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Chapter 1

Introduction

In the present thesis we investigate theoretical and computational aspects of
piecewise polynomial collocation methods for the numerical solution of fractional
differential and integro-differential equations containing Caputo type fractional
(non-integer) order derivatives of the unknown function.

The concept of a fractional derivative can be traced back [20, [77] to the end
of the seventeenth century, the time when Newton and Leibniz developed the
foundations of differential and integral calculus. In particular, Leibniz introduced
the symbol

n
&I

to denote the n-th order derivative of a function f = f(¢). When he reported
this in a letter to de L’Hospital (apparently with the implicit assumption that
n is a non-negative integer), de L’Hospital replied: “What does 0% f(t) mean if
n = 1/27”. To this question Leibniz had no satisfactory answer. In his reply,
dated September 30, 1695, Leibniz wrote to de L’Hospital that “... this is an
apparent paradox from which, one day, useful consequences will be drawn...”
[45]. The letter from de L’Hospital is nowadays commonly accepted as the first
occurrence of what we today call a fractional derivative, and the fact that de
L’Hospital specifically asked for n = 1/2, which is a fraction (a rational number),
gave rise to the name “ fractional derivative”. This name has remained in use,
even if n is an arbitrary positive rational or irrational number, that is, n € R :=
(—00,00), n > 0. As a matter of fact, even complex numbers may be allowed
[45], but this is beyond the scope of this thesis.



The question raised by de L’Hospital motivated many scientists to search for
a possibility to generalize the concept of integer order derivatives to fractional
order derivatives. However, for a long time (nearly three centuries), considera-
tions regarding fractional derivatives were purely theoretical treatments for which
there were no serious practical applications. Therefore the theory of fractional
derivatives developed mainly as a pure theoretical field of mathematics useful
only for mathematicians. In contrast to this, during the last decades the atti-
tude has cardinally changed. It turns out that fractional derivatives provide an
excellent instrument for the description of memory and hereditary properties of
various materials and processes. As a matter of fact, there has been a spectacu-
lar increase of studies regarding fractional derivatives and differential equations
with such derivatives, mainly because of new applications of fractional derivatives
in physics, chemistry, mechanics, electricity, biology, economics, control theory,
signal and image processing, biophysics, blood flow phenomena, aerodynamics,
etc.

In particular, some early examples are given in the works [61] (diffusion pro-
cesses), [14] 15, 87 (modelling of the mechanical properties of materials), [57]
(signal processing), [26] 27, B7] (modelling the behaviour of viscoelastic materi-
als), [36, b5] (bioengineering), [40] (description of mechanical systems subject to
damping), [41), 58] (kinetics of polymers). Some more recent results are described
in the works [4, 80] (modelling the behaviour of humans), [31] (fractional pro-
cesses in financial economics), [85] (atomic wall dynamics), [98] (viscoelastic laws
for arterial wall mechanics), [48] (models of supercapacitor energy storage), [42]
(transition of flow in fluid dynamics). A reader interested in additional appli-
cations and studies on fractional derivatives and fractional differential equations
may consult the monographs [8, 19 20, [45] 56l 59, [76, [79] and review papers
54l 78, [84].

Currently we know (see, for example, [20] 45, [91]) that there are many possible
different generalizations of the concept of 4 f(t) to the case n ¢ N := {1,2,...}.
That is, there are many definitions for fractional derivatives, which are not always
equivalent to each other. The two most frequently used fractional derivatives of
order n = a > 0 are defined by Riemann-Liouville and Caputo fractional differ-
ential operators D; and Dgap, respectively (see Chapter 2 for their precise def-
initions). The former concept is historically the first (developed by Riemann and

Liouville in the middle of 19th century) and for which the mathematical theory



has been by now established quite well (see |20} 145, [76, [79]). However, as pointed
out in [20], Riemann-Liouville derivatives have certain disadvantages when try-
ing to model some “real-world” phenomena. For example, when a real-world
situation is modelled by an initial value problem involving Riemann-Liouville
fractional derivatives, then one has to specify the values of certain Riemann-
Liouville fractional derivatives at the initial point. In practical applications these
values are frequently not available and their physical meaning might not be clear
[21, 23, 26]. Moreover, rather non-natural is also the fact that the Riemann-
Liouville derivative D%, c (o € N) of a non-zero constant ¢ does not vanish (see
Section below). The Caputo fractional derivative (introduced by Caputo in
[14]), despite being closely related to the Riemann-Liouville derivative, does not
exhibit the above-mentioned difficulties [20]. In the present thesis we will follow
Caputo’s approach.

When working with problems stemming from real-world applications, it is
only rarely possible to find the solution of a given fractional differential equation
in closed form, and even if such an analytic solution is available, it is typically too
complicated to be used in practice [§]. Therefore, in general, numerical methods
are required for solving fractional differential equations. As a consequence, the
last decades have witnessed a steadily increasing development and analysis of
numerical methods for fractional differential equations, of which a good deal are
concerned with the numerical solution of initial and boundary value problems
with one fractional derivative in the equation, see, for example, the works [10]
23, 24, 133], 38, 39, 52, 62, (66} O7] for initial value problems and [16], [32] B34, 35
19, 67, B3] for boundary value problems. Considerations regarding the existence
and uniqueness results for such problems can be found, for example, in [1} 2] 20,
21, 145]. A comprehensive survey of the most important methods for fractional
initial value problems, along with a detailed introduction to the subject and a
brief summary about the convergence behaviour of the methods is given in the
monograph [8], see also [17, 20, 25]. Less attention has been paid to numerical
methods for solving equations with multiple fractional derivatives (the so-called
multi-term equations) [22] 28] [46] [47), 5T, (3], 64, 65] and fractional differential
equations with non-local boundary conditions [3], 593, 94, 96], although the latter
has been widely considered for integer order differential equations (see the survey

paper [86]). A classical example of a multi-term problem is the Bagley-Torvik



equation [20, [76]
y'(t) + dchCLp( ) +doy(t) = f(1),

where dg and d; are known constants and f is a given function. This equation
arises, for example, in the modelling of the motion of a rigid plate immersed in a
Newtonian fluid [87]. Finally, we note that very little has been written on solving
fractional integro-differential equations with weakly singular kernels [70, [99].

One of the main objects of study in the present thesis are non-local boundary
value problems for linear multi-term fractional differential equations and weakly
singular integro-differential equations in the following form:

p—1

(Den, ) (1) + > di(t)(DE,,u) (¢ )+/0 (t—s)"K(t s)y(s)ds = f(t), 0<t<b,
=0
(1.0.1)

no B
> Bijoy +ZZ@JHJ (bk) +5z/ y(s)ds =i, i=0,...,n—1,
i=0

k=1 j=0
(1.0.2)
where Bij0, Bijk, Bi, vi € R,

0<k<l, 0<a<a<---<op<n, n:=[al|, peN,

no<m, ng<n, ngni €Ny, 0<b <---<b<b 0<b<b I[eN,

di : [0,b] > R (i=0,....p—1), f:]0,] > R, K: A — R are some given
continuous functions, A := {(s,t) : 0 < s <t < b}, Ny := NU {0}, [«] denotes
the smallest integer greater or equal to a real number o and Dg"apy (i=0,...,p)
are Caputo derivatives of order «; of an unknown function .

Note that for certain values of coefficients 3;;0, ;1 and 3; the problem f
takes the form of an initial value problem or a terminal value problem or
a multi-point boundary value problem.

We also consider a non-linear fractional differential equation
(Dgapy)(t) = f(t,y), 0<t<Dd, a>0, (1.0.3)

subject to the conditions

no

Zﬁzgoyﬁ +ZZﬁmky =7, i=0,....,n—1, n:=[a], (1.0.4)

7=0 k=1 5=0
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where 850, Bijk, i € R,
O<bh < ---<bh<b, 1N, ngp,n €Ng, ngp<n, ni<n, n—1<a<n,

f :[0,b] x R — R is a given continuous function and D¢,y is the Caputo
derivative of order a of an unknown function y = y(¢).
The main purpose of this thesis is to construct high order numerical meth-

ods for solving problems f and f. To this end, first
of all we need some information about the regularity of the exact solutions of
f and f. This becomes even more significant since we
aim to study the optimal order of convergence of the proposed algorithms. How-
ever, fractional differential equations pose an extra challenge compared to in-
teger order differential equations. For example, it is well known that, in the
case of integer order differential equations, the smoothness properties of a solu-
tion are determined by certain assumptions on the given data (mainly on the
given function on the right hand side of the equation). A typical result is the
following (see, for example, [I8]): if k € N, b > 0 and f € C*1(G), that is,
the function f = f(t,y) is k — 1 times continuously differentiable on the region
G ={(t,y) : t € [0,b],|y — vo| < n}, vo € R, n > 0, then the solution y = y(t)
of the initial value problem {% = f(t,y), y(0)= yo} is k times continuously
differentiable on an interval [0, h] for some h € (0,b], that is, y € C¥[0, h].

A simple example shows that, in general, we can not expect this result to
be true for fractional differential equations: if y = y(¢) is a solution of an initial

value problem

(Deapy)(t) = f(t,y), y(0) =yo, 0<a<l,

then it may happen that even for f € C(G) we have y & C[0, h].

Indeed, it follows from Chapter 2 below (see (2.5.8) and (2.5.11))), that the
— t0.5

non-differentiable at ¢ = 0 function y(t)
the initial value problem {(D%gpy)(t) = @, y(0) = yg}, whose given function

f= g (the right-hand side of the differential equation) is analytic.

+ yo is the unique solution of

In fact, below we see that the non-smooth behaviour of solutions to problems

(11.0.1)—(1.0.2) and (1.0.3)—(1.0.4) is typical (see Theorems and respec-

tively). Thus, when constructing high order numerical methods for fractional
differential equations, one should take into account, in some way, the possible

non-smooth behaviour of an exact solution. Numerical methods which assume
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smooth solutions for fractional differential equations are valid only for a tiny
subclass of problems, as is made clear in [81] [82].

In this thesis, using integral equation reformulations of the boundary value
problems f and 7, we first study the regularity of their
exact solutions. Based on the obtained regularity properties and piecewise poly-
nomial collocation techniques, the numerical solution of the obtained weakly
singular integral equations is discussed. In general, a collocation method is a
projection method, in which we first choose a finite dimensional space of basis
functions and a number of points in the domain (the so-called collocation points).
The collocation solution to an equation is determined by the requirement that
the equation must be satisfied at the collocation points. This leads to a system
of algebraic equations for finding the collocation solution.

In collocation methods the possible non-smooth behaviour of the exact so-
lution of the underlying problem near the boundary of the domain where the
problem is posed can be taken into account by using special non-uniform grids
reflecting the singular behaviour of the exact solution. In the numerical solution
of integral and integro-differential equations with singularities this approach has
been analyzed by many authors. We refer to the monographs [6, 1T}, 13, 90} 92],
see also [7, 43|, [44] [74], 95]. However, as pointed out in [I3] [30], using strongly
non-uniform grids may create significant round-off errors in the calculations and
lead to implementation difficulties. Therefore, it is our aim in this thesis to con-
struct and analyze high order numerical methods for solving f and
— which do not need strongly non-uniform grids. Our approach is
based on the idea of killing the singularities of the derivatives of the exact so-
lution to the underlying problem by a suitable smoothing transformation. Note
that in the case of integral and integro-differential equations similar ideas have
been successfully used in [9] 29] 60, [63], (75, [88].

The thesis consists of seven chapters. Chapters 1 and 2 have an introductory
character. In Chapter 2 we introduce notation, basic definitions and preliminary
results. In particular, in Section [2.5| we give the definitions for Riemann-Liouville
integral operators, Riemann-Liouville fractional differential operators, Caputo
fractional differential operators and present some of their properties which we
will use later.

Chapters 3, 4 and 6 are devoted to the numerical solution of linear problems,

while Chapter 5 is concerned with non-linear problems. Our approach is based on
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an idea often used in the numerical solution of integer-order differential equations,
where the original equation is converted to an equivalent integral equation.

The purpose of Chapter 3 is to give an introductory overview of the approach
used in the Chapters 4 and 5 of this thesis. To this end we consider a simplified
form of problem f. In particular, in Chapter 3 we restrict ourselves
to the case where in equation there are at most two fractional deriva-
tives Dg?apy and Dglapy of the unknown function y. Furthermore, we assume
that a1,a9 € (0,1), the case which is relevant to the majority of the classical
applications [§].

In Chapter 4 we consider the full problem f. Using an integral
equation reformulation of this problem with respect to the Caputo derivative
z = Dgzpy of y, the exact solution to 7, we first study the existence,
uniqueness and regularity of y and its Caputo derivative z. We observe that
(usual) derivatives of y and z may be unbounded near the left endpoint of the
interval [0,0], even if dy,...,dp—1, f € C*[0,b] and K € C*(A) (see Theorem
. We then solve the reformulated problem with respect to z by a piecewise
polynomial collocation method. Due to the lack of regularity of z, piecewise
polynomial collocation methods on uniform grids for solving this type of integral
equations will show poor convergence behaviour. A better convergence can be

established by using special non-uniform grids with the grid points

AN
ti=b( = =0,1,...,N 1.0.
J (N>7 J O’, ) ) (05)

where N + 1 is the number of grid points and r € [1, 00) is the so called grading
exponent. The parameter r describes the non-uniformity of the grid: if r = 1,
then the grid points are distributed uniformly on [0,b]; for » > 1 they
are more densely located near the left endpoint of the interval [0, b]. High order
methods use larger values of  (see Theorems and , which may lead to
unstable behaviour of numerical results. In order to avoid strongly graded grids,
we modify our approach as follows: before applying a collocation method to the
obtained integral equation with respect to z = z(t), we introduce in the integral

equation a change of variables
t=>b"PrP T €[0,0],

depending on the parameter p € [1,00). This transformation of variables pos-

sesses a smoothing property for z (see Lemma [2.8.1). We then apply a piecewise

13



polynomial collocation method to the transformed integral equation on a uniform
(or midly graded) grid and get an approximation z, x to z,, the exact solution
of the transformed integral equation. After that we find an approximation yy
for y, the solution of f by the formula . The main results of
Chapter 4 are given by Theorems 4.2.1] [4.4.1] and [4.4.2]

In Chapter 5 similar ideas have been used for the numerical solution of non-
linear fractional boundary value problems f. The main results of
this chapter are given by Theorems [5.2.2] [5.4.1] and [5.4.2]

In Chapter 6 an alternative approach for the numerical solution of linear frac-

tional boundary value problems has been considered. We apply the Riemann-
Liouville integral operator to the fractional differential equation and instead of z
we derive an equivalent weakly singular integral equation for y, the exact solution
of the underlying differential equation. After that, with the help of a suitable
smoothing transformation and collocation techniques, we construct a numerical
method for solving the boundary value problem under consideration. The attain-
able order the proposed algorithms is studied and the corresponding results are
given by Theorem [6.2.1]

In Chapter 7 we introduce some test problems and compare the computa-
tional results of the numerical experiments with the theoretical ones obtained
in Chapters 3, 4, 5 and 6. The numerical experiments completely support the
theoretical analysis.

Most of the results given in Chapters 3 to 7 of this thesis are published in
[68-73, 93], the thesis also contains new results that have not been published yet.

14



Chapter 2
Preliminary results

In this chapter we introduce basic notations and formulate some results which

we will need later.

2.1 Notations

Throughout this work ¢, cg, c1 . .. denote positive constants that may have various
values in different occurrences. By N we denote the set of all positive integers
{1,2,...}, by Ny the set of all non-negative integers {0, 1,2,...}, by Z the set of
all integers {...,—1,0,1,...} and by R the set of all real numbers (—oo, c0). By
[a] we denote the smallest integer greater or equal to a real number a. By I we
denote the identity mapping.

By L!(a,b) we denote the Banach space of measurable functions v : [a, b] — R
such that

b
1wl 1 (a,p) = / lu(t)|dt < oo.

By L*°(a, b) we denote the Banach space of measurable functions u : [a,b] — R
such that

inf sup |u(t)| < oo,
QC[a,b];u(€2)=0 te[a,b}\Q‘ )l

where 1(€) is the Lebesgue measure of set 2. The norm of this space is defined

as

Ul oo (ap) = l|t||co = inf sup |u(?)|.
ooy = lalloe =t sup [uto)

15



By Cla, b] we denote the Banach space of continuous functions u : [a,b] — R

with the norm

s = lulloo = max Ju(t)|.

By C™[a,b] we denote the Banach space of m times (m € Ny, for m = 0 we
set C°[a, b] = C[a, b]) continuously differentiable functions u : [a, b] — R with the

norm
m

lullemiag = D I1u@ oo

=0
2.2 Linear operators and operator equations

In this section we introduce some well-known results from the theory of linear
operators (see, for example, [0, [50]).

Let E and F be normed vector spaces. A linear operator A : E — F is called
bounded if there exists a constant M > 0 such that

|Az|[r < M|z||p, Ve E.

The smallest such M is called the operator norm ||A|| of A. An operator A : E —

F' is said to be continuous if
|zn — 2|l — 0, n— o0

implies
|Az, — Az||p — 0, n — oo.
A linear operator A : E — F' is continuous if and only if it is bounded.

One says that a linear operator A : E — F has the inverse A~ : F — E if
A7'A = Ip and AA™! = Ip, where I and Ip are the identity mappings in F
and F', respectively.

Let E and F be Banach spaces. By L(E, F') we denote the Banach space of
linear bounded operators A : £ — F' with the norm

1Al e(e,r) = sup{l|Az|[F : @ € E, [lz|z < 1}.

16



Theorem 2.2.1. Let E and F be Banach spaces. If the operators A, B € L(E, F)
are such that A=t € L(F,E) and ||B|lgg,ml|A e < 1, then A+ B is

invertible and the estimate

) 1A e(rm)
A+ B)™! < |
1A+ B lewe) < T B o m 1A Tewn

holds.

Let E and F be normed spaces. A linear operator A : F — F is called
compact if for every bounded sequence (z,)n>1 C E the sequence (Azy)p>1 C F
has a convergent subsequence in F'. Note that every compact operator is bounded

and thus continuous.

Theorem 2.2.2. Let E, F and G be normed spaces and let A : E — F and
B : F — G be bounded linear operators. Then the product BA : E — G is

compact if one of the two operators A or B is compact.

Theorem 2.2.3. (Fredholm alternative theorem). Let E be a Banach sapce, and
let A € L(E,E) be a compact operator. Then the equation x = Az + f, f € E
has a unique solution © € E if and only if the homogeneous equation z = Az has
only the trivial solution z = 0. In this case the operator I — A has a bounded
inverse (I — A)~ € L(E, E).

2.3 Non-linear operator equations

Let E be a Banach space with a norm ||z||, € E. A sequence {Ay}nen of
operators A,, € L(E, E) is called compactly converging to A € L(E, E) (we write
A, — A compactly) if A,z — Az asn — oo for every z € E and for any bounded
sequence {xy, }nen, Tn € E, it follows that the sequence {A,x, }nen is relatively
compact in E (i.e. every subsequence {A,zy},encn contains a subsequence
{Apzp tneny oy converging in F).

Let us consider the nonlinear equations
r =Sz (2.3.1)

and
xr =Sz, neN, (2.3.2)

17



where S : B — F and S,, : B — E are nonlinear operators defined on an open
set B C E.

We recall that S : B — F is called Fréchet differentiable at z° € B if there
exists a linear operator S’(2°) € £L(E, E) such that

HSJJ—SJJO—S'(mo)(a:—:co)H/Ha:—:z:OH—>0 as H:z:—a:OH—>O;

in this case S’(z") is the (unique) Fréchet derivative of S at V.
We shall later need the following result adapted from the approximation the-
ory by Vainikko (see Theorem 4.3 in [89] or Theorem 2 in [90]).

Theorem 2.3.1. Let the following conditions be fulfilled:

19 equation has a solution x* € B, and the operator S is Fréchet differ-
entiable at x*;

20 there is a positive number § such that the operators S, (n € N) are Fréchet
differentiable in the ball ||z — x*|| < &, which is assumed to be contained in B,
and for any € > 0 there is a d: € (0,0] such that for every n € N

150.(x) = Sp(@) e,y <€ whenever |z — 2| < dc;

3% ||Suz* — Sz*|| =0 as n— oo;
40 S (x*) — S'(z*) compactly, whereby S!(z*) € L(E,E) (n € N) are compact
and the homogeneous equation x = S'(x*)x has in E only the trivial solution
z=0.

Then there exist ng € N and 6y € (0,9] such that equation has for
n > ng a unique solution x, in the ball ||z — z*|| < &y. Thereby x, — x* as

n — 0o and the following error estimate holds:
|xn — 2*|| < c||Spz™ — Sz*||, n > ne. (2.3.3)

Here ¢ is a positive constant not depending on n.

2.4 Gamma, beta and Mittag-Leffler functions

In this section we recall the definitions and some properties of the gamma, beta

and Mittag-Leffler functions (more details can be found, for example, in [20, [76]).
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The gamma function I' = T'(x) is defined by the formula
o0
I'(x) := / s le™*ds, x € (0,00);
0

elementary considerations from the theory of improper integrals reveal that the
integral fooo s*"le=%ds exists for all 2 > 0. An important property of the gamma

function is the recurrence relation
Nz +1) =2'(z), x>0. (2.4.1)
It is easy to see that I'(1) =T'(2) =1 and
'n+1)=n!, neNlN.

An interesting property of I'(z) is given by the equality

Mz)'(1l—-2)= , O0<z<l.

sin Tx

In particular, if z = 3, then we have (I'(0.5))? = 7 and thus

I'(0.5) = /7. (2.4.2)

The beta function B = B(x,y) is defined by the formula

1
B(x,y) ::/0 s 1 —s)Y"lds, x,y € (0,00).

Functions I' and B are related by the equality

I'z)'(y
B(z,y) = F((x)Jr( i z,y > 0. (2.4.3)
The function E, g defined by
Eop(z) := . , z€ER, (2.4.4)
o ;) I(ja+pB)

is called the two-parameter Mittag-Lefller function with parameters o > 0 and
f > 0. Note that power series defining E, g(z) in (2.4.4) is convergent for all
z € R. It follows from (2.4.4) that E i(x) =e”, x € R.
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2.5 Fractional differential operators

In this section we present the definitions and some properties of Riemann-Liouville
integrals and Riemann-Liouville and Caputo fractional differential operators, see
[20, 45]. Let b € R, b > 0.

For given 6 € (0,00) by J° we denote the Riemann-Liouville integral operator
of order ¢, defined as

1

(T5y)(t) :—F((S)/O(t—s)‘sly(s)ds, re[08), yeL'0b).  (25.0)

For § = 0 we set JO := I. If § > 0, then the integral (J%y)(t) exists for almost all
t € [0,b] and the function J%y is also an element of L(0,b). Moreover, we have
for any y € L>°(0,b) that

(S ®) e Clo,b], ()P (©0)=0, §>0, k=0,...,[6] -1, (2.52)

JoJ0y = JP Ty = 4Py, a >0, B>0. (2.5.3)

Note that for J%y € C[0,b] we have y € C"71[0,b], where n —1 < 6§ <n,n € N.
Note also that the operator J¢ (0 > 0) is linear, bounded and compact as an
operator from L*>°(0,b) into C|0, b] (see, e.g. [12]).

By D};L we denote the Riemann—Liouville fractional differentiation operator
of order § > 0, defined as
"

= ﬁ(J”_‘Sy)(t), te0,b, n=1[d]. (2.5.4)

(Dhey)(®)

Often it is assumed that J" % € C™[0,b]. Note that for § € N we have

(Dhey)(t) =y (1), t € [0,0].
Let m € N. By Q,,_1[y] we denote the Taylor polynomial of degree m — 1 for
the function y € C™ 1[0, ] at the point 0:

@ (o) .
y .'(0) g

7!

m—1
(Qualy)(s) = 3
=0

By Dgap we denote the Caputo fractional differential operator of order § > 0,

defined by the formula

(DEapy) (1) := (D (y — Qurly))(®), ¢ €[0,8], n:=[4]. (2.5.5)
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In the definition we assume that y € C"~1[0,0]. If § € N and y € C°[0, b]
then we have (Déapy)(t) =yO)(t), t €0,0].

A sufficient condition for the existence of Dgapy e C[0,b] is y € €910, ).
However, this is not a necessary condition. In [91], Vainikko gives a comprehensive
description of the range J°C[0,b] (§ > 0) of J? as an operator from C[0,b] into
C[0,b]. In particular, he has derived necessary and sufficient conditions for the
existence of Dgapy € C[0, 4] for a function y € C191-1[0,b], & > 0. As an example,
if 0 < 0 <1 and y € CI[0,b], then the following conditions (i) and (ii) are
equivalent:

(i) the fractional derivative D((sjapy € C[0,b] exists;

(ii) a limit lim;_,0t~°[y(t) — y(0)] exists, is finite and the Riemann improper
integrals

/0 (t— &) N (y(t) — y(s))ds (0<t<b)

equiconverge in the sense that

lim sup

0—1
0<h<1 0<t<b

t ot
/ (t— ) (yt) — ys))ds — / (t— 5)" "L (y(t) — y(s))ds| = 0.
0 0

For any y € L*°(0,b) we have
Dy, J% =Df, Jy =Ty, 0<B<a (2.5.6)

Note that a function y[?1=1 € [0, ] such that Dgapy € C[0,b] (6 > 0) has
the form (cf. [20])

n—1
y(t) = (J°2)(t) + Y _ext®, t€[0,b], n=[5] €N, (2.5.7)
A=0

where z := Dgapy and ¢y € R (A=0,...,n — 1) are some constants.

Finally, we give some examples of fractional derivatives. From the definition
(2.5.4)) it follows that for a constant ¢ € R we have (0 > 0, n = [d])

. dn t s c dm tn—0
(DRre)(t) = F(n_(g)dtn/o (t =) " ds = T(n—20)dtn (n— 5)

:m(n—a)(n—é—n-.-u—5)f5, t>0.

We see that the Riemann-Liouville fractional derivative of a constant function

does not necessarily vanish (it only vanishes if ¢ = 0 or 6 € N). In contrast
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to this, it follows from (2.5.5) that the Caputo fractional derivative Dgapc of a

constant ¢ € R vanishes:

1 dr t
D(s — _ — n—4—1 — — = .
(D) (1) Nn—aﬁnA“ " eme)ds =0, 6>0,mn=[5], t>0
(2.5.8)
Further, let 8 € R and denote
vs(t) =17, t > 0.
Ifo>0,n=1[J],8>n—1, 0 R, then
F1+8) 5
D? t)=——— " 40 ¢ ; 2.5.
if B € Ny, then
0 if 5=0,...,n—1,
(DS, v3)(t) = | 5 (2.5.10)
Cap p mtﬂ J if B Z n.

Indeed, let first > n — 1, B € R, where n = [§],6 > 0. Then Qn—1[vg] =0
and (2.5.9) follows from the definition (2.5.5) and (2.4.1)), (2.4.3):

1 ar t
é — _ \n—6—-1_p8
(D¢apvp)(t) T =) dt"/o (t—s) s’ds

o s s
_IM/O(1_7'> TdT%t'i_

- L5 5\ 4B—6
=T +Bsn_g P tn=0B+n=1-0)(B+1-0)t
—Mﬁ—a

“T@rig’ o 170

For (2.5.10)) it now suffices to consider only the case 8 <n—1, 8 € Ny, for which
we have (Qn—1v5)(s) = 57 (s > 0) and hence

(Dg'apvﬁ)(t) = F(nl—é)ccli;/o (t —s)" 07 1(s? — s7)ds = 0.

In particular, we see that (2.5.9)) together with (2.4.1]) and (2.4.2)) yields
NZ3

D23 t%% =T(0.5+1) = 0.50(0.5) = 5 t>0. (2.5.11)
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2.6 Weighted spaces of functions

In order to characterize the behaviour of a solution of a fractional differential
equation, we introduce a weighted space C"" (0, b] of smooth functions on (0, b]
(cf. [12,190]).

For given b € R,b > 0, m € Nand v € R, v < 1, by C™"(0,b] we denote
the set of continuous functions u : [0,b] — R which are m times continuously
differentiable in (0, b] and such that for all ¢ € (0, b] the following estimates hold:

4 1 if 1<1—-v
‘U(l)(t)‘ <ec 1+’]Ogt’ if 1=1—v , t=1,...,m.
v if i>1-v

In other words, u € C"™"(0,b] if u € C[0,b] N C™(0,b] and

U, = Z sup wi—14,(t) ‘u(i)(t)‘ < 00,

i—1 0<t<b
where, for t > 0,
1 if p<O,
1 : _
wp(t) = W lf p — 0,
P it p>0.
Equipped with the norm
[ullemy o) := llulloo + [ttmy, ue C™"(0,0],

the set C™"(0, b] becomes a Banach space.

Note that C™[0,b] (m € N) belongs to C™"(0,b] for arbitrary v < 1. Some
other examples are given by y;(t) = t%, ya(t) = t1 and y3(t) = tlogt with
y3(0) = 0. Clearly, y; € Cm’_%(o, b, y2 € C’m’i(O, b] and y3 € C™9(0, b].

Moreover, a function of the form
y(t) = g1(t) 1 + ga(t) (5 > 0)
belongs to C™¥(0,b] for all v € [1 -4, 1) and g1, g2 € C™]0,b], m € N. Note also
C10,b] c C*¥7(0,b] C C™*#(0,0] C C[0,0], ¢g>m>1, v<pu<l (26.1)

Observe that as v increases so does the singular behaviour of the derivatives of
the functions in C'%¥(0, b].

Next we formulate two lemmas which we will need later. Their proofs can be
found in [12].
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Lemma 2.6.1. If y1,ys € C¥7(0,b],q € N,v < 1, then y1y2 € C?¥(0,b], and

ly1y2llcar o) < cllyillcar o llvzllcar o)
with a constant ¢ which is independent of y1 and yo.

Lemma 2.6.2. Letn € R, n < 1landlet K € C(A), A:={(s,t): 0<s <t <b}.
Then operator S defined by

(Sy)(t) = /0 (6 — )KL $)y(s)ds, £ € [0.1], (2.6.2)

is compact as an operator from L*°(0,b) into C[0,b]. If, in addition, K €
C1(A),q € N, then S is compact as an operator from C?"(0,b] into C?¥(0,],
where n < v < 1.

2.7 Graded grids and interpolation operators

For Ne Nand 1 <r < oo, let Iy := {to,...,tn} be a partition (a graded grid)
of the interval [0, b] with the grid points

AN
ti=b( = =0,1,...,N 2.7.1
J (N>7 J 0’7 ) ) (7)

where r € [1,00) is the so called grading parameter. If » = 1, then the grid
points are distributed uniformly; for r» > 1 the grid points are
more densely clustered near the left endpoint of the interval [0, b].

For a given integer m € N by S' (IIy) we denote the standard space of

piecewise polynomial functions:

STy == {v:ol, o €mmo1,i=1,...,N}. (2.7.2)

ti—1t)

Here v‘[t‘ ] (j =1,...,N) is the restriction of v : [0,b] — R onto the subinterval
J—1"

[tj—1,t;] C [0,b] and 7,,—1 denotes the set of polynomials of degree not exceeding

m — 1. Note that the elements of Sﬁn__lz(HN) may have jump discontinuities at

the interior points t1,...,txy_1 of the grid Ily.

In every interval [tj_1,t;] (j = 1,...,N), we define m € N interpolation
(collocation) points t;1,. .., ¢, by formula
tjk:tj_l—l-?]k(tj—tj_l), k=1,....m, j=1,...,N, (273)
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where 1y ..., 9, are some fixed (collocation) parameters which do not depend on

j and N and satisfy
0<m<m<...<np <1. (2.7.4)

For given N,m € Nlet Py = Py, : C[0,0] — an__l% (IIx) be an interpolation
operator such that

Py e SCH(Iy), (Pav)(tn) =v(tjp), k=1,...,m, j=1,...,N, (2.7.5)

for any continuous function v € C[0,b]. If n; = 0, then by (Pyv)(t;1) we denote
the right limit limy ¢, , ¢>¢;_, (Pnv)(t). Iy = 1, then by (Pyv)(tjm) we denote
the left limit limg ¢, 1«4, (Pyv)(t).

The proof of the following three lemmas can be found in [12], 90].

Lemma 2.7.1. Let Py : C[0,5] — SU N (IIy) (N € N) be defined by [@.7.5).
Then Py € L(CI0,b],L>°(0,b)) and the norms of Pn are uniformly bounded:

1PNl ccrop,co0p) < ¢ NEN,

with a positive constant ¢ which is independent of N. Moreover, for every z €
C[0,b] we have
|z = Pnzllpocop) — 0 as N — oo

Lemma 2.7.2. Let S : L*°(0,b) — C[0,b] be a linear compact operator. Let
Py C[0,5] —» SCNTy) (N €N) be defined by 2.7.5). Then

HS — :PNS||L(LOO(07b)7Loo(O7b)) —0 as N — oo.

Lemma 2.7.3. Let z € C"™¥(0,b], m € N, v € (—o0,1). Let Py : C[0,b] —
SUVIy) (N €N) be defined by 2.7.5). Then

N—™ for m<l—-v, r>1,
N~™1+1logN) for m=1-v, r=1,
|z = Pnzlloc <c g N°™ for m=1—-v, r>1,
N-r(1=v) for m>1-v, 1<r<%,
| N for m>1-v, TZ%.

where r € [1,00) is the grading exponent in (2.7.1) and ¢ is a positive constant
not depending on N.
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2.8 Smoothing transformation
In this section we introduce a mapping
t=0b"Pr?, T €(0,0], (2.8.1)

depending on a parameter p € [1,00). From the definition we get that
7 = ble=D/rel/e ¢ [0,b] for t € [0,b]. In the case p = 1 it follows from
that t = 7. We are interested in transformations (2.8.1) with p > 1, since this
transformation then possesses a smoothing property for z € C%¥(0,b]. From [75]

we obtain the following result.

Lemma 2.8.1. Let z € C?(0,0] (¢ € N, —oo < v < 1) and let z,(1) :=
2(b!=P7P), 7 € [0,b], where p € [1,00) if v € (0,1) and p € N if v < 0. Then
2, € CTY(0,b], where v, :=1—p(1 —v).

Remark 2.8.1. Instead of (2.8.1) other transformations can also be used (see,

e.g. [75]). For simplicity of presentation we restricts ourselves only to the trans-

formation (2.8.1)).

Introducing in the definition of the Riemann-Liouville integral operator J* (a >

0) (see (2.5.1))) the change of variables
t=0b"Pr?, s=b"Po?, T,0€(0,b], peE[l, ), (2.8.2)

we obtain for x € L*(0,b) that

(J%)(t) = (Jyxp)(T), t= biPrP 1 €[0,b], a>0, (2.8.3)
where
xp(T) = az(bl_pr)
and
(A=p)oc p7
(Joap)(T) = pbr(a)/o (1P — o) Lo a,(0)do, T €[0,0], a>0. (2.8.4)

The following lemma presents some properties of J; which follow from the

corresponding properties of the Riemann-Liouville integral operator J¢.
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Lemma 2.8.2. Let @ > 0 and p > 1 be some given real numbers. Then Jg‘
defined by (2.8.4)) is linear, bounded and compact as an operator from L>(0,b)
into C[0,b]. Moreover, we have for any z € L*>(0,b) that

J;"ng:Jngﬁz, a>0, >0, p>1.

Finally, we have the following result (see [47]).

Lemma 2.8.3. Let = € C™t1V(0,b], m € N, v € (—o0,1). Let N €N, a €
(0,1], » € [1,00), p € [1l,00) if v € (0,1) and p € N if v < 0, z,(1) =
z(b'=P7P), 7 € [0,b]. Let J§ (a > 0) and Py (N € N) be defined by [2.8.4) and
(2.7.5), respectively. Assume that the collocation points (2.7.3|) with grid points
(2.7.1) and parameters ny, ..., Ny satisfying (2.7.4) are used. Moreover, assume

that 1, ...,nm are such that a quadrature approximation
1 m
/ F(z)dr ~ Y wiF(nk), 0<m <mp<...<nm<1, (2.8.5)
0 k=1

with appropriate weights {wy} is exact for all polynomials F of degree m.

Then the following estimate holds:

(2.8.6)

”Jg(TNZp—Zp)HooSc{ v(m,a,v,p,r) if <a< }

Ex(m,v,p,r) if a=

Here ¢ is a constant not depending on N,

N—m—o for m<pl+a-v), r>1,
N1 +1logN) for m=p(l+a—-v), r=1,
N—m—a for m=pl4+a—-v), r>1,
En(m,a, v, p,r) = N-rrd+a—v) for m>p(l4+a—-v) and
+
1<r< 7/)(1”}_&(1”),
N—ma for m>p(l+a—v) and
Jr
"2 Sites)

(2.8.7)
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and

(N~ for m<p2-v), r>1,
N 11 +1logN)?> for m=p2-v), r=1,
N 11 +1logN) for m=p2-v), r>1,
Ey(m,v, p,r)i={ N7Pr2=v) for m>p2—-v) and
m+41
L=r<ie=p
N—m-l for m>p2-v), and
r m+1
= p(2-v)
(2.8.8)
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Chapter 3

Linear fractional
integro-differential equations

with two fractional derivatives

In this chapter we discuss a possibility to construct high order numerical methods
for solving initial and boundary value problems for linear weakly singular frac-
tional integro-differential equations. In order to give an outline of the method
that can be applied to a wide class of equations, we first restrict ourselves to
equations involving only up to two fractional derivatives, both of order less than
one. Later, in Chapter 4, we extend our study to general multi-term problems.

More precisely, we will consider an equation in the form

(D) (t) + (D, u) (H)da(t) + y(t)do(t) + /0 (t —s)""K(t,s)y(s)ds = f(t),
(3.0.1)

subject to the condition

l b
B0y 0) + Y- Bua(be) + 8 | wls)ds =, (3.0.2)
k=1 0

where 0 <t <b,b>0,1€N, 0<by <---<b <b, bec (0,b], 7,38 €R(k=
0,...,1) and D¢y, and D¢?  are Caputo differential operators of order aq and

o, respectively. We assume that

l
O<or<ap<l, 0<k<Il, Y Br+Bb#0 (3.0.3)
k=0
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and do, dy, f € C[0,b], K € C(A), where

A:={(t,s):0<s<t<b}. (3.0.4)

Clearly, f is a special form of f. In particular, the case
where f is an initial value problem (8o #0, 51 =...= 6, =8=0)
or a terminal value problem (fy =---= -1 =08=0, 5, =0, cf. [20, 32, 34]) is
under consideration.

Using an integral equation reformulation of problem (3.0.1)-(3.0.2), we first
present some results about the existence, uniqueness and regularity of its exact
solution (Sections and [3.2). On the basis of this information we then con-
struct a class of numerical methods to solve such problems. After that we give an
overview of the convergence and superconvergence results of the proposed algo-
rithms (Sections and [3.4). These results follow from the more general results
proven in Chapter 4. Numerical experiments verifying the theoretical results are

presented in Chapter 7.

3.1 Integral equation reformulation

First, let y € C[0,b] be an arbitrary function such that D¢? y € C[0,b] and let
us denote z := Do‘apy Then

y(t) = (J22)(t) + c, (3.1.1)

where J*? is the Riemann-Liouville integral operator of order ag defined by ([2.5.1))

and c is a constant. By using properties (|2 5. 2|) and (2.5.6]) we see that a function

in the form satisfies the condition if and only if

l l b
Boc+ > BretBbe=v-Y Be(J*2)(bi) — 5/ (J222)(s)ds.  (3.1.2)
k=1 k=1 0

Due to the definition of J*? we can write

[[emos = s [ [ s tetaras

We simplify this double integral as follows. By changing the order of integration
we find that

p(;) /Ob /Os(s — 1)l (r)drds = 1“(242) /Ob (1) /Tb(s 7)o Lisdr.
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It is easy to see that

/b(s — T)o‘rlds = L — )

a2

and, by using the recurrence relation aol'(a2) = I'(ag+1) (see (2.4.1])), we obtain

b
/0 (J°22)(s)ds = (JO+12)(D).

By denoting

l
= Z Be, (3.1.3)
k=0
we get from that
= T B2 (b)) — BT 2) ()
B+ Bb ‘

We see that an arbitrary continuous function y € C|0, b] with z = D2 y € C[0, b]

Cap
satisfies the condition (3.0.2)) if and only if it is in the form

y(t) = (J*?2)(t) + (B« + Bb)~ ZmﬂQ —B(J=T2)(0) |,

(3.1.4)

where 0 <t <b.

Let now y € C[0,b] be a solution to problem (3.0.1)-(3.0.2) so that z =
Dgflpy € C’[O b]. Keeping in mind that (Dcapy)( ) z(t), by substituting (3.1.4])
into and using properties (|2 and , we obtain

z2(t) + (J* 7 2) (t)da (1)
+—QJ” )(t) + (B + B)” [ }jﬁkJQ 6<f”+%x&]>ddw

—i—/o (t—s) "K(t,s)(J*z)(s)ds

(B +BB) [ }jme BU”“@@I[@—$“KW$%—f@,

where 0 < t < b. Note that

t —s5) " s)(J*?z)(s)ds = 1 t —5)7 " S ss—TaTIZT Tds
[ =m0 = g 0= K (s [ rmtatryira

b tzs t —8) (1 — g)22 ! T)dTds
=t | 20 [ =97 = K L raras.
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Next, by using a change of variables 7 = (t — s)o + s we get

t 1
/ (1) (r—8)2 " K (1, 7)dr = (1—s5)*>~* /0 59 (1— )R K (1, (1—8)o+5)do.

Thus, we have

! —K s 1 K as—kK
/0 (t—s)"K(t,s)(Jz)(s)ds = (o) /0 (t—ys) L(t,s)z(s)ds, 0<t<b,
(3.1.5)
where
1
Lt s) = / 592 L1 — o) KK (t, (t — 8)o + 5)do (3.1.6)
0

is a continuous function for (¢,s) € A since K € C(A), ag € (0,1] and « € [0,1).

Remark 3.1.1. Let ag € (0,1], k € [0,1), K € C1(A) , g € N. Let L be defined
by (3.1.6). Then L € C1(A).

We see that we have obtained an integral equation with respect to z, which

we write in the operator form

2=Tz+g, (3.1.7)
where
oo —o o 1 ! oo —K
(Tz)(t) = —(J 2)(t)di(t) — (J*?2)(t)do(t) — () /0 (t—s) L(t,s)z(s)ds
+ (B + BD) [Zm (J922)(by) + B (JO*H 2 ><b>]
« (do(t) +/0t(t—s)_"K(t,s)ds) (0<t<b) (3.1.8)
and
= — il t —s)7 " s)ds
g(t) = f(1) 5.3 50 (do(t)+/0 (t—s)"K(t,s)d ) 0<t<b (3.1.9)

In other words, we have shown that if a continuous function y € C10,b] with

Daapy € C[0,b] is a solution to problem 1)-(3.0.2), then z = Dcapy is a
solution to integral equation (|3 .

It turns out that the converse is also true. Indeed, suppose that z € C[0, b] is
a solution to integral equation (3 . If we now define y by -, we see that
y € C[0,0], z = Do‘apy and that y satisfies the condition (3.0.2). We see that

y determined by (3 is a solution to ( - - Thus equation (|3 is
equivalent to the problem (3.0.1))-(3.0.2]).
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3.2 Existence, uniqueness and smoothness of the so-

lution

The existence, uniqueness and regularity of the solution to (3.0.1)-(3.0.2]) can be

characterized by the following theorem.

Theorem 3.2.1. (i) Assume that0 < a; < as < 1,0 <k <1, dy,d1, f € C[0,b],
K € C(A). Moreover, let 22:0 Br+Bb # 0 and assume that the problem (3-0.1)-
(13.0.2) with f =0 and v =0 has in C|[0,b] only the trivial solution y = 0.

Then problem — has a unique solution y € C[0,b]. Moreover, we
have D¢y € C[0,0].

(ii) Assume that (i) holds and let K € CY(A), dy,di, f € CTH(0,b], ¢ € N,
peER p<l.

Then problem (3.0.1)-(3.0.2) possesses a unique solution y such that y €

C*¥(0,b] and D}y € C¥(0,b], where

v:=max{l — (g —a1), i, K} (3.2.1)

Proof. This theorem is a consequence of the more general Theorem which
we will prove in Chapter 4. O

Remark 3.2.1. If K = 0, then we may in Theorem set v = max{l —
(g — an),pu}. If do,dy, f € C0,b] (¢ € N), then we may in Theorem set
v =max{l — (e — aq),k}, and if also K =0, thenv =1 — (ag — 7).

Theorem states that the regularity properties of y, the solution of prob-

lem -, depend on the smoothness of functions dy, di, f and K.
However, as noted in Remark even when we have doy,d;, f € C?0,b] and
K € CiA) (for some g € N), we cannot claim that y € C?]0,b] — we may
only say that y € Comax{l=(e2—e1).x}(() p]. That is, the solution of the problem
f can, in general, exhibit singular behaviour even when the data of
the problem is smooth. This complicates the construction of high order methods

for solving such equations numerically.

3.3 Numerical methods based on graded grids

In order to take into account the potential non-smoothness of the exact solution

y = y(t) of (3.0.1)-(3.0.2)) at the origin ¢ = 0, we introduce on the interval [0, b] a
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graded grid Iy (N € N) with the grid points (2.7.1)) and look for an approximate

solution yy to (3.0.1)-(3.0.2)) in the form (cf. (3.1.4))

l
yn(t) = (J%22n)(8) + (B + BD) " |7 = D Bu(J2n) (b)) — B (T 2n) (D) ]
k=1

(3.3.1)
where 0 <t < b and 2y € 5, . 13( ~) (m € N) is determined by the following

collocation conditions:

ZN(tjk) = (TZN)(tjk) + g(tjk), k=1,...,m, 7=1,.. ., N. (332)

Here T, g and {t;;} are defined by (3.1.8), (3.1.9) and (2.7.3)), respectively. If
m = 0, then by 2y (#;1) we denote the right limit lim¢ ¢, , 4>¢,_, 28 (). Hnm =1,
then 2y (tj;,) denotes the left limit lim; 4, y<;; 2n(f). Conditions (3.3.2) have an

operator equation representation

zy = PnTzy +Png (3.3.3)

with an operator Py = Py, : C[O T] — S( 1{(HN) defined by (2.7.5).
The collocation conditions ) form a system of equations whose exact
form is determined by the choice of a basis in S, (- %(H ~). In particular, if n; > 0

or My, < 1, then we can use the Lagrange fundamental polynomial representation:

N m
= owen(t), te0b, (3.3.4)

A=1p=1
where, for u=1,...,m, A=1,...,N,

0 for t g [t)\717t)\]7
R m
7;:171,#“ Ap U

Then zy € S( i(HN) and zn (tjx) = cjk, k=1,...,m, j=1,...,N. Search-
ing for the solution of ( - in the form , we obtain a system of linear
algebraic equations with respect to the coeﬁicients cik = 2N (tjn):

k= Y (Tox)(tiw)era +9(tjn), k=1,...,m, j=1,...,N. (3.3.6)
A=1p=1

Note that for the computation of (T'¢y,)(tjx) we need the weakly singular inte-
grals (J2py,) (tjr) (6 > 0) (see (3.1.8)), which can be found exactly.
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After solving the linear system (3.3.6]) for the unknown coefficients {c;}, by

using (3.3.1) and (3.3.4)) we get the following expression for the approximate
solution yy of y, the exact solution of (3.0.1))-(3.0.2]):

N m
=D D eI () + (B +8)

A=1p=1
l N m N m ~
X7 =28y D ewTea) k) = B YD enu(Ioa) (0)
k=1 A=1p=1 A=1p=1

(3.3.7)

Note that this algorithm can also be used in the case if in (2.7.4) n; =0 and
Nm = 1. In this case we have tjn, = tjy11 = tj, ¢jm = cjy11 = 2n(tj) (J =
1,...,N — 1), and hence in the system there are (m — 1)N + 1 equations
and unknowns.

For method (3.3.1] - we can formulate Theorems [3.3.1] m and |3.3.2] - below.
Their proofs are given in Chapter 4. More precisely, Theorems [3.3.1] and |3.3.2)
follow from (for p = 1) the more general Theorems and respectively.

Theorem 3.3.1. (i) Let N,m € N and assume that the grid points with
collocation points and arbitrary parameters nyi,...,Nm Ssatisfying
are used. Assume that conditions (3.0.3)) are satisfied, dy,d; € C[0,b], f € C|0,b]
and K € C(A). Moreover, assume that the problem (3.0.1)-(3.0.2) with f = 0
and v = 0 has in C[0,b] only the trivial solution y = 0.

Then (3.0.1)-(3.0.2) has a unique solution y € C[0,b] such that Dgapy €
C[0,]. Moreover, there exists an integer Ng such that for all N > Ny equation
(13.3.3]) possesses a unique solution zy € an__l% (IIx) and

|y = ynllo =0 as N — oo (3.3.8)

where yy is defined by (3.3.1)).
(ii) If, in addition, do,dy, f € C¥*(0,0], K € C9(A), where ¢ := m and with
p € Ry < 1, then for all N > Ny and r > 1 (given by (2.7.1)) the following

error estimate holds:

N
ly —ynllo < c

(3.3.9)
N—™ for r> %

Here v is given by formula (3.2.1) and c is a constant which does not depend on
N.
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Theorem 3.3.2. Let N,m € N and let the following conditions be fulfilled:
(i) the assumptions (i)-(ii) of Theorem hold with g :==m + 1;

(ii) the quadrature approximation

1 m
/0 F(z)dx ~ Zka(nk),

k=1

with the knots {ni} satisfying (2.7.4) and appropriate weights {wy} is exact for
all polynomials F of degree m.

Then (3.0.1)-(3.0.2) has a unique solution y € C0,b] such that D¢y €
C%(0,b]. There exists an integer Ny such that, for all N > Ny, equation (3.3.3))
possesses a unique solution zy € Sf;_lg(HN), determining by (3.3.1) a unique

approzimation yn to y, the solution of (3.0.1)-(3.0.2), and the following error
estimate holds:

N—r(1+a2—a1—u) 1< mtoas—ag
ly = ynlloo < e { . for 1= TSmeawe (33.10)
N for Tt

Here r € [1,00) is the grading exponent of the grid (see (2.7.1))), v is given by
formula (3.2.1) and c is a positive constant not depending on N.

Remark 3.3.1. To satisfy condition (ii) in Theorem for all polynomials
of degree m it is sufficient to have the collocation parameters ni,...,nm be the
points of an m-point Gaussian quadrature rule applied on the interval [0, 1], which
is exact for all polynomials of degree 2m—1. As an example, form =2 andm = 3

we can use collocation parameters

m R n2=1-m
and
_5—v15 _1 _q
m = 10 5 = 27 n3 = n,

respectively, see [13].
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3.4 Numerical methods based on smoothing transfor-

mations and graded grids

The theorems in the previous section show that with sufficiently large values of
the grading exponent 7 in , it is possible to obtain an optimal convergence
rate for given m. However, as previously noted, using large values of r can lead
to computational difficulties. In order to avoid strongly graded grids, we modify
our approach as follows: before applying a collocation method to the obtained
integral equation with respect to z = z(t), we introduce in the integral equation
a change of variables
t=>b"PrP 1 €[0,b],

depending on the parameter p € [1,00). We then apply a piecewise polynomial
collocation method to the transformed integral equation on a uniform (or midly
graded) grid.

More precisely, we choose a smoothing parameter p € [1,00) and consider for

equation (3.1.7) a change of variables introduced in Section by (2.8.2):
t=0b"PrP, s=b"Po? T1,0€]0,b].

Using in (3.1.7) this change of variables we get for z,(7) = z(b'"P7°) an

integral equation in the form
2p=Tpzp+ gp, (3.4.1)
where, for 0 < 7 < b, we have

(Thzp) (1) = = (J52 71 2) (7)1 p(T) = (J522p)(7)do p(7)
pbI=p)(ta=r) r7 s p
— F(ozg)/o (1P —o?) 0" 1L, (1,0)2,(0)do

5* + 5b [Z /Bk Zp bk p) + 08 (JOQ_H )(l_)p)]

x (do,p(T)—i—b(l_p)(l_n)p / (rF — o?)FaP T K (1, a)do) (3.4.2)
0
and

(1) = £o(7) = 55 (dogtr) #0000 [0 — 00 w0 1 ()i )
(3.4.3)

37



Here

fp(T) = f(bl_pr)» do,p( ) = dO(b1 L), dl,p(T) = dl(bl_pr)a
K,(1,0) == KO 7P, b Paf),  L,(r,0) = L(b' 1P b Por),
by, =000 € (0,0], i =1,...,1, b,:=bP"V/Pbl/r € (0,0]

and J3 (6 > 0) is defined by the formula (2.8.4).

Let y(t ) be the solution of problem (3.0.1)—(3.0.2|). Using in (3.1.4)) the change
of variables we see that y,(7) := y(b!7P7P) can be expressed in the form

Yp(1) = (J522,)(7) + (B + BD)” Zﬁk T522,) (b)) — B (521 2,) (D)
= (3.4.4)

where 0 < 7 <.
Approxnnatlons 2pN € S( i(HN) (m, N € N) to the exact solution z, of
equation (|3 we find by collocation conditions

Zp,N(tjk) = (szp,N)(tjk) —l—gp(tjk), k=1,....m, j=1,...,N. (345)

Here T),, g, and t;;, are defined by (3.4.2), (3.4.3) and (2.7.3)), respectively. Con-

ditions (3.4.5) have an operator equation representation
z2p.N = PnTpzp N + PNGps (3.4.6)

with an interpolation operator Py = Py, @ C[0,T] — Sﬁ:{(HN) defined by
(12.7.5)).

As in Section the collocation conditions form a system of equa-
tions whose exact form is determined by the choice of a basis in S( %(HN) If

n1 > 0 or 7y, < 1 then we can again use the Lagrange fundamental polynomial

representation:
N m
2N (T) =)D (), T E0,0], (3.4.7)
A=1p=1
where ¢y, (A = 1,...,N, p = 1,...,m) are defined by (3.3.5). In this case
Zp,N € S( %(HN) and sz(t]k) = cjk, k =1,...,m, j=1,...,N. Searching for

the solution of (3.4.5)) in the form ( , we obtain a system of linear algebraic

equations with respect to the coefficients {c;}:

k=Y (Tpon)tin)era + gp(tin), k=1,...,m, j=1,...,N. (348)
A=1p=1
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Approximation y, n to y, we find by the formula
YpN(7) = (J522p,8)(7) + (Be + BD)

l
X |7 =D Br(Ip2 2o n) (b)) = B (52 20 n) (B) | 4 (3.4.9)
k=1

where 0 < 7 < b and 2, N € ST(,:% (ITy) is determined by (3.4.5). After solving

the linear system ([3.4.8)) for the unknown coefficients {c;x}, by using (3.4.7) and
(3.4.9) we get the following formula for the approximate solution y, n:

N m
Yo (1) = 373 exu(T52on) (1) + (B2 + D)

A=1p=1
l N m N m B
XY= B> > el T52ea) (ko) = B Y exu( 52 on) (By)
k=1 A=1p=1 A=1p=1

(3.4.10)

Approximations yy(t) to the solution y(¢) of problem (3.0.1)—(3.0.2)) we find
by setting

yn (1) =y, n (BP~V/PP) e 0,0 (3.4.11)

For method (3.4.5),(3.4.9) we can formulate the following Theorems and
below. These theorems follow from the more general Theorems 4.4.1] and

respectively.

Theorem 3.4.1. (i) Let Nym € N, p > 1, r > 1 and assume that the grid
points with collocation points and arbitrary parameters ni,...,Nm
satisfying are used. Assume that conditions are satisfied, do,dy €
C[0,b], f € C[0,b] and K € C(A). Moreover, assume that the problem (3.0.1])-
(3.0.2) with f =0 and v =0 has in C|[0,b] only the trivial solution y = 0.

Then problem (3.0.1)-(3.0.2) has a unique solution y € C[0,b] such that
Dg?py € C[0,b]. There exists an integer Ny such that for all N > Ny equation

[}

(3.4.6)) possesses a unique solution z, N € ﬁnili(HN), determining by (3.4.9) and
(3.4.11) a unique approximation yn to y, the solution of (3.0.1))-(3.0.2), and

ly —ynlloo >0 as N — oo, (3.4.12)
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(i) If, in addition, h, f € C¥*(0,b], K € C4A), where ¢ := m and with
weR, u<1, then for all N > Ny the following error estimate holds:

( N-m for m<p(l—-v), r>1,
N ogN) for m—p(l- ), r—1.
ly—ynloo <cd N°m for m=p(l-v), r>1,
N—pr(l-v) for m>p(l-v), 1<r< ﬁ )
N—m for  m>p(l-v), r=> p(lnllf ’
(3.4.13)

Here v is determined by (3.2.1) (see Theorem [3.2.1)), r is the grid parameter in

(12.7.1), p is the smoothing parameter in (2.8.2)) and c is a positive constant which
does not depend on N.

Theorem 3.4.2. Let m € N, p > 1 and let the following conditions be fulfilled:
(i) the assumptions (i)-(ii) of Theorem hold with q :==m + 1;
(ii) the quadrature approrimation

1 m
| Pa)de~ 3w P,

k=1
with the knots {ni} satisfying (2.7.4) and appropriate weights {wy} is exact for

all polynomials F of degree m.

Then problem (3.0.1)-(3.0.2) has a unique solution y € CI0,b] such that
Dg2py € C?%(0,b]. There exists an integer Ny such that, for N > Ny, equation

a

possesses a unique solution z, N € an__l{(l_[]v), determining by and

(3.4.11) a unique approximation yy to y, the solution of —, and the

following error estimate holds:

N—m—(az=a1) for m<p(l4+ar—a; —v)
and r>1,

N-m=(e2=a)(1 4 log N) for m=p(l+as—aj—v)

and r=1,

b=yl <cd N for m=p(l+az—a;—v)
o S and r>1,
N-pr(l+az—a1—v) for m>p(l+as—a;—v)
and  1<r < firteasers,
N-—m—(a2—o1) for m>p(l+az—oa;—v)
and 1> —mtas—a

= p(l+az—ai—v) °
(3.4.14)
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Here v is determined by (3.2.1) (see Theorem[3.2.1), v is the grid parameter in
(2.7.1), p is the smoothing parameter in (2.8.2)) and c is a positive constant which
does not depend on N.
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Chapter 4

General multi-term fractional
linear integro-differential

equations

In the previous chapter we introduced a way how to construct effective numerical
methods for solving fractional linear differential and integro-differential equations
with one or two fractional differential operators. Our goal now is to extend
this approach to solve a much wider class of problems. More precisely, in the
present chapter we consider fractional linear multi-term weakly singular integro-
differential equations of the form
p—1 t
(Den,v) () + D di(t) (D, u)(t )+/0 (t—s)""K(,s)y(s)ds = f(t), 0<t<b,

i=0

with non-local boundary conditions

B.
Zﬁz]oy]) —i—ZZBZ]ky (br) —1—51/ y(s)ds=-;, 1=0,...,n—1.
k=1 j=0
(4.0.2)
Here Bij0, Bijk, Bi»vi € R, p € N, ng,n1 € Ny,

0<ap<a<---<ap,<n, n:=Jal|, 0<k<I,

n
0<by<---<b<b, 0<b;<b, i=0,....,n—1, ng<n, ng <n, (4.0.3)
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di : [0,b] > R (i=0,....,p—1), f:]0,0] - R, K: A — R are some given
continuous functions, A := {(s,?) : 0 < s <t < b}, and D¢,y (i =0,...,p) are
Caputo derivatives of an unknown function y.

Following the ideas of [68H70, [73], we construct in this chapter a class of high-
order methods for the numerical solution of f. Similarly to Chapter
3, we first introduce an integral equation reformulation of the underlying problem
and prove some results about the existence, uniqueness and regularity of the exact
solution of f. Using this information we regularize the solution by a
suitable smoothing transformation. After that we solve the transformed equation
by a piecewise polynomial collocation method on a mildly graded or uniform
grid. Optimal global convergence estimates are derived and a superconvergence
result for a special choice of collocation parameters is established. Numerical

illustrations confirming the convergence estimates are given in Chapter 7.

4.1 Integral equation reformulation

Let n = [a,] € N and let y € C"71[0,b] be an arbitrary function such that

Dg’;py € C[0,b]. We denote z := Dcip?/ Then (see Section

y(t) = (Jo2)( —f—Zc,\t)‘ t e [0,0], (4.1.1)

where ¢y € R (A =0,...,n— 1) are some constants. From properties (2.5.2)) and
(2.5.6) we see that for y in the form (4.1.1)) we can write

. ) noloy ,
0 =iy 0= 0I0+S OO, e,

where j =0,...,n — 1, and, using (2.5.3)), we have that

a n—1
_ (optl A A1
/0 y(s)ds = (Jr z)(a)+)§))\+1a , a€][0,bl.
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Thus, a function y in the form satisfies the conditions (4.0.2)) if and only
if

n—1
Z%OJ'%JFZZBW{J% z)(b )+Z(/\M-!bﬁ_j®]

k=1 j=0 A=j —J)

+ B

artly) W =y 4.1.2

where i = 0,...,n — 1. By setting 8;jo =0 for j =no+1,...,n—1and B, =0
forj=n1+1,...,n—1(k=1,...,1), we can write

no n—1
Zﬁijojlcj = Zﬁijoj!cj (’L :0,...,n— 1)
=0 J=0

and
2! . kS Y
> Bij {(JQP_JZ)(bk) +) o) b’ CA]
=0 -
n1 n—1 j a0
= Bir(J I 2) (by) +ZZﬂz,\k <)
=0 =0 A=0

fork=1,...,1,7=0...,n— 1. The conditions (4.1.2)) can thus be rewritten in

the form

n—1
Z|:.7 /szO""ZZﬁMk /\+j/_6:1bg+1]6j

j=0 k=1X=0
I ny
=D Biur(JrIz)(be) = BT 2)(B), i=0,...,n—1, (4.1.3)
k=1 j=0
giving us an algebraic linear system of n equations with respect to cg,...,cn_1.
Let

n—1
:—<'Bz]0+ZZﬁz)\k - ]/—81—1 i )

k=1 A=0 1,j=0

be the matrix of the system (4.1.3).

In the sequel we assume that the matrix M is regular. Observe that the

matrix M is regular if and only if from all polynomials y of degree n — 1 only
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y = 0 satisfies the homogeneous conditions

no b;
3 800+ 33 e bk+/32/ y(s)ds =0, i=0,...,n—1,
=0

k=1 3=0
(4.1.4)
corresponding to the conditions (4.0.2) by v; =0, i =0,...,n — 1.
Indeed, substituting (4.1.1) with z = 0 into (4.1.4) we obtain a homoge-

neous system of algebraic equations with respect to cg,c1,...,cp—1. This sys-
tem coincides with by vi =0 (i =0,...,n—1) and z = 0. Therefore,
the homogeneous system corresponding to has only the trivial solution
cp=c1 =+ =cp—1 =0 (and thus M is regular) if and only if from all polyno-
mials y of degree n — 1 only y = 0 satisfies .

Let M_1 = (pij)?;10 be the inverse of M. Using M !, the solution of the

system (4 can be written in the form

,\—5A—ZZHAka I2)(bg) — wa(J*TL2) (b)), A=0,...,n—1,

k=1 j=0
where
n—1 n—1 n—1
Oy 1= Zp)\# Yo KXk = pr ﬁ,ujk, Wx = Zp)\,uﬁA- (4‘1'5)
©n=0 u=0 =0

Therefore a function y in the form (4.1.1)) satisfies the conditions (4.0.2)) if and

only if it can be expressed by the formula
y=Gz+Q, (4.1.6)

where (for ¢ € [0, b])

(G2)(t) == (J2)( Zt’\ ZZHM (J7I2) (b)) + wa(J12)(by) |
o (4.1.7)

n—1
=> ot (4.1.8)
A=0

Suppose now that y € C"71[0, ] is a solution of the boundary value problem
(4.0.1)—(4.0.2) such that Dgzpy € C[0,b]. Then it follows from the observations
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above that y has the form (4.1.6)) where z = Dg’;py € C[0,b] and G and Q are
defined by the formulas (4.1.7) and (4.1.8), respectively. Inserting (4.1.6|) into
(4.0.1f) we see that

p—1

(t)+ D di(t)(Dg,,[G= + Q) +/0 (t =) K(t,s)[(Gz)(s) + Q(s)lds = f(1).

1=0

N

Therefore z = Dgzpy satisfies the equation

z2=Tz+g (4.1.9)
with
p—1 t
(T2)(t) :=— Z d;(t )(Dg’asz)( ) — /0 (t—s) "K(t,s)(Gz)(s)ds, (4.1.10)
=0
p—1 t
g(t) == f(t) = Y di(t)(DE,,Q)(t )—/O (t—s)""K(t,s)Q(s)ds, (4.1.11)
=0

where 0 < t < b. Conversely, it turns out that if z € C[0,b] is a solution of
equation (4.1.9) then y defined by (4.1.6]) belongs to C"~1[0,b] and is a solution
to (4.0.1)—(4.0.2). In this sense equation (4.1.9) is equivalent to the boundary

value problem (4.0.1)—(4.0.2]).
From (2.5.6), (2.5.10) and (4.1.7)) it follows that for i = 0,...,n —

(DgiapGZ)(t) = (JT (1)

E F}\Jrl_a E E Rk (T 77 2) (b) + A (T H2) () | 5
A=[a;] k=1 j=0
a;<n—1

/ (t — 8) " K(t, 5)(G2)(s)ds = / (t— 8) K (£, 5)(J% ) (£)ds
0 0

—Z sz L (TP 2)(by) + wa(JH2)(by) /Ot(t—s)’“‘K(t,s)sAds

A=0 \ k=1 j5=0

T(ay) /0 (t —s)® " L(t,s)z(s)ds

n—1
_Ztux—n(ZZm B (TP 2) (bg) + wa(JOP Tz )(5)\)>K)\(t)§
A=0

k=1 5=0
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from ([2.5.6)), (2.5.10) and (4.1. 8D it follows that for ¢ =0,...,n —1

n—1

Oy )\l e al
Q0= S0 5 e
)‘:’—0‘11
a;<n—1

¢ n—1
/ (t—s)"K(t, s)Q(s)ds = Z Sy K (t) S
0

A=0
Here t € [0,b], kxjk, Ox, wy are given by (4.1.5)) and

1
L(t,s) := / T 1 — ) TRK(t, (t—s)T+s)dr, 0<s<t<b, (4.1.12)
0
1
K\(t) := / (1—s) " K (t,ts)ds, 0<t<b, X>0. (4.1.13)
0

Thus, from (4.1.10) and (4.1.11]) we have for ¢ € [0, b] that
p—1
= -2 ) [(J%-aizxt)

Z T+l —an /\+1_a <ZZ’®\I§ (Jo792) (bg) + wr (2 )(@))]

A=[a] k=1 j=0
a;<n—1

L t Ap—H s)z(s)ds
‘w/o“‘s> L(t,5)z(s)d

%—th”A "(Zwak (T2 bk)+WA(Jap+lz)(l_’A)>KA(t) (4.1.14)

k=1 j=0
and
—1 n—1 n—1
t) = t—p di(t L(Szf“”z Oy Ky (1)t~
g(t) = f(t) = _di(t) > T T 1 —ap > 6y Ka(t)
i=0 A=[ay] ! A=0
a;<n—1

(4.1.15)

Remark 4.1.1. Note that if K € C9(A), ¢ € Ng, then L € CI(A) and Ky €
C1]0,b], A > 0.

Remark 4.1.2. A special case of problem (4.0.1)—(4.0.2) is the initial value prob-

lem:
p—1 ¢
(D) (&) + > di(t) (D, v)(t) +/0 (t—s)"K(t,s)y(s)ds = f(t), 0<t<b,
=0
y D) =~, i=0,....n—1, n=[ap], 0<r<1, (4.1.16)
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where d; (i =1,...,p—1), K and f are given continuous functions on [0,b]. The

solution of (4.1.16) can be expressed by the formula (see (4.1.6)))
y=Gz+Q,

where
n—1

Yi
2= Dy, G=J% Q)=) it
i=0
The integral equation z = Tz + g (see (4.1.9)) corresponding to the initial value

problem (4.1.16)) is given by

p—1 o 1 : )
(T2)E) = = O )0 = o [ = n.9):(0
and
p—1 n—1 n—1
g(t) = f(t) - Zd@'(t) Z m i % K\(t) tl-l-/\—n,
=0 A.?E;li]l 7 o ¢

where L and Ky (A =10,...,n—1) are defined by (4.1.12)) and (4.1.13), respec-

tively.

4.2 Existence, uniqueness and smoothness of the so-

lution

The following theorem characterizes the existence, uniqueness and regularity

properties of the solution of (4.0.1))-(4.0.2).

Theorem 4.2.1. (i) Assume that 0 < ap < oy < -+ < ap < n, 0 < K < 1,
d; € C[0,0] (1 =0,...,p—1), f € C[0,b], K € C(A) and ng < n, n; < n,
where n := [ay,]. Moreover, assume that problem (£.0.1)-([4.0.2) with f =0 and
v =0(=0,...,n—1) has in C[0,b] only the trivial solution y = 0, and from
all polynomials y of degree n — 1 only y = 0 satisfies the conditions (4.1.4]).

Then problem — has a unique solution y € C"~1[0,b]. Moreover,
we have Dg’;py € C[0,b].

(ii) Assume that (i) holds and let d; € CT*(0,b] (i = 0,...,p — 1), f €
C?#(0,0], K € C1(A), where g e N, p e R, p < 1.
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Then problem ([4.0.1)—([4.0.2)) possesses a unique solution y € C™~1[0,b] such
that y € C*"(0,b] and Dg{;py € C?¥7(0,b], where

v = max{y, v, 2, K} (4.2.1)
with
vi = max{l—(ap—0a;): ap—0a; €N, i=0,...,p—1},
v = max{l— ([ai] —): cs<n—1, a; €Ny, i=0,...,p—1}.
If for all indices i = 0,...,p — 1 we have ap — a; € N, then we may set v =

{p,va, k}. Analogously, if we have o; € Ny for all indices i = 0,...,p — 1 such

that avy < n — 1, then we may set v = {p,v1,K}.

Proof. (i) First, we observe that the forcing function g of equation z = T'z+g¢ (see
(4.1.9) and (4.1.15))) belongs to C[0,b]. This follows from f € C|0,b], d; € C|0, ],
A=[a;] >a; (i=0,...,p—1) and from Remark [4.1.1] with ¢ = 0.

Next, due to , operator T' can be rewritten in the form

n—1 n—1
ap—Q >" T
_ZDZ- |:J p— Qi __ Z WAA aZMA:| BL-I-ZAL;,_)\_,{M)\K)\,
= A=Tai] A=0
i <n—1

(4.2.2)
with D;, Ay, My, By, and K defined by

(D;z)(t) == di(t)x(t), i=0,...,p—1, (Asx)(t):=tz(t), oc€R, 0>0,

(Myz)(t ZZHA g (JOP Iy bk)+w,\(JaP+1a:)(l;)\), A=0,...,n—1,
k=1 5=0

(Bpa)(t) = Fép) /0 (t — $)° % L(t, $)a(s)ds,

(Kz)(t) = Kx()z(t), A=0,...,n—1,

where ¢ € [0,b] and z € C[0,b]. Here (see Remark 4.1.1) L € C(A) and K, €
C[0,b] are given by (4.1.12)) and (4.1.13)), respectively. Using Lemma we

obtain that J° (§ > 0), My (A=0,...,n — 1) and By, are compact as operators
from C[0,b] into C[0,b]. Clearly D; (i = 0,...,p—1), Kx (A =0,...,n—1)
and A, (0 € R,0 > 0) are bounded as operators from C[0,b] into C[0,b]. This
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together with Theorem yields that T', given by , is compact as an
operator from C10,b] into C[0, b].

Note that if f =0and v, =0 (i =0,...,n—1),thend, =0 (A=0,...,n—1)
(see (.15))) and thus g = 0 (see (4.1.15)). From this we obtain that if the ho-

mogeneous equation corresponding to problem (4.0.1)—(4.0.2)) has only the trivial
solution y = 0, then z = T'z has in C[0,b] only the trivial solution z = 0. Since

g € C0,b], we obtain by Theorem that equation z = Tz + g possesses
a unique solution z € C[0,b]. This together with yields that problem
(4.0.1)-(4.0.2) has a unique solution y € C™~1[0,b] such that Dg’;py =z € CI0,b]
(see Section [2.5)).

(ii) Let us prove that z = Dg’('lpy belongs to C9¥(0,b] (with ¢ € N and v
given by ) for K € C1(A), d; (1 =0,...,p—1) € C¥"(0,b], f € CTH(0,b],
uw € R, p < 1. To this end we first establish that g, the forcing function of
equation z = Tz + g, belongs to C?¥(0,b]. Indeed, it follows from that
g =91+92+gs,

p—1 n—1 '
n(0):= 10 0= 40 3 ooy
o
n—1
g3(t) ==Y S\EA(t)t A,
A=0

where ¢ € [0,b]. Clearly g1 = f € C?%*(0,b] C C?¥(0,b]. Note that, if § € Ny,
then for all A > [§], A € Ny we have t*~9 € C7[0,b] C C%¥(0,b] for arbitrary ¢ € N
and v < 1. If § ¢ Ny, then for all A > [§], X € Ny we have t*~0 € Co1=[01+9(0, p]
(see Section [2.6). Thus, since d; € C%(0,b] (i =0,...,p — 1), by using Lemma
we can write go € C?”(0,b] with v defined by . Finally, since for all
A € Ny it holds that t!TA=" € C%%(0,b] € C9¥(0,b] and Ky € CY[0,b], we have
g3 € C?(0,b] and hence g = g1 + g2 + g3 € C?¥(0,b].

If there exists 7 € {0,...,p — 1} such that «; ¢ Ny, then it follows from the
definition of v that 1 — (o — ;) < v and therefore from Lemma we have
that J*~% is compact as an operator from C%”(0,b] into C?¥(0,b]. If oy, €
N, a; € Ny, then J*~% is compact as an operator from C?¥(0,b] into C?¥ (0, b].
Clearly D; (1 = 0,...,p—1) and Ay_o, (A = [ei],...,n —La; <n—1,i =
0,...,p — 1) are linear and bounded as operators from C?%¥(0,b] into C?¥(0, b].
Linear operators (functionals) My : C%7(0,b] - R (A =0,...,n—1) are bounded
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and consequently compact in C%”(0,b]. Thus, as the composition of a compact
and bounded operator is compact, we see that D;J*~% (i = 0,...,p — 1) and
DiAx_o,; My (A = [ei],...,n — 1,06 < n—1,i=0,...,p— 1) are linear and
compact as operators from C?¥(0,b] into C?¥(0, b].

Similarly, we see that operators Ky, Aij;x_x (A = 0,...,n — 1) are lin-
ear and bounded as operators from C?%(0,b] into C%¥(0,b], thus the opera-
tors Ay y_nMyK ) (A=0,...,n—1) are linear and compact as operators from
C?¥(0,b] into C?¥(0,b]. Finally, since K — oy, < k < v, it follows from Lemma
[2.6.2 that By, is compact as an operator from C%¥(0, b] into C%*(0,b]. Thus, T de-
fined by is linear and compact as an operator from C%¥(0, b] into C%*(0, b].
Since the homogeneous equation z = T'z has in C?¥(0,b] C C[0,b] only the trivial
solution z = 0, it follows from Theorem that equation z = Tz + g has a
unique solution z € C?¥(0, b].

Note that the inclusion z € C'9”(0,b] together with and Lemma

yields that problem (4.0.1))-(4.0.2)) possesses a unique solution y € C%¥(0, b] such
that Dgf;py =z € C?(0,b]. O

4.3 Smoothing transformation and approximate solu-

tions

Similarly to Section (see also Section [2.8)), let us consider for equation (4.1.9)
a change of variables (see (2.8.2))

t=0"PrP, s=b"PoP 1,0€]0,b],
where p € [1,00). Using in this change of variables, we get for
2,(7) i= 2(b'7P7P)
an integral equation in the form

2p=Tpzp + gp- (4.3.1)
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Here T}, is an integral operator defined by the formula (cf. (4.1.14)))

p—1

(L)) = — 3 di p(7) {(JSP‘%,»(T) -

1=0

ol p(l=p)(A—ay)

FPA—ai)
PA+1—q)

A=la;]

a;<n—1

(Z Z ka5 2p) (brp) +an (T )(b)\,p)>]

k=1 5=0
p b= (+ap—r)

[(ayp)

/0 (P — O‘p)ap_HO'p_le(T,O')ZP(O')dO'

+ Z b(l—p)(l—l—)\—li)Tp(l-l-)\—H)K/\p(q_)

I ny
9 (Z > a2 bkg) +r ) ). (13.2)
k=

g,(7) = g(b1=P77) is given by (cf. (E1.15))

p—1 n—1 — —q;

A\ p(I=p)(A—ai)

9(7) =5p(T) = X _dis(™) 3 T an
i=0 ‘

A=[a;]
a;<n—1

o) FPA—ai)

n—1
=) o pUITAIIATR) Ky () (AT, (4.3.3)
A=0
with 7 € [0, 0],
Ky (1) = K\ P1°), A\=0,...,n—1, Ly(1,0):= L(b'"*r°,b'PaP),
folT) i= FOPTP),  dip(T) i= di(bPTP), i=0,...,p—1,
by = 0P VPR (08, k=1,...,1,
by, = b VPR € (0,8], A=0,...,n—1
and Jg¥ (o > 0) is given by (2.8.4). Here L and K\ (A =0,...,n—1) are defined
by (4.1.12) and (4.1.13]), respectively.

Remark 4.3.1. On the basis of Remark[{.1.9 we see that for initial value problem
(4.1.16|) the operator T, and the forcing function g, can be written in the forms

p—1
(Tozp)(T Zdﬁp Tt 2,)(7)
pb(l p)(1+ap K) o o1
— () /O(Tp—dp) P ReP T L, (T, 0)2p(0)do
p
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and

p—1 n—1 _ P
Ap(1=p)(A—ai)
_ E . § e p(A—ay)
7—) : dl,p(T) F()\ 1 ai) INT
Z:() )\:[al.l
a;<n—1
n—1 )
p1-p)(A—ai) B
- E " Ky (1) pPIHA=R),

A=0

respectively.

Let y(t) be the solution of problem (4.0.1)—(4.0.2)). Using in (4.1.6|) the change
of variables (2.8.2)), we see that

Yp(T) == y(bl_pr), T € [0,0] (4.3.4)

can be expressed in the form

vp= Gy Q. (4.3.5)
where (cf. (4.1.7))
(Gpzp)(1) = (Jgpzp)(T)
n—1
_ Z p(1=P)A A Z Z kg (J57 7 2,) (brp) + (T 7 2,) (bap) |
A=0 k=1 j=0
(4.3.6)
and (cf. (4.1.8))
n—1
)= Z p1=P) 5, PN (4.3.7)

with 7 € [0, ].
Approximations z, y € S( %(HN) (m,N € N) to the solution z, of (4.3.1)

we find by collocation conditions
ZP7N(tjk) = (TPZPaN)(t]k)+gP(tjk)7 k= 17"’7m7 ] = 17"‘7N7 (438)

where T),, g, and t]k are defined by - 4.3.3) and (2.7.3)), respectively. Note
that conditions ) for finding 2z, v € S, ( i(HN) have an operator equation

representation
2p.N = PNTpzpN + PNGp, (4.3.9)
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where Py is defined by (2.7.5)).
The collocation conditions (4.3.8) form a system of equations whose exact

form is determined by the choice of a basis in the space S,(nili (Ily). If n1 > 0 or

Nm < 1 then we can use the Lagrange fundamental polynomial representation:

N m
2N(T) =D D eean(r), TE0,D], (4.3.10)

where ¢y, (A =1,...,N,u = 1,...,m) are defined by (3.3.5). Then z,n €
ST(,:_I}(HN) and z, N(tjx) = cjk, k=1,...,m, j=1,..., N. Substituting z, y(7)

in the form (4.3.10) to (4.3.8), we obtain a system of linear algebraic equations

with respect to the coeflicients {c;}:

N m
k=Y (Tpona)tir)ery + goltie), k=1,....m, j=1,...,N. (43.11)
A=1p=1

Solving this system of equations we obtain the coefficients {c;;} and thus have

found the approximation z, y in the form (4.3.10]).
Approximation y, y to y, we find by the formula

YpN = Gpzpn + Q) (4.3.12)
and by substituting 2, y in the form (4.3.10) into (4.3.12)), we get that
N m
Yo = Y D enCppr + Q. (43.13)
A=1p=1

Finally, approximation yy to the solution y of problem (4.0.1)—(4.0.2) we find by
setting

yn (1) = y, N (bPV/PEPY e [0, b]. (4.3.14)

4.4 Convergence analysis

The following two theorems characterize the convergence rate of the proposed
method.

Theorem 4.4.1. (i) Let m,N € N, r > 1 and assume that the grid points
(2.7.1) with collocation points (2.7.3|) and arbitrary parameters ny, ...,y satisfy-
ing (2.7.4)) are used. Assume that conditions (4.0.3)) are satisfied, d; € C[0,b] (i =
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0...,p—1), f € C[0,b] and K € C(A). Moreover, assume that problem (£.0.1))~
with f =0 and~v; =0 (i =0,...,n—1) has only the trivial solution y =0
and from all polynomials y of degree n — 1 only y = 0 satisfies the conditions
@14).

Then problem (4.0.1] - ) has a unique solution y € C™10,b] such that
DCapy € C[0,b]. There exists an integer Ny such that for all N > Ny equation

- possesses a unique solution z, , € S( )( ~N), determining by (4.3.12))
and (| a unique approzimation yy toy, the solution of (4.0.1)—(4.0.2)), and

lyn —ylloo >0 as N — oo. (4.4.1)

(ii) If, in addition, d; € CT#(0,b] (i =0...,p—1), f € C¥*(0,b], K € CI(A),
where q := m and with p € R, p < 1, then for all N > Ny the following error

estimate holds:

(N-m for m<p(l-v), r>1,
N1 +1logN) for m=p(l—-v), r=1,
1yl <cd N for m=p(l-v), r>1,
N—pr(l-v) for m>p(l-v), 1<r< (1 R
N-m for m>p(l—v), vz,
(4.4.2)

where v is determined by the formula (4.2.1)), r > 1 is the grading parameter in
(2.7.1), p € [1,00) if v € (0,1) and p € N if v < 0, and ¢ is a constant not
depending on N.

Proof. (i) First we prove the convergence ([{4.4.1)). To this end, we need to show
that equation z, = T,z, + g, (see (4.3.1))), with T}, and g, given by and
, is uniquely solvable in L°>°(0,b). We observe that T}, is compact as an
operator from L*°(0,b) to C]0,b], thus also from L*°(0,b) to L*°(0,b). Further,
gp € C[0,b] C L*°(0,b) and the homogeneous equation z, = T)z, has in C[0, ]
only the trivial solution z, = 0. This together with 7T, € £(L>(0,b),C|0,b])
yields that z, = T,z, possesses also in L°°(0,b) only the trivial solution z, = 0.
Consequently, by Theorem equation z, = Tz, + g, with g, € L>(0,b)
possesses a unique solution z, € L°(0,b). In other words, operator I — T,
is invertible in L°°(0,b) and its inverse (I — T,)~! is bounded: (I —T,)"! €
L(L>(0,b),L>(0,b)). From Lemma and from the boundedness of (I—7,) ™!
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in L>°(0,b) we obtain that I — PnT), is invertible in L>°(0,b) for all sufficiently
large N, say N > Ny, and

(I = PNTp) oo op),Lo0p)) <& N > No, (4.4.3)

where ¢ is a constant not depending on N. Thus, for N > Ny, equation
provides a unique solution z, ny € S;il(HN). Note that, for z,, the solution of
equation z, = Tz, + g,, it holds Pyz, = PyT,z, + Pyg,. We have for it and
2p,N that

(I—fPNTp)(zp—ZmN) = Z2p— Zp,N —PNTpr‘i‘PNTpZMN =2p —fPNZp, N > Nj.
Therefore, by (4.4.3)),
120 = 2p,N|loo < ¢l|2p = Pn2plloo, N > No, (4.4.4)

where ¢ is a positive constant not depending on N. Using (4.3.5)) and (4.3.13]) we
obtain that

y(t) —yn(t) = yp(1) = ypn (1) = (Gplzp — 2pn)) (1), t=1b""P7, N > Nj.

(4.4.5)
From this, (4.4.4) and Lemma it follows that
|y — ynlloo < C”Zp - Zp,NHoo <a Hzp - iPNZpHoo , N > No, (4.4.6)

where ¢ and ¢; are some positive constants not depending on N. This together
with z, € C[0,b] and Lemma yields the convergence (4.4.1]).

(i) If K € C™(A), h, f € C™#(0,b], m € N, p € R, p < 1, then it follows
from the part (ii) of Theorem for ¢ = m that z € C™"(0, b], with v given by
(4.2.1). By Lemma we get that z, € C"™"»(0,b], where v, =1 — p(1 —v).
This together with (4.4.6) and Lemma yields the estimate . O

It follows from Theorem that in the case of sufficiently smooth f, d; (i =
0,...,p—1) and K, using sufficiently large values of p and r, by every choice of
collocation parameters 0 < 77 < --- < 9, < 1 a convergence of order O(N™™)
can be expected. From Theorem below we see that by a careful choice of
parameters 71, ...,y and by a slightly more restrictive smoothness requirement

on f,d; (i=0,...,p—1) and K it is possible to establish a faster convergence.
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Theorem 4.4.2. Let m € N and let the following conditions be fulfilled:

(i) the assumptions (i)-(ii) of Theorem hold with g :==m + 1;
(ii) the quadrature approximation

1 m
| Pa) e~ 3w P,

k=1

with the knots {ny} satisfying (2.7.4)) and appropriate weights {wy} is exact for
all polynomials F of degree m.

Then problem (4.0.1)-(4.0.2) has a unique solution y € C™~1[0,b] such that
y € C?T(0,b] and Dg’(’wy € C?%(0,b]. There exists an integer Ny such that, for all
integers N > Ny, equation (4.3.9) possesses a unique solution z, N € (11% (In),

m

determining by (4.3.12)) and (4.3.14)) a unique approrimation yy toy, the solution
of (4.0.1)-(4.0.2)), and the following error estimates hold:

(N for m<p(l+a*—v), r>1,
N-™"9(14+1logN) for m=pl+a*—v), r=1,
N-m=a for m=p(l+a*—v), r>1,
ly —ynlloo < N—prdte’—v) for m>p(l+a*—v) and
+
1<r< p(ﬂai‘iu),
N—m—er for m>p(l+a*—v) and
r m+o*
N = p(l+a*—v)’

(4.4.7)

for o := min{oy, — ap_1,0p —n1} < 1 and

Nl for m<p2-v), r>1,

N 11 +1logN)? for m=p2-v), r=1,

N 11 +1logN) for m=p2-v), r>1,
[y —ynllos <1 { N7PEY) for m>p2-v) and

m+1
l<r <55y
Nl for m>p2—-v) and
1
N r2 pg:/)’

(4.4.8)

for a* > 1. Here v is determined by (4.2.1)) (see Theorem , p € [1,00) if
v e (0,1) and p € N if v <0, r is the grid parameter in (2.7.1)), and ¢,cq are

positive constants which do not depend on N.
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Proof. From Theorem (4.4.1] “ we know that problem - - ) has a unique
solution y € C™ 1[0, b] such that z = DCapy € C[0,b] and that for any p € [1, c0)
there exists an integer Ny such that for all N > Ny equation has a unique
solution z, y for which with 2,(7) = z(b'=P7*) (7 € [0,b]) is valid. Denote

2p,N = TprJV + 9p, N > Ny, (449)

where T}, and g, are defined by (4.3.2) and ( -, respectively. From we

see that z, v = PnZ, N. Substltutmg this expression of z, y into 4.4.9 we get
that
ZoNn =TpPNZp N+ 9p, N = No. (4.4.10)

From (4.3.1) and (4.4.10) follows the identity
(I — Tp:PN)(ﬁp,N — Zp) = Tp(fPNZp — Zp), N Z No.

Since
(I-T,Pn) ' =1+T,(I-PnNT,) Py, N >N,

we get with the help of (4.4.3)) that
1208 = 2plloo < eI Tp(Pnzp — 2p) oo, N = No.

This together with (4.3.2)) yields, for N > Ny,

p—1
20,8 = 2plloc < ¢ Z HJ/?F%(:PNZP — 2p)loo + 1 [|Tp,L.(PNnzp — 2p)l0o
i=0
+ c2 ZZ’J v ] (Pnzp — 2)(bip)| —i—c:gZ\JapH Pnzp — 2p) (bip)l,
k=1 j=0

(4.4.11)

where by, = bP=D/Pb/P € (0,8 (k = 1,...,1), b, = ble=V/Pbl/e € (0,8] (i =
0,...,n—1) and

(Tp,rx)(T) = / (1P — a?)» RgP 1L, (1, 0)z (b PoP)do, x € L™(0,b),
0
with L,(r,0) := L(b'7P7°,b17P5?) and L defined by ([£.1.12)). Here and below

¢, c1,co and cg are generic positive constants which are independent of N. With

99



the help of Lemma we obtain for N > Ny the following estimates:

[ To7 " (Pnzp — 2p)loo < |l Jp" "M (Pn2zp — 2p)|loos i=0...,p— 1,
(4.4.12)
ap+l—k
1 Tp,.(Pnzp — 2p)|loo < crllJp” (Pnzp — Zp)lloo
< el Jp" T (PN zp = 2p) oo (4.4.13)
[ To" 7 (Pnzp = 2p) (brp) | < 175" (Prvzp — 2p)llos
<c|l " "M PNz — 2p) ooy G =0,...,m1, (4.4.14)

ap+1 7 ap+1
[ T57 Py = 2p) (Bip)| < 1757 (Pavzp — 2)) oo

<c|| " " (Pnzp — 2p)|loos i=0,...,n—1.
(4.4.15)
It follows from (4.4.11))—(4.4.15) and Lemma that
12p,8 — 2plloc < ¢ ||J:;x* (Pnzp — 2p)llo0, N > No, (4.4.16)

where o = min{oy, — op_1,p —n1}. Since z, v = P2, v, we get with the help

of (A:3.3) that

lyn = yllso = lyp,n = Yplloo = 1Go(2p,8 — 2p)llo
<NGpPn(Zon — 2p)|loo + 1Gp(PNzp — 2p)[loos N > No.  (4.4.17)

Using (4.3.6) and (4.4.14)—(4.4.15)) we obtain

1Go(PNzp — 2p)l0 < ||J§‘P(:]>sz —2p)llo +c HJ/?VM(TNZ/O = 2p)loo

< e |l (Pyzp = %)l N > No.

This together with (4.4.16)) and (4.4.17)) yields

lyn = ylloo < TS (Pn2zp — 2)lloc, N > No. (4.4.18)
Because of Theorem we have z € C™F1¥(0,b] and due to Lemma
175" (Pnzp = 2p)lloc < el T3 (Pnzp = 2p) oo N = No,

for a* > 1. Therefore it follows from (4.4.18|) and Lemma that the estimates
(4.4.7) and (4.4.8) are true. O
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Chapter 5

Nonlinear fractional

differential equations

Let us consider the boundary value problem for non-linear fractional differential

equations of the form

(Dgapy)(t) = f(t,y(t)), 0<t<b, (5.0.1)

with

no I ni
Zﬁijoy(])(())—I—ZZﬁijky(j)(bk) =7, 1=0,...,n—1, (5.0.2)
=0 k=1 j=0
where
n=JaleN, n—l<a<n, 0<b<---<b<b [e€N,

5.0.3
Bijo, Bijk,vi € R, ng,m1 € Ng, ng <n, n; <n, ( )

f :]0,b] x R — R is a given continuous function, and Dg,py is the Caputo
derivative of order o > 0 of an unknown function y.

Following the ideas of [71} [72], we construct a class of high-order methods
for the numerical solution of f. Using an integral equation refor-
mulation (see Chapter 4) of the boundary value problem, we first regularize the
solution by a suitable smoothing transformation. After that we find a numeri-
cal solution to the problem f by a piecewise polynomial collocation
method on a mildly graded or uniform grid. Finally, we give global convergence
estimates and a global superconvergence result for suitably chosen collocation
parameters. Numerical examples supporting the theoretical results are given in
Chapter 7.
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5.1 Integral equation reformulation

We first find an integral equation reformulation of the problem (/5.0.1)—(5.0.2)), by
using similar ideas as those presented in Sections and Let n = [a] € N
and let y € C"1(0,b] be such that D&,y € C[0,b]. Introduce a new unknown

function z := Dg,, y. Then (see (2.5.7))

y(t) = ) + ZC,\t € [0,b], (5.1.1)

where ¢y € R (A =0,...,n—1) are some constants. In analogy to Section we

see that a function y in the form (5.1.1]) satisfies the boundary conditions (5.0.2)
if and only if

n—1 I ny
> [ ! Bijo + ZZBM bj A} G == > Bisk(J*72)(br),

7=0 k=1 =0 k=1 5=0
i=0,...,n—1, (5.1.2)

by setting B;j0 = 0 for j > ng and B, = 0 for j > ny k = 1,...,1. Clearly,
(5.1.2) is a linear system of n equations with respect to co,...,c,—1. Let

n—1
= ( 'ﬁzJoJrZZﬁz/\k b] A)
k=1 A=0 i,j=0

be the matrix of the system ([5.1.2)). In the sequel we assume that the matrix
M is regular. Observe that M is regular if and only if from all polynomials y of

degree n — 1 only y = 0 satisfies the homogeneous boundary conditions
no
> Bijoy( +ZZ@M (bg) =0, i=0,....n—1, (5.1.3)
j=0 k=1 j=0

corresponding to the conditions ([5.0.2)) with v; =0, i =0,...,n — 1.
Let M~! = (p)\u)gszo be the inverse of M. Using M ~!, the solution of the
system ((b.1.2)) can be written in the form

C)\=5>\—ZZKJ>\;§JO‘] (b)), A=0,....,n—1,

k=1 j=0
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where

n—1 n—1
ON =D PauVur Bk = D Pap Bugk - (5.1.4)
pu=0 u=0

Therefore a function y in the form (5.1.1)) satisfies the conditions (5.0.2)) if and

only if it can be expressed by the formula
y=Gz+Q, (5.1.5)

where

n—1
(G2)(t) == (J%2)(t) — Zﬂzzf%k 2)(b), te0,0],(5.1.6)

A=0 k=1j=0

ZéA t*, te0,b]. (5.1.7)
Remark 5.1.1. For the case of an initial value problem

(Dapy)(t) = f(t,y(t), 0<t<b,
y(i)(O):%, i=0,...,n—1, n=al,

we have
n—

1
G=J% Q)= 5t
A=0
Suppose now that y* € C[0,b] is a solution of the boundary value problem
(5.0.1)—(5.0.2) such that z* := D@ y* € C[0,b]. Then it follows from the ob-

servations above that y* has the form (see (5.1.5)) y* = Gz* + @, where G and

Q are defined by the formulas and (| -, respectively. Inserting (5.1.5])
into , we see that z* = D% py satisfies the equation

z2="Tz, (5.1.8)
where
(Tz)(t) == f(t, (Gz)(t) + Q(t)), te<]0,b)]. (5.1.9)

Conversely, if z* € C[0,b] is a solution of equation (5.1.8), then y* = Gz* + Q

is a solution to ([5.0.1)—(5.0.2). In this sense equation (5.1.8)) is equivalent to
the boundary value problem (5.0.1))—(5.0.2]). Observe that (5.1.8)) is a nonlinear
integral equation with respect to z.
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5.2 Smoothness of the solution

The regularity of a solution to (5.0.1)—(5.0.2]) can be characterized by Theorem
below, for the proof of which we first formulate the following lemma from
[66].

Lemma 5.2.1. Assume that the following conditions for equation (5.0.1) are
fulfilled:

(i) a>0, a €N and f: Q — R is a continuous function which is q times (¢ € N)

continuously differentiable in Q where
Q:={(t,y): t € (0,0],y eR}, Q:={(t,y):t€[0,0],y € R} (5.2.1)

(ii) there exist a monotonic increasing function v : [0,00) — R and a real number
v € [1—a,l) such that for all nonnegative integers i and j with i+ j < q and for
all (t,y) € Q

it 1 if i<l—v
v if i>1-v

if a € (0,1), then we assume in addition to (5.2.2) that for all nonnegative
integers i and j with i + j < q and for all (t,y1), (t,y2) € Q it holds

ity 1 if =0
‘atlayﬂ [f(ty1) = [t y2)]| < v(max{|yl, ly2]})]y1 — y2l { Pov—i i is0 [
(5.2.3)

(iii) for arbitrary given constants 6; € R (i = 0,...,n — 1) equation (5.0.1)
possesses a solution y** € C"1[0,b] such that D¢,y € C[0,b] and

Then y™ € C%¥(0,b] and D¢, ,y™* € C¥(0,0].

Theorem 5.2.2. Let the conditions (i) and (ii) of Lemmal[5.2.1 be fulfilled. More-
over, assume that is true and from all polynomials y of degree [a| — 1
only y = 0 satisfies the conditions . Finally, suppose that the boundary
value problem — possesses a solution y* € wal[O,b] such that
D y" € C0,].

Then y* € C*7(0,b] and Dg,,y* € C*¥(0,b].
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Proof. Let y* € C"1[0,b] be a solution to (5.0.1)—(5.0.2)) such that D¢,y €
C10,0]. Denote 2" := D¢, y* and

l 1
&m0y = 3 S k(2T A=0,n—1, n=fal,
k=1 3=0

where 0y and k)i are defined by (5.1.4). Then (see (5.1.1))),

n—

y*(t) = (J*2%) +ZCAt)\ € [0, b].
Consequently, y* is a solution to equation ([5.0.1)) which satisfies the following
initial conditions (see (2.5.2)) and (2.5.6)):
(y)D0)=dlc, i=0,...,n—1.

This together with Lemma yields the assertions of Theorem [5.2.2 O

5.3 Smoothing transformation and numerical solutions

For the numerical solution of the boundary value problem (/5.0.1)—(5.0.2) we use
the following method. Let us consider for equation (5.1.8]) a change of variables

(see (282))

t=b"rr", s=0b"Po”, 1,0€][0,b],

where p € [1, 00).
Using in (5.1.8) this change of variables, we get for

2p(T) = z(blf"’rp)

an integral equation of the form

2, =T)z,, (5.3.1)
where
(Tpzp)(T) = [f(b'7P77, (szp)( ) + Q7 )) (5.3.2)
(Gpzp)(1) == (JS2,)(T Z p(1=PAPA Z Z Fxik (97 2,) (brp)(5.3.3)
Q (1) = QUB'PrP), by, = b(Pl)/];b}:/Z’ 2 (0,0, 7€0,b],

65



with ryjk, @ and J given by (5.1.4)), (5.1.7) and (2.8.4), respectively.

Let y*(¢) (t € [0,b]) be a solution of problem ([5.0.1)—(5.0.2)). Using in (5.1.5)
the change of variables ([2.8.2)) we see that

Yy () = y* (b'P77)
can be expressed in the form
Yp = Gpz, + Qp, (5.3.4)

where G, is defined by (5.3.3) and Q,(7) = Q(b*~*7°), T € [0, b].
Approx1mat1ons ZpN € S( 1)( Iy) (m, N € N) to the solution z} of equation
we find by collocation method from the conditions

Zp,N(tjk> = (szp,N)(tjk)a k= 1,...,m, j = 1,...,N, (5.3.5)

with {t;,}, defined by (2.7.3). If 71 = 0, then by z, y(t;1) we denote the right
limit limyg sy, 4>t 2pn(t). If mym = 1, then z, n(tjm) denotes the left limit
limyg sy, 1<t; 2p N (1)
Note that the conditions for finding z, y € S,, (- {(H ~) have an operator
equation representation
2p,N = PnTpzp N, (5.3.6)

where Py and T, are defined by 1} and (5.3.2)), respectively.
The collocation conditions ) form a system of equations whose exact
form is determined by the ch01ce of a basis in the space S,, (- i(H N). If ;> 0o0r

Nm < 1, then we can use the Lagrange fundamental polynomial representation:

N m
2p N(T) = Z Z pru(T), T€E[0,b], (5.3.7)
A=1p=1
where ¢y, (A =1,...,N, p = 1,...,m) are defined by . Then z, y €
S( 1)(HN) and sz(t]k) = cjk, k=1,...,m, 5 = 1,...,N. Searching the
solution to in the form , we obtain a system of nonlinear algebraic
equations with respect to the coefﬁ<31ents {c]k}.

N m

Cjk = f<b1pt§k’ Z Z(GpQO)\,u)(tjk)c)\,u‘i‘Qp(tjk)) , k=1,....m,j5=1,...,N.
A=1p=1

(5.3.8)
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Remark 5.3.1. In the case of an initial value problem we have G, = J' (see

Remark - Since (JFoa)(tjk) = 0 if A > j, the coefficients cj1, ..., Cjm can
be found for every j =1,...,N from the systems

Cjk = (bl ptfk,zz gO)\u ik C)\M—I—Qp( gk)) k=1,...,m, (5.3.9)

A=1p=1

with m unknowns cj,, k = 1,...,m. That is, we can find the coefficients
{ejp} (B =1,...,m, j =1,...,N) step-by-step by solving N systems of non-

linear algebraic equations with m unknowns.

Approximations y, v to y; we find by the formula

YpN = Gpzp N + Qp, (5.3.10)

where z, v € S(il)(HN) is determined by (5.3.5). Having {c;;} in hand, with

m—1

the help of (5.3.7) we can rewrite (5.3.10) as
Ye.N ZZ% pxu) (T) + @p(7), 7 €10,0]. (5.3.11)
A=1p=1

Finally, approximations yx(t) to the solution y*(¢) of problem (/5.0.1)—(5.0.2)
we find by setting

yn (1) ==y, N (bP~V/PEP) e [0,0). (5.3.12)

5.4 Convergence analysis

The convergence behaviour of the proposed algorithms can be expressed by The-

orems [5.4.1] and £.4.2

Theorem 5.4.1. Suppose (5 and let problem (5.0.1] - ) have a solution
y* € C0,b] such that z* = Dgapy € C[0,b]. Let f : Q0 — R be a continuous

function such that é%f(t,y) is continuous for (t,y) € Q, By 2f(t y) is continuous
for (t,y) € Q and

oI
]Wﬂt,y)] <o) (hy)eQ j=0,1,2

Here Q and Q are defined by (5.2.1) and ¢ : [0,00) — R is a monotonically

increasing function. Moreover, assume that from all polynomials y of degree n —
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1 (n = [a]) only y = 0 satisfies the homogeneous boundary conditions (5.1.3) and
from all solutions y € C[0,b] of the linear homogeneous (fractional) differential

equation
9 x
(DEapy)(t) = By flty"()y(t), telo,b], (5.4.1)
only y = 0 satisfies the conditions (5.1.3). Finally, let m € N and assume that

the collocation points (2.7.3|) with grid points (2.7.1) and arbitrary parameters

My Nm Satisfying (2.7.4) are used.

Then there exist N9 € N and 69 > 0 such that, for all N > Ny, equation
(5.3.6) possesses a unique solution z, N € S,(n__li (ILy) in the ball |z — 2}l < do,

where z5(1) = 2*(b'P7), T €[0,b], 2* = Dg.,y" and p > 1. Moreover,

lyn =¥ floc 0 as N — oo, (5.4.2)

where yn(t) = yp,N(b(p_l)/ptl/p), t €[0,b], and y, N is defined with the help of
zp.n by (6:3.10).

If, in addition, the assumptions of Theorem[5.2.3 are fulfilled with ¢ = m and
some v € [1 — a, 1), then for all N > Ny and r > 1 the following error estimate
holds:

(N for m<l—-v, r>1,
N1 +1logN) for m=1-v, r=1,
lyn =¥ flo <cq N7™ for m=1—-v, r>1, (5.4.3)
N-r(1-v) for  m>1-v, 1<r<%,
N—™ for  m>1—-v, r>.

Here ¢ is a constant not depending on N, p € [1,00) if v € (0, 1) and p € N if
v <0.

Proof. To apply Theorem we consider (5.3.1)) and (5.3.6]) as operator equa-
tions and in the space E := L*°(0,b), where S := T, and Sy :=
PNT, with T, and Py, defined by (5.3.2) and (2.7.5)), respectively.

First we find the Fréchet derivative Tl;(IL‘O) for T, at 2° € L>(0,b). If z and
20 belong to L°°(0,b), then, due to Taylor formula,

(Ty2)(7) — (T,a)(r) = jyf(t, (Goa®) (1) + Qp(r) (Gl — 29)) (7)
2
= §y2f<t, (Gp2®)(r) + £ (Gl — 2) () + Q1) [(Gol — ) (1)),

(5.4.4)
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where £(7) € [0, 1] and ¢t = b'~P7 € (0,b]. From this it follows that

(T3(a%)a)(r) = [ S ory) G)r),  (5.45)

y=(Gpa®)(1)+Qp(7)

where 7 € [0,b] and 2%, € L°°(0,b). Observe that T;(xo) € L(L*>(0,b),CI0,b])
if 20 € L>°(0,b). From (5.4.4) we see that

Sy (a®)z = (PNT,) (2°)z = Py (Tl’)(xo)m), 2%,z € L>(0,b),

with T7(2°)2 defined by (5.4.5).

It follows from Lemma that G, (defined by (5.3.3)) is linear, bounded
and compact as an operator from L*°(0,b) into C|0,b]. Since from all solutions
y of equation only y = 0 satisfies , equation x = Ty(z;)r has in
L*>°(0,b) only the trivial solution z = 0. Using these observations and Lemma
we can check that the operators S = T, and Sy = PyT), satisfy the con-
ditions 10 — 49 of Lemma Thus there exist Ny € N and dy > 0 such that,
for all N > Ny, equation possesses a unique solution z, y in the ball
|z — 23 lloc < b0, and

20,5 — Z;Hoo <c ||9)NZ; - Z;Hom

with a positive constant ¢ which is independent of N. Since y; = Gz, + (), and
YpN = Gpzp N + Q, (see (5.3.4) and (5.3.10)), respectively), we obtain that

lyn =y lloo < cllzon = Zplloe < 1 [Pz, = 2o (5.4.6)

with some positive constants ¢ and ¢; which are independent of N. This together
with z; € C[0,b] and Lemma yields the convergence ((5.4.2)).

If the assumptions of Theorem are fulfilled with ¢ = mand v € [1—a, 1),
then z* € C™"(0,b], and we get by Lemma that z; € C"™"(0,b], v, =
1 — p(1 —v). This together with (5.4.6) and Lemma yields the estimate
G43). 0

Theorem 5.4.2. Assume that the following conditions are fulfilled:

(i) problem (5.0.1)—(5.0.2)) has a solution y* € C[0,b] and (5.0.3|) holds;

(ii) m € N and problem (5.0.1)(5.0.2) satisfies the conditions of Theorem[5.2.9
withgq=m+1andv €[l —a,1);
(iii) from all solutions y € C[0,b] to equation (5.4.1) only y = 0 satisfies the
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boundary conditions ;
(iv) p is a smoothing parameter (see (2.8.2))) such that p € [1,00) if v € (0, 1)
and p € N if v <0;
(v) Pn is defined by , where the collocation points are generated
by grid points and by parameters 0 < ny < mo < -+ < Ny < 1, so that a
quadrature approzimation 1s exact for all polynomials of degree m.

Then there exist N9 € N and 69 > 0 such that for all N > Ny equation
possesses a unique solution z, N in the ball [|x — 2| < do, where z;(1) =
2*(bPT), T € [0,b], 2* = D¢,y Moreover, for N > Ny the following error

estimates hold:

N—m=e for m<p(l+a*—v), r>1,

N~ (14+1logN) for m=p(l+a*—v), r=1,

N-moat for m=p(l+a*—v), r>1,
lyn = y*floe < ¢ { NPT for m>p(l+a*—v) and

+ *
l=sr< p({iag—u)’
N—m—a for m>p(l+a*—v) and
+ *
\ T2 e o)

fora® :=a—n1 <1 and

N—m—l for
N 11 +1logN)? for =p2-v), r=1,

m<p2-v), r>1,

m )

N—™"1(1 +1log N or m=p2-v), r>1,
P

m )

1

lyn = y*lloo <c § N7 for >p(2—v and
m+1
ST <oy
N—m-l for m>p(2—-v) and
r m+1
= p(2-v)’

(5.4.8)
for o > 1. Here yy is given by equation (5.3.12)), r € [1,00) is given by ([2.7.1])

and c is a positive constant not depending on N.

Proof. Since g = m—+1 > 2, it follows from Theorem that there exist Ny € N
and 8y > 0 such that for N > Ny equation (5.3.6) has a unique solution Zp,N in
the ball ||z — z}loc < bo. Denote

2on =Tpzon, N> No, (5.4.9)
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with T}, defined by the formula (5.3.2]). Taking into account (.3.6), we obtain
that Pn2, v = z, n. Substituting z, y = P, N2, n into (5.4.9)) we see that Z, y

is a solution of the equation

ZoN =TpPnZpN, N = No. (5.4.10)

Consider the equations (5.3.1) and (5.4.10) as operator equations and
in the space £ := C[0,b], where S := T, and Sy := T,Pn. In a similar
way as we obtained the formula , we get for the Fréchet derivative of
Sy =T,Pn at 2° € C[0,b] the following formula:

(S (a”)a)(r) = [(%f(bl”ﬂ y) (GpPna)(T), T €[0,0],

y=(GpPna0)(T)+Qp(7)

where z € C[0,b]. Moreover, we can check that the operators S = T, and
Sn = T,Py satisfy the conditions 19 — 49 of Lemma From this Lemma it
follows that there exist Ny > No and 0y > 0 such that, for N > Ny, equation
(5.4.10) possesses a unique solution Z, y in the ball ||z — 27| < do, whereby

1208 = 2plloo < | TpPnz, — Tp2plloo, N > No. (5.4.11)

Here and below by ¢ and also ¢; we denote positive constants which are indepen-
dent of V. Since

(T,Pnz) (1) = (Tpzp)(r) = f(01 P, (GpPn2p)(7) + Qp(7))
— f(bl_p’l', (sz;)(T) + Q,,(T)), T € [0,0b],
then with the help of Lagrange formula we obtain that

|TyPnz, — Tpzplleo < cl|Gp(Prz, — 25) 00 (5.4.12)

Using (5.3.3) and Lemma we get

1Gp(Pnz, — 25) o0 < (195 (PNzp — 2p)lloo
I n

+e Y Y (T5T (Przy — 25) ()| < e T3 Pzl — 2))loos (5.4.13)

k=1 j=0
where by, = b(°~0/rb/? € [0,0]. From (5.4.11)~(5.4.13) it follows that
1zpn — Zilloo < [ IS (Prz = 25)]loos N > No. (5.4.14)
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Further, as y, v = Gpzp N + Qp, Y, = Gpz, + Qp and 2, v = PnZ, N, then

lyn = ¥ loo = llyp,n — y;Hoo = [|Gp(2p,n — Z;)Hoo
<GpPN(Zpn = 2p)lloe + G (P2, — 2)lloe; N = No.

This together with (5.4.13)) and (5.4.14]) yields

lyn =y lloo < I3 (Przp = 2p)llo0s N = No. (5:4.15)
Because of Theorem we have z* € C™*1¥(0,b] and, due to Lemma [2.8.2
[Ty (Pnz, — 2p)|lo < € HJ;((PNz; —2p)looy, a@=mn1>1, N> Np.

This together with (5.4.15) and Lemma yields the estimates (5.4.7) and
(5.4.8). O
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Chapter 6

An alternative method to
linear fractional differential

equations

In Chapters 3, 4 and 5 we introduced numerical methods which are based on a re-
formulation of the underlying problem with respect to the highest order fractional
derivative z of the exact solution y. An alternative idea is to apply Riemann-
Liouville integral operator to the fractional initial or boundary value problem
and construct an equivalent weakly singular integral equation with respect to y.
Based on [93] we use this approach to find numerical solutions to linear single-
term differential equations of order 0 < o < 1. More precisely, for the sake of

simplicity, we restrict ourselves to the following boundary value problem:

(D) (®) + do(t)y(t) = F(2), 0 <t <, (6.0.1)
! b

B0y 0) + Y- Bua(be) + 8 | wls)ds =, (6.0.2)
k=1 0

where b > 0,0 < by <---<b <b 1 €N, be (0,b], 7,8, (k=0,...,]) €ER
and D opy is the Caputo fractional derivative of order « of the unknown function
y. We assume that do, f € C[0,b] and

l
O<a<l, > Bi+Bb#0. (6.0.3)

k=0
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The rest of the chapter is organized as follows. We first introduce the alterna-
tive integral equation reformulation for the exact solution y. We then formulate
Theorem which characterizes the existence, uniqueness and smoothness
properties of the exact solution y, based on the more general results obtained
in Theorem After that, by suitably transforming the integral equation of
the exact solution y, we construct numerical methods for finding an approximate
solution to y with the help of graded grids and piecewise polynomial collocation
techniques. The attainable order of convergence of the proposed algorithms is
given by Theorem [6.2.1] We note that there is no superconvergence result com-
parable to the methods introduced in Chapters 3, 4 and 5 and the numerical
experiments conducted in Chapter 7 confirm that the method is, in general, not

superconvergent on the interval [0, b].

6.1 Integral equation reformulation

First, let y € C[0,b] be an arbitrary function such that Dg,veC [0,b] and let

us denote z := D¢, y. Then we can write

y(t) = (J2)(t) + ¢, (6.1.1)

where ¢ is some constant. It then follows (see Section [3.1)) that a function in the

form (6.1.1)) satisfies the boundary condition (6.0.2)) if and only if

y(t) = (J*2) (1) + (B +Bb)~ Zﬁk (J22)(bg) = B (J*T12)(B) |, 0 <t <D,

where (3, := 22:0 B
Let now y € CJ0,b] be a solution to problem (6.0.1)-(6.0.2) such that z =

D¢,y € C[0,b]. From it follows that
2(t) = f(t) — do(t)y(t) (6.1.3)

and by substituting (6.1.3]) into (6.1.2)) we obtain

y(t) = (J“[f doy])(t)

l

B*Jrﬁb kZ C(J21f — dow)) (br) — BUI*F — doy])(D)
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where ¢t € [0, b]. Thus y is also a solution of an integral equation in the form

y=Ty+y, (6.1.4)

where

l
(Ty)(t) = —(J*(doy))(t) + 5 iﬁb > Bi(J*(doy)) (br) +ﬁ(J”‘+1(doy))(5)]
* k=1
(6.1.5)
and
1 ! _

g9(t) = (J5 N)(t) + 5587 ;ﬁk(!]af)(bk) —B(J““f)(b)] , (6.1.6)

with ¢ € [0, 0].
We have shown that if a continuous function y € C]0, b] satistying Dgapy €

([0, b] is a solution to problem ((6.0.1])-(6.0.2)), then it is also a solution to integral
equation (|6.1.4). Let us now show that the converse is also true. Indeed, suppose
that y € C[0,b] satisfying Dg,y € C [0,b] is a solution to integral equation

. Then we can write
2(t) = (Deapy) (t) = (Dép[Ty + ) (2)-
With the help of we see from and that
(D&ap(Ty))(t) = —(Dégpd * (doy)) (t)
and

(DEapg)(t) = (Deapd “ F)(1)-
From property (2.5.6) we see that De¢,,,J* =1, and thus

(Dgapy)(t) = —do(t)y(t) + f(t),

which is the fractional differential equation . This shows that y satisfies the
boundary condition (6.0.2)), as (6.1.4]) is a reordering of with 2 substituted
by f — doy. Thus y determined by the integral equation is also a solution
to —. In this sense the integral equation is equivalent to the

problem (6:0.1)-(6:02).
The existence, uniqueness and regularity of the solution to (6.0.1))-(6.0.2)) can

be characterized by the following theorem, which follows from Theorem [3.2:1]
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Theorem 6.1.1. (i) Assume that 0 < a < 1, dy, f € C[0,b]. Moreover, let

22:0 Br + Bb # 0 and assume that the problem (6.0.1))-(6.0.2) with f = 0 and
v =0 has in C|[0,b] only the trivial solution y = 0.

Then problem (6.0.1)-(6.0.2)) has a unique solution y € C[0,b]. Moreover, we
have D¢,y € C[0,b].
(ii) Assume that (1) holds and let do, f € CT*(0,b], g e N, p € R, pp < 1.

Then problem (6.0.1)-(6.0.2)) possesses a unique solution y such that y €
Cv(0,b] and Dg,,y € C4(0,b], where

v:=max{l —a,u}. (6.1.7)

Remark 6.1.1. If dy, f € CY]0,b] (¢ € N), then we may in Theorem set

vr=1-oa.

6.2 Numerical method

For the numerical solution of problem (6.0.1))-(6.0.2)) we first transform the equiv-
alent integral equation (6.1.4) by a suitable change of variables and then use a
collocation method for the numerical solution of the transformed integral equa-

tion. More precisely, we choose a smoothing parameter p € [1,00) and consider

for equation (6.1.4)) a change of variables introduced in Section by (2.8.2):
t=0"PrP, s=b"Po? T1,0€]0,b].

Using in (6.1.4) this change of variables we get for y,(7) = y(b'77°) an integral
equation in the form

Yo = Tpyp + 9p, (6.2.1)

where
(Tyyp) (1) = — (5 (do,pyp))(7) + (B« + £5)

l
X [Z Br(Jy (do,pyp)) (b p) + ﬁ(Jg“(do,pyp))(bp)] (6.2.2)

=l

l
9o(T) = (J*f)(7) + (B« + BD) lv = Br(T5 o) (brp) = BT LH)( p)] ,
(6.2.3)
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with 7 € [0,b]. Here

doo(7) := do(b"P7P),  fo(r) := f(O'P17), T €[0,],
bip =000 e (0,b], i =1,...,1, b,:=bP"V/Pbl/r € (0,0].
We look for an approximate solution y, n € Sﬁ:i (IL) to the exact solution y,
of integral equation (6.2.1]), where y, n is determined by the following collocation
conditions:

yp,N(tjk.) = (prp,N)(tjk)+gp(tjk)7 k=1,....m, 3=1,...,N. (6.2.4)

Here T}, g, and t;;, are defined by (6.2.2)), (6.2.3)) and (2.7.3)), respectively. Con-

ditions (6.2.4) have an operator equation representation

Yp,N = PNTpyp N + PNgp, (6.2.5)

with an interpolation operator Pn = Py, : C[0,T] — Sfr:_lg(HN) defined by
(12.7.5).

The collocation conditions form a system of equations whose exact
form is determined by the choice of a basis in Sﬁ:{ (IIy). If ;1 >0orny < 1

then we can use the Lagrange fundamental polynomial representation:

N m
Yo (1) =) exnupau(r), TE0,D], (6.2.6)

A=1p=1
where ¢y, (A =1,...,N, p = 1,...,m) are defined by (3.3.5). Then y,n €
STS;}%(HN) and y, n(tjk) = ¢jk, K =1,...,m, j =1,...,N. Searching for the
solution of in the form , we obtain a system of linear algebraic
equations with respect to the coefficients c;i = y, n(tji):

N m
Cik = ZZ(TP(;O)\M)(t]k’)C)\u+gp(t]k)’ k= 1)"'7m7 ] = 17"'7N' (627)
A=1p=1

After solving the system (6.2.7)), we find the approximation y, y with the help of
the coefficients cj; and (6.2.6]). Finally, the approximation yxy(t) to the solution

y(t) of problem ([6.0.1))-(6.0.2]) we find by setting
yn (1) = yp N (b V/PEPY e (0, b]. (6.2.8)

The convergence of the proposed method is characterized by the following
theorem.
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Theorem 6.2.1. (i) Let Nym € N, r > 1 and assume that the grid points
(2.7.1) with collocation points and arbitrary parameters ni,...,Nm sat-
18fying are used. Assume that conditions are satisfied and that
do € C[0,b], f € C[0,b]. Moreover, assume that the problem — with,
f =0 and v =0 has in C[0,b] only the trivial solution y = 0.

Then problem — has a unique solution y € C[0,b] such that
D%apy € C[0,b]. There exists an integer Ngy such that for all N > Ny equation
possesses a unique solution y, N € an__li (I1y), determining by and
a unique approrimation yy to y, the solution of -, and

Iy —ynlloo =0 as N — oo. (6.2.9)

(ii) If, in addition, do, f € CT*(0,b], where ¢ :== m and with p € R, p < 1,
then for all N > Ny the following error estimate holds:

N—™ for m<p(l-v), r>1,
N™™1 +1logN) for m=p(l-v), r=1,
ly =ynllo <c g N7 for  m=p(l—v), r>1,
—pr(1-v) — —
N for m>p(l—-v), 1<r< EIR
—m _ _m__
N for m>p(l—-v), r> ER

(6.2.10)
Here v is determined by (6.1.7)) (see Theorem , T is the grid parameter in
(2.7.1), p € [1,00) if v € (0,1) and p € N if v <0, and c is a positive constant
which does not depend on N.

Proof. (i) Let us first prove the convergence (6.2.9). Consider equation y, =
Tpyp + g, (see (6.2.1)), with T, and g, given by (6.2.2)) and (6.2.3), respectively.

Observe that T}, is compact as an operator from L*°(0,b) to C]0,b], thus also
from L*>°(0,b) to L>(0,b). The problem (6.0.1)-(6.0.2) with f = 0 and v = 0
has in C[0,b] only the trivial solution y = 0, implying that the homogeneous
equation y, = T,y, has in L°°(0,b) only the solution y, = 0. Consequently, by
Theorem equation y, = T,y, + g, with g, € L*°(0,b) possesses a unique
solution y, € L>(0,b). In other words, operator I — T}, is invertible in L>°(0,b)
and its inverse (I —7,)~! is bounded: (I —7,)~t € L(L>(0,b),L>(0,b)). This
together with Lemma and Theorem yields that I — PnT), is invertible
in L*°(0,b) for all sufficiently large N, say N > Ny, and

(I — fPNTp)fl”L(Loo(oﬁ),[/oo(o’b)) <ec, N > Ny, (6.2.11)

78



where ¢ is a constant not depending on N. Thus, for N > Ny, equation (6.2.5))
provides a unique solution y, y € S,;il(ﬂ ~). We have for it and y,,, the solution
of equation y, = Ty, + g,, that

(I - :PNTP)(yp - yp,N) =Yp — TNym N > Np.
Therefore, by (6.2.11]),
19p = Yp.Nlloo < cllyp = PNyplloo, N = No, (6.2.12)

where c is a positive constant not depending on N. Finally, from y, € C[0,b],
Lemma [2.7.3] y,(7) = y(b'=P7*) (1 € [0,b]) and we get the convergence
(6.2.9).

(ii) If do, f € C™H(0,b], m € N, p € R, u < 1, then it follows from part (ii)
of Theorem [6.1.1] that y € C"™¥(0,b], with v given by (6.1.7). Thus from Lemma
we see that y, € C"™"(0,b], where v, =1 — p(1 — v). This together with
and Lemma yields the estimate . O
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Chapter 7
Numerical experiments

When introducing a numerical method it is always prudent, whenever possible,
to test its validity by numerical experiments. Thus, in this chapter we give a
detailed overview of our numerical experiments based on the methods introduced
in Chapters 3, 4, 5 and 6. We are particularly interested in verifying the error
estimates derived in Chapters 3—6 by Theorems [3.4.1] [3.4.2] [4.4.1] 4.4.2] [5.4.1]

[>.4.2] and [6.2.1] respectively. To this end we first give a general overview of the

testing methodology used.

7.1 Introduction

All the numerical results in this chapter are calculated using Fortran program-
ming language in 16-digit double precision. For the solution of linear system of
equations we use the package LAPACK, which is a standard library for numeri-
cal linear algebra. For finding a solution to a non-linear system of equations we
rely on Newton’s iterative method. Where the numerical calculation of integrals
is required we use the package QUADPACK, which introduces general-purpose
adaptive and non-adaptive integration routines, including the handling of weak
singularities. More precisely, we rely on QAGS, a globally adaptive quadrature
based on 21-point Gauss—Kronrod quadrature within each subinterval.

For some theorems, namely Theorem [3.3.2] [3.4.2] [4.4.2| and [5.4.2], it is neces-
sary to choose collocation parameters 0 < n; < -+ < 1, <1 (m € N) such that

the quadrature approximation (2.8.5)) with appropriate weights {wy} is exact for

all polynomials of degree m. For this it suffices that the collocation parameters
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Ni,-.-,Mm be the node points of the m-point Gauss-Legendre quadrature rule
applied on the interval [0, 1] (see Remark 3.3.1]). We are mostly interested in the

case m = 2 and m = 3, for which we use collocation parameters

33

m=—Fp— m=1l-m (m =2) (7.1.1)
and VI
5—+15 1
m= 10 =g ny=1-m (m=3), (7.1.2)

respectively. If in some special cases we use different collocation parameters, we
will explicitly state this.
For the numerical experiments we approximate the norm ||u — v||s (u,v €
C'[0,b]) with the quantities ey as follows:
EN = L) — %) 7.1.3
N = max o max u(sjk) — v(sjk)| (7.1.3)
. T
Here s;p, := tj_1+k(t;—t;_1)/10 (k =0,. .., 10, j: 1,...,N), t;=b (L> (j =
1,...,N) are the grid points introduced in with gradmg parameter r > 1,
and N € N is the parameter specifying the size of the partition Iy := {tg,...,tn}

of the interval [0,b]. We also compute the ratios

Oy = N2 (7.1.4)
en

which we use to characterize the observed numerical convergence rate.

7.2 Numerical results for Chapter 3

In this section we look at some fractional differential equations of the type —
(3.0.2). That is, we look at linear fractional differential equations with at most
two Caputo fractional derivatives Dg y and Dcapy, where 0 < a1 < ag < 1.
We thus have only one boundary condition, which can be local, non-local or
both. To solve such problems by method , we set z := D32 Cap¥- Using
the change of variables introduced in (2.8.3), we have for z,(7) := z(7*) the
integral equation (|3 with T}, and g, given by (3.4.2)) and (3.4.3), respectively.
Approximations z, v € S( %(HN) (N,m € N) to the solution z, of equation

|D on the interval [0,b] are found by (3.4.5) usmg ) with (7.1.1)) or

, the knots of the Gaussian quadrature formula (2.8.5) for m=2orm=3.
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We determine ¢j, (k=1,...,m, j=1,...,N) and z, n(t) (t € [0,b]) by (3.4.8)
and ([3.4.7)), respectively. After that we find the approximate solution yy by using
formula (3.4.10) and the relation (3.4.11)).

Example 1. Consider the boundary value problem

(DZayy) () + do(t)y(t) = f(1), 0< ¢ <1,

(7.2.1)
1 1 1
3 21 9273
M®+MD+/‘M@%=2+7—%9, (7.2.2)
0
with
do(t) = 13
and

50(%)

3 5 7
3 4 t1 4t
L(7) 12T(3)
where 0 <t < 1. We see that (7.2.1)—(7.2.2)) is a special problem of (3.0.1))—(3.0.2))
with d; = K =0,
1 b=1, b =10 L Bo=p=B=1
o = — = = = — = = =
2 9’ ) 1 ) 9’ 0 1 )
and

21 971
=2+

79
y(t) =t1+t1 (telo,1])

is its exact solution. We have that do,dy, f € C4#(0,1], K € CI(A) with p = 3
and arbitrary g € N. Therefore, by (3.2.1)),

v =max{l — oo, pu} =

B~ w

In Table (m

2) and Table (m

3) some results of numerical
experiments for different values of the parameters N, p and r are presented,
using the collocation parameters (7.1.1)) and (7.1.2)), respectively. In the case

m = 2 it follows from (|3.4.14]) in Theorem with ag = % and v = % that, for
sufficiently large IV,

N=OTpr if 1< pr < 19 =3.33(3)
< - 3 ’
EN_%{JVJ5 it pr>4,

(7.2.3)
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Table 7.1: Numerical results for problem (7.2.1)—(7.2.2) with m = 2, n, =

376\/5, 2 =1—m.

r=1p=1 r=2,p=1 r=1, p=2 r=2 p=2

N EN OnN EN OnN EN On EN On

4 1.76-1072 5.04-1073 1.34-1073 3.02-1073
8 1.02-1072 1.72 1.85-107% 2.72 5.08-107%* 2.64 6.21-107* 4.86
16 594-107% 1.73 6.68-107%* 277 221-107* 230 1.18-10~* 5.26
32 345-107% 1.72 2.39-107% 2.80 856-107° 258 2.12-107° 5.56
64 2.02-107% 1.71 847-107° 2.82 3.16-107°> 2.71 3.77-107% 5.63
128 1.18-107% 1.70 3.00-1075 2.82 1.14-107° 2.77 6.65-1077 5.67
256 6.97-107* 1.70 1.06-107° 2.83 4.06-1076 280 1.17-10~" 5.68
1.68 2.83 2.83 5.66

Table 7.2: Numerical results for problem (7.2.1)—(7.2.2) with m = 3, ny1 =

5_1\({ﬁ7 N2 = %7 n3=1-—mn.

r=1p=1 r=2 p=1 r=2 p=2 r=3, p=2

N EN OnN EN OnN EN On EN On
4 6.52-1073 2.30-1073 7.93-107° 1.11-1074
8 3.84-107% 1.70 7.86-107* 293 1.20-107° 6.59 1.08-107° 10.28
16 2.25-107% 1.70 2.73-107* 287 1.56-107% 7.71 1.07-107% 10.01
32 1.33-107% 1.70 9.60-107° 285 1.95-1077 7.99 994-107% 10.81
64 7.82-107*% 1.70 3.38-107° 2.84 243-107% 804 8.96-107° 11.09
128 4.62-107* 1.69 1.19-107°> 2.83 3.02-107° 8.03 7.98-10710 11.23
256 2.73-107* 1.69 4.21-107% 2.83 3.75-10710 806 7.11-10"'1 11.23
1.68 2.83 8.00 11.31

where ¢( is a positive constant not depending on N. Due to (7.2.3)), the ratios
Oy for{p=1,r=1},{p=1,r=2}, {p=2,r =1} and {p =2, r = 2} ought
to be approximatively 207 ~ 1.68, 2!° ~ 2.83, 2! ~ 2.83 and 2%° ~ 5.66,

respectively. These values are given in the last row of Table

In the case m = 3 it follows from ([3.4.14)) in Theorem with a = % and
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v= % that, for sufficiently large N,

N-OT5pr §f 1< pr< 1 =4.66(6),
eN < ¢ { N-35 if p’l“_>pg 3 ( ) (7.2.4)

where ¢ is a positive constant not depending on N. Due to , the ratios
Oy for {p=1,r=1L{p=1Lr =2}, {p=2,r=2}and {p =2,r = 3}
ought to be approximatively 2°7° ~ 1.68, 2% ~ 2.83, 23 = 8.00 and 23° ~ 11.31,
respectively. These values are given in the last row of Table

As we can see from Tables and the numerical results are in good

agreement with theoretical estimates.

Example 2. Consider the following boundary value problem:

(D&oyy)(®) + do(B)y(t) = f(8), 0<t<1, (7.2.5)
y(0) +y(1) + /2 y(s)ds=1+e+ e%, (7.2.6)
0

where
do(t) =1, f(t)=t2E s(t)+¢', 0<t<1.
)
Here E| 5(t) is the Mittag-Leffler function defined in (2.4.4). We see that (7.2.5)-
2
(7.2.6)) is a special problem of (3.0.1))-(3.0.2|) with d; =0, K =0,

1 _1
ar=g, b=l bi=Llb=_, B=p=B=1 y=c+ez,

and

y(t)=e" (tel0,1])
is its exact solution. Clearly K € C%(A), dy,d1, f € C¥*(0,1] for p = % and
arbitrary ¢ € N. Therefore, by (3.2.1)) and Remark

1
v =max{l —ag,u} = 7

In Tables|7.3 some results of numerical experiments with m = 2 and with
different values of the parameters N, p and r are presented. The numerical results
in Table have been obtained with collocation points ([7.1.1]). Thus, in the case
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1 < p < 2 it follows from with as = % and v = % that, for sufficiently
large N,
o

EN < € { %_;5 g ;fzp;; 25 (7.2.7)
where cg is a positive constant not depending on N. Due to , the ratios O N
for {p=1,r=1},{p=1,r=15} {p=15r=1}and {p = 1.5, r = 2} ought
to be approximatively 2, 215 ~ 2.83, 21> ~ 2.83 and 22° = 5.66, respectively.
These values are given in the last row of Table As we can see from Table

the numerical results are in good accord with theoretical estimates.

Table 7.3: Numerical results for problem (7.2.5)-(7.2.6) with m = 2, n; =

376\/5, ne=1-m.

r=1,p=1 r=15,p=1 r=1,p=1.5 r=2 p=1.5
N EN @N EN @N EN @N EN @N
4 855-1073 6.36 - 1073 5.81-1073 2.01-1072

8 452-107% 1.89 2.09-1073 3.04 1.14-107% 5.11 5.05-1073 3.98
16 2.36-1072 1.92 6.98-107% 3.00 2.71-107%* 4.20 1.06-10"% 4.77
32 1.22-107% 1.94 2.38-107% 293 7.72-107° 3.50 2.03-107* 5.22
64 6.22-107% 1.96 8.28-107° 2.88 240-107° 3.22 3.71-107° 5.47
128 3.16-107* 1.97 291-107° 2.85 7.91-10% 3.04 6.64-107% 5.58
256 1.60-10"*% 1.98 1.02-107° 284 2.70-107% 293 1.18-1076 5.62

2.00 2.83 2.83 5.66

For the data in in Table [7.4] we have used collocation parameters
m = 0.1, 2 = 09,

which do not satisfy the conditions imposed on collocation parameters by Theo-
rem While the numerical convergence rate for {p=1,r=1},{p=1,r =
1.5} and {p = 1.5, r = 1} is still in good accord with the theoretical estimates
of Theorem the proposed method does not obtain the global supercon-
vergence rate 22 ~ 5.66 with {p = 1.5, » = 2}. Instead, the highest attained
convergence rate is slightly above 22 = 4.00, which is the maximal convergence
rate predicted by Theorem [3.4.1] This shows that, in general, the conditions im-
posed by Theorem [3.4.2] are necessary for the superconvergence of the proposed
method.
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Table 7.4: Numerical results for problem (7.2.5)-(7.2.6) with m = 2, n; = 0.1,
N2 = 0.9.

r=1p=1 r=15,p=1 r=1, p=1.5 r=2 p=1.5
N EN @N EN @N EN @N EN @N
4 952-1073 7.12-1073 1.09- 1072 3.28 - 1072

8 5.61-107% 1.70 243-1073 293 2.56-107% 4.26 9.36-1073 3.51
16 3.01-1072 1.8 8.83-107%* 275 6.54-107%* 391 2.31-107% 4.06
32 1.56-107% 1.92 3.13-107% 2.82 228-107* 287 5.36-10"% 4.30
64 801-107* 1.95 1.10-107* 2.85 7.77-107° 293 1.23-107% 4.37
128 4.07-107* 1.97 3.85-107° 2.85 2.64-107° 294 2.83-107° 4.34
256 2.06-107* 1.98 1.35-107° 2.85 9.01-107% 293 6.59-1076 4.29

2.00 2.83 2.83 5.66

Example 3. Consider the boundary value problem

(Déu(®) + (Do) + [ (1= 9) Fy(s)ds = f, 01 <1, (729

1
/ o) — % (7.2.9)
0
it STy LT L TR, 5
=T ey st

where 0 < ¢ < 1. We see that (7.2.8)—(7.2.9)) is a special problem of (3.0.1))—(3.0.2))
withdg =0, dy = 1, K = 1,

2 1 - 1
052:57@1:7 b:1, H:§7 b:17 /30:/31:07/3:17 7:§37

and
y(t) =15 +1 (teo,1))

is its exact solution. We have that do, d;, f € C?*(0,1], K € C(A) with u = %
and arbitrary g € N. Therefore, by (3.2.1)),

4
v =max{l — (g — 1), p, K} = 5
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Table 7.5: Numerical results for problem (7.2.8)—(7.2.9) with m = 2, my =

376\/5, 2 =1—m.

r=1p=1 r=2,p=1 r=3, p=1 r=4 p=1

N EN OnN EN OnN EN On EN On

4  1.51-1072 7.41-1073 3.83-1073 4.85-1073
8 1.06-1072 1.42 340-107% 218 1.19-107% 3.22 1.02-1073 4.77
16 7.36-107% 1.45 1.52-107% 223 3.53-107* 3.37 1.92-107* 5.28
32 5.02-107% 1.47 6.74-107% 226 1.03-107* 342 3.55-107° 5.42
64 3.39-107% 1.48 2.97-107* 227 3.00-107° 344 6.54-107% 5.43
128 2.28-107% 149 1.30-107*% 228 869-10% 345 1.22-107% 5.36
256 1.52-1073% 1.50 5.72-107° 228 2.51-107% 346 233-1077 5.24
1.32 1.74 2.30 3.03

Table 7.6: Numerical results for problem (7.2.8)—(7.2.9) with m = 2,

376\/57 ne=1-—m.

r=1 p=2 r=1p=3 r=1 p=4 r=1,p=%
N EN On EN On EN ON EN On
4 457-1073 1.94-1073 5.53-1074 3.54-1074

8 1.81-107% 253 531-107* 365 1.04-107* 5.33 6.15-107° 5.74
16 7.44-107% 243 148-107* 359 1.93-107° 5.36 1.06-107° 5.79
32 3.12-107% 2.38 4.16-107° 3.55 3.62-107% 5.34 1.86-107% 5.70
64 1.33-107% 2.36 1.18-107° 3.53 6.81-1077 5.32 3.33-1077 5.60
128 5.66-107° 234 3.35-107% 3.52 1.29-1077 5.30 6.05-10% 5.51
256 2.46-107° 231 9.56-1077 3.51 245-107% 5.24 1.10-107% 5.47

1.74 2.30 3.03 4.60

In Tables[7.5 and [7.6]some results of numerical experiments for different values

of the parameters N, p and r are presented, using m = 2 and the collocation

parameters (7.1.1)). It follows from (3.4.14)) in Theorem with ag = %, o] = %

and v = % that, for sufficiently large IV,

N-04or if 1<pr<il=55
en < ¢ { 99 . T ’ (7.2.10)
N if pr> <,
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where ¢g is a positive constant not depending on N. Due to , the ratios
Onfor{fp=1r=1} {{p=1r=2} {p=2r=1}}, {{p=1r=3} {p=
3,r=1}}, {{p=1,r=4}, {p=4,r =1}} and {p = 5.5, r = 1} ought to be
approximatively 204 ~ 1.32, 208 ~ 1.74, 212 ~ 2.30, 216 ~ 3.03 and 222 ~ 4.60,
respectively. These values are given in the last row of Tables and [7.6] We
can see that the numerical method converges somewhat faster than the estimate
(3.4.14])) predicts.

7.3 Numerical results for Chapter 4

As the boundary value problem f studied in Chapter 3 is a special
case of the more general problem f analyzed in Chapter 4, all the
examples in the previous section remain valid for Theorems and Thus
in this section we concentrate on a linear fractional differential equations of type
f where oy, > 1. More specifically, we look at the following fractional
linear boundary value problem:

Y'(8) + (DE,0)(E) +y(t) = £(2), (7.3.1)
y(0) =2,
YO0 +y ()=, (732)

with .
15 15T(5 5
= 245 4 7(2)t—|—t§ 1 2.

t
Equation ([7.3.1)) is also known as the Bagley-Torvik equation [87]. Actually, this
is a special problem of (4.0.1))—(4.0.2) with dy =d; =1, K =0,n9 =1, ny =1,
p =2 and

3 - - 9
042:2,04125, bzl, b(): 51:0, ’}’0:2,’)/125,

Booo = Broo = fi11 = 1, Bo = B1 = 0.
The exact solution to problem (7.3.1)—(7.3.2) is

y(t) =t3 +2, telo,1].
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Clearly f € C%*(0,b] for arbitrary ¢ € N and p = 0.5. Therefore, by (4.2.1), we
have that v = 0.5.

Denote z := y”. Then the solution y of (7.3.1)—(7.3.2) can be presented in
the form y = Gz 4+ Q, where

(G2)(t) := (J22) (t) — 0.5t (JO%2) (1), Q(t):=2+225¢t, telo, 1],
and z is a solution of the integral equation
2ty =Tz+g, telo,1],
where
(Tz)(t) = — (J?2) (t) — (J*%2) (t) + 0.5¢ (J*P2) (1), t € [0, 1]

and g(t) = f(t) — 2.25¢, t € [0,1].
Using the change of variables t = 77, 7 € [0, 1], p > 1, and notations

Yo(1) = y(7), 2p(7) i= 2(r7),  [o(r) = f(7"), T€[0,1], p=1,
we get that y, = (G,z2,) + Q,, where
(Gpzp)(T) = (ngp) (1) —0.57° (Jg'5zp) (1), Qu(r):=2+2257", 7€l0,1],
and z,(7) = z(7”) is the solution of the integral equation
2p(1) = Tp2p + 9p, (7.3.3)
with

(Tpzp)(T) = — (Jlgzp) (1) — (J2'5zp) (1) +0.577 (JS'5zp) (1), 7 €10,1],
(gp)(T) = fo(T) —2.257°, 7 € [0,1].
Since T = t%, we have y(t) = yp(t%).

For the numerical solution of (7.3.1)—(7.3.2) we determine approximations

zp N to the solution z, of (7.3.3) in the form (4.3.10)), finding the coefficients
{c¢jr} from collocation conditions (4.3.11)):

N m
k=Y (Tpon)tin)era + gp(tin), k=1,...,m, j=1,...,N. (7.34)
A=1p=1
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with grid points (2.7.1) and collocation points (2.7.3)). After finding the coeffi-
cients {c;i}, we find the approximations yy to the solution y of problem ((7.3.1])—

(7.3.2) with the help of formula (cf. (4.3.13))

N m
YN (T) =D Y " exu(T2oa) (1) = 0.57°(J0%00,) (1) + 2+ 22577, 7€ (0, 1]
A=1p=1

and formula (4.3.14]).

In Table [7.7] some results of numerical experiments for different values of the
parameters IV, p and r are presented, using m = 2 and the collocation parameters

(7.1.1). It follows from (4.4.7)) in Theorem with ag =2, oy = 1.5, ag = 0,

v=20.5,n; =1 and o® = 0.5 < 1 that, for sufficiently large N,

v <
en < c { N if 1<pr<2.5, (7.3.5)

N=25 if pr>2.5,
where ¢ is a positive constant not depending on N.

Table 7.7: Numerical results for problem (7.2.8)—(7.2.9) with m = 2, 3 =

3_6\/5’ 2 = 1 — M-

r=1,p=1 r=2p=1 r=25 p=1 r=1, p=25
N EN @N EN @N EN @N EN @N
4 1121073 2.26-107% 2.57-107% 1.21-1074

8 4.04-10* 278 237-107° 954 1.48-107° 17.34 9.55-107% 12.66
16 1.44-107* 2.80 277-107% 856 1.29-107% 11.48 7.97-1077 11.98
32 5.16-107° 2.80 3.44-1077 803 1.67-1077 773 7.12-107% 11.19
64 1.84-107° 2.80 4.38-10% 7.86 2.17-107% 7.70 6.98-107° 10.20
128 6.56-1076 2.81 5.64-107° 7.77 294-107° 7.38 7.70-10719 9.07
256 2.33-1076 2.81 7.37-10710 7.65 4.34-10719 6.78 9.69-107 7.94

2.00 4.00 5.66 5.66

Due to (7.4.6), the ratios Oy for {p = 1,7 =1}, {{p = 1,7 =2}, {p =
2,r=1}}and {{p =1, r=2.5},{p=2.5, r = 1}} ought to be approximatively
21 =2.00, 22 = 4 and 22 ~ 5.66, respectively. These values are given in the last
row of Table As we can see, the the actual convergence rate is somewhat

faster than the theoretical results predict.
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7.4 Numerical results for Chapter 5

In this section we give two examples of a non-linear fractional differential equa-
tions of type ((5.0.1)—(5.0.2)), where the highest order « of the Caputo fractional
derivatives satisfies 0 < a < 1 and 1 < « < 2, respectively.

Example 1. Consider the following non-linear initial value problem:

1
(Déapy)(t) = f(t,y(t), 0<t<1, (7.4.1)
y(0) =1, (7.4.2)
where , ]
tyd  tt3 +1)2 T(3) .
f(tvy)sz( S 3243
10 10 F(g)
This is a special problem of (5.0.1)—(5.0.2)) with n =1, np =n; =0, | =1,
1
04:57 b=1, Pooo=1, Boor=0, =~ =1.

The function f(t,y) satisfies the conditions of Theorem with v = 1 and
arbitrary ¢ € N. An exact solution to (7.4.1)—(7.4.2) is

1
To solve (7.4.1))-(7.4.2) with method (5.3.6)),(5.3.10) we set z := D¢, y. Then
a solution of ([7.4.1)—(7.4.2) can be presented in the form y*(t) = (J%z*)(t) +1,

where z* is a solution of the integral equation
A(t) = f (t, (J32)(t) + 1) , telo, 1).
Using a change of variables t = 77, 7 € [0, 1], p > 1, and notations
Yp(7) == y(7°), 2,(7) :==2(7?), 7T€l0,1], p>1, (7.4.3)

we get that
1
Yyp(1) = (Jiz) (1) +1, 7€0,1],
where z; = 2*(77) is a solution of the integral equation

1

2o(1) = f(°, (J3zp) (1) + 1), T€]0,1]. (7.4.4)
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1 1
Since 7 = tr, we have y*(t) = y;(tr), t€[0,1].
For the numerical solution of problem ((7.4.1)—(7.4.2)) we first determine ap-

proximations z, n to the solution zj of (7.4.4) in the form (5.3.7), finding the
coefficients {c;} from collocation conditions ([5.3.8):

j m
cjk:f(tgk,ZZ(J;/3%)<tjk>%+1), k=1, .m j=1,.. . N
B=1~=1
(7.4.5)

with grid points (2.7.1) and collocation points (2.7.3)). Note that we can find the
coefficients {cjz} (k=1,...,m, j=1,...,N) by solving N systems of non-linear
algebraic equations with m unknowns. For this we have used Newton’s iterative

method. After finding the coefficients {c;i}, we find the approximations yn to a

solution y* of problem (7.4.1))—(7.4.2)) with the help of formula (cf. (5.3.11))

N m 1
(1) =D D oy (Jips)(7) +1, T e, 1]

B=1~v=1
and formula (5.3.12]).
Table 7.8: Numerical results for problem (7.4.1)—(7.4.2) with m = 2, n; =
3—V3 =1
g o 12 = -
r=1,p=1 r=1, p=2 r=1, p=35 r=1 p=4

N EN @N EN @N EN @N EN @N
4 227-1072 2.80-1073 6.10-10~* 9.17-107*

8 1.42-1072 159 1.12-1073% 251 1.21-107* 5.04 1.93-107* 4.75
16 895-1072 1.59 4.43-107%* 252 240-107° 5.04 3.98-107° 4.84
32 5.64-107% 1.59 1.76-107% 252 4.77-107% 5.04 7.95-1076 5.01
64 3.55-107% 1.59 6.98-107° 2.52 9.46-1077 5.04 1.57-107% 5.07
128 2.24-107% 1.59 2.77-107° 2.52 1.88-1077 5.04 3.08-10~7 5.09
256 1.41-1073 1.59 1.10-107° 2.52 3.73-10® 5.04 6.03-107% 5.10

1.59 2.52 5.04 5.04

In Tables[7.8land [7.9]some results of numerical experiments for different values

of the parameters N, p and r are presented, using m = 2 and the collocation

parameters (7.1.1). It follows from (5.4.7) in Theorem with o = 4, v =2
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Table 7.9: Numerical results for problem (7.4.1)—(7.4.2) with m = 2, n =

376\/5, 2 =1—m.

r=2,p=1 r=3, p=1 r=35 p=1 r=2 p=2
N EN @N EN @N EN @N EN @N
4  895-1073 5.41-1073 6.40 - 1073 1.76 - 1073

8 3.55-1073 252 1.35-107% 4.01 1.28-1073 5.01 3.91-107* 4.50
16 1.41-107% 252 3.37-107% 4.00 249-10~* 5.13 8.05-107° 4.86
32 5.59-107% 2.52 843-107° 4.00 4.81-107° 5.17 1.60-10~> 5.03
64 2.22-107% 252 2.11-107° 4.00 9.33-107%® 5.16 3.15-107% 5.09
128 8.81-107° 252 5.27-107% 4.00 1.82-107% 514 6.16-10"7 5.10
256 3.50-107° 2.52 1.32-107% 4.00 3.55-10~7 5.12 1.21-1077 5.10

2.52 4.00 5.04 5.04

and o = « < 1 that, for sufficiently large N,

(7.4.6)

2o . <
en < e Nj if 1<pr<3.5,
N7s if pr > 3.5,

where c is a positive constant not depending on N.

Due to (7.4.6), the ratios Oy for {p = 1,7 =1}, {{p = 1,7 =2}, {p =
2,r=1}},{p=1r=3and {{p=1,r=35}, {p=35,r=1}, {p=4,r=
1}, {p = 2, r = 2}} ought to be approximatively 925 ~ 1.59, 925 ~ 2.52,22 =4
and 25 ~ 5.04, respectively. These values are given in the last row of Tables
and As we can see, the numerical data is in very good agreement with

theoretical results.

Example 2. Consider the following non-linear boundary value problem:

(Déapy)(t) = f(ty(t)), 0 <t <1, (7.4.7)
y(0) = —1, /(1) =19, (7.4.8)
where (2.9
f(t,y) — §y2 2( 1.9 1)2 + FE14; 0.4
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This is a special problem of (5.0.1)—(5.0.2) withn =2, ng =0, ny =1, 1 =1,

a=15 b=1,b=1, ~y=-1, v =1.9,
Booo = 1, B1oo = 0, Boor = 0, Bo11 =0, Bro1 =0, fi11 = 1,

and
y(t) = t1-9 - 17 te [07 1]7

is its exact solution. The function f(¢,y) satisfies the conditions of Theorem
with v = % and arbitrary g € N.

Denote z := (Déquy>. Then a solution y* of (7.4.7)—(7.4.8) can be presented
in the form y* = Gz* + @), where

(G2)(t) := (J"P2) (1) =t (JOP2) (1), Q(t):=—-1+1.9¢, telo, 1],
and z* is a solution of the integral equation
z2(t) = f (£, (G2) (1) + Q(t)), te[0, 1].
Using the change of variables ¢t = 7, 7 € [0, 1], p > 1, and notations
Yp(1) == y(7P), 2p(7) :=2(17), 7€]0,1], p>1,

we get that y; = (sz;) + Qp, where

(Gpzp)(T) = (J;'E’zp) (1) —71° (Jg'“r’zp) (1), Qup(r):=-1+197", 7€]0,1],
and z;(7) = 2*(7) is a solution of the integral equation

2p(T) = f(Tp, (sz;) (1) + QP(T)), 7€ [0,1]. (7.4.9)

Approximations z, v to the solution z} of (7.4.9) we find in the form (5.3.7),
where the coefficients {c;;} are found from the non-linear system (/5.3.6) by New-

ton method, using grid points and collocation points . After that
we find the approximations yy to the solution y* of problem f by
the formulas (5.3.11)) and (5.3.12).

In Table some results of numerical experiments for different values of the

parameters N, p and r are shown, using m = 2 and the collocation parameters
(7.1.1]).
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Table 7.10: Numerical results for problem (7.4.7)-(7.4.8) with m = 2, n; =

376\/5, 2 =1—m.

r=1p=1 r=1, p=2 r=1p=3 r=1 p=4

N EN OnN EN OnN EN On EN On
4 1.44-1073 3.84-1074 6.47-1074 3.05-1073
8 539-107% 268 6.07-107° 6.33 1.03-107%* 6.28 4.79-107* 6.38
16 2.10-107% 256 1.01-107° 599 1.74-107° 591 8.06-10"° 5.94
32 8.07-107° 260 1.73-107% 5.84 3.02-107% 577 1.39-107° 5.78
64 3.08-107° 262 3.00-1077 5.77 528-1077 572 2.44-107% 5.72
128 1.17-107° 263 5.23-107% 5.74 927-107% 569 4.28-1077 5.70
256 4.43-1076 264 9.15-107% 572 1.63-10=® 5.69 7.52-107% 5.69
1.87 3.48 5.66 5.66

It follows from ([5.4.7) in Theorem witha=3,v=2anda* =a—n; =
% < 1 that, for sufficiently large N,

—ipr . < 275%
€N§C{ N~ 10 if 1<pr<g =278, (7.4.10)

N—3 if pr> 2,
where c is a positive constant not depending on N.
Due to (7.4.10)), the ratios Oy for {p = 1,7 = 1}, {p = 2,r = 1} and
{{p = 3,7 = 1}, {p = 4, r = 1}} ought to be approximatively 210 ~ 1.87,
9% ~ 3.48 and 2% ~ 5.66, respectively. These values are given in the last row of
Table As we can see, for smaller values of r and p the convergence is faster
than predicted by the estimate .

7.5 Numerical results for Chapter 6

In this section we show that the numerical method introduced in Chapter 6 for

a boundary value problem of type (6.0.1)—(6.0.2) does not attain superconver-
gence. For this we look at the boundary value problem (|7.2.5)—(7.2.6|) examined
in Example 1 of Section That is, we consider the following problem:

(D&oyy)(®) + do(B)y(t) = £(8), 0<t<1, (7.5.1)
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(7.5.2)

where

and
y(t) =1+t (telo,1])

is its exact solution. Clearly dy, f € C%*(0,1] for p = % and arbitrary ¢ € N.
Therefore, by Theorem [6.1.1]

1
v=max{l —a,u} = 3

Table 7.11: Numerical results for problem (7.5.1)—(7.5.2) with m = 2, g =

3_6\/5’ 2 = 1 — M-

r=1 p=1 r=2 p=1 r=1, p=2 r=2,p=2

N EN On EN On EN OnN EN On

4 2.87-1072 1.25-1072 2.21-1072 6.45-1072
8 1.94-1072 1.48 4.86-1073 258 6.43-1072 3.44 1.95-1072 3.31
16 1.25-1072 155 1.79-10=2 2.71 2.10-10~2 3.06 5.35-10"2 3.65
32 7.87-107% 1.59 6.47-107* 2.77 7.13-107% 295 1.40-107% 3.82
64 4.86-107% 1.62 2.31-10* 2.80 247-107* 2.89 3.58-107% 3.91
128 2.96-107% 1.64 821-107° 2.81 8.63-107° 2.86 9.05-107° 3.95
256 1.79-1073 1.65 291-107° 2.82 3.04-107° 2.84 228-107° 3.98
1.41 2.00 2.00 4.00

In Tables and some results of numerical experiments for different

values of the parameters N, p and r are presented, using for m = 2 and m = 3
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Table 7.12: Numerical results for problem (7.5.1)—(7.5.2) with m = 3, ;1 =

571\0/57 2 = %7 N3 = 1- -

r=1 p=1 r=2 p=1 r=3, p=2 r=3, p=3

N EN OnN EN OnN EN On EN On

4 1.84-1072 7.19-1073 1.05- 1072 2.23-1072
8 1.16-1072 1.58 2.66-1072 2.70 1.80-1072 5.84 4.80-10"2 4.65
16 7.19-107% 1.62 9.63-107%* 277 263-107* 6.87 7.86-10"* 6.10
32 4.39-107% 1.64 3.44-107% 2.80 3.54-107° 7.42 1.13-107* 6.99
64 266-107% 1.65 1.22-107* 2.81 4.59-107% 7.71 1.50-1075 7.48
128 1.60-107% 1.66 4.34-1075 2.82 585-1077 7.85 1.95-107% 7.74
256 9.63-107* 1.67 1.54-107° 2.82 7.38-107% 7.93 247-10~" 7.87
1.41 2.00 8.00 8.00

the collocation parameters ([7.1.1)) and (7.1.2)), respectively. For m = 2 it follows
from (6.2.10)) in Theorem with v = % that, for sufficiently large N,

N=O05em 4f 1< pr < 4,
en < ¢ { N2 i pr >4, (7.5.3)

where ¢y is a positive constant not depending on N. Due to , the ratios
Oy for {p=1Lr=1} {{p=1Lr=2}{p=2,r=1}}and {p =2, r = 2}
ought to be approximatively 20° ~ 1.41, 2! = 2 and 22 = 4, respectively. These
values are given in the last row of Table

In the case m = 3 it follows from (6.2.10)) in Theorem with v = % that,
for sufficiently large NV,

N=0%r if 1< pr<6
< . ’ 5.
ENSC { N,3 if or > 6, (7 5 4)

Here ¢; is a constant which is independent of N. Due to , the ratios Oy
for {p=1,r=1},{p=1,r=2} and {{p =2, r=3},{p =3, r = 3}} ought to
be approximatively 29 ~ 1.41, 2! = 2 and 23 = 8, respectively.

As we can see from Tables and for small values of r and p the
actual convergence rate is faster than predicted by Theorem [6.2.1] However, the
maximal numerical convergence rate agrees with the estimate and thus

the method is not superconvergent on the interval [0, 1].
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7.6 Concluding remarks

In this thesis we have introduced and analyzed high order numerical methods for
solving boundary value problems for linear and nonlinear fractional differential
equations with Caputo fractional derivatives. For this we have studied the regu-
larity of their exact solutions and have shown that, despite the lack of regularity,
it is possible to recover the optimal convergence order of the proposed algorithms,
by using special graded grids and by introducing a smoothing variable transfor-
mation which allows a new equation with a smoother solution. Moreover, by a
judicious choice of smoothing, grid and collocation parameters it is possible to
obtain global superconvergence results for methods based on the integral equa-
tion reformulation with respect to the highest order fractional derivative. The

obtained theoretical results have been verified by extensive numerical examples.
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Sisukokkuvote

Murruliste tuletistega diferentsiaalvorrandite ligikaud-

ne lahendamine

Murrulised tuletised (s.t. tuletised, mille jéirk ei ole tédisarv) on pakkunud hu-
vi juba alates ajast, millal I. Newton ja G. W. Leibniz rajasid matemaatilise
analiiiisi aluseks oleva diferentsiaal- ja integraalarvutuse. Kaua aega kisitleti
murruliste tuletistega seotud kiisimusi vaid teoreetilisest vaatepunktist, sest ei
olnud n#ha, millised voiksid olla murruliste tuletiste rakendusvéimalused. Vii-
mastel aastakiimnetel on aga leitud, et murrulisi tuletisi sisaldavad diferent-
siaalvérrandid kirjeldavad mitmesuguste materjalide ja protsesside kditumist pa-
remini kui tdisarvulist jirku tuletistega diferentsiaalvéorrandid. See on kaasa too-
nud suure huvi murruliste tuletiste ja nende rakendamise voimalikkuse kohta.

Murruliste tuletistega diferentsiaalvorrandite tépse lahendi leidmine ei ole
enamasti voimalik ja seega peame nende lahendeid leidma ligikaudselt. See néuab
aga spetsiaalsete meetodite véiljatootamist, kuna murruliste tuletistega diferent-
siaalvorrandite korral ei ole reeglina rakendatavad téisarvuliste tuletistega dife-
rentsiaalvorrandite vallast tuntud tulemused.

Kéesoleva t66 pohieesmérk on vilja tootada efektiivsed lahendusalgoritmid
murruliste tuletistega diferentsiaalvérrandite ligikaudseks lahendamiseks voima-
likult laia iilesannete klassi korral. Selle saavutamiseks formuleeritakse esialgne
iilesanne timber teatava integraalvorrandina ja uuritakse koigepealt selle (seega ka
ldhteiilesande) lahendi siledust ning voimalikku singulaarset kditumist. Lahendi
sileduse informatsiooni pohjal rakendatakse saadud integraalvorrandi ligikaud-
seks lahendamiseks tiikiti poliinomiaalset kollokatsioonimeetodit. Léhislahendite
kiire koonduvuse saavutamiseks kasutatakse spetsiaalselt gradueeritud ebaiihtlaseid

vorke, milles vorgu s6lmed paiknevad tihedamalt integreerimisléigu alguspunkti
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laheduses, kus iilesande lahendi tavatuletised voivad tokestamatult kasvada. Tu-
gevalt ebaiihtlaste vorkude kasutamine voib soodustada iimardamisvigade kuhju-
mist ning praktiliste arvutuste ldbiviimisel pohjustada teatavat numbrilist ebasta-
biilsust, kui vorgupunktide arv on kiillalt suur. Seetottu on t66s sisse toodud sobiv
siluv muutujavahetus, mille abil teisendatakse aluseks olevat integraalvorrandit
nii, et uue integraalvorrandi lahendi tavatuletiste singulaarsused on norgemad
voi koguni puuduvad. Seejéirel leitakse uue integraalvorrandi ligikaudne lahend
ithtlasel voi norgalt gradueeritud vorgul tiikiti poliinomiaalse kollokatsioonimee-
todi abil.

To606s vaadeldakse kahte varianti ldhteiilesande iimberformuleerimiseks temaga
samavéirse integraalvorrandina. Peamiselt késitletakse situatsiooni, kus saadava
integraalvorrandi otsitava suuruse osas ei ole mitte lahteiilesande tédpne lahend,
vaid ldhte-iilesandes esinev otsitava funktsiooni kérgeimat jarku murruline tule-
tis. T6os nédidatakse, et sellise lihenemise korral on voimalik teatavate siluva-
te teisenduste ja sobivate vorkude abil saavutada ldhislahendite iilikiire koon-
dumine. Vaadeldakse ka alternatiivset meetodit, kus lahteiilesande lahendamine
on taandatud sellise integraalvorrandi lahendamisele, milles otsitavaks funktsioo-
niks on ldhteiilesande tdpne lahend. Sel korral on esitatud analiiiis, mis ei néita
lahislahendite {ilikiiret koonduvust. Toodud numbrilised eksperimendid kinnita-
vad, et antud meetodi korral ldhislahendite iilikiiret koonduvust téepoolest ei
saavutata.

Kéesolev doktorit6o koosneb seitsmest peatiikist. Esimeses peatiikis antakse
lithike kirjeldus murruliste tuletiste ajaloost ning murruliste tuletistega diferent-
siaalvorrandite numbrilise lahendamisega seotud probleemidest. Teises peatiikis
esitatakse rida toos vajalikke téhistusi, moisteid ja tulemusi. Jérgnevad kolm
peatiikki on piithendatud meetodile, mis kasutab esialgse iilesande taandamist in-
tegraalvorrandile, kus otsitavaks suuruseks on esialgses iilesandes esinev kérgeimat
jarku murruline tuletis. Kolmanda peatiiki eesmérk on anda sissejuhatav iilevaade
neljandas ja viiendas peatiikis kasutatavast ldhenemisest.

Neljandas peatiikis vaadeldakse voimalikult laia murruliste tuletistega lineaar-

sete tilesannete klassi kujul (4.0.1)—(4.0.2]):

p—1

(D )1+ 3 di(t)(DEL,w)(1) + /0 (t— ) Kt s)y(s)ds = f(t), 0<t<b,
1=0
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no B
> Biioy( +ZZ@UW (bx) +51/ y(s)ds =i, i=0,....,n—1,
=0

k=1 j=0

kus Bijo, Bijk, Bi,vi € R, p € N, ng,n1 € Ny,

0<ag<a<---<ap<n, n:=[ap|, 0<rk<I,

O0<by <---<bh <b, O<Ei§b, 1=0,....n—1, ng<n, ni <n,

di :[0,0] > R (i=0,...,p—1), f:]0,b] > R, K : {(s,t) : 0<s<t<b} —Ron
etteantud pidevad funktsioonid ja Dcapy (i = 0,...,p) on vastavate jirkudega

Caputo murrulised tuletised otsitavast funktsioonist y. Peatiiki pohitulemused on

antud teoreemidega |4.2.1] |4.4.1] ja |4.4.2] Teoreemiga |4.2.1] on antud vaadeldava

iilesande téapse lahendi y olemasolu, tihesus ja regulaarsuse omadused. Teoreemi-
des[.4.7]ja[4.4.2] on esitatud tulemused viilja tédtatud numbriliste meetodite abil
leitud léhislahendite koondumis ja veahinnangute kohta. Diferentsiaalvorrandis
olevate kordajate do(t), ..., dp—1(t) ja vabaliikme f(t) sileduse kohta tehakse tea-
tud eeldused, mis on rahuldatud koigi 16igus [0, b] pidevate ja m korda (m > 1)
pidevalt diferentseeruvate funktsioonide korral ning véimaldavad késitleda ka sel-
liseid funktsioone, mille tuletised alates mingist jirgust voivad olla tokestamata
integreerimisloigu alguspunkti timbruses.

Viiendas peatiikis uuritakse mittelineaarse murrulise tuletisega rajaiilesande
f ligikaudset lahendamist peatiikkides kolm ja neli vaadeldud mee-
todite abil. Vaadeldava iilesande lahendi siledus on antud teoreemiga ja
ldhislahendite koonduvus ja koonduvuskiirust iseloomustavad teoreemid ja
0.4.2)

Kuuendas peatiikis on esitatud alternatiivne meetod murrulise tuletisega dife-
rentsiaalvorrandi rajaiilesande ligikaudseks lahendamiseks. Saadud ldhislahendite
koonduvuskiiruse hinnangud on antud teoreemiga Me n&eme, et erine-
valt varem vaadeldud meetodist tulemus ldhislahendite iilikiire koonduvuse kohta
puudub, mida kinnitavad ka jargmises peatiikis l4bi viidud numbrilised eksperi-
mendid.

Viimases peatiikis on t66s saadud teoreetilisi tulemusi testitud numbriliste
eksperimentide abil. Testiilesannete lahendamisel saadud arvulistest tulemustest
jareldub, et t66s saadud veahinnangud on jérgu poolest mitteparandatavad.

Enamus kéesoleva t66 tulemustest sisalduvad autori poolt avaldatud pub-

likatsioonides [68-73), 93]. Seejuures osa avaldatud tulemusi on kéesolevas t6s
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laiendatud {ildisemale juhule. Saadud tulemusi on tutvustatud iiheksal rahvusva-

helisel teaduskonverentsil.
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