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TRANSPOSED POISSON 3-LIE SUPERALGEBRAS

Master thesis

Nikolai Sovetnikov

Abstract

This master thesis is devoted to generalizations of the concepts of Lie algebras

and Poisson algebras. The thesis studies transposed Poisson superalgebras

and their connection with 3-Lie superalgebras. The notion of a transposed 3-

Lie Poisson superalgebra is introduced and investigated. The thesis proposes
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a method for constructing transposed 3-Lie Poisson superalgebras by means

of even derivations of transposed Poisson superalgebras. Using this method,

a wide class of transposed 3-Lie Poisson superalgebras is constructed for the

case of a commutative superalgebra and its two commuting even derivations.
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Introduction

Lie algebras play an important role in many areas of modern geometry and theoret-

ical physics. Lie algebras and their various generalizations continue to be actively

studied. One of the directions of development in this area is the generalization of

Lie algebras to the case of an n-ary Lie bracket, where n is an integer and n > 2. In

the paper [10], the definition of an n-Lie algebra was first introduced and studied.

At the core of this definition lies a generalization of the Jacobi identity, which was

later termed the Filippov–Jacobi identity. Subsequently, such generalizations of Lie

algebras gained wide popularity.

Lie algebras are widely used in theoretical mechanics. In theoretical mechanics, a

Lie algebra is constructed by means of the Poisson bracket, which is defined on

the algebra of smooth functions [12]. Moreover, the Poisson bracket satisfies the

Leibniz rule with respect to the multiplication of functions. Thus, a Poisson algebra

is a vector space with two operations, one of which is associative and commutative

pointwise multiplication of functions, while the other is a Lie bracket. These two

operations are related by a compatibility condition, which can be expressed as fol-

lows: the Lie bracket is a derivation of the commutative associative multiplication

of functions. Since in this work we consider structures with several operations, we

will use the notation (V, φ, ψ) to denote algebraic structures, where V denotes a

vector space and φ, ψ are operations on it. Poisson algebras are extremely im-

portant in geometry and theoretical physics, and their various generalizations are

actively studied [15]. The n-ary generalization of a Poisson algebra is called a

Nambu–Poisson manifold, and this concept was introduced in [22].

Recently, a new concept of a transposed Poisson algebra was proposed [4]. A trans-

posed Poisson algebra is, in a certain sense, a dual structure to a Poisson algebra.

A transposed Poisson algebra is also a vector space with two operations, one of

which is associative and commutative, and the other is a Lie bracket. However,

in a transposed Poisson algebra, the roles of these two operations are reversed:
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the commutative associative operation is a derivation of the Lie bracket. That is,

the compatibility condition of the two operations in a transposed Poisson algebra

has a different form than in the case of a Poisson algebra. The paper [4] presents

many similarities between these two structures as well as their main differences.

Moreover, the same paper shows a close connection between the new structure of

a transposed Poisson algebra and already known algebras widely used in various

areas of mathematics and physics, such as n-Lie algebras, Novikov-Poisson alge-

bras, Hom-Lie algebras and others. Transposed Poisson algebras are an actively

developing area of modern algebra [5].

In the paper [4], a construction of a 3-Lie algebra based on a transposed Poisson

algebra and its derivation is given as the following theorem:

Theorem. Let (L, ·, [ , ]) be a transposed Poisson algebra and D its derivation.

Define a ternary bracket by the formula

[x, y, z] := D(x)[y, z] +D(y)[z, x] +D(z)[x, y], x, y, z ∈ L. (0.1)

Then (L, [ , , ]) is a 3-Lie algebra.

Moreover, in the same paper it is proved that the ternary bracket (0.1) satisfies the

identity

3u · [x, y, z] = [u · x, y, z] + [x, u · y, z] + [x, y, u · z]. (0.2)

This identity was used to introduce a new structure, namely a transposed Poisson

3-Lie algebra [4].

The main goal of this thesis is to introduce and study a generalization of a trans-

posed Poisson 3-Lie algebra, namely, a transposed Poisson 3-Lie superalgebra. For

this purpose, we generalize the bracket (0.1) to the case of an even derivation of a

transposed Poisson superalgebra

[x, y, z] := D(x) · [y, z] + (−1)x̄(ȳ+z̄)D(y) · [z, x] + (−1)(x̄+ȳ)z̄D(z) · [x, y]. (0.3)
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In the Theorem 6 we prove that the ternary bracket (0.3) satisfies the following

identity:

3u[x, y, z] = [ux, y, z] + (−1)x̄ū[x, uy, z] + (−1)ū(x̄+ȳ)[x, y, uz], (0.4)

which can be considered as an analogue of the identity (0.2) for superalgebras. We

use this identity to introduce a new structure, namely a transposed Poisson 3-Lie

superalgebra. As a consequence of Theorem 6, we present a wide class of transposed

Poisson 3-Lie superalgebras constructed on a commutative superalgebra by means

of its two commuting even derivations.

Throughout this work, all vector spaces are considered over a number field denoted

by K, and it is assumed that K ∈ {R,C}. That is, we consider all vector spaces over

the field of real or complex numbers. In what follows, we will use the term algebra

exclusively for associative algebras with unity. In the proofs of the main results,

the multiplication sign will be omitted to simplify formulas and computations.

The thesis is divided into four chapters. The first chapter is devoted to Lie algebras.

In the first section of this chapter, the definition of a Lie algebra is given, along

with the main concepts and the most well-known examples of this structure. In the

second section, we demonstrate the close connection between Lie groups and Lie

algebras using the example of matrix groups and Lie algebras. The third section

of this chapter is devoted to the concept of a derivation of an algebra. The notion

of derivation plays a key role throughout the work. This section presents all the

main results related to derivations. The final section of this chapter is devoted to

one generalization of Lie algebras, namely 3-Lie algebras.

The second chapter is devoted to Poisson algebras and transposed Poisson algebras.

This chapter is divided into two sections. The first provides an introduction to

Poisson algebras, defining all the main concepts related to this structure. It also

includes a brief survey of the application of the Poisson bracket in theoretical

physics to demonstrate the importance of this structure in applications. The second
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section contains all the necessary information about transposed Poisson algebras.

It demonstrates the close relationship between Poisson algebras and transposed

Poisson algebras, as well as explains their fundamental differences. It should be

noted that Poisson algebras and transposed Poisson algebras are algebras with

two operations. Therefore, when we speak of derivations of these structures, we

mean that a derivation of a Poisson algebra or a transposed Poisson algebra is a

derivation with respect to both operations.

The third chapter is devoted to the concept of a superalgebra, that is, a Z2-graded

algebra. It is assumed that the reader is familiar with the structure of the ring

Z2. All other notions are described in detail. For brevity of definitions, in the first

section of the third chapter we introduce the notion of a vector superspace, on

the basis of which the notions of a superalgebra, commutative superalgebra, Lie

superalgebra, and 3-Lie superalgebra are defined. The main difference between a

superalgebra and an ordinary algebra is that certain elements, called homogeneous,

are assigned a parity. Any element of a superalgebra can be uniquely represented

as a sum of an even and an odd element. It is important to note that linear trans-

formations of an algebra may preserve parity or change it to the opposite. In this

connection, linear transformations of a superalgebra, in particular derivations, also

acquire parity. This construction is given as a separate definition, since the distinc-

tion between even and odd derivations is of fundamental importance in the theory

of superalgebras. As mentioned above, in the final chapter of this work, when for-

mulating and proving the main results, we restrict ourselves to considering even

derivations. The second section of the third chapter is devoted to the concept of a

transposed Poisson superalgebra. This section is a survey exposition of the paper

[1], where the notion of a transposed Poisson superalgebra was first introduced and

studied. The most important result from that paper for the present work is a set of

identities, which are actively used in computations and proofs involving transposed

Poisson superalgebras.

The final chapter of the work is devoted to the concept of a transposed Poisson
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3-Lie superalgebra. This chapter contains all the original results of this work. The

central result is the aforementioned Theorem 6 on the construction of a transposed

3-Lie Poisson superalgebra based on a transposed Poisson superalgebra by means

of its even derivation. The compatibility condition for a transposed Poisson 3-Lie

superalgebra, given in the definition, is based precisely on this construction. As a

corollary of the theorem, a construction of a wide class of transposed Poisson 3-Lie

superalgebras built on a commutative superalgebra by means of its two commuting

even derivations is presented.

These results are a continuation of paper [2], in which it was shown that the bracket

(0.3) defines a structure of a 3-Lie superalgebra. The results of that paper show that

the condition for the derivation to be even is necessary for this construction to be

compatible with the structure of a superalgebra. Moreover, the paper [2] proposes

a new approach to transposed Poisson superalgebras, allowing the construction of

compatible structures by means of an odd derivation. The consideration of such

structures would significantly deviate from the main results and constructions pre-

sented earlier. Therefore, they are not considered within the scope of the present

thesis.
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1 Lie Algebras and Their Generalizations

The aim of this chapter is to give an understanding of the structure of a Lie

algebra. Lie algebra is the most important structure for the present thesis. In the

first section, the definition of a Lie algebra and the main related concepts are given.

In addition, a broad class of examples of Lie algebras is presented, constructed on

an algebra using the commutator.

One of the important aspects of the theory of Lie algebras is their connection with

Lie groups. Each Lie group is canonically associated with a Lie algebra. This Lie

algebra is constructed using the exponential map, which plays an important role

in the theory of Lie algebras. In the second section of this chapter, we present this

construction using the example of matrix Lie groups and Lie algebras.

The third section is devoted to the notion of a derivation of an associative algebra

and the connection between derivations and Lie algebras. In it, we present an exam-

ple of constructing a Lie algebra on an associative algebra, where the commutator

is defined using a derivation.

In the last section of this chapter, we consider a generalization of Lie algebras

called 3-Lie algebras, which are a special case of n-Lie algebras, where n is an

integer greater than two. This generalization is based on the idea of increasing the

number of arguments in the commutator. In this paragraph, we present well-known

examples of these structures.

1.1 Lie Algebras

In this section we consider a Lie algebra as an independent structure, without

relating it to any Lie group.

Definition 1. A Lie algebra is a vector space L with a bilinear map [ , ] : L × L → L
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that satisfies the following conditions

[x, y] = −[y, x], (skew-symmetry)

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, (Jacobi identity)

where x, y, z ∈ L. The bilinear map [ , ] is called the Lie bracket.

A Lie algebra in which the bracket is identically zero is called commutative or trivial.

Let (L, [ , ]) be a Lie algebra. A vector subspace L ⊂ L is called a subalgebra of the

Lie algebra L if for any elements x, y ∈ L one has [x, y] ∈ L. A vector subspace

I ⊂ L is called an ideal of the Lie algebra if for any x ∈ L and y ∈ I one has

[x, y] ∈ I.

Let (L1, [ , ]1) and (L2, [ , ]2) be two Lie algebras. A linear map f : L1 → L2

is called a homomorphism if f([x, y]1) = [f(x), f(y)]2 for all x, y ∈ L1. In the

special case when the map f is bijective, it is called an isomorphism. If there

exists an isomorphism between two Lie algebras, then the Lie algebras L1 and L2

are called isomorphic. We consider isomorphic Lie algebras to be equivalent and

indistinguishable.

Let (L, [ , ]) be a finite-dimensional Lie algebra with a basis {e1, . . . , en} (n ∈ N).

Thus any element x ∈ L can be represented in coordinates as

x = x1e1 + · · ·+ xnen =

n∑
i=1

xiei.

For simplicity, we will use Einstein summation convention, that is, we will not write

the summation sign every time. If the same index appears twice in an expression,

once as an upper index and once as a lower index, then summation over this index

is implied, that is xiei = x1e1 + · · · + xnen. Thus the vector x can be written in

coordinates as x = xiei. If we fix another vector y = yiei, then since a Lie bracket
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[ , ] : L × L → L is bilinear we obtain

[x, y] = [xiei, y
jej ] = xiyj [ei, ej ].

It follows that a Lie bracket is uniquely determined once the products (brackets) of

basis vectors are defined. These products [ei, ej ] also have coordinates with respect

to the chosen basis:

[ei, ej ] = ckijek. (1.1)

The scalars ckij are called structure constants. Let us determine what conditions

the structure constants must satisfy in order for the vector space L with bilinear

map [ , ] : L × L → L to be a Lie algebra. From skew-symmetry one immediately

obtains the condition

ckij = −ckji. (1.2)

It can be shown that the Jacobi identity implies additional conditions

cmij c
l
mk + cmjkc

l
mi + cmkic

l
mj = 0 (1.3)

for all combinations of indices i, j, k, l ∈ {1, . . . , n}. Thus any set of structure

constants satisfying conditions (1.2) and (1.3) defines a Lie algebra. The relations

(1.1) for a specific Lie algebra L are called commutation relations of a Lie algebra.

Remark that from the skew-symmetry it easily follows that [ei, ei] = 0 for any

i ∈ {1, . . . , n}. Usually, for each specific Lie algebra, only non-trivial commutation

relations are given.

We now present some important examples of Lie algebras.

Example 1. The first example is the three-dimensional Euclidean space R3 with

the cross product [ , ] : R3 × R3 → R3. It is well-known that this operation is

skew-symmetric and satisfies the Jacobi identity. Thus (R3, [ , ]) is a Lie algebra.

If we fix an orthonormal basis {e1, e2, e3} ⊂ R3, then commutation relations of a
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Lie algebra are as follows

[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2. (1.4)

Other non-zero products [ei, ej ] can be derived from (1.4) due to skew-symmetry of

Lie bracket. The cross product of two vectors x, y ∈ R3 with coordinates x = xiei

and y = yiei respectfully can be written by the formula

[x, y] =

∣∣∣∣∣∣∣∣∣
x1 x2 x3

y1 y2 y3

e1 e2 e3

∣∣∣∣∣∣∣∣∣ . (1.5)

Later we use this example as a basis for a ternary generalization of a Lie algebra.

Using structure constants and commutation relations, one can classify low-dimensional

Lie algebras. The classification of three-dimensional Lie algebras was first obtained

by L. Bianchi [7]. This classification contains 11 classes of Lie algebras, 9 of which

contain a single Lie algebra and two of which contain a continuum-sized family of

Lie algebras. It played an important role in the development of the theory of Lie

algebras and its applications in differential geometry. A detailed description of the

Bianchi classification can be found in [9], [13].

Example 2. Let (A, ·) be an algebra. Define a new operation [ , ] : A×A → A as

follows: for each pair of elements x, y ∈ A define [x, y] = x ·y−y ·x. This operation

is called the commutator of two elements of the algebra A. It is clear that the

commutator is skew-symmetric. Let us show that the commutator also satisfies the

Jacobi identity. We have

[x, [y, z]] = x[y, z]− [y, z]x = x(yz − zy)− (yz − zy)x = xyz − xzy − yzx+ zyx.
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Similarly, we compute the other two terms

[y, [z, x]] = yzx− yxz − zxy + xzy, [z, [x, y]] = zxy − zyx− xyz + yxz.

Adding the three double brackets, we obtain the Jacobi identity. Thus we have

shown that the commutator is a Lie bracket and (A, [ , ]) is a Lie algebra.

In the special case when the algebra (A, ·) is commutative, then for all x, y ∈ A

one has [x, y] = 0. That is, a corresponding Lie algebra (A, [ , ]) is trivial.

The structure described above makes it possible to construct a broad class of Lie

algebras, in particular matrix Lie algebras. By this we mean that, given an algebra

of matrices, equipping it with the commutator yields a matrix Lie algebra.

A natural question then arises: if an abstract finite-dimensional Lie algebra is given,

can it be realized as a matrix Lie algebra? The answer is provided by the fundamen-

tal Ado’s theorem [3], which can be stated as follows: for every finite-dimensional

Lie algebra L, there exists a vector space V such that L is isomorphic to a subalge-

bra of the Lie algebra of endomorphisms of V . We will discuss matrix Lie algebras

in more detail in the next section.

1.2 Matrix Lie Groups and Lie Algebras

The founder of the theory of Lie algebras is considered to be the Norwegian math-

ematician M. S. Lie, who primarily studied continuous groups. His original idea

was to apply the methods of Galois theory to the theory of differential equations

[21], [25]. It was precisely in connection with his work on continuous groups that

the concept of a Lie algebra appeared. The definition of an abstract Lie group is

based on the notion of a smooth manifold. A Lie group is a set that is a group

and at the same time a smooth manifold. Moreover, it is required that the group

operation and the assignment of an inverse to each element are smooth maps. A
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description of these structures would significantly increase the volume of this dis-

sertation, therefore we restrict ourselves to considering matrix Lie groups, which

constitute the most important class of Lie groups. Our exposition of matrix Lie

groups follows the books [12],[11].

Before giving the general definition of a matrix Lie group, we introduce the nec-

essary notation. The set of all n × n matrices over the field K will be denoted by

M(n;K). The identity matrix of order n will be denoted by In. The zero matrix

of order n will be denoted by Θn. The set M(n;K) is an associative algebra with

unity with respect to addition, multiplication by elements of the field K, and ma-

trix multiplication. The group of all invertible n × n matrices will be denoted in

the standard way by GL(n;K).

Definition 2. A matrix Lie group is any subgroup G of the group GL(n;K)

such that if a sequence of matrices Am ∈ G converges to a matrix A ∈ GL(n;K),

then the matrix A belongs to this subgroup, A ∈ G.

In this definition, convergence is understood entrywise. It can be shown that a

matrix Lie group is a Lie group [11]. Examples of matrix Lie groups include the

general linear group GL(n;K), the special linear group

SL(n;K) = {A ∈ GL(n;K) |det(A) = 1},

the orthogonal group

O(n;K) = {A ∈ GL(n;K) |At = A−1},

where At denotes the transpose of the matrix A. The group of unitary matrices is

defined only over the field of complex numbers. For a matrix A ∈ GL(n;C) denote

the Hermitian conjugate matrix as A†, that is, A† = A
t. The group of unitary

14



matrices is defined as

U(n) = {A ∈ GL(n;C) |A† = A−1},

Moreover, important matrix Lie groups include the special orthogonal groups and

special unitary groups, which can be defined as

SO(n;K) = O(n;K) ∩ SL(n;K), SU(n) = U(n) ∩ SL(n;C).

To each Lie group one can associate a Lie algebra. In the case of a matrix Lie

group, this Lie algebra is constructed using the notion of the matrix exponential.

Let A ∈ M(n;K) be a matrix. The exponential of the matrix A is defined by the

series

eA =
∞∑
k=0

Ak

k!
.

It is known that for any matrix this series converges. The properties of the ma-

trix exponential are formulated in the following proposition. Proofs of the listed

properties can be found in [12], [25].

Proposition 1. For any matrices A,B ∈M(n;K) the following properties hold

1. eΘn = In,

2. (eA)† = eA
† , (eA)t = eA

t ,

3. eA is always invertible and (eA)−1 = e−A,

4. e(α+β)A = eαAeβA for any α, β ∈ K,

5. if AB = BA, then eA+B = eAeB = eBeA,

6. if B is an invertible matrix, then eBAB−1
= BeAB−1,

7. det(eA) = eTr(A).
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It should be noted that in general eA+B ̸= eAeB.

Let G be a matrix Lie group and let L be the set of matrices A ∈ M(n;K) such

that for any real number t ∈ R one has etA ∈ G. It can be shown [12] that L

is a subspace of the vector space M(n;K). Moreover, it can be shown that for

any matrices A,B ∈ L their commutator [A,B] also belongs to L. It follows that

(L, [ , ]) is a Lie algebra. Such a Lie algebra is called the Lie algebra of the matrix

Lie group G.

For example, since for any matrix A ∈M(n;K) its exponential eA is an invertible

matrix (property 3), that is eA ∈ GL(n;K), the Lie algebra of the matrix Lie group

GL(n;K) is the vector space of all n× n matrices equipped with the commutator.

Denote this Lie algebra by gl(n;K).

To find the Lie algebra for the special linear group SL(n;K), one needs to use

property 7 of the matrix exponential: for each matrix A ∈ M(n;K) we have

det(eA) = eTr(A). Therefore, for a matrix A to satisfy eA ∈ SL(n;K) it is nec-

essary and sufficient that Tr(A) = 0. Then the Lie algebra corresponding to the

Lie group SL(n;K) is

sl(n;K) = {A ∈M(n;K) |Tr(A) = 0}.

Similarly, using properties of the matrix exponential, one can show that

o(n;K) = so(n;K) = {A ∈M(n;K) |At = −A},

ū(n) = {A ∈M(n;K) |A† = −A},

su(n) = {A ∈M(n;K) |A† = −A, Tr(A) = 0},

where o(n;K), so(n;K), ū(n) and su(n) are Lie algebras corresponding to the Lie

groups O(n;K), SO(n;K), U(n), SU(n), respectively.

Matrix Lie algebras play an important role in theory of Lie algebras. Mentioned

above Ado’s theorem states that a finite-dimensional Lie algebra L has a linear rep-
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resentation on a finite-dimensional vector space V , that is a faithful representation,

making L isomorphic to a subalgebra of the Lie algebra of endomorphisms of V

[3]. As an illustration of Ado’s theorem, let us consider the three-dimensional Eu-

clidean space equipped with the cross product (R3, [ , ]). In the previous Example

1, it was shown that this is a three-dimensional Lie algebra when the Lie bracket

is given by the cross product. Recall that the commutation relations of this Lie

algebra are of the form

[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2.

A matrix realization of these commutation relations can be obtained using matrices

E1 =


0 0 0

0 0 −1

0 1 0

 , E2 =


0 0 1

0 0 0

−1 0 0

 , E3 =


0 −1 0

1 0 0

0 0 0

 . (1.6)

Indeed, it is straightforward to verify that the commutation relations

[E1, E2] = E3, [E2, E3] = E1, [E3, E1] = E2 (1.7)

hold, where the Lie bracket denotes the commutator of two matrices. Thus, we

obtain a matrix realization of the Lie algebra (R3, [ , ]) . It is well known in the

theory of Lie algebras that the matrices (1.6) form a basis of so(3;R). From this, in

particular, it follows that the three-dimensional Lie algebra (R3, [ , ]) is isomorphic

to the Lie algebra of the rotation group, that is, (R3, [ , ]) ∼= so(3;R).

1.3 Derivations of Algebras and Lie Algebras

In this section we give the definition of a derivation of an algebra and show that

derivations of an algebra form a Lie algebra. We present an example of constructing

a Lie algebra on an associative algebra using a derivation. Then, by analogy with

17



associative algebras, we define derivations of a Lie algebra and present the class of

inner derivations of Lie algebras as an example.

Throughout this paragraph let (A, ·) be an algebra.

Definition 3. A derivation of an algebra A is a linear map D : A → A such

that for any elements x, y ∈ A the following condition holds

D(x · y) = D(x) · y + x ·D(y). (1.8)

Property (1.8) is called the Leibniz rule.

Two derivations D1, D2 : A → A are called commuting if for any element x ∈ A one

has (D1 ◦D2)(x) = (D2 ◦D1)(x), where ◦ denotes composition of maps. Examples

of derivations of the algebra of smooth functions defined on Rn include first-order

partial derivatives of these functions. Denote the set of all derivations of the algebra

(A, ·) by Der(A). It is easy to verify that Der(A) is a vector space with operations

defined as follows

(D1 +D2)(x) = D1(x) +D2(x), (αD1)(x) = αD1(x),

for any D1, D2 ∈ Der(A), x ∈ A, α ∈ K. Consider the commutator of two deriva-

tions D1, D2 ∈ Der(A)

[D1, D2] = D1 ◦D2 −D2 ◦D1. (1.9)

We show that the commutator of two derivations is again a derivation.

Proposition 2. If D1, D2 ∈ Der(A), then [D1, D2] ∈ Der(A)

Proof. It is not difficult to show that [D1, D2] is a linear map on the algebra A. Let

us show that it satisfies the Leibniz rule (1.8). Let x, y ∈ A be arbitrary elements.
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Then using the Leibniz rule and linearity for the derivations D1, D2 we obtain

[D1, D2](x · y) =D1(D2(x · y))−D2(D1(x · y))

=D1(D2(x) · y) +D1(x ·D2(y))−D2(D1(x) · y)−D2(x ·D1(y))

=D1(D2(x)) · y +D2(x) ·D1(y) +D1(x) ·D2(y) + x ·D1(D2(y))

−D2(D1(x)) · y −D1(x) ·D2(y)−D2(x) ·D1(y)− x ·D2(D1(y))

=(D1(D2(x))−D2(D1(x))) · y + x · (D1(D2(y))−D2(D1(y)))

=[D1, D2](x) · y + x · [D1, D2](y).

Hence Der(A) is closed under the commutator of derivations. Since (1.9) is a

commutator, it is easy to verify that skew-symmetry and the Jacobi identity hold.

Thus (Der(A), [ , ]) is a Lie algebra.

For this work, a central construction is the following class of Lie algebras con-

structed on a commutative algebra using a derivation. Let D be a derivation of

algebra A. Define a bracket on the algebra A as follows:

[x, y] = D(x) · y − x ·D(y). (1.10)

Proposition 3. If (A, ·) is a commutative algebra, then (A, [ , ]) is a Lie algebra.

Proof. It is easy to see that the operation defined in this way is bilinear and skew-

symmetric. Let us show that it satisfies the Jacobi identity. We have

[x, [y, z]] = D(x)[y, z]− xD([y, z])

= D(x)(D(y)z − yD(z))− xD(D(y)z − yD(z))

= D(x)D(y)z −D(x)yD(z)− xD2(y)z + xyD2(z).
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Similarly,

[y, [z, x]] = D(y)D(z)x−D(y)zD(x)− yD2(z)x+ yzD2(x)

= xD(y)D(z)−D(x)D(y)z − xyD2(z) +D2(x)yz,

[z, [x, y]] = D(z)D(x)y −D(z)xD(y)− zD2(x)y + zxD2(y)

= D(x)yD(z)− xD(y)D(z)−D2(x)yz + xD2(y)z.

Adding all three terms yields the Jacobi identity. Thus (A, [ , ]) is a Lie algebra.

The notion of a derivation of an algebra naturally extends to Lie algebras.

Definition 4. Let (L, [ , ]) be a Lie algebra. A derivation of a Lie algebra L is a

linear map D : L → L that satisfies the Leibniz rule

D([x, y]) = [D(x), y] + [x,D(y)]. (1.11)

Fix an element x ∈ L and define a linear map

adx : L → L, adx(y) := [x, y].

From the Jacobi identity it follows that

[x, [y, z]] = −[y, [z, x]]− [z, [x, y]] = [[x, y], z] + [y, [x, z]],

which can be written as

adx([y, z]) = [adx(y), z] + [y, adx(z)].

Thus we see that for any element x ∈ L the map adx is a derivation of the Lie

algebra (L, [ , ]). Such derivations are called inner. Inner derivations of Lie algebras

are important for the representation theory of Lie algebras.
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1.4 3-Lie Algebras

Lie algebras play an exceptionally important role both in modern geometry and

in theoretical physics. The theory of Lie algebras is continuously developing, and

various generalizations of the concept of Lie algebras are being proposed. One such

generalization is the notion of an n-Lie algebra. This structure was introduced and

studied by V. T. Filippov [10]. Independently of Filippov, a similar structure was

introduced by Nambu [17]. This structure is called a Nambu–Poisson algebra. In

this paragraph we restrict ourselves to the description of 3-Lie algebras, which are

defined as follows:

Definition 5. A 3-Lie algebra is a vector space L with a trilinear mapping

[ , , ] : L × L× L → L, which satisfies the following conditions

[y, x, z] = −[x, y, z] = [x, z, y],

[[x, y, z], u, v] = [[x, u, v], y, z] + [x, [y, u, v], z] + [x, y, [z, u, v]],

where x, y, z, u, v ∈ L. The trilinear map [ , , ] is called the ternary Lie bracket.

We will call the first condition skew-symmetry, as in the case of Lie algebras. The

second condition has several names in the literature. We will call this condition the

Filippov–Jacobi identity, as suggested in [8].

Let (L, [ , , ]) be a 3-Lie algebra. A vector subspace L ⊂ L is called a subalgebra

of the 3-Lie algebra if for any elements x, y, z ∈ L one has [x, y, z] ∈ L. A vector

subspace I ⊂ L is called an ideal of the 3-Lie algebra if for any elements x, y ∈ L and

z ∈ I one has [x, y, z] ∈ I. By analogy with Lie algebras, a linear map D : L → L

is called a derivation of a 3-Lie algebra if for any elements x, y, z ∈ L the condition

D([x, y, z]) = [D(x), y, z] + [x,D(y), z] + [x, y,D(z)].

holds. This property is also called the Leibniz rule, as in the case of Lie algebras.

From the Filippov–Jacobi identity it is easy to see that for any fixed elements
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u, v ∈ L the map adu,v : L → L, defined by adu,v(x) = [x, u, v], is a derivation.

Such derivations are called inner, as in the case of Lie algebras. The notions of ho-

momorphism and isomorphism of algebras also naturally extend to 3-Lie algebras.

As in the case of Lie algebras, isomorphic 3-Lie algebras are considered equivalent

and indistinguishable.

One of the most well-known examples of a 3-Lie algebra is an analogue of the

vector product in four-dimensional space. Consider a four-dimensional Euclidean

space R4 with an orthonormal basis {e1, e2, e3, e4} and let x = xiei, y = yiei and

z = ziei be arbitary vectors. Define a ternary operation [ , , ] : R4 ×R4 ×R4 → R4

analogously to formula (1.5)

[x, y, z] =

∣∣∣∣∣∣∣∣∣∣∣∣

x1 x2 x3 x4

y1 y2 y3 y4

z1 z2 z3 z4

e1 e2 e3 e4

∣∣∣∣∣∣∣∣∣∣∣∣
. (1.12)

It can be shown that the space R4, equipped with the operation (1.12), is a 3-Lie

algebra [10]. Another remarkable example of a 3-Lie algebra can be constructed

using derivations of the algebra of smooth functions. Let C∞(Rn) be the algebra of

smooth functions on Rn and let D1, D2, D3 be its pairwise commuting derivations.

Define a ternary operation { , , } for any f, g, h ∈ C∞(Rn) by the formula

{f, g, h} =

∣∣∣∣∣∣∣∣∣
D1(f) D1(g) D1(h)

D2(f) D2(g) D2(h)

D3(f) D3(g) D3(h)

∣∣∣∣∣∣∣∣∣ .

A similar structure was first studied in [17]. In [10] it was shown (in a more general

setting) that (C∞(Rn), { , , }) is a 3-Lie algebra. This example and its generaliza-

tions are of great interest in theoretical physics, in particular in connection with

the generalization of Hamiltonian mechanics [22] and M-brane theory [18].
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2 Poisson Algebras and Transposed Poisson Al-

gebras

The main aim of this chapter is to give the reader an understanding of the structure

of a transposed Poisson algebra. The transposed Poisson algebra is one of the main

objects of study in this work. In a certain sense, a transposed Poisson algebra is a

structure dual to a Poisson algebra. To explain what we mean, it is necessary to

give the definition of a Poisson algebra, which will be done in the first paragraph of

this chapter. In addition to the definition of a Poisson algebra, the first paragraph

will present the most important examples of this structure.

The study of Poisson algebras originated in theoretical physics, namely in classical

mechanics. This structure has numerous applications in various areas of geometry

and physics, such as the theory of Poisson manifolds, algebraic geometry, quantiza-

tion theory, as well as classical and quantum mechanics. More detailed information

about Poisson structures can be found in the book [15]. Many generalizations of

Poisson algebras find wide application in theoretical physics [12]. The development

of Hamiltonian mechanics led to the appearance of a generalization of the Poisson

bracket, called the Nambu–Poisson bracket [17]. In the theory of Poisson algebras,

noncommutative or nonassociative Poisson algebras are also considered [19], [23].

Poisson algebras are also closely related to other algebraic structures, for example,

to Novikov algebras [24].

The second paragraph is devoted to the notion of a transposed Poisson algebra. The

transposed Poisson algebra was first defined in 2023 in the paper [4]. In this fun-

damental work, in addition to the definition of a new structure, a close connection

between Poisson algebras and transposed Poisson algebras, as well as other struc-

tures of mathematical physics such as Novikov–Poisson algebras, pre-Lie algebras,

Hom-Lie algebras, and n-Lie algebras, was demonstrated. After the publication of

[4], the study of the structure of transposed Poisson algebras continued actively,
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and remarkable results and connections with other algebraic structures were dis-

covered [5]. The paper [6] presents a classification of transposed Poisson algebras

in low dimensions. In the second paragraph of this work, we will give the definition

of a transposed Poisson algebra and explain its connection with Poisson algebras.

Here we will also present a broad class of examples of transposed Poisson algebras

constructed using derivations of a commutative algebra. At the end of this chapter,

we present a construction of a 3-Lie algebra built on a transposed Poisson algebra.

Moreover, in [4] a new structure is proposed, which the authors call a transposed

Poisson 3-Lie algebra. In this work, we propose and study a generalization of a

transposed 3-Lie Poisson algebra, which we call a transposed Poisson 3-Lie super-

algebra.

2.1 Poisson Algebras

In this paragraph we give the definition and present examples of a Poisson alge-

bra. The notion of a Poisson algebra arose in connection with the development of

Hamiltonian mechanics, which is a branch of classical mechanics. One of the main

concepts of Hamiltonian mechanics is the so-called Poisson bracket of two differen-

tiable functions defined on phase space. This example of a Poisson bracket is one of

the most important in applications. In this paragraph we give a precise and detailed

description of it. Recall that the space of differentiable functions is a commutative

algebra with respect to pointwise multiplication of functions. The Poisson bracket

of two differentiable functions has all the properties of a Lie bracket. However, it

also has an additional property. Namely, the Poisson bracket is a derivation of the

product of functions. Thus, a Poisson algebra is an algebra with two operations, one

of which is commutative, and the other is a Lie bracket, and these two operations

are compatible with each other by a certain condition. We now give the definition

of a Poisson algebra.

Definition 6. A vector space P with two bilinear maps · : P × P → P and
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{ , } : P × P → P is called a Poisson algebra if (P, ·) is a commutative algebra,

(P, { , }) is a Lie algebra, and the compatibility condition

{z, x · y} = {z, x} · y + x · {z, y} (2.1)

holds for any x, y, z ∈ P.

In this case, the bilinear map { , } : P ×P → P is called the Poisson bracket. The

compatibility condition (2.1) has the structure of the Leibniz rule and shows that

the Poisson bracket is a derivation of the algebra (P, ·). In what follows, we will

denote a Poisson algebra by (P, ·, { , }).

Definition 7. A derivation of a Poisson algebra is a linear map D : P → P

that is simultaneously a derivation of both the commutative algebra (P, ·) and the

Lie algebra (P, { , }), that is,

1. D(x · y) = D(x) · y + x ·D(y),

2. D({x, y}) = {D(x), y}+ {x,D(y)},

for any x, y ∈ P.

Let (A, ·) be a commutative algebra. Define the Poisson bracket by the formula

{x, y} = 0, where x, y ∈ A. Then (A, ·, { , }) is a Poisson algebra. Similarly, for any

Lie algebra (L, [ , ]) one can define multiplication by x · y = 0 for all x, y ∈ L. The

resulting structure (L, ·, [ , ]) is also a Poisson algebra. Such Poisson algebras will

be called trivial.

Poisson algebra plays an important role in classical mechanics. Before presenting

the Poisson bracket itself, it is necessary to introduce additional notation and

briefly discuss the required physical terminology. In Hamiltonian mechanics, energy

is considered as a function of the coordinates of a particle and the components

of its momentum. For example, if we consider the motion of a point particle in
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Euclidean space Rn, then one example of a Hamiltonian function or Hamiltonian

is the function

H =
1

2m

n∑
k=1

p2k + V (x1, . . . , xn),

where x1, . . . , xn are the coordinates of the particle, p1, . . . , pn are the components

of its momentum, and m is the mass of the particle under consideration. The

function V , depending on the coordinates, represents the potential energy. It is

known [12] that Newton’s laws can be written in terms of the Hamiltonian as

dxi
dt

=
∂H

∂pi
dpi
dt

= −∂H
∂xi

(2.2)

In classical mechanics, equations (2.2) are called the Hamilton equations.

Next, we present one of the most well-known examples of a Poisson algebra based

on Hamiltonian mechanics. Consider the space R2n. Elements of this space will be

written in the form (x1, . . . , xn, p1, . . . , pn). In classical mechanics, the space R2n

is called the phase space, x1, . . . , xn are the generalized coordinates, and p1, . . . , pn

are the generalized momenta. Also consider the algebra of infinitely differentiable

functions on phase space C∞(R2n). The Poisson bracket of two functions f, g ∈

C∞(R2n) is defined by

{f, g} =

n∑
j=1

( ∂f
∂xj

∂g

∂pj
− ∂f

∂pj

∂g

∂xj

)
. (2.3)

It can be shown that the Poisson bracket (2.3) is bilinear and skew-symmetric.

Moreover, for any smooth functions f, g, h ∈ C∞(R2n), the following properties

hold:

• {f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0,

• {f, gh} = {f, g}h+ g{f, h}.
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The proof of these properties can be found in [12]. Thus, the commutative algebra

C∞(R2n) (with pointwise multiplication of functions), equipped with the Poisson

bracket (2.3), is a Poisson algebra.

A more general example of a Poisson algebra can be constructed on an arbitrary

commutative algebra (A, ·) using derivations. Let D1, D2 be two commuting deriva-

tions of the algebra A, that is, D1◦D2 = D2◦D1. Define the bracket by the formula

{x, y} = D1(x)D2(y)−D2(x)D1(y).

It can be shown that (A, { , }) is a Lie algebra and (A, ·, { , }) is a Poisson algebra.

2.2 Transposed Poisson Algebras

Previously, we introduced the notion of a Poisson algebra. A Poisson algebra is an

algebra with two operations: a commutative multiplication and a Lie bracket. In

a Poisson algebra, the Lie bracket is a derivation with respect to the commutative

multiplication. In [4], a structure was introduced and studied in which the roles of

these operations are reversed, that is, the commutative multiplication is a derivation

of the Lie bracket. A transposed Poisson algebra is defined as follows:

Definition 8. A vector space T with two bilinear maps · : T × T → T and

[ , ] : T ×T → T is called a transposed Poisson algebra if (T , ·) is a commutative

algebra, (T , [ , ]) is a Lie algebra, and the compatibility condition

2z · [x, y] = [z · x, y] + [x, z · y] (2.4)

holds for any x, y, z ∈ T .

In this case, we will call the bilinear map [ , ] the transposed Poisson bracket. The

compatibility condition (2.4) is called the transposed Leibniz rule, since the roles of

the two operations are reversed in it. A derivation of a transposed Poisson algebra is
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defined analogously to a derivation of a Poisson algebra (Definition 7). By analogy

with Poisson algebras, one can define trivial transposed Poisson algebras.

The following theorem provides a way to construct a broad and important class of

transposed Poisson algebras.

Theorem 1. Let (A, ·) be a commutative algebra and D : A → A its derivation.

Define the bracket by the formula

[x, y] = D(x) · y − x ·D(y). (2.5)

Then (A, ·, [ , ]) is a transposed Poisson algebra.

Proof. In Proposition 3, it was shown that the bracket (2.5) is a Lie bracket. To

show that (A, ·, [ , ]) is a transposed Poisson algebra, it is necessary to prove that

the compatibility condition (2.4) holds. Using the Leibniz rule for the derivation

D and taking into account that the algebra (A, ·) is commutative, we obtain

[z · x, y] + [x, z · y] = D(z · x) · y − z · x ·D(y) +D(x) · z · y − x ·D(z · y)

= D(z) · x · y + z ·D(x) · y − z · x ·D(y) +D(x) · z · y

− x ·D(z) · y − x · z ·D(y)

= 2z ·D(x) · y − 2z · x ·D(y)

= 2z · (D(x) · y − x ·D(y))

= 2z · [x, y].

In particular, this theorem demonstrates the necessity of the coefficient 2 in the

transposed Leibniz rule (2.4).

Since Poisson algebras and transposed Poisson algebras have many similarities, it is

natural to ask under what conditions these structures coincide. The answer to this

question can be found in [4]. We formulate this result in the following proposition
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Proposition 4. Let (L, ·, [ , ]) be such a structure that (L, ·) is a commutative

algebra and (L, [ , ]) is a Lie algebra. The algebra (L, ·, [ , ]) is simultaneously a

Poisson algebra and a transposed Poisson algebra if and only if

x · [y, z] = [x · y, z] = 0

for any x, y, z ∈ L.

In the paper [4], in addition to the transposed Poisson algebra, another algebraic

structure of interest for this work was defined.

Definition 9. Let (L, ·) be a commutative algebra and (L, [ , , ]) a 3-Lie algebra.

The algebra (L, ·, [ , , ]) is called a transposed Poisson 3-Lie algebra if the com-

patibility condition

3u · [x, y, z] = [u · x, y, z] + [x, u · y, z] + [x, y, u · z], (2.6)

holds for any x, y, z, u ∈ L.

In [4], a theorem is proved that provides a way to construct a broad class of trans-

posed Poisson 3-Lie algebras.

Theorem 2. Let (L, ·, [ , ]) be a transposed Poisson algebra and D : L → L its

derivation. Define a ternary bracket by the formula

[x, y, z] = D(x)[y, z] +D(y)[z, x] +D(z)[x, y]. (2.7)

Then (L, ·, [ , , ]) is a transposed Poisson 3-Lie algebra.

The main result of this master thesis is a generalization of this theorem to the case

of superalgebras (Theorem 6).

29



3 Superalgebras

This chapter is devoted to superalgebras and Lie superalgebras, which arose in

theoretical physics in connection with the development of supersymmetry theory.

Superalgebras are a particular case of graded algebras. More precisely, superal-

gebras are Z2-graded algebras, that is, algebras in which elements are assigned a

parity, or a grading from the ring Z2. Since in this work we consider exclusively

Z2-graded algebras, we do not describe the more general theory of graded algebras

and use the term superalgebra, as is commonly done in the literature. In the first

section of this chapter, we give the definition of a superalgebra and all important

notions related to the concept of a superalgebra. One of the most important notions

for this thesis is that of a derivation of a superalgebra. The concept of a superal-

gebra makes it possible to generalize many algebraic structures. In this work, we

are primarily interested in Lie algebras and their generalizations. Therefore, in this

section we provide a description of Lie superalgebras and 3-Lie superalgebras.

In the final section of this chapter, we present the definition of a transposed Poisson

superalgebra, based on the notions of a superalgebra and a Lie superalgebra. This

structure was first defined and studied in the paper [1]. Since the goal of this work

is to construct a transposed 3-Lie Poisson superalgebra based on a transposed

Poisson superalgebra and its even derivation, in this section we present in detail

all results related to transposed Poisson superalgebras.

3.1 Superalgebras

This section is devoted to the notion of a superalgebra. In order to define a super-

algebra, it is necessary to introduce some notation. The elements of the ring Z2

will be denoted by the symbols 0̄ and 1̄. In what follows, we will use (−1)0̄ = 1

and (−1)1̄ = −1. Let V be a vector space represented as a direct sum of two of its

non-trivial subspaces V = V0̄ ⊕ V1̄. If an element x belongs either to the space V0̄
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or to the space V1̄, it is called homogeneous. For each homogeneous element x, its

parity is denoted by x̄ and is defined as follows:

x̄ =


0̄, if x ∈ V0̄,

1̄, if x ∈ V1̄.

(3.1)

Elements of the subspace V0̄ are called even, and elements of the subspace V1̄ are

called odd. The zero vector is considered to be both even and odd. Thus, any

element of the vector space V can be represented as a sum of an even and an odd

element. For brevity, we will call the vector space V , represented as a direct sum

of two of its subspaces V = V0̄ ⊕ V1̄ with parity (3.1), a vector superspace. In what

follows, when we speak of the parity of an element, we assume that the element is

homogeneous. Now we can give the definition of a superalgebra.

Definition 10. An algebra (A, ·) is called a superalgebra if A = A0̄ ⊕ A1̄ is a

vector superspace and the following condition holds:

x · y = x̄+ ȳ. (3.2)

Condition (3.2) is the standard requirement for the algebra operation to be com-

patible with the parity. Thus, when we say in this work that (A, ·) is a superalgebra,

we mean that the multiplication is associative and is compatible with parities of

elements. From condition (3.2) it follows that in a superalgebra the following prop-

erties hold:

A0̄ · A0̄ ⊂ A0̄, A0̄ · A1̄ ⊂ A1̄, A1̄ · A0̄ ⊂ A1̄, A1̄ · A1̄ ⊂ A0̄.

These properties show that the subspace A0̄ is a subalgebra of the algebra A, and

the subspace A1̄ is a bimodule over the algebra A0̄.

In this work, we are particularly interested in commutative superalgebras. One of

the important tools widely used in computations in superalgebras is the Koszul
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sign rule. This rule can be formulated as follows: if in an algebraic expression two

neighboring elements with parities a and b are interchanged, then this interchange

is accompanied by multiplication of the expression by the factor (−1)ab. Thus, a

commutative superalgebra is defined as follows:

Definition 11. A superalgebra (A, ·) is called a commutative superalgebra if

the following condition holds:

x · y = (−1)x̄ȳy · x. (3.3)

In the literature on superalgebras, condition (3.3) is also called graded commuta-

tivity or supercommutativity.

Superalgebras arise naturally in geometry and theoretical physics. The Grassmann

algebra is a commutative superalgebra [14]. Grassmann algebras underlie the theory

of supermanifolds. Differential forms defined on a smooth manifold also form a

commutative superalgebra. The Clifford algebra is an example of a noncommutative

superalgebra [16].

For the purposes of this work, the notion of a derivation of a superalgebra is of

particular importance. A linear map D : A → A is called

• even, denoted D̄ = 0̄, if D(x) = x̄,

• odd, denoted D̄ = 1̄, if D(x) = x̄+ 1̄.

Definition 12. A linear map D : A → A is called a derivation of the superalgebra

(A, ·) if for all elements x, y ∈ A the following condition holds:

D(x · y) = D(x) · y + (−1)x̄D̄x ·D(y). (3.4)

Property (3.4) is called the Leibniz rule.

Next, we give the definition of a Lie superalgebra.
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Definition 13. A vector superspace L = L0̄⊕L1̄ with a bilinear map [ , ] : L × L → L

is called a Lie superalgebra if for all x, y, z ∈ L the following conditions hold:

[x, y] = x̄+ ȳ, (3.5)

[x, y] = −(−1)x̄ȳ[y, x], (3.6)

(−1)x̄z̄[[x, y], z] + (−1)ȳx̄[[y, z], x] + (−1)z̄ȳ[[z, x], y] = 0. (3.7)

Property (3.6) will be called skew-symmetry, and identity (3.7) the Jacobi identity,

as in the case of Lie algebras. It is worth noting that the construction of the

commutator from Example 2 naturally extends to superalgebras.

Example 3. Let (A, ·) be a superalgebra. Define the bracket [ , ] : A×A → A by

the formula

[x, y] = x · y − (−1)x̄ȳy · x. (3.8)

It can be shown that (A, [ , ]) is a Lie superalgebra. The bracket (3.8) is sometimes

called a graded commutator.

A large number of important examples of Lie superalgebras can be found in [14].

Finally, we give the definition of a 3-Lie superalgebra.

Definition 14. A vector superspace L = L0̄⊕L1̄ with a trilinear bracket [ , , ] : L3 → L

is called a 3-Lie superalgebra if for any elements x, y, z, u, v ∈ L the following

conditions hold:

[x, y, z] = x̄+ ȳ + z̄, (3.9)

−(−1)x̄ȳ[y, x, z] = [x, y, z] = −(−1)ȳz̄[x, z, y], (3.10)

[[x, y, z], u, v] =(−1)(ȳ+z̄)(ū+v̄)[[x, u, v], y, z]

+ (−1)x̄(ȳ+z̄)+(x̄+z̄)(ū+v̄)[[y, u, v], z, x]

+ (−1)(x̄+ȳ)(z̄+ū+v̄)[[z, u, v], x, y].

(3.11)
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Condition (3.10) will be called skew-symmetry. Condition (3.11) will be called the

Filippov-Jacobi identity.

3.2 Transposed Poisson Superalgebras

This section is devoted to the one of the main structures for this thesis, namely

the transposed Poisson superalgebra. The transposed Poisson superalgebra is a

generalization of the transposed Poisson algebra. Such a generalization was first

introduced and studied in the paper [1]. In this section we give the definition of a

transposed Poisson superalgebra, present a wide class of transposed Poisson super-

algebras constructed on a superalgebra by means of its even derivation, and recall

other important results on transposed Poisson superalgebras proved in [1]. Among

them, the most important for this work are the identities satisfied in a transposed

Poisson superalgebra. These non-trivial identities are essential for proving the main

results of this work.

Let T = T0̄⊕T1̄ be a vector superspace with two bilinear operations · : T × T → T

and [ , ] : T × T → T such that (T , ·) is a commutative superalgebra and (T , [ , ])

is a Lie superalgebra.

Definition 15. A triple (T , ·, [ , ]) is called a transposed Poisson superalgebra

if the following compatibility condition holds

2z · [x, y] = [z · x, y] + (−1)x̄z̄[x, z · y], (3.12)

for any x, y, z ∈ T .

Theorem 2 provides a wide class of transposed Poisson algebras constructed on a

commutative algebra by means of its derivation. This theorem can be extended

to transposed Poisson superalgebras. This was done in [1], where the following

theorem was proved:
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Theorem 3. Let (A, ·) be a commutative superalgebra and D : A → A its even

derivation. Define a bracket by

[x, y] = x ·D(y)− (−1)x̄ȳy ·D(x). (3.13)

Then (A, ·, [ , ]) is a transposed Poisson superalgebra.

In [1], geometric realizations of this construction are also provided. Let Mn be an

n-dimensional smooth manifold and let Ω(Mn) = ⊕pΩ
p(Mn) be the algebra of

differential forms on Mn, where the algebraic operation is the exterior product ∧.

This algebra is graded if the degree p of a form ω ∈ Ωp(Mn) is used as grading.

If instead we take p (mod 2) as grading, we obtain a vector superspace Ω(Mn) =

Ω0(M
n) ⊕ Ω1(M

n). This vector superspace is a commutative superalgebra with

respect to the exterior product ∧, since

ω ∧ θ = (−1)pqθ ∧ ω, ω ∈ Ωp(Mn), θ ∈ Ωq(Mn).

Let X be a smooth vector field on Mn. For any integer p, the interior product

operator (contraction) iX : Ωp(Mn) → Ωp−1(Mn) and the exterior derivative d :

Ωp(Mn) → Ωp+1(Mn) are odd derivations of the commutative superalgebra of

differential forms. The Lie derivative LX = d ◦ iX + iX ◦ d is an even derivation of

this superalgebra, i.e. LX : Ωp(Mn) → Ωp(Mn) and satisfies the Leibniz rule

LX(ω ∧ θ) = LX(ω) ∧ θ + ω ∧ LX(θ).

Using formula (3.13), for any vector field X we define a bracket of two differential

forms ω ∈ Ωp(Mn) and θ ∈ Ωq(Mn) by

[ω, θ]X = ω ∧ LX(θ)− (−1)pq θ ∧ LX(ω), (3.14)

and extend this bracket by linearity to the whole superalgebra Ω(Mn). The com-
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mutative superalgebra of differential forms (Ω(Mn),∧) equipped with the bracket

(3.14) is a transposed Poisson superalgebra.

In [1], a classification of transposed Poisson superalgebras in low dimensions is also

given. Let T = T0̄ ⊕ T1̄ be a vector superspace of type (1, 1). Let e0 ∈ T0̄ and

e1 ∈ T1̄ be basis vectors. It is shown in [1] that there exist four transposed Poisson

superalgebras on T :

1. e0 · e0 = e0, e0 · e1 = 0, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = 0, [e1, e1] = 0.

2. e0 · e0 = e0, e0 · e1 = e1, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = 0, [e1, e1] = 0.

3. e0 · e0 = e0, e0 · e1 = 0, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = 0, [e1, e1] = e0.

4. e0 · e0 = e0, e0 · e1 = e1, e1 · e1 = 0,

[e0, e0] = 0, [e0, e1] = e1, [e1, e1] = 0.

In [1], the following identities were proved, which play a cruitial role in obtaining all

results related to transposed Poisson superalgebras. Since this result is important

for this thesis, we state it in full as a theorem.

Theorem 4. Let (P, ·, [ , ]) be a transposed Poisson superalgebra. Then for any

elements h, x, y, z, u, v ∈ P the following identities hold:

(−1)x̄z̄x[y, z] + (−1)x̄ȳy[z, x] + (−1)ȳz̄z[x, y] = 0, (3.15)

(−1)x̄z̄[h · [x, y], z] + (−1)x̄ȳ[h · [y, z], x] + (−1)ȳz̄[h · [z, x], y] = 0, (3.16)

(−1)x̄z̄[h · x, [y, z]] + (−1)x̄ȳ[h · y, [z, x]] + (−1)ȳz̄[h · z, [x, y]] = 0, (3.17)

(−1)x̄z̄[h, x][y, z] + (−1)x̄ȳ[h, y][z, x] + (−1)ȳz̄[h, z][x, y] = 0, (3.18)
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2u · v · [x, y] = (−1)x̄v̄[u · x, v · y] + (−1)ū(x̄+v̄)[v · x, u · y] = 0, (3.19)

(−1)ū(ȳ+v̄)x · [u, y · v] + (−1)(x̄+ȳ)v̄v · [x · y, u] + (−1)x̄(ȳ+v̄)y · [v, x] · u = 0. (3.20)
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4 Transposed Poisson 3-Lie Superalgebras

This chapter is the key part of the present work, since it contains the main original

result. In this chapter we introduce a new notion of a transposed Poisson 3-Lie

superalgebra. The transposed Poisson 3-Lie superalgebra is a generalization of the

transposed Poisson 3-Lie algebra, whose definition was first given in the paper [4].

The results presented in this chapter continue the investigations carried out in the

thesis [20] and in the paper [2]. In these works, a ternary Lie bracket on a transposed

Poisson superalgebra was constructed and studied. In the present chapter we prove

that this bracket satisfies an identity which can be regarded as a ternary analogue

of the compatibility condition in a transposed Poisson superalgebra (3.12). This

identity is the key compatibility condition in the definition of a transposed Poisson

3-Lie superalgebra. Finally, using the proved theorem, we construct a wide class of

transposed Poisson 3-Lie superalgebras.

Definition 16. A triple (T , ·, [ , , ]) is called a transposed Poisson 3-Lie

superalgebra if (T , ·) is a commutative superalgebra, (T , [ , , ]) is a 3-Lie super-

algebra, and for any elements x, y, z, u ∈ T the following compatibility condition

holds:

3u[x, y, z] = [ux, y, z] + (−1)x̄ū[x, uy, z] + (−1)ū(x̄+ȳ)[x, y, uz]. (4.1)

In the paper [2], a graded ternary bracket was introduced:

[x, y, z] := D(x) · [y, z] + (−1)x̄(ȳ+z̄)D(y) · [z, x] + (−1)(x̄+ȳ)z̄D(z) · [x, y], (4.2)

and it was shown that this ternary bracket defines a 3-Lie superalgebra structure.

Thus, the following theorem was proved:

Theorem 5. Let (T , ·, [ , ]) be a transposed Poisson superalgebra and let D be its

even derivation. Define the ternary bracket by formula (4.2). Then (T , [ , , ]) is a
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3-Lie superalgebra.

Our goal in this chapter is to show that the bracket (4.2) also satisfies the compat-

ibility condition (4.1), that is, we obtain a transposed Poisson 3-Lie superalgebra.

Theorem 6. Let (T , ·, [ , ]) be a transposed Poisson superalgebra and let D : T → T

be its even derivation. Then the ternary bracket (4.2) satisfies the compatibility

condition (4.1), and (T , ·, [ , , ]) is a transposed Poisson 3-Lie superalgebra.

Proof. From Theorem 5 it follows that the ternary bracket (4.2) defines a 3-Lie

superalgebra on T . Now we show that this construction also satisfies the compat-

ibility condition (4.1). For this reason, let us compute both sides of the equality

(4.1). The left-hand side is equal to

LHS : = 3u[x, y, z]

= 3uD(x)[y, z] + (−1)x̄(ȳ+z̄)3uD(y)[z, x] + (−1)(x̄+ȳ)z̄3uD(z)[x, y].
(4.3)

The terms in the right-hand side can be computed using Leibniz rule for derivation

D as follows:

I : = [ux, y, z]

= D(ux)[y, z] + (−1)(ū+x̄)(ȳ+z̄)D(y)[z, ux] + (−1)(ū+x̄+ȳ)z̄D(z)[ux, y]

= D(u)x[y, z] + uD(x)[y, z] + (−1)(ū+x̄)(ȳ+z̄)D(y)[z, ux] + (−1)(ū+x̄+ȳ)z̄D(z)[ux, y],

(4.4)

II : = (−1)x̄ū[x, uy, z]

= (−1)x̄ū
(
D(x)[uy, z] + (−1)x̄(ū+ȳ+z̄)D(uy)[z, x] + (−1)(x̄+ū+ȳ)z̄D(z)[x, uy]

)
= (−1)x̄ūD(x)[uy, z] + (−1)x̄(ȳ+z̄)D(u)y[z, x] + (−1)x̄(ȳ+z̄)uD(y)[z, x]

+ (−1)x̄ū+(x̄+ū+ȳ)z̄D(z)[x, uy],

(4.5)
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III : = (−1)ū(x̄+ȳ)[x, y, uz]

= (−1)ū(x̄+ȳ)
(
D(x)[y, uz] + (−1)x̄(ȳ+ū+z̄)D(y)[uz, x] + (−1)(x̄+ȳ)(ū+z̄)D(uz)[x, y]

)
= (−1)ū(x̄+ȳ)D(x)[y, uz] + (−1)ūȳ+x̄(ȳ+z̄)D(y)[uz, x] + (−1)(x̄+ȳ)z̄D(u)z[x, y]

+ (−1)(x̄+ȳ)z̄uD(z)[x, y].

(4.6)

In the left-hand side there is no term with the factor D(u). So consider the terms

with factor D(u) in the right-hand side. Their sum is

D(u)
(
x[y, z] + (−1)x̄(ȳ+z̄)y[z, x] + (−1)(x̄+ȳ)z̄z[x, y]

)
.

This sum equals to zero due to identity (3.15). Next, consider the terms with the

factor D(x)

uD(x)[y, z] + (−1)x̄ūD(x)[uy, z] + (−1)ū(x̄+ȳ)D(x)[y, uz]. (4.7)

The last two terms can be transformed using the compatibility condition (3.12) of

transposed Poisson superalgebra as follows:

(−1)x̄ūD(x)[uy, z] + (−1)ū(x̄+ȳ)D(x)[y, uz] = (−1)x̄ūD(x)
(
[uy, z] + (−1)ūȳ[y, uz]

)
= (−1)x̄ūD(x) · 2u[x, y]

= 2uD(x)[y, z].

Thus the terms with D(x) (4.7) together equal to 3uD(x)[y, z]. Analogously the

sum of terms with D(y) in the right-hand side is equal to (−1)x̄(ȳ+z̄)3uD(y)[z, x]

and the sum of terms with D(z) is equal to (−1)(x̄+ȳ)z̄3uD(z)[x, y]. Thus the left-

hand side is equal to the right-hand side and the equality (4.1) holds.
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Theorem 6 shows that there exists a wide class of transposed 3-Lie Poisson su-

peralgebras. Moreover, combining the results of the papers [1], [2] with the proved

Theorem 6, we obtain the following construction of a transposed 3-Lie Poisson

superalgebra based on a commutative superalgebra and its two even commuting

derivations:

Corollary 6.1. Let (A, ·) be a commutative superalgebra and D1, D2 its even com-

muting derivations. Define a ternary operation as follows:

[x, y, z] := D2(x)(yD1(z)− (−1)ȳz̄zD1(y))

+(−1)x̄(ȳ+z̄)D2(y)(zD1(x)− (−1)x̄z̄xD1(z))

+ (−1)(x̄+ȳ)z̄D2(z)(xD1(y)− (−1)x̄ȳyD1(x)).

(4.8)

Then (A, ·, [ , , ]) is transposed Poisson 3-Lie superalgebra.

Proof. Remark that on commutative superalgebra (A, ·) with even derivation D1

we can define Lie superalgebra with the bracket

[x, y] := xD1(y)− (−1)xyyD1(x).

Due to Theorem 3, (A, ·, [ , ]) is a transposed Poisson superalgebra. Thereby to

use the previous Theorem 6 we have to show that D2 is even derivation of Lie

superalgebra (A, [ , ]), that is, we have to prove the following:

D2([x, y]) = [D2(x), y] + [x,D2(y)].

The proof is a direct computation, given that D2 is even derivation of (A, ·) and
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that two derivations D1, D2 commute, D2 ◦D1 = D1 ◦D2.

D2([x, y]) = D2(xD1(y)− (−1)xyyD1(x))

= D2(xD1(y))− (−1)x̄ȳD2(yD1(x))

= D2(x)D1(y) + xD2(D1(y))− (−1)x̄ȳ
(
D2(y)D1(x) + yD2(D1(x))

)
=

(
D2(x)D1(y)− (−1)x̄ȳyD1(D2(x))

)
+
(
xD1(D2(y)− (−1)x̄ȳD2(y)D1(x))

)
= [D2(x), y] + [x,D2(y)].

Thus by Theorem 6 we get that (A, ·, [ , , ]) is transposed Poisson 3-Lie superalge-

bra.

Thus, in this chapter, a new notion of a transposed Poisson 3-Lie superalgebra

has been introduced, and a wide class of such algebras has been constructed. This

structure has the potential to be applicable in various areas of modern geometry

and theoretical physics.
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Conclusion

This thesis continues the study of the structure of 3-Lie superalgebras presented

in the paper [2]. Assuming only a basic knowledge of abstract algebra from the

reader, we introduce all necessary notions and constructions required to define the

new structure of a transposed Poisson 3-Lie superalgebra. We provide a gener-

alization of the structure first introduced in [4]. The main result of the thesis is

a theorem stating that the construction from [2] defines a transposed Poisson 3-

Lie superalgebra structure. Using a transposed Poisson superalgebra and its even

derivation, we construct a transposed Poisson 3-Lie superalgebra. Moreover, using

a commutative superalgebra and its two even commuting derivations, we construct

a wide class of transposed Poisson 3-Lie superalgebras.

It should be noted that in all constructions presented in this thesis, the condition

for a derivations to be even is essential. The next direction of research in this area

is to extend the obtained results to the case of odd derivations. For this purpose,

it may be necessary to incorporate additional algebraic structures such as Jordan

algebras [2].
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