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Chapter 1

Introduction

In Nature, there exist four known fundamental interactions. The electro-
magnetic interaction acts on charged particles and is, for instance, respon-
sible for binding electrons to nucleus to form atoms. The weak interaction
is responsible for the radioactive beta decay of atoms. The next one, the
strong interaction, binds quarks together into nucleons. Finally, the grav-
itational interaction occurs between entities with non-vanishing mass or
energy. While the latter interaction is very well described by General Rela-
tivity through the Einstein equation, the former three interactions are suc-
cessfully described by the Standard Model (SM) of particle physics. This
theory predicts the existence of the Higgs boson, a crucial particle giving
mass to particles it interacts with, through the Brout-Englert-Higgs (BEH)
mechanism. The discovery of this particle in 2012 at the LHC by the AT-
LAS [1] and CMS [2] experiment actually completed the set of particles
predicted in the Standard Model.

Despite being a successful theory of the microscopic world, the Standard
Model does not provide a full description of Nature, even by restricting it to
three fundamental interactions by excluding gravity. Indeed, the Standard
Model does not explain the origin of the masses of neutrinos, which have
been confirmed through the observation of their oscillation [3]. Moreover, it
does not predict the existence of dark matter (DM), a hypothetical matter
composing the greater part of the matter content in the Universe. For sure,
this cannot be neglected.

One believes DM to exist since it provides solutions to the otherwise un-
explained observed phenomena, such as the unobserved Keplerian fall-off in
galaxy rotation curves, the formation of the large-scale structures of today,
etc. The Standard Model of Cosmology, the ACDM model, where A refers to
the cosmological constant, while CDM stands for cold dark matter, is based
on the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. Within the
framework of this model, it is observed that the homogeneous and isotropic
Universe is almost flat, with an energy content made of 68% of dark energy,
27% of (cold) dark matter, while ordinary matter, made of SM particles,
constitutes the remaining 5% [4].

So far, plenty of models have attempted to describe dark-matter features
by predicting a potential detection signal. When confronted with experi-
mental observations, the rejected models actually put constraints on dark
matter: one learns more about which features DM cannot possess. There
are different ways to probe this mysterious matter. It can be potentially de-
tected through direct-detection experiments, based on DM scattering pro-
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cesses with atomic nuclei, or through indirect-detection experiments, where
the process of interest is DM annihilation into SM particles in cosmic rays.
Additionally, one can try to produce DM particles at collider. Note that
these methods implicitly consider DM as a (new exotic) particle.

While the predictions of gravitational waves (GW) by General Rela-
tivity and their discovery by LIGO in 2015 [5, 6] once more confirmed the
validity of Einstein’s theory, they also opened a new channel to investigate
dark matter. Indeed, it has been shown that if a cosmic phase transition
(PT) of the first order occurred in the early Universe, one should be able
to observe a stochastic gravitational-wave background today [7,8].

The phase transition which is the object of this thesis happened during
the electroweak (EW) spontaneous symmetry breaking (SSB), when the
Brout-Englert-Higgs mechanism gave mass to known particles. It is a well
known fact that in the Standard Model, this phase transition is actually a
crossover [9], thus generating no stochastic gravitational-wave background
signal. The idea of this thesis is to consider beyond-Standard-Model (BSM)
theories in which additional scalar fields induce a first-order phase transition
(FOPT) at the EW scale, instead of the SM crossover. The resulting signal
from this generated stochastic gravitational-wave background could then
be probed by future space-based GW detectors, such as LISA [10].

The structure of the thesis is the following. In Chapter 2, we review the
concept of spontaneous symmetry breaking in the Standard Model and the
need to consider BSM theories to, for instance, explain dark matter, which
is reviewed in Chapter 3. In Chapter 4, we derive the one-loop thermally
corrected effective potential needed for the study of cosmic phase transitions
in the early Universe (Chapter 5) and the computation of the signal from the
induced stochastic gravitational-wave background (Chapter 6). A summary
is then provided both in English (Chapter 7) and in Estonian (Chapter 8).
Finally, the publications, which contains the results of this thesis, can be
found in the appendix.

12



Chapter 2

Spontaneous symmetry
breaking in the Standard
Model

The Standard Model aims to describe all known matter (made of leptons
and quarks), interactions (mediated by gauge bosons) and the Higgs boson.
Its Lagrangian density Lsyy is invariant under transformations in the non-
abelian SU(3),® SU(2)r @ U(1)y gauge group, where SU(3).. is the gauge
group of the strong interaction, while SU(2)r ® U(1)y is the gauge group
corresponding to the electroweak symmetry. The SU(3). group gives rise
to eight gauge bosons G, (¢ = 1...8), the gluons, and the SU(2), ®@U(1)y
group provides three weak gauge bosons W (i = 1...3), as well as one
hypercharge gauge boson B,,. Since the symmetry of the strong interaction
is not broken, we will only focus on the electroweak group SU(2) @ U(1)y
in the rest of this chapter.

As indicated by the subscript L of the SU(2)r group, weak gauge
bosons W/i only interact with left-handed particles (and right-handed anti-
particles). This allows us to gather left-handed leptons I/f and e% into one
doublet L for each generation (¢ € {e,u,7}). Likewise for left-handed
quarks, u% and d% are embedded into one doublet Q% for each generation
(q € {u, ¢, t} for uf and ¢ € {d, s, b} for d}). The discovery of the Higgs bo-
son at the LHC in 2012 completed the Standard Model of particle physics.
The Higgs field is described by a doublet with an upper part electrically
charged, while the lower part is neutral. The set of particles described by
the Standard Model is summarised in the Table 2.1.

In the Standard Model, particles are massless as mass terms in Lgy
would violate the SM gauge symmetry. A dynamical way to generate mass
of particles, without explicitely breaking the SM gauge symmetry is given
via the Brout-Englert-Higgs mechanism, which is reviewed in Section 2.2.

2.1 Spontaneous breaking of global symmetries:
an Abelian case

When a physical system possesses several degenerate minima or ground
states, then during the phase transition from the initial state, the system
arbitrarily chooses one direction, one of the degenerate ground states, as
the final state. Spontaneous symmetry breaking occurs because the chosen

13
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Wi, i=1...3 SU(2)L
B, U(l)y

Table 2.1: Particle content of the Standard Model and their associated
quantum numbers and charges.

ground state of the theory does not satisfy the symmetry of the Lagrangian.
Although one mentions breaking, it would be more appropriate to talk about
hidden symmetry because the Lagrangian never breaks that symmetry in
any manner whatsoever via this mechanism; it is only hidden because of
the way in which one rewrites the Lagrangian density.

The following is based on the excellent introduction to quantum field
theory [11]. Let us first exemplify SSB with a simple Abelian case. One
considers a complex scalar field ¢, the Lagrangian density of which is

Ly = [0u8* +m?|6]> — No|* = [0,8]* = V(¢). (2.1)

This Lagrangian density is invariant under the global U(1) transformation
#(z) — e'“p(z). For the potential V(¢) = —m?|¢|2 + A|¢|* to be bounded
from below, a positive A is required. Then one has two cases depending on
the sign of p?. If u? is positive, then the vacuum expectation value! (VEV)
that minimises the potential is unique: (Q|¢|Q) = (¢) = 0, with |Q2) the vac-
uum state of the theory. In this situation, one can safely apply perturbation
theory around this stable minimum and no spontaneous symmetry breaking
occurs. On the other hand, for the case ;% < 0, the potential shapes like a
Mexican hat. In this configuration the extremum at the origin is this time a
maximum, and is thus unstable. Perturbation around this extremum would
result in tachyonic modes with negative squared mass, making the theory

No VEV is allowed for spinors or vector fields if one wants to preserve Lorentz invari-
ance. Moreover, the VEV should be spatially constant if one requires it to be invariant
under translation [12].
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non-causal. The other extrema, which actually minimise the potential, are
given by the condition |¢|?> = m?/(2)). By the U(1) symmetry, one has an
infinite set of equivalent ¢ = m/v2Xe, with 6 € [0,2x], that minimises
the potential. It is convenient here to choose 6 = 0, so that the value of the
field which minimises the potential is along the real direction.

One can then look at the theory around the minimum (¢) = m/v2X =
v. One does it by expanding the field around the ground state v: ¢(z) =
v/V2 + ¢(x), with the complex scalar field ¢(z) which can be expressed
in terms of real fields as ¢(z) = (o(x) + im(x)) /v/2. Another convenient
parametrisation is when 7(x) is a phase:?

o) - L)

Now if one rewrites the Lagrangian density (2.1) in terms of this new
parametrisation, one obtains

(2.2)

1 ,  m? A 4
£¢:§ 6 )7+ (o+v) 4((7+v)
:l(aa2_l m_ (@)% + (1+i)(a )2
2° M 2\ 2 H 20/
A mv 3m?
—(40 + Ao —2 U__16)\>’ (2.3)

where in the second equality one chose F; = v to have the kinetic term
(0,m)? canonically normalised. This expression of L, clearly shows that
by taking the second derivative with respect to the fields, the field o(z)
possesses a mass m/+/2, while the field 7(x) is massless. The particle as-
sociated to this massless field is a Goldstone boson. An excitation at the
minimum (¢) along the radial direction leads to a positive second derivative
in that same direction, and thus to a positive squared mass for o(z), while
an excitation along the perpendicular (flat) direction yields a vanishing sec-
ond derivative for w(x), which is thus massless. This property of Goldstone
bosons is due the fact that it respects a shift symmetry m(x) — 7(z) + Fra.
When looking at the parametrisation in Eq. (2.2), one can note that this
shift symmetry is actually equivalent to the global U(1) transformation
¢(x) = e®¢(z) under which L, is invariant: remember that £, does not
break this symmetry, only the ground state does. A mass term for m(z)
would break the shift symmetry and thus the U(1) symmetry explains why
such a mass term is forbidden for Goldstone fields. Another interesting
property of Goldstone bosons that can be seen in Eq. (2.3) is that Gold-
stone interaction terms always involve the derivative of m(x), which means
that in the momentum space Goldstone interaction are proportional to
four-momentum. This feature peculiar to Goldstone bosons plays an im-
portant role in direct-detection experiments, where tree-level processes of
Goldstone boson scattering off a nucleus involve a vertex proportional to
the momentum transfer and are thus suppressed in the limit of vanishing

2By expanding e!™®/Fx in terms of powers of () and keeping only the independent

terms and the ones linear in the dynamical fields o(z) and w(z) (since one considers
small perturbations), one recovers the parametrisation ¢(z) = (v + o(x) + in(x)) /V2,
for Frr = v.
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momentum transfer.? Direct detection will be explored in more details in
Section 3.3.

In general, one obtains as many Goldstone bosons as there are gener-
ators of a continuous global symmetry group broken by the ground state.
This fact is a consequence of the Goldstone theorem, which states the emer-
gence of these massless Goldstone bosons each time a global symmetry is
spontaneously broken. Following the Peskin & Schroeder book [14], we be-
low provide a simple proof of this theorem for classical field theories.

Let us consider a Lagrangian density depending on N fields: £ =
kinetic terms — V((;_S')7 with ¢ = (¢1,...,¢0n)T. Consider then a VEV b0
which minimises the corresponding Hamiltonian density and thus V as the

VEV ¢ is constant: ﬁV(q?) p =0, with V = 65 a gradient with respect
0

to the field gg

Let us now suppose that E is invariant under the global continuous
symmetry transformation ¢ — ¢+ aA(d)l, ..., ®N), with « an infinitesimal
parameter and A a vector whose components are functions of ¢1,...,¢nN.
This form of the transformation is general and is due to the fact the o can
be taken infinitesimally small, by definition of a continuous symmetry. As
L is invariant under the above symmetry transformation, one has E(d_;) =
E((E—i—a&(gbl, ..., ®nN)), which is equivalent to a&(%, ce ¢N)T-§£(<5) =0,
by definition of the derivative (which requires a to be infinitely small);
considering continuous symmetries is thus crucial. Taking the gradient of
the latter expression and evaluating the resulting expression in the vacuum
b0, where one has ﬁ(d_;o) = —V(qgo), one obtains

0= [ﬁ (&T : W(q‘s'))}
= [(9,2:) 0y, )
= M*(dy) - A(¢1,-~,¢?v), (2.4)

o)

+ |A;0y.0,
= [80,0,7] |

where the first term in the second line is zero as VV vanishes at the mini-
mum and where (M?);; = 0p;0p,V is the coefficient of the quadratic term

in the expansion of V around the minimum ¢y. M?2(¢) is the mass ma-
trix, a symmetric matrix, whose eigenvalues are the squared masses of the
fields. Note that the eigenvalues of M?, the Hessian matrix of the poten-
tial, evaluated at d_; = (50 cannot be negative by definition, as d_;o minimises
the potential. If &(gb?, .., ®%) = 0, that is if the ground state 50 respects
the symmetry, then Eq. (2.4) is trivially satisfied. On the other hand, if
the ground state breaks that symmetry, then the relation (2.4) shows that
A(¢9,...,¢%) is a non-zero eigenvector associated with a zero eigenvalue,
which means that the theory of the underlying Lagrangian density £ con-
tains a massless particle: the Goldstone boson. Therefore one can see that
for any number of non-zero eigenvectors 5( 0 ..., 0%) of the mass matrix
M 2((500)7 thus for any number of global continuous symmetries broken by
the ground state (Eo, one obtains as many as massless Goldstone bosons.
To conclude this part about spontaneous symmetry breaking of global
continuous symmetries, let us note that if, in addition to be broken by

3This limit, commonly used in direct-detection processes, is acceptable only when
the momentum transfer is negligible compared to the mass in the propagator [13].
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the ground state, the symmetry is also explicity broken (by a term in the
Lagrangian density), then the would-be massless Goldstone boson that one
would obtain without this explicit symmetry breaking, will actually acquire
a mass proportional to the coupling of this explicit breaking term; one then
talks about pseudo-Goldstone bosons.

2.2 Brout-Englert-Higgs mechanism

Let us now consider the spontaneous breaking of (local) gauge symme-
tries through the so-called Brout-Englert-Higgs mechanism. We will show
that, in that case, Goldstone bosons are not physical particles. They are
absent because they are eaten by the gauge bosons associated to the sponta-
neously broken gauge symmetry, giving them a mass. Consider for instance
the Glashow-Weinberg-Salam theory, which aims to unify electromagnetic
and weak interaction. The gauge symmetry associated to this electroweak
interaction is SU(2)r, ® U(1)y. The three generators of the SU(2)r group
are T; = 0;/2, with o; (i € {1,2,3}) the Pauli matrices, while the one of
U(1)y is the weak hypercharge Y/2. Therefore this theory contains four
(massless) gauge bosons. Observations show that in nature there are three
massive gauge bosons WT, W™, Z, mediating the weak interaction, and
one massless gauge boson, the photon v, being the mediator of the elec-
tromagnetic interaction. To give mass to three of the four massless gauge
bosons, let us consider the Higgs doublet ¢(z), a complex scalar field. Its
VEV should break three out of four generators and break the non-Abelian
group SU(2)r @ U(1)y down to U(1)em, the electromagnetic group, whose
generator is Q = T35+ Y/2. It is crucial that the VEV of ¢(z) leaves U(1)em
unbroken, as otherwise the electric charge would not be conserved and the
photon would become massive, in clear contradiction with observations.
Under the electroweak gauge group, the Higgs doublet transforms as [14]

o(z) - ¢ (TOFHBEE) 4. (2.5)

The most general gauge-invariant renormalisable Higgs potential associated
to that field is

V() = =l + Alg|". (2.6)

A non-trivial value for the ground state satisfies |(¢)| = p/v/2X = v. Then
similarly to the previous case, one can express the field ¢(z), expanded
around its VEV, with a radial part and a phase containing the Goldstone
bosons 7;:

i@ (0
¢(33) =e P 2 (v+h(a¢)> ) (27)
V2

with h(x), the radial excitation known as the Higgs field with the associated
Higgs boson.

For what follows, it is more convenient to work in a gauge which removes
the phase in Eq. (2.7): the unitary gauge. This requires a SU(2), trans-
formation with «;(z) = —m;(z)/Fy for the gauge parameters in Eq. (2.5).
This gauge-fixing thus imposes a direction for the VEV, which in the uni-
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tary gauge is then simply expressed as

1 (0
(¢) = 7 (v) ) (2.8)

irrespective of the value of 5(z). Does this VEV break SU(2); ® U(1)y to
nothing? One hopes not, because one of the four gauge bosons, the photon,
has to remain massless. Let us see how this VEV behaves under a gauge
transformation in the unitary gauge. To obtain the expression (2.8), a;(x)
have already been fixed. For the specific choice 8(z) = as(x), one obtains

() — ei(o‘j(m)zz‘i‘*‘ﬁ(z)%) (¢) = ei(al(z)T1+a2(I)Tz)eiﬂ(w)(T3+%)L <0>
2

v
:ei(al(I)T1+a2(1)T2)L 0
V2 \v
= eilor(@)Titaz(2)T2) (4

# (), (2.9)

where the second equality holds for Y = 1. Therefore, given that the Higgs
doublet has a weak hypercharge Y = 1, its VEV will still be invariant under
the U(1)em transformation (@) — (@@ (¢), with Q = T3 + Y/2 a linear
combination of the third generator of SU(2);, and the generator of U(1)y,
thus preserving the electric charge. Note that (¢) breaks three generators:
T1,T2 and T3 — Y/Q.

Since one is interested in how the gauge bosons obtain their mass, let us
look this time into the scalar kinetic term of the theory: |D,¢|?, with D, =
Ou — ngWgTj —i91B,Y/2 the covariant derivative necessarily introducing
the gauge bosons Wﬁ, Wﬁ, Wi’ and B, transforming in such a way under
gauge transformations that the kinetic term remains gauge-invariant. The
coupling constants g and g; are, respectively, associated with SU(2)y, and
U(1)y. In the unitary gauge, where Goldstone bosons are gauged away, the
contribution to |D,¢|? from the VEV is (with Y = 1) given by [11]:

2

I 2 \ g2 (Wﬁ + zWi) 1B, — gQWS %
2
- % (93 (W) + (W] + (1B — ngﬁ’)z) : (2.10)

where the contribution involving spacetime derivatives is zero as the VEV
is constant.

One can see that the mass matrix of the gauge eigenstates Wg and
B, is not diagonal. By diagonalising it, one finds the relation gs sin Oy, =
g1 cos By, with Oy the mixing angle known as the Weinberg angle, and
expressions for the physical eigenstates in terms of the gauge eigenstates:
Zy = WS cos By — By, sinfy and A, = Wﬁ’ sin Oy + B,, cos Oy . To represent
the W* bosons one also defines Wlfc =W, ¥ zWi)/\/ﬁ, which have the
correct electric charge.* With all these field redefinitions in terms of physical

4Pay attention to the T sign, needed so that TlWﬁ + TQWE = T*I/V;r +T"W,,
with TF = (T +4T%) /2.
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eigenstates and given that the relation gs sin 0y = g1 cos Oy implies

92 g1

cosby = ———, sinfy = ———, (2.11)
Vi + 3 Vi + 93
one can then rewrite Eq. (2.10) as
2
v _
|Duel® = 5 (93 [W)* + (W)°] + (91 + 93) Z51) - (2.12)

This provides a mass for the W* boson and the Z boson, respectively
expressed as

g2 1 My =
Myy+ = Ev and my = 5 g% +g%1} = p > myy=+. (2.13)

As desired, a vanishing mass for the photon is obtained, since no mass term
of the form %miAi is present in Eq. (2.12).

As a final remark, one can notice that in the case of spontaneous
breaking of gauge symmetries the existence of Goldstones bosons is gauge-
dependent, thus making them unphysical, contrary to the case of physical
Goldstones bosons arising from the spontaneous breaking of global symme-
tries. In the unitary gauge, gauge bosons acquire a mass by eating the Gold-
stone bosons, and then obtain three physical polarisations, two transverse
modes and one longitudinal mode. Thus in this gauge, only physical modes
propagate, as the unphysical Goldstone modes are absent. The number of
internal degrees of freedom is nevertheless conserved as expected, since it
should not be altered by a gauge transformation. Indeed, one originally
had four degrees of freedom from the Higgs doublet and two for each of
the four massless gauge bosons, thus having twelve degrees of freedom in
total. Likewise, in the unitary gauge, one has twelve degrees of freedom: one
from the Higgs doublet three for each of the three massive gauge bosons
W+, W=, Z and two from the massless photon.

Regarding the fermion sector, and more specifically quarks, masses are
generated through Yukawa couplings of the form [11]

Lyuawa = ~YIQ Hdly — YQ; Huly + h.c., (2.14)

where Y¢ and Y* are, respectively, the down- and up-quark 3 x 3 Yukawa
matrices, i, j run over the three quark generations and H = ioo H* is defined
such that it selects the upper part of the doublet Q. After the electroweak
spontaneous symmetry breaking, it becomes

Lyukawa = _U/ﬁ}/g&l[,d‘;{ - U/\/ﬁ}/;;all‘uﬁ + he. (215)

in the unitary gauge. Going to the mass basis by diagonalising the mass
matrices v/v/2Y? and v/+/2Y™", one then obtains

Lyukawa = _U/\/Ey'lezLD}% - y/\/iyfﬁiU}% + h.c, (216)

with the mass eigenstates D and U. In this base the mass matrices M¢ =
(v/V/2)y? and M* = (v/+/2)y" are diagonal. For the top quark, for instance,
one then has Lyuiawa O —mulrtr, with my = (v/v/2)y;.

To conclude, although the Standard Model is a successful theory in, as
we have just seen, explaining the origin of the mass of particles, it is not

19



complete, hence the necessity of considering beyond-Standard-Model theo-
ries. For example, still within the frame of mass origin, the Standard Model
does not explain the mass of neutrinos, which one knows should be massive
as their oscillation has been observed. Furthermore this theory is unable to
explain, for instance, the genesis of the observed baryon asymmetry of the
Universe, nor to predict the existence of dark matter. The review of the
latter is the object of the next chapter.
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Chapter 3

Dark Matter

Dark matter is the subject of extensive searches since the past few decades.
In this chapter we review several observations which can find an explana-
tion by the presence of this hypothetical matter in our Universe. We then
consider how this dark matter could be thermally produced as well as how
it could be detected via direct-detection experiments.

3.1 Evidence for dark matter

As a first evidence of the existence of dark matter, one can mention the
1933 study by Fritz Zwicky on the Coma cluster [15]: he applied the virial
theorem to the motion of galaxies within this galaxy cluster to infer its
total mass. Using this mass and considering the cluster to be composed
of sun-like stars, Zwicky found that the mass-to-light ratio of this cluster
was significantly larger than the solar one, thus that the total mass of this
cluster was much bigger than it would be if one only considers the visible
constituents (sun-like stars) to compute it. He thus showed that there is
some missing (invisible) matter, called dark matter.

At the scale of galaxies, Rubin, Ford and Thonnard [16] showed that
galaxy rotation curves were not behaving as expected beyond the galaxy
boundaries. Let us consider a spherical distribution of radius R. The cir-
cular motion of a star in it has a tangential velocity v; given in terms of
the centripetal acceleration a. as v? = a.r = Gy M (r)/r for gravitational
interactions, with G the Newton constant and M (r) the mass in a sphere
a radius r. For r < R, one has M(r) ~ r® and thus v; ~ 7. One observes a
linear dependency of the circular velocity of stars inside galaxies with the
distance, as predicted. However, for distances larger than R, one expects a
Keplerian fall-off v; ~ r~1/2, while one actually observes a rather constant
trend. This suggests that galaxies are embedded in a halo of dark matter
which, by its gravitational effects, prevents a Keplerian fall-off.

Returning to galaxy clusters, the gravitational-lensing study of the Bul-
let cluster collision [17], shows the distribution of dark matter. The mass
distribution of the hot ionised intra-cluster gas (detected by X-ray emission)
of both clusters clearly shows that it underwent a collision. On the contrary,
the galaxy clusters (optically observed) just pass through one another as it
is very unlikely that collisions between stars occur; they are thus located
at a different position than the intracluster gas. Since one observes that
the dark matter distribution follows theses collisionless galaxy clusters, it
implies the same feature for dark matter [18]. Note that dark matter being
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collisionless still allows a dark-matter self-interaction as large as the strong
interaction for a DM mass of O(1) GeV [19].

Could dark matter simply be made of baryonic matter? Timely struc-
ture formation is a strong requirement for non-baryonic dark matter, since
baryonic matter by itself could not succeed to create the currently observed
large-scale structures on time. Indeed, as explained in [20], until recombina-
tion, photons and baryons are tightly coupled and share the same pattern of
inhomogeneities. The study of the Cosmic Microwave Background (CMB)
anisotropies at recombination thus provides information on matter inhomo-
geneities, which clearly indicate that the density perturbations are small
enough to still be in a linear regime. In that regime density fluctuations
grow linearly with the scale factor of the Universe. From recombination
until today, the scale factor, and thus the inhomogenities, become 1000
times larger, which is still insufficient to obtain the structures with high
overdensities as one observes nowadays. However, if one adds non-baryonic
dark matter in the recipe, then since it is dark (interacts very feebly with
light), it decoupled from the photons well before recombination, thus al-
ready allowing perturbations to grow much earlier.! Then at recombination,
baryons can fall into the deep gravitational wells, previously induced by
non-baryonic dark matter. With much higher density fluctuations than it
would be with only baryonic dark matter, these inhomogeneities then have
time to grow enough to yield the observed highly non-linear structures.

As a cosmological evidence of non-baryonic dark matter, the latest re-
sults of the CMB analysis from the Planck mission provide €2, = 0.3153 +
0.0073 and Qph? = 0.02237+0.00015, with h = Hy/100 km~'s Mpc, where
Hy = 67.3640.54 km s~ 'Mpc ! is the current value of the Hubble param-
eter given by Planck mission [4] . The density parameter Q; = p;/p. is de-
fined as the ratio of the present energy density p; to the critical density p. =
Prad T Pmat + pA, derived from the Friedmann equations (with the cosmolog-
ical constant A absorbed into the energy density term pp), defined as the
energy density required to obtain a flat Universe: p. = 3HZ/(87Gx) [18].
Regarding DM abundance, it is found to be Qcpyh? = 0.1200 4 0.0012.

Combined constraints from the mass function of the galaxy cluster
and Lyman-« forest data analysis provide €, = 0.34f8:(1)3 for a flat Uni-
verse [21]. Comparing the measured ratio of the abundance of hydrogen
and deuterium to the BBN predictions, one obtains the baryonic matter
density Qyh? ~ 0.0205 & 0.0018 [22]. Then, taking h? ~ 0.5, one obtains
Qcom ~ O — Qp ~ 0.25, more or less like from the Planck mission results.

As a final remark, non-baryonic particles, like SM neutrinos, thus non-
exotic particles, could only make up a negligible portion of dark mat-
ter, as they would be hot relics (decouple from the thermal bath when
still relativistic) and would thus erase small-scale inhomogeneities by free-
streaming. This would result in a Universe with only large-scale structures
and would suggest a top-down approach, where big structures fragment into
smaller one, to explain the observed small-scale structure in the Universe.
Observations tend to favor the opposite (bottom-up) approach of structure
evolution [20]. For this reason one believes DM to be mainly made of cold
DM particles.

!This also indicates that dark matter should be cold, thus non-relativistic when
decoupling from the thermal bath, in order to not free-stream and erase their own per-
turbation seeds.
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3.2 Thermal relic density of cold dark matter

Let us see now how to compute the relic abundance of a cold dark matter
species produced thermally in order to match the observed result. Let us
first define some important quantities in terms of the phase-space density
f(&,p,t), the evolution of which is described by the Boltzmann equation.
The FLRW metric being homogeneous and isotropic, it is enough to con-
sider f(E,t) or f(|p],t). One can then define the particle number density,
energy density and pressure for a species i, respectively, as [23]

m = s [ 1. (3.1

i (32

. 2
n= s [ s, (33)

where g; is the number of internal degrees of freedom for the species .
For a species i in kinetic equilibrium with the thermal bath of temper-
ature 7', one has [23]

1
U —
(B eEBi—ui)/T £ 1° (3.4)
where p; is the chemical potential for a species ¢ and where fj_q is the
Fermi-Dirac distribution, while f°? is the Bose-Einstein distribution. For

relativistic species in equilibrium, one then obtains [23]

eq % ¢T3 for bosons
M Z 98G5 for formi (3.5)
1379 or fermions,
P04 = %91‘T4 for bosons 56
' %%giT“ for fermions, :
eq
p‘,sq = pL (37)

1 3 ?

with ¢(3) ~ 1.20206.

Since one is interested in the case of cold dark matter, which decouples
from the thermal bath when it is non-relativistic, the equilibrium phase-
space density for dark matter takes the form of the Maxwell-Boltzmann
distribution [23]:

(B = e (Bi—na)/T (3.8)

For non-relativistic species in equilibrium, one then obtains [23]

miT 3/2 —(my—u;)/T
n;_eq =g ( o > e—(mi—pi)/ , (3.9)
pid = mnd, (3.10)
p?q = n?qT < p?q, (311)

In the rest of this section, one neglects the chemical potential u, a justi-
fied assumption in the early Universe [24]. The energy density (3.10) being
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exponentially suppressed, one can in good approximation only consider rel-
ativistic species, the total contribution of which is given by [23]

2

P = Prad = %Q*T47 (3.12)

Ty 7 Tr\*
b f

where g, is the effective number of relativistic degrees of freedom and where
b and f respectively stand for bosons and fermions species. Another useful
quantity is the entropy density given by [23]

(2 (2 2 5
DD L2 (3.14)

mm%_2%<> Zg(), (3.15)

with g,s the effective number of degrees of freedom in entropy.

Initially, at a temperature 7', DM is in local thermal equilibrium? with
the SM plasma. Then, as the Universe expands and cools down, a smaller
number of particles from the thermal bath can produce DM, thus mak-
ing SM — DM slightly less efficient, implying that DM annihilates more
into SM (npym decreases) until chemical equilibrium is reached again. This
transition from an equilibrium at 7" to another equilibrium at a lower T’
is possible because the expansion rate of the Universe H (and thus the
change of temperature) is slow enough compared to the interaction rate T,
so that the system has time to reach a new equilibrium: having I' > H im-
plies that the change of the system occurs through successive equilibrium
stages. Then, when the temperature of the thermal bath starts to be lower
than the DM mass mpyr, only particles in the right tail of the Maxwell-
Boltzmann distribution can produce DM, favoring again DM — SM, thus
diminishing the DM particle number density npy (therefore T' as well, as
shown below), but with T" still larger than H, so that the equilibrium can
be reached. As the Universe expands, at some point npy will be so low that
T" will become of the same order as H so that DM goes out of local thermal
equilibrium again and decouples from the thermal bath: DM particles do
not see each other anymore and freeze-out occurs. After that, the particle
number density can only be redshifted by the Universe expansion. The evo-
lution of the DM particle number density npy in this out-of-equilibrium
situation, around the freeze-out, is given by the solution of the Boltzmann
equation [25]

dnpwm
dt

+ 3Hnpy = <O”UM¢]>(nglM — TLDM)7 (316)

where (ovpg) is the thermally averaged annihilation cross section, with
Mgl the Mgller velocity defined in [25].

It is usually common to express Eq. (3.16) in terms of Y = n/s [23] to
cancel out the Universe expansion through the scale factor a. Considering

2Thus DM is both in chemical (via annihilation processes) and in kinetic (via scat-
tering processes) equilibrium with the SM plasma.
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an isentropic expansion of the Universe, the entropy per comoving volume
sa® is then constant, therefore one has Y ~ na®, with na® the number of
particles N per comoving volume V/ a®, with V the proper volume. Then
the Boltzmann equation (3.16) becomes [23]

You \ 2
— | -1 3.17
() -1 (347
with T’ = nfj\;(ovme) and z = mpm /7.

This form of the Boltzmann equation puts in evidence the role of the
ratio I'/H mentioned above. Indeed, when the expansion rate is negligi-
ble compared to the interaction rate (I' > H), Ypm follows its equilib-
rium value: Ypy = YS%{' This is because in the case Ypuy > YS%, then
dYpm/dx ~ —T'/H, thus Ypum decreases until Ypy stabilises at the equilib-
rium density Y53, as the right-hand side vanishes. Similarly, when one has
Yom < Y{yy, then dYpy/de ~ T'/H, thus Ypy increases until Ypu ~ Y3
In the opposite case, I' < H, then the right-hand side is approximately
zero and Ypy remains constant until today in an isentropically expanding
Universe with no entropy injection. Indeed, if there is no entropy injec-
tion between the time of freeze-out and now, then the relation Y ~ na?
holds and Ypm remains constant: Ypm(zr) = Yoo = Ypm(z — 00), with
x5 = mpwm/Ty, where Ty is the temperature at which the freeze-out occurs.

The DM relic density is defined similarly to the density parameters
introduced in the previous section as

X dYDM r

Yol dr ~ H

0 Y.
QDMhQ _ PDM B2 — MDpDMN DM B2 — mpmMmsSo 12 978 % 108 mDMY

Perit Perit Perit GeV
(3 1 8)

where one has used the non-relativistic relation p = mn in the second
equality, where the superscript/subscript 0 denotes the present value of the
parameters and where the value of the critical density p. and the current
entropy density sg are given by

3H2 X! ,
pe = ﬁ ————1.05 x 107°h% GeV em ™ (3.19)
TGN

2 0 3 -3

and sg = EQ*STO ~ 2926.44 cm™°, (3.20)
0 7 4
with gy = 2+ Neg g X 2 % T 3.94, (3.21)
x%?-:l

To ~ 2.73K —— 11.92 cm ™ (3.22)

where Neg =~ 3.044 has been used [26].3

A very good analytical approximation, which fits the numerical solution
of the Boltzmann equation best, can be found for z; and Yo, = Y(xzy)
in [23]. In particular, one finds that Y., goes as

10-1%

Yoo v ————
MpM{(TUMg1)

GeV~! (3.23)

3 Neg is used instead of 3 to account for the fact that the neutrino decoupling is not
instantaneous (they thus also enjoy part of the entropy transfer from et decoupling) and
that finite-temperature QED corrections to the electromagnetic plasma (e* and ~) imply
a reduced release of that entropy. [27]
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for a typical value xy ~ 25 [28].

For the particularly interesting case of Weakly Interacting Massive Par-
ticle (WIMP) dark matter, typical weak-scale mass and couplings lead
to [29]

(cvpgl) ~ 1072 GeV™2 ~ 1 pb ~ 3 x 10 26cm? /s, (3.24)

which, when combined with Eq. (3.18) and (3.23) (this gives Qpyh? ~
0.1 x 107?/(0vpmg1)), roughly yields the observed DM abundance. This is
known in the literature as the WIMP miracle. As shown in [30], this miracle
is not peculiar to the electroweak scale. Indeed for other combination of DM
mass and couplings one can still obtain a (WIMPless) miracle and find the
right relic density.

To end this section, let us roughly identify the mass range for a WIMP
particle. Expressing (ovyg) in terms of a dimensionless coupling A, then
by dimensional analysis, an upper bound from the perturbative unitarity
constraint [31] is found to be

A 4
1079 GeV™2 ~ (gupig) ~ —— < ——,\ (3.25)
mpyn Mpwm

therefore leading to mpy < 110 TeV.

A lower bound for WIMP mass can be found from the so-called Lee-
Weinberg limit [32]. As one is interested in a lower bound, one can consider
the case mpy < mz, my. Then a typical electroweak interaction involves
the Fermi coupling constant G ~ 1.17 x 1075 GeV? [33] and mpy, the
mass scale of the problem: (ovyg) ~ 0.1 GEm?,; (taking vy ~ 0.1). Since
for WIMPs, one has (copg) ~ 107 GeV 2, then one finds that to obtain
the right abundance Qpyh? ~ 0.1 or under-abundance, one approximately
requires

> Qpmh? 1079 GeV™2 1078 GeV 2 <10 GeV
- 0.1 <0”UM¢1> G%‘mQDM

)2, (3.26)

mpMm

implying mpy > 10 GeV.

Note that the way of computing the relic density of thermally produced
DM particles demonstrated in this section suffers from three well-known
caveats [34]. Indeed, a more appropriate expression for (ovypg) should be
used when one is in the resonance region, or in the case of co-annihilation or
forbidden channels (which become allowed at some non-zero temperature).

3.3 Direct detection of WIMPs

The possibility of looking for dark matter via direct-detection experiments
was first proposed in [35]. Constraints from DM direct detection can be very
stringent for WIMP DM models. In the case of scalar DM, these constraints
are put into the form of exclusion limits in the plane (ogr, mwmp), with ogr
the spin-independent scattering cross section between the WIMP and the
target nucleon in the experiment. The rules of the game for new DM models
are then to be such that the predicted og; remain below the exclusion limits
from past direct-detection experiments, in order to not be ruled out.

26



DM SM SM DM

/\ DM : SM SM ' DM

SM SM

Figure 3.1: Left panel: scattering process studied in DM direct-detection
experiments. Middle panel: annihilation process studied in DM indirect-
detection experiments. Right panel: DM production process studied in col-
lider searches.

In the centre-of-mass (CM) frame, one can express the relative velocity
as

L. - MWIMP -,
Urel = UWIMP — UN = M—'UWIMP (3.27)
N

. MWIMPN
with puy = E— (3.28)
the WIMP-nucleus reduced mass (the typical mass scale in a two-body
problem) and where the subscript N denotes the target nucleus. Moreover,
for an elastic* scattering process (see left panel in Fig. 3.1), one has |p] =
|p7 |. Therefore, the recoil energy E, of the target nucleus is given in term
of the momentum transfer §= 5 — p/ as [37]

2 2
B, = % - T’;—fjvvfela — cos), (3.29)
with 6 the angle between p and ]37 .

By computing dE,/dmy and d*E,/dm3;, one finds that the recoil en-
ergy is maximised for my = mwmp [37]. If in addition one chooses the
angle 6 for which E, is the largest, i.e. the backscattering angle 0 = m,
one then obtains E"®* = %mWIMpvfel. Moreover, since vy should be be-
low vese =~ 600 km/s ~ 2 x 10~3¢ [38], the velocity beyond which DM can
escape the galaxy (and thus not reach our detector), one then obtains, for
a typical WIMP mass mwmp ~ 100 GeV, that the maximal energy recoil
is B, < 200 keV, implying, via Eq. (3.29), ¢ = |¢] < 200 MeV for the
momentum transfer.

Given that the relative velocity of DM from galactic halo is vy >~ 300
km/s =~ 1073¢, one can safely consider the non-relativistic limit [38]. In
that limit, the product of og, the cross section at zero momentum transfer
q, and the form factor® F%(q) appearing in [39]

a0F?*(q)
43027

do(q) _ 1

2
iz~ M=

(3.30)

with M the invariant amplitude of the process depicted in the left panel
of Fig. 3.1, can be decomposed into a (scalar) spin-independent and an

4Inelastic scattering would require a non-minimal dark sector of at least two dark
species (see for instance [36]), though not necessarily two DM candidates.

5This form factor takes into account the fact that at ¢ # 0, one might not have
q < R;,l anymore and start to probe the inner structure of the nucleus of size Ry. In
the case ¢ < Rx,l, DM interacts coherently with all the nucleons of the target nucleus [38].
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(axial-vector) spin-dependent part [40,41]:
a0 F?(q) = of Féi(a) + 05" Fip(9) (3.31)

where the spin-independent and the spin-dependent cross sections are, re-
spectively, given by [39,42]

s Ay o BX 42 sI
P

where f, ~ f,, is assumed in the last equality, with u, the WIMP-proton
reduced mass and with O'SI = %,ug 37 and

sp _ 3263 GHJ +1
oy = —F—

- 7 lap(Sp) + an<Sn>]27 (3.33)

where f,/, and a,,, are, respectively, the spin-independent and spin-depen-
dent effective coupling of the WIMP to the proton/neutron, Z is the num-
ber of protons, A is the number of nucleons, J is the total nuclear spin
and <Sp/n> is the expectation values of the total spin operator for pro-
tons/neutrons in the interacting nucleus [43].

For a massive mediator mpyeq ~ O(100) GeV, then given the upper
bound found above for ¢, this justifies the usually considered zero-momentu-
m-transfer limit. In that limit, of course, F?(¢ — 0) = 1 and one is thus only
interested in 031 in the case of scalar DM (no spin-dependent interactions)
and thus in UEI, given Eq. (3.32). Note that in the limit of zero momentum
transfer or velocity suppression, pseudoscalar bilinear matrix elements are
suppressed [44], thereby tree-level scattering amplitudes involving fermionic
DM with a pseudoscalar mediator are suppressed. In that case, it is conve-
nient to consider one-loop scattering processes to constrain the model via
direct-detection experiments.

In the papers of this thesis (see Publications section), exclusion limit
from XENONIT, PandaX-4T and LUX-ZEPLIN (LZ) [45-47], all using
xenon as the target nucleus, have been considered,® where for mwmp ~
100 GeV for instance, it requires O’EI < 10746 — 10747 cm?. As can be
seen from Eq. (3.32), the spin-independent cross section is enhanced with
the number of nucleon of the interacting nucleus. Moreover, as mentioned
above, the recoil energy is maximised for my = mwmvp. This is the reason
why among the liquefied noble gases (a suitable choice for direct-detection
experiments [49]), xenon is an excellent choice.

SWhile writing this thesis, first results from DM search via XENONnT experiments
have been released in [48]. The sensitivity curve is nevertheless weaker than the LZ
one [47].
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Chapter 4

Thermally-corrected
effective potential

To compute the power spectrum of the stochastic gravitational-wave back-
ground from first-order phase transition in the early Universe one needs the
thermally-corrected effective potential in terms of the classical background
field ¢b:

V(o) = Vo(dp) + Vew(és) + Vor(és) + Vr(és, T), (4.1)

where V) is the tree-level potential. The quantum corrections are encapsu-
lated in the Coleman-Weinberg effective potential Vow and the countert-
erms Vo which will be the subject of the Section 4.1. Last but not least,
thermal corrections Vr of the effective potential are given in Section 4.2.

4.1 Quantum corrections

In the study of phase transitions, quantum corrections cannot be omitted,
since it has been shown in [50] that they can destabilise the classical min-
imum of the theory and induce spontaneous symmetry breaking. The aim
of this section is to build the effective potential in order to identify the real
vacuum of the theory at zero temperature.

4.1.1 The effective potential

The generating functional Z[J] is defined as [51]
Z1J) = (J, +00|J, —oc) = / Dee'SleI+i] dial@)a(), (4.2)

where J(x) is a classical current or external source coupled to ¢(z) and S[¢)]
is the action. This corresponds to the transition amplitude to go from the
ground state in the far past |0, — —o0) to the vacuum in the far future
|0, — +00) in the presence of J.

While Z[J] generates all connected and disconnected diagrams, it can
be shown that W[.J] = €41 only contains connected diagrams [11]. One
can Taylor expand Z[J] and express it in terms of the Green functions
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G (xy,...,x,) as [11,51]

Z|J] = Z /d4x1 d*z,G™ )(le,...,;E,L)J(:cl)...J(zn)

with G (xl,.‘., n) = (J|T{p(z1) ... d(xn)}J)
an 1 6"Z
B P ey e
Similarly, one can Taylor expand W[J] and express it in terms of the con-
(n)(xl, ..., p) as [11,51]

(4.3)

nected Green functions G
Z ~ /d4x1 (=)G M (1, ... w) T (1) ... I ()

with G (21, ... ,xn) = (JIT{¢(x1) . .. (xn) }T)connected
oW
o em o'W
= ey Ty
As demonstrated in [11], one can express the effective action I'[¢q] as
the Legendre transformation of W{[J]:

(4.4)

iga] = WU - [ daa(@)oula) (145)
. oW I[J
with ¢ = % = (J|¢p|J). (4.6)
From Eq. (4.5), one directly obtains the following important result:
6F[¢cl]
— =, 4.7
6¢cl ( )

which indicates that ¢ = (0]|¢|0) = (¢) is the ground state of the theory
in absence of external source (J = 0). Note that the classical’ background
field ¢ should not be confused with the classical configuration ¢tee which
satisfies the classical equation of motion §5/d¢ = —J. It can be shown that
el = Ptree + O(quantum corrections) [52].

In the same way, one can Taylor expand the effective action I'[¢] and
express it in terms of the one-particle-irreducible (1PI) Green functions
™ (zy,...,z,) as [11 51]

T[ga] = / Aoy A, T (@, 3)da() - - el

(4.8)
with T (21, ... 2n) = —i(J|T{p(x1) . .. d(zn)}J)1p1
_ 3" T[pal
5¢C1($1) e 5¢>C1(xn)'

Following the excellent review [51], after performing a Fourier transform of
'™ (z) and ¢q(x), one obtains

Tlga] = Z/H [ 2 )4¢Cl )} (2m) "8 (1 + -+ )T (p, -, )
(4.10)

(4.9)

1t is classical in the sense that quantum fluctuations have been averaged over, as
suggested by the expectation value ( ).
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Figure 4.1: iT(™(p = 0).

Next, considering the theory to be invariant under translations (¢¢(z) = @b,
with Ou¢p = 0), one finally obtains [51]

il = > Lo, — o) [t (411)
n=0

Alternatively, one then can write the effective action for constant back-
ground fields ¢ as

ign = [ ot
— V(o) [ d'z, (412)
where the kinetic part in Leg vanishes for constant fields. By comparing

both expressions for I'[¢], Eq. (4.12) and (4.11), one then finds that the
effective potential can be written as

oo ¢n
Ver(dy) = =D 22T (p; = 0)
n=0
= B
=1 FI;ZF( )(p; = 0), (4.13)
n=0

where (") (p; = 0) contains the 1PI diagrams of any loop order with n
external legs ¢, = (¢) (p; = 0 <> J;; = 0) as VEV insertions, as depicted
in Fig. 4.1.

4.1.2 The Coleman-Weinberg potential

Let us compute the effective potential for the simple case of the ¢* theory,
with the tree-level potential given by

m? 2, A 4
Voo — dp+ @) = 7(¢>b+¢) +E(¢b+¢) ; (4.14)

where ¢ is an excitation around the background field ¢3, with {¢) = 0.
The effective potential at the lowest loop order is obviously obtained by
considering no loop in diagrams from Fig. 4.1. Since the potential (4.14)
only admits two- and four-point vertices, the only allowed terms in the
expansion (4.13) are Fé2)(p = 0) and F(()4)(p = 0), where the subscript
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Figure 4.2: One-loop 1PI polygonal Feynman diagrams, with zero external
momenta, in the ¢* theory. The external lines correspond to the constant
background field or VEV ¢, = (¢), while the internal lines or propagators
correspond to the excitations ¢ around ¢y.

0 indicates that one is at 0'" loop order (tree level). For the V; part in
Eq. (4.1), one then obtains

o Py, .

Vo(ép) = Ver(dr) = i [ (=im?) + J3(=iA)

m
= 7¢12> + Iﬁbg
= V(o + d1)|p—o0, (4.15)

where the minus sign in the Feynman rule comes from the fact that the
potential appears as —Vyg in Leg and where one has recovered the tree-
level potential (4.14) in the vacuum as V().

At next loop order, the only allowed one-loop PI diagrams are the in-
finite series of polygonal diagrams [50] shown in Fig. 4.2. Mathematically,
the one-loop effective potential takes the form [50,51]

Z/ d*p 1 A\p7 /2 "
2m)42n [ p2 — m? + ic

—i d*p o7 /2
S — In|1— 2%/~ | 4.16
2 J (@2n) " [ p? —m?2 + ie (4.16)
where one used In(1 —z) = — >, 2"/n in the last equality. After per-

forming a Wick rotation it becomes

Vig(on) = /(a;%fl [pE +m (gzﬁb)} + ¢p-independent terms, (4.17)

where pg is the Euclidean momentum and where

PPV (¢s) _ d*Vy(o + dy)
do; d¢? 6=0

is the (background-)field-dependent mass. This last expression is obviously
ultraviolet (UV) divergent. With the appropriate set of counterterms, then,
using the dimensional regularisation (which introduces the renormalisa-
tion scale u) followed by the MS scheme, one then obtains the Coleman-
Weinberg part Vow in Eq. (4.1), given by [51]

m(gn) = m® + 56} = (4.18)

m2
Vow(on) = Vikon) = gmgmt(on) (n ™22 - 2). )

In a similar way one can compute the one-loop contributions to the
effective potential when fermions or gauge bosons are coupled to the back-

ground fields ¢y, through their field-dependent masses. The Standard Model
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is a perfect example to illustrate a theory with contributions from scalars,
fermions and gauge bosons. The one-loop contributions to the SM effective
potential are given in the Landau gauge? by [51]

2
VER(01) = Vi sue) = gz S mond(on) [P ) (a.20)

with i € {W*, Z, h, Gy, G*,t} and where one neglected Yukawa contribu-
tions except from the top quark ¢. The bosonic and fermionic degrees of
freedom are encoded in n; and C; are constants peculiar to the renormal-
isation scheme. One has ny+ = 6, ny = 3, n; = —12, n;, = ngo and
ng+ = 2, where the minus sign for ¢ comes from fermion loops.® After
using dimensional regularisation and applying the MS subtraction scheme,
one is left with C; = % for scalars and fermions, as well as C; = % for
vector bosons. When considering Parwani daisy resummation (see next
section), it is more convenient to split the contributions from transverse
and longitudinal modes of gauge bosons, in which case one has Nyyx = 4,

— — — — 1 . .
Nyt = Nzp = 2, nz, =1 and C; = 5 for transverse vector bosons, as well

as C; = % for longitudinal vector bosons.* Finally, mg(qﬁb) correspond to
the eigenvalues of the ¢,-dependent mass matrix.
The scalar part of the SM potential is given by

Vg = —p?|H> + A\ H|* (4.21)

with the SM Higgs doublet defined as

P L (4.22)
\/§ op + h +1iGyp

The field dependent mass of the Higgs field h and the Goldstone bosons
Go, G1,G4 are given by

0%V,
i) = | = G (4.23)
a=0
0%V,
me:(¢p) = 6—G§ - = —1” + Ay, (4.24)
-

where ¢4 denotes all the dynamical fields. The specific value of ¢, which
minimises the potential (4.21) along the h direction is

oVu 2
oh o 0 (Z)b v N ( 5)

2This gauge allows us to get rid of ghosts. Indeed, in Landau gauge and at one-
loop order, ghosts decouple from scalars [50], which are the only background fields one
considers here.

3To understand why, in Landau gauge, one has the degree of freedom of massive
gauge bosons together with Goldstones, see the appendix in [53]. In particular it is shown
that talking about degree of freedom ny,nz for the massive gauge bosons is a abuse of
notation; the fortuitous correspondence between the value of ny,nz and the number of
polarisation states is not true in every gauge.

It both cases the number of degrees of freedom is the same: (6 + 3) x 2 =(442)x

P+ x3=%
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which yields m%(v) = 0 as expected. Finally, the masses of W=, Z and ¢
were obtained in the electroweak vacuum in Eq. (2.13) and below Eq. (2.16),
thus for the specific value ¢, = v. The field-dependent masses are then
simply given by replacing v with ¢;:

2 2 2 2
R e (4.26)

To conclude this section on the zero-temperature one-loop effective po-
tential, let us describe the finite-counterterm part Vo present in Eq. (4.1).
The idea of adding this term is to make the effective potential more con-
venient to use for numerical purpose. It is indeed easier to directly use the
one-loop renormalised values in the parameter from the tree-level poten-
tial Vo in Eq. (4.1). Then to compensate further modifications from the
Coleman-Weinberg potential Vow, one introduces finite counterterms en-
coded in Vo in order to keep these modified parameters at their tree-level
values. Vo is finite as the infinities have already been removed when build-
ing Vow [54]. In practice, if one wants for instance to keep the value of the
VEV and mass unchanged in the present vacuum v, Vor has to satisfy the
following conditions, respectively:

7] 0?
—(Vew + Ver) =0 and —(Vow + Vor) =0. (4.27)
I%p Pp=v 8¢b dp=v

4.2 Thermal corrections

When studying the phase transitions in the early Universe, the temperature
of the ambient plasma is such that it cannot be neglected as this thermal
medium will impact the physics of the studied processes. The paradigm
used to incorporate such thermal effects is thermal quantum field theory
(TQFT).

4.2.1 The thermal effective potential

In relativistic quantum systems, the number of particles is not fixed because
annihilation and creation of particles are possible. It is thus suitable to work
in the grand canonical ensemble, in which the system can exchange particles
and energy while keeping the temperature 7', volume and chemical potential
w fixed [55]. In quantum statistical physics, the density matrix in the grand
canonical ensemble is defined as [55]

p= e*B(H*Zi H'iNi)’ (4.28)

where 4 runs over the different species and 8 = 1/T'. In the following, one
will consider for simplicity the case of real scalar fields ¢, which thus have
no conserved charge (1 = 0).

The partition function Zg is given as the trace of p [55]:

Zs = Telp] = Tr [e™PH] = 37 / dbaldale|da),  (429)

where one sums over all the states ¢, and where |¢) is the eigenvalue of
the field operator ¢: ¢|¢p) = ¢|¢). This last expression should remind us
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quantum field theory, where a typical transition amplitude from an initial
state |¢4) to a final state |¢p), with a time-independent Hamiltonian H =
[ d3xH can be expressed as [14]

(Gple="111 | ) / D ¢

_ C/Dqﬁ ot Jo! dt [ &z L1g.014)

o(tf,T) z
/Dw/ (t:21=0( )ch ¢ifo” dt B (xdo-Hom) (430)
)=¢a (%)

where C' is a constant coming from the Gaussian integral over 7 and where
one integrates over all path ¢ with end points ¢(0, ) = ¢4 (Z) and ¢(ts, &) =
¢p(Z). Taking the lower and upper boundaries in the time integral as —oo
and +o0, respectively, one recovers the generating functional Z[0] from Eq.
(4.2).

Therefore there is a way to express the partition function (4.29) only in
terms of fields by using Eq. (4.30) with the following changes:

¢a(T) = op(T)

it=T (itf — 6) } = ¢(07f) = Qb(ﬁaf) (431)

One thus obtains a path integral formulation for the quantum-statistical-
physics partition function:

Zg = / Dr / D eI dr [ (x0-6-Hlo.x)
periodic

=C D e~ [fdr [ Bz Lpl,0-9]
periodic
=C D¢ e~E, (4.32)
periodic
where periodic indicates that the integration path should satisfy ¢(0, %) =
(B, Z). This comes from the fact that the initial and final states are iden-
tical (¢q = ¢»), which is a consequence of the trace. This last expression
looks like the generating functional Z[0] (see Eq. (4.2)) in QFT in the
Euclidean spacetime (after a Wick rotation) and with the imaginary time
T = it compactified along a circle of circumference f.
The fact that the bosonic fields are periodic allows us to express them
as a Fourier series [56]:

400
1 - ,
o(1, %) = 3 Z d(wa, £)e™*™ with w, = 2az7

5 1€, (4.33)

a=—00

introducing the Matsubara frequencies w, defined such that ¢(7, %) = ¢(7+
B, ).

The bosonic thermal Green functions are defined as [55]:

Gp(@ §imm) = ZiﬁTr 0T {6(r1, B)(r2, )]

_ T [ePHT {d(r, )6 (72, §)}]
_ T 7] (4.34)
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with 7-{...} the imaginary time-ordered product. Since 7, commutes with
e PH and one has e ¢(0,7)e P = ¢(B,7), one can show that bosonic
thermal Green functions are periodic in 7 with period 8 [55]:

G, 7.0) iﬁ{Tr [ a(r, 20000, }

- T {1 [e781e81 o0, ) (7, 7)| }

_ Ziﬂﬁ {1 [e2(5, §)o(r, 1) }

- Ziﬁﬁ {Tr[eo(r. )08, 9)| }

— Gg(3, 7;, )’ (4.35)

where one used to cyclic property of the trace in the second line and the
freedom of commuting scalar fields within 7,{...} in the fourth line.

The periodicity of Gp imposes the same periodicity for the bosonic
fields, confirming the result previously obtained: ¢(0, Z) = ¢(3, ¥). Similarly
it can be shown that fermionic thermal Green function are anti-periodic
in 7 with period 3, thus imposing anti-periodicity for fermion fields [55]:

¥(0,Z) = —¢(B,%). The latter can then be expressed similarly to boson
fields as a Fourier series but with the Matsubara frequency w, = (2a +
1)mw/B.

The one-loop effective potential from TQFT for the ¢* theory, is ob-
tained in the same way as for Eq. (4.16), that is by summing the same
diagrams as in Fig. 4.2, but by using thermal Green functions defined
above instead. In practice, in the imaginary-time formalism, it amounts
to consider the following substitution [57]

i . 2aZ for bosons
- =iw ith w, = P )
/ o f(p agoof p ) W a {(2& + 1)% for fermions
(4.36)

with p = (p°, p) — pg = (iwa, p). This then leads to
dB3p 1 G2 /2 "
B p b
Ve () —ZZ Z /(27T 39 [_wg_ |;5]2—m2+i6]

= % Z / (27:))3 In [w2 + wg] + ¢p-independent terms (4.37)
a=—00

with w? = |p]? + m?(¢). Computing the infinite sum and keeping only the
¢p-dependent terms, one obtains [51]

Vi () = /(3371;3 (% + %ln [1- e—ﬁwD : (4.38)

where it can be shown [51], via the residue theorem and a Wick rotation,
that the S-independent part is nothing but the effective potential V;lﬁ(gbb)
that one found in Eq. (4.17):

3 w 4
/(;iTP;i*E - %/%m [ + m(g)] (4.39)
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m=-12 \

Figure 4.3: One-loop self-energy diagram.

Regarding the S-dependent part of Eq. (4.38), one can massage it using
spherical coordinates and the change of variable = §|p], to obtain the
thermal part Vp in Eq. (4.1):

dp 1
Vet = [ Gtmgin[1— o] = s aslm (o) (4.40)
with Jp [52m2(¢b)] E/ dz 2% 1n [1—6_ @ +B2m2(dp) |
0
(4.41)

More generally, for the Standard Model, the one-loop S-dependent part
is

1
‘/e%lSM > ViM(gy) = 2n251 Zi:”iJB/F[ﬁ2mzz(¢b)] (4.42)

with Jg,r [8°mi (¢p)] = / dr z*In [1 F e VEHEmIG) | (4.43)
0

with i € {W, Z, h, Go, GF,t}, m?(¢) the eigenvalues of the field-dependent
mass matrix and Jp,p [Bme(gzbb)], respectively, the thermal function for
bosons (—) and fermions (+). It is common to expand these thermal func-

tions in the limit of high temperature —(f)—”) < 1, thus obtaining [58]
wnr (12(00) L m() 2(90)\*?
Jhigh-T (T Pp) T T mmi(dy) 7 (mi(dy)
B T2 - T2

45 12 T2 6
—%(mﬁf”)) N [m2<¢b>/T2]7 (148

fﬁgh—T(M)z % ™ mi(gy) 1 (nigwb))"’ln {m?(asb)/w}’

r T2 0 24 12 32\ 1?2 af
(4.45)

where a; and ay are constants defined in [58]. Note that these two expres-
sions mainly differ by the presence of a cubic term in ¢ for bosons while
such a term is absent for fermions. We will look at this cubic term more
closely in the coming subsection.

4.2.2 Daisy resummation

Returning to the ¢* theory, the one-loop correction to the two-point func-
tion is diagrammatically defined by the one-loop self-energy diagram de-
picted in Fig. 4.3 [55]. Using TQFT Feynman rules (4.36), this translates

into
I = —12 <_Z )ZT Z / (27)? —w2 — Izlﬂz—m2
T 2_:/ w2+w2 (4.46)
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~

Figure 4.4: Two-loop corrections to the mass. The left diagram is the figure-
eight diagram while the right one is the sunset diagram.

Again, by computing the infinite sum, one eventually obtains a T-independ-
ent and a T-dependent part. The former gives rise to UV divergences which
were already taken care of by a mass counterterm (when constructing the
Coleman-Weinberg potential in the previous section), such that the renor-
malised part vanishes, thus leaving the T = 0 mass m unchanged [55,59].
The renormalised II; is thus only given by its T-dependent part [55]:

N[ dp1 1
et = = | — - ——. 4.4
! 2 / (2m)3 wew/T — 1 (4.47)

Working in the high temperature regime m/T < 1, one can consider
the massless limit m — 0 (w — |p]) in (4.47), and obtain, using spherical
coordinates,

A Iﬁl
ren _ _ 7"
=1 / AP T —

AT?
= 4.48
. (1.48)
where one used the change of variable z = |p]/T and the relation between
the Riemann zeta function ¢(s) and the gamma function I'(s) for Re(s) >

1 [56]:

/OO dx v = ((s)T'(s)

= / d:r 6 for s = 2. (4.49)

At next-loop order one obtains two diagrams depicted in Fig. 4.4: the
figure-eight (or one-petal-daisy) and sunset diagram. The former scales as
A2T3 /m, while the latter scales as A>T? [58]. Therefore the first diagram is
more important by a factor T'/m, which is large in the high-temperature
limit. At each loop order, it can be shown by dimensional analysis that
the dominant contribution originates from daisy diagrams (also called ring
diagrams) [58]. This is why one only considers them in the below analysis.

A N-loop daisy diagram with N — 1 petals translates into [55]

N -3
= l’—~ \'/~‘ d
—@x 3N A =125 T Z / p ~IL )N Dy (wa, PN
(4.50)
. 1 1
with Do(wg, p) = = (4.51)

W w? T G2+ [P +m?
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Figure 4.5: Daisy resummation. Parwani resummation methods considers
any Matsubara mode in the central loop of the daisy, while Arnold-Espinosa
methods resums only daisy diagrams with the central loop being the a = 0
Matsubara bosonic mode.

—————————— —_— ————‘————

Figure 4.6: Daisy resummation. Replacement of the free finite-temperature
two-point function by the dressed one.

where the combination C? = 3! comes from choosing two legs among the
four legs from the four-point vertex and connecting them to make a petal.
The factor 2 comes from the two ways to connect the two remaining legs to
the adjacent vertices on both sides. Note that for N = 1 (no petals), one
recovers the one-loop self-energy diagram from Fig. 4.3, as expected.

In the massless limit, while each petal II; is IR safe, the contribution
from the main loop yields an IR divergence for the bosonic mode w, = 0:

1
3, N
/d P Dy /d\ﬂWTl)- (4.52)

This IR divergence from the a = 0 bosonic Matsubara mode in the main
loop arises for N > 1, that is for the presence of at least one petal. The
perturbative expansion breaks down as the IR divergence becomes worse as
one goes to higher-loop order, that is when one adds more petals. One can
solve this problem by considering all these daisy diagrams and resumming
them (see Fig. 4.5); one then obtains a finite result as can be shown in the
following;:

o0

D FmYD =) - Yot
N=1 N=0

(4.53)

. . A X d3p 1
I=-12 ) =7 . 4.54
< , 2 a;@/ (27T)3 UJ% + w2 + Hl ( )

This way of resumming daisy diagrams, irrespective of the Matsubara
mode in the main loop, is known as Parwani resummation method [60].
Then, comparing Eq. (4.54) with Eq. (4.46), one clearly sees that daisy
resummation simply amounts to shift to mass m? — m? + II;, that is to
replace the propagator with the dressed one (see Fig. 4.6). The so-called
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Debye mass or thermal mass II; regularises the IR divergence occurring
in the massless limit m = 0 for the zero Matsubara bosonic mode w, = 0.
Regarding fermions, the a = 0 Matsubara mode is non-zero (see Eq. (4.36))
and acts as an IR regulator, thereby there is no need to consider the Debye
mass of fermions.

The value of II; found in Eq. (4.48) can also be easily obtained for
scalars by taking the second derivative of Vp (see Eq. (4.42)) in the high-
temperature expansion, using Eqgs. (4.44) and (4.45). In that limit the ther-
mal part of the effective potential is

T4 7t w2 m2(¢p)
B ~ 2 200 b
Viignr = 5.2 Z" [ 5 TR } ’
4 T2
= Zn [%T + o (m)} (4.55)
RPN W K C.)
hieh T 92 £ 360 24 T2
s T2
= T — —m? 4.
S [ - . (4.56)

for bosons and fermions, respectively. The thermal mass for scalars can then
be found by computing the second derivative of Vyjgnr = Vh?gh_T + Vhfgh_T,
keeping only the ¢p-independent part:

ren O VhighT
Hl = Té
b dp=
o mB(¢b T? &*mi ()
- — np ————= 4.57
24Z P ogr - 48%: " 042 ot (457)

Applying Eq. (4.57) to the field-dependent mass m?(¢p) = m?+A\¢? /2 from
the ¢* theory (see Eq. (4.18)), one obtains IT}*® = A\T?/24 as in Eq. (4.48).

The same technique can be applied in the Standard Model to compute
the Debye mass of the Higgs and Goldstone fields:

T 2
N = g om0+ amblon) + i) + i)
~5 % (12 o)
¢p=0
T2
RhTH (395 + g1 + 8A + 4y7) . (4.58)

Therefore the daisy resummation applied to the Higgs and Goldstone fields
consists in shifting the mass parameter from Eq. (4.21) as —pu? — —pu? +
HﬁM. This yields the following thermal masses:

T2
min (05, T) = —p* + 75 (303 + 91 +8A +4yf) +3X65,  (4.59)
2 T2 2
m (6, T) = —p* + 75 (302 + 91 + 8+ dy) + Aey. (4.60)
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The Debye masses for the longitudinal mode of electroweak gauge bosons is
given by the eigenvalues of the following field-and-temperature-dependent
mass matrix in the gauge basis [59,61]

g5 0 0 0 g5 0 0 0
0 g2 0 0 @2 0 g2 0 011
mionT)=| %0 N R
0 0 93 —9192 0 0 g5 O
0 0 —qigo g% 0 0 O g%
(4.61)
The thermal mass of Wiﬁ is thus
g3 11
%,Vi = 2% +t359 9T, (4.62)
while the thermal masses of Z; and -y, are given by
m2 , T 1
fL(¢b Pl (¢b + —T2> (91 +93)
m'yL (¢b7T) 2 6
g 9 ? |
=2+ + 6T2> (7 — 95)°
= 2 [mh(on) + =57 & VERG, T (4.63)
. 49393 AN
with A%(¢y, T) = ———%=m () + (mF () + E2T°)° | 5—=
G+g3)2 7 d 9t + 95
(4.64)
— 11 5 9
and 2y = F(gl +93), (4.65)

where mZZL(gbb,T) is given by the “4” solution, while m%L(qub,T) is given
by the “—” one. One directly sees that in the limit of zero temperature one
recovers mQZL(qu,T = 0) = m%(¢y) and m2 (¢p, T = 0) = m?,((bb) = 0,
given that this limit yields A%(¢y, T = 0) = m%(¢p). As explained above,
one does not consider the thermal mass of fermions because the antiperiod-
icity of their thermal Green functions provides a non-vanishing Matsubara
mode a = 0. As for transverse gauge bosons, they do not obtain a thermal
mass at one-loop order [62,63].7

Finally, let us mention another resummation method, in addition to Par-
wani one: the Arnold-Espinosa thermal resummation method. It consists in
resumming daisy diagrams with the main loop being only the zero bosonic
Matsubara mode. When applying the mass shift, depicted in Fig. 4.6, in

*Transverse modes of the photon never obtain a thermal mass by gauge invariance [64,
65].
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Vﬁf’l only for the a = 0 bosonic Matsubara mode, one obtains
8.1 - [ &p
. 2
Veff(m( Z/z)glnw—i-w]
d’p 2, 2 T/ d®p 2
— = —1 - 1 IT
QZ/(QW)?,H[%JFW}JFQ (Zﬂ)sn[‘*’jL 1]
P
Z / 2 1n w +w]

+§/ (g]; (ln [o.) +H1} —1In [wQD
= Vit (m*(e0), T)
b3z [ B 15 (i [ + m?(0n) + 0]

—In [|1* +m*(¢)])
= V' (m*(60), T) + Viing(m*(90), T), (4.66)

% ([m2(¢b) + H1]3/2 — [m2(¢>b)]3/2) ; (467)

where the next-to-last equality is obtained via

with Vring(m2 (d)b), T) = —

/ dz 2*In [2? + ] = —%03/2, (4.68)
0

where one dropped the infinite contributions as well as the imaginary part®
in the case of ¢ < 0.

Eq. (4.68) puts in evidence that the cubic term [m?(¢;)]*/? arises from
the zero bosonic Matsubara mode and explains why such a term is absent in
the high-temperature expansion of the fermionic thermal function (4.45),
since the zero fermionic mode does not vanish: wf = T//m # 0. Indeed,
in the high-temperature regime m/T < 1, while for fermions one has the
term In [(wl)? + w?] = In [T?/7? + [P + m?] ~ In [(w{)? + [p]?], which
is independent of m, on the contrary, for bosons, one cannot neglect the
mass m and one obtains In [(w{)? + w?] = In [|p1? + m?].

As explained in [58], under the assumption that the high-temperature
regime is valid, the Parwani” and Arnold-Espinosa resummation methods
coincide (up to ¢p-independent terms) at one-loop order:

Vew (m?(ép) + IL T) + Viighr(m?(¢p) + 1L, T) ~ Vow(m?(¢p))
+ Vhighr(m?(¢), T)

+ V}ing (m2 (¢b) 5 T) .
(4.69)

5This imaginary part can be safely dropped as the process of phase transition, which
is what concerns us in the present thesis, is essentially impacted by the real part of the
effective potential [53,66].

"Note that when resumming daisy diagrams, one replaces the internal lines in Fig. 4.2
by dressed finite-temperature propagators, as in Fig. 4.6. Then, since Vﬁfl contains both
Vew and Vrp, this explains why the thermal mass resummation m2(¢b) — m2(¢b) + I
applies to both of them.
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However, adding Vi consists in resumming daisy diagrams only for the
zero-bosonic Matsubara mode in the main loop, thus making the mass shift
m?2(¢p) — m2(¢p) + 111 only for the zero bosonic mode, which is considered
as the only important (critically dominant) mode in the high-temperature
regime as it leads to IR divergence without the regulator II;. Put another
way, only shifting the mass for the zero bosonic mode implies that one is in
the high-temperature regime, as otherwise there is no reason to prioritise
this mode specifically. If instead of Viien-r above one wants to use Vr (as
in Arnold-Espinosa method (4.66)), to deal with situations outside of the
high-temperature regime, then the justification of only considering the zero-
mode as the most important one, by adding Viing, is not valid anymore, as
one is no longer in the high-temperature regime. Therefore, in the rest of
this thesis, one will only consider the Parwani resummation method.®

An important remark is that in the high-temperature limit one can Tay-
lor expand [m?(¢y) + IJ*/2 = I/%[1 + m2(¢5) /T2 in Viing(m?(65). T)
and obtain

Vins(m2(00). 7) = g5 (10724 210202 (00) = (@) ) (470

where the cubic term %mZ(qﬁb)?’/ 2 is exactly canceled by the cubic con-

tribution —12=m?(¢)*/? from Viighr ~ %J}Egh—T (see Eq. (4.44)). Then
since transverse gauge bosons have I1; = 0, then Vying(m?(¢p), T') vanishes
and the cubic term from Vjjgh1 survives. Therefore, having a theory with
scalars coupled to gauge bosons can help to generate a barrier in the effec-
tive potential and thus to trigger a first-order phase transition [68].

As a final note, let us mention that this traditionally used one-loop
thermally corrected potential Vog(m?(¢p), T), built throughout this section,
suffers from several theoretical uncertainties that it is worth mentioning,
as it can modify the prediction of the stochastic gravitational-wave back-
ground signal. While the T' = 0 one-loop effective potential Vj + Vow, with
Vb containing running couplings, is essentially independent of the renormal-
isation scale u, the one-loop thermally-corrected potential Vi + Vow + Vr
can only be p-independent if one considers two-loop diagrams [69]. More-
over, ignoring the running of couplings can also impact the predicted GW
signal [70]. Then, the effective potential is only gauge-independent at its
extrema, while the field value that extremises it (like the VEV) are gauge-
dependent. However a numerical minimisation to find the VEV provides a
gauge-dependent value of the effective potential at this VEV [71,72]. Nev-
ertheless, there exist different approaches to obtain a gauge-independent
effective potential [71,73,74]. Finally, the dependence on the subtraction
scheme may induce discrepancies in the computed GW signal. A comparison
between the two most used renormalisation schemes, namely the on-shell
and MS scheme can be found in [75, 76]. Taking these theoretical uncer-
tainties into account is beyond the scope of the present manuscript.

8In practice the numerical difference between these two methods is minor at one-loop
level [58,67].
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Chapter 5

Cosmic phase transitions

In the Standard Model, the EW phase transition is a crossover (a smooth
transition) and thus does not generate a stochastic gravitational-wave back-
ground. In this thesis, we are interested in BSM theories in which this cos-
mic phase transition becomes first-order. A first-order cosmic phase tran-
sition is essentially similar to what is happening in the case of a super-
heated fluid. This fluid is still in the liquid phase although its temperature
is beyond its boiling point. It is therefore in a metastable state, because
a large enough external perturbation would make the system going to a
lower energy (stable) state, through nucleation and expansion of bubble of
the new phase: the vapor phase. This phase transition could also happen
spontaneously due to thermodynamic fluctuations as one increases the tem-
perature. If the radius of the bubble is lower than the critical radius, then
the outward pressure inside this bubble of the new phase is insufficient to
overcome the inward pressure from the external environment; the bubble
consequently shrinks and eventually disappears. On the other hand, the
nucleation of bubbles with radius bigger than the critical one will lead to
their expansion, thus converting the metastable superheated phase into the
stable vapor phase.

The aim of this thesis is to study cosmic phase transitions in the early
Universe (at the EW scale), therefore at a temperature such that thermal
effects cannot be neglected. Let us see first how it works at zero tempera-
ture, after which the extension to non-zero temperatures is straightforward.

5.1 Quantum tunneling

This section closely follows Coleman’s paper [77]. Let us consider a typical
Lagrangian density

2
=500 -V =5 (5) -5V, 6

whose potential V(¢) is depicted in the left panel of Fig. 5.1. This poten-
tial possesses two minima, one at the false vacuum ¢ and one at the true
vacuum ¢r. The potential is shifted so that V(¢r) = 0. Moreover it pos-
sesses another zero at ¢, as shown in Fig. 5.1. Although the false vacuum
is classically stable, it will eventually decay by quantum tunneling, thus
making it a metastable ground state. After the Wick rotation ¢t — 7 = it,
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Figure 5.1: Left: Potential V(¢) with one (local) metastable minimum or
false vacuum at ¢p and one (global) stable minimum or true vacuum at
or. At both ¢ and ¢y, the potential vanishes. Right: Inverted potential

—V(9).

one obtains the Euclidean Lagrangian density

1 /0p\> 1 /2 N2
Le=35 (E) +5 (Vo) +V(9) (5.2)
associated to the inverted potential —V(¢). The Euler-Lagrangian equa-
tions applied to L yield the following equation of motion:

0% .\, dv
<ﬁ+v>¢—%. (5.3)

The solution of this equation, which in addition respects the following
boundary conditions
¢

lim ¢(r,7) = ¢p and —

%00 or =0 (5:4)

7=0

is called the bounce ¢(r,Z). This name comes from the analogy with the
motion of a particle bouncing off in the inverted potential (see below): the
particle initially starts at ¢ at 7 — —o0, reaches a point where its velocity
vanishes, and then bounces back to reach again ¢ at 7 — 4o00.

The Euclidean action Sg is defined as

Sg = /d496E.CE = /deSx {% (%)2 + % <6¢)2 + V(o)

The integrand Lp should vanish at boundaries to make Sg finite. This
happens if, in addition to the conditions (5.4), the bounce also satisfies

lim ¢(1,Z) = ¢p. (5.6)

|Z|—=+o00

. (5.5)

Indeed, since ¢p is a constant both in 7 and |Z] and V(¢r) = 0, then one
obtains

lim  Lg(¢) = Le(or) = 0. (5.7)

7,|E|—=+o0
In the following, we will show that if one supposes an O(4)-symmetric
version of Egs. (5.3)-(5.6), one can always find a (O(4)-symmetric') solu-
tion, the bounce ¢(p), with p = /72 + |Z|2. This solution is depicted in
the panel (a) in Fig. 5.4.

Tt has been proven in [78] that the O(4)-symmetric bounce yields the lowest Eu-
clidean action; all other bounce solutions can thus be ignored.
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If ¢ is invariant under four-dimensional rotation in the Euclidean space,
one can rewrite the Euclidean action (5.5), using spherical coordinates, as

[e%s) d 2
Sp = 22 /0 ip 7 B (d—ﬁ) + V()

with the solid angle [dQy = 27%2/T(d/2) = 2n? for d = 4. The Euler-
Lagrange equation then yields

, (5-8)

P  3dp v

—_—— = 5.9
dp*  pdp  dé (5:9)

The boundary conditions (5.4) and (5.6) merge into
lim ¢(p) = ¢r, (5.10)

p—rtoo

and in order for the second term in Eq. (5.9) to not diverge at p = 0, one
additionally requires
oy, (5.11)
dp|,—o
If in Eq. (5.9), one interprets ¢ as the position of a particle and p
as the time coordinate, then it describes the motion of a particle in the
potential —V damped by a friction term decreasing with time. For a given
initial position ¢(0) where the particle is released with no initial velocity by
Eq. (5.11), the particle should end its motion at ¢ after an infinite amount
of time (see Eq. (5.10)) where it becomes at rest (¢r being constant, its
derivative vanishes).
If ¢(0) is on the left of ¢ps in the right panel of Fig. 5.1, then it does
not have enough energy F to asymptotically reach ¢r; it undershoots ¢r.
Taking the friction into account makes it even worse as it always reduces

the energy:
2
dE ilz (%) _V}
p dp |2 \dp
_d¢d2¢ dV d¢
~dpdp®*  dgdp
_d¢ <3d¢> dV) dv d¢

dp \pdp dp) dodp

2
_ _% (%) <0, (5.12)

where Eq. (5.9) has been used in the next-to-last line.

If on the other hand ¢(0) is too close to ¢ in —V, then it will overshoot
¢r. It that case, since ¢ is close to ¢r, one can linearise Eq. (5.9) by Taylor
expanding

av. _dv d*v

— +(¢—¢T)d752

%W, , (5.13)

or
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where the first term vanishes because of ¢r being an extremum of V. Using
the fact that d¢r/dp = 0, Eq. (5.9) then becomes

d? +3d v
dp*  pdp  d¢?

)(¢—¢T)=O

oT
d®>p  3dy
—_ T 5= 14
= o3 + i 4 0 (5.14)
. ,  d*V
with @ =(¢—¢r), r=pp and = (¢ —¢r). (5.15)
or

The solution of this differential equation is given in terms of the modified
Bessel function of the first kind I;(r). By using then the initial condition
(5.11) and ¢ at r = 0, one obtains the solution

o(r) = 20(0) Ii(r). (5.16)

r

Therefore if ¢(0) is close to zero, then ¢(r) becomes close to zero as well, for
any 7. For a large enough r, the friction (going as r~!) is then suppressed.
In consequence, when the particle is released after a long “time” r, since
its energy is larger than the one at ¢ and there is no friction anymore to
diminish it, the particle necessarily overshoots ¢p.

By continuity, between these two opposite situations (undershooting
and overshooting), one can always find an initial condition ¢ar < ¢(0) < ¢
so that the particle asymptotically reaches ¢ at rest, thereby one can
always find an O(4)-spherical bounce satisfying the equation of motion.

There are two extreme cases for the bounce solution. The first one
is when both minima of the potential are almost degenerate, then the
difference between the value of the potential at these minima is small:
V(pr)—V(é1) = € < 1. In the particle-motion analogy, the particle should
wait very close to the true minimum ¢r (¢(0) — ¢7) to not lose this small
excess of energy € by friction. It waits until p = R, when the friction term
is suppressed enough so that the particle can asymptotically reach ¢r at
rest. The typical bounce in this thin-wall limit is depicted in the left panel
of Fig. 5.2. One can see in this figure that ¢(p) ~ ¢ for 0 < p < R. This
bounce solution corresponds to the nucleation of a bubble of radius R. Its
value at p — +o0 is ¢ as expected. A boundary, the bubble wall, separates
these two phases. In the thin-wall limit, the width L of this wall is negligible
compared to the radius R. Note that the only region where the gradient
d¢/dp is non-zero is within this narrow bubble wall. In the opposite case,
the thick-wall limit, the particle is dropped from rest already at p = 0 in
order to lose enough energy by friction to asymptotically reach ¢p at rest.
In that limit, one can see from the right panel of Fig. 5.2 that the bubble
wall width is much larger than the radius (L > R).

The tunneling in these two limits is shown in Fig. (5.3). The left panel
represents the case of thin-wall bubbles, where the bubble nucleates with a
value close to ¢ inside it. The blue particle in the figure tunnels very close
to the true vacuum and then classically rolls down via Eq. (5.9) towards it
(indicated by the red arrow). The right panel represents the case of thick-
wall bubbles, where the blue particle appears far from the true vacuum
after tunneling, before classically rolling down towards it.
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Figure 5.2: Left: Bounce in the thin-wall limit (R > L). The inside of the
bubble corresponds to the true vacuum or (symmetry-)broken phase and is
colored in blue, while beyond the bubble wall (colored in green) corresponds
to the false vacuum or symmetric phase. The bubble wall width L

larger than it should for the readability of the figure. Right: Bounce in the
thick-wall limit (R < L), with ¢(0) < ¢r. In both panels the black bounce
is at the nucleation time, while the red one is when the true vacuum is
reached after tunneling.

V() V()
¢m o1 / - dm b1 /
b m‘ P oF tunncli >\
“ling RN\ \

Figure 5.3: Left: Tunneling in the thin-wall limit. Right: Tunneling in the
thick-wall limit. Bubble nucleates (filled blue dot) and classically rolls down
(red arrow) to the true vacuum (red dot). In the case of a thin-wall limit, it
nucleates close to the true vacuum ¢, while it nucleates close to ¢s
thick-wall limit. Note that in the case of a thin-wall limit, the drawing is
exaggerated for the readability as both minima should normally be nearly
degenerate. The red point corresponds to the red bounce configuration in
Fig. 5.2. The filled blue dot correspond to ¢(R) on the black bounce in
Fig. 5.2 in the thin-wall limit and to ¢(0) in the thick-wall limit.

The probability of the false-vacuum decay per unit time I' is exponen-
tially suppressed by the Euclidean action of the bounce: I' ~ e~
details of the how to compute the prefactor is not important here as in
practice, one considers a simple approximation of this prefactor obtained
by dimensional analysis. For completeness, one nevertheless provides the
full form (to show how it is straightforward to obtain the equivalent expres-
sion for thermal tunneling in the next section) for the bubble nucleation
rate per unit time (or decay rate of false vacuum) per unit volume in the
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semi-classical limit (thus in the limit of small %) [79]:
2V
5 [ det [—DE + T om0

()
vo\wn) | ST 2]

1/2
} e M1+ Om)],  (5.17)

with Op = 02 + V2, where det’ means that one omits the zero eigenvalues
of —Og + % and where a contribution /Sg/27h arises from each of the
four zero modes (these modes correspond to translational invariance of the
bounce along each of the four axes in the Euclidean space).

Note that spatially translated bounces extremise the same Euclidean
action, thus for the same Euclidean action Sg, one can obtain many bounces
by translation [77]. In order to obtain the total width I', one then has to

consider
/de e 58 = 758 /d?’x = Ve 9B, (5.18)

which explains why the prefactor in Eq. (5.17) obtains a contribution from
the three-dimensional volume V', hence the factor 1/V for the decay width
r.

5.2 Thermal tunneling

As already mentioned in the beginning of Section 4.2, quantum field theory
at finite temperature is equivalent to quantum field theory in an Euclidean
space with periodicity (for bosons), along the time direction, of period
B = 1/T. Then, while at T = 0, the solution of the equation of motion is the
Euclidean O(4) bounce, then at non-zero T' < R~!, with R the radius of the
bubble, one obtains periodic O(4)-spherical bubble solutions. For 7'~ R™1,
bubble solutions start to overlap and even more when 7' >> R~!. Finally
in the limit T — oo, one obtains a cylinder of bubbles. In that case, each
time slice, or spatial cross section, is a 7-independent O(3) bubble solution.
This evolution of bubble solutions with the temperature is depicted in Fig.
5.4 80,81].

For 7-independent bounces, the four-dimensional Euclidean action Sy
in Eq. (5.5) becomes

1T
Sy = / dr / e [ Ve +veﬁ<¢>b,T)}

- ? (5.19)
with
Sy = / PR E (%;,)2 + Veff(¢b7T)]
[ 2
= 471'/0 dp p [2 (d_p> + Ver(d, T) | (5.20)

the three-dimensional Euclidean action of the O(3) bounce, where the last
line results from the O(3) symmetry and where this time p is defined as p =
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(a) (0) (c) (d) (e)

Figure 5.4: Bidimensional projection of the O(4) bubble solution ¢ of para-
metric equation p? = 72 4 |£|?, for p = R, for different temperatures 7" (a)
T=0,b)T<R Y (c)T~R(d)T>R"; (e) T — oco. The light-
blue region (inside the bubbles) corresponds to the true vacuum, while the
region outside the bubbles corresponds to the false vacuum. The dark-blue
boundary is the bubble wall separating the two phases. To make the picture
clear, the bubbles have been drawn with a thin bubble wall compared to
bubble radius R though this is not necessarily the case. Figure inspired by
the one in [80].

|Z]. Note that in the above equations, thermal effects are taken into account
by considering the thermally-corrected effective potential Vog(¢p, T') derived
in the previous chapter,?2 where the bounce is the background field ¢, =
(¢). Equivalently, when computing the decay rate of the false vacuum at
zero temperature, one can use the result from the previous section (see
Eq. (5.17)) by replacing V (¢) with the zero-temperature effective potential
Veit(dp, T = 0) to take quantum corrections into account.® The derived
equation of motion is then simply

Loy 2d0y _ dVerl6y,T) (5.21)
dp*  pdp dey

The final expression for the decay rate of the false vacuum per unit
volume I'/V is obtained from the expression at zero temperature in Eq.
(5.17), by expressing the Euclidean action Sy of the O(4) bounce in terms
of the Euclidean action S3 of the O(3) bounce and by omitting the time

2As an improvement, one-loop corrections to the kinetic term should also be consid-
ered [82,83].

3Note, however, that, although this substitution is commonly done in the literature
and in the present thesis, it leads to a double counting as one integrates over the fields
twice: once to obtain the effective potential and once leading to the functional deter-
minant in the expression of the false-vacuum decay rate in Eq. (5.17). Moreover this
substitution implies promoting the constant background-field ¢, to a spacetime depen-
dent field configuration to be able to describe the bounce [72]. This ultimately results in
uncertainties in the prediction of the GW signal.
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dependence 7 [80, 81]:

T
V = A(T) €7S3/T

1/2
S\ 32 4 :0]
= 2 e S/T, (5.22)
2nT det’ [_vg + d2Veﬁ»}

where the prefactor T arises from the periodicity of period 1/7" along the
time direction, where det’ denotes the functional determinant omitting

the zero eigenvalues of —V?2 + %}f and where this time a contribution

\/S3/27T arises from each of the three zero modes, which corresponds to
translational invariance of the bounce along each of the three spatial direc-
tions.

In practice, computing the functional determinant in the above equa-
tion is a complicated task. Nevertheless, as a good approximation, one can
estimate the prefactor A(T) by dimensional analysis. Since one has

d? Vgt
de?

=" ~ 77 (5.23)
$p=0

by Eq. (4.57), then one obtains the following expression for the ratio of
functional determinants (being the product of an infinite number of eigen-
values):

2, d?Ve
det [—V + T()lfﬂ

:| 1/2
_ 2n 1/2
%= ~ lim (T—) =73, (5.24)

det’ [_v2 + %} n—oo \ T2(n—3)
b

thereby one can take A(T) ~ T* [81,84]. In practice, when computing the
decay rate of the false vacuum per unit volume from thermal tunneling,

one thus uses r
= Tie%/T, (5.25)

When studying the decay of the false vacuum, one then has to consider
both the above T' # 0 result and the T = 0 result from Eq. (5.17) and take
the maximum of these two quantities [85]:

r {m Fg}
— ~ max

Vv

V'V

() () o]
2 ’ 2

~ max [R—4e—54, T4e_SS/T} , (5.26)

~ max

where in the case of quantum tunneling, R~ arises by dimensional analysis

of the ratio of the functional determinant present in Eq. (5.17), with this
time the typical energy scale chosen to be R™!, the inverse of the radius
of the nucleating bubble, instead of the temperature T'. In this thesis one
assumes that at the EW scale temperature is large enough to always have
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I's > T'4, thus allowing us to only focus on thermal tunneling when studying
EW phase transitions. Note that the formula derived in this section relies
on the assumption 7' >> R~! as explicitly shown in Fig. 5.4, thus justifying
that one has I's > I'y given the last line in Eq. (5.26).

In the following, one considers the typical thermal evolution of the ef-
fective potential in order to define specific temperatures, important for the
study of phase transitions. In the Standard Model, the EW phase transi-
tion is a crossover, which means that the order parameter, here the VEV,
changes very smoothly from a zero (false vacuum) to a non-zero value (true
vacuum). On the other hand, a first-order phase transition is characterised
by an abrupt change of the order parameter, that is, the VEV discontin-
uously goes from a vanishing to a non-vanishing value. The intermediate
case between these two type of phase transition is a second-order phase
transition, as can be seen in the left panel of Fig. 5.5.

Let us now assume a BSM theory in which the EW phase transition is of
the first order. Usually, the effective potential Vog(¢p, T') possesses only one
minimum centered at the origin in the limit 7 — co.* Then, as the tem-
perature decreases, a new local minimum, the EW vacuum, appears but
the one at the origin is still global. At the so-called critical temperature T,
both this new minimum and the one at the origin, separated by a (ther-
mally generated) barrier,® are degenerate. Below that temperature, this
EW minimum is the newly global minimum of Vog(@s,7") and it becomes
theoretically possible to tunnel from the origin (which is now metastable)
to the EW minimum. The phase transition is then characterised by the on-
set of bubble nucleation at the so-called nucleation temperature 7,, (more
precisely defined below). The thermal evolution of the effective potential is
schematically given in the right panel of Fig. 5.5.

When several bubbles nucleate and expand in a Hubble volume, at
some point, some of them will collide with each other, thus creating a
cluster of connected bubbles. For a random distribution of bubbles, the
critical probability for a random point to be in a bubble defines the perco-
lation threshold. Beyond this critical probability, percolation occurs, which
means that an infinitely large connected cluster of (overlapping) bubbles
exists. Therefore in our case a path of bubbles is connecting the opposite
sides of a box of Hubble volume [92]. It has been numerically shown that
for three-dimensional overlapping spheres of equal size, percolation occurs
when the probability for a random point to be in a sphere, or equivalently
the fraction of space covered by spheres, is around 0.29 [93]. Defining P(7T')
as the probability, at some temperature 7', for a random point to be in
the false vacuum, or equivalently not being in bubbles of true vacuum,
then the percolation temperature T}, is defined such that 1 — P(T},) ~ 0.29.
The probability P(T') is usually expressed as P(T) = e /(T), where I(T)
corresponds to the mean number of bubbles whose centers are within a
bubble radius of that random point and whose expression can be for in-

4Thermal effects usually restore the spontaneously broken symmetry. However, other
scenarios do exist, such as the case of symmetry non-restoration [86,87], where a symme-
try, broken at low temperature, is not restored at high temperature or the case of inverse
symmetry breaking [88], where a symmetry, not broken at low temperature, is broken at
high temperature.

®Note that tunneling without a barrier in V(¢) can happen because what matters is
actually to have a barrier in the functional Ul¢(z)] = [ d%[%(ﬁqﬁ)z + V(¢)] which, in
addition to V(¢), also includes a gradient term [89,90].
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Figure 5.5: Left: In the Standard Model, the EW phase transition is a
crossover as it can only be of first order for the Higgs mass satifying
myg < 75 GeV. Initially in the symmetric phase, if for a fixed mpy one
goes down in the figure by decreasing the temperature, then if the oblique
solid line (T' = T,) is crossed, one ends in the broken phase through a
first-order phase transition. If, however, this line is not crossed, there is no
phase transition, only a crossover. The end point of this solid line signals
a second-order phase transition. The three empty points are the result of
lattice simulations, while the solid line is a fit through them. This figure
is taken from [91]. Right: Thermal evolution of the effective potential. Ini-
tially at T — oo (red), the effective potential has one minimum. Then, as
the temperature decreases, the shape of the effective potential evolves (or-
ange) until a new minimum appears (yellow). At the critical temperature
T, both minima become degenerate (green). Below that temperature, a
thermal phase transition is possible. Finally the effective potential is shown
in blue at the nucleation temperature T,,, after which the phase transition
completes.

stance found in [94,95]. Therefore at the percolation temperature, one has
P(T,) ~ 0.71, thus implying I(T,) ~ 0.34, i.e. at T' = T}, 29% of the false
vacuum has been converted into the true one. The percolation tempera-
ture is usually thought as the temperature at which the phase transition
ends, because at percolation time, the phase transition quickly completes.®
In this thesis, one considers fast phase transitions, therefore with moderate
supercooling and without significant reheating; one can thus safely consider
T, ~ T, [85,96,97], thereby making T}, a crucial parameter for the study
of phase transitions in our case. Once the phase transition has ended, the
Universe is in the EW minimum and the position of the latter still contin-
ues to evolve with temperature until it reaches its zero-temperature value
v~ 246 GeV.

The nucleation temperature T}, is defined as the temperature at which

%H“l ~ O(1), i.e. one bubble of true vacuum nucleates per Hubble time
per Hubble volume.” Thus, using Eq. (5.25) and H? = 87praa/(3ME,.a);

SNote that the percolation criterion I(T,) = 0.34 is only a sufficient condition in
a radiation-dominated Universe, which is commonly assumed. Models with vacuum-
domination era requires a modification of the percolation criterion [85].

“For bubbles to convert the false vacuum into the true one, the decay rate of the false
vacuum should compete with the Hubble expansion rate: I' ~ H.
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with praq given in Eq. (3.12), one obtains

T4 S3/Tn — py4

s
— 23 9InH?+4InT,
T,
S5 3
2B ol |—" | —2lng, —4InT,
= T” ! |:45M1:2’lanck :| na !
S3 gx n
— 23 146 — 21 { ]—41 | 5.27
T, " 110675 n[lOO GeV (5:27)

In the literature, it is common for a typical EW phase transition to sim-
ply consider the approximate condition Ss/7,, ~ 140 for determining the
nucleation temperature 7T,,.

To conclude, one can ensure that one effectively obtains a first-order
phase transition in perturbative analysis, by satisfying the following crite-
rion [9,98]:

Av \/Ef\r [v(¢2,Tn)i — v(¢1, Tn)i]” -1

T, T, -
where the VEV in the false and true vacuum are respectively given by
v(¢1,T) and v(¢2,T) and 4 indicates the component of the vector v in the
N-dimensional field space. This is in addition a condition, coming originally
from EW-baryogenesis studies, stating that a first-order phase transition is
a strong one [99,100].

(5.28)
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Chapter 6

Stochastic gravitational-wave
background

The previous chapter has treated the nucleation and expansion of a single
vacuum bubble. The signal one expects to observe from a cosmic phase
transition originates from the collision of several of these bubbles. This
results into a stochastic gravitational-wave background that one hopes to
detect via future space-based GW detectors. The stochasticity of this signal
comes from the probabilistic nature of its source: the nucleation of true-
vacuum bubbles. This implies that the metric perturbation hiTjT (defined
in Section 6.2), responsible for this stochastic GW background, is a ran-
dom variable and can only be studied statistically [101]. The signal from a
stochastic GW background is not coming from a specific location in space
but from all directions and results from unresolved events, therefore defining
a background. The stochastic gravitational-wave background is assumed to
be isotropic, although some small anisotropies can be present, similarly to
the CMB [102]. Therefore, it essentially does not matter in which direction
one is observing it.

In this chapter, we review the important quantities needed to compute
the power spectrum of the stochastic GW background, explain how it is
generated and show how to claim that such a signal is potentially detectable.

6.1 Key parameters

The bubbles of true vacuum evolve in the cosmic plasma, which can be
described by thermodynamical quantities such as the free energy F' and
pressure p. They are both expressed in terms of the partition function Zg,
defined in Eq. (4.29), as [55,56]

F=-ThZy wd p=-jim 5 =—jm S5t = m £, 62

with V' a finite spatial volume and f = F/V the free energy density. Then
it is shown in [56] that

lim f = lim = Vea(on.T), (6.2)

V—o0 V—o00

therefore leading to
p=—Verr(dp, T). (6.3)
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The energy density p, enthalpy w and entropy density s are, respectively,
defined in terms of the pressure p as [103]
Ip Ip

Ip
thus implyingw =p+p=Tsand p=Ts—p

In the following, one considers the bag model, which assumes a non-
interacting (perfect/ideal) fluid of massless (relativistic) particles with a
bag constant e (independent of the temperature) [104-106] and where the
pressure in the symmetric and broken phase are, respectively, given by [103,
106,107]

p=T —-p, w=T

1 1
p(T)sym - gasymjj4 —e€ and p(T)brok = gabrokT4a (65)
. 3 Jp
with a T (6.6)

From Eq. (6.4) one can then derive the following relations for the energy
density:

p(T)sym = asymT4 +e and p(T)prok = abrokT4, (6.7)
4 4
W(T)sym = gasymT4 and  w(T)prok = gabka4. (6.8)

Equations (6.5) and (6.7) are the equations of state in the bag model. In
this model € is given by the false-vacuum energy density, with ¢ = 0 in the
(equation of state of the) broken phase [103]. In the bag model the sound
speed in the plasma, defined as ¢2 = dp/dp, takes the value:

_ Psym . ée
Psym = 3 3
_ Phbrok
Pbrok 3
d d 1
N <_p) = <_p> -, (6.9)
dp sym dp brok 3

implying that the sound speed in the plasma in both phases is the same
and constant in the bag model: ¢2 = (¢&™)? = (cP*k)2 = 1/3. This is the
value of the speed of sound for a relativistic plasma.

In the ultrarelativistic limit 7//m >> 1, the thermal part of the ef-
fective potential dominates and one only considers the first term in its
high-temperature expansion (see Egs. (4.55), (4.56)). Therefore the pres-
sure p = —Veg(¢pp, T') is given in that limit by

Z B—+ F;gﬂ
Z PEDY —nF‘| , (6.10)

where remember that np is negative. Therefore, given Eq. (6.6), one obtains

2 7
0= [XB:n3+XF:§|nF|}, (6.11)
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thus implying asym > aprok as in the broken phase one loses some relativistic
degrees of freedom since particles obtain a mass m due to the Higgs mech-
. . 3 .

anism, with m > T for some of them. Note that one has a = %59, since
one is at equilibrium (7; = T'), with g, defined in Eq. (3.13). Therefore, Eq.
(3.12) yields praq = aT*.

The cosmic plasma is characterised by its energy-momentum tensor
TEA™2 For a perfect fluid, it is given by [24]

1
Tﬁll,asma = WUy, — PYuy with u, =~(1,7) and y= ——, (6.12)

VI[P

the four-velocity and the Lorentz factor, respectively, and where the trace
plasma .
of Tj,y is

WVest(p, T
40 = TPA™ g = w — dp = p — 3p = AVegr(¢, T) — T%, (6.13)
with @ the trace anomaly and where p = —Veg(¢p,T) and Eq. (6.4) have

been used in the last equality.

A general definition for the phase-transition strength « is given in terms
of the trace-anomaly difference in both phases Af, normalised to the en-
thalpy w to make it dimensionless [106]:

4 A(Toym)
a(Tym) = = ————222
sy 3 Wsym (Tsym)
— esym (Tsym) - Obrok(Tsym)
prad(Tsym)
1 Tsym 8‘/63
= ———— | Vea(0p, Toym) — =2
prad(Tsym) L H(¢F Y ) 4 oT sym
Ts m a%ﬁ
- Ts m 2 A
eﬂ(¢T7 V. )+ 4 oT brok
1 [ T 8‘/3]
= —  |AVyg— —=A=2 , 6.14
prad(TSym) L ot 4 or Tsym ( )

where the second line arises from the fact that w = p + p = 4/3ppaq
for relativistic perfect fluid. Since Eqgs. (6.5) and (6.7) lead to Ogym = €
and 60k = 0, one then recovers the usual definition of o within the bag
model [103,107]:

4 € €

3 weym(Toym)  asymTeym

Obag = s (615)
where Eq. (6.8) has been used.

The dynamics of an expanding bubble is governed by the competition
between the outward pressure Ap = —AVeg = Veg(dr) — Veg(dr) > 0 and
the friction from the interaction between the bubble wall and the plasma.
By solving the hydrodynamic equations one can obtain different velocity
profiles for the plasma depending on the bubble combustion mode [103].
In the case of deflagration, the bubble-wall velocity v, (in the plasma rest
frame, far way from the bubble) is subsonic (v, < ¢;) and is characterised
by the plasma being at rest inside the bubble and a shock front ahead the
bubble wall, while in detonation mode, the velocity is supersonic (v, > ¢5)
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and is characterised by the plasma being at rest outside the bubble and
rarefaction waves behind the bubble wall. A hybrid (or supersonic defla-
gration) mode, which is an intermediate solution, is also possible. In the
following, we focus on detonation, for which one can take Tgym = T}, [103].
The computation of vy, is a complicated model-dependent task which is be-
yond the scope of the present manuscript. Here, we consider for, simplicity,
a fixed optimistic value v,, — 1.

The kinetic energy fraction of one bubble! corresponds to the fraction of
the energy contained in the bubble that is converted into the kinetic energy
of the plasma and is basically defined as the ratio between the kinetic energy
of the plasma and the bag constant e [109,110]:

3 Emax B 3

gn]ax
K = 2 Plasma _ 2 2 2 1
e [ ag e = S [T e ot 60

with Til';-lasma = wu;uy, (6.17)
while the efficiency factor for the conversion of the PT energy budget into
the bulk kinetic energy of the plasma is given in the bag model by [103]

gmax
ro= = [ dg 2huru(©)?), (6.18)
€V, Jo
where w(§) and v(§) are, respectively, the enthalpy and the velocity of the
fluid. They both depend on the self-similar variable £ = r/t, where r is the
distance from the center of the bubble and ¢ the time since nucleation. The
quantities K and k, are then related to each other via

K:mE
p

€
= K'U—
asym T + €
_ KyOpag

= . 6.19
1+ Qbag ( )

Therefore, the usual relation K = k,a/(1 + «) assumes the bag model to
be valid. A fit of the function ky(vy, @) is given in both small and large
bubble-wall-velocity limit by [103]

6/5 69010

gy o 4V TEOOST e Ve S 6 (6.20)
v = Qbag . .
07370083 /aras Fanas vy = 1

In practice, one uses a from Eq. (6.14) and the fit for x in Eq. (6.20) to
compute the GW power spectrum [108].

Considering that most of the time dependence of the false-vacuum decay
rate per volume I'(¢) /V = A(t)e~%2(®) is in the Euclidean action Sg(t) [111],
then its Taylor expansion around the time ¢, at which the phase transition
completes is given by

@ ~ A(t,)eSE(t)HEt)B (6.21)

!One assumes that the kinetic energy fraction for a single bubble is representative of
the average over the entire plasma [108].
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with [112
- _dSp| _ din(P(®)/V)

p=-— - : (6.22)

tx t

where 87! sets the timescale for the duration of the phase transition. This

parameter should not be confused with 8 = 1/T used in Chapter 4. Assum-

ing an isentropic expansion of the Universe (sa3 ~ gesT3a3= constant), one

obtains dT'/dt = —HT, where dg.s/dt = 0 has been considered as it does

not vary significantly during the phase transition. Then, considering that

the phase transition completes at Tk, the 8 parameter, with Sp = S3/T,
d(S3/T)

takes the form 8

where one normalised it to the Hubble parameter evaluated at Ty, H, =
H(T,), to make it dimensionless.

The strength of the phase transition o and the normalised inverse time
duration of the phase transition 8/H, are correlated in such a way that
a strong PT (large «) is associated to a slow PT (small 3/H,) and vice
versa. This can be seen from the fact that o ~ AV.g (see Eq. (6.14)), while
S3/T ~ B/H, viaEq. (6.23), with S3/T ~ 1/y/AVeg [111]. This last relation
can be found from the definition of S3 in Eq. (5.20): S3 ~ R3>AV.g, with
R the initial bubble radius (at nucleation time). Comparing both terms in
Eq. (5.20), one also obtains (¢/R)? ~ AV.g, or equivalently R ~ 1//AVg,
thereby implying S3 ~ R?AV.g ~ 1/v/AVqg.

6.2 Gravitational-wave power spectrum

Let us briefly derive the expression for the GW energy density and define
the GW power spectrum in terms of it. The following is based on [113]. In
the weak-gravitational-field approximation, one can linearise gravity and
write the metric as g (z) = nu + hu(z) + O(hy)?, where 1, is the
Minkowski metric, while h,, is a metric perturbation with |h,,| < 1. It
can be shown that the quantity E;w = hy — %n#,,h, with h = nHhy,,
satisfies the following wave equation in the Lorenz gauge (0¥ }le, =0):

Ohyy = —167GN T (6.24)

Note that iz#,, is a 4 x 4 real symmetric tensor, with thus 10 degrees of
freedom and that the Lorenz gauge removes four of them. This gauge does
not saturate the gauge freedom. One then considers the transverse-traceless
(TT) gauge (in which izlw = huw):

huo =0, h;=0, ;h; =0, (6.25)
which further removes four degrees of freedom. Therefore in the end, one is
left with 10 — 4 — 4 = 2 degrees of freedom, the so-called + and x modes,
with amplitude hy and hy, respectively. When in the Lorenz gauge, the
GWs in the TT gauge are obtained from the spatial part of the plane wave
huw by applying the TT-gauge projector Ay - h;g-T = A,-j,klhkl.

In the quadrupole approximation (one only keeps the leading term in the
multipole expansion), the gravitational-wave mode hiTjT can be expressed
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as

4

BT ~ % / BT (ot — 1) (6.26)
2Gy

= == Qij(t — ), (6.27)

with the retarded time t —r, r = |Z|, where Tj; is the shear-stress part of the
matter energy-momentum tensor and where Q;; is the quadrupole moment,
which basically characterises any departure from spherical symmetry.

To study how GWs curve the background spacetime, one promotes the
background metric 7, to a dynamical one: 7, — 7., (). Then it is pos-
sible to rewrite the Einstein equations in such a way that Ty, the energy-
momentum tensor associated to the gravitational waves, is appearing on
the right-hand side. It is expressed as

1
TH = ———(9"hP 9" 2
b = 3pn (00 hag), (6.28)

where ( ) is the spatial average over several wavelengths [114]. One then
obtains the GW energy density via

1 .o
— 700 _ ap
e = T = g (1 ha) (6.29)

Since the energy momentum tensor of the gravitational field Tgw only de-

pends on the physical modes hiTjT, one can rewrite the above equation as

1 N
Pgw = 35— an <h;5.Th;ij> (6.30)
1 ; :
= ———(h} +12). 6.31
1671’GN< + + ><> ( )
One can finally write
o = [ f 2 — s [ dtng (1) (6.32)
& dln f ’
where the GW power spectrum is defined as [107]
1 dpgw
Q = ——=0 6.33
cwif) Prot d1n f ( )

After the gravitational waves have been generated in the early Universe,
they are only affected by the expansion of the Universe. To compute the
GW spectrum today, one then needs to take this redshift into account. The
isentropy of the Universe implies sa® ~ g4,T3a® = constant and thus

Qs Ty [ gxs,0 13
o 2 228 6.34
ap T < 9s ) 7 (6:54)

where the subscript * means that the paramters are evaluated at the time
of GW production and where one used the fact that g, = g«s at the EW
scale. The Hubble parameter at the time of GW generation H,, redshifted
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to today, is given by

Qe 83 1/2
hy = a_OH* = TO(g*s,U)l/S <—> gi/GT

9012
~ 5.05 x 10732¢%/5T,
/6 T
~ 1. 107° H ( I ) L .
05> 10" Hz (755) 100 Gev (6.35)
where one used
8mp 8T Prad
H?=—L ~ 6.36
XkB=1 «
Ty ~ 2.73K —— 2.35 x 10712 GeV, (6.37)
x1/h=1
1GeV —— 1.52 x 10** Hz (6.38)

and where g5 >~ 3.94 is computed in Eq. (3.21), while p,aq is given in Eq.
(3.12).

The peak frequency today fy is obtained by the redshift of the peak
frequency at the time of GW generation fi:

L, _ay £ B
fo= T = T HL o

~ 5 f* ﬂ T* G« 1/6
165> 107 (5)(?) <m> ({5) - ©39)

while the redshift of the GW power spectrum is given by

4
Ay
0= s -
Pgw, Pgw,* <a0>

=0 _ Ldpewo _ pe 1 dpges ()" _ o) a.)’ (6.40)
CWOZ o din S  peps dlnf e W \a)

For p. =~ prad, one can thus express the present GW power spectrum as

) . (100\"
h2Qaw.o ~ 1.67 x 10 Qaw s, (6.41)

9x

where one used

a:\ ! praa T (g 2 100\ /3 1
a) pe  OW0) R 10013 pe

1 1/3
~1.67 x 107572 <@) (6.42)
Gx
3M? 3M?
with p. = L H§ = = [100 h km s Mpe ']
Y
xh?=1 4
———— 810 x 107*7h% GeV™. (6.43)

Although its wall is accelerating, one single bubble of true vacuum,
due to its spherical symmetry, cannot be responsible of the generation of
gravitational waves, because its quadrupole (and higher-order multipole)
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moments vanish: 2;" = 0 via Eq. (6.27). The key ingredient for a stochas-
tic GW background to be generated from a cosmic phase transition is the
collisions between these bubbles. Indeed this will break the spherical sym-
metry of each of the collided scalar-field bubbles [107]. For bubbles evolving
in a thermal plasma, additional sources of GW production come from the
metric perturbation induced by the plasma: sound waves [8,115] and mag-
netohydrodynamic (MHD) turbulences [116]. These three? contributions to
the GW power spectrum will be reviewed below.

One usually has three scenarios for the expansion of a true-vacuum
bubble [96]. If it expands within a plasma and that the friction from the
bubble-plasma interaction can counterbalance the pressure leading to that
expansion, then the bubble wall will reach a terminal velocity and does
not accelerate indefinitely. If, however, the pressure is too large and/or the
friction is not sufficient to compensate each other, this results in a runaway
bubble wall, which eventually expands at the speed of light. Lastly the
runaway scenario can also happen in vacuum, usually in case of strong
supercooling.

The efficiency factor x4 for the conversion of the released PT energy
budget into the kinetic and gradient energy of the bubble wall (outside the
wall the derivative of the bounce vanishes), is responsible for the accelera-
tion of the bubble. Another part s, of this energy budget is transmitted to
the bulk motion of the plasma. The last part Kiperm iS converted to thermal
energy reheating the plasma; it is thus not a part generating the source of
GW production [118]. As long as the condition

AVeg > APLO + YwAPNLO (6.44)

is satisfied,® the bubble wall keeps accelerating. This happens because the
energy deposited in the plasma saturates and no longer changes the fluid
profile. The excess energy is then transmitted to the bubble wall, thus ac-
celerating the latter. The leading-order contribution to the friction, A Pyo,
arises from 1 — 1 processes at the bubble wall and is given by [119]

1

5 > InrlAmi(6y) (6.45)

2
APro = o1 > npAmE(ey)
B F

with Am?2(¢y) = m2(ér) — m?(¢r) and where a fast enough wall is as-
sumed.*® As for the next-to-leading order contribution to the friction,
YwAPNLO, it arises from 1 — 2 splitting processes (transition radiation)

2A new contribution, from feebly interacting particles, has been recently studied
in [117]. This contribution is more appropriate for phase transitions in the dark sector
and therefore does not pertain to our analysis.

3If one only considers the leading-order friction, this condition becomes AVig >
AP0, as it was originally done in [119]. This leading-order condition has been recently
improved in [120].

4The wall is sufficiently fast so that all particles from the symmetric phase enter the
bubble, thereby no particles are reflected at the bubble wall and no particles from the
broken phase escape the bubble.

®Note that another expression for the NLO term is derived in [121], and results in a
dependence in 42 T*, instead of v, myT?. It consists of 1 — N splitting processes at the
bubble wall, including the 1 — 2 processes from [122]. However, as mentioned in [123],
this alternative expression for the NLO friction seems inconsistent.
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and is given by [122]

YwAPNLO = Y TE Y giniAmq(éy), (6.46)
iev

where the dominant contribution comes from the emission of vector bosons
V gaining mass during the PT and where ~,, and g; are the Lorentz factor
of the bubble wall and the gauge couplings associated to the gauge bosons
V', respectively.

If the released PT energy is not sufficient to overcome the leading-order
friction, the bubble wall reaches a terminal velocity and the released PT
energy is essentially transmitted to the bulk motion of the plasma, thus
leading to

Ky + Ktherm = 1. (647)

On the other hand, in the case AV,g > AP0, the bubble will be in the
runaway regime, unless v, A Pxpo (increasing with the bubble-wall velocity)
is significant enough for the bubble wall to reach a terminal velocity. In this
situation, one thus has

K¢ + Ky + Ktherm = 1 (648)

. Oleff Qeff
with kK, = %Hcﬁ‘, Ktherm = (1 — Iicﬁ‘)%, aeff = (1 — Kg). (6.49)
where ke is an effective ky: Ko = Kp(@ = Qefr), With k, given in Eq.

(6.20). As for kg4, defining Req as the radius at which the bubble wall stops
accelerating and reaches a terminal velocity, it is expressed as [124]

1— a?.o for R, < Req
e 2 (6.50)
Lo {1 o () } for By > Req

with R, the average bubble radius at percolation time, vy = vYu(Ri)
and [96,103]

APo T
Prad N 24praq

Ao =

> npAmE(ey) — % > nﬂAm%(@)} . (6.51)
B F

As mentioned earlier, one contribution to the GW power spectrum Qgw
comes from the (bounce) scalar field or bubble collisions. This is usu-
ally computed using the so-called envelope approzimation [107,125-127]
in which the energy is stored in a thin shell near the bubble wall and when
a collision between bubbles occurs, the released energy quickly disperses,
thus making the energy essentially stored in the uncollided part of the bub-
bles; one basically considers that only the energy-momentum tensor T;]FT
of the envelope generates GWs. In this approximation, the collided part of
the wall is neglected; only the shape or envelope of the resulting system
of bubbles matters for the computation of GW generation [127]. This is
depicted in Fig. 6.1. Other models aim to describe the GW power spec-
trum from the scalar field, such as the bulk flow model, which considers
that the collided part continue to propagate [128,129] or simulations from
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Figure 6.1: Envelope approximation. The collided parts of the bubble walls
disappear, only leaving the envelope made by the uncollided parts.

lattice [130], which, in addition, take into account the oscillation of the
scalar field around the true vacuum® [131].

The present bubble-collision contribution to the GW signal is obtained
by the fit from numerical simulation of colliding bubbles in the envelope
approximation and is given by [132]

1 Qeoto(f) = h*Qsr Seal(f) (6.52)

col,0

with

100\ 2 [ HN\? [ kg \2 [/ 0.1103
R2QPK — 1 67 x 1075 i ¢ w 6.53
col,0 % o B 1+a/) \042+02 )" (6.53)

where one recognises the redshifting factor from Eq. (6.41) and where the
spectral shape is given by

2.8
Scol(f) _ 3.8 (f/fcol,O)

1+ 28(f/ feor0)®® (6.54)

. h
with fcol,O = Fifcol,*

~ -5 Jeols\ [ B T, gx \ /6
= Lo HZ( 3 > (H) (100 GeV> (100)
(6.55)

col, 0.62
and Jeol,

= 6.56
3 1.8 — 0.1vy, + 02’ ( )

where feo1« is the peak frequency at the time of GW emission, thus the
frequency at hQQS;f l; and where the present peak frequency fco1,0 is obtained
via redshifting as in Eq. (6.39). Note that the damping of the GW signal
for a large value of 8/H, (fast PT) arises from the fact that the bubble
radius at percolation time is R, ~ 371, as can be seen below in Eq. (6.60).
Indeed, for constant H,, high §/H, means that bubbles collide with each
other when being relatively small, thus creating weaker anisotropic stress
than it would for the case of larger bubbles [133]. This results in a weaker
GW peak signal. Moreover, these weak anisotropies are associated with
small wavelengths and thus high frequencies; this explains why the peak
frequency is larger for larger values of §/H.. Equivalently, since a large
B/ H, corresponds to a fast PT, this means that the bubble nucleation rate
is large, thereby collisions of bubbles occur more frequently than in the

5This is a subdominant contribution to the GW power spectrum as long as the scalar
field mass is inferior to the Planck mass [130].
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case of a slow PT and thus shift the GW power spectrum towards higher
frequencies [134].

As mentioned in the previous section, interactions between the expand-
ing bubble and the surrounding plasma lead to compression waves ahead
the bubble wall or rarefaction waves behind the bubble wall in the case of
subsonic bubbles or supersonic bubbles, respectively. When the sound waves
from different bubbles overlap, the induced shear stress generates gravita-
tional waves. As these acoustic waves pass through one another, they con-
tinue to oscillate, thereby acting as a GW source for a Hubble time” [109],
long after the completion of the phase transition for 371 <« H™!, contrary
to the GW source from bubble collision, which is a short-lasting process.
This is the reason why there is an enhancement factor 8/ H, for the sound-
wave contribution compared to scalar-field one, as can be seen below.

The sound-wave contribution® to the present GW power spectrum is
given by

W Qu0(f) = W22 Sew (f), (6.57)
with [108,136,137]

H* *
Mg, (6.58)

R2QP = h? 3 x 0.687Fyy o120} .
S

where the mean adiabatic index is I' = w/p = 4/3 for a relativistic fluid
(since in that case p = p/3) and where the enthalpy-weighted root-mean-

square of the fluid velocity Uy is expressed as [137]:

_ K Ky
U =1/ — K = . 6.59
=V 1+« ( )

Note that we have corrected the formula in [108] by adding a factor 3 in
Eq. (6.58). Note also that although this factor 3 is present in [136,137], the
factor 1/cs considered in [108] is not present in [136,137]. The mean bubble
separation at percolation temperature R, is defined as” [108]

R. — (87)'/3max{cs, v } (6.60)

5
with ¢s = 1/\/§ the speed of sound in the plasma in the bag model (see
Eq. (6.9)). The parameter ng quantifies the efficiency with which the
shear stress from the overlapping of sound waves can generates GWs and
is numerically found to be ng ~ 1.2 x 1072 [136,137]. Finally, the factor

Fyw 0, needed to obtain the present value R2QPE s defined as [108,137]

sw,0

9s%,0 43 g
Fowo =Q 0<—> Ay 6.61
gw, 0\ o0 (6.61)

where 9 = py.0/pc is the present photon density parameter, with p, o =
0.26 eV cm ™3 [28]. The parameters g, and g, are equal at the EW scale,

"Note that this lifetime corresponds to the one of the GW source, not to the lifetime
of sound waves [109].

8 An analytical sound-shell model is described in [110,135].

9This definition is not valid for slow PTs, with 3/H. ~ O(1) [108]. Moreover R, can
also be seen as the average bubble radius at percolation [138]. Both definitions yield a
length scale of the same order of magnitude.
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while gs0 and gg are different since they are considered after the neutrino
decoupling. Note that in [108,136], they consider gso = 3.91 and only the
photon contribution for go(= 2), while we use gso = 3.94 obtained in Eq.
(3.21) and gg = 2 + Neg 7/8 x 2 x (4/11)*/3 = 3.38. Using p. = 1.05 x
107°h% GeV cm 3 derived in Eq. (3.19), one can then compute Fawo:

(6.62)

9.82 x 10 /100\'/?
Fgw,O S w— ( ) .

h2 G«
Putting it all together, one finally obtains

9.82 x 10°6 7100\ 2 [/ Kpa \?
20peak _ ;2 v
h2QPSS = h 3><0.687T<g*) (1+a>

" H,(87)Y3max{cq, vy} L9

B/V3
2 1/3
~1.23 x 107 (%) ( fod > <1OO> max{cs, vy} T, (6.63)

l1+a s

x 10727

peak
sw,0

while h2QP 15 contains a factor (H./B)? because of an enhancement 3/H.,

where, as mentioned earlier, h2() is only proportional to a factor H. /3,

in hQfo,?é{ translating the fact that sound waves source GW production a
long time after the end of the phase transition. The quantity T corresponds
to the suppression factor due to the fact that after a time 7y, the onset
of turbulence prevents sound waves to source the GW production. In a

radiation-dominated Universe T is given by [124,139]

1 R
T=1-——— with 7o =min |H !, =], 6.64
QTst* + 1 w1 T min [ Uf:| ( )

where 7y < H_ ! is the lifetime of the sound-wave GW source and where
one has T ~ 74w H, when 74w H, < 1. Finally, the spectral shape is given
by [136]

B ; 3 . 7/2
Sl )<fsw,o> <4+3(f/fsw,o)2> (66%)

Dy
with fsw,O = Ffsw,*

~ 26 x 10~°Hz (H*lR*> (55%) (100T€;eV> (1%)1/6

(6.66)

(871')1/3’Uw 5 Zpeak

and  Zpeak = (kR )peak = QWfSW’*T = fown 0.54E }10 ,
(6.67)

where zpeax is the peak angular frequency in units of the mean bubble
separation and is generally close to 10, and fsy,0 is the sound-wave peak
frequency today.

A perturbation of a fluid with a large Reynolds number leads to turbu-
lence. In our case, the Reynolds number of the fully ionised plasma is around
10" at the EW scale, therefore the stirring of the fluid caused by bubble
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collisions leads to MHD turbulence [116]. The shear stress induced by the
chaotic motion of the fluid and by the magnetic field generate gravitational
waves. From simulations it is believed that only a fraction Ky, = €Ky, with
e = 0.05 — 0.1 [96], of the bulk motion is converted into vorticity. Extra
contributions from the fact that, after a time 74, shocks begin to form in
the fully ionised plasma, thus turning the acoustic-wave contribution into
turbulent contribution should in principle increase € [85].
The MHD-turbulence contribution is given by [96,116,118]

W2 Qurb,0(f) = h2QPe ) Sturb (f), (6.68)
with
Ho\ { faane 2 100\ /3
hQQpeak — 3. 1 —4 [ 2= turb "
turb,0 3.35 x 10 3 Tra ps 7 v
1
X 6.69
|:211/3 (1 + 87Tfturb,0/h*):| ( )

and the spectral shape

S b(f) _ (f/fturb,O)3 211/3 (1 + 87Tfturb,0/h*)
tur -
[+ (F/ fruro)] L+ 8mf/hs
(6.70)
. D
with fturb,O = Ffturb,*
_ 1 /8 T g« \ /6
~ 5 [ __* X
~ 280 x 10 Hy- (H) <100 GeV> (100) (6.71)
and  fiurb« 3.5%, (6.72)

where the numerator between the last brackets in the expression of Sy (f)
is added to make fiyb,0 the present MHD-turbulence peak frequency, that
is to have Sturb (feurb,0) = 1 (this explains the presence of the inverse of this
factor in hQijftl; o to cancel it). Similarly to the sound-wave contribution

hQstiil; , the MHD-turbulence contribution h2 fofé( o is enhanced by a factor
of B/H,. Moreover, the explicit dependence of Sty (f) in hy indicates that
turbulence sources the anisotropic stress for several Hubble times [96]. Note
that the contribution to the GW signal from MHD turbulence is not well
understood and is still an area of active research [96,108].

Finally, the total contribution to the stochastic gravitational-wave back-
ground is thus obtained by summing the contribution from bubble collision,
overlapping of sound waves and MHD turbulence. The resulting GW power
spectrum from a first-order phase transition in the early Universe is thus,
at least approximately, a linear superposition of the three aforementioned
contributions:

h2QGW,0 = h2QCOLO + hQQSW,O + hQQturb,U- (673)

To conclude, let us see how the GW signal hZQGWp behaves when one
changes the key parameters «,3/H, and T,. Increasing « increases the
peak of the GW power spectrum hQQ%e\%(O and thus shifts the GW signal
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upward in a plot h2Qgw (f) vs. f. Increasing 3/ H, both increases the peak
frequency fpeak,0 and decreases h? Q%e&}io, therefore the GW signal is shifted
towards the down-right direction. Finally, for a constant 8/H.,, the impact
of an increasing T}, is simply to increase fpeak,0 and thus to shift the GW
signal rightward. However, if one considers the dependency of H, in T,
(H, ~ T?), then hQQgeVE{}(’O increases, while fpeak0 decreases with T5,, thus
shifting the GW signal towards the up-left direction for rising 7, [133].

These behaviours are depicted in Fig. 6.2.

6.3 Space-based gravitational-wave detectors

The advantage of performing observations in outer space is that it avoids
seismic noise which limits stochastic GW background searches below ~ 1
Hz [140]. Space-based laser interferometers such as the Laser Interferometer
Space Antenna (LISA) [10], the Decihertz Interferometer Gravitational-
Wave Observatory (DECIGO) [141], the Big Bang Observer (BBO) [142],
Taiji [143] and TianQin [144] are relevant for the detection of a stochastic
GW background from an EW FOPT.' Indeed, as it has been explicitly
shown in the previous section, the present GW signal from a FOPT peaks
at a frequency fpeax ~ 10758/ H,(T,,/100 GeV) Hz. For a typical fast FOPT
at the EW scale (T,, ~ 100 GeV), one obtains 8/H, ~ 100, thus resulting
in a peak frequency in the millihertz. This justifies the use of GW detectors
such as LISA, whose probed frequency range is around the millihertz. In
this section, we focus on LISA, DECIGO and BBO.

Using a single detector to probe a stochastic GW background is not
efficient as the GW signal is weaker than the detector noise. To overcome
this issue, one usually cross-correlate the output of two or more detectors
with independent noises, as for instance shown in [154]. Actually, techniques
have been developed to be able to detect such a signal with one detector
via auto-correlation of outputs [155-158]. LISA consists of three spacecrafts
forming altogether an equilateral triangle and will perform auto-correlation
measurements, while DECIGO and BBO consist of two sets of triangle
configuration put together like the star of David and will perform cross-
correlation measurements [118]. The stochastic GW background can be
detected by LISA, DECIGO or BBO working for a period tqpg if the signal-
to-noise ratio (SNR) p is above some threshold value pgnrs [68,159]:

2
2 Tobs /fmax df hQQGW O(f) 2
— g Lobs Y (Llewol) )y :
P Ndet S Hz hQQn’eﬂ‘(f) - pthr57 (6 74)

where the range [fmin, fmax] corresponds to the bandwidth of the detectors,
h2Qy ce(f) is the effective noise energy density and where nge is the number
of detectors. In the case of LISA nge; = 1 (auto-correlation), while ngey = 2
(cross-correlation from two networks of detectors) for BBO or DECIGO.
Assuming that the stochastic GW background signal follows a single
power law with spectral index b in the frequency range [fmin, fmax] Probed

“Note that inflation [145,146], cosmic strings [147-149] or primordial black holes [150,
151] can also be responsible for a cosmological stochastic GW background. A stochastic
GW background from astrophysical origin can be generated by compact binary sys-
tems such as binary black hole [152] for instance. Other sources can be found in this
review [153].
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Figure 6.2: PLI sensitivity curves h?Qpr1(f) for LISA, BBO and DECIGO,
with tops = 4 yr and pyns = 10. The black curve corresponds to a typical
GW power spectrum from an EW FOPT. The black dashed curved is ob-
tained by increasing the PT strength «.. The black dotted curve is obtained
by increasing 3/H,, the inverse time PT duration normalised to the Hub-
ble parameter. The black dashed-dotted curve is obtained by increasing the
nucleation temperature T,, while keeping 3/H, constant. If, however, one
considers the dependence H, ~ T2, then increasing T}, leads to the black
dashed-double-dotted curve.

by the GW detectors, one can then express h2Qaw as [159]

b
hQQGW,O = hQQb(fref) (%) ’ (675)

where frof is some arbitrarily chosen reference frequency, whose specific
value is not important as will be seen below. Then Eq. (6.74) can be rewrit-
ten as

—~1/2

e gf ( (F/ fret) )2

2 > p2Qthrs Pthrs a5
W00 fa) 2 10 (fr) = —A2 | [7 I el

tobs
Ndet ~g

(6.76)
One then defines the power-law integrated (PLI) sensitivity curves as [68,
159]

R*QpLi(f) = max : (6.77)

b
thghrs(fref) <é>

where one can see that, given the expression of Qghrs in Eq. (6.76), Qpr1(f)
is independent of fier. The PLI sensitivity curves for LISA, BBO and DE-
CIGO, with pgnrs = 10 and tops = 4 yr, are depicted in Fig. 6.2 [160]. Note
that in reality the GW signal follows a broken power law. Therefore, the
PLI sensitivity curves should be considered more as a qualitative visuali-
sation tool rather than a rigorous way to claim that one obtains p > pips
for the GW signal [118].

In a more recent approach [118,161], the SNR in Eq. (6.74) is rewritten
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as

2 h2QPsek

p Z i/j

bobs/yr 45 h20ys

1/2
with A20P = (R2QIGn20Re") (6.79)
/; oo o SUNS(H) 1

and h2QIJ = {(25, Naetl yT / df 2 6.80
Fis gnaalye [ digag ShE] 680

with 4,5 € {col, sw, turb}, ¢;;j =1 (1/2) for i = j (¢ # j) and where PIS
stands for peak-integrated sensitivity. In this approach, instead of assuming
the GW signal to follow a single power law (S; = (f/ fref)P), one considers
the spectral shape given in Egs. (6.54), (6.65), (6.70). Obviously, the PIS
curves should be updated for any new results about the spectral shapes S;.
For more details about PIS curves, see [118,161].
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Chapter 7

Summary

The discovery of gravitational waves in 2015 spectacularly confirmed the ro-
bustness of General Relativity. It opened a new channel to investigate dark
matter, an unknown matter made of exotic particles, which constitutes 85%
of the matter content in the Universe. Possible first-order cosmic phase tran-
sitions happening in the early Universe may have left a gravitational-wave
imprint that could be detected today. Our current theory, the Standard
Model of particle physics, does not predict such a phase transition, but a
smooth crossover that does not generate such signals. For models of dark
matter which have a first-order phase transition instead, searching for the
gravitational-wave signal is a new way to probe dark matter. In this thesis
we studied different dark matter models, predicting a gravitational-wave
signal that could be detected via future space-based gravitational-wave de-
tectors such as LISA, DECIGO or BBO. Detecting such a signal could
elucidate the nature of dark matter.

In the first publication [162], we studied the most general model of
pseudo-Goldstone dark-matter arising from the complex-singlet extension
of the Standard Model. In this model, the new global U(1) symmetry is ex-
plicitly broken down to a CP-like symmetry stabilising dark matter. Mod-
els involving pseudo-Goldstone bosons are interesting in this regard since
they have interaction proportional to momentum. Thereby, in the limit
of vanishing momentum transfer, the direct-detection cross section is sup-
pressed at tree-level, thus evading the stringent direct-detection constraints
for WIMPs. In the most general model, however, this suppression will only
occur in some regions of the parameter space. We found that the combi-
nation of cubic couplings which yields these blind spots does not provide
a strong enough gravitational-wave signal to be detected. Nevertheless, the
model predicts a detectable gravitational-wave signal in some regions of the
parameter space.

In the second publication [163], we considered the inert doublet model
(IDM), one of the best motivated minimal dark-matter models, in which
the phase transition can occur in several steps, thus potentially generat-
ing a singular multiple-peak gravitational-wave signal. In addition to the
usual one-, two- and three-step phase-transition patterns, we found a new
type of two-step phase transitions where the intermediate phase is charac-
terised by non-vanishing vacuum expectation values for both the Standard-
Model Higgs and the dark-matter candidate. Unfortunately this new phase
transition pattern and the three-step phase transition cannot lead to a
strong enough gravitational-wave signal, while satisfying direct-detection
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constraints. In the end, the gravitational-wave signal is found to be mainly
dominated by single-step phase transitions, which are the only ones that
satisfy the dark-matter abundance constraint from the Planck mission.

Finally, in the third publication [164], we studied phase transitions and
gravitational waves in the two-Higgs doublet model (2HDM), supplemented
with a light pseudoscalar field, allowing a coupling between the pseudoscalar
particles and a fermionic dark-matter candidate. The presence of this light
pseudoscalar allows to explain for instance the CDF W-boson mass mea-
surement [165]. We found that the gravitational-wave signal in this 2HD+a
model is such that it can be potentially detected by future gravitational-
wave detectors. Furthermore, by considering the 2HDM limit, we put in
evidence the impact of this new light pseudoscalar field, showing that the
parameter space giving rise to a detectable gravitational-wave signal is very
different from the one in the 2HD+a model.

Altogether, we showed that a stochastic gravitational-wave background
signal from a first-order phase transition in the early Universe is a poten-
tially important channel to study dark matter, complementary to usual
dark-matter signals such as its direct detection.
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Peatukk 8

Kokkuvote (in Estonian)

Gravitatsioonilainete avastamine aastal 2015 oli silmapaistvaks kinnituseks
iildrelatiivsusteooria oigsusele. See andis uue voimaluse vaadelda tumeainet,
mis on eksootilistest osakestest koosnev tundmatu aine, mis moodustab
85% terve universumi ainest. On voimalik, et varajases universumis toimun-
ud esimest jarku kosmilised faasisiirded jéatsid endast maha gravitatsiooni-
lainete tausta, mida ténapéeval saab detekteerida. Meie praegune teoo-
ria, osakestefiitisika standardmudel, ennustab teistsugust faasisiiret, sujuvat
iileminekut, milles gravitatsioonilainete signaale ei teki. Tumeaine mudelite
jaoks, kus faasisiire on esimest jérku, on gravitatsioonilainete signaali ot-
simine uus voimalus tumeaine uurimiseks. Kéesolevas t60s “Faasisiirded ja
gravitatsioonilained tumeaine mudelites” me uurisime erinevaid tumeaine
mudeleid, ennustades gravitatsioonilainete signaale, mida oleks voimalik
avastada tuleviku kosmoses asuvate gravitatsioonilainete detektoritega nagu
LISA, DECIGO voi BBO. Sellise signaali avastamine voib aidata vélja sel-
gitada tumeaine olemust.

Esimeses artiklis [162] me uurisime iildiseimat pseudo-Goldstone tumea-
ine mudelit, mille saame, kui lisame standardmudelile kompleksse singleti.
Selles mudelis on uus globaalne U(1) otseselt rikutud tumeainet stabiliseeri-
vaks CP-sarnaseks simmeetriaks. Mudelid, milles esinevad pseudo-Goldsto-
ne’id, on huvitavad, kuna nende osakeste vastastikmoju tugevus teiste os-
akestega on vordeline ilile kantud impulsiga. Seetottu on piiril, kus see im-
pulss on null, otsese detekteerimise ristloige puutasemel alla surutud, mis
aitab véltida rasketele norgalt interakteeruvatele osakestele (WIMP) kehti-
vaid otsese detekteerimise piiranguid. Kuid koige tildisemas mudelis esineb
see allasurumine ainult mones parameetrite ruumi piirkonnas. Me leid-
sime, et potentsiaali kuupliikmete kordajate kombinatsioonid, mis selliseid
“pimetdhne” annavad, ei voimalda avastamiseks piisavalt tugeva gravitat-
sioonilainete signaali tekkimist. Sellest hoolimata ennustab mudel avastavat
gravitatsioonilainete signaali mones parameetrite ruumi piirkonnas.

Teises artiklis [163] uurisime inertse dubleti mudelit, {iht paremini mo-
tiveeritud minimaalset tumeaine mudelit, milles faasisiire v6ib toimuda
mitmes etapis, mistottu gravitatsioonilainete signaalil voib moeldavalt olla
mitu tippu. Lisaks tavalistele iihe-, kahe- ja kolmeastmelistele faasisiirete
tiitipidele leidsime uut tiilipi kaheastmelise faasisiirde, kus vahepealses faa-
sis on nii standardmudeli Higgsi bosoni kui tumeaine kandidaadi vaakumi
keskvaartused nullist erinevad. Kahjuks ei anna ei see uus faasisiirde tiiiip
ega ka kolmeastmeline faasisiire piisavalt tugevat gravitatsioonilainete sig-
naali, kui lisaks arvesse votta otsese detekteerimise piiranguid. Leidsime,
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et gravitatsioonilainete signaali domineerivad peamiselt iitheastmelised faa-
sisiirded, mis ainsana rahuldavad Plancki satelliidi moodetud tumeaine ti-
hedust.

Lopuks uurisime kolmandas artiklis [164] faasisiirdeid ja gravitatsiooni-
laineid kahe Higgsi dubleti mudelis (2HDM), millele on lisatud kerge pseu-
doskalaarne vili. Selle kerge pseudoskalaari abil on voimalik naiteks sel-
gitada CDF-i W-bosoni massi mootmise tulemust [165]. Me leidsime, et
ka selle 2HD+a mudeli gravitatsioonilainete signaali on pohimotteliselt
voimalik avastada tuleviku gravitatsioonilainete detektorites. Peale selle
uurisime mudeli 2HDM piirjuhtu ning nditasime, et kui kerget pseudoskalaa-
ri méngus ei ole, on mudeli parameetrite ruum, milles esineb avastatav
gravitatsioonilainete signaal, viga erinev 2HD+4a mudeli omast.

Kokkuvottes nditasime, et varajases universumis esimest jarku faasisi-
irdes tekkiv stohhastiline gravitatsioonilainete signaal on potentsiaalselt
oluline voimalus tumeaine uurimiseks, mis tdiendab tavalisi tumeaine sig-
naale nagu otsene detekteerimine.
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