .. .
T’ K
— N ( Vi 2’Ylk’Y]lTBkz§B) :

(4.34)

In the Weitzenbock gauge the expression for the Hamiltonian reduces to

ks sij_ ST 1 V7 Agi| _ A
ﬁ 7-[-” ﬂ-l] — m mwm = %ST—é 8Z7TAI:| - )\ CA
j A i imA % Vr'k B ik, jlpA
+ 3 [-070ima" — mA' T 5] — VN 7\ﬁ +T7 k""" 0% mas

A g 1 .. .
TR
— AN <\ﬁ - 27Zk7ﬂTBkz§B) -

Hregr = [

(4.35)

Starting from the Hamiltonian (4.34) and (4.35), we derived Hamilton’s equations
in both the covariant formalism and the Weitzenbdck gauge in TEGR. This is the
primary objective of our article, as we aimed to investigate the role of the additional
dynamical field associated with the spin connection in Hamilton’s equations. Given
the extensive length of these equations, we refer interested readers to our attached
article in Chapter 7 for detailed calculations.

4.4.3 Outcomes

In the attached publication in Chapter 7, we discussed and commented on some
existing research done in the Hamiltonian formulation of TEGR. Compared to
the work done in the literature, we argue the advantages of our formalism being
gauge-independent and covariant. Because the problem that occurs in TEGR is that
there are no antisymmetric field equations while there is antisymmetric evolution
[85]. Thus, it is unclear what one should do with the antisymmetric evolution
equations. So, this kind of difficulty is avoided in our approach. This is the first
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time that it has been presented a novel derivation of Hamilton equations for the
covariant version of TEGR, with an arbitrary spin connection depending on Lorentz
matrices as well as the Hamilton equations in Weitzenbdck gauge.

We observed two main differences between the (covariant) TEGR Hamilton
equations: the first difference is related to which fields are treated as canonical.
Again, tetrads have six additional independent components compared to the metric,
and the spin connection (or rather the Lorentz matrices) introduces six more
independent components [86]. Hence, Hamilton’s equations exist for all of the
canonical fields and their conjugate momenta. The second main difference is that
Hamilton’s equations for TEGR are more numerous than those in the standard
formulation of GR. Despite these discrepancies, both (covariant) TEGR and GR
exhibit the same number of DOF: four DOF in the phase space, equivalent to two
physical DOF in the configuration space. This equivalence demonstrates that the
gauge choice does not affect the counting of physical DOF provided a careful
implementation of all the computations.
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Chapter 5

Cosmological Stability of the
Alternative Connection in
Symmetric Teleparallel Theories

The second part of this research is motivated by the recent growing interest in
symmetric teleparallel theory, driven by both theoretical [29, 67] and observational
[87—89] considerations, particularly in response to the challenges of ghosts [27]
and strong coupling [56, 78, 90] in f(Q) gravity. Unlike TEGR and STEGR
cases, the extra bits of connection in modified symmetric teleparallel (3.23) and
scalar-nonmetricity (3.59) actions now have their own equation, as discussed in
Sec. 3.3 and Subsec. 3.5.3. This raises the issue of how to analytically solve
the combined cosmological equations to find solutions. We addressed this in the
attached publications in Chapter 8 and 9.

There have been few studies within the nontrivial connection in the symmetric
teleparallel theory: some of them have explored specific cosmological solutions
and analyzed their properties [91-93], phase space features via fixed point analysis
[94, 95], and constraints from observational data [96, 97]. Some research even
suggests that these alternative connections fit the observational Hubble data better
than the ACDM and other models [89]. However, these studies typically consider
specific model functions. In our publications II and III, the analytical cosmological
solutions are derived, and the cosmological stability has been analyzed near the
vicinity of the GR cosmology. We keep the model functions arbitrary to encompass
a wide range of models. Furthermore, in III, we argued why so many model
solutions perform better in fitting with observational data. Recently, Ref. [98]
derived the exact analytical ACDM cosmological solutions by reconstructing the
model function and studied the stability of the solution in the nontrivial connection
sets, which is a subcase of our analysis and confirmed our findings.

In this work, we investigate the stability of symmetric teleparallel cosmology

52



in an FLRW background with a nontrivial connection. The stability is analyzed
near the vicinity of the GR limit (a limit under which the modified cosmological
equations approach GR, discussed in later Sec. 5.2) across all the evolutionary
epochs of the universe, starting from radiation to matter dominated eras to dark
energy dominated eras, by using a perturbative technique. Our aim is to check
whether a solution of these theories smoothly approaches the GR limit as an attractor
while all perturbations decay over time. For that, first, we aim to find the analytical
cosmological solution by employing a linear perturbation around the GR limit. Due
to the strong coupling in f((), we anticipate encountering some kind of instability
in our cosmological solutions. Given the success of GR in describing phenomena
such as the Solar System [99], astrophysical and cosmological tests [100], the
prediction and detection of gravitational waves, Big Bang nucleosynthesis, etc.,
this nearby regime is of particular importance for analyzing the stability of any
theory.

5.1 Symmetric Teleparallel Cosmology

In this section, we aim to present and analyze the cosmological equations of the
most general scalar-nonmetricity action (3.59) by using metric field equations (3.60),
connection field equations (3.61) and the scalar field equation (3.62). We then
subsequently discuss the independent dynamics of the physical system and some
potential instability by analyzing the scalar-nonmetricity cosmological equations
and the f(Q) cosmological equations (a limiting case of the generalized scalar-
nonmetricity theory, as pointed out in Sec. 3.5.3).

Let us assume a perfect fluid matter energy-momentum tensor consistent with
the assumed symmetries (2.40) given by

Tow = diag(p(t), a®(t)p(t), r*a®(t)p(t), ra*(H)p(t)sin®f), (5.1)
with the barotropic equation of state

p=wp, (5.2)

where w is the equation of state parameter, and the scalar field depends on the time

O = (). (5.3)

Upon substituting the metric (2.41), connection set 1 (2.43), perfect fluid matter
(5.1), scalar field (5.3) into the field equations (3.60), (3.61) and (3.62) yields two
nontrivial metric equations, scalar field equation, and matter continuity equation as
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follows

?) = 2k%p, (5.4a)

6H2A(®) — D2B(®) — 2V(
2V(P) = 2k%wp, (5.4b)

—AHA' (D) — (6H2 + 4H) A(®) — $2B(®) +

—6H?A'(®) — (6HD + 20)B(D) — 2B’ (®) — 2V'(®) = (5.4¢)
p+3H(1+w)p= 0. (5.4d)

Compared to scalar-curvature cosmology [101], the main difference lies in the
absence of matter sources from the scalar field equation (5.4c), provided that, for
minimally coupled theories, the equations fully coincide. Moreover, the above
Egs. (5.4) also coincide with the scalar-torsion cosmological equations [40]. In
this branch, the connection equations (3.61) are trivially satisfied, leaving ~(¢)
completely arbitrary by the field equations. Upon expressing the above cosmological
equations into a system of first-order differential equations, we observed that the
phase space is characterized by three independent variables (P, p, H).

Substituting the FLRW metric (2.41), connection set 2 (2.45), matter (5.1)
and scalar field (5.3) into the field equations (3.60), (3.61) and (3.62) yields two
nontrivial metric equations (3.60), one nontrivial connection equation (3.61), the
scalar field equation (3.62) and the matter continuity equation. These equations
are given by:

307 A" (D) + 6H2A(D) — D?B(®) — 2V(®) = 2x%p,
(5.52)
(307 — AHS)A'(@) — (6H? + 4 ) A(D) — $?B(D) + 20(D) = 26%wp,
(5.5b)
3y (c'lsA’(cb) +3HA(®) + <i>2A”(<I>)> ~0,
(5.5¢)
(—6H? + 9H~ + 3%)A'(®) — (6HD + 20)B(®) — d2B'(®) — 2V'(®) =0,
(5.5d)
p+3H(1+w)p=0.
(5.5¢)

Notice, the connection function «(t) appears in the equations only in association
with derivatives of A(®), thus affecting only nonminimally coupled theories.
Comparing the -y terms in Egs. (5.5a) and (5.5b) with the p terms reveals an effective
barotropic index of 41 for y, rather than the expected —1 or 0. Consequently, it
can not contribute to effective dark matter or dark energy in the cosmological
equations. Furthermore, we observe that though the connection equation (5.5¢)
does not provide dynamics for the independent connection function ~, it does
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influence the scalar field dynamics to

L A(@)
= —3Hb - Tt (5.6)

This equation effectively acts as a constraint and helps to reduce the system of
equations to four independent variables: {®, p, H,~v}. To analyze scalar field
dynamics, we draw an analogy to a mechanical equation in physics where the
Lh.s. of (5.6) is like acceleration, while the r.h.s. is like the total force acting on
the system. The first term of the force acts like friction, opposing the motion,
while the second term can act as extra friction or anti-friction, depending on the
alignment of signs. Now, let us extract the stability information by simply analyzing
the simplified connection equation (5.6). For lower speed ®, all solutions are
convergent to some arbitrary value of ®. However, sufficiently high speeds lead to
the dominance of the second term, potentially causing the acceleration and, thus,
the speed itself to approach infinity, hence inducing possible instability. Unstable
solutions could also arise near the extrema of the gravitational coupling function at
some value of ;.

Finally, upon substituting the FLRW metric (2.41), connection set 3 (2.47),
matter (5.1) and scalar field (5.3) to the field equations (3.60), (3.61) and (3.62)
yields the two nontrivial metric equations (3.60), one nontrivial connection equation
(3.61), the scalar field equation (3.62) and the matter continuity equation as

6H2A(®) — 37D A’ (D) — P?B(®) — 2V(d) = 2x%p,
(5.72)
(76 — 4H)A'(®) — (6H2 + 4H) A(D) — B2B(®) + 2V(®) = 2x2wp,
(5.7b)
—65 DA (D) — 37 (615,4'(@) +5H & A'(®) + ci>2A“(<1>)) —0,
(5.7¢)
(—6H? 4+ 9H7 + 37) A’ (®) — (6H & 4 20)B(®) — B’ () — 2V'(®) =0,
(5.7d)
p+3H(1+w)p=0.
(5.7¢)

The cosmological equations for connection set 2 (5.5) share a similar structure
with those for connection set 3 (5.7), allowing the previous analysis to be readily
extended. In contrast to the set 2 case, the 7 term in (5.7a) carries an opposite sign.
Nevertheless, # still cannot contribute to effective dark matter or dark energy, as the
associated effective barotropic index in Equations (5.7a)—(5.7b) is —%, analogous
to spatial curvature. Like connection set 2, the above system (5.7) exhibits a four-
dimensional phase space with four independent dynamical variables {®, p, H, 7}.
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Furthermore, the connection equation can be expressed as

L% ) A(®) .,
b= (2 y5H)d- $2, 5.8
<,_y * A1) ©:8)

containing an additional friction term; hence, all the remarks about the possible
instabilities considerations are applicable here as well.

While analyzing the stability of scalar-nonmetricity cosmology around the
GR limit, without loss of generality, we introduce a reparameterized scalar field
¢(®) that preserves all physical measurable quantities. For simplicity, we choose
a parametrization that yields the kinetic energy, i.e., B(¢) = 1. Furthermore, we
express the nonminimal coupling to gravity as A(¢) = 1 + f(¢), separating out a
constant term, and redefine the potential as V' (¢) in terms of the reparameterized
field.

51.1 f(Q) cosmology

As demonstrated in Sec. 3.5.3, by employing the identification (3.64) and
utilizing a parameterization

f(Q)=Q+ F(Q), (5.9)

without loss of generality, it can be easily verified that each of the three sets of
scalar-nonmetricity cosmological equations (5.4), (5.5) and (5.7) reduce to the
corresponding branch of the f((Q) cosmological equations, which is the starting
point of the publication III. The primary motivation for investigating the independent
dynamics of f(Q) cosmological equations lies in elucidating how the additional
scalar degree of freedom inherent in scalar-nonmetricity theories can be realized in
f(Q) cosmology.

In connection set 1, f(Q) and f(7") cosmologies with identical symmetry share
the same background equations, although the evolution of perturbations could differ.
We verified that the cosmological dynamics in connection set 1 can be expressed in
terms of a single independent dynamical variable (either p or H) in the phase space,
like in (7). Depending on the specific form of the function F'(Q), the system of
differential equations may encounter a singularity where H diverges [102].

Unlike connection set 1, the nonmetricity scalar (2.46) in set 2 can vanish or
remain constant for any Hubble function H (¢) depending on ~y(¢). This allows the
cosmological equations to reduce to GR, or to GR with a cosmological constant
while the connection equation is identically satisfied. Notice that the nonmetricity
scalar @ in set 2 contains additional dynamics of ~ that prevent the Friedmann
equation from being a constraint equation. Notably, while keeping arbitrary model
functions, the system is characterized by four independent dynamical variables:
{v,%, H, p }, defining a four-dimensional phase space. Analysis of the equations,
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particularly the Hubble function’s derivative, reveals potential singularities when
v approaches zero or 1 + Fy vanishes. The latter agrees with the general
physical viability condition discussed in Sec. 3.3. The connection equation can be
equivalently written as

G = —3HQ - L2, (5.10)
Foq

demonstrating a structural similarity to the scalar-nonmetricity connection equation

(5.6); indeed, a similar instability conclusion can be drawn, as follows from the

previous explanation.

Analogous to the nonmetricity scalar (2.46) in the connection set 2, the
nonmetricity scalar (2.48) in set 3 exhibits a similar structure. In cosmology, when
(2.48) vanishes or is constant, the cosmological equations recover GR or GR with
a cosmological constant, with the connection equation being identically satisfied.
The system, represented by the four independent variables with {7, H, p,7} spans a
four-dimensional phase space (to visualize, please refer to Chapter 9). Just looking
at the system of equations reveals potential singularities when 7 approaches zero or
1 + F{ vanishes, likely leading to a divergence in the Hubble parameter and thus a
singularity in the system. The connection equation is expressible as

Q=-— (27+5H>Q_FQQQQ2, (5.11)
0l Foq

exhibits a structure similar to that of Eq. (5.8), suggesting analogous instability
behavior.

5.2 General Relativity Limit

The Friedmann equations for a spatially flat universe containing a single
barotropic fluid matter component in GR are

3H2 = 8nGnps + A, (5.12a)
2H, + 3H,?> = —871Gnwp. + A, (5.12b)
pr+3H. (1 +w)p. =0, (5.12¢)

where Gy represents the Newtonian gravitational constant and A denotes the
cosmological constant.

For non-relativistic matter (dust) with an equation of state parameter w = 0,
solving Egs. (5.12), yields the Hubble function and matter energy density

2 4

PO M s

(5.13)
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For relativistic matter (radiation), with an equation of state parameter w =
the Hubble function and energy density evolve as

Lol

1 3

Hi(t)= 7~ p*(t):m>

Al (5.14)

where ¢ is an integration constant, representing the moment of the initial singularity,
and will be set to zero for simplicity.

For a cosmological constant (A) dominating the universe w = 0 with the
absence of matter and radiation, the Hubble parameter and energy density are given

by
2
H*(t):i\/ﬁgA, pu(t) = 0. (5.15)

Alternatively, considering dark energy as a fluid with constant energy density
with an equation of state w = —1, the Hubble parameter and energy density are

expressed as
2A
H(t) = +\/"522, po=App. (5.16)

5.3 Methodology

This section provides a brief overview of the common methodology employed
in the publications II and III.

1. The initial step involves identifying the conditions under which the modified
cosmological field equations reduce to the standard GR (5.12), referred to as
the GR limit.

2. To see whether a small perturbation to the limit of GR is dynamically stable,
first, we perturbed all independent variables involved in the cosmological
equations around the GR cosmology. For instance, in scalar-nonmetricity
cosmology, this involves perturbing the scalar field, Hubble function, matter-
energy density, and the connection function as follows:

O(t) = du + (1), H(t) = H(t) + h(t),
V() =7(t) +9(t),  p(t) = pult) +7(t), (5.17)

where ¢, is constant, and x(t), h(t), g(t), r(t) represent small perturbations
assumed to be of the same order of magnitude. A Taylor series is often
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employed to expand the generic functions (here it is gravitational coupling
and potential function) around the constant scalar field

1 x 2
F(@(t) = fu+ fla(t) + LZOL (5.18a)
= VI (z(1)?
V((t)) = Vi + Via(t) + L0 (5.18b)
Analogously, in f(Q) cosmology along with the above (5.17), the independent

variable is the nonmetricity scalar instead of being the scalar field, and it
perturbed as

Q(t) = Q«(t) + q(2), (5.19)
as q(t) is a small perturbation, and the arbitrary model function is expanded
as

* * 1 *

F(Q#) = F*(t) + Fa(tla(t) + 3 Fae(ta(®)*. (520

3. To derive an approximate field equation and analyze the behavior of the
perturbed functions in each evolutionary epoch, the expansions Eqs. (5.17),
(5.18), Egs. (5.19) and (5.20) are substituted into the respective cosmological
equations for scalar-nonmetricity and f(Q) gravity.

4. Then, we proceeded to solve the approximate field equations analytically,
order by order, encompassing all cosmological phases of the universe as
outlined in (5.13), (5.14), (5.15), (5.16).

5. After finding all the perturbations, to investigate an era to be stable, all
perturbed functions should exhibit a decrease with time. Furthermore, the
presence of constant perturbations necessitates further investigation as they
may potentially induce a system collapse towards a singularity.

6. While analyzing the connection equation, we drew some conclusions
regarding possible instability. Hence, we expect to see some unstable
solutions at the perturbative level.

For a detailed description of how the aforementioned steps are applied to analyze
the stability of symmetric teleparallel theory on specific cosmological backgrounds,
please refer to the publications attached in Chapters 8 and 9. In the following, we
discuss the conditions under which the general function leads to successful stability
eras around GR within the framework of scalar-nonmetricity theory.
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5.4 Stability of Scalar-Nonmetricity Cosmology

The fundamental geometric structure underlying the symmetric teleparallel
gravity studied in the second publication II is provided in Sec. 2 with the action
(3.59), the nontrivial connection is presented in Subsec. (2.4) and the corresponding
cosmological field equations are given in Sec. 5.1. To encompass a broad range of
models, we keep nonminimal coupling and potential function arbitrary.

5.4.1 Conditions on the Generic Scalar Functions and Analyzing the
Stability of Each Era

This subsection summarizes the key findings, which consist of the restrictions on
the model functions to ensure the stability of the standard cosmological sequence:
radiation domination, followed by dust matter domination and scalar potential
domination.

Connection set 1:

To recover standard GR, a necessary condition found from the background scalar
field equation is a simultaneous occurrence of critical points for the derivatives
of the gravitational coupling, f., and the potential, V, at the same value of ¢,.
Our results demonstrate that for the models at the simultaneous critical point, all
perturbations near the GR limit are stable, i.e. solutions eventually approach GR.
This confirms the successful recovery of a stable standard cosmic evolution of the
universe.

Connection set 2:

In this branch, the background scalar field cosmological equation for matter,
radiation, and potential dominated era demands three options. While finding better
stability in the solutions, sometimes we consider that the second derivative of the
potential also vanishes. The stability results for all the cosmic epochs for long
run time are summarized in the given Table 5.1 and finite time singularities are
discussed in the Chapter 8. The blue color indicates that, although the background
connection grows over time, its coupling with the evolving scalar field mitigates its
influence in the cosmological field Egs. (5.5), preventing unphysical behavior. The
red color is used to denote unstable or marginally stable perturbations, while the
magenta color is used to represent undetermined perturbations where we cannot
conclude whether the respective dominating era is stable.

Near the simultaneous critical point, defined by

fi=0, V/=0, (5.21)
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Cases Matter domination Radiation domination Potential domination

| Yult) ~ 10, 2(t) ~ e 3t
1L #0, ult) ~ to(t) ~ 7L ult) ~ toa(t) ~ 3, , _
Y X . . h(t) ~ Cﬁm_L’g(w ~ te3Hst
V! #0 h(t) ~ 9 g(t) ~ t2,r(t) ~t~t h(t) ~t2,g(t) ~t2,r(t) ~ 172
r(t) ~ e 3Hxt
. () ~ 0, (1) ~ P,
fL#0, Yalt) ~ 7 a(t) ~ Yult) ~ 7w (t) ~ 2, ) )
) . : h(t) ~ et g(t) ~ tem3Ht,
V! = h(t) ~t72,g(t) ~ 07 (t) ~t=3 | h(t) ~t~2Int, g(t) ~ t2,7(t) ~ t 3 1Int )
r(t) ~ e 3Ht
. Ault) ~ 0, z(t) ~ e 3t
fL#0, Fult) ~t7 () ~ 71, Y(t) ~ 7L a(t) ~ 73, h(E) ~ t2Int, (') Y -
. . . h(t) ~ e 2"+t g(t) ~ te™ >t
VI=V/=0 | h(t)~t72g(t) ~ t72,r(t) ~ 173 g(t) ~ 172, 7 () ~ t3Int ’
r(t) ~ e 3Hxt
) ) ‘ h(t) ~ e 3Hst p(t) ~ e=3HAt
fl=0, Yult) ~ t, z(t) ~ tO h(t) ~ t72, h(t) ~ 72,0 (t) ~ t73, 2(t) ~ 1, )
. x(t) ~ 1Y, g(t) ~ undetermined,
V/=0 g(t) ~ undetermined, r(t) ~ t=3 Y« (t) ~ t, g(t) ~ undetermined ()~ t0
Yi(t) ~ T

Table 5.1: Stability results in connection set 2

a broad range of initial conditions leads to singular solutions at finite time, as
demonstrated by the analysis of scalar field perturbation in Sec. B of Chapter 8.
Although some solutions converge to constant values, they deviate from the GR
limit and violate the initial linearized perturbation assumptions (5.17), thus also
being classified as unstable. Furthermore, in this limit, the background connection
becomes undetermined. While a single solution does approach the GR limit, the
associated connection perturbation remains undetermined, precluding a definitive
conclusion about the stability of the standard cosmic history within connection set
2. A detailed phase space portrait analysis of these results is presented in Fig. 1 of
paper II.

Connection set 3:

Given the analogous structure of the scalar field equation in both connection sets
2 and 3, the background scalar field equation again demands the same three distinct
options. The results of the stability analysis in all the cosmological epochs for long
run time are summarized in Table 5.2 given below, and finite time singularities
are discussed in the Chapter 8. Combining the stability results of all three eras,
it appears that a cosmic history from radiation to dust to dark energy domination
cannot be realized in a stable manner in the vicinity of some fixed scalar field value
¢«. Meanwhile, the dust matter and potential domination eras are stable around
fe#0,VI=V!=0.

5.4.2 Outcomes

In summary, the additional connection function in sets 2 and 3 increases the
independent cosmological phase space dimensions by one but cannot take the role
of dark matter or dark energy. Instead, it manifests as a stiff fluid (set 2) or spatial
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Cases Matter domination Radiation domination Potential domination

13 7 Yelt) ~ 10,2 (t) ~ e,
7 ’ Ya(t) ~ f’v'T(T’) ~UTE, ’Y*(f’) ~ () ~ e, —3H.t —3H.t
L#0.Vi#0 L ) . L | h(t) ~ e g(t) ~ tem
B(t) ~ 172, g(t) ~ 10, (t) ~ 7 h(E) ~ 72 g (1) ~ 0 (t) ~ 70 )
r(t) ~ e 3t
Ya(t) ~ 10, (t) ~ e7HAE,
, , ull) ~ 7L () ~ £, Bull) ~ 71 a(t) ~ 3, o o
Je#0,Vi=0 4 ) - o ; | h(t) ~ e 3HE g(t) ~ tem 3
h(t) ~t75,g(t) ~t5,7(t) ~t75 | h(t) ~t72,g(t) ~t2,7(t) ~t73 .
T(t) ~ e 3Ht
o o Y (t) ~ 10, z(t) ~ eHE,
, . Yult) ~ () ~ 75, Felt) ~ T a(t) ~ 22, . i
L#OVI=V/=0 4 4 7 ! | R(t) ~ e 3E g(t) ~ te 3
h(t) ~t73,g(t) ~t73,7(t) ~t73 | h(t) ~t 2 g(t) ~t 2,7(t) ~t3
r(z‘,) ~ e 3Hxt
Yelt) ~ £, h(t) ~ 72, R(t) ~ t72 7 (t) ~ t73, () ~ e SFE R(t) ~ e
fe=0Vi=0 r(t) ~ 75, 7lt) ~t7E, r(t) ~ e,
2(t) ~ See Chapter 8 text C.1 z(t) ~ See Chapter 8 text C.2 x(t) ~ See Chapter 8 text C.3

Table 5.2: Stability results in connection set 3.

curvature (set 3). The connection equation significantly affects the scalar field
dynamics, leading to conditions on the model function and the scalar field evolution
where the scalar field becomes singular. As expected, even small perturbations to
the scalar field trigger these singularities. In sets 2 and 3, near a simultaneous critical
point of the coupling and potential functions, a class of singular solutions emerges
due to the divergence of the scalar field perturbation at finite time, consequently
driving other physical quantities (energy density, connection function, and scalar
field) to become singular as well. Comparing all three branches of connection,
set 1 maintains a standard, stable cosmic history at the simultaneous critical point,
whereas sets 2 and 3 exhibit a class of singular solutions there. Notably, in sets 2 and
3, the background equations fail to uniquely determine the background connection
function, and the scalar field derivatives become singular in a simultaneous critical
point, preventing smooth convergence to the GR limit. This suggests a fundamental
issue with scalar-nonmetricity cosmology at the background level. Hence, we claim
that sets 2 and 3 appear less physically viable than set 1.

5.5 Stability of f(@)) Cosmology

In the attached publication (Chapter 9), we employ the geometrical formalism
outlined in Chapter 2, the f(Q) action (3.23) and the corresponding field equations
for the metric (3.24) and connection (3.25). Utilizing the metric (2.41) and
the affine connections defined in Egs. (2.43), (2.45), and (2.47) into the metric
field equations (3.24) and connection equation (3.25) yields three distinct sets of
cosmological equations, as detailed in Chapter 9. The appearance of the additional
free function ~(¢) in the f(Q) cosmological equations motivates an investigation
of its independent dynamics in the physical space. Furthermore, recent studies [27]
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have reported the presence of a ghost degree of freedom in the ultraviolet regime
within the second connection branch. This finding provides further motivation
for our analysis of connection set 2, specifically to examine whether any potential
instability arises from the dynamics of ().

5.5.1 GR Limit and Stability in Connection Set 1

We found three distinct scenarios where the modified cosmological Friedmann
equations in symmetric teleparallel gravity reduce to the standard GR equations
(5.12). First, the trivial case:

F*(t) = 0. (5.22)

The second also occurs trivially when the connection evolves in a manner whereby
the nonmetricity scalar

Qs+ = constant, or O, (5.23)

and the third, the nontrivial one

F*(t) = ay/—Qx(t) . (5.24)

A perturbative analysis around the nontrivial GR limit (5.24) shows stable
radiation, matter, and geometric dark energy eras, transitioning to a marginally
stable dark energy era, as summarized the results in Table 5.3. However, the second
option is quite restrictive under the FLRW symmetry assumption for the connection,
as these two conditions together select only specific Hubble functions, namely those
corresponding to Minkowski spacetime. Our study of generic f () models shows
that a large class of solutions possess a GR attractor. Hence, we conclude that every
model must have a value @, at which the model function must be equal to Q + /@,
whereby the cosmological equations reduce to the form coinciding with GR. This
explains why many models can fit well with observations [87, 89, 103—-105] even
though these models are different from the exact GR solution for other values of ).

5.5.2 GR Limit and Stability in Connection Set 2

Connection set 2 also has three ways to recover GR. First, the modified f(Q)
cosmological equations trivially reduce to GR when

F*(t)=0. (5.25)
Second, in contrast to set 1, the condition in

Q4 = constant, or 0, (5.26)

63



Value

Fr(t) = a/=Qx (1)

Different phase
Matter Radiation | Dark energy | Geometric dark energy
h(t) ~t=2, | h(t) ~t=2, | h(t) ~ 1, h(t) ~ =3t
r(t) ~t73 | r(t) ~t3 r(t) ~ t0 P(£) ~ e~3Hxt

Table 5.3: Stability results of f((Q) cosmology in connection set 1.

Geometric dark

energy

Matter Radiation Dark energy

F*(t) = & (Q«(t) — 26*ApE)
Q)

F*(t) = 62Qu(t) F*(t) = 6x2AgpE

382Q.(1)?

F*(t) = Q.(t)éa

+705 —36Q.(0) (/- 2% F*(t) = ége PAppe? —4Qu(t)
. (4) ~ 40 40 )
r(t) ~t72, r(t) ~t72, r(t) ~t%,  h(t) ~ 1, r(t) ~ e3Hat |
h(t) ~t72, h(t) ~ 2 g(t) ~ undetermined. h(t) ~ e=3Het
0 0
g(t) ~ 0 gty ~t72 h(t) ~ 8, g(t) ~ 1, g(t) ~ undetermined

r(t) ~ undetermined

Table 5.4: Stability results of f((Q) cosmology in connection set 2.

only allows de Sitter solution while respecting cosmological symmetry. The
third option provides a nontrivial realization of the modified Friedmann equations.
However, unlike connection set 1, solving the modification terms is difficult due
to the presence of 7, (¢) and its time derivatives up to ¥.(¢) in the cosmological
equations. Therefore, we began by solving the background connection equation,
which can be simplified to

(5.27)

In (Fiq(Q.(1)) = —3 / H.()dt.
As the above expression shows, the dependence on the different background Hubble
expansion (5.13), (5.14), (5.15) and (5.16) leads to a different condition for each
cosmological epoch.

The stability results in the trivial regime (5.25) coincide with those of set 1.
In the nontrivial regime of the dust dominant era, we found a quadratic function
containing the exact GR-type solution. Applying small perturbations around this
value, we demonstrate that the perturbations exhibit asymptotic decay over time,
signifying the stability of Hubble expansion and matter energy density. However,
the marginal stability of the background connection raises concerns about the
long term stability of a matter dominated era around the GR limit. To investigate
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the potential impact of this marginal stability of the connection, we conducted a
numerical example; see Sec. VII of Chapter 9. Similarly, the stability results for
other cosmological epochs are summarized in Table 5.4. Unlike connection set 1,
a single value of the nonmetricity function cannot capture the entire evolutionary
history of the universe, from radiation to dark energy to geometric dark energy
domination.

5.5.3 Outcomes

Let us summarize the key findings in the attached publication in Chapter 9: the
extra connection function brings two additional directions to the phase space in sets
2 and 3, making the phase space four-dimensional. By analyzing the conditions
that a physically viable model should obey, our result confirmed that we can not say
that a certain model f(Q)) is viable or a certain connection is viable, but these two
aspects must be considered together. The nontrivial realization of the GR regime in
set 2 might have less applications because different eras imply different behavior of
f(Q), and the stability is only guaranteed in the radiation domination epoch. Then,
an inspection of the field equations in the form of a dynamical system and an analysis
of the connection equation showed the conditions for possible singularity. The
numerical evolution of the equations, starting near a matter solution in GR, explicitly
demonstrated this, showing the connection function hitting a singularity at a finite
time and consequently driving the entire system to singularity. These singular
solutions highlight that cosmologies using the alternative FLRW connection sets 2
(and, by analogy, set 3) must be handled with utmost care.
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Chapter 6

Future Directions

As discussed in Chapter 4, there is compelling evidence that f(Q) and f(T")
theories of gravity are strongly coupled. The Hamiltonian analysis developed
during this PhD will be instrumental in addressing this ongoing controversy.
Beyond determining the correct number of PDOF, we will identify and characterize
perturbative modes. This includes classifying them into vector, tensor, and scalar
modes, as well as identifying and eliminating any unphysical (unhealthy) modes.
This analysis will be performed using perturbation theory. Future work will also
explore the potential of Hamiltonian analysis in the context of numerical relativity.

With the exception of a few studies [13], the Hamiltonian analysis of the
recent proposed GTEGR theories [11, 12] remains unexplored. This provides
a promising avenue for future research. In our forthcoming article, we aim to
derive Hamilton’s equations of STEGR in coincident gauge without omitting the
boundary term in order to gain deeper insights into the role of boundary term.
This analysis aims to enhance the impact of boundary terms in the Hamiltonian,
Hamilton’s equations, and the resulting constraint structure. We will then compare
our findings with those presented in [80, 106]. Furthermore, based on these findings,
we intend to investigate the potential impact of boundary terms on the breaking of
diffeomorphism symmetry in modified theories. We anticipate that this research
will significantly contribute to determining the correct number of PDOF in the
f(Q) theory.

When a theory incorporates additional dynamics beyond GR, it is crucial to
understand the behavior of these extra dynamics in the vicinity of the GR limit.
To assess the stability of such modified theories, we can extend our research by
employing cosmological perturbation techniques around GR background, provided
the theory admits a well-defined GR limit. It is possible to generalize this approach
to study the dynamics of the theory in the presence of hyperfluids (allowing coupling
of connection to matter) and how it impacts the stability of the system.
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Summary

The effects of non-Riemannian connection in teleparallel gravity

In general, this thesis aims to explore modifications to general relativity,
mainly emphasizing the modification of the underlying geometric sector motivated
by the limitations of general relativity, such as dark energy, dark matter,
fundamental cosmological challenges, and the Hubble tension. We mostly
concentrate on the teleparallel theory, where the flatness condition does not
completely fix the teleparallel connection, making it a gauge degree of freedom.
While one can choose a gauge where the connection vanishes (e.g., the
Weitzenbock gauge in metric teleparallelism or the coincident gauge in symmetric
teleparallelism), this thesis instead explores the impact of a nonvanishing
connection to investigate its influence on the theory and cosmology.

The main focus of the thesis work can be split into two parts. To understand
the physical viability and dynamics of any theory, a well-respected procedure to
utilize is the Hamiltonian approach. We apply this analysis to covariant teleparallel
equivalent to general relativity. Our primary motivation for avoiding gauge fixing
is to preserve covariance and gain deeper insights into how the additional field
(related to the spin connection) influences Hamilton’s equations. We concluded
that while the extra field alters the constraint structure and Hamilton’s equations,
the result does not impact the total number of physical degrees of freedom.

The second part of this work focuses on the stability of symmetric teleparallel
theories with nontrivial connections across all cosmic eras near the general
relativity limit. The objective is to investigate the influence of the extra connection
function on cosmological dynamics and stability. We found the connection
function does extend the phase space but does not take the role of dark matter and
dark energy, and it drastically changes the dynamics of the scalar field in scalar-
nonmetricity cosmology. A cosmological perturbative analysis confirms that
the scalar field experiences singularity, which ultimately makes other quantities
singular as well. A numerical example in f((Q) cosmology demonstrates that the
connection function hits a singularity at finite time. Furthermore, in the nontrivial
branch, one single model function can not able to reproduce all the cosmic epochs
of the universe. Therefore, we conclude that nontrivial connections might be less
physically viable for cosmology compared to the trivial branch, although further
research is needed to rule it out completely.
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Kokkuvote (in Estonian)

Mitte-Riemanni seostuse efektid teleparalleelses gravitatsioonis

Kéesoleva viitekirja eesmérgiks on uurida {iildrelatiivsusteooria modifi-
katsioone rohudes peamiselt aluseks oleva geomeetrilise sektori muutmisele,
mida motiveerib lildrelatiivsusteooria piiratud voime seletada néihtuseid nagu
tumeenergia, tumeaine, fundamentaalsed kosmoloogilised viljakutsed ja Hubble’i
pinge Universumi paisumise andmestikus. Me keskendume enamasti telepa-
ralleelsetele teooriatele, kus tasasuse tingimus ei fikseeri seostust tdielikult
vaid jatab selle kalibratsiooniliseks vabadusastmeks. Kuigi on voimalik valida
kalibratsioon, kus seostus on null (nt Weitzenbdcki kalibratsioon meetrilises
teleparallelismis voi kokkulangev kalibratsioon siimmeetrilises teleparallelismis),
uurib doktoritdd mitte-nullise seostuse tihendust teooriale iilesehitusel ning
kosmoloogilistes rakendustes.

To6 pohifookuse voib jagada kaheks osaks. Esiteks, hindamaks mistahes
teooria fiiiisilikalist paikapidavust ja diinaamikat pakub héstituntud protseduuri
Hamiltoni formalism. To60s on vastavat analiilisi rakendatud kovariantsele
iildrelatiivsusteooria teleparalleelsele ekvivalendile. Peamine motivatsioon
kalibratsiooni fikseerimise véltimiseks on kovariatsuse sdilitamine ilmutatud kujul,
et saada siigavam tilevaad sellest, kuidas lisavéli (spinn-seostus) mdjutab Hamiltoni
vorrandeid. Lopuks nédgime, et kuigi lisavili muudab tingimuste avaldiste struktuuri
ja Hamiltoni vorrandit, ei mojuta see fiiiisikaliste vabadusastmete koguarvu.

Too teine osa keskendub siimmeetriliste teleparalleelsete kosmoloogiliste
mudelite iildrelatiivsusteooria piiri stabiilsuse uurimisele, hdlmates mittetriviaalset
seostust koigi kosmiliste ajastute kirjeldamise juures. Eesmairgiks oli jilgida
tdiendava seostusest lahtuva funktsiooni mdju universumi diinaamikale. Leidsime,
et vastav funktsioon laiendab faasiruumi, kuid ei saa endale votta tumeaine ega
tumeenergia rolli. Lisaks muudab see drastiliselt skalaarvilja kditumist skalaar-
mittemeetrilisuse kosmoloogias. Kosmiliste hdirituste analiiiis niitab, et skalaarvili
jouab singulaarsusesse, mis viib singulaarseks ka teised suurused. Seda ilmestab
f(Q) kosmoloogia numbriline niide, kus seostuses sisaldunud funktsioon ldheb
singulaarseks 16pliku aja jooksul. Tdiendavalt tuli mittetriviaalse seostuse korral
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vilja, et liks mudelfunktsioon ei suuda reprodutseerida koiki kosmilisi ajastuid.
Seetottu jireldasime, et mittetriviaalsed seostused vdivad olla olla kosmoloogia
jaoks fiiiisikalises mottes vihem sobivad vorreldes triviaalse seostusega, kuigi
nende tdielikuks vélistamiseks on vaja tdiendavaid uuringuid.
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