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Chapter 1

Introduction

1.1 Motivations

This thesis begins with a brief journey from Newtonian gravity to Einstein’s
general relativity (GR) and beyond while we touch upon some of the key highlights
and general properties of those theories. Subsequently, we will explore the
limitations of GR and examine various approaches to its modification, which are
known as modified theories of gravity, one of the main topics in this research.

In the Newtonian framework, gravity is understood as a force of attraction
between massive objects. The theory assumes space and time are absolute and
treats mass and energy as independent quantities. The gravitational potential Φ in
this scenario obeys Poisson’s differential equation

∇2Φ = 4πGρ, (1.1)

which relates the potential to the matter density ρ, with G being Newton’s
gravitational constant. Newtonian gravity, however, exhibits limitations in strong
gravitational fields, where relativistic effects become significant. To address these
limitations and provide a more comprehensive understanding of gravity, Einstein
introduced the general theory of relativity in 1915. This revolutionary theory
reconceptualized gravity as a curvature of spacetime rather than a force caused
by mass and energy. His identification of inertial mass and gravitational mass
was a cornerstone of the Equivalence principle, which played a pivotal role in the
development of gravitational theory, and the universality of free fall is a consequence
of this principle. Newtonian gravity emerges as an approximation of GR under
specific conditions (a static field, in the limit of weak gravitational fields, and
at low velocities). Nature has four fundamental forces: strong (exists between
quarks and short range) and weak (exists in leptons and very short range) operates
at the subatomic level, electromagnetic (acting between charged particles and
long range), and gravitational (weakest force, exist everywhere and long range).
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Unlike the other three forces, gravity is distinguished by the equivalence of inertial
and gravitational mass. It remains incompatible with quantum mechanics, and
a full renormalizable theory of quantum gravity has not yet been found. For a
comprehensive understanding, readers are encouraged to consult [1, 2].

While the dynamics of objects in flat spacetime are relatively straightforward,
understanding their behavior in curved spacetime presents a significant challenge.
To conceptually know the dynamics in curved spacetime, we need some knowledge
of tensor calculus, differential geometry, and Riemannian geometry, partially
covered (only the necessary geometrical structure in the thesis) in Chapter 2.

In curved spacetime, a metric tensor plays a fundamental role in defining the
geometry of spacetime. Two assumptions are made in GR in order to obtain the
unique Levi–Civita connection: the first is the metric compatibility condition, and
the second is the vanishing torsion that makes the connection symmetric. Einstein
explained a crucial mathematical relationship between how spacetime geometry
responds to the presence of matter configuration, where gravity is measured by
spacetime curvature, through Einstein’s field equations

G̊µν = R̊µν −
1

2
R̊gµν =

8πG

c4
Tµν . (1.2)

Here, G̊µν denotes the Einstein tensor, R̊µν the Ricci tensor constructed from
Riemann tensor by contracting first and third indices, R̊ the Ricci scalar built
from contracting a metric tensor, and Tµν source of the matter-energy momentum
tensor. As the Riemann tensor involves second-order derivatives of the metric
tensor, Einstein’s equations (1.2) are second-order differential equations for the
metric tensor.

By modifying the underlying assumptions of GR, interestingly, two alternative
equivalent formulations of gravity emerge: teleparallel equivalent of general
relativity (TEGR) based on torsion and symmetric teleparallel equivalent of general
relativity (STEGR) based on nonmetricity, discussed in Secs. 3.2 and 3.3. It
is noteworthy that metric teleparallel alternative theories were considered even
alongside the development of GR, often motivated with the aim of formulating
gravity as a gauge theory [3–5]. However, symmetric teleparallel theory emerged
later and has a less extensive history compared to metric teleparallel theories [6, 7].
In the modern perspective, these three theories, commonly known as the ‘Geometric
Trinity of Gravity’ [8], offer distinct perspectives on the nature of gravity. Recently
the authors of [9] have argued that, unlike in GR, the equivalence principle is
not fundamental in TEGR and STEGR, although it can be recovered through a
specific gauge choice. A recent work [10] has proposed a more general theory
known as a general teleparallel equivalent to GR (GTEGR), which incorporates
both torsion and nonmetricity to describe the gravitational field. This theory is
further explored in [11–13]. We consider these alternative formulations as starting
points for modifying GR.
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1.2 Why Modified Theories of Gravity?

Despite the remarkable successes of GR in explaining phenomena such as
the perihelion precession of Mercury, Solar System tests, redshift distortions,
gravitational lensing, prediction and detection of gravitational waves, and the
existence of black holes, it faces significant challenges in addressing the quantization
of gravity [14], the nature of dark matter and dark energy, inconsistencies observed
in the Hubble constant (H0 tension) [15–17] and growth index perturbation (σ8
tension) [18], including the recent indications on variable dark energy from the
Dark Energy Spectroscopic Instrument (DESI) survey [19]. To address these
shortcomings, researchers have explored modified theories of gravity, as reviewed
in [20–25], while preserving the core structure of GR. Some possible ways of
modification include:

• modifying the underlying geometry of GR,

• incorporating extra fields into the gravitational action,

• introducing nonlinear functions to the gravitational action,

• exploring higher-dimensional gravitational theories,

• modifying the matter content of the universe,

• breaking local Lorentz invariance or diffeomorphism invariance.

This thesis aims to address the first three modifications to investigate the effects of
non-Riemannian connections in teleparallel geometry. Here, it would be useful for
the reader to know that the teleparallel connections, unlike the Levi–Civita one, are
not fully determined once we impose vanishing curvature. Therefore, there are free
functions that define the curvatureless connection, and those functions represent a
gauge freedom of the theory. The thesis explores the physical meaning of gauge
fixing (these free functions) and their relation to fixing dynamic variables such as
the tetrad and the metric. Leaving the gauge freedom untouched is the so-called
covariant approach. We follow the covariant approach to gain deeper insights into
the role of teleparallel connections and if they carry extra dynamics beyond those of
the fundamental dynamical variables. Furthermore, the analysis is extended to the
cosmological context to explore whether the cosmological stability is influenced by
the impact of the free function of the teleparallel connection.

1.3 Aim of the Thesis

Hamiltonian formalism and Dirac’s algorithm are very important tools for
analyzing any physical theories and enabling the identification of physical degrees
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of freedom (PDOF) through constraint classification. We applied the Hamiltonian
technique to the covariant formulation of TEGR (which consists of six extra fields
due to the inclusion of spin connection through the Lorentz matrix) in order to
better understand the dynamical behavior of the theory, the nature of its degrees
of freedom (DOF) and compared the results with the standard GR case. Our
research addressed the following questions: Do the six additional fields in the
spin connection carry dynamical DOF? If not, how could it be demonstrated they
do not contain any new physical information? Why is gauge fixing important in
teleparallel theory? Then, what are the advantages of using a gauge independent
and covariant approach to construct the Hamiltonian formalism in TEGR? Are
there any significant differences in covariant TEGR Hamiltonian formalism with
the standard Hamiltonian formulation in GR? Does the inclusion of a boundary
term in the Hamiltonian impact the PDOF and the resulting Hamilton’s equations
of motion? How does our methodology offer advantages over previous existing
literature? A detailed discussion of these questions is found in Chapter 7 of the
attached publication.

We investigated the stability of the scalar-nonmetricity cosmology within the
three nontrivial branches: set 1, set 2, and set 3 corresponding to zero spatial
curvature (each contained an additional free function), in the vicinity of GR limit,
considering all the eras starting from the radiation dominated epoch to matter
domination, to the era of dark energy. Our research aimed to address how the
additional function in the connection influences typical cosmological dynamics
across different evolutionary eras. Can the connection be itself a source of dark
energy, or enable or disable the scalar field to behave as one? Can it allow phantom
crossing for even a minimally coupled scalar field? Does the cosmological evolution
spontaneously stabilize at some field values, i.e., is there an “attractor mechanism”
like in the original scalar-tensor theory, or does the connection make the universe
unstable? Among all the three connection branches, can we have some evidence to
say which one is more physical? All these questions are addressed in the attached
paper in Chapter 8.

While f(Q) gravity is a subclass of scalar-nonmetricity theory, it is not
immediately clear how the dynamics of the extra scalar field manifest in f(Q) theory
within the nontrivial connection. Furthermore, problematic features such as ghost
DOF and singularities, noted in [26, 27] motivate further study in f(Q) cosmology.
We investigated the stability of f(Q) solutions within the nontrivial connection
in the close GR regime considering the radiation, dust matter, and cosmological
constant dominated eras. We aimed to address the following questions in our
work in the attached article in Chapter 9: Are there any general conditions that
define a viable f(Q) model, and are these conditions independent of the choice of
connection? Even if an analytic solution exists near GR, can we say those solutions
are stable? Apart from the square root model (derived from the equations of motion
of set 1), why do other f(Q) models also exhibit observational compatibility with
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ΛCDM? Can it always be the case that a single f(Q) function is able to explain
all the epochs of the universe? Does the answer have any impact on the physical
viability of the nontrivial connection?

1.4 Statements

This thesis presents the following significant findings:

1. The counting of the number of PDOF is independent of gauge fixing in TEGR,
which also applies to other alternative and generalized modified theories.

2. In general, Hamilton’s equations are affected by the inclusion of boundary
terms.

3. The Hamiltonian formulation of TEGR offers a significant advantage by
eliminating undetermined antisymmetric evolution equations.

4. While alternative Friedmann–Lemaı̂tre–Robertson–Walker (FLRW) connections
in symmetric teleparallelism cannot be deemed outright pathological and do
not necessarily make the universe unstable, they do have a very strange and
possibly dangerous influence on scalar field dynamics.

5. The stability of a f(Q) model cannot be assessed independently of the
connection; the two aspects must be considered together.

6. The nontrivial realization of the GR regime in set 2 of f(Q) probably has
limited applications because different eras imply different behaviors of f(Q).

7. The existence of an unstable solution signaling f(Q) theory is already
problematic at the background level, which further supports the existing
literature results on strongly coupled fields and ghost degree of freedom.

8. The phenomenon of sudden singularities in f(Q) needs further investigation,
and it could turn out that the alternative connections are unable to provide
reliable backgrounds for cosmology.

1.5 Structure of the Thesis

The structure of the thesis is organized as follows. Chapter 2 provides useful
geometric foundations for all the papers about the remaining part of the thesis.
Chapter 3 introduces the action and field equations in alternative theories and their
extensions, emphasizing more on teleparallel gravity, which plays a major role
in this thesis. Chapter 4 outlines the basic concepts of Hamiltonian formalism
needed to understand the discussions in the attached publication in Chapter 7. We
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discuss the idea of understanding the stability of a theory in cosmology using the
perturbative technique around the GR limit in Chapter 5 to follow the attached
publications 8 and 9. This thesis concludes with a discussion of future research
directions in Chapter 6, followed by a comprehensive summary, acknowledgments,
a bibliography, a summary in Estonian, and finally, my Curriculum Vitae presented
in both English and Estonian.

We employ the following notation: Lorentz spacetime indices are denoted
by uppercase Latin letters A,B, . . . = 0, 1, 2, 3, while Greek letters µ, ν, ... =
0, 1, 2, 3 represent spacetime indices. Lowercase Latin letters i, j, . . . = 1, 2, 3
indicate spatial indices. Both the spacetime metric gµν and the Minkowski metric
ηAB possess a positive signature (−1,+1,+1,+1). To distinguish among different
types of connections, we employ the following notation: {Γ̃, ω̃, ∇̃} for the general
connection, {Γ, ω,∇} for teleparallel connection, and {Γ̊, ω̊, ∇̊} for the Levi–Civita
connection.

15



Chapter 2

Geometrical Foundations

This chapter introduces the geometrical interpretation of curvature, torsion,
and nonmetricity, along with presenting the structure of parallel transport and
independent connections in teleparallel gravity. The notions of Lie derivatives,
Killing equations, and symmetries are also given. The chapter concludes with a
discussion on the trajectories of point particles in curved spacetime, emphasizing
the distinction between geodesics and autoparallels in teleparallel geometries.

2.1 General Affine Connection

A manifold M is equipped with a line element to measure distances between
points

ds2 = gµνdx
µdxν , (2.1)

where under general coordinate transformations, the metric transforms as a tensor

g′µν(x
′) =

∂xα

∂x′µ
∂xβ

∂x′ν
gαβ(x). (2.2)

The affine connection Γα
µν defines parallel transport and covariant derivatives

along curves, given by

∇αT
µ1...µp

ν1...νq =∂αT
µ1...µp

ν1...νq + Γµ1
λαT

λ...µp
ν1...µq + . . .+ Γµp

λαT
µ1...λ

ν1...νq

− Γλ
ν1αT

µ1...µp
λ...νq − . . .− Γλ

νqαT
µ1...µp

ν1...λ, (2.3)

which generalizes the concept of partial derivatives to curved spaces. Although the
connection itself does not transform as a tensor,

Γ′α
µν(x

′) =
∂x′α

∂xβ
∂xρ

∂x′µ
∂xσ

∂x′ν
Γβ

ρσ(x) +
∂x′α

∂xλ
∂2xλ

∂x′ν∂x′µ
, (2.4)
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the covariant derivative of any tensorial object, as shown in Eq. (2.3) does indeed
transform as a tensor.

The most general affine connection can be split into

Γ̃λ
µν = Γ̊λ

µν +Kλ
µν + Lλ

µν , (2.5)

where Γ̊λ
µν denotes the Levi–Civita connection of the metric

Γ̊λ
µν ≡ 1

2
gλβ (∂µgβν + ∂νgβµ − ∂βgµν) = Γ̊λ

νµ , (2.6)

Kλ
µν denotes the contortion tensor expressed in terms of torsion tensor as

Kλ
µν ≡ 1

2
gλβ (−Tµβν − Tνβµ + Tβµν) = −Kµ

λ
ν , (2.7)

and the disformation tensor Lλ
µν built from the nonmetricity tensor as

Lλ
µν ≡ 1

2
gλβ (−Qµβν −Qνβµ +Qβµν) = Lλ

νµ . (2.8)

By construction, both the Levi–Civita connection and the disformation tensor are
symmetric w.r.t. last two indices. The contortion tensor is constructed from the
torsion tensor, which captures the antisymmetric part of the connection as

T λ
µν ≡ Γ̃λ

µν − Γ̃λ
νµ , (2.9)

which is indeed a tensorial quantity1 though the connection itself is not a tensor.
Geometrically, torsion quantifies the failure of a parallelogram to close when its
sides are parallel and transported around a closed curve. While the nonmetricity
tensor is constructed as

Qρµν ≡ ∇̃ρgµν = ∂ρgµν − Γ̃β
µρgβν − Γ̃β

νρgµβ , (2.10)

which measures how the connection deviates from being metric-compatible.
Geometrically, the curvature tensor measures the deviation of the direction of
a vector when we parallel transported a vector along a closed loop. Mathematically,
this relationship can be represented as

Rσ
ρµν(Γ̃) ≡ ∂µΓ̃

σ
ρν − ∂νΓ̃

σ
ρµ + Γ̃σ

λµΓ̃
λ
ρν − Γ̃σ

λνΓ̃
λ
ρµ . (2.11)

Substituting the decomposition of general affine connection (2.5) into the curvature
tensor (2.11), yields the following relation between the most general curvature and
the Riemannian curvature as

Rα
µνρ(Γ̃) = R̊α

µνρ(g) + T λ
νρK

α
λµ + T λ

νρL
α
λµ + 2∇̊[νK

α
ρ]µ + 2∇̊[νL

α
ρ]µ

+ 2Kα
[ν|λK

λ
ρ]µ + 2Lα

[ν|λK
λ
ρ]µ + 2Kα

[ν|λL
λ
ρ]µ + 2Lα

ν|λL
λ
ρ|µ,
(2.12)

1The non-homogeneous term gets canceled during the subtraction of the connections.



where the square brackets indicate antisymmetrization, and the symbol “|” within
square brackets excludes the immediately adjacent index from antisymmetrization.2
A contraction in the first and third indices of curvature tensor

Rµρ = Rα
µαρ, (2.13)

yields the Ricci tensor

Rµρ(Γ̃) = R̊µρ(g) + T λ
νρK

ν
λµ + 2∇̊[νK

ν
ρ]µ + T λ

νρL
ν
λµ + 2∇̊[νL

ν
ρ]µ

+ 2Kν
[ν|λK

λ
ρ]µ + 2Lν

[ν|λK
λ
ρ]µ + 2Kν

[ν|λL
λ
ρ]µ + 2Lν

ν|λL
λ
ρ|µ,
(2.14)

and upon another contraction with a metric tensor

R = gµρRµρ. (2.15)

The most general Ricci scalar is related to the Levi–Civita Ricci scalar by

R(Γ̃) = R̊(g) + T −Q+ 2∇̊µT
µ − ∇̊µ(Q̂

µ −Qµ), (2.16)

where ∇̊ denotes the covariant derivative w.r.t. to Levi–Civita connection.
The torsion scalar T is written in terms of a scalar combination of torsion tensor

T =
1

4
T ρ

µνTρ
µν +

1

2
T ρ

µνT
νµ

ρ − T ρ
µρT

σµ
σ, (2.17)

and trace of torsion

Tµ = Tα
α
µ. (2.18)

The nonmetricity scalar is defined as3

Q ≡ − 1

4
QλµνQ

λµν +
1

2
QλµνQ

µνλ +
1

4
QµQ

µ − 1

2
QµQ̂

µ , (2.19)

while

Qµ = Qµν
ν and Q̂µ = Qνµ

ν (2.20)

are two independent traces that arise from the symmetry properties of the
nonmetricity tensor.

By imposing restrictions on the connection, we can manipulate tensorial
objects such as curvature (2.11), torsion (2.9), and nonmetricity (2.10) to formulate
various geometric theories. For vanishing torsion, nonmetricity, and curvature,
the underlying geometry is Minkowskian. Conversely, when all three entities are

2A[αβ] =
(Aαβ−Aβα)

2
and A[α|νβ] =

(Aανβ−Aβνα)
2

.
3Note that some authors define Q with an overall opposite sign [28].
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nonzero, the theory falls under the umbrella of metric affine geometry [22]. A
particularly interesting subset, which is the focus of this thesis, is teleparallel
geometry, characterized by vanishing curvature alongside nonzero torsion and
nonmetricity (see, for example, the recently proposed GTEGR [10]). Furthermore,
vanishing curvature and nonmetricity (or known as metric teleparallel postulates)
refer to metric teleparallel geometry detailed in Sec. 3.2, while vanishing both
curvature and torsion, known as symmetric teleparallel geometry (or symmetric
teleparallel postulates), are covered in Sec. 3.3; this thesis is more towards the latter
part. Apart from this, though, other geometric frameworks are possible, but they
fall outside the scope of this thesis. For further exploration, interested readers may
look at this comprehensive review [24]. The accompanying diagram in Fig. 2.1
illustrates how these different theories are interconnected.

2.2 Tetrads and Noncoordinate Frames

The alternative geometric representation of teleparallel geometry can be
formulated using two independent quantities, tetrad (θAµ) and spin connections
(ωA

Bµ), instead of metric and affine connections.
Consider a manifold equipped with a non-holonomic/non-coordinate basis

vector θA in the tangent space. Their dual covector eA in the cotangent space are
related to a coordinate basis by

θA = θAµdx
µ, eA = eµA∂µ, (2.21)

where θAµ and eµA are the components of the non-holonomic basis and its dual
basis, respectively, expressed on a coordinate basis. Those fields are defined on
each spacetime point and are related to the spacetime metric via

gµν = ηABθ
A
µθ

B
ν , ηAB = gµνe

µ
Ae

ν
B, (2.22)

which implies infinite tetrads can correspond to the same spacetime manifold while
the tetrad and cotetrad components satisfy the orthonormality relation

θAµe
µ
B = δAB, θAµe

ν
A = δνµ. (2.23)

The spin connection defines a spacetime affine connection with connection
coefficients

Γ̃ρ
µν ≡ eρA

(
∂νθ

A
µ + ω̃A

Bνθ
B
µ

)
, (2.24)

which is a unique affine connection satisfying the tetrad postulate

∂µθ
A
ν + ω̃A

Bµθ
B
ν − Γ̃ρ

νµθ
A
ρ = 0, (2.25)
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Figure 2.1: Geometric Classification Based on Restricting the Connection, taken
from Ref. [25].
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it is the connection that forces the distinction between curvature and teleparallel-
based connections.

A remarkable feature of the above tensorial formulation is its invariance of
the metric tensor (2.22) and general connection (2.24) under simultaneous local
Lorentz transformations (LLT) of the tetrad and the spin connection given by

θ′Aµ(x
′) = ΛA

B(x)θ
B
µ(x) , (2.26a)

ω′A
Bµ(x

′) = ΛA
C(x)ΛB

D(x)ωC
Dµ(x) + ΛA

C(x)∂µΛB
C(x) ,(2.26b)

where the Lorentz matrix satisfies the fundamental relation

ηACΛ
A
BΛ

C
D = ηBD, (2.27)

and the notation ΛB
D is the inverse of(Λ−1)DB . It is noteworthy that an LLT on

the tetrad (2.26a) alone while keeping the spin connection arbitrary, or vice versa,
fails to preserve the affine connection relation (2.24) invariance.

Again, by employing a general coordinate transformation, the coordinate index
of the tetrad and spin connection transforms as

θ′Aµ(x
′) =

∂xν

∂x′µ
θAν(x), ω′A

Bµ(x
′) =

∂xν

∂x′µ
ωA

Bν(x). (2.28)

Both the simultaneous LLT (2.26) and coordinate transformation (2.28) leaves the
metric (2.22) and general connection (2.24) invariant. Those transformations can
also be viewed as gauge choices and are further explored in Sec. 3.2.

The coordinate basis tensorial quantities (2.9), (2.10) and (2.11) can also be
represented on a non-coordinate basis. For instance, in a non-coordinate frame the
torsion tensor is formulated as

TA
µν ≡ ∂µθ

A
ν − ∂νθ

A
µ + ω̃A

Bµθ
B
ν − ω̃A

Bνθ
B
µ, (2.29)

the nonmetricity tensor is expressed in terms of spin connection via the Minkowski
metric

QµAB ≡ −ηAC ω̃
C
Bµ − ηCBω̃

C
Aµ, (2.30)

and the curvature tensor is

RA
Bµν ≡ ∂µω̃

A
Bν − ∂ν ω̃

A
Bµ + ω̃A

Cµω̃
C
Bν − ω̃A

Cνω̃
C
Bµ. (2.31)

Using tetrad and cotetrad fields, tensorial objects can be seamlessly transformed
between mixed tangent space and spacetime indices and vice versa. In both ways,
the curvature tensor is shown as

RA
Bµν = θAρe

σ
BR

ρ
σµν , Rµ

νρσ = eµAθ
B
νR

A
Bρσ, (2.32)
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the torsion tensor

TA
µν = θAρT

ρ
µν , Tµ

νρ = eµAT
A
νρ, (2.33)

and the nonmetricity as

QµAB = eνAe
ρ
BQµνρ, Qµνρ = θAνθ

B
ρQµAB. (2.34)

2.3 Teleparallel Geometry

Teleparallel geometry, a crucial part of this thesis, is a subclass of metric affine
geometry, which is characterized by 10 independent components of the metric tensor
and 64 independent components of affine connection. We shall now investigate
how the application of teleparallel postulates reduces the number of independent
components of the connection.

We now proceed to apply the postulates of teleparallel geometry, specifically
the vanishing curvature (2.11). This allows us to express the general connection in
the form of [11]

Γα
µν = Lα

a∂νLµ
a, (2.35)

where Lα
a ∈ GL(4,R) and the inverse is denoted as Lµ

a, carrying in total 16
independent components. The index ‘a’ is neither a tangent space nor a spacetime
index, but under certain limiting conditions, it can be associated with either.

As previously discussed, teleparallel gravity encompasses two primary sub-
branches: metric teleparallelism and symmetric teleparallelism. By incorporating
the vanishing nonmetricity condition (2.10) alongside the assumption of a flat
spacetime (2.11), we can express the connection within the framework of metric
teleparallelism as [24]

ωA
Bµ = ΛA

C∂µΛB
C . (2.36)

This specific form of the connection is commonly referred to as the teleparallel
spin connection and possesses a total of six independent components provided
by the independent components of the matrices ΛA

B associated with Lorentz
transformations. Here, it is important to note that one can always fix a gauge to
formulate the theory entirely in terms of the tetrad field. If we set ωA

Bµ = 0, this
is known as the Weitzenböck gauge. Later, we will discuss the consequences of this
gauge choice, particularly in the context of nonlinear modification of the theory, in
Sec. 3.2.

Assuming a flat connection (2.11) and vanishing torsion (2.9), we can write
the symmetric teleparallel connection as [29]

Γα
µν = ∂λx

α∂µ∂νξ
λ, (2.37)
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where ξλ are set of four independent scalar functions that can be interpreted as
change of coordinates ξλ(xν). Like metric teleparallel, it is always possible to
vanish the symmetric teleparallel connection (2.37) globally Γα

µν = 0 by the
specific choice of the function ξλ = xλ, often referred to as the coincident gauge
[29], ensures that the origin of the four scalar functions coincides with the spacetime
coordinates and covariant derivative coincides with partial derivative.

2.4 Lie Derivative and Symmetries

A fundamental concept of how much a tensor field changes to first-order when
it is dragged along by a flow generated by a vector field is measured by the Lie
derivative.4 The Lie derivative of a tensor of rank (p, q) along the direction of the
vector v reads

LvT
µ1···µp

ν1···νq =vλ∂λT
µ1···µp

ν1···νq − ∂λv
µ1T λ···µp

ν1···νq − · · ·
− ∂λv

µpTµ1···λ
ν1···νq + ∂ν1v

λTµ1···µp
λ···νq + · · ·

+ ∂νqv
λTµ1···µp

ν1···λ. (2.38)

Using Eq. (2.38), the Lie derivatives of the fundamental geometric objects,
expressed in holonomic bases, are given by:

Lvgµν = vλ∂λgµν + gλν∂µv
λ + gµλ∂νv

λ, (2.39a)
LvΓ̃

α
µν = vλ∂λΓ̃

α
µν − Γ̃λ

µν∂λv
α + Γ̃α

νλ∂µv
λ + Γ̃α

µλ∂νv
λ + ∂µ∂νv

α

= ∇ν∇µv
α − vσRα

µνσ −∇ν(v
σTα

µσ). (2.39b)

Up to this point, v represents an arbitrary vector.
Killing vectors are vector fields that are independent of spacetime coordinates,

which preserve the metric along the direction of the Killing vector. Since in
the teleparallel context, the connection is independent of the metric, imposing a
symmetry that respects the teleparallel connection means that the Lie derivatives
of the metric and affine connection (2.39) along Killing vectors v vanishes,

Lvgµν
!
= 0, LvΓ

α
µν

!
= 0, (2.40)

which allows us to determine a maximum number of independent connection
coefficients.

4The Lie derivative of the connection, as shown in Eq. (2.39b), is a tensor despite the connection
itself not being a tensor. It can also be related to infinitesimal change of coordinates.
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2.4.1 Cosmological Symmetry in Symmetric Teleparallelism

This point would be more illustrative if we consider a specific example to
demonstrate which independent connections respect the symmetry (2.40) along
the Killing vector. The example we have taken here is in the framework of the
symmetric teleparallel case, so the connection must follow (2.40).

The spatially homogeneous and isotropic cosmological spacetimes in the
spherical coordinate system

ds2 = −dt2 + a(t)2
(
dr2 + r2dθ2 + r2 sin2 θdϕ2

)
, (2.41)

are characterized by the Killing vectors of translations ζTi and rotations ζRi ,

ζµTx
=

(
0 χ sin θ cosϕ χ

r cos θ cosϕ −χ
r
sinϕ
sin θ

)
, (2.42a)

ζµTy
=

(
0 χ sin θ sinϕ χ

r cos θ sinϕ
χ
r
cosϕ
sin θ

)
, (2.42b)

ζµTz
=

(
0 χ cos θ −χ

r sin θ 0
)
, (2.42c)

ζµRx
=

(
0 0 sinϕ cosϕ

tan θ

)
, (2.42d)

ζµRy
=

(
0 0 − cosϕ sinϕ

tan θ

)
, (2.42e)

ζµRz
=

(
0 0 0 −1

)
, (2.42f)

where χ =
√
1− kr2 describes the curvature of the 3-space. In symmetric

teleparallel theory, it has been found that the following three different branches
of connections, when considering zero spatial curvature respect the symmetry
condition (2.40) while simultaneously fulfilling the postulates of symmetric
teleparallelism.

Connection set 1:

The connection set 1 is given by the expression

Γρ
µν =



γ(t) 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0



0 0 0 0
0 0 0 0
0 0 −r 0
0 0 0 −r sin2 θ



0 0 0 0
0 0 1

r 0
0 1

r 0 0
0 0 0 − sin θ cos θ



0 0 0 0
0 0 0 1

r
0 0 0 cot θ
0 1

r cot θ 0


 , (2.43)

which has been previously studied in the literature, appearing as case 1 (K2 =
K3 = 0) with γ = K1 = −K in Ref. [28], as case ΓIII

Q with γ = C1 in Ref. [30],
and as the trivial branch αI = αII = 0 in Ref. [27] with no restriction on the
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unknown function γ(t). Using the metric (2.41) and the affine connection (2.43),
the nonmetricity scalar (2.19) is

Q = −6H2 . (2.44)

Connection set 2

The following equation defines the connection set 2

Γρ
µν =



γ(t) + γ̇(t)

γ(t) 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0




0 γ(t) 0 0
γ(t) 0 0 0
0 0 −r 0
0 0 0 −r sin2 θ




0 0 γ(t) 0
0 0 1

r 0
γ(t) 1

r 0 0
0 0 0 − sin θ cos θ




0 0 0 γ(t)
0 0 0 1

r
0 0 0 cot θ
γ(t) 1

r cot θ 0


 ,

(2.45)

which by definition γ(t) ̸= 0, corresponds to case 3 (K2 = 0,K3 ̸= 0) with γ =

K3 = K in Ref. [28] and case Γ
(I)
Q with γ = C3 in Ref. [30]. The corresponding

nonmetricity scalar (2.19) using the metric (2.41) and the connection (2.45) is

Q = −6H2 + 9Hγ + 3γ̇ . (2.46)

Connection set 3

Finally, the connection set 3 corresponds to

Γρ
µν =



− γ̇(t)

γ(t) 0 0 0

0 γ(t) 0 0
0 0 r2γ(t) 0
0 0 0 r2γ(t) sin2 θ



0 0 0 0
0 0 0 0
0 0 −r 0
0 0 0 −r sin2 θ



0 0 0 0
0 0 1

r 0
0 1

r 0 0
0 0 0 − sin θ cos θ



0 0 0 0
0 0 0 1

r
0 0 0 cot θ
0 1

r cot θ 0


 , (2.47)

where by definition γ(t) ̸= 0, corresponds to case 2 (K2 ̸= 0,K3 = 0) with
γ = K2 = −a2K in Ref. [28] and case Γ

(II)
Q with γ = C2 in Ref. [30]. Using

the metric (2.41) and the affine connection (2.47), the nonmetricity scalar (2.19)
obtained as

Q = −6H2 + 9Hγ + 3γ̇ . (2.48)
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Another branch exists for nonzero spatial curvature that also respects this
symmetry (2.40). However, our research focuses only on the zero curvature case.
Interested readers can refer to [30]. We need to point out that with a suitable
transformation, one can transform all three branches of connection (2.43), (2.45),
and (2.47) into the coincident gauge but at the expense of a very complicated metric,
for instance, see [31].

2.5 Geodesic and Autoparallel Curves

In Euclidean geometry, the shortest path between two points is a straight line.
In curved spacetime, this concept is generalized to geodesics and autoparallels.
Geodesics represent the shortest paths between two points, while autoparallels are
curves whose tangent vectors remain parallel along the curve. Mathematically,
autoparallels are characterized by the equation:

xν∇̃νx
µ = 0. (2.49)

To mathematically characterize geodesics in any geometry, the action integral is

S =

∫ λ1

λ2

√
gµνdxµdxνdλ, (2.50)

where λ is the affine parameter. Sticking to Riemannian geometry, extremizing the
action (2.50) yields the trajectory of a freely falling test particle

d2xµ

dτ2
+ Γ̊µ

αβ
dxα

dτ

dxβ

dτ
= 0 ⇐⇒ xα∇̊αx

µ = 0, (2.51)

demonstrates that both geodesics and autoparallels coincide, implying there is
no difference in shortest paths and straight lines of test particles. For a detailed
derivation, see [32].

In teleparallel gravity, where the connection is no longer restricted to the Levi–
Civita connection, the question arises: Do geodesics of the general connection
describe the free fall motion of a test particle? Can geodesics exhibit behavior that
differs from autoparallel? To investigate this, let us take the general connection
(2.5) defined before. The autoparallel equation (2.49) for this connection is given
by [33]:

d2xµ

dτ2
+ Γ̃µ

ρσ
dxρ

dτ

dxσ

dτ
= 0, (2.52)

and the geodesics equation, on the other hand, is

d2xµ

dτ2
+ Γ̃µ

ρσ
dxρ

dτ

dxσ

dτ
= (Kµ

ρσ + Lµ
ρσ)

dxρ

dτ

dxσ

dτ
. (2.53)



By considering only the symmetric part of the general connection (2.1), Eq. (2.53)
reduces to:

d2xµ

dτ2
+ Γµ

ρσ
dxρ

dτ

dxσ

dτ
= Lµ

ρσ
dxρ

dτ

dxσ

dτ
. (2.54)

Similarly, considering only the antisymmetric part of the Eq. (2.1), Eq. (2.53)
becomes:

d2xµ

dτ2
+ Γµ

ρσ
dxρ

dτ

dxσ

dτ
= Kµ

ρσ
dxρ

dτ

dxσ

dτ
. (2.55)

At this point, let us recall the equation of motion for a charged particle of mass m
and charge q in an electromagnetic field

d2xµ

dτ2
+ Γ̊µ

ρσ
dxρ

dτ

dxσ

dτ
=

q

m
Fµ

ρ
dxρ

dτ
, (2.56)

where the r.h.s. represents the Lorentz force. In teleparallel gravity, the distortion
and contortion tensors, which appear on the r.h.s. of Eqs. (2.54) and (2.55), play a
role analogous to the Lorentz force [24, 34]. Consequently, in teleparallel geometry,
geodesics and autoparallels are distinct.
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Chapter 3

Action and Field Equations

This chapter gives an overview of the action principle and its corresponding
field equations in alternative theories of GR and their extensions. We analyzed the
necessary conditions for a general model function in modified theories of gravity to
define a consistent gravitational theory. Furthermore, we have identified all possible
equivalent actions for some modified gravity theories that describe the same field
equations. Finally, based on an analysis of previous studies, this chapter concludes
with a discussion of the procedure for solving field equations in teleparallel gravity.

3.1 Einstein–Hilbert Action and its Extension

The Einstein–Hilbert action in the standard1 formalism is given by

SGR =
1

2κ2

∫
d4x

√−gR̊+ Sm(g), (3.1)

with matter Lagrangian Sm, κ2 = 8πG
c4

and
√−g =

√
−det(gµν). Varying the

action (3.1) w.r.t. the metric yields Einstein’s metric field equations of motion
(EOM)

G̊µν = R̊µν −
1

2
R̊gµν = κ2Tµν , (3.2)

which are second-order differential equations in the metric, and Tµν is the energy-
momentum tensor defined by

Tµν =
−2√−g

δSm
δgµν

. (3.3)

1This theory is purely metric dependent.
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The f(R̊) action is given by

Sf(R̊) =
1

2κ2

∫
d4x

√−gf(R̊) + Sm(g). (3.4)

Varying the action (3.4) w.r.t. inverse metric, yields the modified Einstein field
equations

f ′(R̊)R̊µν −
1

2
f(R̊)gµν −

(
∇̊µ∇̊ν − gµν□̊

)
f ′(R̊) = κ2Tµν , (3.5)

where ′ denotes differentiation w.r.t. R̊ and (3.5) leads to fourth-order differential
equations for the metric. This arises because the surface term of the Ricci tensor
itself is second-order in metric and now becomes part of the action; hence, it is no
longer solely a boundary term. This characteristic distinguishes the f(R̊) EOM
from those arising in nonlinear teleparallel theories, which we will explore in the
following sections 3.2 and 3.3. The appearance of the last two terms within the
bracket on the left side introduces the extra dynamics beyond those present in GR
unless f(R̊) is a linear function. This implies that f(R̊) gravity admits a richer
solution space compared to GR. General relativity is recovered as a limiting case
of f(R̊) gravity when f(R̊) = R̊.

Physical viability condition for f(R̊) theory: A viable metric f(R̊)
theory needs to satisfy the following conditions for consistency with successful
cosmological evolution, starting from radiation to matter to dark energy [35].

• To avoid ghost states, f ′(R̊) > 0.

• To avoid the existence of a scalar degree of freedom with negative mass
squared, i.e., tachyons, the model should obey the condition f ′′(R̊) > 0.

• A necessary condition for stability and the existence of a late time de Sitter
solution holds 0 < R̊f ′′(R̊)

f ′(R̊)
< 1,

for R̊ > R̊0, where R̊0 is the present value of Ricci scalar. For a comprehensive
review of f(R̊) theory and associated cosmological and theoretical issues, please
refer to [20, 23].

3.2 Metric Teleparallel Gravity and its Extension

The TEGR provides an alternative geometric formulation of Einstein–Hilbert
action

STEGR = − 1

2κ2

∫
d4xθT + Sm(θ), (3.6)
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where θ is the determinant of the tetrad and is related to the determinant of metric
by

θ = det(θAµ) =
√−g, (3.7)

and the energy-momentum tensor defined through the matter Lagrangian Sm by

TAλ =
1

θ

δ (θSm)

δθAλ
. (3.8)

Enforcing the metric teleparallel postulates on identity (2.16), the TEGR Lagrangian
is related to GR

R̊ = −T + 2θ∂µ(eT
µ) = −T +BT , (3.9)

up to a boundary term BT . Due to the above relation (3.9), the TEGR EOMs are
equivalent to GR EOMs since the surface term does not contribute to the EOM
(in the bulk). Moreover, the spin connection is a pure gauge degree of freedom
(GDOF) or non-physical.

At this point, it is instructive to review how the theory responds under a LLT. As
previously noted, a simultaneous transformation of the tetrad and spin connection
(2.28) leaves the torsion tensor invariant, hence the TEGR lagrangian (3.9) remains
unchanged. However, for a historical reason, it has been seen that, if we make a
transformation purely on tetrad and leave the spin connection arbitrary, or purely
on spin connection but leave tetrad untouched as

θ′Aµ = ΛA
Bθ

B
µ, ω′A

Bµ ≡ 0, (3.10a)

ω′A
Bµ = ΛA

C∂µ
(
Λ−1

)C
B, θ′Aµ ≡ θAµ, (3.10b)

this transformation keeps the lagrangian (3.9) pseudo-invariant up to a boundary
term BT . While this is not an issue in TEGR due to the isolation of problematic
terms to surface integrals, it exhibits peculiar characteristics in its nonlinear
modifications, as will be discussed shortly.

The torsion scalar can alternatively be written as

T =
1

2
T ρ

σµSρ
σµ, (3.11)

where the so-called superpotential is defined in terms of the contortion and torsion
tensor as

Sρ
σµ = Kρ

σµ − δσρTν
νµ + δµρTν

νσ. (3.12)

The tetrad EOM are obtained by varying the TEGR action (3.6) w.r.t. tetrad as

1

θ
∂σ (θSA

µσ)− T σ
νASσ

νµ +
1

2
TeA

µ + ωB
AνSB

νµ = κ2TAµ, (3.13)
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and the spin connection EOM are identically satisfied, which can also be easily seen
from the antisymmetric part of tetrad EOM (3.13), and this coincidence occurs
due to Bianchi identities [24]. From (3.13), a tetradic formulation of the Einstein
tensor can also be expressed as

G̊αβ =
1

θ
∂ν (θSβα

ν)− TB
νβSB

ν
α +

1

2
Tgαβ + ωB

βνSB
ν
α. (3.14)

The modified TEGR action is given by

Sf(T ) = − 1

2κ2

∫
d4xθf(T ) + Sm(θ). (3.15)

Upon varying the action with respect to the tetrad and spin connection, the EOMs
become

−1

θ
fT∂ν (θSA

µν)− SA
µν∂νfT + fTT

B
νASB

νµ

−fTωB
AνSB

νµ − 1

2
feA

µ = κ2TAµ, (3.16a)

S[AB]
ν∂νfT = 0. (3.16b)

Rearranging the above EOM to isolate the GR term and the modification yields a
second-order differential equation for the tetrad

fT G̊µν +
1

2
(f − fTT ) gµν + fTTSµνα∂

αT = κ2Tµν , (3.17)

which is no longer equivalent to f(R̊) theory. The notation fT and fTT denote the
first and second derivatives of the model function w.r.t. torsion scalar. The above
field equations (3.16) reduce to GR when f(T ) = T .

We shall now resume the discussion of LLTs in the nonlinear f(T ) theory.
Unlike TEGR, the torsion tensor is now not invariant under a pure tetrad LLT since
the extra term that appears inside the function is no longer a surface term. Therefore,
the theory breaks local Lorentz invariance, and due to this, some consequences
are seen in the literature. For instance, while solving the f(T ) EOM (3.16), some
tetrad restricts the model function to be linear (trivially), in terminology known as
“bad tetrad”, and those tetrads solve the EOM without restricting the model function
trivially, in terminology are known as “good tetrad” [36]. A detailed review and
examples of these issues can be found in [37]. Similar issues arise in symmetric
teleparallel theory, as will be discussed in the following section.

A reasonable choice for a good tetrad-spin connection pair should obey the
following two conditions:

• The tetrad must exhibit symmetry compatible with the chosen spin connection.
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• The tetrad must satisfy the antisymmetric field equations (3.16) without
imposing restrictions on the underlying theory trivially.

However, these peculiarities are avoided with a simultaneous tetrad and spin
connection transformation (2.26) that makes the metric teleparallel theory fully
covariant [38–40].

3.3 Symmetric Teleparallel Gravity and its Extension

An alternative geometric formulation of GR can be achieved using the STEGR
action, given by

SSTEGR =
1

2κ2

∫
d4x

√−gQ+ Sm(g) . (3.18)

By imposing symmetric teleparallel postulates on (2.16), the STEGR Lagrangian
relates to GR

R̊ = Q+ ∇̊µ(Q̂
µ −Qµ) = Q+BQ, (3.19)

up to a boundary term BQ. This relation implies the STEGR EOM should be
equivalent to GR EOM, as the surface term does not contribute to the field equations
unless working on the boundary of the manifold. In this scenario, the symmetric
teleparallel connection is a pure gauge and can be chosen arbitrarily. Looking at
relation (3.19), the Ricci scalar R̊ is invariant under diffeomorphism purely on
metric (2.2), but the boundary term in r.h.s. is not, then the nonmetricity scalar
also changes under such transformation. Therefore, any production of such a
boundary term inside the action is integrated out. Hence, STEGR lagrangian is
pseudo-invariant up to a boundary term and has some peculiarity in its nonlinear
extensions, analogous to metric teleparallel theory.

Another useful tensor, the so-called superpotential (or conjugate) tensor is
expressed as

Pα
µν = − 1

4
Qα

µν +
1

2
Q(µ

α
ν) +

1

4
gµνQ

α − 1

4
(gµνQ̂

α + δα(µQν)). (3.20)

Varying the action (3.18) w.r.t. metric the metric EOM are

G̊µν =
2√−g∇α

(√−gPα
µν

)
+ P(µ|αβQν)

αβ − 2Pαβ
(νQαβ|µ)

−1

2
Qgµν = κ2Tµν , (3.21)

when the matter field is not coupled with the connection, the connection field
equations are

∇µ∇ν

(√−gPµν
α

)
= 0 , (3.22)
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which can either be obtained from the Levi–Civita covariant derivative of the
gravitational sector of the metric equation, a consequence of Bianchi identities
[41].

The f(Q) action is defined as

Sf(Q) =
1

2κ2

∫
d4x

√−gf(Q) + Sm(g) . (3.23)

Varying the action (3.23) w.r.t. metric the metric equations are

fQG̊µν +
1

2
(QfQ − f(Q)) gµν + 2fQQP

λ
µν∂λQ = κ2Tµν , (3.24)

and the connection equations are [29]

∇µ∇ν

(√−gfQPµν
α

)
= 0 . (3.25)

GR is recovered as a special case of f(Q) gravity when f(Q) = Q.
Unlike STEGR, a diffeomorphism purely on the metric (2.2) no longer

keeps the f(Q) lagrangian invariant since the extra term inside the function
is no longer a surface term. Hence, this theory breaks the diffeomorphism
invariance. Consequently, while solving the f(Q) EOM (3.24) and (3.25), some
coordinate choices restrict the model function to be linear (trivially), which are
termed “bad coordinates.” Conversely, those solve the EOM without imposing
restrictions trivially on the model function are called “good coordinate.” However,
a simultaneous transformation of both the metric and the affine connection, as
defined in equations (2.2) and (2.4), restores full covariance to the theory.

Physical viability condition for the f(Q) theory: Following the established
criteria for physical viability in f(R̊) gravity, in the publication III, we investigate
the conditions for a physically valid f(Q) model to obtain a well-defined
gravitational theory. A viable f(Q) model must satisfy the following:

• To ensure the absence of antigravity, infinite gravitational constants, or
singularities, the function f(Q) must always be positive, i.e.

fQ > 0. (3.26)

• Ideally, 0 ≤ QfQ − f(Q) < ∞. However, this condition is not strictly
necessary. Negative cosmological constants, while generally leading to a
collapsing universe, may be acceptable in certain scenarios.

A crucial subtlety may arise when the nonmetricity scalar, undergoes a sign
change during evolution or within specific configurations of a given connection.
The viability of the model is dependent upon the form of the model function f(Q)



and whether the conditions are immune under such sign changes. For instance,
models of the form f(Q) = Q+Qn, where n is an even integer, can violate the
conditions Eq. (3.26) when Q changes sign. Conversely, models with odd values
of n remain unaffected. Therefore, it seems we can not claim that a certain model
f(Q) is viable by itself or that a certain connection is viable by itself, but these
aspects must be investigated together.

3.4 GTEGR Gravity and its Extension

Yet another equivalent theory of GR known as GTEGR developed in recent
years completes the understanding of all possible ways to formulate the equivalent
theories of GR, which can be fitted another equivalence class of GR alongside the
established Geometric Trinity of Gravity [10].

The dynamical fields of the theory are a metric tensor and an affine connection,
which is imposed to be vanishing curvature, explicitly defined the form in (2.35).
The Lagrangian is built of torsion and nonmetricity and mixed combinations of
them, as given by

G = −Q+ T + TµνρQνρµ − Tµ
ρµQρν

ν + Tµ
ρµQ

ν
νρ. (3.27)

Then the action is formulated as

SGTEGR = − 1

2κ2

∫
d4(x)

√−gG+ Sm(g), (3.28)

and a general connection variation defined as

Yµ
νρ =

−2√−g
δSGTEGR

δΓµ
νρ

. (3.29)

Let us define a new tensor constructed from the combination of the contortion
tensor and the disformation tensor

Mµ
νρ = Kµ

νρ + Lµ
νρ. (3.30)

The Lagrangian of GTEGR is related to GR up to a boundary term expressed as

R̊ = −G+B, (3.31)

where,
B = 2

◦
∇µ M

[νµ]
ν =

◦
∇µ

(
Q̃µ −Qµ − 2Tµ

)
. (3.32)

The metric field equations turn out to be identical to those of GR (3.2). Since the
connection contributes to the action only as a total derivative term, which does
not alter the equation of motions within the bulk of spacetime, the connection
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can be treated as a GDOF. Given the absence of coupling between matter and the
connection, the connection equations yield

∇τYµ
ντ −Mω

τωYµ
ντ = 0, (3.33)

where
Yµ

νρ =
1

2κ2
(
Mνσ

σδ
ρ
µ +Mσ

µσg
νρ −Mνρ

µ −Mρ
µ
ν
)
. (3.34)

The modified general teleparallel action takes the form

S = − 1

2κ2

∫
d4(x)

√−gf(G) + Sm(g). (3.35)

Upon varying the action with respect to the metric and flat connection, the respective
resulting field equations are [11, 42, 43]

f ′(G)G̊µν −Mρ
(µν)

◦
∇ρ f

′(G)+
◦
∇(µ f

′(G)Mσ
ν)σ +M [ρσ]

σ gµν
◦
∇ρ f

′(G)+

1

2

(
f(G)− f ′(G)G

)
gµν = κ2Tµν ,

(3.36a)
Mνρ

ρ∇µf
′(G) +Mσ

µσg
νρ∇ρf

′(G)−Mνρ
µ∇ρf

′(G)−Mρ
µ
ν∇ρf

′(G) = 0.
(3.36b)

The f(G) theories differ from GTEGR primarily due to the nature of the connection
term within the action (3.35). In GTEGR, this term is a total derivative, rendering
the connection non-dynamical. Conversely, in f(G) theories with f ′′(G) ̸= 0,
the connection contribution to the action ceases to be a total derivative, thereby
introducing the connection as a dynamical field and necessitating additional non-
trivial connection field equations. From this modified general teleparallel theory,
f(T ) and f(Q) gravity emerge as limiting cases when either metric compatibility
or vanishing torsion is imposed. Furthermore, a linear f(T ) model within a metric-
compatible framework or a linear f(Q) model within a torsionless framework
reduces to GR.

An alternative action formulation involves using Lagrange multipliers to enforce
the geometric postulates through coupling with Lagrange multipliers while leaving
the connection free [30]. However, both approaches yield identical equations of
motion.

3.5 Equivalent Formulations of Modified Gravity Theories

This section explores equivalent action principles of f(R̊), f(T ), and f(Q)
gravitational theories, which can also be extended to establish equivalence at the
level of field equations.
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3.5.1 Scalar-Curvature Representation of f(R̊) Gravity

First, we turn our attention to a dynamically equivalent formulation of the f(R̊)
action (3.4), where, under suitable field redefinitions of both gravity and matter,
the resulting action is identical to the original f(R̊) theory.

This involves introducing a pair of auxiliary fields ζ and Φ and writing the
dynamically equivalent f(R̊) action

SEQf(R̊) =
1

2κ2

∫
d4x

√−g
(
ζ(R̊− Φ) + f(Φ)

)
+ Sm(g), (3.37)

where “EQf(R̊)” denotes the equivalent formulation of f(R̊) gravity. Varying
w.r.t. the auxiliary field ζ yields the constraint

R̊ = Φ, (3.38)

effectively restricting the action (3.37) to be equivalent to that given by (3.4), unless
f ′′(R̊) = 0 in which case the theory reduces to Einstein–Hilbert.

Upon varying (3.37) w.r.t. Φ, yields the algebraic equation f ′(Φ) = ζ.
Introducing a new field f ′(Φ) = A(Φ), the action (3.37) can be recast as

SEQf(R̊) =
1

2κ2

∫
d4x

√−g
(
A(Φ)R̊− V(Φ)

)
+ Sm(g), (3.39)

where

V(Φ) = ΦA(Φ)− f(Φ) (3.40)

is the potential of the scalar field. By utilizing (3.38) and redefining A(Φ) = f ′(R̊)
the action (3.39) cab seen to be equivalent to the original f(R̊) action, where A(Φ)
and V(Φ), respectively, represent gravitational coupling and potential functions. If
we choose A(Φ) = Φ, the action (3.39) is equivalent to Brans—Dicke theory (BD)
[44] with a vanishing BD parameter, which means that the action lacks a kinetic
term.

A generalized formulation of scalar-tensor action can be expressed as [45]

SJF =
1

2κ2

∫
d4x

√−g
(
A(Φ)R̊− B(Φ)gαβ∂αΦ∂βΦ− 2V(Φ)

)
+ Sm(g) ,

(3.41)
where “JF” denotes the Jordan frame scalar-curvature representation. Here, the
scalar field introduces an additional DOF beyond the two tensor DOF that appeared
in GR.
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Varying the action (3.41) w.r.t. the metric gµν and scalar field, the metric and
scalar field EOM are, respectively [46],

A(Φ)G̊µν + gµν□̊A(Φ)− ∇̊µ∇̊νA(Φ) +
1

2
gµν

(
∇̊αΦ∇̊αΦB(Φ) + 2V(Φ)

)
−∇̊µΦ∇̊νΦB(Φ) = κ2Tµν ,

(3.42a)

2B(Φ)□̊Φ+ B′(Φ)∇̊αΦ∇̊αΦ+A′(Φ)R̊− 2V ′(Φ) = 0 .
(3.42b)

Further, a conformal transformation can be used to break non-minimal coupling
in curvature and the scalar field in the generalized scalar-tensor action. Under a
conformal transformation of the metric

ĝµν = Ω2gµν , ĝµν = Ω−2gµν , (3.43)

where Ω2 is the conformal factor, and an overhat notation indicates quantities in
what we will refer to as the Einstein frame. After evaluating all necessary quantities
by using (3.43), an action is obtained in the Einstein frame as [20]

SEF =

∫
d4x

√
−ĝ

[
˚̂
R

2k2
− 1

2
ĝµν (∂µΨ) (∂νΨ)− U(Ψ)

]

+Sm

(
e
−
√

2
3
κΨ
ĝµν

)
, (3.44)

with

2U(Ψ) = V(Φ)A−2(Φ), A(Φ) = Ω2(x). (3.45)

For a detailed review of conformal transformation, see Ref. [20, 47]. We stress
once more that actions (3.39) are equivalent to (3.4). However, the generalized
scalar-curvature JF action (3.41) and Einstein frame action (3.44) have more
functional freedom compared to f(R̊) theory. In fact, f(R̊) gravity can be viewed
as a limiting case of these more general formulations obtained through a particular
substitution within the arbitrary model function.

3.5.2 Scalar-Torsion Representation of f(T ) Gravity

Analogous to the scalar-curvature theory, f(T ) gravity action can be recast in
an equivalent form by introducing two auxiliary fields, ζ and Φ, as

SEQf(T ) =
1

2κ2

∫
d4xθ [ζ(Φ− T ) + f(Φ)] . (3.46)
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Varying the above action w.r.t. ζ enforces the constraint Φ = T which means the
action (3.46) is equivalent to (3.15), unless fTT = 0, in which case the action
reduces to TEGR.

Varying the action w.r.t. Φ yield, ζ = −f ′(Φ) and redefining A(Φ) = f ′(Φ),
the action (3.46) is rewritten as

SEQf(T ) =
1

2κ2

∫
d4xθ [A(Φ)T − V(Φ)] , (3.47)

where

V(Φ) = Φf ′(Φ)− f(Φ). (3.48)

This reformulated action (3.47) is equivalent to the standard f(T ) (3.15) action.
Notably, it lacks a kinetic term for the scalar field Φ, rendering it equivalent to a
(teleparallel) BD theory with a vanishing BD parameter and A(Φ) = Φ.

Like scalar-curvature action, a more general f(T ) equivalent scalar-torsion
action can be formed by introducing arbitrary scalar functions as

SJF =
1

2κ2

∫
d4x

√−g
(
A(Φ)T − B(Φ)gαβ∂αΦ∂βΦ− 2V(Φ)

)
+ Sm(g) .

(3.49)
Varying the action (3.49) w.r.t. the tetrad, the symmetric part of tetrad field equations
yield [48, 49]

A(Φ)G̊µν +A′(Φ)∂ρS(µν)
ρ +

1

2
gµν (B(Φ)gρσ∂ρΦ∂σΦ+ 2V(Φ))

−B(Φ)∂µΦ∂νΦ =κ2Tµν ,
(3.50)

the antisymmetric part of the tetrad field equations

A′(Φ)T ρ
[µν∂ρ]Φ = 0, (3.51)

which is identical to the connection equation as expected from Bianchi identities
and the scalar field equation is

2B(Φ)□̊Φ+ B′(Φ)gµν∂µΦ∂νΦ+A′(Φ)T − 2V ′(Φ) = 0. (3.52)

Limiting cases

• When the scalar field is globally constant, Eq. (3.50) reduces to Einstein’s
equations in GR with the value of the potential playing the role of the
cosmological constant, while (3.51) and (3.52) immediately vanish.

• By setting the nonminimal gravitational coupling function A(Φ) to unity and
eliminating both the kinetic and potential terms of the scalar field B(Φ) =
V(Φ) = 0 reduces the theory to the TEGR (3.6).
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• The f(T ) gravity is recovered by choosing

A(Φ) = f ′(T ), B(Φ) = 0, 2V(Φ) = Qf ′(T )− f(T ), (3.53)

as previously established at the action level.

Under the same conformal transformation (3.43), the tetrad and its inverse must
transform as

θ̂Aµ = Ω(ϕ)θAµ, êA
µ = Ω−1(ϕ)eA

µ. (3.54)

After applying this conformal transformation to all the tensorial objects and scalars,
the conformally transformed f(T ) action without matter content in the Einstein
frame assumes the following form

SEF =
1

2κ2

∫
d4xθ̂

[
−T̂ +

2

A T̂
µ∂µA+

1

2
ĝµν∂µψ∂νψ − U(ψ)

]
. (3.55)

It is crucial to note that the presence of the coupling term involving the scalar
field and torsion vector in the second term of the action prevents a straightforward
transition to the Einstein frame via the conformal transformation, at least not
in the way that it occurs in f(R̊) theory. A detailed discussion of conformal
transformations in f(T ) gravity can be found in Refs. [50–52] and references
therein.

3.5.3 Scalar-Nonmetricity Representation of f(Q) Gravity

Following the approach outlined in Subsec. (3.5.1) and (3.5.2) the f(Q) gravity
action can be recast in an equivalent form by introducing a pair of auxiliary fields

SEQf(Q) =
1

2κ2

∫
d4x

√−g [ζ(Q− Φ) + f(Φ)] + Sm(g). (3.56)

Varying w.r.t. ζ leads to the constraint Q = Φ, enforcing the action (3.56) is
equivalent to (3.23), unless fQQ = 0. Further varying the action (3.56) w.r.t. Φ
gives ζ = f ′(Φ) and by redefining f ′(ζ) = A(Φ), the action can be rewritten as

SEQf(Q) =
1

2κ2

∫
d4x

√−g
(
A(Φ)Q− (Φf ′(Φ)− f(Φ))

)
+ Sm(g), (3.57)

with

V (Φ) = Φf ′(Φ)− f(Φ). (3.58)

Now the most general scalar-nonmetricity action can be expressed as

SJF =
1

2κ2

∫
d4x

√−g
(
A(Φ)Q− B(Φ)gαβ∂αΦ∂βΦ− 2V(Φ)

)
+ Sm(g) .

(3.59)
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Varying the action (3.59) w.r.t. metric, the metric field equations yield [53, 54]

A(Φ)G̊µν + 2A′(Φ)P λ
µν∂λΦ+

1

2
gµν

(
B(Φ)gαβ∂αΦ∂βΦ+ 2V(Φ)

)
−B(Φ)∂µΦ∂νΦ = κ2Tµν , (3.60)

the symmetric teleparallel connection equations(
1

2
Qβ +∇β

)[
∂αA

(
1

2
Qµg

αβ − 1

2
δαµQ

β −Qµ
αβ + δαµQγ

γβ

)]
= 0 ,

(3.61)

and the scalar field equation

2B□̊Φ+ B′(Φ)gαβ∂αΦ∂βΦ+A′(Φ)Q− 2V ′(Φ) = 0 . (3.62)

Limiting cases

• When the scalar field is globally constant, Eqs. (3.60) reduces to Einstein’s
equations in GR with the value of the potential playing the role of the
cosmological constant, while (3.61) and (3.62) immediately vanish.

• STEGR is recovered if

A(Φ) = 1, B(Φ) = V(Φ) = 0 . (3.63)

• The f(Q) gravity is recovered by setting

A(Φ) = f ′(Q), B(Φ) = 0, 2V(Φ) = Qf ′(Q)− f(Q). (3.64)

By using the conformal transformation, in Einstein frame f(Q) theory yields
[53, 55, 56]

SEF =
1

2

∫ √
−ĝ

[
Q̂+

√
2

3

(
Q̂σ

σµ − Q̂µσ
σ

)
∂µψ

+ĝµν∂µψ∂νψ − 2U(ψ)
]
+ Sm

(
e
−
√

2
3
κΨ
ĝµν

)
, (3.65)

where

ψ =

√
3

2
lnΩ2(x). (3.66)

Similar to f(T ) gravity, the presence of a coupling term between gravity and the
scalar field in the second term, the Einstein frame in f(Q) theory is unable to
cleanly separate the extra DOF from gravity.
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3.6 Consideration of Cosmological Field Equations and
Solutions

Having established the geometrical foundations, formulated the action, and
derived the most general field equations, we now turn our attention to the
cosmological solutions of the modified gravity theories that are discussed in
the previous Sec. 3. The motivation for finding those solutions is crucial for
understanding the late time accelerated expansion of the universe and the nature of
dark energy. Cosmological solutions in any gravity theory are typically derived
under the assumption of the cosmological principle (i.e., homogeneity and isotropy
on large scales) and a suitable matter content consistent with this symmetry.

While this thesis focuses on teleparallel gravity, interested readers may refer to
the extensive literature on cosmological solutions in metric f(R̊) [57–60], Palatini
f(R) [61, 62], and scalar-curvature theories [63] and references therein for a broader
perspective. Unlike metric f(R̊) gravity, modified teleparallel theories incorporate
the flat spin connection (flat affine connection) alongside the tetrad (metric) in
field equations, where both of them are independent fields. The nonlinear f(T )
and f(Q) have different cosmological solutions from each other unless working
in specific gauge choices, such as the Weitzenböck gauge and coincident gauge,
respectively, and their cosmological solutions have been extensively studied in
[22, 24, 25, 64–67] and the references therein. A priori without fixing a gauge,
different strategies are used in [30, 68] where it has been imposed that the tetrad
(metric) shares the same symmetry with the spin connection (affine connection),
with the aim of finding the most general spin connection (affine connection), which
satisfies the teleparallel field equations.

To better understand the symmetric teleparallel case, it is instructive to briefly
review the corresponding results in metric teleparallelism. In metric teleparallelism,
three distinct branches of the connection have been identified that respect the
imposed symmetry: one branch corresponds to zero spatial curvature, while the
remaining two correspond to non-zero spatial curvature scenarios. Notably, all
connection coefficients in metric teleparallelism are entirely determined by the tetrad
field, implying that the connection does not introduce any additional dynamical
DOF [30, 68].

We now focus on the symmetric teleparallel case. As demonstrated in
Subsec. 2.4.1, three distinct connection branches fulfill the symmetry requirement.
These branches are associated with spatial curvature, and all incorporate an
additional function that consequently appears in the cosmological field equations.
The cosmological equations derived from the first connection branch (2.43) are
found to be identical to those obtained from the coincident gauge f(Q) theory, and
are often referred to as the trivial branch [28, 30], while the other two branches
are known as the nontrivial connection branch. In our publication II and III,
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we investigate analytical cosmological solutions within scalar-nonmetricity and
f(Q) gravity by employing a perturbative approach near GR cosmology, focusing
specifically on the nontrivial connection branches, as detailed in Chapter 5.
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Chapter 4

Hamiltonian Formalism in
Teleparallel Theories of Gravity

Hamiltonian analysis is an important tool in understanding the viability of any
physical theory, identifying all constraints, and predicting the correct number of
DOF.1 Furthermore, the analysis provides valuable insights into energy, entropy,
and canonical quantum gravity from a Hamiltonian perspective, which is essential
for understanding a physical system. For instance, interested readers may take a
look Refs. [69–74], where the authors employed the Hamiltonian formalism in
different modified theories of gravity to gain deeper insights into the theory. The
application of this theory could also be extended to numerical relativity.

A linear perturbative analysis around a fixed background reveals both f(T ) and
f(Q) theories are strongly coupled,2 as demonstrated in [27, 56], in the sense that
the counting of perturbative modes does not match with the Hamiltonian analysis
result [75, 76]. In this situation, one might look into higher-order perturbation
theory or a careful Hamiltonian analysis to gain insights into the correct dynamics
of the theory. Unfortunately, there is no clear result on the number of correct
PDOF of f(T ) [72, 73, 77] and f(Q) [25, 78, 79] theory, except the information of
carrying some extra dynamics as compared to GR. This arising peculiarity might
be due to the symmetry violations in those theories.

Let us examine some counting PDOF and GDOF that are confirmed from
Hamiltonian analysis. GR, Coincident General Relativity (CGR) [80], and TEGR
[81] are found to exhibit two PDOF and four GDOF. While f(R) gravity introduces
an additional PDOF [82], it preserves diffeomorphism symmetry, making it
equivalent to a scalar-tensor theory. Recent work by [83] has clarified the possible

1Determine the number of independent dynamical DOF contained in the canonical fields.
2When the interactions between particles within a system become so significant that they cannot

be accurately described using linear perturbation theory, it becomes necessary to use higher order
perturbation methods.
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PDOF in f(Q) theory and shown no GDOF exists, a result deviating the f(Q)
theory from the standard GR and f(R). However, this remains a subject of debate,
and the findings require further validation.

This thesis presents the derivation of Hamilton’s equations for both covariant
(including spin connection) and Weitzenböck gauge of TEGR, and we argue that
counting of PDOF is independent of gauge choice. To achieve this, we first
formulated a covariant Hamiltonian, hence a basic understanding of the Dirac–
Bergmann algorithm to count DOF and a 3+1 split of the Lagrangian to analyze the
time evolution of canonical variables and momenta is needed, which is explained
in the subsequent Subsec. 4.1 and 4.2.

4.1 Overview of Dirac–Bergmann Algorithm

This section gives a brief introduction to the Dirac–Bergmann algorithm, which
provides a method for going from Lagrangian formalism to Hamiltonian formalism.
Our main motivations for studying this algorithm are to classify between the
constraints that help in counting the PDOF in modified theories of gravity and
identifying the potential pathologies. Before going to review the Dirac–Bergmann
algorithm, one important assumption often considered is that the Lagrangian only
depends on first-order derivatives of the phase space variables. For Lagrangians
of higher-order derivatives, it is necessary to generalize Dirac and Bergmann’s
recipe and consider the Ostrogradsky procedure for systems with higher derivatives,
which has been much less studied in the literature and out of the scope of this thesis.
The procedure can be summarized with the following steps:

1. The equations of motion for a physical system are derived by extremizing
the action, defined by the Lagrangian L(qi, q̇i) as

S =

∫ t2

t1

L
(
qi, q̇i

)
dt, i = 1, . . . , N (4.1)

where qi = qi(t) defines the state of the system and q̇i is the velocity.

2. Then, the Euler–Lagrange equations can be obtained by performing a
variation of the dynamical variables that help in identifying the Hessian,
which plays a crucial role in Hamiltonian formalism.

3. The canonical momenta are determined by taking the derivative of the
Lagrangian with respect to the time derivatives of the fundamental fields

pi(q, q̇) =
∂L

∂q̇i
. (4.2)
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4. Then, from the definitions of canonical momenta, we can identify primary
constraints as

ϕρ(q, p) = 0, (4.3)

where the index ρ labels the primary constraints.

5. The Poisson bracket of two functions, F,G, in phase space, crucial for
deriving Hamilton’s equations, is defined as

{F,G} =
∂F

∂qk
∂G

∂pk
− ∂F

∂pk

∂G

∂qk
. (4.4)

6. To derive the primary Hamiltonian (Hp), we begin by constructing the
canonical Hamiltonian (Hc), defined as

Hc = q̇kpk − L(q, q̇), (4.5)

where the first term is always written in the form of the product of velocities
and the respective canonical momenta (for instance, the number of terms =
number of primary constraints). Then, the primary Hamiltonian is expressed
as

Hp = Hc + uρϕρ, (4.6)

where uρ denote Lagrange multipliers.

7. Once the primary Hamiltonian is obtained, one can compute the Hamilton’s
equation of motion

q̇i =
δHp

δqπi
, qπi = −δHp

δqi
. (4.7)

8. Ensuring the time evolution of the constraints in equation (4.6) is equivalent
to enforcing that the Poisson bracket between the constraints and the primary
Hamiltonian vanishes when evaluated on the constraint surface

{Hp, ϕρ}
!≈ 0. (4.8)

This process can yield either identities or restrictions on the Lagrange
multipliers uρ. If nontrivial results emerge from the Poisson bracket
calculation, a secondary constraint is identified. These new constraints are
then incorporated into the Hamiltonian, and the process is repeated. This
iterative procedure continues until no new constraints are generated.
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9. Though the classifications of primary, secondary, and tertiary constraints
do not give any physical insights, in fact, the identifications of first-class
and second-class are useful for counting the number of DOF. A phase space
function F(q, p) is classified as a first-class if its Poisson brackets with the
remaining constraints weakly vanish, i.e.,

{F(q, p), ϕρ} ≈ 0, (4.9)

if not satisfied (4.9) then it is second class.

10. First-class constraints are related to gauge symmetries and manifest the
redundancy in the description of the system, but a gauge transformation
is not necessarily always linked to the existence of a corresponding first-
class constraint. However, the second-class constraints represent physical
restrictions and do not correspond to gauge symmetries.

11. After arriving at this stage, the number of physical DOF can be readily
calculated using the following formula:

Number of physical DOF =
1

2
(No. of canonical variables−

No. of second class constraint−
2× No. of first-class constraint) (4.10)

A remark here is that the aforementioned procedure has been described for
mechanical systems, but we have used its (not so straightforward) extension to
field theory. However, in our article 7, the algorithm is used until the 7th step, as
our primary objective was to derive Hamilton’s equations within the framework of
covariant TEGR.

4.2 3+1 Decomposition

An Arnowitt–Deser–Misner (ADM) split is usually adopted for performing
a 3+1 decomposition, which is useful for separating the time evolution of
the gravitational field; this split parametrizes the spacetime into three spatial
hypersurfaces with constant time slices and a normal vector to the hypersurfaces.
The ADM variable consists of a three-dimensional intrinsic metric3 γij on the
hypersurfaces of constant time slices and the normal vector ξµ, whose components
are written in terms of new variable lapse α and shift βi as

ξ0 = − 1

α
, ξi =

βi

α
, (4.11)

3Some literature also calls it induced metric.
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along with these variables the covariant ADM metric

g00 = −α2 + βiβjγij , g0i = βi, gij = γij , (4.12)

and the inverse metric is expressed as

α2g00 = − 1

α2
, g0i =

βi

α2
, gij = γij − βiβj

α2
. (4.13)

The teleparallel fundamental variable, such as tetrad, is split into the temporal and
spatial parts as

θA0 = αξA + βiθAi, (4.14)

in the same manner, the cotetrad is defined as

eA
0 = − 1

α
ξA, eA

i = θA
i + ξA

βi

α
, (4.15)

satisfying the relation
θAiθ

B
jηAB = γij , (4.16)

along with the following orthogonal

ηABξ
AξB = ξAξ

A = −1, (4.17)

and orthonormal relation

ηABξ
BθAi = ξAθ

A
i = 0. (4.18)

In order to recover the ADM metric from the tetrad (4.14), the normal vector needs
to satisfy the condition

ξA = −1

6
ϵABCDθ

B
iθ

C
jθ

D
kϵ

ijk. (4.19)

4.3 The Impact of Gauge Selection on Teleparallel Equivalent
to General Relativity

The minimal way to work with the Weitzenböck gauge and including spin
connection (covariant formalism) in TEGR has been discussed in Sec. 3.2. As we
pointed out before, in the Weitzenböck gauge, the TEGR lagrangian is pseudo-
invariant up to a boundary term; hence the theory is not covariant under LLTs,
although it is easier to work with, and many Hamiltonian analyses have been done
with this gauge choice [73, 84]. The advantage of not imposing gauge fixing is
that the theory is fully covariant and the opportunity to study the impact of the
physical role of the extra fields (Lorentz matrices) in the Hamiltonian analysis.
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In Chapter 7, we argued the gauge choice is independent of the counting DOF
obtained from the Dirac–Bergmann algorithm. In Hamiltonian analysis, though
there are different fields being treated as fundamental, in our approach, both tetrad
and Lorentz matrices are treated as fundamental. From the beginning, the tetrad
has 16 independent components, along with six extra from the spin connection.
Furthermore, Chapter 7 includes a brief discussion of the final counting of physical
DOF.

4.4 Hamiltonian Analysis for Teleparallel Equivalent to
General Relativity

Employing the 3+1 decomposition defined in Sec. 4.2, the TEGR Lagrangian
can be expressed as

LTEGR =

√
γ

2α
M i j

A BT
A
0iT

B
0j −

√
γ

α
TA

0iT
B
kl ·

[
M i l

A Bβ
k

− α

κ
γil

(
1

2
ξBθA

k − ξAθB
k

)]
+ LS , (4.20)

while the tensor M i j
A B that multiplies the quadratic velocity terms is given by

M i j
A B =

1

κ

(
1

2
γijηAB +

1

2
ξAξBγ

ij +
1

2
θA

jθB
i − θA

iθB
j

)
, (4.21)

and the spatial term of the Lagrangian, collectively denoted Ls, is explicitly
expressed as

LS =

√
γ

α
TA

ijT
B
klβ

i

[
1

2
M j l

A Bβ
k − α

κ
γjl

(
1

2
ξBθA

k − ξAθB
k

)]
+
α
√
γ

2κ
3T,

(4.22)

where the notation 3T explicitly represents

3T = HAB
ijklTA

ijT
B
kl

=

(
−1

4
ηABγ

k[iγj]l +
1

2
θB

[iγj][kθA
l] − θA

[iγj][kθB
l]

)
TA

ijT
B
kl.

(4.23)

We found that the conjugate momenta associated with the lapse and shift form part
of primary constraints

απ =
∂L

∂∂0α
≈ 0, (4.24)

βπi =
∂L

∂∂0βi
≈ 0, (4.25)
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and a new momenta appeared associated with the Lorentz matrix of the spin
connection denoted by

PB
A =

∂L

∂0ΛA
B

= πC
iηAD

(
Λ−1

)
E

BηC[EθD]
i, (4.26)

and these primary constraints read

CAB = P [A
Dη

B]CΛC
D + πC

iηC[BθA]
i ≈ 0. (4.27)

The conjugate momenta with respect to the time evolution of the tetrad, derived
from the Lagrangian, are given by

πA
i =

∂L

∂0θAµ

=

√
γ

α

[
M i l

A B(T
B
0l − TB

mlβ
m) +

α

κ
TB

mlγ
il

(
1

2
ξBθA

m − ξAθB
m

)]
.

(4.28)

4.4.1 Irreducible Decomposition

To construct the Hamiltonian presented in the following Subsec. 4.4.2, it is
necessary to express all velocities in terms of their conjugate momenta. This is
achieved by employing an irreducible decomposition technique, where velocities are
decomposed into vectorial, antisymmetric, symmetric, and trace-free components
under the rotation group. This approach facilitates the calculation of the Moore–
Penrose pseudoinverse, which is essential for this process. The velocities of the
tetrad are decomposed as

θ̇Ai =
V θ̇iξ

A + Aθ̇jiγ
kjθAk +

S θ̇jiγ
kjθAk +

T θ̇θAi, (4.29)

and the conjugate momenta is,

πA
i = VπiξA + AπjiθBjηAB + SπjiθBjηAB + T πθBjηABγ

ij . (4.30)

With this irreducible decomposition at hand, the TEGR primary constraints
are obtained from (4.28) as

VCi =
Vπiκ√
γ

+ TB
jkγ

ikγjlθAlηAB ≈ 0, (4.31)

and

ACij =
Aπijκ√

γ
− 1

2
γikγjlTB

klξB ≈ 0. (4.32)

Following the decomposition, the Moore–Penrose inverse can be expressed as(
M−1

) A C

i k
=
κ

2

(
γikγ

mnθAmθ
C
n + θAkθ

C
i − θAiθ

C
k

)
. (4.33)
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4.4.2 Hamiltonian for TEGR

After some computations, we obtain the primary Hamiltonian for covariant
TEGR:

HTEGR =α

[
κ

2
√
γ
Sπij

Sπij − 3κ

4
√
γ
T πT π −

√
γ

2κ
3T− ξA∂iπA

i + πA
iωA

Biξ
B

]
+ βj

[
−θAj∂iπA

i + πA
iωA

Ciθ
C
j − πA

iTA
ij

]
− λACA

− λAB

(
P [A

Dη
B]CΛC

D + πC
iηC[BθA]

i

)
− Vλi

(Vπiκ√
γ

+ TB
jkγ

ikγjlθAlηAB

)
− Aλij

(Aπijκ√
γ

− 1

2
γikγjlTB

klξB

)
.

(4.34)

In the Weitzenböck gauge the expression for the Hamiltonian reduces to

HTEGR =α

[
κ

2
√
γ
Sπij

Sπij − 3κ

4
√
γ
T πT π −

√
γ

2κ
3T− ξA∂iπA

i

]
− λACA

+ βj
[
−θAj∂iπA

i − πA
iTA

ij

]
− Vλi

(Vπiκ√
γ

+ TB
jkγ

ikγjlθAlηAB

)
− Aλij

(Aπijκ√
γ

− 1

2
γikγjlTB

klξB

)
.

(4.35)

Starting from the Hamiltonian (4.34) and (4.35), we derived Hamilton’s equations
in both the covariant formalism and the Weitzenböck gauge in TEGR. This is the
primary objective of our article, as we aimed to investigate the role of the additional
dynamical field associated with the spin connection in Hamilton’s equations. Given
the extensive length of these equations, we refer interested readers to our attached
article in Chapter 7 for detailed calculations.

4.4.3 Outcomes

In the attached publication in Chapter 7, we discussed and commented on some
existing research done in the Hamiltonian formulation of TEGR. Compared to
the work done in the literature, we argue the advantages of our formalism being
gauge-independent and covariant. Because the problem that occurs in TEGR is that
there are no antisymmetric field equations while there is antisymmetric evolution
[85]. Thus, it is unclear what one should do with the antisymmetric evolution
equations. So, this kind of difficulty is avoided in our approach. This is the first
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time that it has been presented a novel derivation of Hamilton equations for the
covariant version of TEGR, with an arbitrary spin connection depending on Lorentz
matrices as well as the Hamilton equations in Weitzenböck gauge.

We observed two main differences between the (covariant) TEGR Hamilton
equations: the first difference is related to which fields are treated as canonical.
Again, tetrads have six additional independent components compared to the metric,
and the spin connection (or rather the Lorentz matrices) introduces six more
independent components [86]. Hence, Hamilton’s equations exist for all of the
canonical fields and their conjugate momenta. The second main difference is that
Hamilton’s equations for TEGR are more numerous than those in the standard
formulation of GR. Despite these discrepancies, both (covariant) TEGR and GR
exhibit the same number of DOF: four DOF in the phase space, equivalent to two
physical DOF in the configuration space. This equivalence demonstrates that the
gauge choice does not affect the counting of physical DOF provided a careful
implementation of all the computations.
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Chapter 5

Cosmological Stability of the
Alternative Connection in
Symmetric Teleparallel Theories

The second part of this research is motivated by the recent growing interest in
symmetric teleparallel theory, driven by both theoretical [29, 67] and observational
[87–89] considerations, particularly in response to the challenges of ghosts [27]
and strong coupling [56, 78, 90] in f(Q) gravity. Unlike TEGR and STEGR
cases, the extra bits of connection in modified symmetric teleparallel (3.23) and
scalar-nonmetricity (3.59) actions now have their own equation, as discussed in
Sec. 3.3 and Subsec. 3.5.3. This raises the issue of how to analytically solve
the combined cosmological equations to find solutions. We addressed this in the
attached publications in Chapter 8 and 9.

There have been few studies within the nontrivial connection in the symmetric
teleparallel theory: some of them have explored specific cosmological solutions
and analyzed their properties [91–93], phase space features via fixed point analysis
[94, 95], and constraints from observational data [96, 97]. Some research even
suggests that these alternative connections fit the observational Hubble data better
than the ΛCDM and other models [89]. However, these studies typically consider
specific model functions. In our publications II and III, the analytical cosmological
solutions are derived, and the cosmological stability has been analyzed near the
vicinity of the GR cosmology. We keep the model functions arbitrary to encompass
a wide range of models. Furthermore, in III, we argued why so many model
solutions perform better in fitting with observational data. Recently, Ref. [98]
derived the exact analytical ΛCDM cosmological solutions by reconstructing the
model function and studied the stability of the solution in the nontrivial connection
sets, which is a subcase of our analysis and confirmed our findings.

In this work, we investigate the stability of symmetric teleparallel cosmology
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in an FLRW background with a nontrivial connection. The stability is analyzed
near the vicinity of the GR limit (a limit under which the modified cosmological
equations approach GR, discussed in later Sec. 5.2) across all the evolutionary
epochs of the universe, starting from radiation to matter dominated eras to dark
energy dominated eras, by using a perturbative technique. Our aim is to check
whether a solution of these theories smoothly approaches the GR limit as an attractor
while all perturbations decay over time. For that, first, we aim to find the analytical
cosmological solution by employing a linear perturbation around the GR limit. Due
to the strong coupling in f(Q), we anticipate encountering some kind of instability
in our cosmological solutions. Given the success of GR in describing phenomena
such as the Solar System [99], astrophysical and cosmological tests [100], the
prediction and detection of gravitational waves, Big Bang nucleosynthesis, etc.,
this nearby regime is of particular importance for analyzing the stability of any
theory.

5.1 Symmetric Teleparallel Cosmology

In this section, we aim to present and analyze the cosmological equations of the
most general scalar-nonmetricity action (3.59) by using metric field equations (3.60),
connection field equations (3.61) and the scalar field equation (3.62). We then
subsequently discuss the independent dynamics of the physical system and some
potential instability by analyzing the scalar-nonmetricity cosmological equations
and the f(Q) cosmological equations (a limiting case of the generalized scalar-
nonmetricity theory, as pointed out in Sec. 3.5.3).

Let us assume a perfect fluid matter energy-momentum tensor consistent with
the assumed symmetries (2.40) given by

Tµν = diag
(
ρ(t), a2(t)p(t), r2a2(t)p(t), r2a2(t)p(t) sin2 θ

)
, (5.1)

with the barotropic equation of state

p = wρ, (5.2)

where w is the equation of state parameter, and the scalar field depends on the time

Φ = Φ(t). (5.3)

Upon substituting the metric (2.41), connection set 1 (2.43), perfect fluid matter
(5.1), scalar field (5.3) into the field equations (3.60), (3.61) and (3.62) yields two
nontrivial metric equations, scalar field equation, and matter continuity equation as
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follows

6H2A(Φ)− Φ̇2B(Φ)− 2V(Φ) = 2κ2ρ , (5.4a)

−4HΦ̇A ′(Φ)−
(
6H2 + 4Ḣ

)
A(Φ)− Φ̇2B(Φ) + 2V(Φ) = 2κ2wρ , (5.4b)

−6H2A ′(Φ)− (6HΦ̇ + 2Φ̈)B(Φ)− Φ̇2B ′(Φ)− 2V ′(Φ) = 0 , (5.4c)
ρ̇+ 3H(1 + w)ρ = 0 . (5.4d)

Compared to scalar-curvature cosmology [101], the main difference lies in the
absence of matter sources from the scalar field equation (5.4c), provided that, for
minimally coupled theories, the equations fully coincide. Moreover, the above
Eqs. (5.4) also coincide with the scalar-torsion cosmological equations [40]. In
this branch, the connection equations (3.61) are trivially satisfied, leaving γ(t)
completely arbitrary by the field equations. Upon expressing the above cosmological
equations into a system of first-order differential equations, we observed that the
phase space is characterized by three independent variables (Φ, ρ,H).

Substituting the FLRW metric (2.41), connection set 2 (2.45), matter (5.1)
and scalar field (5.3) into the field equations (3.60), (3.61) and (3.62) yields two
nontrivial metric equations (3.60), one nontrivial connection equation (3.61), the
scalar field equation (3.62) and the matter continuity equation. These equations
are given by:

3Φ̇γA ′(Φ) + 6H2A(Φ)− Φ̇2B(Φ)− 2V(Φ) = 2κ2ρ ,

(5.5a)

(3Φ̇γ − 4HΦ̇)A ′(Φ)−
(
6H2 + 4Ḣ

)
A(Φ)− Φ̇2B(Φ) + 2V(Φ) = 2κ2wρ ,

(5.5b)

3γ
(
Φ̈A ′(Φ) + 3HΦ̇A ′(Φ) + Φ̇2A ′′(Φ)

)
= 0 ,

(5.5c)
(−6H2 + 9Hγ + 3γ̇)A ′(Φ)− (6HΦ̇ + 2Φ̈)B(Φ)− Φ̇2B ′(Φ)− 2V ′(Φ) = 0 ,

(5.5d)
ρ̇+ 3H(1 + w)ρ = 0 .

(5.5e)

Notice, the connection function γ(t) appears in the equations only in association
with derivatives of A(Φ), thus affecting only nonminimally coupled theories.
Comparing the γ terms in Eqs. (5.5a) and (5.5b) with the ρ terms reveals an effective
barotropic index of +1 for γ, rather than the expected −1 or 0. Consequently, it
can not contribute to effective dark matter or dark energy in the cosmological
equations. Furthermore, we observe that though the connection equation (5.5c)
does not provide dynamics for the independent connection function γ, it does
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influence the scalar field dynamics to

Φ̈ = −3HΦ̇− A ′′(Φ)

A ′(Φ)
Φ̇2 . (5.6)

This equation effectively acts as a constraint and helps to reduce the system of
equations to four independent variables: {Φ, ρ,H, γ}. To analyze scalar field
dynamics, we draw an analogy to a mechanical equation in physics where the
l.h.s. of (5.6) is like acceleration, while the r.h.s. is like the total force acting on
the system. The first term of the force acts like friction, opposing the motion,
while the second term can act as extra friction or anti-friction, depending on the
alignment of signs. Now, let us extract the stability information by simply analyzing
the simplified connection equation (5.6). For lower speed Φ̇, all solutions are
convergent to some arbitrary value of Φ. However, sufficiently high speeds lead to
the dominance of the second term, potentially causing the acceleration and, thus,
the speed itself to approach infinity, hence inducing possible instability. Unstable
solutions could also arise near the extrema of the gravitational coupling function at
some value of Φs.

Finally, upon substituting the FLRW metric (2.41), connection set 3 (2.47),
matter (5.1) and scalar field (5.3) to the field equations (3.60), (3.61) and (3.62)
yields the two nontrivial metric equations (3.60), one nontrivial connection equation
(3.61), the scalar field equation (3.62) and the matter continuity equation as

6H2A(Φ)− 3γ̄Φ̇A ′(Φ)− Φ̇2B(Φ)− 2V(Φ) = 2κ2ρ,

(5.7a)

(γ̄ Φ̇− 4HΦ̇)A ′(Φ)−
(
6H2 + 4Ḣ

)
A(Φ)− Φ̇2B(Φ) + 2V(Φ) = 2κ2wρ,

(5.7b)

−6 ˙̄γ Φ̇A ′(Φ)− 3γ̄
(
Φ̈A ′(Φ) + 5H Φ̇A ′(Φ) + Φ̇2A ′′(Φ)

)
= 0,

(5.7c)
(−6H2 + 9Hγ̄ + 3 ˙̄γ)A ′(Φ)− (6H Φ̇ + 2Φ̈)B(Φ)− Φ̇2B ′(Φ)− 2V ′(Φ) = 0 ,

(5.7d)
ρ̇+ 3H(1 + w)ρ = 0 .

(5.7e)

The cosmological equations for connection set 2 (5.5) share a similar structure
with those for connection set 3 (5.7), allowing the previous analysis to be readily
extended. In contrast to the set 2 case, the γ̄ term in (5.7a) carries an opposite sign.
Nevertheless, γ̄ still cannot contribute to effective dark matter or dark energy, as the
associated effective barotropic index in Equations (5.7a)–(5.7b) is −1

3 , analogous
to spatial curvature. Like connection set 2, the above system (5.7) exhibits a four-
dimensional phase space with four independent dynamical variables {Φ, ρ,H, γ̄}.
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Furthermore, the connection equation can be expressed as

Φ̈ = −
(
2 ˙̄γ

γ̄
+ 5H

)
Φ̇− A ′′(Φ)

A ′(Φ)
Φ̇2, (5.8)

containing an additional friction term; hence, all the remarks about the possible
instabilities considerations are applicable here as well.

While analyzing the stability of scalar-nonmetricity cosmology around the
GR limit, without loss of generality, we introduce a reparameterized scalar field
ϕ(Φ) that preserves all physical measurable quantities. For simplicity, we choose
a parametrization that yields the kinetic energy, i.e., B(ϕ) ≡ 1. Furthermore, we
express the nonminimal coupling to gravity as A(ϕ) = 1 + f(ϕ), separating out a
constant term, and redefine the potential as V (ϕ) in terms of the reparameterized
field.

5.1.1 f(Q) cosmology

As demonstrated in Sec. 3.5.3, by employing the identification (3.64) and
utilizing a parameterization

f(Q) = Q+ F (Q), (5.9)

without loss of generality, it can be easily verified that each of the three sets of
scalar-nonmetricity cosmological equations (5.4), (5.5) and (5.7) reduce to the
corresponding branch of the f(Q) cosmological equations, which is the starting
point of the publication III. The primary motivation for investigating the independent
dynamics of f(Q) cosmological equations lies in elucidating how the additional
scalar degree of freedom inherent in scalar-nonmetricity theories can be realized in
f(Q) cosmology.

In connection set 1, f(Q) and f(T ) cosmologies with identical symmetry share
the same background equations, although the evolution of perturbations could differ.
We verified that the cosmological dynamics in connection set 1 can be expressed in
terms of a single independent dynamical variable (either ρ orH) in the phase space,
like in f(T ). Depending on the specific form of the function F (Q), the system of
differential equations may encounter a singularity where Ḣ diverges [102].

Unlike connection set 1, the nonmetricity scalar (2.46) in set 2 can vanish or
remain constant for any Hubble function H(t) depending on γ(t). This allows the
cosmological equations to reduce to GR, or to GR with a cosmological constant
while the connection equation is identically satisfied. Notice that the nonmetricity
scalar Q in set 2 contains additional dynamics of γ that prevent the Friedmann
equation from being a constraint equation. Notably, while keeping arbitrary model
functions, the system is characterized by four independent dynamical variables:
{γ, γ̇,H, ρ }, defining a four-dimensional phase space. Analysis of the equations,
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particularly the Hubble function’s derivative, reveals potential singularities when
γ approaches zero or 1 + FQ vanishes. The latter agrees with the general
physical viability condition discussed in Sec. 3.3. The connection equation can be
equivalently written as

Q̈ = −3HQ̇− FQQQ

FQQ
Q̇2, (5.10)

demonstrating a structural similarity to the scalar-nonmetricity connection equation
(5.6); indeed, a similar instability conclusion can be drawn, as follows from the
previous explanation.

Analogous to the nonmetricity scalar (2.46) in the connection set 2, the
nonmetricity scalar (2.48) in set 3 exhibits a similar structure. In cosmology, when
(2.48) vanishes or is constant, the cosmological equations recover GR or GR with
a cosmological constant, with the connection equation being identically satisfied.
The system, represented by the four independent variables with {γ̄, Ḣ, ρ, γ̄} spans a
four-dimensional phase space (to visualize, please refer to Chapter 9). Just looking
at the system of equations reveals potential singularities when γ̄ approaches zero or
1 + FQ vanishes, likely leading to a divergence in the Hubble parameter and thus a
singularity in the system. The connection equation is expressible as

Q̈ = −
(
2 ˙̄γ

γ̄
+ 5H

)
Q̇− FQQQ

FQQ
Q̇2, (5.11)

exhibits a structure similar to that of Eq. (5.8), suggesting analogous instability
behavior.

5.2 General Relativity Limit

The Friedmann equations for a spatially flat universe containing a single
barotropic fluid matter component in GR are

3H2
∗ = 8πGNρ∗ + Λ , (5.12a)

2Ḣ∗ + 3H∗
2 = −8πGNwρ∗ + Λ , (5.12b)

ρ̇∗ + 3H∗(1 + w)ρ∗ = 0 , (5.12c)

where GN represents the Newtonian gravitational constant and Λ denotes the
cosmological constant.

For non-relativistic matter (dust) with an equation of state parameter w = 0,
solving Eqs. (5.12), yields the Hubble function and matter energy density

H∗(t) =
2

3(t− ts)
, ρ∗(t) =

4

3κ2(t− ts)2
. (5.13)
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For relativistic matter (radiation), with an equation of state parameter w = 1
3

the Hubble function and energy density evolve as

H∗(t) =
1

2(t− ts)
, ρ∗(t) =

3

4κ2(t− ts)2
, (5.14)

where ts is an integration constant, representing the moment of the initial singularity,
and will be set to zero for simplicity.

For a cosmological constant (Λ) dominating the universe w = 0 with the
absence of matter and radiation, the Hubble parameter and energy density are given
by

H∗(t) = ±
√
κ2Λ

3
, ρ∗(t) = 0 . (5.15)

Alternatively, considering dark energy as a fluid with constant energy density
with an equation of state w = −1, the Hubble parameter and energy density are
expressed as

H∗(t) = ±
√
κ2ΛDE

3
, ρ∗ = ΛDE . (5.16)

5.3 Methodology

This section provides a brief overview of the common methodology employed
in the publications II and III.

1. The initial step involves identifying the conditions under which the modified
cosmological field equations reduce to the standard GR (5.12), referred to as
the GR limit.

2. To see whether a small perturbation to the limit of GR is dynamically stable,
first, we perturbed all independent variables involved in the cosmological
equations around the GR cosmology. For instance, in scalar-nonmetricity
cosmology, this involves perturbing the scalar field, Hubble function, matter-
energy density, and the connection function as follows:

ϕ(t) = ϕ∗ + x(t) , H(t) = H∗(t) + h(t) ,

γ(t) = γ∗(t) + g(t) , ρ(t) = ρ∗(t) + r(t) , (5.17)

where ϕ∗ is constant, and x(t), h(t), g(t), r(t) represent small perturbations
assumed to be of the same order of magnitude. A Taylor series is often
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employed to expand the generic functions (here it is gravitational coupling
and potential function) around the constant scalar field

f(ϕ(t)) = f∗ + f ′∗x(t) +
f ′′
∗ (x(t))2

2 , (5.18a)

V (ϕ(t)) = V∗ + V ′
∗x(t) +

V ′′
∗ (x(t))2

2 . (5.18b)

Analogously, in f(Q) cosmology along with the above (5.17), the independent
variable is the nonmetricity scalar instead of being the scalar field, and it
perturbed as

Q(t) = Q∗(t) + q(t), (5.19)

as q(t) is a small perturbation, and the arbitrary model function is expanded
as

F (Q(t)) = F ∗(t) + F ∗
Q(t)q(t) +

1

2
F ∗

QQ(t)q(t)
2 . (5.20)

3. To derive an approximate field equation and analyze the behavior of the
perturbed functions in each evolutionary epoch, the expansions Eqs. (5.17),
(5.18), Eqs. (5.19) and (5.20) are substituted into the respective cosmological
equations for scalar-nonmetricity and f(Q) gravity.

4. Then, we proceeded to solve the approximate field equations analytically,
order by order, encompassing all cosmological phases of the universe as
outlined in (5.13), (5.14), (5.15), (5.16).

5. After finding all the perturbations, to investigate an era to be stable, all
perturbed functions should exhibit a decrease with time. Furthermore, the
presence of constant perturbations necessitates further investigation as they
may potentially induce a system collapse towards a singularity.

6. While analyzing the connection equation, we drew some conclusions
regarding possible instability. Hence, we expect to see some unstable
solutions at the perturbative level.

For a detailed description of how the aforementioned steps are applied to analyze
the stability of symmetric teleparallel theory on specific cosmological backgrounds,
please refer to the publications attached in Chapters 8 and 9. In the following, we
discuss the conditions under which the general function leads to successful stability
eras around GR within the framework of scalar-nonmetricity theory.
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5.4 Stability of Scalar-Nonmetricity Cosmology

The fundamental geometric structure underlying the symmetric teleparallel
gravity studied in the second publication II is provided in Sec. 2 with the action
(3.59), the nontrivial connection is presented in Subsec. (2.4) and the corresponding
cosmological field equations are given in Sec. 5.1. To encompass a broad range of
models, we keep nonminimal coupling and potential function arbitrary.

5.4.1 Conditions on the Generic Scalar Functions and Analyzing the
Stability of Each Era

This subsection summarizes the key findings, which consist of the restrictions on
the model functions to ensure the stability of the standard cosmological sequence:
radiation domination, followed by dust matter domination and scalar potential
domination.

Connection set 1:

To recover standard GR, a necessary condition found from the background scalar
field equation is a simultaneous occurrence of critical points for the derivatives
of the gravitational coupling, f ′∗, and the potential, V ′

∗ , at the same value of ϕ∗.
Our results demonstrate that for the models at the simultaneous critical point, all
perturbations near the GR limit are stable, i.e. solutions eventually approach GR.
This confirms the successful recovery of a stable standard cosmic evolution of the
universe.

Connection set 2:

In this branch, the background scalar field cosmological equation for matter,
radiation, and potential dominated era demands three options. While finding better
stability in the solutions, sometimes we consider that the second derivative of the
potential also vanishes. The stability results for all the cosmic epochs for long
run time are summarized in the given Table 5.1 and finite time singularities are
discussed in the Chapter 8. The blue color indicates that, although the background
connection grows over time, its coupling with the evolving scalar field mitigates its
influence in the cosmological field Eqs. (5.5), preventing unphysical behavior. The
red color is used to denote unstable or marginally stable perturbations, while the
magenta color is used to represent undetermined perturbations where we cannot
conclude whether the respective dominating era is stable.

Near the simultaneous critical point, defined by

f ′∗ = 0, V ′
∗ = 0, (5.21)
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Cases Matter domination Radiation domination Potential domination

f ′∗ ̸= 0,

V ′
∗ ̸= 0

γ∗(t) ∼ t, x(t) ∼ t−1 ,

h(t) ∼ t0, g(t) ∼ t2, r(t) ∼ t−1

γ∗(t) ∼ t, x(t) ∼ t−
1
2 ,

h(t) ∼ t
1
2 , g(t) ∼t 52 , r(t) ∼ t−

1
2

γ∗(t) ∼ t0, x(t) ∼ e−3H∗t ,

h(t) ∼ e−3H∗t, g(t) ∼ te−3H∗t,

r(t) ∼ e−3H∗t

f ′∗ ̸= 0,

V ′
∗ = 0

γ∗(t) ∼ t−1, x(t) ∼ t−1,

h(t) ∼ t−2, g(t) ∼ t0, r(t) ∼ t−3

γ∗(t) ∼ t−1, x(t) ∼ t−
1
2 ,

h(t) ∼ t−2 ln t, g(t) ∼ t
1
2 , r(t) ∼ t−3 ln t

γ∗(t) ∼ t0, x(t) ∼ e−3H∗t,

h(t) ∼ e−3H∗t, g(t) ∼ te−3H∗t,

r(t) ∼ e−3H∗t

f ′∗ ̸= 0,

V ′
∗ = V ′′

∗ = 0

γ∗(t) ∼ t−1, x(t) ∼ t−1,

h(t) ∼ t−2, g(t) ∼ t−2, r(t) ∼ t−3

γ∗(t) ∼ t−1, x(t) ∼ t−
1
2 , h(t) ∼ t−2 ln t,

g(t) ∼ t−
3
2 , r(t) ∼ t−3 ln t

γ∗(t) ∼ t0, x(t) ∼ e−3H∗t,

h(t) ∼ e−3H∗t, g(t) ∼ te−3H∗t,

r(t) ∼ e−3H∗t

f ′∗ = 0,

V ′
∗ = 0

γ∗(t) ∼ t, x(t) ∼ t0, h(t) ∼ t−2,

g(t) ∼ undetermined, r(t) ∼ t−3

h(t) ∼ t−2, r(t) ∼ t−3, x(t) ∼ t0,

γ∗(t) ∼ t, g(t) ∼ undetermined

h(t) ∼ e−3H∗t, r(t) ∼ e−3H∗t,

x(t) ∼ t0, g(t) ∼ undetermined,

γ∗(t) ∼ t0

Table 5.1: Stability results in connection set 2

a broad range of initial conditions leads to singular solutions at finite time, as
demonstrated by the analysis of scalar field perturbation in Sec. B of Chapter 8.
Although some solutions converge to constant values, they deviate from the GR
limit and violate the initial linearized perturbation assumptions (5.17), thus also
being classified as unstable. Furthermore, in this limit, the background connection
becomes undetermined. While a single solution does approach the GR limit, the
associated connection perturbation remains undetermined, precluding a definitive
conclusion about the stability of the standard cosmic history within connection set
2. A detailed phase space portrait analysis of these results is presented in Fig. 1 of
paper II.

Connection set 3:

Given the analogous structure of the scalar field equation in both connection sets
2 and 3, the background scalar field equation again demands the same three distinct
options. The results of the stability analysis in all the cosmological epochs for long
run time are summarized in Table 5.2 given below, and finite time singularities
are discussed in the Chapter 8. Combining the stability results of all three eras,
it appears that a cosmic history from radiation to dust to dark energy domination
cannot be realized in a stable manner in the vicinity of some fixed scalar field value
ϕ∗. Meanwhile, the dust matter and potential domination eras are stable around
f ′∗ ̸= 0, V ′

∗ = V ′′
∗ = 0.

5.4.2 Outcomes

In summary, the additional connection function in sets 2 and 3 increases the
independent cosmological phase space dimensions by one but cannot take the role
of dark matter or dark energy. Instead, it manifests as a stiff fluid (set 2) or spatial
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Cases Matter domination Radiation domination Potential domination

f ′∗ ̸= 0, V ′
∗ ̸= 0

γ∗(t) ∼ t, x(t) ∼ t−
13
3 ,

h(t) ∼ t−2, g(t) ∼ t0, r(t) ∼ t−3

γ∗(t) ∼ t, x(t) ∼ t−
7
2 ,

h(t) ∼ t−2, g(t) ∼ t0, r(t) ∼ t−3

γ∗(t) ∼ t0, x(t) ∼ e−5H∗t,

h(t) ∼ e−3H∗t, g(t) ∼ te−3H∗t,

r(t) ∼ e−3H∗t

f ′∗ ̸= 0, V ′
∗ = 0

γ∗(t) ∼ t−1, x(t) ∼ t−
1
3 ,

h(t) ∼ t−
4
3 , g(t) ∼ t

2
3 , r(t) ∼ t−

7
3

γ∗(t) ∼ t−1, x(t) ∼ t
1
2 ,

h(t) ∼ t−2, g(t) ∼ t
3
2 , r(t) ∼ t−3

γ∗(t) ∼ t0, x(t) ∼ e−5H∗t,

h(t) ∼ e−3H∗t, g(t) ∼ te−3H∗t,

r(t) ∼ e−3H∗t

f ′∗ ̸= 0, V ′
∗ = V ′′

∗ = 0
γ∗(t) ∼ t−1, x(t) ∼ t−

1
3 ,

h(t) ∼ t−
4
3 , g(t) ∼ t−

4
3 , r(t) ∼ t−

7
3

γ∗(t) ∼ t−1, x(t) ∼ t
1
2 ,

h(t) ∼ t−2, g(t) ∼ t−
1
2 , r(t) ∼ t−3

γ∗(t) ∼ t0, x(t) ∼ e−5H∗t,

h(t) ∼ e−3H∗t, g(t) ∼ te−3H∗t,

r(t) ∼ e−3H∗t

f ′∗ = 0, V ′
∗ = 0

γ∗(t) ∼ t−
5
3 , h(t) ∼ t−2,

r(t) ∼ t−3,

x(t) ∼ See Chapter 8 text C.1

h(t) ∼ t−2, r(t) ∼ t−3,

γ∗(t) ∼ t−
5
4 ,

x(t) ∼ See Chapter 8 text C.2

γ∗(t) ∼ e−
5H∗t

2 , h(t) ∼ e−3H∗t,

r(t) ∼ e−3H∗t,

x(t) ∼ See Chapter 8 text C.3

Table 5.2: Stability results in connection set 3.

curvature (set 3). The connection equation significantly affects the scalar field
dynamics, leading to conditions on the model function and the scalar field evolution
where the scalar field becomes singular. As expected, even small perturbations to
the scalar field trigger these singularities. In sets 2 and 3, near a simultaneous critical
point of the coupling and potential functions, a class of singular solutions emerges
due to the divergence of the scalar field perturbation at finite time, consequently
driving other physical quantities (energy density, connection function, and scalar
field) to become singular as well. Comparing all three branches of connection,
set 1 maintains a standard, stable cosmic history at the simultaneous critical point,
whereas sets 2 and 3 exhibit a class of singular solutions there. Notably, in sets 2 and
3, the background equations fail to uniquely determine the background connection
function, and the scalar field derivatives become singular in a simultaneous critical
point, preventing smooth convergence to the GR limit. This suggests a fundamental
issue with scalar-nonmetricity cosmology at the background level. Hence, we claim
that sets 2 and 3 appear less physically viable than set 1.

5.5 Stability of f(Q) Cosmology

In the attached publication (Chapter 9), we employ the geometrical formalism
outlined in Chapter 2, the f(Q) action (3.23) and the corresponding field equations
for the metric (3.24) and connection (3.25). Utilizing the metric (2.41) and
the affine connections defined in Eqs. (2.43), (2.45), and (2.47) into the metric
field equations (3.24) and connection equation (3.25) yields three distinct sets of
cosmological equations, as detailed in Chapter 9. The appearance of the additional
free function γ(t) in the f(Q) cosmological equations motivates an investigation
of its independent dynamics in the physical space. Furthermore, recent studies [27]
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have reported the presence of a ghost degree of freedom in the ultraviolet regime
within the second connection branch. This finding provides further motivation
for our analysis of connection set 2, specifically to examine whether any potential
instability arises from the dynamics of γ(t).

5.5.1 GR Limit and Stability in Connection Set 1

We found three distinct scenarios where the modified cosmological Friedmann
equations in symmetric teleparallel gravity reduce to the standard GR equations
(5.12). First, the trivial case:

F ∗(t) = 0 . (5.22)

The second also occurs trivially when the connection evolves in a manner whereby
the nonmetricity scalar

Q∗ = constant, or 0, (5.23)

and the third, the nontrivial one

F ∗(t) = α
√

−Q∗(t) . (5.24)

A perturbative analysis around the nontrivial GR limit (5.24) shows stable
radiation, matter, and geometric dark energy eras, transitioning to a marginally
stable dark energy era, as summarized the results in Table 5.3. However, the second
option is quite restrictive under the FLRW symmetry assumption for the connection,
as these two conditions together select only specific Hubble functions, namely those
corresponding to Minkowski spacetime. Our study of generic f(Q) models shows
that a large class of solutions possess a GR attractor. Hence, we conclude that every
model must have a valueQ∗ at which the model function must be equal toQ+

√
Q,

whereby the cosmological equations reduce to the form coinciding with GR. This
explains why many models can fit well with observations [87, 89, 103–105] even
though these models are different from the exact GR solution for other values of Q.

5.5.2 GR Limit and Stability in Connection Set 2

Connection set 2 also has three ways to recover GR. First, the modified f(Q)
cosmological equations trivially reduce to GR when

F ∗(t) = 0 . (5.25)

Second, in contrast to set 1, the condition in

Q∗ = constant, or 0, (5.26)
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Value

F ∗(t) = α
√

−Q∗(t)

Different phase

Matter Radiation Dark energy Geometric dark energy

h(t) ∼ t−2, h(t) ∼ t−2, h(t) ∼ t0, h(t) ∼ e−3H∗t,

r(t) ∼ t−3 r(t) ∼ t−3 r(t) ∼ t0 r(t) ∼ e−3H∗t

Table 5.3: Stability results of f(Q) cosmology in connection set 1.

Matter Radiation Dark energy Geometric dark
energy

F ∗(t) = c̃2Q∗(t)

+
3c̃21Q∗(t)2

16c̃2

F ∗(t) = Q∗(t)c̆2

−3
2 c̆1Q∗(t)

3

√
− c̆1Q∗(t)

c̆2

F ∗(t) = ĉ3
(
Q∗(t)− 2κ2ΛDE

)
,

F ∗(t) = ĉ4e
− Q∗(t)

2ΛDEκ2

F ∗(t) = 6κ2ΛGDE

−4Q∗(t)

r(t) ∼ t−2,

h(t) ∼ t−2,

g(t) ∼ t0

r(t) ∼ t−2 ,

h(t) ∼ t−2 ,

g(t) ∼ t−
1
2

r(t) ∼ t0, h(t) ∼ t0,

g(t) ∼ undetermined.

h(t) ∼ t0, g(t) ∼ t0,

r(t) ∼ undetermined

r(t) ∼ e−3H∗t ,

h(t) ∼ e−3H∗t

g(t) ∼ undetermined

Table 5.4: Stability results of f(Q) cosmology in connection set 2.

only allows de Sitter solution while respecting cosmological symmetry. The
third option provides a nontrivial realization of the modified Friedmann equations.
However, unlike connection set 1, solving the modification terms is difficult due
to the presence of γ∗(t) and its time derivatives up to γ̈∗(t) in the cosmological
equations. Therefore, we began by solving the background connection equation,
which can be simplified to

ln
(
F ∗
QQ(t)Q̇∗(t)

)
= −3

∫
H∗(t)dt. (5.27)

As the above expression shows, the dependence on the different background Hubble
expansion (5.13), (5.14), (5.15) and (5.16) leads to a different condition for each
cosmological epoch.

The stability results in the trivial regime (5.25) coincide with those of set 1.
In the nontrivial regime of the dust dominant era, we found a quadratic function
containing the exact GR-type solution. Applying small perturbations around this
value, we demonstrate that the perturbations exhibit asymptotic decay over time,
signifying the stability of Hubble expansion and matter energy density. However,
the marginal stability of the background connection raises concerns about the
long term stability of a matter dominated era around the GR limit. To investigate
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the potential impact of this marginal stability of the connection, we conducted a
numerical example; see Sec. VII of Chapter 9. Similarly, the stability results for
other cosmological epochs are summarized in Table 5.4. Unlike connection set 1,
a single value of the nonmetricity function cannot capture the entire evolutionary
history of the universe, from radiation to dark energy to geometric dark energy
domination.

5.5.3 Outcomes

Let us summarize the key findings in the attached publication in Chapter 9: the
extra connection function brings two additional directions to the phase space in sets
2 and 3, making the phase space four-dimensional. By analyzing the conditions
that a physically viable model should obey, our result confirmed that we can not say
that a certain model f(Q) is viable or a certain connection is viable, but these two
aspects must be considered together. The nontrivial realization of the GR regime in
set 2 might have less applications because different eras imply different behavior of
f(Q), and the stability is only guaranteed in the radiation domination epoch. Then,
an inspection of the field equations in the form of a dynamical system and an analysis
of the connection equation showed the conditions for possible singularity. The
numerical evolution of the equations, starting near a matter solution in GR, explicitly
demonstrated this, showing the connection function hitting a singularity at a finite
time and consequently driving the entire system to singularity. These singular
solutions highlight that cosmologies using the alternative FLRW connection sets 2
(and, by analogy, set 3) must be handled with utmost care.
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Chapter 6

Future Directions

As discussed in Chapter 4, there is compelling evidence that f(Q) and f(T )
theories of gravity are strongly coupled. The Hamiltonian analysis developed
during this PhD will be instrumental in addressing this ongoing controversy.
Beyond determining the correct number of PDOF, we will identify and characterize
perturbative modes. This includes classifying them into vector, tensor, and scalar
modes, as well as identifying and eliminating any unphysical (unhealthy) modes.
This analysis will be performed using perturbation theory. Future work will also
explore the potential of Hamiltonian analysis in the context of numerical relativity.

With the exception of a few studies [13], the Hamiltonian analysis of the
recent proposed GTEGR theories [11, 12] remains unexplored. This provides
a promising avenue for future research. In our forthcoming article, we aim to
derive Hamilton’s equations of STEGR in coincident gauge without omitting the
boundary term in order to gain deeper insights into the role of boundary term.
This analysis aims to enhance the impact of boundary terms in the Hamiltonian,
Hamilton’s equations, and the resulting constraint structure. We will then compare
our findings with those presented in [80, 106]. Furthermore, based on these findings,
we intend to investigate the potential impact of boundary terms on the breaking of
diffeomorphism symmetry in modified theories. We anticipate that this research
will significantly contribute to determining the correct number of PDOF in the
f(Q) theory.

When a theory incorporates additional dynamics beyond GR, it is crucial to
understand the behavior of these extra dynamics in the vicinity of the GR limit.
To assess the stability of such modified theories, we can extend our research by
employing cosmological perturbation techniques around GR background, provided
the theory admits a well-defined GR limit. It is possible to generalize this approach
to study the dynamics of the theory in the presence of hyperfluids (allowing coupling
of connection to matter) and how it impacts the stability of the system.
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Summary

The effects of non-Riemannian connection in teleparallel gravity

In general, this thesis aims to explore modifications to general relativity,
mainly emphasizing the modification of the underlying geometric sector motivated
by the limitations of general relativity, such as dark energy, dark matter,
fundamental cosmological challenges, and the Hubble tension. We mostly
concentrate on the teleparallel theory, where the flatness condition does not
completely fix the teleparallel connection, making it a gauge degree of freedom.
While one can choose a gauge where the connection vanishes (e.g., the
Weitzenböck gauge in metric teleparallelism or the coincident gauge in symmetric
teleparallelism), this thesis instead explores the impact of a nonvanishing
connection to investigate its influence on the theory and cosmology.

The main focus of the thesis work can be split into two parts. To understand
the physical viability and dynamics of any theory, a well-respected procedure to
utilize is the Hamiltonian approach. We apply this analysis to covariant teleparallel
equivalent to general relativity. Our primary motivation for avoiding gauge fixing
is to preserve covariance and gain deeper insights into how the additional field
(related to the spin connection) influences Hamilton’s equations. We concluded
that while the extra field alters the constraint structure and Hamilton’s equations,
the result does not impact the total number of physical degrees of freedom.

The second part of this work focuses on the stability of symmetric teleparallel
theories with nontrivial connections across all cosmic eras near the general
relativity limit. The objective is to investigate the influence of the extra connection
function on cosmological dynamics and stability. We found the connection
function does extend the phase space but does not take the role of dark matter and
dark energy, and it drastically changes the dynamics of the scalar field in scalar-
nonmetricity cosmology. A cosmological perturbative analysis confirms that
the scalar field experiences singularity, which ultimately makes other quantities
singular as well. A numerical example in f(Q) cosmology demonstrates that the
connection function hits a singularity at finite time. Furthermore, in the nontrivial
branch, one single model function can not able to reproduce all the cosmic epochs
of the universe. Therefore, we conclude that nontrivial connections might be less
physically viable for cosmology compared to the trivial branch, although further
research is needed to rule it out completely.
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[73] M. Blagojević and J. M. Nester, “Local symmetries and physical degrees of
freedom in f(T ) gravity: a Dirac Hamiltonian constraint analysis,” Phys.
Rev. D 102 (2020) no. 6, 064025, arXiv:2006.15303 [gr-qc].

75

http://dx.doi.org/10.1088/0264-9381/25/6/062001
http://dx.doi.org/10.1088/0264-9381/25/6/062001
http://arxiv.org/abs/gr-qc/0703132
http://dx.doi.org/10.1103/PhysRevD.62.044027
http://dx.doi.org/10.1103/PhysRevD.62.044027
http://dx.doi.org/10.1007/978-1-4020-1989-0
http://dx.doi.org/10.1140/epjc/s10052-011-1752-9
http://dx.doi.org/10.1140/epjc/s10052-011-1752-9
http://arxiv.org/abs/1006.1120
http://dx.doi.org/10.1016/j.physletb.2010.07.038
http://dx.doi.org/10.1016/j.physletb.2010.07.038
http://arxiv.org/abs/1007.2348
http://dx.doi.org/10.1103/PhysRevD.83.023508
http://arxiv.org/abs/1008.1250
http://dx.doi.org/10.1103/PhysRevD.101.103507
http://arxiv.org/abs/1906.10027
http://dx.doi.org/10.3390/sym12030453
http://arxiv.org/abs/1912.12906
http://dx.doi.org/10.1103/PhysRev.116.1322
http://dx.doi.org/10.1103/PhysRev.116.1322
http://dx.doi.org/10.1088/0264-9381/13/6/017
http://arxiv.org/abs/gr-qc/9501014
http://dx.doi.org/10.1103/PhysRevD.81.064025
http://arxiv.org/abs/0910.5659
http://arxiv.org/abs/0910.5659
http://dx.doi.org/10.1103/PhysRevD.97.104028
http://arxiv.org/abs/1802.02130
http://dx.doi.org/10.1103/PhysRevD.102.064025
http://dx.doi.org/10.1103/PhysRevD.102.064025
http://arxiv.org/abs/2006.15303


[74] D. Blixt, M.-J. Guzmán, M. Hohmann, and C. Pfeifer, “Review of the
Hamiltonian analysis in teleparallel gravity,” Int. J. Geom. Meth. Mod. Phys.
18 (2021) no. supp01, 2130005, arXiv:2012.09180 [gr-qc].

[75] A. Golovnev and M.-J. Guzman, “Nontrivial Minkowski backgrounds in
f(T ) gravity,” Phys. Rev. D 103 (2021) no. 4, 044009,
arXiv:2012.00696 [gr-qc].

[76] A. Golovnev and M.-J. Guzmán, “Foundational issues in f(T ) gravity
theory,” Int. J. Geom. Meth. Mod. Phys. 18 (2021) no. supp01, 2140007,
arXiv:2012.14408 [gr-qc].

[77] M. Li, R.-X. Miao, and Y.-G. Miao, “Degrees of freedom of f(T ) gravity,”
JHEP 07 (2011) 108, arXiv:1105.5934 [hep-th].

[78] L. Heisenberg, M. Hohmann, and S. Kuhn, “Cosmological teleparallel
perturbations,” JCAP 03 (2024) 063, arXiv:2311.05495 [gr-qc].

[79] F. D’Ambrosio, L. Heisenberg, and S. Zentarra, “Hamiltonian Analysis of
f(Q) Gravity and the Failure of the Dirac–Bergmann Algorithm for
Teleparallel Theories of Gravity,” Fortsch. Phys. 71 (2023) no. 12, 2300185,
arXiv:2308.02250 [gr-qc].

[80] F. D’Ambrosio, M. Garg, L. Heisenberg, and S. Zentarra, “ADM
formulation and Hamiltonian analysis of Coincident General Relativity,”
arXiv:2007.03261 [gr-qc].

[81] R. Ferraro and M. J. Guzmán, “Hamiltonian formulation of teleparallel
gravity,” Phys. Rev. D 94 (2016) no. 10, 104045, arXiv:1609.06766
[gr-qc].

[82] D. Liang, Y. Gong, S. Hou, and Y. Liu, “Polarizations of gravitational
waves in f(R) gravity,” Phys. Rev. D 95 (2017) no. 10, 104034,
arXiv:1701.05998 [gr-qc].

[83] K. Tomonari and S. Bahamonde, “Dirac–Bergmann analysis and degrees of
freedom of coincident f(Q)-gravity,” Eur. Phys. J. C 84 (2024) no. 4, 349,
arXiv:2308.06469 [gr-qc]. [Erratum: Eur.Phys.J.C 84, 508 (2024)].

[84] M. J. Guzmán and R. Ferraro, “Degrees of freedom and Hamiltonian
formalism for f(T ) gravity,” Int. J. Mod. Phys. A 35 (2020) no. 02n03,
2040022, arXiv:1910.03100 [gr-qc].

[85] S. Capozziello, A. Finch, J. L. Said, and A. Magro, “The 3+1 formalism in
teleparallel and symmetric teleparallel gravity,” Eur. Phys. J. C 81 (2021)
no. 12, 1141, arXiv:2108.03075 [gr-qc].

76

http://dx.doi.org/10.1142/S0219887821300051
http://dx.doi.org/10.1142/S0219887821300051
http://arxiv.org/abs/2012.09180
http://dx.doi.org/10.1103/PhysRevD.103.044009
http://arxiv.org/abs/2012.00696
http://dx.doi.org/10.1142/S0219887821400077
http://arxiv.org/abs/2012.14408
http://dx.doi.org/10.1007/JHEP07(2011)108
http://arxiv.org/abs/1105.5934
http://dx.doi.org/10.1088/1475-7516/2024/03/063
http://arxiv.org/abs/2311.05495
http://dx.doi.org/10.1002/prop.202300185
http://arxiv.org/abs/2308.02250
http://arxiv.org/abs/2007.03261
http://dx.doi.org/10.1103/PhysRevD.94.104045
http://arxiv.org/abs/1609.06766
http://arxiv.org/abs/1609.06766
http://dx.doi.org/10.1103/PhysRevD.95.104034
http://arxiv.org/abs/1701.05998
http://dx.doi.org/10.1140/epjc/s10052-024-12677-x
http://arxiv.org/abs/2308.06469
http://dx.doi.org/10.1142/S0217751X20400229
http://dx.doi.org/10.1142/S0217751X20400229
http://arxiv.org/abs/1910.03100
http://dx.doi.org/10.1140/epjc/s10052-021-09944-6
http://dx.doi.org/10.1140/epjc/s10052-021-09944-6
http://arxiv.org/abs/2108.03075


[86] A. Golovnev and M.-J. Guzman, “Lorentz symmetries and primary
constraints in covariant teleparallel gravity,” Phys. Rev. D 104 (2021)
no. 12, 124074, arXiv:2110.11273 [gr-qc].

[87] J. Shi, “Cosmological constraints in covariant f(Q) gravity with different
connections,” Eur. Phys. J. C 83 (2023) no. 10, 951, arXiv:2307.08103
[gr-qc].

[88] G. Subramaniam, A. De, T.-H. Loo, and Y. K. Goh, “Energy condition
bounds on f(Q) model parameters in a curved FLRW Universe,” Phys. Dark
Univ. 41 (2023) 101243, arXiv:2304.05031 [gr-qc].

[89] Y. Yang, X. Ren, B. Wang, Y.-F. Cai, and E. N. Saridakis, “Data
reconstruction of the dynamical connection function in f(Q) cosmology,”
arXiv:2404.12140 [astro-ph.CO].
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Kokkuvõte (in Estonian)

Mitte-Riemanni seostuse efektid teleparalleelses gravitatsioonis

Käesoleva väitekirja eesmärgiks on uurida üldrelatiivsusteooria modifi-
katsioone rõhudes peamiselt aluseks oleva geomeetrilise sektori muutmisele,
mida motiveerib üldrelatiivsusteooria piiratud võime seletada nähtuseid nagu
tumeenergia, tumeaine, fundamentaalsed kosmoloogilised väljakutsed ja Hubble’i
pinge Universumi paisumise andmestikus. Me keskendume enamasti telepa-
ralleelsetele teooriatele, kus tasasuse tingimus ei fikseeri seostust täielikult
vaid jätab selle kalibratsiooniliseks vabadusastmeks. Kuigi on võimalik valida
kalibratsioon, kus seostus on null (nt Weitzenböcki kalibratsioon meetrilises
teleparallelismis või kokkulangev kalibratsioon sümmeetrilises teleparallelismis),
uurib doktoritöö mitte-nullise seostuse tähendust teooriale ülesehitusel ning
kosmoloogilistes rakendustes.

Töö põhifookuse võib jagada kaheks osaks. Esiteks, hindamaks mistahes
teooria füüsilikalist paikapidavust ja dünaamikat pakub hästituntud protseduuri
Hamiltoni formalism. Töös on vastavat analüüsi rakendatud kovariantsele
üldrelatiivsusteooria teleparalleelsele ekvivalendile. Peamine motivatsioon
kalibratsiooni fikseerimise vältimiseks on kovariatsuse säilitamine ilmutatud kujul,
et saada sügavam ülevaad sellest, kuidas lisaväli (spinn-seostus) mõjutab Hamiltoni
võrrandeid. Lõpuks nägime, et kuigi lisaväli muudab tingimuste avaldiste struktuuri
ja Hamiltoni võrrandit, ei mõjuta see füüsikaliste vabadusastmete koguarvu.

Töö teine osa keskendub sümmeetriliste teleparalleelsete kosmoloogiliste
mudelite üldrelatiivsusteooria piiri stabiilsuse uurimisele, hõlmates mittetriviaalset
seostust kõigi kosmiliste ajastute kirjeldamise juures. Eesmärgiks oli jälgida
täiendava seostusest lähtuva funktsiooni mõju universumi dünaamikale. Leidsime,
et vastav funktsioon laiendab faasiruumi, kuid ei saa endale võtta tumeaine ega
tumeenergia rolli. Lisaks muudab see drastiliselt skalaarvälja käitumist skalaar-
mittemeetrilisuse kosmoloogias. Kosmiliste häirituste analüüs näitab, et skalaarväli
jõuab singulaarsusesse, mis viib singulaarseks ka teised suurused. Seda ilmestab
f(Q) kosmoloogia numbriline näide, kus seostuses sisaldunud funktsioon läheb
singulaarseks lõpliku aja jooksul. Täiendavalt tuli mittetriviaalse seostuse korral
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välja, et üks mudelfunktsioon ei suuda reprodutseerida kõiki kosmilisi ajastuid.
Seetõttu järeldasime, et mittetriviaalsed seostused võivad olla olla kosmoloogia
jaoks füüsikalises mõttes vähem sobivad võrreldes triviaalse seostusega, kuigi
nende täielikuks välistamiseks on vaja täiendavaid uuringuid.
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2023 – 2025 Doktorantuur (füüsika 80342), Tartu Ülikool
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2011 – 2013 Vaheastme õpingud (loodusteadused), SRI A.I. of

H.S.R. Matrubhaban College, Cuttack, Odisha, India
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