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Introduction

Let NI(c) be a space form of constant curvature c¢. If s =0 (or s = n) it is Rieman-
nian and if 0 < s < n, it is pseudo-Riemannian [1]. A submanifold M™ in N (c) is
called semiparallel if R(X,Y)h = 0 (this is the integrability condition of the system
Vh = 0 which characterizes a parallel submanifold). Here R is the curvature opera-
tor of the van der Waerden-Bortolotti connection V = V @ V= and h is the second
fundamental form.

Parallel submanifolds in the case s = 0, ¢ = 0 are classified by Ferus [2]. His
results have been extended to the case s = 0, ¢ # 0 by Takeuchi [3], Backes and
Reckziegel [4], and to the case of pseudo-Riemannian space form N(c), s > 0 by
Blomstrom [5] and Naitoh [6]. Some special classes of parallel submanifolds in E}
and E} are described by Magid [7].

Semiparallel submanifolds M™ in N7 (c) by s = 0 have been classified and de-
scribed in the following cases: surfaces (m = 2) if ¢ = 0 by Deprez [8]; surfaces
(m = 2) if ¢ > 0 by Mercuri and Asperti [9], [10]); three-dimensional submanifolds,
two-codimensional submanifolds (i.e. m = n — 2) and hypersurfaces (m = n — 1)
if ¢ = 0 by Lumiste [11], [13], Lumiste and Riives [12], Deprez [14], respectively;
submanifolds M™ with flat normal connection V* if ¢ = 0 by Lumiste [15] and if
¢ > 0 by Dillen and Noélker [16]. It is shown (Lumiste, [17]) that every semiparallel
submanifold is a second order envelope of corresponding parallel submanifolds. A
survey on parallel and semiparallel submanifolds with their generalizations in a
Euclidean space is given by Lumiste in [18] and [19]. His results on semiparallel
time-like surfaces in a Lorentzian spacetime form are published in [20].

Kaéesoleva vaitekirja uurimisobjektideks on paralleelsed ja semiparalleelsed
ruumisarnased madalamootmelised (M, M? ja M?) alammuutkonnad pseudoeuk-
leidilises ruumis £7. Using the Cartan moving frame method and the Cartan exterior
differentiation. Alammuutkondade geomeetriliste omaduste kirjeldamiseks .

In Chapter 1 of the thesis the classification of the subspaces of a pseudo-Euclidean
space E” depending on the Euclidean metric is obtained. The definitions of the in-
dex and the defect of a semi-pseudo-Euclidean subspace Efd are given. The normal
vector space of the submanifolds M™ at a point z € M™ is introduced in Section



1.1 The moving frame adapted to the space-like submanifold M™ C E?, which have
a positive definite inner metric is presented. The curvature 2-forms of Levi-Civita
connection, the normal connection and van der Waerden-Bortolotti connection are
constructed. In Section 1.2 the form of the structure of a space-like submanifold
M™ in pseudo-Euclidean space E? is determined. The equation of the isotropic
cone C,, of this space is obtained. The definitions of the timelike and the spacelike
directions belonging to the different domains of intersection the normal vector space
with the cone C, are given. In the last part of this Section the example of the
submanifold M? in pseudo-Euclidean space E} with three different possible mutual
locations of the cone C, and the normal space is considered. The definition of the
principal normal subspace of submanifolds M™ at a point x € M™ is introduced
in Section 1.8, where the cases of regular, singular non-vanishing and completely
vanishing metrics are defined in more details.

The Chapter 2 is devoted to the general aspects of parallel and semiparallel space-
like submanifolds. In Section 2.1 it is proved that a parallel space-like submanifold
M™ in a pseudo-Euclidean space E? with a principal normal subspace of completely
vanishing metric is a submanifold with m families of parabola generators, some of
them can degenerate into a straight line. The equation which represents the parallel
space-like submanifold M™ is constructed. In addition, here it is proved that every
space-like submanifold M™ in the pseudo-Euclidean space E? having the principal
normal subspace of completely vanishing metric is semiparallel. At the end of Sec-
tion 2.2 it is obtained that semiparallel space-like submanifold M™ in space Egﬁl 2
with the principal normal space of dimension n; and completely vanishing metric
has a flat normal connection. Section 2.8 deals with some definitions of terms, which
are connected with the second order of enveloping. The criterion of semiparallelism
for submanifold M™ in the space N!(c) is derived. The concept of Veronese sub-
manifolds and the results of research work on the question of the existence of second
order envelopes of Veronese submanifolds (see also Lumiste [18], [21], [22], [23] and
Riives [24]) are introduced in Section 2.4. Segre submanifolds and their second or-
der envelopes are presented and characterized in Section 2.5 by using the results of
Lumiste [25], [26] and [27].

The Chapter 3 deals with the classification and description of the semiparallel
space-like curves and surfaces in pseudo-Euclidean spaces E7. These results are
published by the author in [31]. At the beginning of this Chapter the concepts of
the reducible and irreducible submanifolds are introduced. All parallel surfaces are
determined. Their 2nd order envelopes are found in the main part of this Chapter.
The classification of semiparallel space-like surfaces is given in Section 3.1. 1t is
proved that there exists an open and dense part U of M? such that the connected
components of U are of the following types:

(i) open parts of totally umbilical M? (in particular, of totally geodesic M?) in the
space E;



(ii) surfaces with flat V;

(iii) isotropic surfaces with nonflat V1 satisfying || H ||= 3K, where K is the
Gaussian curvature and H is the mean curvature vector (Theorem 3.1).

The classification of the parallel lines and surfaces with flat Waerden-Bortolotti con-
nection V is derived in Section 3.2. It is proved that a parallel space-like M! in the
space E” is either a straight line, or a circle (it can be a either real, or imaginary
radius), or a parabola (Proposition 3.1). The parallel space-like surfaces M? with
flat V in the space E™ are classified by Proposition 3.2 and Theorem 3.2. The prob-
lem of the existence of a nontrivial 2nd order envelope of parallel surfaces M? is
raised in Section 8.3. It is proved that there exists a nontrivial 2nd order envelope
with some arbitrariness (Proposition 3.3). The concept of maximal submanifold is
introduced in Section 3.4. It is established that non-trivial maximal semiparallel
space-like surfaces exist in the space E? with s > 0 and their geometrical descrip-
tion is given. The classification of the maximal semiparallel space-like surface M?
in the space E? (with s > 0), which is not totally geodesic, is investigated.

The Chapter 4 is devoted to the normally flat semiparallel space-like submanidols
M3, In this case the curvature 2-forms of the normal connection V* is zero. The
concept of a flat normal connection of a space-like submanifold M™ in a pseudo-
Euclidean space E7 is introduced. The result of Proposition 2.2 are applied for
normally flat parallel space-like submanifolds M?3. It is proved that a normally flat
parallel space-like M™ in a space ET with principal normal subspace of completely
vanishing metric is a submanifold in space ES’;TI with three families of parabola gen-
erators (Proposition 4.1). The Section 4.1 deals with the principal curvature vectors.
The regular, singular non-vanishing and completely vanishing metric is derived for
case of the 3-dimensional principal normal subspace. The case of one-dimensional
principal normal subspace is discussed in Section 4.2. A normally flat semiparallel
space-like submanifold M? in a space E™ with N,M? of dimension 1 and regular
metric are investigated in Proposition 4.3. The case of the completely vanishing
metric is examined in Proposition 4.4. The two-dimensional principal normal sub-
space and its metric (regular, singular non-vanishing and completely vanishing) are
derived in Section 4.3 (Proposition 4.5, Proposition 4.6). In Section 4.4 the case
with the 3-dimensional principal normal subspace of a either regular, or singular
non-vanishing, or completely vanishing metric is considered (Proposition 4.7).

The aim of the Chapter 5 is to investigate all possibilities for the principal nor-
mal subspace of normally non-flat semiparallel space-like submanifolds M? and to
classify the normally non-flat parallel space-like M?3. The geometrical structure of
semiparallel submanifolds as a second envelopes of the corresponding parallel sub-
manifolds needs complementary investigations. The case of six-dimensional principal
normal subspace is discussed in Section 5.1. It is proved that a normally non-flat
semiparallel space-like M? in a space E” with dimN,M? = 6 is either a Veronese
submanifold, or a submanifold with three families of parabola generators, or a sec-
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ond order envelope of the such submanifolds. In [11] Lumiste has shown that in
Euclidean space E™ (i.e. for the case s = 0) there exists no semiparallel submanifold
M? with dimN,M? = 5. In the case of the space E with s > 0 the situation is
different (Section 5.2). If the considered space-like M? is a semiparallel space-like
submanifold in a pseudo-Euclidean space E" with dimN,M? = 5, then the metric
of the principal normal subspace N,M? vanishes completely (Proposition 5.2). A
normally non-flat semiparallel space-like M? in E" with dimN,M? = 5 is either
a submanifold with 3 families of parabola generators, which can be represented by
reduced equation (Proposition 5.3), or a second order envelope of submanifolds from
this Proposition. In Section 5.3 the subcases for case of four-dimensional principal
normal subspace are considered. It is proved that in different cases the metric of the
principal normal subspace can be either regular, or singular non-vanishing, or com-
pletely vanishing (Proposition 5.4, Proposition 5.5). The case of three-dimensional
principal normal subspace is discussed in Section 5.4. The metric of the principal
normal subspace generated by pseudo-Euclidean space can be either regular, or sin-
gular non-vanishing (with non—-isotropic mean curvature vector H, Proposition 5.8),
or completely vanishing. The case of two-dimensional principal normal subspace
is investigated in Section 5.5. As distinct from Euclidean space the semiparallel
submanifolds M? in a space E” with dimN,M? = 2 can have not only a flat normal
connection but also a non-flat normal connection. In particular, if the submanifold
M?3 is a semiparallel space-like submanifold in E" with dimN,M? = 2, then the
normal connection is non-flat only in case of completely vanishing metric of the
principal normal subspace (Proposition 5.11).

The results, presented this thesis, have been published in [31] and [32]. The au-
thor has introduced these results at the following international conferences: ” VIII
International Conference devoted to the memory of academician M. Kravchuk (1892-
1942)” (Kyiv, 2000), "IX Oporto meeting on geometry, topology and physics”
(Porto, 2000), ” Differential geometry Valencia 2001, An International meeting on the
occasion of the 60" birthday of prof. A. M. Naveira” (Valencia, 2001), ” Ukrainian
Mathematical Congress - UMC2001” (Kyiv, 2001), "8th International Conference
on Differential Geometry and Its Applications” (Opava, 2001), ”International Con-
ference on Geometry and Topology” (Cherkassy, 2002), ”XVII International Fall
Workshop on Geometry and Physics” (Castro Urdiales, 2008), ” Algebra, Geometry
and Mathematical Physics: 4" Baltic-Nordic Workshop” (Tartu, 2008).
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Chapter 1

Preliminaries

Let ET be a n—dimensional pseudo-Euclidean space of index s with coordinate
(1, ,@,) and a metric YT — 370 a2 Subspaces of pseudo-Euclidean
space E” can carry various metrics: a positive- or negative-definite Euclidean met-
ric, a pseudo-Euclidean (occasionally also called a semi-Euclidean, see [33]) or a
degenerate metric. Depending on the metric a subspace of E7 is either a pseudo-
Euclidean E* subspace, k < n (Euclidean if s = 0), or a semi-pseudo-Euclidean El’fd
subspace which has an orthogonal frame consisting of [ vectors of imaginary length,
d vectors of zero length, and k — I — d vectors of real length. Here the integers [ and
d are called the index and the defect of subspace El’fd, accordingly. If [ = 0 then a

semi-pseudo-Euclidean subspace Ef, is a semi-Euclidean Ej ;.

1.1 Moving frame adapted to the space-like sub-
manifolds

Let {z,es}, (I = 1,2,...,n) be the moving frame in E7”, i.e. a free element of the
frame bundle in E7.

At a point x € M™ the tangent vector space T, M™ is a vector subspace of T;[E"] and
has an orthogonal compliment T:-M™ in the latter, which is a (n —m)—dimensional
vector space, called the normal vector space of the submanifolds M™ at x.

The moving frame is said to be adapted to a space-like submanifold M™ € E?,
if to take , e; € T,M™, e, € T-M™, where 4,5 = 1,...,m; «,f=m+1,..,n.
Denoting scalar product of the frame vectors e; and ey, as usually, (e;,es) = g1,
one has g;, = 0 and it can be taken g;; = ¢;;; moreover let denote (e, €,) = £, and
(€as€8) = gap, o # (. In the formulae

dr = ew’, der = ejwy, (1.1)

I J A I _ K T
dw’ =w’ ANwj, dwj;=wj Nwyg

12



(where the point x is identified with its radius—vector) there hold w®* = 0 and

Wl = —w, (1.3

gaﬁwf + wfx =0,

dgap = Gypwa + gavwg' (1.5)
The equations w® = 0 lead to
wi' = hjw!, ki = h. (1.6)
Let h{;, denote the covariant derivative of hf; defined by
Vhe(= dhg; — hi; k hf‘kwf + hfng‘) = h%kwk, his, = hig;- (1.7)
The relation B -
Vh Aw® =Qoh, (1.8)
where B
Qo hg = —h,QF — h5.QF + K08, (1.9)
can be obtained from the previous by exterior differentiation. In formulae (1.9)
Q) = dw! — WF AWl = —gapw? /\w?, (1.10)
O = dwg —wi Aw§ = _chww;{/\w? (1.11)
i

are the curvature 2-forms of the Levi-Civita connection V and the normal connec-
tion V4, respectively. Together ‘they represent the curvature 2-forms of the van der
Waerden-Bortolotti connection V.

Remark here, that Q) = —Q; and that exterior differentiation leads from (1.5)
to the following relations g,5Q7, + ga, 25 = 0.

1.2 The isotropic cones of pseudo-Euclidean space

The structure of a space-like submanifold M™ in pseudo-Euclidean space E? is
determined by the form

g = gijw'e, ,j=1,...,m, (1.12)
and the isotropic cones C. of this space are defined by the equation
g = grgw'w? =0, r.g=1,...,n, (1.13)

whose left-hand side is a nondegenerate quadratic form. Thus the normal vector
space T:-M™ can have a real intersection with the cone C, and is divided by it into

13



two domains — internal and external. Directions belonging to the first domain are
called timelike, and directions belonging to the second domain are called spacelike
(see Figure 1).

timelike

R
\/

spacelike

Therefore, the normal space T;-M™ can have different signatures that depend on
the numbers p and s, and on the mutual location of this normal space T} M™ and
isotropic cone C,.

Let us consider, for example, the pseudo-Euclidean space Ef. Three different possi-
ble mutual locations of the cone C, and the normal space T;- M? to the submanifold
M? C E} are presented in Figure 2, 3, and 4.

Figure 2 Figure 3 Figure 4

In the first case (see Figure 2) the normal space T} M? to a spacelike M? contains
only spacelike directions, which located outside of the cone C,. In the second case
(see Figure 3) the normal space T;"M? to a spacelike M? contains both spacelike
and timelike directions. Finally, in the third case (see Figure 4), where the normal
space T;-M? is tangent to the isotropic cone C,, the directions are spacelike and
isotropic (or lightlike).

14



1.3 The principal (first) normal subspace

For investigation of semiparallel submanifolds M™ the vector subspace N,M™ =
span{h;;} at an arbitrary fixed point x € M™, where h;; = hijeq i,j = 1,...,m are
components of h, is important, called the principal normal subspace of submanifolds
M™ at x. As a subspace of a pseudo-Euclidean space it can have either regular, or
singular non-vanishing, or completely vanishing metric.

Let us consider such metric possibilities in more details, denoting dimension of the
principal vector subspace as ny. The frame vectors belonging to the normal space
TEM™ = N,M™ & N:M™ can be taken so that

ea € NJM™, e € NIM™, (1.14)
wherea € {m+1,... m+ni}, £ €{m+n,+1,...,n}.
The case of reqular metric. Here, in general, metric is indefinite because there are k

frame vectors with real length, 2] with zero length and n; — k — 2] with imaginary
length, i.e.

I E | 0 0 ;ok
0 E
/I I 115
0 0 | —F | b=k =2l

where F is a unit matrix. If [ = 0 and k = ny, then metric is positively definite, if
l =k =0, then it is negatively definite.

The case of singular non-vanishing metric. Here one has n; frame vectors where p
vectors have real length, ¢ vectors have imaginary length and r vectors have zero
length (here » = n; — p — q). The next r frame vectors can be taken so that

el 0 0 pop
0 —-F 0
Gary = I=E1 0 B e (1.16)
N P
where a’, ¥ =m+1,...,m+n, +r.

The case of completely vanishing metric. In this case all n; frame vectors e, belong-
ing to N, M™ have zero scalar squares and their pairwise scalar products are zero,
too. Now the next n; frame vectors eg (@ = a + n;) can be taken as in the previous
case (1.16) supposing p = ¢ = 0 and r = nq, i.e.

o = (g g) % Zi (1.17)

15



Chapter 2

General aspects on parallel and
semiparallel submanifolds

2.1 The parallelity condition

Due to definition a parallel submanifolds M™ have parallel second fundamental
form, i.e. Vh = 0. Thus from (1.7) parallel condition is (see [18])

dhg; — hiwl — hgw! + hws = 0. (2.1)

k%
The result of [18] can be extended to parallel space-like submanifolds M™ in E?.

Proposition 2.1. A parallel space-like M™ in E? with constant dimension of the

principal normal space lies in either E™™™ 0 < s < ny, or E:’fktﬁl, 0<r<n—k-—1,

0<k<mng—1, or B,

0,n1

Proof. In this case one has

hij = eqh;;

g0

£ _
hs =0 (2.2)

and the parallelity condition (2.1) now leads to hfjwfl =0, i.e. w§ =0, because the
matrix of the coefficients has the rank n;. Now in (1.1) one has

i
dx = e;w’,

de; = ejw! + eah‘-l-wj
= —gabZe h w + ep?.

It means that span{x,e;, e,} is invariant along space-like M™. With respect to the
metric of N, M™ there are the following possibilities.
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If the metric of the principal normal subspace is regular, then due to (1.15) it
can be concluded that parallel space-like submanifolds lie in E7**™ 0 < s < n;.

The space-like parallel submanifold with principal normal subspace of singular
non-vanishing metric (1.16) lies in semi-pseudo-Euclidean space E)}[}', 0 < r <
m—k—1,0<k<mn, —1.

At last, if the metric of the principal normal subspace is completely vanishing, then

the considered space-like parallel M™ lies in semi-Euclidean space Egﬁjl”l and trans-

formation fe’ = e, + eg, ‘[e’ = e, — ez gives the frame for the pseudo-Euclidean
space E” Wlth s>ny, n> 2n1 +m. ]

Corollary 2.1. Let M™ be a space-like submanifold in pseudo-FEuclidean space
E? and its normal space has completely vanishing metric. Then denoting dimN,M™ =
ny one hasn > 2ny +m, s > ny.

Proof. In general case one has dimT, M™ + dim7T;-:M™ = n. The dimension of the
tangent space is m. Thus
dimTFM™ = n —m. (2.3)

On the other hand the normal space is pseudo-Euclidean and there exists isotropic
cone with n;-dimensional flat generators. In [34] it was shown that such cone lies in
pseudo-Euclidean space with s > n; and dimTij > 2n,y. Together with (2.3) it
leads to n > 2n; + m. ]

Proposition 2.2. A parallel space-like M™ in pseudo-Euclidean space E? with
principal normal subspace of completely vanishing metric is either a submanifold
Eg;j"l with m families of parabola generators (some of them can degenerate into

a straight line) and can be represented by the equation
T = %hii(ui)Q + hijuiuj + hol’ui, (24)
(i,7 =1,....,m; i # j) all coefficients here are some constant vectors, or an open

part of such a submanifold. In case where ny < im(m + 1) there are some linear
relations between vectors in (2.4).

Proof. Due to [18] for parallel M™ one has

m

Vhij = — Z €k<hij7 hmwl

k=1

and so Vh;; = 0, if N,M™ has completely vanishing metric. Due to (1.10) then
Qf =0, i.e. M™ islocally Euclidean. Thus every point x € M™ has a neighborhood
U, on which there is a parallel field of tangent orthogonal frames. For this field
de; = 0, 50 w! = 0 and Vh,; = 0 reduces to dhy; = 0, but dw’ = w’ A w’ reduces to

17



dw" = 0. Hence on this U it can be made w’ = du’, h;; =const. Now the derivation
formulae are ' ‘
dx = eiw’, dei = hijwj, th] =0 (25)

and for the principal and the second derivatives of x one has
Tyt = €4y Tyiyi = hiia Lyiyi = hij

whereas all third derivatives are zero. Thus the geodesic lines are parabolas and the
considered parallel space-like submanifold M™ can be represented by the equation
(2.4). O

2.2 The semiparallelity condition

The semiparallelity condition Vhijk A wF = 0 with the help of the Cartan’s lemma
leads to

Vhije(= dhgy, — higw! — hwh — hiwl, + hgkwg) = ', (2.6)

where
%kl = %lk (2-7)

Using (1.9) the semiparallelity condition can be represented in the following way
w4+ RgQE —hlOG=0. (2.8)

Denoting H;ju = gagh?]-hfl and using (2.2), one concludes that the semiparallelity
condition (2.8) is equivalent to

> (i Hip g + i Hjp g = Hij riphqi) = 0. (2.9)
k

Proposition 2.3. Every space-like submanifold M™ in pseudo-Euclidean space E7,
with the principal normal subspace of completely vanishing metric is semiparallel.

Proof. Taking e, € N, M™, eg,e¢ € NEM™ one has hfj = hfj =0(E=m+2n; +
1,....,n), ie.

w? =Wt = 0. (2.10)
Due to the completely vanishing metric together with (1.5) one has in (1.10) and
(1.11) that Q) = Q2 = 0. Thus the semparallelity condition (2.8) transforms into
zero identity. O

Denoting Q¢ = dwy — wy Aws and NM™ = Uzepm N, M™, one has the normal
vector bundle NM™ — M™ with fibre N,M™ at every x € M™. The fact that
2-forms 2ff are semi-basic, shows that there is connection in this bundle with con-
nection forms wi (Evtushik, [35], Ch. II, par.1). This connection will be denoted
by V¥ and called the first normal connection.
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Proposition 2.4. Semiparallel space-like submanifold M™ in Eg?,f”l with the nor-
mal space of completely vanishing metric has flat normal connection V'V .

Proof. In general 2-forms Qg can be written in the following way
?Zf,‘ :wi/\wf—l—wEAwg—o—wawg.

If submanifold M™ lies in Eg?,f”l, then all 1-forms with indexes £ are absent. Using
frame from previous Proposition one has that 1-forms wj are zero due to (1.4) and
(2.10). It remains to show that all 1-forms w{ = 0.

Since the dimension of the principal normal space is n;, then among vectors h;;

there are n; linearly independent. Let denote them hy,; , s = 1,...,n;. Thus the
frame vectors €,,11, ..., €min, can be taken so that
em+l = hk1[17 em+2 = hkzlzv ceey em+n1 = hknlln17 (211)

and all others vectors of the second fundamental form can be written
ny

hpg = Xi€mi1 + XaCmiz + -+ XoyCming = Y Xl
s=1

Now for semiparallel not parallel submanifolds one has wj = hf, ,  w?. In
(18] (Theorem 19.1) it is obtained (h;j, hyy) = 0. In our case it gives for linearly

independent vectors hy_;, that
(ko mla—ms Py ity ip) = 0, (2.12)

— ha a 3
where hy, i o = R 0 s€a+ R sea+ by o ee. Due to the frame

choosing (2.12) can be rewritten in the following way

b S
<ea7 hkb77nlb—7npeb> - 07

ie. hf = 0 and wf = 0. Thus 2-forms ﬁl’f are zero and the considered

lbfmp
semiparallel submanifold has flat normal connection V. O

2.3 Semiparallel submanifolds as a second order
envelope of parallel ones

Let us start with some definitions of terms, which are connected with the second
order of enveloping.

Two paths A and \ in E? are said to have the first order tangency at their common
point x,, corresponding to t = 0, if their tangent vectors X at xy coincide. They
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are said to have the second order tangency at zo, if in addition, their curvature
vectors h(X°% X°) at x( coincide; here A\ and )\ are considered as an 1-dimensional
submanifolds, and X is their common unit tangent vector at .

Two submanifolds M™ and M™ with a common point xy in E} are said to have
the v order tangency at x, if for every path A through z in M™ there is a path A
through the same xy in M™, which has the v order tangency with A at x.

It is obvious that first order tangency means that the tangent m-planes of these
submanifolds at z coincide. In case of second order tangency of two (pseudo-
JRiemannian submanifolds M™ and M™ in N(c) at their common point g it is
necessary that their fundamental triplets at x, coincide.

Let a submanifold M™ in N"(c) have for its every point 2 a submanifold M™
in N!'(c¢), which has the second order tangency with M™ at x. Then M™ is said to
be the second order envelope of the family of such submanifolds M™.

Theorem.[Lumiste, [17]] A submanifold M™ in N™(c) is semiparallel if and only if
it 1s a second order envelope of parallel submanifolds.

2.4 Veronese submanifolds and their second order
envelopes

In [18] for parallel submanifolds A™ in a connected complete Riemannian manifold
with constant curvature N"(¢) with maximal possible dimension of the principal
normal subspace n; = ¥m(m+1) it is obtained that it is intrinsically a Riemannian
manifold of constant curvature K > 0, immersed into an (n — 1)-dimensional sphere
SPH2K (m 4 1)m™Y), n = gm(m + 3), as a minimal submanifold. If this M™ is
connected and complete then all its inner motions are induced by the isometries of

this sphere.

A such submanifolds M™ is called the Veronese submanifold and denoted as V™; it

3

1
lies, at least locally, in Es2m(m+ ), where s =0, or s = %m(m +1).

A semiparallel submanifolds M™ with m > 3 in N"(c) with n = 1m(m + 3), whose
principal normal subspace at arbitrary point has the maximal possible dimension
sm(m+ 1) is parallel (see [18]).

Existence of semiparallel submanifolds M™ as a 2nd order envelopes of a such
parallel submanifolds in N"(c), n > 3m(m + 3) is affirmatively shown by Lumiste

n [22] and in [23]. In case of V? C E° is shown (Riives, [24]) that there are exist
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semiparallel, but not parallel 2nd order envelope of a family V2. The question on
existence of 2nd order envelopes of two-dimensional Veronese submanifolds in E?,
(s is either 0, or 3, or 4) and in E7, (s is either 0, or 3, or 4, or 5) with some
arbitrariness is solved by Lumiste in [21].

2.5 Segre submanifolds and their second order en-
velopes

Among parallel submanifolds M™ in E™ (see [18]) there exists a class of submani-
folds MP1+P2 in a sphere SP1P2tP11P2(g2) generated by p;- and po-dimensional great
spheres of the latter, totally orthogonal at each point of MP1*P2, A submanifolds of
a such class is called the Segre submanifolds.

Taking the moving orthogonal frame with origin = so that the basic vectors e,
m€{0,1,...,p} are tangent to the generating great p;-sphere, e, 7 € {0,1,...,p2}
are tangent to the generating great ps-sphere, e,,.1 is opposite to the normal-
ized radius-vector x of the point x and e, are the remaining normal vectors, { €
{m+2,...,m+pips} one has the system, which determines the Segre submanifolds
in the following way:

dr = e ;w™ + ez,

der = e,w? + ey 1w + aermw™,
des = egwg + e wW" + aemw”,
demi1 = —alexw™ + exw™),

derr = —a(exw™ + exw™) + eorw? + exgwl,
where 0 € {0,1,...,p}, 7 €{0,1,...,p2} and the point ¢ with radius-vector
T = a716m+1,
is a center of the Segre submanifold.

The second order envelope of the Segre submanifolds MP'*™P2 in E™ with a given

dimension m = p; + pa, P1 > po, and arbitrary centers and radii r = a~! is

1) by p1 = p» = 1 a surface M? with flat V, the two principal curvature vec-
tors of which have at every point the same length v/2a,

2) by p1 > 1, pp = 1 a submanifold M™ in E*™ C E", generated by an 1-parametric
family of the concentric p;-dimensional spheres, the orthogonal trajectories of which
are the congruent logarithmic spirals (or circles in the limit case) with the common
pole in the center of the family of spheres,
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3) by p1 > 1, po > 1 a single MP1 P2,

More information can be found in Lumiste articles [25] and [26].
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Chapter 3

Semiparallel and parallel
space-like surfaces

A submanifold M™ in E* is said to be a product of submanifolds M™s in Eslilq
(q=1,...,r)if (i) M™ =M™ x - x M™, (ii) E¥ = E¥ x ... x E* where in
the right hand side every two different components are totally orthogonal.

By relaxing the last requirement in (i7) (i.e. every two components Ef; are not
necessary to be mutually orthogonal) one obtains a translation submanifold M™ of

submanifolds M ™ in Ef;

If a submanifold M™ in E? is decomposable into a translation submanifold then
such a M™ is said to be reducible, otherwise irreducible.

To classify a translation submanifolds one needs to study corresponding irreducible
submanifolds. Therefore the classification of the latter is important to describe all
such submanifolds. Here is natural to start with the low-dimensional cases.

3.1 Classification of semiparallel space-like sur-
faces

For the dimension m = 1 there is easy to see that every curve is semiparallel, namely
has flat V. To obtain the classification result of m = 2 one needs some preparations.

If m = 2 then the tangent part {e;,es} of the adapted frame can be transformed
according to

€, = e1cos P+ eysin ¢, ey = —ey sin ¢ + €5 cos ¢. (3.1)
Then

w2 = w? + do, w'=w"cos—w?sing , w?=w'sing+w? cos¢  (3.2)
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and for h = hjjw'w’ one obtains

!

hy, = %(hu + hao) + %(hu — hg2) c082¢ + higsin2¢ |

My = %(hm — h11)sin2¢ + hyz cos2¢ |

!

oy = %(hn + ha2) + %(hQQ — hi1) co82¢ — hyasin2¢ .

Therefore span{hi1, hag, hi2} is an invariant vector subspace of T;-M? at an arbitrary
fixed point € M?. Is is the principal normal subspace of M? at x, denoted by
N,M?. Let us denote $(hy; — ha) = A, hiy = B, and %(hyy + hoy) = H; then
A= Acos2¢ + Bsin2¢ , B’ = —Asin2¢ + Bcos2¢p , H = H. It is seen that H
is an invariant vector, called the mean curvature vector, and that span{A, B} is an
invariant vector subspace at z, denoted by I, M?; the latter is the plane of the normal
curvature indicatriz determined as {y : y — x = h; X'X?, X € T,M? || X ||= 1}.
Since
(A", By = (A, B) cos 4¢ + %(B2 — A?)sindg,

there exists ¢g such that (A’, B') = 0. So it can be made (A4, B) = 0. If now to take
¢=7%,then A= B, B'= —A, and (A, B’) = 0, so that the roles of A and B can
be interchanged, if this is not obstructed by the metric.

Theorem 3.1. Let M? be a semiparallel space-like surface in E™. There exists an
open and dense part U of M? such that the connected components of U are of the
following types:

(i) open parts of totally umbilical M? (in particular, of totally geodesic M?) in
E?;

(ii) surfaces with flat V;

(iii) isotropic surfaces with nonflat V+ satisfying || H ||* = 3K, where K is the
Gaussian curvature and H is the mean curvature vector.

Proof. The indicatrix of normal curvature is generally an ellipse whose plane has
direction span{A, B} and goes through the endpoint of the vector H, with initial
point placed at x; it could also be a degenerate form of such an ellipse (a line seg-
ment or a point).

Let us start proof with the case where dimI,M? = 0, i.e. the indicatrix of normal
curvature degenerates into a point and one has A = B = 0. If here dimN,M? = 1,
then H # 0 and e3 can be taken so that H = de3 and the components of the second
fundamental form h;; can be written as follows: hi; = hgo = des, h1o = 0. Thus M?
is totally umbilic. For the case dimN,M? = 0 one has § = 0 and the considered
surface is totally geodesic. This leads to case (i) of the Theorem 3.1.

In case dimI,M? = 1 one has that the indicatrix of normal curvature degener-
ates into a line segment. In this case the vectors A and B are collinear and at least
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one of them is nonzero. Since A and B can be interchangeable, it is always assumed
that A # 0. Then the frame vector es can be taken so that

A=aez, a >0, B=bes.

Let dimN,M? = 2. The next frame vector e, can be taken so that H = des + oey.
If dimN,M? = 1, one has o = 0. The Pfaff system (1.6) can be written as

WP = (0 +a)w' +b?, wil=ow, =0, (3.3)
Wi =bw' + (0 — a)w?, wy = ow?, wg =0, (3.4)
(3.5)

where £ = 5, ...,n. Hence
O = - = [e3a® + e3b* — HYw' A w?, (3.6)
where H? = £36% + £402 + 2g3400, and all Q7 are zero.

With respect to the metric in subspaces I,M? and N,M? there are the follow-
ing possibilities.

If the metric of I,M? is regular, then e3 = £1, and b = 0. Thus the vector e,
can be taken so that either

€4 #0, gsa=0, (3'7)

or

€4 =0, gaa =0, (3.8)

and, moreover, in the last case the vector e; can be taken so that e5 =0, g45 = 1. So
(3.7) and (3.8) mean that the metric of N,M? is regular or singular non-vanishing,
respectively.

If the metric of I, M? is vanishing, then €3 = 0 and semiparallelity condition leads to
b# 0orb=0). Now the metric of N, M? is either regular, or singular non-vanishing,
or vanishing. This means that the vector e; can be taken so that either

€4 =0, gaa =1, (3.9)

or
g4 #0, g3 =0, (3~10)

and, moreover, in (3.10) the vector e5 can be taken so that e5 = 0, g35 = 1, or
€4 = 0, gsq = 0. (311)

In the last case the frame vectors es, eg can be chosen so that e5 = ¢ = 0,
935 = 946 = 1, gs6 = gas = gs6 = 0, n > 6.
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For all these cases the semiparallelity condition (2.8) reduces to
b2 =0, aQ? = 0.
Since a > 0, one has Q% = 0. This result together with Q8 = 0 gives that V is flat,

i.e. leads to case (i7) of the Theorem.

At last, the non-degenerate indicatrix {y : y — x = H + Acos2y + Bsin2¢} is
an ellipse. In this case the mutually orthogonal vectors A and B are noncollinear.
The orthogonal frame vectors e3 and ey (i.e. with gz4 = 0) in I, M? can be taken so
that

A =uae3, B=bey, a>b>0.

The dimension of the subspace N,M? is either 3 or 2.

Let dimN,M? = 3, thus the next frame vector e; can be taken so that H =
des + oey + Tes. Here the components h;; can be written as follows:

hll = (6 + a)eg + oey, hgg = ((S — a)63 + oey, h12 = b€4.
Thus M? is determined by the Pfaff system

W= (0 +a)w!, w!=ow +0? =10, =0,

2 2

Wi = (6 —a)w? wi=0bw'+ow? w)=71w? W5=0,

where { = 6, ...,n. Hence the curvature 2-forms in (1.10) are
O =0=0, 0 =—-Q) = (e30° + e4b” — H*)w' AW?, (3.12)

where
H2 = 8362 + 6402 + <"557'2 + 2g3557' + 2!]450"7'7

and in (1.11)

Q3 = —2ezabw’ AW?, QO = 254abw" A W?, (3.13)

Q2 = 2gs4abw' A W?, Qf = —2g3sw AW (3.14)
all others Q7 are zero. Thus the semiparallelity condition (2.8) transforms into

ab(e40 + ga57) = 0, b(2e3a® + 4b* — H? + £3a6 + gssat) = 0,
a(€3a2 + 2e4b% — Hz) =0, b(253(12 + eqb? — H? — €300 — 9356”) =0.

The consideration of this system gives, due to abr # 0, that e3 = ¢4 = €5, having
the values 1, —1 or 0.
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In the last case the metric of N,M? vanishes completely and the frame vectors
can be taken so that

83284285:0, 86287283:0, 93629472958:17 n28 (315)

It can be obtained by the appropriate choice of remaining frame vectors so that all
others gog, o # 3, are zero.

If dimN,M? = 2, then 7 = 0 and the semiparallelity condition leads to €3 = g4 = 0.
Here the vectors e5, eg can be taken so that

g5 =¢6 =10, gs5s =ga6 = 1, gs6 = 0, n > 6. (3.16)
Note that in the cases of this section the choice of all others e, depends on the value

of sin E7.

Let us consider the cases (3.15), (3.16) in more detail, denoting dimN,M? =
niy, (np = 3,2) and a,b = {3,...,n1 + 2}, @,b = {ny +3,...,2n; + 2}, in (1.3)—
(1.5) one has

WM 4wl =0, WM 4wk =0, (3.17)
Wit wl =0, wl=wi=0, (3.18)
WAHWI=0, wtw=0, wl+wl=0. (3.19)

The substitution from (3.17)-(3.19) into (1.10), (1.11) gives that Q=08 =0, ie.
V is flat. This leads to case (i¢) of the Theorem 3.1.

In the case where the first normal subspace has a regular metric (i.e. €3 = 4 = €5,
equalling to 1 or —1), the semiparallelity condition leads to § = 0 = 0, a = b,
7 = av/3. Tt follows that the normal curvature vector has a constant scalar square
at every point x € M?, ie. the considered surface is an isotropic surface and
H? = 3K. It gives case (iii) of the Theorem 3.1. O

3.2 Classification of the parallel lines and surfaces

Proposition 3.1. A parallel space-like M in E™ is either a straight line, or a circle
(it can be either real, or imaginary radius), or a parabola.

Proof. For the principal normal of the curve M! in pseudo-Euclidean spaces there
are three possibilities: it can be space-like, time-like, or light-like. In the first two
cases one has g5 = £1. The parallel curve can be treated like in [18]. It is a straight
line or a circle; the latter can be of either real, or imaginary radius. If the principal
normal is light-like, then €5 = 0 and the next frame vector e3 can be taken so that
g3 =0, gog = 1. Thus the Bartels-Frenet formulae can be written as

dx = e1ds, dey = kieads, des = —dInkjeads.
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The parallelity condition leads to k; =const, thus de; = 0. After integration it gives
x = ses? +c15+ ¢y, where all coefficients are constant vectors. Therefore the parallel
curve of this case is a parabola. O

As it is noted in Introduction, for the geometric description of the surfaces of
Theorem 3.1 more detailed classification and characterization of the surfaces of type
(1) are needed. First, the same must be done for the corresponding parallel surfaces.

Proposition 3.2. Let M? be a space-like parallel surface in E™ with flat V, which
lies essentially in an affine subspace of the E™. Such an M? is either

(741) a translation surface of two parallel curves, or

(iia) a surface in Ef on its isotropic cone C3, with a fized verter; the mean
curvature vector of this surface is isotropic and T+M? goes through the generator of
the cone, or

(ii3) a surface in ESJ, E&Z or ES,S with two families of parabola gemerators
(one of them can degenerate into a family of straight lines). This surface can be
represented by the equation x = $hiy(u)? + thos(v)? + higuv + cyu + cov, where all
coefficients are some constant vectors and the first three of them are isotropic (no
matter whether this degeneration occurs or not).

Proof. For the full classification of parallel surfaces (i) with flat V there must be
considered the frame possibilities (3.7)—(3.11), (3.15), (3.16).

Let, at first, the frame vectors be taken as shown in (3.7). If here o # 0, then
from the parallelity condition one has wj = w} = w§ =i =da=do=4ds=0.

Thus the derivation formulae are

dr = eqw' + eqw?,
dey = [(0 + a)es + geq]w’,
dey = [(0 — a)es + oeq]w?

des = —£3((6 + a)erw! + (3 — a)esw?],
2
]

dey = —e4foeiw’ + oeqw

If 3 = &4, then the considered parallel surface lies in E%, s is 0 or 2 (it depends
on the signature of the metric). Since dw! = 0, dw? = 0, at least locally w! = du,
w? = dv. The geodesic lines v =const and u =const are circles. Hence the parallel
surface is a translation surface of two circles on the totally orthogonal E?, s is 0 or
1. If e5 # &4, the considered parallel surface is a translation surface of two lines; one
of them is a circle with real radius on E? and the other is a circle with imaginary
radius on F}. Because of assumption o = 0, from (3.6) one has that a*> = 6% and the
vector e3 can be directed so that a = §, thus one of the geodesic lines degenerates
into a straight line.

In the case where N,M? has the metric (3.8), the equality (3.6) leads to a® = §°.
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Then the vector e3 can be taken so that a = ¢ and the parallelity condition gives

w} =w} =wl=uw=w =0 w =-% ¢ =const and the derivation for-
mulae can be written as dz = ejw! + esw?, de; = (2ae3 + oey)w!, dey = oew?,
des = —2e3aeiw’, d(oey) = 0. So the considered surface lies in Eg, (or in B ) if
g3 = 1 (or g5 = —1, respectively), which is spanned by the point z and mutually

orthogonal vectors ey, es, e3, oey. Investigation of geodesic lines gives that parallel
M? is a translation surface of circles and parabolas. On supposition ¢ = 0, it is
easy to see that geometry of the corresponding parallel surface is the same as in the
previous case on analogous supposition.

In the case where I, M? has a vanishing metric and the frame is described by the
equalities (3.9), one has Q2 = 0; then dw? = 0, i.e. w? = dip. Thus the formulae
(3.1)~(3.2) lead to w? = 0 and h;; can be written as

Bl = (0 +d')es + geq, hyy = (6 — a')es + gey, hiy =Ves,
where a’ = acos21) + bsin2y and b’ = —asin21) + bcos2¢y. Thus

A=des, B="Ves, H=jes+ ey

The parallelity condition leads to wg = wﬁ =0, ws = —da—a,/ = —db—lf/ = _%5 = %"7 ie.

V =ka, 0 =k, o= %7 where ki, ks, k3 are some constants. Moreover, from
(3.6) and the semiparallelity condition one has do = 0 and either

1)6=0, 0 #0,(ky =0),0r
2)0#0, 0=0,(k;s=0),0r
3)620':0,(]€2=]€3:0)
Since dw' = 0, dw? = 0, at least locally w' = du, w? = dv, and the derivation
formulae in subcase 1) by 0’ # 0 can be written so that
dx = e\ du + eydv,

k
de} = (d'es + —?Q)du + kyd'esdv,
a

k-
dey = kia'egdu + (—d'es + a—‘je4)dv,

d(d'e3) = —ksdz,

k
d(=req) = —hs[(e; + kreh)du + (kae) — )du].

The considered surface M? lies in E{, spanned by the point z and vectors €}, e, d’es, %64.
The point z € E} with the radius vector z = x + k—lga’eg is fixed for the surface since
dz = 0, thus there is an isotropic cone C® with a vertex at point z. The surface
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lies on the cone, its normal plane T-M? goes through the generator of the cone
(collinear to e3) and the mean curvature vector is isotropic (noncollinear to e3).

On supposition &’ = 0, the derivation formulae for the considered parallel M? from
subcase 1) can be written as

dr = €jdu + eydv,

de} = (d'es + %e;;)du,

dely = (—d'es3 + %e@dv,
d(d'es + %64) = —2kse)du,
d(—ad'es + %64) = 2ksehdv.

Since (a’63+’;—?e4)2 = 2ks and (—a/€3+%64)2 = —2kj, this surface lies in £}, spanned
by the point z and mutually orthogonal vectors e, e, a’es + %64, —a'es + %64.
Investigation of its geodesics gives that the considered parallel surface is a transla-
tion surface of two plane lines of constant curvature.

In subcase 2), when k3 = 0 on supposition k; # 0 (i.e. b # 0), in the deriva-

tion formulae one has
dx = ejdu + eydv,

de = [(ka + 1)du + kidv]d’es,
dey = [krdu + (ko — 1)dv]d’es,
(aes) = 0.

U

The considered surface lies in E&l C FE{, spanned by the point z and mutually
orthogonal vectors €}, €}, a’es. Denoting the partial derivatives of x by z,, z,, etc.,
one has

Ty = €1, Ty = €2,
! ! !
Ty = (ko + 1)d'es, zyp = k1d'es, xyy, = (ko — 1)des,

LTyuu = LTuuv = Lovu = Tovw = 0.

Since for this case (kg + 1)a’e3 = hyy, (ko — 1)d’e3 = hao, kiad’e3 = hys, then parallel
M? can be represented by the equation & = hy;(u)? + Lhoo(v)% + higuv + cu + cov,
where all coefficients are some constant vectors; the absolute term can be made zero,
if to exchange the initial point. It is seen that the geodesic lines on this parallel
surface are parabolas (one of them can degenerate into a straight line).

On supposition ki = 0, the considered surface lies in Ej, C Ef and is a trans-
lation surface of either two parabolas, or of a parabola and a straight line.
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In subcase 3) with § = o = 0 the derivation formulae can be written so that

dx = e\ du + eydv,

de}| = d'ezdu + kya'esdv,

dey = kia'egdu — a'ezdv,

d(d'e3) = 0.
Thus M? lies in E&l and due to hgs = —hqy either is determined by the equation
r = +hy1((w)? = (v)?)+hipuv+ciu+cov, where all coefficients are some constant vec-
tors, and thus has two families of parabola generators, or is a hyperbolic paraboloid.

If the frame vectors are taken as shown in (3.10), then geometry of the correspond-
ing parallel surface is the same as in the previous case, subcase 2).

At last, if (3.11) holds, then the parallelity condition implies w3 = —db—{i, = —da—‘ﬁl =
—% (ie. b = k', § = kqa', where k;, ky are some constants), wj = —%" and
wi=wd=wi=wi=0.

Since dw! = dw? = 0, then at least locally w! = du, w? = dv and the derivation
formulae can be written so that

dx = e\ du + e)dv,

de)y = [(ky + 1)d’es + geq)du + kyd'esdv,
dey = kya'egdu + [(ky — 1)d’e3 + gey]dv,
d(d'e3) =0, d(oes) =0.

On supposition o = 0, the considered surface lies in E(?i1 spanned by the point x
and mutually orthogonal vectors €}, €}, a’es and geometry of this M? coincides with
geometry in the case with (3.10), subcase 2).

If 0 # 0 and V' # 0, then M? lies in Eg, spanned by the point = and mutu-
ally orthogonal vectors €}, €,, a’es, oey and is determined by the equation z =
%hu(u)Q + %hQQ(U)Q + hlg’lﬂ) + ciu + CoU, where hll = (kg + 1)@’63 + g€y, ]’ng =
kid'es, hoy = (ko — 1)d’e3 + oey (all coefficients are constant vectors), and has two
families of parabola generators. At last, if o £ 0, but ¥ = 0, then the considered
parallel surface lies in E, and is a translation surface of two geodesic lines, each of
which is a parabola.

It remains to consider surfaces for which the metric in N,M? vanishes completely
and is described either by (3.15) or (3.16).
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In the first case the subspace N,M? has a maximal dimension. Then the frame
can be adapted to the considered surface so that A = e3, B = ey, H = e5, ie.
a=b=7=1and d =0 = 0. Thus the Pfaff system can be written as follows:

3_,1 4 __ 2 5 1 @ __ & __
Wi =w, w) =w, W =w, Wi =w) =0, (3.20)
3 _ .2 4 _ 1 5 _ 2 a_ & __
Wy =w, wy =w, wy =w”, wy =w; =0. 21)

Here @ = 6,7,8; £ = 9,...,n, and substitution into the parallelity condition leads

tows =wl =wl =w) =w] =w? =wl =0, 2w =wi=—wi Duetoez+es=

hi1, e4 = h1a, e5 — e3 = hag, the derivation formulae can be written as

_ 1 2
dr = eqw™ + eaw”,

de; = wfeg + hiw! + hiow?,
des = —w%el + hiow! + hoow?,
dhy = wfhu,

dhgy = —w%hu,

dhyg = —w%(hn - h22)-

Since Q% = 0, due to (1.10) here dw? = 0, i.e. w? = dip. Using transformation
formulae (3.1)-(3.2), one has w? = 0, dw' = 0, dw? = 0. The last two equalities
imply, at least locally, that w! = du, w? = dv, thus

dx = e\ du + eydv,

de| = b du+ hiydo,
dey = hydu + hiydv,
dh', = i, = dhl, = 0.

So the considered parallel space-like M? lies in Eag spanned by the point x and
mutually orthogonal vectors ey, es, b, hby, hiy, the last three of which are light-
like, two others space-like. This surface can be represented by the equation z =
LRy (u)? + $hiy(v)? + Wguv + hj,u + hi,v, where all coefficients are some constant
vectors. It is seen that the geodesic lines u =const and v =const on this parallel
surface are parabolas.

For the parallel space-like surface M?, with dimN,M? = 2, i.e. when the frame
vectors are taken as (3.16) and the frame can be adapted to M? so that A = es,
B = ey, ie. a =0b=1. Moreover, if the mean curvature vector H is nonzero, then
A and B can be taken so that A | H and thus H = des. Now the Pfaff system can
be written as

W=+ 1w, wi=w? WI=ui=0, (3.22)

wi = (6 —Dw?, wy=w wi= wg =0. (3.23)



7,..,n and from the parallelity condition (2.1) one has wj =

_ 1 2
dr = eqw™ + eaw”,

dey = (0 + 1)esw’ 4 es0?,
dey = eqw' + (0 — 1)esw?,
d€3 = d€4 =0 (324)

give that the considered surface lies in ES{Q spanned by the point x and mutually
orthogonal vectors ey, es, €3, €4.

Since hy; = (6 4+ 1)es, haoe = (0 — 1)es, hia = ey, the considered surface can be
represented by the equation @ = Lhyy(u)? + $hao(v)? + higuv + ciu + cov. Here
w! = du, w? = dv; the u- and v-lines are geodesics of this surface and if 62 — 1 # 0,
then they are parabolas, but if 62 — 1 = 0, then one of them degenerates into a

straight line. O
The surfaces (i) are already parallel. For the surface (iii) the parallelity condition
implies @ =const, w? — wi = w§ = w§ = 0, where £ = 5,...,n. Therefore for such a

surface

_ 1 2
dr = eqw™ + eaw”,

dey = ew? + alesw' + eqw® + \/§e5w1),

dey = —e1w? + a(eqw' — esw? + V3esw?),
1 2 2

des = —eza(ew” — eaw?) + 2e4wy,

dey = —eqa(erw? + eqw') — 2e3w?,

des = —e5aV/3dz.

Hence the considered surfaces M? lies in a space E? (s = 0 or s = 3) spanned by the
point 2 and the vectors ey, es, es, e4 and e5. Moreover, since d(x + (av/3)'es) = 0,
the point with radius vector z = x + (av/3) 'es is a fixed point. A such M? is a
Veronese surface V2 from Section 2.4. Thus the parallel space-like surfaces M? in
E? are classified by the following

Theorem 3.2. Let M? be a space-like parallel surface in E™. Then it is either
(7') a totally geodesic or totally umbilic surface, or
(ii') a surface with flat ¥V from Proposition 3.2, or
(iii") a Veronese surface V2, or its open part.

3.3 Existence of semiparallel surfaces

Now there arises the problem of the existence of a nontrivial 2nd order envelope of
parallel surfaces from (i7)—(ii7) of the Theorem 3.1.
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It is known that parallel surfaces of (i) of the Theorem have only trivial 2nd or-
der envelopes (i.e. they are umbilic-like in the sense of [18]).

For case (iii) it is established in [21] that in E, (s is 0, 3, or 4) there exists the
most general semiparallel surface M? with some arbitrariness and it is the 2nd order
envelope of a 2-parameter family of mutually non-congruent Veronese orbits. More-
over, these results can be used in ES by s = 1, if to take e, so that e3 =g, = g5 = 1,
g¢ = —1, 7 = ... = ¢, = 1. Thus the difference from [21] will be in (1.4), where
Wl = —gewl, K =1,...,5 but it does not influence the final result.

In case (i) Proposition 3.2 can be used. In the latter for subcase (ii1), when the
parallel surface M? is a translation surface, the existence of the nontrivial 2nd order
envelope of these surfaces is obvious. Thus it remains to consider subcases (iiy) and
(i3) of Proposition 3.2.

Proposition 3.3. Let M? be a parallel surface of subcase (iig) or (ii3). They possess
nontrivial 2nd order envelopes with some arbitrariness.

Proof. Without a loss of generality only the frame possibilities (3.9) with b # 0,
(3.15) and (3.16) can be considered.

In the first of them, taking into account that wj = wj = 0 and w§ = —wj, the
Pfaff system (3.3), (3.4) after exterior differentiation gives

(d(0 +a) + (8§ + a)ws — 2bw;) Aw" + (db + bwi + 2aw;) Aw® = 0,
(db+ bws + 2aw?) Aw' + (d(8 — a) + (6 — a)wi + 2bwi) Aw® =0,
(do — owd) Aw' =0, ((5+a)w§+awi) Awt +bu§ Aw? =0,
(do — owl) Aw? =0, bw§ A w! + ((6— a)w§ + awi) Aw® =0.

Now let 1) o # 0,0 = 0. It is easy to see that then do = ow3. Since b # 0, the basis
of secondary forms consists of da, db, 2w?, w3, w5, w§ and the ranks of the polar
systems s; = 2+2(n—4) and s3 = 2. Thus the Cartan’s number is Q = 6+2(n—4).
On the other hand, due to the Cartan’s lemma the number of the independent coef-
ficients is 6 + 2(n —4). Thus the Cartan’s criterion is satisfied and this Pfaff system
is compatible and determines the considered M? for subcase (iiy) with arbitrariness
of two real holomorphic functions of two variables.

Let 2) 6 # 0, 0 = 0. If here §2 — a®> # 0, then due to the Cartan’s lemma for
the first two equalities one has 8 independent coefficients. Consideration of the two
lasts equalities gives wg = rfwl + r§w2, whereas m = rfeg and 7o = Tgeg are either
both zero or linearly dependent vectors. The common number of independent coef-
ficients is either 8 or 8 + (n — 4), respectively. In both cases () = N and sy = 3.
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If 6% — a®> = 0 (for example § = a), then r$ = r5 = 0, N = Q = 6, where 5, = 2,
SS9 = 2.

Thus the semiparallel surface of subcase (iis) in Ej, exists either with arbitrari-
ness of three real holomorphic functions of two variables (it has two families of
parabola generators), or with arbitrariness of two real holomorphic functions of two
variables (this occurs when parabola degenerates into a straight line).

At last, 3) § = o = 0, then due to the Cartan’s lemma one has w§ = 0 and the
number of independent coefficients is 2; since the basis of secondary forms consists
of da + aw3 — 2bw?, db + bw3 + 2aw? and it is easy to see that s; = 2, s, = 0; here
@ = N = 2 and the considered surface for this case exists with arbitrariness of two
real functions of one variable.

In the case (3.15) the Pfaff system (3.20), (3.21) gives by exterior differentiation

W3+ W AW + 2wi+w) AW =0, wiAw +wiAw?=0,
(2w +wi) Aw' + (Wi —wH) Aw® =0, Wi AW +wdAw® =0,

(2wl —ws —wH) Aw' —wiAW? =0, (Wi+w))Aw' =0,

Wi Aw' + (2] —ws +w) AW =0, (W —wh)Aw?=0,
(W +WH A+ Wi AW =0, WAW+wiAw?=0,
WA+ (W2 —w) AW =0, WiAw —wWiAW? =0,

and (W§ + W) Aw' + Wi Aw? =0, Wi Aw' + (W8 —wi) Aw? =0, where £ =9, ..., n
Using here the Cartan’s lemma and also the relations (3.17)-(3.19) one has w§ =

wi =wf =wl =w! =wl =0 The common number of coefficients in the right

sides is N = 14 + 4(n — 8) = 4n — 18. On the other hand, first, the basis of the

secondary forms consists of w3, 2w? + w3, w3, 2w? — W Wi Wi Wi, Wi, WB, W, W,

wg; second, the ranks of the polar systems are: s; = 6+ 2(n — 8) and s; + s9, where
s9 =n — 4, thus the Cartan’s number Q = s; + 25, = 4n — 18. Hence the Cartan’s
criterion is satisfied and the semiparallel surface of subcase (i) in Ej 5 exists with
arbitrariness of n — 4 real holomorphic functions of two variables.

For the case (3.16) the first eight equations of the Pfaff system (3.22), (3.23) lead
by the exterior differentiation to

(d(5+ (6 + 1)ws + awi’) Aw' + (2w% —l—wz) Aw? =0, WA (ow +w?) =0,
(Qw% —I—wff) Aw' + (d5+ (6 — Dwd + aw4) Wwr=0, WA W+ ow?) =0,
(da—le (6 + Dws +owy ) Aw' +wiAw? =0, (§+1wsAw! =0,

wy A w! +(d0+2w1 (0 — 1)w3+0w4)/\w =0, (f—1uwiArw?>=0.
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This system together Wlth (3

1 9) gives wj = w§ = 0. After exterior differen-
tiation the equations w =0, ¢

(3.1
7,...,n, give

v

[(5+1)w§+aw§]/\w1+w£/\w2:O, W AW+ (6 — Db + 0wl Aw? = 0.

Now the basis of secondary forms consists of 2w?, w3, dd, w3, wi, wi, s, W§.

Let 62—1 # 0; then s; = 4+2(n—6) and 55 = 6+2(n—6) —4—2(n—6) = 2, the Car-
tan’s number is 84+2(n—6) and it is equal to the number of independent coefficients.

In the case 2 — 1 = 0 (for example, § = 1) there are s; = 4+ 2(n — 6), sy = 1 and
Q=N=6+2(n—6).

The Cartan’s criterion is satisfied and the semiparallel surface of subcase (i43) in E ,
exists either with arbitrariness of two real holomorphic functions of two variables,
or with arbitrariness of one real holomorphic function of two variables (depending
on the occurrence of degeneration). O

3.4 Maximal semiparallel space-like sufaces

The space-like submanifold M™ in E? is said to be mazimal submanifold (or just
maximal), if the mean curvature vector H is identically zero. In fact, according to
the theory of minimal submanifolds in E™, it is known that every minimal semi-
parallel submanifold is totally geodesic (see [8] and [18]). Hence the class of all
such submanifolds are very small. In E} there exist minimal semiparallel time-like
surfaces (strings), which are not totally geodesic (see [20]). It can be shown that
among surfaces of type (i7) in E? with s > 0 there do exist maximal semiparallel
space-like surfaces not totally geodesic.

Proposition 3.4. In E" with s > 0 a mazimal semiparallel space-like surface M?,
which is not totally geodesic, has flat V and is either

1) a surface in Ej, or in Ej,, which has two families of parabola generators
and can be represented by the equation x = Lhy((u)? — (v)?) + higuv + cu + cov,
where all coefficients are some constant vectors, moreover, the first two of them are
1sotropic, or

2) a hyperbolic paraboloid in ES’J, or

3) a 2nd order envelope of a family, consisting of the surfaces of one of the
previous classes in E7.

Proof. Due to Proposition 3.2 here the cases when dim/,M? is either 1 (subcases
(3.8)—(3.11)) or 2 (subcase (3.16)) are to be considered with the additional condition
H=0(ie. d=0=0).
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Let dim/,M? = 1; then using the result of Proposition 3.3 a such semiparallel
space-like surface exists with arbitrariness of two real functions of one variable.

Geometrically a such M? lies in Egi1 and either is determined by the equation
r = thi((w)? — (v)?) + hiuv + ciu + cv, where all coefficients are some con-
stant vectors, and thus has two families of parabola generators, or is a hyperbolic
paraboloid.

For the case dim/l,M? = 2, the maximal M? occurs in (3.16). The Pfaff system
now transforms into

1 4 2

3 _ 4 _ 3 _ — §_  §— -
Wy =wy =w, wy =—w; =—w, w;=w;=0,&=05,...,n.

After exterior differentiation it gives

wg’/\w1+(2wf+wi’)/\w2:0, (2wf+wi’)/\w1—w§/\w2:0,
—(wa—wg)/\wl—f—wi‘/\wz:Q wi/\wl—k@wf—wg)/\wzzo,

wg/\wlz(), wg/\wQZO.

Due to the Cartan’s lemma all w§ are zero; the others equalities give that N =
4 + 2 = 6; the basis in the left sides consists of 2w?, w3, w3, w3, wi and the ranks
of the polar systems s; = 4, sy = 1. So the Cartan’s number is equal to the number
of independent coefficients and the Cartan’s criterion is satisfied. The extended
Pfaff system determines M? with arbitrariness of one real holomorphic function
of two variables. For this surface dz = ejw' + esw?, de; = esw' + eqw?, dey =

eqw!' — ezw?, des = dey, = 0, thus the considered maximal M? lies in Fj, and

can be represented by the equation x = 1hy((u)? — (v)?) + hipuv + ciu + cyv,
where all coefficients are constant vectors. This M? has two families of parabola
generators. O
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Chapter 4

Normally flat semiparallel
space-like submanifolds M?

The normal connection V* of a space-like submanifold M™ in E" is said to be flat
if Q8 = 0. Then the matrices || h$; || and || hfj | commute due to (1.11), and are
diagonalizable simultaneously by choosing a suitable orthonormal frame in T, M™.
In this frame which is called the principal frame, one has

hij = ki%‘; (4-1)

its basic directions are called the principal directions and the normal vectors k; =
K{e, are called the principal curvature vectors of the M™ with flat V+ in E*. The
several principal curvature vectors k;, and k;, corresponding to the same vector e,,
ie. ki = ki €q, ki, = Kiy€q, is called non-simple principal curvature vectors.

Now parallelity condition (2.1) for normally flat submanifolds transforms into

dki + rw® =0, (ki — Kj)w! =0, wl=wi =0, (a#p). (4.2)

7

The result of Proposition 2.2 can be used for normally flat parallel space-like sub-
manifolds M?3. It gives

Proposition 4.1. A normally flat parallel space-like M™ in a space EY with prin-
cipal normal subspace of completely vanishing metric is either

1) a submanifold in Eg;’fl with three families of parabola generators (one or two
of them can degenerate into a straight line) and can be represented by the equation

T = %(k‘l (U1)2 + k’Q(u2)2 + kg(u3)2> + k‘mul + k02u2 -+ kogug, (43)

where k; are the principal curvature vectors and ko; are some constant vectors, or
2) an open part of such a submanifold.

In case where ny < $m(m + 1) there are some linear relations between vectors k; in

(4.3).
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Due to principal frame (4.1) for curvature 2-forms of the Levi-Civita connection V
in (1.10) one has ‘ ' 4
QZ = _<ki7 l@)uﬂ A w? (44)

and semiparallelity condition (2.8) is equivalent with

(ki - k])<k“ kj> = O, (SCC [18]) (45)

4.1 The principal curvature vectors

In case with dimN, M3 = 0 the semiparallel M? is a 3-plane £ in E”, so in the fu-
ture work will be considered M? with dimN,M? > 1, i.e. the following possibilities
for the principal curvature vectors.

The case dimN,M? = 1. Here the principal curvature vectors can be taken so
that
ki = Kies, ko = koeq, k3 = K3ey.

With respect to the metric one has either regular metric where all vectors k; have
non-zero scalar square, i.e. for the frame vector ey one has that &4 is either 1 or —1
and

€a=0, g1a = gop =0, o, =5,...,n, (4.6)

or a completely vanishing metric, where all curvature vectors k; are isotropic, i.e.
for the frame vector e4 one has that 4, = 0; thus the next frame vector e5 can be
taken so that

e5=0, gis=1 and gus=0, o« F=6,...,n (4.7)

The case dimN,M?* = 2. Now, without the loss of generality, the principal curvature
vectors can be taken so that

ki = Kieq, ko = Koes, ks = Kzes.

In this case the metric of N,M? is either regular, or singular non-vanishing, or
completely vanishing. If the metric of N,M?3 is regular, then the both principal
curvature vectors k; and ks have non-zero scalar square. Thus the frame vectors ey,
es can be taken so that their scalar squares 4, €5 either

have values 1, or —1 and all others g,5 =0, o, =6,...,n. (4.8)

If the metric is singular non-vanishing, then one from mutually orthogonal vectors
k1, ko have zero square. Let, at first, ko is isotropic. Then one obtains

es=0andeg #0 (4.9)
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and the next vector eg can be taken so that ¢4 = 0, moreover gsg = 1, and it is
orthogonal to ey, ..., es.

In case where k; is isotropic for the frame vectors ey, e5 one has
e =0 and €5 7é 0 (410)

and the next vector eg can be taken so that ¢ = 0, moreover g4 = 1, and it is
orthogonal to ey, ..., es.

At last, in case of completely vanishing metric one has that the both vectors ky,
ko are isotropic. Thus the frame vectors e4, e5 have zero scalar squares and their
scalar product is zero, too, i.e. ¢4 = €5 = g45 = 0. Now the next vectors eg, e; can
be taken so that

c6=¢er=0, g6 =957=1, gap =0, o, =8,...,n. (4.11)
The case dimN,M? = 3. In this case
ki = Kieq, ko = Kaes, k3 = Kseg.
and the principal normal subspace has either regular, or singular non-vanishing, or

completely vanishing metric.

If metric is regular, then it is sufficient to consider the case where all linearly inde-
pendent k; have non-zero scalar square, i.e. for the frame vectors ey, es, eg one has
that

€4,€5,66 have values 1 or —1 and all .3 =0, o«,8=6,...,n. (4.12)

In case of singular non-vanishing metric one or two of mutually orthogonal vectors
k1, ko, ks have zero square. Let us assume that one of them is isotropic. Without
loss of generality it can be taken that (k;)? = 0, then orthogonal to k; vectors in E”
are in a n — 1-dimensional subspace which contains also k; (the tangent subspace of
the isotropic cone). If in this subspace there are two non-zero mutually orthogonal
non-isotropic vectors ko and k3, then the dimension of this subspace must be > 3,
therefore n — 3 > 4, s > 1 and one obtains

€4 = 0, and there can be madden for 5, g4, values 1 or—1. (4.13)

The next frame vectors e; can be taken so that e; = 0, moreover g47 = 1 and it is
orthogonal to ey, ..., ¢eg.

The similar reasoning in case of singular non-vanishing metric with two isotropic
vectors leads to (k1)? = (kg)? = 0. In the tangent subspace of the isotropic cone
there is one non-zero and non-isotropic vector ks, i.e.

ey = €5 = 0, and there can be madden for eg, values 1 or—1. (4.14)
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The next frame vectors e7, eg can be taken so that e; = €5 = 0, moreover g4; =
gss = 1 and it is orthogonal to ey, ..., eg.

At last, in case of completely vanishing metric all mutually orthogonal vectors k;
are isotropic. Thus for the frame vectors e, (a = 4,5,6) and the next frame vectors
ez (@ = a+ 3) one has

€a=0, =0, and gz, = 1. (4.15)

Remark. In description of regular metric for 2- and 3-dimensional N, M? the follow-
ing result is used

Proposition 4.2. Let M™ be a normally flat semiparallel space-like submanifold in

E?, whose principal normal subspace N, M™ has reqular metric. Thus in (1.15) one

has 1 = 0.

Proof. Let us suppose that the principal normal subspace N,M™ is r- dimensional,
1 < r < m and linearly independent vectors €, i1,...,€mntyr, are such as it is de-
scribed in (1.15), i.e. at least 2/ of them are such that

(eg,eq) = (eg,eq) =0, (eg,eq) =1
for every value g € {m+k+1,...m+k+1} and ¢ = ¢+ [. Now one has
Qfg = —ki, kW' AW,

the other curvature 2-forms are zero. The semiparallelity condition transforms into

/i?qlija =0, Hiq/ﬁi =0, Vq,
it means that among vectors k(),..., k() at least [ vectors must be zero, which
contradict with their linear independence. O

4.2 The case of one-dimensional principal normal
subspace

In this case the Pfaff system is following

wi = KW', wy = Kew?, wi = Kaw?, cuf =0,¢£=5,...,n (4.16)
where either
Kikoks # 0, or (4.17)
Kika £ 0, k3 =0, or (4.18)
K1 7£ 07 K9 = K3 = 0. (419)
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Proposition 4.3. A normally flat semiparallel space-like submanifold M? in E"
with N, M3 of dimension 1 and regular metric is a part of either

1) a sphere S? in EX C E”, (1 €{0,1}), or

2) a product S3 x E* in E* C E", (1 €{0,1}), or

3) a product S} x E* in E* C E™, (1 €{0,1}), or

4) a second order envelope of submanifolds with (4.18)-(4.19).

Proof. Let start with (4.17), then the exterior differentiation of the Pfaff system
(4.16) leads to dlnsk, Aw? = 0, Wi Aw! = 0, ¢ = 1,2,3 and due to the Cartan’s
lemma one obtains dIn xk, = A,w? and w§ = 0. The semiparallel condition (4.5) leads
to ki = ko = ks = k = key. It means that coefficients A, = 0 and the considered
semiparallel submanifold is a parallel one with

_ 1 2 3
dr = eqw” + eaw” + ezw”,

de, = wi’eg + wi‘e:), + kwt,

deg = —wie; + wies + kw?,
des = —wie; — wiey + kw?,
dk = —e4k’da.

Geometrically it is either a sphere S® (in case of a positively definite metric), or a
sphere S§ (in case of a negatively definite metric).

In case (4.18) the exterior differentiation of (4.16) with k3 = 0 leads to
dlnnq/\wq+w2/\w3 =0, WA +WdAW?=0, WAwI=0, ¢=1,2

The semiparallelity condition gives xk; = ko = k. The latter together with the
Cartan’s lemma leads to

dink = Aw®, W} = Aw', wd=Aw? §=0. (4.20)
Applying here the same procedure one obtains
dA = A% (4.21)

The exterior differentiation of dw} = —(A? + 4x?)w' A w? together with obtained
formulae (4.20), (4.21) and structure formulae (1.4) leads to

A(A? +¢45%) =0, (4.22)
i.e. in case of the positively definite metric (4.6) one has A = 0. Hence the considered

submanifold is a parallel one. The condition (4.5) gives that k; = ko = k = ke4 and

due to the parallelity condition (4.2) one has dk = 0, w? = w3 = 0, wg = w§ = 0.

There holds dz = e;w’, and

dey = esw? + kw', dey = —ew? + kw?, des =0, dk = —e4r?(erw’ + eaw?).
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Thus geometrically it is a product of a straight line and a sphere S?(r). In case of
the regular negatively definite metric from (4.22) there are occur two possibilities:
either A =0 or A = k. In the first of them semiparallel submanifold is parallel one
and geometrically is a product of a straight line and a sphere S?(r). In the second
case (A = k) the prolonged system is totally integrable. Thus semiparallel subman-
ifold exists and geometrically is 2nd order envelope of the corresponding parallel
submanifolds.

At last, for subcase (4.19) the exterior differentiation of the Pfaff system (4.16)
with k9 = k3 = 0 leads to

dini Aw' + P AP+ AP =0, WAw' =0, AW =0, wi/\wlz().
Using the Cartan’s lemma one has
dlnky = Ayw' + Asw? + Azw?, w% = Aw', wi’ = Aw!, wi = X¢ul.

Here the basis of the secondary forms consists of d1n sy, w?, w?¥, w§ and the rank of
the polar matrices are s1 =3+ (n —4) = n — 1 and s, = 0. The Cartan’s number
is @ =n — 1. On the other hand the number of independent coefficients N is equal
ton —1,s0 on N = and the Cartan’s criterion is satisfied. The considered semi-
parallel submanifold exists with arbitrariness of n — 1 holomorphic functions of one
real argument.

For the corresponding parallel submanifold one has dk; = 0, w? = W} = 0, W§ =
w$ = 0 and there holds

dr = e;w', dey = kw', dey =des =0, dk = —eqr’eiw?.
It means that the considered space-like M? is a product of a circle S! (7 = {0,1}
on depending of the sign of a metric) and a plane E?. O

Proposition 4.4. A normally flat semiparallel space-like submanifold M? in E"
with N, M3 of dimension 1 and completely vanishing metric is either

1) a parallel submanifold M3 from Proposition 4.1, or

2) a second order envelope of such submanifolds with some arbitrariness.

Proof. In case (4.17) with the completely vanishing metric (4.7) the exterior dif-
ferentiation of the Pfaff system (4.16) gives (dInk, + wi) Aw? = 0, w§ A w? = 0,
q = 1,2,3. Thus the basis of the secondary forms consists of dInx, + wj and the
rank of the polar matrices are s; = 3 and sy = 0. The Cartan’s number is ) = 3.
On the other hand due to the Cartan’s lemma one obtains (dIn k,+w}) = A,w? and
wi = 0 and the number of independent coefficients IV is equal to 3, so on N = @
and the Cartan’s criterion is satisfied. The considered semiparallel submanifold is
either a translation submanifold of three families of parabola generators in E§,1 from
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Proposition 4.1, or a 2nd order envelope of such parallel submanifolds with arbitrari-
ness of 3 holomorphic functions of one real argument.

For the case (4.18) with k3 = 0 the exterior differentiation of the Pfaff system
leads to
(dIn K, + wy) /\wq+w2’ A =0, WA +wdAw?=0, WiAw!=0,
where ¢ = 1,2 and here applying the Cartan’s lemma one has
dlnk, +wj = Aw' + Bw®, Wi = Buw',
dlnky +wy = Cw® + Du?,  wi = Dw’.

Now the basis of the secondary forms consists of dInk; + w}, dInky + wi, Wi, w3

and the rank of the polar matrices are s; = 4 and sy = 0. The Cartan’s number is
(@ = 4. On the other hand the number of independent coefficients N is equal to 4,
so on N = @ and the Cartan’s criterion is satisfied. The considered semiparallel is
either a translation submanifold two parabolas and a straight line from Proposition
4.1, or a 2nd order envelope of a such parallel submanifolds with arbitrariness of 4
holomorphic functions of one real argument.

In the last case (4.19) with k3 = k3 = 0 the exterior differentiation leads to
(dInk; +wi) Aw' +w? AW+ wd Aw® =0,
wWwiAw' =0, wAw =0, wi/\wl =0.
Using the Cartan’s lemma one has
dIink 4 wj = Ayt + Ayw?® + Asw?®, Wi = Aw', W= Al wi = XSl

Here the basis of the secondary forms consists of dIn sy + wl, w?, w?, w$ and the
rank of the polar matrices are s =3+ (n —4) =n — 1 and sy, = 0. The Cartan’s
number is ) = n—1. On the other hand the number of independent coefficients IV is
equal ton — 1, so on N = @) and the Cartan’s criterion is satisfied. The considered
semiparallel submanifold is either a translation submanifold of two straight lines
and a parabola from Proposition 4.1, or a 2nd order envelope of a such parallel

submanifolds with arbitrariness of n— 1 holomorphic functions of one real argument.
O

4.3 The case of two-dimensional principal normal
subspace

Now the principal normal subspace is two-dimensional

ki1 = Kiesq, ko = Koes, ks = Kses, where either
Kikaoks # 0, or (4.23)
K1R2 75 07 R3 = 0. (424)
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and its metric is either regular (4.8), or singular non-vanishing (4.9) and (4.10), or
completely vanishing (4.11).

Proposition 4.5. A normally flat semiparallel space-like submanifold M? in E"
with N, M? of dimension 2 on supposition (4.23) is either

1) a product S? x Sy, 7,0 € {0,1} in B2, C E?, or

2) a translation submanifold of a circle S} and two parabolas in E}, C EY, or
3) a translation submanifold in E8,2 with three families of parabola generators

and can be represented by the equation
x = %(l{l(ulf + ko (u?)? + kg(u3)2) + korut + kogu® + kozu?®,

here k; are the principal curvature vectors and hg; are some constant vectors, or
4) a second order envelope of a submanifolds above with some arbitrariness.

Proof. The Pfaff system for the case (4.23) is

Wi = KW', Wi = Kew?, Wi = kaw?, Wh = ws = wd = wf =0, (4.25)
where £ = 6,...,n. Its exterior differentiation leads to

(dink; +wi) Aw' + W AW+ W AW =0, Kw? Aw' + Kows Aw? =0,
K1wh Aw' — kol Aw? — k3w AW =0, KW Aw' + kaws Aw® =0,
Kowi Aw' — (dkg + Kowd) A w? — (kg — K3)ws Aw® =0,

Kaws A w' — (kg — K3)ws A w? — (dks + K3wl) Aw?® =0,

mwi Aw! = 0, @wg Aw? = 0, f@gwg Aw? =0.

Using the Cartan’s lemma for the equations above one has
dlnky + wi = Aw' + Bw? + Cw?, (kg — K3)ws = Mw? + Pw?,
dry + Kaw} = —RaDw' + Lw? + Mw®, 2 = Bw' + Duw?,
dk3 + Kawd = —%le + Puw? + Qu?, wj=Cuw'+ 2Dw?, (4.26)
kiw] = Rw' — ke Bw? — rk3CW3, Kows = K1 Dw?,
Wi =X WE=0.

In case of the regular metric (4.8) one has wj = wi = 0 and —cwi = wj, (here e =1,
if e4 = e5 and € = —1, if &4, = —&;). Moreover, the semiparallelity condition (4.5)
leads to ko = k3. Thus in (4.26) one has

(’ﬁ)Q

K9

D

B=C=M=P=L=Q=0, R=—¢

Y

45



i.e. the system (4.26) transforms into
dlnk; = Aw', dlnky = —Dw', w? = Dw? w?= Dw? ks =rDw".

Applying here exterior differentiation and Cartan’s lemma ones more one obtains
dD = —D%w'. Using this result in differential prolongation of dwj = —(e5x3 +
D?)w? Aw? one obtains D(e5(k2)? + D?) = 0. The latter in case €5 = 1 leads imme-
diately to D = 0, i.e. one has Q@ = N =1+ (n —5) = n — 4 and the semiparallel
space-like submanifolds exist with arbitrariness of n — 4 functions of one real argu-
ment. If e5 has value —1, then either D = 0, or D = £ky. In both these cases the
prolonged system is totally integrable and the considered normally flat semiparallel
M3 is a 2nd order envelope of corresponding parallel submanifolds.

For the corresponding parallel submanifold M3 the condition (4.5) leads to ke = k3
and in the derivation formulae one has

dr = e;w', dey = kiw' dey = wgeg + kng, des = —wgeg + k2w3,

dky = —64(51)261011, dky = —55(/62)2(62002 + €3W3)-

Thus the geodesic lines are a sphere S?, 7 € {0,1}, and a circle S}, o € {0,1} and,
in general, this parallel M? lies in E? Lo

In case of the singular non-vanishing metric (4.9) due to (1.5) one has wj = wf = 0,
w$ = —ws and together with (4.26) it leads to @ = N =8+ (n —6) = n + 2, i.e.
the considered semiparallel space-like submanifold exists with arbitrariness of n + 2
functions of one real argument.

For the corresponding parallel submanifolds one has

o 5__ 4_  5_  2__  3_ &
dln kg = dre + Rowy =Wy = wy =Wy = wj =w;

= wg =0.
The derivation formulae can be written as

dr = e;w', de; = kiw' dey = k:ng, des = k:gwg,
dk‘l = —64(%1)261(,(}1, dk’g = dkg =0.

and the considered parallel submanifold M? is a translation submanifold of a circle
Sy and two parabolas in E ;.

The case of the singular non-vanishing metric (4.10) in (1.5) gives wi = w§ = 0,

w = —wj and the semiparallelity condition (2.8) gives ko = k3. Thus (4.26) trans-
forms into

dlnk; +wi = Aw', dlnky = —Dw',  Kows = k1 D",

wl=Duw? W= Du? wﬁ = X¢uw!, wg =0,£=6,...,n.
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The same way as it is done in the present proof for the regular metric (4.8) one has
D(es(k2)? + D?) = 0. The latter in case €5 = 1 leads immediately to D = 0, i.e.
one has Q = N = 1+ (n — 6) = n — 5 and the considered semiparallel space-like
submanifold exists with arbitrariness of n — 5 functions of one real argument. If 5
has value —1, then either D = 0, or D = +k5. In both these cases the prolonged
system is totally integrable and the considered normally flat semiparallel M? is a
2nd order envelope of the corresponding parallel submanifolds.

For the corresponding parallel M? the equations

dink; +wi=dlnry=w?=wl=wt=wi=wi=0

are to be added. The extended system is completely integrable and yields

dr = e;w', dey = kw' dey = wgeg + kow?, des = fwg’eg + ksw?,
dkl = —54(,‘{1)261(01, dkg = dkg =0.

Thus, in general, this parallel submanifold lies in E(‘;”l and geometrically is a trans-
lation submanifold of a sphere S? and a parabola.

In case of the completely vanishing metric (4.11) the geometry of the normally flat
parallel space-like submanifold is known from Proposition 4.1, it is a translation sub-
manifold in E&Q with three families of parabola generators and can be represented
by the equation

r = %(kjl(ul)z + kQ(UQ)z + kf&(ud)Q) + Iﬂ(nUl -+ k}ozuz + k03u3.

It remains to investigate the existence of a second order envelope of such submani-
folds.

Now the frame can be adapted to the space-like submanifold M? so that x, =
Ky = kg = 1. Thus in (4.26) one has M = P = L = Q = 0. Moreover, taking there
in the two last equalities £ = 6 and £ = 7 due to the metric (4.11) and the structure
formulae (1.5) one has w§ = wf = w] = w! =0 and (4.26) transforms into

wy = Aw' + Bw? 4+ Cw?, Wl =-Duw', w}= Rw'— Buw? - Cu?

w? = Bw' + Du? ¥ = Cuw'+ Du?, wi = X!, wg =0,

where £ = 8,...,n. The basis of the secondary forms consists of wj, w2, w?, w3,

wi, w§. Now the ranks of the polar matrices are s; = 54 (n — 7) and s, = 0. The
Cartan’s number is Q = N =5+ (n — 7) = n — 2 and the semiparallel space-like

submanifold exists with arbitrariness of n — 2 functions of one real argument. [

Proposition 4.6. A normally flat semiparallel space-like submanifold M? in E™
with N, M? of dimension 2 on supposition (4.24) is either
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1) a product St x S, x E', 7,0 € {0,1} in E2,  C E”, or

2) a translation submanifold of S} x E' and a parabola in E2, C EY, or

3) a translation submanifold in ES’Q with two families of parabola generators and
a straight line; it can be represented by the equation

T = %(/ﬁ(ul)2 + kg(u2)2) + kout + kogu® + kogu®,

here k; are the principal curvature vectors and ko; are some constant vectors, or
4) a second order envelope of a submanifolds above with some arbitrariness.

Proof. The exterior differentiation of the Pfaff system (4.25) on supposition k3 = 0
gives
(dlink; +wi) Aw' + W AW+ WP Awd =0,
wiAw' — (dlnky + wd) Aw? — w3 Aw? =0,
riws Aw' — kgw? Aw? =0,  kows Aw? =0, (4.27)
Wi Aw' 4+ Kows Aw? =0, Kiwi Aw' =0,

nlwﬁ Aw! = 0, ngwg Aw? =0.
Using the Cartan’s lemma one has

dln Ky +w2 = Aw' + Bw? 4+ Cuw?, ﬁzwé = k1 Dw' + Sw?,
dlnky + wi = —Dw' + Lw® + Mw®,  kw} = Rw' — kyBw?, (4.28)
w? = Bw' + Du?, Wi=Cuw', Wwi= M.
and w§ = X¢w', w$ = Y¢w?, where € =6,... n.
In case of regular metric (4.8) from the structure formulae (1.5) one has W] = —ws.
Thus the rank of the polar system s; = 6+2(n—6) = 2n—6. On the other hand re-
lations betweens D and R, S and B give that the number of independent coefficients

is the same N = 6 + 2(n — 6) = 2n — 6 and the considered semiparallel space-like
submanifold exists with arbitrariness of 2n — 5 functions of one real argument.

For the corresponding parallel submanifold one has dz = ejw! + esw? + e3w?,

d€1 = klwl, d62 = kng, deg = 07
dk; = —54(/41)261w1, dky = —55(@)262(4)2,

Le. parallel submanifold M? is a product St x St xE' in E3, .

The same way as in previous Proposition 4.5 the singular non-vanishing metric
(4.9) give wj = wf =0, WS = —w4, thus in (4.28) one has S = 0. It means that the
Cartan’s criterion is satisfied with Q@ = N = 7+ 2(n — 6) = 2n — 5 and semipar-
allel space-like submanifold exists with arbitrariness of 2n — 5 functions of one real

argument and is a 2nd order envelope of parallel M3 with dz = e;w! + eow? + e3w?,

d@l = k1w17 d€2 = k’ng, deg = 07 dkl = —84(I€1)261w1, de = 07
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i.e. a translation submanifold of S} x E* and a parabola in E7 .

The singular non-vanishing metric (4.10) together with (1.5) gives w? = w§ = 0,
wd = —w) and in (4.28) one has R = 0. It means that the Cartan’s criterion is
satisfied with @ = N = 7+ 2(n — 6) = 2n — 5 and semiparallel space-like subman-
ifold exists with arbitrariness of 2n — 5 functions of one real argument. Here the
geometry of the corresponding parallel submanifold is the same as in previous case

with (4.9).

In case of the completely vanishing metric (4.11) the formulae for £ = 6,7 and
leads to w§ = wf = w] = w! = 0. Thus the basis of the secondary forms consists
of dInky + wl, dInky + W, w?, W}, Wi, Wi, Wi, Wi, Wi, where € = 8,...,n and the
ranks of the polar systems are s; = 6 +2(n — 8) = 2(n — 5) and s, = 1, i.e. the
Cartan’s number is ) = 2(n — 4) and the number of independent coefficients N
is the same. Thus the considered semiparallel space-like submanifold exists with
arbitrariness of one holomorphic function of two real arguments. The description of
the corresponding parallel submanfold is done in Proposition 4.1. Remark, that one

of the geodesic lines in this case degenerate into a straight line. O

4.4 The case of three-dimensional principal nor-
mal subspace

In this last Section the 3-dimensional principal normal subspace has the either reg-
ular (4.12), or singular non-vanishing (4.13) and (4.14), or completely vanishing
metric (4.15).

Proposition 4.7. A normally flat semiparallel space-like submanifold M? in E™
with N, M? of dimension 3 is either
1) a product St x Sy x S}, 7,0,0€{0,1} in ES, , C E?, or

2) a translation submanifold of St x St, 7,0 € {0,1} and a parabola in E,  C
E7, or

3) a translation submanifold of two parabolas and a circle S} in EY,, or

4) a translation submanifold in E873 with three families of parabola generators; it
can be represented by the equation

T = %(/ﬁ(ul)2 + ko (u?)? + kg(u3)2> + korut + kgou? + kogu®,

here k; are the principal curvature vectors and kqo; are some constant vectors, or

5) a second order envelope of a submanifolds above with some arbitrariness.

Proof. In this case the Pfaff system is

4 _ 1 5 _ 2 6 _ 3 4_ 4 _ 5 _ 5 _ 6 _ 6 _
W] = KW', Wy = KaW’, Wy = KaW"’, Wy = Wy = W] = Wy = w] = wy = 0,

49



and wf =0, where £ = 7,...,n and its exterior differentiation leads to

(dlnk; +wi) ANw' + W Aw? +wi Aw? =0, Wi AW =0,
wWIAW 4 (dIn kg + wd) Aw? + ws Aw? =0, Wi Aw? =0,
WIAW +wi Aw? + (dInkz + wl) Aw? =0, wE A w? =0,

(4.29)
Kiw? A wl + Kowd Aw? =0, Kiwy Aw! — kaw? Aw? =0,
Kiwi A w! + Kawi Aw? =0, kiwd A w! — Kgwd Aw? =0,
Kows A w2 + Kawg Aw?® =0, Kkowl A w? — Kaws Aw® = 0.
Due to the Cartan’s lemma one has
dInky + wj = Aw' + Bw? + Cw?, w} = Bw' + Dw?,
dln kg +wi = Dw' + Kw? + Lw?, w? = Cw' + Fuw?,
dIn ks + wf = Fw' + Mw? + Pw?, wi = Lw? + Mw?,
(4.30)
:‘igwg = k1 Dw! + Rw? kiwi = Uw! — ko Bw?, wi = XS,
Kawg = kiFw!' + Sw? Kl = Vw! — k3Cw?, W =YL,
Kawg = koMw? + Tw?  Kow? = Ww? — k3 Lw?, Wi = Z8wP.
In case of the regular metric (4.12) one has wj = w? = wf = 0, e5w) = —eqws,
gowi = —eqwg, gewd = —eswi. Thus the basis of the secondary forms consists of

In k1, In kg, Inks, w?, w3, wd, wi W, w8, W§, Wi, WS, the rank of the polar matrices

are s1 =9+ 3(n—6) =3n—9 and sy = 0, i.e. the Cartan’s number is Q = 3n — 9.
On the other hand in (4.30) one has six independent relations, thus the number of
all independent coefficients is the same N = 3n —9 and the considering semiparallel
submanifold M? in this case is a 2nd order envelope of the corresponding parallel
submanifolds with arbitrariness of 3n—9 holomorphic functions of one real argument.

For the corresponding parallel submanifold one has that the coefficients on the right
side (4.30), as components of h;j, are zero. The extended system consisting from
the previous equations and

dlnk, = dlnky = dlnky = w? §=w}

U

_ A 45 & £ &
=Wy =wg =wg =wj =ws =wg =0

is completely integrable and there holds

dr = eiwi, dei = kiwi, dkl = €3+i(ﬁli)2€iﬂ
where ;=const, i.e parallel submanifold is a product S} x S; x S}, 7,0,0 € {0,1}
in ES, .

Let us continue with the singular non-vanishing metric of one isotropic vector
5 _ .6 _ 6 _ 5 05 _ 76 _ 7T
(4.13). Here wy = wg = 0, gewi = —e50Q, wy = —wi, wy = —w{, wi = 0 and

the basis of the secondary forms consists of dlnk; + wi, dlnky, dlnks, w?, w3,
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Wi, Wi, W8 Wi wh Wl WS, WS, WS, € =8,...,n. Now the ranks of the polar sys-

tem is s; = 11 4+ 3(n —7) = 3n — 10. The number of independent coefficient is
11 +3(n —7) = 3n — 10. The Cartan’s criterion is satisfied and the considered
semiparallel M3 exists with arbitrariness of 3n — 10 holomorphic functions of one
real argument.

For the corresponding parallel submanifold the equations

dink; +wi=dInky=dIn k3 =w; =w} =ws =w] =wl=wi =ws =wi =0
and W§ = wg = wg = 0 are to be added. The extended system is completely
integrable and yields

i i
dr =ew", de; = k;w',

dk’l = O, dkg = *E5(I€2)2€2w2, dk’3 = *55(113)263&]3.

Thus the considered parallel M3 is a translation submanifold of S! x S! and a
parabola, which lies in ES, .

The next step is a singular non-vanishing metric with two isotropic vectors (4.14).

In this case the system (4.29) for £ = 7,8 together with (1.5) and the Cartan’s

lemma leads to w] = w! = w§ = wf = 0. Since due to the metric w§ = 0, wf = —w§,

wg = —w?, then the basis of the secondary forms consists of dIn k1 +wj, dIn kg + w3,

dIn kg, w!, Wi, wl, Wi, Wi, Wl w8 Wl W, WS, € =9,...,n and the ranks of the polar
matrices are s; = 114+3(n—8) and sy = 1. The Cartan’s number ¢ = 13+ 3(n—8).
The relations (4.30) give 13 + 3(n — 8) independent coefficients. So the considered

M3 exists with arbitrariness of one holomorphic function of two real arguments.

Here for the corresponding parallel submanifold one has that the extended system
is completely integrable and yields

dr = eiwi, dei = k‘iwi, dk’l = dkg = 0, dk’g = —86(1'{3)263(4)3,

i.e. geometrically a such parallel M? is a translation submanifold of two parabolas
and a circle S} in EY,.

In case of the completely vanishing metrics (4.15) the system (4.29) for £ = 7,8,9

together with (1.5) and the Cartan’s lemma leads to w) = wf = Wi = W} = W8 =

Wi = w] = w! = w§ = 0. Since the frame was adapted to the submanifold so that

ki = 1, then the basis of the secondary forms consists of wit!, w/, wi, wi, w3, wg,

ws, Wi, w§+i7 ¢ = 10,...,n and the Cartan’s number @ is equal s; + 2s,, where
si, (¢ = 1,2) are ranks of polar matrices and s; = 9+ 3(n —9), so = 3. It gives
N = 15+ 3(n — 9) independent coefficients and the Cartan’s criterion is satisfied;

considered semiparallel submanifold exists as a 2nd order envelope of corresponding

o1



parallel submanifolds with arbitrariness of 3 holomorphic functions of two argu-
ments.

The corresponding parallel submanifold due to Proposition 4.1 is a translation sub-
manifold in Eg73 with three families of parabola generators; it can be represented by
the equation

x = %(k’l(ul)Q + ko (u?)? + k3(u3)2> + koru' + koou® + kosu?®,

here k; are the principal curvature vectors and kg; are some constant vectors. O
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Chapter 5

Normally non-flat semiparallel
space-like submanifolds M?

In this part all possibilities for the principal normal subspace of normally non-flat
semiparallel space-like submanifolds M? are investigated and the normally non-
flat parallel space-like submanifolds M?® are classified. The geometrical structure
of semiparallel submanifolds as a second envelopes of the corresponding parallel
submanifolds needs further investigation.

5.1 The case of six-dimensional principal normal
subspace

Let us start with dimN,M? = 6, then all six vectors hi1, haa, hss, hi2, hig and hos
are linearly independent and (2.9) leads to

Hii0p = Hy133 = Hop33 = 2K, Hio1p = Hyzi3 = Hyzpz = K,
Hll,ll = H22,22 = H33,33 - 4K7 Haa,ab = H(za,bc - Hab,2ac = 07

for every three distinct value a, b and ¢ (a,b,c = 1,2,3). The matrix

4K 2K 2K 0 0 O
2K 4K 2K 0 0 O
2K 2K 4K 0 0 O
0 0 0 KO0 O
0 0o 0 0 KO
0 0 0 0 0 K

with main minors 4K, 12K2, 32K, 32K*, 32K°, 32K° gives that if K > 0 then the
metric of the principal normal subspace is regular positively definite; if K < 0, then
the metric of N, M3 is regular negatively definite; at last, if K = 0, then the metric
is completely vanishing.
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Proposition 5.1. A normally non-flat parallel space-like M? in E™ with dimN,M?> =
6 in Ky is either

1) a Veronese submanifold V3 C E?, (s =0 or s =6), or

2) a submanifold in Eg,ﬁ with three families of parabola generators; it can be
represented by the equation

€r = %(hn(ulf + hgg(u2)2 + h33(’u3)2)+

+h12u1u2 + h13u1u3 + h23U2U3 + hmul + h02u2 + h03u3,
where ho; are some constant vectors.
Proof. Tt is known that if the metric of the principal normal subspace has the max-
imal dimension and is regular (K > 0 and K < 0), then the corresponding semi-
parallel M?3 is either a Veronese submanifold V? in a 8—sphere, i.e. an orbit of a
6—parametric Lie subgroup of rotation of EY, (s = 0 or s = 6) around the center of

this 8—sphere or a second order envelope of a family of congruent Veronese V3 (see
Section 2.4). The second assertion follows from Proposition 2.2. O

A normally non-flat semiparallel space-like M3 with dimN,M? = 6 in E" is a
second order envelope of submanifolds from this Proposition.

5.2 The case of five-dimensional principal normal
subspace

In [11] it is shown that in Euclidean space E™ (i.e. for the case s = 0) there no exist
semiparallel submanifold M? with dimN,M? = 5. In the case of E" with s > 0 the
situation is different. There holds

Proposition 5.2. Let M3 be a semiparallel space-like submanifold in pseudo-FEuclidean
space E™ with dimN,M?® = 5. Then the metric of the principal normal subspace
N,M?3 vanishes completely.

Proof. If the dimension of N,M? is 5, then one has at the point x € M? a linear
dependence between vectors h;;, and there exist six coefficients 9% so that

hi9 =0, Y (99)* £ 0.

Here h;; are components of a vector valued symmetric tensor field, hence ¥ are
components of a symmetric tensor field to a multiplier. Now the vectors e, es and
es can be taken at the point x € M3 so that this dependency transforms into

hlllgu + h221922 + h337.933 == O7
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which leads (after renumbering, if needed) to
h33 = Tlhll + Tghgg. (51)

The five vectors hii, hos, hia, h13 and heg must be here linearly independent. Let us
now investigate the semiparallelity condition (2.9) denoting it by [i,7;k,l] and using
(5.1). All coefficients by linearly independent vectors in (2.9) must be equal to zero.
If to take [1,1;1,2] and [2,2;2,1] the coefficients by his give as a result all H; ;. are

==

Z€ro0. U
Using Proposition 2.2 and (5.1) can be formulated

Proposition 5.3. A normally non-flat parallel space-like M3 in E§75 with
dimN,M? =5 is a submanifold with 3 families of parabola generators, which can be
represented by the equation

T = %(hu ((u')? + 71(u®)?) + hao ((u2)2 + 7'2(u3)2)>+
+higutu? + hisutu® + hosu®u® + hoyu' + hogu® + hosu?,
where hg; are some constant vectors.

A normally non-flat semiparallel space-like M? with dimN,M? = 5 in E" is a
second order envelope of submanifolds from this Proposition.

5.3 The case of four-dimensional principal nor-
mal subspace

In this case the same way as in [11] can be obtained the following possibilities for
linear dependence between vectors h;;:

(A)  hgs = phyy,  hes = vihyy 4 vohgs + vshig + v4has, (5.2)
hi1, hoo, hia, hi3 are linearly independent,

(B) hsz = phyy, hoy = vhy, (5.3)
hi1, hia, his, hos are linearly independent,

(C)  hgz = phi1, hig = v1hiy + oh, (5.4)
hi1, hag, hia, hog are linearly independent,

(D) hgzs =0, hiy=wvihi + 1pha, (5.5)
hi1, hag, his, hog are linearly independent,

(E) hsz =hu =0, (5.6)

hQQ, hlg, hlg7 h23 are hnearly independent.

Remark, that the first two cases must be considered with their limit cases when
w=0.
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Proposition 5.4. Let M? be a semiparallel space-like submanifold in E™ with dimN,M? =
4. In the case (A) the metric of the first normal subspace can be either regular, or
singular non-vanishing, or completely vanishing.

Proof. From (2.9) on supposition (5.2) one has the following relations:

[17 1;1, 2] by hiy e H11,12 - V1H11,13 =0,
by has : Hyi12 + voHiy,13 = 0,
2,2;1,2] by hi1: Hapa+ 11 (2H12,23 - 3H22,13) =0,
by has : H22,12 ) (2H12,23 - 3H22,13) =0,
(1,2;1,2] by hyy: 2Hi900 — Hiioo + 114 (H11,23 - 2H12,13) =0, (5.7)
by hoe 1 2H1212 — Hi100 — 112 (H11,23 — 2H12,13) =0,
[37 3;1, 2] by hq; : MH11,12 + 1 (2H22,13 - 2H12,23 - MH11,13) =0,
by hoo : pHii 12 — 15 (2H22,13 — 2H1993 — MH11,13) =0.

The analysis of this system on supposition vy + v # 0 leads to

Hii10 = Ha1o = Hinp3 = Hooz = Hig93 = 0,

(5.8)
2H1919 — Hi19o = Hi193 — 2H1213 = 0.
These results together with
(1,1;1,2] by hig: 3Hy103 — 2H1213 — vaHi113 = 0,
[27 2;1, 2] by hiz: Hazo3 — 14 (2H12,23 - 3H22,13) =0,
show that H12$13 =0 and H11’23 = H22’23 = 0. The latter with (52) leads to
viHy g +veHirpe =0, viHy g0 + vaHap 0o = 0. (5.9)
Moreover,
[1,1;1,2] by hig: Hao1o+ 14 (2H12,23 - 3H22,13) =0,
2,2;1,2] by hia: 2H1312 — Hi192 + v1 (Hi1 23 — 2Hi2,13) = 0,
[1,3;1,2] by hy1: Higps+ (1 —p) (H12,13 — Hy103) +
+v1(Hi120 — Hizo — Hiz13) = 0,
give
Higio=Hizi3=K, Hyg =2K, Hyj = Hyg =4K. (5.10)

Thus (5.9) together with supposed above vy + 15 # 0 give K = 0 and the metric of
the first normal subspace is completely vanishing.
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Let now vy = —vp = v # 0. Then the system (5.7) transforms into

Hyjio —vHyi3 =0, Hajo+ V(2H12,23 — 3H22,13) =0,
2H1515 — Hi1 99 + v(Hi123 — 2Hi2,13) = 0,
pHuy 12 + V(2H22,13 —2H1393 — MH11,13) =0,

and together with equalities

[1,1;1,3] by hy: (1 —p)Hiias — Hipge =0,
by has : VH11,12) =0,

2,2;1,3] by hy: (1= p)Hyons + V(QMH11,12 — 2H1393 — H22,12) =0,
by has : V(ZMHu,u — 2H393 — H22,12) =0,

[17 2;1, 3] by hiy : (2 - M)H12,13— H11,23+ V(MH11,11— H12,12— H13,13) =0,
by has : H11,23 - H12,13 - V(,UHH,H - H12,12 - H13,13) =0,

[2, 3; 1, 3} by hiy: Hizoz + M(MH11,12 - 2H13,23) — VHy223 = 0,
by hoo : Hizos — pH 1112 +vHiz93 = 0,
(1,3;1,2] by hyy @ Higas+ (1 —p) (H12,13 - H11,23) +
+V(H11,22 — Hyg12 — H13,13) =0,
by has i Hiziz + V(H11,22 — Hip2 — H13,13) =0,
[2, 3; 1, 2} by hii @ Hizoz + M(H12,23 - H22,13) — Hyz23 =0,
by hoa : Hap13 — 2H 1293 — vHi393 = 0.

on supposition p # 1 gives
Hyipo = Hi113 = Haeno = Haznz = Higns = Hi103 = Hizez = 0.

Remark, that the relations (5.10) act here and supposition K # 0 contradicts to the
assumption pu # 0. If K = 0, then the straightford computation gives a completely
vanishing metric.

The next step is p = 1 and K # 0. Now v # 0 leads to a contradiction, thus
v = 0. Further, vy = 0 and 2 — 1 = 0. Here the case 13 = 1 can be reduced to the
case v3 = —1, taking —e; instead of e;, and so the basic linear dependencies become:
hs3 = hi1, hos = hqo. But the latter can be simplified by frame transformation

(61 + 63)

e] =ey, €5 (—e1+e3), €

1 1
V2 V2
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Let * be omitted further, so that hlg = h23 = 0 and ]7,117 h22, h337 h12 are lin-
early independent. Now the consequences from the semiparallelity condition (2.9)
reduce to

Hiy 120 = Hyp 19 = H3z19 = Hii33 = Haz33 = 0,
Hyi = Haypoo = 2H11 90 = 4H 1910 = K.

Due to the arbitrariness of Hss 33 the metric of the first normal subspace can be
either regular (Hjs 33 # 0), or singular non-vanishing (Hss 33 = 0). O

Proposition 5.5. Let M3 be a semiparallel space-like submanifold in E™ with
dimN,M?3 = 4. In the cases (B)-(E) the metric of the first normal subspace can be
completely vanishing, only.

Proof. Let start with the case (B). Here the equation [1,1;1,2] and [2,2;1,2] give
by hlgi

3Hi190 —2H1912 — Hi111 =0, 3Hi1 90 — 2Hi910 — Hy290 = 0, (5.11)

thus H11711 = H22722. If Hll,ll 7£ 0, then due to (53) and [171,273] by h231
Hiy190 — Hy133 = 0 one has > =1 and pp = v.

Let v = n = 1. Thus [1,3,1,2] by h231 H11722 - H12712 - H13713 =0 together
with Hll)gg = H12’12 shows that H13’13 = 0. The latter due to [1, 1, 1,3} by hlgi
3H11733 — 2H13713 — H11711 = 0 contradicts with H11’11 7& 0.

Supposing v = p = —1 from (5.11) one has Hys1o + 2Hj111 = 0, on the other
hand [1,2;1,2] by hy; leads to 2H1212 — Hi192 = 0, i.e. here Hyp 13 # 0 is impossi-
ble, too.

Now obtained that Hll,ll = 0. Thus H13,13 = le,lg = H22722 = 0. Moreover,
[1,1;1,2] and [1, 151, 3] by hog lead to Hyy13 = Hi112 = 0 and the equations

(1,1;2,3] by hia: 2Hi293 — 2Ho013 + Hi113 = 0,

by his: 2Hy933 — 2H1393 — Hi1,12 = 0,
2,3;1,3] by higa: Hizi3 — Hi133 + Hazo3 = 0,
[1,1;1,3] by hip: 3Hi 93 —2H1213 = 0,
[1,2;1,2] by hog: Hy123 — 2H1213 =0

lead to H12,23 = H13,23 = H23,23 = H11,23 = H12,13 = 0. So the metric of the first
normal subspace N,M? in the case (B) vanishes completely. The same result will
be obtained supposing p = 0.
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Let us consider now the case (C). Here on the same way as in previous case one has
Hyy1 = Hyooo. If Hyppg # 0, then [3,3;1,2] by higp: Hazs — Hiiss = 0 on suppo-
sition p # 0 leads to Hy111 = Hi1,22, which contradicts with linear independence of
hll and h22.

So one has H11711 = H22722 = 07 where from

[1, 2, 1, 2] by h23 . H11723 — 2H12713 = 0,
[1,1;1,3] by hia: 3Hi193 — 2Hi213 =0,
[17 2; 1, 3] by has : H11,23 - H12,13 - H12,12 =0,

ie. Hijes = Hiziz = Hizia = 0. The latter together with (5.11) leads to
Hi1 25 = 0.Now equations [1,2;1,3] and [1, 1;1, 3] by hi2 give H;12,23 = Hyy 15 = 0.
Substitution into [1,2;1,2] by hia: Hyja2 + Haz12 = 0 gives Hap1o = 0. At last,
equation [1,3,2,3] by hlzi H22,23 - H13’13 - H23)23 =0 together with (54) leads
to Haz03 = 0. One has that all H;; are zero, i.e. the metric of the first normal
subspace in this case is completely vanishing.

The consideration of the case (D) in a system of relations
[17 1; 273] by has : H11,22 - H11,33 =0,

[1,3;1,3] by hig: Hyips3 — Hizs3 =0,
[273; 273] by hos : H22,23 - H22,33 =0,

(3,3;1,3] by hig: 2H1313 — 3H1133 + H3z33 =0

[3,3;1,3] by hog : 2H1393 — 3Hi233 = 0,

[37 3;2, 3] by hos : 2H23,23 - 3H22,33 + H33,33 =0
due to (55) leads to H11’22 = H11113 = H22723 = H13’13 = H13’23 = H23723 = 0. In the
equalities

(1,1;1,3] by hig: 3Hi133 — 2Hi313+ Hi11 =0,

(2,2;2,3] by hog: 3Hass — 2Haz93 + Hapo =0

it gives that H11711 = H22722 = 0. Now from

[1,1;1,3] by hig: 3Hy133 — 2Hi313+ Hi11 =0,
(2,2;2,3] by hog: 3Hass — 2Haz93 + Hap2o =0

one has H11,23 = H12,13 =0. At last, [27 2, 17 2] by h23 and [3, 37 ]., 2} by h23 lead to
Hjs13 = Hip12 = 0. As a result, the metric of the first normal subspace is com-
pletely vanishing.
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It remains to consider the case (E). The equalities (5.11) act here and due to (5.6)
one has that Hi319 = Hag 90 = 0. On the same way as it is done in the previous case
one obtains

Hi313 = Haz93 = Hop1o = Hao 13 = Hapo3 = Hio13 = Hig93 = Hiz93 = 0.

It means that the metric of the first normal subspace in this last case vanishes
completely, too. |

Proposition 5.6. A normally non-flat parallel space-like M? in E§’5 with
dimN,M? = 4 is either

1) a product V* x M' in ET C E" 7 € {0,3}, or

2) a submanifold in Eg’l with two families of generators; one of them is V2 € E?
and another is a parabola, or

3) a submanifold in EgA with three families of parabola generators (some of them
can degenerate into a straight line) and can be represented by the equation (2.4), or

4) a second order envelope of submanifolds above with some arbitrariness.

Proof. Let us start with case (A). If to take ey || h11 + hao, €5 || h11 — ha2, €6 || Ao
and ez || hgs. Thus

hi1 = aey + Bes, hyy = aey — fes, hip = yeg, has = Aeq

and Pfaff system is

4 5

wl*=aw!, W=pw, WC=w? WwI=0 =0,

w2 = aw?, Wi =puw? W=, Wwl=0 w5i=0,

w3 =0, wi=0, Ww$=0, wi=M? wi=0,
In case of the regular metric from the semiparallelity condition one has a = vv/3
and 0 = 7. The existence of a such submanifold and the description of the cor-
responding parallel submanifolds in [11] are done; it gives a product V? x M in
E7 c E*. 7 € {0,3}. In case of the singular non-vanishing metric the generators
are not necessary to be orthogonal and the second component is a parabola.

In cases (B)—(E) one has submanifolds from Proposition 2.2. O

5.4 The case of three-dimensional principal nor-
mal subspace

If to take the vector ey so that ey || H and the vectors es, e in N, M? so that hy;
contains to the span of H and es, then

H*#£0, H>=H'=H'=0, hjj =1, =0, (£=7,..,n).
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If in the semiparallellity condition (2.8) to take i = j and summarize by i = 1,2, 3,
one has
HQ% =0, (5.12)

which leads now to
Q3 =0. (5.13)

The metric of the principal normal space generated by pseudo-Euclidean space can
be either regular, or singular non-vanishing, or completely vanishing.

Proposition 5.7. Let M? be a normally non-flat semiparallel space-like submani-
folds with dimN,M? = 3 and reqular metric of the principal normal space in pseudo-
Euclidean space Eg. Thus for h{; one has either

(A> h?za = hgz’, =0, th #0, or (B) th = h?s =0, hg:’, #0, <5~14)

and the frame vectors ey, es, es are such that their scalar square are 1, or —1 and
pairwise scalar products are zero.

Proof. The mean curvature vector H # 0 can be either non-isotropic or isotropic
(i.e. H? = 0). It turns out that the second case is impossible for the considered
M3. In this case the frame vectors ey, es, e are such that ¢4, = ¢, = 0, &, # 0,
G1a = 1, a,b = 5,6 and have distinct values, all others gog = 0, (o # ). Without
loss of generality can be taken a = 6, b = 5, thus Q) = —g4w? A w? = 0 and
matrices || hY; ||, || hY; || commute, the same way as it was done above can be
madden h$; = hj; = 0 if i # j. Now 2-forms Qf = —&5Q5, where

Q5 = —e5|(h3y — hi)hiaw! Aw? + (hoy — A hisw' A w® 4 (h3y — hag)hggw® AW
must be non-zero only. On the other hand the semiparallelity condition by ¢ = 7,

a =6 gives h%QS =0, i.e. all hS, = hl; = 0 and the dimension of N,M? is smaller
than 3.

Therefore it remains to consider the case with H2 # 0, only. Here the frame vectors
es, e, e are such that their scalar square are either 1 or —1 and all g, = 0 (o # ().
Since here g4 # 0 and together with (5.13) it leads to Q2 = 0. In particular, Q3 = 0,
thus due to (1.6) and (1.11) the matrices || hj; || and || A7, || are commutative.
Therefore the vectors ey, ez, e3 can be taken so that hj; = hY; = 0if i # j. Since V+
is supposed to be non-flat, at least, one from the 2-forms

0 =c5 [(hgz — Bi)hfw' Aw? + (h3y — hiy)hisw! AW’ + (h35 — h3y)hsw? A wg]’
and

0f = —¢6 [(hi — h3a)hiw Aw? 4 (h]) — hgg)hisw! Aw® + (hgy — h33)his0? A WS} :
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must be non-zero. Without loss of generality it can be supposed that
B, # Sy, 1Sy # 0. (5.15)

The semiparallelity condition by i = j and a = 5 gives h%Q% = 0, which leads to
hSy = h$; = 0. Moreover, equation by i = 1, j =2, a =5 can be written as

(h32 - hi)Q% = h?QQg 7"é 0, (5~16)

it is easy to see that here Q3 # 0. Moreover, from this equation and from equations
byi=1,2j=3, a=6

h,Q5 = hag Qi =0, hipQi + hisQy =0, (5.17)

one can get that QF, O3, QF are proportional to Q. Substitution of these 2-forms
into (h2; — h%)Q — h%Q% = 0, where i = 1,2, j = 3, o = 5 together with

H® = %(hi + hg2 thg?,) =0

gives h3 h% =0, h3,hS; = 0. This leads to the cases (A) and (B) in (5.14). O
The similar result was obtained in [11] for Euclidean spaces E™.

Proposition 5.8. There exists no normally non-flat semiparallel space-like M? with
a three-dimensional principal normal space of the singular non-vanishing metric and
the isotropic mean curvature vector H.

Proof. On supposition H? = 0 one has £, = 0 and the frame vector e; can be taken
so that e; = 0, g4 = 1. Now the vector e4 can be canonized so that hfj =0,1#7
and for the vectors es, eg one has the following possibilities:

(1) €5, €¢ are either 1 or —1, and all others g,g = 0;

(i) e, =0, & # 0, (a,b = 5,6) and the frame vector eg can be
taken so that eg = 0, g,s =1 all others g,3 = 0.

Let us start with the case (7). Thus among 2-forms Q7 can be non-zero the three
following

Qg = —592, Qg = —55(257’, Qé = —66Q$,
only. Here ¢ = 1, if e5 = ¢4 and ¢ = —1, if e5 = —eg. Supposing that at least

Q2 0 in the semiparallelity condition (2.8) by ¢ = j = 1, o = 4 one has h}; = 0.
Moreover, without loss of generality can be taken

hiy # hay, hip # 0 (5.18)
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The semiparallelity condition by i = 1, j =2, a = 4: (hjy,—h{,)Q3+h3,Q:—hf,08 =
0, gives for the coefficient of w!' A w?

(hgs — hiy)|e5(hia)? + e6(hiy)*| = 0, (5.19)

i.e. the version 5 = g4 leads to the contradiction with (5.18). It remains to consider
the case where e5 = —&g, thus from (5.19) one has

h3y = hSy = a, a # 0. (5.20)

(case h}y = —hS, = a can be obtained from the previous if to take the vector —eg

instead of eg). Now from equations by : = 1,2, j =3, a =4

<h§3 - héﬁ)Q‘{f - hng‘é - h(1i3Qé =0,
(hgg - h32)Q§ - hngg - hgsgé =0,

as a coefficients of w? A w? and w! A w3, accordingly, one has
(hzs — hiy) [h%hgs - h%hg:a} + (hiy + hyy — 2h3y) [h?3hg3 - h?3hg3] =0,
(s — i) | Wih — SahSs) + () + by — 20ds) [Sshds — hshs] = 0.

where from on supposition (5.20) can be obtained h3; = hS;. Due to H®> = H% =0
it leads to h3, = hS, = —h3; = —hS; = p.

Denoting hj; = b,h8 = 3, h3; = ¢, h§3 =~vini =j =1, a = 5,6 as a coef-
ficients of w! A w? one has a(b* — b3) =0, a(bB — %) = 0, accordingly, i.e.

bb—B) =0,  Bb—B) =0.

Here b # 3 is impossible because it leads to b = § = 0, so one has § = b.

Now let us investigate a relation between ~ and c¢. From the equations by i =
j=2,a=5andi=7j =3 a=06 as a coefficients for w! A w? one has

(c=(ap—2bc) =0,  (c—7)(ap—2by) =0,

accordingly. If here v # ¢ then b(c — ) = 0 and b = 0. Thus p = 0 and from
i=7j=2a=6 as a coefficient of w* Aw?: (¢ —7)(2ay —bu) = 0, one has v = 0.
The substitution into i = j =2, =5, w? Aw®: (c—7)(a®> — p? + ¢y + 2) =0,
gives a? + ¢ = 0, which leads to contradiction with a # 0. Now v = ¢ and the
vectors h;; are following

hi1 = hieq, his = a(es + eg), hiz = b(es + eg),
hos = hiseq + pi(es + e), has = cles + €g), hsg = hizeq — pu(es + eg).
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It means that not more then two vectors h;; can be linearly independent, i.e. the
dimension of the principal normal space is smaller then 3.

The next step is to consider possibility Q23 = 0. It means that at least one from
2-forms

3
Of =5 > (B3, — hi)hSw' Ao, = —&¢ Z (R, — hi)hSw' AW

2,7=1 7,7=1

(¢ > j) is non-zero. Due to the semiparallelity condition by i = j = 2,3, a = 4,5,
where hS,Q° = 0, hS,Q5° = 0 leads to hS, = hS; = 0. Now the equation

i=1,27=3 a=6  hS,0 —h%,0 =0, A%+ K07 =0,
as a coefficients for w' A w? give hf;(h%,)? =0, hS5(h8y)? =

Here the relation h$, = hS; = hS; = 0 is impossible due to supposition that at
least one of 3, Q¢ is non-zero. The possibility h$; = hS; = 0, hY, # 0 is impossible
due to the same reason. Because the equations

=1 =3a=06, WP AWt B esllk+ 1) + 25(h)] =0,

i=2,j=3,a=6 W AW B [eshk(k+ 1) + 25(h)?| =0,

i=1,j=2a=5 wAw® (—k)(0HS)*=0
i=1,j=2a=4, w'Aw?  (h%)*(h3 — h7,) =0,

lead to Q2 = Qf = 0.

It remains to consider the possibility hS, = 0. The case with h$;hS; # 0, (i.e.
where h$;, hS; are non-zero simultaneously) is impossible due to the system

i=1,j=3a=5 wAw AR5 (2k+1) =0,
i=2j=3a=>5 wAw AR5 20+ k) =0,
i=1,j=2a=6 w*Aw hS [esl(k +1)+ 256(h§3)2] =0, (5.21)

where from h$;hS, = 0. Now without loss of generality can be considered hS; = 0,
h%; # 0. The such supposition give in (5.21) that h%;l(k + ) = 0 and the system

i=2j=2a=6 w'Aw KLI02k+1) =0,
i=1j=3a=4 w Aw’ (hl—hi)|esk(k+1)+25(hfy)?] =0,

where from both 2-forms Q¢ and Qf are zero, i.e. it is obtained a contradiction with
condition of normally non-flat connection.
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It remains to consider the case (ii), where one from vectors es, eg is isotropic.
Without loss of generality here can be supposed e5 = 0, €6 # 0 and the vector eg
is such that eg = 0, gss = 1. For the such type of metric one has three 2-forms
Qf = —e608, O = —60Q8, Q5 = —Qf, which can be non-zero.

Let suppose at first, that all these forms Qg, Q2, Q3 are non-zero, simultaneously. If
Q2 =0, then due to

0 = —eo[—(h1y)*w" Aw? — hiphisw! Aw® + (hiphls — hoyhls)w® A W),
one has 18, =0, h$,h%; = 0. Together with hS, = —hS; = p (from H® = 0), it gives
in semiparallity condition (2.8) by i =2, j =3, a =6
(hgg - hg2)Q§ - h?zﬂzli - h?e,Q% =0,
Le. puQ3 = 0, where QF = gsh§3hS0" A w? + g6(p? + (hS5)*)w? A w?. The lat-
ter leads to p(p? + (hS;)?) = 0, i.e.u = 0. Now the semiparallelity condition by

i=j=1,2, a =6 transforms into h$;Q3 =0, RSO3 =0, i.e. h; = hS; = 0. But it
gives a contradiction with non-zero forms Qg°. As a result one has Q2 # 0.

Denoting h$y, = a, hfy =bini=j=1, a =6 :a? + b0} = 0 as coefficients
by w! A w? and w! A w? one has
a(a®> +b*) =0, b(a? +b*) = 0. (5.22)
It leads to @ = b = 0, which is impossible due to Q% # 0. One obtained that at least
one among 2-forms g, 2, Q2 must be zero.
Let at first, Q2 = 0, then hj; = h); = 0, i # j. Since at least one of Qg, Qf is
non-zero from i = j = 2,3, a = 4,5 one has h$, = hS; = 0 and
QU = —eal (B — W S! A 4 (15— WS A+

(h3y = hay )h3gw® A w?).

Without loss of generality, it is enough to consider Q2 # 0, only. If suppose here

h}, # h3y, h§y # 0, then the same way as it was done in previous Proposition 5.7
can be obtained a contradiction with a such supposition.

Let us suppose now that Q5 = 0. Then one has hf; = h}; = 0, i # j. Due to
the metric one has Q3 = QF = 0 and Qf = —gghS,hSw? A w® = ggp’w? A w?. The
substitution into

i=2j=3 a=6: (hS5—h%)Q =0

leads to p =0, i.e. hfj = 0 for every i,j and dimN,M? < 2. |
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Proposition 5.9. Let M3 be a normally non-flat semiparallel space-like submanifold
with three-dimensional principal normal space of singular non-vanishing metric in
pseudo-Fuclidean space E?. Then the frame vectors ey, es, e are such that 4 # 0,
e5 = ¢ = 0 and the Pfaff system is

wi =0, W) = kw!, W = aw?,

ws=0, wy=Ilw? ws = aw® + pw?, (5.23)
4_ 3 5 _ 36 _ 3

wy = pw?, wiy = —(k+1w’, wy=—puw?

all others w, wf, a="7,8;£=9,..,n are zero.

Proof. 1t is enough to consider the case where the mean curvature vector is non-
isotropic. On this assumption and due to H || e4 one has that €4 # 0. Moreover,
the 2-form Qf = —e4w A W) is zero due to (5.13) and the matrices || b ||, || h; ||
commute and it can be made hj; = hj; = 0 (i # j). Now by the frame vectors es,
eg there are two possibilities: only one of them is isotropic, or the both vectors are
isotropic, i.e.

(1) e, is either 1 or —1, g, = 0, (a,b = 5,6); the next frame vector e;
can be taken so that e; = 0 and gy; = 1, all others go3 = 0;

(17) e5 = g¢ = 0; the two next frame vectors e;, eg can be taken so
that e7 = g = 0 and g57 = gss = 1, all others g,3 = 0.

Let us start with the case (i), where only one from vectors es, eg is isotropic. Without
loss of generality here can be taken eg # 0, e5 = ¢; = 0 and g57; = 1, all others
gap = 0. Now 2-form

Qg = —e6[(h3y — hi1)ASow' Aw? + (his — h))hfsw' A w® + (h3s — hi,)h3sw® A W’

can be non-zero, only. The same way as done in Proposition 5.7 (the case H? # 0)
one can suppose (5.15) and obtain that h3 hS; = 0, h3,hS; = 0. On the other hand
the equations by i = j = 1,2, o = 6 for the present case

8,08 + hisQf =0, S0 — hgs5 =0,

show that h$; and hS; are non-zero, i.e. hj; = h3, = 0, which leads to contradiction
with (5.15).

It remains to consider the case (i7), where g4, # 0, e5 = €6 = 0 and the vectors
er, eg are such that ey =3 =0, g57 = ggs = 1. Among 2-forms Qg can be non-zero

Qg:_(hg2 - hi)h?le Aw? — (hgs - h?l)h?&’.wl Aw® — (hg:s - hg2)hg3w2 A W?’:_an

66



only. Supposing here hi; # h3, and hY, # 0, from the semiparallelity condition by
i=17=2 a=5 (h3 —h3)Q =0 one has QO = 0. The latter gives

hi hy, = 0. (5.24)

On the other hand, since Qf = 0 one has h?j(h;*]— — h}) = 0, which on supposition
hS, # 0 together with (5.24) leads to h{; = h3, = 0 and as a corollary

héshél;s =0, h§3h33 =0.

But in case h3; = 0 the dimension of N,M? is smaller than 3, which means that
h3s # 0 and hS; = hS; = 0. Denoting

h?l =k, th =1, hg2 = K th =P h?E =G,

due to H®> = H® = 0 one has h}; = —(k + 1), hS3 = —p. Thus the Pfaff system
(5.23) is obtained. O

Proposition 5.10. Let M? be a normally non-flat space-like semiparallel subman-
ifold in E? with three-dimensional principal normal subspace. Then it is either

1) a product V2 x E' € E®, s = 0,3, where V? is a Veronese surface in S € E?,
T € {0,2}0,2, or

2) a second order envelope of a family of V2 x E* € E™, n > 6, or

3) a 3—dimensional Segre submanifold M? with orthogonal net of great 2-spheres
and great circles in a sphere S? € ES, (s is 0 or 3), or

4) a submanifold M? in ES generated by an 1—parametric family of concentric
2—spheres, the orthogonal trajectories of which are the congruent logarithmic spirals
(specially circles) with the common pole in the center of family spheres, or

5) a translation submanifold of S} T € {0,1} and parallel M? with two families of
parabola generators, which can be represented by equation x = $hyy(u)?+ thas(v)? +
hiouv + horu + hoov, where coefficients hy; are some constant vectors, or

6) a 2nd order envelope of a family of submanifolds 5) with some arbitrariness.

Proof. The consideration of submanifolds 1)-4) is done in [11] and [18]. It remains to
consider submanifolds from Proposition 5.9 with the singular non-vanishing metric
and the Pfaff system (5.23). Here €/ = 0 and the same way as in Proposition 2.2
can be obtained w{,/ = 0. The exterior differentiation of w! = w? = 0 together with

w! =wd =0 and W = —w{ leads to

kwf Awh =0, awiAw? =0, wiA (aw'+ uw?) =0,
(0] — ) A ® = 0, (gl (k + D) A = 0
i.e. applying the Cartan’s lemma one has wl = 0, w] = Xw3, w§ = Yw?®. On the

other hands w] = —eg4wi, w§ = —e4wi and together with the exterior differentia-
tion of the first column from (5.23)

kws A w' + awi Aw? =0
awg Awt + (pwi + lwi) Aw? =0
(dp — (k + Dws — pwg) Aw® =0
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it gives wi = wg = w] = w§ =0, dp = Aw®. Now the exterior differentiation of two

others columns from (5.23) and w® = 0 gives

(dk + kwd) Aw!' + awi Aw? =0,

awd Aw' + (dl + lwd + pwd) Aw? =0,
(d(k+1) — pwi + (k + Dw? + pwg) Aw?® =0,
kwd Aw! + (da + awd) Aw? =0,

(da+ awd) Aw' + (dp + lwl + pwd) Aw? =0,
(dp — pw§ + (k + Dws + pwd) Aw? =0,

kw A w' + aw§ Aw? =0,

aw§ A w! + (I + pw§) A w? =0,

(pw§ — (k + Dws — pwf) Aw® = 0.

Due to the Cartan’s lemma

dp = Aw®, aw} = Bw'+ Cw? dl+Iui+ pwi = Cw' + Dw?

dk + kwi = Ew' + Bw?,  d(k+1) — pwi + (k + Dw? + pw = Fuw?®,
kol = Kw' + Lw?,  da+ awl = Lw' + Mw?,

dp + lws + pws = Mw' + No?,  dp — pw§ + (k + Dwl + pé = Rw?,
kwi = Xl + Y82, aw§ = Yl + (éXE + LY,

pu — (k4 Dwi — pws = W,

The basis of the left sides consists of dp, w3, wg, dl +I1w2, dk+ kw?, W$, W8, da+ awg,
dp + pwg, W5, wg, wg. The ranks s, sy of the polar systems are s; = 7+ 3(n — 9),
s9 = 2. The Cartan’s criterion is satisfied, the Pfaff system (5.23) is compatible and
determines considered space-like M? with arbitrariness of two real function of two

variables.

For the corresponding parallel submanifolds the equations

dp—wgl:wf;:wi:wffzo, wizwgzwgzﬁ,
5 dk _ dl 6 da _ dp
5= "% T YT T T T

can be added. In particular, it gives that | = c1k, p = cor, ¢1 # 1, ¢o are some
constants. Now one has

dr = eyw' + eodu® + esw?®,

dey = kesw® + aegw?,
dey = aegw® + (crkes + coaeg)w?,
des = (pes — k(1 + ¢1)es — cacveg)w?®,

dey = —eapesw®,  d(kes) =0, d(aes) = 0.
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The considered parallel M? lies in a E , spanned by the point = and vectors ey, es,
es, ey, kes, aeg. The lines w' = w? = 0 on the parallel M? are a S 7 € {0,1} in E2
The surfaces w? = 0 are parallel M? in Ej, with two families of parabola generators
(see Proposition 3.2). O

5.5 The case of two-dimensional principal normal
space

Unlike the FEuclidean space the semiparallel submanifolds M2 in E" with
dimN,M? = 2 can have a flat normal connection or non-flat normal connection.

Proposition 5.11. Let M3 be a semiparallel space-like submanifold in E™ with
dimNyM? = 2. Then the normal connection is non—flat only in case of completely
vanishing metric by the principal normal space.

Proof. The frame vectors ey, es are in N,M?. Moreover, the mean curvature vector
can be taken so that H = H%e,, (i.e. H* # 0). Let show that the normally non—flat
connection is possible in case of the completely vanishing metric of N, M3,

In case of the regular metric among 2-forms €9 can be non-zero Qf = Qi
(e=—1,if gy =¢e5 and e = —1if 4 = —¢5), only. But due to (5.12) a such 2-form
is zero, i.e. normal connection is flat.

If the metric of the principal normal space is singular non-vanishing, then
€a #0, =0 (a,bare4,5and a # b),

the next frame vector eg can be taken so that €5 = 0 and gy = 1. Due to (1.11)
among 7 only Q¢(= —Q%) can be non-zero. If @ = 4, b = 5, then system (5.12)
shows that a such 2-form is zero, i.e. normal connection in this case is flat only. On
supposition a = 5, b = 4 the investigation is more complicated. Here only 2-form
Q3 can be non-zero. After a rotation of the tangent part ey, ey, e3 we can achieve
h;‘j =0, i # j. Now the semiparallelity condition gives

i=7j, a=4: h}Q8 =0, h},Q5 =0, h,0 =0, (5.25)
i=1,7=2 a=4: (hy—hi)Q8 —h,08 =0, (5.26)
i=1,j=3 a=4: (g —hy)Y - h305 =0,
i=27=3 a=4: (h3— hy)Q — h3,08 =0, (5.27)
i=j=2 a=5: h},0 —h3,0 =0, (5.28)
i=j=1,a=5: h},Q+h},Q =0, (5.29)

i=j=3 a=5: hy0]+h30 =0,
i £, a=5: (h?j - hi)Qi =0, hg:ﬁ.[hzﬁ - hgiﬂ] =0

69



The equalities (5.25) leads to hj; = h3, = h3; = 0. Thus one has
Qf = —e5(hj; — hij)hlw' Aw’ #0, (5.30)

and without loss of generality can be supposed hj; # h3, and hi, # 0. Now the
substitution of

02 = e [(hig)% A w? 4 B3R5 wh A w® — hhSaw? A wﬂ (5.31)
and (5.30) into (5.26) as coefficients by w! A w?® and w? A w? gives
hi)s[th - hg?,] =0, hg:s[héﬁ - h§3] =0.
If here h3; # 0, then h3, — hi; = 0 and together with (5.27) it gives hj; = 0. The
latter due to (5.28) leads to Q% = 0, from (5.31) it is easy to see that h}, = 0, i.e.

one has a contradiction. In case hi; = 0 then due to (5.29) one has Q? = 0, which
leads to the contradiction with h3, # 0, too.

It remains to consider the case when the metric of the principal normal space is
completely vanishing. Here the frame vectors ey, e5 and the next two vectors eg, e;
can be taken so that

€4 =¢€5 =g = €7 = 0 and gs6 = g57 = 1, all others go5 = 0. (5.32)
Taking, without loss of generality hy; = e4 and hyy = e5 for others h;; one has
hay = a1hi + aghia, haz = bihy + bahia,

hiz = cihiy + cahia, hoz = fihir + fohio
Thus the Pfaff system

wi=w'+qw?, Wi =aw? + fLwd, ws = cw' + frw? + bt (5.33)
W) =W+ w?, Wi =w + aw? + fowd, Wi = cow! + fow? + byw?, '
and w! = wf =0, where @ = 6,7, £ =8,...,n, gives that among 2-forms Q7 only
Qg = —QA% = (a1 -1+ CQfl - leg)wl VAN O)2 +
+ (f1 — o+ bicy — clbg)wl Aw? + (5.34)
+ (cl—a1f2+f1a2—f1b2+b1f2)w2/\w3
can be non-zero. O

Now can be considered a normally non-flat semiparallel space-like M? in a limit
case with a, = b, = ¢, = f;, = 0, i.e. hay = hsg = hy3 = hgz = 0. From (5.34) follows
that Qf = —Q% is non-zero.
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Proposition 5.12. A normally non-flat semiparallel space-like M3 with dimN,M? =
2 is either

1) a submanifold in ES’Q with three families of generators (straight line and two
parabolas); it can be represented by the equation

xTr = %hll(ul)Q + h12u1u2 + hmul + h02U2 + h03u3, (535)

where coefficients hy; are some constant vectors, or
2) a second order envelope of such submanifolds.

Proof. The Pfaff system (5.33) by exterior differentiation together with equalities
w? = 0 leads to

WP AW AW =0, Wt AWl =0, (5.36)
Thus the basis of the secondary forms consists of w, w?, w?, w?, W, w$ and the rank
of polar matrices are s; = 4+2(n—8), so = 0, i.e the Cartan’s number @ is 2n —12.
On the other hand applying the Cartan’s lemma to (5.36) one has 4 + 2(n — 8)
independent coefficients. It means that the Cartan’s criterion is satisfied and the
considered submanifold exists with arbitrariness of 2n — 12 real functions of one
variable.

The corresponding parallel space-like M? is a submanifold from Proposition 2.2

with three families of parabola generators; it lies in Eg)z and can be represented by
the equation (5.35). O
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Summary in Estonian

Paralleelsed ja semiparalleelsed ruumisarnased

madalamootmelised alammuutkonnad
pseudoeukleidilises ruumis

Téhistame konstantse koverusega ruumi vormi N(c), kui tema koverus on c.
See on Riemanni ruum, kui s =0 v6i s =n, ja pseudo-Riemanni ruum,
kui 0 < s < n. Riemanni ruumi ruumisarnast alammuutkonda M™ nimetatakse
semiparalleelseks, kui suvaliste puutujavektorite X,Y korral kehtib R(X,Y)h = 0,
kus R on van der Waerdeni-Bortolotti seostuse V = V & V+ koverusoperaator ja h
on teine fundamentaalvorm.

Semiparalleelsete alammuutkondade klassis v6ib vélja eraldada paralleelsete
alammuutkondade alamklassi, kuhu kuuluvad paralleelse teise fundamentaalvormi-
ga alammuutkonnad.

Eukleidilises ruumis, mille puhul s =0 ja ¢ =0, on paralleelsed alammuutkon-
nad klassifitseeritud Feruse artiklis [2]. Takeuchi [3] ning Backesi ja Reickziegeli
[4] artiklites on need tulemused laiendatud juhule s = 0, ¢ # 0 ja Blomstromi [5]
ja Naitoh'i [6] to6des pseudo-Riemanni ruumi vormi N (c), s > 0 juhule. Moned
paralleelsete alammuutkondade klassid ruumides E} ja EF on kirjeldatud Magidi
t60s [7].

Semiparalleelsed alammuutkonnad ruumi vormis N?(c), kus s = 0, on
klassifitseeritud ja kirjeldatud jargmistel juhtudel: pinnad (m = 2), kus ¢ = 0
Deprez'i to6s [8]; pinnad (m = 2), kus ¢ > 0, Mercuri ja Asperti toodes [9] ja [10].
Kolmemootmelisi alammuutkondi juhul m = n—2 ning hiiperpindu (m = n—1), kui
¢ = 0, on pohjalikult uuritud Lumiste [11], [13], Lumiste ja Riivese [12] ning Deprez'i
[14] artiklites. Alammuutkondi, kus normaalseostuse koverus on vordne nulliga, on
késitlenud Lumiste poolt [15], kui ¢ = 0 ning Dilleni ja Nélkeri poolt [16], kui ¢ > 0
toodes. T66s [17] on Lumiste poolt ndidatud, et iga semiparalleelne alammuutkond
on paralleelsete alammuutkondade teist jarku méahismuutkond. Tema on esitanud
iildise paralleelsete ja semiparalleelsete alammuutkondade teooria eukleidilises
ruumis artiklites [18] ja [19]. Semiparalleelsed ajasarnased pinnad Lorentzi ruumis
on kirjeldatud Lumiste artiklis [20].
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Kaesoleva viitekirja uurimisobjektideks on paralleelsed ja semiparalleelsed
ruumisarnased madalamootmelised (M!, M? ja M?) alammuutkonnad pseudoeuk-
leidilises ruumis E7. Alammuutkondade geomeetriliste omaduste kirjeldamiseks
kasutatakse Cartani liikuva reeperi meetodit ja Cartani valisdiferentsiaalarvutust.

Viitekirja esimeses peatiikis tutvustatakse lugejale semiparalleelsete alam-
muutkondade teooria aluseid. On dra toodud pohimoisted, alates semipseudoeuklei-
dilise alamruumi Ef, indeksi [ ja defekti d definitsioonidest. Peatiiki esimeses para-
grahvis on konstrueeritud adapteeritud liikuv reeper ruumisarnasele alammuutkon-
nale M™ C E7 ning Levi-Civita, normaal- ja van der Waerdeni-Bortolotti seostuste
2-vormid. Peale selle tuuakse sisse alammuutkonna M™ punktis x € M™ maaratud
normaalvektorruumi moiste. Teises paragrahvis on esitatud ruumisarnase alam-
muutkonna M™  struktuurivormid pseudoeukleidilises ruumis E7. Naidatakse,
kuidas tekib isotroopne koonus C, ja milline on selle vorrand. Naidatakse, et
tasandeid, mis labivad punkti x, saab liigitada selle jargi, kuidas nad asetsevad
isotroopse koonuse suhtes, kui koonuse tipp asub punktis x. Kolmandas paragrahvis
tegeldakse alammuutkonna M™ punktis x € M™ maaratud peanormaalalamruumi
N,.M"™ moistega ja uuritakse, milliste tingimuste korral peanormaalalamruum on
regulaarse, singulaarse voi kidunud meetrikaga.

Teises peatiikis keskendutakse paralleelsete ja semiparalleelsete ruumisarnaste
alammuutkondade teooria iildistele aspektidele. Eelkoige on siin toodud tulemused,
mis on toestatud m-mootmeliste ruumisarnaste alammuutkondade jaoks. FEsime-
ses paragrahvis toestatakse, et kui peanormaalalamruum on kidunud meetrikaga,
siis paralleelne ruumisarnane alammuutkond M™ C E? on m paraboolse moodus-
taja parv, kusjuures moni neist moodustajatest voib kiduda sirgjooneks. On tule-
tatud ka selle paralleelse ruumisarnase alammuutkonna vorrand. Teises para-
grahvis on toodud semiparalleelseid alammuutkondi iseloomustavad tingimused ja
on toestatud, et iga ruumisarnane alammuutkond M™ pseudoeukleidilises ruumis
E?, mille peanormaalalamruum on kidunud meetrikaga, on semiparalleelne. Lisaks
toestatakse, et ruumi Egzrf"l semiparalleelse ruumisarnase alammuutkonna M™
normaalseostuse koverus on null, kui selle peanormaalalamruum on n;-mooétmeline
ja kidunud meetrikaga. Peatiiki [0puosas on toodud moned moisted, mis on seotud
jooneparve teist jarku mahispinna leidmisega ja esitatud Lumiste ja Riivese poolt
saadud tulemused vastavalt Veronese ([18], [21], [22], [23], [24]) ja Segre ([25], [26],
[27]) alammuutkondade teist jarku méahismuutkondade kohta.

Kolmas peatiikk on piithendatud semiparalleelsete ruumisarnaste joonte ja
pindade klassifikatsioonile pseudoeukleidilises ruumis E7 ning nende geomeetrilisele
kirjeldamisele. Need tulemused on publitseeritud autori poolt t60s [?]. Esime-
ses paragrahvis on antud semiparalleelsete ruumisarnaste pindade klassifikatsiooni-
teoreem. On toestatud, et ruumisarnane pind M? on semiparalleelne siis ja ain-
ult siis, kui kas selle pinna iga punkt on timaruspunkt (erijuhul on pind téielikult
geodeetiline) voi pinna seostuse V kdverus vordub nulliga voi see on isotroopne
pind, mille keskmine koverus H rahuldab tingimust ||H||*> = 3K, kusjuures K on
pinna Gaussi koverus. Lisaks sellele on teises paragrahvis antud kahemdotmeliste
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pindade M?  detailsem klassifikatsioon juhul, kui seostus V on tasane, kasu-
tades asjaolu, et igaiiks neist on paralleelsete pindade teist jarku méhispind, ning
on toestatud, et iga paralleelne ruumisarnane joon M' pseudoeukleidilises ruumis
E7 on kas sirgjoon voi ringjoon, mille raadius voib olla nii reaalne kui imaginaarne,
voi parabool. Peatiiki kolmas paragrahv annab iilevaate paralleelsete ruumisarnaste
pindade teist jarku mahispindade olemasolust ning suvast. Viimases paragrahvis
on toestatud, et eksisteerivad sellised maksimaalsed pinnad, mis pole taielikult
geodeetilised.

Neljas peatiikk on piihendatud tasase normaalseostusega semiparalleelsetele
ruumisarnastele alammuutkondadele M?®. Peatiiki alguses tuuakse sisse peasihtide
ja peakoveruste moisted ning kirjeldatakse peakdveruste vektoreid juhul, kui peanor-
maalalamruum on regulaarse, singulaarse voi kidunud meetrikaga. On néidatud, et
kui normaalseostus on tasane, siis peanormaalalamruum on tihe-, kahe- voi kolme-
mootmeline. Jargmises kolmes paragrahvis antakse uuritavate alammuutkondade
klassifikatsiooni.

Viitekirja viimase peatiiki eesmargiks on semiparalleelsete ruumisarnaste 3-
modtmeliste mittetasase normaalseostusega alammuutkondade uurimine. Fsimeses
paragrahvis on antud vaadeldavate alammuutkondade M3 geomeetriline kirjeldus
juhul, kui peanormaalalamruum on 6-mootmeline. Erandlik olukord peatiikis on seo-
tud juhtumiga, kui dimN, M? = 5. Artiklis [11] on Lumiste nididanud, et eukleidilises
ruumis E™ sellised semiparalleelsed alammuutkonnad M? puuduvad. Peatiiki teises
paragrahvis on toestatud, et pseudoeukleidilises ruumis E? (s > 0) semiparalleelsed
ruumisarnased alammuutkonnad M? leiduvad, ja on antud nende geomeetriline kir-
jeldus. Jdargmised kaks paragrahvi kasitlevad tulemusi, mis on saadud juhul, kui
N,M? moode on vastavalt 4 voi 3. Viimases paragrahvis uuritakse 2-mootmelise
peanormaalalamruumi juhtumit. Selles olukorras tehakse kindlaks, et vaadeldavatel
semiparalleelsetel alammuutkondadel M3 on olemas kas parv kolmest moodustajast,
tapsemalt sirgjoon ja kaks parabooli ruumis ES’Q, vOi niisugusteste alammuutkon-
dade teist jarku mahismuutkond. Sellised alammuutkonnad puuduvad eukleidilises
ruumis E".
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