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Optimized signaling for ultra-high-speed fiber-optical communica-
tions

Abstract: This thesis deals with the topic of channel coding. We start from the basics,
defining a channel, a decoder and other channel coding elements gradually moving to
more complex topics ending with non-binary low-density parity-check codes. The aim
of the thesis is to give the reader a grasp on why do we need the channel coding and how
does it work. Finally we implement a fast Hadamard transform and a regular Hadamard
transform functions in Matlab and compare their performances when used for decoding
non-binary low-density parity-check codes.
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Ülikiirel valgustehnoloogial põhinev optimeeritud suhtlus
Lühikokkuvõte: Käesolev töö tutvustab lugejale, mis on kanalikodeerimine. Alustatakse
baasteadmistest, määrates sealjuures ka ära, mis on kanal, mis on dekooder ning teised
elemendid. Järk-järgult liigutakse keerulisemate ning spetsiifilisemate teemade peale.
Töö eesmärk on anda lugejale aimdus, mis on kanalikodeerimine, miks me seda vajame
ning kuidas see töötab. Lõpetuseks implementeeritakse ka kiire Hadamardi teisendus ning
tavaline Hadamardi teisendus Matlabis ning võrreldakse nende kiirust mittebinaarsete
hõredate paarsuskontrolli koodide dekodeerimisel.
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1 Introduction
Nowadays, ever increasing amounts of data are transmitted and stored. To fulfill the
demand for higher data rates we need to keep enabling the next generation technologies,
like fiber-optical transport networks. Low-density parity-check (LDPC) codes, which we
will be looking in this thesis are widely used for error correction in such networks [7].

A channel is a medium between the source and the destination, which is used for data
transmission. A good example of the source and the destination can be telephone sets, and
the channel between them would be the telephone line. Today most of communications
are in the digital form, which means that the information is represented by binary symbols.
The channel itself is still analogous, but the receiver converts the analogous signal into
discrete-time values. We can model this channel with additive white Gaussian noise.
One example of a digital channel would be a fiber-optical cable. Every channel can have
disturbances in the data transmission process, and we protect the information from these
disturbances by using channel coding. For example, if we send a binary vector through
the channel and the noise is so significant that we receive a vector with some flipped bits,
then channel coding helps us to correct the errors. To do so, we add redundancy to the
information that is being sent, the channel encoder then encodes the information to have
a certain structure and at the endpoint, the channel decoder, while decoding the message,
uses the redundancy to correct errors that happened in the transmission process. At the
moment, the main bottleneck in the data transmission is the decoding process [9].

Every channel has its capacity, known as Shannon limit, introduced by Claude Shannon
in 1948. The Shannon limit describes the maximum rate at which data can be transmitted
over the channel error-free given its bandwidth and noise characteristics [10]. We have
found codes that are performing near Shannon limit, but the one that performs on Shannon
limit is yet to be found.

The goal of this thesis is to introduce the reader to the topic of channel coding. Even
though there is a variety of error-correcting codes and corresponding decoding algorithms,
in this thesis we will end with non-binary (NB) low-density parity-check codes.

We first start with introducing the channel coding, channel models and error-correcting
codes. Moving forward we look at the maximum a posteriori (MAP) decoding and MAP
decoding over trellises using BCJR algorithm. This is also used in decoding LDPC codes.
When looking at the LDPC codes, we first look at the hard-decision decoding method,
this helps the reader to understand the structure of decoding LDPC codes, but is not really
used in the real world, because the soft-decision decoding yields much better results.
Then we look at the soft-decision decoding and finally we get to the non-binary LDPC
codes using Hadamard transform based decoding. We also implement a fast Hadamard
transform and a regular Hadamard transform functions in Matlab and compare their
performances.
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2 Channel coding

Figure 1. Communication system model

Channel coding consists of three components: channel encoder, channel and the channel
decoder. The input to the channel encoder is called information sequence u, which
channel encoder encodes to the codeword c. The codeword is the actual data vector that
will be sent through the channel. From transmission over channel we receive the vector y.
Usually y 6= c due to the noise in the channel. This means that some bits of c may have
flipped during the transmission process or in case of an additive white Gaussian noise
channel, a signal with a flipped sign. We define the channel S as a triple (F, φ, Prob),
where F is a finite input alphabet, φ is a finite output alphabet and Prob is a conditional
probability distribution

Prob {y|c} , (1)

where c is the transmitted codeword over F n and y is the received vector over φn. After
transmission, the channel decoder corrects the errors in the received information. In case
of a perfect decoding process c = ĉ and u = û [13].

3 Channel models

3.1 Memoryless binary symmetric channel
Memoryless binary symmetric channels (BSC) are channels, where F = φ = {0, 1} and the
channel being memoryless means that the channel noise for every symbol is independent
from the noise affecting previous symbols. For every codeword word c = (c1, c2, ...cn)
and received word y = (y1, y2, ...yn) with the length of n
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Prob {y|c} =
n∏

j=1

Prob {yj|cj} , (2)

where, for every cj, yj ∈ F ,

Prob {yj|cj} =

{
1− p if yj = cj

p if yj 6= cj,

where 0 ≤ p ≤ 1. The parameter p is called crossover probability of the channel and it
is the probability for the bit to flip when being transmitted over the channel [13].

3.2 Additive white Gaussian noise channel

Figure 2. BPSK model

In this thesis we will be dealing with additive white Gaussian noise (AWGN) channel,
which is more complex than the BSC. There are different types of modulation techniques,
which could be used with the AWGN channels, but we are looking at an AWGN channel
with a binary phase shift keying (BPSK) modulation.
The main idea behind the BPSK is that the codeword c is transformed into signals s,
where 1 and 0 are mapped to certain symbols, for example 0 is mapped to -1 and 1
is mapped to +1. The signals are then sent through the channel, where the noise n is
added to the signal [15]. The noise can come from many different natural sources and is
independent for every bit [14]. The decision device receives a signal vector r, so that
r = s+n, where ni is a noise sample. Noise samples are independent Gaussian variables
with zero mean and variance N0

2
. This channel is characterized by signal-to-noise ratio

SNR = E
N0

, where E is a signal energy. So-called hard decision decoding of bits can be
done by comparing signal ri to 0. The decision is 1 if ri > 0 and 0 otherwise. When
using soft decision decoding, then signal symbols are mapped to probabilities. Though
this way of transmitting signals leaves us some space for noise, sometimes the noise can
still be so high, that we receive an erroneous bit [15].
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4 Block codes
A block code C is a set of vectors, which we call codewords. A Hamming distance d(x, y)
is the number of positions where two codewords differ from each other. A minimum
distance of C is the minimum Hamming distance between any two distinct codewords
of C. The Hamming weight w of a codeword is a number of nonzero entries in it. We
say that C ⊂ F n is an (n, M, d) code over a finite alphabet F if C has a length n, it
contains M codewords, and its minimum distance is d. The bigger the minimum distance,
the more distinguishable are different codewords, so it is more likely to get the correct
decoded word from the received vector, but it also makes the M smaller. The dimension k
of C is k = log|F |M , which shows the length of an actual information that is being sent.
The rate R is R = k/n, which shows the code efficiency. So for example if R = 2/3,
then two bits of information are transmitted by sending three bits.
For example if we have a (3, 4, 2) code C = {000, 011, 101, 110} over F = {0, 1}, then
k = log2 4 = 2 and R = 2/3. Minimum distance d of C is 2 is because the minimum
Hamming distance between any two distinct codewords of C is at least two. For example
if c1 = (0, 1, 1) and c2 = (1, 0, 1), then they are differing in the first and the second
position [13].

5 Linear codes
Linear block codes are codes, with a certain structure. Linear codes are determined by a
generator matrix and a parity-check matrix, which are used for encoding and decoding
the code. The alphabets for linear codes are finite fields or so called Galois fields. It
means that F = GF (q), where q is the size of the field. The code (n, M, d ) is a linear
code if it meets these two requirements:

1) c1, c2 ∈ C ⇒ c1 + c2 ∈ C (3)

2) c ∈ C and α ∈ F ⇒ αc ∈ C, (4)

where α is a scalar [13].

5.1 Generator matrix
If block codes are usually written as (n, M, d ) codes, then linear codes are usually written
as [n, k, d ] codes, because we use only k rows in the generator matrix to produce M
codewords. The rows of the generator matrix are the basis of the code, for example if we
have a (3, 4, 2) single parity check code over GF (2) {(0,0,0), (0,1,1), (1,0,1), (1,1,0)},
then its generator matrix

7



G =

(
1 0 1
0 1 1

)
,

because by using a generator matrix codewords can be obtained as linear combinations
of its rows. In the current example we can do the following equations to get the two
codewords that are not listed in the generator matrix:

0c1 = (0, 0, 0) (5)

c1 + c2 = (1, 1, 0). (6)

Encoding information word u ∈ F k to codeword c is performed as

c = uG (7)

A k × n generator matrix is called systematic if it has the form

G =
(
I | A

)
,

where I is a k × k identity matrix and A is a k × (n− k) matrix [13]. In our example

I =

(
1 0
0 1

)
and

A =

(
1
1

)
.

5.2 Parity-check matrix
Parity-check matrix H can be used for decoding of linear codes. Parity-check matrix
satisfies

HGT = 0⇒ GHT = 0, (8)

and for every vector c ∈ F n,

c ∈ C ⇐⇒ HcT = 0 (9)

where (·)T stands for transposition. The syndrome of the received word y is defined by

sT = HyT . (10)

This means, that if s = 0, then y is a codeword [13].
Parity-check matrix can be found by finding a basis of the kernel of a generator matrix,
or when G is systematic, then H = (−AT |I) [13].
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6 Decoding
A decoder can be represented by a function

D : φn → C , (11)

where φn is a finite output alphabet. The decoding error probability Perr of D is defined
by

Perr = max Perr(c), (12)

where
c ∈ C (13)

and
Perr(c) =

∑
y:D(y)6=c

Prob {y|c} . (14)

Perr is a probability that the codeword will be decoded erroneously.
To resolve errors, that may have happened in the transmission process, we use redundancy.
For example lets use a binary (3,2,3) repetition code. This is the most basic error-
correcting code, that just repeats the message n times. As it can be seen from Table 1, if
we want to send a message 0, we will send three zeros. The decoder makes its decision
based on the "Decision Region" in Table 1. If the received word belongs to one of the
decision region values corresponding to zero, the decoder decodes it as 0. The behaviour
of u = 1 is analogical. This way of adding redundancy would help to correct all single
bit errors, but we are looking for an error correction system which would need the least
amount of redundancy, but has the best probability for error correction [13]. This is a
codeword optimal method, which means that the decisions will be made for codewords.

Message Codeword Decision Region
0 000 000, 001, 010, 100
1 111 111, 110, 011, 101

Table 1. Simple example of error correcting codes.

6.1 Maximum a posteriori decoding
The purpose of maximum a posteriori (MAP) decoding is to give optimal decision
about transmitted symbols, which makes it a symbol optimal algorithm. A posteriori
probabilities of symbols ĉ ∈ {0, 1} in position t are

p(ĉt = ĉt|y) =
p(ĉt = ĉt, y)

p(y)
, (15)
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where
p(ĉt = ĉt, y) =

∑
c∈Ct(ĉt)

p(c, y), (16)

where Ct(ĉ) stands for a set of codewords with symbol ĉ in position t,

p(c, y) = p(y|c)p(c). (17)

Lets consider a BSC with the crossover probability p0, c is a codeword and cm ∈ C, and
y is the received word, then a posteriori probabilities of codewords are

p(c|y) = p(y|c)p(c)
p(y)

, (18)

where
p(y|c) = pe0 · p1−e0 , (19)

where e is the amount of non-matching bits in c and y,

p(c) =
1

|M |
, (20)

p(y) =
|M |−1∑
m=0

p(y|cm)p(cm) (21)

[1]. For example lets consider a code determined by a generator matrix

G =

(
1 1 1 0 0
0 0 1 1 1

)
,

let p0 = 0.1 and assume that the received word y = (0, 0, 1, 1, 0). Using formulas (15) -
(21) we find a posteriori probabilities of codewords (p(c|y)), that are given in Table 2,
and a posteriori probabilities of symbols on positions t, that are given in Table 3.

u1, u2 c = (c0, ..., c4) p(y|c) p(c|y)
00 00000 0.00729 0.296
01 11011 0.00009 0.004
10 11100 0.00081 0.033
11 00111 0.0164025 0.667

Table 2. A posteriori probabilities of codewords.
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symbol p(ĉ0) p(ĉ1) p(ĉ2) p(ĉ3) p(ĉ4)
0 0.96 0.96 0.3 0.33 0.33
1 0.04 0.04 0.7 0.67 0.67

Table 3. A posteriori probabilities of symbols on position t.

6.2 MAP decoding by using trellis representation
Trellis graph is a labeled directed graph, which states and edges are divided into layers
and it is only possible to move from one layer to the next one. If V is a set of states and
E is a set of edges in the trellis graph, then we denote layer t of V and E as V (t) ∈ V
and E(t) ∈ E. Paths in the trellis graph are associated with codewords. Figure 3 gives
an example of a trellis graph for the code that we used for calculating a posteriori
probabilities in Table 2, where t is the number of the layer and s is the number of the
state in the layer [13].

Figure 3. Trellis graph for code used in Table 2

Maximum a posteriori algorithm requires a search over all codewords, which makes
its complexity O(2k), where k is the number of codewords. We want to simplify the
maximum a posteriori calculations by using the trellis graph to reduce its complexity to
O(2u), where u is the number of states in the code trellis. This can be achieved by using
the BCJR decoding. Let st be a state at the layer t and yb

a a vector of symbols moving
from layer a to layer b, then we can find the conditional probabilities by

P (st−1 = m′, st = m|y) = P (st−1 = m′, st = m, y)
P (y)

. (22)

Lets denote σt(m′,m) as

σt(m
′,m) = P (st−1 = m′, st = m, y) (23)
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σt(m
′,m) = P (st−1 = m′, yt−1

1 )P (st = m, yt)P (y
n
t+1) (24)

αt(m) = P (st = m, yt
1) (25)

γt(m
′,m) = P (st = m, yt|st−1 = m′) (26)

βt(m) = P (yn
t+1|st = m) (27)

σt(m
′,m) = αt−1(m

′)γt(m
′,m)βt(m), (28)

where αt(m) is past, γt(m′,m) is present and βt(m) is future. The computations of
αt(m) and βt(m) are recursions:

αt(m) =
∑
m′

αt−1(m
′)γt(m

′,m) (29)

with initial conditions

α0(m) =

{
1,m = 0

0,m 6= 0

and

βt(m) =
∑
m′

βt+1(m
′)γt+1(m

′,m) (30)

with initial conditions

βn(m) =

{
1,m = 0

0,m 6= 0,

where

γt(m
′,m) = p(ut)p(yt|ct). (31)

Let z be a number of edges from state ut, then

p(ut) =
1

z
. (32)

p(yt|ct) is analogous to (19) [2].
Figures 4, 5, 6 and 7 give an example on how to calculate σ.
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Figure 4. Calculating γ

Figure 5. Calculating α
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Figure 6. Calculating β

Figure 7. Calculating σ

It is easy to see that the precision required is growing with code length. This problem
can be solved by performing calculations in the logarithmic domain. We compute the
logarithmic ratios with

l = ln
p(1|y)
p(0|y)

(33)

[12]. For our example calculations of l are shown in Table 4. We can now make a
decision using a threshold, so the decision is 1 if l > 0 and 0 if l ≤ 0.

symbol ln p(1|y)
p(0|y)

c1, c2 ln 0.00025
0.003645

= −2.68

c3 ln 0.000961+0.032805
0.000091+0.003645

= 2.201

c4, c5 ln 0.0328275
0.038475

= −0.159

Table 4. Logarithms of ratio of a posteriori probabilities
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7 Low-density parity-check codes
Low-density parity-check (LDPC) codes are linear codes, which were first introduced
in 1963 by Gallager, but were mostly ignored until mid-1990’s [3]. In 1981 Tanner
generalized LDPC codes and introduced Tanner graphs for a graphical representation of
LDPC codes [17].
The codes are called low-density, because the parity-check matrix contains only a few
1’s in relation to the amount of 0’s. Lets say that we have n×m matrix, wr is the weight
of rows and wc is the weight of columns, then the matrix can be called low-density if
wc � n and wr � m. The LDPC code is considered regular if wc is a constant and for
every row wr = wc(n/m) [3].
LDPC codes are represented by their parity-check matrix or by a Tanner graph, which is
a graphical representation of the parity-check matrix. This means that construction of
LDPC codes usually starts from first constructing the parity-check matrix. LDPC codes
are typically tens of thousands bits long, but lets use a LDPC code represented by 4× 8
matrix

H =


0 1 0 1 1 0 0 1
1 1 1 0 0 1 0 0
0 0 1 0 0 1 1 1
1 0 0 1 1 0 1 0

 .
We can see that for every column wc = 2 and for every row wr = 4, which means that
this is a regular LDPC code. Tanner graph corresponding to H is represented on Figure 8
[3], [17].

Figure 8. Tanner graph corresponding to H

Nodes ci of the Tanner graph are called check nodes, or c_nodes and nodes vi are called
variable nodes or v_nodes. Variable nodes represent the bits of the received codeword y
and check nodes represent check equations. We can see that every bit vi takes part in two
separate check equations (column weight wc for column i). The LDPC code is regular if
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each check node has the same amount of edge connections and if each variable node has
the same amount of edge connections [17].
A cycle of length l in a Tanner graph is a path of different edges that start and end in
the same v_node. In our example there is a length-4 cycle v5 → c2 → v2 → c1 → v5,
which is also the shortest cycle length that can be in a Tanner graph. We are interested
in cycles, because they degrade the iterative decoding performance, especially the short
cycles [17].

7.1 Hard-decision decoding
Hard-decision decoding of LDPC codes is a good way to explain how the decoding of
the LDPC codes works, but this is not a method that is actually used for decoding LDPC
codes as its preformance is inferior to that of the soft-decision decoding [3].
Let y = (0, 0, 1, 1, 1, 0, 0, 0) be a received word with an erroneous bit v3 and c an actually
sent codeword c = (0, 0, 0, 1, 1, 0, 0, 0). The decoding process starts from the decoder
receiving y. The bits of y are variable nodes vi.
The first step is that v_nodes (vi) send the check nodes (ci) the bit that they believe is the
correct one. In the very first iteration it would be the originally received bit. For example
in the first iteration c1 would receive bits (0, 0, 1, 0) [3].
In the second step c_nodes calculate a new bit to every v_node depending on other
received bits. This is done separately for every bit and new calculations are not taken
into account [3]. The received word y is considered decoded if the syndrome s = yHT

is 0. This also means that every parity-check operation has to have even number of ones.
A parity-check equation for one v_node is to check how many ones have been sent by
other v_nodes and if the amount is even, the new bit would be 0 and 1 otherwise [17]. In
our example if c1 received bits (0, 0, 1, 0), then the responses from c1 would be 1→ v0,
1→ v1, 0→ v2, 1→ v5. The full results from the check equations in the first iteration
can be seen in Table 5.
If every parity-check equation is satisfied, this means that none of the bits in any c_node
gets changed, the algorithm terminates [3].
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c_node received/sent messages
c0 received: v1 → 0, v3 → 1, v4 → 1, v7 → 0

sent: 0→ v1, 1→ v3, 1→ v4, 0→ v7
c1 received: v0 → 0, v1 → 0, v2 → 1, v5 → 0

sent: 1→ v0, 1→ v1, 0→ v2, 1→ v5
c2 received: v2 → 0, v5 → 0, v6 → 0, v7 → 0

sent: 0→ v2, 0→ v5, 0→ v6, 0→ v7
c3 received: v0 → 0, v3 → 1, v4 → 1, v6 → 0

sent: 0→ v0, 1→ v3, 1→ v4, 0→ v6

Table 5. Messages received and sent from c_nodes

In the third step the v_nodes have received new bits from the c_nodes and have to decide
which bit they will be using. In the hard-decision algorithm we will just use a majority
vote. In this stage the v_node will have received three bits: one is the originally received
bit and two are from the c_nodes [3]. For example v4 has received 0 from the original
message, 1 from c0 and 1 from c3, the majority is 1 so this will be the new bit for v4 and
it will act as the bit from the original message in the next iteration. The decisions for the
v_nodes in the first iteration can be seen in Table 6.

v_node received bits decision
v0 0, 1, 0 0
v1 0, 0, 1 0
v2 0, 0, 0 0
v3 1, 1, 1 1
v4 1, 1, 1 1
v5 0, 1, 0 0
v6 0, 0, 0 0
v7 0, 0, 0 0

Table 6. Decisions for v_nodes

Next, we proceed with step 2 again. The loop will last as long as the codeword is not
found and it is terminated in the second step or if the loop will reach a maximum amount
of iterations [3]. In our case the second iteration would terminate the decoding process.
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7.2 Soft-decision decoding
The idea behind soft-decision decoding is that the v_nodes will not be sending c_nodes
the bits themselves, but instead the probabilities of these bits being in the place they are
[3].
Lets introduce some notations:

• Pi = P (vi = 1|y)

• qij is a message sent from v_node to c_node. This time the message contains a
belief that yi is 1 (qij(1)) and accordingly 1− qij(1) is a probability, that yi is 0
(qij(0)).

• rji is a message sent from c_node to v_node and analogically to qij we have rji(0)
and rji(1)

In the first step, instead of just sending a bit, we will now also have to calculate qij and
because we only have the single bit at the moment, then qij = Pi [3]. For calculating Pi

we could use the MAP algorithm. Taking into account that each row of the parity-check
matrix determines a single parity-check code, the implementation of the MAP algorithm
is significantly simplified and can be performed as explained below.
In the second step, for every variable node vi in check, we now need to calculate the
probability that there is an even number of ones in the checking variable nodes except
the vi itself. As we can see from the hard-decision decoding, this is equal to rji(0),
because if there is an uneven amount of ones in the check, we would need to balance it
by changing vi to 1. We can calculate rji(0) with simplified MAP decoding

rji(0) =
1

2
+

1

2

∏
i′∈Vj\i

(1− 2qi′j(1)), (34)

where Vj \ i stands for v_nodes in the current check, except vi [3].
In the third step we calculate new responses for c_nodes and new estimations for v_nodes.
To calculate the new qij we use

qij(0) = Kij(1− Pi)
∏

j′∈Ci\j

rj′i(0) (35)

qij(1) = KijPi

∏
j′∈Ci\j

rj′i(1), (36)

where Ci \ j is analogical to (33), but this time we will use all the responses from the
c_nodes except the cj we are currently looking at. The constant Kij is chosen so that
qij(0) + qij(1) = 1 [3].
To calculate probabilities for new estimations to v_nodes vi we use
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Qi(0) = Ki(1− Pi)
∏
j∈Ci

rji(0) (37)

Qi(1) = KiPi

∏
j∈Ci

rji(1). (38)

Note, that this time we use messages from all the c_nodes. Constant Ki is analogical to
previously used Kij . To get estimations from probabilities Qi we can do

vi =

{
1 if Qi(1) > Qi(0),

0 otherwise

If the new estimated codeword now fulfills the parity-check equations, the algorithm
terminates. Otherwise like hard-decision algorithm, it will move to the second step or
terminate after the maximum number of iterations [3].

8 Non-binary low-density parity-check codes
The most promising classes of codes for communicating over fiber-optic channels are
non-binary low-density parity-check (NB LDPC) codes. Transmission of NB LDPC
codes is still done on the binary level, but instead of comparing single bits in the check
nodes, we now compare bit vectors.

8.1 Structure
NB LDPC codes are designed over Galois field of characteristic 2 (GF(2p)). The encoding
of NB LDPC codes is similar to encoding binary LDPC codes so that in both cases we
get the codeword c from message u with c = uG, but in case of the NB LDPC codes we
have to convert that codeword to a binary form [4].
Let w be a non-binary codeword of the NB LDPC code and c be its binary image. Every
element in the field GF(2p) has a corresponding binary and decimal values. To convert w
to c we have to replace decimal values in w with their binary counterparts. Let P (x) be
a primitive polynomial, then we can represent the field elements as modulo P (x). The
example, where P (x) = x4 + x+ 1 is represented in Table 7 [13].
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Power of ξ Field element Vector Decimal
0 0 0000 0
ξ0 1 0001 1
ξ1 ξ 0010 2
ξ2 ξ2 0100 4
ξ3 ξ3 1000 8
ξ4 ξ + 1 0011 3
ξ5 ξ2 + ξ 0110 6
ξ6 ξ3 + ξ2 1100 12
ξ7 ξ3 + ξ + 1 1011 11
ξ8 ξ2 + 1 0101 5
ξ9 ξ3 + ξ 1010 10
ξ10 ξ2 + ξ + 1 0111 7
ξ11 ξ3 + ξ2 + ξ 1110 14
ξ12 ξ3 + ξ2 + ξ + 1 1111 15
ξ13 ξ3 + ξ2 + 1 1101 13
ξ14 ξ3 + 1 1001 9

Table 7. Representation of GF(24) modulo ξ4 + ξ + 1

After the data has been transmitted through the channel, the binary message is converted
back to the non-binary form. For example if the first section of the information, that
we wanted to send was 12, bit value 1100, but we received an erroneous message 1110,
then in the receiver we mark it as 14 or element ξ3 + ξ2 + ξ [8]. Because of that, the
parity-check matrix of the NB LDPC code also has field elements instead of ones in it,
for example

H =


0 0 ξ0 0 ξ1 0 0 ξ3

0 ξ11 0 0 ξ8 0 ξ4 0
ξ10 0 0 0 0 ξ5 0 0
0 0 0 ξ2 0 0 ξ1 ξ3

 .
If the corresponding binary parity-check matrix is needed, then every field element is
replaced by the transpose of corresponding degree companion matrix [5].

8.2 Decoding
In order to decode NB LDPC codes, we use generalized belief propagation decoding.
Similarly to binary LDPC decoding we have operations by rows (check nodes) and
operations by columns (variable nodes), but with NB LDPC codes, variable nodes are
not sending check nodes a single probability anymore, but a set of probabilities instead.

20



Each probability is the probability of that v_node to have one of 2p field values. The
row-code decoding is done by using BCJR algorithm, which was explained in MAP
decoding using trellis paragraph and whose complexity for GF (2p) is O(2p · 2p) [8].
We use row-code trellises for decoding. Lets use the first row from a sample parity-check
matrix

H =

[
0 0 2 0 3 0 0 1
... ... ... ... ... ... ... ...

]
for NB LDPC code over GF (22) as an example. Every row of the parity-check matrix
has its own row-code trellis graph. The trellis graph has edges from every state to every
next state and the edges represent the field elements. This means that the gamma values
of the trellis graph are probabilities of current element being certain field element. Let
k be an amount of nonzero elements in the parity-check row and q the size of the field,
then there are k layers of q states in the trellis graph. To decide, which element the edge
represents we use si + en · hm over GF (q), where si is the number of the state, en is a
field element in an increasing order and hm is the current element from the parity-check
matrix [16]. The example of a row-code trellis graph for the first row of H is shown on
the Figure 9.

Figure 9. Row-code trellis for (0,0,2,0,3,0,0,1)

We can calculate the alpha-stage with
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αt+1 = IHT(HT(αt). ∗ HT(γ̃tΠt), (39)

where HT is Hadamard transform, IHT is inverse Hadamard transform, .* is a component-
wise product, Πt is the permutation matrix depending on the t-th code symbol and

γ̃t = (γt(0, 0), γt(0, 1), ..., γt(0, q − 1)) (40)

[6]. Analogically to alpha-stage, we can calculate beta-stage with

βt−1 = IHT(HT(βt). ∗ HT(γ̃tΠt)). (41)

8.3 Optimization of Hadamard transform
To optimize the decoding to the coplexity of O(2p · p), we use fast Hadamard transform
(FHT) instead of the regular Hadamard transform (HT). The difference between HT and
the FHT is that FHT takes advantage of the structure of the Hadamard matrix. Instead of
multiplication with Hadamard matrix we can do additions recursively on certain elements
of the input vector [11]. For example if we have a Hadamard matrix

H3 =



1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 1 1 1 −1 −1 −1 −1
1 −1 1 −1 −1 1 −1 1
1 1 −1 −1 −1 −1 1 1
1 −1 −1 1 −1 1 1 −1


,

a vector

v =
[
1 1 0 0 1 0 1 1

]
,

and let FHT (v) be a fast Hadamard transform over vector v, then

FHT (v) = vH3 =
[
5 1 1 1 −1 −1 3 −1

]
.

Figure 10 illustrates how summation using fast Hadamard transform works.
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Figure 10. Fast Hadamard transform over v

8.4 Matlab
The example on Figure 10 also works when moving backwards from smaller divisions
to larger ones. This solution is also what we will be using in our implementation of the
fast Hadamard transform. The implementation of backward fast Hadamard transform in
Matlab can be seen in the code snippet below.

f u n c t i o n v e c _ o u t =FHT( v e c _ i n )
h = 1 ;
v e c _ o u t = v e c _ i n ;
w h i l e h < l e n g t h ( v e c _ i n )

f o r i =1 : h*2 : l e n g t h ( v e c _ i n )
f o r j = i : i +h−1

x = v e c _ o u t ( j ) ;
y = v e c _ o u t ( j +h ) ;
v e c _ o u t ( j ) = x + y ;
v e c _ o u t ( j +h ) = x − y ;

end
end
h = h * 2 ;

end
end
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To compare the fast Hadamard transform with the regular Hadamard transform, we use a
basic function to multiply a vector with a matrix, implemented below.

f u n c t i o n o u t _ v e c = m a t r i x _ b y _ c o l u m n _ v e c t o r _ m u l t ( ma t r i x , v e c t o r )
[ rows , columns ] = s i z e ( m a t r i x ) ;
o u t _ v e c = z e r o s ( rows , 1 ) ;
f o r r = 1 : rows

f o r c = 1 : columns
o u t _ v e c ( r , 1 ) = o u t _ v e c ( r , 1 ) + v e c t o r ( c , 1 ) * m a t r i x ( r ,

c ) ;
end

end
end

Lets compare the time differences of only the function runs for alpha-, beta- and gamma
values by finding the average function speed of 100 runs. As it can be seen on Figure
11, then with the increasing of the field size, the time it takes to run HT increases
exponentially with 2p. Figure 12 shows us, that already with GF (24) FHT is roughly
two times faster than HT. Note that these times do not represent the actual times it would
take for such operations to run in the real system, because Matlab is designed for testing
out algorithms and is not a fast programming language. We still get the relative times for
the functions.
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Figure 11. Function comparisons for HT and FHT for GF (2p)
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Figure 12. Function comparisons for HT and FHT for GF (24)

9 Conclusion
In this thesis, we study the domain of coding for error correction. Specifically, we focus
on NB LDPC codes.

Every code structure also has its own pros and cons. For example, some decoding
algorithms for binary LDPC codes are rather easy to implement and they can perform
near Shannon limit, but for this, they have to be very long. On the other hand even
medium and short NB LDPC codes can perform near Shannon limit, but their decoding
is more complicated algorithmically.

Finally we also implemented a fast Hadamard transform and a Hadamard transform
functions in Matlab and compared their performances for decoding NB LDPC codes. It
was clearly seen that fast Hadamard transform is more efficient than the regular Hadamard
transform, especially over larger fields.

This thesis only scratched the surface of the vast world of the channel coding, as there
are more code structures and multiple decoding methods for every code structure, but
NB LDPC codes are very relevant at the moment due to their efficiency in fiber-optical
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and 5G technologies.
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