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INTRODUCTION

The manipulation of Boolean functions is a fundamental phdomputer sci-
ence, and many problems in the design and testing of digisiess can be ex-
pressed as a sequence of operations on Boolean functioese@ént advance in
very large-scale integration (VLSI) technology has caubkede problems to grow
beyond the scope of manual design procedures, and hasecesultvide use of
computer-aided design (CAD) systems. The performanceesktlystems greatly
depends on the efficiency of Boolean functions manipulatigh, and this is also
a very important technique in computer science problemi asairtificial intelli-
gence and combinatorics [7].

Binary Decision Diagram$¢BDDs) are graph representations of Boolean func-
tions. A BDD is a directed acyclic graph with two terminal esdwhich we call
0-terminal node and-terminal node. Each non-terminal node has an index to
identify an input variable of Boolean function and has twégoing edges, called
0-edge and-edge [7]. Binary decision diagrams were first introduced_bg [6]
as a data structure for representing Boolean functionsy Weee further popular-
ized by Akers [1] and Bryant [2]. There are many monograplustaxtbooks about
BDDs, for example [3].

A good data structure is key to efficient Boolean function ipalation. In
1986, Randall Bryant proposed a new data structure cdleduced Ordered Bi-
nary Decision DiagramgROBDDSs) in [2]. He showed the simplicity of the ma-
nipulations and proved the canonicity of the models, whicdenit one of the most
popular representations of Boolean functions. Howevés,rttodel is not perfect.
Firstly, it suffers from the problem of memory explosion,iaihlimits its usability
on large designs. Secondly, it cannot be used as a model tbodethat require a
certain degree of structural information about the design.

In this thesis we present the advantageous properties td gniold but not
widely known model ofStructurally Synthesized Binary Decision Diagra(8s-
BDDs). They were introduced for the first time in [17] 8&uctural Alternative
Graphs This compact model preserves the structural informatlmyuaithe mod-
eled circuit and utilizes circuit partitioning into a setafbcircuits represented each
by its own SSBDD. The algorithms based on SSBDDs are use@ iprtigrams of
digital diagnostics; SSBDDs present an efficient way of nfindedigital systems
for simulation purposes [20]. One of the fastest fault satwis in the world is
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based on SSBDDs [18, 19].

The most significant difference between the traditional B)Z} and SSBDD
representations is the method how they are generated. \BBil®2s are gener-
ated by Shannon expansions that extracts the function olotfie circuit, the
SSBDD models are generated by a superposition proceduresxtracts both:
function and data about structural paths of the circuit. theodifference between
the classical and the SSBDD approach is that in SSBDDs wesept a digital cir-
cuit as a system of BDDs, where for each tree-like subcir¢aitout-free region)
of the circuit a separate SSBDD is generated.

The aim of this thesis is to investigate mathematical priggeof SSBDD, to
separate the properties of the underlying “skeleton” gsefptm the properties of
SSBDDs. Necessary skeleton to research SSBRUpgerpositional GrapiSPG),
was investigated for the first time in [4].

In order to improve the work of diagnostic programs (usingS&BDDs) it is
necessary to know the precise properties characterizengléiss of SPGs. We need
to solve the following problems:

e whether a binary grap&y’ is an SPG;
e whetherG,, G, € SPG are isomorphic;

e whether we can find a sequence of superpositiongfer S PG that gener-
ates it.

The necessary decision problem for decomposing SPG, wteetieen binary
graph is an SPG, would have been easy to solve if we had knenmgtory of SPG
development, i.e., the sequence of superpositions thatiges for generating the
graph. But we do not have this sequence. Thus, the goal iv&agethe necessary
and sufficient properties to describe SPGs without usingtiperposition. Hope-
fully a better knowledge about SPGs will help us solve thedtabove-mentioned
problems. The development of the methodology presentdusdrtiiesis was initi-
ated by the fact that a description of SPGs walassical propertiesould not be
found, the set of the found properties turned out to be indetap

Further, to find similar structures we tried to counrhode SPGs and found
from [10] that the received sequence coincides with therbregi of the sequence
of large Schréder numbers. In Section 2.1 we prove that thisot a coinci-
dence: we establish a bijection between well-formed bi@ne and superposi-
tional graphs. However, this bijection did not help us venycim— we could not
translate any of the problems described by large Schrodabats into the theory
of SPGs. We can use only the integer sequence as a startimgopour search for
the solution of the problem.

Our next goal is to describe the characteristic set of ptaseof the clas$ PG
knowing that the set must generate the detected sequente@éis. One possibil-
ity for doing it is by means of propositional formulae [12].eWy to find a family
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of propositional formulaeF,,, which depends on parameteiso that#S AT (F,,)
is the number of:.-node superpositional graphs. Choosing the propositicsa
ables in such way that every assignment corresponds to sioemy graph, we can
interprete the formulae as the properties of the binaryhggap

We try to describe our structure by the family of proposiéibformulae and
count the number of models for small values of the family peeter. The goal
is to refine the logical description until the received imlegequences coincide.
After this we “translate” the logical description into a mainatical one and prove
it. The main idea of this methodology is to find the models tiamnot fit with
current approximation of the description of the structund,atepwise, refine the
logical description.

A bottleneck of the method could be the fact that we must ¢aleumanually or
write a separate program for each of the found approximstiaich constructs
a classical propositional formula for every value of the family paraeret The
problem will be solved by the translator for metaformulag@8], which translates
the description of the family of propositional formulae tpmpositional formula
corresponding to the value of the parameteByYy using this translator we will find
sets of properties that generate the integer sequenceh afgigradually closer to
the correct integer sequence.

The main results of this thesis are:
¢ the methodology for finding a description by counting method
e the grammar necessary for the description of the family ohidae;

¢ the translator, which, according to the value of the paramétanslates the
family of propositional formulae into the traditional pragitional formula;

¢ the description of the class of superpositional graphs.

The thesis is organized as follows. In Chapter 1 we discus$8BDD model
and give some properties of SPGs.

In Chapter 2 we see that the properties, found in Theorenafezot sufficient
and show how to find the description of structure by countirghod. We illustrate
expressions of properties by means of propositional fomeulith a few examples.

Chapter 3 contains the descriptions of the language andahslator for fami-
lies of propositional formulae. Subsequently we illustabw the translator works.

In Chapter 4 we find the first family of formulae, which deseslthe class
SPG. We can see that the found properties are not easily conlpanath the
properties ofclassicalgraph theory. On the second try (Chapter 5), we change

the domain of the formula that we are looking for and we sutdaefinding a
“sensible” formula.

In Chapter 6 we prove by traditonal graph-theoretical meshibat the lastly
found set of properties describes exactly the ctaBs;.

11



Finally, in Chapter 7 we give the solutions to the problenisag

In conclusion we find that the existence of the created taamsis essential
in the process of describing superpositional graphs. Thesggtammar and the
process of finding the family of propositional formulae drerbughly analyzed in
the thesis.
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CHAPTER 1

STRUCTURALLY SYNTHESIZED
BINARY DECISION DIAGRAMS

In this chapter we describe a special class of BDDs calledcgirally Syn-
thesized BDDs (SSBDD). The results described in Section afe2the author’s
contribution, the remaining part is reproduction from [AHawritten by coauthors.
Nevertheless, this part is included in the thesis in ordexfgain the background.

The most significant difference between the traditional BDdhd SSBDDs
representations is the method how they are generated. \BBi[®s are gener-
ated by Shannon expansions [3], which extract the functiothe logic circuit,
the SSBDD models are generated by a superposition proctthtrextracts both,
function and data on structural path of the circuit. Anotti€ierence between the
classical and the SSBDD approach is that in SSBDDs we preseigital circuit
as a system of BDDs, where a separate SSBDD is generatedctofasut-free
region (FFR) of the circuit.

Next we will show that the special properties of SSBDDs aghlyi useful
in fault modeling of digital circuits. Experimental resulof fault simulation on
ISCAS85 benchmark circuits were carried out [4] where spped2 to 7 times in
comparison to traditional gate-level descriptions waseseid.

1.1 Definitions

Let us denoteB = {0, 1}. A Boolean functions a mappingf : B” — B. Let

F(x1,...,2—1,%;, %11, - - -, Ty) be a Boolean function. We denote
in = F(J}l, ey i1, 1,:L’i+1, e ,xn),
Fji == F(:El, e ,xi,l,O,le, e ,$n).

13



A Boolean derivatives
oF

81‘2'
Every satisfying assignment of the Boolean derivative hagallowing property:
changing the value of the variahig changes the value of the function.
In this chapter we are using three different formalisms fwesent Boolean
functions: circuits, propositional formulae and decisibagrams.
Propositional formula with variables,, ..., z,, constant®) (false) and 1
(true) on the basig Vv, &, -} is defined inductively as follows:

1° every variable and constant is a propositional formula;
2° if F'is a propositional formula, thef»-F") is a propositional formula;

3° if P andR are propositional formulae, thé*& R) and(P \V R) are propo-
sitional formulae.

The priority of Boolean connectives ig, &, — (the highest priority). We allow
omitting parentheses if there is no confusion in deterngirthee structure of sub-
formulae. We say that andz areliterals for variablex. A propositional formula
F is a disjunctive normal form (DNF), if* = \/Y_, T}, whereT; = /\f;1 l; are
terms and; are literals.

Aterm Tsubsumesa term S if S contains all literals of T. Subsumed terms can
be removed from DNF without altering the function it reprgse We denote the
factthatF(aq,...,an) =1fora = (aq,...,a,) € B"bya - F.

By #SAT(F') we denote the number of satisfying assignments of the Bnolea
function F.

A binary graphis an oriented acyclic connected graph with root and twoiterm
nals (sinks)() and1. Every internal node has two sucessor&igh(v) andlow(v).
Therefore, an edge — b is 0-edge(1-edg@ if low(a) = b (high(a) = b). Binary
graphs are skeletons of binary decision diagrams (BDD): ®B{a binary graph,
in which internal nodes are labelled by propositional \aga, the terminal is
labelled by the truth valugé and the terminal by the truth valué). We denote the
label of the node by label(v).

Let D be a binary decision diagram with variables, ..., x,. Every vector
a € B™ activatesa pathp(«) = py, . .., pr in D from the root to a terminal node:
if ot label(v;), thenv; 1 = high(v;) elsev;+1 = low(v;). The Boolean function
fp(x1,...,x,), represented by, is defined as follows:f (o) = 1 iff the path,
activated by, ends in terminal.

A BDD is calledfreeif each variable is encountered at most once on each path
from the root to the terminal vertex. Free BDDs have usefatating properties:
counting the number of true assignments and testing thefiaaility can be done

14
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Figure 1.1: Binary graphd, C, andD.

in time, linear in the number of nodes of the free BDD [2, 3]. Wave to pay
for this with the size of free BDD — there exist functions fonieh the size of the
minimal free BDD is exponential in the number of variablesthe formula size
and in the circuit size.

1.2 Superpositional Graphs: Definitions and
Properties

Definition 1.1. A superpositionof graph E into graphG instead of an internal
nodew, denoted byG,. g, is a graph, which we get by deletingfrom G and
redirecting all edges, pointing ta to the root ofE, all edges ofE pointing to
terminal 1, to the nodehigh(v) and all edges, pointing to the termin@al to the
nodelow(v).

Let A, C, andD be binary graphs, whose descriptions are shown in Figure 1.1

Definition 1.2. A class of superpositional grapt{$ PG) is defined inductively as
follows:

1° graphA € SPG;

2° if G € SPG andv is an internal node o7, thenG,_- € SPG and
Gy p € SPG.

Note thatC' = A, ¢ € SPGandD = A,_p € SPG. We say that « C
andv < D areelementary superposition&in example in Figure 1.2 characterizes
the process of finding the grajgh,. .

Theorem 1.1.1f G, H € SPG andv is an internal node o, thenG,_y € SPG
(the class of superpositional graphs is closed under sagitign).

Proof. By assumptionH € SPG andG € SPG can be generated from graph
by some sequence of elementary superpositions. To showsthaty € SPG we

15



Figure 1.2: The superpositian«< F in the graphG.

generate grapty using elementary superpositions and perform the same isegue
of elementary superpositions in internal nadewhich were implemented to get

the graphH from the initial graphA. It is easy to see that the resulting graph
G,—p is in fact a superpositional graph. O

Theorem 1.1 allows us to give an alternative definition ofgshperpositional
graphs, which is more convenient to use in the following Bodlereafter, if we
say thatG € SPG hasn nodes, then terminal nod@sand1 are not included in
this count. In the figures we direttedges from left to right and-edges from up
to down, without the labels and0.

Definition 1.3. A path from nodeu to nodev (u ~» v) is a sequence of nodes
wo, . . . , Wk, Wherewy = u, wy, = v and for each) < i < k, w;+1 = high(w;) or
wit1 = low(wy).

Definition 1.4. A 0-path (1-path) from nodeu to nodew is a path, which contains
only 0-edges {-edges).

Definition 1.5. A binary graph(7 is traceableif there exists a directed path through
all internal nodes ofs (Hamiltonian path).

A binary graph is acyclic, therefore, if the Hamiltonian Ipaxists, then it is
unique.

Definition 1.6. A binary graphG is homogenoud only one type of edges enter
into every node € V(G).

In the next theorem we list common properties of the ctaBs-, part of which
are described in [4].
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Theorem 1.2.Let G € SPG. Then:

1.
2.
3.
4.

5.

6.

G has a unique root;
G is planar;

G is acyclic;

G is traceable;

for every internal node € V(G) there exists &-pathv ~~ 0 and al-path
v~ 1

G is homogenous.

Proof. We prove all these properties using induction over the siracof superpo-
sitional graphs, described by the alternative definitiorhedrem 1.1. It is obvious
that for graphs4, C and D all the properties hold. For the induction hypothesis let
G,FE € SPG.

1.

LetS = G,—g. If vis not the root of the grap@’, then the root of the graph
G,—g is the node that was the root before this superposition. Bydtion
hypothesis, root of the graghi is unique. Ifv is the root ofGG, then the root
of G, g is the root ofE’ but the root ofF is unique by induction hypothesis.

LetS = G,_g. By induction hypothesis, graplis and £ are planar. By
the definition of superposition, we can draw redirected sdgeuch a way
that they do not intersect with the edges of the gr&pfor with the edges of
the graphk.

LetS = G, . Byinduction hypothesis, graplisand E are acyclic. Since
the graphE has only2 sinks (ow(v) and high(v)) and there do not exist
pathslow(v) ~» v andhigh(v) ~ v, it can be seen that the superposition
does not produce any cycles.

. LetS = G, g. By induction hypothesis there exists an Hamiltonian path

up ~ ug in the graphG and the Hamiltonian path, ~~ w; in the graph
E. The pathu; ~~ wug must include the node, let u; = v. By defini-
tion of superposition, in grapf = G, we gethigh(w;) = high(u;),
low(w;) = low(u;) andwy = high(u;—1) or wy = low(u;—1). Therefore,
the Hamiltonian path irb' is uq, ..., w1, w1, ..., W, Wit1, -, Ug.

LetS = G,—g. By induction hypothesis there exist®)gathroot(G) ~~

0. If v does not belong to the path, then thipath remains unchanged in
Gy—p. If vis on the pathroot(G) ~» 0, we substitutev with the 0-path
root(E) ~» 0, which exists according to induction hypothesis. The pfoof
1-path is analogous.

17



6. LetS = G,_g. By induction hypothesis the graplis, £ € SPG are
homogenous. By the execution of superposit®n r, edges pointing to
the nodev were redirected to the root df. Exiting 0-edges of the graph
E were redirected to nodiew(v); sincelow(v) had at least ong-edge in
G, the graph remains homogeneous after substitution. The sagument
works forhigh(v) as well. O

Item 4 of Theorem 1.2 gives a canonical enumeration of the nodesoper-
positional graph. Given the canonical enumeration&off € SPG, we can test
the isomorphism betweer and H in time O(n) (we must check the endpoints of
all edges and there aga edges in am-node binary graph).

The finding of the Hamiltonian path of the binary gra@hs a classical task of
topological sorting nodes of the graph: find such in ordering

V1 <2 <...<XVp

of graphG where for every; — v; it holds: < j. Due to the acyclicity of binary
graphs, if the Hamiltonian path exists, then it is unique.

Definition 1.7. A final nodeof a binary graplG is a node, from which edges are
pointing to terminals only.

If a binary graphG is traceable, then it has a unique final node — the last node
vy, IN its uniqgue Hamiltonian path.

The idea of the following algorithm is to choose in every staph node, which
has no successors. Thereafter, we remove the chosen nodedinedt edges that
are pointing to it.

Algorithm 1. Finding the canonical numeration of nodes of binarity graph
find_Hamiltonian_path (binary graphG){
i:=|V(GQ)|;
while (i > 0) {
if (number of final nodes is nad)
return (0);
v := final node;
output v;
redirect all edges pointing to nodeto terminal nodes;
V(G) = V(G)\ {v};

p:=1—1;

18



0

Figure 1.3: The SSBDD for the formutak ((((b V ¢)&d) V e)& f).

The output of Algorithm 1 is the Hamiltonian path @fin backward order. To
find the following node of the Hamiltonian path, we must lookiee nodes, where
we redirected the exiting edges from. By using a data streoith backward
pointers, the estimation of complexity@(n).

1.3 SSBDD for Formulae

Let F be a propositional formula with variables, ..., z,, Boolean connec-
tives &, Vv, -, and parentheses. We suppose without loss of generalityalha
negations are attached directly to variables.

Definition 1.8. A structurally synthesized binary decision diagrdiF) for a
formulaF is a superpositional graph, defined inductively accordindpé structure
of F as follows:

1° if Fis aliterall thenD(F) is a graphA4, where the root is labelled by
2° if F = P&R thenD(F) is the graptC,,._ p(p) v—D(R);
3° if F =PV RthenD(F) is the graphD,_ p(p)v—p(R)-

Binary graphsA, C, and D in Figure 1.1 are SSBDDs for formulag u&v
andu V v respectively. The formula

a&((((b VE)&ed) v E)&f)

has SSBDD, shown in Figure 1.3.

The notions of the activated path and the Boolean functiepresented by
the SSBDD, are similar to the case of BDD. The only differeisddat, in order to
choose the next element in the path, we have to evaluataldiieistead of variables.
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Theorem 1.3. A propositional formulaF and its SSBDDD (F) represent the same
Boolean function.

Proof. We have to prove that for every € B", o - F if and only if « = D(F).
We use induction by the definition of the formufa If 7 = [ for some literal
landa F [, then D(F) is the superpositional grapH, wherelabel(v) is I and
the single path pointing td in the graphA is activated by the assignment so
a B D(F). If a I/ [, then the assignment activates the path pointing ®in
D(F), soatf D(F).

If 7 = P&R anda - F, thena - P anda + R. By induction hypothesis the
assignmenty activates paths pointing tbin D(P) and D(R). Thena activates
the concatenation of these pathsIMF) anda = D(F). If o = D(F), then by
the construction of thé(F), a activates paths pointing tbin D(P) andD(R).
By induction hypothesis - P anda - R. Thereforen - F.

If F =PV Randa F F, thena - P ora - R. Supposex -+ P. Then by
induction hypothesis: activates some path pointing tdn D(P), which is a path
pointing tol in D(F). Thereforea = D(F). If o I/ P, thena F R. By induction
hypothesis activates a path pointing t@ in D(P) and a path pointing ta in
D(R). Due to the construction of the SSBOD F), « activates the concatenation
of these paths irD(F), which is a path pointing ta. Thereforea - D(F). If
a K/ F, then by induction hypothesis activates paths pointing in D(P) and
D(R). The concatenation of these paths is a path pointiriginoD (), activated
by . Thereforen tf D(F). O

Not every path of théD(F)’s superposition graph can be activated. Therefore,
we define aconsistenpath of the SSBDD (F (x4, ..., z,)) as a path, which can
be activated by some assignmént, ..., «,) € B". Thesatisfiability problem
for SSBDD can be formulated in the following way: does thetistea consistent
path from the root to the sink? Itis obvious that the number of intermediate nodes
of the SSBDDD (F) is the number of occurrences of variables in the forngildt
follows that the satisfiability problem j§P-complete and counting the number of
true assignments i#P-complete for SSBDD representation of Boolean functions.

It is obvious that the conjunction of literals in a path frewavt(F) to the ter-
minal 1 in D(F) is a term of the DNF fotF. Next theorem [16] says that we can
remove from the terms of the DNF all literals, which are fdtsghe corresponding
assignment.

Definition 1.9. A positive termof the pathp = (vy,...,v;) is the conjunction of
literals of the nodes;, followed by the nodéigh(v; ):

/\ label(v;)

1<i<l
vip1=high(v;)
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Theorem 1.4. Let F be a propositional formula anB(F) its SSBDD. The dis-
junction of positive terms of all paths pointing foin D(F) is a DNF for the
propositional formular.

Proof. Induction by the definition of the SSBDD. f is a literal, say, thenD(F)
is the superpositional graph, wherel is an index of a single intermediate node
v. A diagramD(F) has one path pointing to: (v, 1), wherehigh(v) = 1 and
DNF(A) = 1.

If F is the formulaF = P&R, then D(F) is the graphCi,. p(p) v—D(R)-
By induction hypothesis the theorem holds for diagrdi{$®) and D(R). Every
path pointing tol in D(F) is the concatenation of some paths pointingl tm
D(P) and D(R) and every positive term of a path pointing t@f D(F) is the
conjunction of some positive term of a pathZifP) with some positive term of a
path inD(R). On the other handF = DNF(P)&DNF(R), so terms oDNF (F)
are conjunctions of all terms @NF (P) with all terms of DNF(R).

If 7 is the formulaF = P Vv R, then D(F) is the graphD,,_p(p).v—D(R)-
By induction hypothesis the theorem holds for diagrdi$) and D(R). Every
path pointing tol in D(F) is a path pointing td in D(P) or a concatenation of
some path pointing t0 in D(P) with some path pointing taé in D(R). From
the concatenations there are essential ones only contaten&0-path from the
root of theD(P) to the sink0 with 1-path of D(F'), because the positive term,
corresponding to said path subsumes all other positiveste®m the other hand,
F = DNF(P) v DNF(R), soODNF(F) consists of all the terms of bolDNF(P)
andDNF(R). O

1.4 SSBDD for Circuits

Let us represent the digital circuit by a set of equivalenepthesis forms
(EPF) synthesized by the superposition procedure dir&cthy the circuit. At first
we split the circuit into a set of tree-like (fanout-free)osircuits by cutting all
lines, which correspond to fanowt 1. To synthesize the EPF for a given tree, let-
ters are first assigned to the gates and the lines. Theringtémam the output and
working back towards primary inputs, EPF replaces indialditerals by products
of literals or sums of literals. When an AND gate is encowrdeduring backtrac-
ing, a product term is created, in which the literals are thigssripted names of
lines connected to the inputs of the AND gate. Encounterm@R gate causes a
sum of literals to be formed, while encountering an invedmuses a literal to be
complemented.

As an example, this procedure is illustrated to transfore ghbcircuit sur-
rounded by the dotted line in left part of the Figure 1.4 tdGB-:

Y =TCyby =Cy V ey = Teylrs,cy V deybey =
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Figure 1.4: Logic circuit and an SSBDD for its tree-like sinbagit.

= T6,c,yT75,0 V (Thdey V Cdey) @5 bey V T bey) =

= T6,c,yT75,0y V (Thdey V T2,0,d,eyT71,0,de,y) T5bey V T bey) =

= Tex7; V ($_1 V .%'21‘71)(1'_5 V .73_72)

In the circuit, the input variables, are substituted by indexésfor simplicity.
In the case of fanout we use two indexgsfor denoting the branches, wheje
numerates the branches. When creating the equation by pleepgisition proce-
dure, the identity of every signal path from the inputs to dput of the given
circuit is retained. Each literal in an EPF consists of a sripted input variable
or its complement, which identifies a path from the variabléhte output. From
the manner in which the EPF is constructed, it can be seertttbeg will be at
least one subscripted literal for every path from each imanible to the output.
The complemented literals correspond to paths, which goata odd number of
inversions. For simplicity, in the final EPF the list of inéexat literals are substi-
tuted by only the index of the input variable. Whole circgitrépresented by the
set of EPF-s, generated from trees. Every EPF is a propaaitformula, whose
variables are inputs of the circuit and new inputs, createdutting fanouts.

For the next step we build an SSBDD for every EPF accordingealefinition
in Section 1.3. An example of an SSBDD for the tree-like siduti is presented
in Figure 1.4 right. For simplicity, the values of variabl@s edges in the SSBDD
are omitted (by convention, the rightward edge always spweds to 1 and the
downward edge to 0). Also, the 0 and 1 sinks are omitted: tggthe SSBDD to
the right always corresponds go= 1, and down tg; = 0. The set of SSBDDs for
all tree-like (fanout-free) circuit segments represehgsititial circuit.
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1.5 Fault Simulation Using SSBDDs

In this section we will show how SSBDD models can be used fixieht mod-
eling of faults in logic circuits [5]. Let us consider tigingle Stuck-A{SSA) fault
model, which is by far the most popular mathematical abstiador modeling
manufacturing defects in digital circuits. A fault in the/S®odel is characterized
by two properties:

1. only one circuit line is faulty:
2. the faulty line is permanently stuck @icor 1.

In practical applications of digital circuit test, one oetimost common tasks is
the fault simulation procedure. Fault simulation refershecking whether a fault
on a line is causing erroneous values in any of the circuputstunder a given
input variable assignment. Fault simulation for circujbits is related to Boolean
derivative introduced in Section 1.1 as follows. LEtbe the Boolean function
representing the circuit ang be the circuit line corresponding to variable Fault
simulation for a fault ¢; stuck-at—«;” will be equivalent to calculating the value
of the Boolean derivativggi with a given assignment vect@ty, . .., o, ..., ).

If §5(an, ..., ..., an) = 1 we say that vectofos, . .., a, . .., a,) cOVersthe
fault “c; stuck-at—a;”".

As it can be seen from the EPF example shown in the previou®seeach
EPF literal and thus, each SSBDD node corresponds to examtitructural path
through the tree-like circuit segment. Consider the SSBDBigure 1.4, which
represents the tree-like subcircuit. There are severrdiffgpaths through the sub-
circuit and thus, seven nodes in the corresponding SSBDD.

Fault simulation for SSBDD nodes takes place as follows. Wethat the
fault “stuck-at—c;” in node v;, wherelabel(v;) is z;, is coveredby the vector
(a1,...,0q4,...,qay) iff all of the following three conditions are satisfied:

1. there exists an activated path from the root node to
2. there exists an activated path fréryh(v;) to the sinkl;
3. there exists an activated path fréomw (v;) to the sinko.

Let us consider the example in Figure 1.4 with the assignmeator o =
(1,0,0,1,0,0) (i,Le.zy = 1,29 = 0,23 = 0,24 = 1, 5 = 0, g = 0). The paths
activated in SSBDD by this vector are highlighted using oidws in Figure 1.4.
For example, according to the above-mentioned criteriaf fatuck-at 1” in the
nodewv; labeled byzg is covered byy because all the three conditions are fulfilled.
First, there exists an activated path from ragt i§ the root node!). Second, there
exists an activated path from = high(v;) to the sinkl. Finally, the path from
vz = low(vy) via vy is activated by vectorr. However, no faults in nodes are
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Table 1.1: Number of collapsed and SSBDD faults in ISCASBéuits.

circuit | uncollapsed collapsed| SSBDD
c880 1550 942 994
c1355 2194 1574 1618
c1908 2788 1879 1732
c2670 4150 2747 2626
c3540 5568 3428 3296
c5315 8638 5350 5424
c6288 9728 7744 7744
c7552 11590 7550 7104

covered by vectot, due to the fact that condition 2 is not satisfied. Activatathp
from vg = high(vs) leads viavg to the sink0 (instead of the sink!).

In practice, fault simulation for SSA faults is rarely cadiout in all circuit
lines. The list of faults considered is usually reduced teespup the simulation
process. Such reduction is referred tofaslt collapsing There are several ap-
proaches to fault collapsing but they mainly rely on two lkraf relationships
between faults: equivalence and dominance. We can considdeling of SSA
faults at SSBDD nodes as a special case of fault dominanaétskd nodev are
dominated by the respective faults of the lines along thegiral path correspond-
ing towv. If a set of vectors covers all the faults at the SSBDD node all the
faults at the corresponding subcircuit will also be covered

Consider the Table 1.1, which compares the SSBDD based dallépsing
with the standard fault collapsing of ISCAS’85 benchmankuits. In the Table
1.1, the second column shows the full uncollapsed fault rersfor the bench-
marks, the third shows the standard collapsing fault nusaed the fourth column
is for SSBDD fault count. The best results are denoted by Oigjits.

However, it is not only the fault collapsing that makes SSB®Eavourable
representation for fault modeling. Below are listed somehef special proper-
ties [16] of SSBDDs that can be used in further speeding ugaiie simulation
process.

Property 1. Let p(a) = p1,...,pr be the activated path from the root node
to the sinkl (0, resp.). Therx can cover SSA faults only in these nodgs: =
1,...,k along the path, whose labels = label(v;) have assignments; = 1
(a; = 0). Let us call such node faulfsotential SSA faultsFaults in other nodes
of the SSBDD should not be simulated by veator

Property 2. Theorem 1.2 claimed that in a superpositional graph thexays
exists a directed path through all intermediate nodes. $@issume that the nodes
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Figure 1.5: Comparison between fault simulation speed wapgates/subcircuits
ratio.

in an SSBDDD are ordered according to this path. Lfét be the Boolean function
corresponding to the circuit represented by SSBDDIf f” = 0 (fP =1, resp.)

at assignmenty, if v; is a node with a potential fault, and if an activated path
from high(v;) (low(v;)) crosses the activated path in the nade then faults in
vj,1 < j < k are not covered by the vector

Based on these properties, an efficient fault simulatioorédlgn has been im-
plemented and experiments on ISCAS’85 benchmark circait® fbeen carried
out. The results of the experiments [5] are presented inrEigjls. As can be seen,
the achieved speed-up ranges fr@rimes (with c6288 circuit) t@ times (c499)
in comparison to traditional gate level fault simulatiorhelexperiments also show
that the effect is in good correlation with the ratio of themher of logic gates to
the number of tree-like subcircuits for the given set of thenarks.
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CHAPTER 2

FINDING THE DESCRIPTION
OF STRUCTURE BY COUNTING
METHOD

The article [4], which the previous chapter was based on,thefirst attempt
to separate the properties of the underlying “skeletonplysafrom the properties
of SSBDDs. Nevertheless, several problems remain unapesiwer

1. whether a binary grapfi is an SPG;

2. whether we can find some sequence of superposition& far SPG that
generates it.

To determine whether the underlying graph is superpositjome can try to
generate these graphs according to the Definition 1.2. Thanmthat we check
all possible sequences of elementary superpositions gfien— 1, wheren is the
number of nodes of the binary graph. This method is obvioindgasible.

We will start with a more general problem: which are the nsagsand suffi-
cient conditions for binary graphs to be SPGs. Since an SRS nlot embody the
history of its development (the sequence of superpositibaswas used for gen-
erating the graph), then the desired properties cannothessuperposition. If we
succeed in finding the necessary and sufficient conditiotisowi superposition,
then a better knowledge of SPGs will hopefully help us to finitk algorithms
for solving to the two above-mentioned problems.

The methodology described in this chapter can be used, Wiseexiact set of
properties that describes the given structure cannot belfby “pure thought”.
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2.1 The Characteristic Integer Sequence for the
Class SPG

The properties, proved in Theorem 1.2, are not sufficienesxdbe the class
SPG . There exists d-node binary graph (Figure 2.1), which has all these prop-
erties but is not SPG. This graph becomes planar, if we dravetiyger — 0 in
a way that it does not cross edges— z andz — 1. Nevertheless, we cannot
find a sequence of elementary superpositions generatititpitce, some unlisted
properties are still missing.

To find similar structures, we try to countnode SPGs. By counting manu-
ally we find that the number df-node SPGs ig, 2-node2, 3-node6, 4-node22
and5-node90. The derived sequencke 2, 6,22, 90, ... is long enough to check
whether there exists a structure that describes the samerss®] Sequences like
this and references to similar structures can be found inEfuyclopedia of Inte-
ger Sequences [11] and in its web version [10]. It turns cait tire structure of the
classS PG is very closely related to the Super-Catalan numbers (tlaek®ting
Problem, [13]) and the sequence matches with large Schriidebers (Sequence
A006318 in [10]). According to [10], the large Schréder numbers arieé Super-
Catalan numbers except for the first term.

The Schroder Numbers [22]. The Schréder numbes,, is the number of
lattice paths in the Cartesian plane that start0a®), end at(n,n), contain no
points above the ling = x, and are composed only of stefis 1), (1,0), and
(1,1), i.e.,—, 1, and . The diagrams illustrating the paths generatfig So,
andSs are depicted in Figure 2.2.

The Bracketing Problem [13]. How many possibilities are there for placing
brackets inta:-length string so that:

¢ the initial string consists of natural number, ..., n;

e every pair of brackets contains at leasirguments;

0

Figure 2.1: A graph satisfying the properties from Theore®) fut is not SPG.
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Figure 2.2: The Schroder paths pointing to the node ), (2,2), and(3, 3).

e there are no brackets surrounding the whole string;

o for every left bracket there exists a right bracket and vieesa.

We say that such string with brackets is thracketing For example, in case
n = 4 the number of bracketings isl: 1234, (12)34, 1(23)4, 12(34), (123)4,
1(234), ((12)3)4, (1(23))4, (12)(34), 1((23)4), and1(2(34)).

To prove that the detected similarity is not accidental, wecthe follows
definition.

Definition 2.1. A superpositional graph is@graphif its Hamiltonian path con-
sists of0-edges only.

Definition 2.2. A superpositional graph is &graphif its Hamiltonian path con-
sists of1-edges only.

Definition 2.3. A superpositional graph is@-graphif it is
e al-graph or
o derived from theéi-node ¢ > 2) 1-graphG by execution of the superposition
GoiGrs- -, Gopeiy

whereG; are D-graphs.
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Definition 2.4. A superpositional graph is B-graphif it is
e a0-graph or
e derived from théi-node ¢ > 2) 0-graphG by execution of the superposition
Gy —Gys - Goeay,
whereG; areC-graphs.

Now it is obvious that if an SPG has > 2 nodes, then it is either @-graph
or aD-graph but not both.

Since in the proof of the following theorem, the labels of tlogles are of high
importance, we denote fanode0-graph byLy(ly,...,l;) and ak-nodel-graph
by Li(l1,...,l), wherely, ..., are the labels of the nodes.

Theorem 2.1.In casen = 1, the number of bracketings is equal to the number of
superpositional graphs. In cage> 1, exactly two superpositional graphs corre-
spond to one bracketing.

Proof. If n = 1, then it is possible to place pairs of brackets into the string
This corresponds to the graph

Now consider the case > 1. We will show that the number of bracketings of
ann-length string is precisely the numberwfode D-graphs.

We divide the bracketing - - - s; - by pairs of brackets of external level —
to substringssy, . . ., sx, wheres; is a natural number or a string in the forim),
wheres is a bracketing. Construct the SPG by means of the followiggrahm.

Input: bracketings; - - - sx, wherek > 1.
Output: D-graphG.

SO. G := Lo(s1,-- -, sk) ,» Wheres; is a natural number or string in the forf).

Repeat the following steps S1 and S2 alternately until b#lgof the nodes of the
graphG are natural numbers.

S1. ApplyG := Gy, ..p)—L1 (p1,...p) L0 €VErY NOde of the graphi, whose label
is in the form of(p; - - - p;), wherel > 1.

S2. ApplYG := G(py..p)—Lo(p1,...py) L0 €VErY Node of the grapl, whose label
is in the form of(p; - - - p;), wherel > 1.

An example in Figure 2.3 illustrates the process of findirggdhtput in case of
input bracketingl ((23)(45)6)7.

Since it is uniquely determined in the process of generdtied-graph, from
which0-graph it is derived, and thiegraph uniquely determines the outer brackets,
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SO: 1 1 s1:

S2:

Figure 2.3: Application of theD-graph construction algorithm to the bracketing
1((23)(45)6)7.

the correspondence between bracketings Argtaphs is bijective. Similarly, we
can prove that the number of bracketings ofalength string is precisely the same
as the number ofi-nodeC-graphs. Hence, the number @fnode SPGs is twice
the number of bracketings aflength string. O

Thus, as in [10], the characteristic integer sequence #clidssS PG is

1,2,6,22,90,394, 1806, 8558, 41586, 206098, 1037718, . .. (2.1)

This bijection is not very helpful — we could not translatg afthe problems,
described by large Schréder numbers, into the theory ofrpoptional graphs.
We can use only the integer sequence as a starting point geanch for a solution
to the problem.
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2.2 Propositional Calculus in Combinatorics

Our next goal is to formulate a characteristic set of propgf the clas$ PG,
knowing that the set must generate the Sequence 2.1. Onibifitysfor doing this
is by means of propositional formulae [12].

We try to find a family of propositional formulag,,, which depend on pa-
rametern such that#SAT(F,) is the number of.-node superpositional graphs.
Choosing the propositional variables in such a way thatyesaisfying assignment
corresponds to some binary graph, we can interprete theufaeras the proper-
ties of binary graphs. Thereafter we must prove by tradiigraph-theoretical
methods that the set of properties found describes exdglglassS PG.

We illustrate the idea of describing the properties by mesdnsropositional
formulae by three examples.

2.2.1 Example I: Monotone Boolean Functions

Let f: {0,1}" — {0,1} be a Boolean function of variables. Define the
relationa = ay ... ay, € {0,1}* @andf = ;... 5, € {0,1}". Let

a < f=3ilo; < B &Vj((1#1) = (a; = 5)))]-

By <* we denote the transitive closure of the relatien The function
f:{0,1} — {0,1} is monotoneif f (ai,...,a,) < f(B1,...,Bn), Whenever
(al,...,an) <t (ﬂl,...,ﬂn).

Our goal is to describe the notion of monotonicity using aifaraf propo-
sitional formulae. Every Boolean function efvariables can be represented by
its truth-table, so we us®" propositional variables, ..., zon_1; One variable
for each entry of the truth-table. For convenience, we ssppbat the indexes
of the variables are binary numbers. The correspondencheoBbolean func-
tion f: {0,1}" — {0, 1} to the bit-stringfy, . .., fon_1 is defined byf (a) = fo
for everya € {0,1}". Using this encoding, we can consider propositional for-
mulae with variables:g, . .., xo»_1 as descriptions of the properties+ofvariable
Boolean functions [15].

It is easy to prove [14] that a functiofi: {0,1}" — {0,1} with the truth-
table fy, ..., fon_1 is monotone if and only if the truth assignmefat . .., for_1
satisfies the propositional formula

Mo, (20, - -+, Ton—1) = /\ (T V 2g) . (2.2)

a,B€{0,1}";a<0

31



Formula (2.2) is a typical example of the description of @uaily of functions
with one parametet. By choosing the value of the parametewe get a particular
propositional formula. For = 3 this formula is

M3(2000, 001, 010, 1005 0115 L1015 L1105 L111) =
(Tooo V 2o01)&(Tooo V 7010)&(Tooo V Z100)&(Too1 V To11)&
(Too1 V 2101)&(To10 V T011)&(To10 V 2110)&(T100 V 7101)&
(T100 V 2110)&(To11 V 7111)&(T101 V 2111)&(T110 V 7111). (2.3)

Formula (2.3) is a propositional formula and it can be givesdme program
for satisfiability testing (which gives the answer YES besgathere exist monotone
functions of three variables) or a program for counting sohs (which gives the
answer20 because there exi80 monotone functions of three variables). One can
also use a program for evaluating propositional formulaiesb the monotonicity
of any three-variable Boolean function given by its trugble.

2.2.2 Example II: The Pigeonhole Problem

The pigeonhole problem [21] involves showing that it is iregible to put:+ 1
pigeons inton holes if each pigeon must go into a distinct hole. Thieole (n + 1
pigeon) problem can be described usitig+ n variables, where the variable ;
1<i<n,1<j<n+1)isinterpreted as which of thieth hole contains the
j-th pigeon. The unsatisfiable formula consists of two parts:

e No two pigeons share a hole;
e each pigeon must be in a hole.

The actual family of formulae is

F= A @EvEe) | & NV 2] 29

1<j,k<n+1;j#k 1<j<n+11<i<n
1<i<n

2.2.3 Example IlI: Graph Planarity

In [12] Hermann Stamm-Wilbrandt deduced the family of prsifonal formu-
lae expressing graph planarity, where the parameter is#phg: = (V, E), using
the fact that a graph is planar if and only if it has so-calledvibrt representation:
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F = /\ exactlyone(z,; : 1 <i <|V(G)|)

veV(Q)

& /\ exactlyone(z,; : v € V(G))
1<i<|V(G)]

& /\ /\ /\ (I‘Z‘,j&—'.l‘zq_l’j - —|.Z‘h7j)
1<j<|[V(Q)| 1<i<2|V(G)|—4 i<h<2|V(G)|

& /\ atleastone(xe;: 1 <i <2|V(G)| —4)
e—(u,w)EE(G)

& /\ /\ /\ (y,i&xej — xj4)

e—(uW)€B(G) 1<i<|V(G)| 1<5<2|V(G)|—4

& /\ /\ /\ (ZCU,J'&J:‘@,Z' — ZCi,j)

e—(up)€B(G) 1<j<V(G)| 1<i<2|V(G)|—4

A A A\ A

e—(u,w)EE(G) 1<i,j<|V(G)|;i#j 1<h<L2|V(G)|—4 min(i,j)<k<max(i,j)
(xu,i&xv,j&xe,h - _‘fljh,k') (25)

For every particular graph G we can transform (2.5) to a psitjomal formula,
which is satisfiable if and only if G is planar.

2.3 Methodology of Finding the Description of
Structure by Counting Method

The Sequence (2.1) really counts the numbers of isomorpésses ofS PG.
Our next goal is to find such a family of propositional forneilg,,, which would
depend on parameter(the number of nodes in SPG), and, when valuating integers
1,2,3,... to the parameten, would produce the Sequence (2.1) as the answer to
the counting problemt S AT (F,,).

Let us suppose;: is the required propositional formula. When searching for
the formula and getting some approximatigp for it, it might happen that

#SAT(F,) = #SAT(F,)
holds ifn < k, but does not hold if: = k. There are two possibilities:

o #SAT(F}) < #SAT(F}), the described set of properties is undercon-
strained. Try to find some extra property or constrain sontberh;

o #SAT(F}) > #SAT(F;), the set of properties found is overconstrained.
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In the first case, there exists an assignmemwhereF; («) = true, but the assign-
menta does not represent any SPG. In the second case, there beisissignment
£ that represents a certain SPG, But(3) = false. An analysis of the received
problematical assignments (graphs) provides us within&ion for improving the
properties. The goal is to refine the logical descriptionluhé received integer
sequence coincides with the Sequence (2.1). The last steppiove by tradi-

tonal graph-theoretical methods that the set of propeftiesd describes exactly
the classS PG.

In addition, the integer sequences that form the basis ofrtéignodology are

not necessarily in the Encyclopedia of Integer Sequencgs;duld also be found
by counting by brute force.
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CHAPTER 3

THE LANGUAGE AND THE
TRANSLATOR FOR FAMILIES OF
PROPOSITIONAL FORMULAE

Our goal is to find the description of the claS#G by means of the counting
method, described in Section 2.3. A bottleneck of this mgthauld be the fact
that we must calculate manually or write a separate progoaredch of the found
approximations, which constructkassicalpropositional formula for every value
of the family parameter.

The problem will be solved by the translator for metaforneujd, 25], which
translates the description of a parameterized family oppsdional formulae to
propositional formula corresponding to the value of theap@eter. In the present
section we describe the grammarAfigX-format propositional formulae, accepted
as the inputs of the translator, and variations of it and aeiggain how the above-
mentioned translator works [8, 25].

The translator is implemented by using a universal parsemiged strategy
precedence grammars. The analyzer transforms the inguhtexa semantic tree
and a compiler performs the transformation of the tree twtliput.

3.1 Description of Input and Output

We do not have much freedom to choose the format for input atylio lan-
guages. The examples in Section 2.2 show that the desaripfithe family of
propositional formulae can be very sophisticated. So wedAlgX source for in-
put.

There exists a common standard format — DIMACS standard f2@hich
is supposed to be the standard representation of propwaitiormulae for every
program in the toolkit of propositional logic. This is thesan why the first output
of the translator is DIMACS at ex format.
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The second output formatisav. Thet av-format file contains a propositional
formula in the prefix form, in which, apart from classical cgtersand, or, neg
andimpl, we can use operatotgld, even, exactlyone, atmostone, atleastone,

none andegq:

odd(z; : 1 <i<n)
even(z; : 1 <i<n)
atleastone(x; : 1 <i <n)
atmostone(z; : 1 <i<n)
exactlyone(x; : 1 <i<n)

none(x; : 1 <i<mn)

eq(r;: 1 <i<n)

N @vT)

1<i,j<n;i<j

<\/ xl>&< A\ (@V@-))

1<i<n 1<4,j<n;i<j

(A (A7)

Thet av-format also allows more effective solution to the problehsatisfiability

checking and counting.

3.1.1

Input Language

Obviously, an arbitrary formula written as &IfX source can not be consid-
ered as a description of a family of propositional formul@berefore, we have to
give the exact definition of the family. We use the BackusiN\&arm (BNF) as a

syntactical formalism.

P1: <fanmily>

P2: <netaf ormul a>
P3:

P4. <input>

P5:

P6:

P7. <graphnames>
P8:

P9: <graphname>
P10: <var names>

$$<net af or nul a>$$

<i nput ><bi gf or mul a>

<bi gf or mul a>

| NPUT( gr aph<gr aphnanes>)
I NPUT( var <var names>)

| NPUT( var <var names>;

gr aph<gr aphnanes>)

<gr aphnanes>, <gr aphnane>
<gr aphnane>

#Hi#

<var nanmes>, <vari abl e>
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P11:
P12: <vari abl e>

<vari abl e>
#Hi#

The <i nput > part of the description (productior4—P12) is the tool for
establishing the correspondence of formal parameters awiticrete values given
in the command line. The value of tkgr aphnamnme> must be the name of the file,
which contains the description of the graph in DIMACS staddarmat (Section
8.2 in [24]). If a metaformula does not contain input commnerlden the values of
formal parameters are determined in the dialogue with tee us

The string#i # is a shorthand for the lexical clastentifier. Below we use one
more lexical clas#c# for integer constants.

P13: <bi gf or mul a> \ bi gvee {<limts>}<bigformul a>

P14.: = \ bi gwedge_{<limts>}
<bi gf or mul a>

P15: = \ bigoplus_{<limts>}
<bi gf or mul a>

P16: 1= <prefixop>(<bi gf or nul a>:
<limts>)

P17: ::= <formul a>

P18: <prefixop> = odd

P19: 11 = even

P20: ;.= exactlyone

P21: : .= atnostone

P22: .= atl east one

P23: I 1= none

P24. tI= eq

The main syntactical unit in the description of the familyfofmulae is the
<bi gf or mul a>. The syntax of ATpX provides three large logical operators:
\ bi gvee, \ bi gwedge and\ bi gopl us. We have augmented the input lan-
guage with the productioril 6—P26 to allow some useful constructions with sim-
ilar interpretation (but different syntax). The exact seties of prefix-operators is
defined by the equations in Section 3.1.

P25: <limts> c:= <limt>; <constraints>
P26: = <limt>

P27: <limt> .. = <metavari abl es>\i n<set >
pP28: ;.= <node>\i n V(<graphnane>)
P29: ;.= <arc>\in E(<graphnane>)
P30: 1= <expression><| essrel >

<met avari abl es><| essrel >
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<expressi on>
<net avari abl es>,
<met avari abl e>

P31: <netavari abl es> ::

P32: ;.= <metavari abl e>

P33: <netavariable> ::= #i#

P34: <set> 1= B <expression>}

P35: <node> ;.= <nmetavari abl e>

P36: <arc> .. = <arcnanme>

P37: ;= <arcname>\| ef t arrowh { <node>,
<node>\}

P38: ;.= \{<node>, <node>\}

P39: <arcnane> .. = <met avari abl e>

P40: <l essrel > =<

P41. o= \leq

P42: 1= \prec

P43: c:= \prech+

P44: <constraints> .. = <constraints>, <constraint>

P45: .. = <constraint>

P46: <constrai nt> .. = <expression><rel ati on>
<expressi on>

PA7: <relation> ::= <l essrel >

P48: i= =

P49:. .= \neq

P50: = >

P51: .= \geq

The idea of translating the description of the family inte firopositional for-
mula is unfold<f or nul a> for every combination oknet avari abl es> al-
lowed by<l i nmi t s> and constrained byconst r ai nt s>. Boolean formula
within the scope okbi gvee>, <bi gwedge>, or <bi gopl us>is supposed to
have Boolean variables indexed by metavariables or ariibedl@xpressions.

There are four types of metavariables. ProductiB83 and P34 define the
type bitvector, here B*n means{0,1}". The productiond?28, P35 define a
metavariable of typgraph node Productiond29 andP36—P39 define the type
graph arg one can use the name of the arc, names of endpoints of the botho
afterwards. The productioR39 allows usingintegervariables.

<expr essi on>+<t er np

P52: <expression>

P53: .. = <expression>-<terne
P54 o= <ternp

P55: <ternp .= <factor>*<ternp
P56: .= <factor>/<terne
P57: .= <factor>
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P58: <factor> L=
P59: D=
P60: <pri mary> L=
P61: D=
P62: PL=
P63: L=
P64 D=
P65: PL=

P66: I

P67: I

<fact or >*<pri mary>
<pri mary>

#C#H

<met avari abl e>

| V(<gr aphnane>) |

| E( <gr aphnane>) |

| <met avari abl e>

m n\ { <expr essi on>,
<expression>\}
max\ { <expr essi on>,
<expression>\}
(<expressi on>)

In productionP52, <expr essi on> is a traditional arithmetical expression
with operationst, —, *, /, *, brackets and metavariables and constants as operands
In addition, there are three special functions that can lesl s expressions:
|[V(<graphnane>) |, |E( <gr aphnane>) |, and|<met avar i abl e>|. These
give the number of nodes and arcs of the graph and the numhbamesf in the

bit-string. The functionsrax andmi

P68: <fornul a> D=
P69: PL=
P70: L=
P71: P =
P72: <leftpart> L=
P73: Pr=
P74: <cl ause> L=
P75: L=
P76: <l ogternp L=
P77: L=
P78: <literal > L=
P79: D=
P80: L=
P81: L=
P82: <i ndexes> L=
P83: L=
P84: <i ndex> L=
P85: <prefixformula> ::=
P86: <formist> L=
P87: D=
P88: <l ogvar > L=

n have traditional semantics.

<l ef t part >\ si nxf or nul a>
<| ef t part >\ opl us<f or nul a>
<l eftpart>\to<fornul a>
<l eftpart>

<l ef t part >\ vee<cl ause>
<cl ause>

<l ogt er P\ &<cl ause>

<l ogt er e
\neg<literal >
<literal >

<| ogvar >

<l ogvar >_{ <i ndexes>}
<pr efi xf ormul a>

(<bi gf or nul a>)

<i ndex>, <i ndexes>

<i ndex>

<expressi on>
<prefixop>(<formist>)
<form i st ><bi gf or mul a>
<bi gf or mul a>

#Hi#

A <f ormul a> is a propositional formula, which is a mixture of infix and
prefix style. Operands are propositional variables, whao lme indexed by arith-
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metical expressions of constants and meta-variables.diti@u, negations have to
be in front of literals (rule®76—-P81).

Some deviations from the grammar are still allowed, esfigdfathe aim is
to achieve a better layout. Allowed deviations from the greanare described in
Section 3.2.

3.1.2 Output Language

The first output language is the DIMACS fornst ex (Sections 2.2 and 2.3
in [23]). The variables in DIMACS format are represented ynbers 1 through
n. The formulae are in prefix form=f, «(f1 fo ... fx), +(f1 fo - fx),
zor(f1 fo ... fr)and= (f1 fa ... fx), wheref, f1, fa, ..., f are formulae.

The second output language is thev-format. The variables in thieav-for-
mat are represented by stringsthroughxzn. The output file<f i | enanme>. t av
contains one propositional formula in the prefix form in whibe operatorand,
or,impl, neg, odd, even, exactlyone, atmostone, atleastone, none, andeq can
be used. The arguments of these operators must be givendkelsaseparated
by commas. The arguments are propositional formulae oabkes in thet av-
format.

To better understand the formula, one has to know the engadithe original
variables. Therefore, the translator additionally ougpibie table of correspondence
of variables.

3.2 The Preprocessor of the Translator

The preprocessor of the translator allows the input fornuldeviate to some
extent from the strict rules of the translator. In addititme preprocessor allows
the formula to be built up from parts. This means that the dsess not have to
insert repeated parts of the formula separately; thess part be described and
then used an arbitrary number of times.

3.2.1 The Working Principle

The preprocessor gets the name of a text file inAlgXlformat as the input of
user dialogue. It finds the parts of the formula in the tex(ifitaere are any). The
formula to be analysed must be the first mathematical expresgtween dollar
signs or pairs of dollar signs that does not contain the émuaf the type

<nane of the function> {<nunber>}=...

As far as the rest of the components is concerned, there appmsiraints
except one: the components have to be in the same file (aneé&ewiollar signs).
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After the components of the formula have been read from tbgtfie correction of
formula parts takes place (Section 3.2.2). After the coiwamf formula parts, the
valuating of parameters and necessary replacements ¢anipji the composition
of the formulae) are performed and the main formula is write the output file
<filename>.frm

Example. The pigeonhole problem described in Section 2.2.2 has amaequ
lent representation

Fi&Fy,

where

= /\ /\ (T” \ Ti,k>7

1<4,k<n+11<i<n;i#k
1<j<n+11<i<n

The content of the input file corresponding to this is

$SF {13\ &F {2} %3
wher e

$SF {1} =\bi gwedge_{1\le j,k\l e n+1}
\ bi gnedge_{1\le i\le n; i\ne k}
\Big(\overline x {i,j}\vee\overline x_{i,k}\Big)$$

$$F {2} =\bi gwedge {1\le j\l e n+1}
\bigvee {1\le iVle n}x {i,j}$$

The definition of every subformulg; may also contain calls of other analogous
subformulas.

3.2.2 Rules for Replacement, Allowed Deviations from
Grammar

Next we present all the deviations from the grammar, allowedhe prepro-
cessor. In the left column of the table below there are esasthe grammar
rules and the right column can replace them expressionsjrthiihe source file.
The preprocessor transforms all the expressions on thetaghe corresponding
expressions on the left; for exampf@ld is corrected twdd.

Kl: n Oddll n mdll
K2: "even" " Even"
K3: "at | east one" "Atleastone”, "at_|east_one",

41



K4:
K5:
K6:
K7:

K8:
K9:

K10:
K11:
K12:

K13:
K14:
K15:
K16:
K17:
K18:
K19:
K20:

K22:
K23:
K24:
K25:

K26:
K27:
K28:

K29:
K30:

K31:
K32:
K33:

K34:
K35:
K36:
K37:
K38:

"\'neg "

"\'si nt

"At _Least _One"

"exact| yone"

"at nost one"

"atl east”

"Exact| yone",

"Atl east",

"exactly_one",
Exact!|y_One"
At nost one",
At nost _One”
"at | east",

"at nost _one"

"At _Least"

"\ast",

"at nost " "Atnmpst", "at_nost", "At_Mst"

"l evel " "Level "

“treshol d" "Treshol d"

"none" "None"

"\to" "\Ri ghtarrow', "\rightarrow'

"\'sinm "\'Leftrightarrow
"\leftrightarrow'

"\ & "\ wedge", "\l and"

"\vee" “\lor"

"\}" "\'rbrace"

"\ {" "\l brace"

"\l eq" “\le", "\legslant"

" "\cdot", "\tinmes"

"\

"\ enski p",
"\1"1
“\'i ndent",

"\ quad", "\ qquad",
A T N
"“\\'", "\'nonunber",

1 &n

"&&M, "\\",

"\overline", \lnot""

"\ br eak"

(" "\big(", "\Big(", "\bigg("
"\'Bigg(", "\lgroup", "\left(

"y "\big)", "\Big)", "\bigg)",
"\Bigg)", "\rgroup", "\right)"

"\}" "\big\}", "\Big\}", "\bigg\}",
"\Bigg\}"

AR "“\big\{", "\Big\{", "\bigg\{",
"\'Bigg\{"

" "\limts"

" %" "\ begi n{di spl aymat h}",
"\ end{di spl aymat h}"

"\ ne" "\ neq"

"\ geq" "\ ge"

" "\'md", "\vert", "\arrowert",
"\ bracevert"”

"\l eftarrow "\ gets”

"x_ {" "™, "\Ibrack"

" "1", "\rbrack"

“\'t hi cksi nt
"\egno(...)",

"\legno(...)"
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RulesK1-K14 add additional possibilities to write down logical operato
RuleK18 is for removing various multiplication signs. Rul€$9, K20, K21, and
K29 are for removing some types of indentitations, horizonpelces andAIEX
formatting operators that are unnecessary at this poirmilaRemenk22 is neces-
sary, because in some papers, (for example [12]), the\sgrer | i ne or\ | not
is used instead df neg to denote negation. We definitely remove excess spaces
(K23) and tabulator and line sign&?4). Replacement of large brackets with
normal size brackets is controlled by the ruk&5—-K28. RuleK30 unifies the de-
limiters in the formulae. The rest of the rules is necessargplace the synonyms
of the operators with the ones defined in the grammar.

One cannot use any otheéTEX operators than those that are given in rules
K1-K38 and in the grammar for writing down formulae.

3.3 Running the Translator

The translator can be called using the command line
>net aconp <fil enane> [ <par amet ers>] [ <graphs>]

where<f i | ename>. t ex is the name of the file, containing the description of a
family of propositional formulaespar anet er s> are integer parameters of the
family and<gr aphs> are filenames of graph parameters of the family. The order
of parameters must correspond to the order of formal paeéet the<i nput >
part of the description of the family. The result of the tlatar consists of three
files: <fi | enane>. sat contains the translated formula in DIMACS standard
format, <f i | enane>. t av contains the translated formula trav-format, and
<fi | ename>. aux contains the table of correspondence of variables.

The translation starts with preprocessing phase (Sect®)n\8hich unifies all
high level BTEX constructs and removes aflTEX formatting commands according
to the replacement rules.

3.3.1 Example

As an example, we use the family (2.2) for describing monet®aolean func-
tions. Let the fileronbool . f r mbe

\ begi n{ equati on}

I NPUT(var n)

\ bi gwedge_{\al pha,\ beta\in B*n};\al pha\ prec\bet a}
\left(\overline{x_{\al pha}}\vee x_{\beta}\right)

\ end{ equati on}
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Apply the translator using the command line
>net aconp nonbool 3
After preprocessing we have the text

#

| NPUT(var n)

\ bi gwedge_{\ al pha,\beta\in B*{n};\al pha\ prec\bet a}
(\neg x_{\al pha}\vee x_{\beta})

#

The output consists of three files. Fitenbool . sat is

¢ Fanmi |y nonbool . frmn=3

p sat 8

(x(+(-1 2)
+(-1 3)
+(-1 4)
+(-2 5)
+(-2 6)
+(-3 5)
+(-3 7)
+(-4 6)
+(-4 7)
+(-5 8)
+(-6 8)
+(-7 8)))

File ronbool . tavis

and(

or (not(x1), x2), or(not (x1), x3),
or (not (x2), x4), or (not (x3), x4),
or (not (x1), x5), or (not (x2), x6),
or (not (x5), x6), or (not (x3), x7),
or (not (x5), x7), or (not (x4), x8),
or (not (x6), x8), or(not (x7), x8)
)
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File ronbool . aux is

Tabl e of correspondences
Fam |y nmonbool . frm n=3
x(000) 1

x(001)
x(010)
x(100)
x(011)
x(101)
x(110)
x(111)

[ A I T |
O~NO UL WN



CHAPTER 4

DESCRIPTION OF
SUPERPOSITIONAL GRAPHS
WITHOUT TERMINAL NODES

In this chapter we present the first description that we fdonthe classS PG
and describe the process of finding it. To find the descriptiom start with the
selection of variables.

When drawing SPGs, which form the basis for describing SSBR®always
point 0-edges from up to down anttedges from left to right. Therefore, itis a
tradition ([4], Figure 1.3 in this thesis) to omit the edgesing to terminal nodes
and draw them only when there is a clear need for it. It is awithat if there
is a0-edge or al-edge missing at some node, then according to the previously
mentioned rule, it is unambiguously retrievable, whichrtieral node this edge is
pointing to.

Next we describe the set of propositional variables for atyirgraph and try
to find a propositional formula describing the cl#68G.

4.1 Representation of Binary Graphs by
Propositional Variables

According to the Theorem 1.2, there exists a uniqgue Hamdtopath inG €
S PG, which gives a canonical enumeration of the nodeS of et the Hamiltonian
path of ann-node SPG~ consist of nodes., ..., v,.

The meaning of the propositional variables; andy; ; is, respectively, the
existence of)-edge and-edge from node; to nodev;:

1, ifthere exists @-edgev; — vj;
0, otherwise;
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1, if there exists d-edgev; — vj;
0, otherwise.

Since SPGs are acyclic, then in case there exists an edgenbdev; to node
vj;, certainly: < j. Therefore, propositional formulae for the claS®#G are
defined on the set

X = {xi,jpyi,j 1 <e<y §n}

and the required formul#; (X ) should satisfy the condition

Fila) = 1, if the graph represented hyis an SPG;
"7 10, otherwise;

for every assignment to X.

4.2 Descriptive Properties of the Class  SPG as
Propositional Formulae

The properties of the classPG described in Sect. 1.2 now be expressed by
means of propositional formulae. In the descriptions, weethe operatorsnd, or,
zxor, — (implication), — (negation) anazxactlyone (allowed operators and rules
can be found in Chapter 3).

In each successive approximation, we add a new propertynoove any ex-
cessive ones. In order to see whether a property is unnegessaot, we check
each of the resulting approximations with the counter aégahg assignments. In
addition, the set of properties that has already been foseel Theorem 1.2) needs
to be checked to see whether any of the properties are ursa@ge¥hus we select
a set with the smallest number of properties for each appration.

Approximation I: formulas for known properties. The fact that the graph is
acyclic is already taken into account when selecting thiallas.

There is exactly one edg®-édge orl-edge) between successive nodes of
Hamiltonian path:

Fi1= /\ 2or(Ti i1, Yijit1)-
1<i<n—1

The graph is binary, i.e., at most ofeedge exits from each node:

Fo = /\ atmostone(z; ; 11 < j < n).
1<i<n—1

Also there is at most one-edge exiting from each node:

Fs= /\ atmostone(y; ; i < j < n).
1<i<n—1
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Since the described properties must hold for every SPG, prosipation of
the formulaF;; for the classSPG is

F = Fl&FoleF.

After applying the translator of propositional formulaethe formula# and
then the counter of satisfying assignments to the resulgeti¢he sequence

1,2,8, 48, 384, 3840, 46080, . . .

With the use of the translator and the counter, we convineeebtes that the
corresponding terms of sequences of formulaé&: F,, F2&F3, and F&F3 are
larger than the terms in the sequencefof Hence we cannot omit any of these
properties.

Approximation II: adding homogeneity. An SPG is homogenous (Theorem
1.2), i.e.,0-edges and-edges cannot enter nonterminal node at the same time. As
the graph is Hamiltonian, we can say that if there exigisedgev; — v;, then the
edgev;_; — v; is a0-edge:

.7:4 = /\ /\ (xi,j — :Cj—l,j)'
1<i<(n—2) (i+2)<j<n
Similarly, if there exists d-edgev; — v;, then the edge;_; — v; is al-edge:
Fs5 = /\ /\ (Yij = Yj—1,5)-
1<i<(n—2) (i+2)<j<n
Now the approximation of the formul&’ for the classSPG is
F = fl&fg&f3&f4&f5
and the corresponding sequence for it is

1,2,6,24, 120,720, ...

Since the number ot-node SPGs must b22, it is obvious that in the set
of satisfying assignments of the last formula there aessignments that do not
represent any SPG. Since we have not got any more propéhtézs, must exist a
yet undeclared property that reveals itself in case 4.

In order to understand the following properties better, wpict SPGs on fig-
ures, lining them up according to their Hamiltonian path.

Approximation llI: specifying the homogeneity property. When analyzing
the 24 assignments we received in case- 4, we can see tha of them don not
represent any SPG (Figure 4.1, the traditional form in FéguR). In the first of

48



Figure 4.1: Forbidden situations in case- 4.

Figure 4.2: Forbidden situations in case= 4 in traditional form.

them the0-edgev — z is missing and in the second of them thedgeb — d is
missing.

One possibility to describe the found property is to resfioemulae 7, and
Fs. Hence, we formulate the property that if there existsesigev; — v;41, then
there also exists the-edgev; — v;,1 and if for somek =i +1,...,j — 1 the

path from nodey;, to nodev; consists of onlyl-edges, then there exists thedge
v — vj4+1 (Figure 4.3):

Fa= N @un—zga&C N (C N tppr) = ze510).

1<i<j<n—1 i+1<k<j—1 k<p<j—1

Dually: if there exists d-edgev; — v; 1, then there exists theedgev; — v;11

Figure 4.3: The specification of propetfy, in Approximation Ill.
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Figure 4.4: The specification of propetfy in Approximation Il1.

and if for somek =i +1,...,j — 1 the path from node;, to nodev; consists of
only 0-edges, then there exists thedgev, — v;41 (Figure 4.4):

Fs= N gn—ygn& A (C N 2ppr) = vrjn).

1<i<j<n—1 i+1<k<j—1 k<p<j—1

Substituting in approximatiosr formulae, andF; with their improved versions
and running the translator and the counter, we get the sequen

1,2,6,22,94,458, . ..

We see that the situation is better (according to Sequentgt(@ accurate se-
qguence id, 2, 6, 22,90, 394, . . .), but despite that, our description is still incorrect.
One can guess that either the properties connected witbtmeifaeF, and 7 are
more general than the one we described or some yet unknoywentyas missing.

Approximation IV: unfit assignments in casen = 5. In casen = 5 we find
further 4 assignments that do not represent any SPG.

Let it be mentioned as a remark that since the propertieeesgpd by the for-
mulae 7, and F; are at the moment unproved for SPGs, we are not absolutely
certain that, from th@4 assignments found, precised9 are right andd wrong;
there could be more wrong ones. To be sure, we hadye = 47 different graphs
(others are duals of these, whéreand 1-edges are exchanged); it is not hard to
review them manually.

One of the problematic graphs (assignments) is presentEgyime 4.5. and
traditional viewcorresponding to itis in Fig. 4.6. We can see that eithefthdge
a — d or thel-edgec — e is in excess, or thé-edgeb — e is missing. Since it is
easier to express the fact that an edge is missing (no nees tihve negation), we
choose to do this.

Therefore, we formulate the property that if-®dge and a-edge are crossing
in a way shown in the Figure 4.7, then there must be an exitiedge at every
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Figure 4.6: The forbidden situation found at Approximatidh(in traditional
form).

node between the startpoints of those edges, the endpothtsoéxiting 1-edge
lying no farther thar,.:

Fe = /\ ((l'k,p&yl,r) - ( /\ ( \/ yS,t)))'

1<k<l<p<r<n E<s<(l-1) (s+1)<t<r

Dual of this property: if a)-edge and d-edge are crossing like shown in Fig-
ure 4.8, then there must be an exitiigdge at every node between the startpoints

Figure 4.7: The property found at Approximation V.
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Figure 4.8: The property found at Approximation IV, duale€as

GO

Figure 4.9: The situation forbidden by Approximation IV.

of those edges, with the endpoints of these exiting edgeg lyo farther thamw, :

Fr= N (rpkz) = N\ za0))

1<k<l<p<r<n k<s<(l—1) (s+1)<t<r

By adding the formulaers and F; to the set of properties and running the
translator and the counter, we get the integer sequence

1,2,6,22,92,428, . ..

Therefore, the formulaés and 77 do not completely describe the missing
property and ifn = 5, we again try to find the so far unfourRdassignments: and
B, whereF(a) = 1 andF(5) = 1 but the graphs defined by the assignments
ja 8 are not SPGs. Seeing the symmetry of formulge. . ., 77 with respect to
0- and 1-edges, it is clear that is retrievable fromn by exchanging th@®- and
1-edges.

Approximation V: specification of description on the basis & the casen =
5. By analyzing satisfying assignments acquired after adttisgormulaeFs and
F7 we find the assignment that is presented as a graph in the Figure 4.9 with the
traditional view in Figure 4.10. To generalize this, we fatate the property that
for everyl-edgev; — v; 41 and every nodey, that lies between the nodesand
vj+1, if there exists @&-edgev, — vy41, then there has to belaedge going from
the nodev;, to the node that lies no farther than, ; (Figure 4.11):
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Figure 4.11: The found property by Approximation V.

Fs= N W= N @ro—=C \/ wp))-

1<i<j<n—1 i<k<j—1 k+1<p<j+1

Dual of the previous property: for evefiyedgev; — v;41 and every nodey,
that lies between the startpoint and endpoint of thesige, if there exists &edge
vk — vk+1, then there has to belaedge going from the nods, to a node that lies
no farther than node; . (Figure 4.12):

Fo= N @gn—=C N Gen—=C @)

1<i<j<n—1 i<k<j—1 k+1<p<j+1

When we add the propertieBs and Fy to the approximationF and use the
translator and the counter, we get the sequence

1,2,6,22,90, 394, 1806, 8558, 41586, . ..

which coincides with the beginning of the sequence of largg&ler numbers.

Approximation VI: simplification of the sufficient set of pro perties. Using
the translator and the counter, we can convince ourselegshtd formulaers and
Fy allow to simplify the formulaeF, andF; to
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Figure 4.12: The found property by Approximation V, dualeas

Fu= N @iy — i),

1<i<(n—2) (i+2)<j<n

Fs = /\ /\ (Yij — Yj-1,5)-
<(n

1<i<(n—2) (i+2)<j<n

As the last set of properties describes such family of sugst#tipnal formulae,
which in casen < 9 has exactly the same number of satisfying assignments as is
the number of-node SPGs, then probably the cl&&8G can be described by the
formula

F = fl&fg&fg&f4&]‘—5&fﬁ&f7&fg&fg.
and without composition
F= N wor(@iis,viit1)
1<i<n—1
& /\ atmostone(z;; i < j <n)
1<i<n—1
& /\ atmostone(y; ;11 < j <n)
1<i<n—1

SN N (@i — i)

1<i<(n—2) (i+2)<j<n

& /\ (Yij — Yj—1.5)
1<i<(n—2) (1+2)<j<n

& ((zrpdeyir) = ( (Vw0
1<k<I<p<r<n k<s<(l-1) (s+1)<t<r

& N (rpleary) = ( CV  z)
1<k<l<p<r<n k<s<(i—1) (s+1)<t<r
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& AN win—C N @ra—=C V  wp)

1<i<j<n—1 i<k<j—1 k+1<p<j+1
& N @y —=C N =V a)
1<i<j<n—1 i<k<j—1 k+1<p<j+1

By using the translator and the counter we make sure thatefdghe properties
can be omitted from the last approximation. It is clear th#te description is not
correct, the inaccuracy or even a missing property can amgpéain casen > 10.

The acquired approximatioff is sophisticated and does not associate with
classical properties of graphs. Hence, inevitably, thestjoe arises whether our
chosen setX of propositional variables is suitable. Even though the §ebf
propositional variables has been chosen in a traditiong| ashas been done in
previous articles describing SSBDDs (for reasons of glagiiges pointing to ter-
minal nodes were missing in the figures), we can see that ffieutty of expres-
sion and technicality were caused by our incapability tacdbe the properties of
edges pointing directly to terminal nodes.

It will appear that the situation gets better if we add to tbeJ§ of proposi-
tional variables the variables, which describe the ext&#ef edges pointing to the
terminal nodes (Chapter 5).
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CHAPTER 5

DESCRIPTION OF
SUPERPOSITIONAL GRPAHS WITH
TERMINAL NODES

In this chapter we find the description of the cl&sBG by means of propo-
sitional formulae taking into account the properties ofexlgointing to terminal
nodes.

5.1 Representation of Binary Graph by
Propositional Variables

Similarly to the previous description (Section 4), therestxa unique Hamil-
tonian path inG € SPG, which gives a canonical enumeration of the nodes of
G. Let the Hamiltonian path of am-node SPQ~ consist of nodesy, ..., v,; and
let v, 1 represent both the termin@land the terminal. Such approach is not
restrictive (but enables a simpler description of propsiti

The meaning of the propositional variables; andy; ; is, respectively, the
existence of)-edge and-edge from node; to nodev;:

1, ifthere exists @-edgev; — vj;
0, otherwise;

1, if there exists d-edgev; — vj;
Yij = .
0, otherwise.

Since SPGs are acyclic, then in case there exists an edgenfrdev; to node
vj, certainly: < j. Therefore, propositional formulae for the claS&#G are
defined on the set

X:{xi7j,yi,j:1§i<j§n+1}
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and the required formul#;; (X) should satisfy the condition

Fila) = 1, if the graph represented hyis an SPG;
" 1o, otherwise;

for every assignment to X.

5.2 Descriptive Properties of the Class SPG as
Propositional Formulae

Approximation I: binary graphs with unique Hamiltonian pat h. The fact
that the graph is acyclic is considered already when salgttie variables.

There is exactly one edgé-édge orl-edge) between the successive nodes of
Hamiltonian path (except maybe between the last two nodes):

Pi= N\ zor(iivi, yiis)-
1<i<n—1

Each node (except the two last) has exactly one exitiedge:

Py = /\ exactlyone(z; ;i < j <n+1).
1<i<n—1

Each node (except the two last) has exactly one exitiegge:

Py = /\ exactlyone(y; j 11 < j <n+1).
1<i<n—1

Taking into account that the previous properties must hotcefrery SPG, an
approximation ofF;; for the classS PG is

F = P1&P2&Ps.

When applying the translator of propositional formulagfi@nd hereafter the
counter of satisfying assignments to the result, we get dtpi€nced000165:

1,2,8, 48, 384, 3840, 46080, . . .

With the use of the translator and the counter, we can be goadithat the
corrresponding members of sequences of form@®agP,, P2&P3 and P& P3
are larger than in case @f. Hence, we cannot skip any of these properties.
Approximation Il: adding homogeneity. Every SPG is homogenous (Theo-
rem 1.2), i.e.)-edges and-edges cannot enter the same internal node at the same
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N AN
0
0 0 0

Figure 5.1: Forbidden situations in cage= P &Po&Ps&P1&Ps.

time. As there exists also the Hamiltonian path, we can égeal that if a0-edge
v; — vj; exists, then the edgg_; — v, is a0-edge:

P4 = /\ /\ (xi,j — l’j_Lj).
1<i<(n-2) (i+2)<j<n
Similarly, if there exists a-edgev; — v;, then the edge;_; — v; is al-edge:

Ps = /\ /\ (Yij = Yj—1,5)-

1<i<(n—2) (i4+2)<j<n
Now the approximation af;: for the classS PG is
F = P1r&Pr&Ps&Ps&Ps
and the corresponding sequence for iHi300142:
1,2,6,24,120,720, . ..

However, while the number dfnode SPGs must [#2, it is obvious that in the
set of received assignments there 2Bssignments that do not represent any SPG.
Therefore, there must exist a yet undeclared propertyaippearsin casen > 4.

Approximation Ill: adding the strong planarity. Analyzing the24 assign-
ments we received in case= 4, we see tha? of them do not represent any SPG
(Figure 5.1). We guess that, in either case, the problemuissthby crossing same
type of edges. We raise a hypothesis that edges of the samedaypmot cross and
add the corresponding properties to the approximation.

Letl <k <l < p<r<n+ 1. According to the hypothesis, there can not
be a situation where there theedgesv, — v, andv; — v, exist at the same time,
i.e.,0-edges do not cross (Figure 5.2):

Ps = /\ (g p&ezy ).

1<k<i<p<r<n+1

Herewith dually,1-edges do not cross (Figure 5.2):

Pr = A (Y p&eyL,r)-

1<k<l<p<r<n+l
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Figure 5.2: Situations forbidden by the propertigsandP.

Definition 5.1. We say that edges, — v, andv; — v, arecrossingedges if
E<l<p<r.

Definition 5.2. We say that a binary traceable grapltiongly planarif it has no
crossing0-edges and no crossirigedges.

Obviously, the propertie®; andP; express the strong planarity. In Figure 6.2
[9] we see that if a binary graph is strongly planar, it is aknar. The opposite is
generally not true. Now for the formula

F= 731&732&733&734&735&736&737
we get the Sequencé001181:
1,2,6,22,92,422, ...

We see that the situation is better, but our descriptionvenleeless incorrect
(the accurate sequencelis2, 6,22,90,394,...). One could suppose that either
some problem connected with the described properties i® meneral than the
one we described or some yet unknown property is missing.

Approximation 1V: removing the homogeneity. By using the translator and
the counter, we can see that one can omit the propePtiemdPs; from the set of
properties. Consequently, we can propose a hypothesiththédrmula

P1&P&Ps&Ps&Pr — Pa&Ps
is a tautology. We formulate it as the Theorem 5.1.

Theorem 5.1. If a binary traceable graph is strongly planar, then it is flgmoge-
nous.

We will prove it later (Theorem 6.5). Hence, the new appration for the
formulaF;; is
F = 731&732&733&736&737.

Approximation V: adding the cofinality. We analyze the two assignments
emerging from the last approximation in case- 5. One of the found problematic
graphs is depicted in Figure 5.3. The second problematghgisaobviously dual
to the first one, i.e., it can be found from the other by excivan@- and1-edges.
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Figure 5.4: Situation forbidden by the propefy.

We suppose that, due to existence of thedgea — d, the 1-edgesh — 1 and
¢ — e should point to the same node, i.e., the situation in FigutesSforbidden:

PS = /\ (l'k,p&yl,r&ys,t)-

1<k<s<l<p<r<t<n+l

Analogically: all0-edges, which cross the saihedge, must point to the same
node:

Py = A Yk p&ewr r&es t).
1<k<s<l<p<r<t<n+l
Definition 5.3. We say that a binary traceable graph isofinal (0-cofinal) if all
1-edges (-edges), starting between the endpoints of soreelge {-edge) and
crossing it, are entering into the same node.

Definition 5.4. We say that a binary traceable graplkeddinalif it is 1-cofinal and
0-cofinal.

After adding the propertie®s andPy expressing cofinality to the approxima-
tion and running the counter, we get the integer sequence

1,2,6,22,90, 394, 1806, 8558, 41586, . . .

which also coincides with the beginning of the sequence rgel&chroder num-
bers. Using the translator and the counter, we establismtree of the properties
in the set{’P1, P2, Ps, Ps, Pr, Ps, Py} can be omitted.

We checked that in case = 1...9, the constructed set of properties has
exactly the same number of satisfying assignments as isuimder ofn-noded
SPGs. Hence, the clas¥?G can probably be described by the formula
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F = P1&Pr&Ps& Pe& Pr& P& Py

or written directly, not using composition:
F = /\ xor(Tiiv1, Yiit1)
1<i<n—1
& /\ exactlyone(z;; i < j<n+1)
1<i<n—1
& /\ exactlyone(y; j 11 < j <n+1)

1<i<n—1

& /\ (xk:,p&ml,r)

1<k<l<p<r<n+1

& A (Y p&yir)

1<k<l<p<r<n+1

& /\ (@ p&yi r&ys )
1<k<s<i<p<r<t<n+l
& /\ (yk,p&xl,r&xs,t)-

1<k<s<i<p<r<t<n+l

It is clear that if the description is not correct, then ancaacy or even a
missing property can appear only in case> 10. To be convinced in the correct-
ness of the formula, we formulate the following hypothesis.

Hypothesis. A binary graph is a superpositional graph iff it is a stronglgnar
cofinal traceable graph.

We prove this hypothesis in the next chapter.

5.3 Open Problems

All the approximations are characterized by sequencesth#th those from
the Encyclopedia of Integer Sequences [10]. This indidaigsthese subclasses of
binary graphs may have some connections with mathematrcaktsres described
by found sequences. It would be interesting, for exampldintb bijections be-
tween

double-downgrading permutations and traceable binatgréd000165);

permutations and homogeneous binary grapti®)(142);

Baxter permutations and strongly planar binary grapt®(181);

separable permutations and superpositional graphg6318).
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CHAPTER 6

THEORY OF SUPERPOSITIONAL
GRAPHS

This chapter contains definitions and theorems, which ategsary to prove
the main theorem at the end of this section. We also reprostuoe material from
previous chapters for the clearness of the presentatiomrédults presented in this
chapter are published in [9].

Definition 6.1. TheclassS PG of graphs is defined inductively as follows:
1° binary graphs4, C, D € SPG;
2° if G, H € SPG andw is an internal node of7, thenG,._ g € SPG.

Definition 6.2. A 0-path (1-path)from nodeu to nodev is a path, which contains
only 0-edges {-edges).

Theorems 6.1, 6.2, and 6.3 were proved in the Section 1.2T(segrem 1.2).

Theorem 6.1. Let G € SPG. Then for every internal node there exist @-path
u ~» 0 and al-pathu ~ 1.

Definition 6.3. We say that a binary grapfi is homogenoudf only one type of
edges enter into every nodec V (G).

Theorem 6.2. Every superpositional graph is homogenous.

Definition 6.4. A binary graphG is traceableif there exists a path through all
internal nodes ofs (Hamiltonian path).

Binary graphs are acyclic, therefore, if the Hamiltoniathpaxists, then it is
unique.

Theorem 6.3. Every superpositional graph is traceable.
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Theorem 6.3 gives a canonical enumeration of the nodes gberositional
graph.

Definition 6.5. We say that a binary grapgh has thetriangle propertyif for every
three internal nodes,y, andz the existence of &-pathx ~ y and a0-pathz ~~ z
implies the existence of eitherlapathz ~~ y or a0-pathy ~~ z.

Theorem 6.4. Every superpositional graph has the triangle property.

Proof. We prove the theorem by induction over the structure of qugsétional
graph.

Basis of inductiongraphsA, C, and D have the triangle property.

Induction stepLet S = G, . By induction hypothesis the triangle property
holds for the graphé& and H.

Letz, y, andz be internal nodes of the graph This means that each of them
is an internal node of either graghor graphH and none of them ia. There are
8 possibilities choose the nodesy andz.

1. xz,y,z € H. By induction hypothesis, the assertion holds.

2. z,y,z € G. We prove that if there exists@path or al-path between the
nodesy andz in the graphG, then this path also exists in the gra@gh.. 5.
According to the Theorem 6.1 there exist-pathroot(H) ~~ low(w) and
al-pathroot(H) ~~ high(w) in the graph,, . Itis obvious that if some
0-path (1-path) goes through the node then this path also goes through
the noddow(w) (high(w)). Therefore, if som®-pathy ~~ z goes through
the nodew (then also to the nodew(w)), then a0-pathy ~~ = exists also
in the graphG,, . Similarly, if there exists d-pathz ~~ y between the
nodesy andz in the graphG, then there is d-pathz ~~ y also in the graph
GueH.

3.,y € H,z € G. Since there exists @&pathx ~ z in the graphG .,
there also exists @pathz ~~ low(w). According to the Theorem 6.1 there
exists a0-path to the nod@® from each internal node dff, therefore there
exists a0-pathy ~~ low(w) in the graphS. Hence there exists @path
y~>zinS.

4. x € H,y € G,z € H. Dual to the case 3.

5.z € H,y,z € G. According to the definition of superpositional graphs, the
1-pathx ~» y goes through the nodeigh(w) and the0-pathz ~~ = goes
through the nodéow(w). Therefore there exists apathw ~~ y and a0-
pathw ~» z in graphG. By induction hypothesis, there existd gath or a
0-path betweey andz in G\{w} (because G is acyclic) and henceSin

63



6. r € G,y,z € H. Thel-pathz ~ y and0-pathz ~~ z must go through the
unique root ofH, which is impossible because superpositional graphs are
homogenous.

7. x € G,y € H,z € G. Since there exists a 1-paith~ y in S, there exists
a 1-pathx ~~ w in G. Using the triangle property fo&, there is either a
O-pathw ~» z or a 1-pathz ~» w in G. If there exists &-pathw ~~ z in
the graphG and since there existstapathy ~~ low(w) (by Theorem 6.1)
and a0-pathlow(w) ~~ z, there also exists @-pathy ~» z in the graph
Gwp- If there exists d-pathz ~» w in the graphG, then there exists a
1-pathz ~ root(H ) and al-pathroot(H) ~ y, which is thel-pathz ~ y
in the graphG,— 7.

8. x,y € G,z € H. Dual to casq. O
It is easy to see that every superpositional graph is plaWér.can prove an
even more restrictive property of superpositional graphs.

Definition 6.6. The edges);, — v, andv; — v, of a binary traceable graph are
crossingedges k <l <p<r.

Definition 6.7. We say that a binary traceable grapti®ongly planarif there are
no crossing)-edges and no crossirigedges.

Figure 6.1: A superpositional graph before and after dtietc Bold arrows mark
the Hamiltonian path.
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Figure 6.2: A planar graph, which is not strongly planar.

The strong planarity has a nice graph-theoretical intéapomn: stretch the
graph so that all nodes are in straight line in canonical roaael there are n6-
edges above the line and maedges below the line. If the binary graph is strongly
planar, then there are no crossing edges with the same rabeth drawing. Fig-
ure 6.1 depicts a superpositional graph before and aftticking.

It is also obvious that if a binary graph is strongly planbert it is also planar,
while the opposite does not hold in general. In Figure 6.2etlia binary graph,
which is planar, but not strongly planar (a®dges are crossing).

Theorem 6.5. A binary traceable grapty' is strongly planar iffG is homogenous
and has the triangle property.

Proof. We prove this theorem in three parts.

1. If G is strongly planar, then the triangle property holds in thagh G. Let
G be strongly planar ang;, v; andv;, be three distinct internal nodes such
that there exists a&-pathv; ~ v; and a0-pathv; ~ v;,. Letk < j. Start
moving forward from the node; using only1l-edges. Eventually we will
reach thel-pathv; ~ v;, since thel-edges do not cross. Thus there exists a
1-pathvy, ~ v;. If £ > j, then there analogously exist®-@athv; ~ vy.

2. If G is strongly planar, therGG is homogenousLet G be strongly planar.
We assume by contradiction that both-adge and d-edge enter into some
internal nodev;. It is obvious that one of these edgesijs; — v;. Letit
be0-edge (in case of-edge the proof is similar). Now we show that in this
case there exist two crossiigedges. Since the graph is binary, there exists a
1-edgev;_1 — vp,, Wherem > j butin this case the graph is not strongly
planar as this edge crosses thedge coming inta; (see Figure 6.3).

3. If G is homogenous and has the triangle property, theis strongly planar.
Let G be a traceable homogenous binary graph with the trianglpeptyp
We assume by contradiction that it is not strongly planap@@se there are
crossing 1-edges i6. Leti < j < k < m be the indexes such thatedges
v; — v, andv; — vy, are crossing, whergis minimal and: is maximal i.e.
the choice of depends orj (Figure 6.4). With this we guarantee, that any
edge beginning between nodgsandv; does not cross theedgev; — vyy,.
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Due to the triangle property and acyclicity there is-pathv; 1 ~» vg. This
1-path must contaim; because of our choice ofj, k£, andm. But then two
1-edges start from;, which contradicts the definition of a binary graph.]

Corollary 6.1. Every superpositional graph is strongly planar.

Proof. Immediate consequence ot Theorems 6.2, 6.3, 6.4, and 6.5. O

Definition 6.8. We say that a binary traceable grapH isofinal (0-cofinal) if all
1-edges (-edges), starting between the endpoints of soreelge {-edge) and
crossing it, end in the same node.

Figures 6.5 and 6.6 illustrate these notions.
Definition 6.9. A binary traceable graph mofinalif it is 1-cofinal andd-cofinal.

Theorem 6.6. Every superpositional graph is cofinal.

Proof. We prove thel-cofinality, the proof of the)-cofinality is similar. For the
verification of1-cofinality it is enough to show that if there is a pair bedges,
starting between the endpoints of sofedge and crossing it, then thesedges
must have a common endpoint. Let us suppose that we haveofinal super-
positional graphz and a0-edgea — w in it. The only way to obtain, applying
superposition, twd-edges that start betweenand« and cross: — u is to su-
perpose a grapli/ instead of someé betweena andw, which is a starting point
of somel-edge, crossing — u (Figure 6.7). All internal edges dff remain un-
changed. Only new edges which will cross thedge are thé-edges, which were
pointing to the terminal of H, but in G,y were redirected taw = high(b). If
graphsG and H arel-cofinal, then so i€7,. . It means that thé-cofinality is
closed under superposition. O

1 ~< 1
®
Figure 6.3: An illustrative figure for the proof of the Theor®.5 part2.
1 1
OzCHROBONO

Figure 6.4: The edges — v;, andv; — vy, are crossing.
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Lemma 6.1. If G is a traceable strongly planar cofinal binary graph with- 2
internal nodes, then it can be represented as a superpdsitie H,,. r, whereH
andF are binary graphs with at lea&hodes.

Proof. Letvy,...,v, be the canonical sequence of internal nodes of the gtaph
We are looking for a subsequencg viy1, ..., v (k < 1) such that:

1. all edges from nodes, . .., v;_1 to the nodes of the subsequence are point-
ing to vg;

2. all 1-edges from the nodes of the subsequence to nadgs.. . ,v,,1 are
pointing to the same node;

3. all 0-edges from the nodes of the subsequence to nadgs. .. ,v,,0 are
pointing to the same node.

We construct the binary grapli$ and F', using the subsequence. The set of nodes
of the graphH is V(H) = {v1,...,vp_1,w,v41,-..,0n,0,1}. Edges of graph

H are all edges ofz with both endpoints i/ (H); all edges, pointing ta, are
redirected to the node and thel-edges (-edges) from some node of subsequence
to a node from the setv;1,...,v,,0,1} replaced by thd-edge (-edge) inH
from w to the same node. Formally:

EH) = {(u,v): u,veV(H)\{w},(u,v) € E(G)}U
{(u,w) : uwefvy,...,v_1}, (u,vx) € BE(G)} U
{(w,2) : z€{vg1,...,00,0,1}, Fig<i<i((v3, 2) € E(G))}.

Figure 6.6: Situation forbidden kycofinality.
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1
CreMw ®
Figure 6.7: A fragment of a graph with crossifkggdge and -edge.

The set of nodes of the graghis V(F') = {uv,...,v,0,1}. The edges of the
graphF are all edges ofs with endpoints inl/(F'); all 1-edges of&, going from
V(F) to the nodes fror{v;41, ..., v,, 1} will be redirected to the termindl and
all 0-edges ofG, going fromV (F’) to the nodes from{v 1, ..., v,,0}, will be
redirected to termina) of . Formally:

E(F) = {(u,v): u,v € V(F),(u,v) € E(G)} U
{(vi, 1) : v; € V(F)7sze{ulH,...,an}(high(vi) =2)}U
{(UZ’,O) SRS V<F)7Ezze{le,...,vn,O}(low(vi) - Z)}

Obviously, the construction of grapt$ and F' in conditions 1-3 is the reverse
engineering of the definition of superposition of binarypire. ThereforeG =
H,,. . There are four cases the following.

1. high(vi) = 1. Thenlow(v;) = vy and the subsequenceus . . ., v,.
2. low(vy) = 0. Thenhigh(v1) = vo and the subsequenceus . .., v,.

3. high(v1) = wv41, wherel < I < n — 1. Thenlow(v;) = ve and the
subsequence is,...,v;. Condition 1 is fulfilled trivially. Condition 2 is
fulfilled, because if there is someedge(v;, z), where2 < i < [,z €
{vi12,...,vn, 1}, then we have two crossingedges and- is not strongly
planar. Condition 3 is fulfilled, because if there are twod@es,(v;, ) and
(vj,2z), where2 <i < j <landu,z € {v42,...,v,,0}, u # z, thenG is
not cofinal.

4. low(vy) = vj41, Wwherel < I < n — 1. Thenhigh(v;) = vy and the
subsequence isy,...,v;. Conditions 1-3 are fulfilled by considerations,
symmetrical to the case 3. O

Theorem 6.7. A binary graph is superpositional graph iff it is a traceatit®ngly
planar cofinal graph.

Proof. —> Proved by Theorem 6.3, Corollary 6.1, and Theorem 6.6.

<= We prove the proposition by induction over the number of sodethe
graph.
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Basis of induction There are twa@-node binary graphs. These are binary
graphsC and D (Figure 1.1), which are superpositional graphs.

Induction stepLet GG be an-node traceable strongly planar cofinal graph(
2). By Lemma 6.1 it can be represented as a superposition ofjteohs: G =
Hy—p,where|lV(H)| < |[V(G)|and|V(F)| < |V(G)|. GraphsH andF inherite
the properties of traceability, strong planarity and cdiipdrom G. By induction
hypothesisid andF' are superpositional graphs. Gra@hs a superposition of two
superpositional graphs and by Definiton 6.1 it is a supetiposil graph. O
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CHAPTER 7

SOLUTIONS TO THE PROBLEMS
RAISED

In this chapter we give solutions to the problems raised iap@dr 2.

Problem I testing whether a binary graph G is an
SPG.

Using the Algorithm 1 (Section 1.2) we find the Hamiltonianpaf the graph
G. If it does not exist, thelr ¢ SPG. Otherwise we check, whethéfis strongly
planar and cofinal. If yes, thed € S PG, otherwiseGG ¢ SPG (Theorem 6.7).

Figure 7.1: Two binary graphs.
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Figure 7.3: Rightmost graph from Figure 7.1 in canonicakard

For example, in Figure 7.1 there are two binary graphs. Tolchdether they
are superpositional graphs, we stretch them by the carlamidaring of nodes.
The leftmost graph on the Figure 7.1, is depicted in Figueand the rightmost
graph in Figure 7.3. It is obvious that both are traceablestrahgly planar. The
graph in the Figure 7.2 is not cofinal: nodeandw lie between the endpoints
of the 1-edgeu — x but 0-edgesv — z andw — y point to different nodes.
According to the Theorem 6.7, the graph is not a superpasitigraph. The graph
in Figure 7.3 is cofinal and, therefore, it is a superpositiaraph.

Algorithm 2 below shows that the test for crossihgdges can be done within
time O(n). Since the test for crossirggedges is dual, we get the estimation for
testing the strong planarity. L&) be a stackg; (i) be the number of the node
high(v;) in the canonical enumeration of the nodes (terminal riobas the num-
bern + 1). Letwv;.d; be the number of the lontredges pointing te; (the 1-edges
k — i, wherek + 1 < 7).

Algorithm 2. For testing the existence of crossingdges.
find_1_edges_crosghinary graphG){
Q@={k
fori=1...n{
while (v;.d; > 0) {

p=Q-pop();
if (p > ) return “Crossing”;
if (p == Z) v;.d1--;
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if(o1(7) > i+ 1) Q.push((o1())1);
/lif from the nodey; exits a longl-edge
/lthen push the number of it's endpoint into the stack
} /ifor
return “Do not cross”;

}

The algorithm for testing th&é-cofinality is similar to the previous one. Testing
the0-cofinality is dual. LetQ be a stackg (i) be the number of the nodegh(v;)
andoy(i) be the number of the nodew(v;) in the canonical enumeration of the
nodes (terminal node has the numbet + 1). Letv;.dy be the number of the long
0-edges pointing t@; (the0-edgesk — ¢, wherek + 1 < 7).

Algorithm 3. For testing thd -cofinality.
find_1_cofinal(binary strongly planar grapf¥){
Q={}h
fori=1...n{
while (v;.dy > 0) {
target_node = —1;

/lthe endpoint of -edges, starting between
/lthe endpoints of th@-edge and crossing it

p==Q.pop();
if(z == 1)and(p > 4)){ //the endpoint of thé-edge
if (target_node == —1) target_node = p;

/lthe first such edge
if (target_node <> p) return “Not cofinal”;
/ltwo 1-edges, which are not pointing to the same node

if ((z == 0)and(p == 1)) vi.do--;

/lif from the nodey; exits a long edge
/lthen push the number of it's endpoint into the stack
if(o1(7) > i+ 1) Q.push((o1())1);
if(o0(i) > i+ 1) Q.push((co(7))o);
}

return “Cofinal”;

}

To estimate the time complexity of a problem “whether a hirgnaphG' is an
SPG”, let|]V(G)| = n. Then time complexities of the operations are as follows.
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checking for binarity:O(n);

finding the unique Hamiltonian path (Section 1.2)n);

checking for strong planarity (Algorithm 2§2(n);

checking for cofinality (Algorithm 3)O(n).

Hence the complexity of the algorithm 3(n).

Problem Il testing whether G1,Gs € SPG are
iIsomorphic.

We can suppose thit' (G1)| = |V (G2)|, otherwise the graphS; andG, are
obviously not isomorphic.

By means of Algorithm 1 we find the Hamiltonian paths in thephisG; and
Go, let these bey, ..., v, anduy, ..., u,, respectively. Letr be the function,
which maps the node of the graph to its index in the Hamiltomath. Now we
check whether for every(1 < i < n):

m(low(v;)) = w(low(u;)),
m(high(vi)) = m(high(u;)).
If yes, thenGG; andG4 are isomorphic, otherwise they are not.

Hence the time complexity of the isomorphism is

O(n)+2-0(n) =0(n).

Problem llI: finding a sequence of superpositions
that generates a graph G € SPG.

LetG € SPG andvy, ..., v, be the canonical sequence of nodes of the graph
G. According to the proof of Lemma 6.1, there exists a subsecpi®;, viy1, .- .,
vy (k < 1) such that

e all edges from nodes, ,...,v;_1 to the nodes of the subsequence are point-
ing tovg;

¢ all 1-edges from the nodes of the subsequence to nodes...,v,, 1 are
pointing to the same node;

¢ all 0-edges from the nodes of the subsequence to ngodes. .., v,, 0 are
pointing to the same node.
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This gives us a potential place of decomposition of the gi@piBy applying
the same procedure recursively to the parts, we eventugdlghrthe elementary
graphsC and D (Figure 1.1).

The following algorithm gives out a potential sequence gfespositions to
generate the grapfl € SPG.

Algorithm 4. Finding the sequence of superpositions that genefatesS PG.
decomposdsuperpositional graph G){

if G = C or G = D output graphG;,

else{
let {vg,...,v;} and w be as in the proof of Lemma 6.1,
V(F):={vg,...,v;,0,1};
V(H) = {v1, V-1, W, V415 - 0@, 0, 11
decomposér);
decomposéH);
output G = Hyr;

}

Obviously the number of superpositions for generating ttaplyG € SPG
is not bigger than the number of nodes(in By the proof of the Lemma 6.1, the
place of decomposition can be found by constant time. Sireé&mwd less tham
places of decomposition, the complexity of the algorithr®{s:).

Example. We find the sequence of superpositions that generates theifuj
graph:

Step I: decomposer)
G = (Gl) WhereV(Gz) = {1)1,...,1)5}; V(Gl) = {1)5,1)6}

v5—Ga?
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Step II: decomposeis)
G2 = (Gg) Whel’eV(G3) = {Ul,vg}; V(G4) = {1}2, . ,1}5}

va—Gy?

Step lll: decompose(=s)
Gs=C (Flg l.l), Wherd/(C) = {Ul,UQ}

Step IV: decompose(i4)
Gy = (G5) WhereV(Gﬁ) = {1)2, R ,1)4}; V(G5) = {1)4,1)5}

vgGg?

Step V: decomposef)
Ge = (G7) WhereV(G7) = {’UQ, ’03}; V(Gg) = {U3,U4}

v3—Gsg’
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Step VI: decompose(:r)
G7 = D (Fig. 1.1), Wheré/(D) = {1)2,1)3}

oo

0

Step VII: decompose(Fs)
Gs=C (Flg 1.1), wherd/(C) = {’03,1)4}

Step VIII: decompose(Gs)
G5 = C (Fig. 1.1), wherd/(C) = {v4, v5}

Step IX: decompose(s;)
G1 = D (Fig. 1.1), wherd/ (D) = {vs,vs}

1

0
= OME

Nodew in Algorithm 2 is, according to the proof of Lemma 6.1, thetfosthe
last internal node of the graphi. We keep the information in the internal nodes of
the recursion tree using the labélqfirst) andL (last). Hence the initial graph can
be formed by the following recursion tree:
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To generate the grapi € SPG, we traverse the recursion tree in postorder
(first the subtrees, then the root). In every nétjevhich ha2 subtrees, we do the
following:

e if the label isL, then we execute the superpositién= H,,._r, whereH is
the left subtreeF is the right subtree ana is the last node in Hamiltonian

path of the grapt;

¢ if the label isF’, then we execute the superpositién= H,,. r, whereH is
the right subtreel’ is the left subtree and is the first node in Hamiltonian

path of the graplH.
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CONCLUSION

The original aim of this work was to develop necessary anficgeriit proper-
ties to describe the superpositional graphs without udiegsuperposition. The
development of the methodology presented in this thesigwasapted by the fact
that a description of SPGs wittlassical propertiesould not be found, the set of
the properties found turned out to be incomplete.

To find similar structures, we counted SPGs manually. Baseth® results,
we found the problem (the bracketing problem) from The Elupedia of Integer
Sequences that was similar to the task of finding the numbiersiode SPGs. The
integer sequence found there provided guidance for thetasikt Our goal was to
find such a family of propositional formulae, which dependstlee parameten
and which generates large Schroder numbers.

In this thesis we found the descriptive properties for tlasglbf superpositional
graphs by using a new approximation methodology. The idéhi®imethodology
is to effectively find models from current approximation efsdription that do not
fit with the structure description. This is done with the hel@a special translator
and a counter.

By using the translator to find the classical propositiopaffulae from param-
eterized propositional formulae, we found subsequenta$giperties that gener-
ate integer sequences, which are gradually closer to tlieatanteger sequences.
By examining the final set, we made sure that we cannot leavarywof the prop-
erties. Thereafter, we proved that the last set of progedascribes exactly the
class of SPGs and we got answers to the problems raised.

We conclude that the described methodology and tools (#mshator and the
counter of satisfying assignments) allows us to effecti@mpare sets of prop-
erties, i.e., if one subsumes the other, the second one firstree of them holds
(for example, Chapter 5, Approximation V). Thereby, thetioelology allows to
effectively detect tautologies and find models that do noinfithe structure de-
scription.

We estimate that the created methodology is useful forsglether problems.
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SUPERPOSITSIOONIGRAAFID JA
STRUKTUURI KIRJELDUSE
LEIDMINE LOENDAMISMEETODI
ABIL

Kéesolevas doktoritods kasitletav temaatika sai algusektsurselt siintee-
situd binaarsete otsustusdiagrammi@rcturally Synthesized Binary Decision
Diagrams SSBDD) uurimisest. Olulisim erinevus traditsioonilis®B [2] ja SS-
BDD vahel on nende genereerimise viisis. Kui BDD on saaduzh8bni lahutuse
teel, siis SSBDD jaoks on kasutatud spetsiaalset protsiegusuperpositsiooni.
Esimest korda on neid graafe kasitlenud Raimund Ubar a&S#8 artiklis [17]
nime all struktuursed alternatiivsed graafid. Kuna palj&BBD omadused sdltu-
vad tema “skeleti”, superpositsioonigraafi (SPG), vasestaomadustest [4], siis
oli eesmark tootada vélja SPG-de klassi kirjeldavad omediuSeega oli vaja la-
hendada jargmised probleemid:

o millistel tingimustel binaarne gra&f on SPG;

e kuidasG € S PG jaoks leida efektiivselt sellist superpositsioonide jatas
seda genereerib.

Kuna SPG kui andmestruktuur ei sisalda endas saamise @ajahilliseid superpo-
sitsioone selle saamiseks rakendati), siis ei tohi ositt&®P G-de klassi kirjeldavad
omadused superpositsiooni kasutada. Kui 6nnestub leidiikad ja piisavad tin-
gimused traditsioonilise graafiteooria terminites supsitgiooni kasutamata, siis
loodetavasti vBimaldab stuivendatud arusaam SPG-de olstrias#a kiired algo-
ritmid Ulalnimetatud kahe probleemi lahendamiseks.

Kaesolevas t60s esitletud metoodika arendus sai alguaelas, et SPG-de
kirjeldust tavalisteomadustega ei dnnestunud leida. Leitud omaduste hulk ®sutu
mittetaielikuks.

Etleida sarnaseid struktuure, loendasime SP@8sitheetodil Saadud tulemu-
sest lahtuvalt leidsime arvjadade entsuklopeedia [10jabbleemi (sulgavaldiste
probleem, [13]), mis on isomorfne meie lUlesandega leidguliste SPG-de arv.
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Seda iseloomustav arvjada sai jargneva t66 orientiiriksnizrk oli leida selline
Uhest parameetrish— SPG tippude arv) séltuv lausearvutusvalemite géremil-
le korral loendamisulesanngS AT (F, ) annab parameetri vaartustel, 2,3, . ..
puhul vastuseks suured Schroderi arvud

1,2,6,22,90,394, 1806, 8558, 41586, 206098, 1037718, . ..

Kéesolevas t66s on leitud SPG-de klassi kirjeldavad ormeatiusie lahenda-
mismeetodiga. Votmetahtsusega on seejuures transl&jianig leiab etteantud
perele ja selle parameetrite vaartustele vastava laugeaxalemi.

Translaatorit ja kehtestavate vaartustuste loendajaitkdss leiame samm-
sammult digemat arvjada genereeriva omaduste kompleldtoddiika pohiidee
on leida efektiivselt mudeleid, mis ei sobi struktuuri &ldusega, ning seejarel
parandada l&ahendiks olevat omaduste komplekti. Kui ndlgtubeitud omaduste
komplekt genereerib arvjada, mis langeb piisavalt suuatampeetri vaartuste pu-
hul kokku orientiiriks vBetud arvjadaga, siis saame pédtthipoteesi, et vimase-
na leitud lahend ongi otsitav. Seejarel tdestame hipotéesislaatori ja loendaja
abil saab ka veenduda, et Ukski omadus ei ole Ulearune.

Kaesoleva doktorité6 pbhitulemused on:

e metoodika valjaté6tamine hiipoteeside pustitamisekda@ismeetodil;

e valemiperede kirjeldamiseks vajaliku grammatika ja tlas®ri loomine,
saamaks efektiivselt valemiperest parameetriteta lausesvalem;

e superpositsioonigraafide klassi kirjelduse leidmine.

Kirjeldatud metoodika vdimaldab t6husalt leida mudeleid @ sobi struk-
tuuri kirjeldusega. Ka v8imaldab metoodika efektiivsadnkrollida, kas struktuuri
kirjeldavate omaduste hulgas on Ulearuseid s.t. leidalzagiaid (nditeks peatikk
5, ldahend 1V). Véljendades omaduste hulki lausearvutesnae peredena, saame
arvjadade entsuklopeediast lihtsasti leida sarnaseilitstire. Nende leidmine aga
vastava arvjadata voib osutuda keeruliseks.

Arvatavasti saab loodud metoodikat rakendada ka teistelggmide lahenda-
miseks.
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