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1 Introduction

The electroweak (EW) theory unifies two fundamental forces of nature: the
electromagnetic and weak interactions. In 1967, Glashow, Weinberg, and Salam
formulated a comprehensive theory describing the interactions and masses of
fermions and bosons, laying the foundation of the Standard Model (SM). This
theory describes how elementary particles interact through the exchange of gauge
bosons: the photon ~ for electromagnetism, and the W and Z bosons for weak
interactions. These points highlight the development of the EW theory as a major
milestone in modern physics explaining both particles interaction and the origin
of mass. Experimental studies of the electroweak interaction to date show full
consistency with the Glashow—Salam—Weinberg (GSW) model, which forms the
foundation of what is now known as the SM. Despite its remarkable experimental
success, the SM does not explain everything. The gaps have led physicists to search
for physics beyond the Standard Model (BSM) in order to explain the unsolved
problems. Improving the precision of the SM is therefore very important. It helps
ensure that the effects we observe are not taken to be new physics beyond the SM.
The mass effects have not been considered in much detail in previous publications.
This motivates us to include the masses of the decay particles in our analysis. In
this framework, the study of the W and Z boson is of particular importance. In
this thesis, I will address these issues.

The EW theory is a gauge theory. Physics must be independent of the choice
of gauge. Different gauges can be used to describe the theory, such as the Feynman
gauge, the Landau gauge which includes only transverse components and the
unitary gauge. In contrast to the photon, the W and Z bosons are massive
gauge bosons. Therefore, unitary gauge is more appropriate in our case. The
unitary gauge has an additional benefit, it removes unphysical degrees of freedom
means Goldstone bosons, which are the massless scalar fields that appear due
to spontaneous symmetry breaking. We have dealt with this issue in our first
publication.

Spontaneous symmetry breaking, also known under the name of the Higgs
mechanism, is a mandatory element of EW theory. In the Higgs mechanism, a scalar
field with a non-zero vacuum expectation value spontaneously breaks electroweak
symmetry. Before spontaneous symmetry breaking, the bosons mediating the
electroweak force, the W and Z bosons, were massless. The Higgs mechanism
generates their masses while preserving the gauge invariance and leaving the photon
massless. Spontaneous symmetry breaking also gives masses to the fermions (via
Yukawa couplings). We addressed the decay of the Higgs boson via the so-called
“golden channel” H — ZZ in detail in our second publication.



1.1 Statements

This thesis presents the following significant findings:

1. The pragmatic approach can be used to find the completeness relation for
the vector boson.

2. Mass effects are essential, as they influence the phase space but also give
rise to the new diagrams.

3. The results we obtained are independent of the particular gauge we use (e.g.
unitary vs. Feynman gauge).

4. The polarisation degree of freedom gives additional information for the decay
process (e.g new observables).

5. Even though the weak coupling is of the order of the fine structure constant
a = 1/137.036, the electroweak correction turn out to be not that small but
of the order of a few percent.

6. Despite of our hopes, we were not able to explain the enlarged decay rates
for the massive final states via our methods.

1.2 Structure of the Thesis

The structure of the thesis is organized as follows. Chapter 2 provides an
introduction and an overview of the third publication. Chapter 3 introduces the
kinematics of the three-particle process, which plays a major role in this thesis. In
Chapter 4 we calculated the integrals, and we discuss about the convergent and
divergent integral technique. While most of the calculations in Chapter 3 and
Chapter 4 can be performed for a more general final state, in the following we
return to our particular process W — ¢+ b. In Chapter 5 we calculated the loop
contributions. In Chapter 6 we did the renormatisation by counter terms and the
cancellation of UV parts. In Chapter 7 we calculated the helicity bilinears and did
the cancellation of IR singularities. In Chapter 8 we investigated about the collinear
singularities in order to compare our results with the massless case. In Chapter 9
we interpret our results by using different observables and different schemes.
Chapter 10 and 11 provide the remaining parts of the second and third publications.
This thesis concludes by a comprehensive summary, acknowledgments, biblography,
a summary in Estonian and also a Curriculum Vitae both in English and Estonian.



2 First order EW radiative corrections to the decay of the
polarized 1/ boson

2.1 Introduction

The main SM channel for the single W boson is the decay process t — W + X,
is analysed for instance in Refs. [1-5]. The primary focus is to study the properties
of W boson. In this work we analyse the decay of the W boson into to real
fermion. Accordingly, we take the charm and bottom quark as the heaviest fermions
as W — cb. As we are searching for mass effects in the decay of an on-shell
W boson, this is the most sensitive process. However, the result can easily be
translated into other decay channels. The W boson has been subject to intense
investigation recently. For instance in the measured decay width of the W decay
of 'y = 2.137 4+ 0.032GeV [6, 7], contrasted with the SM prediction of 'y =
2.0892 £ 0.0008GeV [8, 9] that is 1.50 smaller than the measured result. The
experimentally measured larger decay rate might indicate that the difference is due
to the mass effects and the radiative corrections to the leading order (LO) Born-
term result not taken properly into account. Polarization describes the alignment
or orientation of a particle’s spin or charge. Deviations in polarization behavior
could suggest new interactions or particles in SM. Radiative corrections account
for the effects of higher-order processes in particle interactions, like emission of
additional particles (e.g the photons) they might modify the process. In general, the
mass effects of the decay particles have not been extensively studied analytically,
so our aim is to investigate them using an analytical approach.

2.2 Overview

The central object of interest is the angular dependence of the decay rate for
the polarised W boson, as it can be inferred by looking at publications of the
supervisor together with Jiirgen Korner and Priit Tuvike [10—12] where I have
got the understanding from Eq. (1) in Ref. [10] is that the main quantity we are
looking at, contains the spin-density matrix p that describes the polarisation of
the W boson, the decay functions H,,,,/, also known as the helicity bilinears and
calculated for the decay channel of the W boson, and the polar angle dependence
on 6. The azimuthal angle dependence is found in the References [28, 30] cited
in Ref. [10]. Therefore, the central quantity to look at for now is the decay rate
function [10]
We want to calculate the angular distribution of our decay,

W) = Z PrmH™™ () = Z Pmm d}nm’(g) dqlnm’(e) qmm
m=0,%1 m,m'=0,+1

3 __
= S+ cos”0) (pas +p) (HTF + H) + 20001

10



+ ZCOSG ((pss —p—) (HY —H))

+ZQHGGM++wJHm+mmHHwJF——H%} (1)
using the normalized spin density matrix elements pmm = Pmm/ D! Pr/m/
with o4 + poo + p—— = 1 and normalized decay functions given by Hyp =
Hpm/ > Himy such that ﬁ++ + floo +H__ = 1, where the 6 angle here is
the polar angle between the direction of flight of the W boson, transformed to the
rest frame of the W boson, and the direction of the quark in the final state. While
the spin density matrix elements are inputs for our calculation from the production
of the W boson in top quark decay (cf., e.g., Eq. (27) in Ref. [10]).

2.3 The decay rate

In this work we are dealing with the main observable which is also measurable in the
experiment, the decay rate of the I/ boson which decays into two particles (in our
case: two quarks). In order to do this, we will first focus on the conventions needed
to carry out the calculation. Calculations are usually performed in momentum space.
q, p1 and po are the momenta of the W boson, the quark ) and the antiquark . In
order for electric charge to be conserved, the W boson decays into an up-type quark
@ with electric charge 4-2/3 (in units of the elementary charge e = 1.6022-10~!7C)
and a down-type antiquark ¢ with electric charge +1/3 (the corresponding down-
type quark ¢ has electric charge —1/3). To calculate the total decay rate, we have
to integrate over all momenta p;, po which are not observed. However, sometimes
it happens that a kinematic parameter (for instance, a decay angle) is observed in
the experiment. In this case, we keep this quantity unintegrated and obtain the
differential decay rate with respect to it.

The integration measure is three-dimensional and space-like. In four space-time
dimensions, we use the following identity for this measure.

d3
|58 = [ d'wsw? — m*)eo), @

where 6(z) is the step function (equal to 1 for z > 0, else 0), and 6(x) is Dirac’s
delta distribution.

2.4 Born term contribution

For the calculation of the phase space, we need to explicitly describe the kinematics
of the decay in the rest frame of the W boson. In order to calculate the decay rate,
we have to integrate the absolute square of the matrix element over the phase space.
For the calculation of the phase space, we first need to make the kinematics of the
decay explicit in the rest frame of the 1 boson. In the two-body decay of the W

11
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Figure 1: Born-term contribution

boson into up-type quark Q(p;) and down-type antiquark ¢(p2), the two quarks
are produced back to back. Here we can choose two frames. In the quark frame we
take the positive z axis to be the direction of flight of the charm quark. One obtains

P1 = (El;o)o) |ﬁ|)7 D2 = (E270507_|ﬁ|)7 (3)

where p1 + p2 = ¢ = (1/¢%0,0,0) and

By = 5Obma—py e, B = 51—+ /o, 7] = ;\/A(Lm,/m)\{;
with the Killén function given by A(a, b, ¢) := a®+b%+c?—2ab—2ac—2bc. Taking
into account that the axis of flight of the W boson produced in e.g. the dominant
process t — W™ + b, this defines another axis. Considering the polarisation of the
W boson as important parameter for our analysis, the polar angle 6 between the
quark frame and the axis of flight of the W is of importance here. The rest frame
of the W boson with the direction of flight pointing in positive z direction is called
the W frame in the following. The two-particle phase space depends on the polar
angle and is given by

dPSy =

A2, m?,m3) d(cosf) = A1, p, po) d(cosB).  (5)

16mq? 167

According to Fermi’s golden rule, for the calculation of the decay rate we have to
combine the absolute square of the matrix element and the phase space factor to
obtain

dl = L|M|2dps. (6)
Qmw

The absolute square of the matrix element M is the main part of the calculation. The
Born term contribution for the decay process is shown in Fig. 1. In order to build
up the matrix element M corresponding to the decay, we write the corresponding
diagram where the fermion lines constitute chains, containing lines (propagators)
and points (vertices). According to the rule, fermion lines are supplemented with

arrows to indicate the fermion current, i.e., fermions move in arrow direction and

12



antifermions against this arrow direction. Only a fermion—antifermion pair can
be produced from the decaying W boson. For the calculation of M, the fermion
lines are traced in opposite direction (starting with an antispinor and ending with a
spinor), while the boson lines are added as factors. u(p1) is the spinor of the quark
@ and v(p2) is the spinor of the antiquark g. Between them the 1¥ boson vertex is
located, which is given by the factor

. € 11— 5
(4 Vb " )
\/iSW Cl ’y 2
where e is the unit charge, sy = sin fyy is the sine of the Weinberg angle, and V;,
is the Kobayashi—-Maskawa mixing matrix element, while v* and ~y5 are the known
Dirac matrices.

The index j corresponds to the wave function ¢,,(q) of the W boson. We obtain
the zeroth order, i.e., the Born term level matrix element as

(7

ieVep b 11—
V2sw 2

In order to calculate the absolute square of M we also need M. Taking into
account the algebra of the Dirac matrices and using i(p,s) = uf(p, s)7°, we
obtain

Mo = u(p1, 51) ( > v(p2, 52)en(q, A)- ®)

* _ —ieVs 11— Y5
Mg = v(pa, s2) <\/§3ny# 5

Finally, we have to sum over non-observed spins. For this we use

Y ulp,s)a(p,s) = @F+m), D u(p,s)ops)=F—m),  (10)

S S

) u(pr, 515 (g, A). ©)

where we used the slash notation  := p,y*. The result is

IMol> =D MiMq

1ci22 2
= 5oz Vel tr((¥2 = ma)y* (1= 35)
X (B + i)y (1= 35) )i (g, New (g, V). (11)

By using the trace rules we got H*”( Born) the Born term hadron tensor expressed
as

H"(Born) = 8(php{ + psp) — ¢" (pap1) — paspirie™™).  (12)
The squared absolute value of matrix element of the Born term is given by

2|V >4

—
|IMo|™ =
35%4/

H""(Born)e,, (¢, Nev(q, A), (13)

13



The final state spins are summed over and the mean value is taken over the
polarisation states of the VW boson as incoming particle, the latter resulting in
a factor 1/3. For an unpolarised W boson we summed over the polarisations A, and
choosing the unitary gauge {yr = oo, in Eq. (20) of Ref. [13] we obtained

qudv

> en(a New(q, A) = —gu + 25 (14)
A myy

On mass shell we can use g% = m%v Using ¢ = p1 +p2, by rearranging accordingly

and squaring one obtains
¢ ¢ ' (

pmzz;(l*mfﬁm), p1q = 5 (14 p1 — p2), P2q =5

1-— .
5 p1 + p2)

(15)
where m? = p? = u1q? and m3 = p3 = paq? introduces two dimensionless mass
parameters y; and po. Therefore,

Mo?
2 2
e“|Vep .
= 3’ 2 (1wt + it — pipog? + iprapare™™) <_9/w + ‘-’“3”)
Sty q
211/ |2
€ “/cb| ( 1 2 )
= Al ((p-2 — (2 -
352, ( )p1p2 + = ( (p19)(p2q) — (P1p2)q )
2 2.2
eV |?q
= ’6§2| (D =3)1 —p1 — p2) + (1 + p1 — p2)(1 — p1 + p2))
W

2 2,2
D=1 € |Va|*q 2
o (2w e (- )?). (16)
After integrating over the phase space dP.S, the unpolarised Born term decay rate
with an on-shell W boson (¢ = 7”124/) is given by

AV Pmw

o= A(L, g, pr2) (2 — 1 — p2 — (1 — M2)2> . a7

96%5%[,

3 Tree contributions

In this work we deal with the Next-to-Leading Order (NLO) electroweak corrections.
For this we take into account the tree corrections with the real photon as shown
in Fig. 2. In order to calculate the decay rate, we calculate |M|? = M* M. The
complex conjugated matrix element is the corresponding inverse process. Therefore,
the absolute value of the squared matrix element can be represented by a Feynman
diagram combined of the original diagram (lower part) and the inverse diagram
(upper part). Each of the quarks now can radiate a photon, and if the photon is

14
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¢)) 2 3)

Figure 2: First order electroweak tree corrections

sufficiently soft (i.e., the energy is quite low), this photon will not be observed in the
experiment. Therefore, in order to describe the process W — ¢q to first order, we
call the corresponding matrix elements M7 and My and M. In order to calculate
radiative contributions to the first order, we sum up the matrix elements to obtain

M= M+ Mg+ Mg (18)
In calculating the absolute square of this matrix element we obtain
IMP? = My * + MiMa + MMy + (Mol + .. (19)

Now the different contributions like | M;|? can be represented by the Cutkosky
diagram. For the nine contributions we can plot the following Cutkosky diagrams:
(the photon line is not cut for matter of convenience only).

(11

Pr+p2  prtp:

prtp2  Prtp2
q q

(13) (23) €1y (32) (33)

New elements in these diagrams are lines between two points which are called
propagators because the particle state propagates between these points (vertices).

15



As the photon line is cut (even though this is not shown), the propagator for this
line is replaced by the completeness relation

3

> (3 As)ew(ps, As) = —guu- (20)
A3=0

However, there are also Dirac propagators. These are given by the factor

B i i 4m)
p—mtie p?—m24ie

Sr(p) 2D
where p is the momentum and m is the mass of the fermion. Note that the particle
on a propagator line need not be on the mass shell, therefore in general p? # m?.
The addition e is an infinitesimal contribution which helps to decide where the
poles of the propagator, i.e., the zeros of the numerator are located in the complex
plane. This choice is due to Richard P. Feynman himself. For a first approach
we can simply skip this imaginary part. Finally, the vertex between fermion with
electric charge Q¢ (in units of the elementary charge e = 1.6022 x 10~19C) and
the photon is given by

—ieQ ™. (22)

3.1 Kinematics for three body decay

In order to calculate the decay rate we have to integrate the absolute square of matrix
element over the phase space. In order to perform the phase space integration it
would be appropriate to have the denominator factors in the easiest shape. For this
we define the dimensionless quantities y; and yo by

g’ = (p1+p3)° —mi = pi+2pips+p3 —mi = 2pips + pi,

Y2q> = (p2+p3)® —m3 = p3+2pops +p;3 —ms = 2pops + p3 (23)

(note that the outer quark lines are on mass shell, so that p? = m?). Accordingly,
we write

pi=mi=pmq’,  p3=m3= s, (24)

As the integration over the phase space will result in infrared (IR) divergences, we
use the photon mass regularisation as

p3 = m% = Ag. (25)
The missing scalar product p;p2 can be obtained by the expansion

¢* = (p1 +pa +p3)? = pT + 2p1p2 + 2p1p3 + P + 2paps + p3. (26)

16



To conclude, we have

pipr = N1q27

pip2 = % (1= (1 + 1) = (2 +y2) + A) ¢,

pip3 = %(yl —N)¢*,

p2p2 = M2q2,

p2p3 = %(3& - A)QQ,

psps = Ag’. 27)

The general ansatz for the kinematics in the quark frame is given by p; =
(E130,0,|p1]),

p2 = (Ea; |pP2|sin 012, 0, |pa| cos 012), p3 = (E3;|p3| sin 013, 0, |p3] cos 013)

(28)
with
1 1
—— _ 2 o = — 2
By =5 (14 m = (p2+y2)) /4 !p1!—2\/A(1,u1,u2+y2)\/q
1 1
— _ 2 ol — 2
By=5 (L= (u+y)+m) @[5l = 5y/ ML +y12)\/g

1 . 1
By =S +mhe 15l = 5/ + 922 - 48y/a2 29)

and the cosines and sines of the relative angles given by

y1y2 + (1 — p1 4 po)yr + (1 + p1 — p2)y2 — A — 2A

stz = NN N TRy S
sinfiy = 2V N (Y1, 42) ,
VAL, g, po 4 y2) VAL, i+ s p12)
cosbiy = —y1(1—u1+u2+y2)+(1+u1—ug—yg)szrzA’
VAL, s pg + y2)V/ (1 + y2)? — 4A
sinfiy = —2v Vg, v2) (30)

VA, pa, p2 + y2)V/ (1 + y2)? — 4N
with

N(y1,y2) = (1 — 1 — p2)y1y2 — yi (2 + y2) — (w1 + v1)ya

+ A1 = g 4 p2)yr + (14 1 — p2)ye + y1y2 — A) — A%
(31)
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The three-body phase space is given by

w

dPSs = (2m)* 6 P2 —mopY). (32)

i=1
which in the quark frame simplifies to

q2

(4m)2 /AL, 1, o)

ClPSg = dPSQ X dyldy27 (33)

3.2 Three-particle process

In order to calculate the absolute square of the matrix element of three particles,
we obtain nine diagrams which we name (from top to bottom) “11”, “12”, “21” and
“227”.... corresponding to the starting and final points of the photon.

iey” il—ns iGh+pstm) . g
(fsw g2 (P1+p3)2—m%+ig(_167 Q1)(#1 +ma)
. Z(ﬁl +]Z$3 + ml) ieryﬂ 1— Vs
x (—iey® Vi B |
(e Q) G — 2 + e sy g W2 M2 Jdas
iH1y

i(p1 + Ps +mq)
(p1+p3)? —mi +ie

V2s 2

Oy L5 gy — ) (—iey® Q) Hp2 — s + ma) )gag,

(ze’y Vfl 75(¢1+m1)(—ie’yaQ1)

Vs T2 (=p2 — p3)? —m3 +ie
iHyy

(\;?Z Tl _2% (pf(flp:—)ffrm?i ig(*ievﬁQl)(lﬁl +my)

\Z/;Z; Vi, _275 (_i]f;fbpg_)fg:rmgiz —(—ierQ2) (#2 — m2)>ga5,
iHyy

iey’ 41— 75 ey 1 =75 i(—pa — Pz + m2)
Vi +m Vij .
(fs W )\/isw 72 (=p2—p3)? —mi +ie
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X (—ie*Q2) (P2 — ma2)(—ier’Q2) {p2 — fs + mo) > B>

(—p2 — p3)2 —m3 +ie
iy

iey Tl—% e i(P1 + P3 +ma)
tr (\/>8 V (Zél‘i’m )( Y Ql)(p1+p3)2—m%+i€

eyt 1 — 75
X Vij —
\/§8W (1252

X ieQw (gaﬁ(p?) —p1 —p2)” + 95" (2p1 + 2p2 + p3)a

—1
)> (p1 + p2)? — miy +ic

+ gya(_pl —p2 — 2p3)ﬁ>7

o _ " _ o
ey’ 41 75 i€y 1 -5 i(—p2 — p3 +ma)
V +m Vi
(@ ) B TE el - e
—1
X (—1e an 2 — MM .
(—iev"Q2) (¥ 2) P+ 2 — i, +ic
X ieQw (gaﬂ(pg —p1—p2)” + 95" (2p1 + 2p2 + P3)a
+ gya(_pl —p2 — 2173)6)7
i
iey” 41 =5 i(p1 + P3 +ma) 8
- V —(—te +m
(\[S > o 1+p3)2_m%+w( 77 Q1) (#1 +ma)
1ey® 1—15 —1
Vis —-m
\/» s i ) (¢2 2)) (pl +p2)2 . m‘Q/V +Z€
X ieQw (gﬁ“(—pl —p2 —2p3)a + ¢ a(2p1 + 2p2 + p3)s
+ gap(—p1 — P2 +p3)“),

ey’ 41— 75 ey 1—15
tr V +m Vii —
( 2 (#$1 +m1) Vas (P2 — m2)
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x (—iev’Q2) (=2 — s + ma) ) !

(—p2 — p3)? —m3 +ie ) (p1 + p2)? — m3y, + ic
X ieQw (95“(—1)1 — P2 — 2p3)a + g"a(2p1 + 2p2 + p3)

+ gap(—p1 —p2 + pg)“),

—
iH 35

. ﬁ . o
iey’ i1—ns iy 1=
- tlr(\/isw VJT% 2 #1 +m) V2sw Vi 2 s mQ))
y —i y —i
(p1+p2)? —mdy, +ic  (p1+p2)? —my, +ie

X ieQw (gpﬂ(p:s —p1 —p2)” + 95" (2p1 + 2p2 + p3)”°
+ gup(—p1 — P2 — 2113)5) X ieQw <gp“(—2p3 —p1 —D2)a
+ 9" (2p1 + 2p2 + P3)p + Gap(—p1 — D2 +p3)“> (34)

‘We have used here

,yo< g >T 0 _ o (i(# +m))T o__Z-’YOFﬁW()*'m

p—m 2 —m? 2 —m?
.ptm —1
S AL (35)
pP—m p—m
but also 70(—iy*)T40 = i709%0 = iy, Therefore, the two signs cancel.
For the phase space limits, the condition is
Er\Es — p112¢*
—1§60892:w§+1 (36)
[P1]72]

or equivalently 1 Fs—j112q> = +|p1||p>| describes the phase space limits. Solving
for y; we obtain

Y1+ (y2)
1

— m(@/z(l—m—(u2+yz))+A(1_M+(M2+y2))

+ \/(y2 —A)? - 4AM2\//\(17M1,M2 - yg))

A(y2) £ B(y)
Cly2)

(37
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The condition that the square roots are real specifies the integration range. We
obtain

Yo >y =A+2VAps, <y =(1—ym) - <1l (38)

The IR singularity resides in the phase space at y; = y2 = 0 and is regularised by
the parameter A.

4 Calculation of Integrals

Now we will discuss the details about the calculation of the phase space integrals.
The integrals necessary for the tree corrections are of the form

ja— A) / " / I gy YR (39)
ww 11, N2; = Y2 () B —
Y20 Yi- (y1 + y2)?

and are obtained from the product of M3M3, while the integrals are regular for
n1 + ny > 0 and can be calculated taking A = 0, the integrals at the border
line n1 + ne = 0 are IR singular. From the products of M1 M3 and Mo M3 the
integrals we obtained are in the form of

Y2— Yi+ y?l ygz
IW (nl, no; A) = / dyg / dyli. (40)
Y20 Y1 (1 +y2)

And from the products of M1 M5 we obtain integrals. As an example in most
cases, the previous integrals reduce to the ones shown below, which we calculate
in the following section. While all integrals to be calculated can be transformed
to integrals Iyyw (n1,n2; A), at least the divergent integrals can be reduced to
I(nq,n9; A). Therefore, as examples we consider in the following the integrals
I(n1,ng; A) only, skipping the additional argument A for the convergent integrals.

4.1 Performing the integration — the example /(—1,0)

As an example we calculate the integral

Y2— Yi+ Y2
Y20 yi- Y1 Y20 y1-(y2)

This integral turns out to be finite. Therefore, in this case we can put A = 0. The
limits simplify to y2o — 0 and yo_ — (1 — \/f11)? — p2, and for the argument of
the logarithm one obtains

yie(y2) _ 1= —p2 —ya + VAL 1, 2 + yo)
yi—(y2) 1= —po —y2 — VAL, g1, 2 + y2)

. (42)
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The expression above is difficult to integrate over y». In this case we will simplify
the expression especially the square root. Written explicitly, one obtains

AL, pa, p2 + y2)
= (1= m)?* + (n2 +y2)® — 2 — 2(p2 + y2) — 21 (2 + y2)
= (I+m—p2—y2)* = (1+m)’ + (1 —m)?
= (I4pm—p2—y2)’ —4m
= (0 +vm)? = =) (1 - Vi)* = mo — 1)
= (y2+ — y2)(y2- — ¥2)- (43)
yo— is introduced before already as upper limit, while

yor = (1 4+ /111)? — p2. So in the next step we do replacements like
Yya— — Y2 = yh. We obtain

I(~-1,0) = /OyQ_ In (%) dy2
_ /92* In (1 — 1 —p2 — Y2+ (W2 —y2) (Y2 — y2)> dys

0 L—p1—p2 =2 — V(Y2r — y2) (Y2 — y2)
- /mm(zwnu—v@ﬂ+y&+ (4y/11 + y5) 5
0 2y/pa(1 = /i) + v — /(451 + y2)15

) dys.  (44)

Next we replace
yh = 4\/11 sinh? 7 to obtain (7_ defined by yo_ =: 4,/57 sinh? 7_)

I<_170)
T 1 — /i1 + 2sinh? 7 + 2sinh 7 cosh 7
~ 8y [ In T
0 1 —/p1 + 2sinh® 7 — 2sinh 7 cosh 7

T_ 1= . /i1 2T 1
= 21/,u1/ In < pite > (e*" — e 2T)dr
0

) sinh 7 cosh 7 dt

1—/pr—14e 27
T e27’ _ \//Tl
— 2/ / I [ VR (2 oy, 45)
M1 0 <6_27- — /—Ml ( )
where we have used sinh 7 = 1(e” — e7), coshT = (" + e 7).
The last substitution is given by z = e~2" which leads to (z_ := e~27-)
1 1—/ 1
1(-1,0) = .m/ In [~ VH1Z (2 - 1) dz
Z (z—/p1)z ) \z

= 1 X l—(i—@)ln(l—\//ﬂz)—\/;ﬂlnz
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1 1 1
—lz——|In(1 - 2)+z4+|—-——|In(z —
< \/MT) (1= Vhz) (z \/171> (z = /h1)
1 1 1
—1 — In(z — — -1 -
+ o nz+ (z—+/p1)n(z — /i) z+an+Z
1
+zlnz—=z2 = (each line for one of the logarithms)
1 1 1—,//“2
= Vii+———-——z)In| —F——
Ml[( H1 T ) <(Z_ Tﬂ)2>
1
PRI N
—Inz+-—2
i i z_
1 Zy — /1
- — s — 2 \In [ VH
Vi1 (\/,ul+ T Zy—Z ) H<Z_ m)

2 n(e_) +
— —=1Nn(2_ Z4 — 2
Vit "
1—p — A 1 — A
_ —M21n< P “2+f>+ln< + M2+\f>_\f)\7
1= —p2 — VA L+ p1 — po — VA
(46)
where we have used 2, 2z = 1, 2z = (14 p1 — po + VA /(2/1)-
4.2 Calculating divergent integrals — the example /(—2,0)
For n; + no = —2 the integrals are divergent and this integral turn out to be

IR-divergent. In principal all integrals can be calculated by using net substitutions.

Y2 vi+(y2) ¢
1-2,0) = [y [0
0 yi-(y2) Y1

N /on_ Re <y1—1(y2) - y1+1(y2)> @7

After performing the integration over y;, the integration over ys cannot be calculated
analytically for a general parameter A in a closed form.

s C(y2) _ Cly2)
I(—-2,0) = /O dya <A(y2)—B(y2) A(y2)+B(y2))
_ [¥2 2B(y2)C(y2)dys (48)
0o A(y2)? — B(y2)?
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This region is the infrared region close to y2 = 0. The integral I(—2,0) with exact
regularisation parameter A cannot be calculated analytically. However, instead of

2B(y2)Cy2) _ v(y2 = A)* — 4hpa /AL i, piz + o)
A(y2>2 - B(y2)2 Mly§

f(y2, A) =

(49)
(the corrections of O(A) in the denominator could be neglected), one can find an
integrand with the same singular behaviour close to the lower boundary 29 =

A + 2+/A o, namely

V(Y2 — A)? 4/\#2\/)\ 1 /~L17M2)
M1y2

In subtracting this simplified integrand and additing it again, one obtains

fo(y2, A) = (50)

Y2—
I(—Q,O,A) = f(yQ,A)dyg

Y20

Y2— Y2—
= /y (f(y2,A) — fo(y2, A)) dy2 +/ fo(y2, A)dys. (51)

20 Y20

Up to this point this equality is exact. First, we calculate the last integral which is
the divergent part Ip(—2,0,A). Second, in the difference integral the singularity
will drop out. Therefore, this integral is calculable even for A = 0. This is the
convergent part /¢ (—2,0). The sum of both is equal to /(—2, 0, A) for small values
of A.

For the calculation of divergent part we can use the universal substitution to the
new variable (, but first we define

= A+ 2v/Aps coshn, dys = 2MSiHh ndn, (52)

where ( is defined as ¢ = e~2" then we get the substitution in form of ¢ as

1+¢ 1-¢
A+ VAm——,  dys = —/Aug—2d 53
+ VvV Az s Y2 MQ?C\/ZC (53)
leading to
_ VA - V(y2 = A)? — 4Apo
ID( 2>O7A) [ A+2\/A7/142 y% dy2
2 1 1 1
/ s = [ (o~ aree) « 69

After simplification the limit A — 0 is performed, leading to an expression in terms
of ¢ which can be partitioned fractionally (with or without a common logarithm).
We obtain

\5_1—#1—#2< 1 o )

L2080 =5 e ™ "o \Cxd G+l

(55)
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After integration we obtain

VA o 1= — o

Ip(—2.0) = I 56
Dl ) TR %0 ¢ (56)
where
1 o — Lo —
I? dC —Inc_, I<_1 T (1 H1— H2 ﬁ) 57)
_ ¢ L= —po+ VA

with (— == Apo/ (1 — /1) — ;@)2, a quantity set to zero in all uncritical cases.
Now for the calculation of counterterm, we replace back  to s as

(- — 20 p — Y21/ Y3 — 4A o (y2 — \/y3 — 4Aps) 2dy2
2Apra ’ 2Mpon/y3 — 4Apo

and calculate the limit A — 0. In doing so, we obtain

Y2— \/XdyQ

b
y20  H1Y2

Io(-2,0) = (59)

It is interesting that both Ip and Io vanish for n; + ny > —2. Therefore,
the procedure can be performed without distinguishing between divergent and

convergent integrals. The counterterm is now subtracted from the original integrand
and transformed to z. The convergent part is given by

Ic(=2,0) = /0y2 (f(y2,0) — fo(y2,0)) dy2
= /92— Zy;z (\/)\(17#1#2 +y2) — \/)\(1,M1,M2))
_/ ( —2VA 1w pm VA1 <1+1>>dz

p(z — 24) p1z N 22
(60)
In integrated form one obtains accordingly
1 1 — AVON
fo(-2,0) = e LR i 2V (61)
21 M1 %1

where

I+ = \//Tl/zl(l +1>dz = Vii(zy —2-) = VA,

L dz 1 z
° = / - Cn(zl) = =1 (*)
z s Z n(z-) 2n Z_
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1
o / dz
N 2 — 24

1 (14 /1)? — po 1 L+ —p2 — VA
—=1 -1 . (62
2n< V1 ) 4n<1+u1—u2+ﬁ (©2)

The dilogarithmic terms contained in some expressions are given by

= (G ) o

L1 2
e e _———
with
B C+CO) _ <C+C0W>
L= (152%)  Lan(O =t ($5 20 69
1— g —p2 — VA 1— g+ p2 — VA
= 5 = 65
“ 1=y — po+ VA ow 1 — g+ pa + VA ()
and
- LT 1 1 L,(z-)
¢ _ _ _ Z
= /L _(z—z_ z—z+> L(2) z—z+] 4z,
L/ 11 L.(2)
+ _ _ _ 7
0 = /27 _(z—z+z—z+ z)Lz(z) z— 2y dz,
_ ! 1 1 Law(z)
Y] _ . . w
Lw = /Z_ _(z—z z—z+>LZW() z— 2y 4z,
L1 11 Low(z)
+ 1 . w
L = /Z_ _<z—z * z—zy z) Law(2) z—zy dz,
LL.(z LL.(2)
== { _
;- _/zlj:zd’ tz—/z iz,
1 Lz 1 Lz
A ()
with
_ (1-:ym o i-ym
L.(2) =1 <(z—\//71)z>’ Lay(z) =In (z(l—z\//Tl)> (67)
and A
¢ = a5

(1= ym)? = p2)?’

1
= (141 — o £V
Z4 2\/;71( + 1 — 2 £ V),

VA = AL i, pra).- (68)
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The logarithmic terms /¢, £y, £, /1 and £y are listed below. A large portion of the
¢- and z-integrals can be expressed in terms of rational functions and logarithms,
containing

2 1— /7
lc=1In A : lo=n—Y")
Az VH2
14 /i1)? — — g — g —
z+:1n<( + Vi) “2>, 41:1n<1 a2 ﬁ),

VH1 L= —p2+ VA

1 VY
o :1n< pat p2 f). (69)
1— 1+ p2 + VA

Exceptional are integrals containing a logarithm in the integrand together with ¢ or
z to the power of —1. These integrals contain dilogarithms and are kept as closed
form terms ¢, and ¢, the analytic expressions for these found in the following. The
remaining z-terms read

-
_ L12<_(1—\/AT1)2—M2+\5\>_L12<_(1—\//Tl)2—ﬂ2—ﬁ>
2/ 2/
. 2V . 2v/A
+L12<1+M1—M2+\A>+L12<1—M1—M2+\a>
—L12< —2vA >+Li2<(1_m)2_ﬂ2_ﬁ>
1—p1 +p2 — VA 1—p1 — p2 — VA
_Lb((l—\/m?—uwﬁ)mQ (_(1—w71>2—u2+ﬁ>
1— 1 —p2+ VA 1— 1+ pa — VA
—L12(—(1_‘/’71)2_”2_ﬁ>+elln<(1+\/’71)2_“2_ﬁ>
1— gy + po + VA L+ m)2—p2+vVA)’
(70)
t@-‘r

z

L ( (1—J;Tl)2—uz—ﬁ> . ( (1_\/@2_M+ﬁ>
- = + Lis | —
2/ 2/
L ((I—M)Q—uz—ﬁ>+m ((1_\/,71)2_M2+ﬁ>
; 1= —p2 = VX : 1— 1 — p2+ VA
~Li (—(1_*/’71)2_”2_ﬁ>—m (_(1—¢/Tl)2—uz+ﬁ>
2 L=t pa+ VA i 1— g+ p2 — VA
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2 -2
—Lig( VA )—}—Liz( VA >
1—p1—po 4+ VA 1=+ p2 — VA
2v/\
+2Lig(1/p1) — Lia
(Vi) <1+M1—M2+\5>
(14— e — VA (14— e VA
—Lip 9 — Lis 2

_£11n<(1+\/;71)2—/12>_1n2<(1+\/171)2—ﬂ2—ﬁ>, (71)

N/ (14 /f1)? — p2 + VA
¢
L (_(1—\/A71)2—u2—ﬁ>_m ((1—@)2—@—&)
- 2,/ ? 21— /an)
. _(1—\//71)2—/@—\5
i (O .
tFe
Y (1—u1+u2+ﬁ> . (_1—u1_u2_ﬁ>
= 12 + Lio
2(1 + /pn) 2y/pi(1 + /i)
BP0 (N Tl 20 NSO (N SllV/LTR BSP Y (ElV/L1
2 2\/#—1 2 1_‘_\/!71 2 1_‘_\/!71
, 1 (1+ m)? = po 1 1+ /i1
_L12(—1)+2€11H< m(1+\//71) )—2€1wln< \//Tl )
+lln<1—u1—u2—ﬁ>m<1+u1—u2—ﬁ>
4 1= —p2+ VA L+ p1 —pp+ VA
+ In( 7T In (%) , (73)
t

1 — 1 — _
= Liz( i 2”2+ﬁ>+Li2< tin \F)\)—QLiz(\/ﬁTl)

1oy (14m—p2— VA
+—1In ,
4 L+ — g2+ VA

(74)
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. ((1—r> —Mz+f> LiZ((l—\//TlV—m—ﬁ)
L= = iz + VA 1— 1 —pp— VA
( —uz+f> L ((1—\//71)2—1@—\5)
1+M1 2+ VA 2 1+ p1 — pie — VA
( —m—ﬁ)_m <_<l—m>2w+ﬁ>
1_”1+“2+\f ’ L—p1+p2 — VA

+Lis

—L12

) ( —2V\ )
L= “2+\f 1— 1+ p2— VA

(14 /1) H2ﬁ> s

- ﬂ2+f> i <<1+m VA

ty
= Ti (<1_m>2—“2_ﬁ)+m <(1_\/l71)2—,u2+\/x>
T\ Thm VA BT TAR/Y
( P - A)_Li ((1—\//71)2—u2+ﬁ>
1_“1 “2_ Ul — e+ VA
( —w—ﬁ>+m (_(1—\/171)2—ﬂ2+ﬁ>
1*M1+u2+\f ? 1— j1+ pio — VA
. —2v/\
+Liy (1 p2+f> Lis (1_M1+N2_\/X>
—Li n (1+\/171)2_H2>
L2< u2+f>+€1wl ( N
( '“2_ )—i—L <1+M1—M2+\5>
2
—2L12\/'L71 (76)
tow

_ L ( (1—\//Tl)z—uz—ﬁ> | <(1—\/171)2—u2—ﬁ>
- 2~ +L12
2y 2(1— /1)
T _(1*\//71)2*@*\5
Liy ( 211 — /i) ) ’ (77)
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+4
tzW

4.3

14 1 — pio — 1
Liz( + p1 — p2 \A>+L12( u1+u2+ﬁ>

2\/p1 2(1+ /111)

o () ) - ()
—Llp | — 5 +Lisg (| ————— | —Lisg [ ——

VA1 + /i) 1+ /1 L+ v
+In(1 4 /1) In (12_\/’:%(_1 ’f\;ﬁf) ~ Lis(—1)
—ln<1+1>ln<1_ul+ﬂ2+ﬁ>

Vi 2(1 = /1)
—lw In <(1 * \/[712)\2/;71“2 — ﬁ) , (78)

iy (1 + 1 —2H2 + ﬁ) L (1 + —2,u2 - ﬁ) 4 9o (\/jT)

(79)

Summary of the procedure

As for now, the general procedure consists of five steps:

1.
2.
3.
4,
5.

Integration over y; with regularised limits

Transformation y2 — ( in order to obtain the divergent parts
Transformation { — y3 back to obtain the counterparts

Transformation y3 — z for the difference to obtain the convergent parts

Summation of divergent and convergent parts

In this way we can calculate the more integrals in detail.
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S Loop contributions

The tree contributions are not the only first order corrections. In addition we have
to take into account a large number of loop corrections. The detail calculation of
the loop corrections to the vertex are below,

1eVep
° Tv(p2)
w

D
- / (;lw)kpﬂ(m)(—ieé?c’ya)

o WA+ P+ me) ( ieVep
(k+p1)? —m2 \V2sy
_igaﬁ
k2 — mi

i — g2 +my)
(k —p2)? —mj

’V“A—> (—ieQi?)

x v(p2)

Z‘e‘/cb . 9
= —= X —ie
\/ESW QCQb

y / dPk 1
(2m)P ((k +p1)? —m2) ((k — p2)* — mj) (k* —m%)
x u(p1)y* (k + p1 + me)V' A (K — P2 + mp)vav(p2), (80)

ieVep
V2sw
Pk
— /Wu(p1)267 (gc A+ g;"AJr)
i(f+ P+ me) (ieVCb u )i(%_]ﬁ2+mb). 3
X A ) 7= -7
(k+p1)Z —mZ \Vasy | (k—p2)? —mZ"
_igaﬁ
k2 —m?

u(p1) Thov(p2)

x (g5 A=+ g5 Ay ) v(pa)
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ieVop .o / dPk 1
V2sw 2m)P ((k +p1)? —m2) ((k — p2)? —mj) (k* —m3%)
x a(p1)7” (92 A + g AL) (F + Pr -+ me)y" A

X (= #2 +mu)va (g5 A + g5 As) v(p2), (81)

_ ichb
u(pr1) \/§SW Fgg”(pz)

B / dPk a( )( —iem, > i(k+ p1 +me) <z’chb i >
(2m)P PUN 25y mu (k4 p1)? — m? \/§$W7 -
i(f — P2 +myp) < —iemy, ) i
= po)E = \2swm ) ",
ie » iechmb
V2sw  Aspymiy

y / dPk 1
(2m)P ((k +p1)? —m2) ((k — p2)? — m3) (K —m¥)
x u(p1) (¥ + p1 +me) V' A—(§ — P2 + mp)v(p2), (82)

_ eV,
U(pl)ﬁsb FZ4U(JD2)
w

- / (;f)kDu(p 2 <23jvm77fbw 75) z/ik++plyj§2+—”:7§% (\Z/EZVI)V WA)

Z(k — Po + mb) emy
X ﬁ 52 (— 75) v(p2) 55
(k —p2)? —mj 2swmy k? —m3,
1eVy ie*memy,
V2s - Asmiy
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y / dPk 1
(2m)P ((k +p1)? —m2) ((k — p2)? — mj) (k* — m3%)
x u(p1)ys (K + p1 + me)y*A—(F — p2 + mp)y50(p2), (83)

_ eV,
U(Pl)\/%;/rgﬂ(m)
dPk _ , o (—F+me) [(ieVy g
_igaa’ _igﬁﬁ’ B

C ki p)? - (h—p2)? iy ie(gw(_k —P1—p1—D2)

+g"(pr +p2 — k+p2)* + ¢k —p2+ k +p1)“)

ichb

= \/§3W X ieQQC
/ dPk u(p1)Ya (=¥ + me)vsA_v(p2)
2m)P ((k+p1)? - m124) ((k—p2)? — m%{/) (k%2 —m2)

X (ga“(k‘ +2p1 +p2)? + g"P(k — p1 — 2p2)®

— g7 2k +p1 - p2)"), (84)

z‘eVb
< Fggv(pQ)

V2sw
i(—F+ me) ( eVep 5'A)

= /de a(pr)iey” (g2 A+ gfAL)
- (27T)D D1 Y ge A— ge Nt k2 — mg \/§$W’y

u(p1)

—190a’ —Z'ggg/ « —tecw
k+p1)? —my (k—p2)? —mjyy ~ sw

X ’U(pg) (

X (90‘“(—k —p1—p1—p2)? + g (p1 + 2 — k4 p2)®
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+gﬁa(/€—P2+k+p1)“)

eV ie?ew
X

\/§SW SW
/ A"k u(p1)va (9c A- + g5 Ay) (K + me)yph—v(pz)
(2m)P ((k +p1)? = mZ) ((k = p2)* — miy) (k* —m2)
% (97 (k + 201 +2)” + 9" (k = p1 = 2p2)°
— 72k + p1 - p2)"), (85)

—=—TL}30(p2)
w
_ / dPk alp )( —iems ) i(—K + me) < eV ﬂ/A >
(2m)D ! 2swmy ) k? — m2 fgW

(ps) 1 —1i98p’ ieg"Pmyy
V(P2

(k +p1)* —m; (k= p2)? — miy Sw
1eVy, ie*me

X
\@SW 23124/

y / dPk 1
2m)P ((k +p1)? = mg) ((k = p2)? — miy) (k* —m3)
x u(p1) (=K + me)y' A_v(p2), (86)

1eVep

u(p1) —=— o Tv(p2)
de _ . o - me Ze‘/c
= /(27T)DU(pl) (_Zch’Y ) (ka—+mg ) \/§3W7§)1W (meA— —mpAy)

e o (—ieq" )
k+p1)? —mj (k—p2)® — miy

X U(p2)(
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ieVb .
= 2 x —ie’Q,

V2sw

y / dPk 1
(2m)P ((k +p1)? —m2) ((k — p2)* — mjy) (k2 —m32)
X u(p)V (= +me) (meA— —mpAy) v(p2), (87)

1eVy

() 5 T (p2)

de _ . o _ 2(— —l—mc

eV,
m (meA— —mpAy) v(p2) X
—iGaa’ ) (—ieswg“amw)
(k +p1)? —my (k — p2)? — miy cw

eV, iesw
X
V2sw cw

></ dPk 1
(2m)P ((k + p1)* = mZ) ((k = p2)* = miy) (k* —m2)
X a(po)y" (g0 A+ g5 A ) (—f +me) (meA— = mpAs) v(p2) 88)

ieVep
u(pl)mf‘g%v(m)
- o () S
~ ) e Y sy ) TR = mE Vaswmw
i 1
cA* - A
x (m my +)v(p2)(k+p1)2 —qu (k—p2)2_m12/V

X (2(’€ p2 + k+p1) )
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eV, ie*me
V2sw x 4s%,m?,
/ d"k  a(pr)(—F +me) (chf - mbA+) (p2)
(2m)P ((k +p1)? = m3y) ((k = p2)? — miy) (k2 —m2)
X (2k +p1 — p2)", (89)

—5Lyrv(p2)
w

/ dPk () (—emc’y5> i(—K+me) eV
(2m)P P 2swmw ) k2 —m2 2symw
) )
(k +p1)? —m% (k —p2)? —miy
><<2W(k p2+k‘+p1)>

1eVy, ie’me

V2sw - Asfymiy
/ dPk  a(py)ys(—§ + me) (meA— — mbA+) v(p2)
@m)P ((k+p1)? = mZ) ((k = p2)? — miy) (k2 —m3)
X (2k + p1 — p2)*, (90)

X (meA— —mpAy) v(p2)

1eVep

(pl) \f sy

dPk ieVey o (=K+my) /| /
= O o A_i _ B
/ (2 )Du(pl) \/§SW7 k2 — m% ( Z€Qb’}/ ) U(pQ)
_lgaoz _igﬁﬂ’

et p)?— m2y, (k — p2)? —

+ 9" (1 pa+ k+ 1) + g% (—k = pr1 — k + pa))

Fgl v(p2)

el PP (k — 1o — 11 — 1)
miw(g (k—p2—p1—p2)
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z’eVb .
= 2 x —ie’Q

V2sw

X/ dPk 1
(2m)P ((k +p1)? = miy) ((k = p2)? = m%) (k* — m)
X (p1) Yol (— + ma)ygv(p) (97 (k — p1 — 2p2)°

+ 9" (k +2p1 + p2)’ — g™ 2k + p1 = p2)"), O1)

) 5 T (o)

dPk _ eV, o — 4+ my
= /( 5u(p1) = A—Lm (gbA +9bA+)

271') \/§SW k2 — mb
—19aa’ _igﬂﬂ/
X
v(p2) (k +p1)? —miy, (k —p2)? —m3,
—iec
X 7”’(96“@ —po—p1—p2) 4+ ¢ (pr +po+ k+p1)°

gk~ pr— k4 o))

1eVep —ie2ew
X

V2sw Sw

></ dPk 1
(2m)P ((k+p1)? = miy) ((k = p2)? = m3) (8 = m)
X w(p1)vad— (= + 1)y (g5 A= + g5 Ay ) v(p2)

x (670 = pr = 22" + g + 21 + p2) — g7 2k 4 p1 — p2)*)
(92)




dPk _ ieVey oy =K+ mp) —iemy
- LV ol
/ (27T)Du(p1) \/QSW’Y k2 _ mg QSWmWU(pQ)
X —aa’ i (z‘ega“mw>
(k +p1)? = miy (k —p2)? —miz \ sw

eV, ie*my
X 52
\/§SW 2SW

y / dPk 1
(2m)P ((k +p1)? — miy) ((k —p2)? —mE) (k2 —mj)
X u(p) VA (= + mp)v(p2), (93)

_ 1eVy,
u( 1)\@8WF54U(P2)
dPk _ ieVep i(—F + myp)
= — (m.A_ A
/(27T)Du<p1 \/QszW m b +) k2—m§
ieOm : —i95p _ieghP
- ( ey ) v(p2) (k +p1)? —miy (k —p2)? —m3 ( " mw)
W

y / dPk 1
2m)P ((k +p1)? = miy) ((k = p2)* = m3%) (k2 — m})
X u(p1) (meA— —mpAy) (= + mp) 7" v(p2), 94)

_ 1eVey
O TH
u(m)\/%W e50(P2)
de _ z’chb i(—%—kmb)
_ A — A ) AR ™M)
/(2W)Du(p1)\@swmw (m mpl) k% —m?

7
(k+p1)? —miy

x iey” (951\7 + g(TA+) v(p2)
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—1igga —ieswg“meW
(k —p2)? —m7 cw
eV, ie?syy
X
V2sw cw

dPk 1
* / (2m)P ((k +p1)? = miy) (k = p2)? = m%) (k* — m)
x (1) (meA— —mpAs) (= +mp)r" (g, A=+ g A ) v(p2),

95)
(1)~ T (o)
JWWNWL‘WMVETQ?
k+p1)? —miy (k—p2)* —my
(=k—p1—k +p2)“>
/ dPk u(p1) (meA— —mpAy) (=F 4 my)v(p2)
(2m)P ((k +p1)? = miy) ((k —p2)? —m) (k2 —mj)
x (2k 4+ p1 — p2)", (96)
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( emyys ) o(ps) 7 7
2swmw ) Y (k4 pr)? — miy, (k —p2)? —m3

X ( i (—k—pl—k-i-pz)“)

2SW

1eVy ie*my
V2sw  Asfymiy
/ dPk  ap) (meA- —mpAy) (—f + mb)%v(pz)
@2m)P ((k +p1)? = miy) ((k = p2)? — m3) (k2 —mg)
X (2k +p1 — p2)*. o7

From these diagrams we actually have this scalar, vector and tensor integrals and in
order to calculate this we reduce to the one, two and three point functions.

5.1 Three-point integrals

The principal idea of the method developed by Giampiero Passarino and Moshe
Veltman is that vector and tensor integrals obtained from the vertex corrections can
be expressed only by the outer vectors and tensors at hand. The three-point vector
integral reads as

2 2 2.
Cu(p17p2ap3a miy,ma, m3)

- / dPk o
B (2m)P ((k+ p1)? — m3 +ie€) ((k — p2)? — m3 + i€) (k2 — m3 + ie)
(98)

can only be expressed in terms of p/’ and pl, i.e.,
CH = Cipi + Coph (99)
In contracting this equation with py,, and py,, we obtain the system of equations
Cl = Clpyy = C1pi + Copipa, €% = CP'poyy = Capipz + Cap3. (100)

This system of equation can be solved for C'; and Cy. However, before we do so,
we calculate the contractions called C' and C? on the left to obtain (skipping 7€)

2C" (p1, p3, p3; M1, M2, M3)

dPk 2kpy
/( P ((k+p1)? —m3) (k- p2)? — m3) (k* —m3)
_ dPk ((k+p1)* —mi) — (K* —m3) — p{ +mi —m3
a /(QW)D ((k 4 p1)? —mi) ((k — p2)? — m3) (k2 —m3)
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_ / dPk 1
S @m)P (k= p2)? — m3) (k2 — m3)

dPk 1
_/ 2m)P ((k +p1)? — m1> ((k = p2)? —m3)
dPk P} —m? +m}
_/ 2m)P ((k +p1)? —m3) ((k —p2)? — m3) (k* —m3)
= B(p3;ma, m3) — B(p3; m1, my)
—(p} — mi + m3)C(p3, p3, p3; M1, M2, M3), (101)

202(p%7p%7p§;m17m2am3)
_/ de 2]45]92
2m)P ((k +p1)2 —m3) ((k — p2)2 — m3) (k2 — m3)

/de (k? —m3) — ((k — p2)® — m3) + p5 — m3 + m3
Pk +p1)? = mi) ((k = p2)* — m3) (k* — m3)

:/ dPk 1
(2m)P ((k +p1)? —m3) ((k — p2)? — m3)

_/ dPk 1
2m)P ((k + p1)? — m3) (k2 —m3)

+ / de py —mj +m3
((k+p1)? —mi) ((k — p2)? —m3) (k* — m3)
= B(p3,m1,m2) - B(plamlam3)
+ (p3 — m3 +m3)C(pf, p3, p3; M1, M2, m3)

(102)

The system of equations (100) is solved by (A= \(p?, p3, p%) =4 ((p1p2)? —p3p3))

AC1 = 4dp1p2C? — 4p3C?
= (73—} — 1) (B} m1,ma) — B(ptma, my)
+ (p3 — m3 +m3)C(p}, 03, p3; 1, ma, m3) )
— 2p3(B(p3 ma2, ms) — B(psma, ms)

— (9 — m} + m3)C (v}, p3, pBs o, mg) ) (103)
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ACy = 4p1paCt — 4piC?
= (p} — 1} — 3) (B(3;ma, ms) — B(p3;ma, ma)
— (9 = m} + m3)C (0}, p3, s ma, ma, ms))
— 2p3 (B(p3ima, ma) — B(piima, my)
+ (p3 — m3 + m%)C’(p%,p%,pg;ml,mg,mg). (104)

Scalar one-, two- and three-point functions are indicated by the capital letters A, B
and C, respectively. However, there is a much more instructive notation which is
more acquainted for the Passarino—Veltman method, namely a notation in terms
of powers of denominator factors. In this notation (based on the scalar three-point
function as “mother” of all what follows) one has

dPk 1
C,1,1) = / 2m)P ((k+p1)2 — m3) ((k — p2)? — m3) (k* —m3)
= C(pi,p3, p3;ma1, ma, m3),
dPk 1
¢{1,1,0) = / 2m)P ((k + p1)2 —m3) ((k — p2)? — m3)
= B(p3;my,ms),
dPk 1
¢(1,0,1) = / (2m)P ((k + p1)? —m3) (k* — m3)
= B(p3;m1,m3),
dPk 1
c0,1,1) = / (2m)P ((k — p2)? — m3) (k* —m3)

= B(p%a m27m3)?

Pk 1
C0,0,1) = [ S = Almy),
(2m)P k2 — m}3
dPk (k4 p1)? —m?
C(~1,1,1) = / _ (105)
(2m)P ((k = p2)? — m3) (k* — m3)
Now we deal with the three-point tensor integral
C™ (p1, p3, p3; M1, Mo, M3)
B dPk kHEY
) @2m)P ((k+p1)? —m? +ie) (k — p2)?2 — m3 + ie) (k2 — m3 + ie)
(106)
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which according to Passarino and Veltman can be expressed as
CH = Cupi'p! + Ciapi'py + Cor1pspt + Caophpy + Cyg™”. (107)
The system of equations

C = prpr, CM

= C11(p})? + Crapi(p1p2) + Co1(p1p2)pt + Caz(p1p2)? + Cypi
C'? = p1,up2, C*

= C1pi(p1p2) + Crapips + Cor(p1p2)” + Coa(pip2)ps + Cy(pip2)
C?! := pop1, CM

= C11(p1p2)p; + Cr2(p1p2)? + Co1p3pt + Coop3(p1p2) + Cy(p1p2)
C?2 := poyp2, CM

= C11(p1p2)? + Cra(p1p2)p3 + Co1p3(p1p2) + Caa(p2)? + Cypi
C9 = g, C"

= C11p; + Cr2(p1p2) + Ca1(p1p2) + Cosps + CyD
(108)

obtained after contraction can be solved for C'11, Ci2, Ca1, C22 and Cy by using

_ CHp3 — C2pipy — C?'pips + C*2p?

Coo := (109)
o (p1p2)? — Pip}
to obtain
1 p2
Ch = —— |2+ (9+ (D-1C 2 ,
11 (p1p2)2 _ p%p% < ( ( ) 00) D_9
-1 P1p2
Cip = (C12+ C9+(D-1)C >,
2 (p1p2)? — P23 ( ( )Co0) 55
-1 pip2
Cy = (021+ C9+ (D -1)C >,
. (p1p2)? — P%pg ( ( )Cw) D -2
1 p2
Cyy = —— (Y +(C9+ (D -1)C L ,
- (p1p2)? — pip3 < ( ( )Coo) D -2
CY9 + C
C, = 07_2.@' (110)
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we obtain

401
= C(-1,1,1) = 20(0,1,0) — 2(p; — mi +m3)C(0,1,1) + C(1,1,-1)
+2(p3 —m? +m3)C(1,1,0) + (p? — m? +m3)*C(1,1,1)
= —2A(my) — 2(p] — m3 +mj3) (B(Pg;mmm?)) - B(P%;ml,mﬂ)
+ (pf — mi + m3)2C(p1, p3, p3; M1, M2, m3)
+C(-1,1,1) + C(1,1, 1),
4C"? = 40
= (C(0,1,0) — C(0,0,1) + (p3 — m3 +m3)C(0,1,1) — C(1,1, 1)
+ (pf — mi +m3)C(1,0,1) — (pT — mi + m3)(p3 — m3 + m3)
x C(1,1,1),
= A(m1) —|- A(mz) — A(mg)
+ (93 — m3 + m3) (B(p3i ma, ma) — B(p}imi,ms))
+ (p3 — mi +m3) (B(P%; my,m3) — B(p3, m1, mz))
- (p% - m% + mg)(p% - m% + m%)C(p%,p%,p%;ml,mg,mg)
- C(1,1,-1),
407

=(C(1,1,-1) — 2C(1,0,0) + 2(p3 — m3 + m3)C(1,1,0) + C(1,—1,1)
—2(p3 —m3+m3)C(1,0,1) + (p3 — m3 +m3)?C(1,1,1)
= —2A(m1) — 2(p3 — m3 +m3) (B(pisma.my) — B(p3imi,ms))
+ (9§ — m3 + m3)2C(p}, p3, p3; ma, ma, m3) + C(1,—1,1) + C(1,1,-1),
CQ
= (C(1,1,0) + m3C(1,1,1)

C
B(p3;m1,ma) + m3C(p1, p3, p3; ma, ma, m3).

(111)

Solving the systems of equations and inserting the contractions, we obtained the
results as follows

ACY
= —(p3 — P} — P3)B(p; m1, m3) — 2p3B(p3; ma, m3)

— (0} = 3 — P3) B(ps 1, ma) + (03 — m3 +m3) (0} — p} — p3)
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+2(p} — mi +m3)p3 ) C(p3, 3, 3 ma, ma, mg),
ACs
= 2p1B(pi; m1,m3) + (3 — pi — p3)B(p3; ma2, m3)
2
1

+ (93 = P} — P B(p3im1, ma) — (9} — m? + m3) (0} -} — p})

+2(p3 —m3 +m3)p} ) C(p}, p3, 3 ma, ma, mg),

NCyy
N — (p2 — p2 — p2)p2 2,92 .2 2,92 .2
_ A s pi)ps Afmy) = APLZP2 P gy \P5 DL )
2p3p3 2p3 2pi
B(pi; m1, m3)
% Alma) + = =555 (D = DA = i+ i) (05 = o — 93)

—2(p3 —m3 +m3)p}) + 4(D — 1)pip3 (2m3p} + mi(p} - p} - p3)

2(D — 1)p3B(p3; ma, m3
+m3(v3 - p} — ) + (0} — b3 — p})| - ( )12)_(22 )

B(pg, my, m?)

2 2 N2 22 2 2 2\, 2
X - —p1 — 2(pi —mi+m
{(pQ ma +m3)(p3 — pi — p3) + 2(p1 1+ 3)172} + 2(D — 2)p2
X [(D —2)A ((p§ —mi +m3)(p] — p5 — p3) — 2(ps — m3 + m%)pg)

+4(D — 1)p3p3 (2m3p} + mi (v} — p3 — p3) + m3(p3 — p} - p})

C(pt, p3, p3;ma, ma, m
+ (3 — P} - p3)3) | + (P12 Dy 2 (D = 2)A(p3, m3, m3)A

+4(D — 1)p3(pip3p} + mapt + mip3 + mip} + (m3p} + mim3)

2 2 9 2 2 2 2,2 o 9
x (p1 — p3 — p3) + (mip3 +mam3)(p3 — p3 — py)

+ (m3p3 + mim3)(p3 — pf — 13)) ], (112)
N2Cy
A2 — p2 — p2 N2 — p2 — p2
_ Al P pg)A(m1)+ (3 s pl)A(m2)+)\A(m3)
2p3 2p3
B(p?;mi,m
+ <1D_123) (A} = m}+m3) —2(D - 1)p?

x (2mipd + m3 (v} — p} — p3) + M3} — p3 — p3) + (B3 — P — P1)p3) |

B(p3; ma, m3)
D-2

x (2m3p} +mi (v} —pf —p3) + m3(03 —p} —p}) + (0} — v} — pR)n}) |

(P —m3 +m3) — 2(D — 1)p}
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B(p3;m1,ms)
2(D — 2)p§

+ (D = 2)A(2m3p3 — m3(p — p3 — p3) — m3(03 — 13 — p})

+ (3 — P} — p3)p3) — 4(D — 1)p3 (203p3p3 + m3pi (v} — b3 — p)

+ [2A\(m? +m3 — p})p3

+mip3(v} — p3 — p}) + m3pd(p} — p} — 1) )|

C(p?, p3, p3; m1, ma, m3)

+ 5 (D = 2)A (p?p3 — m3 (0} + p3 — p}) +m3)

2 92 2 92 2 2 2 2 2 9 2 9
+ DA(mapi + mip; — m3ps — mims + mym3 + myms3)

— 2D — 1) ((pp3p3 + mipt + mind + mip}) (0] — bt — p3)

+ 4(m3p3 + mim3)pips + 2(mip3 + m3m3)pi(pt — p3 — p3)

+ 2(m3pt + mim3)p3 (3 — 3 — 1)), (113)

AN Cos
2 2 2 2\ — 2 2 2\,2
_ _\P p32 b1 A(m) + A (p1 21922 P3)P1 A(my)
2p3 2pap3
p3 —pi—p3 2(D — 1)pi B(pt;m1, ms)
- )‘TA(m?)) -
D5 D -2

x [} = m + m3) @3 - bt — p3) + 2(p3 — m3 + m3)pd]
B(p3; ma, m3)
2(D — 2)p3

= 2(p} = m} + m3)p3) + 4(D — 1)pip3 (2mip} + m3(p} - p} - p3)

B(p3;m1, ms)
2(D - 2)p3

x [(D = 2)A (03 +mF = m3)(p3 — p3 — p}) — 2(p} + m? — m3)p3)

+4(D — 1)ptp3 (2m3nd + mi(w} — p3 — p}) + m3 (03 — b} - p})

+ (D = 2)A((03 = m3 + m3) (B} — p} — p3)

+m3(p} — 3 — p3) + (03 — P} — pD)p3)| +

5 _p2)pz)] N C(p?,p3. p3;m1, ma, m3)
1= P2)p3 D_2

+(p3—p

x (pip3pd + mip? + mipd + mipd + (m3p} + mim3) (v} — p} - p)

+ (m3p3 + m3m3) (03 — p} — p}) + (m3nh + mimd) (0} — p? - p3)) ],
(114)
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AC,

P ,m1,m3
=gy | = md e md) s~ pt g+ 2008 = md + mid]

p ma, M3
5 ’[ —m3+m3) (0} - p} — p3) + 2(} — md + m3)p3]

p my m2
- 3’ U2 (md 4+ m3 — p3) (0} - v} - 1)

+ 2(m2p1 +mips — m3p§)}

C(p%ap%7p§; my, ma, m3>

+ s [P0303 + mipt + mip} + mip3
2, 2 2, 2 2 2 2 2, 2 2, 2 2 2 2
+ (m3p5 + mim3)(p5 — pi — p3) + (Mapi + mim3)(pi — p2 — p3)
+ (mip3 +m3m3) (03 — v} —p})] (115)

We can calculate the integral in a more general fashion, proposed by Gerard ’t Hooft
and Moshe Veltman [14]. The scalar integral reads

C(p3, p3, p3; m1, ma, m3)

. .3
1 1
= ——C(pl,p3, p3;m1, ma, m3) = > Ci(pt, p3, p3; ma, ma, ms)
7 “f\W1,P2,P3, ) ) 2 1\M1s 25 M3y ) )
(4m) (4m)? =
(116)
with
dyi
Ci(pl, p3, p3; M1, ma, m3) = /
(P, P2. 3 ) VA Jo Yi — Yio

X [ln ((yi — yit) (yi — yi—) — i€)
— 1 ((gio = i) (oo — yi-) — i) |, (117)

where in choosing the sign of the (renormalised) ¢ it is assumed that all outer
momenta are on mass shell (p?, p3, p2 > 0). Using

dy; . i — Yi
/ Y In(y; — yie) — In(yio — yiz)] = —Lis (yyo) . (118)

Yi — Yio Yi+ — Yio
where
(p3 + m3 — m3) (VN + p} — p} — p3) + 203(03 — m3 + m3)
Yio = ngﬁ )
(p3 +m? —m3) (VN = p} + p3 — p}) + 203(p3 — m3 + m3)
Y20 = 2p§\/)7 )
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(P} +m3 —m3) (VN = pt — p§ + p}) + 203(p3 — m3 + m3)
Y30 2])%\/)7 ;
(119)

The arguments of the logarithms are treated as a whole and leading to

p% + m% - m% + \/ /\(pg, m%,mg)

Y1+ = 2p% ’

p% + m% - m% + \/ /\(pg, m%vm%)

Yo+ = 2p§ ’

2 2 2 2 9 o
pi + mjz —mi £ 4/ A(pf, m3, m{)
Y3+ = (120)

2p3

we obtain

Cf(p?,pg,p;%,; my, ma, ms)

dylyzo n ((yi — vi+)(vi — vi—))—In ((vio — vi+ ) (yio — yi—))]
Z/ Yi dyzylo —yi+) — In(yio — yi+)]

Mw ||

( yl ) :| Y =(
1 + yl:l: yZO i
|: ( ) yl 0 ) ( yz >

With more care for the imaginary parts we obtain

.
I

'Mw

Z

(121)

Cy(pi, pgapé;ml,mg,mg)

Yio . =0
Lip | ———————— | —L _— 122
ZZ 2 (?/zii%—yzo) 2 (yz‘iiiﬁ—yz‘o)] (122)

which is a special case of the compact result given by Ansgar Denner [9].
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5.2 Two-point integrals

The two-point contributions to the W self energy correction (which can be seen

in later section) can be expressed in terms of tensor, vector and scalar two-point
integrals.

B*™ (g% m1,mo)

de: kHEY

B*(¢* m1,m2)

de et
- = Big" 123
/ (g+R2—md) (2 —m3) 1 (129

by solving the systems of equations
BY = B,D + B1q¢*

B / de k2
(g +k)? = mi) (k* —m3)

:/ de 1 +m2/ dPk 1
@2mP ((q+ k)2 =m3) = 2] @2m)P (g + k) —m3) (k2 —m3)
= B(1,0) + m3B(1, 1),

(124)
BY = By¢* + Buq*
_/ d"k (qk)?
) @m)P (g +k)? = mi) (k2 —m3)
/ APk (((a-+ 1) = m) = (= m3) ~ (¢* +m3))”
4 ((q+ k)2 —m]) (k* — m3)
=3 (B(—l 1) — 2B(0,0) — 2(¢* — m} + m3)B(0,1)
+ B(1,-1) +2(¢* = m} + m3) B(1,0) + (¢* — m} +m3)*B(1,1))
(125)
and
B = Byq
/ dPk qk
(2 ) ((Q+k‘) —mi) (k* —m3)
1/ (g +k)* —m3) — (k —m3) — (¢* — m? +m3)
2 ((q+k)? = mi) (k? — m3)
% (B(0.1) ~ B(1,0) — (¢ — m} +m3)B(1,1)). (126)
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One obtains

1 2 2 2 2 2 2 2
Bu = m( (D(3q —mj +m3) —4q ) A(m1) — D(q” — my +mj)
x A(ma) + (D(q2 — m% + m%)2 — 4m§q2) B(q2; ml,mg)),
1 2 2 2 2 2 2
By = M((q +mi —my)A(m1) + (¢° — m] +m3)A(ma)
- )‘(q27m%7m%)B(q2;m17m2))7
1
B1 = 55 (Alma) = Almn) = (¢ =3 + m) B(a*sm1, mz)). (127)

In order to obtain this result, we have used

D
B(0,0) — /(;r)k[):o,

D
B0.) = [ GonE = Am)

B(1L0) — / dPk 1 / d’k 1
) @emP g+ k)2 - my
B(-1,1) = dPk (q+k)? —m?
7 2m)P k2 —m2
/ dPk 2qk +k* —m3 + ¢* — m3 +m3
(2m)P k2 —m3

dPk  2qk dPk
- /(27r)D W —ml +/ (2m)P
b 1
+(¢* —mi +m3) / (;ﬁ)kg -

= (¢" —mi +m3)A(my),

B -1) — / dPk k% —m3

’ 2m)P (g + k)* —m3

B dPk (k—q)®> —m3
N /(2#)17 k2 —m?
B dPk —2kq+ k* —m? + ¢® +m2 —m3
B /(27r)D k2 —m2

B / dPk —2qk +/ dPk
B (2m)P k2 —m? (2m)P

d’k 1
+(q2+m%_m%)/(2w)[’k2—m%
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= (¢ +mi—mj)A(m),

de, 1
B.1) = /k%vwm+k>—mn@ﬂ—m@
= B(q2;m1,m2)‘ (129

Now we have to expand the Passarino—Veltman method to tensors of third rank

because the integrals contain up to three momentum factors. From

/ dPk KKV kP
2m)P ((q + k)2 — m?)(k? — m3)
= B111¢"q"¢" + B1s214" 9" + Bi1g2q¢” g"" + B143q”g"" (129)

one obtains the system of equations

.B111 = B111q6 + -Blglq4 + BngQ4 + Blg3q47
BY = Bing"+ Big¢® + Big2q®D + Bigsd?,
BY = Bug'+ Bigq’ + Bigq® + Bigq’D (130)
which is solved by
Blgq2 _ Blll (D+2)Blll_3Blgq2
Bi,:=Bi4g1 = Bigg = Bigs = ————————, Bii1 =
1g 191 192 193 (D — 1)q4 ; 2111 (D_l)qG
(131)
We obtain
Bl _ / d"k (qk)?
(2m)P ((q + k)? — m3)(k?* — m3)

:1(3(— 1) — 3B(~1,0) — 3(¢* — m} + md)B(~1,1) + 3B(0, -1)

8
,0) +3(¢* = mi +m3)*B(0,1) — B(1,-2)
1

(—
+ 6(q — m1 + mQ)B
—3(¢> = mi+m3)B(1,-1) — 3(¢> — m} +m3)”B(1,0)
)

lg __ de (qk)k2
B —/f%ﬂwm+m—wme—m@

- %(B(O, 0) — B(1,—1) — (¢* — m? + m3)B(1,0)

9

(0
(1
— (¢ —mi +m3)°B(1,

+m3 (B(0,1) = B(1,0) = (¢ = m} + m3) B(1,1)) ). (132)
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One has to add the new integrals

oy [Pk (g R = m)?
(=2,1) = 2mD k2 —m3
_/ de (¢* —m3 +m3 + 2gk + k* — m3)?
k2 — m?

Pk 1
(2 2 212
(q_mrH%)/@mDW—n@

Pk gk
wa -t [ Gt
1

Pk APk (gk)?
22 — m2 2t/4444, 4/, _(gk)”
+2Aq —mi A my) (2m)P + (2m)P k2 — m2

D D
+4/(;lwaqk+/(;lwa (k2 — m2)

dPk 1 dPk
2 2 212

— — — 4 4quq, | ——
(q my TTLQ) /(27_‘_)1) k2 _m% quq /(271’)D

LR
k2 —m3
4q>m?
= (¢* = mi + m3)*A(mz) + 2 A(mo)
dPk )
B(-1.0) = [ G ((a+ 02 = mt) =0,
dPk
B(0,-1)= | —=(k* —m3) =
(07 ) / (27T)D( m2) 07
D 2 2\2
Exl,—2):t/ A7k _(k” —m3) ,
2m)P (g + k)* —m3
_/(Pk (k —q)* — m3)?
k2 —m?
/ de k? —m? — 2kq + ¢® + m3 — m3)?
k2 —m?
4q9°m
ZQ1MWHMum$mymWy (133)
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The scalar two-point function B(p?; m1, ms) is given by
dPk 1
2m)P ((k: +p)2 —m? + ze) (k% —

3l e 1))

mi —mj n (ﬁ) " )\(p277;1,m2
p

B(p*;m1,ms) :/(

2 2

2 2 2 2 :
p° —mi —m5 — 1/ A(p?, m7, m5) — i€
xln( ! 2 ( 1) )‘FO(@}

p? —mi —m3 4/ A(p?, m3, m3) + ie

in=% |1 5
— (4n)? - e + In(47) + By (p*;mi,ma)|.
(134)
5.3 One-point integral
The tensor integral is given by
dPk  krkY
v 2\ _ — v
T
by solving
dPk k? dPk 5 [ dPk 1 9
AgD = / Dk‘2—m2_/(27r)D+m/(271')Dl<:2—m2_mA(m)’
(136)
one obtains A, = m?>A(m)/D.
The scalar one-point function is given by
d’k 1 dPk 1
ao = [
m -m m)e — m
(2m)D k2 2 (2m)D —k2 + m2
PO D/2) o
(47T)D/2
B il'(1+¢) Nl—e
= e ™)
im2u—2c (1 2
= % (6 — v + In(41) — In (73 ) + 1) (137)
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5.4 Results for the form factors

The results we obtained from the loop corrections are both ultraviolet (UV) and
IR singular. First we will deal with UV divergences. We calculated the vertex
correction, the result for the bare vertex correction V;/* can in principle be split up
into six contributions according to

Vit = V0%a(pi )y Av(p2) + ViYu(pr )y Ayv(pa)
+ V2i(p1) P A—v(p2) + Via(pr)pi Ao (ps)
+ V2a(pr)ph A-v(p2) + Viu(p)ps Ao (pe) (138)
with A4 = (1 £ 75)/2. However, considering only on-shell W boson decays, the

renormalised loop corrections are divided up into four form factors V_, V., V] and
V5 only, defined by

5
LY. = Re(VO+6Zww +0Z% + 625 + 6 Zoxn + 620 — W,
47 Sw
(6
EMMV#IQ = mimaRe VY,
(0%
E’“Vl = m Re(V_1 — V_Q),
(6%
heVe = maRe(Vi—VY), (139)

6 Renormalization by counter terms

The UV singularities which we want to subtract are absorbed into the counter
terms and the counter terms are related to all the constants which has coefficients:
the charge, the electroweak mixing angle and the outer lines, which contains the
self energy diagrams. All these should be renormalised. d Zck is the counter
term for the CKM matrix. For the latter, we have to apply the renormalisation
procedure. In order to perform the renormalisation of UV divergences, we need
the self energy corrections for all outer particles. Therefore, we start with the self
energy corrections of the W boson.

6.1 Self energy corrections for the 1V boson

The necessary diagrams for the self energy corrections of the W boson are divided
up into two groups, namely the ones containing a two-point function and the
ones containing a one-point function. The Feynman rules will again be taken
from Appendix A.2 in the handbook of Bohm, Denner and Joos [15]. In Fig. 3
the momentum and index configurations are shown. In naming the self energy
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Figure 3: Conventions for self energy diagrams with one and two-point functions

corrections by X, one obtains

w* w
-2 (9)
de‘ . vivo v 1232 V1 12%% v2
= /(%)Dze(g (—2k —q)" + 9" (2 + k)" + g"" (—q + k)"?)
_igu2l/2

X—
(q+k)2—mi,

—1
e (g0 (k= )" + g2 (20 + k)M g (g = 20)1) P
A

w* w*
— %45 (q)
dPk —
= / (QW)D ZST;W (ngVZ(—Zk — q)l/ + gVQI/(2q + k)l/l + gyyl(_q + k)VQ)
_iguzug —iGCW

X
(g+ k)2 —m}, sw

x (" i (k — q)*2 + gM2 (2q + k)M + gh2i (—q — 2k)H) k_QZg#;;;/l? :
—my

_ / dPk (iemwg””2> ~1Guavn (iengW?) i
N (2m)P sw (q+ k)2 —m}, sw k% —m?2,’
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wt W w*
— X5 (q) = 0
vw%
W\ Jowt
L — 1% (q)
dPk i i —ig
_ o . yoysT M1Vl
mp W) e, e
z
w* \\ //’ w*
S — %5 (q)
B / dPk ( iemwswgl’”l> ) ( z'emWng““l)
) @n)P cw (¢ + k)2 —miy cw
1Gp10,
k2 —m3’
.
AN W
w* /Wt
x 2
- — i35 (q)
dPr; e i ie
— SR v — —q — 2k)*
(2m)D (QSW( + )>(q k)2—m12/v( QSW( a4 ))
)
k2 —m2,’
X h \
AN AN
w* //I w*
x U
L0
dP e i e
= _— 2k v -4y 2k "
(QW)D( sw(q+ )>(q k)% —miy <25W( ! : >
1
k% —m?’
W . SOW'
— %41 (9)
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- / ko) Cielg 4 k)
- ) enp (gt k)2 —my K2 —m3’
w* N
— %5 (q)
d°k { .
=~ e ) G e

@m)P N\ Vasw g+ E—me V2sw  k—mp)’

- / dPk ¢ < iey” A i tey” A 7 )
= — 1) T _ _
(2m) V2sw g+ E—my2sy K —me

The one-point contributions are as follows and lead to one-point integrals,

W wo =Xy (q)

[ ety g g grngen) i,
(2m)P k2 —m?%’
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w w — izgg(q)
1 dPk [ —ietc, —ig
= — QGHY gVIHRL _ gVHL gBVL L M iYL M1l ,
2/(%)13( oy (29"g 9"g gty )k2_mQZ
w* w — izgg(q)
1/ dPk (—Z€2> 190, v
— - (29/141/9111;1,1 gl/,u,lgp,lll g“lugyyl) H1V1 ,
2/ @2mP\ s, k2 —m2,
[
PANANAAFANANAN 1 dPk ie2ghv i
+ + _ EIJ'V — _
v v 1 (0) 2./ 2mP 2s%, k2—m%’
(o)
NANANANAASANANANANANS 1 dPk ie2ghv i
w* w* — X = =
iZha (@) 2/ @2mP 2s%, k2—m%’
&3
NANNANAAASANANANNN dPk ie2gv i
w* w* — @E%(q) = / (27T)D 282 52— m%v (140)

6.2 Self energy correction for the photon and the Z boson

The numbering of the diagrams for the Z boson self energy diagrams is slightly
different from the ones for the 1V boson, as the Z boson is neutral. We obtain

Z Z
— i34 (9)
dPk —iecy ,
— 4% 2 k 171 120771 2k, 14 mrv _k 125
/(zw)DsW< (=2 — k)" + " (g + 2k)" + g (=& + 9)"?)
—1Gpsvs _lecwy
(q+Fk)?—m3 Sw
X (" (q — k)2 + gHMi2(2k + g)* + gM2h(—2q — k)M) kgzgu;rl;zl ’
— My
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dPk —iecy L, 1 —iecw u i
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z - .Sz
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— i34 (q)
ek ig+k+m

i(%+mf))7

x ey (g A+ g7 M) 25— i

JOOWS v

z v4 —iEZf(q)
= / (;i:)k ZSG%QVC I (g g _ g gian _ g gy kjg’f;év :
9 | |
MVZWWWVZVW—iEZT(q) = 2/ A7k C%Z::Wg o ' —
) | |
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(141)

In order to obtain the self energy corrections for the photon or the AZ mixture, the
nine diagrams contributing to the self energy correction of the photon are shown in
Fig. 4. By adding all these contributions we will obtain

Ei’;(q)z@*‘” qqq )2 (g )+qqq sha(d). (142)

In the same way we also calculate the mixture between photon and Z boson where
the right photon A is replaced by a Z boson.
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Figure 4: photon self energy diagrams

6.3 Self energy corrections for the bottom quark

The self energy corrections for the bottom quark are given on a more elementary
level as

’ b b 301 (d)
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6.4 Self energy corrections for the charm quark

The charm quark self energy tadpole diagrams are shown in Fig. 5, where the
baseline has to be exchanged. The baseline vertex together with the (momentumless)
Higgs boson propagator gives

iemyy L 1 emyy g

2 20

T = (144)

65



% %f:? SED O 2 e
C C C C C C C C C C C C
(t1) (12) (t3) (t4) (t5) (t6)
) ) i i i !

C C C C C C C C C C C C
(t7) (t8) (19) (t10) (t11) (t12)

Figure 5: charm quark self energy tadpole diagrams

and the first nine contributions read
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CwSwmy
_emwy gwl dPk —3iem?% i
-2 2 9 2
ciyswmi 2 (2m)P 2swmw k2 —mi;
3e2m?
w
T A2 2 Almap),
Cwv Sw
_emy W/ dPk  —iem? {
=3 2 2
ciy swmiy (2m)P 2spmw k2 — m3,
< Afmw)
= mW
2 2 )
2chW
__emw 1 dPk  —iem? i
=3 79 D)

crswms w2 (2m)P 2swmyy k2 —m3,

66



c c c c c c c b c
(al) (a2) (a3)

¢ A c \ c c ' c \ c c ' b \ c
(b1) (b2) (b3)

Figure 6: charm quark self energy diagrams
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S
4012/1/5%,[, (m2),
D s .
—iE%’(q)z—%g‘w/ d k;) emyy i i i
Ciy SWMy 2m)P 2sw k%2 —my,
2,2
e*myy, aw
My i
22, 5% m (mw) = —iX47 (q),
SR = g [ Ok —iemwy i
8 et swmi (2m)D 2%, sw k2 — m%,
2.2
= 5o e Alma),
CwSwmy
dPk —iem i(f+my)
iy _ uv / f t
i (q) chWm%{g Z DR yS— r kQ—m}
726 m?c A 145
= _C%VS%Vm%{ (my). (145)

Self energy contributions for the charm quark are shown in Fig. 6. As examples
we will calculate the charm quark diagrams (a2) and (b2),

iNG(d) = /(de /(de iey” (gA_+ng+)M

2m)P ) (2m)P (q+ k)2 —m?2
. Zgw/
x iey" (go A+ gF A T
() e
dPk  em. i+ K§+me) eme i
» .
() / 2m)D 2smw (g + k)2 — m2 2sywmy TR - m?%

(146)
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6.5 The comparison of Feynman and unitary gauge
Now by using the unitary gauge one obtains

dPk dPk

-5/ o . v — +
ZZaQ(ﬂ) - / (27T)D / (27_[_)D267 (gc A+ 9c A+)

. _ —1 kuk,
X 167“ (gc A_ + ng+> m (guV - ;’;22> . (147)

(¢ + k)2 —m?

by using ¢> = m2, the results we obtain are

—e2?
) = o |ADgs gt mEB(msmemz) + (D =2) ((9)° + (9)°)

x(A(me) = Amz) — (2m2 = mZ) B(m?;me, my))|

) = — T o2 BOn e mz) + (Al — Almz)
8miy, s, ¢ e
—(2m? —m3)B(mZime,mz))),
2
el _ —¢€ - 4\2, 2 2.2
iXeo(d) = pronge) [2(9c g2 )*miA(me) +2mim7y
x((92)2 + ()2 +2(D = gz g ) BmZime, my)
+(D = 2)m% ((9:)2 + (6)2) (A(me) — A(mz)
—(2m? — m%)B(m?; mc,mz)ﬂ. (148)
Using explicitly g, = (3—s%,Qc)mz/(swmw)and gF = —s,Qcmz/(swmw)
one obtains
2
e/ -\e \C —E€me
g0 (d) — 552 (d) — X5 (d) = 827214(7”2)- (149)
My Sw

We got the nonvanishing contribution (149), as it contains solely a one-point integral.
The tadpole contributions (t2) with Z boson and (t5) with Z Goldstone boson are

given by

iSO (f) = 1< —ieme ) ) / dPk  [iemy gt — 1w
£2 2 \2swmw ) —m% ) 2m)P\ csw ) k2 —mE
—Deé*m,. dPk 1
= 2 62 ’m2 / D12 5 (150)
deyysiyymyy J (2m)P k2 —m3,

S () = 1( ieme ) ) / d“k iemy; 1
2 QSWmW —m%{ (27T)D 28me k2 — m2Z
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—e2me dPk 1
= 8s2.m2 / D 1.2 2 (151
syymiyy J (2m)P k2 —m7,

The factor 1/2 is a combinatorical factor due to the fact that the Z boson is its
own antiparticle. As the Goldstone boson is absent for unitary gauge (i.e., does not
propagate), the contribution in (151) is the one which compensates the difference
on the side of the Feynman gauge. Therefore, we have to deal with the (150)
contribution which will be different for unitary gauge. Via the Higgs boson a ghost
field can be coupled to the fermion. For the tadpole loop with a wz one obtains

. —iem, i dPk [ —iemwéy i
o 152
i255(4) <28me) _m%{ / (2m)P ( QCIQA/SW k2 — meQZ’ (152)

where the minus sign comes from the closed ghost loop. For unitary gauge
(€7 — o0) the contribution remains finite. However, the dependence on the
inner momentum k disappears and, therefore, there is no ghost contribution either.
On the other hand, for Feynman gauge (£ = 1) one obtains

e2me

%55 (4) 5 A(mz). (153)

=02 2
4chWmH

This ghost contribution again is the same as the additional contribution from unitary
gauge in

iX5(4)

—emy / dPk 1 D k2 —(D — 1)62mCA( )
—_— —_—— = —-———-—-m m .
4c2,s4,m3 ) (2m)P k2 —m?, m?% 4¢3y, stym3, 7

(154)

From this we finally conclude that the sum of “baseline” self energy contributions of
vector and Goldstone bosons and the tadpole contributions of vector and Goldstone
bosons and ghosts turns out to be the same for Feynman and unitary gauge.

It is necessary for the renormalisation to obtain the momentum and mass parts
separately. For the charm quark, one obtains

X1 (4)

= S [(D—2) (A(ma) — A(me) + (¢ +m? — mA) B(g% me, ma))

— 2D¢*m.B(¢* me, mA)] :
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gz ()

62

= 27 (D = 2)(g:)? (A(mz) = A(me) + (@ +m2 —m) B(¢% me, m) )
x g+ (D —2)(g$)*(A(mz) - A(m,)
+ (¢* +mZ —m%)B(q*; me, mz))ﬂAJr

- QDQQQC_g:rch(qQ, me, mZ):| )

a3 (4)
_ 62 2
= W(A(mw)—A(mb)+(q2+m§—m%/)3(q2;mb,mW))
X gA_,
i1 (4)
€2m2
= et | (AGm) = AGmo) + (& =) B me, o)) o

+ 2(]2ch((]2; Mme, mH)} )

%2 (4)
e?m?
- 8¢2s%,m2, { (A(mZ) — A(me) + (¢* + m — mZ)B(¢* me, mz)) q
- 2q2ch(q2, me, mZ):| )
i%h3(4)
62“/cb|2
dorg o [ (Almw) = AGm) + i~ miy)

X B(q2; mb,mw))gA_
42 (Almaw) = Almg) + g2+ mf = ) Bg% mo. muw) ) A
- 2¢°migm.B(q; mb,mw)}, (155)

For the flavour changing currents, i.e., for those self energy corrections containing
a W vector or Goldstone boson correction. We recalculate (a3) and (b3) (with j
the initial, 7 the final, and & the intermediate fermion) to obtain (cf. Fig. 7)
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Figure 7: Fermion self energy diagrams for changing flavour
%5 (d)
- 4 s (Almw) = A(m) + (@ +m} —miy)
k ¢*siy
x B(¢? ;mkz,mw))ﬁﬂ\—,
55 (4)

e VZkaj [

= %:4(1
X B(qQ;mk,mw))QA_

+ mim; (A(mw) = A(mi) + (2 +m — miy) Blg% my, mu)

mi (A(mw) — A(mg) + (¢ + mi —miy)

X gAy — mymiB(q%; mp, mw)A_ — mjmiB(q2; mk,mW)AJr]
(156)

Summing up all contributions, we end up with

Sii(h) = dA-S5(0%) + dA+SH(P) + AL (6%) + AL 2](¢%). (157)

6.6 Calculation of the counter terms

The NLO result of the decay rate is contributed by a matrix element M (g, \) =
MHte,(q, X), where €(g, \) is the polarisation vector of the W boson, and

MH = YA Vep (1 +0Z. — Sow + 5ZWW)
\[SW SW

+ 6V + Y (6Z5 Vi + Vard Zi3) | + v;bv;,“}, (158)
k
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where

1 X *
Ve = 5 3 (625 — 325 )WVis — V6245, — 9245) ) (159)
k
The renormalisation factor also contains the IR singularities. As the CKM matrix
element V., dominating the decay W — cb is not close to unit, we have to take
into account the mixing of quark states and, related to this, the renormalisation of
the mixing matrix [9, 16-23]. Using
1 % *
Ve = 5 > ((5Zch — 625 Vi — Ve (021, — 6 Z; )) : (160)
k

one obtains

MH = fsW{ HA [v ( A —‘ZVVVHZWWHZ +5be)

+RedZL Vi + RedZEVy, + VoyRe 6 Zh + Vs Re 6 2%

+ Vcb%“}-
(161)

Defining 6 Zown = ( Re 0ZE, Vup+Re 825 Vip+Vea Re 6 25 +Ves Re 5 Z1) [V,

one ends up with V_ as given in Eq. (139). In the «(0) scheme (which we will see
in later section), the UV singular part within V} is given by V/* = A A_ VO with

2

e
V= —5—— |md+mj +12miy, —m% (1 - 2(Qc — 2 2
s 4m%4/812/v€ {mc +mb =+ myy mgz ( (QC Qb + Qch)SI/V)]
(162)
with space-time dimension D = 4 — 2¢, and Q). = 2/3 and (), = —1/3 for the
electric charges of the quarks, while 6725 + 6 Z5,, — 05§y /sw = —2e*/(s¥y€)
and [15]
o2
SZk = S mi + Z Vio2(m2 4 2m¥,) + (1 +4Q.Qps%, )m% | ,
wew k
§zks = TSl s - mZ+ > Ve *(mi + 2miy) + (1 + 4Q6Qbs%[,)m2z] :
mwsws -
m2m 2m; 2m2 — m2m? + 2m?m?
0zl = > Vi Vi ——2 R T (163)
J 4mW3W5 m; —m7
Note that according to Eq. (4.5.27) in Ref. [15], one has 5ZLS* = 5255 m2esm2-
m; J
Therefore,
o2
RedZ = —5—5— Z Vi Vig (mi, + 2m3y), Vij =V (164)

2 .2
8mWsW
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Without the mixed contributions (and without the general factor V), one first
obtains

S
dsfy

Vo678 - M+ 0 Zjw + 0Zk + oz
w

2

e
= 82,7 < [m? +mp +4dmiy — > Ve (mi + 2miy)
%

= > Vil (mf + 2miy) . (165)
k

On the other hand, the mixed part gives

RedZL Vi + RedZ5Viy + Vg Re 6 Z5 + Vs Re 6 258

62

= m Z (VCkauVub + Ve Vit Vb + VeaVar Viy + VCSVSkab)
Wew

k
(mi, + 2miy,)
Ve 2 2 2/ 2 2 2 2
= S 2e [mb +2miy = Y Ve[ (m + 2miy) +mg + 2miy,
%% k
= 3" Vi X(m} + 2miy)). (166)
k

This cancels exactly against the previous contribution, gaining an UV finite form
factor.

The renormalisation of the main form factor is done by using the bare self energy
correction for the fermion f,

Shp() = dA-SFHa?) + dASFH®) + AT () + AT (¢?),  (167)
the fermion wave function counter terms are given by
202 = =SWi(m3) — 2my (mgS md) + 2 (m3)) . (168)

For the counter terms of the boson wave functions is given as

oxtb . (k?) ox1Lh (k?)
207 = ——Wwa WL qp = ——A4 ")
ww Ook? k2=m2, ’ AA ok? k2=m2 ’
ETb 2
5244 = 222(MA), (169)
myz
from this we can calculate the counter term for the charge
670 = —67un — 0Zg4 W (170)
cw
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And the counter term for the weak mixing angle is given by

2
dsw oy

- 72, —§72). 171
s 25%(5 w—02%) (171)

where the mass renormalisation factors are

ETb 2 ETb 2
522, = ngmw)7 572 = zz(;nz)7 (172)
w mz
and
%
1
= (mJQEfJL(m?) + m,-iji’JR(mi) + miEle (m?) + ijf;(mJQ)),
i J
(173)

6.7 Cancellation of the UV divergent parts

Before we calculate the full renormalisation factors in the mass shell scheme, we
first sketch the divergent parts. The only UV-divergent vertex contribution is found
in the main part V% and reads

2
e
—4(477)2m2 o (mg +mi 4+ 11miy, + (2Q. — 1)(2Qy + 1)m223%v>
wSw
(174)

where in the end we can put 2Q). — 1 = Q. + Qp = 2Q)p + 1. For this we obtain

term by term (\' = A(m¥,, m?, m?)). For this we use our results for the two-point

functions to obtain the following coeflicients for 1/

VUS _

wWew f
2

€ 4 2 24, 2 4 4 4

2
—€
————— (42miy — 10m3ym% — Tm}
Gm%m%[,s%v( mw mwimz Mz
+43" (3095 — g)*md = ((97)* + (9))?) m%) miysiy )
f

2

€ 4 2 2\, 2 4 4 4
- m(?)m*’{ + (2miy + mZ)my + 12myy, + 6my — Sme).
TNy Sy 7

027, =

(175)
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It is obvious that the tadpole contributions for the W and Z self energy are exactly
the same. Therefore, they will cancel in the difference necessary for the calculation

of dsw /sw. One obtains (g7 — gF)* = 1/4/cfy/siy. 4 ((gj?)2 + (g;{)z) =
(1= 8I3Qysty + 8QFsw) /iy /sty)

Osws —e? 4 2 9 4
= 1 4 (42mW — 41meZ — mZ
SW 12m7 sy,

+ 3 (3m3 — 4 (972 + (0)?) mivsiy ) m3
f
— Z (Smﬁc — m%) m2z)

2

122%‘/ ((42mW +m%)m% sy,
#2107+ (07)") s 1) )
B 127;2;31, (427”%4’ +mz+) (1 —8I}Qs + SQfeS%V) mzz) (176)
!

For the summation over the fermions one has (. — Qp = Q, — Qe = 1)
> (1-813Qs + 8Q%sty )
f
= 3(1+1— 448k + N (1 - 4Qe + 8Q2sh + 1 +4Q, + 8Q7 sy ) )
= —6(1— s}y + N (1-4Q2+ @D)sy ) ) (177)

Finally, for the W boson wave function renormalisation we obtain the singular part

10%{by (k%) e
87 - __ZZww\W) 19— 6(1 + N,
W 2 Ok l—m, 125W( (L+Ne)),
2
6Zwws = SWe (3w +m + AN(QE + QDmsty ).
SW 2m% sy, ¢

(178)

Actually, it is worth to even unite this result with the charge renormalisation factor

2 2 2
e = Q= T = 2 (@2 + Q) +3) - o
) f 179)
= 5 (N(Q2 + @) - 3)
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to obtain

57 OsWs 57— =€ (g2 2 Lam2e ) = —2¢ (150
WWS_W—"_ es_m<mw+m2+ mZSW)—_%-( )

For the vertex correction we have

e2yHA
It = m (m? +mi 4 12m3, — m% (1 —2(Qr — Qp + QQth)s%/V))
=T"A_.
(181)
Adding the subtractions, we finally find that
0s e?m?
Tt 0Zwws =~ 40 Zes +6 202 4625 = —5 2 (14 Qo — Q1) (182)
Sw 2miy,

This expression vanishes because of Q); — )y = Qw = 1. Therefore, the UV
singularities cancel. The UV singularity cancellation takes place only in the part
proportional to v#A _, i.e., the part proportional to the Born term result. All other
vertex corrections should be UV finite. That can be seen in the section below.

6.8 UYV finite parts

The UV finite parts of the UV counter terms that latter will be used for the IR
subtracted vertex correction V* read as

6z = —1{1 22 (1= Ap(mw)) +2)_QF (1= Ag(my)) }a

3 2 7
f
dsyy
S
-1
whezZew

+ 3(4my — m%)(12miy + 20mEym% +mYy)

x (miy B(m;mw, miw) — miy A p(mw) — m% By(miy; mw, mz)

+ m2ZAf(mZ)> + 3m4Z((12m%V — dmymi; + my) Br(miy; mw, mp)

= miymiy(Ag(ma) = Ap(mw))) = 3miym ((12m — dmGmi +mi)
x By(myimz,mu) — mgm¥(As(mu) — Ag(mz)))

+ 14dmiyym%Z(miy — m%)By(miy, mw,ma) + 6miym3,(42m3y, — m%)
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x (Ap(mw) = Ay(mz)) + 6miymZ (myy —m%)(18mfy — 5mZ)Af(mz)

+ 3(my — mG)mEmy Ap(mu) - my > [Amdy (mdy — 3m2, — 3m})

+6 (<m3. —mi)?+ (ml, +mi, — 2miy)miy ) Bp(miyim,,, my,)
— 6(m2, —mZ,) (m Ag(my,) —mf Ag(my,)) + 12miy (m2 Ag(my,)
+mi Ay mzz))] my > Vig [2[4miy (miy — 3m? — 3m?)
i,
+6 ((mf = m3)? + (m? +m? — 2mdy)miy ) By(miy;mi, my)
= 6(m} = m3) (mAg(mi) —mFAp(mj)) + 12y (A g(ms)
+m2Ap(mj))| — 8miy (mdy — m%)

X Z [(9;2 + g}rQ) (mQZ - Gmfc + 6mchf(mf))
7
+3 (97 + 97 — 697 91)m3 — (g7 + gf)m%) Bp(m;my,my)] }
878

1
= amim>
72m%vm223%,v{ Witz

+ 3(48m$, — 16miym% + 6miymy + m%)

x Bp(miy;mw, mz) — 3my(2méy, — m3)m3 Br(miy; mw, my)
— 14dmyy (miy — my) By (miy; mw, ma) + 3miy (4miy — m%)

x (12miy + 20m3,m% + m%)B}(m%V; my,mz)

— 3méym%(12my, — 4mZym?3 + m}lf)B}(m%V; My, M)

+ 144mgvm2ZS%VB}(m%V; my,ma)

i m (2mly — m3 — m3) Ag(m)

+3mZ(miy —m%)(8miy, +my)As(mz)

+ 3m%(m3y, — m%,)quAf(mH)—l—
—mzZ [ ( ( vi —me )? +2mw) By (miy; my,,my,)
—2my ((m,i —mi)?+ (mf, +mf, — 2miy)my ) Bj(miysm,,, my,)

—2(m, —mf)(m, Ag(my,) —mi Ag(my,))) — dmiy |

Vi
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—m Y Vg P [3(2 (m? = m2)? + 2miy) By(mdys i, mj)
4,7

— 2m12/v ((mf - m?)2 + (m? + m? — Qm%/)m%/v> B}(m%v; mg, mj)

— 2(m? —m3)(m}Ag(m;) — m3As(my))) — 4miy | },
ozLt

o 2k 2 (G2 + e 1) (A gGm) -
+m (8, *miy sty +m?) (Br(mZime,myz) = Ap(mz))
+mZmiy (By(mZime,mp) — Ag(ma)) + 2m2(8g:2(2m2 — m%)miy
X S%V — 32g;gjmzm%vsl2/v — m?m%) B}(mg; Me, M)
+ 2mé(4mz — m%{)B}(mg, Me, M) — 32m§m‘2,V512,‘/Q3B}(m(2:; Me,MA)

+ Z |V |2 { —dmPmi, + 2(mi + 2miy)
k

x ((m2 = m3 +miy) Bp(mZ mg, mw) +mi Ay (m) — miy Ag(mw))

2/ 2 9 4 2 9 2.2 4 Nl 2.
— Amz(mZmi, —my, — 2mimiy — mimiy + 2mW)Bf(mc, my, mW)} },

577

il _
5 {ng + 2m§ (4(@% + g, 2)m12,V5%V + m%) (Af(my) — 1)

~ 16mEmpy st
+m% (89, miy sty +m3) (Br(mismy, mz) — Ag(my))
+mimiy (By(mismy,mir) — Ap(ma)) + 2m3 (89, 2(2mg — m3)miy
X 812/1/ - 32g;g;mgm%,vs%v - m%m%)B}(m%; my, Mz )
+ 2my (4my — m3) By (mis mup, mar) — 32mymiy sty Qi B (mi; my, ma)
+ 3 Viol? | = dmimdy, + 2(m} + 2miy)
e

x ((m3 = m} + miy) By(mis mg, mw) + mi A p(my,) — miy Ag(mw) )

20,2 2 4 2,2 2,2 4 \pl (2.
— dmy (mymy, — my, — 2mymy, — mpmyy + 2myy ) By (my; my, mw)} },
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525f

=3 Z VikVij {mkAf(mk) miy Ag(mw) — 2miy,
miy siy

B (m2;mk,mw)
+ = o R— ((m2
i j

- mk)(m2 - mk)

+ (2m? — m? +m2 — 2m%v)m12,v)

By(m3; my, mw)
(m3 —mg)(mi —my)
mj2 —m? ( J '
+(2m3 —mi +mj — 2m%,v)m%/v)}. (183)

Here, 07, and dsy /sy are the counter terms for the electric charge and the
sine of the Weinberg angle. §Zww, 6ZL and §Z% are counter terms for the
renormalisation of the wave functions of W boson, left handed charm and bottom
quarks, respectively. For the CKM matrix we need flavour changing wave function
counter terms ¢ ZZ% We have checked all these results against the results given in
Ref. [9] and found agreement.

In order to save the symmetry, the expressions presented here contain also
vanishing contributions from e.g. the neutrinos. However, in order to handle two-
point functions containing the neutrino masses appropriately, a couple of limiting
cases has to be calculated. Calculating Bf(m3,;m,,m,) and the derivative
B} (m%/v; m,, my), we start with the expansion of the square root of Kéllén function
for this particular mass configuration,

2
VA, m2,m2) = m, —m? — mmi +O(m). (184)
f4

The finite part of the two-point function B(p?;my, mo) = i~ 2¢/(4m)%(1/e +
By(p?;my, mg)) (for simplicity, i is taken to be the MS scale) is written as (cf.
(B.1) in Ref. [24])

By (p*;ma, ma)

1 m? m3 m? —m3 m? 1
2 p
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—\/(ml +ma)? —pQ\/(ml —ma)? — p?
« In (\/(m1+m2)2p2\/(m1 m2)2p2>
V(mi+m2)2—p2+4/(m1—mgz)2—p?
—2\/(m1 +ma)? — Pz\/PZ — (m1 —mg)?
pQ_(ml_TnQ)Q)

X arctan
(m1+m2)2—p?

\/p2 —(m1 + mz)Q\/PQ — (m1 —my)?
» <1n (\/p2—(m1+m2)2—\/p2—(m1—m2)2) + i?‘r)

\/PQ*(m1+m2)2+\/p2*(m1*m2)2

(185)

in the cases p? < (m1 — m2)?, (m1 — m2)? < p? < (my + m2)?, and p* >
(mq +ma)?, respectively. The derivative of this finite part with respect to p? results
in
B} (p*;m1, ma)
2 2 2
— 1 1
= B (B - S+ x
2p my)  p° P
(mf —m3)* — (mi + m3)p?
VO + =2 G — el — 7
V (mi+ma)2—p2—+/(m1—my)2—p> )
YO
(mf —m3)” — (mi +m3)p
V(my+ma)? —p?/p? — (m1 — mg)?

\/p?—(m1—m2)?
2

X In

X arctan
(m14+mz2)2—p

_ (mi—m3)* — (m]+m3)p’
\/p2 — (m1 + m2)2\/p2 — (m1 —mg)?

\/p2—(m1+m2)2—\/pQ—(m1—m2)2) . )
x\In \/p2*(m1+m2)2+\/p2*(m1*m2)2 +

(186)
in the same cases. The power series expansions are given by
2 2 2 2 2 2
By(miyimy mg) = 2— T (M) _mwomi () (miy—mi)
miy i miy i
+0(my),
1 2 2 2 2 2
By (mlyimy,mp) = 4 n | | = (o (ST ) i
w Mw H myy, H
+O(m2). (187)
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This is sufficient for the parts coming from the W boson self energy. However, for
the parts from the Z boson self energy in d sy we have to expand B f(mZZ; My, M)
and B}(mQZ; my,my) in m,. With

2 4
N ) = oy — ) = i — 2~ 2 1 O
Z

(188)
one obtains

By (my; my,my,)
2 Am2 1 — /1 —4m2/m?
= 2—ln<m2”>+ 1— 77’;1, In v/mz +im |,
K myz L+4/1—4m2/m?,

(189)

Bl (m%;my,my)
_o1, 9m2 N 1— /1 —4mZ/m3 i
- m? 4 2 /02 / 2 /)2 '
zZ  mi/1—4m2/m7, 14+ 4/1—4m2/m3,

For the G, scheme dealt with later, we have to calculate B (0; my,ms), As p? =0,
we have to use the first case. Without loss of generality, we assume that m? > m3
(the opposite inequality will lead to the same result). We have

(190)

VA@2m3,m3) = \/(m3 — m3)?2 — 2p2(m3 + m3) + p

m2 +m2
=m?—mi— m;7§p2+0(p4). (191)

1= m3

In this case p? < (my — my). Therefore

) + O(p?) (192)
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and
miAg(my) — m3Ayz(ms)

2 2 )
my —m;

B¢(0;m1,mg) = (193)

were the finite part A¢(m) of the one-point function is defined via

im2__25 m2
A(m) = ﬁ (i +Af(m)) . Afm)=1-In (,p) . (194)

The same approximation we need for equal masses. Starting with

2
2 02 9y 2 _ 2\p2 — 2,2./1_ P
\//\(Pvm,m)—\/(‘lm P°)p \/4mp\/1 i
4m? p?
=p* ) — [1- 2 1
p 2 < 8m2> +O(p7), (195)

with a short Taylor series expansion one obtains

2 2 2
2. - m 4m P 9
B¢(p*;m,m) =2 —In (2 ) -2 e arctan ( 4m2> + O(p?)

i
m2
=—In|— | +0(% (196)
i
and, therefore, B (0;m, m) = Ag(m) — 1. With a longer expansion one has
1 4m? p?
B(m?%:;m,m) = —— + arctan _—
f( A ) p2 p2 (4m2 —p2)p2 4m?2 _p2

1 1 4m?2 p2 p2 p2
— 1 1 o(p°
p? + p2\ p? ( + 8m?2 4m? + 24m?2 +0(p)

1
=5 o(p?) (197)

and B} (0;m, m) = 1/(6m?).

7 Helicity bilinears

The result we want to obtain in the end is a (differential) decay rate for the polarised
W boson. On the pathway to this result we use all the elements we have calculated
so far. As seen in Eq. (13), already on Born term level the absolute square of the
matrix element depends on the polarisation of the W boson. If we intend not to
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measure the polarisation of the W boson, we can sum over all polarisations and
use the completeness relation (20) to calculate the result. However, the angular
decay distribution with respect to the initial movement axis of the W boson gives
clues about the polarisation of the 1. Therefore, our next step is to calculate the
different so-called helicity bilinears. We use the helicity basis in the rest frame of
the decaying W boson with the z axis as the initial movement direction of the W
boson, given by

1 S — . — .
ﬁ(oa:Fla _170)7 5(Q7 0) - (0707()) 1)1 E(Q>t) - (1707070)'
(198)

At Born term level, up to a general factor e2¢?|V,|?/s3, the helicity bilinears
H**2_are calculated by contracting the Eq. (13) with the product o (g, \M)en(q, A2)
as

(g, +) =

HM? = H" e, (g, M)el (g, A2). (199)

In order to calculate the scalar products, we have to make explicit the kinematics of
the decay. In the so-called W frame the (common) axis of the two-body decay into
up-type quark @Q(p1) and down-type antiquark g(p2) is turned against the initial
movement direction of the W boson by the polar angle 6. One obtains

p1 = (E1;|p|sinb, 0, |p'| cos @), p2 = (Ea;—|p|sinb,0,—|p'| cosh), (200)

This results in the W frame read

1

HYH) = 3 (m + p2 — (11 — M2)2) ;

H®() = HY(H) = %(ul—,ug)\f)\cosﬂ,

H™(0) = H*(6) (11 — pi2)VAsin 6,

1
RN,

HY () = % (1 — 1 — pg — /\cos20> ,
HO*(0) = H*®0) = —2\1/5\5(1:F\F)\c089)sin0,
1
H*(0) = Z(1+u1—ugthf/\cosﬁ)(l—/quuqu\f/\cose),
HEF(9) = imxﬂe. (201)

7.1 Helicity bilinears from the tree corrections

At tree level this helicity bilinears can be obtained by replacing |Mg|? by | My +
My + M3|? and extracting the hadron tensor, where the matrix elements M;
(2 = 1,2, 3) correspond to the Feynman diagrams in Figure 2. We have calculated
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the helicity bilinears both for Feynman and unitary gauge and the results for the
helicity bilinears % (tree), H** (tree) and H*T (tree) turn out to be exactly the
same. The NLO tree contributions to the helicity bilinears up to a general factor
201712 / 2 2
2|V /52y x ag?/(4mV/\) read
HY(tree) = 3[Q2+ Q} + QY| VA(—m + 1 — o — 2 s + 1)
+ %{(1 — 12)Q7 — 1 (Qf — QIQA/)] (—p1 + i — pg — 2papig + 43)
x (tg —2t4%)
— 3@ = QF + (11 — 1) QR | (= + 453 = o — 24112 + 113)
¢ ‘
X (tew + 2t50)
— 2 [(1+ 5 — 12) Q% + 241 (QF — Q)| (¢ + 157 — )
— Vi [(1 — 10p1 — 33 — 2p2 + 2p1 2 + 13) Q2
— 2 (L — p2)(QF — Q)| (27 + £5) +2[ (1 — ) (Q2 - Q)
— (3421 + pf — Az — 2pa i + :UJ%)QIZ/V} (tow + tow — thy)
- \/171(1 + p1 — p2)
X [(1 + 1 — p2)(Q2 — Q) — 2(1+ 2 — N2)Q%/V} (toy + thy)
+ 4 [(4 = 250 — 12413 — Opuo-+26p1 10— 241 o+ 6413 — Bpuapid — 13) Q2
— (44 61 + 6117 — i — 6p1p — 212 + i g — Apa s + 2013) Q3
— 2(4 4 91 + 33 + 4 — T — Tpapo — 2003 g + 2415 — 2pupi + 1)
x QR0 — 1 [(4 = 23 — 1613 + 2417 — Tpsa + 12 — 6pd s + 413
+ 6p1p3 — 203)Q% — (4 + 5y + 8uf — 2uF — By — g o
+ 6t e — Ap3 — 6pips + 203)Qf
— 2(4+ 81y + 5pF — 1209 — 121110 + 7#3)@%{/]5“4/

+ 316 = 67 — 1503 — 3ps + 34112 — 11123) Q2
— (84 1lpg + 1146 — 21pp — 38pu1 12 + 15413) Q3
— 2(24+ i + 923 — B1pa — 1pmpes + 93) Q3 | VX, (202)
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H* (tree) = —3[Q2+QF + QY[ VA((1 = i1 — o = VA + 2V )
— 5[0 = 12)Q2 = (@} — Q)] (1 = i — o) (2 — 2457
— VAt - 2t))
+31Q2 = @2+ (m — 1) Q| (1 = — o) (thy +26547)
= VAt + 2t230))
+ (0= 201 = 209 — s + 13)Q2 — (14 i — 12)(QF — Q)| ¢4
(14 5 = p2)Q2 + 2 (QF — Q)| (2L + 157 — £
+ 3| (1= 10p — 343 — 2019 + 2pppa + 13) Q2
=2 (14— p2)(QF — Q)| (11 +451) = [(1L+ 1 — 2)(Q2 — QD)
— (342 + pf — 4pz — 2papio + M%)QIQ/V} (285w + o — thy)
+ ﬁ(l + p1 — p2) [(1 +p1 — p2)(Q2 — QF)
—2(1+2m — )QY | (5 +£50)
+ 31— )(5 = Bp1 + 4p2) Q2 — (9 — 1011 + 3 + 6115 — 201 112) Q3
—2(1 = p1)(5—p1 + ,U2)Q12/V}€O
- i[ (3 — 8p1 — 4} — 6po + 10p1 o + 3u3 + (1 + 5y — M2)ﬁ) Q7
— (A T = 4p2)QF = 2(1 = o) (1 + 5 — ) Qy |4
+ i[(l — dpy — 6pF — dpn + 643 + 8VN)Q?
— (1 + 2u1 + 83 + 6z — 81 + SV N Q2
— 22+ Bp1 + ] — Spa — Gpapa + 543 + VN Q[ eaw
— 17+ Tp = 8p2)Q2 — (13— 3y + 202)QF — 6(3 + p — 112) Q}y|
X A- + 31 [9(1 + 501 4 p2)Q7 + 3(15 + Ty — 292) Q5
+4(29 = 10p — 1} — 34ps + 21 2 — 13)QFy | VA

§[@2 - 907 +12Q% |, (203)
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H" (tree) = H™ " (tree)
=~ (145 — 12)Q2 + 2 (QF — Qh) | (¢ + £ — 1)
-3 [(1 — 101 — 3pF — 242 + 2 pi + 115) Q7
= 2 (14 = 12)(QF — Q[ (47 + 5 + [(1+ 1 — 1) (Q2 - @})
— (32 + 11} — 4o — 2papsz + 1B)Q | (thww + £, — £
— = (L = pi2) [(1 4 g1 = p2)(Q2 = QR) = 2(1 + 211 — ) Q|
X (o + )
+ 5[0 = 61 — 33 = 205 + 611105 + 13) Q2
— (L o+ 241 — 20 — prpiz + 13)QF — 21+ — ) Qi |4
-3 [(1 — 641 — 3T — 240 + 2p i + 13) Q7
— (14 g1 + 205 — po — 2pp12) Q3
—2(1+ pn — 2p2) (1 4 1 — N2)Q%/V}£1W + %[2(1 — 51 — p2) Q7

— (1431 — 12)QF — 2(3 + i1 — 32) Q| VX, (204)

H™ (tree

= =3 EQE +QF + Qi [VA (1= i — 2 + VN — 2VL4 )
=3[0 = 12)Q2 = (@} = Q3] (1 = — o) (2l — 262
+ VAt - 2t0))
5@2 = Q2 + (1 — )@ | (1 = = )ty +2657)

+ VAt + 2t5))

N|—

+
[

[(1 —2p1 — 2p2 — papiz + p3)QF — pa (1 + p — p2)(Qf — Q%V)]ti
+ [(1 + 51 — p2) Q7 + 21 (Qf — Qw)}( +if =t
+ 5y (1= 10 = 303 — 210 + 24105 + 113) Q2
— 21+ — 1) (QF — Q)| (17 + 1)

- [(1 1 — p2)(Q2 — Q) — (B+ 201 + pf — 4o — 2p i + u%)@?y}
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X (toy — thy)

g (U o — o) [(1+ g = p12) (Q2 = QF) = 21+ 241 — p12) QY |
x (o + thy)

L= )5 = B + 4412) Q2 = (9 = 10p11 + 413 + 6112 — 2411 12) Q3

(1= p1)(5—pm + Mz)Q%/VVo

(3= 81 — 443 — 62 + 10ppsz + 33 — (1+ 51 — p2)VA) Q2

— pa(4+ Ty — 4pg)Qf — 2(1 — o) (1 + B5py — ,U2)Q%/V} 01+

+ 5[0 = 4p — 64 — dps + 613 — SVNQ?

— (14 2p1 + 813 + 612 — 8y g — 8VN)Q?

—2(2 4 31 + g5 — Sz — Gpapz + Bz — 4\5\)62%4/} bw

[T 4 T — 8y12)Q2 — (13 = 3y + 2012)QF — 63 + 1 — p12)Qfy |

X A=+ 37 [9(1 4 Bp1 + p2)Q2 + 3(15 + Ty — 29p12) Q3

\V)

=

+4(29 — 10p1 — 5 — 34pz + 2p1 2 — u%)@%v} VA
— 1]@2 907 + 12Q% A (205)
with Ay := (1 £ /1) — gz and A_ Xy = X := A(1, py, po).

7.2 Helicity bilinears from the loop corrections

Again up to a general factor e2¢%|V,y|? /5%, x a/(4mV/N),
the NLO loop contributions read

H"(loop) = —%(—m 15— 2 — 2 pe + p3) VAV +
+ VAV — i)\\a(ﬂlVl + p2Va),
H* " (loop) = %(1 — 1 — pz = VIVAV- + i pp VAV,
H™(loop) = H T(loop) = 0,
H™"(loop) = %(1 — 1 = p2 + VIVAVL + VAV, (206)
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7.3 IR singularities from tree contributions

Both tree and loop contributions contains IR singularities. According to the Lee—
Nauenberg theorem the singularities contained in tree contributions have to cancel
against singularities in the loop contributions to the helicity bilinears. For the
example H ™~ that we look at in this chapter, the NLO tree contributions to the
helicity bilinears read

H™(tree)
= Q@+ Qb VA (1 =+ VN - 2V )
(1= 12)Q2 — (@5~ Q) (1~ — o)t — 2127
+ VAR = 265)) + [Q2 - QF + (1 — o) Q|
x (U= = o)ty + 25) + VAt +2t5)) + . (207)

where A = A(1, i1, 2). The IR singular parts are contained in /¢, tf and th.
In order to deal with the IR singularities in a consistent way, we need a way to
regularise them. £ itself can be used as counter term, for the other two expressions
in the first order tree contributions we defined as

te =t +0le, ey =thy + Lwle (208)
with
¢ = I — 0ty = 10 — 21 — 4

~ Li (_1—M1—M2—\&>_Li2 <_1—M1—M2+\&>
1 — g — pg + VA L= —p2 — VA

—2L12< \/X >+2Lig< _\/X )
1—p1—pp+ VA 1— 1 —pa — VA

+2L12< 2vA )—2L12< —2VA )
1—p1—pp+ VA 1— 1 —po — VA

+ /41 In (4'“1 ((1- \<,;Tl)2 - ,u2)2>’

tay = I8y — bawle = I8y — 214y — bl

~ Li, (_1—,“14—#2—\&) i, <_1—M1+M2+\&>
L— i+ p2 + VA L= +p2 — VA

— 2Li, ( \/X > + 2Liy ( _\/X )

L—p1+p2 +VA 1— g+ p2 — VA
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+2L12< 2V )—2L12< —2VA )
1— 1+ p2 + VA 1— 1+ p2 — VA

- 2 _ 0)2
+ £y In (4’“ (e K‘;’T) ) ) (209)

The IR singularities from the tree contributions helicity bilinears proportional to £
read
Hy (tree)
= (== e+ VA [QF + QF + Q[ VA
— (1= =+ VN[ - m)@i - m(Q} - Qh)] e

+ (1= p1 — 2+ VA [Qz + (11 — M2)Q124/} biwle  (210)

7.4 IR singularities from loop contributions

The helicity bilinears from the loop contributions read

H™ " (loop) = (1—p1 —pa + VIVAV. + 2V AV, (211)

The vertex form factor is defined as

Ve = Q(mg_ml%+m%V)Qch(mz?mI%?m%/[/;mA7mW7mc)

9 9 9 2 9 9

+ 2(mg — mj — miyy ) QuCy(mg, my, miy; my, ma, mp)
2 9 9 2 9 9

+ Q(mc +my — mW)QCQbCf(mm My, My 5 M, Mp, mA)

6SW

+ 55KM +6z! - 0%y + 025 oz

)\/ Bf(mc, M, mA)Qc(Qb + 1)( (m% — mz 4 m%/[/) + /\/)

+ ny(mg; mp, ma)Qp(Qc — 1) (mg(mg — mg + m%,v) + X)
+ o (212)

where X = A(m¥,, m2,m3).

In contrast to the UV singularities, IR singularities do not only reside in the main
contribution V2 but also in other form factors. For the loop contributions the source
of IR singularities are the scalar three-point functions containing a photon in the
loop for this we used Denner’s compact formula (122) in order to split off the IR
singular contribution.The results read as
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2 2 2
Cf(mmmb?mw;mA?mW’mc)

—1 7n2
= In A oW mam
ﬁ[ <mwmc> hl(mc ) +ln< 1;‘\, b)
><ln<m%/v_mz_m§_\/y
m%,v—m§+m§—ﬁ

— In? 2/N ' "
' (mxza/—mQ—mQ—ﬁ —He -
+1In? 2V i -
' (mgv—mQ—i—mz—ﬁ e .
ctmy miy —mg +mp = VN ) |

2 2 2
Cf(mwmb,mw;’rnw, mAamb)

1 m>

_ n A Ty mijm;

W[ (mbmw>ln<mw)+ln< 131‘/ >
xln(m%v+mz_m§+\/y>

2 2
miy ’I7”LC—TTLZ2)-|-\/y

— In? ( 2\/Y >

m +m2—mb+\ﬁ>

+1n? QW
mZy —m2 —m? + VN e

2 2 2
Cf(mc, My, My s Me, My, mA)
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There are different ways to transform the results further. By using the property

0 — lhiw
B 1—pg —po— VA L=+ p2 — VA
= In —In
L= —p2+ VA L=+ p2+ VA
_ <(1—M1—M2—\F)\)(1—M1+M2+\A)>
= In
(1= 1 — p2 + VA (L =+ p2 — VA)

1 ey —
N T Rl o) (214)
L+ p1 = pp+ VA
(1 = m2/m3y,, e = mi/m?%,) and the “symmetrisations”
1—py —po VA 1 1— 1 — e — VA 1
n p—p2 VA =l p—pe = VA Lo
2, /11 fiz 2 1=y — p2+ VA 2
1-—- + VA 1 1-— — VA 1
In i+ pp VA _ =l 1+ p2 = VA — i
2y/12 20 \1—p+p2+ VA 2
T+ —p2 £V 1, (14 —pe— VA 1
In =F-In = F5;(l—lw),
2/ 11 2 L4 — p2 + VA 2
(215)

for the IR divergent parts of these three-point functions one obtains
In i In (mw> +1In mitng In My —me = vy
myme )\ e ) my —m2 + mi VN
2 2,2 1 1
= In[—4 | (mW) +In [ ZAT (el — —lw+n < e ))
mwMe Me N 2 2 mw
N mw 1 m3m?2
= In{—5——]1 -1 AT ) (6 —¢
n <m§mwmc> n ( e > + 5 n< v (b — ),

2 2,2 2 2_ .2 7
n m4 1n<mb>+ln mAjnc n miy +mZ —mig + VA
mymy my A m¥, —m2 —mi + VN

)\l 1 2 2
(2 V() ()
mampmy mw 2 N

In m124 In (mc> +In m‘%‘T,n%V In m%/v _ m§+m§+ﬁ —T
memy me A mZy+m2 —m2 — VN
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2 2.9
= In A In (mc) +In AT
MMy my N
x<—15 L e )+ln<mb>—')
gl — 5l —bhw - i

N m, 1 m2m2
= In[———|In(—) =21 AW (0 + 27 216
n(m%‘,mcm) n<mb> 2 n( by >(1+ ), (216)

where the IR-divergent second part of these expressions can be expressed as
combinations of a IR-finite term and ¢y ¢¢, £1/;. Using dilog relations one can
also “symmetrise” the dilogs like

. 2vV/A 5 2v/\
Lis + In
1=y —pp+ VA 1—p1—pp+ VA
™ <l—u1—u2—ﬁ> <l—u1—u2+ﬁ>
+In

6

1— 1 —p2 — VA
xln( o )

. (1= — e — VA 1( 2(#1#2) 2>
= Liij(1)—-L 1 — /1) (217
ix(1) . (1—#1 M2+\F> ) A 1) 1D

= f—ng
1=y — po+ VA 2V

and

Y S O -
—Lis _
1+ p1 — p2+ VA L+ —po+ VA

w2 (1 — e — VA 1+ — p2 — VA
—— + Liy —In
6 L4 — pa + VA 2v/\
1 — A
xln( + p1 /~t2+\f>

2v/A

) (14— — VA 1( 2<M1> 2)
= —Li;(1)+ Li ——(In* (= | = (1w — ¥ .
1) 2<1+u1—u2+ﬁ 4 A (rw 2

(218)
Using
[N PSP | R S (219)
e s S N VO R

one obtains (v X = \/ A(m mb, m%v) is replaced by the dimensionless v\ =
AL, pa pi2))
b — le

2mwf Ca

1R 2 2 2 . _
Cf (mc7mb’mWamAamW7mc) -
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bw

C™(m?2, m2, m%,; mw,ma,m = —/;,
f (mg, mp, miys my, ma, mp) RV
f1 + 2w
CB(m2, m2, m¥%;me, mp,ma) = ———le. 220
7 (mg, mi, miys me, mp, ma) ngvﬁc (220)

For the IR divergent three-point functions contained only in the first (main) factor
we obtain

2 2 2 .
Cf(mc7 my, My ; MmA, My, mc)

= C’]’?(mz,m%,m%/; MA, MW, Me) + m&,
Cf(m37m§am%v;mw,mA,Mb)
= C}(m%,m%,mﬁv;mw,mmmb) + géiwfc,
QmWﬁ
Cr(m2,mg, miy; me, mp, ma)
= C}(mg,mg,m%v;mc,mb,mf;) — mfc, 221)

where

C;(mg)mzam%/[ﬂm/lavamc)
_ 1 Liy 1—py +po — VA L, 1—p1 —p2 — VA
m%,vﬁ 1— 1 4 po + VA 1— 1 — pi2 + VA

1 1 1
_ Z@ + Z@W -3 In (“;) (4 — elw)] ,

C;(mamlgamlz/[/;vamA’mb)
B 1 [Li <1+M1—M2—\A> Li (1—#1—,“2—\5)
= — 2 — Lio
m%/vﬁ L4 gy — pg + VA 1— 1 —p2+ VA

1 1 1
- fo + 1(51 —lhw)? — 3 In (?) £1W],

w2 2 2
Cf(mc’mbamw,mc:umb,mA)

L 1—p1+p2 — VA (14— 2 — VA
= — 5 19 +L12
mZ VA 1 — g+ po + VA 1+ p1 — pz + VA
2r? 1 1 1
- aw)? 14w+ 5 (“1“2> (6, + 2i)

3 1 \ . (222)
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Inserted into the form factor V_ one has

VAV
= VAV 4 (Q2 + QF + Qi )V + (1 + 1 — 12)QeQw (4 — Lw ) Le
— (1= p1 + p2)QeQwliw e + (1 — p1 — p2)QeQp(r + 2mi)le,  (223)

where the starred form factor V* contains the starred three-point functions while
the other form factors remain unchanged.

However, it becomes clear by now that the pure form factors can cancel only
the double logarithmic IR singularities like £1/¢ and ¢1/; and not the single
logarithmic £;. This cancellation will be achieved from the renormalisation of the
main form factor V. To repeat, the renormalised main form factor reads

5
V=vot6z. - LW 5w +o7E

L1 szk. (224)
SwW

To begin with, the conter terms from the two fermions are given by
2

T [2(m3 +2(D = 2) (QF + (97)2) miy sty ) Almy)

L —€

— (m? +4(D — 2)(g17)2m12/vs%,v) (A(mz) — mQZB(m?c; my, mz))
—2m} (mim3 — 4(D — 2)(g; )2(2m} — mE)miy sty
+8Dg;g}rm§cml2,vs12/v) B’(m?; myg,mz)
—m3 (A(mr) — m}B(mb;me, mu) ) + 2mf(4m — mi)
x B'(m%;my, mp)
+2 3 Virl? (mf + (D = 2)miy ) (Ami) — Almuw)

k

—I—(m? - mi + m%V)B(mfc; mp, mw))

iy 32 V(= i +
k
2

—(D = 2)(m} +m}, — miy)my ) B (ms my, miw)

—32mimiy st Q3B (m3;mys,m A)] . (225)
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For the counter term of the W boson wave function we have

SIwW = ST g~ (272 2(md = m3) (A(me) — A(m,)
{4

—2m2Z Z ((mf — m3)2 + (D — 2)m%v) B(m%/v; My, My)
¢
+2mfymy > ((mf = m2)2+(D - 3)(mf+m2)miy — (D — 2)miy )
0

x B! (miy; my,, my)
+2my Yy |V (mi —m3) (A(mi) — A(my))

4]
—2m3, 3" [Vig [ ((m? = m2)? + (D = 2)miy ) B(miy;mi, my)

1,3
+2mfymy 3 Vi ((m? —m3)?

,J

+(D = 3)(m + m3)miy — (D — 2)miy ) B' (miy; mi, my)
+(m% = miy) (mEA(mw) = (m% +4(D - 2)mfy) A(my) )
+ (m§ + 22D — 5)mym — 8(D — 2)miym? +16(D — 1)miy )
XB(m%/Vv mw, mZ)
—miy (m% — 4miy) (m + 42D = 3)mym% + 4(D — 1)miy)
x B (miy; mw, mz)
—mi(m3 —miy) (A(mu) — A(mw)) +mZmi (m¥y — 2miy)
xB(m%,V;mW,mH)
—miym% (m‘}l — dm3mdy, +4(D — 1)m%v> B'(m3y; mw, mpg)
+16(D — l)m?,v(mzz — m%v)

X (B(m%v; myw,ma) + miy B (m¥; my, mA)> } (226)

C=eu1,v=upi=u,ct,j=d,s,b). While B(m%v;mw, m4) is IR finite,
the very last term is IR singular,

1 myy
BY(m?y;mw,ma) = —— <ln <> — 1> . (227)
f( w ) m%/V ma
For the next contribution § Z, = —0Z44 —0Zzasw /cw weneed 0Z 44 and 67z 4.

‘We obtain
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—€ 2 2. 2 2,
= m {2;Qf ((D - 2)B(mA,mf,mf) + 4me’(mA,mf,mf))
—(D—1) (3B(m2A; mw,mw) + 4m%,VB'(m?4; mw, mw)> ], (228)

62

0274 =

2 _
3(D — Dmkewsw (4D — 2)m3 Zf:(gf + g )ewswQyA(my)

—8m% Y mi(g; + g )ewswQpB(m%i;my, my)
f

+2(D — 2) (m% = 2(D — 1)miy ) Amaw)
+4my (2(D = Dmiy + (D = 2)m¥ ) B(m¥;mw, mw)) . (229)

Note that (g, + g}L)chW = I]?i — 2s%,Qy. Using in a later step
im?n2% (1 m?
A = ———|-—In|—= 1
(m) an? =~ M\@ ) )

:——2¢ 2
2. _ W L 0
Blmazmom) =y (6 1“(#?))’

- ——2¢ 1
B'(m%:m,m) = £ 2< ) (230)

where [ is the MS scale, one obtains

62

= _ _ 2 3 6.2
02 = Q(D—l)m%m%{ 4D = 2)m7z Y (I} — 253y Q) QrA(my)
f
+8m2Z Zm%([jﬁ — QS%Qf)QfB(mi; myg,my)

f
+2m%Vm2Z ZQ? ((D — 2)B(m?%; myg,my) + 4m?cB’(m124; mf,mf))
f

—2(D = 2)(m — 2(D — )mjy) A(mw) (231)
— 4miy ((D —2)m% +2(D — l)m%v) B(m%; mw, mw)

D )m m 3B mA>mWamW) +4mWB (mAvmWamW)>}

_2-—2¢ m2 2
:62‘;[; (21 4ZQf>+4ZQf1n<M> 211n<"; >+2
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0
In order to determine > = CW (6Z%, — 67%) we have to calculate
SW 23W

62

4(D — 1)771%[,(7712 - m%v)

{2mZZ|Vw| (m — m3)(A(m;) — A(m;))

6 7% =

~(D = 2)miy (A(my) + A(my)))

—ZmZZw ((m? = m3)? = miy,
+(D = 3)(m? +m? — miy)miy ) Bmiy; mi, m,)

—|—2m22 Z ((m?, - m%)(A(mu) — A(my))
y4

—(D = 2)miy (A(my) + A(my)))

—ami 3 ((m2 = md) = miy + (D = 3)(mZ +m — my)miy)

x B(miy, m,,,mg)
+m?% (mZ + (D —-1)(4D — 9)mW> A(mw)
—m (m¥ — (D = Dmiy ) (A(mm) = A(mw))

~(m% - (D - 1)mW> (m% +4(D - 2)mi; ) A(mz)
—16(D — 1)miy(m% — miy) B(miy; mw, ma)
+m (mly — 4mymiy + 4(D — Dmiy ) B(miy; mw, m)

+(m% — 4miy) (m} +4(2D — 3)ymiym% + 4(D — )miy)

X B(miy; myw, mz)} : (232)
2 e?
07z = 4(D — 1)meZ(mZ 12/1/)
x| = 8(D = 2)miy (my = miy) > ((97)2 + (9])?) Almy)
f
—dmiy (m%, — m) Y (2D = V(g; - gf)*m}
f

~((g7)? + (g ))@m3 + (D = 2)m%) ) B(m¥;my, my)
+2(D —2) (m% — 4mZym% +4(D — l)mév) A(mw)
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—m3 (m} — (D = ym%) A(mu) +m% (m; + (D - 3)m% ) A(mz)
+(m% — 4m¥,) (4(D — )miy +4(2D — 3)m¥m% + m%)

x B(mZ; mw, mw)

+m3 (mly — 4mym% + 4D — 1)m%) B(my;mz, m))|. (233)

We find that the IR singularities only reside in the counter term 6Z,fb, §ZL and
0 Zww, i.e., in the leg contributions
6 Zyog = 0ZL 4+ 078 + 6 Zww
= O[len mQC —&——aQb In m—; —|—OzQ12/Vln —m%[/ +...
4dr m3y 4dr m3y a7 m4

(234)

Combining Eq. (234) with the unrenormalised main vertex factor V° and taking
into account only the IR parts, one obtains

ReVF = Re(VI™R +52i%)

2

e
= —(mg mb+mW)QcReCf (m m%vm%/l/;mAamW>mc)

21
+27( : mb _mW)QbReCf (mmml%am%/v;mWamAamb)
a ) CR (12 12 m2 -

+2 (m +mb mW)QCQb Re f (mc7mb7mW7m07mbva>
T (Q2 +Qf + Q)

o
= %m%[,(l + p1 — p2)Qc Re C}R(mg,mg,m%v; ma, myy, Me)
o'
—%m%{/(l — p1+ MQ)Q[; Re C]I"R(mga mg7 mI2/V7 mw,maAa, mb)

«
—7777,124/(1 - H1— :U’Q)QCQb Re C;R(mg, mza m%/Va me, My, mA)

27
+ Q24+ QF + Qb
(0%

= oA [(1 +p1 = p2)QcQw (f — liw) — (1 — p1 + p2) QeQwliw

(1 — 1 — p12)QeQuly + VANQ? + QF + QIZ/V)VC

= o (=)@ = m(@F - Q) b -

(@2~ @2+ (m — 1)@ ) ow + VAQ2 + Q3 + Q3] te, (235
where we have made use of the different squared versions of Q. — Qp, = Qw,

Qv = 3(Q2+ Qi — Q) Q2 = QcQp+ QQw
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QeQw = 3(Q2—Q} + Q) Qi = QcQy— QuQw
1
2

QQw = 3(Q2 —QF — Qfy) Qi = QeQw — QQw (236)
From Eq. (206) we read as
H™"(loop) = %(1 — i = p2 + VIVAVZ + VAV (237)

The IR singular part of the loop contribution reads (1 — p1 — p2 — V/A){, times
the expression

(I +p1 — p2)Qc(ly — law) + (1 — p1 — p2)QeQpl1 — (1 — py + p2)Qulaw

+VAQ? + QF + Qi)
= (1= 12)Q2 = (@2 - Qi) |6 = Q2 = QF + (1 — 12) Q% [ v
+VA[Q2+ Q2 + Q% ], (238)

where the general factor aq?/(47+/)\) has been skipped. Adding up the first order
tree and loop corrections for H~~ helicity bilinears, we get

Hiy (o) = Hpg (tree) + Hiy (loop)
= = — e+ VN[Q2 + QF + Q[ VAL +

— 51— =+ VA (1= 12)Q2 — i (QF — Q)| atc +

+ 31— i = 2+ VN[Q2 = QF + (1 — u2) Q| aw e +

+ 31— 1 — p2 + V) :(1 — 12)Q7 — 1 (Qf — Q%V)Vlfc +

— 5@ = —p2+ VN Qi — Q4 (1 — H2)Q124/} Owle +

+ 30— — 2+ VN [Q2+ @+ QY[ VAL = 0. (239)

According to the Lee—Nauenberg theorem the cancellation of an IR singularity of
the H~~ works out. The same can be done for the H++ and H%. The helicity
bilinear H*~ = H~ does not contain any IR singularity, neither from the tree
contribution nor from the loop contribution.

7.5 Form factors for the vertex correction

Analytical expressions for the form factors are given as V*, V., V; and V5,

mZ +mi +2m3, — 2(2Q. — 1)(2Qp + 1)m% sy,

2

VvV =
- 2
dmyy, sy,
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5s f
6L + 027 — - Wy 57+ 0ZE oz
+2(mg - mg + mW)QCCf(mC7 mba mlz/Vﬂ ma, mw, mc)
+2(mZ — mj — miy)QuCF(me, mi, miy; mw, ma, mp)
+2(m? + mi — miy)QeQuC (M, mi, miys me, my, mA)
Cf(mzﬂ ml%a ml2/V7 mgz,mwy, mc)

lon2 o2
AN'mi, siy

X (mg (mg(SmQZ — dm)m% + (4m3y, + m%)A’)
(m (m2 — mi + 3mdy, )m%y + 2(m? — mi +mi, )mi N

( m2 —m2 +miy) + 2\ ) meZ)(QchW — 1))

B
Cf(m2 mb7 mWa mw,mz, mb)

/ 2
4\ mWsW

X (mg (mg(SmQZ — dm)m% + (4m3y, + mQZ))\’)
—2(m2(mg — m? + 3miy )ym + 2(mi — m2 + miy)miy X

+2 (m2(mg —m?2 + miy) + 2X) mym ) (2Qusty + 1))

2 2 .
m%,Cr(m2, m2, m¥,; me, mp, mz)

Inn2 &2
2N'miy, sy

x (m? 4+ mi —mé, —m%) (m%VmQZ + X) (2Q.s3 — 1)(2Qps3, + 1)

2 2 2 2 .
mch(mcv mb7 mW7 mmg,mw, mc)

_l’_

2 2 2. 2 /
mi — 4m mims + A
4)‘/m12/1/5%/[/ ( H W)( b'"H )
2 2 2 2
mbcf(m 7mb7mW?mW7mH’mb) 2 2 2 2 /
‘ ANMZ, 5%, (my — 4myy) (mcmH + A )

_l’_

Cr(m2, m?, méy; me, mp, mpy
_ f( e Ty MW TThes T10h) )mng m%vm%{+)\/ +
/\/m2 82 c
WeWw

By me, ma)Qe(@+ 1) (m2(mf —m? 4+ miy) + X)

2
)\/Bf(mbﬂ mb7mA>Qb(Q - 1) (m%(mz - ml% + m%/V) + )‘/)

2m?
+ )\,W (mg 4+ mj — miy)(Qe — Qu) By (miy; mw, ma)
Br(m2;me, m
Brlme e M) (13(0n2 4 i) (i — 3m3) +
wSw

+4 <2mg(m§ —m?2 +mi)mi, + 2mi N
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—(m2 = my)(m? — m + my)m% ) (2Qesty — 1)
=2 (2m2(m — mZ + miy) + (m2 — mj + miy)ym3 + 2X)

xm%(2Qesty — 1)(2Qusty +1))

_Bf(mismb,mz)

Inn2 &2
8N'miy, sy

(m3(m?2 + mi — miy) (4miy — 3m3%)
—4(2m12,vm§(m§ —mZ +miy) +2mi N

—(m} — miy)(m} — mZ + mfy)m% ) (2Qusty + 1)

2 (2m}(m2 = mf + miy) + (mf — m? + miy)ym + 2X)
xm% (2Qesty — 1)(2Qusty +1))

By(m¥,;mw,mz)
7 2
SN'miy siy

—4 (2(mz +mi — m¥)miy + 2(m2 — m¥)mim% + mZZ)\’)

+ ( ((mg +mi —mi ) miy + X) (4mi, — 3m%)

X(Zch%V -1+ 4(2(m2 + m,% - m%v)mév

+2(mi — miy )miym% + mQZX) (2Qus%y + 1))

_mng(m?:; Me, My )

Ion2 o2
8N'miy, siy

X ((mg +mi —mi)m3 +4m2(mi —m? +miy) + 4)\’)

_mi By (mi; my, ma)

I 2 o2
8N'myy, siy

X ((mg +mi —miy)m3 +4mi(m? —mi +miy) + 4)\/)

Bf(m%v;mwamH)( 5

- my — dmiy ) (m? +mi — miy ymiy +X)

8)\’m%[,312/v
Bf(mg;mb,mw) 2 92/ 2 2 2 2 \y/
maomi (m5 — 3m m 6mi ) A
AN 52 ( ey (miy 7) + (mj + 6miy)

+2m2(3mi — 3m? + 5miy, )mi,
+2m§(mg — mz + 3m‘24/)m2z(2Qb + 1)8%[/)

4>‘/m%/V‘912/V mcmg(m%[ - 3m2Z) + (mg + 6m12/V)/\/

Bf(mismmmc)( 2

+2mi(3m2 — 3m2 + 5m¥, )m¥,
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—2m§(m3 — mz + 3m%v)m22(2Qc — 1)3124,)

Bf(m%/[/; M, mb)

+ m?, s, ( (X —dm?m? — 2(m? + mj — Qm%/v)m%v) miy
+4m%vm22(1 + Qp — QC)S%/V - ()\' - 2(m3 + m% - mQZ)m%V)
xm% (2Qe — 1)(2Qy + 1)siy ), (240)

2 2 2 .
Cf(mcvmbvmW7 mvaW;mc)

V+ - -
4/\’S%V

X ((miy + mHN = 2(m2 +mi — miy ymiym
+(2m§ + mz — Qm%,v)m%
—2(mj = m? + miy) (2miy + mB)my(2Qesty — 1))

2,2 2 .
_ Cp(mg, miy, miys mw, mz, my)

/o2

4N 3,

X ((47”12/1/ +mZ)N = 2(m? 4+ mi — m¥ ) mEym%
+(2mi +m?2 — 2m,)m},
+2(m? — mi + miy) 2miy + mF)mE(2Qusty + 1))

2 2 2 2 .
mZC'f(mc,mb,mW,mc,mb,mZ)
/o2
4N g,

—2N(2Qusty + 1) + Amfym (2Qesty — 1)(2Qusty + 1))

2 2,2 2.
_mHCf(mc,mb,mW,mH,mW,mc)

/a2

4N g,

X (mzm% + N +2(m2 4+ mi — m%)m%)

(mirm? + 2) + 2V (2Qeshy — 1)

2 2 2 2 .
_mHCf(mc7 my, My mW7mH)mb)

/a2

4N 53,

X (mgm% + N +2(m2 4+ mi — m%)m%)

2 2,2, 2.
7mHCf(mc,mb,mW,mc,mb,mH)

/o2

4N sy,

X (m%vm%{ + 2N +2(m2 +mi — m%,v)m%,v)

2m?
== (md = mi + miy)Qe(Qu + 1) By (ms me, m a)

2m?
== (i —mE + miy)Q(Qe — 1) By(mi; my, ma)
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4
dmyy,

Y (Qc — Qv) B (miy; mw,ma)

_Bf(mg’m07mZ)

4)\’3124,
x (2m3y +m%)(2Q.s%, — 1)
+2(m? = mi + mby)m% (2Qesty — 1)(2Qusty + 1))
_ By (mj;my, mz)

4)\’3124,
+2(mi — m?Z + m¥)(2m3, + m%)(2Qps%, + 1)
+2(mf — mZ + miy )G (2Qesty — 1)(2Qusy +1))

2 2
myy By (miy; mw,mz) 2 2
4mW — 5mZ
4)\’5124/ <

—42miy +m)(2Qesty — 1) + 4(2mYy +m3)(2Qusty + 1))
mng(mg§mcamH)

4)\’5%,[,
miBy(mi;my, my)

4)\’5%,[,
mIQ/VBf(m%/WvamH)( 2 _ A2 )

myg — amyy
4)\’3%[,
By(m?2; my, my)
4)\’3124,

+

(m2(4miy — 3m3) — 2(m2 — mf + miy)

(miamy — 3m)

(m +2(mZ = mj +miy))

(¥ +2(m} —m? +miy))

+

x (m2(m¥ +3m3) + 4(m2 — mi +miy) (Qum sty +miy))

_ By(mi;mw,me)
2
4N sy

x (m(m¥ + 3m%) — A(mf — m? + miy)(Qemy sty — miy))

_ Bp(miy;me, my)
4Xs%v

X (m%v(m%{ — mQZ) +2)\ + 2(mg + m% + m%v)m%,v

—ammiy sty (2Qe — 1)(2Q, + 1)), (241)

2. 2 92,
C(mz, mi, miy; mz, mw, me)
12 o2
2N%siy,

X {)\'(X + 2mim%)(4mdy, +m%)

Vi =
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+(7N + 3mim%) (m¥y — m? — mi)mim%
+2 [)\/ ()\/ — 2m3 (2miy — m%))

—2(\ + 3m§m22)(m%,v — mg + m%)m%v] mQZ(2ch%V — 1)}

2 2.2, 2.
+mZCf(mc,mb,mW,mW,mZ,mb)
2)\/282

w

X {m% (/\’(Qm%/ +m%) + GmEm%szz) +2 [)\’2 — AN (m? — mZ)m3,
+2 ()\’(mg +miy) + 3m2(mdy — m? + m%)m%) m2Z] (2Qus%, + 1)}

2 2 .9 2
mzCr(mz, mi, mi, Me, My, Mz)
2 2
2\ sy,

x{m3(my = mg +m2)(X +3mfym3)
2N (X + 2miym%) (2Qusiy + 1)
~2(my — m? +mi) (2N + 3miym%)m (2Qesty — 1)(2Qusty +1)

2 2 2 2
mHCf(mwmb’mWamH)mWa mc)
12 o2
2\ sy,
2

x{)\’ ()\’ + dmZ(m¥, — m? 4+ m?) — 3(m¥y —m? — m%)m%v)

_l’_

—miy (N = 3(m? — m}) (my —m —m})) my |

c c

2,2 2 2 2 .
_mbmHCf(mC?mb7 myy; vamH7mb)

XZA’QS%V{L\’(m%V —2m} +2m?) — ()\’ — 6m2(m? — mg)) m%}
3m§m%{Cf(mg7 m%v mlz/Vv Me, My, mH)
B 2)\/282
w

(miy —mj +mg)

/ 2 2 4m%/V 2 2 2
X (A + meH) + TQC(QZ) + 1) (my —mg —my)
8m12,v

Y (Qc — 1)Qymi By (mi;mpy, ma)

xBf(mg;mc,mA) +

2
dmyi,

A/
Bf(m27 mC7 mZ)
4N2m2s,

+3(m12/v — mg — m%)m%} — 4)\’mg(m%/v — mg + m?)m%@@bs%/ +1)

(Qe — Qv)(miy — mZ + mp)By(miy; mw, ma)

_l’_

{Xmg [mz(Sm%V +m%) + 8(m¥, — mi +m?)m3y,
2 _

—4{)\'(27723 — m%)(m%‘/ —m? m%)m%v
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()\’ 2(m2 +mi) + 6m2mi(miy —mi +m )mW> mZ]
x(2Qesty — 1) + 2[2X'm2(miy — mZ — m})
(N — i+ 2m2) — b2y — m? — ) )]

m(2Qesty — 1)(2Qusly + 1)}

By(mi;mp,mz) (.,
_ 4AI2S%V {)\ me

—4{4)\’mgm%,[/ — (X(sz —miy) — 6mi(m}, —mi + mi)m%) mQZ}
x (2Qusty + 1)
-2 {4)\'mg + (N + 12m%m%v)m22} m%(2Q.s% — 1)(2Qps%, + 1)}

B (m2 ;mW7mZ)
— 4‘/};/23‘2/‘/ {)‘/m%a/(lﬁmlz/v‘i‘m%)

+4AN (mdy —mi +mmi,

+3 (N (my — m2 -+ m3) + 4mi (my — mi + m2)miy ) m%

—4{2)\'(m%[, —m?+md)my, + (/\’(mg —mj) + 12m§m%v) mQZ]
X (2Qcsty — 1) + 4[2)\'(m12/v —mZ 4+ m?)miy,
4

i) mg] 2Qusty + 1)}

+ (X(mg —m}) + 6(miy —mZ —m)m

Bf(mg;mc,mH) /2 2
ANmomy +
4)\’2312,1/ { ¢

—N (4m + mip)(miy —mg — m}) + 12m2mi(mYy —mj + m2)m3 |

QB 2.
my By (my; mp, mp) {SA’mg _3 (/\’ + 4m§(’m12/v - ml% + mz)) m%}

4N2s,
B (m2 7mW7mH)
E e {Atmiy = mi - mymiy — (m = mim
—Bf(m/2 m;,mw {X2 + (X% — 12mimiy) (mdy — m? +m3)
2X2m2s,
+X'm (memw (5m¥y, —m2)(m3y, —m2 +m ))

—m2mi(N + 6m2m3, )m% — m2m; (X 6m?2(m? — m%)) m

—4m? {)\'(mg + m3y) + 3mZ(m¥ — m? + m%)m%v} m%(2Qy + 1)3124,}
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Bf(m1%5mW7mc) ) ! 2 2 2 2 2
- INZ2, {)‘ = N (Bmyy + mj) (miy — mg + mp)

—12mi(m3y, — mZ + md)my, — mi (2/\/ + 3(mdy —m? — m%)m%)

><m2Z + mg ()\' — 3(m3 - m%)(m%v - m? - mg)) m%l
—4m3 [)\’ — 3(mdy, —m? + mg)m%/v}m%(QQc — 1)812/‘/}
By (my; me, mp)
2\2s2,

< {N O + dmiy) + (N (m2 +md) + 6mby, ) (my — m? + m})

+3mi(miy —mi + mg)miy (my —m)

—6(miy — mZ +mp)miym%(2Q. — 1)siy

+2 (2)\’ +3(m3, —m? + m%)m%v) miym%(2Qy + 1)s}

—(my —mZ +m) (N + 6miym sty )m% (2Q. — 1)(2Qs + sy |

ln(mc/:a) —1 4 2
— 5 {Mm, — mg
)‘/5124/ {

+(miy —mg = mi)m%(2Qc — 1)(2Qy + 1)siy |

md(n(ma/) — 1)
Nm2s?,

x{m(my — m2 +m3) - 2miy — 2mImL(2Q. — 1)(2Qy + 1)siy }

4
mi 4+ dm*m2, — mimiy, + miy

(G /i) — 1)
Nm2s?,

2

X {QmZ1 — mcmg + 2m§m%‘/ - m% — m%m%/v + Qm%‘/}

3@ nma/i) — 1)
ANm2s?,

x{m2(my —m2 +m3) — 4(miy —m? = mdymiy (2Qushy — 1)

+8mZmiy (2Qpsiy + 1)
+2(miy — mi + m2)m%(2Qesty — 1)(2Qusty +1)}

w3, (2In(mu /f) — 1)
4)\’3124,

mg + 2m%v

(miy —mZ +mj) — : (242)

2m2s?,

2 2.2 2

mzCr(mZ, my, miy, mz, mw, me)
- 12 o2
2Ny,
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X {mg (X(Qm%v +m%) + Gm%m%VmQZ) — 2[)\'2 + 4N (m3y, —md)ym3y,
+2 (N (miy + md) + 3m(my — mi + m2ymiy ) m} | (2Qeshy — 1)}
Cy(m2, mp, miy, mw, mz,my)

2\2s2,

+7X (m3y, —m2 — m2)miym% +m? (2/\’ + 3(mdy —m? — m%)m%)

{)\’2 (A4m3y, +m%) + 8NmZmm%

2

Xmy — [)\’2 2XN'm2(4m3, — m%) — 2N (m¥, — m? 2

- mg)mw
—6m2(mfy — i} + mAmm | m}(2Qush + 1))

2 2 92 9,
mzCr(ms, mi, miy; Me, My, mz)
2.2
2\ sy,

x{m2(miy —m? +m)(X' -+ 3miym3)
—2N (N + 2m3ym%) (2Q 5% — 1)
~2(my — mi +m2) (2N + 3mbym%)m (2Qusty + 1)(2Qesty — 1)}

_mcmHCf(m07 mba mW§ mpmpg,mw, mc)
2)\’282

{2)\’( —2m?2 4 2m?) — ()\' + 6mj (m? — m%)) qu}

2 .
mHCf(mc7 mb, mW, MW, M, Myp)
2)\/282

{/\’{ + 4mZ(m3y, — mi +m?) — 3(m3y, — mg—mg)m%/v}

—m} ()‘ +3(mZ — m§)(miy, —m? 7ml2’)) qu}

_3mcmHCf(mca mbv mWa Me, My, mH)
12 o2
2Ny,

x(miy —mé +mg) (N + miymiy)
8m %v
+

Qc(Qy + 1)YmZBy(m2;me, ma)
4m %V
)\l

(Qe — 1)Qu(miy —mZ —mjy)By(mi;my, ma)

Nm?Zm?, + 4[4)\/771 mi;

(X(mW —2m?2) + 6m2(m¥y — m? + mb)mW> mZ] (2Q 5%, — 1)
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-2 (4)\’mz + (N + 12mzm12/v)m22) m%(2Qusty, + 1)(2Qcsty — 1)}

B (mZ;mp, my)
2.2
AN2mj sy,

{Xm} [m3(8mby +m3) + 8(miy —m?2 +mi)ymiy

_l’_

+3(miy —m? = mp)my| — 4[N (m} — 2m3)(my — m? — mi)my,
- ()\’m%(mg +mi) 4+ 6mimi(my, —m2 + m%)m%) m%}
X (2Qusty + 1) + 4X'mp (my — m? +mi)m%(2Qcsiy — 1)

+2 {ng(mgv —mZ —m?)(N + 3miym%)

~X(miy = m? + 2m)mE|m (2Qusty + 1) (2Qesty — 1)}

By (m,;mw,myz)
B 4/\’2312/‘,

X {A’m%(le%V +m%) + 4N (m3y, — m? + mi)mi,
+3 (X (miy —mi +m2) + dm2(miy —m?2 + mymiy ) m¥
+4 [QA’(m%,V —mi +mAmi, — (X(mg —mi) — IQmEm%V) mQZ}

X (2Qps3 +1) — 4[2/\’(m12/v —mi +mmi,

— (N(m2 = m}) = 6(m}y —m2 —mi)miy ) m3] (2Qesy — 1)}
_m%Bf(mg;mc, mr)
4N2s,

X {)\'(8m(2: —3m%) — 12m2(m¥, —m?2 + m%)m%{}

By (mg; my, mp)
e X 4 ) nfy = )

—mj ()\' + 12m2(m3, — m? + m%)) qu}

Bf(m%/v;mWamH){4( 2 9

2 2.2 2.2
+ AN, myy — my, + mg)my, + (mg _mb)mH}

By (m; my, mw)
~ e - NGy mi) oy — i )

712m(2:(m%,v — mg + mg)mév

—m? {2)\/ + 3(mdy —m? — mg)m%{/} m%

+m2 (X + 3(m2 — mi) (miy = m2 —m}) ) m¥y
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+4m? ()\’ 3(méy —mi + m%)m%) m%(2Qp + 1)3124,} +

)\’Qm%/v + ()\'2 — 12m§m§v)(m%v — mg + mg)

_Bf(mg;mw,mc){
2)\’2m§s%V
v — (

—i—)\'m% (QmEmW — 5m12/v — m%)(m%v — mz + mg))

N + 6mfmdy ymd, — mimd (N 4 6m(m? — m3)) m +

+4m§ [X(m%,v + mg) + 3m§(m12,v — m% + mg)m%‘/} m2Z(2QC — 1)512/‘/}

By(miy; me, my)

_l_
2\2s2,

X {X(X + 4mjy) + ()\’(mz +mi) + 6m%> (m3y —mi +m?)
+3mg(miy — mg + my)miy (m7 — mi)
+6(miy — mj; +mg)mymZ(2Qp + 1)siy
-2 (2)\’ + 3(m3y, —mi + m?)m%v) méym%(2Q. — 1)s%,
—(miy = mi +m2)(X + 6miym st ym% (205 +1)(2Qc — 1)sh |

milntme/ ) =1) g,

2 2 2 2
My — mc(mW — My + mc)

)\’mbsW
+2mEm%(2Qp +1)(2Qc — 1)sy |
In(mp /i) — 1

+(miy —mZ = m)m(2Qs + 1)(2Qc — Vsiy |

+m%V(ln(mW/ﬂ) -1
)\’mbsw

X {)\’ — 3mb (mW — mg + m%) — S(m%/v — mz — m%)m%v}

2 —
mz(2In(mz/i) — 1) 2/ 2 2 2
— 4)\/mbsw {mb (mW — 1y, + mc) +

— mb)m%V(ZQbS%V +1)— 8m2m%v(2ch%V -1)
+2(miy — mZ + md)m% (2Qusty +1)(2Qesty — 1)}

m2,(2In(mg /) — 1) 2miy, +m?

243
T (243)

r_ 2 2 2
where ' = A(mgy, mg, my).
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7.6 Analytic results for the O(«) helicity bilinears

Adding up first order tree and loop corrections for all five helicity bilinears, the IR
singularities cancel and we obtain

H ()
= —3(—pn +pd — o — 2pip2 + pP3)VAVE + pipa VAV,
IV (Vi + paVa) + 3 (—pn + 1d — pio — 2p 2 + 13) Qe
X [(1 — p1 — p2)Qp + (1 + pu1 — MZ)QW} (& —2tLh)
(=1 + pf — p2 — 2u1pe + 43)Qw
X {(1 +pr = p2)Qc + (1 — p1 + M?)Qb] (5w +2t5)
—2#1Qc[(1 + Tpy — p2)Qp + (1 + 31 — Mz)QW} (£ =t + 1)
—\//71Qc[(1 — 1201 — 5pf — 2p0 + Apapa + 113) Qs
(1= 81 — i = 2012 + 3)Qu | (157 + £
—2Qw [(2 + g1+ pF = Bpa — 2p e + ) Qe
—(4+ 31 + i — B — 2pape + uz)Qb}( —thy +tw)
+1+5/171_M2QW [(1 +3p1 — p2)Qc — (3 + 5p1 — 3#2)@1;}
v+t
[ ((4 — p2) A — 1 (17 4+ 161 — 322 + papg + 5#3)) Q?
(

4 — py + 2u2) X 4 p1 (15 + 8ug + Spgpo + Mg)) Ql%

x(t;

+

-
-2 ((4 + pi1 + p2) A + 1 (16 + p1g + Spo — papro — Mz)) QIQ/VVI
ﬂ (2 (2 + g1 — po) N — 17y — 1642 + 3po + 2001 o — 4u§) Q?

- (2(2 — g+ p2) A+ 15p0 + 3po + dpape — 4#%) Qp

—2(4+ 8 + 55 — 1241 — 1212 + T Q| 1w

+4[(16 — 671 — 15427 — 3uo + 38y — 1143)Q2

—(8 4 11pq + 1103 — 21 — 381 pg + 15#%)@%

=224+ i + 93 — By — Lpupiz + 93 Q| VA,
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H'H'(oz)
= (1= — pa — VIVAV + papa VAV — (Q2 + QF + Qi )My

—3Qc {(1 — 1 — p2)Qp + (14 p1 — HZ)QW}

x (1= = o)t — 2655) = VA(HE —2t0))

+3Qw | (14 1 = p2)Qe + (1= 1 + 12) Q)

X (U= g = pa) (G +265) = V(G + 2t53))

+Qc[(l — 3pn — pf — 2pg + 413) Qs

+(1 = p1 + i — 2p — 2pape + Hg)Qw]ti

Qe (1+ T = p12)Qy + (1431 — p2)Qu | (6 — ¢+ #)

+%\/171Qc[(1 — 1241 — 53 — 2p2 + 4papz + p3) Qs

(1= 81 — i = 2012 + 3)Qu | (557 + £

+Qw [(2 + p1 + pf — B — 2pp + 115) Qe

—(4+ B+ 1} = Bpiz — 2z + p3) Qe (E — G + 2thy)

_ 1T+ py — po
2y

+3[(1 = 1) (5 = Bpan + 4p2)Q2 — (9 = 101 + 41 + 61 — 2p1112) Q}

21— p)(5—pm + ,U2)Q%/V}£0 +

— 31 (3= 8 — 4pd — 6 + 10mpao + 3423 + (1+ 5y — p2)VA) Q2

—pn (4 Ty — 412)QF = 2(1 4 5pan — a2) (1 — i2) Qi |

+1 [(1 — dpy — 6pF — dpp + 63 + 8VN)Q?

—(1 4 21 + 82 + 69 — Sprpz + 8VAN)QF +

—2(2 4 3p1 + p? — By — 6pan + 5ud + 4&)@%@ G

— 37+ T = 812) Q2 — (13 = Bpun + 202)QF — 6(3 + 1 — 112) QFy |

XA~ + 2 [3(3 + 150 + Bz + VA)QZ + 3(15 + T — 295 — 9V/A)

Qu | (14311 — p2)Qe — (34 5y — 312) Q] (455, + £555)

XQF +4(29 = 10p — puf — 34ps + 2 s — 113 — VN Q| VA,
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H " (a) = H " (a)

~ Qe[ (14 Thr = p2)Qu + (L + iy — o) Qu | (17 = 2 + 1)
3V Qe [(1 — 1201 — 5pf — 240 + Apa o + 115)Qy
+(1 = 81 — i = 2412 + 3)Qu | (57 + £
—Qw [(2 + p1 + pF — Bpa — 2 + ) Qe
—(4+ 31 + pf — Bz — 2 p + 13) Qs ](t — thy + thw)

]_ _
WQW [(1 +3p1 — p2)Qc — (34 5u1 — 3#2)@4

%[(1 — 61 — 3pf — 2un + O pio + p13) Q7
—(1+ o + 2083 = 25 — upiz + 13) Q3 — 201+ i — 12)*Qy [ 4
— 30 = 6 — 33 = 205 + 21112 + 413) Q2
—(1 4 1+ 20F — pa — 21 12) Q3
=2(1 4 p1 — 2p2)(1 + p1 — M2)Q124/}51W + %[2(1 — 5u1 — p2) Q2

—(1+ 31 — p2)Qp — 23+ 1 — 3#2)@%4/} VA,

(1 — 1 — 2+ VIOVAVZ i pn VAV, + (QF + Q3 + Qfy )M
—%Qc[(l — 1 — p2)Qp + (1 + p1 — NQ)QW}

x (1= g = o)t — 2655 + VA(HE — 240))

+3Qw {(1 + 1 — p2)Qc + (1 — p + Mz)Qb}

x ((1 — 1 — )ty + 255) + VA + 2tﬁ;v))

~Qe| (1= 3 — i3 — 2012 + 13)Qy

(1= g1+ pf — 22 — 2 p + N%)QW} s

+1 Qe [(1 + Tpn — p2)Qp + (14 3p1 — m)QW] (7 =ttt

+%\/M1Qc[(1 — 1241 — 5 — 20 + dpapis + p3) Qs
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+(1 = 81 — p1f — 2012 + 413)Qu | (157 + £5)

+Qw [(2 + 1+ pf = 3pe — 21 + p3) Q.

—(4+ 31 + pf — Sz — 2 pp + M%)Qb} (o — thw)
_WQW [(1 + 31 — p2)Qc — (34 5p1 — 3#2)@4

Xty + )

~3 (1= )(5 — 3 + 4p2) Q2 = (9 = 1041 + 1 + 6o — 2411 112) O}

~2(1 = 1) (5= + 12) Q% o

-1 { (3 — 81 — 4pt — 6uz + 10u1 o + 3u3 — (1 + 5pq — Mz)\ﬁ\> Q?

—p1(4+ Ty — 4p2)Qp — 2(1 + 5py — pag) (1 — M2)Q12/VVI

(1 g — 6pd — dpz + 643 — 8VAQ2

— (14211 + 8p3 + 6z — Sprpz — 8VAN)QF

—2(2 4 3py + pf — Bz — 6pipn + 53 — 4\/X)Q12/V}€1W

+3 (7 + 71— 8412)@Q2 — (13 = Bpn + 2412)QF — 6(3 + 1 — o) Q3 |
XA+ 2 [3(3 + 150 + Bz = VA)QZ + 3(15 + Tus — 2945 + 9V/A)

XQF +4(29 = 10p — puf — 34ps + 25 — 3 + VI Q| VA. (244)

8 Collinear singularities

8.1 Investigation of collinear singularities

In order to calculate the helicity amplitudes in the massless limit 1, iz — 0, we
found that the tree contribution to H~~ results in collinear divergences results as,

H™ " (tree)
1 107

= 2(7— 0(?- —ln,u1—21nu2—3ln2,ul—21n,u11n,u2>Qz
1/3
—|—2(2—7r2—21n,u1—ln,ug—2ln,u11nu2—31n2,u2)Qg
1 /23 9
—1—5 g—Zlnul—anug Qw + O(/1)- (245)
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H™" is the helicity component that contains 2V_ and is contributed also by the
Born term. Therefore, we presume that corresponding collinear logarithms are
found also in the form factor. In order to investigate this possibility, I have expanded
the subtracted results found in Egs. (222) in 1 and obtained

C;;(mzvmgvm%/v;mmmw,mc)
1
= m[(lnm —2In(1 — m)) (3lnu1 +2Inpuy —61In(1 — m))

—~A4Lis(pz) | + O(pur),

2 2 2 .
C;;(mca My, Myy; My, M A, mb)

In po
— (21 1 —8In(1 —
0= ) (2Inpr +3Inpe — 8In(1 — pu2)) + O(u1),

C;(mzvmgam%/l/;mcambamz‘l)
-1 9
=—— |9(lnp —2In(1 — 12 (In g — 21n(1 — p2))1
13— gy 12 = 20001 j2)) 12 (I oy = 21 = ) In
19102 g + 12 (In ey + In o — 21n(1 — o)) + 872 + 12L12(M2)]
+O(u). (246)

Finally, expanding the combination found in V_ into p2, one has

2(1 - M?)QCQWC;(m27 ml%a mI2/Va ma, mw, mc)
—2(1 + p2)QuQw CF(m2, my, miy; mw, ma, my)
_2(1 - IU’Z)QCQ()C; (mz7 mg7 m%/[/) Me, My, mA)
42 , 3 5. o
= 5 QcQy + 2miQcQy In(ppi2) + 5 Q¢ In" 1y
3
+5Q0 n? o + (QF + QF) In iy In iz + O(pi)- (247)
In order to deal with the single logarithms, we turn back to the vertex corrections

the V*, V4, V; and V5 contain these contributions. In the mass zero limit the
contributions are as follows:

V* = 2Q2By(mZ; me, ma) + 2Q; By (mi; my, ma)
—2Q% By (miy;mw,ma) + ...,
V= —2Q§Bf(mg,mc,mA) — QQng(mg;mb,mA)
+4Q7 B (miy; mw,ma) + .. .,
Vi = 4Q2Bg(mZ;me, ma) — 4Q%, Br(miy; mw, ma),
Vo = 4Qi By (my;my, ma) — 4Q% B (miy; mw,ma). (248)
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As these collinear singularities should be the only ones for the IR-finite form factors
V., V1 and V5. In order to study the dependence on p; and pe. One obtains
Vi = —4Q%Inpuy, Vo — —4QF In po, Vi — 2Q2In yuy + 2Q3 In po and

Ve — Q2 ( In? g1y + In pug In pug — 2ln,u1>
3
+Qp (ln w1 ln s + 3 In? pg — 21In /@) . (249)
Now finding the collinear singularities in the finite parts of the renormalisation
factors. Following the principle that the collinear singularities are closely

related to the IR singularities, we looked for the (IR-subtracted) contributions
QmQQQB}*(mQ; m, m4) from 5fo, f = c¢,band 6 Zy y given by

2,229
2m2Q2B (m%;m,my) = (ln (}\m mbT;”Lcmzw)2> — 2) Q?

(mZ, my, miy,
= (Inpi +Inp +Inpg —4In(1 — po)
—2+0(m))Q%i=1,2,W (250)

will contribute. Therefore, one is left with
1 _
0Zii[e* = —5(QF +77) (Ap(mi) — 1)

S — (Bf(m mi,mz)—Af(mZ))

+ 2m?Q?Bf*(mi ;MG mA) + ..

2 2
-tetonn(() () (o (2)
—i—ln(ﬁ)—l—ln(ﬁ))—i—...

Q2<31 ( 2)+2m<?§>+2m<?§>>+... (251)

where the ellipsis stands for non-collinear parts.

8.2 Subtraction of collinearities

For the subtraction of collinear singularities, we proceed in the same way as we have
done this for IR singularities, namely that each of the parts the helicity bilinears is
composed of, is independently collinear finite. This means that we have to subtract
the collinear singularities listed in Table 1. The remainder will then automatically
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be finite. The procedure is as follows. For the vertex contribution we have calculated
the collinear subtracted three-point function as,

C}k(mgamz7m%/[/;mA7mW7mc)

1 3 1
:Cﬂmimim%mMJMWma+Va(4m%u+2mﬂﬂnm)
C}k(mgamz7m%/[/;mW7mA7mb)

3
= C?(mi,mi,m%v;mw,m,mb) N5 ( In g1 In pig + Zln M2>

* 2 2 2 .
Cf(mc7 my, Myy; Me, My, mA)

3 3
:C]cc(mgvmgam%/l/;mmmbamfl) f( In? py + In g 1DM2+11H ,uz)

(252)
For the single logarithms in the vertex,
2V = —l-)\()\—l-(l—/n—f—ug)ul)Q By(m2;me,ma)
; A+ (1+ p1 — p2)p2) Qi By (mip; my, m a)
%(1 — w1 — p2) Qi Bp(miy;mw, ma) + ... (253)

a replacement of By(m2;m;, ma) = 2 — In(m?/u?) by!
Bfe(m?;mi, ma) = By(mZ;mi,ma) + Inp; =2 — In(mdy, /) (254)

will account for these collinear singularities for ¢ = ¢, b, being trivial for i = W.
Going into more details, we have analysed the collinear singular behaviour of all
the dilogarithmic and logarithmic terms separately to obtain

e 3 1
tf* = té+§ln2u1+2lnu1lnu2+§ln2u2
thy = thy +lnpl L2 255
cw = tow +Inpninps + o InT (255)
and
1 1
—§1n2 m%tﬁ tﬁ“;,z 5ln2 2
1 _ _ 1
Zln2,u1—§lnzugxt£ tiwm§ln2u2

1
1 In?pu ~tt =0 (256)

! T use the upper label “c” for the collinearly subtracted terms that are IR finite.
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1
—InA—Inp; —Inps = l¢ Eg%—ilnuz

1
Inp; +1Inps = 4 €+z—§ln,u1
1
In po =~ Ly (-~ —3 In py (257)

The same has been done for the remaining integrals. Before subtracting these
collinear singularities, we have converted the arguments of the dilogarithms to such
that remain finite for the collinear limit, in order to obtain

He — iy (1+M1_M2+ﬁ>—|—Li2<1+'u1_'u2_ﬁ>

2 2
: 1 C C C C
— 2Lia(y/p1) + 1(51 — Liw)? + o/ (6] — £yy) (258)

with €5 = —2In((1— 1 — pa+v/A)/2) and £y, = —21In((1— p1 4 p2+VA)/2),
while one has t%5;, = t,;, = 2Lis(,/fi7) — Lia((1 4 p1 — p2 +V/A)/2) — Lia((1 +
p1 — pi2 — v/A)/2) without counter terms. On the other hand, a lot of the other
dilogarithmic terms have to be rewritten in order to move the collinear singularity
from the dilogarithms to the products of logarithms. Following this, we can subtract
the singular products of logarithms listed in Eq. (256) from these terms.

#e — 9T 4, _1—M1—M2—\5 _oLi, (_1—M1—M2>
1— 1 —p2+ VA VA

— 2L, (ﬁ )—4L12<1“1“2ﬁ>+ :

s
1—p1 — po 1=y —p2+ VA 2
1 11—y — 1— 1 —
_7(£(1:)2+211'1 \//Tl( N’lz MQ) £§_1n2< 1251 /J’Z)
2 AL+ /p1)? = p2) VA
M+ vm)? —p)\
L —p1 — p2 37
1— —
£, = 2Ly (- H1t p ﬁ)—QLh( VA >
1— p1 4 p2 + VA 1— 1+ p2 + VA
1— - 1— -
—2L12<— w1+ o ﬁ>—4Lig< w1+ e \F/\>
2\ 1— 1+ p2 + VA
7T2 3 C )2_ln<\/ﬁ((l+\/u71)2—u2)2> c

—2In(pyp2) In (

+?_Z( w 211 w
2

~In? (?) =2y I (VAL + V)2 = p2)) = %
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tﬁ—c

z

tote

= Lis
<1+u1—/~02+\a

2,/fi1 (14— — VA
+ Lia
2. /i
Li (1—#1—M2—\A> . <l—u1+u2—\a>
— L9 —L12
1= —pe+ VA 1— 1+ p2 + VA
(1 — e — VA i 1— g —pa— VA
14— p2 + VA 2(1 = /)y
2(1 — _ _
+Lh< 1 ¢mxm1>+Lm<1;u+m \ﬂ>
L= = p2 + VA 2(1 = \/p)

. 2(1 — /j11) 1, ., 1
+ Li — — — —(9)" + 4965
2<1—/J,1+/J/2+\/X 92 4(1) 411W

1 2 c c
-3 () 5+

- oI (VA v - )
~ Wn(uapz) In((1+ V)2 — 1) + I (1 = 7)

2

s
+In?(1 — /1) — -3

]' C
— (G

= 2Lia(y/p1)
g — P
—Li2<1+’“2 12 ﬁ>+L12< vin )
VHL 1+ p1— po + VA
(1= = — VA ) 2(1 — /1) /11
+ Liy — Liy
2(1 — /)11 1— 1 —p2+ VA
201 — — _

4 Liy (1— /) ~Lis 1— 4 p2 — VA
1— gy +p2 + VA 2(1 = /p)
_Liz<1+u1—2uz—ﬁ>+L12<1—m+2u2—ﬁ>
+L12<1_u1 MQ_\A>+L (1—M1+M2—\a>

1— 1 — po+ VA 1—M1+,M2+\/>
(1 — uz—ﬁ 2 1
+L1 - 7£c 7€cc

+%Hwy_;m¢mu—wmxﬁ—ﬁm

+ ot (Vi - vm? - wa?) &
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7T
+ In(p1p2) 111((1—\/M) — p2) +1In/prIn(1 — /i =
e U ug—
L
12(2(
L4+ pp — p2 —
L < :

N/

)
°)
L12<1”1+“2 A)
)

tgﬂ;;: Ml
¢ l—m uz+\f

LT (1—M1+,U2—

1= —p2+ VA 1— 1+ p2+ VA

14+ p1 — po —

+ ZCC
14 p — Mz-l-\f

i)
( ;)
<1 p,1+u2+f>
()
()

ln 2 c+71 pa((1 +ﬂ) — p2)? /-
3 1—ym ) ' 2 Vil — /) W
—In /i In(1 = v/pr) + In o In((1+ /1) = pra)
—In*(1 — /m)* — 0,

t5 = —2Lia(y/m) +

14 pg — u2+xf 2

3 1
fc w+ 1( Tw)

—l—ng 1+ MQ_\/X L12 2\/1171
Vi 1+ p1 — p2 + VA
—L12<1 M1 — MQ—\A>+ (2( \//Tlx/lTl>
2(1 1—p1— p2+ VA
( ) (1—u1+uz—ﬁ>
_l’_
1—u1+u2+xf
(1—M1 P2 — > L12<1_M1+H2_ﬁ)
1—p— 2+\f 1— g+ pe + VA
14— pp — VA (Lt = VA
L4 — u2+\f 2

w) = 5 (Vi = vi? = ) i

2

_51 (1—@) (-
—In /i In(1 — /1) — Inpo In((1 — /ja1)? — p2) — % (259)
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In (t;ﬁ/ + t;ﬁ,) /+/Iv1, the collinear singularities are suppressed by ,/x; and
will only contribute if it is divided by ,/u1 which is the case for this particular
combination. One has

te _ g (LHm =g = VA L (1—\/;T1)2_M2_ﬁ>

W 2 2\/'[71 2 2(1_\//71)
! a e _ge oL (A= Vi) —pe)
+4ln<(1—\j:t71)3> (- 1W)+4ln< (1—/m)? > 1w
—In/p1(In(1 — /1) + V1)
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2"\ T i TV )
12 12

e 2/ 2(1+ /i)
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4 (14 /m1)? 1= hw) =y (1+ /)2 1w

+Inpn(In(l + un) — /)
(e ln<(1+x/171)2—ﬂz>
2 \1+ 1 (14 /11)?

+1In*(1 + /1) — In(1 + /1) In(1 — /1) + In21n (1\/@) :

+ /1
4 t_Iﬁ/c 4 t+1/€/c
tke = 22W o e = Z2W (260)
W v R/

For the vertex contribution, the collinear subtracted three-point functions related to
photon as

2 c 2 2 2 .
mWCf(mc7 My, My MA, MW, mc)

1 3 1
c7m§7m%/[/;mA7mW7mC) + ﬁ <_41n2ﬂl - 5111/111 IDM2>

m%VC;(mQ
_ 1 Li, 1—M1+M2—\5>_L12<1—M1—M2—ﬁ)
VA 1— 1+ p2 + VA 1— 1 — p2 + VA
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- 1(61)2 + Z( )2 — 5(51 —liw) In ()\)

—In /1 (4 — ln)\)) — 0,
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Note that the imaginary part of the latter is still collinear singular. However, we do
not need this imaginary part for the helicity bilinears. The results for the collinear,
IR and UV subtracted counter terms read
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By this way the collinear singularities are cancelled against each other from tree,
loop and renormalisation factors.

9 Schemes and results

In the EW theory with its multiple parameters depending on each other, it is essential
to decide which of the parameters are independent means which parameters are
taken as physical parameters. The correction depend on the subtraction scheme.
Here we used three different schemes as «(0), a(m,) and G, scheme. In the o
scheme(s) there is the fine structure constant as measure for the coupling. In the
so-called « scheme, the coupling and the masses of the particles are used. In the
a(m%v) scheme, all light fermion loops occurring in the counter terms §Z, and

dsw /sw are resummed into the coupling constant, as explained in Refs. [9, 15, 23].
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Table 1: Contributions to the collinear singularities from tree, vertex and renormalisation

Q? tree —Inpy —2In ps —31In? w1 — 21 pg In ps
loop 3In? g + 210 g In pug — 410 pig
renomalisation | 51n p; + 21n po

Q2 tree —2In gy —Inpip — 210y In iy — 3In?
loop 21n pu1 In o + 31In? 1y — 41n iy
renomalisation | 2In uq + 51n ps

QY || tree —2Inpy — 21n po
loop 0
renomalisation | 2In uq + 21n ps

However, depending on energy of the process, more and more fermion loops can be
resummed to the coupling, so that «(0) is changed to e.g. ao(m$;). This is shown
in Sec. 8.2.1 of Ref. [9]. The Fermi constant is preferable as physical parameter,
as it is measured quite precisely, Gy = 1.1663787(6) x 107> GeV 2 by using
the 4 decay (thus, G,) this can be seen in the quite detailed review article in
Ref. [23]. For the processes involving the electroweak vector bosons, the G g (or
G,) scheme based on the Fermi constant (in muon decay) and discussed in Ref. [25]
is preferable. Therefore, for our work we will work with this scheme (which was
already mentioned in Ref. [9]). From Eqgs. (426) and (423) of Ref. [23] we deduce
that

1 sw Sh,(m%) 1
07, = 14 2y 2 ZAZV AT A
“la, 2 Aa(ma) cw mQZ 2 " Gy
_ 1 @ EEZ(mQZ) _ Z%W(m%{/) _ EYV;/W«]) - Ejv;/w(ml%v)
2 s%,v mQZ m%v m%,v

oL () al0) (7 4sh
_ _ 6+ Wy —A
swewmy  Awsd, + 252, (Ay(mz) 7 (mw))

(263)

In order to calculate this quantity, we obviously have to calculate EJVY W (p?) at
p? = mi. (cf. also Eq. (4.6.11) in Ref. [15]). For the self energy of the W boson
at p?> = 0 one obtains

Sty (0)
- -1 2 2 2 2
+Ne Y [Vig2(m? +m2))
4,J
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It can be shown that
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(265)

is UV-finite. This has been done by using > (1 — 4/ ]%Q #) = 0, which in detail
results in Q. — @ = Qyw for all quark and lepton generations. In replacing the
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a(0)-scheme result 0Z, = —6Z44 — 0 Zz 45w /cw by Eq. (263) means that the
contribution —§Z 4 4 producing the large mass logarithms no longer appears. We
can use Eq. (263) to see that in this new scheme 0 Z, together with the counter term
for the sine of the Weinberg angle simplifies to

[_58W+5Z] _ dy <E%W(m%v)_2§z(m%>>+
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47‘(’8‘2/1/ 2512/1/ AN AW ’

which means that in this scheme we obtain
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with UV singular contributions

s 2
(SSW _ ( Z 1) 525 ;

Sw G, 128W€
and UV finite contributions
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24meZsW ( )
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f 2¢?
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Together with
8Z% 19-Y"1 271
ww = 123W5 ( Z ) @71)
from above, one has 6 2%y, — dsiy /sw + 0Z¢|q, = —2€2/(siye) as for the other

schemes, only that the first two UV singularities cancel each other and the only
singularity that is left is the one from §Z|g,,.
9.1 Observables for the decay process

Observables which are also measured in the experiment, are based on the differential
decay rate given by

dl’
= T 0
dcosf oW (0)
(272)
where W () is found in Eq. (1) and
3
r, = Gemiv N|Vi|? = O‘mWN Vi 2 273)

6m\/2
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Table 2: Numerical values for the three observables ¢y, Apg and cos fexs, to leading order
and for three next-to-leading order schemes with exact fermion masses and in the collinear
limit

scheme, case cr App COS Oexir
LO my #0 || —0.792444 | +0.231632 | +0.292300
my =0 || —0.795975 | +0.231975 | +0.291435
a(0) mye #0 || —0.792196 | +0.231596 | +0.292347
my =0 || —0.791380 | +0.231934 | +0.293076
a(m3y,) my #0 || —0.792168 | +0.231592 | 40.292352
my =0 || —0.790868 | +0.231930 | +0.293260
G, my #0 || —0.792186 | +0.231595 | +0.292349
my =0 || —0.791192 | +0.231933 | +0.293143

is the Born term rate in the collinear limit into quark flavours 7 and j. The normalised
decay rate is given by I' = (dI'/dcos®)/T. In order to describe the angular
distribution, we analysed three observables. The first observable is the convexity
parameter, given by

42T 3 H+*+ —2H + g—
- -7 ) _ . (274
= deos @) — 1P++ 2P0+ o) ( H+ + HO 4 [ @74

The second and third observables are the forward—backward asymmetry of the
decay distribution defined by

() -T(B) _3 H'™" —H™~
App = FE) 1T B) Z(P++ —p--) (H++ T+ H00 1 H——> (275)

=

>

with T'(F) = (0 < 0 < n/2) and T'(B) = I'(r/2 < 6 < ), and the position of
the extremum

cos 6

Arp _ (P44 —p—-) < H" —H

extr  c¢f  (pyy —2poo+p——) \HT+ —2HO 4 F—— |
(276)

The values for these observables are found in Table 2. At the same time, we see
that in the collinear limit the electroweak correction is larger and amounts to 7.0%,
4.2% and 7.4% for the G,,, a(m¥,) and (0) schemes, respectively.

9.2 Results

For interactions of the W boson (in particular, for the decay of the W boson), the
G, scheme is the most appropriate, as the Fermi constant collects parameters in a
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Figure 8: Angular distribution in dependence on the subtraction scheme employed

single parameters present in these interactions, see Ref. [23]. The EW corrections
are assumed to be small. The effect of these schemes are displayed in the Fig. 8.
With the a(m;) scheme the EW correction is of the order of 1.9% while for
the other schemes the corrections are larger, 4.7% and 5.2% for the G, and «(0)
schemes, respectively.

We have compared the angular distribution for the LO Born term result and for
the NLO result in the G, scheme with the results in the collinear limit in order to
study mass effects. In the second column of Table 3 we give the helicity bilinears
for the different schemes. We can see in this table compared to the mass zero case
for the final quarks, i.e. the collinear limit, results with the quark masses taken into
account will be smaller, as the phase space is shrunk by the masses, an effect that
gives the main contribution.

In Figure 9 we have compared the angular distribution for the LO Born term
result and for the NLO result in the GG, scheme with the results in the collinear limit
in order to study mass effects. While mass corrections for the Born term results
are difficult to discern and are of the order —0.2%, mass effects in the G . scheme
amount to —2.3%, with the mass effects for the a(m?;,) and «(0) schemes given
by —2.4% and —2.2%, respectively.
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Table 3: helicity bilinears for the Born term contribution and the electroweak radiative
corrections. Shown are numerical values for the exact fermion masses, and for the fermion
masses except for the top quark mass set to zero, i.e., in the collinear limit.

scheme, bilinear my my=0,f#t
LO H% 0.00148 0
H || 7x1077 0
H+~ 0 0
H—— 0.99704 1
a(0) H +0.00019 +0.00206
o+t +0.00003 —0.00094
H+- +0.00005 +0.00103
H—~ +0.05195 +0.07333
a(m?,)  H® +0.00015 +0.00222
o+t +0.00003 —0.00101
H+- +0.00006 +0.00111
H—~ +0.01911 +0.04208
G, H 11 +0.00018 +0.00214
o+t +0.00003 —0.00097
H+~ +0.00006 +0.00107
H—~ +0.04701 +0.06916
§ 0,8 T T T T ‘
— i G, scheme B R |
o i S : : >:'\:7:\ |
; 06 j /j:/':', ‘f\\.\\\‘\\i
f o)
0.4 - S e O(«) for m; =0 ]
i ./ ——— Born term result I
- /4,/’/' """""""" Born term result for m; = 0 1
02 [ (/‘ﬂ -
O v 1 | 1 | 1 | 1 ]
— -0.5 0] 0.5 1
cos O

Figure 9: Mass dependence of the angular distribution in the G, scheme

132



10 Gauge dependence of the gauge boson projector

10.1 Introduction

In electroweak theory we can derive the propagator of a gauge boson in two different
ways, like the semi-classical approach called Green function and the field theoretical
approach in which we calculate the vacuum expectation value of the time-ordered
product of the field operators, for the massless photon case or the massive vector
bosons W and Z. The gauge boson projector, the central tensorial object related
to the completeness relation for the polarisation four-vectors, can be defined by
comparing the semi-classical with the field theoretical approach. In the case of the
photon (massless vector boson) there are two polarisation states, while there is an
additional longitudional polarisation state for the massive vector W= or Z bosons.
The time component of the polarisation state depends on the choice of the gauge.
In order to fix the gauge to a general R gauge, we add the gauge fixing term to the
Lagrange density,

1
28y

and construct the vector boson propagator in a semi-classical way as Green function,

1 1
L= =350V 0"V = 9VI) 4+ SmyV V! — o—(0 V1), Q27D

d*k Pl (k)e*(z=v)
DM (r — — / |4
vi(z=y) (2m)* k2 —mi +ie

" ) v kM EY
Py (k) == —g" + (1 —fv)m

(278)

where (¢g") = diag(1; —1,—1, —1) is the Minkowski metric. For the simplest
case of Feynman gauge ({yy = 1), the gauge boson projector reads P{;” (k) = —g"”.
For Landau gauge £y = 0, we obtained the purely transverse projector reads
PIY(k) = —g"” + k*k” /K, and for the unitary gauge &, — oo we obtained the

PLY (k) = —g"” + k*k" /m3, which is transverse only on the mass shell k? = m?,.

10.2 Methodology

In order to calculate the propagator from the correlator function, we start with the
quantisation of the vector field V#(x) by introducing creation and annihilation
operators

S Bk 1 N SN D T\ ke
V“(w)z%}/wm [5“(k,A)a(k,A)e ke 4 e (k,A)aT(k,A)ek}
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with [a(k, ), al (K, \)] = (27)36x0 0@ (k — k') and w?(k ) = k2 + m2,. From
this we can calculate the two-point correlator function being the propagator as

3
DIy Z/dk: L

(2
x [5“(1@,)\)5"*(/5 A)e~tk(a= y> e” (R, )t (k, \)e* 0| . (280)

We want to obtain the sum over the polarisations which is the completeness relation
for the polarisation four-vectors. Except for the final step, we reached up to Eq. (5).

3
Py (k) Z e (k, ) = g"0g"0 — g (281)

in order to reach up to the completeness relation, one could consider to interpret g
as the components of the polarisation vector in time direction, ¢/ (k, 0). However,
in moving this part to the other side, one obtains a relative minus sign. This
corresponds to an expression by David Tong, accomplished in a lecture on“Quantum
Field Theory” given at the University of Cambridge,

3
> e (kN (k, X) = g (282)
AN=0

relating the metric gy in the ”inner” polarisation spacetime to the metric g*” in the
“outer” spacetime in the same way as this is accomlished by tetrads in Gravitation
Theory (in this case, the "tetrads” are the polarisation vectors). However, this
does not solve our problem, as the completeness relation does not include the
Minkowskian metric. Instead, we propose a pragmatic approach, stating that the
propagator can be derived from the Green function and, therefore, the completeness
relation is identical to the photon projector,

kHEY

e (283)

P (k) = e'(k,\e"*(k,\) = +(1 —5V)
A
Before deriving this general formula, we start with the case of the (massless) photon.

10.3 Green function of the photon

We start with the Lagrange density of the photon in order to explore the connection
between the completeness relation and the propagator in greater depth,

1 e 1
La= §(E2 - BY) = gD B =04 A, — 0,4, (284)
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contains only the self energy of the photon, by variation of the action integral
Sa = [ Ld*z the Buler-Lagrange equations can be obtained. One obtains

554 = —i / SF W P d's = / 5A,0,(0"A” — 9 AM)d e, (285)

In order to vanish for an arbitrary variation § A,, of the gauge field, one has to claim
that

Ou(OMA” — 0V AF) = D*AY — 0'0" A, = (D%*gh — 0"0")A, =0. (286)
At the same time, the Green function D% (z:) cannot be determined by the equation
(09 — 0u0,) DY’ (& = y) = ighd ™ (x — ) (287)

because the operator is not invertible. As indicated by Faddeev and Popov in 1967,
this problem turns out to be deeply related to the gauge degree of freedom [26]. So
the solution for this is to add a gauge fixing term to the classical action integral,
that mean the Lagrangian is given by,

1

1
'CAJr = 77FMVF'U‘V* %4

T (0,A")2, (288)

In order to find the solution for the Green function for this case, we derive the
differential equation for the gauge field as (9%¢g"* — (1 — £,1)0#9")A,, = 0 and
then instead of the field we use the Green function reads

(829W _ (1 - ;4) aﬂay) DEP(x —y) = igts®(x) (289

by this we can derive the Euler-Lagrange equation. We can calculate the general
solution by calculating the corresponding equation for the Greens function. In
momentum space the equation reads

(—189#,, + (1 — ;A) k#kl,> DHP(k) = ig?, (290)

and inverting this algebraic equation by using the ansatz f)@p (k) = DIghr 4
DFEF kP one obtains the result in the form of the Green function

5 d*k 5 je—tk(z—y)
DY (x —y) = / WPZ (k’)T (291)
As the projector defined as
kHEY

P (k) = —g" + (1 —&a) (292)

k;2
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Figure 10: Conventions for the retarded propagator

Now in order to solve it, we have to make the connection for this pole that means
for instance depending on how the convention for the poles at k% = 0

3k [ dkg ie~k(z—y)
DM (x — q)) = / —r / Ly 2 () P 293
A (@ —y) @) ) 20 A ( )kg T (293)

poles at kg = iw(E), for the retarded propagator these have to be circumvented in
the upper complex plane.

We are summing this poles by small circles, and for ¢ > yo we calculate and
using the Cauchy residue theorem get,

Z Res lP’“W ie

k2 — w2(k)’

d3k 247 —ik(z—y)

DM (z —y) = / o = iw(/;')]

3
De =) = [ iy P (e e
(27)% 2w(k) ko=w(F)

Bk 1 ,
- / — P (k)e~k(@=y)
(2m)% —2w(k) (k)

ko=—w(k)

(294)

3 1 . )
DZV(.T . y) :/ d’k P#l/(k,) (e—zk(ar—y) - e—zk(az—y)) ) (E)
o=w

(2m)3 20 (k) 4
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then we can compare the Eq. (4) and see that it will give us the projector and second
part also give us the projector and this symmetric in u and v both are same and
equal to the projector and we reached the goal as Eq. (278)

10.4 Green functions of massive gauge bosons

As we dealt with the photon case now we are including the mass and dealing with
the massive gauge boson that means for this we replace V#*(z) — VH(x) 4+ 0*\(z)
and inserting this in the Euler—Lagrange equation of the Lagrange density without
the gauge fixing term we get,

1 1
Ly = —ZFWF"” + im%/VHV“ (295)

Qe = (0% mba - 0,) VE =0, (299

For the general case we can solve in this way as, for the V' boson the Lagrange
density contribution is given by

1 1 1
Ly =—=0,V,(0"VY —"VF) + —mPV,VF — —(9,VH)? (297)
2 2 28y
and therefore the Green function for this Lagrange density reads as
1
(829“” - (1 - gv> 0y + m%gw) Dif(x) = igtoW(z),  (298)

and this Proca equation is solved by

dk » Z'efik(zfy)

R e (299)
As the projector defined as
PR = g 4 (L= &) (300)
k% — &ymi,

and then this result should be compared with our propagator, we can calculate from
one side the greens function and from other hand side the propagator and then we
compare the propagator with the greens function and from this we obtained this
result for this projector (gauge boson propagator). We can defined this for Proca
equation and for the Goldstone boson field hz. The final result will be the Eq. (278)
defined, here we defined propogator with the special projector here Pl/".

10.5 Results

By using the pragmatic approach, we could construct the propagator as the Green
function of the equation of motion. In this way, we can fix the sum over the
polarisations to be this projector. This is essential for our third publication, where
we use it in the usual Feynman gauge, as well as in the unitary gauge.

137



11 Identical particle and lepton mass effects in the decay
H—Z (=17 )+Z(—7717)

11.1 Introduction

Related to the decay of weak vector boson, in our case the Higgs boson decays
into two off shell Z bosons, that again decay into a pair of charged leptons, H —
Z*(— £t07) + Z*(— £1¢7). This channel offers a clean experimental signature
and is important in the study of properties of the Higgs boson.

In 2021, the ATLAS and CMS collaborations at the LHC observed an excess
of events in the 4/ final state around a mass of approximately 125 GeV. The decay
channel H — ZZ*) — 4/ was one of the main decay channels [27, 28]. Therefore,
this particular channel is referred to as the golden Higgs channel. Identical particle
final states such as eeee, pppp and 7777 present a unique challenge due to the
impossibility to distinguish the particles. However, some observables can still be
extracted from such final states by carefully studying the corrections and patterns
in the decay products. These observables provide a valuable information about the
properties of the particles involved in the process.

In the related publication, a detail investigation is carried out for the decay
H — 0007 of the Higgs boson into four leptons, and the identical particle effects
in the decay distributions of H — Z*Z* — (T¢~¢T{~ are shown in detail see
Refs. [29-34]. The importance of identical particle effects can be seen from the
comparison of the branching ratios of a Higgs decaying into nonidentical and
identical lepton pairs, collected from different original works in Ref. [35]. The
branching ratios are listed in Ref. [35] are B(H — eeup) = 5.93 - 10~ and
B(H — eeee) = 3.27 - 10~°. The approximate factor of two between the two
rates reflects (i) the statistical factor of 1/4 and (ii) the doubling of noninterference
contributions in the identical particle case. The small deviation of the rate ratio from
the exact value of 2 must be assigned to the contributions of the two interference
terms.

In overall we intend to highlight the importance of considering the lepton
masses in the phase space calculations and discuss about the observables that can
be measured for the process involving the identical particles in the final state.

11.2 Methodolody

There are numerous Feynman diagrams that contribute to H — ¢£¢¢ for massive
leptons as for instance for ¢ = 7. These are divided up into the three classes I, II
and III. In my thesis I concentrate on the first class containing the Feynman diagram
that contribute to H — £¢¢¢ also in the zero lepton mass case. For the II class
where m # 0 one has the additional contributions proportional to gz, that is dealt
with in the publication. The class III contributions H — v*v* — £¢£¢ stand for
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Figure 11: Feynman diagrams A and B contributing to H — Z*(— 7777) + Z*(—
TrrT)

NLO radiative corrections or higher order loop contributions. These contributions
involve virtual photons which then decay into charged lepton pairs. They can
provide additional insights into the decay process. However, these contributions
are generally smaller compared to the contributions in class I and class II and are
not considered in the publication.

11.3 Contributing Feynman diagrams

In the four-body decay H — Z(— 7777 ) + Z*(— 7177) we have two pairs
of identical particles in the final state. Therefore, we have to take into account
interference effects.

According to the two diagrams in Fig. 11 one has the two amplitudes

Ma = M (" (). 7 (p2), 7F (p2), 7 (1)

Mp = M(T+(p1)777(p4)77+(p2)7Tﬁ(pza)) (301)
By squaring the amplitudes one obtains
|Ma + Mp|* = |Ma[? + 2Re(MaME) + [Mp[*, (302)

The contribution rates from the two non-interference diagonal contributions, | M 4 |?
and |[Mp|?, are identical to each other, resulting in the absorptive part of a fermionic
two-loop diagram. The nondiagonal interference contribution proportional to
2Re(M4M}) corresponds to the absorptive part of a fermionic one-loop diagram.
We have to include the extra minus sign for the nondiagonal contribution. The
statistical factor 1/4 has been taken into account in the identical fermion case. The
loop diagrams prior to taking the absorptive part via the Cutkosky cut are shown in
Fig. 12. We will calculate the decay rates for the two non-interference contributions
|Ma|? + |Mp|? and the interference contributions 2 Re(M4M}) separately.
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(d)

Figure 12: Contributions (a) |Ma|? = |[Mp|* and (b) Re(MaM3) = Re(MpM?) from
|Ma + Mp|?

11.4 The diagonal noninterference contribution |V 4|* = |Mp|?

In order to get the absolute value of the squared matrix element of the process
| M 4|? one has to take into account the H ZZ vertex which is given by the factor

VvHZZ _ 1emzGuy
sin Oy cos Oy

The two Z f f vertices are given by

ie
VT = (Veyu — aeyuys)

4 sin Oy cos Oy

In general, the four-particle phase space is given by
b= — [y N(m2,, p2, p2)dp? dpid cos O,d cos Oyde
21477‘677?%[ a Vb H>Pa> Py )APq Py a b

where v, and vy, are velocities, defined as

\/ pg ’ V Pb

We obtain a two-fold trace like

|IM4 4 ~ trace(y* (vy — agys)(—p, +m)y” (ve — ae%)(}% +m))
x trace(y, (v — a['}/5)(—p2 +m)y(ve — GMS)(m +m))

where vy = —1 + 4sin? Oy and ay = —1 are the vector and axial vector couplings
of the Z boson, respectively. After integration over cos 6, cos 6, and ¢, we obtain
the differential decay rate
1
Ml ~ o (0 2m) (0 + 2%) (Mo, 4, 08) + 120008 ) .

atl’p
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Now the result has to be contracted with the Z boson propagators

—1 p,upu —1i v v
g Pala) _ pr Fs(pa)P"
pi — m2Z T e <g m2Z > pz — m2Z T e ( 1 (Pa) + Fis(pa) 0 (Pa)) »

where the spin-1 and spin-0 projectors given by

PhDy LDy
P (pa) = ¢ — =25, P"(pa) = ~5*
a a

The differential rate corresponding to the contribution of | M 4|2 +|Mp|? = 2| M |?
can be written in the form (including the identical particle factor of 1/4)

dI-\AA

YR Y
dpadpb( a b)
1 248 o (D) Ipz(pa)l\pe(pb)l m,

1 972m 2 Pz+*\Pa:>Pb V2 \/T% 256 sinb Oy cosb Oy

1
X ppb
(02 —m%)? +m3% (1} z> +mylg

2 m2
{ (1 + 2 P2 )Pl;w(pa) + a?((l - 4p72)P1/w(pa)

a a

a

m2
— 30§ -2 FE(9%) Poyu (b))

m2 m2
X {Ug(l + 2p*2)P1W(Pb) + a?((l - 4]72)})1“”(101))
b b

m2
— 3aj - 2EF§(p§)Pé“’(pb)) } (303)
The general factors are coming from the phase space integration and vector
boson propagators and projectors. a = e2/(4) is the fine structure constant for
which we use the value a(mp) ~ 1/120. Singularities at p2 = m% and pf = m?%
are defended by adding a Breit—Wigner contribution to the denominator factor.

11.5 Kinematics and the phase space for p? and p;

The parameters of the phase space integration are p2, p? , 0,, 6, and ¢. The
calculation shall be done in the rest frame of the Higgs boson.
For the kinematics we use p, = (Fqy; pz+) and pp = (Ep; —pz+) with

2 2 2 2 2 2
Ea:mH+Pa_Pb Eb:mH_pa+Pb

1
D x| — —— )\ m2 2 2
2my ’ 2my » Pze] 2my (M1 Pas )

(304)
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Figure 13: Phase space domain for the invariant masses m, and m; in dependence on the
Higgs boson mass my, as restricted by the three straight lines m, = 2m, mp = 2m and
mg + my = my and painted in light blue.

and papy = 3(m3; —p2 —pi), where A(a, b, c) := a? +b?+c* —2ab—2ac—2bc is
the Kéllén functlon The remaining phase space factors || = |p3| = |Pe(pe)| and
|p2| = |pa| = |Pe(ps)| are calculated in the respective rest frames of the decaying
vector bosons and read

B 1 1
1De(pa)| = 5\/192 —4m? =: 5\/192 Vg, D¢ (py)| \/ —4m? = \/pf Vp.

(305)

The rate is obtained from Eq. (303) by the integration over p? and pg according to
(mpg—2m)? (mu—+/p2)? dra4

FAA:/ d2/ dp? (P2, P}). 306

s P Pa prdp? (P2 Pb) (306)

The boundary of the phase space domain can be found by demanding that the
measure is real, i.e. all the radicands are positive. Claiming that

4 4m?
1- ﬂ >0, 1-—0">0,  Amphpd) >0, (307)
pa pb

the integration limits in terms of the p? and pj are given by
4m? < p? < (mg — 2m)?, 4m? < pi < (mpg —\/p2)> (308)

11.6 The nondiagonal interference contribution

In order to calculate the processes H — Z*(— £747)Z*(— £T{™), we take into
account also the crossing contribution, that means the nondiagonal interference
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contribution. In this case the angular integration cannot be performed analytically
because angular dependencies appear also in the denominator. In order to restore
the angular integration we insert

1
— / dcos 6,d cos Opde (309)
8

or, more symmetrically (but with dummy angle ¢;)

1
1672

/ d cos 0,d cos Opdp,doy, (310)

to obtain (again without statistics factor 1/4)

ol

=1

2
- J  "Z\z,.(p® p?
dpgdpg (paapb) - 9248 0gb 6W m%[ |pZ (pa;pb)|

2
QN

SN

p
X / d cos 0,d cos Opdp,doy

UZLNO + U%G?NQ + CLZ}N4
(D2 +m3T%)(D} + m3T%) (D2 + m3T%) (D5 + m3T%)
(311)

X

where V; (1 = 0,1, 2, 3,4) are too long to be presented here.

Due to the crossing of momenta, for the nondiagonal interference contribution
we cannot perform the calculation analytically, as we have angular dependencies in
the denominator contained in D, and D, . That is why it is necessary to perform
the calculation numerically. For this, we begin to set up a five dimensional phase
space using VEGAS [36]. The Monte Carlo program VEGAS allows for up to 10
integrations at a time. The kinematics is expressed in terms of four-vectors in the
rest frames of the decaying Z bosons with polar angles 6, and 8, boosted to the
rest frame of the Higgs boson via the rapidities

A(miy, v, v} A(miy, v, v}
)\a:arctanh( (. . 71) , Ay = —arctanh (my. . 7y)

m?; + p2 — p?

and turned around the z axis through ¢, resulting in

P13
1
=5 /p2 ( cosh Ay £ v, cos b, sinh A\, ; tv, sin 8, cos ¢, v, sin 0, sin ¢,

sinh A, £ v, cos 8, cosh )\a> ,
P2/4

143



1
_ /.2 . . .
=3 D (cosh Ap £ v cos Oy sinh Ap; £vp sin 6y, 0,

sinh Ay & vy, cos 0y, cosh )\b) .
(313)

11.7 Results and Conclusion

We have dealt with the peculiarities of identical particle effects and worked
on the dependence on the lepton mass. We have found that for increasing
lepton mass the decay rates decrease for class-I contributions while class-1I
contributions lead to an increase of the decay rates. We have shown that nondiagonal
class-I interference contributions are suppressed compared to diagonal class-I
noninterference contributions by about a factor of 10. Lepton mass dependent
class-II contributions correct the result by 6% but can be safely neglected for the
lighter leptons. Mixed contributions between class-I and class-II processes can be
neglected in all cases. In the publication we have also dealt with the narrow width
approximation, and we have analysed in detail the angular dependence of the decay
rate. For this and as a possible observable for future experiments, we worked on
single angle decay distributions and identified the contributions of the diagonal
and nondiagonal terms to two separate peaks of the distribution, indicating a clear
assignment of the lepton momenta to the intermediate virtual Z bosons or a mixture
of those, respectively.
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Summary

First order electroweak radiative corrections to the decay of polarised 1V boson

According to common wisdom, our universe is made up of building blocks called
particles. These particles are too small to be seen by human eye. Because of this
the scientists constructed specialized detectors in order to observe these particles.
The Large Hadron Collider (LHC) hosts a couple of these detectors. Located at
CERN, the largest particle collider in the world operates at an energy of 13 TeV for
proton-proton beam collisions. The most prominent result was the detection of the
Higgs boson, reported in 2012.

From the side of theory, there are a couple of Gauge Theories that describe
particle interactions, containing the electroweak and the strong interactions, by
the exchange of vector bosons. Theses theories are collected in what we know
nowadays as the Standard Model of Particle Physics. Our research in based on this
Standard Model.

The thesis consists of three main topics. In the first topic, we deal with the
propogator of vector bosons in the electoweak theory. We calculated the polarisation
sum of the vector bosons, which is called the vector boson projector, and used a
pragmatic approach by comparing the classical Green function with the propagator
from Quantum Field Theory. We also tested that the unitary gauge is the most
appropriate gauge for massive vector bosons. This is consistent with our expectation
that the gauge theory should be independent of the choice of gauge.

The second topic focuses on identical particle effects and in particular on
the dependence on the lepton mass. Here we studied in detail the decay channel
H — Z*(— 4T07)+ Z*(— £1¢7), the cascade decay of the Higgs boson into two
off-shell Z bosons, followed by the decay of each of those into a pair of tau lepton
and antilepton. We also considered subordinate leading order decays with the same
final state. We analysed the class-I diagrams, containing the Feynman diagrams that
are also present for massless final states. By class-1I, we encountered additional
diagrams that are absent in the case of massless final states. We have found that
for increasing lepton mass the decay rates decrease for class-I contributions while
class-II contributions invert this trend. This is because the phase space shrink due
to mass effects but we have additional diagrams, and therefore in this case the

145



cross section is increased. We calculated the decay rates and single angle decay
distributions and compare them with the corresponding rates and distributions for
the decay into electrons and muons.

In our third topic we work on the precision estimates of the Standard Model.
As the Standard Model of particle physics is not completed up to now, it does not
explain everything. Therefore, physicsts are looking for the physics beyond the
Standard Model. In order to see physics beyond the Standard Model it is inevitable
to improve the precision of the Standard Model prediction. We present next-to-
leading order electroweak radiative corrections to the decay W (1) — ¢+ b of the
polarised W boson into a pair of heavy quarks by looking at the angular distribution
of the decay and by taking into account the polarisation and mass effects of the
decay particles. Experiments have shown that decay rates increases if the final
state contains massive particles. This demonstrates the importance of incorporating
mass effects into the calculation. Incorporating the nonvanishing masses of the
final state quarks and comparing with the limit of vanishing quark masses, known
as the collinear limit, we found that the decay rate was reduced, contrary to our
expectation. Therefore, our problem remains unsolved and is waiting for additional
research.
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Kokkuvote (in Estonian)

Esimest jarku elektronorgad kiirgusparandid
polariseeritud 17 -bosoni lagunemisele

Uldlevinud arusaama kohaselt koosneb meie universum ehitusplokkidest, mida
nimetatakse osakesteks. Need osakesed on liiga viikesed, et inimsilm neid
ndeks. Seetdttu on teadlased ehitanud spetsiaalsed detektorid nende osakeste
vaatlemiseks. Suures Hadronite Porguti (LHC) holmab paar sellist detektorit.
CERNis asuv maailma suurim osakeste porguti todtab prooton-prootonkiire
kokkuporgete energial 13 TeV. Kdige silmapaistvam tulemus oli Higgsi bosoni
avastamine, millest teatati 2012. aastal.

Teoreetilisest kiiljest on mitmed kalibratsiooniteooriat, mis kirjeldavad osakeste
vastastikmdjusid, sealhulgas elektrondrka ja tugevat vastastikmdju, vektorbosonite
vahendamisel. Need teooriad on koondatud osakestefiiiisika standardmudelisse.
Meie uurimistoo pohineb sellel standardmudelil.

Viitekiri koosneb kolmest pohiteemast.

Esimeses teemas kisitleme vektorbosoni propagaatorit elektrondrga teoorias.
Arvutasime vektorbosonite polarisatsioonisumma, mida nimetatakse vektorboso-
nite projektoriks, ja kasutasime pragmaatilist 1ihenemist, vorreldes klassikalist
Greeni funktsiooni kvantviljateooria propagaatoriga. Samuti testisime, et
unitaarne kalibratsioon on massiivsete vektorbosonite jaoks koige sobivam
kalibratsioon. See on kooskdlas meie ootusega, et kalibratsiooniteooria peaks
olema kalibratsioonivalikust sdltumatu.

Teine teema keskendub identsetele osakeste efektidele ja eriti soltuvusele leptoni
massist. Siin uurisime iiksikasjalikult lagunemiskanalit H — Z*(— (1(7) +
Z*(— £107), Higgsi bosoni kaskaadlagunemist kaheks viliseks Z-bosoniks,
millele jirgneb mdlema lagunemine tau-leptoni ja antileptoni paariks. Samuti
kisitlesime sama 10oppseisundiga alluvaid juhtiva jirgu lagunemisi. Analiilisisime
I klassi diagramme, mis sisaldavad Feynmani diagramme, esinedes ka massita
I6ppseisundite puhul. II klassi puhul kohtasime tdiendavaid diagramme, mis massita
16ppseisundite puhul puuduvad. Leidsime, et leptoni massi suurenedes vihenevad I
klassi panuste lagunemiskiirused, samas kui II klassi panused pooravad selle trendi
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timber. See on tingitud faasiruumi kahanemisest massiefektide tottu, kuid meil
on tdiendavaid diagramme ja seetottu suureneb antud juhul ristldige. Arvutasime
lagunemismaiérad ja uksiknurka lagunemisjaotused ning vordlesime neid vastavate
maiirade ja jaotustega elektronideks ja miilioniteks lagunemise puhul.

Kolmandas teemas tegeleme standardmudeli tdpsusennestustega. Kuna
osakestefiilisika standardmudel pole tdiuslik, ei seleta see kdike. Seetdttu otsivad
fiitisikud fiitisikat, mis liheb standardmudelist kaugemale. Selleks, et ndha
standardmudelist kaugemat fiiiisikat, on viltimatu parandada standardmudeli
ennustuse tdpsust. Esitleme polariseeritud W bosoni lagunemise W (1) — ¢ + b
esimest jarku elektrondrga kiirgusparandusi raskete kvarkide paariks, vaadeldes
lagunemise nurkjaotust ja vottes arvesse lagunevate osakeste polarisatsiooni ja
massiefekte. Katsed on ndidanud, et lagunemiskiirus suureneb, kui 16ppolek
sisaldab massiivseid osakesi. See niditab massiefektide arvutusse kaasamise
olulisust.  Lisades 10ppoleku kvarkide mittekaduvad massid ja vorreldes
neid kaduvate kvarkide masside piirvdartusega, mida tuntakse kollineaarse
piirvéddrtusena, leidsime, et lagunemiskiirus vihenes, vastupidiselt meie ootustele.
Seega jadb meie probleem lahendamata ja ootab tdiendavaid uuringuid.
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