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Introdu
tionIn this resear
h the ve
tor �elds on the plane, 
ows of the ve
tor �elds andthe transformations of tensor �elds (in
luding fun
tions, ve
tor �elds anddi�erential forms) in the 
ow are studied. In the part I we deal with Lie dif-ferentiating, derive ne
essary formulas and speak about derivation formulaein the 
ase of natural basis. With ve
tor �eld X asso
iates one-form ! thatannuls on the ve
tor �eld X, i.e. !(X) = 0. If one-form is exa
t then itis lo
ally di�erential of the invariant of ve
tor �eld X: ! = dI. Otherwisewe multiply one-form with integrating fa
tor f . In this 
ase one-form f! isexa
t and invariant is therefore found, f! = dI.In the part II we deal with linear ve
tor �elds on the plane. In the 
ase oflinear ve
tor �eld the 
ow is determined with exponential lawU 0 = CU ) Ut = eCtU:U 0 = CU is system of ordinary linear di�erential equations (dynami
 sys-tem) that 
orresponds to the ve
tor �eld, Ut = eCtU is general solution ofthe system, C is a 
onstant matrix, U is �xed point on the plane and eCt isexponential of the matrix Ct.Linear ve
tor �eld is an operator of the linear group GL(2;R). Four op-erator 
an be as basis operators. Then all other operators are their linear
ombinations with 
onstant 
oeÆ
ients. Dilation operator 
ommutate withother operators and therefore it is their in�nitesimal symmetry. Linear ve
tor�elds 
an be 
lassify as ellipti
al, hyperboli
 and paraboli
. Dilatation groupin
uen
es these ve
tor �elds, i.e. dilatation or 
ontra
tion of the plane takespla
e. Classi�
ation table is given on page 22, whi
h is analogi
al with tablein the book [2℄, page 68, but it is mu
h more pre
ise. It 
an be said thatequi-aÆne transformations on the plane form a fa
tor group of the group of
entro-aÆne transformations with respe
t to the dilation subgroup.For a linear ve
tor �eld is 
hara
teristi
 that the straight lines in its 
owremain straight and the parallelism of lines remain.The main property of linear 
ow is the phase portrait of linear 
ow repeatsitself in the moving frame if its initial point moves along some traje
tory. Inthe non-linear 
ow it is not so. Non-linear 
ow 
an be linearized if we �xin some point Ja
ob matrix, whi
h is 
omposed of the partial derivatives ofthe ve
tor �eld X 
omponents. In the 
ase of linear 
ow the Ja
ob matrixis 
onstant matrix C but in the 
ase of non-linear 
ow the Ja
ob matrix is4



di�erent at every point and therefore "linear appraisal" 
hanges if we movefrom point to point.Part III 
on
entrates to the main goal of the paper whi
h is to study ten-sor �elds in the linear 
ow. Generally the tensor �eld is determined with
omponents in the (non-holonomi
) basis, i.e. it is determined in the reperand in the dual 
oreper. Therefore in the given 
ow the 
omponents of thetensor �eld and also the basis 
hanges. It is possible to des
ribe the 
hangeof the tensor �eld if we know how the basis 
hanges. For that we have toknow the derivation formulae of the reper and 
oreper. In the natural basisare derivation formulae determined with Ja
ob matrix of the ve
tor �eld. Inthe 
ase of linear ve
tor �eld with 
onstant matrix C.If the 
ow is linear and the Ja
ob matrix is 
onstant matrix C then reperand 
oreper 
hange a

ording to the exponential law. In this 
ase 
hange oftensor �eld is mu
h easier to des
ribe. It 
an be distinguished two main 
ases:1) Components of the tensor �eld in the given 
ow do not 
hange, i.e. theyare 
onstant on the traje
tories of the ve
tor �eld X. Change of the tensor�eld is 
ompletely determined with transformation of the basis. With helpof the derivation formulae we 
al
ulate Lie derivations of the tensor �eld. Itappears that Lie derivations of the tensor �eld are related linearly. RevealsODE that solution determines 
hange of the tensor �eld in the given 
ow.2) Tensor �eld itself is invariant in the given 
ow. Obviously in this 
asethe 
omponents of the tensor �eld are transformed. We are talking aboutthe a
tion of the linear group GL(2;R) in the spa
e RN , where 
oordinatesare 
omponents of the tensor. Spa
e dimension is equal to number of 
om-ponents N . This representation is linear in the spa
e RN . Therefore everytransformation is determined with N � N matrix. Operators of the groupGL(2;R) are linear ve
tor �elds, i.e. the linear ve
tor �eld X is repla
edwith the ve
tor �eld �X and matrix C 
orresponds to the matrix �C. Matrix�C is 
ompletely determined by the matrix C and its eigenvalues are linear
ombinations of the eigenvalues of matrix C. It appears that eigenvalues ofthe matrix �C are pla
ed in node points of the parti
ular grid on the 
omplexplane.Expli
itly tensor �elds of type (0; 1), (1; 0), (1; 1), (0; 2), (0; 3) and (1; 2) havebeen studied. For these 
ases 
orresponding ODE's has been derived.The 
orresponden
e X ! �X 
an be interpreted as an extension of the a
tionof the group GL(2;R) into the tensor spa
es. Therefore we rea
h the theory5



of the algebrai
 invariants in the 
lassi
al sense. We see parti
ular 
ases ofthe extended operators �X in the le
tures of D. Hilbert (see [3℄, operators Dand � on pages 27,30) and in the theory of polynomial dynami
 systems ofK. Sibirski (see [10℄).If a ve
tor �eld is an in�nitesimal version of the movement ("stop-shot" ofthe movement) then the operators are in�nitesimal versions of the a
tion ofgroup on the orbits of the group. If a ve
tor �eld X determines a
tion of thelinear group on the uv plane then the ve
tor �eld �X determines a
tion of thelinear group in tensor spa
e.During this resear
h has been revealed thesis [5℄, arti
le [6℄ and book [9℄.
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Preliminary notesTo avoid misunderstandings that 
an arise during reading this paper we makethe following 
onventions. We 
onsider that all operations like di�erentiatingof fun
tions and of (tensor) �elds are allowed. Also, we presume the existen
eof solutions of di�erential equations and the 
onvergen
e of series.1. Di�erentiating a fun
tion f (on a plane, in spa
e, on a manifold) with re-spe
t to the ve
tor �eld X, we presume that the fun
tion f is di�erentiable.We do not require the existen
e of 
ontinuous partial derivatives but onlythe "smoothness" of the fun
tion f on the traje
tories of the ve
tor �eld X.This is valid also when we di�erentiate the tensor �elds, i.e. 
al
ulating theLie derivatives.2. Speaking about solutions of the system of ordinary di�erential equations� u0 = x(u; v)v0 = y(u; v) ;we naturally presume that the fun
tions x and y satisfy the 
onditions of theexisten
e theorem, see [11℄, p. 266. From the theorem it follows that the gen-eral solution of the system determines a set of traje
tories (integral 
urves)and the movement of the points along the traje
tories. On the uv planethere arises a 
ow. We realize the 
ow of the ve
tor �eld as one-parameter(pseudo) group of lo
al transformations on di�erentiable manifold.3. We des
ribe the transformation of the tensor �eld f in the 
ow at = exp tXby the series of Lie-Ma
laurin ft = 1Xk=0 f (k) tkk! ;where the 
oeÆ
ients f (k) are Lie derivatives with respe
t to the ve
tor �eldX. We also presume that these 
oeÆ
ients exist, i.e. �eld f belongs tothe 
lass C1, and power series ft 
onverges in a neighbourhood. Detail anal-ysis would be appropriate in this situation but it is not the goal of this paper.
7



Part ILie derivative of the tensor�elds1 Ve
tor �elds and 
owLet M be a n-dimensional (smooth) manifold1 and (u1; : : : ; un) lo
al 
oordi-nates. Suppose 
 is a smooth 
urve on manifold M . At ea
h point u of 
the 
urve has a tangent ve
tor. The 
olle
tion of all tangent ve
tors to allpossible 
urves passing through the point u is 
alled tangent spa
e of M atu and is denoted by TuM . TuM is a ve
tor spa
e with basis f ��u1 ; : : : ; ��ung.The 
olle
tion of all tangent spa
es 
orresponding to all points u 2 M is
alled the tangent bundle of M and is denoted by TM = Su2M TuM .A ve
tor �eld X on M assigns a tangent ve
tor Xu 2 TuM to ea
h pointu 2M . Hen
e ve
tor �eld on the manifold M is di�erential operatorX = x1 ��u1 + : : :+ xn ��un ; (1)where the 
omponents x1; : : : ; xn are fun
tions of 
oordinates u1; : : : ; un (see[8℄, p. 24). With the ve
tor �eld (1) asso
iates a system of ordinary di�er-ential equations 8<: du1dt = x1(u1; : : : ; un)� � �du1dt = xn(u1; : : : ; un) : (2)In the following we 
onsider the ve
tor �eld X on the plane R2 with 
oordi-nates u and v, i.e. u1 = u and u2 = vX = x ��u + y ��v ; (3)where the 
omponents x; y 2 C1 are fun
tions of the u and v.The �nding of integral 
urves u(t) = at(u) of the ve
tor �eld X is equivalentto solve the system of equations (2). The map at : R�M !M , (at : u! ut)is 
alled a 
ow generated by X (see [7℄, p. 150).1In the following we presume that all (tensor) �elds on the manifoldM are di�erentiableof 
lass Ck, where k = 1; 2; : : :, or even of 
lass C! .8



2 Di�erential formsWhile the tangent spa
e to the manifold M at the point u is a ve
tor spa
eTuM then there exists a dual ve
tor spa
e to TuM , whose elements are linearfun
tions from TuM to R. The dual spa
e is 
alled 
otangent spa
e and isdenoted by T �uM . An element ! : TuM ! R of T �uM is 
alled 
otangentve
tor or one-form (see [7℄, p 145 also [8℄, p. 53). If (u1; : : : ; un) are lo
al
oordinates and the tangent spa
e has a basis f ��u1 ; : : : ; ��ung then the dual
otangent spa
e T �uM has a dual basis, denoted fdu1; : : : ; dung; thusdui� ��uj� = � 0; if i 6= j1; if i = j 8i; j 2 f1; : : : ; ng: (4)3 Lie derivative of the fun
tionLet X be a ve
tor �eld on the uv plane. In the following we denote the partialderivatives of the fun
tion f 2 C1(R2 ;R) with respe
t to the variables u andv with f1 and f2 respe
tively. The derivative of the fun
tion f with respe
tto the ve
tor �eld X we denote Xf or f 0Xf = f 0 = x�f�u + y�f�v : (5)For brevity we write f 0 = xf1 + yf2; (6)where f1 = �f�u and f2 = �f�v : (7)n-th order Lie derivative of the fun
tion f with respe
t to the ve
tor �eld Xis denoted Xnf or f (n)Xnf = f (n) = x�(Xn�1f)�u + y�(Xn�1f)�v : (8)The fun
tion f 
hanges under the in
uen
e of the 
ow at:f 7! ft = f Æ at (9)Di�erentiating ft = f Æ at with respe
t to t we get (f Æ at)0 = Xf = f 0. Thefun
tion ft 
an be developed in the Lie-Ma
laurin series:ft = f + f 0t + f 00 t22 + � � � = 1Xk=0 f (k) tkk! : (10)9



In the following we use also notations (see (6))x1 = �x�u; x2 = �x�v ; y1 = �y�u; y2 = �y�v :The matrix that 
onsists of partial derivatives of 
omponents x and yC = � x1 x2y1 y2 � (11)is 
alled Ja
ob matrix. Later we refer 
omponents of the matrix C also asCji , where i is 
olumn index and j is row index.4 Derivation formulaeNatural base (operators of the partial derivatives ��u and ��v and derivativesof the 
oordinate fun
tions du and dv) 
hanges under in
uen
e of the 
ow atof the ve
tor �eld X.Proposition 4.1 Lie derivatives of di�erentials of 
oordinate fun
tions (
oreper)in the matrix form are�dudv�0 = � x1 x2y1 y2 � � �dudv� ; (12)or brie
y �0 = C�.Proof. Applying formula (17) to the fun
tions u and v we get(du)0 = dx = x1du+ x2dv and (dv)0 = dy = y1du+ y2dv.Proposition 4.2 Lie derivatives of the operators of partial derivatives (reper)in the matrix form are� ��u ��v �0 = �� ��u ��v � � � x1 x2y1 y2 � ; (13)or brie
y R0 = �RC.Proof. While du� ��u� = �u�u = 1; dv� ��u� = �v�u = 0;10



du� ��v� = �u�v = 0; dv� ��v� = �v�v = 1;then di�erentiating these equations we getdu�� ��u�0�+ (du)0� ��u� = 0; dv�� ��u�0�+ (dv)0� ��u� = 0;du�� ��v�0� + (du)0� ��v� = 0; dv�� ��v�0�+ (dv)0� ��v� = 0:Considering formula (12) we get 
omponents for the ve
tor �elds � ��u�0 and� ��v�0 du�� ��u�0� = �x1; dv�� ��u�0� = �y1;du�� ��v�0� = �x2; dv�� ��v�0� = �y2:And therefore� ��u�0 = �x1 ��u � y1 ��v ; � ��v�0 = �y1 ��u � x2 ��v :5 Lie derivative of the one-formOne-form � 
hange under the in
uen
e of the 
ow at:�! �t (14)Changing one-form �t is uniquely determined with formulae�t(Yt) = (�(Y ))t; (15)where Y is arbitrary ve
tor �eld and Yt is de�ned above, see (23). Di�eren-tiating this equation on left and right we get�0(Y ) = X(�(Y ))� �([XY ℄): (16)Last equation determines the derivative of one-form � with respe
t to theve
tor �eld X. One-form �t 
an be developed to the Lie-Ma
laurin series�t = � + �0t+ �00 t22 + � � � = 1Xk=0 �(k) tkk! ;where the 
oeÆ
ients �(k) are Lie derivatives.11



Proposition 5.1 Lie derivative of the di�erential of the fun
tion f is dif-ferential of the derivative f 0, i.e.(df)0 = df 0: (17)Proof. Let Y be arbitrary ve
tor �eld. While df is one-form then we applythe formula (16) and get(df)0(Y ) = X(df(Y ))� df([XY ℄)= XY f � [XY ℄f = Y Xf = Y f 0 = df 0(Y ); 8 Y: (18)Proposition 5.2 If one-form � is given in matrix form� = �'  ��dudv� ; (19)then the 
orresponding Lie derivative is�0 = ��'0  0�+ �'  �� x1 x2y1 y2 ���dudv� ; (20)or �0 = (X'+ x1'+ y1 )du+ (X� + x2'+ y2 )dv: (21)Proof. To get formulae (20) and (21) we di�erentiate equation (19) andget dire
tly 
orresponding formulae with help of Leibniz rule and derivationformula (12).
6 Lie derivative of the ve
tor �eldChange of the ve
tor �eld Y in the 
ow at:Y ! Yt (22)is des
ribed by the formula Ytft = (Y f)t; (23)where f is arbitrary fun
tion. Equation (23) determines uniquely the 
hang-ing ve
tor �eld Yt. Di�erentiating this equation with respe
t to the parameter12



t at t = 0 we get Y 0f + Y f 0 = (Y f)0, i.e. Y 0f = (XY � Y X)f . The op-erator [XY ℄ = XY � Y X is 
alled bra
ket of the ve
tor �elds X and Y .The derivative of the ve
tor �eld Y with respe
t to the ve
tor �eld X is thebra
ket Y 0 = [XY ℄: (24)The ve
tor �eld Yt 
an be developed in the Lie-Ma
laurin seriesYt = Y + Y 0t+ Y 00 t22 + � � � = 1Xk=0 Y (k) tkk! ; (25)where the 
oeÆ
ients are the bra
kets Y 0 = [XY ℄, Y 00 = [X[XY ℄℄,. . . .Proposition 6.1 If the ve
tor �eld Y is given in matrix formY = � ��u ��v ����� (26)then the 
orresponding Lie derivative isY 0 = � ��u ��v ����0�0�� � x1 x2y1 y2 ������ ; (27)or Y 0 = (X� � Y x) ��u + (X� � Y y) ��v : (28)Proof. To prove formulae (27) and (28) we di�erentiate the equation (26)and get dire
tly 
orresponding formulae with help of Leibniz rule and deriva-tion formula (13).
7 Di�erential forms. Integrating fa
torThe ve
tor �eld X is related with an one-form ! = �ydu+ xdv.Proposition 7.1 The one-form ! = �ydu+xdv nulli�es on the ve
tor �eldX, i.e. !(X) = 0. Lie derivative !0 and exterior derivative d! are relatedwith divergen
e of ve
tor �eld X as follows:!0 = divX � !; d! = divX � (du ^ dv): (29)13



Proof.!0 = �y0du� ydx+ x0dv + xdy == �(y1x+ y2y)du� y(x1du+ x2dv) + (x1x+ x2y)dv + x(y1du+ y2dv) == (x1 + y2)(�ydu+ xdv) = divX � !;d! = �dy ^ du+ dx ^ dv = (x1du+ x2dv) ^ dv � (y1du+ y2dv) ^ du == (x1 + x2)(du ^ dv) = divX � (du ^ dv):Proposition 7.2 If divX = 0 then the related one-form ! is (lo
ally) exa
tand it is di�erential of an invariant of the ve
tor �eld X:divX = 0) !0 = 0; d! = 0) 9I; ! = dI ) I 0 = 0: (30)Proof. If divX = 0 then one-form ! is invariant of the ve
tor �eld X, i.e.!0 = 0 and exterior derivative d! = 0, see (29). Therefore ! is (lo
ally)di�erential of some fun
tion I, ! = dI.Proposition 7.3 Let f be a fun
tion that satis�es the 
onditionf 0 + fdivX = 0: (31)Multiplying the ve
tor �eld X with fun
tion f we get a solenoid �eld, div(fX) =0. Multiplying the one-form ! with fun
tion f we get an exa
t one-form,d(f!) = 0. One-form f! is di�erential of an invariant of the ve
tor �eld X,f! = dI, I 0 = 0.Proof. While divX = x1 + y2, see (29), then div(fX) = (fx)1 + (fy)2 =f1x + f2y + f(x1 + x2) = f 0 + fdivX. From here we get the 
ondition (31).Rest of the proposition is a 
on
lusion of the proposition 7.2.The fun
tion f that satis�es the 
ondition (31) is 
alled integrating fa
tor.
14



8 Lie derivative of the tensor �eldIn the following is 
onsidered a parti
ular tensor �eld of type (1; 2):S = ��ui sijkduj 
 duk; i; j; k = 1; 2: (32)The following formula shows how to 
al
ulate its Lie derivative with respe
tto the ve
tor �eld X on the uv-plane. Using the derivation formulae (12)and (13) we getS 0 = ��ui �Xsijk � Cil sljk + silkC lj + sijlC lk� duj 
 duk; (33)where C = � x1 x2y1 y2 � : (34)In the 
ase of general tensor �eld of type (p; q) the situation is analogous.

15



Part IILinear ve
tor �elds9 Linear ve
tor �eldVe
tor �eld is 
alled linear ve
tor �eld if it's 
omponents x and y are homo-geneous linear fun
tions of the 
oordinates u and vX = (
1u+ 
2v) ��u + (
1u+ 
2v) ��v : (35)The system (2) in matrix form and the Ja
ob matrix (11) are repe
tively�u0v0� = � 
1 
2
3 
4 � � �uv� ; C = � 
1 
2
3 
4 � : (36)The solution of 
hara
teristi
 equationjC � �Ej = �2 � trC � �+ detC = 0 (37)depends on the dis
riminant� = tr2C � 4 detC = trC2 � 2 detC: (38)Eigenvalues of the Ja
ob matrix C 
an be1) 
onjugate 
omplex numbers �1;2 = �� i�, if � < 0,2) not equal real numbers �1;2 = �� �, if � > 0,3) equal real numbers �1 = �2 = �, if � = 0,where �, � 2 R.The following equations are valid and 
an be derived from the de�nitions ofthe tra
e, determinant of matrix C and dis
riminant:trC = 
1 + 
4 = 2�;detC = 
1
4 � 
2
3 = �2 � �2;trC2 = 
21 + 
24 + 2
2
3 = 2(�2 � �2);� = (
1 � 
4)2 + 4
2
3 = ��2: (39)The upper sign 
orresponds to the 
ase � < 0 and the lower sign 
orrespondsto the 
ase � > 0. In the 
ase � = 0 is � = 0.16



10 Exponential lawThe 
ow of the linear ve
tor �eld (35) is determined by the exponential ofthe matrix Ct: eCt = E + Ct + C2 t22 + � � � = 1Xk=0 Ck tkk! : (40)The system (36) is like di�erential equation of typeU 0 = CU: (41)General solution of the equation (41) isUt = eCtU; (42)where U = �uv� and Ut = �utvt�.Proposition 10.1 Exponential eCt and general solution Ut are1) eCt = e�t hE 
os �t+ (C � �E) sin�t� i, Ut = e�t hU 
os �t+ (U 0 � �U) sin �t� i,if � < 0,2) eCt = e�t hE 
h �t+ (C � �E)sh �t� i, Ut = e�t hU 
h �t+ (U 0 � �U)sh �t� i,if � > 0,3) eCt = e�t [E + (C � �E)t℄, Ut = e�t [U + (U 0 � �U)t℄,if � = 0.Proof. Considering that e�Et = e�tE we geteCt = e�te(C��E)t: (43)We have to 
al
ulate the exponential e(C��E)t. ObviouslyC2 � trC � C + det �E = 0; (44)where 0 is zero matrix. From the equation (44) 
an be derived thatC2 � 2�C + (�2 � �2)E = 0; (C � �E)2 � �2E = 0: (45)17



Using last equation in the Ma
laurin series and 
onsidering signs in 
ases 1and 2 we gete(C��E)t = E + (C � �E)t� E�2t22! � (C � �E)�2t33! + E�4t44! + (C � �E)�4t55! � � � �= E(1� �2t22 + �4t44! � � � �) + (C � �E) 1� (�t� �3t33! + �5t55! � � � �):In the 
ase � = 0 e(C��E)t = E + (C � �E)t:Considering equations
os �t = 1� �2t22 + �4t44! � � � � ; sin �t = 1� �3t33 + �5t55! � � � � ;
h �t = 1 + �2t22 + �4t44! + � � � ; sh �t = 1 + �3t33 + �5t55! + � � � ;we get 
orresponding formulae.
11 Main property of the linear 
owThe pe
uliarity of the linear 
ow 
onsists in the following.Proposition 11.1 A linear fun
tion f in the linear 
ow remains linearfun
tion. Straight lines remain straight, parallelism of the straight lines re-mains and every straight line envelops the traje
tory whose tangent it is.Proof. Let a linear fun
tion be in matrix form f = PU , where P = (p1; p2).The fun
tion f = PU transforms in the 
ow, U ! Ut = eCtU , but it remainslinear fun
tion ft = PtU , where Pt = PeCt. It means that the tangent-lineof the fun
tion f is also tangent-line of the fun
tion ft. Therefore everytangent-line of the fun
tion ft remains straight. Remains the parallelism oftwo parallel lines.The 
hara
teristi
 point of the straight line PU = K � 
onst is determinedwith formula PU 0 = 0 and the velo
ity ve
tor U 0 is dire
ted along the straightline. Therefore the straight line envelopes traje
tory whose tangent it is.18



Example. In the Figure 1 we observe two parallel straight segments in the
ow of linear ve
tor �eld X = (u� v) ��u + u ��v . We see that these segments
hange but they remains straight and parallel.
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Figure 1: Two segment in the linear 
ow12 Lo
al phase portraitThe term phase portrait is de�ned and explained in [4℄, p. 37. Two phaseportraits are similar if the matri
es C of the 
orresponding ve
tor �elds areequal.Proposition 12.1 The phase portrait in the frame whi
h moves along thetraje
tory Ut = eCtU is similar to the phase portrait in the global frame.Proof. Point U and it's neighbour point U + dU transform a

ording toequation Ut = eCtU and (U + dU)t = eCt(U + dU). Then Ut + (dU)t =eCtU + eCtdU and (dU)t = eCtdU .Example. Let's 
onsider a hyperboli
 
ow of the ve
tor �eldX = u ��u + (u� v) ��v .Observing one parti
ular moving point we see that around the point globalphase portrait repeats itself in the lo
al frame. See Figure 2.13 Linearization of nonlinear ve
tor �eldIn the 
ase of nonlinear 
ow the phase portrait does not repeat itself inthe moving frame. To get the linear ve
tor �eld at some point, we have to�x the elements in the Ja
ob matrix of the nonlinear ve
tor �eld using the
oordinates of the point. 19



v
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v

u

v

uFigure 2: Linear phase portrait in the moving frameExample. Let us 
onsider a nonlinear system and 
orresponding Ja
ob matrix J :� u0 = u� v � u(u2 + v2)v0 = u+ v � v(u2 + v2) ; J = � 1� 3u2 � v2 �1� 2uv1� 2uv 1� u2 � 3v2 � ; (46)see [4℄, page 59. For every �xed point Ja
ob matrix J is 
onstant and itdetermines linear 
ow around this point, see Figure 3, page 21.The phase portrait of the 
orresponding linear ve
tor �eld 
hanges movingfrom point to point. At �rst we are inside the 
ir
le u2 + v2 = 1 (attra
tor).The divergen
e of the ve
tor �eld, i.e. the tra
e of the matrix J , 
hangesits sign on the 
ir
le u2 + v2 = 12 (marked as dotted line). Moving awayfrom the 0-point we see unstable fo
us. On the 
ir
le the fo
us is turned intoellipti
al rotation. Outside the 
ir
le and inside the attra
tor we see a stablefo
us. On the attra
tor the ve
tor �eld is turned into stable paraboli
 node.Outside the attra
tor we see stable hyperboli
 node. Therefore a nonlinearve
tor �eld, in this 
ase 3th order polynomial ve
tor �eld, produ
es di�erentsituations in di�erent points.14 Classi�
ationThe linear ve
tor �elds 
an be 
lassi�ed with respe
t to the value� = tr2C � 4 detC:In following we 
onsider the ve
tor �elds in the xy-frame, where x = trCand y = detC. The equation � = 0 determines a parabola.1. Inequality � > 0 determines a region inside the parabola. In this 
ase thephase portrait of the ve
tor �eld at the 0-point is fo
us. If trC < 0 then the20
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Figure 3: Linearization of the nonlinear 
owsaddle is stable, if trC > 0 then the saddle is unstable. In 
ase trC = 0 theve
tor �eld is sour
e free.2. The inequality � < 0 determines a region outside the parabola. Thephase portrait of the ve
tor �eld at the 0-point is saddle, if detC < 0, andhyperboli
 node, if detC > 0 (it might be stable if trC < 0 or unstabletrC > 0). In the 
ase detC = 0 the traje
tories are parallel straight lines.3. In the 
ase of equality � = 0 the ve
tor �eld is pla
ed on the parabola.Corresponding phase portrait is paraboli
 node, stable (if trC < 0) or unsta-ble (if trC > 0). In the 
ase detC = 0 ve
tor �eld is degenerated.21
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Figure 4: Classi�
ation of the linear ve
tor �eldsThe s
hema Figure 4 
omparing with the s
hema in the book [2℄ is far per-fe
t. We distinguish hyperboli
 and paraboli
 nodes. Latter is pla
ed on theparabola � = 0.
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Part IIITensor representations of thelinear groupIn the following we use terms that 
an be found in the bibliography. Termslike Lie group and Lie algebra 
an be found in [1℄, vol. III, p. 552 and [1℄,vol. III, p. 532 and term one-parameter subgroup 
an be found in [1℄, vol.IV, p. 218. We are parti
ularly interested in general linear group GL(2;R)- the set of all invertible 2� 2 matri
es with real entries.15 A
tion of GL(2;R ) and gl(2;R ) on the uv-planeA group G is said to a
t on set M when there is a map � : G �M ! Msu
h that the following 
onditions hold for all elements u 2M :1. �(e; u) = u, where e is identity element of G and2. �(g; �(h; u)) = �(gh; u), for all g; h 2 G.Here G is 
alled transformation group and � is 
alled the group a
tion. If Gis Lie group and M is di�erentiable manifold then it is assumed that map �is di�erentiable.On the uv-plane an a
tion of the linear group GL(2;R) is determined, i.e.every regular matrix A 2 GL(2;R) determines a transformation�uv�! � ~u~v� = � a1 a2a3 a4 � � �uv� ; (47)U ! ~U = AU: (48)For more about Lie groups and their a
tion see [8℄, pages 13-17.Remark 15.1 Generally the transformation (47) is 
entro-aÆne. If trA = 0then the transformation is 
alled equi-aÆne (the areas remain).A representation of a linear group G is a group a
tion of G on a ve
tor spa
eV by invertible linear maps.On the uv-plane the a
tion of the Lie algebra gl(2;R) is also determined,i.e. every (non-regular) matrix C 2 gl(2;R) determines a system of ODE's23



U 0 = CU , i.e. linear ve
tor �eld is determinedX = (
1u+ 
2v) ��u + (
3u+ 
4v) ��v ; (49)where C = � 
1 
2
3 
4 �. This is representation of the gl(2;R) on the uv-plane. The exponential eCt of the matrix Ct determines an one-parametri
subgroup in GL. The 
ow at of the ve
tor �eld X on the uv-plane is given.16 Operators of linear group GL(2;R )The matrix A = � a1 a2a3 a4 � 
an be presented as sum of four matri
es� a1 a2a3 a4 � = a1 + a42 � 1 00 1 �+ a1 + a32 � 0 11 0 � ++ a1 � a42 � 1 00 �1 �+ a2 � a32 � 0 �11 0 � : (50)Therefore the ve
tor �eld X, see (35), 
an be present as a linear 
ombinationof four ve
tor �eld: X = p0X0 + p1X1 + p2X2 + p3X3; (51)wherep0 = a1 + a42 ; p1 = a1 + a32 ; p2 = a1 � a42 ; p3 = a2 � a32 ; (52)X0 = u ��u + v ��v ; X1 = v ��u + u ��v ;X2 = u ��u � v ��v ; X3 = �v ��u + u ��v : (53)The ve
tor �eld X0 is 
alled dilation operator. The ve
tor �eld X3 is 
alledrotation operator. Ve
tor �elds (53) are the operators of the group GL onthe uv plane and they form a basis for this group.In the following is given the 
ommutator table of the operators Xi, i =0; 1; 2; 3, see Table 1. Also is given the 
ommutator table of normalized op-erators Yi = 12Xi, i = 0; 1; 2; 3:Commutator table is skew-symmetri
 sin
e [Xi; Xj℄ = �[Xj; Xi℄.24



X0 X1 X2 X3X0 0 0 0 0X1 0 0 2X3 �2X2X2 0 �2X3 0 2X1X3 0 2X2 �2X1 0 Y0 Y1 Y2 Y3Y0 0 0 0 0Y1 0 0 Y3 �Y2Y2 0 �Y3 0 Y1Y3 0 Y2 �Y1 0Table 1: Commutator tables of the operators Xi and Yi = 12Xi, i = 0; 1; 2; 3.17 Natural basis in the linear 
owThe 
ow transforms the natural basis (R;�)! ( ~R; ~�), where� ��~u ��~v � = � ��u ��v � � � a1 a2a3 a4 ��1 ; �d~ud~v� = � a1 a2a3 a4 � � �dudv�or simply ~R = RA�1; ~� = A�: (54)If At = eCt then formulae (54) are in the formRt = RA�1t ; �t = At�; (55)or Rt = Re�Ct; �t = eCt�: (56)The formulae (56) demonstrate how the basis (R; �) is transformed undersubgroup At = eCt. Di�erentiating formulae (56) with respe
t to the param-eter t at t = 0 we get an in�nitesimal transformation in the 
ow at : U ! UtR0 = �RC; �0 = C�: (57)Prime means, as before, Lie derivatives with respe
t to the ve
tor �eld X.18 Tensor �elds in the linear 
owAll kind of tensor �elds on the uv-plane are transformed in the linear 
ow.A tensor S of type (p; q) in the 2-dimensional spa
e is given with respe
t tothe basis (R;�) S = Ri1 
 � � � 
 Ripsi1:::ipj1:::jq�j1 
 � � � 
 �jp: (58)
25



Proposition 18.1 Components s are transformed by the transformation (47)as follows ~si1:::ipj1:::jq = Ai1k1 � � �Aipkpsk1:::kpl1:::lq �Al1j1 � � � �Alpjp; (59)where �A = A�1.Proof. Applying formulae (54) to the tensor S we getS = Ri1 
 � � � 
Rip �Ak1i1 � � � �Akpip ~si1:::ipj1:::jqAj1l1 � � �Ajqlq�j1 
 � � � 
 �jp: (60)Here �Ak1i1 � � � �Akpip ~si1:::ipj1:::jqAj1l1 � � �Ajqlq = si1:::ipj1:::jq : (61)whi
h means that ~si1:::ipj1:::jq = Ai1k1 � � �Aipkpsk1:::kpl1:::lq �Al1j1 � � � �Alpjp: (62)Example. A tensor �eld of type (1; 2) is determined asS = Risijk�j�k: (63)The 
omponents s are transformed by the transformation (59) as follows~sijk = Aipspqs �Aqj �Ask; (64)where �A = A�1. Applying formulae (54) to the tensor S we get (withoutindexes) S = RA�1~sAA��: (65)Here A�1~sAA = s, whi
h means that ~sijk = Aipspqs �Aqj �Ask.Our main idea is to use instead of representations of group GL the represen-tations of Lie algebra gl. In 
ase of representation of group GL, the matrixA and its inverse A�1 determine a transformation (64). The transformationformulae (64) are not linear with respe
t to the elements of A and A�1. Pre-suming instead of A the matrix At and di�erentiating with respe
t to t att = 0 we get (sijk)0 = Cipspjk � sipkCpj � sijpCpk : (66)In the last equation the elements of C are presented linearly.
26



19 Tensor representations of lineargroup GL(2;R ) and it's Lie algebra gl(2;R )The matrix C, element of Lie algebra gl(2;R), determines an one-parametri
subgroup eCt of the group GL(2;R). Presuming instead of A the matrix At =eCt in (59) we get a family of one-parametri
 tensors St. In the tensor spa
eappear a linear 
ow and 
orresponding linear ve
tor �eld �X. The 
omponentsof the ve
tor �eld �X we get in the following way: instead of matrix A wepresume the exponential eCt in (59) and di�erentiate with respe
t to theparameter t at t = 0. We get the equation(si1:::ipj1:::jq)0 = Ci1k sk:::ipj1:::jq + : : :+ Cipk si1:::kj1:::jq � si1:::ipk:::jq Ckj1 � : : :� si1:::ipj1:::k Ckjp: (67)If we 
ompare the formula (67) with formula (59) then we see that the ele-ments of the matrix C are presented linearly on the right side of (67). Onthe right side of (59) the elements of the matrix A are not presented linearly.The formula (67) 
an be presented in the forms0 = �Cs; (68)where the matrix �C is determined with the matrix C uniquely. Clearly to alinear ve
tor �eld �X 
orresponds the matrix �C in the spa
e RN , where N isnumber of tensor 
omponents. In this spa
e the exponential laws0 = �Cs ) st = e �Cts (69)is also valid. We say the 
orresponden
e C ! �C (or X ! �X) determines arepresentation of Lie algebra gl(2;R) in the tensor spa
e RN .Proposition 19.1 Let the linear group GL(2;R) a
t in (p; q) type tensorspa
e RN . If the matrix C has eigenvalues �1 and �2 then the matrix �C hasa set of eigenvalues �i1 + : : :+ �ip � �j1 � : : :� �jq ; (70)where the indi
es i1; : : : ; ip and j1; : : : ; jq get the all 
ombinations of values 1and 2.Proof. Let's take the basis (R;�) so that the matrix C is in the diagonalform 
ij = Æij�i, where Æij is Krone
ker delta. Then the elements of matrix eCtare Æije�it. Considering instead of A the matrix eCt in (59) we gete�i1 t : : : e�ip tsi1:::ipj1:::jqe��j1 t : : : e��jq t = si1:::ipj1:::jqe(�i1+:::+�ip��j1�:::��jq )t: (71)27



Di�erentiating last equation with respe
t to the t at t = 0 we get the 
ompo-nents of the tensor S multiplied with fa
tors (70). A diagonal matrix with thevalues (70) on the main diagonal appears, see s0 = �Cs, where the elementsof the main diagonal are the eigenvalues of primary matrix �C.If the eigenvalues of the matrix C are 
onjugate 
omplex numbers �1 and�2 (� < 0) then we set all the eigenvalues (70) of the matrix �C onto the
omplex plane. Arises a parti
ular grid. At the node points of the grid are
omplex numbers (70), see Figure 5, page 28. If �1;2 = �� i� then the 
om-plex numbers have 
ommon real part (p � q)�. It means that for the �xed(p; q), i.e. in the 
ase of (p; q) type tensor, the eigenvalues (70) are pla
ed inthe same line whi
h is parallel with imaginary axis.
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Figure 5: Eigenvalues of the matrix �C
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20 Dual di�erential equations for the tensor�eldsThe linear di�erential equations with respe
t to the ve
tor �eld �X in thespa
e RN 
an be written using the Proposition 19.1 in following idea.If the eigenvalues �1, �2, : : :, �n of the matrix C are not equals in pairs thenthe matrix C satis�es the equation(C � �1E)(C � �2E) � � � (C � �nE) = 0:Last equation 
an be rewrite in the (Hamilton-Cayley) form�0Cn + �1Cn�1 + : : :+ �nE = 0; (72)where �0, �1, : : :, �n are symmetri
 polynomials on n variables �1, �2, � � �, �n�0 = 1;�1 = �(�1 + �2 + : : :+ �n);�2 = �1�2 + : : :+ �n�1�n;: : : ;�n = (�1)n�1�2 � � ��n:Considering equationsU 0 = CU; U 00 = C2U; : : : ; U (n) = CnU (73)we get from the equation (72) an linear ordinary di�erential equation in theform U (n) + �1U (n�1) + �2U (n�2) + : : :+ �nU = 0: (74)In the 
ase of the tensor �eld S there 
an be two (dual) 
ases:1) the 
omponents of the tensor �eld S are 
onstant with respe
t to the 
ow,i.e. s0 = 0. In this 
ase we get di�erential equation for the tensor �eld.Then the tensor �eld S (i.e. it's Lie derivatives) satis�es an ODE that isdetermined by the eigenvalues �1 and �2 of the matrix C. The 
oeÆ
ientsof di�erential equation are symmetri
 polynomials of the eigenvalues of thematrix �C multiplied with �1; 29



2) the tensor �eld S is invariant with respe
t to the 
ow, i.e. S 0 = 0. In this
ase we get a di�erential equation for the 
omponents of tensor �eld. The
omponents of tensor �eld satisfy similar (but dual) ODE. The 
oeÆ
ientsof this di�erential equation are symmetri
 polynomials of the eigenvalues ofthe matrix �C (with the sign +1).21 ExamplesIn the following some parti
ular tensor representations of the group GL(2;R)are studied.21.1 A
tion of ve
tor �eld X on tensor of type (0,1)The 
ow of the ve
tor �eld X = RCx transforms an one-form � = '�. Liederivative of � is �0 = ('0 + 'C)�: (75)The transformation of the one-form � in the 
ow at is des
ribed by Lie-Ma
laurin series: �t = 1Xk=0 �(k) tkk! ; (76)where the 
oeÆ
ients �(k) are the Lie derivatives.Proposition 21.1 Let the 
omponents ' in formula � = '� be invariantsof the ve
tor �eld X, i.e. '0 = 0. Then the one-form � satis�es a di�erentialequation �00 � trC � �0 + detC � � = 0: (77)Proof. Considering the theorem of Hamilton-Cayley in 
ase of matrix CC2 � trC � C + detC � E = 0; (78)we get � = '�;�0 = '�0 = 'C�;�00 = 'C�0 = 'C2�= ' [trC � C � detC � E℄ �= trC � �0 � detC � �:30



Proposition 21.2 Let the one-form � = '� be invariant with respe
t tothe ve
tor �eld X. Then its 
omponents ' satisfys a di�erential equation'00 + trC � '0 + detC � ' = 0: (79)Proof. While �0 = ('0 + 'C)� (80)then the equation �0 = 0 is equivalent to the equations '0 = �'C. In 
ondi-tion �0 = 0 must all the 
omponents ' satisfy system of di�erential equations'0 = �'C and every 
omponent individually the di�erential equation (79).21.2 A
tion of ve
tor �eld X on tensor of type (1,0)The 
ow of X transforms the ve
tor �eld Y = Ry as follows. ConsideringLie derivatives we get: Y 0 = R(y0 � Cy): (81)The transformation of the ve
tor �eld Y in the 
ow at is des
ribed by Lie-Ma
laurin series: Yt = 1Xk=0 Y (k) tkk! ; (82)where the 
oeÆ
ients Y (k) are Lie derivatives.Proposition 21.3 If the 
omponents y of the ve
tor �eld Y are invariantsof the ve
tor �eld X, i.e. y0 = 0, then we get that the ve
tor �eld Y satis�esa di�erential equation Y 00 + trC � Y 0 + detC � Y = 0: (83)Proof. Considering equation (78) we getY = Ry;Y 0 = R0y = �RCy;Y 00 = �R0Cy = RC2y= R [trC � C � detC � E℄ y= �trC � Y 0 � detC � Y:
31



Proposition 21.4 Let the ve
tor �eld Y = Ry be invariant with respe
t tothe ve
tor �eld X. Then its 
omponents y satis�es a di�erential equationy00 � trC � y0 + detC � y = 0: (84)Proof. In 
ondition Y 0 = 0 the 
omponents y satisfy the system of di�er-ential equations y0 = Cy. Considering theorem of Hamilton-Cayley for thematix C we see, that every 
omponent individually satisfy the di�erentialequation (84).Remark 21.5 For the ve
tor �eld Y = Ry and for the one-form � = '�the following impli
ations are validY 0 = 0 ) y00 � trC � y0 + detC � y = 0; (85)y0 = 0 ) Y 00 + trC � Y 0 + detC � Y = 0; (86)�0 = 0 ) '00 + trC � '0 + detC � ' = 0; (87)'0 = 0 ) �00 � trC � �0 + detC � � = 0: (88)If the ve
tor �eld Y is invariant then it 
omponents satis�es equation (85).If the 
omponents y of the ve
tor �eld are invariant then the ve
tor �eld Yitself satis�es equation (86). If one-form � is invariant then its 
omponents' satis�es equation (87). If the 
omponents ' of the one-form � are invariantthen one-form � itself satis�es equation (88).21.3 A
tion of ve
tor �eld X on tensor of type (1,1)Let us 
onsider tensor �eld of type (1; 1)S = Risij�j; (89)where s = (sij) is a 2� 2 matrix. The Lie derivative of the tensor �eld S isS 0 = R(s0 � Cs+ sC)�: (90)The transformation of the tensor �eld S in the 
ow at is des
ribed by Lie-Ma
laurin series: St = 1Xk=0 S(k) tkk! ; (91)where the 
oeÆ
ients S(k) are Lie derivatives of S with respe
t to X.32



Proposition 21.6 If the 
omponents s of the tensor �eld S satisfy the 
on-dition s0 = 0, i.e. elements of matrix s are invariant with respe
t to the ve
tor�eld X, then the tensor �eld satis�es a di�erential equationS 000 = � � S 0; (92)where � = tr2C � 4 detC.Proof. In 
ase of aÆne tensor �eld the indi
es 
an be omitS 0 = R0s�+Rs�0S 00 = R00s�+Rs�00 + 2R0s�0 == �(trC �R0 + detC �R)s�+Rs(trC ��0 � detC ��) + 2R0s�0;S 00 + 2detC � S 0 = �trC � (R0s��Rs�0) + 2R0s�0;S 000 + 2detC � S 00 = (tr2C � detC) � (R0s�+Rs�0)= (� + 2detC) � S 0;S 000 = � � S 0:Proposition 21.7 If the tensor �eld S is invariant with respe
t to the ve
tor�eld X, i.e. S 0 = 0, then its 
omponents s satis�es a di�erential equations000 = � � s0; (93)where � = tr2C � 4 detC.Proof. Considering thatC = � 
1 
2
3 
4 � ; s = � s1 s2s3 s4 � ; (94)and 
orresponden
ess11 = s1; s12 = s2; s21 = s3; s22 = s4; (95)we 
an rewrite the system s0 = Cs� sC, or with indi
es (sij)0 = Cikskj � sikCkj ,in the form0BB� s1s2s3s4 1CCA0 = 0BB� 0 �
3 
2 0�
2 
1 � 
4 0 
2
3 0 
4 � 
1 �
30 
3 �
2 0 1CCA �0BB� s1s2s3s4 1CCA : (96)33



Eigenvalues of the 4 � 4 matrix �C are �1 � �2, �2 � �1 and 0 (multipleeigenvalues). Now we 
an write di�erential equation for the 
omponentsusing Proposition 19.1 and s
hema that is given in se
tion 20 on the page 29.Equation (74) is in the forms000 + �1s00 + �2s0 + �3s = 0; (97)where �1 = 0;�2 = (�1 � �2)(�2 � �1) = �tr2C + 4detC = ��;�3 = 0:And therefore s000 = � � s0.The ve
tor �eld X from the uv-plane is 
arried to the 4-dimensional s1s2s3s4-spa
e into the ve
tor �eld �X�X = s01 ��s1 + s02 ��s2 + s03 ��s3 + s04 ��s4 (98)or in matrix form�X = � ��s1 ��s2 ��s3 ��s4 � �0BB� 0 �
3 
2 0�
2 
1 � 
4 0 
2
3 0 
4 � 
1 �
30 
3 �
2 0 1CCA �0BB� s1s2s3s4 1CCA :(99)The matrix �C in the formula (96) 
an be rewrite in the form:0BB� 0 �
3 
2 0�
2 
1 � 
4 0 
2
3 0 
4 � 
1 �
30 
3 �
2 0 1CCA = 
10BB� 0 0 0 00 1 0 00 0 �1 00 0 0 0 1CCA+ (100)
+
20BB� 0 0 1 0�1 0 0 10 0 0 00 0 �1 0 1CCA+ 
30BB� 0 �1 0 00 0 0 01 0 0 �10 1 0 0 1CCA + 
40BB� 0 0 0 00 �1 0 00 0 1 00 0 0 0 1CCA :And therefore ve
tor �eld �X 
an be rewrite in the form�X = 
1 �X1 + 
2 �X2 + 
3 �X3 + 
4 �X4; (101)34



where �X1 = s2 ��s2 � s3 ��s3 ;�X2 = s3 ��s1 � s1 ��s2 � s4 ��s3 � s3 ��s4 ;�X3 = �s2 ��s1 + s4 ��s2 + s1 ��s3 + s2 ��s4 ;�X4 = �s02 ��s2 + s03 ��s3 = � �X1:21.4 A
tion of ve
tor �eld X on tensor of type (0,2)Let us 
onsider tensor �eld of type (0,2)G = gij�i 
�j; (102)where the 
omponents gij are symmetri
 with respe
t to indi
es, i.e. gij = gji.The Lie derivative of G isG0 = (g0ij + 2gikCkj )�i�j: (103)Proposition 21.8 If the 
omponents gij of tensor �eld (102) are invariantsof the ve
tor �eld X, then G satis�es a di�erential equationG000 � 3trC �G00 + 2(tr2C + 2detC)G0 � 4trC � detC �G = 0: (104)Proof. Here we 
an do also without indi
es be
ause of symmetry withrespe
t to indi
es i and jG0 = 2g��G00 = 2g��00 + 2g�0�0= 2g�(trC ��0 � detC ��) + 2g�0�0;G00 � trC �G0 + 2detC �G0 = 2g�0�0;G000 � trC �G00 + 2detC �G0 = 4g�0(trC ��0 � detC ��)= 2trC(G00 � trC �G0 + 2detC �G� 2 detC)G0:Proposition 21.9 If the tensor �eld G is invariant with respe
t to the ve
tor�eld X then it's 
omponents g satisfy the di�erential equationg000 + 3trCg00 + 2(tr2C + 2detC)g0 + 4trC � detC � g = 0: (105)35



Proof. In 
ase of G0 = 0 we get that g0ij = �2gikCkj or without indi
essimply g0 = �2gC. The latter equation 
an be rewrite in the form0� g11g12g22 1A0 = �0� 2
1 2
3 0
2 
1 + 
4 
30 2
2 2
4 1A �0� g11g12g22 1A : (106)Eigenvalues of the matrix �C are �2�1, ��1��2 and �2�2. Equation (74) isin the form g000 + �1g00 + �2g0 + �3g = 0; (107)where�1 = 2�1 + �1 + �2 + 2�2 = 3trC;�2 = 2�1(�1 + �2) + 4�1�2 + 2�2(�1 + �2) = 2(tr2C + 2detC);�3 = 4�1�2(�1 + �2) = 4trC detC:And therefore g000 + 3trCg00 + 2(tr2C + 2detC)g0 + 4trC � detC � g = 0.The ve
tor �eld 
arries to the 3-dimensional g11g12g22-spa
e�X = g011 ��g11 + g012 ��g12 + g022 ��g22 : (108)Formula (108) 
an be rewrite in the matrix form�X = � ��g11 ��g12 ��g22 � �0� 2
1 2
3 0
2 
1 + 
4 
30 2
2 2
4 1A �0� g11g12g22 1A : (109)The matrix in (106) and (109) 
an be rewrited in the following way:0� 2
1 2
3 0
2 
1 + 
4 
30 2
2 2
4 1A = (110)= 
10� 2 0 00 1 00 0 0 1A+ 
20� 0 0 01 0 00 2 0 1A+ 
30� 0 2 00 0 10 0 0 1A+ 
40� 0 0 00 1 00 0 2 1AFrom here we get �X = 
1 �X1 + 
2 �X2 + 
3 �X3 + 
4 �X4; (111)36



where �X1 = �2g11 ��g11 � g12 ��g12 ;�X2 = �g11 ��g12 � 2g12 ��g22 ;�X3 = �2g12 ��g11 � g22 ��g12 ;�X4 = �g12 ��g12 � 2g22 ��g22 : (112)21.5 A
tion of ve
tor �eld X on tensor of type (0,3)The 
ow of the ve
tor �eld X = RCx transforms a 
ubi
-form H = h���.Lie derivative of H is H 0 = (h0 + 3hC)���: (113)In the formula (113) we have omitted indi
es. A
tually we have to understandformula (113) in the following wayH 0 = (h0ijk + 3hijlC lk)�i�j�k; (114)where the 
omponents hijk are symmetri
 with respe
t to the indi
es. Thetransformation of H in the 
ow at is des
ribed by Lie-Ma
laurin series:Ht = 1Xk=0H(k) tkk! ; (115)where the 
oeÆ
ients H(k) are Lie derivatives.Proposition 21.10 Let the 
omponents h in formula H = h��� be in-variants of the ve
tor �eld X, i.e. h0 = 0. The 
ubi
-form H satis�es adi�erential equation H 0000 � 6(�1 + �2)H 000 ++(11�21 + 32�1�2 + 11�22)H 00 ��6(�1 + �2)(�21 + 7�1�2 + �22)H 0 ++9�1�2(2�21 + 5�1�2 + 2�22)H = 0 (116)Proposition 21.11 Let the 
ubi
-form H = h��� be invariant with respe
tto the ve
tor �eld X. Then its 
omponents h satis�es a di�erential equationh0000 + 6(�1 + �2)h000 ++(11�21 + 32�1�2 + 11�22)h00 ++6(�1 + �2)(�21 + 7�1�2 + �22)h0 ++9�1�2(2�21 + 5�1�2 + 2�22)h = 0: (117)37



In 
ase of H 0 = 0 we get that h0 = �3hC. The latter equation 
an berewrited in the form0BB� h111h112h122h222 1CCA0 = �0BB� 
1 3
3 0 0
2 2(
1 + 
4) 2
3 00 2
2 2(
1 + 
4) 
30 0 3
2 
4 1CCA �0BB� h111h112h122h222 1CCA : (118)The ve
tor �eld X is 
arried to the 4-dimensional h111h112h122h222-spa
e�X = h0111 ��h111 + h0112 ��h112 + h0122 ��h122 + h0222 ��h222 : (119)Last equation 
an be rewrite in the form�X = 
1 �X1 + 
2 �X2 + 
3 �X3 + 
4 �X4; (120)where �X1 = �2h111 ��h111 � 2h112 ��h112 � h122 ��h122 ;�X2 = �h111 ��h112 � 2h112 ��h122 � 3h122 ��h222 ;�X3 = 3h112 ��h111 � 2h122 ��h112 � h222 ��h122 ;�X4 = �2h112 ��h112 � 2h122 ��h122 � h222 ��h222 : (121)21.6 A
tion of ve
tor �eld X on tensor of type (1,2)Let us 
onsider the tensor �eld of type (1,2)K = Rikijk�j 
�k: (122)Proposition 21.12 If the 
omponents kijk of tensor �eld (122) are invari-ants of the ve
tor �eld X, i.e. (kijk)0 = 0, then K satis�es a di�erentialequation KIV � 2trCK 000 � (tr2C � 10 detC)K 00 ++trC(10 detC � 2tr2C)K 0 � detC(2tr2C � 9 detC)K = 0: (123)Proof. 38



(Rs��)0 = R0s�� + 2Rs�0�;(R0s��)0 = �trCR0s�� � detCRs�� + 2R0s�0�;(Rs�0�)0 = R0s�0� + trCRs�0� � detCRs�� +Rs�0�0 ;(Rs�0�0)0 = R0s�0�0 + 2trCRs�0�0 � 2 detCRs�0�;(R0s�0�)0 = � detCRs�0� � detCR0s�� +R0s�0�0 ;(R0s�0�0)0 = trCR0s�0�0 � detCRs�0�0 � 2 detCR0s�0�:Se
ond derivative of the tensor �eld is(Rs��)00 = �trCR0s�� � detCRs�� + 2R0s�0�+2(R0s�0� + trCRs�0� � detCRs�� +Rs�0�0)= �3 detC(Rs��)� trC(R0s��)+2trC(Rs�0�) + 2(Rs�0�0) + 4(R0s�0�)and multiplied with 
oeÆ
ient 3 detC�6 detC(Rs�0�0)� 6trC detC(Rs�0�)� 12 detC(R0s�0�) == �3 detC(Rs��)00 � 9 det 2C(Rs��)� 3 detCtrC(R0s��): (124)Third derivative of the tensor �eld is(Rs��)000 = �3 detC(Rs��)0 � trC(R0s��)0+2trC(Rs�0�)0 + 2(Rs�0�0)0 + 4(R0s�0�)0= �7 detC(Rs��)0 + tr2C(Rs��)0�trA detC(Rs��) + 6trC(Rs�0�0) + 6(R0s�0�0)and multiplied with 
oeÆ
ient 2trC12trC(R0s�0�0) + 12tr2C(Rs�0�0) == 2trC(Rs��)000 + 14 detCtrC(Rs��)0�2tr3C(Rs��)0 + 2tr2C detC(Rs��): (125)We get result by substituting equations (124) and (125) into the forth deriva-tive of the tensor �eld(Rs��)IV = �7 detC(Rs��)00 + tr2C(Rs��)00 � trC detC(Rs��)0+6trC(Rs�0�0)0 + 6(R0s�0�0)0= �7 detC(Rs��)00 + tr2C(Rs��)00 � trC detC(Rs��)039



+12trC(R0s�0�0) + 12tr2C(Rs�0�0)��6 detC(Rs�0�0)� 6trC detC(Rs�0�)�12 detC(R0s�0�)� 6trC detC(Rs�0�)= 2trC(Rs��)000 + (tr2C � 10 detC)(Rs��)00+trC(10 detC � 2tr2C)(Rs��)0 + detC(2tr2C � 9 detC)Rs��
Proposition 21.13 If tensor �eld K is invariant with respe
t to the ve
tor�eld X then it's 
omponents kijk satis�es a di�erential equationkIV + 2trCk000 � (tr2C � 10 detC)k00 ��trC(10 detC � 2tr2C)k0 � detC(2tr2C � 9 detC)k = 0: (126)Proof. In 
ase K 0 = 0 we get that k0 = Ck � 2kC. The last equation 
anbe rewrite on the form0BBBBBB� k111k112k122k211k212k222

1CCCCCCA
0 = �0BBBBBB� 
1 2
3 0 �
2 0 0
2 
4 
3 0 �
2 00 2
2 2
4 � 
1 0 0 �
2�
3 0 0 2
1 � 
4 2
3 00 �
3 0 
2 
1 
30 0 �
3 0 2
2 
4

1CCCCCCA �0BBBBBB� k111k112k122k211k212k222
1CCCCCCA :(127)Eigenvalues of the matrix �C are �2�1+�2, ��1, ��2, �2�2+�1, where ��1and ��2 are multiple eigenvalues. Equation (74) is in the formkIV + �1k000 + �2k00 + �3k0�4k = 0; (128)where�1 = 2�1 � �2 + �1 + �2 + �2 � �1 = 2trC;�2 = ��1(�2 � 2�1)� �2(�2 � 2�1)(�2 � 2�1)(�1 � 2�2)+�1�2 � �1(�1 � 2�2)� �2(�1 � 2�2) = �(tr2C � 10 detC);�3 = �1�2(�2 � 2�1)� �1(�2 � 2�1)(�1 � 2�2)��2(�2 � 2�1)(�1 � 2�2) + �1�2(�1 � 2�2) = �trC(10 detC � 2tr2C);�4 = �1�2(�2 � 2�1)(�1 � 2�2) = � detC(2tr2C � 9 detC):And therefore 40



kIV + 2trCk000 � (tr2C � 10 detC)k00 ��trC(10 detC � 2tr2C)k0 � detC(2tr2C � 9 detC)k = 0:The operator of linear group GL(2;R) has an a
tion in the 6-dimensionalk111k112k122k211k212k222-spa
e. In this spa
e a
ts ve
tor �eld �X�X = �
1 �X1 � 
2 �X2 � 
3 �X3 � 
4 �X4; (129)where�X1 = k111 ��k111 � k122 ��k122 + 2k211 ��k211 + k212 ��k212 ;�X2 = �k211 ��k111 + (k111 � k212) ��k112 + (2k112 � k222) ��k122 + k211 ��k212 + 2k222 ��k222 ;�X3 = 2k112 ��k111 + k122 ��k112 + (2k212 � k111) ��k211 + (k222 � k112) ��k212 � k222 ��k222 ;�X4 = k112 ��k112 + 2k122 ��k122 � k211 ��k211 + k222 ��k222 :
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LINEAARR�UHMA GL(2;R) TENSORESITUSED(Magistrit�o�o l�uhikokkuv~ote)Hannes Lepp1. �Uldiselt on teada, kuidas tasandil vektorv�aliX m�a�arab voo at = exp tX.Voo m~ojul punktid liiguvad piki trajektooreat : u! ut = at(u)ja funktsioonid tesienevad vastavalt kompositsioonilef ! ft = f Æ at:Voos teisenevad tensorv�aljad, sh. vektorv�aljad ja diferentsiaalvormid.2. Funktsiooni ft on v~oimalik (teatud tingimustel) arendada astemerittaft = 1Xk=0 f (k) tkk! ;kus kordajaiks f (k) on funktsiooni f Lie tuletised vektorv�alja X suhtes.Samamoodi kehtib Lie-Ma
laurini rida suvalise tensorv�alja puhul, kuskordajaiks on tensorv�alja Lie tuletised. Juhul, kui Lie tuletised onmingil moel seotud ja moodustavad hariliku diferentsiaalv~orrandi, siisselle lahend m�a�arab tensorv�alja teisenemise antud voos.3. Kuna tensorv�ali on antud (holonoomses v~oi mitteholonoomses) baasis,siis voos at teiseneb ka baas ja me peame teadma reeperi ning koreeperiderivatsioonivalemeid R0 = �RC; �0 = C�:Priim t�ahistab Lie tuletist vektorv�alja X suhtes ja C on vektorv�aljakomponenetide Ja
obi maatriks (holonoomses baasis osatuletistest koos-nev).4. Lineaarse vektorv�alja puhul on voog at m�a�aratud eksponentsiaalseadusegaU 0 = CU ) Ut = etCU;kus C on konstantne maatriks. Sama eksponentsiaalseadus m�a�arabbaasi (reeperi ja koreeperi) teisenemise:42



R0 = �RC ) Rt = Re�tC ,�0 = C� ) �t = etC�.5. Lineaarses voos sirgjooned j�a�avad sirgjoonteks ja s�ailub sirgete paral-leelsus. Pindalad kahanevad v~oi paisuvad olenevalt divergentsist, kasdivX < 0 v~oi vastavalt divX > 0.6. Kui lineaarses voos liikuda koos teljestikuga m�o�oda mingit trajektoori,siis lokaalses (liikuvas) teljestikus kordub globaalne faasiportree.7. Tasandil on m�a�aratud r�uhma GL(2;R) toime ning lineaarne vektorv�aliX on selle r�uhma operaator. Konstantne maatriks C on t~olgendatavnagu Lie algebra gl(2;R) element ja eksponentsiaal etC nagu r�uhmaGL(2;R) 1-parameetriline alamr�uhm. R�uhma GL(2;R) toime on esi-tatud tasandil lineaarsete vektorv�aljadega.Homoteetiate operaator kommuteerub k~oikide lineaarsete vektorv�alja-dega ja on seega nende in�nitesimaalne s�ummeetria. Lineaarsed voodklassi�tseeruvad elliptilisteks, h�uperboolseteks ja paraboolseteks (null-divergentsiga ekvia�insed teisendused), mida m~ojutavad homoteetiad.8. Kui tensorv�ali S on lineaarse voo at suhtes invariantne, s.t. St = S, siistema komponendid baasis (R;�) muutuvad vastavalt eksponentsiaal-seadusele s0 = �Cs ) st = et �Cs;kus maatriks �C on maatriksiC elementide poolt (lineaarselt) m�a�aratud.Seega tensorruumis (ruumis RN , kus koordinaatideks on tensori S kom-ponendid ja dimensioon N v~ordub komponentide arvuga) on m�a�aratudlineaarr�uhma GL(2;R) ja Lie algebra gl(2;R) toime. R�uhma GL(2;R)operaatoreiks on vastavad lineaarsed vektorv�aljad ruumis RN . Taolisedoperaatorid on tuntud algebraliste invariantide teoorias (vt. D. Hilbert,K.Sibirski, D.Boularas jt.).9. Eksponentsiaal etC (eksponentsiaal et �C) on taastatav maatriksi C (maa-triksi �C) omav�a�artuste kaudu. Kui �1 ja �2 on maatriksiC omav�a�artused,siis maatriksi �C omav�a�artusteks (p; q)-t�u�upi tensori korral on�i1 + : : :+ �ip � �j1 � : : :� �jq ;kus indeksite i1; : : : ; ip; j1; : : : ; jq v�a�artusteks on 1 ja 2. Neil omav�a�artustelon �uhine reaalosa (p� q)�, kus � on kaaskompleksarvude �1;2 = �� i�reaalosa. 43



10. Maatriksi C puhul kehtib Hamilton-Cayley valem:C2 � trC � C + detC � E = 0;kus trC = �1 + �2 = 2�, detC = �1�2 = �2 + �2 ja 0 t�ahistab null-vektorit. Kuna U 0 = CU ja U 00 = C2U , siis siit j�areldub, et kehtiblineaarne diferentsiaalv~orrandU 00 � trC � U 0 + detC � U = 0;kus 0 t�ahistab null-maatriksit. Samamoodi, kuna �0 = C�, �00 = C2�ja R0 = �RC, R00 = RC2, siis kehtivad (Lie tuletistega) kaks di�erent-siaalv~orrandit �00 � trC ��0 + detC �� = 0;R00 + trC �R0 + detC �R = 0:Esimene koreeperi, teine reeperi jaoks.11. Vektorv�alja Y = Ry ja 1-vormi � = '� puhul kehtivad j�argmisedimplikatsioonidY 0 = 0 ) y00 � trC � y0 + detC � y = 0; (130)y0 = 0 ) Y 00 + trC � Y 0 + detC � Y = 0; (131)�0 = 0 ) '00 + trC � '0 + detC � ' = 0; (132)'0 = 0 ) �00 � trC � �0 + detC � � = 0: (133)Kui vektorv�ali Y on invariantne, siis tema komponendid rahuldavadv~orrandit (130). Kui tema komponendid y on invariantsed, siis vek-torv�ali Y ise rahuldab v~orrandit (131). Kui 1-vorm � on invariantne,siis tema komponendid ' rahuldavad v~orrandit (132). Kui tema kom-ponendid ' on invariantsed, siis 1-vorm � ise rahuldab v~orrandit (133).V~orrandid vektorv�alja Y (1-vormi �) ja selle komponentide jaoks, s.t.(130) ja (131) ning (132) ja (133), on duaalses vastavuses: nende karak-teristlike (ruut) v~orrandite lahendid on vastasm�argilised. V~orrandid(130) ja (133) ning (131) ja (132) on �uhesugused.12. Maatriksi �C puhul kehtib samuti Hamilton-Cayley valem. Sellele vastabomakorda lineaarne diferentsiaalv~orrand, mille kordajad on maatriksi�C omav�a�artuste (vt. p. 9) s�ummeetrilised funktsioonid. Kui v~otta needomav�a�artused vastasm�arkidega, saame duaalse diferentsiaalv~orrandi.44



Vastavad diferentsiaalv~orrandid on tuletatud konkreetsetel juhtudel:(p; q) = (0; 1); (0; 2); (0; 3); (1; 0); (1; 1); (1; 2). Juhtudel (0; 2) ja (0; 3)on tegu ruut- ja kuupvormiga, juhul (1; 1) a�inorv�aljaga, juhul (1; 2)d�unaamilise s�usteemiga e. tensorv�aljaga, mille komponendid on ho-mogeensed ruutfunktsioonid. Juhud (0; 1) ja (1; 0), vastavalt 1-vormileja vektorv�aljale, on eespool mainitud.13. Maatriks �C on m�a�aratud tensori t�u�ubiga e. valentsusega (p; q). Maa-triksite �C omav�a�artused k~oikide valentsuste puhul moodustavad kom-plekstasandil korrap�arase v~orestiku. Konreetse valentsuse (p; q) korralon v~oimalik maatriksi �C omav�a�artused �ara n�aidata.
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