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THE GRASSMANN ALGEBRA OF DE RHAM
CURRENTS ON VECTOR BUNDLE AND TOPOLOGICAL
QUANTUM FIELD THEORY

V.Abramov
Laboratory of Applied Mathematics

1. The abstract definition of infinite dimensional
Graasmann algebra was given by Beresin in the book ({[1]. 1In
order to describe the elements of that algebra, Berezin used
the distributions  on some set M with measure. In this
paper, using the definition of Beresin, the infinite dimen-
sional Graaamann algebra $(E) of the Bermitian vector bundle
E is constructed. Its elements are de Rham r-multi-
gurrents with values on the bundle E. The alternation opera-
tor and functional wedge product for multicurrents are de-
£ined. The idea to construct such an algebra had arisen in
connection with the topological quantum field theory of E.
Witten on four dimensional manifold. The main purpose of the
construction of infinite dimensional Grassmann algebra on
the vector bundle is to describe the fermion part of Witten
theory. It is shown in this paper that generators of the
algebra $(E) can be identified with fermion forms (i.e. the
differential forms with anticommuting coefficients) with
values on the bundle E = P xGG. which coincide with the set

of fermion fields %, ¥, % of Witten theory in the case of
four dimensional manifold. It follows from the construction
of the algebra $(E) that all the elements of Witten theory
such as Lagrangian, supersymmetry current, energy-momentum
tensor and others, which include fermion fields, would be
interpreted as de Rham currents on vector bundle E. It 1is
found what kind of ordinary currents and double currents
correspond to the fermion forms H;, W, which describe the
Donaldson invariants. The special interest offers the
possibility to consider the "differential forms" on the
affine space U of all irreducible connections if we suppose
that elements of the algebra ¥(E) depend on connection w. It



gives the possibility to describe the supersymmetry operator
R of Witten theory in the terms of "differential forms" on
the space ¥ and to define cohomological and homological
aomplexes. That kind of questions are supposed to be consi-
dered in the further paper.

2. The soage of de Rham currents on the vector bundle,

In this section the notion of de Rham current will be
carried from manifold M to the vector bundle E over M. Let
rank E = v, dimM = n andnm : E » M is the projection of the
vactor bundle E. Let us denote by (E) the space of
differential, smooth p-forms with values on E and compact
support. Let ﬂ*(E) be the =pace of all such forms, 1i.e.

= Y87 (E). Following the de Rahm notation let us define
the current on the vector bundle E as a continuous linear
functional on the space Q*(E). The continuity of the func-
tional is defined in the same way as in [2] only one must
use the lccal trivialization of the bundle E instead of
local coordinates on the manifold M. The current T is homo-
geneous p-dimensional current if T(¢) = 0 for o e 3P(E) and
T(¢) = 0 for others o « $°(E). In this paper we azsume that
manifold M is orientable, therefore there is no necessity at
all to distinguish the odd and even currents ({2]). Let us
denote the space of all currents on the vector bundle E by
' (E). This space splits into the sum 2’(E) = ED'P(E) of
homogensous p-dimensional currents. If T e 2'P(E) is a p-di-
mensional current, then the number n - p, where n is dimen-
sion of manifold M, is called the degree of current T.

The arbitrary differential p-form e « 32P(E) will be
locally written in the form

_ o, [3 ;
8. = (o, (x)t (x))dx ", (2.1)
where (I) = (i‘,...,ip) is multi-index and t (x) 1s a local

frame of the vector bundle E. Then the arbitrary current T
on the vector bundle E would be locally written in the form
_ *a

ﬂcc = Tt (x), (2.2)

where t “Ix) is the frame dual to the tﬂ(x)h i.e.
*a, . . _ r

t (XJ(tﬁLx)) = 6°ﬁ and {T }__,
ordinary de Rham c¢urrents on the manifold M. Then we have

= E T (e%). (2.3

is the set of p-dimensional

In the senze of formula (2.3) the space 2°'(E) would be
called the space of currents with values in the dual vector
bundle E*.



However, in this paper we consider only the Hermitian
vector bundie E (or Euclidean). The scalar product on fibers
of vector bundle E 2llows to identify the dual space with
the original space. Therefore the value of the current T on
the form © can be written in the form

T(e) = <T,e>, (2.4)
where <, > is the scalar product on the E. Locally, in the
orthonormal frame, formula (2.4) has the simplest form

T(e) = L T (e, ). (2.5)

There is a scalar product on the space Sz(E) defined

oy the following formula
(o,7) = <o A XT>, (2.6)
where X is star operator on the Riemannian manifold M . Let
us denote by H'(E) the Hilbert space, which is the comple-
tion of the space %¥F(E). It is clear that every form from
B’(E) determines the p-dimensional current on bundle E in

the following way

o+ T (1) = (o,7). (2.7)

In this sense HP(E) < D’P(E). Generally, one cannot unique-
ly associate the current with chain ¢ on the manifold M if
the currents with values on fiber bundle E are under con-
sideration. However, one can associate a q-dimensional cur-
rent T(c o)’ which corresponds to the pair (c¢,®), where c is
chain and © « 8F(E), p + 9@ = dim ¢. by the following way

(c,®) T(c )(r) =J <& AT>, T e s3(E). (2.8)

The currents of that kind are very important in this paper
because of the fermion forms W1 and W, obtained by Witten in
{3} for description of Domaldson invariants.

3. The notions of double differential form, double cur-
rent, r-multiform. r-multicurrent on the fiber bundle E are
considered in this section. Such kind of forms and currents
will be necessary in further sections for the construction
of infinite dimensional Grassmann algebra. We also define an
alternation operator and the functional wedge product for
two multicurrents and prove some topological properties. For
convenience sake, this section is divided into subsections.

a). 1 i = vec-—
tor bundle E. Let E®® - E® E is a tensor product of fiber
bundle E. Then E®® is a vector bundle over base M x M and
its fiber over point (x,y) € M x M is a tensor product of
E o Ey, where is the fiber over x and Ey is the fiber



over ¥ on E, There are two Grassmann algebras 0* and 0* in
manifold’s M x M every point (x,y), which are generated by
differentials {dxf,...,dx"} and {dy‘...,dyp}. Following [2],
we assume that the differentials from the first group
commute with differentials from the second group. Therefore

[dx',dy'] = 0, (3.1)
for every i and j. That assumption allows us to consider the
tensor product Q?xy) = n: ® n:. Let SC(EO') be the space of

smooth sections on bundle E*® with compact support. Then the
space of double differential forms on bundle E is the space
al(”) = 8 (%) ey 0f . The space of double forms
splits into the sum of homogeneous double forms

af(£%) = o 3 (™), (3.2)
Lk o

where the space !:(E°’) consists of the (p,q}-type double
forms (p is degree of form according to x and q is degree
according to y), and p + @ = k. The space of all (p,q)-type
double forms is denoted by $.”¥(E ). Locally. the element

of (EP') can be written in the form

elcc = e?xm_"(x,y)dx‘ndy(”_t“(x) @ tb(Y)' (3.3)
where t (x) ® ¢t (y) is a local frame of the bundle E". The
space Q*(E.') of r-multiforms on vector bundle Ef" = E®...eE
(r-time) is constructed in the quite analogously way. There-

ip...p
fore we bring only the main notations. Let 8_1 '(E&U
to be the space of all (p;,...,p;)—type r-multiforms. Then
we denote by Sf(E‘") the space of (p,...,p )-type r-multi-
forms with p, + + p = k. Locally, the element of
P - P2
z ! r(E&) can be written in the form
41 T 1 7
e\.oc =eu ’___“’\x’ xr)dxx "'dxr N 13.4)

1 T
It is well known ([2]) that there is a tensor product

for two ordinary forms on manifold M which is a double form
on the manifold M x M. That operation of tensor product is
carried over to the multiforms with values on the vector
bundle E The simplest way of doing that 1is to concider

pl... (q‘...

P ¢ q ) -
"(E¥) and x e % (E ).

Then locally the tensor product of forms © and =« 2an be

forms locally. Let © « %

written in the form



e - 2 = (X, 0% ) % (3.5)

b...b X (3 38} [ [

<n? . X )dx .dx T, .dx ;‘..dx"’

CF .t )(xrti"" rea S r T s
1 &

Therafore 8_(E™) - 3_(E™) < 3_(E*""").

b) Alternation. There exists a diffecmorphism on mani-
fold M x M which maps the point (x,y) into the point (y,x).
It coincides with identical diffeomorphism on the diagonal
of M x M. Generally for manifold M - M x...x M (r-time), we
have the corresponding diffeomorphisms which are induced by
the elements of the group of permutaticns S, i.e. if a @ §
thenp : M -+ M, where

P XX ) = (X a2y ). (3.8)
Let o e !"(E.') be an r-multiform. At each point
(%,...,x) @ ¥ that form takes the values in the fiber
Ex‘ ®..®0E , ile. o(x%,5.-.,%) is a tensor-form. So, one
can define a new r-multiform (e®)(x,...,x ), @ @ 8 per-
forming the operation ,0f renumbering the components of
tensor e(x ,...,x ) accordingly to the permutation a. On the

other hand, the permutation a defines the diffeomorphism
(3.8). Finally, we define a new r-multiform a(e) fora « 8,
@ e ':‘(2.') in the following way

a(e) = p'e, (3.7
where the permutation & acts also on t{ensor components of
form e as it was explained above. Thus, the form a(e} is
globally well defined since all operations in its definition
are invariant with respect to the changing of the looal
coordinates in the bundle E°. Then, the alternation
operator on the space I:‘(E.') is the following sum

alt(e) = — L sgna - a(e), (3.8)

: uSr
where sgna is the pariiy of permutation a. Oue can find that
if multitorm © has tha local expression (3.4) then multiform

alt(e) will be written in the form (locally)

alt(e) = -TLsgma - (Fogyr - -»X ) % (3.8)
ot o) oKr )
5 "‘wn’ (!dln,
< dx e dx
It follows from (3.8) that, if o e then alt(e] e

PROPOSITION 3.1. Alternation operator alt : 8 (E™) =
s"(E")is centinuous operator for every kR and r 2 2,



In order to prove that proposition, we remind some
results from [2]. Let BG(M) be the space of smooth differen-
tial forms on M with real values and let {w‘}tel be the
expansion of unit on the manifold M where the support of
function ¥ for every 1 &€ t 1is contained in the 1local
coordinates system u < M. Let 1 (9) be the upper bound of
the modules of derivatives which have the order < p for the
coefficlents of the form where © @ ‘Gc(M). Then, as it
was shown in the [2], the sequence of the forms ©_ converge
to 0 if and only if the sequence 1l p(") oonverge to o for
each 1 and p. That topology can be well defined on the
space Si(E) of smooth differential forms with values on
bundle E and, analogously, on the space SZ(E*) of r-multi-
forms (every step in this construction only increases the
number of coefficients of the form and the number of
arguments on which they depend). The expansion of unit {w.t}

on M induces the expansion .} on M, so the forms
""1(6) got over to v (@) (where © is the form on x.

. .x'lli_rJ and numbers‘ ]_HP(’G) get over to li'l' 'r;"(e)' N;w.
to prove the proposition, we need to show that if on 0,

where € Sk(E.') then alt(en) + 0 for h » w. From formula
(3.9) we have the inequalities

0 %1 _(alt(e )} s 1 . (®.). (3.10)
i's' : '1:-" n mesP i'am' * tournp ")

But all the forms of the finite sum in (3.10) converge to 0
for each set 3, .,J of indices and each p, if h- o

Thus, it follows from (3.10) that 1 p(alt(en)) - 0
PRI

for every i‘...:lr and every p 1if h -+ ®. It means that
alt(eh) 0.

Now, we extend the alternation operator to the whole
space of r-multiforms n'(E") by linearity and we are able
to define the most important thing in this paper - the
functional wedge product of multiforms. Let © € ﬂg(E") and
E - Q'(E"). We define the functional wedge product of two
multiforms by the following formula

e Ax = alt(e =), (3.11)
where c¢n the right side of the formula (3.11) we mean the
tensor product of the forms © and ». It is clear that @ Ax e
€ ﬂ*(E.".).



¢) Double currents and multicurreuts of the bundle E.

The continuous linear functicnal L on the space 0*(E.z)
@*(E®)) of smooth differential double (r-multi-) forms with
compact supports is called the double (r-multi-) current on
the bundle E. Sometimes, we shall indicate the points of
M (M) on which current L depends, i.e. L(x,y)(L(x s X))
The space of all double currents (r-multicurrents) is de-
noted by D'(E‘a)(D'(Eer)). The topology can be defined in
the same way as it was defined in D’ (E) [2]. The space of

all r-miiticurrents spiits inte the =un of h.omogeneous cur-
rents
s P, ...Pp >
D(E)=pD ° (E ). (3.12)
We also consider the spaces
R P
2“E") =g 2 (E7). (3.13)
.+pr=k

Let us extend the alternation operator to the space
D’k(Ecr) of multicurrents. The multicurrent alt(L), which is
defined by the formula

alt(L)(e) = L(alte), . (3.14)
is called an alternated multicurrent, where Le D’k(ﬁ*),
and o « 8(E”). It follows from proposition 3.1 that alt(L)
is the continuous linear functional. Thus alt(L) € D'k(ﬁh).
The subspace of alternated multicurrents we denote by
D’ (E ). Quite analogously would be proved the

PROPOSITION 3.2. Alternation operator alt : D' (E®) -
- .D'k(E.r) s a conlinuous operator on the space of
r~multicurrents.

Let T be a r-multicurrent and S be a s-multicurrent,
i.esTeD (E"), Se (E°). Leteo bea (r +s) - multi-
form with compact support and it has a local form

® . etb ,» (3.15)

where coefficients are r-multiforms. There, one can define

e =
xX,¥)

([2]) s- multiform, using the local expression

o T A ))dy dy t% ®, tb.' (3.18)
That form is usually denoted by ([2])
I T(x) Me(x,y) = T(x)(e(x,¥)). (3.17)

The tensor product of two multicurrents T and S 1is a
(r + s)-multicurrent L defined as

L(e(x,y)) =8 - T = S(y)(T(x)(e(x,¥))). (3.18)
The functional wedge product of two multicurrents T and S is

9



a multicurrent L, defined as

L=SAT=alt(S - T), (3.19)
where on the right side of the formula (3.19) we keep in
mind the tensor product of currents S and T.

d) Star operator on manifold M as involution. If mani-

fold M is a Riemannian manifold, there exists a star ope-

rator X 2P (E) » Let us define a new operator in
the following way
o¥ = (-1)"** x o, o e SP(E). (3.20)
That operator has a property
©")* = o, (3.21)

because of the property (*)z = (—l)m”P of star operator. By
the natural way, that operator is extended to thc whole

space of currents 0’ (E)

() () = 1™, (3.22)
where o € 0F(E). It is easy to show that if o.7 & 8P(E) then
(@*,7%) = (7,0). (3.23)

Indeed
©@*,7%) = (xo,¥7) = 5 <k A (-1 > = (3.24)

- ( l)znpﬁ-P"P J-u <T A xo > = (.‘.,o,)_

Moreover, if T € D'P(E) and o e $P(E) then
(1*,0™) = (T,0).
Indeed
(r%,0%) = %% = 1((e®™) = T(0) = (T,0).
The whole space D’'(E) of currents on vector bundle E splits
into the sum

D' (E) = F(E) + FN(E), (3.25)
(n/21 ® n
where F(E) = T O'P(E) and F (E) = £ 9'P(E). It is clear
p=0 cned o

p=",
that spaces F(E) n H(E) and F*(E) n H(E) are orthogonal.
That decomposition allows us to write multiform e in the

canonical form

I ! p a .
ellocal.l.y- 19‘! [ IR T ] ...J(¥4""'xp‘y1""'yq) x (3.26)
1 [ 1 a
(!1? < !P) {J ) ] Jq)
% dx, ...dx; ...dy; a .dyq ,
n ntl
where |I‘ﬁ < IIzl <,..% IIpl < IEI’ IT < Ing £...% quI'
and |I, | is a degree of the form © with respect to variable
x . Now we are able to define the action of operator on

the multiforms by the following local formula

10



tional wedge product). In the second part the structure of
the scalar product is described ( in our case it means the
triple of the spaces Scn(Ee') < HQ(EG') < D'(EF*), where

(EF") is the Hilbert space). In the last part, the prop~
erties of the involution are considered.

5. The generators of algebra __ . Fermion fields.

In this section the infinite dimensional Grassmann
algebra $(E), which appears in the quantum topological field
theory, is considered. Therefore, we take the vector bundle
E =P x G, where P is principal fiber bundle, G 1is its

G

structure group and G is the Lie algebra of the group G. We
also suppose that the base manifold M is 4-dimensional mani-
fold, group G is compact semi-simple Lie group, and G is a
Lie algebra of real, skew-symmetric matrices ([3]). Then E
ve definite Cartan-Killing form which defines the corres-
ponding scalar product on E.

It follows from these assumptions that the space of
currents 2’ (E) on vector bundle E would be split into the

- 2
sum 2'(E) = F(E) + F (E), where F(E) = L[ 2*(E), F (E) =

= E 2" (E). In this section we consider only the subalgebra
v=2
of the whole algebra which is generated by the space F(E).

It will be denoted by $(E) like the whole algebra. If we ob-
serve that the space 3’2(E) is contained in both F(E) and
F*(E), then it is necessary to split the space »* (E) into
the direct sum in order to get +the decomposition
D’'(E) = F(E) + + F*(E). Since involution in the case of
dim M = 4 coincides with Hodge operator (see (3.20)), the
space D’z(E) can be decomposed into the direct sum of the
self-dual currents ﬂ;:(E) and antiself-dual currents

2 (E). So, we consider only the infinite dimensional al-
gebra which is induced by the space

F(E) = 2'°(E) + 2'*(E) + D;{(E). (5.1)
It is well known that the finite dimensional Grassmann
algebra is generated by the symbols if these sym-
bols are anticommuting ones, e.i.
= 0.

An arbitrary element of finite dimensional Grassmann al-
gebra can be uniquely written by its coefficients in the
expansion with respect to elements ... £. . Thus, the fi-

1 r
nite dimensional Grassmann algebra has the coordinate space,

11
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which ®? if the algebra is generated by n symbols. DBut it
is impossible to construct the infinite dimensional Grass-
mann algebra considering some anticommuting symbols (fermion
fields) which depend on a point of some manifold. Therefore,
the appropriate way is to construct at first the "coordinate
space". The Grassmann algebra D(E) of de Rham currents which
was constructed in the pervious sections can be used as
coordinate space.

Let us consider the symbols w(x) which are the 1-forms
on the bundle E=P xGﬁ and whose coefficients anticom-

mute
o x).v(n1 = o, (5.2)

where ¥(x) = w:(x)dxth is a local expression of the form
w(x). Such forms would be called fermion forms. Now, if T e
< 2'*(E) is a de Rham current on the bundle E, we associate
with it the formal expression
T - T(v), (5.3)

and call it expression in terms of the generators of algebra
%(E). For example, if o e H‘(E) is a 1-form, then the
corresponding current will be written (see(2.6)) as

o+ T (¥) =4, Tr (o N *y). (5.4)
If we take a pair (c¢,®), where c¢ 1is a three dimensional
chain and © 1is a 2-form, then we get the current T

-
(see (2.8)) which will be written in the form
T.g¥) = Tr (e N y). (5.5)
If ® is a curvature 2-form for some connection «w, we get
the form W from [3],
Te = Tr (6% Ay). (5.6)

It is very important that we are able now to give a sense to
the integral (5.8) conusidering il as a formal expression of
de Rahm current T(<=

Quite analogously will be introduced the 0-form symbols
n(x) for the space »'°(E) and »(x) which are 2-forms for the
space ﬂ’zlE). It should be noticed that symbols 2(x) are
self~dual »(x) = *x(x) because of the self-duality of the
currents in D’:(E). Now we see that the generators of the
algebra $(E) coincide with the set of fermion fields in
Witten theory.

Quite analoguosly will be written an arbitrary element
from Let us take, for example, the space (Eag).

12



We may consider the expression v(x)p(y) (analogously
n(x)¥(y), n(x)=(y) and so on) as a formal double form (see
section 3(a)) on the vector bundle E. Then the expression
T » T(w(x)¥(y)) (5.7)
can be associated with the double current T e D"A(Eee).
It is well known (see [2]) that there 1is an operator
A : 8'(E) » '*(E) which might be associated with double
current T € D”A(Ee'). If ¢ is a two-dimensional chain on
the manifold M and ¢ is a 1-form on the bundle E, then we
have an operator A which transfers the 1-form ¢ into the

current Tm € a"(E), where

n
- A
T(cm(T) = .i‘c Tr (o N 7). (5.8)
The double current which corresponds to the operator N will
be written in the form

L(e(x,y)) = J'e’l‘r(e(x.x)). (5.9)
where o(x,y) e 8':*(E®) and, by definition,
@(x,y)|diagonal of - ©(x,X) = eu(x.x)dx‘ A gy, (5.10)
MxM

where eu(x,x)dx'dy’ is the local expression of the form ©.

It should be noticed that in spite of the fact that double
form @ is alternated, its restriction to the diagonal of
M x M does not equal to zero (it follows from definition
(5.10) and the fact that © . is skew-symmetric with respect
to indices 1 and j). So, we can write the double current L
through the fermion forms in the form

Liv(x)w(y)) = & Tr(y(x) A yp(x)). (5.11)
So. we get the fermion part of the form W2 from [3]. In an
analogous way, it would be shown that the Lagrangian of
Witten theory, supersymmetry current and some other things
are the elements of the space D'(E )}, because they are
expressed in the terms of the differential operators, such
as covariant differential and its adjoint operator, on the
vector bundle E.
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AJTEBEPA T'PACCMAHA TOKOB zme PAMA HA BEKTOPHOM
PACCJOEHMM M TOIOJOI'MYECKAA KBAHTOBAA TEOPUA [OJA

B. A. AGpamMoB

Peszmome

Hadop ¢epMAOHHHX moJie# KBRHTOBOHM TONOJOTAYECKOX TeOopHHA
moJid BArTeHa, ONACHBaNme# AHBapAaHTH TyaAxko# cTpPYyKTYypH o
HaJbACOHA YESTHPEXMEPHOT'C MHOT'OOOpa3HfA. COCTOHUT M3  (opMasbHHX
JapdepenimabHEX OpM HEeKOTOPOI'® BeKTOPHOI'C pacciyoeHEsa Koed-
¢uAeHTH 5TAX $OPM B JIOKAJBHON 3alACA ABJAKNTCH 2HTAKOMMY TADY
OOAMA OepeMeHHHMA 38BACAIMAMA OT TOYKHA Ga30BOT'0 MHOT0OOGpa3ud
lloaoGHHEe mDepeMeBHHE Ha HEKOTODOM MHOXSCTBE ¢ Mepoff OhHim
BBeieHH ®. 4 DBepe3mHHM Kak of0pasymniae OGeCKOHeYHOMepHO# aJmres-
PH I'paccMaHa B CBASH C METOXOM BTOPAYHOI'C KBaHTOBaHWa lIpa
9TOM B NOCTPOSHAR HCIOJb30BAJHACH OPOCTPaHCTBA 0GOOmeHHHX ¢yH-
Kimit. B zagHo#t padoTe OmMCHB2ETCA C HCHOOJb30BaHAEM TEOpHH
TOKOB Je PaMa. gaHaJorm4yHasa aJjredpa ¢ oOpasyniaMa. KOTOPHe
MOXHO OHJIO OH Ha3BaTb (epMACHHHMA AadPepsHIMaNbHHMA  QopMaMA
Ha HeKOTOPOM BEKTODHOM paccJioeHm:. Jinsa OSTOT'C NOHATAE TOKa JXe
Pama DepeHOCATCA C MHOUCOOpa3dA HAa pacclioeHme  JoKasHBaeTCH,
YTO OOCTpOoeHHAA aJredpa YAOBNeTBOpPAeT BCEM aAKCHOMaM oOlpexeJie-
HAA TPacCMaHOBOM. aJl'eGpPH CO CKAaJAPHHM OPOW3BeJIoHWEeM M HHBOJD-
eff. [[oka3aHO., YTO OOpasymiAe OOCTPoeHHOR aJreCSpH AanT Hadop
depMAcHEHX noJieft Teopmm BaTTeHa. Halifenn Toxkm Je Pama. CcoOT-
BeTCTBYmAe (PoOpMaJIbHHM BHpaXeBAAM cofzepxamaM depMAoHHHE AAD-

PeperimasbENe GOPMH. Received

13 V 1991
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SECOND ORDER ERVELOFES OF SYMMETRIC SEGRE SUBMAKIFOLDS
. Lumiste
Department of Algebra and Geometry

1. There are two well-known immersions which give some
good examples of algebraic manifolds in a projective space
P™. fThe Veronese immersion v; : P™ — determi-
ned as (u°u, - ™ by the formulae x49=u‘w
and gives an m ~dimensional submanifold 4, (P™) in
which is called a Veronese submanifold or, if m=2, a Vero-
nese surface (see [18], Ch. I, §4; [10], §6A). The Segre
immersion 4 : P™XP™ _, P™MY™M, g getermined as
(Wyu,.. W50 v, v™) e (2 L, X™™) by the formu-
lae x"¥*=u''v§* and gives a mm,~dimensionel submanifold
A in which is called a Segre submani=-
fold (see [10], §2B).

Let us consider the real projective spaces and reduce
the projective group GP(n+4,R) of P* (n=%m(m+3) or
n= + ) to the orthogonal group O (n+1, R).
Then we get the Veronese submanifold in an elliptic space
S"'-m("‘*” and the Segre submanifold im S™*M2¥™mMa

Interpreting S™ as a sphere S"(R) 1in Euclidean
space E™*' (identifying the diemetral points) we obtain
by n=%m(m+3)  the Veronese submanifold V™(r) in

S*(R), which is an orbit of a subgroup O(m+4,R) ana
intrinsically is the elliptic space of curvature iz R’zm:
s 2(m+ M.

The Segre submanifold 4 (m,, has two families of
plane generators which are determined by ''=const and
od*= const. In S  there exists a Segre submanifold
4 (8™ xS™),the plane generstors of which are mutually or-
thogonal , n= . In a sphere S™(R) it gives
a Segre submanifold S, m,(R), generated by mutually or-
thogonal great m,- and m,~spheres of Sn(R), which is
an orbit of the subgroup O(m,+1,R)X Q(m,+1, R) of

O ({my+4)(ma+1)  R).
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Both of them, V™(r) and S(m1 - (R) are symmetric (or
perallel [13]) submanifolds in and
respectively, i.e. have parallel second order fundemental
form: VH=0. This means (see [12], [3]) that they are
symmetrio with respect to every its normal great subsphere
in Sn(R)(or, equivalently, to every its normal subepace in

E"*'  containing S"(R)). Together with the planes E™ and
spheres S™(¥) they are the simplest irreducible (i.e. non-
product) symmetric submenifolds in Euclidean spaces.

2. The integrability condition of the system Vh =0 is
Vix Vy]I’m:O, or, equivalently, R(X,V)-A:O_ Submanifolds,
satisfying the last condition, are called semi-symmetric
(see [5]; or semi-parallel [2]). It is shown [7], that <they
are the 2nd order envelopes of symmetric submenifolds, i.e.
the submanifolds, which have at every point the 2nd order
tangency with some symmetric submanifold. Thus the investi=-
gation of semi-symmetric submanifolds in Euclidean spaces is
reduced to the problem to find the 2nd order envelopes of
irreducible symmetric submanifolds and their products.

Por planes and spheres the answer is simple: 2nd order
envelope of ple.nes(included straight lines) is a single plane
(resp. straight line), 2nd order envelope of apheres (exclu-
ded circles) is a single sphere. Por circles there is a non-
trivial universal example: every curve is the 2nd order en-
velope of its curvature circles. Nontrivial is also the 2nd
order envelope of symmetric products with flat normal con=-
nection V* (i.e. of products of a plane, cirecles and
spheres: cf. [14]), or equivalently, the semi-symmetric sub-
menifold with flat V4 ; the investigation of such envelopes
is started in [6], [15] and completed in [16], § 4.

The existence of a nontrivial 2nd order envelope of Ve=-
ronese submanifolds is shown in [8] (see also {111). The
aim of the present paper is to solve the similar problem
for symmetric Segre submenifolds

Theorem. The 2nd order envelope of symmetric Segre sub=-
menifolds (R) in & Euclidean space E™ is

(1) in the case m=m,=14 a surface with
flat ¥V (i.e. with zero Gaussian curvature and flat normal
connection), the iwo principal curvature vectors of which
have at every point the same length V2 R ,

(1i) in the case my=4i, my»1 & submanifold ™M™ in
a E¥™ CcE™ generated by an 1-parametric family of



concentric (m—1i)-spheres, the ortiogonal trajectories of
which are the congruent logayithmic spirals (gpecially circ-
les) with the common pole in the centre of family spheres,

(111) in the casze >1, L & single
in (R) C E™.

The proof will be given in the next sections.

Remark that Sgy 4 (R) ooincide with the rectangu~-
lar Clifford torus in S*(R) 1,e. with the product S'(fR)x
X S'GR) in EY. The component circles of such products
are the curvature oiroles of the curvature lines of M? in
the case (i) (ct. [71).

The submanifold M™ in the case (ii) is formerly in-
dicated in [9] in the course of the classification of  the
three-dimensional semi-symmetric submanifolds in Fuclidean
spaces, The special case is single S, ,.4)(R).

3. The criterion of the 2nd order tangency of two sub=-
menifolds at their common point is that their 2nd order
fundamental forms at this points coincide [7). So our first
task is to find the 2nd order fundamental form f of a

For the bundle O(M™ E") of tke orthonormel frames
{x,e5} in E™, adapted to a submenifold (eee [4]), in the
formulas

d_:,;;:e,lw’, d,g:esw’, t.o-f-!-w;:O (N
there hold w*=0 Due to the structural
equations

3 J - T
dw=w AW , dwy=w;Awg, (2)

which follow from (1) by the exterior differentiation, we

get WAW;~0 (i,§,.. =1,m) and thue m"‘:&;d.w‘. Here
are the components of

For Sim, "\:o(R) we can take &.,41 in the direction of

the common radius at X of the generating great mi- and m,-

spheres of (R). Then d(x+ Reme)=08nd

thus

where & =R *. Teking €;, (resp. ) tangent to the great
m, -sphere {resp. m,=ophere), wnere t,,is,-.. =1, 5
iy §o oo, Mgrmy,  we have

Due to (2) fyrom the first these equations it follows that
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if y¥« or , Where are, as we see,

mutually orthogonal nonzero vectors. Denoting the first mm,

vectors among €¢ by e(;h‘n,the other by ,and taking
2(,;“” TT we gel the next equations, which determine
the components of the 2nd fundamental of with
regpect to the bundle of so adapted frames:
.. T
Q)"‘H=O, LQU'ano, w=0, (3)
M N ) - (‘j‘ Ky - o .
oy ke, W, =% ka7, @, = ¢ kw, ()

@ =0. (5)

A submanifold M™ in E™ is the 2nd order envelope of
gymmetric Segre submanifolds iff the the frames, i.e. ele-
ments of Q(M™,E") can be adapted to M™ so that these
equations (3)=(5) hold. Remark, that for a general envelope
k=R?' must not be a constant,

4, Let m,=my;=4) then y,;=1, j2=2 and instead of
{1;2) is more convinient to use the index 4. The equations
(3)=(5) can be written as follows:

w=w=w-0,

w=kew, W=k, w=kay, &=k, @ =wy=0. (6)
The curvature 2-form =dw?; of the considered surface
M* in E™  is due to (2) zero:
AW, + W AR, + W, AWy =
= - k’oo‘/\w’~ =0.

The normal curvature 2-forms are also zero:
. K A 1
Ry = WyAW, + AW, -~ KWBAR - AR =0,
QF - WgA +WeAW, -0
snd similerly 1) =52y =0.ilence M* has flat V. But the
considered envelope M* is not the general surface with
flat V in E™. To prove it we simplify the system (6)
turning <, and €, in their plane by and 23 and &
in their plene by % . After that we get
. ® 3
W =Nakw', W, =0, W =0, W,=VTRwY, W =6,=0.(7)
» 2 1
Now J.esc,afe,,*-ﬁhceeg,dz,l:—wg_,wz&w , thus the
principal curvature vectors of our are and
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and they have the same length Yak =YZR™'. 7The
assertion (1) is proved.

Remark thet for a generasl with flat © the
system, corresponding to (7), is as follows: .
3 & -
@1:%{100, W, =0, =0, 001‘—'-’001-0:

The problem arises, is the 2nd order envelope M2 of
the case (i) nontrivial, i.e. different from a single

Sun(RY= X ' (&R)? The enswer is affir-
mative. We prove it here for the special cagse n=4, when
the set of values of & is empty. From (7) by the ex~-
terior differentiation using (2) we get

dink AW + W AW -0, W, AW - Wa AW =0,

R AW —dink AW -0, AR - W AW =0. .

Due to the Cartan lemms
a 2
dlnk = 22 + X, mf: A W'-2ed , Wy =W AW .
Now the seme procedure gives

doe AW +dhAw =0,
4 a
dA AW — dBeAW = - MYDAW,
dse AW — A AW = —22eX WAL
and then
1 9, A 2 a 2,
doe =P 4+,  dA =2 +(EHN-YIW .
The next step gives
1
(d¢ — 2Pr W )AW =0,
+ Q02 Y JAR=0
and thus =9e(2¥- HW -Now the exterior dif-
ferentation gives an identity. Hence the considered M2 in
E* exists with the arbitrariness of some constants. Here

S y(R) corresponds to se=XA=¥=0, so0 in general our
pM2 is different from Sg4y(R).

5. Let m,-1, . Here instead of j, .. we
use a,$, ... and (1a) will be replaced by m+a. The
equations (3)~(5) are now

wm"'* = (0‘ =0, (8)

Witttz ked, wnM=kW, (9)

W= kA, wrz-o-a: 52 Rw , (10)
19
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%]
wr = W, —0. (11)

By.exteriexr differentation the equations of the first row
(8) give the identities, but from the second row {3) we get

dinf AW + Wpipa AW ~0,

Wmpa AW + AW =0,
thus
M4 @
dfnk=RW, Whia =RE . (12)

From the third row (10) we get .
2( + e AW (0'3‘5»5’ 'm+2)Aw—o»
L ) S
(Wg~ Wmta AW + (W~ IAW + 3y W AW = 0.
The last covarients in the case a=4 give that

20, AW + + W AW =0 (not to sum by @' ) and thus
in particular, 2, =p +Z‘1:—.°°= for every value
a=2, . So ‘A"L(P oE ). hSubstituti’ag
these expressions we get Z3cw AW+ ._.caw/\oa =0 for
every fixed « , hence ‘a $95=0(a%c), q¢-0 (a,t,
¢ — three different values), If we get that 211
43 =0; if m=3  we have also 29.=0 end 9,.=0 as
well, So o =%pud,
The same covariants ir the case a.:#% give

(u} ~Omee)Aw — (%P * 4 ae)ePAt = 0,

thus & p =-2e and ™ iy =A¢w. Substituting this
into the first covariants we get 4y W'AW=0 and hence
A% —0 The result is that

mta
o = -, Whye =Wy . (13)
From the equations (11) by the exterior diiferentie-
cion we get

AW + Whpa AW ~Q,

Wepa AW + AW =0,
thus . . % ¥
Wmaq = « o, WCmra :\( LOO

"he last equations (13) give in the same way that

B % .
2(¥®) 0 AW’ =0, nence € =0. From the first equetion
(12) it follows dne AW ~0 end thus dae=Aw'; now
the first equations (13) give A =2¢>. So
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Wpaa = W 4a=0, dae=2¢ . (14)

The straightforward computation shows now that the sys-
tem (8)=(14) is completely integrable, Thus the considered
envelope M™ exists with the arbitreriness of some cons-
tants,

It remains to describe the geometrical construction of
the considered envelope M™. Ag dw'=0 due to (13) we
cen take at least locally, w'=dA. Por 4 =const we
nave deq= g, + (3ee, Y&,  So the
submanifolds with 4 =const in M™ consist of totally
umbilic points and are the (m-1)-dimensional spheres or
their perts. The cantre of a such sphere has the radius vec-
tor o 4+ (0el+&) ! (see,+k and as

d [ + (924 &7 (see,+ keme)) =
~ e,ds + eatd™— (aet+ &) 2 (202 dA +2k%Meds) (0 + Rem )+
4 (oe*+ &) [o%ds e, + 90 (~oecF ear
+koeds LW RW ena)]-0
all these spheres have the common centre, l.e. they are
concentric.

The orthogonal trajectories of all these spheres are
determined by W*=( and for each of them dx ~ &,ds,
d2, =kdrens, dem=~Rclre,. Thus the trajectory
is & plane curve and &R is its curvature., From (14) it
follows that dae =2 dA.

Let 2¢ +0: then = Now from (12) &=c4"
lience all these orthogonel trajectories are congruent loga~
rithmic spirals.

It is well-known (see e.g. [17]) that a logeritmic spi-
ral with polar equaetion q—a“’ hes the curvature &=
-4 'tanu , wvhere 4 is the arc length from the pole, tunu=
=(éna)* and & 1is the constant angle hetween the unit
tangent vector and radius vector . In this notation

=A<m/u and the pole has the radius vector ¢ — = +
+40M/u(n4 tch/u), where n is the normal uait vec~
tor,

In our case € = X + 4% oA Leme - =
- x+(k ) ‘(emm&+e2), so the pole of all these lo-
gerithmic spirels coincide with the common centre of con~
centric generating ~spheres. The assertion (ii) 1is
proved for the case = F0.
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Remark thet in [9] we have shown the velidity of the
converse assertion: every submanifold ™M™ with the pro-
perties, indiceted in (ii), is semi-symmetric; the equati-

ons (6.,5) in [9] show that such is the 2nd order enve-
lope of symmetric Segre eubmanifolds Sta ~-n(R), R=  ctq,
Vie propose & such to call the "logarith-
mic spiral tube",
If ® =0 we have a single the argumentation

is the seme as below. So (ii) is completely proved.
6. Let m,>41, my>1, Here we start with the first

equations (4):

They lead to )
dink AW + /\Q'). =OJ
AW + dlub AW*=0,

thus dfnk nust be by med o * g multiple of every

W' end by mod W & multiple of every hence dénk=
=0, Similarly, muat be & linear combination only
of W™ end only of !, thus w(T,ElFO. So the first
equations (4) give

& =const = (1
The second group of equations (4) leads to -
( W28, YA + (8L WP+ Wid - Wilgy AR =0,
For —J+ end fixed 4 we have
200?:/\00“-\- A + (Wz 0% m) A =0,
thus )
20 = PR Tl ATyt
and hence
OG? = L4, Euxed.

4

Substituting we get

thus = v 94,4,=0 ( — three
different values). If m,23 we get that a1l "~ =  if
m,=2, we have alsgo =0 end -0 es
well,

Taking now ((Fjr1 we get
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J1 vy (41 <)

Ka

A0
and after substituting the expression of o.}f
1P, AW+ O, Awl2=0,
thus p =0, So «;, can be expressed only by ?
But the subindicesa 1 end 2 have here the equivalent

/\(... b (e

roles therefore w.:ﬁ cen be expressed only by w‘* . As
G, =-W;»  i% follows that
w™*=0. (16)
The covariants by v —j+ reduce now to

(LXRV]

#q da
(u}t - Wiy IART=0

end hence .
K2 iy _ ’<J. $2
- = S i (,a ,
x. .2
wihere Sj:% On the other nand 59131 S:,_j,_ >
- Q2 J2 T =
l J'L 5 S 3 == Segxg_ Sjgl‘a- SQRJQ.,
heuce S ‘1-0 and )
te ®a
Wiy = Wy, - (1)
Exchanging 1 and 2 we get
(kqba) _
"’o(zi l;\ w€1 . (17‘)
The covariants by :f:,jq give now
- 3 jl ) (-" -—
(00;1 (|,,|<:\ ),\ Z AR O)
Ka FFKg (§1ra)

where in tha brackels we have zero. It follows that OO(,‘QM
by o F4  end wF can be expreased only by %, Bat
here 1 and 2 occur equivalently,thus wd}; can be ex-
pressed only by mﬁ.; hence
{j1%a) . P
Wiy =0 Cutj, ka® ). (18)

Finally the equations (5) lead to
. . r
ot /\(,Q,:\.‘.1 + (JQP'/\(/O(,“J'M—OJ
w"/\w“‘ja) COP/\(-QMM —0‘

Thus miﬂ must be by modw? g multiple of every (,0‘
and by mod ™ a multiple of every ', hence w?,~0.
Similarly w("J*) must be & lineer combination only of '
end only of 3 , thus Wi, jn=0. So the equation (5) give

=(/0u"j_,_)=0. (19)
The straightforward computation shows now that the sya-
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tem (3)=(5), (15)=(19) is completely integrable and the
considered exists with the arbitrariness of some
constants, As dyy' = #4he system «'=0 determines
on M™ a family of my-dimensional submanifolds along
every of which

de = e, w*, de,= +kepy W,
So this submanifold consits of totally umbilie points and is
the m,=-sphere of the radius R=#&""' (or its part). Here
the roles of subindices 1 and 2 can be exchanged. Thug ™M™

is a symmetric Segre submanifold
Theorem is completely proved,
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OI'MBAINME BTOPOI'0 MOPAJKA CMMETPUYECKMX
[IOJMHOT'OOEPASHR CEI'PE
D.Iywmucre

Pesnoue

B axreCpaugecxoft reoMeTpuM U3BecTMO Norpyxemue Cerpe 4
P o '™M2 xoropoe ompeneaser

xacHo Uiyt (cu. [I0], § 2B).
MomamorooGpasue Cerpe 5 ™ pie) uMeeT IBa cemeficTsa
nxocxux ofpasymmux: M“=eonst g ¢l = conet.,  [ocae
BBONIOMMA DARUNTHYSCKO! MOTPUEM BHAGAANTCA MONMMOrooSpasus
Cerpe c oproromaxsMuMu oSpasyniumi, Kaxnoe M3 KOTOpH:  OpM
HHTepNpeTAIMd SANMNTHYSCKOTO NPOCTPAMCTEA C MOMOEBD Cdepu
naeT cinaierpuueckoe momarmoroodpasue Cerpe S, m.)(RJ B

HaBecrno [ 7], uro mometorooSpasie B MpOCTPaMCTBE IOCTO-
AHMOR KDMBM3MH MBANOTCA NOXYCHMMMOTDMUCCKMM TOTNA M TOABKO
TOrga, KOTa OMO ecTh Orufanmee BYODOr'c MOPANKA CHMMMOTDHYe-
CEuX momamorooCpasuil,

Teopeua. B eBxaujoBOM mpocTpaMcrse E™ oruCammnm BrO-

POTO MODANKAE CHMMOTDHUSCKMX MofMHOrooGpast Cerpe y
ABAAOTCA:
(L) mpu nosepxmocts M® c mmockoR  cBas-

mocTsp Bax nep Bapnema-Boprozorrx V' (r.e. c myxzesoft rayc-
COBO KDMBM3MH M IXOCKOR MODMAXBMOR CBASMOCTED V),  Bex-
TODH MOPMAXBMOR KDMBM3MH KOTODO# uMenT B KAKNOfl Teuxe omuMa-
KOBYD nmuMy V2 R',’,

(Li) mpu my=1, my=m-1>1 auGo momumorooGpasue M"
B cE"’, oSpasoBammoe 1 -mapaMeTpHUYECKUM CeMeficTBOM
KOMI{eNTDHYISCKUX -cjep, OpTOroMaisMH® TDASKTODHM KOTO-
poro CyTs KOMIpySMTMHE Xorapufsuuecxue cOMpazu ¢ oSmum moxm-
coM B nemrpe cdep cemeficra, AMCO ONMO ENUMCTBEMMOS S(,,.m_,) 4

(iiv ) mpu m>4, mg »4 ONMO eNUMCTBeNNOe

S(MA M) (R)
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THREE-DIMENSIONAL DUPIN NYPERSURFACES WITH HOLONOMIC
NET OF CURVATURE LINES AND ONE ZERO PRINCIPAL
CURVATURE

U. Lumiste, M.Viljas
Dep. of Algebra and Geometry, Tartu University
Dep. of Mathem., Tallinn Technical University

1. Introduction

The Bupn Ayperounface 1s a hypersurface Vn in a
Euclidean space :n-l-.! which has constant multiplicities of the
principal curvatures and each of the latter is constant along
its leaf of the curvature distribution ([4, 5, 6, 7].

The Dupin surfaces in Es are only the spheres, planes
and the Dupin cyclides (i.e. the surfaces Vz in Es whose
curvature lines are circles or straight lines).

The Dupin hypersurfaces Vn with two distinct principal
curvatures of multiplicities p and n-p have been classified
in [1, 2].

The Dupin hypersurfaces with three distinct principal
curvatures are intresting in many aspects. Compact of them in
'ln-l-.l are investigated in [4]. They play a distinguished role
in the theory of conformally (specially, isothermic) hyper-
surfaces (see {8]). The first example of a conformally flat
hypersurface Vs, which shows that the classical Cartan-
Schouten theorem: "A conformally flat hypersurface in En-l-.!'
n > 3, has only two principal curvatures of the multiplici-
ties ! and n-1" is not valid, if n = 38, was given by
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Verbitsky in 1963 as a Jupin Aynpercone. The classification of
the isothermic hypersurfaces [8] gives the next two concrete
examples: the so called Zupin-Slannhein Aynercyclides 1in E,
( i.e. Dupin hypersurfaces whose planes of curvature circles
have for each family a common straight line or are parallel
each other; see also [3]) and the Clifford hypercones. All
these examples have the holonomic net of curvature lines
(circles or straight lines).

The general Dupin hypersurfaces in E'4 with three
distinct principal curvatures and with holonomic net of
curvature lines are investigated in ([9]. It is proved that
they are determined by a completely integrable system of dif-
ferential equations (1.e. they exist with the arbitrariness
of some constants) and that the planes of the curvature
circless of a such Dupin hypersurface have, for a given
family, a fixed point of intersection.

The present paper continues these investigations. Here
the special case is considered when one of the principal
curvatures 1s zero. The corresponding curvature lines are
then straight lines. The main result is the

Theoreml. A hypersurface Vs in a Euclidean space
8'4 is a Dupin hypersurface with three distinct principal
curvatures, one of which 1s zero, and with holonomic net of
curvature lines i1ff it is elther
(1) a ruled hypersurface whose rulings are normal lines
in 3'4 for a Dupin cyclide in a bypersphere Ss(r) and form
a constant angle a # 0 with the radius of sa(r), or
(11) a hypercone on such Vz in ss(r) with the vertex at
the centre of ss(r) (1.0. a limit case of (1) bya — 0), or
(1i1) a hypercylinder on a Dupin cyclide in a hyperplane

E_.’ ((f.e. a limit case of (11) by » — .

Remark, that the Verbitsky (and Clifford) cones are the
special cases of (ii), by which has the constant (resp.
zero) Gauss curvature.
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2. Preliminaries

Let vs be a 3-dimensional hypersurface in a Euciidean
space and let & = {01, °2' LFY 04} be the canonical
orthogonal moving frame at a point x € V3 with the vectors
e, e, o, having the principal directions, 1i.e. giving
the canonical form for the second«fundamental form. Then, in

the derivation formulas

J J
dx =e,w" , de, =e,u, J,K=1,2,3,4, (1)
we have ux = - , and
w0, o, = kP,  p=1,23 (2)

(no sum!), where kz' kz, ks are the principal curvatures of
the hypersurface VS' Let us suppose that they are mutually
different, 1l.e. kfkfkfkl. By means of exterior differation
and then by the Cartan lemma we get from (2) the equations

q P . q -k )" het
up = rrpu r!_éd + (kp kq) Aw , (3)

ax, = + (k,k q)rl_p«.;‘r + (k, kT qpu' , (4)
where p, ¢, r is an arbitrary permutation of 1, 2, 3.

Since the principal curvatures of the the Dupin hyper-
surfaces are constant along it's corresponding curvature
lines, then for a Dupin hypersurface ap=0 in the formulas
(3). Let the curvature lines form the holonomic net. Then
every of the equations wI-o is totally integrable and hence
=0, So from a Dupin hypersurface from (3) and (4) it
follows that

(,)p - ['rpu'p - rl‘quq' (5)
- q % i oF
dkp, = (K=K Jb o™ + (kp=k N gpo™s (6

By the subsequent exterior differention and using the
Cartan lemma we get

2 g r
dr + 3 +, -]
rp = MI‘PQ’ 3(2'1‘?## qp kqu)]m ﬂqp(rtp FPI‘)” ’ n
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where ‘r = -Arqp , and the last equations give in the same
way that

1 1.2 p 2
+ + Zk%+ +
9 pg” TrgTrp* Fap* 7p™rpg? TrpTrg

1 3,
+ + - -
”(ZA qrp AI‘P‘T i{‘ Ptr I‘P+ 4kPk!‘)qu
-1
(2‘ll prq+Arqp+ (8)
The next theorem has been proved in {8].

Theor em 2, The Dupin hypersurface with three dis-
tinct principal curvatures and with the holonomic net of cur-
vature lines is determined in its canonical moving frame by
the completely integrable system (2), (5) - (8), where p, q, r
is an arbitrary permutation of 1, 2, 3.

3. Proof of the the Theorem 1

We start with the necessity. Let be the Dupin hyper-
surface of the Theorem 1. Then in (2), (5) - (8) k3 m 0 and
thus

r = A

a3l a3b ~ ‘abs =0 (9)

where a, b is a permutation of 1, 2. Now from (1) and (5) it
is seen that along the third curvature lines (ulzuzso) the
tangent vector °g is constant (d93=0), hence these lines are
straight lines (the rulings of the ruled V,). Every orthogo-
nal surface (m"’-o) of the rulings has at arbitrary point

X € Vz the normal vectors e, and e .

3 4

Let us look for the point z in the normal plane of V2,

i.e. having the radius vector

zZ =x + 0363 + 0494,

for which dz, taken along V2 ((.)3=0), is complanar to the

normal plane. This leads to the system
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Clyp * Cqky = 1
CSI‘ZI + c4k1' =1,

If # k2r21 then this system has the unique
solution, which determines a point with the radius vector

(ky=ky)e g + (T, T;00,
PP

k1r12

By a straightforward computation using (2), (5)-(8),
where (9) is assumed, it can be proved that dz = 0 for the
whole V,, i.e. z is a fixed point for V and dliz-xll = 0 on
a given Vz (33=0). This shows that Vz belongs to a hyper-—
sphere S,(r) with the centre at z and with radius r = ||z-x||.

The angle o between the ruling and the radius of the

hypersphere 53(r) at a point y € Vz is determined by

2 _ ey 2z - X . kz)
cos o« = 2 ]
”z - x“ + (TIZ—PZI)

It is easy to see, that along Vz (u3-0) we have d(cosztx) =0,
l.e. a = const.

Let us turn the base {93, 94} in the normal plane of
at y € by a - 1—;, so get the new base {9'3.911}, where e;
is collinear to the radius of Ss(r) at y. Then

eé = 9331m ~ 8 4C0Su, e; = esslm + e oo,
ey = eésim + e'4cos:x, ey = -e'ss:lm + e;casa.
Taking z as a new fixed origin in we have for the new
radius vector of the point y ¢ Vz that y = -ra'4. So
1 2

dy = 6% e% , || -rdey = -r(e @lre 0Z+e183), thus e =-r7le?,

14 24 "3

3_
84-0. For Vz we have
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dll = °be: + osk;e‘ + 0'4.:'_‘1“a
1] 1] 1 - 1] 2
d.s = -01k10 .2k2°
1 1
de; = -r (010 +

Now the general point x of the comsidered ruled Dupin hyper-
surface Vs is determined by

xX =y + -(-_',,alm + o"com).

As
dx = 0101[1 - .s(k_'laim + r-lcoaa)] +

+ 0202[1 - s(kysim + rlcom)] +

+ ds (obs!m + e'cosa),

4

20 03 = e%°®, o = ds, where x2 = [1 - s(kysim + ricos)].

Futher

de, = obe: + wa(u")_"[(k"ls.im-l-r_'lcolu)osf

+(—kf.con+r laim)e‘] , (10)
thus
ka - (u.)-l(-k:'coaui-r‘lslm).
Now
clkal = (ua) 1[(a-a!m-x’con)dk;ms(k;um-l-r Icoa:)] . (11)

Along the curvature line (u‘=03=0; a fixed) of the Dupin
hypersurface Vs we have dk =0; also 8%=0 on Vz, which 1is
determined by s=0 and has x =1. So the last relation gives
that V. has the property: dk'=0 along the corresponding
curvature line (e‘=0). Hence Vz is a Dupin surface in ss(r)
and consequently is a Duipn cyclide in 53(1")- We have got the
necessity of (i), which refers to the case a#0 (or T
and also of (1i) by a=0 (or I‘12=I‘21).

If k Iz—kzl‘n —— O then z goes to the infinity, thus
ss(r) tends to be a hyperplane ES' This gives the necessity
of (111) when kll‘u—kzt‘zfo.

12T 21
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The sufficiency of (1), (i1i) and (1i1) can be proved
reciprocally. For instance, 1if is a Dupin cyclide in
Sa(r), then 0‘-0 yields dk;-o (a fixed), but then 3-0

yield dk‘-o, due to (11), and as (10) can be complemented by

de g= d(e}ysimt+e ycos)= -3 u‘(x‘)_l(k"'simd-r_lcasa)e‘ ,
the lines with tangent vectors e 02, .S are the curvature
lines of the considered ruled hypersurface and k3=0. Hence,
this hypersurface is the desired Dupin hypersurface. This
finishes the proof of the Theorem 1.
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TPEXMEPHHE T'MIOEPTIOBEPXHOCTH JRMEHA C I'OJIOHOMHOM
CETHD JHMHMR KPUBM3HH M OJHOA HYNEBOR I'IABHOR KPMBMSHH
D.Jyuncre, M.Baxnsc
Peavoue

Joxasupaercs, wro rNIepnoBepXHOCT: V, B SBRANIOBOM
fpocTpascTee C., ABXmerca renepmosepxoctrd Jomena {r.e. nme-
e PXaBRHe KDNBNSHH K| KAXNaf A3 KOTOPHX NOCTONHHA BIOXD
COOTBETCTEYXmeR ANHMA KDPABASHH) ¢ Ky =Ky =0 sc re-
HOHOMHOf! CeTHD XAHAR KDPNBASHH TOrIAa A TONBKO TOrNa, KOrja oHa
moo

{. ) amHefluaTas rNmepnoBepXHOCTb, o0pasymmile KOTOpOR fB-
IADTCA HODMANSAMH B nxs maxxmns Jemena V2 B rmnepcdepe
S,(n) # ofpasyor nocTosHHuRt yrox .#O ¢ pamEycoM sroft
G4(v), 1mMbo

(L% ) runepxonyc Han raxus \, B S;(t) ¢ BepmHHOR B OeHT-
pe aroft 53(v) (r.e. mpepexsmuft cxyuas mxa (L) mpu o —0 ),
ambo

(+«lv ) runepmumunnp Ha muxaune [mnena B MHIGPIXOCKOCTH
Ey  (r.e. npepeavmuft cxyuait nxs (cv) mpr W —s o ).

34



™! Toimetised, Yu. san. Tapryck. yH-ra
930 (1991), 35-46. 1991, 930, 35-46.

SECOND ORDER ENVELOFES OF m-DIMENSIONAL
YERONESE SUBMANIFOLDS
tf.Lumiste
Department of Algebra and Geometry

1. Introduetion. Veronese submanifold V™(¢)is the
image of a sphere S™(r) by its 2nd standard isometric immer-
gion into a Euclidean space En(m‘, nmy=4m(m+3)All motions
of S™(r) are realized as such rotatioms in around a
fixed poimt, with respect te which V™(*) ia invariant. Thus
V™(r) 4is am orbit of the orthogomal group O(m+i), acting
4n E™™ py igometries, and lies inm a hypersphere
R= (see [11, {51).

Every m -dimensional symmetric submanifold (by D.Perus
[4]1, i.e. with V& =0; called also parallel submanifold [11]),
which lies in its 1st erder esculating space of maximel pos-
sible dimension n(m), is the Veronese submenifold V™(r} [5];
here 4+ 1s the 2nd fundemental form and V the van der
¥Waerden-Bor%oletti cenneetion. The integrability condition
R(XY) =0 of the system VHh =0 determines a class
of go called semi-symmetrie (or semi-parallel [3]) submani-
folds, which are geometrically characterized as the 2nd or-
der envelopes of symmeiric submenifolds [6]; here a subma-
nifold M™ 4n E™ ia said to be a 2nd order envelope of
the family of smbmanifolds M™(x) if for every point xe&M™
there exists & M™(x) in E"™ which has with ™M™ the 2nd
order tangency at x , i,e. for every path _t in
through x there 1s & path & in which has the 2nd
order tangency with .« at x .

The classification problem for semi-symmetric submani-
folds reduces to the problem to describe all 2nd order enve-
lopes of symmetric submenifolds. This last problem is not
trivial even for the simplest cases. For instance, every
curve M' in E™ is the 2nd order envelope of its oscula-
ting circles (as symmetric curves in 2-plenes), but the 2nd
order envelope of m -dimensional ordinary spheres (m>2)
in E 1is e single sphere itself, because every submenifold,
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congisting of the umbilic pointe only, iz a sphere. It is
known [5], that every 2nd order envelope of m-dimensional
Veronese submanifolds in E™™ ig a single V™(r). A prob-
lem arises does it exist & nontrivial 2nd order envelope of
m -dimensional Veronese submanifolds in E“', nyn{m). This
problem is solved affirmatevely for m=2 and n=6 in [9]
by the complementary condition that the Veronese surfaces
V(v) in E® are congruent with each other, i.e. that

v = const, 12 this condition is satisfied authomatical-
ly as follows from the next assertion, which will be proved
in §2.

!heorem_l. If the family of m -dimensional Veronese
submanifolds V™(r} , 3, in a Euclidean space E",
n» n{m) has the 2nd order envelope ™M™ then all these
V™(r)are congruent with each other, (i.e. v = comst on MM
and MM ig locally isometric to the family submanifolds
V™(r) (i.e. is intrinsically a Riemannian manifold of po-
sitive constant curvature -rv%),

It follows that if such a family exists then locally
its 2nd order envelope admits the 2nd order bending on some
of the congruent Veronese submanifolds V™'(r) of the family.
In §4 we prove the next existence theorem, which generali~
zes the result ebtained in [9].

Theorem 2. In the homogeneous space of all congruent
m -dimensional Veronese submanifolds in & Euclidean space
EMmI*E M2, n(im) = , & smooth submanifold
(l1.e. & family of V™(r) ),which has the 2nd ordeér enve-
lope, different from a single V™(r),

(1) exists with the functional erbitrariness,

(2) has the dimension 1 (i.e. the family is 1-paramet-
ric) and

(3) the characteristics of its envelope are the (m-1)-
dimensionazl congruent Veronese submanifolds.

Remark that if the family of V™(r) in E™M™*
having the 2nd order envelope M™, can be only & family of
the Theorem 2. It follows from the first assertion of the
Theorem 1.

Relating to the case m =2 the next problem arises:
does it exist & surface in which is the 2nd
order envelope of a family 0f noncongruent Veronese surfa-
ces V3(r)(1i,e. with nonconstant r )? This problem is still
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open,

The envelopes of the Theorem 2 occur in the classifica-
tion of semi-symmetric submanifolda M™ in E™™* g5 tne
most general cases (see [3] for m=2 and [7] for m=3 ),
¥ow we can describe completely such submanifolds for m>>3,

Gorollary 1., A general semi-symmetric submanifold M™
in E"m)*i, which has n(m)-dimeneional 1st osculating
space at every point x€M™ , is in the case the en-
velope of the Theorem 2 and has the property indicated in
the Theorem 1.

For the most general semi-~symmetric surface (see
[3]) there is known, that in E° it is & single V3(r) [s],
but in E™, 6 the geometric construction of such M2 is
not known yet; the envelope of the Theorem 2 (or of [9])
may be only an example in E .

The second comclusion frem our results concerms the
existence of constant isotropic submanifolds. A submanifold
M™ in E™ is said to be isotropic, if §AOC XY =xixH?
at every point x € and constant isotropic, if here A=
—const on M™ (sgee [8]). Por instance, V™(r) is constant
isotropic and also every 2nd order envelope of congruent
V™(r) is constant isotropic. In [10] the next problem is
formulated (for the case m =2 ): does it exist a constant
isotropic submanifold M™ in E™ which is nonhomogeneoue,
i.e. 18 not an orbit of a Lie group G acting in E" by
isometries. From the Theorem 2 it follows an affirmative
answer.

Corollary 2. In there exist constant isotropic
submanifoldse ™M™ which are nonhomogeneoue.

Such M™ are the envelopes of the Theorem 2. So these
envelopes are interesting in many aspects. In §5 we intro-
duce the central curve of such envelope as the curve consis-
ting of the centres of the congruent family submanifolds
v™(r) in and show that its 1st curvature is a
constant 2¢ , where se=v"' ; its 2nd curvature can
not vanish and in general is not a constant (see the Propo-
sition 1), There exist the special cases when all curvatu-
res of the central curve are constants (Proposition 2).

2. Proof of the Theorem 1, A in E" n>n(m), is
the 2nd order envelope of a family of m ~dimensional Vero-
nese submanifolds V™ () iff is semisymmetrie and has

at every point X EM™ the n(m)~dimensional 1st osculating
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apace M"', i.e. the %m(m +i)-dimensional 14t normel
space N,M™ (see [6]). In [5] there is shown that such a
submenifold M™ has the 1st order parallel second funda-

mental form. For an orthonormal frame in E", adapted to
M™ g0 that ::Mm >
e€im+i, ., , it means (see {5)),that in
<:Lx=e__‘m3, dey= w“, + Wy =0 (2.1)
we have %
(_og =w=0, T € {n,(m)*-f\.,“‘,h-}) (2.2)
N X
=6 W, w; =0, (2.3)
dgf% - o, (2.4)
where all vectors ‘A‘d =4\.?'- are linearly
independent end
?5 R ot (2.5)

The last relation is the condition of semi-symmetricity.
Here

(2.6)
and thus this condition reduces to
2 (i‘-m‘ B‘,[»y qy'lk +'g"u< B&[? qlk ~ B"J’K[? 7:‘"‘) 0
with BL e = . Due to the linearly
1ndependence of 41;3 it gives
=ae"(28% +§;¢5J‘k) (2.7)

(see [51), i.e. for every two distinot values a end 4
from {4,...,m}

Boa,ae = 2Baa 40 = 4Bag ot =4%",  Boag,at=0, (2.8)
for every three distinct values @, & and ¢ (if m33 )

Bao.,%c = Ba&,nc =0 . (2.9)
and for every four distinct values q, 4 , ¢ and d (if
m24)

Bog, cd = 0. (2.10)

Geometrically it means that the norual vectors A," )

are the side vectors of a recular simplex (with one vertex
at x &€ M™ ), going out frem x, and the other ncrmal
vectors +,,,hy;, ooy Am-um  8Te orthogonal to them,also
with each other; recall that all of them spen the 1st nor-
mel space NN, M™,
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Prom (2.6) and (2.7) it follows that
R. g —2*(8  —3.3k).
Thug the conasidered M"‘, m 23,1 intrinsically a Riemanni~
an menifold of positive constant curvature and hence 2¢ = vt
= const (due to the Schur theorem). This conclusion proves
the Theorem 1.

3. Regular simplex frames for first normal spaces. In
the following it is convinlent to work with the moving frame

which consists of the origin m  mutually ortho-
gonal free unit vectors in of the vec-
tors 5 R ym in , intro-
duced above and denoted in the following by , and
of n-n(m) mutually orthogonal free unit vectors €,(my
e, , orthogonal to O,M" @ N.™M™. Note that here
< L ety =B*a»‘<l and due to (2.8) the frame vectors

are not mutually orthogonal. The Gram matrix of

@) is determined by (2.8), (2.9) and (2.10). So in every
N,M™ we have the free regular simplex frame.

In the previous formulas the role of the index 9 plays

now the double index (i{j), the values of which are (aa) and

symmetric pairs (i.e. (12) = (21), (13) = (31) etec.).
The formules (2.2)=(2.4) take the form
-0, w=0, (3.1)
¥ 811 other AN 'are 0, «*=0,(3.2)
T (e __
\‘:a: | Wingy™ Wy, 811 other are( (3.3)

The last relations (2.1), which hold for the orthonormal
frame bundle, are to replace by the formulas

+ W. _0) —D_\ (3‘4)
2(m+12e* ™ 4+ m — 21 Wy =0, (3.5)
. &
%Wy (3.6)
(M --4 wfnu)'--gae W, Weyy="Rw, (0(?;:):0;'( 3.7)
they follow from <e-,e->=5,»;-/ {eg ¢p>= 3"\ , =0,
<85y, quty by differentiation

using (3.2) =and (3.3).
In the following we need also the so called structure
equations

3 % 1 R - . A€ K
dw’ =W AW, didy = Wy Ay, (3.8)

which follow from the first two groups of the equations (2.1)
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by the exterior differentiation.

4. Proof of the Theorem 2. The submanifold in EROmTt
considered in the Theorem 2 is determined by the system of
differential equations (3.1)-(3.3), where ¥ takes a sing-
le value n(m)+1i.

The equations obtained from (3.1) by exterior differen-
tiation using (3.8) are satisfied due to (3.2). The equati-
ons obtained in the same way from (3.2) are satisfied due
to (3.3), except " AWy =0, which give

Wi AW + T Wi AW =0.
Prom this it follows due to the Cartan lemmea that

Wy = wt““Z?iJwJ' (4.1)
W = 0+ (c$)), (4.2)
where are symmetric with respect to a&ll its mutually
different indiees. (ot .
Qo 0
From the equations Wy, =2W, we get after ex~
terior differentiation A =0. If here i-a, then
according to (3.5) we have
Dgry 0, (4.3)
it i=#+*a, then
N Wqe -0 (4.4)
due to (3.6). Prom the equations =Wy we get in
the same way w(zﬂ,)/\w:q=0. If here {=a, then due to
w[q,‘) GLO(CC) O > (4-5)

if (=% <then (3.6) leads to the identity; if i=c  then

®
AW, =0. (4.6)

Among the other equations (3.3) we take =0 and get
from this .y AWg =0. Using (3.5) we have
A (m g, = X =0,
which together with (4.3) written in the form
W aey N (Wpeey + 2 Wey) =0

(here ¢ runs all values 4,..,m , except a and 4),

gives g
Wfaey A Wigey = 0-
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This and (4.4)~(4.6) lead to the mutual proportionality all
forms in the left sides of (4.1) and (4.2); recall that &
takes only one value n(m)+1. Hence all rows in the
matrix of coefficients of these last expressions are mutu-
ally proportional and this mutrix has the rank 1. It fol-
lows that the columns of this matrix are also mutually pro=-
portional.
We can assume that at least one of the coefficients
is nonzero. Otherwise the proportionality

of columns gives = =0, thus the considered ™M™
1ies in E™™ and is e Veronese submanifold V™(r), Renume-
rating the vectors , 1if needed, we can assume
that %0 and denote (here and in the fol-
lowing w,v,... run the velues 2,...,m), Then
~e(w+r,w) (4.7)
and due to the proportionality
= (4.8)
% . ]
- . (4-9)

It is easy to verify that the conditions obiained from
the other equations (3.3) are satisfied by (4.7)~(4.9). It
remains to differentiate these last equations using (3.8)
to get

8 /\w(“‘-\-?"f'ul\wu:O' (4.10)
Fu Ao = 0, (4.11)
(MY + A =0, (4.12)
where
= -3 .,
Y = dre =Ny W, + W, .
Due to 0 the 1~forms and 0~ are m linesrly

independent forms and can be considered as basic forms.Then
e end ;. are m linearly independent secondary forms.
We see that the equations (4.12) are consequences of (4.10)
and (4.11), so the 1st character (as the rank of the polar
system for (4.10) and (4.11)) is A,—m and hence the Car-

ten number is Q=4,=m. Due to the Cartan lemme it
fellows that ¢
= . (4.13)
¥ = Puld (4.14)
4



here we have N'=m new coefficients 4 and P.. The Cartan
criterion {21 is now smatisfied because N =Q=m. fThus
the system (3.1)-(3.3), (4.7)-(4.9) is involutory, the con-
gsidered 2nd order envelope of congruent Veronese submani-
folds V™(r) in exists and is determined with the
arbitrariness of m functions of 1 variable. This gives
the assertion (1).

To prove the assertions (2) and (3) we show that the
frame can be adapted to ™M™ go that A, =O0. In fact, from
(4.13) and (4.14) it follows that for a fixed point x¢ ™M™
when ' =w“ =0, wehave © =%,=0 and hence

=3 AL, , AN, -w), . So at a fixed
point INIT=0, d(eg+ITAeu)= -2l (2, + TA8D.
Consequently on M™ there is an invariant function
({+3X.)2 and an invariant direction field of the vec~
tor . Let ug take the first frame vector e, at
every point x  in the direction of this field. Then A,=0
and ¢ is an invariant function on M™.

Now the part (4.7)-(4.9), (4.13), (4.14) of the system,

which determines the envelope M™,  reduces to

= = (4.15)
=$w4+$uwu, w( =Quws (4-16)
where q =¢#f, .

Let us consider the equation <« =0, As did = J'AW=
-.-.-ctuw"'/\w,this equation is completely integrable and de-
termines & foliation on ™M™ with codimension 1. For eve-
ry (m-4)-dimensional integral submanifold of this folia-
tion we have due to (4.16), (3.2), (3.7) the next compemen-
tery relations:

UO:":O-; -07 (*)(mr):o’
and thus
v (uv)
dx = e.,_oo"', &e“_= + W Qv
_ wr (war) .
“uwy - w(uv) >

where, of course, (3.2), (3.3) and (3.7) must be teken into
account. We see that this integral submanifold is a (m-1)=-
dimensional Veronese submanifold with the same congtant va-
lue 22, i.e. is & V™*'(r), r=2"", which belongs to
the family submanifold V™(r). It follows that the family
is 1-peremetric and these V™ '(r) are its characteristics,
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i.e. (2) and (3) hold.

5. The central curve. Finelly, let us consider the cur-
ve which consists of the centres of V™(r) enveloping M™
according to the Theorem 2. For a fixed Veronese submeni-

fold V™(r) in a hyperplane E"™ , orthogonal to , its
centre is the centre of the sphere containing V7(r)
and is determined by the radius vector
-  Se...
e=x+ 2®2(m+4) €cin

22 = vr~' ag is shown in [5}. Along the family of V™(r)in
, congidered in the Theorem 2, we have due to (2.1),
(3.7), (3.3), (4.15) and (4.16) that
de = Zgeimany ©
It follows that €y 1is the tangent unit vector of the con-
sidered curve, called the central curve, and that the diffe-
rential of the arc parameter of this curve is
AL - __?.E_—-— .
¢ 22e*(m+1)
Here w =dA is the differential of the are parameter for
the orthogonal trajectory of the characteristics, i.e. for
the integral curve of the system " =0, So we get a  geo-
metric meaning of the invariant function @ : it is the
differential quotient multiplied by the constent
[2%*(m+0171.
Prom (3.5) end (4.15) it follows that eoy =-md4c,
oo;“‘:d,sc and the other are zero. Thus

d =8 Cmeyy+Leq.),
which shows that the curvature vector Kk,t;, of the cent-
ral curve ia |<:c2--mew,+2.‘ , thus the squere Kf‘
of the first curveture is m* Z Biuun =2mA B, ot
+22Z Buu,w=23¢"m(m+4), hence

= 2e {2m(m+) =const.

Perther,
d(- + 4 ae? (m+“|‘€4
but due to the second Prenet formula

d(.Ku (" + HA: >
thus

Ky l(:{t = ‘Iaez(m+4\1 (26"61 -21’*2(1“))’ (5.1)
As here 2e¢$+0 then w,=0 is impossible. So we have

6* 43



proved the next

Prooosition 1. The central curve of a 1-parameter fa-
mily of Songruent Veronese submenifolds V™(r) in E™™?
which has the 2nd order envelope (i.e. the curve consisting
of the centres of VT(r) of such family) has the constant
first curvature =2 Y2Zm(m+1), where :=v"* but its
second curvature Kz can not vanish.

Prom (5.1) it follows that

——e

and in general K, 1s not a constant. In the following we
show that there is an interesting special case, for which
not only K, but all curvatures of the central curve are
constant.

Recall, that ¢ is the differential quotfent da,/ds
multiplied by the constant [22e*(m«+4)] ‘',

Proposition 2. In there exist 2nd order en-
velopes of ]-parameter families of congruent Veronese sub-
manifolds V™(r), for which the differential quotient da./d»
is constant along every orthogonal trajectory of characte-
ristics. All curvatures of the central curve of a such fa-
mily are constants.

Proof. The condition demands that =0 must imply

=const and gives that %:O on every orthogonal
trajectory; thus CL‘—‘O on ™M™

By exterior differentiation from (4,16) it follows that

+ (5.2)
+ 2¢* (5.3)

Now the vector 2, «€e is invariant at every fixed point
x €M™ bvecause W' ='=0 imply cl(uneu):O. It to

adapt the frame so that is collinear to this vector
(which 1s nonzero, because otherwise (5.3) gives a conira-
diction) we get %1=>\ *0, quw -0, Together

with the condition q =0 this gives due to (4.16),
(5.2) and (5.3) that

d@ne- ’ W FAW, w, 0,
= (A 4207, AW, 2 W =0
Here the exterior differentiation gives identities, so the

system of differential equations, which determines the con-
sidered ™M™ is completely integrable end this ™M™
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exists., The first assertion of the Proposition 2 is proved.

Now U
a[g? e+ X)) =0 (5.4)
and thus K, -const. Using the Prenet formula = dt,=
=(~k,E, +rgty)dAc ,  We get from (5.1) that
Kyky (- Koty + Katy)dAa, = Hae® (m+1) d[Q ‘(a2 . (5.5)
Here

(e~ eyy)) = 9‘22981(“\"'4) [22e A, +(ag'eX X gyl
Substituting this into (5.5) and taking scalar squares we

get 1 \a
k2k? (ki +Kkq)= Cr g2+ X)),

where C is a constant. Now (5.4) gives that Ky =const.
So it goes further until the Proposition 2. will be proved.
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OI'MBANME BTOPOI'O MOPFKA »m -MEPHHX
TIOAMHOT'00BPASHIY BEPOHESE
D.JIymucre
Peanonwue

HaBecrHo, uTo AMCOE MONYyCHMMETDUUECKOE MOIMHOr0oGpasue

B MPOCTPAHCTBE MOCTOAHHON! XPUBUSHH ABNAETCA OTUCANNUM 2-r0
nopanxa cuMMeTpudeckux noauHorooSpasu#t (cu. L61) u uro cum-
METpUUECKOe MOAMHOroO0pasne M™ B eBXJMIOBOM NMPOCTPAHCTBE

y JNexamee B cBoeft compuxacanmeiicA MJIOCKOCTH MAXCUMANb—
HOR pasMepHOCTH 5 m (M +3), aBrsercs nonuHoroo6pasuem Bepo-
Hese V™n)(cu. [51), lorasusaercsa, uro B cyme-
CTBYNT HeTpupManbHHe (T.e. He CBONANMECA X ONHOMY
oruGammue 2-ro mopsanxa mojuHorooSpasu#t Beponese V™ (). Bu-
JendeTcA CHelMAJbHHA KJIaCC TAXUX OrUGaNmMX, LEHTpANbHHE
xpushe xapaxrepuctuuecxux V' () xoTOpHX ABIADTCA NMHUMMA
C TMOCTOSHHHMM KPUBM3HAMY BCEX MOPANXOB. OTUM OMMCHBANTCH
PEOMETDUUECKH MONyCHMMETPUUECKHE MOAMHOrooOpasua ™M™  Ha-
ubonee ofmero xiacca B I (mpu moe 2 cu. L 3],
mu m =3 cen. [7]). ;
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SECOND ORDER ENVELOFE OF CONGRUENT VERONESE
SURPACES IN E°€
K.Riives
Dep. of Mathem. Estonian Agricultural Academy

1. Introduction. In {1] J.Deprez introduced the class
of submanifolds M™ in an Euclidean space F” satisfying

the condition °h -0, where A is the second
fundamental form and R is the curvature operator of the
van der Waerden-Bortolotti connection V® vt He also

proved the classification theorem for m-2 stating that
a surface M2 in E” which satisfies the condition above is
locally either (i) a part of a sphere $%(«) or (ii) has
flat V or (iii) an isotropic M? codimension of which is
at least 3 and H?. 3K (here )/ is the mean curvature
vector and K is the Gaussian curvature).

In [3] U.Lumiste showed that every submenifold M™ in
c" satisfying R (¥ Y)cA-(0 1is a 2nd order envelope of
symmetric submenifolds (by D,Ferus | 2], i.e. having parallel
B - VA=0). In particular, the surface (iii) is the 2nd
order envelope of Veronese surfaces. In [ 3] he proved that
such envelope ™M“ in F* (i,e.if codimension is 3) is a
single Veronese surface. Recall that the Veronese surface in
£ is the 2nd standerd immersion of & J-gsphere. The prob-
lem arises does it exist a nonsymmetric 2nd order envelope
of Veronese surfaces in k" , n>5. In the following an af-
firmative answer is given in the particular case if n-6
and the family consists of Veronese surfaces congruent to
each other.

Theorem. In £ there exists a 2nd order envelope M=
of the 1-paremeter family of congruent Veronese surfaces
which is not symmetric, i.e. for which VA # (.

T'o prove it the Yfaffian system is deduced which deter=
mines such envelope and it is shown by the Cartan method
that this system is involutive. Some geometric properties of
this envelope are established, too.
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It is remarkable that for 1st standard immersions of
2-apheres (i.e. for ordinary spheres 9 ?(«)) in £" the
statement analogous to the Theorem is not true. In fact, if
M2 in E" , n2>3, has in every point x &€ M?® the 2nd
order contact with some sphere S%(«) then M? consists of
umbilic points and is itself a sphere 52(«) for all values
of n. By our theorem for the 2nd standard immersions of
2-gpheres into sufficiently high~-dimensional ambient spaces
of their family the situation is more complicated. Recently
in [5] U.Lumiste generalized our Theorem for the case of
the 2nd order envelope of m=~dimensional Veronese submeni-
folds in E Emm+d)+a We don't know yet the situation
if the Veronese surfaces of the family may be noncongruent

in E", n>6,
2. Apparatus. Let the orthonormal frame bundle @(E€)
be reduced to O(M? E¢), i.e.e € and edET: (Mm?)
at every point x & Lyoor =2 =3,..., 6.
Then in the infinitesimal displacement formulae of @ (E£¢)
de = w’ey, s, ¥e, WX, 720, 1K, =4 6(1)
and in the structure equations
dw?’ = = c-),"e/\c‘)‘('J< (2)
we have
w® =0, (3)
Now from clew®=cw'Aw® =0 due to Cartan's lemma we get
o ‘(
C\)‘-’ = A':J' AI:J' = A(f." o (4)

By exterior aifferentiation of (4) using (2) and Car-
tan's lemma we get
Al:kJ- = (5)
where V is the covariant differential operator of the
van der Waerden - Bortolotti connection, i.e.

o .(
= ctﬂ‘;{. -— A‘g.
From (5) in the same manner we get the integrability condi-

tions

A" _A:KR; - AP .Qg, (6)

where . « - I
- - wfAed -.-% A‘[k A”d'w Acw’,
=-3 o g
‘3_ At’[k AU‘
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are the curvature 2-forms of the van der Waerden - Bortolot-
ti connection V. The submanifold M?2? 1is said to be semi-
symmetric if

of K o
g e A (M
The second fundamental form A ot M* ig given by
= for ¥ -e ¥ . where F:g- =A'2’-ed_

Recall that the first normal space is the span N M* ot
A£(% ¥) in a given point xEM? for arbitrary ¥ e T, M?
and it is said to be maximal if its dimension has the maxi-
mal possible value. In our case it is 3 and then the point
x & M* is said to be the spatial one.

In [3), [ 4] there is shown that & semi-symmetric M*
in E" n26, is a 2nd order envelope of Veronese surfaces

itt /2 consists of spatial points. Then and
with the origin at < are the side vectors of a regular
triangle and is orthogonal to it.

3. Proof of the Theorem. Let us take the orthonormal
frame vectors e, e,, e so that eyl A, +
e, A, - ey llh,,. Then =2(Fe, +e)

h,-%e; and
LN SR I CI bl
o =2 by 0 -2

Wp 5 0 iy & Q (e

WA= , > =

|‘ g ! » O ) n A o o o] l

For the 2nd order envelope ™ of the congruent Veronese
surfaces we have ® - const on M<,  So the considered
envelope M? in £° is determined by the next system
of differentiel equations:

4
wd o= w o= w. o= O)
7t 4 1 S L 3 -
W= X Wl ws e, = 0, (9)
- P 4 2 -
St ) wl cawt Wwlsweo w' ¢

Exterior differentiation of these equations by (2) gives
due to Cartan's lemma that

=0, co,f =0, w?® = Ztu‘,a, (10)
3 )
=z (-’ + 33 (11)

(%)
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Differential prolongation of (10) by mesne of (2) leads to
the system

+ 0y =0,
S(8+uy¢) ~ T (g+tz) -0,

- T (’1? + %) =0
It is equivalent to
'6'2 = 62 QT = ?((‘_

) )
Here we can suppose that ¢ #(0 as if we exchange €, by
€, and e, by -e, we must replace s, T, ' by
¥, T, §, respectively. But ¢ =0 1lead to ©=T=0
and then the system (9), (10), (11) determines a single Ve~
ronese surface. Hence a function @ exists so that the
last system is equivalent to
3
=?9) T =?92 s c(_:g@
and (11) turns into
w

3

4
w

"0

QA+ 02 )(w' + 6,

2 ¢ (1-8Y(w!' + 8e0?),

w® g0 (w'+06w?).

Denoting here © - tan we can write the last system as

follows:
A

w' =2 ¢ witpw, - tany
[ 4 ©

wo =3 e Wy, (12)

os =% ach 2w coy,
Differential prolongation leads to the system of covariants
25 cost¢ [(alng  tangw?) - 2éany (dp +w*)] Ay +

+glap+wf)Ac? =0,

an 2¢ (dt(’,-*w") A wy =0,
wes 2y¢ (g + A w, -0,
which 1s equivalent to
203 e (dlng +tan wAw, + ety + cot)rews® =0,
(dy i) Awy -0,
S50 there exist two linearly independent secondary forms
dthg+tanyw;, dy +cw? end the first Cartan character
is s, =2. By the Cartan lemma

“1
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243 (,P.S-:l'l((dae"? -+ fan*(wf) =y w"—) (13)
ay “'&)12 ':/“'wé :

Here we have two parameters A and 4, i.e. V-2, As the
Cartan number ( -4, is also 2 we have N/ -Q and the
system of differential equations (9), (10) and (12) is in-
volutive. The considered surface M? in E° exists  with
the arbitrariness of two functions of one variabvle. The

Theorem is proved.

4, Some geometric properties. It is well known that if
we turn the frame {:c, e, elg in the every tangent plane
T, M? by the angle ¢ then for the new frame {x,e,,€,}
we have w,,,z' - dy¢ +cw}. Thus the frame can be adapted to

the considered M? in E® o that and if we return
to the previous denotations the (12) and (13) turn into
- -1 1
Wy =375 =3 QW , W5 = (14)
d&-ng = o’ +f7cu2, wf-.-/ucu'_ (15)

Proposition. The characteristics of the 2nd order enve-
lope M2 of 1-parameter family of congruent Veronese surfa-
ces in E® are the congruent circles.

Proof. The formulae (1) are now due to (9), (10), (14)
the following

dx =w'e, «’e,,

e, +xPBw'e, +xw'e, +xwie;,

de, = +xldwi e, -xw’e, + ey,

cde,--2bduw'e,-2l3u’e, *QL— gw'e, (16)
=-wecw'e, +xw’e, +2fwles  gw'e,

deg=-wole, ~xw'e, e,

deg = qw'ey - fow’e,.

If w'=0 we get
2
dx = e, ,
ade, = 2w (Vie, -e,),
al(Vie, -e,)= -hed’e,.

Tt is seen that ol(x +75 (Vie,-¢,)) =0 andde,=2xw’y
where 2@3e, -e,). So each curve «'-0 onM2cFE*®
is & circle in the spen {e, Vie,-e,] with the centre
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C-x+yuz(Vvs e; - and it's curvature is -tonst,
This circle lies on the Veronese surface of the family and
is the characieristic. The Proposition is proved.

It is easy to show that the orthogonal trajectories of
the characteristics are in general the curves in £ with 5
curvatures.
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OMVIBALME BTOPOTO TIOPAIKA [ifi KOHI'PYEHTHHX
TI0BEPXHOCTE/ BEPOHE3E B E°€
K.Puitzec

Peswowme

B {4]aoxa3aﬂo, YTO NONYCHMMETDAUESCKHE IOAMHOr000pa3us
€ BHJAAN05E NPOCTPEHCTRA, YAORIETSOPAKIME O ONpefeNeHun yc-
nopan R(%,%)e A -0, ssnaorca orubaniMy BTOPOTO MOPAi~
e CALITDUTECEAY 10 MHOT00Spasuli B cmucne Depyca (2]. B
nell patoTa.noKAIHEARTCs, uTO B £ ° CymecTBYOT He-
Wz I MTecKue OrZfaniue BTOPOTO OPAAKa OnHONapaMeTpuuec-
KAY reMelicln {OHPDYAHMTHHX NepepxHocTeh Beponese. XapaxTepuc-
TARA TAXUKX OPMHAUMY. ABIAOTCA KOHIPYZHTIHE OKPYRHOCTH.
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EITREML SURFACES IN MINKCOWSKEI SFACE E3
Jo.Varik
Department of Algebra and Geometry

1. Introduction. Let M bdbe a smooth surface in the three-
dimensional Minkowski space4E3 and let M have the pseudo-
Euclidean tangent plane at every point 3¢ &M. Identifying the
point ¥ with its radius vector by a fixed oxigin we have
locally X =2%(v!Vv?).

Ag usually we denote
9% ¥, 'a Che 3
Dvi =
where «v. —4,2. The inner metric of such surface M,
given by (ds)*=  dvidv/ , is pseudo-Riemannian,

The real parameters v' and v? can be always choogen
so that v'- and Vv*-curves are igotropic (or null curves) of
M, Then

311=g12=01 ()

these parameters are called isotropic.

The normal vector of a such surface ™M has the real
length; denoting the normal unit vector by mn we have
smiwm>=4, <m, »= 0.

The next well-known formulas hold:

i=ly%c+higm . mga-githgx;

'-*i.nt’-‘-‘(g{;; +l,,‘¢ a“’hpehax)%‘- +(hpzﬂ,,< + g‘l:T! (3
where h;_' are the components of the second fundamental form,

34"2.“: =8¢ and

1
2 + -s%r) hyy= < m, )
The mean curvature and the Gaussian curvature K are
expressed by the romulas
H=7g4hg , K= gkqdinuhe, (5)

where 3‘@‘ %ql means the alternated preduct.
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The principel curvatures [, end [, ere the roots of
the quadratic equetion

(K- 2 HKe+K=0. ©

The equetion for the esymptotic directions is

l’hu(CJV‘IY+2‘l’1udv4dvz+"\u_(dvl)z=o. &)

Teking into account the relations (1) we find that

’ (gyK:(huY‘l’lnhu (9)

?

Xu‘me - (10)

where 9 =

The aim of the present paper is to investigete the sur-
feces with venishing meen curveture H_O gnd with pseudo-
Riemennian inner metric in the liinkowskian space 4E3 . They
ere celled the extremel surfeces in 4E3 {_21 ’ fBJ end are the
anelogues of the minimel surfaces in ( see [5], 6], (8]
The interest to the letter is ceused weinly be the Pleteau’
problem. The extremgl surfeces of considered type in ‘E3
(end in 4E.. ) ere connected with the string theory: they mo-
del the simplest mowving strings \_1] « The verietion proper-
ties of the extremel surfeces in are investigeted in
(7], 3], [10].

In the following some theorems concerning the extremel
surfeces in ‘E'_r, are given. Among them there are direct ene-
logues of the corresponding theorems for the minimel surfe-
ces in Es“ The treetment culminetes in the theorem 2,
which gives the generel peremetric equations of the extremal
surfaces in ‘E, with the arbitreriness of two functions of
one peremster, These equations play the seme roll as the En
neper, lkonge, Lagrange, Scherk, Catelan, leltram, “weingarten
etc. equetions [4!, known in the theoxry of the minimel sur-
faces in E!- The one difference is that we need no imagina-
ry quentities. The second difference is that the Gaussien
curveture K of the extremal surface in ‘E; cen be not on-
ly negative, but also zero and positive.

By the suitable concrete choice of the two arbitrary
functions, mentioned ebove, we caua get from these general
equetions & number of examples of the extremal surfaces in

‘Es_some of them are snelogues of well-known izinimel sur-
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faces in E5 (catencid, Enneper surface, etc.); they are
given in the final part of our paper. Also the explicit egue
ations of the corresponding extremal surfaces have been de-
duced by the elimination of the parameters. The last examp-
les show that there exist extremal surfaces with K =O not
degenerating to a part of a plane.

2. The general case. It is well-kitown that every mini-
mal surface in is a tramslation surface of its imagina~
ry isotropic curves [6]. From (10) it follows immediately
that the analogues property has every extremal surface in
aC .. -

s it H— O then X"_O and thus
X(v‘.‘ v1)=Y\V’)“Zlvz)"here v v?% are the isotropic parame-
ters. So we have the next .

Theorem 1. Every extremel surface in the "Es is the
translation surface of its isotropic curves.

This theorem leeds to some simple relations on tke com=-
ponents of second fundamental form of an extremsl surface in
"Es.

Lemma, If the extremal surface in the space is
presented by means of its isotropic parameters V' and v~
then

h“_=o N huz p(vq) , hu"q(vl), (1)

‘43' =Pq. (12)
Proot. Prom Xgp-( it follows that ¥.x- O.
How (3) gives due to (8) immidiately (12) and
2ha —
Sz = .

1his together with (9) leads to (11). 0
Remerk 1. e can denote cu =
egquivalent to

; then (12) is

AN S
opPqs 5 (13)
where ((=4 it a>Qend if g ¢ O at every point

XeM.
Yropogition 1. For the extremal surface with K Oin
\;-5 there exist such isotropic parameters u' ana u? that
the components of the second fundamental form .ave the next
constent values:

((!u‘/i \’1.:1_8 ) hu_o - (14)

7
~
vhere & — ¥/
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Proof. If #Othen and ™ can be directed so
that hM—- P> (. Taking now on the isotropic curves of the
considered surface [ the new parameters u'= mdv"’

w = I\h_m dv?  we have 20 2 and this
gives relations (14).0D & vy

The isotropic parameters w' and u",for which the equa-
lities (14) hold, we call the special isotropic parameters.
The equations (12) and (13) are now

- N N ~
39.37-!_39 %gu_l_g , ——— =&

1(15)

where c:;‘—" bn\%‘ 3 §= ~

A remarkable difference from the case of minimal surfa-
ces in E,; is that in AE3 there exist, as we see below, the
extremal surfaces with K= O which are not the parts of
planes { see Examples 5 and 6).

Propogition 2. For an extremal surface with zero Gaus-
sian curvature in ﬂE3.,d.:i.f:‘.‘ererrl; from a part of a plane,
there exist isotropic parameters v and W' so that the
components of the second fundamental form have the next
constant values:

‘144:4.,"\12:0,’\:142—0- (16)

Proof, If K=Othen = O,The case P= q =0
leads to a part of a plane. If we exclude this case then af-
ter exchanging the roles of VvV and v if needed, we have
p#0O, q=0.Now m cenm be directed so that = p>0.
Taking after that on the isotropic v* —curve of the conside-
red surface M a new parameter u'= Smdvﬂand de-
noting W= v we find, analogically as in Proposition 1
the equatities (16). 1

Such parameters u' and U are also called the special
isotropzj_.c parameters. ThHe equations (12) and (13) are now

24
? °s:x‘% 3P0 smE -0 an

3. The general parametric equations of the extremsal sur-

faces.
With respect to a fixed orthonormal frame { 0,8, ,e!,}
in ‘E; with < e;,e;dD=~<ez,e;)=< ez, e ;0= A we have
X o= X (0 o) = (M u), et (u et B (u',0%)]  om,
in another way, X = :g,"'(u‘,u") where the parameters
and W let be the special isotropic parameters.
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Theorem 2. A surface in the space ‘F; with pseudo-
Euclidean tangent planes and different from a part of a
plane is the extremel surface if and only if its parametric

equations can be presented
A) in the case of nonzero Gaussian curvature # 0O

asg follows:

cos pdu' - € § & costdi?,
x'= fodu — (S.Y,‘,- du?,
x*  [ganpdu - g4

B) in the case of zero Gaussian curvature K=0 as
follows:
X' = {pcospdu' + con cfhdu?,
xz = S%. du‘ + _H‘du", (19)
* = [ g anedut + sinciddud,
where P=P(n"), 4 (w?) are the arbitrary ¢ ~functions

and C = const.
Proof. We start with the case A)
Sufficiency. Let us assume that the surface in Ez is

given by equations (18) and show that then H=0 , K O,

By, means of the immediate calculation we get =0
xlﬂ._o i.e. h"_=0
_ ?’%‘_‘. wA(-f—t\-)} . (20)

Prom (9) and (4) it follows that H=O and (0)1K=—E.Due to
(2), (4) and (8)

(W’um>= = <I'u,-x-zz> = A i.e. the
considered surface has the pseudo-Euclidean tangent plane at

every point.
Necessity. Let us assume that the tangent plane at eve-

ry point X €| is pseudo-Euclidean and that 4= 0, K £ 0O,
We have to prove that can be presented by (18). Due to

the Theorem 1
wdut + [p(du ,
(21)

x5 = du'+ v du®
Tekxing into account (1), (2), (8), (14) and assumtions
<m,md>=4, a£O0O we get
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()= + (P ()= (B)+ ()7,
g=cp -t sy, (22)
(P (W)= () =A, (FP+ (P -V =4. (23
Here the first relations give o (U')= P (u') cos P (u').
HM(ut) = p(u)an P (W), p(U)= 7 () on b (U?) end

P(u) = (u‘)mﬁ-(v«‘) then (22), (23) take the fol-
lowing foirm:

§=1qnLeoale-4)-4]1,
(pe) <4, (M) =1 . .

From the last relations we get and = - ';lj
where &£=%A. to substitute all this into (21) we ob-
tain (18).

Now we go to the case B)

Sufficiency. From (19) it follows that

and
& =% [eos (c-9)-A] . (24)
Using the formulas (9) end (4) we deduce H = K=0. Due
to (2), (4) end (8) Cwymd>= KK poXud =4  lee.

the considered surface has the pseudo=Euclidean tangent
plene at every point.

Necessgity: Let us assume that the tangent plane at eve-
ry point ¥ €|M] is pseudo-Euclidesn and that =0,
Now the difference from the case A) is that instead of (23)
we get

() + ()= () =4, (FF+ () -(n) =0. (2
Further, (P P')""'A and O . 48 N7 O we get that
4=C= constent and 4= . This leads to (19).n

Remexk 2. The equations (18) are equivalent to the equ-
ations (2.13) in [2] (see also [3] equations (2.1)).

The geometrical meaning of (19) gives the next.

Theorem 3. The extremal surface with K—Oin AEs is
a cylinder with isotropic generators. Conversaly, every cy-
linder with isotropic generators in ‘Ea is an extremal sur-
face with K O.

Proof. If H=K —~ O ,then from (19) it follows that
§éu~ '—3{4 end due to 3:.,_=O we have d:{,z-% ol 2.
So the direction of '¥ is invariant on the surface.

58



Conversely, let the parameters W' and w? on & sur—
face be isotropic end let u? ~lines are straight lines.
Then odX,= thus , X2=0 eand
hence [, = h,, = O . Due to (9) we have H=K =0.q

Remark 3. Propositions 1 and 2 together give that  if

U ana L are the special isotropic parameters on an ex~
tremal surface in '= 5 then =4, hiu=0, h,="l jwhere
M, is 4 -A or O now (9) gives(a)*K =-7 . The equation
(6) for the principal curvatures K, and K, is (Ko)1+K=O
and (7) get form (Au')*+ " (dlut)? = O.There are the next

possibilities:
"1, K 1 KuKs asymptotic net
1 1<0 real imaginary
=1 >0 imag,. real
o] o] Z@ro degenerated, reduced to

[the family of isotropic generators

4. The examples of extremal surfaces.
Next we use the equations of the Theorem 2 to get the

concrete extremal surfaces in substituting such functi~
ons P(u') and 4 (u?) by which the integrals can be expres-
sed in elementary functions. In all cases, given below, the

parameters can be eliminated.
A) The case_K # O.Substituting P= 2 anctoun @ and
into (18) we have

xi- ot =G du - g [ e g2 (26)

x*=§{E-du—-£f 2% du?.
Example. 1. Let us take ,,_ A 4 = — ¥
£=A5then from (26) c* 1 c*

et = e (uw-u),

and so
A
R
where €¢>0.1f £=-4 then
e Xt = M ute u?),
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2

2P =4 [+ (wY]
and so

X =eg(X +X) ¥ C o,
where C > O .

ut w
Ezample. 2. If we take (0 — & , w=-€ end £=—4

the equations (26) give

X+x=—-e +€ ,
A 2
xt-xt=e" —e",
= utt Ul

thus
2 A
3= {y X=X
= ‘ _—
X x*+x?

Exemple. 3. Let P=c u', 4=cC™WU - then directly from
(18) 1t follows thet

x! [Aw(c*) & am (c*u?]]
X g (u-Euw),
X —[-cos(cut)+ € wa(C*Mz)} ;
AE=1 we hae
=+ Lorean[ V(T + ()] ,C>0.
For £= “'\ ge{
x*=c arctan
Ezample. 4. Let co=0(u')*, w=0a(u?)" Then
x*+xt= (tnu =~ Ethut)
xtext= S [P ()],
=5 L) -&w) ],

2

if £=4 we have

but for £ =-4
(x*) =
B) The case_

Yo (x?+xh)
x -2 ) + _‘8‘ e

(
K=0.

3
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Example. 5. Teking C=Q in (19) we have x3=F(u')
x-x*=G(W)and thus
3 \ 2
2= ('~ x ).
Here for arbitrary c? -function L we get a extremal sur-

tace with K= 0O in ‘Ej.
Example. 6. Let ¢ = =~.then we get from (19) that

xt-x3 = F(w) , oc"=%(:x.‘+x‘)+ 6(u) and thus

x2=m (octe a3+ (! -3),
\F3
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JHCTPEMALEHHE TIOBEPXHOCTY B [IPCCTPAHCTBE MAHKOBCKOIO
fl.Bapux
PeapowMme

B npocrpancTBe MuHKOBCKOIO 1 % paccMaTpUBapTCA nno-
BEPXHOCT!, ¥ KOTODHX Ke&cCaTeNbHARs NMIOCKOCTb NCEeBNOEBKAXNOBA
BO BCE~ "oUXAX. 38 KOODAYHATHYE Ce&Th HA& MOBEPXHOCTH BHOpPaHa
ceTh W3OTLOMHLX JMHUK, Usyuawrtes TakMe MOBEPXHOCTH, ¥ KOTO-
pHX CpelHAA KPUBU3HA H  TOXIECTBEHHO ofpamaeTcA B HYyNb,
T.e. H =C. Taxue nopepxHOCTM B NpPOCTPaHCTBE MunkoBckoro

£+ HA3LBADTCA DKCTPEMANbHLMUA; OHY ABAADTCA QHANOI'AMH MU-
HUMANIBHLX NOBepXHOCTe#t B

BuponarTca ofmue napameTpuueckue ypaBHEHHWA paccMaTpUBae-
MX SKCTDEMANbHEX MoBEpXHOocTe#t B npocTpaHcTee L., 9TH ypaB-
HEHMA MOAYUYapTCA C NMPOU3BOJOM [BYX He3aBUCUMHX Ipyl OT Apyra
¢yHximMit onHo#k mepemenHoft.

OxaspBaeTcA, uTO rayccoBa KDMBU3HE BKCTpeMaNbHOR no-
BEPXHOCTHA B 'z:3 MOXET MpUHUMATH NPCOE BemecTBeHHOe 3Ha-
ueHue. B uvacTHOM ciyuae HafifieHW OTJNMUHHE OT MJIOCKOCTH  DKC-
TpeMalbHhie MOBEPXHOCTH HyJneBO# rayccosoft KpMBHU3HH.

Sanaua HaitTM ofmue napaMeTPUUECKHE YypPABHEHWA 3KCTpe-
MaJIbHEX MOBEpPXHOCTeR pemaeTcA OTOENBHO B [BYyX Clyuasax, B 3a-
BHCMMOCTH OT TO'0, TOXNECTBEHHO JIA DABHA HYAD rayccoB& KpU-
BM3HA W unu HeT. U3 DTHUX ypaBHeHu#t B ciyuae K =  BHTe-
KxaeT, u?0 BCAKAA TaKada [IOBEPXHOCTb 'eOMETDHUECKHM IpefCcTaBaA-
eT coboit LMIMHID.

B sakapuurenpHoft uacTH craTbM JaH DAL, KOHKPETHHX HpPUME-
goa MCCJIelyeMBX BKCTpPEMANIbHHX MoBepxHocTelt B mpocTpaHcTBe

= 5 kex mpy K #¢ rak mnpw K =2¢ .
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FOCUS AND POI AR SUBMANIFOIDS OF HICHFR ORDHR

T

FOR A SUBMANIFQID M” IN ¥

Tanis Virovere

Tallinn Technical University

Intraduclion. Let M be a smaooth submanifold in a  Fueli

dean space F" with tangent bundle TM" and normal bundle

Rl Thee fibres of these bundles at a point x < are,
respectively, the tangent space TM" and the normal space
TIM" as vector apaces, Correspondingly the tangenti1al

"

mplane {x,TM'] and the normal (n-m)-planc lx,T:M"'] are

defined at x ¢ as subspaces of F7,

The classical construction of the evolute of a plane
curve has been generalized in directions, For the corve M
in F" the envelope of the family of normal spaces is
called (see T21) the polar hyporsurface.The curve the

tanpent 1ines of which [y.‘l‘yw’] are the normals of M’ nk

carresponding points  x elv) M, is ealled the oevolute of
M and the point v ¢ W i «nid 10 be the focus of the family
of these normals,

There are higher order peneraltizations of the 1ast  tuwn
concepta. A curve W in F" is said 10 be (sen 181) the ecvolute

of order A for a curve M if its onculating apaeea [v.()‘l}“ "h’"j
af order A 1 are normal to M at cor respondingg pointa x sy,
whore v o« M‘ The point v . (S PR enlled  then  the  focue of
order A of the family of theae normate.

I Miliari 91 extended the concept of palar  hyper surface
to the case of the general MY in F'. The polar cubmanifold "

nf oA M in F* ¢ 9n 181 it de called 1he firat evalute Y in Fhe

enunlone nf ramily of norwml apaces Tx, TIM'] UHore W con
of characteristics " the envelnne of which ie called
the coeond ocdeor nnd e WY otthe 2 nd evolute) cte
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So a sequence
o sl :U‘MD cea

of polar submanlfolds of order 1, 2, . A 3... and some of
their gerneral geometrical properties are obtained in [91. It is
shown that if [x,O‘:’H’"] is the osculating space of order A and
S"U is the plane generatrix of at the point x < M", then
they are orthogonal to each other and intersect at a point.

The concept of the focus point (of order 1) 1is also
extended to the case of M" in E" (see [31). In connection with
polar submanifolds the focus points of order 1 are used by R.
Mullari ([9)1. It 1is shown that to every X < T™" there
corresponds a focus (n-m-1)-plane ¢“X(X) in [x,T;:-M"'] which

consists of focus points and S* = 0 &),
XeT M"

The aim of this paper is to introduce the focus point of order
% for a normal subbundle on M", restricted to a curve M' in M"
and to generalize the results of R. Mullari, ji.e. to show, how
the polar submanifold Wo" can be generated by means of focus
points of order A.

In §1 the exact definitions of the above mentioned con-
cepts and necessary auxiliary results are given in order to
formulate the main theorem. The Bartels-Frenet’ formulas, rep-
resenting the main analytical tool, are derived in §2 in a sui-
table for us form. They open a new possibility to determine
focus points of higher order which is realized on §3. Finally,
the proof of the main theorem is given in §4.

The results of this paper for a special case of Cartan
normally €lat submanifolds M" in E" are announced in 51 and
deduced in (41 (see also IG1). Here they are generalized to the
case of general M™ in F"_

§1. Focus and polar submanifolds. lLet N'M” be a  subbundle
of TIM”, i.e. we suppose that in everv normal vector space TIM"
an r dimensional vector subspace N (x) is given, which depends
smoothly on the point x ¢ M". The correspondinge r plane in E”
through x we denote by [x, N (x)] and the tatnl  ~pace  of
the cancnical bundle N) hy . Here consists of
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pairs (x, y), where x< M" and y < [%, and it is a
(m+r)-dimensional smooth manifold. We have the bundle pro-

jection

p: e — N, (x> ¥y) —> x
and a smnoth mep

n: ™ — EN (x, y) +-> y.

Definition 1. (see [61). Fvery singular point of dn, i.e.
such a point (x, y) & whare the linear map

o b Toup T TyEn

has the rank ¢ mtr, is called the Jfocal point of s(M™,IN").
Note, that here mt] ¢ mtr < n.
The next lemma gives another possibility to define the

focal point.

mey

Lemma [7]. A point (x, y) € 3

mer

is focal point 1Iff in

vector space T 3 there exists a vector 2Z2(x, y), s0

A,y) .
that dp_ Z(x, y) = O and dr__2Z(x, y) € N (x).

mer

If (x, y) e3 is a focal point of SM", N, then
y = n(x, y) is called the focus point of the normal field N on
",

Note, thit in case r - n m, when N'M" = TIM", we get the
focus point of the submanifold M" in the sense of [81.

The statement of the lemma 1is often formulated in the
following way (see (31). let y be a point of ([x, N(x)}], so
that for every x € M" the vector xy constitutes s <mooth
section of the subbundle N'M™ and 1et v be the radius vector of
y by some origin in E". The point y is the focus of N on M"*
iff there exists a displacement dx of the point x ¢ M® that the
corresponding displacement dy of the point y belongs to N (x).
Note that here dx is collinear to dp(_ y)Z(x. v), its direction

is called the focal direction of the bundins 32(M“, N'> at the
point x € M".

Next a definition of the focus point of higher order is
given. Let ther~ be given a smnoth field N of normsl vector
spaces N'(x) on M and a 1ine y : J-g,6 [ - M", where ¢ > 0.
Ther we get the restrictions of the vector bundie INM™ and of
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the canonical bundle $(M™, N°) on M = Y (1-¢,2 [). We denote
these restrictions by ﬂ'[.f and 8|"s, respectively.

Definition 2. 4 section @ : M .— W | 4 is called the

Jocus section of order A on e My iy
d?(xt o€ M')) @ [x, N ()]~ a.1n
for every point X € M and jor every walva of g = 1,...5N,

where x is the radius vector of the point X € H' A point with
radius veclor x + &( M') of such a section (s called the focus
point of order A on the line  for a field N .

In a special case, wvhen r = n-mand A = 1 this definition
gives the focus point of the submanifold M" in the sense of
[81. It is known, that this focus point depends only on the
direction in TIH"' (i.e. on the focal direction ).

The evolute of order A for a curve (see Introduction) can
be generalized in the following way.

Definition 3. The submanifold W) is called polar sub-
manifold of order N for submanijfold M" in E", when exists such

a submersion p @ —s M", so that an osculating plane

Iy ]} of order A-1 in every point y € 4 coincides

with the normal (n-m)-plane [x, TIM™] at the corresponding
point x = p(y).

The m:in result of this paper is the next theorem, which
connects the concepts of focus and polar submanifolds of higher
order.

Let M" be a smooth submanifold in Euclidean space E". Let
h be its second fundamental form and ©h, Wh,...,%..%h the
covariant differentials of h with respect to the van der
Waerden-Bortolotti connection [1]. Then

0‘:’#" = Tlllm ® span {h(X, Y), vzr)(x. v),....vz...vz{\(x, Y}

vhere X, Y, 2Z , are arbitrary vectors in Tulf", is

called the osculating vector space of order A of the
submanifold M" in E". There exists the last osculating space

[x, OM™]. which coincides with E".
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Theorem. lLet all the higher order osculating spaces of a
submanifold M" in E" have the maximal possible dimensions
Cexcept, perhaps, the last oned. For a line M in M through
the point X € M" the focus points of order A for the normal

bundle TIM™ fill up a plane (0‘:'“||‘) which ts the same

Jor all lines, having a common osculating vector space . 00‘-”'“
of order Aj here

(S I ¢ § {
Py > Tt > > ¢%0" ™ u)> a.2)
If all o‘:’n‘, A = 0,...,ps belong to the linear hull

span {X, h(X, v),vzh(x, ¥)s.es P~ .. 0L h(X, )},
[ p-2 2
where X e T.H' and Y, Z‘,...,Z are the arbitrary wvectors of
Tlll'", then the segquence of focus planes (1.2) (s the same for
all lines M' with such osculating vector spaces at

x € M". Moreover, the plane generatrix S‘:’ of the polar sub-

mant fold W (s the intersection of all 0‘:’(0‘:'”“") for all
lines in ¥° through x € M.

§2. Bartels-Frenet’ formmlas. If a submanifold M" in E” is
given, the orthonormal frame bundle ©(E") can be reduced to
O(M", E™); here (x, X, X ) € O(N,E") implies

X €«TM, X €TIM5i=1,...,m s=m ,...5n
Identifying the point x € M" with its radius vector we have

dx = X o, dX = X"u', ws ¢ o, =0, 2.1
vhere 1x = 1,...,n and the following differential system” 1is
satisfied:

-0 2.2)
At the same time the next structure equations (l.e integrabili-
ty conditions of (2.1) are valid.:

du' = A WT , do® = A K, 2.3)
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Now (2.2) and (2.3) give due to the Cartan lemma, that

ot ot § o o

w¥ = h% , h® = h%. 2.4)
v i i) it
and from {2.1) we get
dX.= X + h " 2.5)

o
where hu‘ = h, X, are linear independent. The linear hull of

these vectors h, at x € M is called first principal normel
space N’M" (see 12)). We assume that it has the maximal
dimension n (mt+ 1).
After exterior differentiation w: get from (2.5) that
(dh, - ha‘ug - h u: M xju,‘f\ ui =0,
Using (2.1) and (2.4) we check up, that

ot j o Kk LI o o o ot k L
"";A b\:‘" z hi.km’\ hjlw = - E E - hilhjll) oo =
ol o k<l
i
- - A
JE yhy - hyhy) o

so by means of Cartan lemma

3 (]
dhy- Rl - Ry ©ohahp)? = bt -
(o) 2 )
= (h'” ¢ ny + hoy) @, (2.6)
Here we decompose h,, so that the suemands are mutually ortho-
gonal and the first +two belong to TM and II,),

respectively. Here the linear hull of all h at x € M is the

second principal normal space lell"'. We assume that h-m are

(2>

linear independent, then m = dim N = sm(m+1 ) (m+2) 19).

Let us put the last addend in (2.6) from the left side to
the right side and denote all tangential components through the
h,

T

K1 ® So ve get (2.6) in the following form:

j i “to) «4) «2y L
dh = hj el ¢ h @ ¢ (hipy ¢ by ¢ b )@ 2.7
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Repeating this procedure we obtain by the next step

<o) 1) @ L
d(hui th o *hyd-hae +h, +h,, +
<) Y <2y
+ (h\.Jll\ h'\.jlx\ + h\.jlx\ + h\.,)l\. ’ 2.8)
in general
dh® ...+ htl—n + "I(k—m + h(k—:) h(k-u ) =

‘-l”‘} \.‘.\l \.’.LA \.’.\.A

=T h . T (2.9)
“ l‘. R TPRLL S
+ (b«” P h(l—z) + h:k—x) + b:” .
Y ‘)\u ‘e PRty ¥ 17 At

where »4 = 14...A. This formula (2.9) can be verified by
induction. In (2.9) an upper index denotes, in to which order
principal normal space the considered vector belongs. We assume

that the vectors h:h . are all linear independent, so that
17 Aes
(A
NN has a possible maximum dimension m, = dias N_’Hm

1
=‘m.”.(-91 )...(m¥x) [9],

This differential prolongation procedure terminates, if
for the some value A = p+l we get h:P.” = 0. Such a p
1°" pe2
exists because E" has a finite dimension: n = m + m, + Pt
+ m . In this case quantity p is called order of curvature for
submanifold M in E".

Remark 1. Formulas (2.1); (2.5), (2.7), (2.8);, (2.9) are
called the Bartels-Frenet’ formulas for submanifold M in E“.
They are deduced by R. Mullari [9] in the light different nota-
tions.

Remark 2. It is often convenient to use this kind of adap-
ted to M" orthonormal frame bundle, where every basis } is
decomposed to components from s A = i,...ps i.e. in a

A
form {X,;...»X, }, where X, < N.'M". Then the formulas (2.1)

of infinitesimal displacement can be presented in a following
way:
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ot
dX. = Xo' + X
i Y a
]
k 4 2
dX =Xw: +X 0'+X o 2.10)
L x ﬁn oty % ﬁ.’
dX, =X " +x P,
ﬂp “p1 ﬂn “ ﬂp

where the fact that QO;: -0, if u > A + 2, is taken into con-

sideration.

§3. The other way to determine focuses of higher order.
The Bartels-Frenet’ formulas do not work, if we compile the
equations of the sets of focuses of higher order on the basis
of definition 2. Therefore we show the new analytical possi-
bility to determine focuses of higher order. Namely, the follo-
wing proposition is valid.

Proposilion. Let the osculating spaces of order 1,2,..,p-1

of in E" have the maximal dimensions. The point y < [x,'rﬁu"‘]

ts a focus of order Atl for a line N in M" ana for the normual

bundle TM" iff the infinitesimal displacement dy of it radius

wveclor along M at x € M" s by X € and ardbitrary Y, z’,
.,ZF e Tme orthogonal to the linear hull

span {X, h(X, Y), h(X, Y),...,9, ..v7h(x, i

Jor every value p = 0,...A-1.
Proof. et us take the basis {X’,. . ,X'l in Txlf", where

xeM', so that x‘ goes in tangent direction to the M'. So this
proposition can be analytically interpreted, that next conditi
ans are satiafied:
45X =0, dy h = 0,...,dy-n>™ -0 .1
“‘:' A
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Necessity.Let in [x, TIM"] be given a peinmt y with radius
vector y = x + yﬁd, the arbitrary displacement of which is
determined in the following way:

dy = (' ¢+ y“u';)xk + (dy®™ ¢+ 3.2)

k

Here, due to w» = 6"0 and (2.4)

k o k., k o o L
(v ¢+ y = [(z‘Sl - £ h, ¥y )@ IX,
from where, applying the condition dy & [x, TiH'"] of defini-
tion 2, we obtain the system

SERY Y%t = 0, k= 1,...,m, 3.3)
ol

which determines us the focal directions and corresponding

focus points. From (3.3) it is obvious, that along the 1line

w'=ds, & - 0, i #1 (i.e. the line M with tangent straight

{x, X‘]) the focuses fill up the plane ¢“’(x‘) with equations

- x) =0, k = 1,.,.,n. (3.4)

Comparing (3.2) and (3.4) shows us that the left side of (3.4)
is obtained from (3.2) by scalar multiplication with vector X .
Consequently, all the radius vectors of focus points from

#7)(X ) satisfy the next condition:

dy X‘ = 0, (3.5)
Further, we use in TIM™ the new basis {Xu e .Xa | where
1 P
X € s0 we can decompose the second addend from (3.2)
into the components from principal normal spaces Nm, PN ,N‘p’

in the form
(dy“ + yﬁu;;)xu = (dym)L + yﬁm:;)“)x =y Dy“lx .

where we denote
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After this we obtain for radius vector vy of arbitrary focus

point y e that along the line M the diplacement dy
is

ot
dy =Dy X + L Dy“"x,, (3.6)
A=2 A

]
Now, using the differentiation along the same line and (2.10)
we get

d*y = d(Dy ‘)xu‘ + (Dy ’)(“:, R S S
. '} 1 ] 2

A “k s ﬂk
+ L [dDy X+ Dy "I V'x 4w X, o+ )} =
AE: v “N v b W W “\ BA A
v &
Dy X, 351 D’y n, - 3.7
e “n 2 A
EDy Eh dsx + E DYy "ix,,
o k A=2 A
where
¥
Dzydx = d‘lDyuk) + (D_vm7k + (Dy k)w:‘: + (Dyuxn)‘-’::: .
A-3 +4

On the basis of definition 2 the point y appears to be the
focus point of order 2 for the TIM", when dy < [x, TIM"}, so
(3.7) yields

o(. O(l.
EMy d, =0, %x=1,...,m,
which means, that
dy h, = o. (3.8)

Apain, using the differentiation along the same 1line H‘
from (3.7) we pet

o
3 2 1 k 3 “A
dy = Dy »_ x, + EDy x,,
1 A=1 A
where, analogically to the previous, by arbitrary value of A :

o N r 2,
Dy % - dD'y >+ DY N et b+ @ e s Dy ey
4

Applying once again the definition 2 to determine fecus points
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of order 3, we demand d'y € [x, TIM"], that ylelds

ot
(Dzy ‘)"’u =0 or dy'h, = 0.

Therefore, using the differentiation and the Bartels-Frenet’
formulas (2.7) to (3.7) we obtain

{0} {4
dy (h‘ 1"2‘ h‘k‘kz! . z) =0 (3.9)

which leads us with (3.5) and (3.8) to

dy h* = o.

12

Now, by induction it is not complicated to check up, that for
facus polints of higher order A+l

dy'h:n:..kk =0
is wvalid.

Conversely, the conditions (3.1) are sufficient for the
point vy € [x, T'J.H’"] to be a focus of order Atl, because the
conditions (1.1) are satisfied. Proposition is proved.

§4.Proof of the theorem. From (3.4) it is obvious now,
that all the focus points of order 1, corresponding to the
focal direction » are generating the focus plane ¢“’(x ) of
order 1. By assumption, that the curvature vectors h‘k of order
1 are linear independent, is dim ¢“’(X) = n-Zm.

We like to note that the direction Xl is not preferred to
any other tangential direction from T'H"'. Consequently, the
focus planes '(Xk) for m different linear independent tan-

gential directions X,, x = 1,..,m (which determine T M"). have

(assuming that L dim N*’- ;n(-ﬂ ) (n-m-m, )-dimensional
intersection [} ). It consists of the points vy, displa-
k=1

cements of which belong to the normal plane [x, TIM"] by any
choice of X . It means that N é‘:'(x ) coincides with

k=1
the plane generatrix s“’ of the polar submanifold
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Now, we find out the focus points of order 2. Let us take
a point y from S'°, determined by the next system
—hu-(y—x)-o, ki = 15...,m (4.1)
Using the differentiation and (3.8) we obtaln
dhhi (y - x) = 0,
where applying (2.7) gives us
L 1
hu‘(y - x)mh + h“ (y - xX)o % - = 0.

from here by » =dsl, =0, i1 and due to (4.1) we get a
system
= x) =0, kij = 1y.0.5m. (4.2)

Therefore, the focus points fill up the plane ¢"’(xl,hn),
)
which dim ¢~ (X ,h ) = n-m-m, - m. Now, if n 2 ’ ana-

logically to the stage preceding we can deduce that the inter-

section N} 4&‘:’(! sh..) coincides with the plane generatrix Sm
1=14
of the polar submanifold Indeed, the plane M} ¢‘:‘(X,,h. )

1=1
consists of points y, displacements of which d" y of order 2 be-
long to the normal plane [x, TIM"] by any X € TM", at that

(2>
dim §° = n-m-m -3,

Next, we will find the focus points of order 3 by dx| |X‘.
For this lat us take the plane S5'”, which is determined by the
system (4.1) and

h (y - x) =0, kot = (4.3)
12

3

Using again the differentiation, the conditions (3.9), Bartels-
frenet’ formulas (2.8) and the equations (4.3) we obtain

lhlku-(y - X))+ hl"l (—X‘)]u ¥
-1 2 13

+ LI Y -5 ¢ S(-X) 1 = 0.
s h"nkal" hln"zl ¥

Therefore, along the 1ine & =ds,, « =0, i* 1 the focus
points of order 3, fill up the (n—I—-‘—-’—iﬂ)—diunsionnl
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plane ¢™ (X, h, h ,,) determined by (4.1), (4.3) and

“-mlhkk . -] =0

where through the x)) the coefficient

kL
shead « is denoted. Consequ;r:tly, if n > there
exists the intersection M #2X h, oy = s, where
=4
s™ as the plane generatrix of the polar submsnifold is
determined by (4.1), (4.3) and
O‘leh_ ¥y - x)} =0,k = 1,...:m

12

A
In general, we assume that the plane generatrix S‘i’ of

the polar submanifold Wo" is determined by the next system
- h. X - §) = 0.
Il 12
(y - x) = 0,

'y -] =0 “.0

AP, -0 =0 k1,0
188
where on the besis of well-known formula
II\—M (1 %]

v )™= }:( M

for all values of A is denoted:

a‘k [hlkk(y—x)] =
420

- = A-2 A-2
= iy - %) - X, -
h.' )A-u Y x ¢ 1 )hl‘n ,'k L ¢ ,‘hn‘ "‘x-. hln"z
(x-s)hk 1 N hl:‘lz‘k’.hl‘. NN
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Now, if we want to find the focus points of order A+1 for
a line M' in M”, we have to use once more the differentiation,
the conditions (3.1), Bartels-Frenet’ formulas (2.9) and the
equations (4.4). As the result we get

(¥ - D" = 0.
k=g 18

So along the line o' = ds , @ =0, 1, the focus points of
order A+1 fill up the (n--—-‘—.. .-'—:lk“)-dilens:lonnl plane

(X.sh 5...5h "x‘)’ determined by (4.4) and

“(y - i) = 0.

£ z8

Thus, if n > » there exists the intersection

m

A +4) A1)

n @ ,n,,. Y-8

k=g ® 17 ek . A x
which is the (n----‘-. . -ll.'\")—di-ensional plane generatrix of
the polar submanifold because all the points y from
s are satisfying the next condition: d 'y e [x, TIM"] by

any X € TuH"'. Consequently, the theorem is proved by induction.
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Hocrvouno
QOKYCHHE 1 IIONfPHHE IOAMHOI'OOBPA3NA 91
BHCWMX ‘[IOPAAKOB 17 IOAMHOT'OOEPA3MA M™B £™
T.Buposepe

Pesome i

B emxauzoBoM npocTparcTee E™  umayusercs GoKycHo-3BO-
NOTHAA CTPYKTYPa BHCWUEr0 NMOPAAKA NOZMHOroo6pasus ™M™,y xo-
TOPOTO KAXAOe CONPMKSC3TEABHOE NPOCTP3HCTHO Gfﬂbﬂ"‘ (B. TOY-
Ke xXx.& M™ ) sHCWerc nopAnka MMEeT MAKCHMANBHO  BC3-
MOEHYN D33MEPHOCTB . Ias raxux M™
o6oduaeTca noHATME POKYCHOU TouKM (mepBOro MOPAAKS ) M ycTa-
H8BAMBAETCA CBA3D MEXAY QOKYCHHMM NOZMHOrOOGD33UAMM X NONMAp-
HHMJ MOAMHOTOOGP33MAMM | B [ 91 OHM H33HB3WTCH  BBOMDTAMM )
OZHOrO M TOrO %€ BHCWOro NMopaAks. MueHHOo, ZoKaswBaeTcs (Teo-
peus ), uTO Aas PSCCMATPMBIEMHX NOZMHOT006pa3uit HOKyCHHE TOU-
Kn HaZ Bcemy amHMaME M7C M™' | KoTopue MMENT B Toykg €M™

o6lige COMPUKACATENBHOE NDOCTPAHCTBEO nopaAmKs A ,3a-
NONHANT, NPK NpPEeNNoNOMEHHH, YTO BCE A=0,e.., py TDUEAT
nexaT B nuHefHYD 060IOUKY

span § %, R0X0), T R(%Y) y
\ va¢ ¥ - KacaTembHO® K " » %3 p-3, -.NPON3BOMB-
HHE K3CaTeNBHNe HANMpABACHUA M3 ) ,. ONHYy M Ty ®e moc-

nenosarenrHocTs (I1.2) QokycHuX naockocTett. Iipm aTom miaocKas
(A)
o6pasypuss S  MOAAPHOI'O HDHMHDPDDEPSBMﬁ)ﬂBnﬁeTCﬂ nepe-
¢y i
coueHnen Bcex (okycHux nmockoctelh <Py (O%°M)roro e mop-
AIKg N BCEX MAuHMH (1™, npoxozsuux yepes TOUKY
xreldnt,
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930 (1991), 78-96 1991, 930, 78-96.

LIGHTING OF SURPACES, CUSPOID SINGUIARITIES
AND VIETA MAPS
M.Rahula
Algebra ja geomeetria kateeder

Lighting of surfaces along trajectories of a vector
field and cuspoid singularities. Shadows and their singula-
rities on a screen, description by invariants of differen-
tial equations. Applications in polynomials.

§1. Strata on a surface

1.7 Let there be given a vector field Y without sin-
gularities in n -space W™ and let ¢ R R be a
smooth function. The function @ cen be dra.gged by the
flow at__exP{-_-x The dragging is described by the compo-
sition and Maclaurin's expansion

= "P ‘?'L t/K >
where ©7~ is the derivative of @ along X,
usually designated X and LF”’ j e are the higher-
order derivatives Xl‘? X3P, . The function is cal-
led en inveriant of the field X it Xg=0, 1.e. ¢ is cons-
tant on the trajectories of X .

Independent inva.ria.nts 12,12, ,I™ of X engender a
submersion | . TR -)IR_ or & projection of the space T2 on
the screen P

The set induced in "™ by the equations e~
is called the stratum A“,Thereby a stratification A1 S A,
3...> -AK arises, the geometrical sense of which is the
following. Let us imagine level surfaces LP—const lighted
by rays running along trajectories of X . Then the set A,
consista of the points where the rays touch the surfiaces

% Mnis term originates with J.A.Schouten
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§=const. Otherwise, the stratum A, determines the
shedow boundary on every surface. In the points of the
reys touch the stratum A,.In the points of A, the reys
touch the stratum A, etc. So every stratum A, Ky, de-
termines the shedow boundery on the previous stratum.

The stratification erises on every surface separately
end in the space 1™ as e whole. This is clear when we
bear in mind both the singulerities of the mep of every sur-
face \P-(onsk onto the sereen W' (induced by submersion I)

end the singularities of the map R realized by the
functions where I'= is the function given
above end T2 i~ eare the inverients of X .entioned
previously.

The derivatives can be identified with the
Jacobiens |1 [k N Al A D vk TN In-
deed, if we take 11,_‘_)[“— as the coordinate-functions
wr oo, end suppose = then the Jacobian

o) o ... 1

coincides with the derivative

The strate AK epply to the singulerities of the cus-
poid type. The first ones have special nemes: A, - fold,
A, - cusp, As - swellowteil, A, - butterfly, Ag - wigwem,

A, - ster [2]1.

1.2. Fig. 1 shows how in the cese of the mep

a fold A, with cusp point A, may arise.

Fig.1 Fig.2
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Fisl 3
Let there be given two planes: an 'x.g-plane and a uvr=-plane,
and let the map { be defined by the functions on the

=-plang, %- asgociated with the functions (u,v),i.e.

Let us call the curves on which the functions § end ¢ are
constant (level curves) and & 1lines. Let ¢, ¢, andy,
be partial derivatives of the functions and with
reapect to &,Iﬁ. regpectively. The vector field X ,~4)
having the invariant lights the p lines. Let
(?/: b "?I/ = "P l '

The equation ¢~ determines a fold A, on -plane.
The equation LQ”..O determines a cusp point A, (or points)
on the fold A, ,see fig. 2.

The tangent map T defined at any point M by the

[‘-?1 ‘PL ]
Jacobi metrix l‘\"\ Y, | meps the vector 7 ka,vz) at the
point M into the vector T{\/ at the point {(m).

In particular, the vector t-(1@¥l, 1Pdl,) tangent to the
| line is mapped into the vector

T=TPt = \eledly
At evexry point of A1 the map has the kernel de-
fined by the field X, At the points of supposing

C , the components of the vector T can be pre-
sented ae the following:

Iplguil=, (rg2) "N, Lvipwil = (a2,
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where ,{“ ¢,

\ Y O ¢, 4, O

At the cusp points AL the value )\ becomes zero and the
points {_(A,_) on the curve { (A:) are singular. At en ordine-
ry point the Le and 4/ lines have simple intersection,
at the points A1- a 2=-point contact, and at the points A -
a 3=point contact, i.e. equality of curvatures: X=0. 1t is
remarkable thet the curvature is a metric notion while the
equality of curvatures of two tangent curves (it doesn't

matter in what coordinate systems they have been calcu-
lated) is a differential topological notion.
Pige 3 shows how the X and lines can be mapped

onto the uY =plane.

§2. The jet space

2,1, Let us consider the jet space ,tQ,) with co-
ordimates (f,u,u’u .. ) and basic variable +t.Any smooth
function u[-}_-) engenders the jet prolongation in the shape

of a curve ‘u’[{:)).u), where are the usuel
derivatives of u(t) with respect to the variable -+, The
function \Q (4 R, stands for some differential opera-
tor and can be observed as an ordinary differential
equation.
In the jet space the vector field
V= 73/vt + b/Z)u\ + u’ L

plays en importent role and it is called a complete differen-
tial operator. In the following formulaes primes mean deriva-

tives with respect to the field VY =\EP
Uging the designations
4
u 010 1 ¥,
Mf w! 001 - O 1 t
w | V| 0o 1

wi [N~ LO o0
we notice,on account of L)/_-_C,L)’ that Up-e U, When we

supplement the coordinate + to the last formula we deter-
mine the trajectories of the fielad /. The functions

e« v e -
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U.y=e “U are the invariants of .
The system 0
‘e - = g ®) _ 0o

is called the W ~th prolongation of the differential equa-
tion €=, When lighting the surface {:O along the

trajectories of the field \Y , a stratification on =0
arises, the above equations determining the stratum The
stratum which is determined by the infinite system

$ ("9:'-- =0 (k=00) is called a complete stratum of
the equation and is marked by the symbol Ay,

The function ML{—), all prolongations of which belong
to the complete stratum Aw, is the solution of the differen-
tial equation Q:O, The functions that are constant on all
solutions of the equation .@:O are called its invariants.

2.2, The gimplest differential equation is u(“'H),:O_
Its solutions are the polynomials of degree n
Up — U 4wk pu! w0

The complete stratum Acg is the wu’... ut space. For

independent invariants of the equation (in addition to the
functions constant on A«, , more preoi-
sely equal to zero)we have the function and the fur-

ther n-4 Zfunctions, which can be obtained from the func-
tions u. wn’ u - as & result of the substitution

In the case h=2. the discriminant

B ~u- (W%M//

turng out to be invariant like the above. In the case n=
we have the two invariants

0\o _
D’l =U- + c )/6(Mm)Z , D, =
The known discriminant of a cubic polynomial
D= (2%}’ + (v}

is also invarient but it is & function of u", D, D, . Let
us note that the equation D __¢0 determines a certain cone
in the uu’'u’u -space. The cone cuts out a certain deve-
lopable surface with the edge A,'_—(P/(a ,",ﬁ ,4) on the
plene u”=4. This is easy to understand when we take  the
tangent A,+sAL=(lyrs%e , Yaret L+s, 4) on which

,D.—~5%, DO, Unlike the and D, jthe invari-
ant D possesses the following property we need later:

2
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u=u’-0 = D-O,

2.3. For the differential equation pu ‘L"‘=O with
the real coefficients the complete siratum A 4,
determined by the matrix equation U’ 4 pU’-HLU—O, where
vi—cu . v? It is a 2-dimensional plane extended
on the vectors U,U” . The trajectories of the field “y
belonging to Am i.e. the solutions of the equation, can
be represented on the basis U, v¥ +VU’  in the next
mode. Let a=-f;, d=p*. ,E \dl”".Corresponding to  the
sign of the discriminant 4 of the characteristic equation

+ we have three cases:
1) dyo , the roots )\1 ,aatg are real and distinct,
the trajectories are Dy

2) d(o) the roots )\1‘1_at51 are conjugate complex,
the trajectories are
(Veos ot + L ;
3) cd=0O, there is a double root Xi=%,=qg the tre-
Jectories are U o ",
g~e? (L+ UE) |

The 3rd case is the limiting one between the cases 1 and 2

when & O,
In the case of the real roots >\ we have
(“ —)\1‘4) —>\'l(“ - M) ) “>\ Mt—(u >\ M) XJ'E,’
(u=duY =2 W= ou) u_{: Moug - =x,u)eMt

It follows from here that the function
b —A
(M/_xz‘u) 2 (Ul"v- Xﬂl\) 2
is an invariant of the equation.

If p=0 then the function is an invariant
of the given equation.

2.4. For the differential equation u"'+pu’4an’-() with

real coefficients P.4. en invariant is added.
When the roots X, )\, are real the function
(u" ‘P“/‘*‘ - (u//__)\lu,))\g_(uil_ )\4‘4,)—)\,

is an invariant of the equation.
If p=O we have an invariant

(W g ) = W= g ()2

Note that all these invariants will vanish in consequence
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of u=u'=0,
2.5 In the case of the differential equation
=0

with real coefficients we argue as follows. Let us
consider only the case of real roots X\, ,}\5 of the
characteristic equation. It is convenient to denote

A= e , - )CPU - +\\4\;}4 .

Taking into account the Vieta theorem, we have

/ / 3/
A:)\AA , B=X, % , & =>\3C ,
from which ok N
— - 1
A'f A& K y 5% B& 9 '
The ratios RN N N
- 2

do not depend on *+ and give two independent invariants.
The invariant
(A)\u_ / 1 ()\b“xa.) A ‘)

will vanish in consequence of u=u’=0,

2,6. Wie have a more general situation in the jet space
J"om",’,ﬂ)with coordinates (-E:,u‘u; NVTTENN ), see [1]. nere
P complete differential operators V., form an involutive

distributiion. In this context we can speak about the action
of the additive group 1{1? and its p ~-dimensional orbits,
specifically about the lighting of surfaces (differential
equations) by the ~dimensional rays.

Thus for the system =0, =4,m,p, the gene-

ral solution can be represented as a quadrgtic polynomial
wrwt + 5

There is only one essential invariant, the analogue of the

invariant © from 2.2:

Un4 Uy
U, QM
Let us here present to the reader an unsolved problem,

i"ind, in the cage of cubic polynomial

wrw o+ IS ‘é 7

the analogues of the invariants Dq, D of seetion 2.2.

1
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Generalize this result for any polynomial of degree v. .

§3. Shadows

3.1. Let ue returm to the space in which the sur-
face Y:O is lighted by the vector field > . Denote

u= W=, u=X4

We obtain the system which defines the map of the space =
into the fibre of the jet bundle with the coordinates

Let us speak about the map ©:R" R¥ 7The tan-
gent map Td> maps the vector field X from K" into the vee-
tor field VN -jzg in the Jet space. Indeed, because todd —
there will be L\/u)°¢ ‘-‘X(Mu‘b), (VM’)’Q? =X(“'°¢b) , etc.
It signifies that any relation between the function and
its derivatives XL?, X’-% induces a differential equation,
the invariants of which in composition with the map <& de-
fine the corresponding invariants of the field X in "
Suppose we find v invariants of the differential equation.
Simultaneously with the map 3 -5 RP we then have
the composition Jedp and as & result the invari-
ants of the field ) which.can be expressed by means of the
bagic invariants J2 i.e. there is a map Y

— RF that makes the ‘:i:ljagran:
Qh- @ Roo
1] |2
QM\ ‘y RP

commutative. This diagram is used below to define the sha-
dows cast by the lighted surface on the screen R""'_

3.2. For the first example let the vector field

in the :Lu]q. ~-gpace light the one-~sheet hyperboloid
$_-0:
kP":%,(mﬁk&fz‘?*/‘) ) Xp=x-kz , & =4, X3‘(’=0-
In the Jet space we have the differentisl equation u”=Q
with the invariant T, or (u’)z'7 possessing the
property uz=u‘=z0 ES =0. It signifies that the equa-
tion Jed> =(O defines a cylinder in 12> that touches the
surface =0 and projects the stratum A, ,the fold line,
onto the screen., Let us express by means of the in-
variants (U= ;,1 , V= k‘q‘:._z. of the field Y (see the
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arrov ‘¢ oa the diagram):

/2 2
=V (1)U -4)
It turns out: (?:X\‘D:O > Ut - \IA_k‘q_ =4, On the
UV =-plane, i.e. on the screen, the shadow boundary appears

in the shape of an ellipse, k| >4 , or hyperbola, 1)«
In the case {ki.-1 - bifurcation tekes place: when |k |

passes
through the value 1 the ellipse is folded into the segment
Ul £ 4 of the V -axis and the rays open into the

branches of the hyperbola, see fig.4.

i

Figo 4'

3.3. Now let the cubic surfaces "monkey~saddle" and
"chair" be lighted by the same vector field X with the
inveriante UV ; see fig. 5:

g=gl+ bz) Wip = x A

1 )

K{O k{0
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A calculation gives

2 .
D,=V, ¥ U« , D= Q\I'Z— [Q,Kib"’)b
The shadow is the 6°0 order curve (Q.KtU‘):on the UV-

plane. Simultaneously it is the image of the foldline. The
cusp points ‘Az, can be seen when D =0 or B,—(0, On the
screen we can also see two spinodes., At first when lighting
the "monkey-saddle” if K. &and secondly when lighting

the "cheir" if K> ., When lighting the "monkey-saddle" if
¥)O +the cusp A, does not exist. When lighting the "chair”
if KL the fold also does not appear.

3.4. When 1lighting the hyperquadric in 12* the shadow
on the 3-dimensional screen stands for the 2nd-order surface.

|

Pig. 6. Fig- Te

Given in % a vector field x[/t,o,o,k) with the invariants

v -y,V=2 t, where x,y, &  are the coor-
dinates in . Let the function (.F be defined and the
derivatives calculated as follows:

1) ) =&-\Q‘E) .-:4»‘(.2"
and after that ‘,} ~ (142—43(W‘i1‘—’\)+ The shadow

appears in the UV\W ~space (on the screen) as a surface

In the case of the upper sign "+" we see & one-sheet hyper~
boloid if ki< end an ellipsoid if Iki»4 , see fig, 6,
vWhen \k\ passes through the value 1 the one-sheet hyperbo-
loid folds on the exterior domein of the circle U~+\/1_4
and at the same time the interior of this circle expands in-
to the ellipsoid (bifurcation). In the case of the lower
sign we see a two~sheet hyperboloid if k| and 8
one~sheet hyperboloid if |kl|> |, see fig. 7. Vhen |k| passes
1 the two-sheet hyperboloid folds on the interior of the
branches of the hyperbola y~-\/2 =4 and the inter-
mediate domain between the branches expands into the one -~
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sheet hyperboloid.

3¢5. When lighting the seme quedrics in by 2-dimen-
sional rays we see the shadows on a 2-dimensional screen in
the shape of conics. Let the lighting along the 2-dimesional
planes be determined by the vector fieldsX,(.0,k0)X,(1,00,¢)
R,0 £ R.. The invariants are Q,V-kﬂm-ﬂt-k{:, Then

1?1-‘- thk,‘t " ?12:1 3
Let us use the invarient from sect. 2.6. We obtain the equa=
tion ¢~

VZ-0,
where A . (1tW?)(4-(?}- 4 , that defines the shadow on the
UV -plane - an ellipse or a hyperbola . When

A-0 we have bifurcation.

Lighting of higher-order surfaces by multi-dimensional
rays could be examined by means of invarients in section 2.6
but they have not yet been discovered.

3.6. In the case of central projection of the gquadrics
we have to deal with the differential equation
u-3u'+2u = 0.

The lighting acts along the rays coming from the some point.

For example,take the vector field X (xX-a, with
the trajectories issuing from the point (a'Z) and with the
inveriant L= =87, . .  When this field lights
the quadric where

An Qg Q4

Q12 Qzq, G, g

Q, A, A ) 1
it is easy to see:s

Q41 Aqz, A4 \
X@= Qz, |"
q41 Rﬂ. a.\ 3"‘2- ‘

L Q4q A x| u-

- x-4 O} x Q2 “2e Y
X LP Xl_? '\" ( ) a, a o)

3 2,
> - X2 + 2 (X —X¥¢).
The last relationsship reduces to the differential equation
u . DU+ 2u"=0, The characteristic equation has two roots
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4, =2 . The inverient u’ +Qu -
= (u=Qu- Y¥(u¥- u-)" detines the fold (u Yu -
= (Wl- Quyor .

Qu(ui-uw’) (v =0

.

So when [P= [’Il-\-az—nq') the imege of the fold is defi-
ned by the quadratic equation

(@) T2 -248 T + B -x*=0,

this gives a pair of points on the I.-e.xis.

When lighting cubic surfaces we obtain a differential
equation whose characteristic equation possesses the roots
1,2,3; see section 2.5.

3.7. The lighting of surfaces can also take place along
curved reys. So when lighting the sphere l{?-O 5 where
= &‘_(m—a)z+al+ 22— ] > along the trajectories of

the vector field ,O), we obtain the differential
equation u”.4u’_Q which allows the desired invarient
(uy* *(u’)z'-(,u”-\—u)z) see section 2.4, The trajectories
of the field X tengent to the sphere compose the
torus

+ ("E‘,'— 'TLZ-\—QZ)" =0,
We get this equation as e result of the corresponding subs-
titution.

§4. Vieta maps

4.1, In this section we apply the diagrem in section
3.1 1in order to study Viete maps.

For the trinomial v <+ the Vieta theorem
affirms that the coefficients can be expressed in
terms of the roots by the formulas
E}. ‘.A/ —_ * At

2 ) = 2

if the values (i, ere real these formules define a

quaedretic mep <o of the -plene into the wu~-plane.

In this context the -plane folds in two ealong the line

‘4= end the half-plene obtained in this way covers the

domein on the -plane below the parabola & — where

®— (4 )“—Qu. This follows from the inequality > 0.
If the values (%, t.,) are conjugate complex numbers,

-\:1 5 then

V. G
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u=£ , U-—-aool ,

A quedratic map <&, of the of> ~plene into the uu”-plane
1s defined by these formulas. In this context the (> ~plane
folds in two along the ol -axis and the half-plane obtained
in this way covers the domain on the uu’-plano above the
parabola =0, because =40, It is shown on
the fig. B how conourrently with the maps ¢ and &z the +t,-
and ~planes bend into hyperbolic and elliptic parabo~
loids, in order to cover thereafter the domains of the

plene mentioned above.

Fig.8
On the -plene we have the vector field X (-1,
with the invariant -+, — ¢ -associated with the vector

field Y (u”,4) on the uw~-plane with the invariant o',
Therefore Svd ocan be expressed in terms of + -%t. :

On the of ¢ =-plane there is the vector field X, (—1‘0) with
invariant P’ - aggociated with the same vector field

\/. Therefore Sotb_ 1s expressed in terms of ('
Sodp, =
Thus in both cases there are the maps ¥ and t._)_),‘ which

complete the diagram of section 3.1:
4 ey uu By I

+,-t. —
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4,2, The cubic quedrinomiel

provides two Vieta maeps

CP“-_ uz-dng\.&g)‘r, uw'= 6 (o(1+55?-+99\cc) , Wl =- 45 (Qo(-\—'t)
Take another mep,

J ¢ Dy=u-ulu’«t W®, by =u=g (il D=(an,) +(oD,Y

In the uw'u’=gpace there is the vector field\;(u’,u»",*l) with
the invariants D,,D, while in the +,t,1 ~space there  1s
the vector field X (-1/474with the invariante

a O -4 1 +
5\_-‘:[4 0_4) {Z)
%3

-1 414 0O
ci? -agsociated with Y | end in the o{nT -space, there dis
the vector fieldX,(,0-1) with the invariants ot -
associated with Y also. The diagram of section 3.1 shows
that the compositions cd) and can be expressed in
terms of the invariants of the fields X and X1 , Firat
let us define the maps {in matrix form):

() =2lo-ad) ("

(3)=-5(° ) [

Immediate computation shows that
* M D.‘ == 3 g.::.— 2

Note: because of U, =utu-t+ u' ¥, & 4 end Wy, =
=D+ D,k +*¥/6 the values 4t are the roots of u,
and the values =%, +v", C-a =4, xu o-b - {34.“;:

are the roots of U, ., . Therefore when taking into account
the same Vieta theorem we get

D,=-7(0-8Yb-)(c-a) , b,= (¢4 + (2-6) (c-a) + (a-8)(6 -)
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and

Thus in the cese of the map we have
I, c-a=z-x-{3y, a-b =~a¢+§g,3 ,
end in the case of the map ¥,
-_2 =1
G-C——E(d_oc) . c~-a= + » Q-é‘-
The corresponding expressions for D, D, ,D also follow
from here.

The maps and Ll/,‘ complete both cages of the fol-
lowing diagram:
+ @ <
‘{1*:5 uv un’ "‘__:,—f
I I & 4!1_1
—— DD k.
D

The fig. 9 explains the geometricel sense of this.,

Fig. 9.

In the uu'u-space the cubic parabola Mg (% ,{72 k)
serves as the edge of the developable surface D -0 see
section 2.2. The projections 1,0, 1, project the + ,
uu’'y? = and T - spaces elong the trajectories of the
vector fields X Y X, onto the Xy-, DD-and zy-
plenes respectively. The maps < 4, can be described by
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the maeps . The map ¢ folds the {twu.-plene six times
and covers in this way the interior domein O of the

spinode on the -plane. The map () folds the
plene in half eand covere the exterior domein D> of the
spinode. The original of the =line consists of the circ-

le X*fu*--9D, on the Xu-plane - for the part bet-
ween the brenches of the spinode, and the branches of the
hyperbola gi,_ 1.2D, = for the exterior parts. Consequ~
ently, the meps <> end &, fill uP the 4 & &, - and
o(g;'c - gpaces into the interior end exterior domains with
respect to the sheets of the developable surface D=0,

4,3, Introduce the metrices

64) v T-(1o), 2-(%)

end P=xE+ul, @ ,where (,u) and
had been defined in section 4.2.

It is clear that the equality D = (2D, (a3p,)*
comes to one of the identities

2L = 2__ 2\3
v} (-9,
thet is on a par with the identities
P*l=1p® , le2i=1al*,
tor © eand Q respectively. If we write down the cubes of
P eand
Ds=— E)D,‘E'.'\‘;—D I » '5D1E+
and compose their characteristic equations
\P*-¥el=0 | \Q>-3®€E\=0,
then we can see that they coincide; in particular we get a
quadratic equation with respect to P

) 2 _
(®+23p, R =b |
with the roots

We may remark thet
)
3 (>\1)‘2.) = =~ (Q-Dz )'S )

)\‘xl Q‘Dﬂ. 3
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+6 Dy (M+X, )+ 6D, -0
(Me+X8) +6D, (Ma+X8) +6D, -0,
+6D, (ME4NE) +6D =0,

where + % L E=mg- % {. Consequently, N 12_4.)2{
NELN & ere the roots of the polynomial =

=¥ +Dz+D, 8nd
Zoomwlah ), | Zom—ueMENE, 2y~-U ANE NS

are the roots of the polynomial - 2% Au’ 2‘-?/2.‘\'“’&‘\"4
because (P (z-u”) - ()

The function
2)=N2 52w

meps the primitive cubic roots of one A,& & . i.e. the
roots of the polynomial X (2)- 5' -4) for ‘the roots

E‘\ \27.)%5 of L€ ) z(E) ’7;5)
and so it gives us the generalized Cardano's formulae. The
coefficients )\,:%’ E2,% 62 4) and

Lagrange's resolvents, cen be expressed by the metrices P
end @ t N\, ,=Xxul ,or X\,,=xxty , because {:r_-tu)q&:
(xx9)® - —2D,x

The function binds the polynomiels and
X (2) by the relation -~ W-X_ ,where W=, 245 \3+)\31'
4.4, By means of the function we can obtain a

gsimple construction for the roots of the cubic equation
Le[z) O with complex coefficients, Let us image a circle

on the complex ~plane with the centre ~uw' and the re-
dius l and enother moving circle with the centre on the
£irst circle end radius Let us fix the point —q”.\.)\’

on the first circle end the point —u” +%, +5, on the se=~
cond, ‘While the radius of the motionless circle burns left
through 120° and 240° counterclockwise, the radius of the
moving circle turns in the same sense but at twice the speed
through 240° and 430° (or 120°), respectively. And so we
obtein ell the roots end 2. ,see fig. 10. The

image of the unite circle stands for e Pascal's snail (not
shown on the figure).
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m}

Fig. 10

If the coefficients w,m’,u” of the polynomial
are real, then the roots 2, settle on the 2 -plane
depending on the sign of the discriminant D as is shown on
the fig. 11.

Fig. 11.
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OCBEN[EHME TIOBEPXHOCTEA, KACIIOMIHHE OCOBEHHOCTH

U OTOBPAREHMA BHUETA
M.Paxyza
Peaspbue

Ilpy ocpemeHun MOBEPXMOCTH BROXS TPASKTODHAl BEXTOPMOro
MOXK MAa MOBEPXMOCTH Bo3HuKaeT crparufuxamus. Temu mpu ux
NPOeRTHPOBAMMM HA JKpaH NOPOXIADT KacHoMOMHe O0COCEeMMOCTH,
KOTOpPHE OMMCHBADTCA C MOMOMMD WMBAPUAHTOB COOTBETCTBYRMEro
mupdeperxmansuoro ypapuenus. [Ipusomurcs pspn mpumepos. Oco-
Guft uMTEpec npencTaBAAnT oroGpaxemus Biera B cayvae xyCu-
YecKOro ypaBHeMuSf. \
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0 Toimetised, Yu. 3an.Tapryck. yH-Ta,
930 (1991), 97-112, 1991, 930, 97-II2.

O IO/MHOTOOBPANASX C IAPANNENEHOR ®YHIAMEHTANEHOR
@OPMOR (53 3)

B.Mwup3oan
EpeBancku#t nonuTexuuueckult MHCTUTYT

§1. Beepenue

OpHMM M5 3HAUMTENBHWX JOCTHMRERMR B FeOMETDUM NOAMHOIO-
oGpazuft 3a nocrefnuue I7 neT ABAfeTCA omMCaHMe, BCECTOPOHHEe
H3ydeHue M miaccH@uxamug noaMHorooGpasuit C napaanenbHo# BTO-
po#t gyHnamenransHoi fopmoit (P.d,) X2 B eBxampmosom  mpocT-
pancrse E,, ¥ nNpocTpaHCTBAX NOCTOSHHOM KDMBM3HM.

Nomuuoroo6pasua ¢ napamneabHo# ¢.d. B BEpEWe
paccuarpupamuch 3 paGorax Xoyx [28], Bumuca [37], fxo u
Hcuxapa [39], Caxamoro [34], Banpena (38}, B roTopsx Msyua-
JMMCh, B OCHOBHOM, JOK&JNbHOE CTPOEHME M I'ayCCOBM OGpa3W 3THX
pomMiorooGpasuit. Bekope B paSorax Bepyca 24-26) Guma ycra-
HOBNeHA CEASbL 3TOr0 Kiecca MOJMHOrOOGDA3HA CO CTAHNAPTHHMU
NOrpyReHUAMM CHMMETpUUEeCKX {2 _NMpOCTPAHCTB, KOTOpAs MpPH-
BeAa K uX noaHo# kaaccuduxeumu {27]. B npocTpancTax mocro-
AHHOR KDHMBM3HH MOAMHOrooGpasuaA ¢ mapaniensHo#t G.d. ®3y-
uens B (9]; ux knaccugmrarmo nen Taxeyru [ 36].

Jlpyruu myTem, Gozee aareCpauueckuM, 3Ty ®e KAACCHDUEA-
o Bakec u Pexmuren [I9]. B Gomee ofmux oSmemmomsx mpoct-
paHcTBax mojmHoroolpazua c napamnenbHo#t ¢§.f. L. paccmar-
pusanvch B paGorax 1.3I, 32], [35]. Taxum oGpasom, pesyabre:
Ta ®epyca BW3BAIM ORMBIEHHHA MHTEDEC ¥ CTHMYJMHDOBANHK JQib-
Heltmee M3yueHWe TOMHOr0OCpA3Mit ¢ napameabHol d.p. o .
OXHOBpEMEHHO ¢ STMM BO3HMKNA MpPOGNEMA U3YUEHHA NOJMHOI00G-
pasul ¢ napawnensHoit §.d. sucmero mopagxa. 9Toi mpoCaeme
nocesmeHs pators aBTopa -10-I5], B KOTODHX OCHOBHOE BHAMA-
Hue yjeaeHo ofmuM cBoRCTBAM, NOK&JNbHOMYy CTPOEHHD, BONPOCAM
pPAsNOREHNA B NPOM3BELEHUE, PEAyKIMW KODA3MEDHOCTH, IOKA3A-
HA X HEKOMIIAKXTHOCTh. PRCCMOTDeHR TAKXE HEKOTODHE UACTHhE
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EX&CCH MOZMHOr'0OGpasKit ¢ mapaxzexsHoft §.J. Wy X O.y, Hay-
YeHMe ABYMODHMX MOAMHOrooCpasuit ¢ mapaxzexbHoft §.J. Ha-
waroe 8 [7] u [16, I7], sapepmaercs ux mepeumcaenmen » pa-
Gore Iymucre [3). Iuxx pator Iymmcre {2, 4-6] saxamuusaercs
8 [29] momnm omicaumeM mopmHorooGpasiit ¢ mapaxxexsuoft ®..

c.y N OIoCcKOR HOpMAXbHOR CBASHOCTHD B En. Kraccufuramms
TPeXMepHKI. MOAMHOrooGpaskit ¢ napaxzexsHoft §.§. &3 » E,
Hauara B (18] (npu nm = 5) x moxHoeTsD SaBepmena B [ 30). I'u-
nepnesepxrocT ¢ mapamxexpHoR §.. s (5> 3) msyumx Jmx-
xes xax B E,, (em. [2I]), rax w » mpocrpancrse mocromumoft
EpuBMSHH (22 N JaX HX mOEHOe OmMCaHME.

B HacTommeff paGoTe mpOZOISADTCA RCCEGJOBAHNS NO MOA-
mHorooGpasuaM ¢ napaxzexsHoft §.§. g (s> 3) B E. Koxa-
38HO, YTO OHN SBEADTCH NOKANBHO cCHMMeTpaveckum (B cuucze
BHyTpeHHeR reoMeTpHM), BHyTpeHHe mpusogmMuME (mpH ycxomum
MONHOTH) ¥ JONYCKADT BHOXHE KOMMyTHpymmee (B uGacTHOCTH, ma-
paXexpHOe ) MOJPACCIOGHNE HODMANBHOTO paccioenus. [oczefmuee
ocToaTexnCTBO, ¢ yueroM pesyisraros s [8], [I4], smaum-
TEXBHO MPOACHAET XOKANbHO® CTPOGHNE ITHX HNOAMHOrooGpasuit.
Bnepsue mosBEfeTcH B meuaTH WacTh pesyxsraros us [I2] (Teo-
pema 4.1 u reopema 4.2, HCKIDYAR BTODYD UACTh yTBOPRACHMS
2).

§2. OcHopHme QopMyAN M ompefeNeHHS

Oycts M sBEgeTcs M -MepHHM NOAMHOTOOCDASHeM N~
MepHOTO e3KINA0Ba mpocTpancrsa L... Uepes < ,> GOymem o6~
OSHAUATH CKANADHOe HpousBefienHe B £, & uepes 4 - uHpy-
IMpDOBAHHYD Ha M MeTpury. Ha mporsmeHum Bceft cTaThH
},(M ) oGosHauaer aareCpy IM xacaTesbHux X M BexTOpHHX He-
aeft, a % (M) - uogyas BexTOpHMX moXelt, HORPMANBHEX K M.
Oycrs ¥V u ¥V 0060SHAUADT DHMAHOBH CBASHOCTH H& En » M
coorsercTsenHo. Bropas fyuzamenraxsuaz fopma (§.d.) A, mon-
asoroobpasis M  ompesexasercs paBeHCTEOM

ans amoux X, Y € ¥ (M), Hssecrno, uro ., sBaserca CHaM-
Heftol cuMmerpaueckoft dopuoRt, ompesexemoft na T(M)x T(M)
(rpe T(M) - xacaressHoe paccIoeHNe) CO SHAUGHAAMN B HOP-
uamsiou paccxoemmx 1 (M).  Jus §e X (M) =z xeXM
HONOXAM ~ . Colt

.1
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rge - AuX = Yy 0003HAYADT KacaTeXbHYD M HOPMAXBHYD
EOMIOHEHTy COOTBeTCTBeHHO. HspecTHo, uro Ac M CBA3SAHH

fopuyxoit 7

Orcona cxepyer, uT0 AG ABASSTCA CUMMETDUUSCEMM XuHeHHHM
npeoSpasosauuex (M), Ono HasuBaeTCA BTOpHM JYHAAMSHTAXb-
HHM TEH3OPOM, COOTBETCTBYDWMM HODPMAXLHOMY BEETODHOMY HOXD
B (2.1) nopuaxsuas xommonenra & or % & ompege-

XseT B HODMAXBHOM DACCXOGHUM HEKOTODYD MeTPUUSCKYD CBASHOCTH
V'  HasuBaeMyp HopuaxbHOR cBasHocTsD. HopuaxsHoe BerTOpHOS
moxe §  HasuBaeTca mapaxxexsHnM, ecxu Vy § =0 LIRS XD-
6oro X& X (M). Kar uspecTHO, TeHS0p KpMBUSHH cBasHoC-
™M V, ompepexsemuit paBeHCTBOM

R (3,2 = VyVy Z ~%, %2 ~Viz,ys™

B $.9. o ceasaun memny coGoit ypasHenueu ['aycca
SR, Y)z,u>= (:JL,u),otg.(y}z)>-(o(,_(1,2)/oc7_(ylU)> 2.2)
pas woux X,y,2,U€X (M).  Kopapuantsas mpoussomuas
propot §.§. &, B cesHocTM BaH-mep-Bapnena-Boproxorru V
ompefexseTca pPaBeHCTBOM 2

(Taly,2)=  (y,2) - (4, %?)
rhe x, Y,z € X (M), HspecrHoe ypasnesue Kojamm Temepn mom-
HO SAaINCaTh B BUAS

%)(4,2) = (7, %2)(x, 2), 2.3)

Teusop npuansnn R"  caasocTu v ompefexseTCH paBeHCT-
BOM ! .

rae x,yeX(M) EeX (M), Temsopu R* u AE CBASAHH
Mexfly coGolt ypapHeHueM Puyqu
<RY(x, )k =9 9)- 2.4)

Ecxu R*=0 T0 I'OBOPAT, WTO HOPMAXLHAS CBESHOCTH HOJMHO-
rooGpasus M mxockas.

Bexrop cpepmseit xpususau H nopgMmorooGpasus M| ompese-
xserca fopmyxost H =tvog.

3a mofpolHOCTAMM © NpUBefeHHHX (opMyxax, a Takme [py-
I'MX CBeJSHUAX OTCHEAeM K MOHOrpaduu Yena |.20].
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§3. @ynpnaMeHTambHHE HOPMH BHCHOTO NMOPANKS
U CBA3AHHHE C HUME OORGKTH

SyHpaMeHTaAbHES (OpMH BHCHAX MOPARKOB NMOJMHOI'00GDA3MA
M CTpOATCA crejylmuM obpasoM. Ecmu s -am §.§. O
» 2) yme moCTpoeHa, To Ct., NONYUAESTCA NO DEKYPPEHTHOM
popuyze

man moex X, X, ,--,% € X (M),  rne xopapuanTHAR mpous-
BOJHAM B NpABOft UACTA ONPENENAETCA PABEHCTBOM
L -
(Vias)ix“"')lsj=71d.s(,x‘)-.‘ —

T, ,%)

v-1
Orcome cregyer, uro ¢.§. (52 3)  assmmerca  S-nuHeft-
Ho#t fopMot, ompepeneHHoRt Ha T(M)X -+ xT(M) (s pas)
co sHauexumm B | = (M). U3 ypapHenna Kogargm (2.3) caemyer
TAKKe, UTO BCE OHM CHMMETPHUHHS [0 [I6DBHM TPEeM &pryMEeHTaM.
Ilyers - Hexoropas (§.J. ueTHOro nopagxa M ImycTh
BEKTOPH <f,-.¢, &m 06pasynT OpTOHOPMUPOB&HHHH Casuc
KAacaTeNbHOro mpocTpaHcTBa 'y (M) B Touke X € M.  Torga
HOpPMAJILHH BEKTOp

% = ' z:—z’L.ZI. Q'le'e’is) (3.1)

unaapua.u'rﬂo onpenened. Ecim B (3.1) cymumposaHus npoBoguTh
B KAKOM-JNG0 OpyroM Mopafxe, TO NMONYyudM, OUEBUAHO, Apyroft
MHBADUAHTHO ONpefeNeHHH)t HOPMANbHHI BEKTOp, HAIPUMED

= Z: oy (L

JiunefHas 060JOUKS MHOMECTBA ONpeJENEeHHHX TaKMM o6pasoM HOp-
MAJILHHX BEKTOPOB 06pasyeT HeKOTOpoe NMoanpocTpaHcTso (g (3¢) s
HopMANbHOM mpocTpaHcTe (M), Cunras, uro denv (%) - const
B HekoTopolt ofnacTd Ha M,  Mu Gynem o6o3HauaTh uepes &,
COOTBETCTEyDIEe OAPACCHIOEHHe B HOPMAJIBHOM DACCJOEHHH THM),
Ecmu 8 (3.1) nonomurs S -1, TO MOJNyuMM, OUEBUAHO, BEKTOD
cpenredt xpusuann H-  CrepoparemsHo, dime @ (X)=1 npu
Hy# 0. B cunry cummarprutocTd §.d. MO NEepBHM TpeM
apryMCHTOM. TOANDOCTPAHCTBO (i, (X) Takke ONHOMEpHO U MOpOX-
LAeTCH MHEADUSHTHO ONpeNeNeHHHM HOPMANbHEM BEKTOPOM 1 =

o G .,e,L};zLL,aL1)_

4

= : OueBupgHO, uTo ecuad .P. UETHEX HOPAL-
ko8] mo mopamka 75  BKADUMTENbHO, CHMMETDUUHE IO BCEM &p-
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PyMEHTaM, TO BCe NOMNpPOCTPaHCTEA OfIHOMep~
HH. Jle#CTBMUTENEHO, B 3TOM CIVyae MOPANOK,B KOTOPOM IPOU3BO-
aarcs cymdupoBanus B (3.I), He MMeeT SHaueHHs W jaeT CIOMH M
TOT Xe BeKTOop. HampumMep, nis JOKaNbHO €BKAMAOBHX MOZMHOrO-
ofpasuft ¢ mrockoft HODMANLHOR CBASHOCTHD KOBADU&HTHHE  IIPO-~
H3BOJHHE CBONATCA K YACTHHM NPOMSBUNHEM; mosToMy Bee ..

GyOyT CUMMETPHUHH IO BCEM &PIYMEHTAM M OIS TaKUX MOf-
MHOr000pasuit BCe MOAmpOCTPaHCTBA &S(x). <.  OfHO-
MEPHH .

[lepeftnem k MOCTPOCHUD HOPMANBHHX NPOCTPAHCTE MOEMHOIO-
oCpasus M B ganHOR Touke x . Ilpu oTOM Gymem mpuUmepmu-
BATHCA CJAELYNUMX 0COSH&UeHMH: ecnu - HEKoTOpoe nog-
mpocTpascTso 5 (M), To N, 0C03HauaeT ero OpTOroHANb-
HOE [ONONHEeHHe B

Nycrs Ps (x) (s » 0603HauaeT JAUHERHYD OCONOUKY MHO-~
XecTBa HODMAJNBHHX BEKTOPOB

'{“'su (€, o Xy % (M)},
Honaras N,(x)=P (x) onpenemm B—';L(M) NOAIPOCTPAHCT~
Bo Nc,,(x) mo pexyppentHoit fopuyxe N
Nopy (1) =R, )N (N, () @ Ng (X)),

Nognpocrpancso Nglx) (53 1) HASHBAETCK S ~M HOPMANb-
HHM IPOCTPAHCTEOM mommHorooGpasus M B Toure x . Cumras,
yro mogmpocTpaHcrsa (%) m Ng () muenr B RexoTopo#t oGaacTH
Ha M [OCTOSHHHE pasMepHOCTH, OyleM 00OSHAUaTH uepes Ps
n N, ofpasyeMmue HMM NMOAPACCIOEHMZ B HOPMAJBLHOM paccroe-
HUH.

Npamas cymua (M)® N, ()& ... ® Ny (x)  nasupaercs
$ -M CONpMKACADNMMCA MPOCTPAHCTBOM MojMHorooCpasus M B
TOUKEe X .

lyers (. oGosHauaeT Y -MepHOe mnofpaccloeHue B
T4 (M). Eoms pra e X*(M) 5 anbot Touke xeM umeen

€ Ry, To mu Oyfem macare  Q Ilogpaccmoenue (. Ha-
SHBAETCA MNapalnelbHEM, eCHd JAA JInCoro (i e KopapuanTHax
npoussopHan & nas mboro x € X (M)  Taxme npunap-
JNERUT

CrnpaBepymBa crefynmas

Teopema 3.1. (3p6axep [23]). Hycrs M spasercs capas-
HHM TO[IMHOr0OGpASHeM MPOCTPAHCTBA MOCTOMHHOR KDUBUSHH M
uaoyets @ ° ecms Y -MepHOe mapaJienbHoe NofpaccroeHue
HODMAJNBHOrO paccroeHus, Taxoe, yro N, < Q. Torma cyme-
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cTByeT (v + v J-MepHoe (M =dim M) BIOJHE reofeanuec-
KOe MoAMHOr'006pasue npocTpaHcTea M, comepxa-
mee M.

§4. Penykums xopasMepHOCTH M HEKOTOpHE CBOfiCTBA
nojMHOrooGpasuit ¢ napannensHo# §.d.

Tosopar, uro d.f. o nogMHorooGpasua M sBamercs
napannensHoit (KOBAPUAHTHO MOCTOAHHON), ecau -0 pmaa
mooro x € X (M)  uny, uro pasHocuasHo,

Vy yrraXg)= ZO‘S ! 4.1)
aas amoux X, X, -+ %€ X (M) MMM, UTO TaKKe pABHO-

CHABHO, h¢yq =0,
H3 paBencrsa (4.1) HenocpepgcTseHHo caemyer
Jemua 4.1. Ecau nopmmoroo6pasue M B E, umeer na-

pannensHyn §.¢. ag (452), TO NOMpaccloeHue F§_4 ) caou
KOTOPOr¢ ABAADTCA JUHEHHHMM OCOJOUKAMHM MHOXECTBA HOPMAJIBHHX
BEKTOPOB ot (Xy, ..., Xg ), napannensHo B HOPMaJbHOM pac-
CJIOCHHH .,

Cnenynmas TeopeMa MO3BOJAAET MOHMXATH KOPA3MEPHOCTh
noaMHOroo6pasua ¢ napannensHo# §.d. o5,

Teopema 4.I. Ecm §.¢. nogMHoroo6pasus M B
napannencHa, To M cofiepxuTcA B cBoeM (%-1)-M compukaca-
nIeMcA TMPOCTPAHCTEE.,

Jokasarenscreo. [lycTs v B . Torpa ua
LieNIOUKY PaBEHCTB o
7 Xy ) =02 (v”:s X )40y vyalz)+u3(:x4,

Loy ' +

szﬂkg_,, (V"sac’

bog g (X ein, o (e x %)
u u3 (4.I) crenyer, uro nopgpaccnoeHue napaanenabHo
B HopManbHoM paccioennn. Tax kak N, C y  TO, mojaras
B Teopeme 3.1 A=K, 4 nonyuuM, uro M cogmepmuTca B

ceoeM (S-1)-M conpuracammeMca npocrpaHcrse. Teopema foka-
3aHa.

Oycrs h, - xommoHents §.p. o, B HeKOTOPOM amamTUpO-
BaHHOM X ™M  oproHopmpernepe  ,°° Cortr) ) )
3fiech HMHOEKCH NMpoGeranT crefymumie 3HAUEHUA
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ol .
Komnoneny h, vy d.d. a¢{S>3) onpeneaswrca B BHOpaH-

HOM Bhmle penepe oueBMAHO, HopMyoft o
.. __’ Ld., » ......—VV""Vhi'_L )
u.‘l.z_"‘lh_ﬂ') ,_> L"_z... 4 -4 Lty Yty
rae V =V,.. JYcnosde napanmaeXbHOCTH olg  PABHOCHJBHO yC-
nosun Y, H‘ O
s Ly Ly
Qyﬂxwm <o<.5> h . h ) rie h -

o

, OyneM Ha.auaa'i'b kBagpaToM MM §.f. s,

Hixe, npu AoKasaTeIbCTBe Teopemu 4.2, Mn OyneM mpuMe-
HATH omepaTop A'= K 4 cumsox ,Kporexepa), ko-
Topuit B oTnuuue oT oneparopa Jlanmaca A = ) HasoBeM
oGoCmeHHuM onepaTopoM Jlannaca. Ecom + - nuddepeHtmpyemas
dyHKIMA Ha mopMHOroob6pasud M, TO NEerko BUAETh, UTO A+ -
- Ay Opnmaxo, feflcTBMe DTUX ONepaTOpOB HA TEH3ODHHE MOJA
MOXEeT NPUBECTH K DABJIMUHKM De3yIbTaTaM.

Teopema 4.2. IlyeTs M - mopgmHorooGpasue B EW Cc He~
HyZeBoi#t napaamenbHo#t G.g. s 15> ). 2 Torpa
I) < S=comt (£0), >+

2) M  HeKOMINAKTHO M ABAAETCH BHYTDeHHe JOK&AbHO CHM-
MeTpuueckuM, T.e. VR =0.

goxaaa'renbc'rso. B cuny nmapannenbHocTd uMeen,
_ Geby (&% Uy ,_
A< o >’ = V_u_h':. Lha Ry Vx h, =0

Ina moboro X.€ X (M), CnepoBaTenpHo, <Og> - conab,  mpy-
ueM <o>7# 0, rak kak u3 < %52 -0 caepyer A ~ O,

UTO MPOTMBOPEUAT YCAOBMD TeopeMH. Janee MyTeM NPAMOI'O MpU-
MEHeHMs onepaTopa A K QyHrmMM < *g-t > ,  MOJyuMM

4 v

i o vy by ) 4.2)

Ecmu ¢.d. X napauienbHa, TO NEpBOe cjaraeMoe B INMpaBoi
vacti (4.2) paBHO HyZD M MH MMeeM

<o <o (4.3)
x )
lyerp <o, > = Torpa us (4.3) umeeM Toky> -0
M, CReNOBaTeNbHO, -0,  uTO MPOTUBOPEUUT YCIOBUD Teope-
Mu. Arak, <A > * u yTBepmleHue 1) nokasaHo.
Jlanee na (4.3) cnemyer, uro A <KXs5-1>" > 0. Beou ™M
KOMNIAKTHO, TO, cormacHo memme Xompa ([20], c. II), Cymem
UMETB XX » = Wl YTO NPOTMBOPEUUT yTBepRICHUB I).

CrneposarensHo, M  HexommaxTHO. Ecau B (2.2) monomuTs
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A= .tj:Q‘J"ZsQ":’,u,— T0 HOXy UMM

rme - KOMIIOHEHTH TeH30pa KpMBM3HM R . Hemocpen-
CTBEHHOR MpOBepKoit, C yueTOM NapalIelbHOCTH g, aerxo vbe-
marscd, uro (L% -3 )-a xoBSpMEHTHAA MpOM3BOLHAA V
pasia (. Temepp BTOpas uacTh yTBepRIeHHA 2) CIeLye? K3 cle-
Ayogero pesyxsratd Homunsy u Onsexu: mra moGoro pumaHcBa
mHorooCpasa M ¢ Pensopou kpuBMaHM h  yciosde V<R-0
Las Hexoroporo K >4 mmeuwer VR -0 (em. LI], crp. 278).
Teopems. foxesaHa.

damcuanue 4.1. Tax kak ycuosue Vi, -O  raxme Biever
VR =0, 70 mu moxasamu, TaxuM 0SpasoM, UTO BHYTPEHHAA I'e0-
MeTpHA mogMHorooSpasu#t ¢ mapamnexsHoRt @.d. K (S »2) aBamer-
CH Ir'eOMOTpUOY NOKAIBHO CHMMETPUYECKOr'0 PHMAHOBA NPOCTDAHCT-
Ba.

Sameuanue 4.2. Ecau M - roumnexTHOe mopMHOrooGpasue,
TO K3 Napanre’xbHocTH .. Ot ClefyeT NapANIeNLHOCTB Ol

JeficrBurensto, ua (4.3) cmemyer A'<« H Mo JXeM-
ue Xomda > = const. Torma A'<X;_4> =0 U u3
(4.3) momyuaem o - O. CuegosarexsHo, §.f. og., mapax-
zexva. [lpofiommas STOT mponeEcC, MOAYUMM Of¢= Ol _ =« . = of, -

-0, 4TO ¥ TPeGOBANOCH.

CoraacHo yreepmpoeHun 1) Teopemu 4.2, yc)goaue NapaLIsab-
HOCTH BReueT <olg_, > = const, [lpu aToM =0
u o.p. TaKme napme.nsna. BepHo 4 ofpaTHoe: ecau o
napaneibHa B < g, 4) = const, TO 0., NapaLIeNb-
Ha. JeftcTBuTenbHO, ecau = const u =0, T0

=0, Kak B3TO OHXO [OKA38HO B XONE NOKA3ATEeAbCTBA yT-
aepu,uemla I) reopemu 4.2. Tak ®Rax cg= -4) T0 Verg 4= 0,
uTO0 K TpeboBamoch. MTax, chopaBefaHBa caenyvmas

Jeug 4.2. Ana roro, uToOH §.d. &g 4 (5> 3) mommHOro-
00pa3Ka Owia napanleXbHo#, HeoOXODMMO ¥ NOCTATOYHO BHIONHE-
HYe ChelymuuX yCHOBHit:

(1) <%g.4> = consty

(2 ) Vds = O.

OTe JeMMa MOKA3HBAeT. UTO BCe m, -MEepPHHE HOMOPOOGP&—
344 ¢ e O BRADYADTCA B Krace M, -MEPHEX OIMHOI'O-
oﬁpaauﬁ c -0 U XOpPaKTEPUIYDTCA B HEM YCAOBUEM =

= wonst .



PumanoBo mHorooSpasue M ¢ pumanoBo#t ceasHocTsp V
HA3HBABTCA MPUBOJMMEM, €CJK HAa HEM CymMecTBYDT IONA&PHO BIOX-
He OPTOrOHAJBHHE PACHPEMeNeHHA A, ,:-', napauieis-
HHE B CBASHOCTH V K TaKue, uTO T,L(M )=, (:r)&) A, (x)
B 6ot Towe X € M. Ecmg Ha M  raxux pacupe,ne.ne}mn HeT,
T0 rosopar o HempusomuMoct® M, Ecnt M - mopgmsorooGpa-
ame B E,  c pumaHOBO# cBasHocTED V, TO OpH BHIOIHEHHH
QHAJOI'MUHEX yCAOBHY# GyfieM TMOBOPHTb O BHyTpEHHe# IPHBOXUMO-
cty M, a B mpoTHBHOM ciyuae - O BHYTpeHHE} HeNPHBOIMMOCTH.
CrnpaBepymBa caenyomas

Jemua 4.3. {Homunsy, Opmsexu [33]). Ilycte M  aBnamerca
OJHHM HEMpUBOIMMHM DUMBHOBHM MHOrooOpasueM  mycTs K -
OpOM3BONBHOE TeH30pHOe nole H& M. Ecau ft -8 KOBapHaHT-

HAA OpOM3BOAHAA PABHA HyID AAA HEKOTOPOTO N T0
VK=0.

Cnefynmas JeMMa X8paKTepU3yeT MONHHE BHYTDPSHHE HeMpHBO-
RuMue mofMHOroo6pasaa ¢ o, =0 (s> 3) B E,-

Jemua 4.4. OycTe M ABIASTCA NONHHM BHYTPEHHE HEIpH-
BojuMuM mopmMHorooGpasueM B E, . Torma ycaosue Ve =0
($»3)  mrever Va, -0,

JoxasaTenscrso. Ecam =0, To mim TeHsopHOro moas
K C KOMIIOHEHTaMA

micen VK ° =0, O'rcn,u&. B cuily Jemdu 4.3, moayvyaem
vr®=0 r.e. K5 =0 paa mboro x & X (M)Torpa

_ ‘ sSh_o§
l<°‘s-4>2—vq< \Z,f(ZK L)‘L.-Vx =0
" CanepoBarensHo, g — Vms_, =0
mo xemue 4.2. TouHo Taxme momyuaeM Ceokg =Q).

T.e. Vx, -0,

Jemua moxasaHa.

Caencreue 4.1.. Beakoe monHoe mopmmorooSpasue M ¢
HeHyaeBoft mapannedbHOR ¢.d. o ($>3) aBnAeTca BHyTpeHHe
IPUBOVMEM .

Crencraue 4.2. Bcaxoe moaHoe nByMepHOe moaMHOrooGpasue
¢ HehyJeBo#t mapamnenbHol §.§. (9> 3, ABNAeTCA ZOKANBHO
©BKJIMJOBHM,

105
14



§5. CrpykTypa HODMANBHOPO pACCIOEHHA MOIMHOrOCGpasus
¢ napainexbHo#t §.d.

[lpexne ueM mepeitT K M3yueHN® HOPMAJLHOT'O DPACCIOSHMA
nonMHorootpasua ¢ napauaeasHolt §.f. ot , HANOMHUM HeKOTOpHE
onpefeneHLa, Heo6xoouMie B paabHeime.

Hopueurproe BekrTopHoe mome §  x mogmmorooGpasmn M xa-
3HBAETCA KOMMyTUDYRMM, ecim LA -0 LIA Jnooro
neX (M) Us (2.4) cregyer, 4To paBHOCHIbHEM yCHOBMEM SB-
AseTca caemymmee: RJ'(OL.%)g -0 paa mooex X w e X (M),
JpyruM paBHOCHIBHEM yCHOBMEM ABIAETCSH.YCIOBHUE >
KOTOpOe ClelyeT U3 TOXNECTBa
[lpuMepoM KOMMYTHPYRIGEr0 HOPMAJNBHOI'O BEKTOPHOI'O HOAA SBIAAETCA
OpOM3BOJLHOE Napajle]ibHOe HOpManbHOe BeKTopHoe moie. [lonpac-
croende G  HODMANBHOTO DACCHOSHHA HASHBAETCA KOMMYTMDYIMMM,
ecan paa awboro € € G u moux x,y € ¥ (M) uMeeM
R*(x,y)% € . U ypasuerna Puuwn (2.4) cregyer, uro aro
yCHIOBie DRBHOCUIBHO YCIOBUD [A?-JA*I,] A1 amGoro € €Q m maa
mboro & Q' Kaxmoe napamnensHoe no,np&ccnoe}me Q AB-
Agerca Taixe xomMyTHpynmaM [ 14]). Ecan paa amGoro g ER
meen  R(x,4)€=0 A MHOHX x,geE(M), o @
Ha3HBaeTCA BHOJHe KOMMYyTHDYRIMM IOppaccioeHueM. [lapamnenpHoe
nogpaccaocHde @  HOPMANBHOI'O pacclIOeHWs, B KOTOPOM HHIy-
LMpyeTCA IUIOCKas CBA3HOCTH, ABIASTCA NPUMEPOM BIIOJHE KOMMY-
THpypmero moppaccaoenna [14]. OmHako, cBA3HOCTb BO BHOJHE
KOMMYTUDYymeM IIO[pacCIOeHWH B ofmeM ciyuae He o6s3aHa  OHTD
IIOCKO#.

M3BecTHO, UTO BEKTOP CpefHeit KPMBM3HH NOIMHOr0OGpasua C
napamnensHo#t §.p. g  napareNeH B HOPMRIBPHOM paCCIOSHUH
[25], a BexTop cpenHe#t KPUBM3HH NMOIMHOrOOGDPA3UA C NapaIeNb-
HORt .. X3  ABAAETCA KOMMYTUDYRIMM [14]. B obmem cayuae
crnpaBeMBa clenynnas

Teovema 5.2. Ecuu ¢.g. uerHoro mopamxa o,¢(52 1)
nogMHorooSpasua M ABIAeTCA NapalieNbHO!, TO Ioppaccioe-
mme G, HopmambHoro paccioehus T+ (M)  mapamnexbHo u B
HeM MHIyLMpyeTCA IUIOCKAA HOpPMANbHAA CBASHOCTb. Ecau xe ma-
pannenbHa §.p. HeueTHOro mopamka w4 TO IOZpaccloeHUe

SIBIAETCA BIOJHE KOMMYTHDYHNAM.

JloKa3aTeNbCTBO TEOPEMH ONMpaeTCA Ha CIASHyDNMe [Be JEeMMH,

UMeDIMe TakKe CAMOCTOATe]bHOE 3HaueHHe.
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Jlemua 5.1. Ilycrs €% - xommoments HexoTopoft GumMHel-

Hoft ({)opubx C, onpegexento#t Ha T (M)x T (M) CO 3HAUEHH-
am s TH(M ) } B amantapoBaHHoM K M noxe oproHopMpenepa

19m yerey Cn ) Ecau ¢opua C  napamnensHa B
CBASHOCTH V,  TO HOpMANBHOe BEKTOpHOE mMote £ = rae

IE - €. v 4, mnapamrensHO B HODMAJNLHOM DACCJOEHHM.
goxaaa'renbc'rao. NMapamnensHocTs dopua C  pasHocuabHa

]

TOMY, UT u> ¢ 0,

My FCL,)*WL w@\%) q{s Corw; ()= &
rnue ==~ 0S03HAuADT 4-({)opuu Mmay¥ u 1 Y
COOTBETCTBEHHO. Gaepruaaa neaym UACT: BTOr0 PABEHCTBA C &
GyneM MMeTh v L, v

¢l CORIY NCSTAR RS A T
Tak xax cyvMa TpeTbEro M UETBEPTOrO CJHAraeMHX B JeBo# uactu
paBHa O, TO Mi noJyuaeM (‘§°‘)+ 5" u)@ =0, uro M Tpe-
GoBaynoCh.

Jlemma noxasana.
Jewua 5.2, Tycrs CO vj kax # B yemue 5.I. Ecam Vew V]C

-0, To HOpMaJAbHOE BeKTOpHOe moje § , Trne Q“_ (:J{J,
ABNAETCA KOMMYTHDYDIUM.

Jokasarenscreo. 1a roxpmecrea Puuyuu pas co , C yueToM
YCHOBUA JEMMH, HErNOCPEefCTBEHHO MOJyuaeM 4
rpe - KOMIIOHEHTH TeH30p& KPUBU3HH R*. CeepTHBaA JNeByD
uacTh aTOro paBeHcTBa ¢ 9 4y yuurueas, u'ro cyMMa TepBHX
IByx cnaraeMux papHa 0, mnomyumum RKL@ 5 . 910 M ecTh

YCNOBMEe KOMMyTHDPyeMOCTH BEKTOPHOI'O IOJA § Jleuua JioKasaHa.

« JoxasaTenpcTso_Teopemu 5.2. IlycTs Vo, =0 # mycTs
CLj B nemMe 5.1 noayuanTcA U3 KOMIIOHEHT d.6.
- v IyTeM CBepTHBAHMA B NPOM3BOJNBHOM MmopAgke 25-2 HUX-
HUX MHJexcoB ¢ cumsoiamu Hponekepa. Torpa =0 Hu Ha
ocHoBaHMM JeMmu 5.1 monyuaeM, uTO Bce HOpMANLHHE BEKTODHHE
nondA, TNopoxjanmue y mnapamnenshu. Torpa u G ABNAETCA
NapalJJIeNIbHEM [0 pACCTIOeHHEM HOPMANLHOIO DACCHOEHUA (M)
M CBASHOCTb B (rg  MJOCKAA. OTO JOKASHBAST NepBOe yTBEepXK-
JieHue TeopeMu.

Nycts Teneps Vd'25+4 -0 wmycrs G _ B aemme 5.2

NOAYUADTCH U3 Ve “Kax u sume. Torga ¥ VL =0
M, CJeNoBATeNbHO, Yl CLJ' 0. Ha ocHomamuu nemmu 5.2
38KNDUAEM, UTO BCEe HOpMaJbHHE BEKTOPHHE IIOAA, [OPOXADMye
“g ABIADTCA KOMMyTMDyDmUMU. ClefoBaTeNbHO, (g - BIOJ-
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He KOMMyTHpymmee nojpaccioeHue. TeopeMa Joka3zaHa. -
NapannensHocTs BexTOpa cpefHe#t xpususun H  mpu
=0  wm xomMyTupyemocTb H npu'Vas=0 ouesugHo, ABIADTCA
UACTHHMY CIyuadMM TeopeMH 5.2 npu s =4.
3HaHMe Da3MEpHOCTHM NONPACCHOEHUA (g B HEKOTOPHX CIy-
uagxX MOXeT 3AKJNDUATh B cefe BaxHyn MHfopmaiyp. JelicTBUTENBHO,
cropaBelIuBa Clenynias

Teopema 5.3. lycts §.d. nofMeoroo6pasua M
‘ M-m) B En sBnserca napamrensolt. Torma npu
m - A-m wim dim &, =n-m-1  HopManbHaA

CBABHOCTb IUIOCKAHA.
Joxasarencrso. Tak kak Vo, =0, TO NojpaccioeHne
(x, ABIACSTCA BIIONHe KOMMYTUDYyOIM 1O TeopeMe 5.2, T.e.
£ Ag  Aq-0R1a mboro & ¢ s u xmboro ne (M), Ecm
dum? Gg=n-m,T0 @A, COBMAKAET C HOPMANLHEM DACCIOEHHEM

“(M), Torna [Ag 'A'I.] =0 pna moGux &, ¥ HODMAJb—
HaA CBA3HOCTb miockad. Ecmt dim n-m=t 1o dim G =1 U
LAe Agl -0 Ina mooro § e G 1 J060ro v =
= G&;. Torma [Ac Agl=0  pra mooux § 9, (M) g

HOPMANbHAA CBA3HOCTH ILIOCKad. TeopeMa joka3aHa.
Sameuanue. B Teopeme 5.3 ciyuait (r.e.

Ve, - 0) He uckImuaeTca. B sTomM cayuae nogmpaccioenne
ABNAETCA /1apaIeNbHHM M B HeM MHIYLMpyeTCA IUIOCKAaA HOpMANb-
naa ceasHocTh {Teopema 5.2). 3 §3 ussectHo, uro dim €
Mm &, < 1. [pu nocTaToOuHO BHCOKONA KOPA3MEpHOCTH IOf-
MHOr0oOGpasusa U Opu s 3 3 MaKCHManbHOe UMCIO JMHelfHO He-
38BUCHMEX HOPMANbHHX BexTOpoB Buga (3.I), nopompammux &.
KaK HeTPYyJHO MOJCUATATH, MOXET OHTb P&BHO
0 - (25-3)!(s+4)
3025 (5-2){5-3)

CnepoBaTenbHO, MpM n-m % ©  CNpaBelIUBa OLEHKA

M3 reopemu 5.3 crepyer, uTo eciau +#0
¥ KODa3MEpPHOCTbH MOAMHOroobpasus M paBHa 2, TO HOpMAJNBHAA
CBA3HOCTL Bcerpa ILIOCKad.

W3 Teopemu 5.2 ciefyeT, uTO MOOMHOroo6pasua C MNapaielb-
Holt §.0. O-¢  BKINUAKTCA B KJI&CC MoAMHoroobpasulff ¢  BroJHe
KOMMyTUpy oM (B UaCTHOCTH, MapalielbHuM C IUIOCKOH CBASHOCTHI
7+ ) HOpMAaNbHHM BEKTODHHM MofpaccioeHueM. CremoparenbHo, K
HAM MOTYT OHTb MDAMEHEHH De3yJbTars O JIOKANLHOM CTPOEHMH MOf-
MHOr00Gpa3is C BIIOJHE KOMMYTHPYOLIMAM MOADACCIOSHAEM HOPMANBHO-
10 pAcCO2HUs, NMOJYUeHHHe aBTOPOM B L14], a B uacTHOM ciyuae

]
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22.XII 1989

ON SUBMANIPOLDS WITH PARALLEL FUNDAMENTAL FORM
V.Mirzoyan
Summary

The fundamental form o (5> 3) of the submanifold
M  in & Fuclidean space £, (or space of constant curva-
ture) is defined by oy =V*'2d,, where V is the operator
of covariant differentiation in van der Waerden-Bortolotti
connection and 1ls the second fundamental form.

The submanifolds with parallel fundemental form
= 0) are investigated. It is proved that they lie in
their osculating space of order 4 -1 (Theorem 4.1), are lo~
cally symmetric (in the sense of inner geometry), and if
oe#0, 5 »3, then noncompact (Theorem 4,2). If M is
compact or complete and intrisically irreducible then Vi =0
{s»3) yields O (Lemma 4.4). The last result gives
that every two-dimensional M in En  with parallel
(s»3) is locally euclidean. For the normal vector bundle
of a submanifold M with parallel there is proved
that locelly it admits a parallel normal subbundle with flat
normal cennection (if §$ =2~ ) or a totally commutating
normal subbundle (if S=2n +14 ), which are determined by

(Theorem 5.2). They are noncompact, locally symmetric
(in sense of inner geometry) and admit a parallel normal sub-
bundle with flat normal connection (if 5§ = 2~ ) or totally
commutiving normal subbundle (if § = 2 +4 ) in natural way.
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T0 Toimetised, Yu. 3an. TapTyck'. yH-Ta,
930 (1991), 113-128, 1991, 930, II3-I28.

TIOJMHOT'OOBPA3INA C NQIYIAPAIUIENEHHM TEH30POM PUYYM
B .Mupsomn
Epesanckuit noauTexHuueckuit UHCTUTYT

§1. Beepenue

B 1920-ux ropax II.A.llupoxos u d.KapTas OTKpHIM M U3yuM-
J KN8CC JIOKANbHO CUMMETDUUECKHAX DUMAHOBHX NPOCTDAHCTB, X&-
paxTepUsyDmuiicA ycnoEMeM VIR =0  Ha TeH30p kpuBusHH R. Ye-
Z0BUA uHTerpupyemocTd orolt cucremn R(X,Y):R-0  yememmwo
NIPUMEHANUCh B TEOPUM I'€ONE3HUECKHX OTOOpaxeHUit pPUMAHOBHX
npocrpancre H.C.CunokosrM [9], kxoTopuf#t Haspanm puMeHOBH WpO-
CTPAHCTBA, YAOBIETBODANNME STOMYy YCJIOBUD, IONyCHMMETDHUSCKH-
mu. BaxHag ponb noXycUMMETDUUECKHMX DHMBHOBHX IMPOCTPAHCTB B
TEOpHUM OTHOCHTENbHOCTHM Oha BHACHeHa B padorax B.P.Kattropo-
nosa [I1,2]1, Ucnonbaya Tpoftuue cucremu Ju I1.M.Hosanes [ 4] nax
anreSpanueckyn TpakToBky ycrosua R(X,Y)-R -0, Tonxyo
KIacCU{MKAIMD MONyCUMMETPUUECKUX DUMAHOBHX MPOCTPAHCTB  jal
3.Ca6o [20].

[lapamrenbHO ¢ M3YUEHUEM MOJyCUMMETPUUECKUX PUMaHOBHX
HPOCTPAHCTB CTAIM PACCMATPUBATBHCA MOIAMHOr00GPA3UA €BKJIMIOBHX
MPOCTPaHCTB, UMEDNie BHYTPEHHUD T'€OMETPUD IOXYCHMMETPUUECKO-
0 pUMaHOBA NPOCTPEaHCTBA, B 9TOM HampaBiieHUM HCCHeN0BaHMA
HauaJmch ¢ paccMoTpeHuA runeprnosepxHocret [17]. Kraccugura-
LMA TeKAX TUNEPIOBEPXHOCTell B BKJMHOBOM NpPOCTpaHCTBE L
naHa 3.Ca6o [2I]. HenapHo GwM OTKPHT HOBHI KJI&CC NMOAMHOTO06-
pasut c BHyTpeHHell reoMeTpuelt MONYyCHMMETPUUECKOI'0 PUMEHOBA
NPOCTPAHCTB& ~ 3TO TAK HASHBAEMHE NOXYCHMMETDHUECKHME I1OJMHO-
roo6pasus, XapaKTepU3yDIMecA YCIOBUEM H& BTO-
pyp dyHnameHTanbHyo fopMy o&,, rme R(X,Y) - omepaTop
KPUBU3HH CBABHNCTH Bax-iep-Bapaena-Bopromortu. Taxne nosepx-
HOCTH ¥ TUNEepHOBEPXHOCTM B Ep  kiaaccuduimposan Jenpu
l:II,IZ]. llorHaa knaccuukaipa u reoMeTpuueckoe OIMMCAHUE IO-
JIyCUMMETPUUECKUX MOAMHOr006pasult ¢ mIockoil HOpMANbHON CjBA3-
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HocTsd B £, jgeHa B padorax D.T'.Jdymmcre [5,6] (cM. Taxxe
[13,15]).

TogMuorooGpasus, ynosnersopmomue yexosuo R (X,Y)-R=0,
€CTECTBEHH:M 00pa30M BRIOUALTCA B KIACC MOIMHOrooGpasuit,
xapaxTepusyomuitca ycaosuem R(X,Y)-K =0 roe K -TeH-
30p Puuuu. TunepnosepxHOCTH, YHOBAETBOPALEME 3TOMY YCJIOBHI,
paccmarpupams l.Tanno [22] u K.Cexurapa [19]. B [22] nokasa—
HO, UTO eC/I¥ CBASHAA MOJHAA TUIEPIOBEPXHOCT M B
MMeeT NOJOXUTENbHYD CKalfApHyD KPUBU3HY, MNONymepasieabHhit
Tensop Puuun u ee Tumopoe umcno k(%) (pasHoe paHry BTOporo
fyHnemenTanbHOrO TeH3Opa B X ) no KpaitHelt Mepe B OfHOM
TOYke X He MeHpme 3, T0 M uMeeT BUj SKx Em-i. Ecan
k(x)=2 no kpafiueit Mepe B OfHO! TOuKe X ¥ CKANADHAR
KPUBU3HA eCTh MOJOXMTENbHAR KOHCTAHTA, TO I'MIIEPIOBEPXHOCTD
umeer Bup S x Epp-21 PaccMoTpeH Takxe ciyualt KoMmaxT-
Ho#t runepnosepxuoct. B [I9] nmokasamo, uro ecim momHas ru-
TEPNOBEPXHOCT C NONynapasie]bHEM TeH30poM Puuum B
umeeT THnosoe uncao & (x)y 3, rme & (x) HeuerHo, wm & (x)>
>S %m /3 mo xpaiiHelt Mepe B OfHO! TOuKe X, TO OHa HMeeT  BUJ

b N

Hacroamas paGoTa mocBsmeHa MOAMHOr00GpasMAM,ylOBIETBO-
paoguM yeaoeno R(X,Y)-K=0 ¥ MMeDIUM HyneBo# MHJEeKC
nedpexTHoCTH. JOKAs@HH CTPYKTYPHHE TEOPEMH O BHyTpeHHel#t mpu-
BOIMMOCTH, O Pa3OXEHNWM B NIPOM3BEJieHHe B Ciyuae IIOCKOH
HopmasbHO! CBA3HOCTH. JOKa3aHH TeKXe CTPYKTYPHHE TEODEMH
A8 TOAMHOIOOGpasuit, ynopnersopaumux ycaosuam R(X,Y)-R=0
u R(X,Y)d, =0.

§2. OcHopHHe ompejieneHUA ¥ HopMyJH

Ilycte M aBaseTcas  m -MEPHHM MOAMHOrOOOpasHeM N -Mep-
HOro epkaujoBa mpocTpaHcrsa E,. Yepes < , > Oymem oGo-
3HavuaTh cKanspHoe mpouspefenue B E,, a uepes ¢ ~MHRYHApO-
BauHyw Ha M  MeTpuky. llycrs V' u ¥V - pUMaHOBH CBA3HOC-
™ Ha £, u M coorBercTBeHHO. Bropas fyHnamenTanpHas $op-
Ma (§.p.) ®, onpegensieTcs paBeHCTBOM '-",
roe X ,9 - KacaTenpHHe K M BeKTOpHHe moOJd. ABNAETCA
GunuHedtHOM! cuMMeTprueckolt dopmoit, ompenenestolt Ha TIM)xT(M)
(rge T(M) - kacaTenpHOe PACCHOEHHE), CO 3HAUEHMAMA B HOp-
maxsHoM paccnoenuu (M) Eeom o,= 0, To M HasuBaeTcs
BNIOJHE eOjIe3UUeCcKUM NOAMHOrooSpasueM. Hia KOBapHAHTHOM! mpo-
usBogHoit V,, %  nopmansHoro k M exropHoro moxs uMeeT
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uecTo pasiomeHue Vyp =-Ac()+ Hrme -A.(X) m  obo-
3HAUADT KAcaTeJbHyD ¥ HOPMANBHYD KOMIIOHEHTH COOTBETCTBEHHO.
U ov; cBA3&HH Mexpy coboft dopuyxno#t
CrnepoBaTensHo, B xexpoft Touke x¢ M naa xaxmmoro BekTo-
pa ge (M)  aBaseTca cUMMETpUUECKMM JMHeMHMM npeo6pa-
30B&HUEM KacaTeXbHoro mpocrpaHcTsa To (M), s HopuansHoro
BEXTOPHOro moas &  noxyuaeTca moie BTOPOro fyHmaMeHTalb-
HOTO TeH30pa coorsercTeymmee &, HopuanbHas xommo-
HeHTa V“f or ompegzenser B T HeKOTOpyD MeTpH-
UECKyD CBABHOCTD V;L Ha3HBAEMYD HODMAJIBHON CBASHOCTEHD.
Ecom & =0 nna omGoro xacaTeasHoro BekTopHOro mois X,
ro & HaswWpaeTCA NMAPAINIENBHHM HOPMAJBHHM BEKTODHHM [OJEM.
Tensopw kpuBu3Hd R u R* ceassocreit V u V*+ onpege-
JAADTCA, COOTBETCTBEHHO, PABEHCTBaMA

R(LYZ =V, 9,127, 2,

Ecm R'= O, To roBOpAT O MOAMHOr00GpasuM ¢ MIOCKOH
HopuanbHO#t cBAsHocThD. KoBapuaHTHaa mpoussomuas §.f. «, B
cBasHocTM V  BaH-gep-BapneHa-BoprosorTH ompemenserca gop-
Mynoi

rge X Y - KacaTenbine K M  BekTopuue mona. TeHsopw R
R"' u §.6. &9 yHOBAETBOPADT CACHYXIMM ypaBHEHUAM

<R(X,UZ W> = <% (X, W) 0 (42)> (% (X,2) (YWD, (2.1)

<R XY)E > = ?“Aa X, ), (2.2
rpe X,Y 2 W - npouspoxpHNe KacaTelbHue, & g, n, - mpous-
BOJBHHE HOpMANBHHE K M  BEKTOpHMe MONA. ITH ypABHEHHA Ha-
snpapTca ypapHeHusmu 'aycca, Komammm u Puuum cooTBeTeTBEHHO.

HopuanbHoe BekTOpHOe mone § HA3HBAeTCA KOMMYTHPYD-
o, ecan [Ag =0 1asa ap6oro HOPMANBHOI'O BEKTOPHOI'O
mona  L71, Us (2.2) cnexyer, uro ROMMyTHpyeMOCTB & pas-
HOCHJIbHA YCJOBHMD: =0 pasa ao6HX KacaTelbHHX moaei
X,Y. Ecm A =] rge -Hekoropas fymxmus, 8 I - roxm-
IecTBeHHOe NpeoSpasoBaHue, TO NMOZMHoroobpasue M HasHBaeTcs
OMOCHJIMUECKUM OTHOCHTENbHO §. BexTop cpenHe#t kpuBusHH H
onmpefiennercA paBeHCTBOM H =tvx,. Ecmn A, =2l T0 M Ha-
3HBAETCA MNCEeBLOOMOMINUECKUM MOJMHOI000pasueM.
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§3. IlogmorooGpasus ¢ NOMyNapaIeNbHEM TEH30pOM Puuun

Mycrs R, i:¢ 0003HAUANT KOMIOHEHTH TEH30pA KPUBM3HH K
nogMHorooSpasui M B HEKOTOPOM ANANTMPOBAHHOM OPTOHODM-

Gasuce vy tm), THE L, -4,
Torpa xomioHeHTH Ki; Tensopa Puuwum K  onpegenswTcs, xak
M3BECTHO, paBeHCTBOM Ki) = 6" , The &* - cumson

Kpouerepa. Tax xax Kij=K;i, To K  ma Gymem paccMaTpusaTh
KaK CHMMETpHUUECKOe JMHeliHoe npeofpasoBaHMe KacaTelbHOI'o,
npocrpancrea T, (M), koropoe Ha racarenbHuit BekTop X -

€T, (M) neficrayer caenyomamM oGpasom: K(X):-K,;JX"J L A
Kosapmantias npoussopnas V, K Tensopa K onpemenserca
CHEAYDIUM PABEHCTBOM

(Vy K)NZ) =Y K(2)-K (W Z). (3.1)

Ecan Vg K=0 g JOOI'0 KacaTelbHOI'0 BEKTOPHOrO M0-
s Y, 0 rosopaT, uTo TeHsop Puuum K  gBaserTca mapamnens-
HEM WJIM KOBApPUAHTHO IOCTOAHHEM.

Bropas kosapuaHTHas nmpouaBojHas TeHsopa K ompepenseT-

CA paBeHCTBOM —
(7%, K )(2) = Uy K ()T K (%2) - Vg X(2)

[lyreM HenmoCpefCTBEHHOI'0 BHUMCIEHUA, C y4E€TOM TOr'O, UTO CBH3-

HOCTb ¥ UMeeT HyJeBOe KpyueHue, T.e. V_x.L/-Vyx -[X,v1,

noxyuaeM ciefybmee TOXLECTBO Puuuu gna K

(% K)(7)-(Vy Vo K)(Z) =R (X, 9) K (Z) - K(R(X,9)Z). (3.2)
Onpenenenue. Bynem roeoputs, uto Tewsop Puuam K  nop-

MHorooGpasus M  ABIAeTCA MoiynepannenbHiM, ecmd Uy Vy K=

=y VK s IN0HX KacaTeNnbHHX K M BeKTOpHHX nojei l, Y,

U3 (3.2) cinenyer, uro K  HBAAETCH MOJYNApAIIEIbHHM
TOrja ¥ TOJNBKO TOI'HAa, KOIna

K(R(X,9Z)=R(X,9)KI(2) (3.3)

mag mooex X,Y,Z, T.e. Korfa Tensop Puuum K xommyTupyer
co Bcemu onepaTopamu kpusuaHu R (X 9), 3o oScTosrenpcTso
MMeeT BaXHHE CJIENCTBUA, KOTODHE MH CHOPMYIMpyeM M HOKaxeMm B
BULIE JIEMM.

Nemma 3.1. Mlycrs M - nopmHoroo6pasue 3 En ¢ moxy-
napawnenbHsmM Tensopom Puuuu K. Torna coSerBeHHHe pacrnpepe-
JIGHUA STOTO TEH30pa
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rx €M > Ay(x)={XETy (M),
MHBADUAHTH OTHOCUTENBHO OMEpaTopoB kpuBMaHH R(X,Y),
Joxasarexpcrso. [lleicraurensro, ecau LE€Ay, TO K (2)
- ng M MH UMeeM

K(R(X,Y)Z)=R(XY)K(2)
Cneposarensto, R(X,Y)2€4Ay pra mobux XY, uro u moxasu-
BAET MHBADUAHTHOCTH A, OTHOCHTENBHO ONEpaTopoB R (Y Iemua
LOKa38aHa. yo oo

B cregyomeit nemme 0603HAYANT BEKTOPH U3
A‘p(x),w,’x,o.. = 4,.., )ﬂ‘.

Jlemma 3.2. IlycTs BrmonHanTCA yclosus Jemvu 3.1. Torpa
R(x;p )Zx-0, ecm xoTa OW 1Ba MHAEKCA NPUHMMART pa3-
JUUHHE 3HAUCHHUS.

Joxasareancrso. Tax xax moanpocTpaHctsa 4,(x) u Ay (o)
NpU  # § TIONIapHO BrIONHE OPTOroHANbHH (Kak MOAMPOCTpAHCT-
B& COOCTBEHHHX BEKTODOB CHMMETDMUECKOr'O TeH3opa), TO  4iIA
JO6HX JC, Y umeem

CaepgoBaTensHo, R (1\?,9\,)3( =0 npu ¢#¥. llpuMeHas nepsoe
TOXLeCTBO Buanku, momyuum R )ZY-—R( ,Z*)IY -
-R npu ¢ ¢ . Taxum oGpasom, R (1?19.‘,)27540,
ecnu xoTs OH 1Ba MHASKCA NPUHMMAWT HEpABHHE 3HaucHUA. Jemma
JokasaHa.

3ameuanve 3.1. Yreepmnenus semm 3.1 m 3.2 cnpaBenmen
IJ15 TIPOM3BOJLHOTO PUMAHOBA MHOrOOGpasuf, H& KOTOPOM 3&[aHO
1ofie CMMMETpUUECKOro sHuoMopusMa A KacaTeJbHOr'o pacclo-
€HUfA, YAOBJAETBOpANLEe YCIOBMD MONYNapaLIelbHOCTH
JellcTBUTENBHO, TIPU [OKA3ATENLCTBE STUX JEMM MH TIOJb30BAIUCDH
TONBKO 3TUM yCJOBHEM.

Jemma 3.3. DycTb BumosmHmoTCa ycaoBus Jemvu 3.1 ¥ mycTsb
HOpMANbHAA CBASHOCTb MogMHorooGpasua M  mnockas. Torpa
pacrmpenenenus Ay  CONMPAXEHH OTHOCHUTENBHO §.d. T.T.

Ay (LY)=0  pna moSoro u modoro YeAy mpu Y4 ¢,
Jorasarenscrso. Iiycrs h.. - kommonenTs d.d. B Op-
ToHOpMOasuce =mid, n.
Us ypaBuenus Taycca serxo noxyuaem
(3.4)
roe  H™- KOMIOHEHTH BEKTOpA CpEfiHel KpUBU3HH Tax xax

HOpMaJbHaA CBASHOCTb ILIOCKAf, TO BCEe MATDUIR (th‘]) HEKOTODHM
OPTOrOHANIbHHM MPeoCpPa30OBaHHEM MOTYT OWTh OJHOBPEMEHHO TpUBe-
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IeHbl K QMaroHesbHOMY BUmy . A' Sk flogcrasang B (3.4),
Oy UM
L
K, «Z_LH )J'b’.w. (3.5)

Otciope cmuwe'r uro marpuna (K J) TAKKE UMeeT NUArOHANb~
Hhilt BUA C OMATI'OHAJBHHMM 3JEMEHTaMU H‘imb‘ffL -{x )], Cune-
JoBaTelbHOo, MaTpuna (K: J) KOMMYTHPYEeT CO BCEMM MATDULAMU
(ks J) B JGom Gasuce. IT0 o3HAUAET, UTO TeH30p Puuuy K
KOMMyTUDyeT CO Bcew: BTOpuMU (yHIaMEHT A bHEMK TeH30p8.MVIA X
r.e. K-Ar - Ac K. Eemm Tenepb Xebe, w0 K(A (X))=
= Ac (K(2)) - Aa (Q\Px) S’\e é(l) M, CHENOBATEIBHO ,
A?(I)LA.{;HyCTb Ye Ay, puuem Y ¢, Torma, B cuny opro-
OHANIbHOCTH no,u,npoc'rpaﬂc'rs Ae(x) m (x), Gynem umers
< €r=a(Ae Tax wax & npo-
M3BOJBHO, TO X, (A.Y)=0, Jemma norasana.

B nasbHeiimem Ham MoHafoGATCA HEKOTODHE KOHCTPYKIMM U
peayanTari, npuHagnexamue 3.Ca6o [20].

llycrs M - pUMAHOBO MHOI006pasMe C DPUMEHOBOA CBHA3HO-
cTbb ¥ u TeHsopom kpusuasm K. B juHelinoMm mpocTpaxcTBe
BCEX KOCOCMMMETDUUECKUX JMHEHHbX omnepaTopoB Ty (M)~ (M)
PaccMOTpUM JIMHeRHOe MosmpocTpaHcTso h,  HaTAHyToe Ha R,(J)
rue ), a - (uecupopaHHas Touka B M, T.e. h
= spanR(3Y) Ana n R AZW) wus F\x onpe,n,enum ieom-
MyTarop no gopmyse

LRL(X,¥) R(Z W)]=Ry (X Y) Ry AL W)-Rx(ZW)R,(LY)(3.6)

O6o3Haunm uepes anre6py JM, NOPOKLEHHYD MHOKECTBOM
u nyets B~ cBA3Haf noArpymna rpynnu M3OMETpHit B (M),
onpefenexras anreSpoft Ju h.. 9ra nogrpynna HasmpaeTca
npuMuTHBHOR Tpynno#t rosoHomuu B Touke Xx. llycTh

ToM) =y '%% ...+V‘t) (3.7)

AABIACTCA HEMpPUBOMMEM Da3JOKeHMeM mpocTpaHcrsa (M)  or-
HOCHUTENBHO HonmpocTpaHcTea Vx?’ MHBAPUEHTH OTHOCHTEJNb-
HO u nonapﬂo BIOJIHE OPTOr'OHANbHH. Bosmee Toru,B neifcr-
ByeT Ha V TPUBAANBHO, & He HenpusogumMo.  Pas-
TIOREHHe (-.».'7) HesuBAeTCA V —pAasJOKEHUEM IPOCTDPAHCTBA Iy (M)

Teopema 3.1, (Ca6o 3. (20]). Ha pumarosom MHOro0oGpasuu
M cymecrByeT BCOAYy MIOTHOE OTKPHTOE MHOKECTBO @, Ha KO-
TOpPOM Da3MEPHOCTH MOANPOCTPAHCTB [IOCTOAHHH, Pa3J0Ke-
Hue (3.7) eIMHCTBEHHO ¢ TOUHOCTHIO L0 nopﬁ,n.ua ONpAMHX cJaarae-
MHX, & COGTBETCTEYONME paclpeleneHus VS ya G 0618030T
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crefyomUM CBORCTBEMM:

va)'\/'{o)g v %’(0) vi@ec vt ‘?EV'KJV Pe Vo4 V(?)

Vﬂ's’) v ®c zs) V@ )V lg)CV(i)T £6,T.9 %0,
roe ¥ ’ '(”osﬂatxaem-, uro mna mo6oro Xe V(¥ u anbo-
ro Y & V') sexrop (W Y)," npunanmexut V. ©

3ameuanue 3.2. B (3.7) momnpocrpaxcrso Vi - sro, Tak
He3HBaeMoe, NMPOCTPAHCTBO JAedeKTHOCTH MHOrooGpasus M B Tou-
Ke X, KOTOopoe G0 ompéjeneHo u usyueHo Umexem u Heimepom
(101. Mo onpepenenmn,V, R(XY)Z=0 IS MOGHX
XYyeT,(M)y, Ecau yuecTs cpoiicTsa TeHsopa R, To merko
NONYUATB, UTO 'V;u:{leT.(M)' R(X,Y)=0 pna mGoro Y (M),
PasmepHOCTb My - d.c‘,m"lx(‘” HA3HBAETCA MHIEKCOM NedeKTHOCTH
mHoroo6pasus M B Touke x. I3 Teopemw 3.I cmegyer, uTO
ecnt =0 Ha &, TO

Vv-cr)‘[tg)c ' #3, (3.8)

U pacrpegeneHds V napannenbHy B CBASHOCTH V .

lponomxuM usyueHue mogMHOroobpasus M ¢ nomynapan-
nenbHEM TeHsopoM Puuum K B eBrimpoBom mpoctpanctse Ep,.

[yers Aq,(x)— HEKOTOPOE MOMIIPOCTPEHCTBO COOCTBEHHbIX BEK-
Topos Texsopa K. Us memms 3.I cremyer, uro R(Xy,9g)aq0c
< rue , € 8,00), 8 U3 neMME 3.2 momyyaeM,  uToO
SHIOMOPHMIME R(lh‘:)q) neitcTByeT Ha ¥, TPUBUAIBHEM
ofpasoM. TouHo Tax %e, Kak M Belle, NONYyUAETCH JMHERHOE IOj-
IPOCTPAHCTBO Span R (Xg Yy) B JMHE!HOM MPOCTPaH-
CTBE BCEX KOCOCHMMETPUUECKMX 2HIOMOPM3MOB 0603-
HauMM uepes anreGpy JM, MOpOXNEHHYD MHOXECTBOM or-
HocHTeNbHO ckoGouHoit onepaipm (3.6). OHa 6ymer monanre6poit
anre6pu Jn hx ._CnenosarensHo, ABNAETCA NPAMOR cyMmoit
CBOMX nopairetp . Torpa nmpumuTMBHAS IpyNN& TOJOHOMUN =1
ApUBOJMMA 4 HMEET ;Aec'ro paanomeﬂue)

2 (v
R =P xpPe L xpl)

rae @‘(“) - CcBA3HAsA_IOAIDYNIA TpyTMs U3OMETPHA B Aw(i), onpe-
ILeneHHas anreCpoi hie, [lonrpynna leficTByeT Ha (),
P+, TpusuaneHo, a Ha oHa, B0OOWE T'OBOPH, MOKET

CHTb npuBojMMOi. ilyctTs )
. -(¢; 1) @5,
A‘f(xj-vt" PV e VT
ABNASTCH HEMPUBOIMMLM D&3JIOKeHIEM OTHOCUTENSHO
Torpga
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T (M=, 4 S4J 4

T S N T

1 e ('\IISW)
, (3.9)
o Ffo). o
SyneT - —?aanoxermem pOCTpaHCTBA rae Y, -V
cee +'V ") Ecmn mommsorooGpasme ™M  mMeer Hymesoft  w-

JieKc neq;ex'moc'm B oénacfru G, ompeneneHHolt Teopemoit 3.1,
70 B 9TO# O6IacTH V - HyneBoe MOAMPOCTPAHCTEO, & V
napamnenbus B cBasHoc™® VB cumy sxmouenuit (3.8). Torga
u napaneiibHd B CBASHOCTA [/ M, CNEJOBATENbHO, MWHBO-
JOTUBHH X PEONE3WYHH, T.8. WX MHTErpalbHHE MHOI006pasuf
BNOJHE reofieauud B M. W3 nemvu 3.2 cregyer, uTo TeH30p
KPUBU3HH MHTErPaNbHOr0 MHOI'006pA3uA ABIAETCA Ol-
pauuqeﬂneu Ha Tensopa kpupusHH R . Torpga u TeHsop
Prum K€ pna 6ymer orpaHuueHueM TeHsopa Puyun K. Tak
kax Ha M MeeT eJMHCTBEHHOe COGCTBEHHOE 3HaueHie @, , TO
K€= Q¢l. Cneposaremso, K. = RY(X YY)
1A JOOEX KacaTelbHHX K BEKTOpHHX noxet X Y uro pas-
HOCHJbHC MOJyTIAPALIENbHOCTH K¥ Taxuu o6pasom, KaK 1nog-
MHoruobpasue B E, Takme mMeeT noxymapamnenbHu#l TeHsop Puu-
. Tipn srom olim Z pna mo6oro ¢, W60 B IMPOTHBHOM
cayyae ¥Hpekc nefekTHOCTH HoOAMHOT'006pa3uf M  6ur 6u oTm-
ueH oT Hyaa. OueBupgHo, uTO Kamgoe TaKxe UMeeT HyneBoi
MHIeKC JilefeKTHOCTH, W60 B IPOTHBHOM CIyuae, €CIA MHAEKC je-
fexTHOCTH KaKoOro-iueo OTJIAYEH OT HyJd, NoaMHOroofpasue
M raxxe GyneT MMeTb HeHyneBolt uHAekc nedekTHocTH. Cie-
IOBATENbHO, CIpaBelIABa

Teopema 3.2. Mlycts M - mogMHorooGpasie C MONyHapaa-
JeNbHEM TeH3opoM Puumm K B eBKIMLOBOM mpocTpaHcTse En, ¥
¢ HyZeBHM MHAEKCOM nefexTHocT# B kammoit Touxe. Torma B He-
KoTopo#t o6nacTu Ha M coGcTeeHHne pacrpefienenust A, e+ An,
TeH3opa K  napawnenbHm B CBASHOCTH V U, CIENOBATENBHO.
MHBOJOTHBHH W X MHTErpajbHHE MHOI'006pasufd
BrIONHe reofmesuudu B M. IIpu sToM ramgoe MY kax mogMHOro-
ofpasue 8 E, uMeeT nomymapainenbHuit TeHaop Pauum, npomop-
[MOHANbHH} METPUUECKOMYy TEH30py, HyneBoll MHAeKC HefeKTHOCTH
n dMm 2  pna moboro

3aveuanve 3.3. Jlerko nposepuTb, uTO ecit Vx - MpocT-
paHCTBO LEePEeKTHOCTH MOAMHOr000pasus M B TOYKe x u
Xe ,ro K(X)=0, 0rcona crenyer, uro , roe
o60aHauaeT MNOANPOCTPAHCTBO COGCTBEHHHX BEKTOPOB TEH30pa K,
OTBEYAKLAX HyJNeBOMy COOCTBeHHOMy 3HaueHun. CiresoBaTenbHo,
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ecan LA K=m(m = dim M) B Kaxmo# Touke XE M 0 mnog-
mioroo6pasue M nueer Hynesoﬁ nHpexe NefexTHOCTH. Ech Ha-
micaTs V -pasnoxenue A,,_ M yuecTb menqex-xm} N3 TeopeM
3.1, nerxo Bumers, YTO pacnpefeneHue A" apnserca reomesn-
uecKMM, T.€. ero WHTerpajbHOoe MHOroofpasue BIONHE Ieoje3uu-
Ho B M (npu ycnosuu momynapamnenssocn K ).

[lycTh BHMONHADTCH YCJAOBMA TeopeMn 3.2 M NMyCTb HODM&Jb-
HAA CBA3HOCTb MOmMHOroo6pasua M  aenserca miocko#t. Torpa
pacnipesienetna Ay CONpAXeHH OTHOCHTENbHO BTOpPOH §.d. ok,
(nemve 3.3) M Tak Kak OHM MapajjenbHH B cBasHocTH V , To
BLIONHADTCA yCNOBMA ocHoBHOR Jemvu Mypa [I6]. CnegoparessHo,
M  aBnseTca MpoMaBejEeHMEM MHTerpalbHHX MHOrooGpasuit M €
(ar0 3HawmT, uTO Kaxmoe CONEPXMTCA B HEKOTOPOM MOAMIPOCT-
paHBCTe npoctpascTsa £, ¥ smfue msa mogmpocTpaHcTBE
By ¥ BriofiHe opToroHanbHy B E,). lloxaxem, uToO
raxgoe MY B TaKxe MMEeT IUIOCKYD HOPMAJIbHYD CBA3HOCTB.
JeficTenTenbHo, Tax kax M HMeeT IIOCKYD HOpPMANBHYD cBA3-
HOCTb, TO Bce BTOpHe (yHOmaMeHTanbHHE TEH30pH KOMMy THDY -
oT Mexgy cofoft (aro crenyer ua ypapHenua Puuun (2.3)). B xo-
e RoxasarenncTsa JemMu 3.3 Gnio NoKasaHo, uTo (%) unBa-
PMAHTHH OTHOCHTENbHO TEH30POB Ac . [losToMy B kaxgoM  mon-
npocTpaHcTBe A, (%) M MoxeM OpTOHOpMOA3MC BHGpATb Tak, UTOCH
MATDPULE BCEX TEH30pOB uMenu IuaroHasbHult Bug. Tak xak
MY Bromme reomesuuso B M, To Bce BTOpHe JyHIaMeHTAbHue
TEH3OPH Ay  AnA CyayT OrpaHWUeHHAMA COOTBETCTHYLMMX
TeH30poB Ae Ho TOrja Marpuim TeH30pOB Taxxe OyIyT UMETb
JMArOHANBHEM BUJ M, CIEfOBaTeNbHO, Bce TeH30pW A OynyT
KOMMyTUDOBATh MeXLy COG0#. DTO paBHOCHIBHO TOMy, UTO  HOp-
ManbHaa ceasHocts M B E, ¢ TUoCcKad. druM JiOKa3aHa Crefyn-
mas

Teopema 3.3. llycTe BhmonHAwTCA ycnoeua TeopeMu 3.2 u
NycThb HOPMANBHAA CBASHOCTbL MOJMHOroO6pasua M  ABafercs
nnocko#t. Torga M pasnaraercsa B mpouaBeneHMe MOOMHOI006-
pasuit M‘, ver M"’, rge xasnoe iV Tamme MMeer moNymapaiIenb-
Huit Tensop Puuun, nponopumonansuuil meTpuueckomy TEH30pY,
IIOCKY® HOpPMANbHYD CBABHOCTb, HyJNeBO# MHAEKC uepeKkTHOCTH 4
dem >2 A Joboro ¢
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§4. 0 gByx Knaccax nogMHOrooGpasuit ¢ NOMynapaIeNbHHM
TeH30poM Puuun

1. BuyrpeHHe moxycuMMeTpUuecKde NOJMHOr00Gpasusd. Puma-
HOBO MHOr00Opasue (o(i,rn,M =m) ¢ pUMaHOBOi CBASHOCTHD [/, M
TEH30DOM KPUBUBHH R HA3HBAETCA NONYCHUMMETDUUESCKHM, eCJi
R(X,Y)R=0 m1a mobux KacaTempHux Belc'ropuux noxeit X,Y wm,

Goxee moppobuo,  Vy R=Py UxR 1!2 o.
MycTs - KOMIOHEHTH TeHsopa R' ~ B HEKOTOpOM opTo-
HopMGasuce (¢, ;7+*,8m ). Torma sTo ycnosue paBHOCHIBHO

cregyonewy: Vg Ruije = Fp RK.,JI., rie Vo= .Cnep-
THBAA 00 YACTH STOTO DABEHCTBA C O , MOJyUHM I7 V K

= g, Ky ) UTO PABHOCWJIBHO MOJYMapaIeNbHOCTH Teqaopa
Puyuwn = K. CiepmoBarensHo, crpasemiusa

Jemma 4.1. Tensop PuyuM npoM3sBoJBHOrO MONyCHMMETpHUEC—
KOT'O pUMAHOB& MHOroo6pasus M  ABNfeTCA NOJyNapaIeNbHHM.

lycrs Tenepp M  apnsercs momgMHOrooOpasueM eBKIMIOBA
HpOCTpPaHCTBA Ecmu ero Tesop kpusMsHH R ymoBireTso-
paer yenosuo R(X,Y)'R =0  pna moGHX KacaTeNBHHX BEKTOp-
mux none#t X,Y, To mu GyneM HasuBaTh M  BHyTpeHHe moxy-
CHMMETDUUECKHM NOMHOToOOpasueM. Jemma 4.1 riacur, uro Rax-
Joe BHyTpeHHe NOJyCHMMETpUUECKOE HOAMHOroo0pasue MMeeT Io-
nynapannenbHuit TeHaop Puuun. Ina sroro xiacca mnogMHorooSpa-
auit Teopemu 3.2 ¥ 3.3 NPUHUMALT, COOTBETCTBEHHO CJeAyWumuit
BUE.

Teopema 4.1. llycts M - BHyTpeHHe nonycHMMETpHUECKOE
nogMHoroo6pasue ¢ HyJNeBHM WHIEKCOM JefeKTHOCTH B Torpa
B HekoTopoit oOnacTy Ha M CcoOCTBEHHHE pacnpeieneHus
By, TeH3opa Puuum K  napaunensHd B cBA3-
Hocru ¥ u, clepmoBaTensHO, WHBONDTHBHH ¥ MX WHTETDANbHHE
MHOro0G6pasus ,M™  Brnome reomesuunu 8 M. Ilpu
aToM kaxgoe M , kax nogmsorooSpasue B E, , ABnAeTca BHYT-
peHHe NOIyCUMMETPUUECKUM, UMeeT HyneBolt uHiekc JederTHocTH,
€ero TEHIOD Puyuu mponopiuoHaneH MeTpUUECKOMy TEH30pY "
dim, MY 22 pna modoro .

Teopema 4.2. llycrs symonHswTca ycaosusa Teopemu 4.1
HycTh HOpPMANbHAS CBA3HOCTH NOAMHOrooGpasus M aBiAeTca
nnockoit. Torpa M pasnaraercs B npouaBefeHHe NOIMHOT00G-
pasuit M M™  rpe kampoe MY aBngeTca BHyTpeHHe
NONyCUMMETPUUECKHM, WMEeT IUIOCKYD HODMANBHYD CBA3HOCTD,Hy-
JeBoit uHgexc JNefeKTHOCTH, ero Tenaop Puyuu nponopiuananeH
MEeTpUUYECKOMy TeHsopy n Alm My 2 ma moGoro -
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B reopemax 4.1 u 4.2-B HoxasaTenbCTBe HyANAETCA TONBKG
TO, UTO Kammoe ABIASTCA BHYTPEHHE IOJyCHMMETDPUUECKUM.
3To0 Jerxo ycmaTpUBaeTCA M3 crefynmuX cooSpaxeHuft.

Mycrs Ay - Hexoropoe coGcTBeHHOE pacnpefeleHde TeH30-
pa Puomm K. Tax xar Ay napamrensto, To fnx mnoux X,9 € Dy
umeen VoY € . 3rum onpemenserca puMaHosa cpasHocTs VY
Ha M KOTOpas ABIAETCA orparMueHueM cBasHocTd V Ha M.
Tensop kpuusHu R aToft cBASHOCTH, Kak clefyeT M3 JeMM

3.2, ecTb orpaHWueHue TeH3opa R  Ha Teneps, B cumy
uHBapuaHTHoCTH A OTHOCHTENbHO omepaTopos R (X,Y), serxo
BUOETh, UTO KOBAPMAHTHHE IPOM3BONHEE R (2 ww,

ma mooux X,Y, i U,We

COBNANANT, COOTBETCTBEHHO, C KOBAPUAHTHHMIA rxpouano,m-mm
(W R)(Z U)W, (A Uy R)(Z U)W CrenoBgTensHo,

(BT RZ,Uw - (R R Yz VW= RO(Z,U1W=

=(7, t7 R)(Z, U)W - (Vqu RIZ,UIW=(Fy o, RNZUIW =0

s Jméux X,Y,Z,0,We 4 - BHYTDEHHE IOJyCHMMeTPU-
yeckoe no.nuHor'ooGpaaue.

ToxHue BHyTpEHHE NMONYCHMMETDUUECKUE TMIEPIOBEPXHOCTH
Enaceudummponan 3.Cabo [21].

2. lomycummeTpuueckue mogMHorooSpasus. IlommorooSpasue
M B Cp HasuBaeTCH MOMYCHMMETDUUECKMM, eCIU €r'o BTOpAf

B.. YIOBIETBOPAET YCHAOBMD o~ 7 U nna moGux kaca~
TenpHux ¥k M  BexTopHux moagh X,Y. Ecau gas ceasHocTd, V
ONpefeNATh TEeH30p kKpuBMSHH R mo gopmyme 1,
70 ycloBMe monycumMeTpuuHocTd M npumer cuegywmuit mup:
R(X,Y  =O. VcaoBue moaycUMMETPUUHOCTM MOXHO  BAIMCATH
Takae B upyroft, skeuBanmeHTHOl, fopme:

R(X WA, % =0

I8 A0OHX kacaTexabHX k¥ M sexTopHux moxe#t X,Y u moGoro
HODMAJIBHOI'O BeKTOpHOro moxs £ . Chpape/Mpa clenynmas

Jdewma 4.2. IlommHorootpazue M B Lp amnserca  nmony-
CHMMETDUYESCKUM TOT'A ¥ TONBKO TOr[A, KOUZA

R(,YAL (2) = Ag(RILDZ) +Age(x vyelZ)  (a.1)

I8 JoOHX kacaTenbHux ¥ M BexTopHux mone#t X,Y u mwGoro
HOPMAJIBHOT'O BEKTOPHOI'O NOAA .

HokasaTenbCTBO 3TO# JeMMH HENOCPEHCTBEHHO CISAYeT U3
TOXIECTBA
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(R(X,H)Aé)(2)= RO Y)Ag (Z)-A&(R

Jlenma 4.3. Kexpgoe momycummeTpuueckoe nomMHOrooGpasue
ABNAETCS BHYTPEHHE IMOJYCUMMETPUUESCKUM.

Jorasarenscrso, llycrs h‘:—:j n jo x{ = KOMIOHeHTH §.d.
Ay ¥ TeHsopa KpUBM3HH R IONYyCMMMETPUUECKOTO MOAMHOTO-

o6pasua M B HeKOTOpOM 8naNMTUPOBAHHOM OPTOHOPMOA3UCE

(24y0 4y y7¢+, %, ). Us ypesrenus l'aycca (2.1) xerko
noJyuaem _
RL ki~ Z (h hm hek Jl)
Orcone, MyTeM NMPAMOIO BHUMCGIEHUA, MMEEM - o
+
K
%% )

Yenosue Vg Vp hy; OUEBUIHO, DABHOCHJIBHO  IOJy-

cimmerpiutoctn M. CrenoBarTenpHo, B IIPaBOR uacTH HamMCaH-
HOPO BHEIE PABEHCTBA BCE KPyriHe CKOOKM PaBHH HYJN ¥ M IIO-
nyuaem (7 V RL wl - le k1,470 PaBHOCHIBHO BHyTpeHHe
OJIyCVIMMeTmeHOCTM M. llemma poxasana.

Cnencreue. Kampmoe moxycumMeTpuueckoe NMoaMHOrooGpasue
M B £, umeer momynapanienapHu#t TeHsop Puuun.

TaxuM o6pesoM, K NONYCHMMETPUUECKUM MOAMHOI00GDPE3UAM
npuMeHuMu Teopemu 4.1 u 4.2, OgHexo, B DTOM ciyuee K OmM-
CAHUK JOKANBHOTO CTPOEHUA IOJMHOrOOOpas’Us MORHO NOLONTH
HECKOJNbHO WHEve, €cJM BOCIONb30BaThCA ychopuem (4.1).
CrpeBepivBe crenywuaa

Jlemma 4.4. BexTop cpepneit kpuBM3HH H  moaycuMveTpu-
YecKoro NoAMHOro06pasuA ABAAETCA KOMMYTHUDYOLMM.

JoxasarenbcTBo. Tak kak kopapuadTHre muddepeHIMpoBa-
HUA_IEPECTAHOBOUHH CO CBEPTHBAHUAMA, TO

VJ.V"‘ H = ‘Lr\,u
Y tn VHV ‘x - 61:{’1_012. - H.
Orcopa 1 43 TOROECTBA =R H
HEIOCPEICTREHHO NONYUaeM R"(J&,H)H =0 pmna ;obux XY, Jiem—
Ma noKasaHa.

Sameuanue 4.1. JlpyruMm citocofom 8Ta Jiemva JoKasaHa
Jenpa (1], a eme pausme, nna cayuas OH& JoKa3sa-
Ha asropoM (7].
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A, (ROLYIZ) =R (X YAL2). @2,

CrenoBaTenbHO, CHpaBefIuBa CleIynmasn

JIemva 4.5. Illycrs M - noxycHMMeTpueckoe MOJMHOr006pa—
aue 8 E,. Torma ero sropoit fyHnaMeHTaibHu TeH30D AH, cooT~
BeTCTBYNIUA BEKTOpy CpefHelt KpUBM3HH, KOMMyTApDYyeT CO BCEMH
OnepaTopaMi KPHBM3HH R(X,Y).

Toxnecreo (4.2) anamoruuno (3.3). Jenas raxue xe pac-
CyXieHuA LIA COOGCTBEHHHX pacupefeneHuR A"(, TeH3opa AH) Ka-
KMe OwiM clenady B §3 1A COGCTBEHHHX paclpefieNeHH#t TeHsopa
Puuay K, Mu MOMyuuM, UTO OHM MApAIUICHbHH, €CNHA IOJMHOI00G-
pasue M  umeer Hynesoit uHmekc mepexTHocrH. Tax Kak
R*(X\Y)H =0, ro us ypasuerma Puuun (2.2) noxyuaem, uro
[AH,AGPO oA Jwooro é . Torpa A'f 6ynyT MHBAPMAHTHH OT-
HOCHUTeJbHO BCEX TEH30pOB H, ClefoBaTeNbHO, OHM  OymyT
conpaxeHH ofHocurensHo (.d. oa. CremoBaTeabHO, mogMHOrooGpa-
sue M pasnaraerca B NpPOM3BELEHUE UHTETDAJBHHX MHOrooGpasuft
m'f pacnpeneneHuit Ilpu aroM kaxmoe rakxe Oygmer
TNOJyCHMMETPHUECKIAM NOIMHOr006pasueM. 9To BHTEKaeT U3 clemy-
pmero pesyabrara Jymucre [14]: econ no,uuﬂoroo?aaue M  saB-
nAeTCA MpOM3BelieHMeM MomMHoroo6pasuit M, M®,  To oHo
6yneT MOJyCHMMETPHUECKAM TOTIA M TOXBKO TOTNa, KOTMa Kaxmuit
COMHORMTENb ABIASTCA MOXyCHMMMeTpHUecKMM. Tar kax M'? Enomne
reofesuuHo B M, To Bce ero BTOpHe (yHIAMEHTANBHHE TEH30DH
ABJIANTCA OTPAHUUESHUAMA 'reHao?oa na M'Y, Torma ¥ BekTOp
cpenHelt KPUBM3HH H'®  praM ¥ gpamerca orpaHUyeHUeM BeK-
Topa H. CrepmoBarenbHo, AH'T =AH(M“" U, TaK Kak AHanf
HMeeT TOJNBKO COGCTBEHHOE 3HaueHne, M' ~ABIAETCA MCEBLOOM-
OCHIMUECKUM.

Taxum oGpasoM, crpaBefiMBa Clefynmasn

Teopema 4.3. Ilycrs M - mosycuMMeTpyueckoe MOIMHOT'006—
pasie C HyJeBHM MHOeKcoM gefexrHocTH B L, . Torma, B HekoTo-

poit o6nacTy Ha M  coGcTBeHHHe pacmpefieNeHAn BTOpOT'0
dyHOmaMeHTaIBHOIO TeH30pa napajlelbHH B CBA3HOCT™M  V,
CONpAXEHH OTHOCUTENbHO .. M TIONAapHO BMOJHE OPTOTOHANb-
Hu. [lpy aToM M JIOKanBHO pasnaraeTcA B NPOM3BEfieHHWE HHTEr-
paJbHHX MHOr'ooGpasult M“‘, oo oMt pacnpejneneHui
cooTBeTCTBEHHO . Kampmoe M ABNAETCA NCEBIOOMOUIMYECKUM
NOJyCHMMEeTPHUECKUM IOJMHOT'000pa3seM C HyJeBHM HHIOEKCOM e~
pexrrocTy u dim M’ 32 LA T060TO \p,
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Sameuanne 4.2. dra TeopeMa IJA UACTHOI'O CJIYUAA 'HYJEBO-
ro MHEeKca JefeKTHOCTH ycHnMBaeT pesyinbrar 43 L 141, rme yc-
J0Bie NapaielbHOCTH COGCTBEHHHY pacnpeleneHuit mna B
cBA3HOCTM V  NpuHUMAeTCA 3a& NpelnonoxeHue. 3aMeTHM,  UTO
IoxasaTenscTso B [14] nmpoBomuTes He ¢ mpuMeHeHMeM Jeu My-
P8, & HENoCPeICTBEHHHM# BHKJIALKAMA.

llopmuoroo6pasna ¢ NapawieJbHEM TeH30poM Puuun, vk-0 )
(p uacTHOCTH, BHyTpeHHe CHMMETpUUECKME NogMHOrooOpasuf, X&-
paxTepusyommecs ycaoeueM VR =0 ), Takxe BXODAT B KJACC
norMHoroo6pasuit ¢ noxynapawaesbHuM TensopoM Puuun. Dna  Hax
CTPYKTYDHHE Teopemu CyOyT NOK&s3aHH B OOHOf M3 caemyommx
nyGamkaryiit. YacThuit cayualt BHyTpeHHe CHMMETPUUECKMX MOOMHO-
rooGpasuit B paccMoTper aBTopom B L 81,
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SUBMANIPOLDS WITH SEMI-PARALLEL RICCI TENSOR
V.Mirzoyan
Summary

Let M Ybe a Riemannian manifold with Levi-Civita con-
nection V7, R(X,Y) its curvature operator for vector
fields . and Y and K 1its Ricci tensor. This tensor
K 1s said to be semi-paraliel if U, VyK =V V, K or,
equivalently R(X,Y)K(2)=K(R(XY)2) for every XY 2. Let
M ©ve a submanifold in a Euclidean space E,, with asemi-
parallel Ricci tensor, zero nullity index and flat normal
connection. It is proved that each M i & product sudb-
manifold M"X---XM“', dam M »2, 1£¢€", where every

has semi-parallel Ricci tensor, proportional to the
metric teneor, its normal connection is flat and nullity
index ie zero. Analogous decomposition theorems are pro-
ved for more special cases of intrinsically semi-symmet-
ric submenifolds (i.e. satisfying R(X,Y)R=0) and of se-
ni-symmetric submanifolds (i.e. satisfying R (XY where
R is the van der Waerden-Bortolotti curvature tensor
and ot, 1s the second fundamental form).
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% Toimetised, Yuy. san. Tapryck. yH-Ta,
930 (1991), 129-161. 1991, 930, I29-I6I.

JVHEAHHE CBASHOCTY BHCHMX MOPAIMOB
A .TlappuHr
Kajenpa anreSpu u reomeTpuu

Apdunnpe (uHefHne ) CBASHOCTY BHCHMX MODHIKOB PACCMAT-
paBamuch I'.®.Janressm B paGore {31. Tam mna raagkoro mHoro-
ofpasua M, mOCTPOEHO MPOAOMXEHHOE IiANKOe MHOTOOOpazue
(npucoenmrentoe paccroenue) nopanka ft. Ha coorsercrsylmemM
JIABHOM DPACCHOEHWM, CTPYKTYpHO! Dpymnoft KOTOpOro sABafeTCA
ronoHoMHas mmpdepeHipManbHas rpymmna nopagka ‘4, on-
pegensierca afdunHas cBasHocTh. OHa HasusaeTcsa affuHHON
CBA3HOCTbL fopanka 4. DBonee monpoGHO Takue CBA3HOCTH TpU
11= L paccmarpupamncy A.K.PuGHUKOBEM B cTaThax 6, 7]. B
craree [6 ] cTpyKTypHO# Ipymmof PAaBHOrO PACCNOSHHA ABIAETCH
ronoHOMHAA udfepeHiManbHan pyina , & 5 7] nerononom-
Heaa mudfepeHimanbHaA rpymna T

B naHHOM cTaTbhe paccMaTpMBANTCH TaKKEe JUHEilHHe CBA3HO-
CTH BEICIIMX TOPAONKOB, HO NMpU HEroNOHOMHON IudpbepeHLManbHOMN
rpyme. Yro6u nyume OGBACHUTH CYMHOCTb JUHEHHHX CBA3HOCTed
nopagka fv  (kpaTko f-ceasHOCTelt), MpUMEHWM XOpomo u3-
BECTHHE OOHUHHE JUHEHEE CBABHOCTH Ha MOAXONAMEM PAZNKOM
MHOrOUGpPA3UM, TMOCTPOEHHOM MO 3&0aHHOMY MHOrooGpasuo Mn.
lpu oToM Mb ucrnOnB3yeM ammapaT kax BeKTOpHHX moxelt, Tax U
Ingdepertmanbuux gopM, Npefnountas mepsuft U3 HUX.

B maHHOM ciyuae MofXonsmMM MHOrOOSpasueM sBafeTCA f-
kacaTenbHoe rassxoe Muoroofpasue DI'(Ma), roropoe seas-
€TCA BEKTOPHEM DacCCIOEHMEeM CTYNEHUATOrO CTPOeHUs C £a30k
Ma. 910 paccmoenne DI"{Mn)  gsnmerca accommuposaiiim
PaccloeHueM Ina IA8BHOTO  fu -pacCloeHus  fv-penepos
HE (Mn, Tty ) Hnace nuHe#iHux cBA3HOCTEd Ha ruan-
xoM mHorooSpasut D ["( Ma), Tounee Ha ruasHoM paccmoenun
penepos H (DT"(Ma)), comepmur unrepecyomue nac mumeftrue f-
-CBA3HOCTH. A UX MOMyueHus HANO NMPUKIEHTH DP( Mn) x ca
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se My, a rnaswoe paccmoermme H (D f"_&Mh}} PEIYLHPOBaTh ¥
HeronoHoMHo# muddepeHumansHoRt rpyme LTh. Taxei monxox K
JMHEMHEM L -CBASHOCTAM JAeT BOBMOKHOCTE MCNOZBACHATH DA
MX U3YUSHHM TEOPUD JUHeMHHX cBAsHOCTed. Tax, HEMDHMSP, MOE-
HO Cpa3sy BHIKCATH GopMy.is KOBAPUAHTHOTO muddeperrmuposaiua
npu  auHefiHo 1:, -cpAzdocTH. HpoMe Toro, mpusouAToa QoUAR
KAaCC ANHOHHLX TL—CBRSHOCTeﬁ Ha My, kampas ceasuzocts Ko
TOPOTO Mpi  fu= 4 [LgeT 2-CBA3HOCTE, paccwuTpsiuym 2 L7).

Boo6uje cBABHOCTY BHICWErO MOPARKA HA TIAAXOM MHOT00DRE-
3UM U Ha JIPOJOJXEIHOM IJIABHOM DACCIOSHUU DACCMATDHSAETCR
1l.3pecmanon (cm. [, 10]). O6sop Teopun camemocred jan
D.Jlymucre B [5]

1. llycre M aBageTCA  h ~McDHEM MnOrooGpasieM ¥
st (Ma) = ) 5r0 aTnacou. 06ossaudi uepes U]
KONBIO TI&MKUX JyHKIpE Ha Ma, a uspes X (Ma) x
COOTBETCTBEHNHO MOLYTY BEKTCDHHX momed u  1-dopum ma Mn .

AxazorvuHre 0503HAYCHUA () " EBSEEM
338 npouasonsuont obpactu ‘U C Ma.

Oupezenenme. Tobopar, uro Ha ofmactn U C 3a7aH0
rIgaKoe perepHoe mone, ecad Ha ‘W sajamw A rIapRMX
BeKTOPHEX NONEH € rhe 4 fru= 1, 1y  pex-

TOpN KOTOpHX B kemuoht Touxe X € U ofpusywr mumeimo Hesa-
BueEiys cHcTedy L& (D], _

Haxaoe sexroptos nexe X & (U}  rupaxaercs uepes

SasucHme moaa (€} mo dopmyne X ~ € ras ¢
A ;

fockonpky kaxzoe sextopuoe more X €  (Ma} ects orodpa-

) f-v'v] .f;_“(M ) . - P

gemne X F(Mn)—> ), TO WDERO CTIPAZEAMTH UX CY-

neprnozupn (kommosuipo ). Mexogsa as pemepHore noas, CoCTaB-

ZeHHOTO M3 Gk, € X onpefeIuM CASIYDIME TOEH
sy 2wk Kex oToSpamenus F[M) —%

—> F{M.) pexyppenrHo#t popmynoi

rae 5 # 5 & f rmpouwssonpHC fMKCADOBANHOE H2-
TypasbHOE uACNO. PasyMeeTcs, HONR L.k HE SBUAUTCH
BEKTOPHHMH TIONAMM .

Ompesenenne. CucreMa raamxux noaed ¢, i,
sagaHnad Ha ofmactn U C HO3KPAGYCA  fu-DENCPHEM
nonem na 4.

llo sToMy onpegeneHun periepHos mote 1) semmerca 1-
periephnM monem. [lycTs 3anam gsa i -penepHEX ioIs

130



{E"ﬁ) TKaky » (2.1)

telﬁ', CKEy g ) eu{,..r.';_ _f (1.2)
cooTseTcTBeHHO Ha ofracTsx U n U ¢ wemycTsm nepeceue-
mev UNWV  Ha nepeceuemu V  4-penepuue  mnons
le, 1 n leg) coasamm gopuynams:

E_K{' = 2_"’ (1.3)

{
re All= ﬂA:/ﬂ uatpuuHas fyHxima Ha V', NpHEMMaOMASR
snguerns 3 GL (n, R}, Yro6w Hattu gopMymu, asanoruurue
(1.3), ins 2-penepHsx noneh {211, 2, | e, et
Hago nonoxemrenbHo k (1.3) BupasuTe Qi yepes 73

Mpi npoussoabHoft raamkoRt JyHKimm fe F(V) us

e )f—  (a (e f))=

~ (e + AL Ay enlef) =
T+ Ak.".’ Ag" f
caegyer
° Ky alare
K = A"l’&’ 2"1 e"l"l.;
rae

L1/%

~ < AR p ke
Aug =t A, A — At Adl.
Urax, (1.3) uugyumpyer

K
G = e"t + e""&;
™
A@)_ Ay
0 A
- uaTpuuHad QyHKIMA Ha V.

OxasuBaercs, uro (1.2) pupaxaercs uepes (4.1) cregywo-
mUM 00pa3oM

N Kay &y
A‘,"‘k{', = z— (1-4)

4a=1

rme

rne
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Arnkiai, = 2
Ky x‘l K""l“fk’

A,‘" = e A 1+A ' Ay ( 1< 4<t), (1.5)
derd — Akl

Cnpasenaueocts dopuya (£.4) ycremasmpaerca maTemaTnueckoh

uanykipelt mo ¢ (cm.

MaTpUUHy® QyHKIMD

41, crp. 242-243) TepBrft mar Gux
nokasaH. B gopuynax (1.4) snemenTn Ag,,

onpeneaanT

/\:} A" A"‘l A"1

0 A',:}:} . A K A:'{:n;
........ .- - e - (1.6)
0 0 . Ay A

0 0 0 .. A’ZZ..Z‘/

PeryaspHyv B xoxgol Touke X- €  T.e. alzt ATz~ 0, Mar-
pyna Al )(n ) ABIAeTcA MaTpuueldt nopagke N11= nin4+ +af,

Marpuumse gynxipm suna (4.6) B xampmo#t Touxe oGpasyoT
OTHOCUTENEHO yMHOXeHuA rpymmy Jiu; oHa oGo3HauseTca L =«
Ha3HBaeTCH HeroJoHoMHolt muddepeHimensuolt rpymmo#t mopsnka
dra rpymna ABnAeTCA NOArpynmno#t noaxo#t yuHefHo# rpynmm
GL (Np, R) (cu.,nemp., [4], crp. 244-247).

2. Ha oSnactn U POM3BONLHON KapTH ('u, *{) GA(M.,_)
¢ momomo koopmMHATHNX (yHimA () = (¢ (%) )y The Xe U u

F (U s BO3HUKAET HATypAaNbHOE ’]L-penepﬂoe noxne
o af
{11‘“ S } (2.1)
Npu nomomu  dopmyn
=) %) (t=1, ,p)

MOJyuuM B Xxmolt Touxe A€ U MHOXECTBO  fL-pemnepos, ecay
A (a) NpUHMMEET BCe 3HAUEHMA U3 HerojoHommof mudhepeHImaNb-
nott rpymms L la nopsagxe . Ofo3naulM MHOXECTBO #. -DEnepoB
B Touke x & U uepes HI (a). Mioxectso H tfw=U AT
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2CTH rIABHOE pACCOEHHe fv-penepos ¢ mpoexiped
W CTPYKTYPHOR Ipymmo#t T.t_ Bepuee Gumo 6n mMecro H T (U)
nUcaTh Ty L%).
lpu nexwaun geyx xapr (U, Y) u C HemycTHM
nepeceueren UNW=V o6xacret U u U noaymu Ha
AP& HATYPAXBHHX fL -PemepHHX MOXA: UCXOAA U3 Y no-
ayam (2.1), a us U noxyumu
N 2 L%

()3(‘:1’ LA |

Onu cmasann fopmyxamu, amaxoruunnmu (1.4),

—_

AN = TG A Ky 2.2
Dot ; o1 2 (2.2)
TONBKO 31ecCh B (2.2) mpuHaniexuT TOXOHOMHOR xMpyepeH-

HMaxXbHO rpymne Lﬁ nopanKa TL » KOTOpAA ABAAGTCA nog-
rpynmo#t rpynms LT, CXemoBaTexbHo, CTpYKTypa TXABHOTO pac-
cXoeHMA  fL-penepoB ¢ Gasoit U  pacnpocrpanserca Ha  Bce
raagxoe mHorooGpasue M. Taxuu o6pa3soM, HMEeT MECTO CAeBY®-
mee

Openxoxenue 1. Ha xaxnom raagxom wmuorooSpasmu M mpm
mou 4 €N Bosmumaer raapHoe paccaoemse fu-pemepos
HE(Ma, T, LTw) _ c casot Ms u crpyxrypuo#t rpynno#t
{f.. Opx arom xaxpoe T Lf.) noxyuserca us
HT (Ma, T:t) orpaumumsas 6asy M, Ha oGxacts 1. Ha-
TypaxsHoe fh-penepHoe moxe (2.1) smamercs XoxaxbHuM ceueHu-
em nan U  raxamHore paccxoemus HT'(M..,, LT ).
_ [lpu xamno maTypaxbHoM umcae f- espexuu ws rpymm
LT, noarpymy LMY cocrommym ws marpum crpoemmen

APg=| T 0
t 0 E
(cp. ¢ (1.6)). 3necs E — emumwunas u_ 0 ~ myaemas marpmmu.
Heroxomommas mupdeperimaxsuas rpymna L nopagxa uso-
sopfeta mogrpynne L L’ . 3TOT M3OMOPIM3M MH MOXyUHMM, ©CNH

2.3)

¢ -
xaxnomy A 1')(-"9 € Lk COMOCTABHM 3JEMEHT Ac{’(x) €

TxapHoe paccioemue H '1’(’“., urp L:’) NOXyudM U3 HATY-
paxsHoro  { -pemepHoro moxs

( - - }
? 71‘1)1‘“) 9 -b“" 'Bx‘- (2-4)
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KaK MHOXECTBO « -Dpenepos B kammol Touxe XU md dopmymem
(cp. ¢ (R.2))

Q.Hﬂm - (l); l(—ﬂ, ‘é =", i ,‘L ,

A .
ecin A6 5 amux Gopuyrax mpoGeraer scm rpynny L}, Tax
xax fynkiu Ha My NpEMoONATENTCA TNANKUMA, To UACTHHE
NPOU3BOHNE

— “{x)
(0 = (%)

QO L%, €T )
2okt
CYMeCTBYDT He TOAbKO mpu E- 1, ... »§, @& Takxe npu

CnenoBaTenbHO, BMECTe C ‘] -penepHEM MoneM (2.4) vu aBTOMA-
TUUECKM MMEeM [--perepHoe roJe

_’_‘o ‘o"’ ] ’Dr' }
2T LI T S

2.5)
Kpome Toro, merpuunas dyHkims rae AL’)(I) € L.",’L, MHIYTM -
pyeT marpuuHyn GyHrIpD A(T‘), JOTIONHARA no dopmyne
(1.6) no A u marpuumyn GyHrmmM® mo (2.3). 3pecs
A‘?‘)(x)é L5 A({)(x) Horpa maTpuna A(i)_(vc) npoSeraer
rpynmy L:‘;, TOrAa MHAyuMpoBaHHHe el MaTpurm AT u AT ")
OMMUCHBANT COOTBETCTBEHHO IPyMIH ul Hrax, nmoayuus us
ceuenns (2.4) rnasHoe paccnoenue Li’), U3 CeveHus
(2.5) nonyuaem raasuoe paccmoeme HM(U, =, L) x 8 ar0
xe Bpemst ero mogpacenoenme HE (U, 7[1~) L), 3pecy ecrect-

BEHHO OTOXAECTBUTH rnaBHoe paccnoerne HUL{W, 7(y, LK) c
rnaBHHM paccraoexueMm H B yrasanHoM cummcre M
cuMTaeM IJIABHOEe pacCCJ]OeHHue nL{U, Ln) noJpaccaoeHuen

rnasHorc paccnoenns  HIY (U, Ty L%).
OTMETMM, UTO CKa3aHHOe UMeeT IIOGANbHWHA XapakTep:
L.) sBnserTcs moppaccroeHnem rissHoro paccaoeHns

HT" (Ma, Mycre o6nactu U u U’ wmHorooGpasus M
muenT Hemycroe mepeceuenme U1 U =V £ Mrt umMeen
T L (2 L |
—bu-lq( 3 ) 33-"-.. ).’.\_zi— 3 (2 .6 )

& TaKxe

12, ]
Y Tl (2l

P Y }
1‘65{"“ y o “u:x"-u:B l‘ll )

/

™oLy r
[lpy nomomu rpynn Y% ¥ L% COOTBETCTBEHHO MONyuaem
H bt 7, T W, h) e
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; Tl = T -~ T
H"(“’“btk):”m»“r,l—‘ﬁ’))c: Hf(u’,ﬂrr,Lﬁl. (2.9)
Ecnu orpamuuusare A n W me ux nepeceuenua V, 10 HaTy-
DaNbHHE -penepimie nona (2.6) mupasATcA Apyr uepes apyra
no gopmynam + _
A Ky

- {:l) -— Z A i (-y) T T (2.10)

rae 6V y t=4,..4. 3mecs ell ¢ lll,i(. ¥aTpuunas
gymeua A ma V' urmymmpyer coraacho (£.5) marpuwyn dyHx-
LD Ha V, nrae el < L. Creposarensro, dopmyms
(2.10) JODONHADTCA HOBHMM DICMyTami TAKOrO Xe CTPOEHUA Takxe
g t= 5 ey W aDT 117 HATYDPAJBHHX fl-peepHHX mo-
neit (2.7) dopuynn nepexona. Temepb 3amerum, urto (2.8) Ha
cosnagaer ¢ (2.9) va V. Otun nmoxasaHo, uTo Ht(H.\,'!IL,
ABAASTCA NOAPACCAOSHMEM TMABHOTO paccioeHus H I (M

U3 cxasaHHOI'0 HEMOCPEACTBEHHO CRefiyeT Lerouka MOofpac-
cHo2HKM !

HiM. i, La) e A " ). .10

3. Onpememum Ha oonactu U € Mn mome XM xax  gop-
MBUIBHYD JIMHENHYD XxoMOUHALMD GopMysoi

] 3 Kaun K4
X(H(J)= t £y Cryi iy (X)) 3.9)
AR
rne , 87 TeyeR. B MHOXEeCTBE TaKuUX Mo-
Jyell ONpeieiMM CRAomeHne W yMHOXEHUe HA QyHKIMD < € co-
OTBeTCTBEHHO (opMysaMu
‘ L,
(X)) (€ )
(-4 = Z_ (=) Y(x)) (=),
rae
Takum ofpasoM, B kamgoit Touxe X € MONY UM -MepHoe

BEKTOPHOE MPOCTPAHCTBO, KOTOpOoe 0G0aHaumM uepes D T'l). Urax,
prag =U DF vy asnsercs TPUBHANLHLM BEKTODHHM DACCIOEHAeM,
xamanit cnott D IM(%) xoroporo ecrs BEKTOPHOE MPOCTPAHCTBO
paamepHocTH Np. —

Onpegenenue. PaccnoeHue DMY) ¢ sason Ha30BeM 11.-
KBCATENbHHM BEKTODHHIM DACCIOGHUEM Ha



Haree Gynem mpepnonaraTh, uTO Ha KAXAOM HENyCTOM Nepe-
cevenmt U W=V obxacret U u W koopmunarHue gymx-
mam §F oy gk mors XY agpanme na U u
COOTBETCTBEHHO (fopMymaMu

A=1 ? 431
ua nepecevemd V  npeoGpasypTcA mo GopmymaM

s Kygiu 4 ("L & Kruke
¥ ) 3 (k= ) (3.2)
rae Axluk, coorsercrsyor ({.4). 3T0 3HaumT, uTO CTPYKTYpa
BEKTODHOI'O MPOCTDAHCTBA CHOEB DFf (%) mua nepeceuenuax Ulm =
—V  pasuux kapr (4, %) u » ¢’) cormacosana. Taxuu o6pa-
30M, MH MOXeM c(OpMyJMpOBATH CHAelyDiHee

Tpennoxenue 2. Ha kaxnom raagkom mHorooSpasud Ma Boa-
HUKEET  {l-KacaTeNbHOe_ pPaCCIOEHHE DF’(M») c 6asoft Mn u
¢ Takoft mpoekimeft ﬂp- DI (Mn)—> Ms, uro cnoem » xampoit
rouke X €Mn gmrgercs (x) = D"(x).
_ Oruerum, uro fv-xacaTenbHoe BEKTODHOe DaCCIOEHHEe
D"’(M,.) ABNAETCA ACCOLMUPOBAHHEM paccioeHueM. OHO accoimupy-
eTCA C TNaBHHM DACCNOGHMEM  fr-penepos Tunosum
croeM ABRNAETCA N,., -MEpHOe BEKTOPHOe MpOCTPAHCTBO, HA KOTO-
poM ne#iCTByeT cleBa HeroJOHOMHas auppepeHimanbHag rpymna
no gopmynam (3.2), T.e. ameMeHTy

X Lr) = \t 5 Cicqun kg

crasures B coorsercTsue axemeHT (3.1). Ilo sroft mpuumne pac-
cnoesme DI(Mu) mormo_6u Tousee oGosnatscs ,
Indas Touka DF(Mw)  oGxactu Bf(Mr) mueer

KOODIMHATH ;
(’C“(’C),' EK'(""); : 1‘")7 wy § -))

rae X“ (69 goopmnamy rouxn Np(X)=x€ Mv, o 2, % G,
. “*(x) cnoeswe koopmuuaTd M3 (3.1), OyHrimu

. Drr(Mx)—> R JOKANBHO 38BUCAT OT KOODAMHAT
rouxu x ‘M, Kaxuayo dynxipm Ma — R moxHo paccmarpu-
BaTh Takxe Kak (yHKIMD Ha ompefenss ee 1O
dopmyne Hp Urax, 3 1 nocromma so
BCEX TOUKAX OJHOTO M_TOro Xe caof. O6paTHO, (yHKIMD no-
crosuHyn Ha croax D ["(x)  wmomHo paccmaTpusarh xak gyHK-
Mo Ha Mg,

136



Dycts 4, rpe <  Harypaxboe uacio. Torme kaxpoe
noge XPe DL(My) na UC Mn momno samucars B suge

EK‘“. e
4=T l,u Ky
uau

l

X U= zf‘ § Crqm ks
roe

4 o (t= g+, .. s 1) _(3.3)

CrenoBaTensHo, e DMWY ; B CHIy Uero Di‘(ﬂ)
B cuny (3.2) #a nepecevenm UNU =V #— z paBeHCTEa
(3.3) ramxe mmonmmrca, T.e. EY 1"" pu
9o osmauaer, uro DY (M. C D! (Mu) 3aMeTuM, UTO HpHU
KaxIoM roe 1<t { -kacaTellbHO® BEKTOPHOe  pac-
cnoenne D L(M,) arsercs nompaccnoeHuen -KACATENLHOTO
BEKTOPHOTO DPACCIOSHUA (Ma) ,  IDyTUMA CIOBEMU

nMeeT CcTyneHuaToe CTpPOeHHe. MT&K, UMEeeM II0CNeNOBaTEeNbHOCTD
D'Ma) = DM eDF (M= DMML)., 6.

He rombko dynximw, sagaxHyo Ha Ma  MoxHo paccMarpu-
BaTh Kak QyHKIMD Ha HO U kaxgyn QyHKLMD f‘i) Ha
D %{M.) moxHo paccmaTpupath Kax gyHEm Ha D—I‘U"I,))
onpenenas ee gopMynoht

3neck npoekimsa oToOpexaeT KexmHit ciaol (1) Ha CJOik
(x) 10 cremywmeMy MpaBuUNy: Kaxmol Touke Di+(u)
€ HOOpIOMHATaMK

- Cp)
COMOCTABINEM TOUKY () ¢ koopmunarawm

~
(<"(; o, o),
KOTOpYD OTOXIOECTBJIAEM C TOUKO#’
BN
fleno, uro kaxnas raxas q)yHKuMﬂ { ! nocromma otHOCHTENBHO
. K.
kooppumatr £ U, .., ET S,

4. Cnenys (4], ssmumem crpykTypHHe ypasHewus raasHoro
paccaoenns  fu-pemepos HIM(M g, L1L).
Kaxppit s;eMenT
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t 4
ol ol
o ‘!l-\.
e Wiy o ltlb
I WA
LO —_ o O »’1 k -Glh lf
ST T T T T T T
0 o .. 0 . i
a.nr'edpu Iu ! I'DyTIH Lfﬂ' COEGPIHT N 4 -q)opu, cpenu
KOTOPHX CYymMEeCTBEHHH JUb ) 17._. OcTanbHue

BLpAXADTCHA uyepe3 HMX no Qopmynam
t,m 14 °G'u<v<t llfN

b _G .
K1u. & 2 d"l. MK “ X: - E‘N (4-4 )

wy
3nech /\n['u, v,4) — wHoxecTBO BCEX nepecTaHOBOK, KOTOpPHE MOX~
HO COCTABHTb M3 HATYDANbHHX uncelr U+l,: , 12 C y4eToM or-

paHnueHu <uw<Ay u v~ < , Hanpuuep,
mp t =23 us (4 1) nomywm
"1':. L\ ’1 r'-"ul.
gk, %%. “)Kl. + %,
S bl b
_&l‘,‘. “"3:? Iy IL&U
L 4 .J.L [
d)n kl.k‘b + Ogs '+ o"l.- .

YuuTHBAA CTPYKTypHHE YDABHEHUA
; & u d
A By

nonHo# JMHelHON rpynmu GL (/\/f», I ee NMOArPYIIH

MONY4AM CINEyPUME CTPYKTYPHe ypaBHEHUA

wd,
i —_ _ ll OA ,

rope U nt=1, --~:1». Orepna ans cymecTBeHHHX fopM
" nonyvmu
+ Ln- 1

=y _
K1|ké— i-ﬂ'

Ecmu yuects (4.4), To o'rcn,na IJIf CTPYKTyDHHX ypaBHeHu# rpyn-

(3 noJyvaeTcs clefyomuii OKOHUATENbHHA BUA:
ogu<rgt {
— 4.2)
A Cy =73 Devetty, g tr N Ot
Hanpumep, npu u3 (4.2) caegyer
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¢
ek, A @ + u‘ﬁ w'ﬁer
¢ L . (s
dm"%— O,‘MA @y + ‘3‘:‘&/‘ 63(’! + , .
4 ) 4
+ w,q/\ + w"tkj/‘ Gk’£ + Q’&A “’k,[k,"."ak,/\mﬁ&( I
Tenepr nerko samicaTbh CTPYKTypHHE YDBBHEHHA [NABHONO A -
paccioeHns  --penepos AT (Ma, T LT.), rax kax xaxmi
ero cioit uzomopfen rpymne L. s, B saxmpunTensHo#t uacTH [4]
YK838HO, UTO OHU MOLYT OHThH NOJyUEHw B BUfe

C(fdr_z C-)LA L.

i osugye

) At .
Lty = . k'\"""."kxé

0N, ¢ (4, )

5. B aTOM myHKTe MH NPUBOAMM CTPYKTYpPHHE YpP&BHEHHA i
xacarenstoro paccioenus D1°(Mn), paccuarpusas ero aums
KaK oOHUHOEe ragnkoe MHorooSpasue.CHauaja 3anumeM CTPYKRYpHHE
YPaBMeHUs I1A NMPOU3BONLHOT'O IJIANKOr0 MHOrooGpasus Vi, a 3a-
TeM MpPUMEHNM UX B ciyuae, KOrja MHOrooGpasueM ABNAETCA
DI (M)
Iycts Y4 — o6macTe raagroro MHOroo6pasus Vn., a “4} "

penepHoe u myansHoe Gasuchme mons Ha ‘U . Dpn moGHX
asyx pexropmx nonsx X, J€X(Vm)ux cxooxa fu [X, Y] ompepe-
naerca gopuymon[X,Y]= XY~ YX. Crpyxrypuue ypasnemus raan-

KOro Mgoroo6pasus Y Ha B A3HKE BEKTODHHX monedt 3ana-
urea opMynamu r
[‘-L,’-p] = C.Lp Ly, 5.14)
rae C}l; € F(U). JyanbHue CTDYKTYpHHE ypaBHEHUA MMEDT BUI
do* = ¥ (5.2)
uim

du* — wPneo,

rae = Popmynu (5.1) u (5.2) umenT rnoSann-
Hult XapaxTep, MOCKOJBKY OHU COTJACOBAHH HA MEpeCeueHUH
unu —V+ e neyx obmacret U u U,

My npumennu gopuyms (5.4) u (5.2) B ciyuae, xorma raag-
K#M MHOroOOpasMeM Vi fBNAETCA  fi-KACATENbHOE BEKTODHOE
paccioenue DT’U"I:..). Janee nna Gonpmel KOMNAKTHOCTH 3AMUCH
NepeoGO3HAUMM KaxXuH! MyJIbTH-MHLSKC B BUIe uepes kft),
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Ha xaxnot ooxacen U < DF(Mn)  koopmusarsue dywicomm

TIPOX3BOBION TOUKM e UM
K w(1) H{s) x{pn)

(152 ) § J""Er)’
Wam

(g ). g"‘f"},
roe 9. MHIYLMPYDT Ha HATYpaNbHOE pernepHoe
nose

ﬂj,%m); 3 " ’_3__ }) (5.3)
#3 KOTOPHX TONYUAM BCe DEerepHHe MoJf

[Lk‘o) b " E—K(rl) } (5.4)
no gop™mynam

?
'a;ﬂa) (£=0, m,fl—), (5'5)
rae

4
=] 0 5.6)

— varpnunas dymipa sa U npusmvammas B kaxpol Touxe 3Ha-
uenus B ouHefiro#t rpymme G-L(n+N,,IR), Penepuoe nore (5.3)
npu nomomy snementon (5.6) rpynnu GLm+Np,R) unnymmpyer
Ha L EI"(M-L) rnasHoe paccioenue penepo H (UWY), Bra-
roNaps COIIACOBAHHOCTH CTPYKTYPH STOTO TJIABHOTO DACCIOEHHA
Ha TepeceueHuax NUM# L obnacrett n WM,
umeem paccroerne periepos H (D1(Ma) ¢ Gason PFM(Mn) u
CTPYKTYPHO! I'pymnoft R). _Anazoruuno (5.1), crpyk-
TypHEM# ypaBHenuamu MHorootpasus H(D'(Mwn)) Ha Gy~
nyT

e

Liowems €] =2 Emcey (5.7

rne Czwllﬂ 3 Ecau BocrionbsoBaTbes fAyaibHuM Ga-
sncHsM monem | ©*®, w4, ., k nomo (5.4), To

ypaBuenna (5.7) pasuocunbHe BBUAy (5.2) ypapHeHHsM

k) _ _ 4

dio A . (5.8)

U, =0
6. B npensinymeM myHKTe NpPU MOJYUEHUHM CTPYKTYPHHX ypaB-
wernit (5.7) u (5.8) mn He yuwsTsBamd, uro D ABNAeTCA

EEXTOPHLHIM paccjioeHdeM U ofaafaeT IpU 3TOM CTYNEHuaToi cTpyk-
Typoii.
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B panbrefmem mu npegnonaraed, uro H (DP(Ma) npuxne-
eHO K 0a30BOMy MHOT'00GpA3MD Tem camuM U3 I'pymImH
GL("+Np, R)  sunenserca Hexoropas ee moarpymma, ¢ _  mo-
MOmBD KOTODO/ JenaeTcs peAyKuma raasHoro paccaoenus H(DM(My).

OGosnauum, axanoruuso m.{, uepes F(Or(Mn) KONBLO
raanxux fyuxmmnt Ha  DfY(Ma).uenes X (DMw) u *(DrHM0)

MORyM# BeKTODHHX mome# . 1-gopu ma Df-(Ma). Kaxnoe
pexropHoe more X &  (DIM(Ma)) na o6nacru ¥
BHDAXAETCA B BUfe -

6.1)

roge ¥4, Y e F(uP).  Cpassusas c mpegmaymeM MyHK-
TOM, MH nepemxu o6paTHO K MHOeKcaM K(4) — k4 k. M NOMOTHU-
TeNbHO o6osHauamu Ewiey= &. Momyms %(DM(Mn)) gmocrarouno
obmu#t. On M xax He ananTupoBad Kk crpoexuv (3.4) paccroenus
DI (Mn): UroSu mocruun aroro, mm mumemuu ua mopyna X(OMML)
nopxonsmed OAMOLYAL.

llpexne ueM NPUCTYTIUTL K BHOEAEHUD STOTO MOAMONYAA,  MH
HaXOOUM B3QUMHOCBA3b MEXJY HATYDANBHEMA DeNePHHMH IOJAMM

{';,,_K; 2 2 }l 6.2)
%4

{TI“’; = 7.354-:-'1.’} . (6.3)
Ha [epeceueHHH £ obzacrett UY u

paccroeHus BI‘(MK.) COOTBETCTBEHHO C KOODAUHATHHMU (FyHKIMAMU
K
(55 ey goen)

k!
(I. ’ EK" w oy

3pecs XX u > _ xoopaumaTHue ymmipu cooTsercrsemo Ha 4/
u W, Ha v=unfu'-n,b(u‘h’nu Y& & omu gre cucrewn
KOODAMHATHHX (YHKIMA BHDAXADTCA B3AUMHO IDYT uepe3 Apyra:

= ey Orcona ana HaTypanbHux koGasucos idx‘} g
{ d2'} nomyuaem .,
- %)
- . 6.9
Jns myanbHEX HATYDANBHHX GA3UCOB u G- crenyer
al." = Ai’(I’; ") xﬁ/) 'tt: « (6 .5)

Nocrepme (em. n. 1) uunymmpvor neocexon or waryparsuoro -
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penepHoro noaf L, e« 30 G u,‘j K HATYpambHOMy  fr-pe-
nepHoMy momo {<if, 4, %4} mo dopmymam (1.4) ¢ yue-
rom (6.3) u (6.4). 3mech

X _ 6.6
Teneps maTpuua f\q‘)(m), nueomasa crpoedue (4.5), npuHannexut

rpymne Un. Bra kaxgoro X 1°C V49 npu (6.6) momyunm IBa
pasnoxenus (cp. ¢ (3.1)):

Snech dyHrmH §i':"""€ F(V] 5 cuny (3.2) Bammocsa-
3aHy opMyramu

(6.8)
rae A(H(a) e Ua. OTcn,y,a 78 KO6A3UCOB Ul' ey g j
u ldx7; JE"" } nyespHax & (6. 2) u (6.3), Haxo-

Jum nepexonHue opumynu. Mu yxe umeem dopmyry (6.4). lomonuu-
TenbHo k aTUM 43 (6.8) moayuaem eme

4&}27::,15}:, (6.9)
b=

_/_{ [u A L,(m, X )j g (6.40)
Orcona nna HarypanbHux Gasucos (6.2) u (6.3) nomyuaem cmeny-
omue cbopuy.rm npeo6pa3oBaHUA

_ T Y R
AL M +Tr_n.-z T, 6.11)

3mece 0603HAUEHO

_— — 6.12)
“ﬂg‘fw‘% %[ "o b '

Ecan nocneguue cpapuusarh ¢ (5.5) nmpu (6.2) u (6.3), umeenm
Uy _ =

” =A:, a; ’(o)_A‘
‘."A\iﬁ
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Tenepp onumem noZpO6HO, K&K BHIEAUTH IOOMONYJAb MOLYJAA
% (DM(Mn),7.0. Te perToprue mons XV & X (D), xoropue Ham
NOHAKOGATCA HUXE.

Bo-nepBHX, PACCMOTDMM TOAbKO TAKUe DeNepHHEe INOoNdA
(%5 Buppries <)) KOTODHe mocToAHHHe Ha cOAX ﬂ,I“(x), xele
¢ Hauunas c sToro momenTa ompasiaHa 3armMch () u

muecto k(xP) y Yro6H BEKTODHHE MO-

aq (6.1) CuaM MOCTOAHHHMK HA CNOAX, NDUOETCA Tpe6OBATH U OT
GyHrIMRA F* u uTOOH OHU GHAM TOCTOAHHH HA CNOAX.
Tarue dyHRUMM U3 NPUHALIEXAT

Ilpemnonoxum, uro B mocaemosaTeabHoctd (3.4) 6aza Mn
npukneeHa k mHoroo6pasun Df*(M.). Humeem

U e D'u)e DY) « < DIMU).

t
Ovcoma 1A KacaTeNbHHX PaCcCHOeHU T(D (’Ll)), roe {:=0,,.,,1|_,
IOy UMM

T e T(D (wWeTO W)= T(DMW). (6.13)

3nech o6osnaueno = D°(W), Bo-Bropux, corxacyem BHGOpD penep-
noro mong 1%, .., Eguei- | ¢ MocnenoBaTeNbHOCTHD
(6.13), T.e. morpeSyem, uto6n 1€} smammocs penepHrM IoJNeM
p TLU), a {&, ey &,  CBOD Ouepefb, PENepPHHM M0~
nem B T ( Wrak, npoussompHoe perepHoe more €, C 1(U) ,
KOTOpOe NPUMEHAETCA IAA TOCTPOEHUA (U), wmoxHO BRIDUUTH B
NMPOM3BOIbHOE penepHoe moxe LEw, &y, t.re. Ex=g,C
< Tw). !

Tenepb cocpemoTounm BHMMamue Ha D (U). [ns suéopa pe-
pepHoro noma UE«s &)= {ew, &} B HEM K BEKTODHHM IOJAM
2« HeoO0XOAMMO JOGABUTH BEKTODHHE IOJA cT(D(W) u npu
3TOM TaKMe, KOTODHE MOCTOAHHH Ha cxoax [y () , xe U. 3ro
nAeT HAM BO3MOXHOCT> oToxmecteuts ( (D1(W) ¢ D'(w) u
opath &= ¢,, 3Suaunr, LEi, Ex} =12, e} ~12.},

Tem cambM 3aKOHUEHA AfAaNTAIMA PENepHHX Moie#t K CTPOEHUD

W3 ckasannoro caemyer, uro Ha U  pmonycTummmM  pe-

NepHsMM MoNAMA 1 Ex,, w } asnmorca Te, roropwe
BHpaxanTcA OJHO uepes Hpyroe no dopmynam
Grag@=2 &, x, (),

B omux dopMynax, KoHsuHO, &, =@. 3mecs MmaTpuua npeoSpa~
30B8HUA uMeeT cTpoenne (1.6), Ho ycnosue (1.5) He TpeGyercs.
Hrax, rpymma (oGosHauum ee uepea Ll ), OXapaKTepusymmas
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aror kxacc penepos Ha Ul , mupe, uem rpymma k. Nocxegmmon
IPyIy [OAyuwAM 43 Lle mpM ycxommu (1.5).

Crasannoe 0 BHGOpe penepos Eugy s “) Ha
U =M, umeer u rroSaapHuit cuuca. YTo6H B BTOM yGenurbed,
sepHencst k fopMyram (6.14) u (6.12). lMpempapurensHo cpexaem
HekoTOpHe yrounemus. Kax Guno orveueno ma DI*(Y) pacemarpu-
papTCA (jyHKIHH, MOCTOAHHHE Ha cxoax. CmemoBaTesbHO, MpU U3-
MeHeHuu y Tourd ¢ koopmuHaramu (3 &'y .., E%M ) cmoemux
roopmuHar £ y Ek"""‘ﬁ BEJIMUKHE (6 10) ocraprca HemaMeHHu-
wn. Mockonbxy mpu §9"%=0 (£=1, 4) uueen AJ"“e=
TO R BO BCeX TQUKAX CHOA Taixe iMeeM A % = 0, Wrak, »
6.11) wueen Ay" *=0 u, cregosarembto,

° At
2
9u fopuyan mravuenn B (6.12) npu t= T.€. B XOHe BTOPO-

ro oTans aNaNTAIMM DemepHoro moxa. CrefomaTexbHo, Ha mepece-
uemnax UNUW =VE Z  obnacrest U u U ponycrumme rary-
panbHHe pemepHHe MOXA ’ npeo6pasynTcs O
dopuyzast (6.12), rre MaTpuia MpeoCpAIOBANMA ABEAETCH SEEMEH-
TOM_TORCHOMHOM mufpepeHImanbHol rpymmy LTJ\ npuuen Lhell =

1. Tockonsky Bce momycrimme penepHe NoxA lix,, Erpun
Ha U noEyueHH M3 HATYPANLHOrO MOJXA ﬁgk, s A
COT'AaCcHC (bopuy.n:u

w &

St @ =) _A @ (6.44)
rge MaTpHLA OpeolpasoBaHMA MPHHEJAEXUT TO, YUUTHBEA
eme ¥ cooTHomenua (6. 12) na 'uﬂ'u, NPUXOTMM K BHBOLY, UTO
pH 38[8HUM DEeNepHoro noid ero Koopmu-
HaTHHe NpefCTaBieHMA Ha mepeceuenmu U N W  cornacopaHu.
Wrax, Br6op pemepHex noaeh Ep t na AU

uMeeT rioGaibHHI XaparTep.

Ecou B (6.14) orpasmuMThCcsA MATPULIAMY M3 TPYIIH Us,
ynopreTeopaomumu eme yeaosuw (£.5), To momyumm mogrpymmy
1.1l 1 coorsercrsynmee mogpaccioenMe penepos.

Urer, Ha DI[*(M.) uMenTCa 1Ba TIABHOT'O PACCIOEHHMA
H(DMMw) ®u H(DIMM,), cCOOTBETCTBYRMUX CTPYKTYDPHEM I'DYN-
nau LT, u Tha.

7. Cnemya (L81 crp. 56-58), npusenem HekoTOpwe W3BECT-

HHe ¥ HyXHHe B JaubHelimeM GaxTH.
Il KexnOro BEKTOPHOrO MONA II8KOr0  MHO-
roo6pasus Vm  smHefiHOoe oToUpaxeHue
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Bt %) —> % (Va),
yIOOBNETBODATMEe YCHOBAAM

Vp(-f;y = f [

R ($Y) =(X$)Y+{R Y,
rie %Y e X(Vm) 4 $¢ F(Vm)  nasumaerca xomapu-

aHTHOR NMpPOM3BOAHOA B HanpapieHud BexTOopHoro moas X . Oro6-
pexesns Vx B MTOT® MHAYLMPYDT oToGpameHue

v: }(Vn)xx(vm) —> x(Vm))

KOTOpOe HAa3HBaeTCA JUHeAHOR CBA3HOCTHR HA \4; BexTopHHe

noas -
] O‘,'f):Vx ’j—VgX —[X, HL

(7.4)

roe X, Z € ¥ (Vm) ; HB3HBADTCA COOTBETCTBEHHO MOMAMU
KpyueHus ¥ xpuBMsHH. Beuny (7.2) oHM xuHeMHH M XOCOCHMMETDH-
uHu no aprymenTaM X U Y . Ha ao6oft o6nactn UC c
GasucHeny noams €, BEKTODHHE mOAA ¢ seuny (7.1) mpu-
Hagrexar X ('u) M, CNeNOBATeNbHO, DPA3JNATapTCA uepes & :

roe QyHxmn € F(U) HasumapTca xoodIMIMeHTAMH ANHEAHON
CBA3HOCTH V. Mpn mepexone ¥ HOBEM GA3UCHEM MOJAAM &y =A;/Ed)
rne |l Av()lle GL ) kospdummenrs , TMHEAHOR CBA3HO-

CTH mpeolpasypnTcs B HOBHe KO3PdMIMeHTH no dopuynam

ey PO e b

C-/ ’ L’q AY- + (EA/Aﬁ/-)AY‘} (7.6)
roe = U3 pasnomemuft

— R(Cd_)eE_) er{} Qr
MONyUMM TEH30DH KDYUYEHWS M KDUBM3HH, KOTODHE MO OrNpelefeHnn

(7.4) BupemenTcs B BHIE
+~v =~ 7

€ f T §f & ¢ (7
Regsp ~ tuigr — ep by +ipy by T 7 uphy
3nech dyHKImMK Cj; < ABIADTCA KOOPAMHATAMA CHOOKU
(s, 2] B Gasmce &
L2 ¢} — Cap 2y,
Mycrs ot — Gasuc, AyanbHH K y T.6. 5;5 Sopmu
= (7.8)
145



HasuBanTca HopMamu amHeRHoRt casHocTn V., Sopmu 6 u CO,Z‘

YAOBNETBOPANT CTPYKTYPHHM YpaBHEHHAM

Co? + gzd. Qf/\ (7.9)
rge
- ijz,i.;zm o¥aa’ (7.40)
— (opuu KpyueHMA ¥ KDHBHIHH.
HaroHen, Ham moHano6uTcAa POopMyna KOBAPHAHTHOR n;ioua;o,u-
HOlt pa omGoro reomeTpuueckoro ofsexra. Eciu y Hac
cucrema fyHximit, onmpejenApmas reoMeTpuueckuit o6BEeKT HA MHO-
roo6pasuu Vm, T0 ero KopapuaHTHuit auddepeHman VH
¥ KoBapMaHTHaA mponseomHaa Vo H f: s BHpAXADTCA IO
fopuynam A
FHbP = qubebs _SE ub ks o ST

" *

A o Tl

dro pacmpocTpaHAeTca M Ha kosdduumentu dunHelHON cBA3HOCTH
-1 X T r v
’ll,,l—“‘ 0“:{; —,TP - r:'f’ K\)f '+':‘A QT

8 T

. T )
Vee f.;{= e:r;:;’- R Ef— i l?pr-" " g (7.14)
‘4

Ecmu Hf’::.;t o6pasyer TeH30p, O TEH30pOM ARMAGTCA
M ero KoBapUaHTHAA MpousBomHas Yer H., ; OrueTiM, ¥TO
UMeeT MECTO CACLYDWAd U3BECTHASA.

Teopema i. (cm., Hanp., (), npemnoxenue 7.40). lpu mo-
OHX AByX MMHefHux cBasHocrax V # V  Ha Vi ux Koaddu-
IMEHTH |:;[- n ‘:'P yIOBNETBOPADT HOPMyIaM

~_ ol =V (7.22)

rne nomxonamuit TeHsop. O6paTHO, BCe NHHeMHHE CBA3HOCTH

V  nomyuanTcs u3 MpOM3BONLHO (MXCHPOBAHHOR JHHefHOR CBA3-

Hocry YV no gopumyne (7.42), rme HIF MPOM3BONLHEA TEHIOD.
[lepervmen BumenpuBefeHHHe GOPMyJNH IaA cayuad, Koraa

m-:oroodpagne:« Vm amnserca -KacaTelbHOe BEKTODHOE pac-
croeume D _I (Mu). B popmynax (?.1) n (7.2) mexTopHme moxa
x ), ¥ u SyHrouu j IPHHALIEXaT COOTBETCTBEHHO
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X(DF (M) = (M,)), Bopmyms (7.5) npusumanT Bup

VE(!) bty =>__.. |tta)¥(+) sy (7-{3‘)
- (R
Jpucyrcraynmue spech kosdummMeHTH mMHeMHo#t casHoctn |

cyrs gyneman na UMD — DI (Ma), Omu mpeoSpasynres mo dop-
myneM (7.6), romsko rpymy GL(m, R) Hamo samemmts  Ha
rpymmy 11, Sopuu musemiont caasnoctn (7.8) na DIM(M.)

MMENT BUI,

] t l—aﬂ) ()
“et) — , e A NI (7.14)
Bopmu “ dopMu JMHelHOR cBASHOCTH ynoBIeTBO-
PANT CTPYKTYPHHM ypaBHeHUsAM, aHajsoruuusM (7.9),
[ k)
oA+ (7.45)
@)
e ), (7.46)
i
rie 1 ;f.  3gecs _Qnﬂ)— dopMu KpyueHua u S?"l‘i

~ fopMH KPUBU3HH.
Eciu TpeGomaTh, uTOGH 3Ta JMHeNHAA CBASHOCTb MHIYLMDPO-
Baje NMHENHYN CBASHOCTb Ha KAXTOM PACCIOEHHH ("1..), rue
<ty To dopuymu (7.15) - (7.16) momyuanr coorsercrsen-
HO BHJ

—

(7.47)
IpH sameTiM, ¢ skl —
(s4¢t) (7.18)
Aot _ i Bgiy + T, (7.49)
a=
a4 ) ) )
L5, klé)) g, @.20)

A
B cumy Teopemn 1, cnpameqiuBa clenynmas TEODEMS.

Teopema 2. Mna molux AByX JUHeNHHX cmsnoc'ren u
Ha D 1"(Mw) ux xosdfmmpents Mk 7 aga),g) yIOBIETBO-
panT fopMynam

lq_(;;l‘:[‘;)) = Hh(») ’—hlu) oy
™
rue wazlﬁ nogxopamuit TeHsop. O6parHo, Bce muHeRHue
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cBasHoc™n V  Ha NONY4YanTCa M3 MPOM3BOABHO (MKCH-
poBaHHON JuMefHoR cBasHocTh V  Ha BT'U‘%) no Jopmynam
(7.21), rme Hw),‘“) NpoM3BONbHHA TeH3op. Ecim paccmarpu-
BaTh TOJNBKO Takue JMHeRHHe CBA3HOCTH, Yy KOTOPHX =0
mpu U > meXx (4t), 10 y mensopa H Takxe

Hl!':)(:le= 0 (u>max (sh),

8. lpenmosioxuy, uTo Ha  JL-KACATENBHOM BEKTODHOM pac-
croemm DT (M.) paccmarpupenTcs TonbkO penepHme noxs
{ €y, Eeq)g my i }, KOTOpHe NOMyCTHMH Npu cleJaHHoi B m. 6
afanTaImn.

Npu momomy kaxnoft JuHeRHOR CBA3HOCTH V ua
MH MHOYLMpyeM JHHeMHyD CBASHOCTb Ha rnojMHorooSpasun ™M,
O6oanawm uepes ¥(Mw) nonmonyns momyns BexTOpHHX moiedt
X(DVM)punenersmt » . 6. Mo (7.3) muueituas cBABHOCTH
Ha €CTh oTo6paxeHue

V: XMm,) x 8.4)

KOTOpOe Ipu JnGOM BEKTOPHOM IIOJe XP e xf"(ﬂ.) MHIYIM-
pyeT oToGpaxeHue

(M) —> X 8.2)

yioomnersopaumee yCJOBAAM

roe S(‘ﬁ, e u € F(M\), Orobpaxerue
(8.4) nunymupyer oroGpazenmne

Ve ¥ x (M) (8.3)
wo (M= X} (M), Arak, orobpaxexus (8.2)

DPACCMATDUBAOTCH TOJNBKO NMPH BEKTODHHX moaax X € F
) lomyuenHyo amuefHyn cBasHocTs (8.3) o6osHauenns uepes
v W HA30BeM  f--CBA3HOCTbO Ha MHorooSpasuu Ma, menym-
POB&HHO! CBA3HOCTHY y . M3 (7.47) - u (7.19) noayunm
VA <
, (8.4)
)
Qxl&)
«y
o' =otYaay, (8.5)
4N g, U9 .
Oy =Z.:='7 Ot A gy + ey (85H). ©.6)
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OrmetvM, uTO BTy  -CBASHOCTB % MOXHO ONpefeduTh M
HeNOCPe[ICTBEHHO, & He uepe3 JuHeMHyD CBA3HOCT V Ha
JuHefiHue CBA3HOCTM HA HPOM3BOJbLHOM BEKTODHOM DACCIOEHWH pac-
MaTpupapTca, Hampumep, B [1].

Teneps Mu MepexonuM OT MyabTuMHnekcos K@) mmeneHHmx B
n. 5, o6paTHo k Gojee [JAHMHHHM OGO3HAUEHUAM Kes Bro
Xe BpeMA MyJIbTHHHIEKC GyneT BHCTYNATb KaK OAUH CHM-
BoA. Yro6u u3bexaTh NyTaHWLM, KOI'4A TAKAX CHMBOJOB HECKOJbLKO
MIM KOTJA OHM CTOAT DANOM, MH BMECTO _Gynem macaThb

k. B raxoM ciyuae 1Be 3amuCH ',Z U

MMENT OfMH ¥ TOT Xe cMuci. Ecau dopmu ¥
. JUHeMHO#  -CBA3HOCTH NPUHAMAKT 3HAUGHUA B ainre6pe
Jn ‘s HeronoHoMHO# nuddepeHrmanbHOR rpymmH #,TO MH HMe-
em (cu. m. 4)

———— " m e X .
% Ay K CNTNCTN LN 6}&, 8.7)

u3 uero no (8.4) cregmyer
&g - he by e A.L,,

S K g o (8.8)
Cpenu dopu JHHelHOR 1L—CBHSHOCTH Y He-
38BUCHMH TOJLKO %> ,f-). OcranpHne QopMH MOXHO

soccraHoBuTh 1mo (8.7). [lo aToit mpuumHe B ypaBHeHMAX (8.6)
CYmeCTBEHHH TOALKO CAENyHHMe

o Ay lu>+52<z.:.-w
Ecau cona us (8.‘,'7‘2“3%@1-;“% Q. Ky, TO TOXyunM
— (A}
i < A iy
Topuu (8.5) moxmHO 3amucaTr B CienyomeM BANE:

3necy no asanormu c (7.10), gpopuu

52" =3 Tf;. ofA L)T",
(=%t

ecTb fOPMH KpyueHMA M KDUBHU3HH. [IpUMeHAA B Hame#t cHTyaimu
(7.7), nomyuaem
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-
ne T G
L S r b b (8.9)
R(h-.-q)n r ‘1';«,..@ ,-<¢1-«‘0 Ly~
-t ’_(!q..h) ‘- rrt
+C Uiy = 1 ).
Ecomn 8 (8. 9) nogeraeurs 3 (8.8), To mosmyuum

Rk, kg~ +;L=i -

-~

B cuny reopemu 2 u fopMmymu (8.8), cmpasemmsa w

Tenpema 3. Jns moGex ABYX JMHEMHHX caxaﬂoc'reﬁ v
y r Coquan €82 = (Caein
u Ha Mn ux xoo®dMuMeHTH miwy,.igy # Tmdren v
yoosneTsopsaoT fopMmynam
= + U\4<e<p) (8.10)
rue “,,‘7, — MOAXOAsmUt TEH30p CO choeHueM
sutvsl | .
u“q Cy _Q o, fuy rJ-qu —4 q £
/\(‘G,V.é,

(2gasdsp)
OGpaTHO, BCce mMHE#lHHE  4L-CBA3HOCTH V Ha [I"In noxyuvenT-
Cf U3 [IPOU3BOJBLHO rhmccupoammon JuHeRHoM! 1L—caxaﬂocm v
no gopmynam (8.10), rme H (i "¢ mpoussomb-
Huit TeH30p co cTpoenuenm (8.41).

HaxoHen, noscHuM Ha mpuMepe, KaK B JAHHOM CJyuyae  BH~
raagaT fopMynn kosapuaHTHOTo auddepeHiMpoBaHMA U KOBADUAHT-
Holt npouaao,uﬂoﬁ 7r'eome'rpuqecxoro o6rexra. B kauecrse oGnekTa

BO3BMEM [meenrpy (1% b TouHee [my,;
|—"I 0D ('-1 u n-|)
1) Tminigs rm(l(“.. ) oo

T Uq...lk'). AnanoruuHo gopmynam (7.14) u (7.42) coor-
BETCTBEHHO, TIOJYUAM

~— ity ’. -
4 T KK m
‘i el (t ~ Copnebpy (8.12)
"
g ety sty =L OY ‘ C
b T Lok (8.13)

. - -2

[ <Grata? i—d"'" o N
. PR LT 3
=4 =1

rge clenyer uMeTh B BMAy nomcraHoska u3 (B8.7) u (8.8).
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9. B sToM nyHKTe naeTCA KOHCTDYRLMA OFHOT'O Kiacca 1!-—
cBasHocTelt Ha M. ey

Mycrs V ~ npoussonbHas ymuednas ceasHocTsb Ha
Mcxona M3 MPOM3BONBHOI'O JONYCTHMOI'O DENEpHOro noxs i ’

Exrbys oo Ha o6nacTu -KacaTeJbHOr'0 paccuo-
ema DPF(M.) wu Ha ofzacty U  wHOrooSpasus Mw  noxyanm
IIPOM3BOJBHOE penepHoe noxe Nycrs xoadpurmeHTH
aTofl BuGpanHO#t Ha Ma JmMHefHOA cBABHOCTH V B penepe
l.&,\. OnpepenyuM gyepes ot KO3GIMIMEHTH PeRyPPEHTHO
Clefywmme BeAUUMHE:
(.L-: i, . ,r.), (9.{)
ity —_— M < 4 9 2)
m e 3o [ 4 X
ALTON A ATove) (PR T VLN W
(R a<t4q),

Teopema 4. Kaxnas nuHellHas CBA3HOCTH YV ua My ¢ ro-
afdurmeHTaMA r,::: mHIymMpyeT Ha Mu  amuelHyn fr-cBA3-

HOCTb, C TeMA Xe Ko3ddurmeHT aMu R‘L“, HO JOTOJHEHHEMMA KO-
edpumenramn Togr, iy =L, f) m (¢ a¢ty),

onpepeneHHrMy 1o dopmynam (9.1) u (9.2).

Mpexne yeM NMPUCTYNUTH K NOKA38TENbCTBY 3TOA TEOpEMH, MH
Halinem naa (9.2) Gomee nonxopsmee BHpameHue.

Jemma. Mpu (9.1) cnpasepausu crepyomue GopMmyas

r(q...te) _r_—(“‘l“*‘%ﬂ’ r"c_l_ chet ~ e ({-:Q,u,;r.), (9.3)

Qg Ky )

Cron & Gy by ol a (9.4)
rm(r.{... k) r».,(u.m “ivdg"t +

Joxasareascrso. [lpu u3 dopmyas (9.2) nmomyumum
SRR i el bt ol g

¢ ve i
=S g

Y] Kuvd sae
b LG
+ 5‘,»1 w {"4-4 rm'%-

Hrak, dopmyna (9.3) noxasana.
Yroln mokasars dopmyny (9.4), mu ucxomum us (9.2).
9TOM cyMMe MOXEM Da3GUTb claraeMie He [Be UACTU: UIeHH.
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KOTODEX A¢ = t 4 W UIEHH, y KOTOPHX llepsyn u sTO-
Py® TDyNIy UNEHOEMOXHO COOTBETCTBEHHO 38IMCATH B BULE

oSUKULA |, &
“

Ky ugy ! m{ku” K;\v) KI\#H "e

¢ [
ey
_ = {tutay) ‘-l,‘
LT ‘K‘_') )

0$ucogi-4 | ;.
i b by
i é—ku l;:( “MHKA“,L “‘K*"%)d"*kﬂ . (9.5)

DLna nomyuenus mocneneft cymun (9.5) mu mompsosamice TeM, uTo
¥y BTHX cxaraeMsx B cyme (9.4) A~ . Tax xex
TO BXOIMT B MyJbTHMHIEKC IIPH Kag ¥ Ecmn Taxxe
yuecTb, ur0 Ausy (w < Ao, TO K MOXET HAXONMTHCA TOMBKO
Ha nocaendem Mecre. B cuny (9.1) Popmyna (9.5) mpumer sup
dgugrstt . . ,
7 L ("'1 r‘“ r-"h-M [
) L) -
f‘l(!&,ﬂ;f-li
- VE"\- ‘;( “41-- ’Q~')'

Arax, fopuyna (9.4) ycraHosmeHa. STO M HOKASHBAET JeMMY.
JoxasarenscTso Teopemu, Ham Hajo mokasaTh, UTO BEAMUMHH

Mo < ke 4¢ IpH TepexoZe OT pemepa | s »
& r,~>} K penepy !E"-{I"') 1o
Popuymam
i (g kgd 7 .
s A Vs / —
Ky Lz (ke k) K\ Py
I'le MaTpuna A‘r)(z) ="A“‘,“‘ " TMPUHEIIEXUT B Ly (cm.
(£.6)), mpeodpgtayewcs no fopuynam
—~ —— AN A<EReEY = (Gqudvy
In’gag Ji) = _ Uk m (g k) A A + (9.6)
s \ Tty
3necs BNIEMEHTH MATPUIH A oOpaTHOll Kk MaTpune

A®), Om "&',nonnewnopmw COOTHOMEHUWAM

t
— (A “> ecam <
L n l{) ([4|u tl() = o) / A -t (9.7)

u=a £, ecm At
)
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?‘ A(L’m’«’ <> 9, ecm A<t
Lt ) "\(ltl--. L’.)= ‘é-ﬁ" &

=9 1 X
“ %%, ecm A-t,

Bopuynn (9.7) nocne muddepenimponarna B HampasieHuu & fanT
€ HaM COOTHOWEeH!A

— Lk i e by t . ’ 62
2 en Aty b ";A<~’---4>(£~‘Ad..,. o). .8
Axanoruuntie COOTHOWEHMS NOAYyUaANTCA U3 NOcHenyomux Gopmysn.

Teneps npuctymuM k BuBomy dopmyx (9.6). Hcrnonsayem me-
ToJ MaTemaTHueckol MHAykimedt mo t, Ipu t =1 dopmymar (9.6)

BEepHH, NOCKOJIBKY ~ koadduimeHTs auHelHON CBA3HOCTH
Ha Ma. )

IlpegnoxomuM, uro prA ay dopuynu!
(9.6) BepHu. Hoxaxem, uTo gia OHM TaKxe

BepHH. JOKA3ATENLCTBO MOCHEHEr0 yTBEPKACHUA Pa3obbeM Ha TpH
cayuan: 4) A = tad, 2) A<a<tsd  y3)a= A4,
Cayuan 4. Mpu A=1t+1 1o Gopmynau (9.3) nomyumm
=LY pm % o~ et
+ 48 e e O

Im% “y kt,..
OTKyH&, B CWIY NMPEANONOXEHUA MHAYKUMM,

?

i G e

N‘:i’w { A“" il )( T<‘1,"="4’7 ’E’:;ﬂ A
B cuny (1.5) u (9.3), ot dopmym: npusmmenT sag
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uro " 'rpetioaanocb BOK&3aTh.
Ipu 1< A< i+l o gopuynaun (9.3) x (8.13)

Crnyuatt 2.
noayusem
oy r Chgthed) =ty — =
i r"-z c ’ LT
- K n iy T
AR Kedt <0 i) (9 9)
L, S S L AN
"’(kﬂn'() %3 'wg’l '1’ uf% q> +
S-L = e f«) I—(i‘ w ey
u‘_"A "fq( v

Tlo 1peEmoNOReMD MHIYKIMYA B NMpABYD YacTb Md MONEM CHONA&TH
nogcranorey #z (9.6). Packpusag nocEe a70ro CKOOKM B yuWTH-

san (9.7), nomyuaem

- -— w ~LA
bwi< g = u:v ZJ-AR VA | WO (e ) VI &t.m L
N g AR ke —<imley
! Ml;v- LITVRRP 4’ {uw o) Ketg (kg lne)
i~ 31 Kutq 5 <Epun by WY IO ‘-i)
+ s o A A A(x(« n.)( ummw'u))A
f__ zt A By ke s _Sniey \KU«-- Ly
Kl h’ o -
= &r (!m.&‘) . FEPIL. 24
&
(% (
SONTAA g (ST 1A
o7 M<Ky Lbaee by
. t ity ‘ el
< T rn ("! ﬁl “M(T r— <1C4m f'v) A("’,‘"
K E (fn/ “‘1« A OP AT T
'1.1.&\ ((:.‘m lﬂ‘) m¢4 itguutyy ‘
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HIGHER ORDER LINEAR CONNECTIONS
A,Farring
Summary

This peper is besed on the investigation of the higher
order affine connections on & smocth manifold by G.F.Laptev
[3]. For each smooth manifold M in [3] a gerie of ft-or—
der prolonged manifolds (’»z 45 2,..) ie introduced. They are
asgsociated to principal f»-order frame bundles, every of
which has the fu-order holonomic differentiel group L
ag the structural group. For every a connection is de-
fined in this frame bundle (G.F.Laptev calls it an fa-order
affine connection). A more detailed research of these con-
nections for f*—- 2 is made by A.K.Rybnikov [6,71, in [6]
for the case of holonomic group L.L, but in [7] already for
the case of non-holonomic group L

In the present paper the connections in the principal
"‘b-order nonholonomic frame bundles are investigated, i.e.
the case of non-holonomic differential group 'L'; is consi-
dered for 5%+ these connections are called here [’.--or-
dex linear comnections. In order to give the better expla-
vation of such 1L-order linear connection, the well-known
notion of the linear connection is used on the suitatle
prolonged menifold. Froceeding from & smooth manifold Mn,-
& new smooth manifold DI'(Mu} ie constructed,which is cal-
led the fv-order tangent bundle of My, Let H(DMM.) ve
the usual frame bundle on ISP (M..).Among the linear connec-
tions in H(D‘I" (Ma)) there are the f-order linear con-
nection of the base manifold Mmw. So & new epproach to the
last connections is given based on the concept of the usu-
al lireaxr connection.

In the last section 9 a certain algorithm is construc-
ted to obtain special type -order linear conaections on

Muw  for every 11 starting from a given (first order)
linear connection on Mn For the particular case {L: L
this algorithm gives the 2nd order linear connection, con-
sidered by A.K.Rytnikov [7].
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