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Chapter 1

Introduction

1.1 Background

In 2001, O. Nygaard and D. Werner [NW] showed that in an infinite-dimensional
uniform algebra every nonempty relatively weakly open subset of its closed unit
ball has diameter equal to 2. If a Banach space satisfies this condition, then
it is said to have the diameter 2 property (D2P) (see, e.qg., [ABGRP], [ALN1],
and [BGRP]). Besides the infinite-dimensional uniform algebras, for example,
Banach spaces with the Daugavet property (see [Shy]), infinite-dimensional C*-
algebras (see [BGLPRP]), and nonreflexive M-embedded spaces (see [LP]) all
have the D2P.

In addition to the diameter 2 property, T. A. Abrahamsen, V. Lima, and O. Nygaard
in JALNT] considered two other formally different diameter 2 properties—the
local diameter 2 property and the strong diameter 2 property.

According to the terminology in [ALNT], a Banach space has the local diameter
2 property (LD2P) if every slice of its closed unit ball has diameter equal to 2;
and it has the strong diameter 2 property (SD2P) if every convex combination
of slices of the unit ball has diameter equal to 2. For example, the classical
Banach spaces ¢, €, C[0,1], 4]0, 1], and L0, 1] all have the SD2P.

The D2P clearly implies the LD2P. The SD2P implies the D2P, this follows
directly from Bourgain's lemma (see [GGMS| Lemma II.1 p. 26]), which asserts
that every nonempty relatively weakly open subset of the unit ball contains some
convex combination of slices.

In [ALNT], it was conjectured that these three diameter 2 properties are different.
Recently, J. Becerra Guerrero, C. Lépez Pérez, and A. Rueda Zoca have shown

9



10 1. INTRODUCTION

that ¢y can be equivalently renormed to enjoy the LD2P, but failing the D2P
(see [BGLPRZZ| Theorem 2.4]). The difference of the D2P and the SD2P was
obtained independently in [Lan| (see also [HL1]) and in JABGLPJ. The key
observation is that the £,-sum of two Banach spaces never has the SD2P for
any p with 1 < p < co. However, the D2P is stable by forming the £,-sum.

In 1989, G. Godefroy (see [Godl) introduced the notion of an octahedral norm
in order to characterize Banach spaces containing an isomorphic copy of ¢;. A
Banach space X is octahedral (OH) i, for every finite-dimensional subspace E
of X and every € > 0, there is a norm one element y in X such that

Ix + y||> (1 — 5)(||X||+||g||) for all x € E.

C. Godefroy (see |God, Remark 1.5, 2)| see also [Devi Remark (c), p. 119])
remarks that a Banach space is OH if and only if every convex combination of
weak® slices of the dual unit ball is of diameter 2. From this, it follows that a
Banach space has the SD2P if and only if its dual space is OH. Similarly, one
can characterize the dual space of a Banach space with the LD2P (cf. [DGZ
Proposition 1.1.11]).

In order to characterize the dual of Banach spaces with the D2P, the concept
of a weakly octahedral norm was introduced in [HLP]. A Banach space X is
weakly octahedral (WOH) if, for every finite-dimensional subspace E of X, every
element x* in the dual unit ball, and every € > 0, there is a norm one element
y in X such that

Ix + yll> (1 =) (X" () + lyll)  forall x € E.
Clearly, every OH Banach space is WOH.

Recently, almost square Banach spaces were introduced and studied (see |ALLI).
A Banach space X is almost square (ASQ) if, for every natural number n and
norm one elements xi, ..., x, in X there exists a sequence (y) of norm one
elements in X such that

|Ix; £ ye|| =1 forallie {1,..., n},

as k — oo. Our main motivation to study ASQ Banach spaces is their connection
to diameter 2 properties. If a Banach space is ASQ, then it has the SD2P, and
thus its dual is OH.

In [Whil, R. Whitley introduced the thickness index and the thinness index of
a Banach space. It turns out that these indices are closely related to the
aforementioned properties. Namely, a Banach space is OH if and only if its
thickness index equals 2, and a Banach space is ASQ if and only if its thinness
index equals 1.
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1.2 Summary of the thesis

The main aim of this thesis is to investigate diameter 2 properties in Banach
spaces, and related notions and properties such as the octahedrality of the norm,
almost square Banach spaces, and thickness and thinness indices. We establish
the dual connection between (weak®) diameter 2 properties and octahedralities.
Almost square Banach spaces have the strong diameter 2 property. It turns out
that octahedral Banach spaces are exactly the spaces whose thickness index
is 2, and almost square Banach spaces are exactly the spaces whose thinness
index is 1.

The thesis has been organized as follows.

Chapter 1 briefly introduces the historic background of diameter 2 properties,
provides a summary of the thesis, and describes the notation used in the thesis.

In Chapter 2, we introduce three diameter 2 properties, the basic concepts of
this thesis. We give a brief overview of the latest research showing the extreme
differences of these properties. Also, the weak™ versions of the diameter 2 prop-
erties are considered. A survey of some main classes of Banach spaces with
diameter 2 properties is given. We present the stability results of diameter 2
properties when forming #,-sums. In particular, the (local) diameter 2 property
is stable by taking the #,-sum for every p with 1 < p < oco. However, the
Z,-sum of two Banach spaces never has the strong diameter 2 property for any
p with 1 < p < oo. We also show that diameter 2 properties carry over to the

whole space from a nonzero M-ideal. These results are obtained in [Lan| and
[HLT].

In Chapter 3, octahedral Banach spaces are introduced and studied. It is known
that a Banach space has the strong diameter 2 property if and only if the norm
on its dual space is octahedral. We consider two more versions of octahedrality,
which we show are dual properties to the diameter 2 property and to the local
diameter 2 property. We study stability properties of different types of octahe-
drality and provide alternative proofs of some known stability results of diameter
2 properties. Necessary and sufficient conditions for spaces of operators to be
octahedral are also considered. This chapter is mainly based on [HLPI.

In Chapter 4, we introduce and study almost square Banach spaces. These
spaces have the strong diameter 2 property. We provide examples and charac-
terizations of almost square Banach spaces. We prove that nonreflexive spaces
which are M-ideals in their biduals are almost square. We show that every Ba-
nach space containing a complemented copy of ¢y can be renormed to be almost
square. Furthermore, we study local and weak versions of almost squareness.
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This chapter is based on |ALL].

In Chapter 5, we complement and extend some recent results on Whitley's indices
of thickness and thinness in three directions. This is motivated by the fact that a
Banach space is octahedral if and only if its thickness is 2, and a Banach space
is almost square if and only if its thinness is 1. Firstly, we investigate both the
indices when forming #,-sums of Banach spaces, and obtain estimations which
show that they behave rather differently. Secondly, we examine the relation
of the indices of the space and its subspace. Finally, every Banach space
containing a complemented copy of ¢y can be equivalently renormed to have
thickness and thinness 1. This chapter is based on J[ALLN] and [HLZ].

In the Appendix, we summarize some important examples of Banach spaces with
the aforementioned properties and stability results in two cross tables.

1.3 Notation

Our notation is standard.

We consider only nontrivial Banach spaces over the field of real numbers. We
usually assume that Banach spaces under consideration are infinite-dimensional.

In a Banach space X, we denote the unit sphere by Sy, the closed unit ball by
By, and the closed ball with center at x and radius r > 0 by B(x, r). By X*,
we denote the dual space of X. For a subset A of X its diameter is denoted by
diam(A), the set of its extreme points by ext(A), its norm closure is denoted by
A, its linear span by span(A), and its convex hull by conv(A). The norm closures
of the latter two sets are denoted by span(A) and conv(A), respectively. For
closures with respect to other topologies, we mark the topology separately, such

as conv" (A), etc.

A Banach space X will be regarded as a subspace of its bidual X** under the
canonical embedding.

For Banach spaces X and Y, by L£(X, Y) we will denote the Banach space of
all bounded linear operators acting from X to Y. We denote by F(X, Y) the
subspace of L(X, Y) of all finite rank operators. If T is an operator in L(X, Y),
then its kernel is denoted by ker T and its range by ran 7. Fora T in L(X, ),
the corresponding adjoint operator is denoted by 7%, and the restriction of T to
a subset A of X will be denoted by T|a.

We assume that the reader is familiar with well-known basic notions and the-
orems from the theory of Banach spaces and topological vector spaces (such
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as the Alaoglu theorem, the Goldstine theorem, the Krein-Milman theorem, the
Principle of Local Reflexivity, the Sobczyk theorem, etc.), and we shall sometimes
use them without proper references.






Chapter 2

Diameter 2 properties

Following [ALNT], we introduce the diameter 2 properties, the basic concept
of this thesis. We give a brief overview of the latest research showing the
extreme differences of these properties. Also, the weak” versions of the diameter
2 properties are considered. A survey of some main classes of Banach spaces
with the diameter 2 properties is given. We present the known stability results
of diameter 2 properties when forming £,-sums. In particular, the £,-sum of two
Banach spaces, where p is such that 1 < p < oo, never has the strong diameter
2 property. We also show that the diameter 2 properties carry over to the whole
space from a nonzero M-ideal. These results are obtained in [Lan] and [HL1]

2.1  Preliminaries

We start with an essential concept of this thesis—the notion of a slice.

Definition 2.1. Let X be a Banach space and let B be a nonempty bounded
subset of X. A slice of B is a set of the form

S(B,x*, a) = {x € B: x*(x) > supx™(y) — a},

yeB

where x* € X* and a > 0. We usually assume that the defining functional x*
s in Sy-.

If X is a dual space, then slices of B whose defining functional comes from (the
canonical image of the) predual of X are called weak* slices of B.

15



16 2. DIAMETER 2 PROPERTIES

A slice S(B, x*, a) is clearly a nonempty intersection of B with an open half-
space {x € X: x*(x) > sup,ep X (Yy) — a}. Therefore, a slice is always relatively
weakly open, and, a weak* slice is always relatively weak® open.

A convex combination of slices of By is a set of the form
n
> AS(Bx. X, ),
i=1

where n € N and A4, ..., Ap >0 with Y 7 A4 =1.

In the thesis, we sometimes refer to the Radon—Nikodym property. Although it
has many equivalent formulations, it can also be characterized by slices.

Definition 2.2 (see, e.q, [FHHMZ Theorem 11.15)). A Banach space X is said
to have the Radon—Nikodym property, if every nonempty bounded subset of X
has slices of arbitrarily small diameter, that is, for every bounded subset B of X
and for every € > 0, there is an x* € X* and a > 0 such that S(B, x*, @) has
diameter less than e.

We remark that all reflexive Banach spaces enjoy the Radon—Nikodym property
(see, e.q., [EHHMZ, Corollary 11.10]).

Lemma 2.3 (Choquet, 1969; see, e.g., [EHHMZ, Lemma 3.69)). Let X be a Banach
space. Let C be a weakly compact convex set in X and e an extreme point of
C. Then slices of C containing e form a neighborhood basis at e in the relative
weak topology of C.

Remark 2.1. Observe that, for every ¢ € C, slices of C that contain ¢ form a
neighborhood subbasis for the relative weak topology of C at ¢; finite intersec-
tions of slices therefore form a basis for the relative weak topology. Choquet's
lemma says that under the assumptions for C at any extreme point e € C the
latter subbasis is, in fact, a basis.

Similarly, we have the result for the relative weak® topology.

Lemma 2.4 (Choquet). Let X be a Banach space. Let C be a weak* compact
convex set in X* and e* an extreme point of C. Then weak* slices of C containing
e* form a neighborhood basis at e* in the relative weak* topology of C.

Remark 2.2. Observe that, for every c* &€ C, weak® slices of C that contain
c* form a neighborhood subbasis for the relative weak® topology of C at c*;
finite intersections of weak® slices therefore form a basis for the relative weak”
topology. Choquet’s lemma says that under the assumptions for C at any extreme
point e* € C the latter subbasis is, in fact, a basis.
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Lemma 2.5 (Bourgain, 1979; cf. [GGMS!| Lemma I1.1 p. 26)). Let X be a Banach
space. Let C be a bounded convex set in X* and let U be a nonempty relatively
weak* open subset of C. Then there exists n € N, weak" slices S}, ..., S of
C, and scalars Ay, . . ., An >0 with Y7 Ay =1 such that

i ASECU.
i=1

Proof. Let U be a relatively weak® open subset of C containing an element x*.
Find a weak® convex neighbourhood V' of zero such that (x* +2V)Nn C C U.

%

By the Banach—Alaoglu theorem (see, e.qg., [Meg| Theorem 2.6.18)), C" is weak®
compact. Therefore, by the Krein—-Milman theorem (see, e.q., [EHHMZ Theorem

3.65)), we have that c" = com™ (ext(C ).
Denote by £ = ext(?w*). Then clearly x* € conv" (E). Thus, there are n € N,

*

er, ..., el € E, and scalars Ay, ..., Ay >0 with Y 7, A =1 such that

i/\[é’? e x* + V.

i=1

By Lemma there is a weak” slice Sr of " with Sk C ef + V for every
re{1,..., n}. We take S; = S/ NC forevery i € {1,..., n}. Then S5, ..., Sk
are weak” slices of C satisfying

Y ASTC)Y Mlef+V)nCcix+2v)nCcU.
i=1 i=1
O

Lemma 2.6 (Bourgain). Let X be a Banach space. If U is a nonempty relatively
weakly open subset of By, then there exists n € N, slices Sy, .. ., S, of By, and
scalars Ay, . .., Ay >0 with Y ", A =1 such that

i ASi C U.
i=1

Proof. Let U be a nonempty relatively weakly open subset of By. Observe
that U is a relatively weak* open subset of By C X**. By Lemma there
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exists n € N, weak* slices S, ..., S of By, and scalars Ay, ..., A, > 0 with
> LA =1 such that

i ASEC UL
i=1

Notice that the weak® slices of By are precisely the weak slices of Bx. This
proves the result. []

2.2 Definitions and basic results

The Radon—Nikodym property, point of continuity property, and strong regularity
are well-known and purely isomorphic properties. In Banach spaces with the
Radon—Nikodym property one can always find arbitrarily small slices in any
nonempty bounded set. Similarly, if a Banach space has the point of continuity
property, then the unit ball has relatively weakly open subsets with diameter
arbitrarily small. In a strongly reqular Banach space, the unit ball has convex
combinations of slices with diameter arbitrarily small.

In this chapter, we study the “extremely opposite” properties to these three
classical properties, when all slices or all nonempty relatively weakly open
subsets or all convex combinations of slices of the unit ball of a Banach space
have diameter 2. For example, the classical Banach spaces ¢y, s, C[0, 1], L4]0, 1],
and L0, 1] all have the property that every convex combinations of slices of
their unit ball have diameter 2.

The investigation of Banach spaces with this phenomena probably started in the
paper [NW] by O. Nygaard and D. Werner, where it is shown that in an infinite-
dimensional uniform algebra every nonempty relatively weakly open subset of
the unit ball has diameter 2. By now it is known that in an infinite-dimensional
uniform algebra even all convex combinations of slices of the unit ball are of
diameter 2 (see J[ALNT]).

A systematic treatment of all three diameter 2 properties was started by
T. A. Abrahamsen, V. Lima, and O. Nygaard in [ALNT]. This paper is also a
starting point for this thesis.

Definition 2.7 (see [ALN1]). A Banach space X has the

(1) local diameter 2 property (LD2P) if every slice of Bx has diameter equal
to 2;
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(it) diameter 2 property (D2P) if every nonempty relatively weakly open sub-
set of By has diameter equal to 2;

(iit) strong diameter 2 property (SD2P) if every convex combination of slices
of Bx has diameter equal to 2.

We remark that the diameter 2 properties are isometric properties that might be
ruined by passing to an equivalent norm.

Notice that in (an infinite-dimensional) Banach space a nonempty relatively
weakly open subset of its unit ball always intersects with the unit sphere since
weak neighborhoods contain an intersection of a finite number of open half-
spaces.

A convex combination of slices need not be relatively weakly open (it might be
contained in the open unit ball or even in some ball B(0, r), where r < 1 (see,
e.q, [GGMS| Remark IV5 p. 48] or the proof of Theorem and the remark
after that)).

Remark 2.3.

(a) A Banach space X has the D2P if and only if every nonempty intersection
of a finite number of slices of By has diameter 2 since slices form a
subbasis of the relative weak topology.

(b) By Bourgain's lemma (see Lemma[2.6), a Banach space X has the SD2P if
and only if every nonempty convex combination of relatively weakly open
subsets of By is of diameter 2.

For a Banach space to have the SD2P it is enough to assume that every average
of a finite number of slices is of diameter 2.

Proposition 2.8. A Banach space X has the SD2P if and only if every average
of a finite number of slices of Bx has diameter 2, that is, dlam(% Y LS =2
whenever n € N and S, . . ., S, are slices of By.

For a Banach space the following implications hold:

SD2P = D2P = LD2P.

The first implication follows directly from Bourgain's lemma (see Lemma [2.6).
The second implication is clear since any slice of the unit ball is also relatively
weakly open.
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In JALNT], it was conjectured that these three diameter 2 properties are different.
Recently, J. Becerra Guerrero, G. Lépez Pérez, and A. Rueda Zoca have shown
that ¢y can be equivalently renormed to enjoy the LDZP, but failing the D2P
(see [BGLPRZ2)).

Theorem 2.9 (see [BGLPRZ2| Theorem 2.4)). Let X be a Banach space. If X
contains an isomorphic copy of ¢y, then X can be equivalently renormed so that
X has the LD2P and X contains nonempty relatively weakly open subsets with
arbitrarily small diameter.

The difference of the D2P and the SD2P was obtained independently in [Lan]
(see also [HL1]) and in [ABGLP]. The key observation is that the £,-sum of two
Banach spaces, where p is such that 1 < p < oo, never has the SD2P. However,
the D2P is stable by forming the £,-sum.

Example 2.10 (see [Lan, Theorem 3.23], [HL1, Theorem 1] or [ABGLP| Theo-
rem 3.2]). The Banach space ¢y @, ¢y has the D2P but fails to have the SD2P.
Indeed, by Theorem co @2 ¢o has the D2P and, by Theorem it cannot
have the SD2P.

Every convex combination of slices in ¢y @, ¢y has diameter at least 1 (see
[BGLPRZ3| Proposition 2.1)). The next result tells us that the D2P and the
SD2P can be extremely different too.

Theorem 2.11 (see [BGLPRZ3 Theorem 25)). Let X be a Banach space. If X
contains an isomorphic copy of ¢y, then X can be equivalently renormed so that
X has the DZ2P and X contains convex combinations of slices with arbitrarily
small diameter.

A natural question to ask is whether diameter 2 properties of a dual space
remain the same properties if, instead of all slices or relatively weakly open
subsets, one considers only weak® slices or relatively weak™ open subsets. The
following example shows us that in a dual space one might have that every
convex combination of weak™® slices is of diameter 2, however, it has slices with
arbitrarily small diameter.

Example 2.12 (see [BGLPRZ3| and [HLP, Example 1.1]). Every convex com-
bination of weak™ slices of By - has diameter 2 (this follows by observing
that every weak™ slice of Bgp contains infinitely many different function-
als arising via integrating against a measure supported at a singleton); how-
ever, Bcpp 1 has slices with arbitrarily small diameter (to see this, observe that

Cl0, 1] = #,(]0, 1]) &, C[0, 1], and ([0, 1)) has the Radon—Nikodym property).
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Example suggests that it makes sense to consider also the weak® versions
of the diameter 2 properties.

Definition 2.13 (see [BGLPRZ3| and [HLPI). Let X be a Banach space. We say
that X* has the

() weak® local diameter 2 property (w*-LD2P) if every weak* slice of Bx-
has diameter equal to 2;

(it) weak® diameter 2 property (w*-D2P) if every nonempty relatively weak*
open subset of B+ has diameter equal to 2;

(iit) weak* strong diameter 2 property (w*-SD2P) if every convex combination
of weak™ slices of By« has diameter equal to 2.

We first observe that for a dual Banach space the following implications hold:

w'-SD2P = w*-D2P = w*-LD2P.

The first implication, similarly to the diameter 2 properties, follows directly from
the weak™ version of Bourgain's lemma (see Lemma[25). The second implication
is clear since any weak™ slice of the unit ball is also relatively weak* open.

Remark 2.4 (cf. Remark [2.3). Let X be a Banach space.

(@) Then X* has the w*-D2P if and only if every nonempty intersection of
a finite number of weak® slices of By- has diameter 2 since weak* slices
form a subbasis of the relative weak* topology.

(b) By the weak* version of Bourgain's lemma (see Lemma [2.5), X* has the
w*-SD2P if and only if every nonempty convex combination of relatively
weak™® open subsets of By« is of diameter 2.

(c) Similarly to Proposition 2.8 one can show that X* has the w*-SD2P if
and only if every average of a finite number of weak* slices of By- is of
diameter 2.

The diameter 2 properties and the corresponding weak® diameter 2 properties
are connected in a natural way.

Proposition 2.14 (see [Lan| Proposition 3.3]). A Banach space X has the LD2P
(resp. DZ2P. SDZP) if and only if X** has the w*-LD2P (resp. w*-DZF, w*-
SDZP).
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Proof. We will only prove it for the LD2P case. The other cases are similar.

Assume first that X has the LD2P. Let S(Bx+, x*, @) be a weak* slice of By. It
is clear that S(Bx, x*, a) C S(Bx+, x*, a). By the assumption,

2 =diam(S(Byx, x*, a)) < diam(S(By, x*, a)) < 2.

Thus X** has the w*-LD2P.

Assume now that X** has the w*-LD2P. Let S(Bx, x*, @) be a slice of Bx. Then
S(Bx, x*, a) is weak® dense in the corresponding weak® slice S(Bx+, x*, a) of
By Indeed, fix x* € S(Bys, x*, ). By Goldstine's theorem (see, e.g., [EHHMZ|
Theorem 3.96]), there is a net (x,) in By which converges to x™ in the weak*
topology. Since

T—a < x™x") = U!{ﬂ X" (Xa),

there is an index ag such that x, € S(Bx, x*, a) whenever a > ay. This proves
our claim.

Let € > 0. By the assumption, there exist x*, ¥ & S(Bx+, x*, @) such that
|x™ — x| > 2 — €. Since S(Byx, x*, a) is weak® dense in S(Bx:, x*, a), there
are nets (x,) and (%) in S(Byx, x*, @) such that the net (x, — X,) converges to

*3% ok

x** — X** in the weak® toplogy. We have
2—e < |X =% < liminf||x, — Xq]],
a

because the norm on X** is weak* lower semicontinuous. Thus, the diameter of
S(Bx, x*, a) is equal to 2 and X has the LD2P. [

Propositon helps us to construct a dual space which has the w*-LD2P
(resp. w*-D2P) but fails to have the w*-D2P (resp. w*-SDZ2P). Indeed, by
Proposition [2.14 it is enough to consider the bidual of the space in Theorem [2.9]

(resp. Example [2.70).

Note that if a dual space has some diameter 2 property, then it will also have
the corresponding weak® diameter 2 property. Thus, from Proposition we
conclude that X inherits all three diameter 2 properties from its bidual X**.

Corollary 2.15 (see [Lan, Corollary 3.4]). If X** has the LD2P (resp. DZP,
SDZP), then X has the LDZP (resp. D2F, SD2P).

The converses of Corollary [2.15] fail for each diameter 2 property.

Example 2.16. The Banach space [4]0, 1] has the SD2P (see Proposition [2.25),
but its bidual L4[0, 1]** contains slices with arbitrarily small diameter, thus it fails
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the LD2P. Indeed, since [4]0, 1]** is a dual space, then by the Krein—Milman
theorem the unit ball of [4[0, 1]** has extreme points. Now, by [BGM1] and
[BGMZ2], the unit ball even has strongly exposed points, thus it contains slices
with arbitrarily small diameter.

Recently, T. A. Abrahamsen, V. Lima, and O. Nygaard have generalized Corol-
lary to include almost isometric ideals. The notion of an almost isometric
tdeal was introduced and studied in [ALNZ]

Definition 2.17 (see [ALNZ]). Let X be a Banach space and Y a subspace. Y
is called an almost isometric ideal (ai-ideal) in X if for every € > 0 and every
finite-dimensional subspace £ C X there exists T : E — Y such that

(i) Te=eforallee ENY;,

W) T+ ell<|ITell< (14 €)le| forall e € E.

Note that, by the Principle of Local Reflexivity (see, e.g., [EFEHHMZ| Theorem 6.3]),
any Banach space X is an ai-ideal in its bidual X**.

Proposition 2.18 (see [ALNZ, Propositions 3.2, 3.3, and Corollary 3.4]). Let X
be a Banach space and Y an ai-ideal in X. If X has the LD2P (resp. DZ2F,
SDZ2P), then Y has the LD2P (resp. D2F SDZ2P).

2.3 Examples

Examples of classes of Banach spaces with diameter 2 properties include
infinite-dimensional M-embedded spaces, infinite-dimensional uniform algebras,
and Banach spaces with the Daugavet property.

Proposition 2.19. The Banach space cy has the SDZP.

Proof Let Y " . 1S(B,, x/, a;) be a convex combination of slices of B, where

i=1n

neN x, . .., X, € S¢ = Sg, and ay, ..., a, > 0. We will show that
diam(1 Y7 S(Be, X7, &) = 2.

We take a = min{a, ..., a,}. The dual space ¢} is identified with ¢; in the
usual way. Thus, for every i € {1,..., n}, we identify the functional x;* with an

element (B ) from ¢;, where

X7 (x) = ZB[,kxk for all x = (x) € co.
k=1
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Let x; = (xix) € S(Byy, x5, ), i € {1,..., n}, be chosen. Choose a K € N such
that Y Buxix > 1—al2forallie {1, n}. Thus Y72 |Bix] < a/2 for
allie {1,..., n}t.

Let Pxi1: co — ¢o denote the projection onto the (K + 1)-coordinate, that is, if
x = (xx), then Proi(x) = (0, ..., 0, x¢41,0,...).

To show that ¢y has the SD2P we will pick elements x and X of
Ly S(Bey, xt, @) such that |lx — X|| = 2 as follows.

By setting
Z—Z — Prya(x) + ex41)

and

= E PK+1 Xl 9K+1):

where e, is the usual unit vector basis in ¢p. It is clear that x and X are in B,,.
Forie {1, ..., n}, we have

X (xi = Praa(x) £ exs1) Z BixXik &= Brr -1+ Z BikXik

k>K+1
>1—a/2—0(/2=1—a21—0q.

Therefore x and % are in =Y, S(B, X, o). Obviously, [|x — %|| = 2. Conse-
quently, ¢y has the SD2P.

]

Remark 2.5. Later on, we will see that ¢y enjoys an even stronger property (see

Example 4.2).

A closed subspace Y of a Banach space X is called an M-ideal in X (see, eqg,
[HWW]) if there exists a norm one projection P on X* with ker P = Y+ = {x* €
X*:x*(y)=0 forall y € Y} and

x|l = [|Px"|| + [|]x* — Px*| for all x* € X*.
If, in addition, the range ran P of P is 1-norming, that is,
[x||=sup{|x*(x)|: x* EranP, |[x*||< 1} forall x € X,

then Y (s called a strict M-ideal.
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If a Banach space X is an M-ideal in its bidual X**, then X is said to be
M-embedded.

Example 2.20. (see, e.g, [HWW, Example 111.1.4, (a)]) The Banach space ¢ is
an M-ideal in its bidual €, that is, ¢g is M-embedded.

The next theorem tells us that there is a whole class of spaces with the SD2P
and where ¢y is a particular example of such spaces.

Theorem 2.21 (see [ALNT, Theorem 4.10]). Let X be a Banach space and let
a proper subspace Y be a strict M-ideal in X. Then both Y and X have the

SDZP In particular, if X is a nonreflexive M-embedded Banach space, then both
X and X** have the SD2P

Now we will provide an example of a Banach space X such that X and X** have
the SD2P, however, X is not an M-ideal in X**. Recall that a Lindenstrauss
space is a Banach space such that the dual is an L4(u)-space for some (positive)
measure p (see, e.g. [Lad).

Example 2.22. The Banach space ([0, 1] is a Lindenstrauss space and thus, by
Proposition 4.6 in JALNZ], the bidual C[0, 1]* has the SD2P. From Corollary[2.19]
or Theorem we deduce that C[0, 1] has the SD2P. However, C[0, 1] is not
an M-ideal in its bidual. Indeed, suppose to the contrary that C[0, 1] is an
M-ideal in its bidual, then all subspaces of C[0, 1] would also be M-embedded
(see [HWW, Theorem 11.1.6]). Since C|0, 1] is universal (see, e.q., [FHHMZ
Theorem 5.8)), this would imply that, for example, ¢, is M-embedded, which is
a contradiction (see [Hali Theorem 3.5]).

In Example we saw that the Banach space C[0, 1] has the SD2P. More
generally, Banach spaces which are uniform algebras have the SD2P.

Definition 2.23. Let K be a nonempty compact Hausdorff space. A uniform
algebra A is a subalgebra of C(K) that is closed in the norm topology, contains
the constant functions, and that separates the points of K.

Theorem 2.24 (see [ALNT, Theorem 4.2)). Infinite-dimensional uniform algebras
have the SD2P.

Proposition 2.25. The Banach space 40, 1] has the SD2P.

In order to prove this proposition, we use the following lemma.
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Lemma 2.26. et « > 0, n € N, and £, ..., fo € Si i Then there are
pairwise disjoint subsets Eq, .. ., E, of [0, 1] with positive measure such that, for
every i€ {1,..., n},

() >1—a for all t € E;.

Proof We will show the existence of such subsets Eq, ..., E, by induction. The
existence of a set £y is immediate from ||f|| = 1.
Suppose that, for some m € N, where m < n, we can find sets £, ..., E. as

needed. We will show the existence of a suitable £,1. Denote by

Dyt = {t €[0,1]: [fur(t)] > 1 — a}.

If (Dt \ULi Ei) > 0, then we may take E,1 = Dyyr \ U, Ei. Otherwise,
there is an index ip € {1, ..., m} such that p(D,41 N E;) > 0. Choose disjoint
subsets EO, En+1 C Dpyr N E;, with positive measure (see, e.g., [AB, Theorem
10.52)) and redefine £, = E,,. O

Proof of Proposition[229, Let 137 S(By,j01), fi, &) be a convex combination of
slices of By,jp1, where n € N, f;, ..., fo € Sijoa) = Sty and aq, ..., a, > 0.
We will show that d'Lam(j—7 ZL S(Bjoq fi @) = 2.

We take a = min{ay, ..., a,}/2. By Lemma there are pairwise dis-
joint subsets £q, ..., E, C [0,1] with positive measure such that, for every
ie{1,.. ., n},

f(t) >1—«a for all t € E;.

We shall split every £, i € {1,. .., n}, further into two disjoint subsets F; and
G; such that E; = F; U G; and p(F;) = p(G) (see, e.g., |[AB| Theorem 10.52)).
We take

1 < sqnf; - xr o1 sonfi xa
X =— ——=— and X =-— -
n ; (ki) n Z p(Gy)

Notice that ||x|| =1, because

1 1o
and, for every i € {1, ..., n}, one has

toosanfi(t) - xe(t) o 1A
/Of,-(t)Tdt—fE—dt>1—a>1—al.
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Thus, x is an element in %Z; S(Brj0a). fi, ;). Similarly one can show that
|%]| = 1 and % is an element in = Y7, S(By,o.1), fi, ).

Therefore,

SR : :
dtam(;;smo,ﬂ, fivai) | 2 =&l = lIxll + 1%l = 2

More generally, Banach spaces with the Daugavet property have the SD2P.

Definition 2.27 (see, e.qg., [Wer2]). A Banach space X has the Daugavet property
(DP) if
I+ Tl =1+ 7]

for every rank one operator 7 : X — X.

The definition of the DP modestly involves only rank one operators, but it is
well-known that then the latter norm identity also holds for all compact and
even for all weakly compact operators.

The class of Banach spaces with the DP include the spaces C(K), whenever K
is a compact Hausdorff space without isolated points, and the spaces [4(y) and
Loo(1), when p is a nonatomic measure. For more details, we refer the interested
reader to a survey paper [Wer2] by D. Werner.

Theorem 2.28 (see [ALNT, Theorem 4.4)). Let X be a Banach space. If X has
the DF, then X has the SDZP.

2.4 Stability results of diameter 2 properties

In this section, we study how diameter 2 properties are preserved by taking
¢,-sums of Banach spaces. We will also show that diameter 2 properties lift
from M-ideals to the corresponding superspace.

The paper [ALN1] is probably the first investigation in this direction. It was
shown that the LD2P and the D2P are stable by forming #,-sums, where p is
such that 1 < p < oo. Some further development was carried out in [ABGLP]
where, instead of ¢,-sums, product spaces with an absolute norm were con-
sidered. The SD2P is stable by forming the ¢;-sum or the €,,-sum (see also
[BGLP] Lemma 2.1]). Whether the SD2P is stable by forming the ¢,-sums, where
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p satisfies 1 < p < 0o, was posed as a question in [ALNT]. In Theorem we
will show that the SD2P is not stable by forming the #,-sums for any p with

1< p<oo

In Chapter 3, we will present a dual space approach to these stability results.
In order to compare different approaches, we include here the original proofs.

The following theorem lists the known stability results for the LD2P.
Theorem 2.29. Let X and Y be Banach spaces.

(a) If X and Y have the LDZF, and p is such that 1 < p < oo, then X @, Y
has the LD2P (ct [ALN1l Theorem 3.2 see also [ABGLP, Theorem 2.4)).

(b) If X @, Y has the LDZ2F, where p is such that 1 < p < oo, then X has
the LD2P (see JABGLP, Proposition 2.5)).

(c) If X has the LD2P, then X @, Y has the LD2P (cf JALN1, Theorem 3.2
see also [ABGLP, Theorem 2.4)).

Proof. (a) Assume that X and Y have the LD2P, and p is such that 1 < p < oo.
Denote by Z = X®, Y. Let g be such that 1/p+1/g =1,if p > 1, and g = oo,
if p = 1. Consider a slice 5(Bz,z*, a), where z* = (x*,y*) € 57 = Sxq,v-
and a > 0. Without loss of generality we may assume that @ < 1. Fix an
arbitrary € > 0. We will show the existence of elements in S(B7, z*, ) with
distance arbitrarily close to 2.

Assume that x* = 0 or y* = 0. To be more specific, suppose that y* = 0,
then x* € Sy». The other case is similar. Consider the slice S(Bx, x*, a). By
the assumption, we can find x, X € S(By, x*, a) such that ||[x —%|| > 2 — e.
We take z = (x,0) and Z = (%,0). Clearly, z and Z are in S(B, z*, @) with
lz—2|| >2—¢

Consider now the case x* # 0 and y* # 0. Find an element zy = (X0, yo) €
S(Bz, z*, al4) with ||zo|| = 1.

Choose x, % € S(Bx, x*/||x*||, a/2) and y,§ € S(By,y*/||ly*||, a/2) such that
X=X > 2 —eand [ly =gl > 2—e We take z = ([xoll x, lyoll y) and
Z = (|Ixo|| %, |lyo|| §). Observe that z,z € S(Bz, z*, @). In fact,

12117 = [Ixoll” [IXNI° + llyoll” ylI” < lIxoll” + [lyoll” =1,
and

Z*(2) = Il x*(x) + llyoll y™(v) > (bxoll IX7[l + llyoll 1y (T — a/2)
> 2 (z20)(1 — af2) > (1 — a/4)(1 — af2) > 1 — a.
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Thus, z € S(B7, z*, a). Similarly we have Z € S(B7, z*, a). Finally,

1z = 21" = [boll” I = XII” + Hlyoll” ly — 11"
> (2= ) (Ixoll” + llyol”) = (2 =€),

(b) Assume that X @, Y has the LD2P, where p is such that T < p < co. Denote
by Z = X®, Y. Let 5(Bx,x", a) be a slice and € be such that € € (0, a).
Consider the slice S(Bz, z*, €), where z* = (x*, 0). By the assumption there are
71 = (x1,y1) and 2z = (x2, y2) in S(By, z%, €) such that

(2 =€) <llzr = 2||"= [Ix1 = xe[IP+[lyr — yal)”.
Since z*(z1) > 1 — &, we deduce that x*(x1) > 1 —¢e. Thus x; € S(Bx, x*, a).

Similarly we have that x, € S(Bx, x*, a).

From
(1= + [lyallP< [Pall”+lylIP< 1

we deduce that ||y ||P< 1—(1—¢€)? = d(e). Similarly one has that ||y, [|P< d(g).
Finally,

I = x> (2 =€) = llyalP=lly2lP> (2 — €)” — 20(e),
where 0(€) — 0 as € — 0. Thus X has the LD2P.

(c) First, observe that if Z = X @, Y, then for every slice S(B7, z*, a) there
exists a slice S of By and y € By such that

S(B7, 7', a) O S x {y}.

Indeed, let z* = (x*,y*) € Sz+ = Sx«a,v- and let a > 0. If x* = 0, then
S(Bz,z*, a) D Bx x {y} for any y in the slice S(By, y*, a). This proves our
result since By can also be considered as a slice.

Assume now that x* # 0. Choose an y € By such that y*(y) > ||y*|| — a/2. It
is straightforward to verify that

S(Bz, 7", a) D S(Bx, x*/ Ix*|. BIIx*[l) x {y},

where B = o+ [|x*|| + y*(y) — 1.

This observation clearly implies that, if X has the LD2P, then also X @, Y has
the LD2P. O
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Lemma 2.30 (see [ALN1, Lemma 45]). Let X and Y be Banach spaces, W a
nonempty weakly open subset in Z/ = X @, Y, and (xo, yo) € W. There exist
weakly open subsets U of X and V of Y such that (xo,yo) € U x V C W.
Moreover, if W is a relatively weakly open subset of Bz, then U and V' can be
chosen to be relatively weakly open subsets of Bx and By, respectively.

Proof. We may assume that
Wo=1{(x,y) € Z: |z (x,y) — z'(x0, yo)| < 1, (€ {1, .. ., nt}c w

for some n € N and zj = (x7,y7), ..., zv=(xr,yr) e XT @y Y™

Set

U={xeX: |xl*(x)—xl.*(xo)|<%, re{1,..., nt}

and ]
V={y eV lyily) —yilyo)l < 5. ie{l..., n}}.

Then U and V are weakly open in X and Y, respectively, and (xp, yo) € Ux V C
Wo. In this part of the proof, we have not used the fact that Z is equipped with
the supremum norm.

For the last part, notice that because of the supremum norm B; = Bx x By, and
just redefine U =UN Bx and V =V N By. O

The following theorem lists the known stability results for the D2P.

Theorem 2.31. Let X and Y be Banach spaces.

(@) If X and Y have the DZF, and p is such that 1 < p < oo, then X ®, Y
has the D2P (see |ALNT, Theorem 3.2] see also JABGLP, Theorem 2.4)).

(b) If X ®, Y has the DZ2F, where p is such that 1 < p < oo, then X has the
D2P (see JABGLP, Proposition 2.5)).

(c) It X has the D2P, then X @, Y has the D2P (see [LP, Lemma 2.1] see also
[ALNT, Theorem 2.7 (ii), and Theorem 3.2] and JABGLP, Theorem 2.4)).

Proof. (a) Assume that X and Y have the D2P, and p is such that 1 < p < oo.
Denote by Z = X @, Y. Let W be a nonempty relatively weakly open subset
of By. Fix zg = (x0, yo) € W NSz, We may assume that

Wo{zeBs: |z/(z—2z) <1, ie{l ..., nt}
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for some n € N, Zf = (X, y7), ..., zy = (xr,y;) € Z*. Fix an arbitrary € > 0.
We will show the existence of elements in W with distance arbitrarily close to
2.

Assume that xp = 0 or yo = 0. To be more specific, suppose that yo = 0, then
xg € Sx. The other case is similar. The set

U={xeBx: [xX(x—x)| <1, ie{1..., nt}

is a nonempty relatively weakly open subset of Bx. By the assumption, we can
find x, X € U such that ||x — X|| > 2 — €. We take z = (x,0) and z = (%,0).
Clearly, z and Z are elements in W with ||z —Z2|| > 2 —e.

Suppose now that xp # 0 and yo # 0. Consider the sets

X0

1
U={xeBx:|x(x— )| < ,oe {1, nt},
Ixoll™ 2 [l

and

il
lyoll
Clearly, U and V are nonempty relatively weakly open subsets of By and By,

respectively.

1
V={yeBy:|yiy < ,oe {1, ntt.
2ol 3

By the assumption, we can find x, X € U and y, § € V such that ||x — X|| > 2—¢
and [ly = gl > 2 — e We take 7 = (|[xol x. [[yoll y) and Z = ([lxoll X, [[yoll )-
Observe that z,z € W. In fact

1217 = [Ixoll” [IXI° + lyoll” ylI” < lIxoll” + [lyoll” =1,
and

|2{(z = 20)| = I ([[xoll x = x0) + yi(llyoll y = o)l

* X0 X Yo
< ; - g _
< bl b = ol =+ luoll ity = )
< Ioll = + llgol = 1
X —
2Tl T PO 2yl

for fixed i € {1,..., n}. Thus, z € W. Similarly, 2 € W. Finally,
1z = 211" = [lxoll” Ibx = XII” + [lyoll” ly — 1"
> (2=l (Ixll” + lyoll”) = 2= &)

(b) The proof is similar to the proof of (b) in Theorem @ Assume that X @, Y
has the D2P, where p is such that 1 < p < co. Denote by Z = X @, Y. Note
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that, by Remark [23] it suffices to show that every nonempty intersection of a
finite number of slices of By has diameter 2. Let S = ﬂ; Si(Bx, x, ;) be a

nonempty intersection of slices of By, @ = min{«, . . ., a,}, and € be such that
e € (0,a). Consider the intersection of slices T = (', Si(Bz, z/, €), where
zF = (x7,0) forevery i € {1, ..., n}. By the assumption, there are z; = (xy, y1)
and z, = (x2, y2) in Si(By, z[, €) for every i € {1, ..., n} such that

(2—e)f <|lz1 — z|P= [Ix1 = x2lIP+lyr — ya|”
Since zf(z1) > 1 — €, we deduce that x(x;) > 1 — € for every i € {1,..., n}.
Thus x; € S. Similarly we have that x, € S.

From
(T =) + [yl < [Pall”+llylIP< 1

we deduce that ||y ||P< 1—(1—¢€)P = d(e). Similarly one has that ||y, [|P< 0(g).
Finally,

X = xl”> (2 =€) = [[pallP=[lyalIP> (2 =€) — 24(e),
where 0(€) — 0 as € — 0. Thus X has the D2P.

(c) It is immediate from Lemma that Z = X @4 Y has the D2P, whenever
X or Y has the D2P. []

The following theorem lists the known stability results for the SD2P.
Theorem 2.32. Let X and Y be Banach spaces.

(a) IfX and Y have the SDZF, then X@®1Y has the SD2P (see |JALN1, Theorem
2.7 (iii)] see also [BGLP, Lemma 2.1] and JABGLP, Proposition 3.1)).

(b) 1f X @1 Y has the SDZF, then X has the SD2P (see |JABGLE, Proposition
3.1)).

(c) If X has the SD2F, then X @, Y has the SDZP (see JALN1, Proposition
4.6)).

Proof. (a) Assume that X and Y have the SD2P. Denote by Z = X &, Y. Let
S =3 7, AS(Bz, z, &) be a convex combination of slices, where n € N,
zi = (x7,y7), ..., Zi=(xny)e Syp oo, a, >0, and Ay, ..., A, > 0 with
> 1 A =1 We will show that the diameter of S is arbitrarily close to 2.

Split the set {1, ..., n} into two disjoint subsets / and J, such that ||x/|| = 1 for
every i € [ and ‘ yi|| = 1 for every j € J. For every i € | consider the slice
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S(Bx, x{, a;) and for every j € J consider the slice S(By, y}, a;). Observe that
S(Bx, xi, ai) x {0} C S(Bz, 7, ;) for every i € I and {0} x S(By, y;, ) C

[

S(Bz,z}, aj) for every j € J.

Denoteby Ay =) .., Aand A = Z/‘ej A;. Assume first that Ay = 0 or A; = 0. To
be more specific, suppose that A; =0, then A, = 1. Let € > 0. Since X has the
SD2P, there are elements x, ¥ € ) .., A S(Bx, x;", ;) such that ||x — X|| > 2—«.
Note that (x, 0), (%, 0) are elements in S. Finally,

diam(S) > ||x — X[ > 2 —e.
Suppose now that A; # 0 and A; # 0. We have that
ZA (Bx, x{, ) x{O}CZ SBZZ )

iel iel

and

{0} x Z/\/S (By. y!, a) CZAJS (Bz.z], a).

jel jel

Let € > 0. Since X and Y both have the SD2P, there are elements x, ¥ &€
ZIE/)( S(Bx,xf, a;) and y, § € Z/eu (By, yj, aj) such that [[x = X|| > 2 —¢
and Hg i|| > 2 — e. Note that (Ax, /\jg) is an element in S, because

()\/X,/\jy) = ()\/X, O) + (O,Ajy)
€ ASBx.x @) x {0} +{0} x > A;S(By.y!, )

iel jel
CY AS(Bzzi,a)+) AS(Bzz,a)=S.
iel jel

Similarly, (A%, A/g) is in S. Finally,

diam(S) > A/ [|x = x| + A4/ lly =gl > 2 — €

(b) Assume that X @7 Y has the SD2P. Denote by Z = X @, Y. Let S =
%ZL Si(Bx, x;, a;) be a nonempty convex combination of slices of By, a =
min{ey, ..., a,}, and € be such that € € (0, @). Consider the convex combination
of slices T = 13" Si(Bz, 2}, €), where zi = (x,0) for every i € {1,..., n}t.
Taking p = 1 in the proof of Theorem [2.29] (b), we see that

SiBz,z" €) C Si(Bx, x", a) x €By
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foreveryi e {1,..., n}. Thus T C S x eBy and therefore diam(7T) < diam(S)+
2¢.

By the assumption, T is of diameter 2. Thus diam(S) > 2 — 2e and X has the
SD2P.

(c) Our proof is a slight modification of the proof in [ALN1]. Assume that X has
the SD2P. Let Z = X @, Y and let P: Z — X be the natural projection onto
X. Let S = %ZL S, wheren e Nand S, ..., S, are slices of B;.

We recall that slices Sy, ..., S, are relatively weakly open in Bz. By
Lemma [230} it follows that for every i € {1,..., n} one can find relatively
weakly open subsets U; of Bx and V; of By such that U; x V; C S;.

We have now o , o
P(S)=- Z P(S) > - 21 Us.
By Remark diam(1 Y7, U;) = 2. Since ||P|| = 1, we must have
diam(P(5)) = diam(5) = 2.
L

We will now show that if X and Y are Banach spaces, then the Banach space
X @, Y, where p is such that T < p < oo, can never have the SD2P. This gives
a negative answer to question (c) in [ALN1].

Theorem[233]is a joint result with M. Példvere. The lack of the SD2P in £,-sums
of Banach spaces, where p is such that 1 < p < oo, was obtained independently
also in [ABGLP] Theorem 3.2] (see also [Ojal).

Theorem 2.33 (see [Lan| Theorem 3.23] or [HL1, Theorem 1]). Let X and Y
be Banach spaces and let p be such that 1 < p < oo. The Banach space
Z =X @, Y does not have the SD2P.

To prove this theorem, we will need the following lemma.

Lemma 2.34 (see [Lan, Lemma 3.24] or [HLT Lemma 2]). Let g be such that
1<g<ooandl/p+1/qg=1 Ifz"=(x",y") is an element in Sz = Sx-g v+,
then for every € > 0 there exists a > 0 such that

x11g—1 *11g—1
K R N T P e R

whenever z = (x, y) is an element in S(z*, a).
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Proof. Note that if z = (x,y) is an element in S(Bz, z*, a), then (||x]. |ly|l)
and (|[x*]|", ||y*[|*"") are both elements of the slice SBe, (XNl Iy ), @)-
Obviously, when a tends to 0, then diam(5(Bgz, (||Ix*||. [[y*[l). @)) tends to O as
well. This proves the result. 0

Proof of Theorem[233 We will show that, for every A € (0,1), there exists
a > 0 and B > 0 such that

AS(Bz, 7", a) + (1 — NS(Bz, 2", a) C (1 — B)By,

where S(Byz, z*, a) and S(B,, Z*, a) are two suitable slices of B;.

Let x* € Sy» and y* € Sy~. We take z* = (x*,0) and Zz* = (0, y*). Then z and
Z are elements in Sy«. Fix A € (0, 1). Denote by

e=1- (AP+(1 —A)P)”p.

Clearly, € > 0. By Lemma there exists a > 0 such that

1/p
(Al + (=121 )"+ (2Dl + (0 = A 1131 )")

< ((A-1+(1—A)-o)p+(A-O+(1—A)-1)p 1/p+§
- (AP+(1—A)P)W+§=1—§

whenever z = (x,y) € S(B7,z*, a) and Zz = (%, §) € S(B7, 7%, a).

One may take B = €/2. Indeed, for z = (x,y) € S(B7,z*,a) and Z = (X, ) €
S(Bz,z*, a), we have

~ ~ ~ 1/p
Iz + (1= 2020l = ( I+ (1 = FIP + Ay + (1= 4]

1/p
< (Al + = 51)" + (2Dl + (0= A1) )")

1—=.
< 2

]

Relations between the M-ideal structure and diameter 2 properties were first
considered in [LP], where it was proven that if a proper subspace Y of a Banach
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space X is a strict M-ideal in X, then both Y and X have the D2P (see
[LP} Theorem 2.4)). In [ALNT Theorem 4.10] it is shown that, under the same
assumptions, one can conclude that both Y and X even have the SD2P. An
immediate corollary of this is that if a nonreflexive Banach space X is an M-
tdeal in its bidual X**, then both X and X** have the SD2P. In Proposition 3.35]
we shall present a simple proof of this result.

Example 2.35. One can not omit here the assumption that an M-ideal Y in X
is a strict M-ideal. Indeed, let Y be any Banach space and let X = Y @, co.
Then, by [ALNT] Proposition 4.6] (or Proposition [2.36), X has the SD2P and Y
is an M-ideal in X.

In the following we will show that if a nonzero M-ideal Y in X has some
diameter 2 property, then X has the same diameter 2 property without the
assumption that the range of the projection is 1-norming. This also generalizes
[ALNT] Theorem 3.2] (the case of p = oo) and [ALNT] Proposition 4.6].

Proposition 2.36 (see [Lan, Proposition 3.28] or [HL1, Proposition 3]). Let X be
a Banach space and let Y be a proper closed subspace of X. Assume that Y is
an M-ideal in X. If Y has the SDZP, then X has the SDZP.

Proof Let %ZL S(Bx, x{, a;) be a convex combination of slices of By,
where n € N. By Proposition it suffices to show the diameter of
Ly S(Baxt,ap) is 20 Let o = min{a, ..., a,} and € be such that
e € (0,a/3).

We will show the existence of xy1,..., x1, and xo1, ..., X2, in By such that
X110, % € S(Bx, xI, ) for every i € {1,.. ., n} and
1 i( > 2—¢
- X1i— X2 .
n = L o 14+ ¢
(=

Denote by P the M-ideal projection on X* with ker P = Y+ For all i €
1,..., n}, we take

. Px e—e|Px|| + &
Y = * and B[ = *
1P| [P
Note that, if Px # 0, then B > 0. If Px;” = 0, we can take y; € Sy- and B > 0
to be arbitrary. Observe that =Y 7 | S(By,y7, ;) is a convex combination of
slices of By. Since Y has the SD2P, we can find y1 4, .. ., Y1, and yz1, ..., Yoz
in By such that

Pxi(y) > (1PN = €)(1 + €)
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and
1 Z 5
;'_ Yri— Y2l >2—e.
There are x4, ..., X, € By such that
(X" — Px’)(x) > (||]x7 — Px'|| — €)(1 + &)

forallie {1,..., n}t.

Since Y is an M-ideal in X, then by [Werl] Proposition 23] we can, for every
ie{1,..., n}, choose z; € By such that

Hy” + X —Z[H <l+e

and
|Px;(xi — z))| < e.
We take
= X T4
jii Tre
Now, for every i € {1,..., n} and j € {1,2}, x;; is an element in S(By, x{, &),
because
* XL*(yL + X — Z[)
X; (x;i) = /1 s
_ PX(yp) + (5 = Px)x) + P (x — 2)
- 1+¢
> Pl e+l —Px|—e—e

=|Ix'| —3e>1—a.

Finally, observe that

% > = x2)

i=1

n

1
n 21(91 i 92,1)

2—¢€
> )
T+e

1
1+6

We conclude with the LD2P and the D2P versions of Proposition [2.36]

Proposition 2.37 (see [Lan, Proposition 3.29] or [HL1, Proposition 4]). Let X be
a Banach space and let Y be a proper closed subspace of X. Assume that Y is
an M-ideal in X. If Y has the LD2F then X has the LDZP
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Proof. Take n =1 in the proof of Proposition [2.36] O

The next result is obtained in the proof of [LP, Theorem 24| but not stated
explicitly. We will give a direct proof of this result.

Proposition 2.38 (see [Lan, Proposition 3.30] or [HL1, Proposition 5]). Let X be
a Banach space and let Y be a proper closed subspace of X. Assume that Y is
an M-ideal in X. If Y has the DZP then X has the D2P

Proof. The proof is similar to the proof of Proposition [2.36]

Let U be a nonempty relatively weakly open subset of By containing an element
xo. We may assume that

{xeBx: x'(x—x)| <y, ie{1,. .., nttc U,

for some n € N, xJ, ..., x' & Sx+, and y > 0.

Denote by P the M-ideal projection on X* with ker P = Y+, and let 0 =
max{||Px/||: i € {1,..., n}}. Let € > 0 be such that (4 + 0) < y. We will
show the existence of elements x and X in U such that

2—¢

Ix =5l > 5=,

Since By is dense in By in the weak topology o(X,ran P), we can find an
element yo € By such that

|Pxi(xo—yo)l < &
for every i € {1,..., n}. Consider the set
V={yeBy: |Px(y—vyo)|<eo+1), ie{l, ..., nt}.

Clearly, V' is a nonempty relatively weakly open subset of By. By the assump-
tion, there are yy,y, € V with |ly1 — y2|| > 2 — €.

Since Y is an M-ideal in X, by [Werl, Proposition 2.3 there is an element
79 € By such that
ly;+x0—2| <1+e

and
|Px;(x0 — 20)] < €

for every i € {1,..., n}and j e {1,2}.
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We take + Xxo — Z + Xxo — Z
X1:w and XZ:M_
T+ ¢ T+ ¢
Now, for every i € {1,.. ., n}, we have
It — )] = —— )= Pxf(x0) P (o)
X(x — xo)| = X (yr — exo — 20) + Px'(xp) = Px;
i X1 0 T+ e i Y 0 0 i (X0 i \Yo

1
<Tic |Px{ (41 — yo)| + [Px;(xo — 20)| + €|x{(x0)| + |Px{ (yo — x0)|

<

4 .
1+6(56+ g) <y

Thus, x; € U. Similarly, one can show that x, € U. Finally, observe that

2—c¢
14+ ¢

| | 1 | | >
X1 — x|l = —— —
1 2 11 e Y1 Yy

]

In Section 3.3] we will give a dual space approach to Propositions [2.36H2.38






Chapter 3

Octahedral Banach spaces

It is known that a Banach space has the SD2P if and only if the norm on its
dual space is octahedral. We consider two more versions of octahedrality, which
we show are dual properties to the D2P and to the LD2P. We study stability
properties of different types of octahedrality and provide alternative proofs of
some known stability results of diameter 2 properties. Necessary and sufficient
conditions for spaces of operators to be octahedral are also considered. This
chapter is mainly based on [HLP]

3.1 Definitions and basic results

Definition 3.1 (see [God| and [DCZ|, cf. [Dev]). Let X be a Banach space. The
norm on X is octahedral (OH) if, for every finite-dimensional subspace E of X
and every € > 0, there is a y € Sy such that

x4+ ylI> (1 =€) (Ix][+llyll) for all x € E.

Whenever it makes no confusion, spaces whose norm is OH will also be called
OH for simplicity.

Octahedral norms were introduced by G. Godefroy and B. Maurey [GM] (see
also [Cod]) in order to characterize Banach spaces containing an isomorphic
copy of 4.

Theorem 3.2 (see [DCZ| Theorem I11.25]). A Banach space X can be equivalently
renormed to be OH if and only if X contains an isomorphic copy of ¢;.

4
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We now point out some equivalent, but sometimes more convenient formulations
of octahedrality.

Proposition 3.3 (see [HLP| Proposition 2.1)). Let X be a Banach space. The
following assertions are equivalent:

(i) X is OH:

(ii) whenever E is a finite-dimensional subspace of X and € > O, there is a
y € Sx such that

Ix + tyl|> (1 —e)(|Ix||+t) forallx € Sgand t >0,  (3.1)

(ii') whenevern € N, xq, ..., x, € Sx, and € > 0, there is a y € Sx such that

Ixi + tyl|> (1 = &) (|xll+t) forallic {1, ..., n}andt>0; (3.2)

(iit) whenevern € N, xq, ..., x, € Sx, and € > 0, there is a y € Sx such that

Ix; +yl|>2—¢ forallie{1,. .., n}.
Proof. (1)< (il)=(il')=(iii) is obvious.

(iit)=(il'). Assume that (iii) holds. Let xq, ..., x, € Sx and let € > 0. By (iii),
pick any y € Sx with

Ix; + yl|>2—¢ forallie{1,. .., n}.

We show that y satisfies (3.2). Suppose that i € {1,..., n}, t >0, and € > 0.
Then

Ixi + tyl| > max{1, t}||Ix; + y||—( max{1, t} — min{1, t})
> (1 —¢)max{1, t} + min{1, t}
=1+ t—e-max{1,t}
> (1—e)(1+8).

(it)=(it). Assume that (ii') holds. Let E be a nontrivial finite-dimensional
subspace of X and let € > 0. We shall show that there is a y € Sy satisfying
(37). Let A C Sx be afinite e/2-net for Sg. By (i), there is a y € Sx satisfying

|z + ty||> (1 — %)(HZH—H) forallz&€ Aand t > 0.
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Let x € Sg and t > 0 be arbitrary. Letting z € A be such that ||x — z||< €/2,
one has

Ix + tyll > [1z + ty||—|lx — ]|
& &
1=+t —=
> (1= S)(1+1) - =
> (1—&)(1+¢t).

]

Example 3.4. The Banach space ¢ is OH. Indeed, let n € N, xy =
(o1h), -, Xy = (ank) € Sy and let € > 0. By Proposition B3] it suffices
to find a y € Sy, such that [[x; + y||> 2 —¢eforall i € {1,..., n}. Find an
N & N such that

Define y = eny41, where (eg) is the standard vector basis of ¢;. Now we have
that

N [
b+ gl = Y louad + 1+ cnnl + Yl
k=1 k=N+2
N 0
>3 ol + 1= Jaineil = D i
=1 k=N+2

k
>1—el24+1—¢€l2=2—c¢
forallie {1,..., n}. Thus ¢ is OH.

Similarly to Example [34] one can show that given a sequence of nontrivial
Banach spaces (Xi) the ¢;-sum (X1 @ X; @ ... ), is always OH.

In order to show that spaces with the DP are OH, we recall a geometric char-
acterization of the DP.

Lemma 3.5 (see [KSSW, Lemma 2.2)). Let X be a Banach space. The following
assertions are equivalent.

(i) X has the DP;

(it) for every x € Sx, x* € Sxs, and € > 0O there is a y € Sy such that
X*y)>1—eand|x+y||>2—¢
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(iit) for every x € Sx, x* € Sx+, and € > 0 there is a y* € Sx- such that
y*x) > 1—eand ||x* + y*|>2— ¢

Repeatedly using Lemma [3.5] gives us that X and X* are OH whenever X has
the DP. One can derive this result also from the duality of the SD2P and OH
as it is done in [BGLPRZ1].

Theorem 3.6 (see [BGLPRZTl Corollary 2.5]). If X has the DP, then X and X*
are OH.

The following example of a Banach space X such that X and X* are OH, but
X fails to have the DP is given in [BGLPRZ1| Remark 2.6].

Example 3.7. Let X = [4]0, 1]®s &. We know that [4]0, 1] is OH, because it has
the DP and, by Example we have that ¢; is OH. Now, by Proposition 3.3
(c), we get that X is OH. Since X* = L]0, 1]®1 s and L]0, 1] has the DP, it
follows, by Proposition that X* is also OH. Finally, X fails the DP, because
¢; fails the DP.

In order to characterize the dual of Banach spaces with the D2P, we introduce
the following octahedrality-type property of the norm.

Definition 3.8 (see [HLP| Definition 2.2]). Let X be a Banach space. We say
that (the norm on) X is weakly octahedral (WOH) if, for every finite-dimensional
subspace E of X, every x* € By, and every € > 0, there is a y € Sx such that

Ix + yl|> (1 — 5)(|x*(x)| + ||g||) for all x € E.

It is clear that if a Banach space is OH, then it is WOH.

Next we point out some equivalent, but sometimes more convenient formulations
of weak octahedrality.

Proposition 3.9 (see [HLP| Proposition 2.4)). Let X be a Banach space. The
following assertions are equivalent:

(i) X is WOH:

(ii) whenever E s a finite-dimensional subspace of X, x* € Bx«, and € > 0,
there is a y € Sx such that

Ix + tyl|> (1 —€)(|x*(x)| + t) forall x € Sg and t > 0;
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(it') whenevern € N, xq, ..., Xp € Sx, x* € Bx+, and € > 0, there isa y € Sx
such that

Ixi+ ty||> (1 =) (X ()| + t) forallie{1,..., n}andt >0,

(iit) whenevern € N, x4, .. ., X, € Sx, x* € Bx+, and € > 0, there is a y € Sy
such that

Ixi + tyl|> (1 =) (X' ()| + t) forallie{1,..., ntandt > e
Proof. (1)< (il)=(il')=(iii) is obvious.

(iii)=(ii). Assume that (iit) holds. Let E be a nontrivial finite-dimensional
subspace of X, let x* € By:, and let € be such that € € (0,1). Pick 6 > 0
satisfying € > (2 — €)9, and y > 0 satisfying y(2 — 0) < 6% Let A C Sy be a
finite y-net for Sg. By (iii), there is a y € Sy satisfying

|z 4 tyl|> (1= 0)(|x*(2)| + t) forallze Aandall t > .

Let x € Sg and ¢t > 0 be arbitrary. First suppose that t < d. In this case,
observing that —0 > —e +0 — €0, ie. 1T—0 > (1 — ¢)(1 + 0), and thus also
T—0>(0—¢)(1+1),

[x+tyl|[>1—=0>(1—e)(1+1t) > (1—¢e)([x ()] +t).
Now consider the case t > 0. Letting z € A be such that ||x — z||< y, one has

I+ tyll > |1z + tyll—v > (1 = O) ("2 + 1) — ¥
> (1= 3)(Ix ()| + 1) —v(1 = 8) — ¥,

Since t > 0, one has
V(1 =0) +y=y(2—0) <0 < (x| + 1),
and it follows that
b + tyll> (1= 20) (X" ()| + t) > (1 = 2e) (Ix"(x)] + t).
O

Remark 3.1. We do not know whether the equivalences in Proposition [3.9 remain
the same by replacing the condition t > 0 with t = 1 (see also the remark after
[HL2l Lemma 3.5)).
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Proposition 3.10 (see [HLP| Proposition 2.5]). Let X be a Banach space. The
following assertions are equivalent:

(i) X* is WOH;

(ii) whenever E is a finite-dimensional subspace of X*, x € By, and € > 0,
there is a y* € Sx- such that

X"+ y* > (1 =) ([x" ()| + ly*]|)  for all x* € E;

(itt) whenever n € N, x{,..., X € Sx«, x € Bx, and € > 0, there is a
y* € Sx« such that

X7+ ty™|> (1 =) (X' ()| +t) forallie{1,..., ntandt> e
Proof. (1)=(ii)=(iii) is obvious.
(li)=(it) is similar to (iit)=(it) in the proof of Proposition [3.9]

(i)=(i). This is a standard use of the Principle of Local Reflexivity. Assume that
(it) holds. Let E be a finite-dimensional subspace of X*, let x™* &€ B+, and let €
be such that € € (0,1). Let F = span{x™}. By the Principle of Local Reflexivity,
there is an e-isometry 7: F — X such that 1—e < ||Tf||< T+ eforall f € S
and x*(7Tx™) = x*(x*) for all x* € E. It is clear that Tx*/(1 + €) € Bx. By
(i), there is a y* € Sy« such that

Tx**
* * >1— 2 * *
I+ gl 2 =8 (1 (g ) 1+ Dl

1_62 Y *
:(1+s) (|X o)+ 0 + )y H)

> (1 =)™+ [ly7l)
for all x* € E. ]
In order to characterize the dual of Banach spaces with the LD2P (similarly to

the D2P and the SD2P), we introduce the following octahedrality-type property
of the norm.

Definition 3.11 (see the comment after [HLP| Lemma 3.1]). Let X be a Banach
space. We say that (the norm on) X is locally octahedral (LOH) if, for every
x € X and every € > 0, there is a y € Sy such that

llsx + y||> (1 — 6)(|S|||X||+||g”) for all s € R.
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Clearly, every WOH Banach space is LOH.

In the following we point out some equivalent, but sometimes more convenient
formulations of LOH.

Proposition 3.12 (see [HLP| Lemma 3.1]). Let X be a Banach space. The fol-

lowing assertions are equivalent:

() X is LOH,
(it) whenever x € Sx and € > 0, there is a y € Sx such that

[x £ tyl|> (1 —e)(IIx||+t) forall t > 0; (3.3)

(iit) whenever x € Sx and € > 0, there is a y € Sx such that

Ix+yl>2—-e

(iv) whenever x € Sx then

lim sup X + All+[lx — All=2[|x]| _ ).
8[| —0 Il

Proof. (i) (it)=(iii) is obvious. (iv)=(iii) and (ii)=(iv) are straightforward.

(iit)=(it). Assume that (iii) holds. Let x € Sy and let € > 0. By (iii), pick any
y € Sy with ||x £ y||> 2 — . We show that y satisfies (33). Suppose that
t > 0. Then

[x £ ty|| > max{1, t}||x = y||—( max{1, t} — min{1, t})
> max{1, t}1 — ) + min{1, t}
=1+ t—max{1,t}e
> (1+t)(1—¢).

Thus y satisfies (3.3). O

Remark 3.2. Condition (iv) in Proposition means that the norm on X is
2-rough. Thus X is LOH if and only if the norm on X is 2-rough. In order

to provide a unified octahedrality-based approach, we prefer to use the notion
LOH instead of 2-rough.
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Definition 3.13 (see, e.g, [DGZ|). Let X be a Banach space and let € > 0. We
say that a norm ||| on X is e-rough if

h — h||-2
sy L DI — 2]

> ¢ forall x € X.
[|h||—0 HhH

We say that X' is rough, if it is e-rough for some € > 0, and we say that X is
nonrough otherwise.

For a Banach space the following implications hold:

OH = WOH = LOH.

In general, these implications are not reversible. There is a Banach space which
is WOH, but fails to be OH.

Example 3.14. The Banach space ¢,&,%; is WOH, however it is not OH. Indeed,
by Proposition 3.30} ¢ @, ¢, is WOH and, by Proposition 3.32) ¢, &, ¢; cannot
be OH.

There is a Banach space which is LOH, but fails to be WOH.

Example 3.15. By Theorem [2.9] we can equivalently renorm ¢q such that it has
the LD2P and fails the D2P. Thus, by Theorems [3.27] and 3.24] its dual space
is LOH, but fails to be WOH.

Similarly as with the diameter 2 properties (see Proposition [2.18), almost iso-
metric ideals inherit all three octahedralities.

Proposition 3.16 (see [ALLN| Proposition 3.1)). Let X be a Banach space and
Y an ai-ideal in X. If X is OH, then Y is OH.

Proof. Assume that X is OH. Let y4, ..., y, € Sy and € > 0. Since X is OH,
there is an x € Sy such that ||y, +x|| > 2 —eforall i € {1,..., n}. Let
E = span{x,yy, ..., yn}. Since Y is an ai-ideal in X, thereisa T: E — Y
such that

(i) Te=eforallee ENY,

W) (T+e) el <|ITe|l < (1+€)]le] forall e € E.
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Take z = Tx/||Tx]||. Observe that z € Sy and ||z — Tx|| < € because (1 +
1< ||Tx|] €14 & We have that

: 2 —
lyit x|l S 2—¢€

i > || T(y; — | Tx—=2z|| > >
lyi + 2zl > ([ T(yi +x)|| = I Tx — z|| T .

forallie {1,..., n}. Since € > 0 was arbitrary, we deduce that ¥ is OH. [

Proposition 3.17. Let X be a Banach space and Y an ai-ideal in X. If X is
LOH, then Y is LOH.

Proof. Take n = 2 and y, = —y; in the proof of Proposition [3.76] O

Proposition 3.18. Let X be a Banach space and Y an ai-ideal in X. If X is
WOH, then Y is WOH.

Proof. Assume that X is WOH. Let yq, ..., Yy, € Sy, y* € By-, and let € be
such that € € (0, 1). We will show that there is an element z € Sy such that

ly:+z|| > (1 —&)(|ly™(y)] + 1) forallie {1,..., n}andt> e
Since X is WOH, there is an x € Sy such that
ly: 4+ x|| > (1 — Y (|ly*(y))| + ) forallie {1,..., n} and t > 0.

Let £ =span{x,yy,..., yn}. Since Y is an ai-ideal in X, thereisa T: £ — Y
such that

(i) Te=eforallee ENY,
i) (1+e2) el <||Tell < (1+€%2)|e| forall e € E.

Take z = Tx/||[Tx|. Observe that z € Sy and ||z — Tx|| < &°/2 because
(14227 < || Tx|| 1+ €2 Forallie {1,..., n} and t > €, we have

lyi + 2l > I T(yi +x)[| = || Tx — Z]]
i+ x 1T —eY4)(ly*(ys)] + ¢
2Tigg_§pz( 41@%” )
1 —212)(|ly*(y)| + t) — €2
1—52/2)| “(y)] + t) — tef2
1 —el2)(|ly*(y)| + t) — te)2
1T—&)(|ly*(y; |+t

— &2

AVAR\VARIVARV]

(
(
(
(

Since € > 0 was arbitrary, we deduce that Y is WOH. [
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Recall that any Banach space is an ai-ideal in its bidual.

Corollary 3.19. /f X** is OH (resp. WOH, LOH), then X is OH (resp. WOH,
LOH).

The converse of Corollary fails for each level of octahedrality.

Example 3.20. The Banach space C[0,1] is OH, but its bidual C[0, 1]** even
fails to be LOH. By Example we know that C[0, 1]* fails to have the LD2P,
thus, by Theorem the bidual X** cannot be LOH.

3.2 Duality of diameter 2 properties and
octahedrality

The goal of this section is to establish the duality between diameter 2 properties
and octahedrality. We also show that one can think of diameter 2 properties as
sort of extension properties.

It is well-known that a Banach space X is e-rough if and only if the diameter of
every weak® slice of By is greater or equal to € (see [DGZ| Proposition 1.1.11]).
Thus, by Remark 3.2 X is LOH if and only if X* has the w*-LD2P. In Theo-
rem we give an implicit proof for this result.

C. Godefroy (see [Godl Remark I15, 2)] see also [Dev, Remark (c), p. 119))
remarks that a Banach space is OH if and only if every convex combination of

weak™ slices of By« is of diameter 2. A proof of this result can also be found in
[BGLPRZ1| Theorem 2.1].

Theorem 3.21 (see [HLP) Theorem 2.2] and [Cod, Remark I.5, 2)], see also
[BGLPRZ1] Theorem 2.1)). Let X be a Banach space. The following assertions
are equivalent:

() X* has the w*-SD2P;
(it) X is OH;
(iit) whenever E is a finite-dimensional subspace of X, n € N, xj, ..., X, €

Bx«, € > 0, and gy € (0,¢), there is a y € Sx such that whenever
lvi| <1+ e, there are yf € X* satisfying

*

Uile =x'e, yily)=vy, and |yi||<1+¢e forallie{l,.. ., n};
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(iv) whenever E is a finite-dimensional subspace of X, n € N, xj, ..., X, €
Bx+, and € > 0, there are y € Sx and X{ X5 € X7, satisfying

Xle=xle=xle. Il od<T +e, (34)

and x{ (y) = x5,(y) > 2 —¢eforallic {1,..., n}t.

Proof. The equivalence of (1)< (it) was pointed out in [God, Remark I1.5, 2)]. Since
no details of the proof were given in [Cod], we include the proof for completeness.

()=(ii). Assume that (i) holds. Let n € N, xq, ..., X, € Sx, and let € > 0. By
(), for every i € {1, ..., n}, there are xi,, x;, € Bx- and y € Sy such that

n

* * 1 " " £
i) ) > 1= and ) (X (y) = x(y) > 2 -
i=1

Foreveryie {1,..., n}, since x{ ,(y) > 1 — ¢, one has
X+ yll= X7 +y) > 2 =2,
and X is OH by (the equivalence (i) (iit) of) Proposition [3.3]
(i)=(1). Assume that (ii) holds. Let Sy = S(Bx+, x1, 1), .. ., S, = S(Bx+, Xa, ap)

be weak* slices of Bx- and S =1/nY | | S.. Let a = min{a, ..., a,} and €
be such that € € (0, a). By (i), there is an y € Sx such that

Ix; £ yl|>2—¢€/2 forallie{1,..., nt.
Foreveryie {1,..., n} find yf, zF € Sx- such that
yilxi+y) =[x +yll - and 2z —y) =[x =yl

Observe that yj(x;), z*(x;) > 1 —¢€/2 and y}(y), z/(—y) > 1 —¢€/2. Thus y},z €
Si for every i € {1,..., n}. Define y* = 1/n) " yfand z* = 1/n) ",z
Thus y*,z* € S and

n n

ly" 7112 5 i A > Y e =2-c

i=1 i=1

Therefore X* has the w*-SD2P.

(ii)=(iii). Assume that (ii) holds. Let £ be a finite-dimensional subspace of X,
letneN, xj,..., x* € By, and let gy € (0, €). Choose y &€ Sx to satisfy

1+ ¢

t <
I+ < 7=

x4+ ty|| forallxe E, teR andie{1,..., n}.
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Letting y; € [-1—¢&0, 1+&0], i = {1,..., n}, and defining g; € (span(EU{y}))"
by gi|e = xf|e and gi(y) = y; it suffices to show that ||g;[|[< 1 + € (because,
in this case, one may define the desired y7 € X* to be any norm-preserving

extension of g;). To this end, it remains to observe that, whenever x € £, t € R,
and i e {1,..., n},

[gilx + ty)] < O]+ [ vl < (1 + o) ([Ix]1+]¢])
< 1+8||X—|—fy”

(iit)=(iv) is obvious.

(iv)=(U). Let n € N, xq,..., x, € Sx, and let € > 0. For every i &
{1,..., n}, choose x € Bx+, so that x*(x;) > 1 — ¢, and let y € Sx and
X[ X5, Xi 0, X5, € X* be as in (iv), where £ = span{xy, ..., Xn} It suffices
to observe that, for all i € {1, ..., n} and j € {1,2}, one has 1+6 € By,

X LX) o T—e

1+5(X‘)_ 14 1+¢’
and

The following theorem is an obvious consequence of Proposition [2.14 and The-

orem 3211

Theorem 3.22 (see [BGLPRZ1] Corollary 2.2] and [HLP, Theorem 2.3]). Let X
be a Banach space. The following assertions are equivalent:

(1) X has the SD2P;
(i) X* is OH.
The dual characterization of the D2P was established in [HLP].

Theorem 3.23 (see [HLP, Theorem 2.6)). Let X be a Banach space. The following
assertions are equivalent:
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(i) X* has the w*-D2P;
(i) X is WOH,

(iit) for every finite-dimensional subspace E of X, every x* &€ Bx-, every € > 0,
and every gy € (0, ), there is a y € Sx such that, whenever |y| < 1+ &,
there is a y* € X* satisfying

Yyle=x"e. yly)=v, and [ly"[[<T+e

(iv) for every finite-dimensional subspace E of X, every x* € Bx-, and every
€ >0, there are y € Sx and xj, x; € X* satisfying

Xle=xle=x"e, Xy —xy) >2—¢,

and il G lI< T+ e

(v) whenevern € N, xq, ..., X, € Sx, x* € Sx+, and € > 0, there are y € By
and xi, x; € Bx- such that
‘XT(X() — x*(x[)‘ < e and ‘xi*(x[) —x*(x()‘ <eg forallie{1,. .., nt,
and

X(y) =xly) > 2 -«

Proof. (1)=(il). Assume that (i) holds. Let n € N, xq, ..., x, € Sx, let x* € By,
and let € be such that € € (0,1). Pick € (0, &%) satisfying § < & |x*(x,)| for
allie {1,..., n} with [x*(x;)| # 0. By (i), there are u*,v* € By- and y € Sx
such that

vi(x;) — x*(xi)| <0 forallie{1,..., n},

ut(x;) — x*(xi)} < 0 and

and

Viy) —uly) > 2 —e.
Since v¥(y) < 1 and u*(y) > —1, it follows that v*(y) > 1 — € and u*(y) <
—1+e letie{l,.. ., n} and t > € be arbitrary. If x*(x;) # O, then, choosing
z* € {u*, v} so that x*(x;) and z*(y) (and thus also z*(x;) and z*(y)) have the
same sign, one has

I+ tyll > |2°(x) + t2°(y)| = [2* ()] + t]2* ()]
> [X*(x)| = IX(x) — 27 ()| + t]z"(y)]
> X)) — elx*(x)| + (1 — &)t
=(1— 5)(|x*(x[)\ + t)
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If x*(x;) = 0, then

I+ tyll > o™ (x) + tu*(y)| > tlu(y)] = [u"(x)]
>(1—e)t—e" > (1—e)t—te=(1—2¢)(|x"(x)| + t),

and it follows that X is WOH.

(it)=(iii). Assume that (it) holds. Let E be a finite-dimensional subspace of X,
let x* € Byx-, and let gy € (0, €). Choose y € Sx to satisfy

T+e¢
1+80

Ix*(x)| + [t] < |x+ ty|]| forall x € E and t € R.

Letting y € [—1— &0, 1+ &), and defining g € (span(E U {g}))* by glr = x*|¢
and g(y) = vy, it suffices to show that ||g||< 1+ € (because, in this case, one
may define the desired y* € X* to be any norm-preserving extension of g). To
this end, it remains to observe that, whenever x € £ and t € R,

g0+ ty)| < )]+ Tt vl < (1 + eo) (X ()] + 1))
< (1+ 9)|lx + ty].
(iit)=(iv)=(v)=(l) is obvious. [

The following theorem is an obvious consequence of Proposition [2.T4] and The-

orem [3.23

Theorem 3.24 (see [HLP) Theorem 2.7)). Let X be a Banach space. The following
assertions are equivalent:

() X has the D2P;
(i) X* is WOH.
We conclude this section with the dual characterization of the LD2P.

Theorem 3.25 (cf. [DGZ Proposition 1.1.11])). Let X be a Banach space. The
following assertions are equivalent:

(i) X* has the w*-LD2P;

(i) X is LOH;
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(it) for every x € Sy, every a € [—1,1], every € > 0, and every g € (0, €),
there is a y € Sx such that, whenever |y| < 1+ &, there is a y* € X*
satisfying

y'x)=a, y(y)=v, and |ly*|<1+¢g

(iv) for every x € Sx, every a € [—1,1], and every € > 0, there are y € Sx
and xi, x; € X* satisfying

G =%k =a 6L II< T +e
and x{(y) — xi(y) > 2 e.

Proof. ({)=(il). Assume that (i) holds. Let x € Sx and let € > 0. By (i), there
are xj, X; € By and y € Sy such that

0G0 > 1 —e2 and (6(y) — xi(y) > 2 — 2,
Since x;(y), x5(—y) > 1 — €/2, one has
X +yll=x(x+y)>2—e

and
X =yl xx—y)>2—-e€
Thus X is LOH by Proposition
(ii)=(i). Assume that (ii) holds. Let S(Bx-, x, @) be a weak* slice of By-. Let

e € (0,a). By (ii), there is a y € Sy such that ||x £ y||> 2 — €/2. Find
y*, 7z € Sy such that

y'x+y) =Ilx+yll and Z(x—y)=I[x—yl.

Observe that y*(x), z*(x) > 1 — €/2 and y*(y), z*(—y) > 1 — €/2. Therefore
y*, z* € S(Bx+, x, a) and

ly" = > (y" =2 )y) > 2 — e
Thus X* has the w*-LD2P.

(it)=(ill). Assume that (ii) holds. Let x € Sx, a € [-1,1], € > 0, and let g be
such that gy € (0, €). Choose y &€ Sx to satisfy

1
85 4 |lyll) for all s € R,

sX + yl||>
lsx + yll> 57—
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Now let |y| < 1+ &. Defining g € (span{x, y})* by

one has, for all s € R,
lg(sx + )| < [s]la] + [v] < (T +)(|s| + lyll) < (1 + €)|lsx + y].

hence ||g||< 1+ €. The desired y* can be defined to be any norm preserving
extension to X of g.

(iit)=(iv) is obvious.

((v)=(i). Let x € Sx, a = 1, and € > 0 be arbitrary, and let y € Sx and

* ok * : : : X7 5
X7, x5 € X* be as in (iv). It remains to observe that +7-, % € Bx,

M) =Wl 2—e

14+ ¢ 14 ¢’

X%
T4+ 14+¢

and, for all i € {1, 2},

Corollary 3.26. The following assertions are equivalent:

(i) X is nonrough;

(it) the dual unit ball Bx- has weak* slices of arbitrarily small diameter.

The next theorem is an obvious consequence of Proposition [2.14] and Theo-
rem [3.201

Theorem 3.27 (see [HLP) Theorem 3.3)). Let X be a Banach space. The following
assertions are equivalent:

(i) X has the LD2P;

(i) X* is LOH.
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3.3 Stability results of octahedral norms

In this section, we study how octahedralities are preserved by taking ¢,-sums
of Banach spaces. The obtained results are applied to provide a unified octahe-
drality based approach to derive stability results of diameter 2 properties. We
conclude this section by characterizing octahedral spaces in terms of separable
subspaces.

The following proposition is our main stability result for LOH spaces.

Proposition 3.28 (see [HLP| Proposition 3.4]). Let X and Y be Banach spaces.

(a) If X is LOH, then X &1 Y is LOH.
(b) IfX and Y are LOH, and p is such that 1 < p < oo, then X @, Y is LOH.

(c) X @, Y is LOH, where p is such that 1 < p < oo, then X is LOH.

Remark 3.3. Note that Proposition 3.28} (c), fails if we take p = 1. This is clear
by part (a).

Proof. (a). Assume that X is LOH. Fix (x,y) € Sxe,y and € > 0. By our
assumption, there exists a u € Sy such that

I+ ull> (1 = e)(Jlx]+1)
Hence,
[0, y) £ (,0)|[, > (1 = e)([Ix[I+1) + [lyll> 2 — 2.
Thus X @4 Y is LOH.

(b). Assume that X and Y are LOH, and let p be such that 1T < p < oo.
Let (x,y) € Sxa,y and let € be such that € € (0,1). It suffices to find a
(u,v) € Sxg,y such that

10, y) = (v, V)]l,> 2 — &

We may (and do) assume that x # 0 and y # 0. By our assumption, there exist
i1 € Sy and ¥ € Sy such that

HL+0H22—eand Hﬁiv
y

+ >2—c.
x|

If 1 < p < oo, it follows that

= i+ [y = 917" > @ ep.
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This completes the proof for 1 < p < oo, because one may take u = ||x||& and
v = [lyllv.

If p = o0, one may take v = & and v = ¥ because

|(x, y) = (@, \7)“00 = max{|[x £ al|,[ly £V[|} >2—e.

(c). Assume that X @, Y is LOH, where p is such that 1 < p < oo. Let x € Sx
and let € be such that ¢ € (0,1). Since H(X,O)sz 1, whenever 0 > O, there
exists a (u, v) € Sxg,y such that

H(Xiu,v)Hp >2—0. (3.5)
It suffices to show that (3.5), with 0 small enough, implies that
|x £ ul|>2—¢, (3.6)

because, in this case, ||u]|> 1 — ¢, thus

u
X &+ —F
lu]

2 el (1 - o) 22 22

and it follows that X is LOH.

If p = oo, (3.5) means that max{||x = ul|,||v||} >2—&. Since ||v||< 1, taking
0 = ¢ implies (3.6).

If1 < p < oo means that ||x % u||P+||v[|P> (2—0)P. Since ||ulP+|v|[P= 1,
this implies that
Ix £ ullP> 2 =0y — (1= ull”). (37)

thus it suffices to show that ||u]| is as close to 1 as we want whenever 0 is small
enough. The latter is true because, by (3.7),

(T +1lul)” = llulP> 2 = o) =1,

and the function f: [0,1] = R, f(t) = (1 + t)’ — t?, is strictly increasing with
limeq f(t) =2P — 1. O

Proposition [3.28] combined, respectively, with Theorems and immedi-
ately gives the corresponding stability results for the LD2P (see Theorem [2.29)

and for the w*-LD2P.
Corollary 3.29 (see [HLP| Corollary 3.6]). Let X and Y be Banach spaces.

(a) If X* has the w*-LDZE, then (X @1 Y)* has the w*-LD2P.
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(b) If X* and Y* have the w'-LDZP, and p is such that 1 < p < oo, then
(X ®, Y)* has the w'-LDZP.

(c) IF(X @, YY) has the w'-LDZPF, where p is such that 1 < p < oo, then X*
has the w*-LD2P,

The following proposition is our main stability result for WOH spaces.

Proposition 3.30 (see [HLP| Proposition 3.7]). Let X and Y be Banach spaces.

(a) If X is WOH, then X &, Y is WOH.

(b) If X and Y are WOH, and p is such that 1 < p < oo, then X @, Y is
WOH.

(c) If X®, Y is WOH, where p is such that 1 < p < oo, then X is WOH.

Proof. (a). Assume that X is WOH. Let £ and F be finite-dimensional subspaces
of X and Y, respectively, let (x*, y*) € Bx+g.y+ and let € > 0. It suffices to
show that there exists a (u, v) € Sxg,y such that, for all x € E, all y € F, and
all t € R, one has

106 9) + )], > (0= ) (6 + y* )] + 1e]).
By our assumption, there exists a u € Sx such that
Ix + tul|> (1 —€e)(]x"(x)| + [t|) forallx € E and t € R,
One has, forall x € £, all y € F, and all t € R,

[0 g) + t{w, 0)|, = lIx + tull+]ly]
(1 =) (Il + [t]) + Nyl

>
> (1= &) (Ix"(x) + y* ()| + |1]).

Thus X @, Y is WOH.

(b). Assume that X and Y are WOH, and let p be such that 1 < p < oo.
Let £ and F be finite-dimensional subspaces of X and Y, respectively, let
(X", y*) € Sx:g,v+, where g is the conjugate exponent of p (Le, 1/p +1/g =1
f1<p<oo andg=11ip=c0) and let e € (0,1). It suffices to find a
(u,v) € Sxg,y such that for all x € £, all y € F, and all t € R, one has

[0 y) + t(u V)], = (1= ) (X" () + g™ ()] + [1]).
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We may (and do) assume that x* # 0 and y* # 0.

By our assumption, there exist & € Sy and V € Sy such that

Ix + ta]|> (1 — &) ( LI |t|) forall x € £ and t € R,

and
- Y (Y)]
ly +tv]|> (1 —¢€) 7l +t|]|] forally € Fand t €R.
y
If 1 < p < oo, take u = [[x*]|9"d and v = ||y*||]9~"7, and observe that, for all

xe E,ally e F,and all t € R,

(Ilx + tullP+lly + tv]]”)

> (B i) (g )
Pl 'l
X*(x P
= e (FEB ) e (L1 Hq'+| )

)
g9 q
> (il gy B e

= (Il + Ly ()l + [e])”.

1
(1—ep

The last inequality holds because the function [0, 00) — R, s+ (s + [t])?, is
convex for any fixed t € R.

If p = oo, take u = & and v = ¥, and observe that, for all x € E, all y € F,
and all t € R,

1
= max{ [|x + tul], ||y + tv[/}
1
= (HX I+ tul+lly*l g + evil)
* y
( R et
|+|g )+ 1l

(c). Assume that X @, Y is WOH, where p is such that 1 < p < co. Let E be
a finite-dimensional subspace of X, let x* € Sy:, and let € € (0,1). Choose
0 > 0 to satisfy (1 +0)7 — (1 — 0)7 < €9, where g is the conjugate exponent
of p. By enlarging E if necessary, we may assume that |[x*|¢||> 1 — d (notice
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that X must be infinite-dimensional because X is WOH). By (the equivalence
(i) (iit) of) Theorem there are z € X, y € Y, with [|(z, y)|,= 1, and
z; e X', yi e V¥, with [[(z], yi)|l4< 1+ 0, satisfying

Zle=x"g and Zz'(z) +yi(y) = (=1)" foralliec {1,2}.
Since
[y 17< (T4 0)T — ||IZ7]7< (1 +0)7 — (1 —9)7 < &7,

one has |yi(y)| < eforalli € {1,2}, and thus z3(z) > 1—e and z{(z) < —1+¢.
Now let x € E be arbitrary. Choosing i € {1,2} so that x*(x) and z(z) have
the same sign, one has

z 1 75(2) 1 ( |z (2)]|
X+—>— |z + 5| = IX(X)| + =
2] ' T+e 2]l | 1+¢€ 2]
* 1—-¢ *
Z1+8(|X(X)|+1—6)21 g(|x ()] +1),
and it follows that X is WOH. ]

Proposition 3.30] combined, respectively, with Theorems [3.24 and 3.23] immedi-
ately gives the corresponding stability results for the D2P (see Theorem [2.37)
and for the w*-D2P.

Corollary 3.31 (see [HLP| Corollary 3.9]). Let X and Y be Banach spaces.

(a) If X* has the w*-DZ2F, then (X @ Y)* has the w*-DZP.

(b) If X* and Y* have the w'-DZF, and p is such that 1 < p < oo, then
(X @, Y)" has the w'-D2P.

(c) If(X®,Y)" has the w'-D2F, and p is such that 1 < p < oo, then X* has
the w*-D2P.

The following proposition is our main stability result for OH spaces. It turns out
that OH spaces are stable under £,-sums only if p =1 or p = oo.

Proposition 3.32 (see [HLP| Proposition 3.10]). Let X and Y be Banach spaces.

(a) If X is OH, then X &1 Y is OH.
(b) If p is such that 1 < p < oo, then X @, Y is not OH.
(c) If X and Y are OH, then X @, Y is OH.
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(d) If X @ Y is OH, then X is OH.

Proof. (a). Assume that X is OH. Let n € N, (x4, y1), .. ., (X0, Yn) € Sxa,v, and
let € > 0. By our assumption, there exists a u € Sx such that

Ixi + ul|> (1= ¢&)(|x[+1) forallie {1,..., n}.
Hence, forall i € {1, ..., n},

o 92 + (0, 0)> (1 — ) ([l 1) + 1yl > 2 - 2e.

(b). Let x € Sx, y € Sy, and let p be such that T < p < oo. We shall show
that, for sufficiently small € > 0, there is no (u, v) € Sxg,y such that

H(x,O)+(u,v)Hp22—e and H(O,g)+(u,v)Hp >2—c.
If such an element (u, v) existed, then
o+ u,y +IP= e+ ulPHly +v]P> 22— e 1.
On the other hand,
1+ uy + P (10 L+, ) = 27+ 1P,
For small €, we would have a contradiction because
2P — 1 > 2V )P

The last inequality is easily obtained from the Minkowski's inequality by con-
sidering (2'%,0), (1, 1) € R?.
(c). Assume that X and Y are OH. Let n € N, (x1,y1), ..., (X0, Yn) € Sxe.v,
and let € > 0. By our assumption, there are u € Sx and v € Sx such that

Ixi + ul> (1= ¢&)(|x)l+1) forallie {1,..., n},
and

ly: +v[[> (1 =€) (lyfl+1) forallie {1,..., n}.
Consequently, for all i € {1,..., n},

[0 ya) + ()], = max{llxi + ull. ly: + vII}
> (1 — &) (max{|lxl. llyill} + 1)
= (1= ) (l(x, yi)lloot 1)
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(d). Assume that X @y, Y is OH. Let n € N, x4, ..., X, € Sy, and let € be such
that € € (0,1). By our assumption, there exists a (u, v) € Sxg, v such that

max{[|x; + ul, |v]|} >2—¢ forallie {1,..., n}.
Since ||v||[< 1, we have
Ix; +ul|>2—¢ forallie {1,..., n}t.

It follows that ||u]|> 1 — €. Therefore, for all i € {1,..., n},

X+ ﬁH > [xi + ul|—(1 = Ju])) >2—2e.
O

Proposition [3.32 combined, respectively, with Theorems [3.22 and tmmedi-
ately gives the corresponding stability results for the SD2P (see Theorems [2.37]
and [233) and for the w*-SD2P.

Corollary 3.33 (see [HLP| Corollary 3.12]). Let X and Y be Banach spaces.

(a) If X* has the w*-SDZPF, then (X @1 Y)* has the w*-SDZP.
(b) If p is such that 1 < p < oo, then (X @, Y)* does not have the w*-SDZP.
(c) If X* and Y* have the w*-SDZF, then (X @, Y)* has the w*-SDZP.

(d) If (X @ Y)* has the w'-SDZ2F, then X* has the w*-SD2P.

In Chapter 2, we saw that if an M-ideal Y in X has some diameter 2 property,
then X has the same diameter 2 property. Using the duality between diameter
2 properties and octahedralities, we can give an alternative proof to this result.

Proposition 3.34 (see Propositions [2.30 and [HLP, Proposition 3.13]). Let
X be a Banach space and let Y be an M-ideal in X.

(a) IfY has the LDZF then also X has the LDZP.
(b) IfY has the DZF then also X has the D2P.

(c) IfY has the SD2F, then also X has the SDZP.



64 3. OCTAHEDRAL BANACH SPACES

Proof Since Y is an M-ideal in X, one has X* = ran P @ ker P, where
P: X* — X* is the M-ideal projection. Since ran P is isometrically isomorphic
to Y*, the assertions (a), (b), and (c) follow, respectively, from Theorem[3.27] com-
bined with Proposition [3.28] (a), from Theorem combined with Proposition
B30} (a), and from Theorem [3.22] combined with Proposition 3.32] (a). O

Proposition 3.35 (see Theorem and [HLP| Proposition 3.14)). Let X be a
Banach space and let a proper subspace Y be a strict M-ideal in X. Then both
Y and X have the SDZP.

Proof. We give an alternative octahedrality based proof to the original one given
in [ALNT} Theorem 4.10].

Letting P: X* — X* be the M-ideal projection, throughout the proof, for con-
venience, we identify ran P and Y* in the usual way.

By Proposition 3.34] it suffices to show that Y has the SD2P. To this end,
letting n € N, y3, .. ., y; € Sy+, and € > 0 be arbitrary, by Theorem [3.22] and
Proposition 3.3} it suffices to find a y* € Sy« such that

(M+ely; +y*|>2—7¢ forallic{1,.. ., n}.

Choose an x € Sx so that d(x,Y) > 1 —¢, and yq,..., Yy, € Sy so that
yi(y;) > 1— e By [Werll Proposition 2.3], there is a z € By such that

lyi(x —2)| < e and |2y +x—z[|<1+e forallie {1, ..., n}.
Let y* € Sy be such that
y'x—2) > Ix—z|—e > dlx,¥V) —e > 1—2e.
Whenever i € {1, ..., n}, one has y*(y;) > —3€ because
T+e>y'(—yi+x—2)>—y*(y)+1—2¢,
thus

(T+ollyi +yll > (yi + y )y +x—2)
=yi(y) +yilx —2) + g (yi) + Yy x — 2)
>1—e—e—3e+1-2¢
=72-—7e.
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The inspiration for Propositions [3.36H3.38] came from the studying done in [Dey]
R. Deville (cf. [Devi Proposition 5]) essentially showed that if a Banach space
X is OH, then there is a separable closed subspace Y in X which is also OH.
We will show that a slightly stronger version of this result holds.

Proposition 3.36. A Banach space X is OH if and only if for every separable
subspace Y of X, there is a separable OH subspace Z of X such that Y C Z C X.

Proof. Necessity. Assume that X is OH. Let Y be a separable subspace of X,
let {u,: m € N} be a dense subset in Y, and, for every m € N, let g, > 0 be
such that €, — 0 as m — oo. Put Y; = span{u1}. For m € N, choose Y,,,1 as
follows: find a y,, € Sx so that

Ix + ym||>2—€n forall x €Sy

m!

and put Y1 = Span(Ym U{ynt U {u,n+1}).

Take Z = (;70:1 Y,. Toseethat Zis OH, let n € N, z, ..., Z, € Sz, and let

€ > 0. It suffices to find a y € S such that

lzi+yl|>2—¢ forallie{1,. .., n}.

Pick m € N so that ¢, < €/2 and, for every i € {1, ..., n}, there is an x; € Sy,
satisfying ||z; — xi||< €/2. For every i € {1, ..., n}, one has
€
1Zi + ymll = |Ixi + ymll=llzi = xil|> 2 — €n — > >2—e
Sufficiency. Let n € N, xq,..., X, € Sy, and let € > 0. Take Y =
span{x, ..., xp}. By our assumption, there is a separable subspace Z of X
such that Y € Z € X and Z is OH. Therefore there is a z € S, C Sy such
that |[x;+z|| > 2—¢eforallie {1,..., n}. Thus X is OH. O

Proposition 3.37. A Banach space X is WOH if and only if for every separable
subspace Y of X, there is a separable WOH subspace Z of X such that Y C
Z CX.

Proof. Necessity. Assume that X is WOH. Let Y be a separable subspace of X,
let {u,: m € N} be a dense subset in Y, and, for every m € N, let £, > 0 be
such that €, — 0 as m — oo. Put ¥ = span{uq}. For m € N, choose Y, as
follows: letting A, be a finite g,-net in By for By., for every g € A,, choose
a Yy € Sy so that

[x 4+ tygll> (1 — €x)(|g(x)] +t) forall x € Sy, and t >0,
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and put Yy, = span(Ym U{yg: g € At U {um+1}).

Take Z = [J Vi To see that Z is WOH, let n € N, z, ..., Z, € S, let

z* € B+, and let € be such that € € (0,1). It suffices to show that there is a
y € Sz such that

Iz + tyl|> (1 — &) (|z°(z)| + t) forallie {1,..., n}and t > ¢

Pick m € N so that €, < £°/4 and, for every i € {1, ..., n}, thereisan x; € Sy,
satisfying ||z; — x;||< €%/4. Let g € A, be such that ||z*|y, — g||< &, < £°/4.
One has, for every i € {1, ..., ntand t>eg

|z + tygll > lIxi + tygll—Ilz: — x|
2

> (1 —en)(lglx) +t) — %
2

> (1= ea) (|77 (2] — 12"z = x)] = 2 () — g + 1) = =
3 2
> (1= (" (2)] + 1) = -
3
(1 . j) (12*(z)] + ) — ft

> (1—e)(|7"(z)] + 1),

\V4
I

Sufficiency. Let n € N, xy, ..., X, € Sy, let x* € By, and let € > 0. Take
Y = span{x, ..., xp}. By our assumption, there is a separable subspace Z of

X such that Y ¢ Z € X and Z is WOH. Therefore there isa z € S, C Sy
such that
[xi + tz)|> (1 = e)([x"(x)| + )

forall i e {1,..., n}tand t > 0. Thus X is WOH. 0

Proposition 3.38. A Banach space X is LOH if and only if for every separable
subspace Y of X, there is a separable LOH subspace Z of X such that Y C
Z CX.

Proof. The proof is similar to the proof of Proposition [3.36] [

3.4 Octahedral norms in spaces of operators

In this section, we study necessary and sufficient conditions for the space of
bounded linear operators to be LOH, WOH or OH.

We start with the sufficient conditions.
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Theorem 3.39 (see [BGLPRZ4 Theorem 3.5)). Let X and Y be Banach spaces,
and let H be a closed subspace of L(X, Y) containing the finite rank operators.

(@) If X* and Y are OH, then H is OH.
(b) If X* is LOH, then H is LOH.

Proof. Our proof differs from the one in [BGLPRZ4| by not using the duality
between diameter 2 properties and octahedrality.
(a) Assume that X* and Y are OH. let n € N, 5, ..., S, € Sy, and let € > 0.
Choose x; € Sx to satisfy

|Sixi||> 1 — €.

Since Y is OH, there is a y € Sy such that, for every i € {1,..., n},
1Sexi + yll= (1 = e) (ISl +lyll) > (1 = )2 — e).
Choose y; € Sy- to satisfy
yi (Sxi +y) =[S + y.

Since X* is OH, by Theorem[3.21] (iiii), there are x* € Sx- and xj*, .. ., X* e X
such that, for every i € {1, ..., n},

xSy = (S7yx), XX =1, and - XTI< T+ e

L

Now, for T = x*® y, one has T € Sy and, for every i € {1, ..., n},

(T+e)lSi+ Tl =0+ lS™ + T[> [[(S7 + T7) (x|
> (IS + X () yll= 157X + yll
> (57X + y)yi) = yi(Sixi + y)
> (1—¢€)2— &),

By Proposition B3] H is OH.

(b) Assume that X* is LOH. Let S € Sy and let € > 0. Choose x € Sx and
y* € Sy- to satisfy

yr(Sx) > 1—e.
Since X* is LOH, by Theorem [3.25] (iii), there are x* € Sx- and x*, x;* € X**
such that, for i € {1, 2},

ST = STl ) = (=1), and <1+ e

L
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Now, for T = x* ® Sx, one has T € By and, for i € {1,2},

(T+e)IS+ (V)T = (1 +)|S™ + (=) T[> (S + (=1) T™) (x|
> [ S A+ (1) (x) Sx||= ||T**X,-** + 54
> (ST 4+ Sx)(y") = y*(Sx + Sx)
> 2 — 2.
By Proposition .12} H is LOH. O

Remark 3.4. A similar result to Theorem [339 for WOH Banach spaces seems
to be unknown.

As an application of Theorem [3.39] one obtains stability results of diameter 2
properties for projective tensor products.

Corollary 3.40 (see [BGLPRZ4, Corollary 3.6)). Let X and Y be Banach spaces.

(@) If X and Y have the SD2P, then X&,Y has the SD2P

(b) If X has the LD2P, then X&®,Y has the LD2P

Proof The dual (X®,Y)* is isometric to £(X, Y*) (see [Rya] Theorem 2.9)).
Thus, the assertions (a) and (b) follow, by combining Theorem 3.22] respectively
Theorem with Theorem [3.39 O

It seems to be unknown whether the projective tensor product of two Banach
spaces always has the SD2P when one assumes that only one of the spaces has
the SD2P. In [BGLPRZ4], it is proposed that to answer this question negatively
a possible candidate could be X®,#3, for some Banach space X with the SD2P,
We show in the forthcoming Proposition Wthat co®ﬂ€22 has the SD2P, that is,
L(co, #3) is OH. Thus L£(X, Y) might be OH, when X* is OH and Y is not OH.

Theorem 3.41 (see [BGLPRZ4, Theorem 3.1 and 3.2)). Let X and Y be Banach
spaces, and let H be a closed subspace of L(X,Y) containing the finite rank
operators.

(@) If X* is OH and there is a u in Sy such that {y* € By-: y*(u) = 1} is
norming for Y, then H is OH.

(b) IfY is OH and there is a u* in Sx- such that {x** &€ By«: x™(u*) = 1}
is norming for X*, then H is OH.
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Remark 35. A similar result to Theorem [3.41] for WOH Banach spaces seems
to be unknown.

As a consequence of Theorem the Banach spaces L(co, ¢}), L(co, &),
L(co, "), and L(co, b,) are all OH. However, Theorem can not be ap-
plied to L(co, 43).

We remark that L(co, Y) is WOH for any Banach space Y. This can be proved

similarly to [BGLPRZ4| Proposition 4.1}, which says that £(co @), co, Y) is WOH
for every p > 1 and any Banach space Y.

Proposition 3.42. Let p be such that 1 < p < oo. The Banach space L(c, 53)
is OH.

The case when p =1 or p = oo is contained in Theorem but one can also
show directly that £(co, #7) and L(co, ¢2) are OH. To prove the case, where p
is such that 1 < p < oo, we use the following lemma.

Lemma 3.43. Let n € N and let p be such that 1 < p < oo. Let ay =
(o1, B1), .-, a, = (ay, Bn) € Sgg be such that o; > 0 for all i € {1, ..., n} and
B1>p > >PB, Then
a1+ a, a; — aq ap — dp—q
0, - 0, - 40, 2l
1 5 + 6 5 + + 5
for all 6y, ..., 6, {11}

= ng

Proof Assume that 6, ..., 6, € {—1,1}. Denote by

a1+ a, a; — aq a, — dp—q
+.+0, —.

2

We will show that x & ng. Without loss of generality we may assume that
0; = 1. Observe that

x =6 +6,-

ap an Gy — ay a, —dp—
2 2 2 2
Therefore
ar — aq an — dp—1
X =a+ + ot
1 2 2
a,—a a, — a,_
+ 6, - 2 1_{_..._{_@”.”7”1'
Hence there is an odd number of increasing indices ki, ..., koi41 such that x is
representable as
X =0k — A, + 0 — = Uiy + Tiyy g (38)

To show that x € By, we use the following geometric properties of @5.
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Fact. Fora, b € Sgg, denote by ©,, = ngz N (ng + (a + b)).

(@) Ifa,be Sgg and y € O,,, thena —y+b € Oy,

(b) Ifa, b, and c are pairwise different elements of Sglg and b € ©,,, then
Oa,b C ea,c-

Since ag,, € Og, q,, We have that z = ay — ay,, + ay,, € O g, DY part
(a) of the Fact above. We can write the middle part of the right hand side of

(3.8) as

N (akl — A, + 0k1+2) t 0k

By part (b) of the Fact, z € Oq, 4, , C Oq,_,.a,,,- APPlYLNG part (a) of the Fact

we have that ay , —z + ag., € Oq,_, g, Continuing in this way, we will

finally have x € ©4, 4., C Bp. ]
1 2041 P

Proof of Proposition letn €N, Sq,..., S, € SE(COV%), and let € be such

that € € (0,1). It suffices to show that there is a T & Sﬁ(q),gg) such that

|Si+ T||>2—3eforallie{1,..., n}.

Choose x; € S, such that [|Six||> 1 — e. Without loss of generality we may

assume that xq, ..., x, are finitely supported, that is, there is a N; € N such
that xq, ..., x, € spanfeq, ..., en, }-
Since Sy, ..., S, € ]:(60,23) and (ex) is a weakly null sequence in ¢y, there

is a N, € N such that [|Sier||[< ¢/n forall i € {1,..., n} and kK > N,. Take
N = max{N;, N> }.

Forallie {1,..., n}, denote by a; = Six;/||Sixi||. By reordering ay, ..., an
and by replacing a; with —a; if necessary, we may assume that ay,..., a,
satisfy the assumptions of Lemma [3.43]

Define 7: ¢g — Qg by

a, +a,
2

and Te, =0, if k e N\{N+1,..., N+ n}.

By Lemma || T]|< 1. On the other hand || T]|> 1, because T(ens1 + -+ +
entn) = a,. Thus || T||=1.

Fixie {1, ..., n}. Find 6y, ..., 0, € {—1,1} such that

a, — dp—

Teni1 = Tenyp =

ap, — dp—
+o 40, = = a

_aq+a,7+92_az—a1 S

2 2
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Denote by y; = O1eny1 + - + B,ensn. Thus Ty; = Six;/||Six| and

1S: + Tl > 1S + T)xi + gl
= [|Sixi + Siyi + Tyl
> 1S + Tyl =[Syl
> 2||Sixi||—e > 2 — 3e.

]

We conclude this section with the necessary conditions for the space of bounded
linear operators to be LOH, WOH or OH. J. Becerra Guerrero, G. Lépez Pérez,
and A. Rueda Zoca showed in [BGLPRZ4| that if £(X, Y) is OH (resp. LOH)
and X* is nonrough, then Y is OH (resp. LOH). We will show that a similar
statement is also true for WOH Banach spaces.

Theorem 3.44 (see [BGLPRZ4| Proposition 3.9, Corollary 3.10)). Let X and Y
be Banach spaces, and let H be a closed subspace of L(X,Y) containing the
finite rank operators. Assume that H is OH.

(a) If X* is nonrough, then Y is OH.
(b) IfY is nonrough, then X* is OH.

Proof. Our proof differs from the one in [BGLPRZ4| by not using the duality
between diameter 2 properties and octahedrality.

(a). Assume that X* is nonrough. We will prove that Y is OH. Let n € N,
yi, ..., y, € Sy, and let € > 0. It suffices to show that there is a y € By such
that ||y, + y||> 2 —2eforall i € {1,..., n}.

Since X* is nonrough, there is a slice S(Byx, x*, @) with diameter less than ¢.
One may assume that a < €.

For every i € {1,..., nk put S; = x*®y; € Sy. Since H is OH, there is a
T € Sy such that

ISi+ T||>2—a forallie {1, ..., n}t.
Choose x; € Sx and y; € Sy- such that
Ui(Sxi + Tx)) >2—a,

that s,
X(x) yi(y) + yi(Tx) > 2—a.
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One may assume that both x*(x;) > 0 and y7(y;) > 0, and thus x; € S(Bx, x*, a).
It follows that, for all i € {1,..., n},

lyi + Tall = lye + Txll=[[Txi — Txi|
> yi(yi + Txi) = llxi — x|
> X ()i (ye) + g7 (Txe) = lxi — x|
>2—a—&>2—2¢.
(b). The proof is similar to the proof of (a). O

Theorem 3.45. Let X and Y be Banach spaces, and let H be a closed subspace
of L(X,Y) containing the finite rank operators. Assume that H is LOH.

(a) If X* is nonrough, then Y is LOH.
(b) IfY is nonrough, then X* is LOH.

Proof. (a). Take n =2 and y, = —y, in the proof of part (a) of Theorem

(b). The proof is similar to the proof of (a). [

Theorem is a joint result with M. Példvere.

Theorem 3.46. Let X and Y be Banach spaces, and let H be a closed subspace
of L(X,Y) containing the finite rank operators. Assume that H is WOH.

(a) If X* is nonrough, then Y is WOH.
(b) IfY is nonrough, then X* is WOH.

Proof. (a). Assume that X* is nonrough. We will show that Y is WOH. Let
neN, yp..., y, € Sy, y* € Sys, and let € be such that ¢ € (0,1). By
Theorem [3.23] (v), it suffices to show that there are y € By and y7, y; € By-
such that

yily:) — g*(gi)‘ < be and |yi(y,) — y*(y[)} < be forallie {1, ..., n},

and
yily) — ysly) > 2 —13e.

Since X* is nonrough, there is a slice S(Bx, x*, @) with diameter less than €.
One may assume that a < e.
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Choose x™* € Sy and yo € Sy so that x™(x*) = 1 and y*(yo) > 1 — a°.
For all i € {0,1,.., n}, put S; = x*®uy; € Sy and ¢ = x* @ y* € H*
Since H is WOH, by Theorem 3.23] (iv), there are T € Sy and ¢, ¢, € H*,
ld1]l, [[2]l< 1+ @2, such that

D1(S) = 02(S) = o(S) = y*(y;) forallie {0,1,..., n},

and
Gi(T) —¢a(T) > 2—¢

Observe that HH;—Hcp/ — (b/H < a? for all j € {1,2}. Therefore, since conv(Bx ®
J
By-) is weak® dense in By, there are

mj

gy = ZA/,ka,k ® Y € conv(Bx @ By-)

k=1

such that |y;(T) — ¢,(T)| < o’ and, for all i € {0,1, ..., n},

|4i(S) — 6;(S)] < &,

that s,

mj

> X (XY (ys) — y*(y,-)‘ < a
k=1

For all j € {1,2}, denote by,

My={ke{l...om}: xg) >1—a} and A=) A
k&M,

One has A; < 2a, because

mj
1 —2a% < y*(yo) — a* < Z)(j,kX*(Xj,k)gjk(go)
—1

= ) AX YY) + ) Ax ()Y (Yo)

keM; keM;
<> Aty X (x4
keM; k&M,

<=+ (1—a)
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For all j € {1,2}, denote by y; = S oL AjxY;r- We have that

mj

) AikYialyi) - g*(g»‘
k=1

mj

<D A gayy) =yt
1

+ ) Al = x50 |yrlwa)
keM,;

+ Z A/,k“ —x*(X,-,k)| }Uf,k(yi)‘
k&M,

< a’+a+2) < 6a< be.
Fix any x € S(Bx, x*, a). For all j € {1,2}, we have that
Ix —x;j«l|< e forall k e M,

thus

m/
ZM Ty )X — x;)

I77/

< wa Xkl
- Z Akl = xiall4 > Aellx = xl

keM, keEM;
< e+ 24 <e+4a < be.

g/ (I'x)— ‘—

It follows that

y1(Tx) = y2(Tx) = gi(Tx) = n(T) + ¢n(T) — o1(T) + &1(T) — da(T)
+ 2 T) — Yo(T) + ol )—y}‘(TX)
> ¢1(T) = & T) = |yi(Tx) = ¢u(T)] = |n(T) = (7))
— |62AT) = o T)| — | T —Uz(TX)|
>2—6—5£—0{2—a2—56>2—138.

(b). The proof is similar to the proof of (a).



Chapter 4

Almost square Banach spaces

In this chapter, we introduce and study almost square Banach spaces. These
spaces have the SD2P and their duals are OH. We provide several examples and
characterizations of almost square spaces. We prove that nonreflexive Banach
spaces which are M-ideals in their biduals are almost square. We show that
every Banach space containing a complemented copy of ¢y can be renormed to
be almost square. A local and a weak version of almost square spaces are also
studied. This chapter is based on [ALL].

4.1

Definitions and basic results

Definition 4.1 (see |ALL]). Let X be a Banach space. We say that X is

(iiy)

locally almost square (LASQ) if for every x € Sy there exists a sequence
(yk) in Bx such that [[x & yi||— 1 and [Jyi||— 1 as k — oo;

weakly almost square (WASQ) if for every x € Sy there exists a sequence
(yx) in Bx such that ||x + yil|[— 1, [|ys||— 1 and yx — O weakly as
k — o0,

almost square (ASQ) if for every n € N, x4, ..., X, € Sy there exists a
sequence (yy) in By such that [|x; & yi||— 1 for every i € {1, ..., n} and
llyel|— 1 as k — oo

Remark 4.1. In the definitions above, one may choose the sequence (yx) from

Sx.

75
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For a Banach space the following implications hold:

ASQ = WASQ = LASQ.

The first implication will be shown in Theorem [£.14] The second implication is
clear.

The prototype of an ASQ space is cp.

Example 4.2 (see [ALLl Example 2.1]). The Banach space ¢y is ASQ. Indeed, let
neN, x,..., Xn in 'S¢, and let e, be the k'th standard basis vector in cp. Then
it is clear that |[x; £ ex||— 1 foralli e {1,..., n} as k — oco. Thus ¢ is ASQ.

Similarly one can show that co(X) is ASQ for any Banach space X. More
generally, given a sequence of nontrivial Banach spaces (X), the co-sum (X; &
Xo@ ... ) is ASQ.

On the other hand, the Banach spaces 4., C[0, 1], and L]0, 1] are not LASQ,
thus also not WASQ nor ASQ. Recall that C[0,1] and L.[0, 1] have the DP.

With the help of the previous example, we can construct a Banach space which
ts ASQ and has the DP, thus it is also OH by Theorem [3.6]

Example 4.3. The Banach space ¢(L4]0, 1)) is ASQ and has the DP. Indeed, by
Example co(L4[0, 1)) is ASQ and, by [BKSW, Theorem 5.1}, co(L4]0, 1)) has
the DP.

J. Gao and K-S. Lau have shown in |[GL] that 4]0, 1] is LASQ. We will show
that L4[0, 1] is WASQ.

Example 4.4 (see [ALLl Example 2.4]). The Banach space [4]0, 1] is WASQ. Let
f € S;, and define fi(t) = f(t) - ri(t) for all t € [0,1], where (r¢) are the
Rademacher functions. The sequence (f¢) in Sy, is weakly null (see, e.g., [AK|
Lemma 6.3.2)) and we have that

1 1 1
||fJ_rfk||=/O |f(t)|(14_rrk(t))dt=/0 |f(t)|dt4_r/0 (0| relf)dt — 1
as k — oo.

The Banach space 4]0, 1] is a Cesaro function space. In [ALL], it is shown that
all Cesaro function spaces are WASQ and fail to be ASQ. Thus ASQ is strictly
stronger than WASQ.

Question 4.5 (see [ALLl Question 3.12]). /s WASQ strictly stronger than LASQ?
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The following two examples are from the class of Lindenstrauss spaces. We
remark that Lindenstrauss spaces whose unit ball contains an extreme point are
not LASQ (see [Lin, Theorem 6.1, (14)]). Although C|0, 1] is not LASQ, these two
examples are codimension one subspaces of C[0, 1] which are ASQ and WASQ,
respectively.

Example 4.6. Let X = {f € (C[0,1]: f(0) = 0}. By [Lac p. 140}, X is a
Lindenstrauss space. We will show that X is ASQ and OH. Let n € N and
fi,..., f, € Sx.

First, let us show that X is ASQ. For all kK € N, find s, € (0,1) such that
Ifi(t)] < 1/k forall t € (0,s¢) and i € {1,..., n}. Choose g4 in Sy such that
gi(t) =01t & (0,s¢). Then T1=1/k < ||fi£gi||< T+ 1]k forallie {1,.. ., n}.
Hence [|f; = gi||— 1 forall i e {1,. .., n} as k — oo and X is ASQ.

Now we will show that X is OH. Let ¢ > 0. Choose pairwise different
t, ..., t, €10, 1] such that |fi(t;)| > 1—€/2. Let h € Sx be such that h(t;) = fi(t;)
forallie {1,..., n}. Then ||fi 4+ h||> 2|fi(t)| > 2 — e forevery i € {1, ..., n}
and thus X is OH.

Example 4.7. Let X = {f € C[0,1]: f(0) = —f(1)}. By [Lad p. 140] X is a
Lindenstrauss space. We will show that X is WASQ but not ASQ.

Let us show that X is WASQ. Let f € Sx. Since f has a zero in [0, 1] we can
always find a point s € (0, 1] such that f(s) = 0. For all k € N, let s, € (0, s)
be such that sy — s as k — oo and [f(t)| < 1/k if t € (sk,s). Choose gy in Sx
such that g,(t) = 0 if t & (s¢,s). Then T —1/k < ||f £ g«l|[< 1+ 1/k. Hence
If £ gil|— 1 as k — oo and X is LASQ. Finally, observe that g, converges

pointwise to O which in turn implies that g, converges weakly to O (see, e.g,
[Diell p. 66]). Thus X is WASQ.

To see that X is not ASQ, let f; be any function in Sy which is equal to 1 on
[0, 3] and let f(t) = f1(1 — t). Then max;||f; = g||= 2 for any g € Sx.

We now point out some equivalent, but sometimes more convenient formulations
of LASQ and ASQ spaces.
Proposition 4.8 (see [ALLl Proposition 3.3]). Let X be a Banach space.

(a) X is LASQ if and only if whenever x € Sx and € > O there is a y € Sx

such that
Ix £yl|<1+e

(b) X is ASQ if and only if whenever n € N, x1, ..., x, € Sy, and € > 0,
there is a y € Sy such that

Ixi+yll<T+¢e forallie{1,.. ., n}.
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To prove Proposition 4.8 we use the following elementary lemma, but we include
its proof for completeness.

Lemma 4.9. /f x,y € Sx and € > 0 are such that ||x £ y||< 1+ ¢, then
(1 —e)max(lal, |B) < [lax + Byl|< (1 + &) max(|al, [B])

for all scalars a and B.

Proof. Let x,y € Sx and let € > 0. Assume that ||x £ y||< 1+ . Observe first

that ||x £ y||> 1 — €. Indeed, suppose on the contrary that [[x — y[|< 1 — €.
Then

] 1 1
1= x| §||x+ y\|+§||x— yll< 2(1 +e+1—¢)=1,

which is a contradiction. Therefore ||x — y||> 1 — . Similarly, one can show
that ||x + y||> 1 —e.

Fix A € R such that A € (0,1} To prove Lemma it suffices to see that

1—e&) < |IMx+ylI<(1T+¢).

Since ||x — y||[< 1 + €, we have

Iy +x= 10+ 27y = (y =)= 0+ 47 =[x =y 27" —e.

Hence [Ax 4+ y||>1—eA>1—¢
Also

Ay +x[= A" =Ny + g+ X< AT =) +T+e=1"+¢

hence [Ax + y||< 1T+ eA <1+ ¢ O

Proof of Proposition[4.8 (a). Assume that X is LASQ. Let x € Sy and let

€ > 0. By the definition there is a sequence (yy) in Sy such that ||x £ y,||— 1
as k — oo. Find k € N such that ||x £ y¢[|[< 1+ &

For the converse, let x € Sx. By the assumption, we can find a sequence
(yg) in Sx such that ||x £ y||< 1+ 1/k. By Lemma we also have that
1—1/k <||x £ ygl|. Thus ||x = yi|]|— 1 as k — oo, hence X is LASQ.

(b). The proof is similar to the proof of (a). [

Corollary 4.10 (see [ALL Corollary 35]). If X is LASQ, then X contains an
almost isometric copy of ¢
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Proof. Assume that X is LASQ. Let x € Sy and let € > 0. By the assumption,
we can find an element y € Sy such that 1 — e < |[x £ y[|< 1T+ &

Let £ = span{x, y}. Define T: %2 — F by T(1,0) = x and T(0,1) = y. By
Lemma T is an e-isometry. O

We will now show that ASQ spaces contain an almost isometric copy of cp.

Theorem 4.11 (see [ALL, Theorem 3.0]). Let X be a Banach space. If X is ASQ,
then for every finite-dimensional subspace E of X and € > 0O there exists a
y € Sx such that

(1 = e)ymax([[x[[, [A]) < llx + Ay[|< (T + &) max([|x[], |A])

for all scalars A and all x € E.

Moreover, given a finite-dimensional subspace F of X* we may choose the above
y so that |f(y)| < g||f|| for every f € F.

It is clear from Proposition that the above theorem is actually a characteri-
zation of ASQ.

Proof. Assume that X is ASQ. Let E be a finite-dimensional subspace of X and
let € > 0. Find an €/2-net {xq, ..., xp} in Sy for Sg. Choose a y € Sy such
that 1 —e2 < |[x; £ yl[< 1+ e2forallie {1,..., n}.

Let x € Sg. Find i such that ||x; — x||< €/2. Then

[Ix £ yll< b & yll+llx = xll< 1+ e

Hence, by using Lemma we get
(1 = e)max([[x[[, [A]) < lx + Ay[|< (1 + &) max([|x]], |A])

for all scalars A and all x € E.

For the moreover part, let £ be a finite dimensional subspace of X* and let
{fi,..., fn} be an €/2-net in Sx. for Sg. For each i choose z; € Sy with
fi(zi) > 1 —¢l4 Let E' = span(EU{z, ..., Zn}) and use the first part of the
proof to find a y € Sy such that

(1= efa)max([lx[], |A) < [lx + Ay[|< (1 + e/4) max([[x]], [Al)

for all scalars A and all x € E".
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Since |fi(zi £ y)| < ||z £ y[|< 1+ €/4, we get

—el2="1—¢l4—(1+¢/4) < fi(z) — filzi — y) = fily)
=filzi+y) —filz) < T+ el =1+ ¢l4 = ¢/2.

Therefore |fi(y)] < €/2. Thus, for every f € Sg and for some i, we have
)l < [(F = A)(y)l + [fily)| < e -

Repeated use of Theorem |4.11| gives the following lemma.

Lemma 4.12 (see [ALLL Lemma 3.9)). If X is ASQ, then for every finite-
dimensional subspace E of X and every € > 0 there exists a subspace Y
of X which is e-isometric to c¢q such that E @ Y is e-isometric to E @ ¢p.

Proof. Assume that X is ASQ. Let E be a finite-dimensional subspace of X and
let € > 0. Find a sequence (&) in R* such that [ ];2,(1 + &) < 1+ € and
[1.2,(1 — &) > 1— €. Using Theorem we inductively choose a sequence
(yx) in Sx such that

(1 — ey max{|lel], [A[} < [le + Ayil[< (1 + &) max{[[e]|. [A]}

for every e € span(E U {yi, ..., Yr—1}) and every A € R. Denote by Y =
span{y1, Yz, ... }. Note that ENY = {0} and T:co — Y, Ter = y, is an
e-isometry. Define S: E @ co = E® Y by S(e,a) =e+ Ta.

We have

n n n—1
1S(e. > aced) = lle+)  ayell< (1+ &) max{lle + ) aryll.[anl}
k=1 k=1 k=1
< <[]+ e max{fell. fal. .-, |}

k=1

<1+ elite. ) awen)ll
k=1
and similarly, ||S(e, Y\, aver)l|> (1 — €)ll(e,d>_;_; axer)||. Thus S is an e-
isometry onto £ @ Y. []
Corollary 4.13. If X is ASQ, then X contains an almost isometric copy of cy.
A consequence of Lemma [£.77]is that the sequence (yy) in the definition of ASQ

may be chosen to be weakly null. This enables us to connect the properties
ASQ and WASQ.
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Theorem 4.14 (see [ALLl Theorem 3.10)). Let X be a Banach space. If X is ASQ,
then for every n € N, xq, .. ., x, € Sx there exists a sequence (yx) in Bx such
that

Ixi + yil|— 1 forallic{1,.. , n},

yr — 0 weakly, and ||y,||— 1 as k — oo.

In particular, ASQ implies WASQ.

Proof Assume that X is ASQ. Let n € N and xq, ..., X, € Sx. Put £ =
span{x, ..., x,} and choose sequences (g¢) in R* and (y,) in Sy as in the proof
of Lemma Denote by Y = span{ys, y2, ... }. Since the standard basis (e)
in co is weakly null, so is the sequence ((0, ex)) weakly null in £ @, co. Let
S E @y co > E® Y be the e-isometry from the proof of Lemma The
weak-weak continuity of S shows that y, — 0 weakly in E @ Y as k — oo,
and hence also in X.

By the definition, S(e, £e;) = e & yy for every e € E. Since
(1 — ey max{llef|, 1} < fle & yill< (T + &) max{|lef|, 1}

for every e € E, we in particular have (1 — &) < |Ixi = yel|< (1 + &), so
Ixi = yil|— 1 forall ie {1,..., n}. O

Corollary 4.15 (see [ALLl Corollary 3.11]). ASQ is strictly stronger than WASQ.

Proof. From Theorem we have that all ASQ spaces are WASQ. By Exam-
ple [4]0, 1] is WASQ, but £4[0, 1] does not contain ¢ (see [AK| Corollary
5.2.11)) so it is not ASQ. O

Our main interest in studying the properties LASQ, WASQ, and ASQ come from
their relation to diameter 2 properties. D. Kubiak observed that if a Banach
space is LASQ, then it has the LD2P, and similarly, if it is WASQ, then it has
the D2P (see |[Kub| Propositions 25 and 2.6]). The same idea from his proof

works also for ASQ, but we will prove it using the dual characterization of the
SD2P.

Proposition 4.16 (cf. [ALL] Proposition 1.3]). Let X be a Banach space. If X is
ASQ, then X* is OH.

Proof. Assume that X is ASQ. Let n € N, x{, ..., x* & Sx+, and let € > 0. Find
X1, ... X, € Sx such that xf(x;) > 1 — &. Using Theorem [£.17} find a y € Sx
such that ||x; £ y||< 14+ € and [x'(y)| < e forall i € {1, ..., n}.
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Find y* € Sy such that y*(y) = 1. Then
TH+ezxEyll>+y () +y'(y) = £y7(x) + 1
and thus |y*(x;)| < . Now

[xi + yllIx" + g™l > x7 () + X7 (y) + 4™ () + y™(y)
>1—e—2e+1

and hence
R e
Xi )
0y 1+¢
which shows that X* is OH by Proposition O

Corollary 4.17. If X is ASQ, then X has the SDZP.

Proof. If X is ASQ, then, by Proposition X*is OH. Thus, X has the SD2P
by Theorem [3.22] O

We know that every ASQ Banach space contains a copy of ¢p. Recall that,
by JALNT, Proposition 4.7}, any Banach space containing ¢ can be equivalently
renormed to have the SD2P. In [ALL] Theorem 3.14], it is claimed that any Banach
space containing ¢y can be equivalently renormed to be ASQ. Unfortunately,
there is a gap in that proof and we do not know whether the claim holds.
However, every Banach space which contains a complemented copy of ¢y can
be equivalently renormed to be ASQ.

Proposition 4.18 (see also Proposition [4.22). Every Banach space which con-
tains a complemented copy of an ASQ space can be equivalently renormed to

be ASQO.

Proof. Let (X, ||]|) be a Banach space which contains a complemented copy of
an ASQ space Y. We will show that X can be equivalently renormed to be ASQ.
We may (and do) assume that X contains Y isometrically (see [DGZl Lemma
8.1]). Let P: X — X be a bounded linear projection onto Y.

Define an equivalent norm on X by
[x]|| = max{||Px]|, |[x — Px||} forall x € X.

Note that ||| - ||| agrees with ||-|| on Y.

Let us show that (X, ||| - |l]) is ASQ. Let n € N, x4, ..., X € Six . and let
€ > 0. Clearly ||Px;]|< 1 and |[x; — Px;||< 1 foralli € {1,..., n}. Since Y is
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ASQ, there is a norm one element y € Y such that ||[Px; + y||< 1 + € for all
ie{1,..., n}. Thus we have

llIxi + yll| = max{l|P(xi + y)ll. X +y — Plxi + y)||}
= max{||Px; + y||, [|[x;. — Px||} <1+ ¢

forallie{1,..., n}. Therefore X is ASQ. O

Corollary 4.19. Every separable Banach space which contains a copy of ¢y can
be equivalently renormed to be ASQ.

Proof. Let X be a separable Banach space which contains a copy of cy. By
Sobczyk's theorem (see, e.g. J[AKl Theorem 2.5.8]), X contains a complemented
copy of ¢y, and thus the conclusion follows from Proposition 4.18| [

4.2 Stability results of almost square Banach spaces

In this section, we study stability results for almost square spaces by taking ¢,-
sums of Banach spaces. We show that LASQ and WASQ are stable by forming
f,-sums. It turns out that, for every p with 1 < p < oo, the £,-sum of two
Banach spaces is never ASQ. Further, we show that nonreflexive Banach spaces
which are M-ideals in their biduals are ASQ. This improves Theorem 4.10 in
[ALNT], where it is shown that such spaces have the SD2P.

The following proposition is our main stability result for LASQ spaces.

Proposition 4.20. Let X and Y be Banach spaces.

(@) If X and Y are LASQ, and p is such that 1 < p < oo, then X ®, Y is
LASQ (see [ALL, Proposition 5.3)).

(b) If X ®, Y is LASQ, where p is such that 1 < p < oo, then X is LASQ
(see JALL, Proposition 5.7)).

(c) If X is LASQ, then X @, Y is LASQ (see JALL, Proposition 5.8)).
(d) IfX®s Y is LASQ, then either X or Y is LASQ (see |JALL, Proposition 5.8)).

Proof. (a). Assume that X and Y are LASQ, and let p be such that 1 < p < oo.
Let (x, y) € Sxg,v and let € > 0. It suffices to find a (u, v) € Sxg,y such that

106, y) = (u )[[,< T+ e
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We may (and do) assume that x # 0 and y #+ 0. By our assumption, there exist
i € Sy and ¥ € Sy such that

|5 s <14 eand |27 <14
Il Iyl

It follows that ) )
e Dixtal| + |y = Dglie||” < (1 + e,

This completes the proof, because one may take u = ||x||& and v = ||y]|V.

(b). The function f(t) = t' is uniformly continuous on [0, 2], so given € > 0
there exists a 0 > 0 such that |f(t)—f(s)| < € whenever [t—s| < d. The function
g(t) = tP is continuous at t = 1, so there exists n > 0 such that |g(1)—g(s)| < 0
whenever |1 —s| < n.

Assume that X @, Y is LASQ, where p is such that 1 < p < co. We will show
that X is LASQ. Let x € Sy and let € be such that € € (0,27 —1). Find
a 0 and a n as above such that n < 0 < e. By our assumption, there is a
(u,v) € Sxg,y such that

10,0) (. V)llp= (llx & ulP+ V) <1+ 0.
(Note that u = 0, otherwise [|(x,v)||=2"" > 1+ &) Then
[Ix &= ullP+IvIIP< (T + ).
Since |1 — (1 + n)| < n, we have
(0 =g(0+n<g(l)+0=1+0.
Hence

Ix £ ulP< T+ 0 = [lvlIP= flulP+[[v][P+d = [[vI["= [lullP+o.

Take p-th roots to obtain
b = ull< (lull”+0)"™.
Since |(||u]|P+0) — ||u]|P| < 9, we have
(lull"+0)" = f(lull*+8) < f([lull”) + & = llu]|+e.

Consequently,
Ix & ul|< [[uf|+e.
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Denote by z = u/||u||. Then
Ix £ z||< [lx £ ul[+]|z = ull< JJull+e + 1 = [lull=1+ €.

Thus X is LASQ.

(c). Assume that X is LASQ. Denote by Z = X @, Y. Let z = (x,y) € S,
and let € > 0. We mag assume that x # 0. By our assumption, we can find a
u € Sx such that ||+ o = ul][< 1+ €. Therefore

I = o] = H Il 2 0) = (1 = [xfu

SHN1+€ (1= IIxfull< T+ e

Take w = (u,0) € S7. Thus
1z & wl[= max{|lx = ull. [lyll} <1+ e

and Z is LASQ.

(d). Assume that Z = X @, Y is LASQ. We will show that X or Y is LASQ.
Suppose to the contrary that neither X nor Y is LASQ. Thus there are x € Sy,
y € Sy, and € > 0 such that

Ix+ul|>1T+€ or J|x—u||>1+¢e forallue Sy

and
ly+v)|>1T+e o Jy—v||>1T+e forallvesSy.

Take z = (x,y) € S7. By our assumption, there is a w = (ug, o) € S such
that ||z &= w||= max{||x = uol|, ly = wl|} < 1+ €, a contradiction. Thus X or Y
must be LASQ. O

The following proposition is our main stability result for WASQ spaces.

Proposition 4.21. Let X and Y be Banach spaces.

(@) If X and Y are WASQ, and p is such that 1 < p < oo, then X @, Y is
WASQ (see JALL, Proposition 5.4)).

(b) If X ®, Y is WASQ, where p is such that 1 < p < oo, then X is WASO
(see JALL, Proposition 5.7)).

(c) If X is WASQ, then X @, Y is WASQ (see JALL, Proposition 5.8)).
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(d) If X @ Y is WASQ, then either X or Y is WASQ (see JALL, Proposi-
tion 5.8)).

Proof. (a). The proof is similar to the proof of Proposition (a). Assume that
X and Y are WASQ, and let p be such that 1 < p < oo. Let (x,y) € Sxg,v. It
suffices to find a sequence (uy, v) € Sx@py, k € N, such that

1
l(x, y) = (ue, vi)|[p< 1T+ Z for all k € N

and (ug, vi) = 0 weakly as kK — oo.

We may (and do) assume that x # 0 and y # 0. By our assumption, there exist
sequences (&) in Sy and (%) in Sy such that

HHi—”J_rE/k‘g1+%and Hﬁif/k g1+%
and 0y — 0, % — 0 weakly as k — oo.
It follows that
o= |+ [l + g < 0+ 2

and (||x]|dx. |lyl|vk) — O weakly as k — oo. This completes the proof, because

one may take ug = ||x||@x and vk = ||y]| .
The proof of (b), (c), and (d) is similar to the proof of Proposition (b), (),
and (d), respectively. []

The following proposition is our main stability result for ASQ spaces.

Proposition 4.22. Let X and Y be Banach spaces.

(@) /fpissuchthat1 < p < oo, then X@®,Y is not ASQ (see JALL, Lemma 5.6)).
(b) If X is ASQ, then X @, Y is ASQ (see JALL, Proposition 5.8)).

(c) X ®u Y is ASQ, then either X or Y is ASQ (see [ALL Proposition 5.8)).

Proof (a). If p is such that 1 < p < oo, then X @, Y is not ASQ, because it
fails the SD2P (see Theorem [233). Recall that the SD2P is stable by forming
the £;-sum (see Theorem [232), however we will show that X @ Y is not ASQ.
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Denote by Z = X @, Y. Let x € Sx and y € Sy. Consider norm one elements
71 = (—x/3,2y/3) and 7z, = (2x/3, —y/3) in Z. Suppose to the contrary that Z
is ASQ. Then there isa w = (u,v) € Sy with ||z; £ w||< 14 1/9. We have that

Nl 41290 < 2 (I=2x 4+ ull+12x + ull 412 + vl+12g —v]
IR YIS S IIm3x vz gy 3Y

1

=max{||z1 + w|, [|lz1 — w|]} <1+ g

therefore ||ul|< 1/3 +1/9 = 4/9. Similarly, ||v|[< 4/9. Thus we have [|w||=
|lull+||v]|< 8/9 < 1, a contradiction.

The proof of (b) and (c) is similar to the proof of Proposition [£.20] (b) and (c),
respectively. []

Example 4.23. The Banach space ¢y(L1]0, 1)) @ &1 is ASQ and OH, but fails
to have the DP. Indeed, by Example co(L4]0, 1)) is ASQ and OH. Thus, by
Propositions [3.32 and the Banach space ¢(L4]0, 1))@, 4 is also both ASQ
and OH. It fails the DP, because ¢; fails the DP.

The next lemma shows that LASQ and ASQ pass down from a Banach space to
its ai-ideal.

Proposition 4.24 (see |ALLl Lemma 4.5)). Let X be a Banach space. If X is ASQ
(resp. LASQ) and Y is an ai-ideal in X, then Y is ASQ (resp. LASQ).

Proof. We only show the ASQ case, the other case is similar. Assume that X
is ASQ and Y is an ai-ideal in X. Let n € N, yq,..., y, € Sy and let ¢
be such that € € (0,1). By our assumption, we can find a x € Sy such that
lyi = x[|[< 1+ ¢/4d forall i € {1,..., n}. Since Y is an ai-ideal in X, we
can choose an €/4-isometry T : £ — Y such that T is the identity on ENY,
where E = span{x,yq,..., yn}. Define z = Tx/||Tx||. Then z € Sy and
| Tx —z||= ||| Tx||—1| < €/4, and

€ e €
lyi =2l < Wy =X)HITx = 2[[S (T + )0+ 5) + 5 <T+e
forallie {1,..., n}. Thus Y is ASQ by Proposition O

Remark 4.2. A similar result to Proposition 4.24] for WASQ spaces seems to be
unknown.

For M-ideals we often get ASQ for free.
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Theorem 4.25 (see [ALL] Theorem 4.6]). Let X be a nonreflexive Banach space
and Y be a proper subspace of X. If Y is both an M-ideal and an ai-ideal in
X, then Y is ASO.

Proof Assume that Y is both an M-ideal and an ai-ideal in X. We will show
that Y is ASQ. Let n € N, y4, ..., Yy, € Sy and let € > 0. Since Y is an
M-ideal in X, we have that X* = P(X*) @, Y+, where P denotes here the
M-ideal projection on X*. Then X** = (P(X*))* @&, Y+

Choose a 0 € (0,1) with (1 + 0)*(1+30(1+ 0)?) < 1+ €. Let z € Sppyx)e
Note that ||y; — z||= max{||y:]. ||z]|]} < 1 for all i € {1,..., nt. Put £ =
span{yq, ..., Yn, 2z} C X*. Use the Principle of Local Reflexivity to find a 0-
isometry S : E — X which is the identity on ENX. Further, put F = S(E) C X
and use that Y is an ai-ideal in X to find a 0-isometry T : F — Y which is the
identity on £ NY. Now with y = T(S2)/||T(Sz)||€ Sy we use T(Sy;) = y; to
get

=Yl =Yy — < (14 0)|ly;
ly —yll = lly HT Hu ly: — HT(S)HII
< (1407 (ly: = 2ll+lle = ) <1+
since
z 1
— = 1—||T(5z
Iz = sz = e~ 17|
< (140 ([1=Iszl| + ISzl -1 T(s2)l)
< (14 8)*(0 + 6(1 + 8)) < 36(1 + 9)*.
By Proposition [£.8] Y is ASQ. O

Since every Banach space is an ai-ideal in its bidual, we immediately have the
following corollary.

Corollary 4.26 (see |[ALL, Corollary 4.7]). Nonreflexive M-embedded Banach
spaces are ASQ.

For example, ¢y and the Banach space IC(H) of compact operators on a Hilbert
space H are M-embedded. (For more examples see Chapter lll in [HWW]) By
Example [£2) the Banach space cy(¢) is ASQ. However, this space contains a
copy of ¢ and therefore can not be M-embedded ([Hali, Theorems 3.4.a and
3.5]). Thus the class of ASQ spaces properly contains the class of M-embedded
spaces.
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4.3 Connection with the intersection property

In this section, we explore the connection between ASQ spaces and the inter-
section property introduced in [BH] (see also [HWW, Chapter 11.4)).

Definition 4.27 (see [BHI). A Banach space X has the intersection property
(IP), if for every € > 0 there exist n € N, xq, ..., X, in X with ||x][< 1 for all
re{1,..., n}, such that if y € X with ||x; —y||< 1 foralli e {1,..., n}, then
lyll< e

For a subset / of [0, 1], we will use the notation B = {x € X : ||x]|€ I}. For
example BX = B[o’ﬂ, SX = 8{1}, and BX \ SX = B[Qj).

If X fails the IP, then for some € € (0, 1) we have y(g) < 1, where

v(e) = su inf max||x; — yl|.
( ) X1, ’X”EpB[OJ)gEB(£,1]1£ign|| i y”
neN

On the other hand, y(g) > 1 for all € > 0, because max{|[x+y|l, [[x—y|l} > |Ix]|
for all x, y € X. Thus, if X fails the IP, then y(g) = 1 for some € € (0, 1).

We will say that X e-fails the IP if y(e) = 1. The index y(:) is very similar
to the index a(-) defined by E. Maluta and P. L. Papint in [MP]. Here are two
equivalent definitions of a(g), where € € [0, 1] (see Proposition 3.3 in [MP])

ae= st inf max |[|x; —
( ) X1, VXnI:G)SX HEB[5,7]1£i£n|‘ L gH
neN

= su inf  max||x;, — yl|.
o ererB[ovq) yEB[&” 1§i§nH L yH

neN

It is clear that a(-) is monotone and a(0) = 1. A straightforward argument shows
that a(1) = 1 if and only if X is ASQ.

In [GL, J. Gao and K-S. Lau considered, for a Banach space X, the parameter

G(X) = sup. inf max{flx+yll, lx—yll}

XESX Yy

Observe that X is LASQ if and only if G(X) = 1.

Proposition 4.28 (see [ALLl Theorem 6.1]). A Banach space X is ASQ if and
only if X e-fails the IP for all € € (0, 1).
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Proof. Assume that X is ASQ and let € € (0, 1). Since
1=2a(1) > vy(le) > ale) > a(0) =1,

we get y(g) = 1.

Assume now that X e-fails the IP for all e € (0,1). Let n €N, x4, ..., X, € Sx
and let € be such that € € (0,1). Let z; = (14 &)~ 'x;. Since X (1 — &)-fails the
IP, there is a y € By 1) with max;[|z; — y||< 1+ €. Then

y
I — MHS X = zill+llz: = yll+( = lyl)) <71+ 3e.
By Proposition we conclude that X is ASQ. O

In Proposition we saw that a Banach space X is ASQ if and only if X
e-fails the IP for all € € (0,1). We will now provide an example of a Banach
space, which is not LASQ (thus not ASQ), but e-fails the IP for all € € (0,1/2].

Example 4.29 (see [ALLl Example 6.4]). Let
X ={f € C[0,1]: f(0) = 2f(1)}.
We will show that X is a non-LASQ space which e-fails the IP for all € €

(0, 1/2], but does not e-fail the IP for any € € (1/2,1).

Let us first show that X is not LASQ. Let f(t) = 1 —t/2. It is clear that f € Sx.
Let g € Sy be arbitrary. Find t; € [0, 1] such that |g(to)| = 1. Then

1
5 +1< mfx|f(to) + g(t)] < miax||f4_rg||.

This shows that X is not LASQ since max.||f & g|| is bounded away from 1.

Let us now show that X e-fails IP for all € € (0, 1/2]. Observe that for f € X
with ||f]|< 1 we have |[f(1)] < 1/2 (since 2|f(1)] = |f(0)] < 1).

let n € Nand fi,..., f, € X with ||fi||< 1. Find an interval (s, 1) such that
If(t)] < 1/2 for t € (s,1). Let g € X with suppg C (s,1). Then ||f; + g||<
112+ ||g||, hence there exists a 0 > 0 such that ||f; + g[|+0 < 1/2+||g]|. If we
choose g as above with ||g||= 1/2 + 0, then max||f; + g||< 1 and ||g||> 1/2.
Thus X e-fails IP for all € € (0,1/2].

We will now provide an example of a Banach space which is ASQ, but which is
not a cp-sum of some Banach spaces nor M-embedded.
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Example 4.30 (see [ALL] Example 6.3])). For all m € N, denote by X, = G:(S™).
The Banach space X = (X1 ® X; @ ...)s, is ASQ. Here S™ is the Euclidean
sphere in R™1 and

Ce(S™) = {f € C(S™): f(s) = —f(—s) for all s € S™}.

The Banach space X is not a cy-sum of ASQ-spaces nor M-embedded (see
[HWW, Example 11.4.6, p. 78]), but a small adjustment to the proof of [HWW,
Proposition 11.4.2 (h), p. 76] shows that X e-fails the IP for every € € (0,1).
Thus X is ASQ by Proposition

Let us first prove that for every fy, .. ., f,, in the open unit ball of C3(S™) and for
every € € (0,1) thereisa g € G¢(S™) with ||fi£g||< 1 foreveryi € {1,..., m},
but e < |lg|I< 1.

Indeed, let fy, ..., fn € Cc(S™) be such that ||fi]|< 1 for every i € {1,..., m}.
Fix a sp € S™ such that fi(sg) = -+ = fy(so) = 0. Such a sy exists by a
corollary of the Borsuk=Ulam theorem (see |AH| p. 485, Satz VIII}), according to
which any m functions in Cz(5") have a common zero. Let € and 0 be such that
€ € (0,1) and 0 € (&,1). To construct the desired g, choose a neighbourhood
U of so in S™ such that |fi(s)| < 1—20 forall i € {1,..., m} and s € U, and
so for s € —U too. We may (and do) assume that U N —U = {.

Let h: S™ — [0, 1] be a continuous function vanishing outside U with h(sg) = 1.
Define g(s) = 0(h(s) — h(—s)). Then g € G:(S™), |lg||= 0, and g vanishes
outside U N —U. It follows that ||f; = g||[< 1 forall i € {1,..., m}.

Let us now show that X e-fails the IP for all € € (0, 1). Suppose to the contrary
that for some € € (0, 1) there are n € N and x; = (1), . . ., Xy = (Xom) € X
such that ||x;||< 1 for every i € {1, ..., n} and if y € X with ||x; — y[|< 1 for
allie {1,..., n}, then ||y||< e

For an arbitrary m, we have that xi,, ..., X, m are in the open unit ball of
Cz(S™). If n < m, then by the argument above there is a y, € G:(S™) such
that ||xim — ynll< 1 forall i € {1,..., n}, but |lyn||> € Thus for y =
o,..., 0,y 0,...) we have ||x; — y||< 1 forall i € {1,..., n}, but [ly||> e
Therefore, we must have that n > m for all m, which is a contradiction.

Next we will show that every ASQ space contains a separable subspace which is
ASQ. The basic idea for the next proof goes back to Theorem 4.4 in Lindenstrauss’
memotr [Linl.

Proposition 4.31 (see [ALLl Proposition 6.5]). A Banach space X is ASQ if and
only if for every separable subspace Y of X, there exists a separable ASQ
subspace Z of X such that Y C Z C X.
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Proof. Necessity. Assume that X is ASQ. Let Y be a separable subspace of X,
let {u,,: m € N} be a dense subset in Y, and, for every m € N, let g, > 0 be
such that €, — 0 as m — oo. Put ¥ = span{uq}. For m € N, choose Y}, ;1 as
follows: find a y, € Sx so that

Ix+ ynll< 1+ €, forallxe Sy,

and put Y1 = span(Ym U{ynmt U {um+1}).

Take Z = UOO Y,. To see that Z is ASQ, let n € N, z1, ..., z, € S, and let
e>0. It su{'hces to find a y € S, such that

lze+yl|<T+¢e forallie{1,.. ., n}.

Pick m € N so that ¢, < €/2 and, forevery i € {1,.. ., n}, there is an x; € Sy,
satisfying ||z; — x||< €/2. For every i € {1, ..., n}, one has

i + ynll< ||zi — Xl||+||xl+9’mH< +1+5m<1+5

Thus Z is ASQ.

Sufficiency. Let n € N, xq,..., x, € Sx, and let € > 0. Denote by Y =
span{xy, ..., xp}. By our assumption, there is a separable subspace Z of X
such that Y € Z C X and Z is ASQ. Therefore there isa z € S, C Sx such
that ||x;, +z|| <1+ eforallie {1,..., n}. Thus X is ASQ. O

In [BH], it is asked whether all dual Banach spaces have the IP. Similarly one
can ask the following.

Question 4.32 (see [ALLl Question 6.6]). Is there a dual Banach space which is
ASQ?

Recall that a Banach space X is said to be weakly compactly generated if X
contains a weakly compact absolutely convex set whose linear span is dense
in X. For example, reflexive Banach spaces are weakly compactly generated,

because their unit ball is weakly compact. More examples can be found in, eg,
[EHHMZ].

Remark 4.3 (see [ALLl Remark 6.7]). In Remark 2a in [HRl p. 289], P. Harmand
and T. S.'S. R K. Rao noted the following partial answer to the question about
the IP: If X* is such that for any separable subspace Y of X* there is separable
subspace Z with Y C Z C X* and Z complemented in X*, then X* has the IP.
The assumption is satisfied if, for example, X* is weakly compactly generated
(see [Die2, p. 149)).
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Their argument works also for ASQ spaces and show that an ASQ space can
never be a subspace of a weakly compactly generated dual space. Indeed,
suppose to the contrary that a Banach space X is ASQ and a subspace of
a weakly compactly generated dual space W*. By Proposition there is
a separable closed subspace Y of X which is also ASQ. From [Die2 p. 149]
we conclude that there is a separable closed subspace Z of W* such that
Y CZC W*and Z is complemented in W*. By Corollary Y contains an
isomorphic copy of ¢y. Therefore Z contains an isomorphic copy of €, (see [Ros|
Corollary 1.5]), which gives the contradiction, because Z is separable.

Proposition 4.33 (see [ALL] Proposition 6.8]). A Banach space X is LASQ if
and only if for every separable subspace Y of X, there exists a separable LASQ
subspace Z of X such that Y C Z C X.

Proof. The proof is similar to the proof of Proposition [
Remark 4.4. A similar result to Proposition for WASQ Banach spaces seems

to be unknown.






Chapter 5

Thickness and thinness of Banach
spaces

In this chapter, we complement and extend some recent results on Whitley's
indices of thickness and thinness in three directions. This is motivated by the
fact that a Banach space is OH if and only if its thickness is 2, and a Banach
space is ASQ if and only if its thinness is 1. Firstly, we investigate both the
indices when forming #,-sums of Banach spaces, and obtain formulas which
show that they behave rather differently. Secondly, we consider the relation of
the indices of the space and a subspace. Finally, we show that every Banach
space X containing a complemented copy of ¢y can be equivalently renormed
so that in the new norm both the thickness and thinness index of X equal to 1.
This chapter is based on JALLN] and [HLZ).

5.1 Definitions and basic results

Let X be a Banach space. R. Whitley introduced in [Whi] the index of thickness,

Tw(X) = inf {r >0 there exists n € N and x4, ..., X, € SX} |

such that Sy C J, B(x;, r)

and the index of thinness,

t(X) = inf {r >0 foralln €N, x,..., X, € Sx,and € >0 there}

exists x € Sy with maxj<ic,||Xi — x||< r+ €

The subscript W in T/(X) is to indicate that this is Whitley's original definition.
As is easily observed, if dim X < oo, then Ty (X) = 0 and ¢(X) = 2, and if

95
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dim X = oo, then Ty (X), t(X) €[1,2] In[Whi, it is proved that
Tw(8,) =2"" =t(¢,) forall1<p< oo

Together with Whitley's observations that Ty (c)) = 1, Tw(ls) = 1, t(co) = 1,
and t(4y) = 2, it is clear that the whole range [1,2] of values is possible and
that (1,2) is covered by indices of reflexive Banach spaces. We will see that,
by choosing appropriate reflexive Banach spaces X and Y, we have Ty/(X) =1

and t(Y) = 2, but, for a reflexive Banach space X one never has Ty/(X) = 2 nor
t(X)=1.

Before proceeding, let us just mention that in [CPS] it is noted that if dim X = oo
and Sy C UL1 B(x;, r), where xq, ..., x, are in Sy and r > 0, then By C
Ui B(xi, r). Thus, for dim X = oo, the index

T(X) = inf {r >0 ‘ there exists n € N and xq, ..., X, € Sx}

with By C U, B(x;, r)

is equal to Tw(X). Note that when dim X < oo, we always have 7(X) = 1
(while Tw(X) = 0). From now on we are only interested in calculating the
index for infinite-dimensional Banach spaces and will thus take the freedom to
use T(X) in what follows to denote also Ty (X).

We observe now that the octahedrality of the norm on X is characterized by
the condition 7(X) = 2. In fact, this is a direct consequence of the following
observation made by G. Godefroy in [Godl.

Proposition 5.1 (cf. [God| p. 12} see [HL2 Proposition 2.3]). Let X be a Banach
space. The following assertions are equivalent:

(i) X is OH;
() ifxq, ..., X, € Sxandry, ..., r, > 0 are such that
Sx Bl ),
i=1
then Sx C B(x;, r;) for some i in {1,..., n},
(i) T(X) =2

Proof. (i) = (ii). Assume that X is OH, and consider a finite number of closed
balls B(x1, 1), ..., B(x,, ry) in X, where x;...,x, € Sx and ry, ..., r, > 0 with

Sx C O B(xi, ri).

i=1
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Since X is OH (see Proposition [3.3), for every € > 0 there are i in {1,..., n}t
and norm one y in B(x;, r;) with

X —yll= 2 — €,
which yields r; > 2 — e. Consequently, r; > 2 for at least one i in {1, ..., n}t.
Thus Sx C B(x;, r;) for some i in {1,..., n}t.

(ii) = (i) is obvious.
(iit) = (i). Assume that T(X) = 2 holds. Let n € N, x4, ..., x, € Sy, and let
€ > 0. By Proposition it suffices to find a y € Sx such that

Ixi —yl|l>2—¢ forallie{1,. .., n}.

Suppose to the contrary that, for every y € Sx there is an x; such that ||x;—y||<
2 — €. Then

Sxcl|JBx.2—¢).

i=1
Thus T(X) < 2, which is a contradiction. 0

Proposition (ii), characterizes OH Banach spaces in terms of covering of the
unit ball. We have similar characterizations also for LOH and WOH Banach
spaces.

Proposition 5.2 (see [HL2| Proposition 3.2, Corollary 3.3]). Let X be a Banach
space. The following assertions are equivalent:

() X is LOH,
(it) if Sx C B(x, r)U B(—x,r) for some x € Sx and r > 0O, then Sx C B(x, r),
(iit) g'(X) = 2, where
g'(X) =inf{r > 0: Sy C B(x, r) U B(—x, r) for some x in Sx}.

Remark 5.1. The interested reader can find more about this constant g’(X) in
[Pap|, where P. L. Papini has compared it with R. Whitley's thickness constant.

Proposition 5.3 (see [HL2, Proposition 3.4)). Let X be a Banach space. The
following assertions are equivalent:

(i) X is WOH:
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(i) if xq,..., x, € Xandry, ..., r, > 0 are such that

Sy C 0 B(x;, ri),

i=1

then for every x* € Sy« one has Sy C {x € X: |x*(x —x;)| < r;} for some

iin{1,..., n}t.
Proof. (i) = (ii). Assume that X is WOH, and Sx C |J;_, B(x;, r;) for some
X1, ..., x, € Xandry, ..., r, > 0. Let x* € Sy-. We have to show that for some
re{1,..., n}, one has

Sx C {x e X |x*'(x—=x)| <}
Suppose to the contrary that, for every i € {1,..., n} there is an x € Sy such
that [x*(x — x;)| > ri. Pick € > 0 satisfying
< (1—=¢e)(1+|x*(x)]) forallie{1,..., n}.
Since X is WOH, there is a y € Sy such that
(1= + X)) < |lxi— vy forallie{1,..., n}.
This yields r; < ||x; — y|| for every i € {1, ..., n}, which is a contradiction.

(it) = (). Assume that (ii) holds. Let E be a finite-dimensional subspace of X.
Let x* € Sx« and let € be such that € € (0, 1] Suppose that, for every y € Sx
there is an x € E such that

Ix — yll< (1T —¢g)(|x*(x)] +1). (5.1)

Then ||x||< 2t Denote by & = £/2. Consider now a finite d-net {x;, ..., Xy
in X for 2 BE If y € Sx, then find a corresponding x € E such that l)
holds, and ‘choose x; such that |[x — x;||< 9. By (B.1), we have

i =yl < llx = yll+o
<(T=¢)(X)|+MN+0
<(T=¢(xXx)+0+1+0
(1—e|x (x)|+1—e€0
< |

1 —212)(|x*(x)] + 1)
Thus Sy C U, B(x;, ri), where r; = (1 — €2/2)(|x*(x;)| + 1). On the other hand,
Sxt {xe X |x*(x—x)| <} forallie{1,..., n}t.
This contradicts (it). []
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It is easily seen that ASQ Banach spaces X are characterized by the condition
tX) =1

Proposition 5.4. Let X be a Banach space. The following assertions are equiv-
alent:

(i) X is ASQ,
(it) forall x4, ..., X, € Sy and € > 0 we have that
Sx N[ Blxi1+¢e) + 6,
i=1
(ii) t¢(X)=1.
Proof. The equivalences follow immediately from the definitions. [

In Proposition we saw that the dual of an ASQ Banach space is OH. In
terms of the thickness and thinness index, we thus get the following.

Corollary 5.5 (see JALLN| Proposition 2.1]). /f t(X) =1, then T(X*) = 2.

Remark 5.2. The converse of Corollary[p.5|is in general not true. As an example,
consider the Banach space C[0, 1]. Since C[0, 1] has the DP, we have that C[0, 1J*
is OH (see Theorem [3.6). Thus T(C[0, 1) = 2 by Proposition However,
by considering the constant one function in C[0, 1], it is clear that t(C[0, 1]) = 2
(see also [Whil Lemma 8]).

In Proposition we saw that if X contains a complemented copy of cp, then
X can be equivalently renormed such that X in this new norm is an ASQ space,
that is, t(X) = 1 (see Proposition p.4). We will now show that with respect to
this new norm 7(X) = 1.

Proposition 5.6. Every Banach space X which contains a complemented copy
of an ASQ space Y can be equivalently renormed such that T(X) < T(Y),
t(X) =1, and X contains Y isometrically.

Proof. Assume that a Banach space (X, ||-||) contains a complemented ASQ sub-
space Y. Let P: X — X be the bounded linear projection onto Y. Recall the
equivalent norm ||| - ||| from the proof of Proposition where

lxlll = max{[|[Px]|, lIx — Px||}  for all x € X.
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Note that ||| - ||| agrees with [|-]| on Y.

By Proposition we know that (X, ||| - |||) is ASQ, that is, t(X) = 1. We will
now show that 7(X) < T(Y). Let € > 0. It suffices to find xq, ..., Xn € S
such that

Bt U B, T(Y) + e).
i=1
By the definition of 7(Y), there are y,, .. ., Yy, € Sy such that

By C | ) Bylyi T(Y) +¢).

i=1

Let x € Bix,)- Then Px € By and hence, for some i € {1,..., n}, we have
that [|[Px — y||< T(Y) + €. Therefore

lIx = gl = max{lPL — gl lIx — i — Plx — gall}
= max{||Px =yl I — PxII}
< max{[|Px — yi[l 1}
<T(Y)+e

]

Remark 5.3. In [ALLN} Theorem 4.1], it is claimed that if a Banach space
X contains a copy of ¢y, then it can be equivalently renormed such that
T'(X) = t(X) = 1. This claim relies on the same renorming technique as in
[ALLl Theorem 3.14] and it also has a gap (see the comment preceding Propo-

sition [4.18).

Corollary 5.7. Every separable Banach space X which contains a copy of ¢
can be equivalently renormed such that in this new norm T(X) = t(X) = 1.

Proof. Let X be a separable Banach space which contains a copy of cy. By
Sobczyk's theorem, X contains a complemented copy of ¢y, and thus the conclu-
sion follows from Proposition O

Dual to Proposition using the norm suggested by W. B. Johnson (see [KSW,
p. 11]), one can show that a Banach space X containing ¢; may be equivalently
renormed to have 7(X) = t(X) = 2.

Theorem 5.8 (see [KSW, p. 11]). Let X be a Banach space. If X contains an
isomorphic copy of ¢;, then X can be equivalently renormed so that T(X) =
tX) =2
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Proof. Let Y be a subspace of X isomorphic to ¢, and let (e4) be the canonical
basis in ¢;. To begin with, we can renorm X in such a way that Y is isometric
to ¢, (see, e.g., [DGZ Lemma 11.8.1]), thus (ex) is an isometric #-basis in X.

We denote by (r¢) the sequence of Rademacher functions in L.[0,1]. Define
S Y = L[0,1] by S(ex) = ri for all kK € N. Thus ||Sy||= |ly]| for all y € V.
Since L,[0, 1] is 1-injective (see, e.q., [EHHMZ| Exercise 5.91)), the operator can
be extended to a norm one operator S: X — [[0, 1]

Define

[IX[IF = [1SxlI+[lIxllxy for all x € X.
We will show that ||| - ||| is an equivalent norm on X such that T(X) = ¢(X) = 2
with respect to ||| - |||

Let us first show that 1 |x||< [|[x]]| < 2|[x]| for all x € X. For the upper estimate
we have
X[ = NSXIH Xy < TTSx X< 2]l

for all x € X.

For the lower estimate, fix x € X with ||x||= 1. If |[[x]||x;y> 1/3, there is nothing
to prove. If ||[x]llx;y< 1/3, then there is a y € Y such that ||x — y||< 1/3. Thus
lyll> lIx]|—|lx — yl|> 2/3. We now have that

1
X1 = [[5xI= ISyll=lS 0 = g)I= Nyl =[x = ylI> 5.

Let us now show that T(X) = 2. By Proposition 5.} it suffices to show that X is
OH. Letn € N, xq, ..., x, € X with [||x]|]| =1, and let € > 0. Find an N € N
such that ||Sx; + || > ||Sxi||[+1 —eforall i € {1,..., n}. We have that
X+ enll] =[S0 + en)ll+lxi + endllxiy

= [[5x: + [+ il

> [[Sxi[|+1 = e + [[[xdllxiv

=|||x||| +1—e=2—¢
forallie {1,..., n}. Thus X is OH by Proposition

Finally, let us show that t(X) = 2. Let x € X with |||x]|| = 1. It suffices to see
that max. |||x £ eq||| = 2. Indeed,

max||lx = er[|| = max [ S{x £ en)l+llix + ey
= max|| Sx 2 7|+ [|Ix]l]xv

— [SxII+1 + lIxllr
= [lxlll +1=2.
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Thus, by the definition of the thinness index, t(X) = 2. [

5.2 Stability results of thickness and thinness

We start this section by studying the behaviour of the thickness and thinness
indices when forming co-sums and #,-sums of Banach spaces.

Next we address the problem of the relation between the thickness and thinness
indices of the space and a subspace. Our generalization of the observation
T'(X) > T(X*) is that the thickness of an ai-ideal is at least as big as the
thickness of the space itself. On the other hand, the thinness of an ai-ideal
cannot exceed the thinness of the space itself.

It is well-known that a Banach space is a Lindenstrauss space if and only if it
is an ideal in every superspace. Some spaces are even ai-ideals in every super-
space; these spaces are exactly the Guraril spaces (see |[ALN2, Theorem 4.3]).
Being an ai-ideal in every superspace will imply that every Guraril space has
thickness index 2 and thinness index 1.

Let us first observe that given a sequence of nontrivial Banach spaces (X) the
co-sum (X1 @ X2 @ ... ) has thinness 1.

Proposition 5.9 (see [ALLN| Lemma 2.2]). If (Xi) is a sequence of nontrivial
Banach spaces, then t(X1 @ X @ ...),) = 1.

Proof. From Example [4.2] we know that the co-sum (X1 @& Xo & ... ), is always
ASQ. Thus, by Proposition tHXT@Xo®...),) =1 [

Remark 5.4. The thinness of a subspace may be greater than the thinness of the
space itself. For example, t(¢;) = 2, however t(co(¢1)) = 1 by Proposition 5.9

With a little more work, we derive the corresponding result on the thickness

index.

Proposition 5.10 (see [ALLN| Lemma 2.3]). If (Xy) is a sequence of nontrivial
Banach spaces, then T((X1 @ X2 @ ...)) = infy T(Xk).

Proof. The proof follows the idea in the proof of [CPS| Theorem 2, (3)].

Denote by Z = (X4 @ X, @ ...),. First we show that 7T(Z) < infy T(Xy). Fix
€ > 0. Choose j € N such that 7(X;) < infy T(Xy) + e Find xq, ..., Xy in Sy,
such that .

Bx, C | JBlx:, T(X) + €).

i=1
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Then
Bz C [ JBA(0,0,.. ., x,0,..), T(X) + 2e)

i=1
Thus T(Z) < infi T(Xq).

Now we will show that 7(Z) > infy T(Xk). Suppose to the contrary that 7(/) <
infe 7(Xyx). Then we can find a > 0 and € > 0 such that

T(Z)<a—5<a<a+s<trk1fT(xk).

By the definiton of the thickness index, there exists an a-net {z;, ..., Zn}in Sz
for B;. For every k define

h={ie{1..., m} o |zi(k)||x.= 1}

Note that for each { with 1 < i < m there is a k with { € /.

If I, = @, then let x, = 0. If [r + @, then we know that {z(k)}:c; is not an
(a + €)-net for By,, and thus there exists x; € By, such that

|zi(k) = x[|[> a + €
for all i € Ig. Define z = (x) € Bz. Then
|zi — z||= max||zi(k) — z(k)|[|> a + € > «a

forallie {1,..., m}, which gives us a contradiction.

Thus T(Z) = infy T(X,). O

Remark 5.5. Observe that Proposition [5.10]implies that there is in fact an equal-
ity in [BI Proposition 2.14, (1)].

Proposition 5.11 (see [ALLN| Proposition 2.4)). For every a € [1,2], there is a
Banach space X with T(X) = a while t(X) =1 and T(X*) = 2.

Proof. The statement “and T(X*) = 2" is Corollary B5] From Whitley's paper
(IWhi Lemma 4)) we know that T(€,) = 2" for every p with 1 < p < co. From
Proposition we get that also T(co(¢,)) = 2'"P. From Proposition m we
know that t(co(#,)) = 1. Thus the result has been proved for all a € (1,2]. For
a = 1 consider X = ¢p. Indeed, from [Whi], we know that T(cy) = 1 and, by
Example we have that t(co) = 1. O
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It is clear that t(X) > 1 and T(X) < 2 for all reflexive Banach spaces X, this
follows from Propositions 5.7 and [5.4] The next proposition shows that all other
possible values of ¢t(X) and T(X) are covered by infinite-dimensional reflexive
spaces.

Proposition 5.12 (see [ALLN| Proposition 2.5)). For every a € [1,2), there
is an infinite-dimensional reflexive Banach space X with T(X) = a, and for

every a € (1, 2] there is an infinite-dimensional reflexive Banach space X with
t(X) = a.

Proof. R. Whitley showed that T(¢,) = 2'P = ¢(¢,) for every p with 1 < p < o0,
and this covers the interval (1, 2).

Let Y be any infinite-dimensional reflexive Banach space. If we let X = Y@ R,
then it follows easily from the proof of [CPS| Lemma 3] that 7(X) = 1. Thus X
is a reflexive Banach space with T(X) = 1.

On the other hand, if we let X = Y@ R, then t(X) = 2 by Corollary[5.74] below,
since t(R) = 2. Thus X is a reflexive Banach space with t(X) = 2. O

For £,-sums we have the following result.

Proposition 5.13 (see [ALLN| Proposition 2.6]). Let X and Y be Banach spaces
and let p be such that 1 < p < co. Then t(Z) > ((t(X) — 1)P + 1)"P, where
L=X®,Y.

Proof In Proposition we saw that for 1 < p < oo, X @, Y is never ASQ,
Le. t(X®,Y) > 1. Since ((t(X)—1)?+1)""P =1 when t(X) = 1 we may assume
that £(X) > 1.

Fix an a with a € (1, t(X)). There exist xq, ..., X, in Sx and € > 0 such that
max;||x — x;||> o + € for all x € Sx. Define z; = (x;,0) forall i € {1,..., n}t.

let z = (x,y) € Sz If x = 0, then it is clear that max||z; — z||P= 2 >
(a+e—1P+1 1f x #+0, then

o p L P P
1r2%><n||z, z|| ml_ég]HXl X[P+{ly]

\VJ

1 1+ [l
(mex b= =l =1)” + g

> (a4 e =T+ X" +llyll”
> (a+e =17+ |x[P+yll?
=(a+e—=1P+1.
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Since a < t(X) and z € S, are arbitrary, we obtain (Z) > ((¢(X) — 1) +
1)1//3' ]

Remark 5.6. As a general lower bound this is the best possible since t(¢,®,X) =
2P, by [BI Proposition 4.3], for any space with (X) = 2, for example, X = #;.
On the other hand, Proposition gives us that t(¢; @, &) > V2, however
t(¢) @, 01) = 2 (see JALLN| Proposition 2.9]).

Corollary 5.14 (see [ALLN} Corollary 2.7]).

(a) If X and Y are Banach spaces, then t(X @1 Y) > max{t(X), t(Y)}.

(b) Let (Xx) be a sequence of nontrivial Banach spaces and Z = (X1 & X; &
- )e,. Then t(Z) > sup,((t(Xk) — 1)P + 1)""P. Moreover, if sup, t(Xy) = 2,
then t(Z) = 2"P.

Proof It is clear that (a) holds. For the moreover part in (b), it suffices to observe
that the upper bound is proved in [Bl, Lemma 4.1] [

Remark 5.7. Note that there appears to be a misprint in [Bl, Lemma 4.1] The
authors state that t(X1 @ X2 @...)s, ) = 1, but with X, = R, we have t(4,) = 2
(see [Whil Lemma 8]).

Proposition 5.15 (see [ALLN, Proposition 2.8)). Let X and Y be a Banach spaces.
Then t(X @ Y) = min{t(X), t(Y)}.

Proof Let a and B be such that a < t(X) and B < t(Y). Then there exist
X1, X, in Sx, yy, ..., Ym in Sy and € > 0 such that max;||x; — x||> a + € for
all x € Sy and max;|ly; — y||> B+ e forall y € Sy.

Without loss of generality we may assume that m = n by just repeating some
vectors. Define z; = (x;, y;) for all i € {1,..., nk letz = (x,y) € X @ Y
with [|z|]|= 1. Then either ||x||=1 or ||y||=1 and hence

max ||z — z|}= max {[lx = x|l ly: — yl} > min{a, B} + &

Thus t(X @ Y) > min{t(X), t(Y)}.

Observe that the following holds in every Banach space: If two norm one ele-
ments x and x” are such that |[|[x — x’||< a, where a > 1, then for all 0 < r <1
we have ||rx — x’||< a. Indeed,

|rx = X'||= |lIrx — rx" 4+ rX" = X||< rllx = X[|[+1 = r < a.
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Now, suppose that min{t(X), t(Y)} = t(X) and let e > 0. Let (xy, y1), ..., (Xn, Un)
be a finite number of elements in the unit sphere of X @&, Y. Let u; = x;/||x;],
if x; # 0. Then there is an element x € Sy such that max;|ju; — x||< t(X) + €.
Consider the element (x, 0) from the unit sphere of X @, Y. By the observation
above, we get

o 16 i) = (. 00— max {lxllus = X1 llgll} < ¢0X) + e

Finally, if x; = O for every (, then for any x € Sx we have
10, yi) — (x, 0)[= 1 < t(X).

[]

The behavior of Whitley's thickness index with respect to £,-sums has been
recently studied in [BI] and [CPS]. If X and Y are Banach spaces and p is such
that 1 < p < oo, then T(X @, Y) < max{T(X), T(Y)} (see [CPS, Theorem 2J),
and for finite-dimensional X one has T(X @, Y) < 2" (see [BI Lemma 2.3)).
We have the following estimation for X @, Y.

Proposition 5.16 (see [HL2 Proposition 2.7)). If X and Y are Banach spaces
and 1 < p < oo, then

(2 + 1) +1 )”P

TIX®,Y) < ( 5

TX®, V)< \2+V2

Remark 5.8. This estimation is sharp since T(¢; @, ¢;) = V2 + /2 (see [CPS]|
Lemma 2)). On the other hand, T(¢, ®, Y) = 2P (see [CPS| Proposition 1))
which is strictly less than our estimation shows.

Thus

1/
Proof. Denote by Z = X @, Y and r = (%) ’ Fix arbitrarily x; € Sx
and y; € Sy. We will show that

Sz C B((x1,0), r) U B((0, yq), r).

Let (x,y) € S and set

m = min{[|(x1,0) = (x, y)ll,. 10, y1) = (x. y)ll, }
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Then
m” = min{|x; = x[IP+{|ylI”, [Ix["+[lyr — ylI”}

< I = P+ lP+xlP +llyr — yll?

- 2

_ = x g1 = y)|IP+1

> .
Since
100 = x, y1 = PI< [ y) Il g)l[= 27 + 1,

we get

P < (2P + 1) +1
- 2 N
O

Recall that 7(X**) < T(X). This inequality may be strict. For example,
T(C[0,1]) = 2 while T(C[0,1]*) = 1. Indeed, T(C[0,1]) = 2 by Theorem
or by [Whil Lemma 3] Since C[0,1]** can be viewed as a C(K) space (see,
e.q., [AKl Theorems 4.3.7 and 4.3.8]), we have that T(C[0, 1]*) is either 1 or 2
(see [Whi} Lemma 3)). By Example we know that C[0, 1]** is not OH, thus
T(C[0, 1) # 2. Therefore T(C[0,1]*) = 1. Note that this answers a question
in [CP] whether we always have T(X) = T(X**). We will now put these ob-
servations into a broader perspective. Since a Banach space X is always an
ai-ideal in X™*, the observation above that 7(X*™) < T(X) is a very particular
case of the following proposition.

Proposition 5.17 (see [ALLN| Proposition 3.1)). Let X be a Banach space. If Y
(s an ai-ideal in X, then T(X) < T(Y) and t(Y) < t(X).

Proof. Let Y be an ai-ideal in X. Let yq, ..., y, be a finite r-net for Sy in Sy
for some r > 0. Let € > 0. Let x € Sy and E = span{x, y1, ..., y,}. Find an
e-isometry T : E — Y such that Ty =y forall y € ENY. Let z = Tx/|| Tx].
Then || Tx — z||< € since (1 +&)7" < ||[Tx]|< 1+ e Now find j such that
ly; — z||< r, then

Ix =yl <+ )l Tx = Ty
=1+ Tx =yl
<+l Tx =zl +lly; — zIl)
< (T4 &)(r+ ¢).

Since € > 0 is arbitrary, we get T(X) < T(Y).
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For t(Y) < t(X), let yq,..., y, € Sy and let € > 0. Find x € Sy such that
max;||x — yi||< t(X) + €. Let x € Sx and E = span{x, y, ..., yn}. Find an
e-tsometry T : E — Y such that Ty =y forall y € ENY. Let z = Tx/|| Tx].
Then, as above, || Tx — z||< . Now

lyi —2[] < ITx = yil[+¢
= ||Tx— Tyl|+e
< (1 +g)lx —yill+e
< (14 e)(tX) + €)

forall i € {1,..., n}. Since € > 0 is arbitrary, we have shown that t(Y) <
t(X). O

Remark 5.9. An ai-ideal may well have strictly less thinness than its super-
space. Note that t(co) = 1 while t(¢,.) = 2 (see [Whil), so we have that
t(co) < t(cy")

Proposition will turn out to provide us with a class of spaces which are
both OH and ASQ at the same time, namely the Guraril spaces. Selected
known results of Guraril spaces can be found in [GK]. We will, however, use the
alternative description of Guraril spaces (see [ALN2| Theorem 4.3)): The Gurarit
spaces is exactly the class of Banach spaces with the property that they form
an ai-ideal in every super-space.

Proposition 5.18 (see [ALLN| Proposition 3.2)). Let X be a Banach space. If X
is a Guraril space, then T(X) = 2 and t(X) =1, that is, X is OH and ASQ.

Proof. Let X be a Guraril space. Then, by [ALN2 Theorem 4.3], X is an ai-ideal
in any super-space. Since every Banach space is isometrically isomorphic to a
closed subspace of Z = C(Bx+, w*) we have that X is an ai-ideal in Z. Note

that (Bx-, w*) does not have any isolated points. Thus, by [Whi Lemma 3] and
Proposition above, T(X) > T(/) =2

Finally, let us show that t(X) = 1. Note that X is isometrically isomorphic to
(X ® {0} & {0} ...), and since X is a Guraril space, by [ALNZ, Theorem 4.3],
it is an ai-ideal in Z = ¢p(X). By Example we know that {(Z) = 1. Thus,
by Proposition tX) <tZ)=1. [

Note that all Guraril spaces are Lindenstrauss spaces. Lindenstrauss proves in
his memoir (see [Lin, Theorem 6.1]) that when a Banach space X is such that
X* = L4(y) (Le. X is a Lindenstrauss space) and By has extreme points, then X
is isometric to a subspace of some C(K) space that contains the constant one
function. It follows that t(X) = 2. Thus we have derived the following result.
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Proposition 5.19 (see [ALLN, Proposition 3.3]). If X is a Gurarii space, then
ext(Bx) = 0.

Proposition 5.20 (see [ALLN| Proposition 3.4)). For every a € [1,2], there is a
Lindenstrauss space X with t(X) = a. For any Lindenstrauss space X we have
T(X*) =2 and t(X*™) = 2

Proof. Let us first show that every Lindenstrauss space X has T(X*) = 2 and
t(X**) = 2. By JALNZ Proposition 4.6] X has the SD2P, thus T(X*) = 2 by
Theorem Because X** is also a Lindenstrauss space and ext(By+) # 0,
we have t(X*™) = 2. Thus, if X is a Lindenstrauss space, then 7(X*) = 2 and
tHX*) = 2.

Let us show that, for every a € [1,2], there is a Lindenstrauss space X with
t(X) = a. For a = 1, by Proposition .18} we can take X to be any Gurarit
space. For a = 2, we can take X = ([0, 1]

We now consider the case where o € (1,2). For this, let r > 1 and let
X, = {f € C[0,1]: f(0) = rf(1)}. Then the space X, is a Lindenstrauss space
(see, e.q, [HWW, p. 83]). We are going to show that t(X;) = 1+ 1/r. Note that
for all f € By, we have |f(1)| < 1/r

To see that t(X;) > 14 1/r, consider f;,f, € Sx, where f1(t) = (1 —t) + t/r
and f,(t) = —f(t). If g € Sx, then |g(so)] = 1 for some sy € [0,1] Then
1r+1 < max; |fi(so) — g(so)| < max;||fi — g||. Hence t(X,) > 1+ 1/r.

To see that t(X,) <1+ 1/r, letfy, ..., f, € Sx, and let € > 0. Find an interval
(s, 1), where |fi(t)] < 1/r+eforallie {1,..., n}. Now choose any g € Sy
with support on (s, 1). Then ||fi —g||[< 1+ 1/r+eforallie {1,..., n}, hence
tHX) <1 +1/r. O






Appendix

In the following two tables, we summarize some important examples and stability
results obtained in the thesis.
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4 4 4 4 R A ! L | (X)L
! _ 4 4 4 4 4 | < L (X
ou soh soh soh ou ou ou ou ou da
soh soh soh soh ou ou soh ou ou HO
soh soh soh soh ou soh soh ou ou | HOM
soh soh seh soh ou soh soh ou ou HOT
soh sah ou ou ou ou ou ou soh | OSv
seh soh sah ou ou ou ou sah soh | OSYM
seh soh sah ou ou ou ou sah soh | DSV
soh soh soh soh | sah ou ou ou seh | 4zas
soh soh soh soh | sah ou ou soh seh | dz@
soh soh soh soh | sah ou ou sah soh | 4za1
@ (Lol | (Lol [ urol7 [[L'olo | *2 @7 v 0 2 0 0
[zl odwexg | [cy] odwex3 1 ¢l ojdwexg [017] a1dwex]

so)dwex3

112



Stability on £,-sums

X@,Y X, Y p Related reference
X and Y LD2P
LD2P an =P Theorem P29
X or Y LD2P p =00
X and Y D2P
D2P an Sp <o Theorem
X or Y D2P p =00
X Y SD2P =1
SD2P and ¥ 5D P Theorem @
X or Y SD2P p =00
X and Y LAS <
LASQ an Q Sp<o Proposition m
X or Y LASQ p =00
X and Y WAS
WASQ an Q Sp < Proposition m
X or Y WASQ p =00
ASQ X or Y ASQ p =00 Proposition |4.22
X or Y LOH =1
LOH o P Proposition @
X and Y LOH <p<Loo
X or Y WOH =1
WOH o P Proposition m
X and Y WOH <p < oo
X or Y OH =1
OH o P Proposition @
X and Y OH p =00
X Y DP =1
DP and ¥ D P KSSW
X and Y DP p =00
(X @, V) > ((max{t(X), t(Y)} =1+ 1) | 1 < p < co | Proposition 5.13
. = min{t(X), t(Y)} p = 00 Proposition 5.15
X ®, ) < (((21./’J +1)P 4 1)[2)Vp < p < oo | Proposition [5.16
= min{ 7(X), T(Y)} p =00 [CPS]

From the table above, for example, it reads X @, Y has the LD2P whenever X
and Y have the LD2P and p is such that 1 < p < o0.
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Diameeter-2 omadusega Banachi ruumide
geomeetriline struktuur

Kokkuvote

2001. aastal naitasid O. Nygaard ja D. Werner, et mis tahes l[6pmatumddtmelises
tihtlases algebras on iihikkera iga mittetiihja suhteliselt norgalt lahtise alamhul-
ga diameeter kaks. Kui Banachi ruumil on selline omadus, siis oeldakse, et tal on
diameeter-2 omadus (vt. [ABGRPJ, [ALNT] ja [BGRP]). Diameeter-2 omadusega
on naiteks Daugaveti omadusega Banachi ruumid (vt. [Shy]), l6Gpmatumootme-
lised C*-algebrad (vt [BGLPRPI) ja mitterefleksiivsed Banachi ruumid, mis on
M-ideaalid oma teises kaasruumis (vt. [LP]).

Suhteliselt norgalt lahtise alamhulga erijuhuks on viil, kusjuures on teada, et
thikkera iga mittetiihi suhteliselt norgalt lahtine alamhulk sisaldab teatud vii-
lude kumerat kombinatsiooni. Seda asjaolu silmas pidades vaatlevad T. A. Abra-
hamsen, V. Lima ja O. Nygaard artiklis [ALN1] diameeter-2 omaduse kérval selle
kahte erinevat versiooni — tugevat diameeter-2 omadust ja lokaalset diameeter-2
omadust. Klassikalistest Banachi ruumidest on tugeva diameeter-2 omadusega
naiteks co, %o, C[0, 1], L4[0, 1] ja L]0, 1] aga naiteks co @, ¢y on diameeter-2
omaduseqga, kuid tal et ole tugevat diameeter-2 omadust.

Kaesoleva vaitekirja pohieesmark on uurida diameeter-2 omadusi ning nendega
seotud moisteid ja omadusi, nagu nditeks oktaeedrilised normid, peaaegu ruudu
omadusega Banacht ruumid ning tihkuse ja peenuse indeks. T60s naidatak-
se, kuidas diameeter-2 omadused on duaalselt seotud normi oktaeedrilisusega.
Peaegu ruudu omadusega Banachi ruumid on ka tugeva diameeter-2 omaduse-
ga, seega nende kaasruum on oktaeedriline. Uuritakse R. Whitley poolt sisse
toodud Banachi ruumi tihkuse ja peenuse indeksit. Osutub, et Banachi ruum on
oktaeedriline parajasti siis, kui tema tihkuse indeks on kaks ja Banacht ruum on
peaaeqgu ruudu omadusega parajasti siis, kui tema peenuse indeks on iks.

Vaitekiri koosneb viiest peatiikist ja tihest lisast. Esimeses peatiikis tutvustatakse
lihidalt diameeter-2 omaduste ajaloolist tausta, esitatakse vaitekirja ilevaade
ja kirjeldatakse toos kasutatavaid tahistust.

Teises peatiikis tuuakse sisse kolm diameeter-2 omadust ja selgitatakse nende
ekstremaalset erinevust. Vaadeldakse kaasruumi x-nérkasid diameeter-2 oma-
dusi ja naidatakse, et iildiselt erinevad need tavalistest diameeter-2 omadustest.
Antakse lihiiilevaade Banachi ruumide klassidest, millel on diameeter-2 oma-
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dus. T. A. Abrahamsen, V. Lima ja O. Nygaard naitasid, et (lokaalne) diameeter-2
omadus kandub liidetavatelt iile £,-summale iga 1 < p < oo korral (vt. [ALNT]).
Teisalt, kut 1 < p < oo, siis Banachi ruumide ¢,-summal el ole kunagi tugevat
diameeter-2 omadust. Kdik kolm diameeter-2 omadust kanduvad alamruumilt,
mis on M-ideaal Ule kogu ruumile. See peatiikk tugineb magistritoole [Lan] (vt.

ka [HLT]).

Vaitekirja kolmandas peatikis uurime oktaeedrilise normiga Banachi ruume.
Varasemast on teada, et Banachi ruumil on tugev diameeter-2 omadus para-
jasti siis, kut tema kaasruumi norm on oktaeedriline. Vaadeldakse oktaeedrili-
suse korval selle kahte erinevat versiooni, mis vastavad diameeter-2 omadusele
ja lokaalsele diameeter-2 omadusele. Uuritakse oktaeedrilisuse llekandumist
¢,-summadele ja saadud stabiilsustulemusi rakendatakse diameeter-2 omaduste
uurimisel. Antakse nit tarvilikke kut ka piisavaid tingimusi operaatorite ruumt
oktaeedrilisuseks. See peatiikk pohineb peamiselt artiklil [HLP].

Neljandas peatiikis tuuakse sisse peaaegu ruudu moiste. Kut Banacht ruum on
peaegu ruudu omadusega, siis tal on tugev diameeter-2 omadus. Esitatakse pea-
aequ ruudu omadusega ruumide naiteid ja kirjeldusi. Naidatakse, et mittereflek-
siivsed Banachi ruumid, mis on M-ideaalid oma teises kaasruumis, on peaaequ
ruudu omadusega. Toestatakse, et iga Banachi ruumi, milles ¢y on taiendatay, on
voimalik ekvivalentselt Gmber normeerida nii, et tal on peaaequ ruudu omadus.
Uuritakse peaaegu ruudu omaduse lokaalset ja ndrka versiooni. See peatiikk
tugineb artiklile [ALL].

Vaitekirja viltendas peatiikis taiendatakse moningaid hiljutisi tulemusi Whitley'
tithkuse ja peenuse indeksi kohta. Osutub, et Banacht ruum on oktaeedriline
parajasti siis, kut tema tithkus on kaks ja Banachi ruum on peaaequ ruudu oma-
dusega parajasti siis, kui tema peenus on lks. Naidatakse, et need indeksid
kaituvad £,-summadel erinevalt. Uuritakse Banachi ruumi ja tema alamruumi
tihkuse (peenuse) omavahelist seost. Toestatakse, et iga Banachi ruumi, milles
co on tatendatav, on voimalik ekvivalentselt tmber normeerida nii, et tema tihkus
ja peenus on molemad vordsed tihega. See peatlikk phineb artiklitel [ALLN] ja
[HL2].

Vditekirja lisa kahte tabelisse on koondatud eelmainitud omaduste olulisemad
naited ja stabiilsustulemused.
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