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Chapter 1

Introduction

The theory of integral equations has been an active research field for many
years and is based on analysis, function theory, and functional analysis.

The theory of integral equations is interesting not only in itself, but its
results are essential for the analysis of numerical methods. Besides existence
and uniqueness statements, the theory concerns, in particular, questions of
regularity and stability.

An integral equation is a functional equation in which the unknown
function appears under one or several integral signs. In an integral equa-
tion of Volterra type the integrals containing the unknown function are
characterized by a variable upper limit of integration. To be more precise,
let I =[0,7] denote a given closed and bounded interval, with 0 < 7', and
set S={(t,s): 0<s<t<T}.

The functional equation for the unknown function y of the form

y(t) = /0 K(t,s,y(s))ds + f(t), tel, (1.1)

is called a nonlinear Volterra integral equation of the second kind; here, f
and K (the kernel of the integral equation) are given real-valued functions.

In an integral equation of the first kind the unknown function occurs
only under the integral sign; hence, a nonlinear Volterra integral equation
of the first kind is given by

/0 K(t,s,y(s))ds = f(t), tel

The name “integral equation” appears in 1888 in a paper on elliptic par-
tial differential equations by German scientist Paul du Bois-Reymond. The
name “Volterra integral equation” was first coined by Romanian mathe-
matician Traian Lalesco in 1908, seemingly following a suggestion by his



teacher French mathematician Emile Picard. The terminology “integral
equation of the first (second, third) kind” was first used by German mathe-
matician David Hilbert in connection with his study of Fredholm integral
equations.

The origins of the quantitative theory of integral equations with variable
(upper) limits of integration go back to the early 19th century. Norwegian
mathematician Niels Hendrik Abel in his works in 1823 and in 1826 consi-
dered the problem of determining the equation of a curve in a vertical plane
such that the time taken by a mass point to slide, under the influence of
gravity, along this curve from a given positive height to the horizontal axis
is equal to a prescribe (monotone) function of the height. He showed that
this problem can be described by a first kind integral equation of the form

/0 (t — 5)"y(s)ds = f(£), >0, (1.2)

with @ = 1/2, and he then proved that, for any « € (0, 1), the solution of
(1.2) is given by the “inversion formula”,

y(t) :caci(/ot(t—s)a_lf(s)ds), t>0, (1.3)

with ¢ = sin(an)/7 =1/(T'(a)[(1 — «)).

Three years after Abel’s death, in 1832, the problem of inverting (1.2)
was also studied by French mathematician Joseph Liouville (who seems
to have been unaware of Abel’s work), again in a purely formal manner.
The discovery of the inversion formula (1.3) was the starting point for the
systematic development of what is known now as Fractional Calculus.

In 1896 Italian mathematician Vito Volterra published his general the-
ory on the inversion of first kind integral equations. He transformed

/0 K(t,s)y(s)ds = f(t), t€[0,T], f(0)=0 (1.4)

into an integral equation of the second kind whose kernel and forcing func-
tion are, respectively,
~ OK(t, s) 1 ~ 1'(t)

Mbs) =——5""%en ™ 0=

If IC(t,t) does not vanish on I, and if the derivatives of K and f are contin-
uous, then the unique solution of (1.4) is given by the “inversion formula”

y(t) = f(t) + /O R(t,s)f(s)ds, tel,



where R(t, s) denotes the so-called resolvent kernel of K(t,s). It is defined
in terms of the iterated kernels IC,, of IC,

~ t ~ ~ ~ ~
Kn(t,s) = / K, u)Kn—1(u, s)du, n>2, Ki(t,s)=K(t,s).

Volterra proved that this sequence converges absolutely and uniformly on
S for any kernel K in (1.4).

Even though Volterra’s result was new, his method was not entirely a
novel one. In his thesis of 1894, French mathematician Joel Le Roux had
already studied the problem of inverting the “definite integral” (1.4), using
the same approach. But second kind integral equations with variable limit
of integration occurred already in the work of Liouville in 1837.

The notion of the iterated kernels and the associated “Neumann series”
were first used by French mathematician Joseph Caqué in 1864. General-
izing Liouville’s idea, he studied the solution of the (p + 1)-st order linear
differential equation,

P
Yo =37 A5y + A),
§=0
by rewriting the equation as a second kind integral equation of Volterra
type with the kernel

"L Ai(s)(t — s)P
K(t,s):z% ((;(_j)!) :

The existence of a solution was then established formally by introducing
the iterated kernels and the corresponding Neumann series. At about the
same time, in 1865, German mathematician August Beer used the same
concepts, still in a purely formal way, in connection with the study of
second kind integral equations with fixed limits of integration which arose
in the analysis of Poisson’s equation in Potential Theory. It was left to
German mathematician Carl Gottfried Neumann to furnish the rigorous
convergence analysis for the series of iterated kernels (associated with a
second kind integral equation of Fredholm type) now named after him.

In another paper at the year 1896, Volterra extended his idea to linear
integral equations of the first kind with weakly singular kernels. Using the
approach employed by Abel to establish the inversion formula (1.3), he
showed that

/t(t —8) *K(t,s)y(s)ds = f(t), t€[0,T], 0<a<]l,
0



can be transformed into a first kind equation with regular kernel, to which
the theory of his first work applies. The remaining two papers of Volterra
from 1896 are concerned with the analysis of integral equations of the third
kind.

The next forty years mainly a consolidation of Volterra’s work took
place. During this time the center stage belonged to the study of Fredholm
integral equations and their implications for the development of functional
analysis.

Since 1960s there has been renewed interest in qualitative and asymp-
totic properties of solutions of Volterra equations.

It is known that the Cauchy problem for ordinary differential equation
is equivalent to Volterra integral equation. Thus, all approximate methods
for solving Volterra equations could be applied to Cauchy problems as well.

The presented brief history of Volterra integral equations is mainly
based on [14].

In scientific and engineering problems, Volterra integral equations are
always encountered and have attracted much attention ([2, 3, 14, 18]). An
application of Volterra integral equations arises on considering population
dynamics ([5, 6]), spread of epidemics ([7, 20]), semi-conductor devices
([44]). Inverse problems related to wave propagation ([31]), superfluidity
([40]) and travelling wave analysis ([27]) provide examples from wave prob-
lems. Another application area is electrotechnics. One of its widespread
problems is a transition process in (electric) circuit, which is introduced
as an example of the application in [66]. Recently, authors of [22] found
that the elastodynamic problems for piezoelectric and pyroelectric hollow
cylinders under radial deformation can be successfully transformed into a
second kind Volterra integral equation with respect to a function of time. In
[21, 29] there are studied the elastodynamic problems for magneto-electric-
elastic hollow cylinders and it is shown that in the state of axisymmetric
plane strain case the problems can be transformed into two second kind
Volterra integral equations with respect to two functions of time.

There are enormous list of publications on the numerical solutions of
integral equations. An account of numerical methods (degenerate kernel
methods, projection methods, the Nystrom method, etc) for a large class
of integral equations is provided in [2, 28, 66, 68]. The book [14] covers
the numerical solution of Volterra integral equations. In [10] attention
is concentrated to collocation methods for Volterra integral and integro-
differential equations with a variety of kernels; this book is also a rich
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source of unsolved problems for future research.

Probably the most widely used in practice and theoretically studied
class of methods for initial value problems of ordinary differential equations
is Runge-Kutta methods. These methods were introduced at around the
turn of the 20th century. The modern theory of this class of methods,
due to J. C. Butcher, dates back to the mid-1960s. At about the same
time, P. Pouzet [59] and B. A. Bel’tyukov [4] extended the Runge-Kutta
idea, in different ways, to Volterra integral equations of the second kind
with bounded kernel. In the late 1970s and the early 1980s, a systematic
analysis of Runge-Kutta-type methods for second kind integral equations
was given by H. Brunner, E. Hairer and S. Ngrsett [12], see also [14].

Runge-Kutta methods are fully discretized and give a finite number of
approximate values (in grid points) to the exact solution. Spline collocation
for integral equations requires the evaluation of integrals but gives a func-
tion as approximate solution which is principal advantage in comparison
with Runge-Kutta methods. In addition, spline method allows to speak
about retainment of smoothness proper to exact solution. Let us mention
that, with suitable evaluation of integrals by interpolatory quadratures, in
some special cases like, e.g., the equations generated by ordinary differen-
tial equations, the spline collocation is equivalent to Runge-Kutta methods,
for details, see [14].

In order to describe the relevant collocation framework for Volterra
integral equations, let Ay : 0 =ty < t; < ... < ty = T denote a mesh
on the interval I = [0,7] and set h; = t; — t;—1. For given integers m > 1
and d > —1, define the space of splines (for more detailed notations see
Section 2.3)

Sd +d(AN) = {u S Cd[O,T], u € Pm—i—d[tz’—lati), 1=1,... ,N}.

m

Let the collocation parameters 0 < ¢; < ... < ¢, < 1 be fixed (independent
of N). In order to determine the approximate solution u € ng 4q of the
equation (1.1) we impose the collocation conditions

t
u(t) = /0 K(t,s,u(s))ds + f(t), t=tn_1+ cihn, (1.5)

fori=1,...,m,n=1,..., N. Assuming that the equation (1.1) has the
solution y € C* for some k > d it is quite natural to impose initial condition
u)(0) = y9)(0) for j =0,...,d.

In the particular case of ordinary differential equations spline colloca-
tion methods, where instead of (1.5) the approximate solution u € Sff1 d
satisfies the equation y'(t) = f(¢,y(t)) at the collocation points and appro-
priate initial conditions, have been studied for a long time. Loscalzo and
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Talbot [41] showed that the collocation with smooth splines (m =1, d > 0,
c1 = 1) is convergent for m < 3 and divergent for m > 4. In [67] it is shown
that collocation with continuous splines without any smoothness (d = 0)
is equivalent to implicit Runge-Kutta methods and is convergent for any
values of collocation parameters ¢;, i = 1,...,m. A comprehensive conver-
gence and divergence analysis of piesewice polynomial collocation for ordi-
nary differential equations was provided by Miilthei [45, 46, 48, 47, 50, 49]
between 1979 and 1982.

In 1970 Hung [30] showed that collocation in the classical cubic spline
space S% is divergent. His analysis was extended by El Tom [25, 23, 24]
to some more general smooth piecewise polynomial spaces. El Tom used
equidistant collocation points (i.e. ¢; = i/m, i = 1,...,m). The reader
may also wish to consult the related paper [51] and the survey paper [9].

A particular case of spline collocation methods for solving Volterra in-
tegral equations is the piecewise polynomial collocation method (d = —1),
which is well investigated (see, e.g., [14, 8, 17]) and known to be always con-
vergent. We refer to [13] where a wide class of nonlinear Volterra integral
equations (including equations with weakly singular kernels) is considered.
The stability analysis in this case (see [54]) give an supplementary expli-
cation why it is so. A number of additional convergence results in certain
smoother spline spaces were recently established in [53, 54] and [33]. The
numerical stability of the polynomial spline collocation in general form is
investigated also in [15]. Unfortunately, the proof of the main result is not
correct. A characterization of those smooth piecewise polynomial spaces
and the set of collocation parameters, that lead to divergent collocation
solutions for Volterra integral equations is presented in [11].

The works by Stechkin and Subbotin [63], Zav’jalov, Kvasov and Mirosh-
nigenko [69] and Schumaker [61] present a comprehensive treatment of
the theory and numerical analysis of polynomial spline functions (see also
[16, 35]). The book [63] is intended as a supplement and complement to
the book [1]. Thus, much room is given to detailed analysis of parabolic
spline interpolation. Spline of degree higher than cubic appear only with
uniformly spaced knots. The author of [61] states that his original intention
was to cover both the theory and applications of spline function. This book
covers the main algebraic, analytic and approximation-theoretic properties
of various spaces of splines. The detailed study of approximation of func-
tions, numerical differentiation and integration, and solution of boundary
value problems for ordinary differential equations is given in [69].
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In the following we give a brief overview of the dissertation by chapters.
The present work consists of seven chapters and an appendix.

In the present Chapter 1 we already gave an overview of history of
integral equations, examples of applications of Volterra integral equations,
a brief survey of the papers on spline collocation methods and a short review
of the main books on spline theory.

In Chapter 2 we present some general convergence theorems for linear
and nonlinear operator equations. There is also described the standard
step-by-step spline collocation method for Volterra integral equations.

Chapter 3 is devoted to study the collocation method with cubic splines
for Volterra integral equations. We replace an initial condition in the stan-
dard step-by-step cubic spline collocation method by a not-a-knot boundary
condition at the other end of the interval. Such a method is stable in the
same region of collocation parameter as in the step-by-step implementation
with linear splines. The results about stability and convergence are based
on the uniform boundedness of corresponding cubic spline interpolation
projections. The results of Chapter 3 are published in [56].

In Chapter 4 we investigate the collocation method with quadratic
splines for Volterra integral equations. As in previous chapter we replace
an initial condition in the traditional step-by-step collocation method with
quadratic splines by a not-a-knot boundary condition at the other end of
the interval. Such a nonlocal method gives the uniform boundedness of
collocation projections for all parameters ¢ € (0,1) characterizing the po-
sition of collocation points between spline knots. For ¢ = 1 the projection
norms have linear growth and, therefore, for any choice of ¢ some general
convergence theorems may be applied to establish the convergence with
two-sided error estimates. The results of Chapter 4 are published in [57].

Chapter 5 treats the superconvergence of the nonlocal collocation met-
hod with quadratic splines for linear Volterra integral equations. Using
special collocation points, error estimates at the collocation points are de-
rived showing a more rapid convergence of order O(h?) than the global
uniform convergence of order O(h3) in the interval of integration. The
results of this Chapter are published in [60].

In Chapter 6 the step-by-step and nonlocal subdomain methods with
quadratic splines are considered. We prove that the first method is un-
stable. In the case of nonlocal method we replaced the first derivative
condition by a not-a-knot boundary condition at the other end of the in-
terval of integration. As a result, we get convergence of this method. The
results of Chapter 6 are published in [19].

Three methods presented in this thesis (collocation methods with cubic

13



and quadratic splines and subdomain method with quadratic splines) are
described in detail in the case of a test equation. In particular, most part
of numerical results which are given in Chapter 7 are done for this test
equation. The numerical tests totaly support the theoretical analysis.

In Appendix we provide a formulation of the Schoenberg—Whitney
theorem and a proof of convergence rate for quadratic spline histopolation.

14



Chapter 2

Convergence theorems for
operator equations

In this chapter we present some general convergence theorems for opera-
tor equations, which we will use in our investigations, and describe the
collocation method for Volterra integral equations.

2.1 Convergence theorems for linear equations

Let E and F' be Banach spaces, L(E,F) and K(E, F) spaces of linear
continuous and compact operators (later we will use these notations for
operators in normed spaces, t00). Suppose we have an equation

y=Ky+f (2.1)
where K € K(E, FE) and f € E. Let it be given a sequence of approximating
operators Py € L(E,E), N =1,2,.... Consider also equations

yn = PNnKyn + Pnf . (2.2)

The following theorem for second kind equations may be called classical
because it is one of the most important tools in the theory of approximate
methods for integral equations (see [2, 28]).

Theorem 2.1 (General convergence theorem). Suppose y = Ky only
ify=0and Pyy — y forally € E as N — co. Then

1) equation (2.1) has the unique solution y*;
2) there is No such that, for N > Ny, the equation (2.2) has the unique

solution yy;
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3) yv — y* as N — oo;

4) there are C1,Cy,Cs > 0 such that
CillPvy™ —y7 |l < llyxy —y'll < Col| Pvy”™ — o7 || (2.3)

and
lyny — Pny™|| < C3||K(Pnvy™ — o) - (2.4)

This theorem can be deduced from more general ones [37, 65]. The
reader can find the following notions and results, for instance, in [65].

Definition 2.2. The sequence of operators Ay € L(FE,F) is said to
be stably convergent to the operator A € L(E,F) if Ay converges to A
pointwise (i.e. Ayx — Az for all x € F) and there is Ny such that, for
N > Ny, Ayt € L(F,E) and ||Ayt|| < const.

Definition 2.3. The sequence Ay is said to be reqularly convergent to
A if Ay converges to A pointwise and if x is bounded and Anxy compact,
then xy is compact itself.

Definition 2.4. The sequence Ay is said to be compactly convergent
to A if Ax converges to A pointwise and if x is bounded, then Ayxy is
compact.

Theorem 2.5. Having Py f — f and compact convergence of PNK to
K instead of Py — y for all y € E, the assertions of Theorem 2.1 hold.

Consider the equations
Ay=f (2.5)
and
Anyn = [N (2.6)
with A, Ay € L(E,F) and f, fny € F.

Theorem 2.6. The following two conditions are equivalent:
1) ImA = F, An converges to A stably;

2) KerA = {0}, Ax are Fredholm operators of index 0 for N > Ny with
some Ny, and Ayx converges to A regularly.

If one of them is satisfied, then

1) equation (2.5) has the unique solution y*;

16



2) there is Ny such that, for N > Ny, the equations (2.6) are uniquely
solvable

and

3) if fn converges to f then yn converges to y with the estimate
CillAny™ = Inll < llyy — y7ll < Col[Any™ — fuvl-

Note, that the assumption Py converges strongly to I in Theorem 2.1
yields ||Py K — K|| — 0. Taking this assumption instead of Pyy — y for all
y € E, we get the assertions 1), 2) and the estimate (2.3) of Theorem 2.1.
If, in addition, it holds Pyy* — y* then the convergence 3) takes place as
well.

Another observation about the assumptions of Theorem 2.1 is that the
convergence || Py K — K || — 0 implies the compact convergence Py K — K,
and, with regard to this, remember Theorem 2.5.

The compact convergence, in turn, yields I — Py K — I — K stably and
I — PyK — I — K regularly. In the case of Volterra integral operators the
last two statements coincide. Again having I — PyK — I — K stably or
regularly, we get the two-sided estimate (2.3).

2.2 Convergence theorems for nonlinear equations

In this section we present a counterpart of Theorem 2.1 for the general
equation (2.1) with a nonlinear operator K (see [38], Section 50.2).
Consider the equation
y= Ay (2.7)

with a nonlinear operator A :  — E, where 2 is a bounded subset of E.
Let Py be a sequence of linear continuous projections onto finite dimen-
sional subspaces. Consider also the equations

YN = PNAyN. (28)

Theorem 2.7. Suppose the equation (2.7) has the unique solution y* € ).
Let the completely continuous operator A be Fréchet differentiable at y*
and the number 1 not be the eigenvalue of operator A’'(y*). Suppose also
|Pnvy —y|| — 0 for ally € E. Then

1) there is Ngy such that, for N > Ny, the equation (2.8) has the unique
solution yy € €);

17



2) yv —y" as N — oo;
3) there are C1,Cy > 0 such that

CillPyy” =yl < llynv = y7ll < Cal[Pyy”™ — v

This theorem requires the complete continuity, i.e. continuity and com-
pactness, of the nonlinear operator A. As in this thesis we are going to
consider integral operators, let us present sufficient conditions for complete
continuity in this case (see [39] [36], Chapter 1, Section 3, or [68], Chap-
ter 10, Section 1).

Consider the Uryson operator A such that

(Au)(t):/QIC(t,s,u(s)) ds, (2.9)

where Q is a closed bounded subset of R and £ : 2 x Q@ x R — R.

Theorem 2.8. Suppose the kernel K(t, s, u) satisfies the following con-
ditions:

1) K(t,s,u) is continuous with respect to u for t € Q and for almost all
s € Q and measurable with respect to s fort € Q and —oo < u < 005

2) for any e > 0, it holds

[ suw Kt s,0)] < oo
Q

lul<e
3) for any e >0, it holds

lim / sup |[K(t + h,s,u) — K(t, s,u)| ds = 0.
All—0, t+heQ JQ |u|<e

Then the Uryson operator (2.9) operates in the space C(Q2) and is comp-
letely continuous.

Note that the assumptions of Theorem 2.8 are satisfied, e.g., if the
kernel K is continuous.

18



2.3 Description of collocation method for Volterra
integral equations

Consider the Volterra integral equation

y(t):/o K(t,s,y(s))ds + f(t),  te[0,T], (2.10)

where f: [0,7] — R and K : R x R — R are given functions and the set
R is defined by R = {(t,s): 0<s <t <T}.

Amesh Ay: 0=tyg <ty <...<ty =T will be used representing the
spline knots. As we consider the process N — oo, the knots ¢; depend on
N. Denote hl = ti — tifl.

For notation, let

Cla, b] be the space of all continuous functions on the interval [a, b];

C*[a,b] be the space of all functions that are k times continuously diffe-
rentiable on [a,b] with k = 1,2, ... and C%[a,b] = C|a, b];

C~a, b] be the space of all bounded functions on [a,b], which can have
finite number of jump discontinuities and functions are considered
being continuous from the right;

Pr[a, b] be the space of all polynomials of degree not exceeding the number
k (k=0,1,...) on the interval [a, b].

Definition 2.9. For given integers m > 1 and d > —1, the space of
polynomial spline functions of degree m+ d and continuity class d is the set
St a(AN) ={u: ue CU0,T), u € Ppralti-1,ti), i=1,...,N}.

An element u € ng +q as a spline of degree not greater than m + d for
all t € [ti—1,t;),7=1,...,N, can be represented in the form

m-+d
u(t) =D bt —ti1)¥, t € [tia,ta).
k=0

Thus, the spline u € an +q is well defined when we know the coefficients
by foralli=1,...,N and k =0,...,m + d. In order to compute these
coefficients we consider the set of collocation parameters

O<c<...<c¢p<1

19



and define the collocation points
tij=ti—1+cjh;y, 1=1,...,N, j=1,...,m.

For determining the approximate solution u € S¢, +q Of the equation (2.10),
we impose the following collocation conditions

tij

u(ty;) = ; K(tij,s,u(s))ds + f(ti;), i=1,...,N, j=1,...,m.

To be able to start the calculations by this method, we assume that we can
use the initial values

which is justified by the requirement v € C?[0,T]. Thus, on every interval
[ti—1,t;) we have d+1 conditions of smoothness and m collocation conditions
to determine m + d + 1 parameters b;;, of u. This allows to implement the
method step-by-step going from an interval [t;_1,%;) to the next one.

Described above method of collocation with step-by-step implementa-
tion is one of the most practical methods for solving Volterra integral equa-
tions of the second kind. It is known to be unstable for cubic and higher
order smooth splines (see [53, 54]). In the case of quadratic splines of class
C! the stability region consists only of one point [54]. The results of nu-
merical tests about step-by-step collocation method in the case of cubic
and quadratic splines are presented in Tables 6 and 12, they are taken from
[54].

In this dissertation we will show how to get a collocation method with
cubic splines having stability in the same interval of collocation parame-
ter as in the case of linear splines [54] and with quadratic splines having
stability in the whole interval of collocation parameter. In addition, the
convergence of these methods will be proved.
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Chapter 3

Cubic spline collocation

In this chapter we will study cubic spline collocation for Volterra integral
equations.
Consider the Volterra integral equation

y(t):/o Kt 5,y(s))ds + f(t),  te[0.T], (3.1)

where f: [0,7] - R and £ : R xR — R are given functions and the set
R is defined by R = {(t,s): 0<s <t <T}.

3.1 Description of the nonlocal method

Let us consider the collocation in the case of d = 2, m = 1. Then ap-
proximate solutions are in the space of cubic splines (denote it, for brevity,
by S3(An)). For given ¢ € (0,1], as m = 1, define collocation points
7 =ti_1+ch;,t=1,...,N. In this case the collocation conditions are

u(r) = /On' K(1i,s,u(s))ds + f(r;), i=1,...,N. (3.2)

Since dim S3(Ayx) = N + 3, it is necessary to give three additional con-
ditions. We replace an initial condition used in the standard step-by-step
cubic collocation method by a not-a-knot boundary condition at the end of
the interval, so we have

u(0) = y(0),
u'(0) = y'(0), (3.3)
W (ty_1 — 0) = u"(ty_1 +0).
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This method cannot be implemented step-by-step, unlike the one described
in Section 2.3, and leads to a system of equations which is, as we will see,
successfully solvable by Gaussian elimination.

Let us introduce the vector subspace of C|0,T]

f(h)—f(O)}

Col0,T] = {f € 0[0,7] : 3f'(0) = lim ==

with the norm

1 lcopor) = Ifllogo,ry + 1F/(0)].
Proposition 3.1. The space Cy[0,T] is not complete.
Proof. Consider the continuous function u(t) = v/¢, t € [0,T]. Suppose
1/n < T, n € N. Let uy(t) be such that
Vi, te|l/n,T|,
iy = {VEtenm
ny/nt®, te[0,1/n].

Obviously, this function is from the space Cy[0,T]. It is also clear that
1
[un = ullcpo,r) = O;?f(/n un(t) — u(t)] < n — 0, when n — oo.
This gives that u,, is fundamental in C[0,7T]. As u/,(0) = 0 we have

et — o) = 1y (0) = 1y (0)] + et — il oy — 0 a5 mym — o0,

which means that u,, is Cauchy sequence in Cy[0,7]. Suppose there is a
function v € Cp[0,T] such that ||u, — v|l¢yo) — 0. Then u, converges
to v also in the space C[0,T], consequently, the function v coincides with
u, which does not belong to Cy[0,7]. We have shown that the Cauchy
sequence u, does not converge in the space Cy[0, 7. O

For any f € Cy[0,T] let Py f € S3(Apn) be such that

(Pnf)(0) = f(0),

(Pn f)'(0) = f(0),

(PNf)(m) = f(m), i=1,...,N,

(P f)"(tn-1—0) = (P f)"(tn-1+0).

Let us introduce the vector of knots

(3.4)

S: s1=...=81=t1<s5=11 <...< SN2 =1FN_2

<SN43 =1IN = ... = SN+6
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and corresponding B-splines B35, ..., BnNy23 s These B-splines being li-
nearly independent form a basis in the spline space

S3(An) = S3(An) N{f: f" (tn—1—0) = f"(ty-1+0)},

where AN means the grid g < t; < ... <ty_o < ty. The vector of nodes
T is

T r1=22=0<23=71<...<TNy2=TN.
To ensure that the interpolation problem (3.4) to determine

N+2

Pyf = Z ciBi3s
=1

has a unique solution, we check the Schoenberg—Whitney conditions (A.4)
(for the new notations appearing here, see Appendix A.1). From the inclu-

sion wiyo € (Sit2,8i+6), © = 1,..., N, we get 7; € (ti—2,ti+2), which takes
place as 7; = t;—1 + ch;. For 1 = 0 and x5 = 0 we have A\z(1) = 0 and
Az(2) = 1 accordingly. Using (A.1) and s; = ... = s4, we calculate

Bi3,s(s1) = B22.s(s1) = B31,s(s1) = Bao,s(s1) = 1.

To check whether D Bs 3 s(s2) # 0, we use the formula (A.2) and

Bs o s(s2) = Ba1,5(s2) = Bs,s(s2) = 0.

With this we have shown that the operator Py : Cy[0,T] — Cy[0,T] is
correctly defined. It is also clear that Py is a linear projection onto the
space S3(An).

Lemma 3.2. It holds
f(0) =0,

f(m)=0, i=1,...,N.

Proof. Taking Py f = 0 and having (3.4), we get f(0) =0, f/(0) = 0 and
f(m) =0,4=1,...,N. If] on the other hand, f(0) = 0 f’( ) = 0 and
f(r)=0,i=1,.. N then, using the uniqueness of solution of (3.4), we
have the zero Sphne Pyf=0. O
Further, consider the integral operator defined by

t
_ / K(t, 5, y(s))ds, t€[0,T]. (3.5)

0
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Lemma 3.3. The spline collocation problem (3.2), (3.3) is equivalent
to the equation .
u=PyKu+ Pnf, uc€ Sg(AN), (3.6)

provided the kernel IKC in (3.5) has some continuity properties, for example,
it is sufficient that IC is continuous and differentiable with respect to t in
some neighbourhood of 0.

Proof. The proof is a standard calculation based on Lemma 3.2. Indeed,
then (3.6) is equivalent to the equalities

(u— Ku— f)(0) =0,
(u— Ku— f)(0) =
(u— Ku— f)(1;)

0,
0, i=1,...,N.

)

The first one of them is equivalent to u(0) = f(0) or u(0) = y(0) because
y(0) = f(0). The equalities in 7; are just (3.2). Taking into account
(3.1), we get that (u — Ku — f)’(0) = 0 is equivalent to «'(0) — (Ku)'(0) =
y'(0) — (Ky)'(0) or v/(0) — K£(0,0,u(0)) = ¢/ (0) — K(0,0,y(0)) (in fact, we
use the differentiability of K with respect to ¢ in some neighbourhood of 0
to ensure the existence of (Ku)'(0) and (Ky)'(0)). But the last equality, as
u(0) = y(0), is equivalent to u’'(0) = 3'(0) which completes the proof.  []

3.2 Method in the case of a test equation

Consider the test equation

y(t) = )\/0 y(s)ds+ f(t), t€0,T], AeC.

It is typically regarded as the relevant test equation for investigation of
numerical methods for general Volterra integral equations (3.1) (see [3,
14]). For approximate solution of this equation by collocation, described in
Section 3.1, we rewrite (3.2) and (3.3) as follows

u'(0) = y'(0),
u(0) = y(0),

(3.7)
u(m) —/\/ w(s)ds + f(r), i=1,...,N,

0
W (tn—1 —0) = u"(ty_q +0).
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Calculate the first derivative u/(0) = 4/(0) = Ay(0) + f'(0) = Af(0) +
17(0) and locate collocation conditions. More precisely, from

u(ry) = A/On w(s)ds + f(m),

w(r1) = /\/0 w(s)ds + f(ri1),

we get
u(m) — u(Ti-1) = )\/Ti u(s)ds + f(mi) — f(riz1), i=2,....,N. (3.8)
Thus, we have received the system of equations
u/'(0) = Af(0) + f'(0),
u(0) = f(0),
u(m) = )\/ 1 u(s)ds + f(m1),
0 -
u(r) ~ulria) = A [ uls)ds+ £(m) - (7,
o i=2 ..N,

(3.9)

W (ty—1 —0) = u" (ty_1 +0).

Let us restrict ourselves to the case of uniform mesh, i.e. we suppose
ti—ticir=h=T/N,i=1,...,N. Assume that the mesh Ay is comple-
mented with knots ¢; =ih, i = -3, =2, —=1l,andi=N+1, N+ 2, N + 3.
For i = —1,..., N + 1, introduce the B-splines (see, e.g., [55])

(t —ti—9)%, t € [tima,ti-1l,
h3 + 3R2(t —t;—1) + 3h(t —t;—1)% — 3(t —t;—1)3,

Bilt) = % Le [t t),
4h3 — 6h(t —t;)® + 3(t — t;)3, t € [tistiv1],
(tiva — 1), t € [tiz1,tital,

and B;(t) = 0 if ¢ does not belong to [t;—2,t;+2]. These functions form a
basis in S3(Ay) and therefore any cubic spline u can be represented as

N+1

u(t) = Y Bi(t). (3.10)

i=—1
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The spline u can be written on the interval [t;_1,t;] as

i+1

u(t) = Y ¢B;(1)

j=i—2
= ci—2Bi_o(t) + ci—1Bi—1(t) + ¢;Bi(t) + cip1Bi41(t)

1
=13 (Ci—Q(ti — )
+cimn (43 = 6h(t — t;im1)? + 3(t — t;1)?)

+ci (B3 4 3h3(t — ti1) + 3h(t — tim1)® — 3(t — t;-1)?)
+ C¢+1(t — ti_1)3> .
Also the integral of u will be

AY:
/u(t)dt _ % (_ oy i - t)
+cim1 (4h3(t — tim1) — 2h(t — tim1)® + %(t —tii1)h)

3 (3.11)
+¢; (h?’(t — tz‘_l) + §h2(t — ti_1)2 + h(t — ti_l)s
3 t—t;1)*
—3(t =t +c,.+1(4“)) '
Taking into account 7; = t;_1 + ch, we get, fori =1,... N,

u(ti) = ci_a(1—¢)3+cim1(4—62+3¢3) 4+ (143c+3c2—3¢3) + 16 (3.12)

and, fori=2,..., N,

Ti ti—1 T
/ u(s)ds —/ u(s)d8+/ u(s)ds
Ti—1 Ti—1 ti—1

h

= Z(Ci,3(1 — 6)4

+ ¢ia(11 = 12¢ — 6¢% + 12¢3 — 4ch)?
+ ¢ 1(11 4 12¢ — 6¢2 — 12¢3 + 6¢1)

+ci(1+ e + 662 + 4¢® — 4¢h) + ci+1c4).
Putting these formulae into located collocation conditions (3.8), we have

aci—3 + Bci—g +yci—1 + dc; + ecir1 = fi (3.13)
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with¢=2,..., N and

a=—(1-¢)?- %(1 — o)t

AR
B=—(3+3c—9c%+4c%) — (11— 12c— 6c? + 12¢% — 4ch),
AR
¥ =3-3c—9c+ 6> — (L +12c— 6c2 — 12¢% + 6¢Y),

Ah
5:1—1—36—1—362—463—I(1+4c+602+4c3—4c4),

Ah
g = C3 — ZC4,
fi=f(7i) = f(7iz1).
In the case of i = 1, using (3.12) and (3.11), we obtain

Bic—1 + yico + 611 +€1c2 = f1, (3.14)

where

- %(46 — 6% + 4% — ¢,

Ah
v =4—6c+3c — Z(ch —8¢% + 3ct),

61 = (1 —0)3

Ah
01 =143c+3c% -3¢ - 7(464- 6¢2 + 4¢3 — 3ch,

It remains to express boundary conditions in terms of ¢ and h. The equality
u(0) = f(0) gives
c_1+4cg+cp = f(()) (3.15)

The derivative of u on [t;—1,t;] is

u'(t) = % (—3ci_2(ti — )% + cim1 (= 12h(t — tim1) + 9(t — ti—1)?)
+ci(3h2 4 6h(t — ;1) — 9(t — ti-1)%) + Beipa (t — tH)2>.
Then from u/(0) = Af(0) + f(0) it follows
et = %h()\f(o) 1 1(0).

27



Eliminating ¢; from the previous formula, using (3.15), we get the equation

1t 20 = % <f(0) _ % (Mf(0) + hf’(O))) . (3.16)

Continuing with the calculation of derivatives for ¢ € [t;_1,t;], we obtain

1
u”(t) = 73 (601‘_2(15,‘ —t) +cim1 (—12h + 18(t — ti—l))

+ ¢ (6h — 18(t — ti—l)) + 6Ci+1(t — ti_1)>,
n 1
U (t) = ﬁ(_ﬁci—2 + 18¢;_1 — 18¢; + 661'_:,_1).
Hence, the not-a-knot condition u”(txy_1 — 0) = v (txy—1 + 0) gives

cN—3 —4eny_2 4+ 6eny_1 —4eny + ey = 0. (3.17)

Using (3.16), (3.15), (3.14), (3.13) and (3.17), we can write (3.9) in the
form of a linear system to determine the coefficients ¢; as follows

1 2 0 0 0 O 0 c_1 g—1
1 4 1 0 0 O 0 Co go
fr m 01 e 0 O 1 g1
a B v 6 e 0 2 92
0 a B ~ § ¢ c3 =1 93
0 0 g v 0 ¢ cN gN
0 01 -4 6 -4 1) \eyp 0
with
1 1 )
g-1 =5 (£0) = 5(AS©O) + () ) |

go=f(0), gi=/fi, i=1,...,N.

The matrix of the system has non-zero elements on six diagonals. To
solve this system, we use the Gaussian elimination process. We start with
elimination over the main diagonal from the bottom to the up and get the
system Ac = g. The entries of A and g are calculated as follows

v — 6e a _ [Btde " _a—c¢
g NN s TN T s e

)
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Y — €2 B —ea;;—3 o

Gi—14-2 = Ai—14-3 = Qi—14—4 = 7
o — EQji—1 ’ 0 — EQji—1 ’ o — EQji—1 ’
t=N,...,3,
71— €1a2p0 _ B1—e1az,1 l-a1
a1 0= """, e 0,-1= —F———
01 —e1a2,1 01 —e1a2,1 4—ayp
_ gN - gi—1 — €
gN = gi—1 = =N,...,3
§+4e’ d—ceaji—1’ o
~ 41— &g ~ 90— 01
n=——— o= — -
B1 —eraz,1 4—aip
Then the coefficients ¢; are
. 9-1— 24o
-1 = )
1-— 2(1()7_1
co = go — 40,—1C—1,
€1 =g1 —ai,0Co — a1,-1C—1,
Ci =0 — Qj;i—1Ci—1 — Qji—2Ci—2 — G ;3Ci—3, 1=2,..., N,

CN+1 = 4dey — 6eny_1 +4eny_o — CcN_3.

Thus, we get the coefficients in the representation of the approximate
solution of the test equation as cubic spline (3.10) by B-splines.

3.3 Conditions for uniform boundedness of
collocation projections

One of the assumptions in general convergence theorem (see Section 2.1)
is the convergence of the sequence of approximating operators Py to the
identity or injection operator. This means that the uniform boundedness of
the sequence Py is the key problem in the study of the collocation method
(3.2), (3.3).

Given a function f € Cyl0,7T], let us consider the cubic spline u =
Pnf =) _1<icn41 CiBi, which is equivalent to the conditions

w'(0) = f(0),

u(0) = f(0),

u(ry) = f(r), i=1,...,N,
W (tn—1 —0) = u"(ty-1 +0).

(3.18)
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Note that the problem (3.18) is in fact (3.2), (3.3) in the case K = 0 or the
problem (3.7) in the case A = 0.

We restrict ourselves, like in the previous section, to the case of uniform
mesh. Taking into account the representation of cubic spline by B-splines
(3.10), we get (3.12). Then, using (3.16) with A = 0, (3.15), (3.12) and
(3.17), write (3.18) in the form of a linear system to determine the coeffi-
cients ¢; as follows

1 2 0 O 0 C-1 g-1
1 4 1 0 O 0 €o g0
a B v § 0 0 c1 g1
a B v 6 0 c2 g2
= |, @19
0 0O a B v 0 CN gN
O ... 001 -4 6 -4 1 CN+1 0
where
1 h ., )
gaziﬂm—aﬂm,m:f®,m:fmxz:L“wN, (3.20)
and
a=(1-c)pP=d,
B =4—06c2+3c3 = (1+d)>— 4d>,
v =1+3c+3c?—3c3=(1+c)—4c,
5 =¢3
withd=1—c.

Our main technique is the study of Gaussian elimination process for
(3.19). We start with the elimination over the diagonal and get the system

Ac=B g =g, (3.21)

where g is the right hand side of (3.19). The entries of A and vector g are
calculated as follows

8 —66 " _a+40 " =0

'7+4(5, N’N_2_’)/+4(5’ N,N—3_Py+457

AN,N-1 =
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B —dan N—2 a—dan N3

AN—1,N—2 = , GN_1,N-3 = ;
v —dan,N-1 v —dan,N-1
B bag;_s o |
Qi1 = ——"", @i1j3=——, i=N—1,...,2,
Y = 0ai;-1 v —da;;1
I —ai,—1
ag 1 = ———
0,—1 4_ aio )
Gy = gN Gy = gN-1— OGN
N g N ¥ — a1’
R 7
Gig =2 70 N1, 2,
Y — 0ai,i—1
Go = 9o — g1
T d—ay
Then the coefficients ¢; are
. :971—2%(:?] )
-1 1 2&07,1 1)
co = go — ag,—1C—1,
N . 22
Ci = i — Qji—1Ci—1 — Qj;—2Ci—2, t=1,..., N —1, (3.22)

CN = gN — GN,N-1CN-1 — AN,N—2CN—2 — GN,N—-3CN -3,
cN41 = 4ey —b6ey_q +4ey_2 — en_3.

First, we are interested in the asymptotic behavior of the entries of A if
N — 0.

Lemma 3.4. For each c € (0,1], the elements a; ;—1 and a; ;—2 converge
as N —i — oo (considering N — o0).

Proof. Denote z,, = ai;i-1, Yyn = @ij—2 and Tpy1 = Ai—1,i-2, Yntl =
a;—1,—3. Then we have the iteration process

B = oyn > (3.23)

x fry s pry
ntl ¥ — 0xy Ynt1 v —d0xp

or (Tp+1,Yn+1) = F(xn,yn) corresponding to the function

f-oy «
y—=0x y—bx) "

F(xvy):<

We begin with the values ay n—1 and ay n—2. Then the calculation of
an—1,nv—2 and an_1 n—3 uses formulae slightly different from (3.23), but
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after that we go on (3.23). Anyway, this iteration process, starting with
the values ay,nv—1 and ay y—_2, is completely determined by the value of c.

Case 1/2 <c¢<1. We show that F': [0,2] x [0,1] — [0,2] x [0,1] and
find a metric which guarantees the contractivity of F'.

We have a € [0,1/8], 8 € [1,23/8], v € [23/8,4] and 6 € [1/8,1].
For = € [0,2], it holds v — 2 > v — 26 = (1 + ¢)® — 6¢3. Denote here
¢(c) = (14 ¢)® —6¢>. Then p(1/2) = 21/8 and ¢(1) = 2. We have also
¢'(c) = 3(142c—5c?). This gives ¢'(1/2) > 0 and ¢'(1) < 0, which means
that the function ¢ is increasing at the beginning of the interval [1/2, 1] and
then, at the other part of interval, is decreasing. Thus, ¢(c) > 2 on [1/2,1]
and we get y—d0x > 2. Fory € [0,1],it holds 0 < f—0 < f—dy < 3 < 23/8.
Hence,

which ensures that F' maps [0, 2] x [0, 1] into itself.

In addition, let us show (xo, yo) = (an—1,N—2,an—-1,nv—3) € [0,2] x [0, 1].
Consider first the denominator and numerators of the fractions ay y—1,
an,N—2 and ay y—3. Similarly to the investigation of ¢(c) above, we have
v+ 46 € [27/8,8], f — 66 € [—5,17/8] and a + 45 € [5/8,4], which give
anN-1 <1, anyn—2>0and ayn_3 € [-1/8,—1/27]. From the inequali-
ties v — (50,]\[7]\[_1 > 22/8, ﬁ — 5aN,N_2 < ﬁ < 23/8 and 0 < o — 5CLN7N_3 <
1/4, we get ay_1 N2 < 2 and aN-1,N-3 € [0, ”. It holds AN,N-2 =
(1 —=¢)3+4c¢%)/(1 + ¢)® < 1/2, therefore, 8 — day n—2 > 3 — /2 > 0 and
an-1,N—2 2> 0. 4

To prove the contractivity, write, for z* = (z;,v;), i = 1,2,

B6(x1 — m2) + v6(y2 — y1) + 0% (w2y1 — T1Y2)
(v = dz1)(y — 022) ’
ad(xy — x2) )
(v = dx1)(y — dx2) )

We have already shown that v — dz > 2, 62 < 1. It is easy to see that
ad = c3(1—c¢)3 < 1/64 and 76 < 4. Investigating the function p(c) = 8§ =
A3(4 — 6¢® + 3c%), we get 35 < 1. Rewrite y1o2 — yox1 as y1(ze — 21) +
x1(y1 —y2). Having x; € [0,2], y; € [0, 1], we may estimate the components
as follows:

F(z') = F(2%) = (

1 3
PG = FE2),| < 5 lor = aal + Sl — .

|<L|ZL‘1—.’E2‘.
21— 256
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To get the contractivity with a coefficient ¢ € (0,1), choose a norm
||z|| = max{|z|, K|y|}. Denote, for brevity, a = |x1 — z2| and b = |y1 — ya|.
We wish to have the inequality
3, Ka
277256
Let max{a, Kb} = a, then b < a/K, and the following conditions

1
max{ia + } < gmax{a, Kb}. (3.24)

K 1 3
oo d -+ <gq. 2
956 =1 4 5T op =4 (3.25)

imply (3.24). In the case max{a, Kb} = Kb the analysis is similar. Thus, in
the chosen norm we may get the contractivity with a coefficient g € (0, 1) if
the inequalities (3.25) hold. Choosing, for example, ¢ = 3/4, we may take
6 < K <192.

Case 0 < c¢<1/2. Now we have

ac(1/8,1), Be(23/8,4), ve(1,23/8) and &€ (0,1/8).

Suppose = € [1,4] and y € [0,1]. Then, using the same technique as in
previous case, we get v — dz € (1,11/4) and § — dy € (11/4,4). These
inclusions allow to show that F': [1,4] x [0,1] — [1,4] x [0, 1].

For proving (zo,y0) = (an—1,N—2,an—1,Nv-3) € [1,4] x [0,1], consider
again ay n—1, an N—2 and ay n—3. We have v+ 49 € (1,27/8), 5 — 60 €
(17/8,4) and a+46 € [4/9,1), which give ax n—1 <4, (2/3)° < anyny-—2 <1
and —1/27 < an y—3 < 0. This allows us to check that ay_; y—2 < 4. On
the other hand, detailed analysis of the function

_ (4=6c2+3c%)(1+ ) — (1 - ) +4c)
AN—-1,N-2 = (1+ c)g — 463)(1 + 0)3 _ 63(4 —6c2 — 303)

leads to the estimate ay_1 ny—2 > 1. Let us mention that separate estima-
tion of B—dan,ny—2 and vy —dan ny—1 is too rough to establish ay_; y—2 > 1.
The inclusion AN-1,N-3 € [O, 1] follows from ’)/—(SG,N’N_l > 1, a—danN_g, >
a>0and o —dayny-_3<a+d<1

Here the contractivity can be concluded from

3 27
|[[F(1) = F(2)]| < g lor =22l + 21 — o,

[F(z") = F(2*)],| < 6i4 |21 — 29|

already in 1-norm ||z||; = |x|+|y|, for example, with the coefficient ¢ = 1/2.
This completes the proof. O
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Let us use in the sequel the notation z = lima;;—; and y = lima; ;2
which means also that (z,y) is the fixed point of F. By Lemma 3.4 and
(3.22) the coefficients ¢; may be calculated from the difference equation

Ci = gi — XCi—1 — YCi—2
provided ¢ is far enough from N.
Denote by Amax the maximal by modulus root of the characteristic
equation

M4+ +y=0. (3.26)

Lemma 3.5. It holds |Amax| > 1 for ¢ < 1/2, Apax = —1 for c =1/2
and |Amax| < 1 forec>1/2.

Proof. We know that

B —dy a

xz’y—&x’ y:'y—éa:‘

(3.27)

Using p = — dx > 1 (see the proof of Lemma 3.4), we have

> —4y >0 & (B—0y)?>4dap

2
(o-2) -

& (Bp — ad)? > 4ap?
(due to fp > 1 and ad < 1/64)

< fBp—ad > 2p/ap

1
= — 42
ﬂ>64p+ vap

and the last holds for all ¢ € (0,1]. Thus, the inequality 2 > 4y yields
that Apax = —(z + V2?2 —4y)/2. If > 2 (this can happen only for
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¢ € (0,1/2)), it always holds y/22 —4y > 2 — z and then |[Apax| > 1. If
x < 2, then /22 — 4y < 2 — x is equivalent to z? — 4y < 4 — 4z + 22 or

x —y < 1. Hence, we obtain

Amax| <1 & z—y<1,
Amax| =1 & z—y=1,

’)\max’>1 & z—y>1.

From (3.27) it follows

f—dy—«
rT—y= poy et (3.28)
and r —y =1lifand only if 3 —a =~ —4§. But v —6 = (1 +¢)® — 5¢3 and
B—a=(1+d)3—5d% Let p(c) = (1 +c)® — 5c®. We have
p(c) <11/4 for ¢<1/2,
p(1/2) =11/4,
p(c) > 11/4 for ¢>1/2.
Thus z —y = 1 if and only if ¢ = 1/2. Then write (3.28) as
(x—y)(y—d—dx+0)=F—a—-dx+d(zx—y)
or
(r—y)(y—90—0dx)=F—a—Iix. (3.29)

For ¢ > 1/2, we have f—a < y—4. In addition, y—0 > 11/4,6 <1,z <2
give v — 9 — dx > 0. Thus, taking into account f —a —dx < v— 9 — dz and
(3.29), we get also z —y < 1. For ¢ < 1/2, we have f —a > v — 4. In this
case 7 — 6 > 1 and § < 1/8, which also give v — § — dz > 0 and, by (3.29),

r—y>1

O]

We intend to estimate the vector ¢ by g, using the system (3.21). Write

g = Bg as follows:

gN+1 = §N+1 =0,

gy = (v +40)gn ,

gi = (v —96a;;-1)§i-1+96g;, i=N,...

go=(4—a10)do+ a1,
g-1=(1—2ap,—1)g—1 + 24o -
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First, consider all other equations without gg and g_1. The matrix of this
system has diagonal dominance by rows. Indeed, for ¢ € [1/2,1], we got
an,N—1 < 1 (see the proof of Lemma 3.4), implying v — day ny—1 > 11/4.
We know already that on next steps (i < N) a;;—1 < 2 and v — da;i—1 >
v — 26 > 2. This allows us to write |y — da;;—1| — 0] = v — da;i—1 — 6 >
2—-90>1,i=N,...,2. For ¢ € (0,1/2), always a;;—1 < 4 and, taking
into account 6 < 1/8, we get directly v — da;;—1 > v — 40 > 1/2 and
|’7 — 5am,1| — |5| =7 5(11"7;71 -9 > 1/2 — 1/8 = 3/8, i=N.... ,2. Hence
11;1%}5\[ ‘ gi‘ < const 12&;};} ‘ gi‘.

We know that 4 —aj 0 # 0 and 1 — 2a9—1 # 0 as otherwise Gaussian
elimination could not give the unique solution of (3.21). In addition, as
N — o0, actually a1 9 — = and = = 4 is contradicting to (3.27), because in
this case detailed study really give v — dz = v — 49 > 1 but 8 — dy < 4.
Likewise, as N — oo, a1,—1 — y and

2—z4+2y 2—-(z—-y +y
4—x 4—x

1-2 > L f € ! 1
—2a9_1 — —force |-, 1| .

0,—1 =4 27
Thus, at least in the case ¢ € [1/2,1], we may estimate |go| and |g_1|
uniformly by ||g|lcc Which means uniform in N boundedness of ||B~!|.
Note that we use here and in the sequel the matrix norm generated by

uniform vector norm. Obviously ||B|| is uniformly in N bounded for all
€ (0,1]. We have proved

Lemma 3.6. For all fized c € (0,1], we have ||B|| < const, and for all
c € [1/2,1], it holds ||B~!|| < const as N — oc.

Lemma 3.7. For all ¢ € (1/2,1], we have ||A7Y|| < const, and for all
c € (0,1/2), it holds ||A~Y|| — oo as N — oo.

Proof. Consider first the case ¢ € (0,1/2). The system Ac = g in developed
form is

1 0 O 0 0 c_1
ap,—1 1 0 0 0 Co
z 1 0 0 c1
0 y « 1 0 ca =&
o ... 1 -4 6 -4 1 CN+1



Take go = ¢ > 0 and §g; = 0, ¢ % 0. Then ¢y = 0 and ¢g = €. Let A
and p be the roots of the equation (3.26). Look for ¢; = Kj ! 4+ Kopit!,
—1 <4 < N—k, where k is such that the coefficients in the i-th equation are
(approximately) y and z. For i = —1, we have K1+ K3 = ¢_1 = 0. Then, for
i = 01it follows K1 = ¢/(A— ) and, consequently, Ko = ¢/(p— ). We may
rewrite ¢; = K1 N + Kopitl as ¢; = K\ + Kopt with Ky = eN/(N— 1)
and Ky = eu/(u — A). Then it holds ¢; = (K1 4+ Ko(u/A)ON ~ K1\,
because of |[A| > 1 in the case ¢ € (0,1/2). This gives unboundedness of
lclloo. Taking into account ||A7Y[||&llcc > [[A7 &llcc > lIc|loo, We have
unboundedness of || A7 as well.

Let now ¢ € (1/2,1]. Then c_; = §—1 and thus |c_1| < [|g|lco. If N is
large enough, then ag —1 = (1—y)/(4—x). From x —y < 1 (see the proof of
Lemma 3.5) we get even ap,—1 < 1. Thus, |co| = [go — a0,—19-1] < 2||8]|-
The next coefficients ¢; are determined from

G +xci14+yc_o=g;, t=1,...,.N—k. (3.30)

Last coefficients ¢;, t = N—k+1,..., N, are determined by equations (3.22),

where a;;_1, a;;—2 and k£ do not depend on N. Consequently, we have to

show only that ¢; in (3.30) could be estimated by ||g|loc. For this, we will

use the ideas from the general theory of equations in finite differences [26].
Let us look for the solution of (3.30) as

c; = ai)\i + bi,ui, t=1,2,..., (3.31)
where A and p are the roots of (3.26). To the equation

ar A+ b= go—xcop —yc—1 = q1  (denote so)

we add
a1 +b;=0.
Then
alzl’ blzqil‘
1 1 1 1
‘A p ’A M’

Similarly, to
asA? + by = o — ey — yoo = o

we add
as\ +bop = a A+ b1 = qq (3.32)
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and get

Qo p A @
@ B Mg
ag = ——, by = ———
Ao AW
AZ N2 )\2 /’L2

Next, substituting (3.31) for ¢; in (3.30), we obtain

a4 byt + z(a; g N+ b Y

| | (3.33)
+y(ai—2)\z_2 + bi—?,uz_2) =Gi, 1= 37 47
Add ' . ' '
a;\' + biuz =qa;_1\' + bl;l,uz (3.34)
or . A
Aa N+ At~ =0, i=3,4,..., (3.35)

where Aa; = a; — a;—1. Using (3.32) or (3.34), rewrite (3.33) as
ai\ + b’ + 2(ai N T+ b ) A ylaia N TR+ b ?) = g
or
@GN + it + a1 (@A YN T + b (2p' T+ yp'T?) = Gis
Taking into account A + zA""1 4 yA\*=2 = 0, we have
a N+ bip' — ai N — b =G

or ‘ '
Aa; N+ Abjit = g;.
The last equation with (3.35) yields

~ 7 2\ ~
Aa; = zgil Hz‘—l ’ Ab; = zgi1
‘ AT ‘ AT
pY Mz pY ul
Asa;, =a;_1 +Aa; =a;—9+Aa;—1 +Aa; = ... =ag + 23»23 Aaj, we get
’ 0 pt ‘ Moo
i ~ ; i T
g; W _ N g
al_aQ_i_Z)\j—l—Mj—l’ bi—b2+ZW

j=3 . . j=3 ‘ .
bY, 1 bY, 1
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and

C; = ag)\i + bgui +X (3.36)
with . )
‘ ’ )\]—1 Iuj—l ‘
¢ ~ )\z Mi
X = ngw
Jj=3 )
A 1
We have
)\] 1 z )\i,uj 1 i #z Jj+1 )\z j+1
Y= - g ;
jz3>\1 Lyd — Npi—1 95 = Z?) 9j

-3 T e N L
j=3
Taking into account |A| < 1, |u| < 1, we obtain
|51 < 1I&lloo (X + el + AL+ [1l® + [lIA] + X +..)
= [1&lloe (1 + gl + |2+ .. A+ [N+ A +..0).

Hence,
1

= Jap) 18l

|ci| < laz| + [b2| +

We have obtained earlier that as = (g1 —q2)/A(p—A) and be = (g2 —q1\)/
(e — A). To estimate az and b2 by ||g|/co, we have to keep in mind that

2?2 — 4y > 0 (proof of Lemma 3.5) or | — \| = /22 — 4y > 0.
The proof is complete. O

Corollary 3.8. For each ¢ € (0,1/2), there isv > 1, C > 0 and Ny
such that ||A~Y| > CvN for N > Ny.

Proof. In fact, we may take v = |Apax| > 1. In addition, it is immediate to
check that —1 <y < 0. It is now clear from the proof of Lemma 3.7 that,
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for large N,

X _ el _
|CN—k’Z‘)\_M)\N k+mMN k‘
€A e (ENNTFY \Nok
= = A
()\—u+u—)\()\> )
evlV
A=k

From [|[A7|[|&llcc > [[A7 &llco = |lc|loo it follows immediately the state-
ment of the corollary. O

Theorem 3.9. For N — oo, the following is true:
1) if c € (1/2,1], then ||Pn|lcy[0,71—clo,7] < const,
2) if c € (0,1/2), then ||Pyllcyo,rj—clo,1) increases exponentially,
3) if c=1/2, then ||Pn||lc1jo,r—clo,r < const and
|1Pn | oo, m— oo, < const - N.

Proof. By C; we denote here (different) generic constants, not depending
on N.

1) Let ¢ € (1/2,1]. Take arbitrary f € Cy[0,T]. We apply the stability
of B-splines [61], Lemma 3.7, Lemma 3.6 and get

1PN fllcpr = || 22 ciBilloo.

< Cifefloo
< Cill A7 llglls
< GATHIIB g lloo

IN

Calglloo < Csl[ fllcyo.1-

2) Consider the case ¢ € (0,1/2). For particular number N, the operator
Pxn can be estimated as in the previous part, hence

I1Px fllcoor) < C1(N) I fllcoor) ¥V f € Col0,T]

where we denote by C1(N) the norm of Py. Let us use Corollary 3.8 and
for given N > Ny take g # 0 with gy,.1 = 0. We have ¢ = A~!g such
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that |[c|lco > CovV||g|lco. Then g = Bg is such that gy,1 = 0. Applying
uniform boundedness of B, we get [|g]|cc = || BEllco < || Blll|&llcc < C5/|&||oo-
Hence,

lelloo > Cav™ gl (3.37)

with Cy = 02/03.
On the other hand, using again the stability of B-splines, for each
f e Cpl0,T], such that Py f =), ¢; B, we get

lelloo < C5ll 22 ciBillop,r) = Cs 1P fllcpory

(3.38)
< Cl(N>C5”fHC’0[07T] )

We shall show how to construct appropriate f by g. Let f be the linear
spline interpolant on [r1,7T] with f(r) = ¢, @ = 1,...,N, and f(T) =
gn+1 = 0, where we may also assume (according to the proof of Lemma 3.7)
that gv—1 = gnv = 0. Let f be quadratic polynomial on [0, 7] determined
by f(0) = go, f'(0) = 3(go — 29—1)/h (from (3.20)), and, of course, f(r) =
g1- Thus, using divided differences f(to,t0) = f'(to) and f(to,to,t1) =
(f'(to)(to — t1) — f(to) + f(t1))/(to — t1)?, we obtain

f(t) = f(xo) + f(to, to)(t —to) + f(to, to, t1)(t —to)(t — t1)

— <1+ (t_to)(tl—t)> N 1(t—t0)(t—t1)

(to —t1)? (to — t1)?

(t —to)(t1 — t)) .

3
+ E(go —29-1) ((t —to) + (to — t1)

Estimating the function f on the intervals [11,T] and [0, 1], we have, res-
pectively,

max_|f(t)] < 1gllco;

71 <t<T
1 1 1
Dl <1+ = - 14+ go —29_4| < .
Orgngllf( )< +4)Igo|+4191!+3( +4)|go g-1] < Cslglloo

Taking also into account |f'(0)] = 3|go — 29-1|/h < C7l|gllec/h, it holds
I fllcofo, ) < Csllglloc/h. This with (3.37) and (3.38) yields

C4VNh S Cl (N)C5CS

or C1(N) > Cov'™V /N, which means the exponential growth of Cy ().
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3) Assume that ¢ = 1/2. Then A = Ajax = —1 and —1 < p < 0. In this
case we can also deduce the representation (3.36), so ¢; = ag(—1) +bop’+3,
where

=) (=0T pl A+ g,
J<i

= D ),

J<i
1 e ~ ~ ~
- 1_7|M|((9i = gi—1) + (gi—2 — gi-3) +...)
— |/’L| Z(_l)i_j|ﬂ|i_jgj-
1= |ul <=

The last sum could be estimated by |u||&lco/(1 — |1|)?. So here we have
to study only ¥ = (§; — gi—1) + (Gi—2 — Gi—3) + ... . Denote w =y — Jz.
It holds w ~ v — da;;—1 ~ 11/4 because of § = 1/8, v = 23/8 and z ~ 1.
Then ~ ~
~ Gi—0Git1 _ 9i — 0git+1
9i = ~ :

Y — (5a,~+17i w

We have for any v
L1 =v((g — gi-1) + (Gi—2 — Gi-3) + .. ) + (L = v)G
—(1=v)((gi-1 — Gi—2) + (i—3 — Gi—a) +-..).
Then, using the representation

N _ 91— 9i—2—0(i — Gi1)
9i-1 — gi—2 = w )

we continue by
0
Ti=v+(Q-v)— |5
w

1—v

((g9i-1 — gi—2) + (gi—3 — gi—a) +...) + O(/|&]lo) -

Let us choose v < 0 such that v + (1 — v)d/w = 0 (in fact, §/w ~ 1/22).
Because of the estimates

9i-1 = gia| = |f(Tic1) — f(ri2)| < B IIF lego,my
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and the boundedness of ||B~!|| (Lemma 3.6), for some C' > 0 we get:

1—v
21] < TTHf/”C[O,T] + Cll fllero,n -

A finite number (not depending on N) of equations (3.22) where a; ;1 and
a;;—2 can considerably differ from x and y, does not spoil the estimations
of ¢; by [|glec and || f|lc1(o,77- Thus, we have

I1Px fllcrom = || ZCiBiHC[O,T] < const || fllcrjo,7) -

The last estimate of Theorem is easy to establish if we keep in view
|2] < const - i]|g|looc Which, in turn, gives |¢;| < const - i]|g]|c and ||c||oo <
const - N||g||co-

The proof is complete. O

Remark 3.10. It is clear that, in the assertions of Theorem 3.9, the
space C[0,T] may be replaced by Cy[0,T].

Remark 3.11. In our analysis the uniformness of the mesh is essential.
Of course, there is no theoretical problem in using B-splines on a non-
uniform mesh, since the stability results of B-splines remain applicable (see
[61]). But in (3.19) the entries of the matrix are no more stationary and
the technique of difference equations with constant coefficients based on
Lemma 3.4 and, especially, on the quite sharp assertion of Lemma 3.5,
cannot be exploited. It seems that a possible extension of the results of
this section to non-uniform meshes should use different ideas.

Remark 3.12. Let us mention that the behaviour of || Py|| cannot be
obtained from the general considerations presented in [62]. The results
therein, applied in our case, give only the uniform boundedness of || Py||
from below.

Cubic spline interpolation projections with not-a-knot boundary con-
ditions in both ends of the interval are studied in [64]. Graded meshes
and the interpolation at mesh points (the case ¢ = 1) are considered and
convergence results are established. Note that cubic spline interpolation
projections on arbitrary sequence of non-linear meshes with the interpo-
lation at mesh points may be not convergent in the space of continuous
functions (see [70]).
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3.4 Application of the classical convergence
theorem

We shall analyse here what gives the general convergence theorem (Theo-
rem 2.1) applied to Volterra integral equations in the light of results about
boundedness of interpolation projections.

Lemma 3.13. Suppose that the projections Py defined by (3.4) are
uniformly bounded as operators in Cy[0,T]. Then Pyf — f in Cy[0,T] as
N — oo for all f € Cyl0,T].

Proof. Choose f € Co[0,T]. Let S € S3(Ay) be such that S'(0) = f(0),
S(t;) = f(ti),i=0,...,N. Then S — f in Cy[0,T] (see [69, p.102]).
Clearly, PyS = S. We have

1S = Pn fllcpor = 1PN (S = llcio,m < const |[|S — fllcyo,m — 0

and
IPxf = flleom < 1PN = Slicior + IS = fllepo,n

ensures required convergence. O

Let £ and F be the completions of normed spaces E and F, respectively,
and let K be the prolongation by continuity of an operator K € L(E, F)
on the space E. We will need the next auxiliary result.

Proposition 3.14. Suppose K € K(E, F). Then it holds K € K(E, F).

Proof. First, show that K : E — F. Assume, there is x € E such that
Kz € F\ F. We can find a sequence z,, € E which converges to  in
the space E and is therefore bounded. As K is compact operator, the
sequence Kx,, is compact in F, i.e. there are N’ C N and z € F so that
|Kxp — z||lp — 0 for n € N'. Tt is clear that Kz, converges to z in the
space I as well. Because of convergence of x,, to z in £ and K € L(E, F),
it holds || Kz, — Kz||z — 0. On the other hand, we have Kz, = K, — 2
in the space F, which means that Kz = z € F. Hence, our assumption
was wrong and the operator K maps from E to F.

Next, check the compactness of the operator K. Consider a bounded
sequence z, € E. Let y, € E be a sequence ||y, — o,||z — 0. Then, yy,
is also bounded due to ||yn||lE = lynllg < llun — znllg + |20l 5. As K is

compact, for any N’ C N there are a subsequence N” ¢ N’ and z € F
such that the sequence Ky,, n € N”, converges to z in the space F. Having
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lyn — 2|l — 0 and K € L(E, F), we get the convergence of K (y, — )
to zero in F'. Thus, it holds

K2y — 2||r < |K2n — Kynllp + || Kyn — 2||Fr — 0 as n € N".

This gives the compactness of operator K : E — F and therefore completes
the proof. ]

Theorem 3.15. Suppose that the kernel K in (3.1) is such that
1) K € K(Cy[0,T],Cp[0,T7);
2) y= Ky, y € C[0,T], implies y =0
and
3) ce (1/2,1].

Then the method (3.2), (3.3) is convergent in Cyl0,T] and the estimates
(2.3) and (2.4) hold.

Proof. We know that Cj[0,7] is not complete (see Proposition 3.1). In
order to apply the general convergence theorem choose E = Cy[0,T], the
completion of Cp[0,7]. The operators K and Py can be prolonged by
continuity on the space E. Due to finite dimension of Im Py and Propo-
sition 3.14, the prolongations of Py and K have the values in Cy[0,T].
From the assumption that Ker(I — K) = {0} in C[0,T], we conclude that
Ker(I — K) = {0} in E, too. Because of Lemma 3.13 and the Banach-
Steinhaus theorem, the prolongations of Py strongly converge to I in E.
Thus, the assertions of Theorem 3.15 follow from the general convergence
theorem. O

The assumptions of Theorem 3.15 about the kernel K are satisfied, e.g.,
if IC is continuous.

Let us note that the convergence rate of |Pyy* — y*|| is known to be
O(hY) if y* € C40,T).

Conjecture. In the case ¢ = 1/2, there is no compact convergence of
operators Py K to K and therefore there is no convergence || Py K —K|| — 0.
There is stable and regular convergence I — PyvK — I — K in the case of
arbitrary operator (Ku) fo s)ds, uw € C[0,T], with continuous
kernel .
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Chapter 4

Quadratic spline collocation

In this chapter we will study quadratic spline collocation for Volterra inte-
gral equations.
Consider again the Volterra integral equation

y(t) :/0 K(t,s,y(s))ds + f(t), t €[0,T], (4.1)

where f: [0,7] — R and K : R X R — R are given functions and the set
R is defined by R = {(t,s): 0<s <t <T}.

4.1 Description of the method

Let us consider the collocation in the case of d = 1, m = 1. Then
approximate solutions are in the space of quadratic splines (denote it by
S2(Ap)). For given ¢ € (0,1], as m = 1, we define collocation points
7 =ti—1+chy,t=1,...,N. In this case the collocation conditions are

u(n)—/on K(rs,5,u(s))ds + f(r), i=1,...,N. (4.2)

Since dim S2(Ax) = N +2 it is necessary to give two additional conditions
which we choose
u(0) = y(0),

u”(tN_l —-0) = u”(tN_1 +0).
Let Py : C[0,T] — C]0,T] be such that for any f € C[0,T] we have
PNf S SQ(AN) and

(Pn f)(0) = f(0),
(Pnf)(mi) = f(mi), i=1,...,N, (4.4)
(Pnf)"(tn-1—0) = (Pnf)"(tn-1+0).

(4.3)
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Like in Section 3.1, let us introduce, the vector of knots
8181282283:t0<84:t1<...<SN+1:tN_2
< SN+2 =tN = SN+3 = SN+4

and corresponding B-splines Bi s, ..., Bn41,2,s, Which are linearly inde-
pendent functions. These B-splines form a basis in the spline space

Sy (An) = So(AN)(F : /" (tn-1 = 0) = f"(tn-1 +0)}.

The Schoenberg—Whitney conditions (A.4) applied in the quadratic case
ensure that the interpolation problem (4.4) has a unique solution. Thus, the
operator Py is correctly defined. It is clear that Py is a linear projection
onto the space Sa(An).

We consider also the integral operator defined by

t
= / K(t,s,u(s))ds, te0,T].
0
Similarly to Lemma 3.2, we can prove

Lemma 4.1. It holds

f(0) =0,
f(m)=0, i=1,...,N.

Pyvf=0<

Basing on Lemma 4.1, a standard calculation like in the proof of Lemma 3.3
enables to establish

Lemma 4.2. The spline collocation problem (4.2), (4.3) is equivalent
to the equation )
u=PyKu+ Pnf, u€ Sa(An).

By Lemma 4.2 the method (4.2), (4.3) is a projection method for the
equation (4.1).

4.2 Method in the case of a test equation

Consider the test equation

_A/ s)ds + f(t), t€[0,T], AeC.
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We will look for approximate solution by collocation, stated in Section 4.1.
Like in Section 3.2, using the boundary conditions (4.3) and locating the
collocation conditions from (3.7), we obtain

u(0) = f(0),
u(r) = )\/Oﬁ w(s)ds + f(m),

’U,(TZ) — ’U,(Ti_l) = )\/TZ u(s)ds =+ f(’l‘z) — f(Ti_l), 7 = 2, - ,N,

ul/(tN,1 — O) = u//(tN,1 + 0)

Assume that the mesh Ay is uniform and complemented with knots
ti=1ih, 71 =-2,—1,and i = N+ 1,N+2. Fori= —1,...,N. Let us
consider the B-splines

(t—tic1)?, t e fti-1,ti),
1
Bi(t) = 72 2h% — (tig1 — )% — (t — )%, t € [ti, tiya], (4.5)
(tiva —t)%, t € [tit1,tiva].

They are normalized with the condition
N
Y Bi(t)=2, t€[0,T].
i=—1

These functions form a basis in Sa(Ay) and therefore any quadratic spline
u is representable by them

N

u(t) = Y ¢Bi(t). (4.6)

i=—1
The spline u can be written on the interval [t;_1,t;] as
u(t) = ci2Bi a(t) + c;i_1B;_1(t) + ¢;Bi(t)
1
= ﬁ(ci—Q(ti —t)?
+eii1(2h% — (t; — )2 — (t —t;1)?)

+ci(t — 751‘71)2)-
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The integral of u will be

/u(t)dt — % <_Ci_2 (t; ; )3

i <2h2t+ (t ; M ;i‘l)?’) (4.7)
(t —ti-1)?
*Cl‘3> -

Taking 7, = t;_1 + ch, we get, for i =1,..., N,
u(r;) = ci—a(1 — ¢)? + ¢i_1(1 4 2¢ — 2¢%) + ¢;c?, (4.8)

and, for i =2,..., N,

T ti—1 T
/ u(s)ds —/ u(s)ds +/ u(s)ds
Ti—1 Ti—1 ti—1

i—

h
:g (Ci_g(l — 6)3 + Ci_2(4 — 602 + 363)

+cio1(1 43¢+ 3¢ —3¢3) + cz-c3).
Using these formulae in the located collocation conditions (3.8), we have
aci—3 + Bci—2 +yci—1 + 0c; = f; (4.9)

with ¢ =2,..., N and

a=—(1-¢)?- %(1 —¢)3,

Ah
B =—4c+3c% - ?(4 —6c% +3¢%),

Ah
’y:1—|—20—302—?(1+3c+302—3c3),

Ah
§=c*— ?c?’,
fi=f(m) — f(riz1).

In the case of i = 1, using (4.8) and (4.7), we obtain

Bic—1 +mico + 011 = fi, (4.10)
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where

Ah
Br=(1-c)?— ?(30— 3¢ + %),

h
1 =142c—2c% — %(36-}- 3c? —2¢%),

The condition u(0) = f(0) yields
C_1+cg= f(O) (4.11)

The derivatives of u on [t;—1,t;] are

u’(t) = %(—201‘_2(@' — t) + QCi_l((tZ‘ — t) - (t — ti—l)) + QCi(t — tz‘_l)),

1
u”(t) = ﬁ(QCi,Q —dci_q + ZCZ').
Thus, the not-a-knot condition v’ (ty_1 — 0) = v’ (tny—1 + 0) gives
—cN—3+3cy—2 —3cny—_1+cy =0. (4.12)

Combining (4.11), (4.10), (4.9) and (4.12), we can write

1 1 0 0 0 e fo
fr m1 o1 0 O co 1
a B v 6 0 c1 P
0O a B v 6 C2 I3
0 a B v 0 |evaa In
o -1 3 -3 1 CN 0

The matrix of the system has non-zero elements on five diagonals. To solve
this system, we use the Gaussian elimination process. As in Section 3.2,
we start with elimination over the main diagonal from the bottom to the
top and get the system Ac = g. The entries of A and g are calculated as

follows
06— 36 a+0

ON-1,N-2 = m7 GN—-1,N-3 = ma
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Wt s .
1—1,2—2 ~y 5(12',1'71 ) 1—1,2—3 ~y 5&1’171
B — a1,
ap,—1 =
7 —d1a1p
In fic1—0g;
-1 = ’ L — ’ =N — 17 72)
gN-1 N+ 30 gi-1 Y — 051
i —0ag ~ Jo—90
go=————5 9-1=7 .
7 —d1a10 1 —ag—1
Then the coefficients ¢; are
c-1=0-1,
o = go — 0,—1C—1,
Ci =i — Qi i—1Ci—1 — Gji—2Ci—2, 1=1,..., N,

cN =3¢cN_1 — 3CcN_2 + cN_3.

Thus, we get the coefficients in the representation of the approximate so-
lution of the test equation as quadratic spline (4.6) by B-splines.

4.3 Uniform boundedness of projections

In this section we will study the uniform boundedness of the sequence Py .
Fix a number ¢ € (0,1). Given any function f € C|0, 7], let us consider
S = Pyf € S2(An) determined by the conditions

5(0) = f(0),
S(r) = f(r), i=1,...,N, (4.13)
S"(tn—1—0)=S"(ty_1 +0).

Denote S;. = S(7;) and m; = S'(t;). Taking t = t;_1 + Th;, we have

the following representation of S:
h;
2

The continuity of S in the knots, i.e. the conditions S(¢; — 0) = S(t; + 0),
i=1,...,N — 1, gives

S(t) = Sic+ (17— c)( (2= (c+71)mi—1+ (c+ T)mz) (4.14)

(1 — C)thmi,l + ((1 — C2)hi + 0(2 — C)hi+1) m; + Cth+1mi+1

_ (4.15)
=2(f(1it1) — f(m)), i=1,...,N —1.
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The initial condition S(0) = f(0) adds the equation
c(2 — e)hymg + hamy = 2 (f(11) — f(0)) (4.16)
and the not-a-knot requirement at ¢y_1 could be written in the form
hnmy—2 — (hn—1 + hn)my—1 + hny—1my = 0. (4.17)
The equation (4.17) yields

h h
my = |1+ N myN—1 — N my_—o. (4.18)
hn_1 hn-1

Then, using (4.18), eliminate my in (4.15). Write (4.16) together with
(4.15) as follows

Bomo + Yom1 = go,
aimi—1 + Bimi +yimiy1 = gi, i=1,...,N =2, (4.19)
aN_1mMN—2 + BN—1MN—1 = gN-1,

where we denote

B — 2—c __c _ 1 fm) = /)
T o1—¢o M T2n-0 *T 10 hi
and
h; hit1
Ai = , Hi=1—= )= , i=1,...,N—1,
" hi+ higa Hi " hi+ hisa
1—c 1+4+c¢ 2—c¢ c
= )\za i — A ) i )
al 2 /BZ 2C ’L+2(1_C) /’Ll fy 2(1_ )/’1/1
1=1,...,N =2,
1—c>\ c hn
anN_1 = - — _
N-1 o N-1 2(1—0) A1 HUN-1,
1+c 2—c¢ c hn
1= AN_ _
An-1=— N1+2(1_C)MN 1+2(1_C> s
and finally

g= o AE) = fm)

N C(l — C) h; + hi+1
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It is easy to check that the matrix of the system (4.19) has a diago-
nal domination. Indeed, the difference of domination in rows is |0;| —
(| + 7)) =1,79=0,...,N — 2. Rewrite « = ay_1 and § = Oy_1 as

(1= P, — B,

o= ,
26(1 — C)hN_1(hN—1 + hN)
5= (1 — CQ)h?Vil + 2chy_1hy + C2h?\] 50
 2¢(1—c)hn_1(hy_1+ hN) '
If & > 0, then
hy_1 hn c h?\f
—a= + + > 1.
& hn—1+hy (1 —c¢)(hnoi+hn) (1 —c)hny—1(hn—1+ hN)
If a < 0, then
thl hN
— |la| = + > 1.
B | ’ C(hN,1+hN) (1—0)(hN71+hN)
Hence,
max |m;| < max gl (4.20)
0<i<N-1 0<i<N-—1

In addition, from (4.18) and (4.20), we get

hy
Imy| < (1 + Qth) [Jnax |gil- (4.21)

Our aim now is to estimate the norms of projections Py in the space
C[0,T]. In this section, in the sequel, we assume the sequence of meshes Ay
is quasi-uniform, i.e. there is a constant r such that hmax/hmin < 7 where
hmax = maxj<i<n h; and hpyin = minj<;<y h;. Then, for any function
f € Cl0,T], we have

1 .
g < (0= Ifllciom, i=1,...,N -1,

min

and

2
90| < (1= 1 fllco,m)-

min
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The representation (4.14), quasi-uniformity of the meshes and obtained
estimates (4.20), (4.21) allow to get

P, = S
1PN flloo,m 192N te]ﬁfﬁm‘ L

< ||f”C[O,T] + Pmax OIgnzaéV ]m1|

< const || fllco,r »

where the constant is independent of NV and A, but depends on ¢ and r. We
have proved the following

Proposition 4.3. For c € (0,1), in the case of quasi-uniform meshes,
the projections Py defined by (4.4) are uniformly bounded in the space
C[0,T].

Note that similar quadratic spline projections are studied in [34] on
quasi-uniform meshes and in [58] on graded meshes. Let us mention that
quadratic spline projections on arbitrary sequence of meshes could be not
uniformly bounded in the space C[0,T] (see [70]).

Next, we will study the behavior of || Py|| in the space C|[0,T] for ¢ = 1.
We restrict ourselves to the case of uniform mesh. We will use the B-splines
(4.5) from Section 4.2. Given any function f € C0,7], let us consider
u=Pyf= Z—lgjgN ¢jBj, which is equivalent to the conditions

u(tl) = f(ti), 1= 0, ce ,N,
(4.22)
u(ty—1—0) =u"(ty—1 +0).

Write (4.22) in the form of a linear system to determine the coefficients c;
as follows

11 0 0 0 - 0 C—1 f()

01 1 0 0 - 0 co fi

00 1 1 0 --- 0 1 fa
: =| : (4.23)

o000 1 1] [ enva fn

0 oo =13 =31 CN 0

with f; = f(t;), i =0,...,N. The system (4.23) has the unique solution
because the determinant of its matrix is different from zero. Actually, the

54



solution of (4.23) is
1
cN = é(fN—Q —4fN_1+Tfn),
1
CN-1 = g(_fN—Q +4fnv-1+ fN),

CN—2 = é(foz +4fn_1— IN)s

1 (4.24)
CN-3 = §(7fN72 —4fN_1+ fn),

CN—4 = fN-3—CN_3,
ci = fir1 — fixa+ ...+ (DN iy 3+ (~D)N"H ey s,
i=N-—-5,...,—1.
This allows to get

N
IPn fllcpor = || Z CiBiHC[(LT] < 2_{2?§N|Ci| < 2N|fllco,m-

i=—1

Consider the function f € C[0,T] (see fig. 4.1) such that f(t;) = (—1)%,

ty tq ts ts ty o t

Figure 4.1

i = 0,...,N, being linear between the knots t;. Then, for example, for
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1 =2 with N — oo, we have
1PN fllcior) = (PN f)(t:)]
= |ci—1Bi—1(t;) + ¢iBi(ti) + civ1Biv1(t:)| = Nl fllcp,1-

Thus, ||Py|| > const-N. It is established that the sequence || Py || has order
N as N — oo.

In [52] the norm of the quadratic spline interpolation operators is expli-
citly calculated for the case of interpolation conditions which are actually
the same as in the classical step-by-step collocation. This formula implies
the order N of these projections. Let us mention that the results in [62] do
not yield this asymptotics of the projection norms.

4.4 Application of the classical convergence
theorem

In this section we show that, for ¢ € (0,1), Theorem 2.1 is applicable.
Suppose that the sequence of meshes Ay is quasi-uniform.

Lemma 4.4. For ¢ € (0,1), the projection operators Py defined by
(4.4) converge pointwise to the identity, i.e. Pyf — f in C[0,T] for all
feC0,T] as N — oc.

Proof. Choose any ¢ € (0,1). For given f € C[0,7], let S and z be
quadratic splines satisfying (4.13) for the chosen ¢ and for ¢ = 1/2 respec-
tively. Taking into account S = Py f, || Pn|| < const and ||z — f|lc — 0 (see
[32]), we get

15 = flle < IS =zllc + 1z = flle

= |Pn(f = 2)|lc + |1z — fllc
< const || f — z|lc + ||z — fllc — 0.

This means that ||Pyf — f|lc — 0 for all f € C'[0,T]. Using the Banach-
Steinhaus theorem, we get the convergence of the sequence of operators Py
to the identity operator everywhere in the space C[0,T], since C*[0,T] is
dense in C[0,T]. O

Let E = CI0,T] and
t
(Ku)(t) —/ K(t, s)u(s)ds, we C[0,T]. (4.25)
0
With the help of Lemma 4.4, Theorem 2.1 yields
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Theorem 4.5. Suppose the kernel K is such that K is compact, the
mesh is quasi-uniform and ¢ € (0,1). Then the method (4.2), (4.3) is
convergent in C[0,T] and the estimates (2.3), (2.4) hold.

4.5 Compact convergence

We have already shown that our method is convergent for ¢ € (0,1). In the
case ¢ = 1 the sequence of operators Py is unbounded, so we cannot apply
the classical convergence theorem. Taking into consideration Theorem 2.5
it is justified to ask whether there is the compact convergence of Py K to
K.

First we state

Proposition 4.6. Suppose the operator K is given by (4.25), where
K(t,s) is continuous in {(t,s)| 0 < s <t < T} and continuously differen-
tiable with respect to t. Then the sequence PyK converges strongly to K
in C[0,T].

Proof. For given u € C[0,T], denote f = Ku. Then f € C'[0,T]. Let S be
the quadratic spline interpolant determined by (4.13) in the case ¢ = 1/2.
It is known that ||S — fll¢jo,r] < const - b w(f’) (see [32]), where w(f) is
the modulus of continuity of the function f. We obtain

1Pxf = flle < 1PN = S)lle + 115 = Flo-

The last norm converges to zero and
IPnllf = Sllc < (const - N)(const - h w(f")) < const w(f') — 0.

Hence, |PvKu — Kull|c — 0 for all w € C[0,T], which completes the
proof. O

Let us focus our attention on the operator (Ku)(t) = fot u(s)ds. Con-
sider in the rest of this section (and in the next section, too) the uniform
mesh. Choose the sequence of functions uy € C[0,7T] (fig. 4.2) such that,
for i =1,..., N and sufficiently small 6 = §(N) > 0,

un () = 1, forte[ti_1+0,t; — 0] and i is even,
MY 7 =1, forte [ti—1+ d,t; — 0] and i is odd,
uy being linear for t € [t; — 0,t; + 6], i = 1,..., N — 1, and constant in

[to,to + d] and [ty — 0,tn]. Obviously, |un||c = 1. Define f; = f(t;) =
(Kun)(t;). We have fo =0, fi =—h+6/2fori=1,3,..., fi = —3/2 for

57



Figure 4.2

i1 =2,4,..., and fy = 0 for N even or fy = —h for N odd. Taking, for
example, § = O(h?), and using the equalities (4.24), we calculate for large
N and relatively small ¢ the coefficients

T
¢ =5 +0(h), i=-11..,

T
¢ =—5 +O0(h), i=02...

The values of B-splines

h 3 h h 1
B; (ti + 2) = 5 and B;_1 <ti + 2) = B+ <ti + 2) = Z

allow us to obtain for odd values of 7, that

A i+1 h T o
(PNK'LLN) ti+§ = ZCij ti+§ :§+ (h)v

j=i—1

h ! h T
(PNKUN) <ti_1 + 2> - Z Cij (ti—l + 2) = —5 + O(h)

j=i—2

Hence,

| (PnyKuy) <ti + ;"> — (PyKuy) (t“ + ;L> | =T+ O(h),
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which means that the functions PyKuy, as N — oo or h — 0, are not
equicontinuous and, therefore, the sequence Py Kup is not compact. We
have proved

Proposition 4.7. For (Ku)(t) = fg u(s)ds, the sequence PyK does
not converge compactly to K in the case c=1 as N — oo.

4.6 Regular convergence

Our purpose in this section is to prove the regular convergence of operators
I— Py K toI—K in the case ¢ = 1, using a new representation of quadratic
splines. Recall that the mesh is assumed to be uniform.

Given a function f € C[0,T], let S = Pnf € Sa(An) be such that

S(t;) = f(ti), i=0,...,N,
S"(tn—1—0)=S"(ty_1 +0).

Denote S; = S(t;) and S;_1/ = S(ti—1 +h/2). Using t = t; 1 + 7h, we get
the representation of S:

St)=1—-7)1—27)Si—1+47(1 = 7)S;_1/2 + 7(27 — 1)S;. (4.26)

The continuity of S’ in the knots ¢;, i.e. S'(t; —0) = S'(¢; +0), leads to the
equations

Si—1 +6S; + S;41 = 4(Si_1/2 + Si—l—l/?)a i1=1,...,N—1.
The not-a-knot boundary condition gives
SN — SN—2 =2(Sy_1/2 — SN—3/2)-

Considering the values S; = f; = f(t;), i =0,...,N, as known data we
have the system

11 0 0 0 S1/2 dy
01 1 0 0 S/ do
o= ], (4.27)
0 0 1 1| |Syspe dy_1
0 0 —1 1 SN,1/2 dN

99



where d; = (fi—1+6fi+fir1)/4,i=1,...,N—1,and dy = (fn — fn—2)/2.
However, the matrix of the system (4.27) is regular because its determinant
is equal to 2. By direct calculation we obtain

Sn_1/2 = 1( In—2 +6fn_1+3fn),
Sn-3/2 = 3 (3fN—2 +6fn-1—fN),
Snsja =5 (s +9fn> — 4fx1+ f), (4.28)

1
Sk—1/2 = 7 (ko1 +5k) = forr + frwz — -

(_1)N—k
+T(7fN72—4fN—1+fN), k=N-3,...,1
Now, having S;, ¢ = 0,..., N, and S;_y/9, @« = 1,..., N, the spline S is
determined by (4.26).
The next theorem is the main result of this section.

Theorem 4.8. Suppose that the functions K and 0K /0t are continuous
in {(t,s)| 0 < s <t <T}. Then, for c =1 and for K defined by (4.25),
the sequence I — Py K converges to I — K regularly.

Proof. In the assumptions of theorem we have the strong convergence of
I — PyK to I — K due to Proposition 4.6.

Choose a sequence gy € C[0,T] such that ||gn|c < 1. Assume that
the sequence (I — Py K)gn is compact. We have to show the compactness
of gn-

Denote here S = PyKgy and use the values S; and S;_y/p of S as
before. However, we have to keep in mind that they depend on N. The
continuity of I and 0C/Jt ensures also the uniform continuity and bound-
edness of them. Thus, there are numbers M and M; such that [K(¢,s)| < M
and [(OK/0t)(t,s)| < My on {(t,s)]0<s<t<T}.

For t € [tx—1,tk], k=1,..., N, we have

gn(t) — (PNKQN)(t) =gn(t) = S(t)
=gn(t) = (1 =27)(1 = 7)Sk—1 + 47(1 = 7)Sy_1 /2 + 7(27 — 1)Sk) .
The difference
tho1 t
Sk—1 — (Kgn)(t) = /0 K(tp—1,8)gn(s)ds —/0 K(t,s)gn(s)ds

tho1 t
= /0 (K(tg—1,5) — K(t,s)) gn(s)ds — K(t,s)gn(s)ds

tk—1
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goes to zero uniformly on [0,7] as h — 0 because of the uniform continuity
and boundedness of K. Similarly, S, — (Kgn)(t) — 0 uniformly on [0, 7]
as h — 0. Using (1 —27)(1 —7) +47(1 —7) + 7(27 — 1) = 1, we obtain

gn(t) = S(t) =gn(t) — (Kgn)(t)
—47(1 = 7) (Sj_1/2 — (Kgn)(#)) + (Grgn)(1),

where G}VgN — 0 in C[0,T]. Here the sequence K gy is compact and to
establish the compactness of gx, we will study the term S, _; /o — (Kgn)(t).
Taking f; = (Kgn)(t:), let us write Sj,_; /o from (4.28) in the form

Sk—172 =[x + % ((fk — fr1) = (forr = fu) + -+ (DN (N — fN—l))

N—k

+ i(fkfl — fx) + (_123((fN—1 — fn—2) +3(fn-1— fn))

N
= it 5 SR~ fia) + O(h)
i=k

Using again S; — (Kgn)(t) — 0 as h — 0 uniformly on [0, 7], we get

N
Sierjo — (Kgw)(t) = 3 S2(-D7H(fi — fia) + (Ghaw)(0)
1=k
with G% gy — 0 in C[0,T]. Denote
ti
In(gn) = K(tk, s)gn(s)ds.
te—1
Then
tr th—1
fi=fia= [ Kltesan()ds + [ ((ts) = K(tior, ) an(s)ds
tk—1
e
= Tlon) +h [ GG (s

where & € [tk—1,tk]. Again, we have

(fe = fro—1) = (fes1 — fu) = In(9n) — Trg1(9n)

1 (oK oK

[ (@ - G69) axtolas
tk

- h/tk1 %(fkﬂ, s)gn (s)ds.

61



In this expression, the uniform continuity of 9K /0t allows to estimate the
first integral by eyh with ey — 0 as h — 0 and the second one by M;h?.
Summing up all the differences (fi — fx—1) — (fx+1 — fx) (if there are an odd
number of terms fi — fr_1 it suffices to observe that, in fact, fr — fr_1 =
Ir(gn) + O(h)), we get

N

Z(—l)i_kfz’(gfv) +7rN

i=k
with ry — 0 as h — 0. We arrived at
gn(t) — (PnEKgn)(t) = gn(t) — (Kgn)(t)

N , (4.29)
—27(1=7) Y (=1 *Li(gn) + (Glgn)(1)
i=k
where G gn — 0 in C[0, 7.
Denoting ay(t) = 27(1—7), define the operators Qn : C[0,7] — C[0,T]
and the functions pn € C[0,T] by

N

(@gn)(t) = an(t) Y (=1)"*Li(gn), (4.30)
i=k

YN =gN — @NYN. (4.31)

Clearly, (4.29) yields the compactness of pn. For t € [ty_1,tn], from
en(t) = gn(t) —an(t)In(gn) we get In(on) = In(gn) — In(an)IN(gn)-
Denoting A\, = Ix(an), k = 1,..., N, we see (here we keep in mind the
equality s = tx_1 + oh) that

b Mh

< [ K lia - o)lds < 25

tk—1 2
Thus, for sufficiently small h, taking pr = 1/(1 — ), we have In(gn) =
unIn(pn). Now, the induction leads to

N N i
D D) h(gn) =Y (=0 [T wa | Lilen).
i—k i—k =k

Indeed, assume that
Tepa(9n) = Tea(gn) + -+ (DN v (gn)
= pkr1ler1(oN) = prrs1pter2 e (on) + o (4.32)
+H(=D)N ey o pnIn(on)
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takes place. From (4.31) and (4.30) we obtain

Ii(on) = Ii(gn) — Mo (Ti(gn) = Tia (gn) + -+ (=1)N FIn(gn))-

Subtracting the equality (4.32) from the previous one, we get

NoE it - v In (o)

Ii(on) = prg 1 Drg1(on) + ...+ (=1)
=(1-) ([k(gN) —Ipr1(gn) + .o+ (‘UkaIN(QN))
Ii(gn) = Irgr(gn) + -+ (=D FIn(gn)

N

= L (Ik(‘PN) — 1 D1 (on) F o A (DN wUNIN(‘PN))'

Let Ry : C[0,T] — C[0,T] be defined by

N 7
(Rneon)(t) = an(®) Y (=1 | T[] s | Lilen). (4.33)
i=k

i =k

Taking into account (Qngn)(t) = (Rypn)(t), write (4.31) in the form

gn = ¢N + RNon. (4.34)

Hence,
QngN = QnoN + QNBENpnN.

Replacing Qngn in (4.31) by the last formula, we obtain

gN = ¢N +QNnpN + ONBRNpN. (4.35)

Now we establish three lemmas to complete the proof of Theorem 4.8.

Lemma 4.9. The convergence on — 1 in the space C[0,T] implies
Qnen — 0 in C[0,T].

Proof. Based on (4.29) we have
Qnen = PxKon — Kon + Gon.

By Proposition 4.6, Py Koy — Koy — 0. Since ¢y is bounded, we get
also G3¢on — 0 which completes the proof. O

Lemma 4.10. The operators Ry are uniformly bounded.
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Proof. For a function ¢ € C[0,T], consider

N i
(Rve)(t) = an(t) > (=) F [ T s | Tite)-
i=k j=k

Taking into account the estimates |ay(t)| < 1/2, |Ix(p)| < Mh|¢|lc and
(for small h) pr = 1/(1 — Ag) < 1/(1 — Mh/2) = p (denote so), we have

N—k+1 _
u’) _ by e -

1
<-M
IRxgle < 5 h||<P”c< > s

lelle

N—k‘+l _ 1)

~ p(p lelle < constlpllc,

which completes the proof. ]
Lemma 4.11. It holds Qn Ry = RyQn.

Proof. From (4.31) and (4.34) we get (I + Ry)(I —Qn) = I. To prove the
lemma, it is sufficient to check that (I — Qn)(I + Ry) = 1.

Choose an arbitrary oy € C[0,7T] and determine gn = (I + Ry)en.
We will prove that (I —Qn)gn = ¢n. Using (4.34) and (4.33), we calculate

N J
Li(gn) = Li(pn) + M Y (=17 (H Ml> Ii(en),
I=i

j=i
i=k,...,N.
Since pny = gy — Rypn and, on the other hand, oy = gy — QNngn, We

show that Rypny = Qngn or, taking into account the definitions of Ry
and Q,

N N i
S0 Llgn) =Y (=0)7F [ T 1y | LiCen). (4.36)
i=k i=k =k
However,
> (=) FLi(gn) = (1) *Li(pn + Ryen)
i=k i=k
N ‘ N N J
= D (D)7 L(en) + ) (-1D)TFEAD (1) (H m) Ii(en)
1=k i=k Jj=t =1
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and, using Agpur = pp — 1, k=1,..., N, it is straightforward to check that
here the coefficients of I;(¢n) coincide with those in the right hand side of
(4.36). Namely, the coefficient before I;(¢n) is

(=) 7R (L4 Nt - i+ M1 et - s+ - -+ Aifta)
= (=1 7F(+ (k= Dptesr - i+ (s = Dtz g+ 4 i — 1)

(=) e i

This proves the lemma. O

Finally, taking into account Lemma 4.11, we may write (4.35) in the
form

gN = N + QNN + RNQNON.

Remembering that ¢ was compact and, using Lemmas 4.9 and 4.10, we
establish the compactness of gy .
The proof of Theorem 4.8 is complete. O

Now, we are ready to close this section with the following

Theorem 4.12. Let K and 0KC/0t be continuous in the closed triangle
{(t,s)] 0 < s <t <T}. Then, for c =1 and for the uniform mesh, there
is a number Ny such that, for N > Ny, the problem (4.2), (4.3) has the
unique solution, and the estimate (2.3) holds. If Py f converges to f then
the solutions of (4.2), (4.3) converge to the solution of (4.1) in C[0,T].

Proof. Note that, in the assumptions about X, the operator K defined by

(4.25) is such that w = Kwu only for v = 0. Making use of Theorem 2.6, take

E=F=C[0,T], A=1—-K, Ay = I — PyK and refer to Theorem 4.8.
O

Remark 4.13. The rate of convergence of the method (4.2), (4.3) for
linear equations, as stated in Theorems 4.5 and 4.12, is determined by the
two-sided estimate (2.3). It is well known that quadratic spline interpola-
tion projections Py have the property ||Pyy* — y*|| = O(h?®) for smooth
functions y* (see [43]). The rate O(h?) is confirmed by the numerical tests
presented in Section 7.2.
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4.7 The method in the space of continuously
differentiable functions

We will focus our attention to the study of the method (4.2), (4.3) in the
space C*[0,T)]. Similarly to the beginning of Section 4.3, fix ¢ € (0,1) and
define the projections Py by (4.13). Without any additional assumption we
may establish the estimates (4.20) and (4.21). Suppose now f € C*[0,T].
Then, for i =1,..., N — 1, and for some &; € (73, 7i+1), we have

|f’(5i)|(ﬂ‘+1 —7;)
c(I—c)(hi + hiy1)

. 1 i i+1
|f(§z)’(c hi + hit 1—c¢ hi+hi+1)

\gi’ =

1 1
< - /
< max{c . _C} 1# oo

and 1

90| < 1 o 1" lcjom -
Taking into account (4.20), (4.21) and basing on the representation (4.14),
we obtain || Py |0, < const || f|[c1po,7) only in the assumption k%, /hy -1 =
O(1). The derivative of (4.14) (S'(t) = (1 — 7)m;—1 + 7m;) with the help
of (4.20) and (4.21) allows to get the estimate

/
(PN f) e, < Ofélifgv\mi\ < const | fllcrjom

provided hx/hn—1 = O(1). We have proved the following

Proposition 4.14. Forc € (0,1), in the assumption hy /hn_1 = O(1),
the projections Py are uniformly bounded in the space C1[0,T].

It holds also

Lemma 4.15. Forc € (0,1) and hy/hn—1 = O(1), the projections Py
converge pointwise to the identity in the space C1[0,T], i.e. Pnf — f in
CY0,T) for all f € CH0,T] as hmax — O.

Proof. Similarly to the proof of Lemma 4.4, for given f € C?[0,7], con-
struct the splines Py f and z. Then ||z — f||c1 — 0 (see [32]) and

1PN f = fllev < [Paller—orllf = zllor + 12 = fller — 0.

As C?[0,T) is dense in C'[0,T] it remains to use the Banach-Steinhaus
theorem. n
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Lemma 4.15 and Theorem 2.1 yield

Theorem 4.16. Suppose the kernel K(t, s) is such that the operator K
defined by (4.25) is compact in C1[0,T]. Then the method (4.2), (4.3) with
c€(0,1) and hy/hn_1 = O(1) is convergent in C1[0,T] and the estimates
(2.3), (2.4) hold.

Let us add that the compactness of K in C1[0,T] takes place, for ex-
ample, in the assumptions of Proposition 4.6, but they could be weakened
so that weakly singular equations could be also included.

Next, we will study the method in C1[0,7T] for ¢ = 1. In the sequel,
consider only the uniform mesh. As well as in Section 4.3 represent Py f by
B-splines. The coefficients of the representation could be estimated from
formulae (4.24) as

les] < const (|| fllc + [lfllc) = const [ fllcr -

Then it holds ||Pn f|lc < const ||f||c1. Having also |Bj(t)| = O(1/h), we

get,
N

IPxfYlle < IS Bl < const - N £l
i=—1

which cannot be improved as we will see later. Thus, ||Px|/c1i_ct = O(N).
As in the case of the space of continuous functions and ¢ = 1, we
cannot apply the classical convergence theorem (Theorem 2.1). Wishing
to apply Theorems 2.5 and 2.6, we have to prove that PyK converges
strongly to K in C'[0,T]. Assume that the kernel K in (4.25) is continuous
and twice continuously differentiable with respect to t. Take u € C[0,T],
then f = Ku € C?[0,T]. Likewise in the proof of Proposition 4.6, let S be
the quadratic spline interpolant determined by (4.13) with ¢ = 1/2. It is

known (see [32]) that ||S — f|lc1 < const - hw(f"). Hence,

1PN f = fller < [Pnllcimerllf = Sller + 15 = fller — 0

and we have the pointwise convergence Py K — K in the space C1[0,7].
Let us show that there is no compact convergence PyK — K in the

space C1[0, 7] even for the operator (Ku)(t) = fg u(s)ds. Take the func-

tions uy € C1[0,T] (fig. 4.3) such that, for sufficiently small § = 6(N) > 0,

h
t, forte[O,E—(ﬂ,

. h h
—1)i(t—t;), forte[ti— =+t + - —d,
un(t) = (=1)"(t — 1) 01"‘6[1 2; 1+2 ]
i1=1,...,N—1,

(-D)N(t —ty), forte [ty — g +0,tN],
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uy being (uniquely determined by the continuity of u/y) quadratic polyno-
mial for ¢t € [t; — h/2—6,t; —h/2+0],i=1,...,N. Clearly |lun|lc < h/2

UN
b
2
t h I % Iy t
-h
2
Figure 4.3

and |[u/y|lc = 1 which means that uy is bounded in C*[0,T]. Taking
§ = O(h?) and defining f; = (Kuy)(t;), we calculate f; = h%/4+ O(h3) for
1 odd and f; = 0 for i even. Considering relatively small ¢ and large N, we
get

Th

ci:—§+(’)(h2), i=-1,1,...,
T

ci=§h+0(h2), i=0,2,....

Since Bj(t;) = 2/h, Bj_;(t;) = —2/h and Bj(t;) = 0 hold for j > i and
j < i—1, for odd values of ¢ we have:

T
(PNKUN)/(ti) = Ci—le{71(ti) + ClB;(tl) = —5 + O(h),

T
(PNKun)'(tiv1) = ¢iBi(tit1) + civ1Biy(tiy1) = 3T O(h).

Hence,
| (PvKuy)' (tiy1) — (PvKuy)' (t;)| = T + O(h),

which means that (PyKuy)" are not equicontinuous and, consequently, the
sequence Py Kuy is not compact in C1[0,7]. We have proved
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Proposition 4.17. For (Ku)(t) = f(f u(s)ds, the sequence PyK does
not converge compactly to K in the space C'[0,T] in the case ¢ = 1 as
N — o0.

Note that, actually, in the last proof we established the inequality
|Pn|lci—ct > const - N. Indeed, we have

[Py Kuy ||
I1Pnller—cr > EKunller
but
[Kunllcr = [Kunllc + |[(Kun)'llc
< Tlhuxlle + Juxllc < 5=k
and

[PvEuylcr > [[(PvEuy)|lc
, T
> [[(PvKun) (t;)| > const;.
We state as an open problem, for ¢ = 1, the regular convergence of

I — PyK to I — K in the space C'[0,7]. Numerical results presented in
Section 7.2 suggest the positive solution of this problem.
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Chapter 5

Superconvergence of quadratic
spline collocation

In this chapter we will study the convergence rate of the nonlocal collocation
method with quadratic splines (see Chapter 4) at the collocation points for
Volterra integral equations.

Consider the Volterra integral equation

y(t) :/0 K(t,s)y(s)ds + f(t), te[0,7], (5.1)

where f : [0,7] — R and £ : R — R are given functions and the set R
is defined by R = {(t,s) : 0 < s <t < T}. The approximate solution
uy € S2(An) of this equation is determined by the collocation method
(4.2), (4.3).

5.1 Superconvergence in the case ¢ = 1/2

In this section we show the superconvergence of the spline collocation
method in collocation points for ¢ = 1/2 and uniform mesh Ay. As we
have already seen, in this case projections Py, defined by (4.4), are uni-
formly bounded. Thus, Theorem 2.1 is applicable and the estimates (2.3)
and (2.4) hold. We assume in this section that the kernel K of the equation
(5.1) and 0K /s are continuous. For the solution y of (5.1) suppose that
y" € Lip1.
Using (4.4) and (2.4), for 7, = t,_1 + h/2 we have

lun (i) = y(7i)| = lun (7)) = Pny(7i)| < [lun — Pyylle
< const || K(Pyy — y)llc-
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Therefore the rate of || K(Pny—y)||c is the key problem in our investigation.

First of all we find a suitable representation of quadratic splines. Given
any function y € C[0,T1], let us consider S = Pyy € S3(Apy) determined
by the conditions

5(0) = y(0),
S(ti—1+h/2) =y(ti-1 +h/2),i=1,...,N,
S”(tN_l — 0) = S”(tN_l + 0).

Denote S;_1/o = S(ti—1+h/2) and m; = S'(t;). Consider the representation
(4.14), i.e., for t € [t;—1,t;], using t = t;_; + 7h, we have

S(t)=Si—12+ g(27' -1 ((3=21)mi—1 + (27 + 1)my) .

The initial condition S(0) = y(0), the continuity of S in the knots and the
not-a-knot requirement at ty_1 give

8
3mgy +my = E(Sl/Q - So),
8
mi—1 + 6m; + mip1 = E(SiJrl/Q = Sic12),i=1,...,N -1, (5-2)

my_g —2my_1 +my = 0.

The system of equations (5.2) has a unique solution. It will be calculated
as m; = yi + a;h*y! + Bi, i =0,..., N, where y} = ¢/(¢;) and y!" = ¢ (t;).

i i
Using a Taylor expansion in ¢;, ¢ = 0,..., N, we get

1
(3ao +ag + 3> R2yy' + o + 360 + B = O(R?),
2
<ai—1 + 60 + i1 + 3) hQ?/z,‘” + (-1 + 1)
+Bic1+ 68+ Biy1 = O(h%), i=1,...,N -1,
(an—2 —2an—1 + an + D)R2YN + (an—2 — 2an—_1)TN
+Bn—2 — 2Bn-1 + By = O(h?)

with v, = O(h3), i = 0,..., N. Let us impose the conditions

3 =
ag + a1 3

2
ai—1+6ai+@i+1:—§,izl,...,N—L (5.3)

an—2 —2ay_1+ay =—1.
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The unique solution of the system (5.3) is a; = —1/12,4 =10,...,N — 4,
and anN_3 = —67/840, aAN_9 = —11/105, anN_1 = 1/24, ay = —341/420.
Then the unknowns (3; are determined from

380 + L = O(h?),

i1 + 66 + fix1 = O(h?), i=1,...,N —1,

Bn-2 — 2Bn-1+ By = O(h?).

Thus, the numbers 3; are uniquely defined and 3; = O(h3), i = 0,...,N.
Therefore, for ¢ € [t;—1,t;], using a Taylor expansion in ¢, we obtain the
following representation of the spline S
h3
S(t) =y(t) + y"’(t)ﬂ(—47'3 +6r2-1)4+0(Y),i=1,...,N —4,
3

S() = y(t) + y’”(t)Z—S(l S 9r) ((1- 27— 6(3 - 2r)auy — 6(2r + 1))

+0O(Y, i=N-3,...,N.
Then, for t € [t;—1,t;], i=1,..., N — 4, we get

(K (Pay = )(0) = | K(t.5) Py =) (5)ds (5.4)
h3 1—1 the ¢
Y (Z K(t,s)y" (s)p(o)ds + / K(t, s)y’”(s)gp(a)ds) + (’)(h”‘)7
k=1"th—1 ti1

where ¢(0) = —403+60%—1 and we keep in mind the equality s = t_1+0oh.
The sum of integrals is of order O(h). Indeed, we have

K(t,s)y" (s) = K(t, te—1 + oh)y" (tx—1 + oh)

= K(t te—1)y" (te—1) + ol p(t, 8)| ¢, » &k € [tk—1,ts]-

Then,
tr

1
K(t, 5)y" (3)p(0)ds = hIC(L trr) 4" (tx—1) /0 o(0)do

te—1

1
12 [ p(t.5)| g, 7p(o)do = O(H2),

as fol p(o)do =0 and p(t, s) is bounded, last due to K(¢,-)y"” € Lip1 with
the Lipschitz constant common for all ¢. The last integral in (5.4) can be
estimated by const h. In the case t € [tp_1,tx], k = N —3,..., N, there are
a bounded number of integrals, each of order O(h). Hence, we have proved
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Theorem 5.1. Suppose that IKC and 0K /ds are continuous in {(t,s)|0 <
s<t<T} andy"” € Lipl. Then, for ¢ =1/2, it holds

max [u (i1 +h/2) = y(tir + h/2)] = O(h),

5.2 Superconvergence in the case c =1

According to Section 4.3 the sequence of projections Py is not bounded
when ¢ = 1. Nevertheless, operators I — Py K converge regularly to I — K.
In our case the regular and stable convergence coincide, so to prove the
superconvergence, we can use a modified estimate (2.4).

By the definition of stable convergence the sequence of operators
(I — PyK)™!is bounded. Then, using (4.4) and the equality

(I = PvK)(uny — Pyy) = PNK(Pny — y),
we have
lun (t:) = y(t:)| < llun — Paylle < (I = PnK) 7Y [|PNK(Pyy — y)lle
< const | PNK(Pyy — y)||c-

In this section we shall show that || Py K(Pny—19)|lc = O(h?*) provided the
mesh Ay is uniform and ¢ = 1.

First, as above, we are going to find an appropriate representation of the
spline. Given any function y € C[0,T], let us consider S = Pyy € S2(An)
determined by the conditions

S(t;) =y(ti), i=0,...,N,
S"(tny_1—0)=8"(ty_1+0).

Denote S; = S(t;) and S;_1 /5 = S(ti—1 +h/2). Consider the representation
of S from Section 4.6, i.e. for t € [t;_1,t;], t = t;—1 + Th, we have

St)=1—-7)(1-27)8i1+47(1 = 7)S;_1/2 + 7(27 — 1)S;. (5.5)

We will find the unknowns S;_y/9, @ =1,..., N, from the system

11 0 0 - 0 S1/2 dy
01 1 0 - 0 S3/2 do
N R I BEY)
0 011 Sn_3/2 dn_1
0 O —1 1 SN—1/2 dN
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where d; = (yi—1+6yi+vyit1)/4,i=1,...,N—1,and dy = (ynv —yn—2)/2.
The matrix of (5.6) is regular because its determinant is equal to 2. Then,
by direct calculation we obtain

1
Sn_1/2 = g( —yn—2 + 6yn_1 + 3yn),
1
Sn_3/2 = 3 (3yn—2 + 6yn—1— yn),
1
SN_5/2 = 3 (2yn—s + yn—2 — dyn—1 + yn),
1
Sk—1/2 = Z(yk—l + 5yk) — Yk+1 T Ykt2 — - -
(_1)N—k
+ T(Zy]v_z —4yn—1 +y]v), k=N-3,...,1.

Suppose now that 4" € Lip 1. Consider the case when N —k is even, except

k= N, N — 2. Using Simpson’s rule, i.e.

h
3 (Yr—1 + 4yr + 2yp1 +4ypo + ... Hdyn—2 + yn—1)

_ N Wt m 5
= y(t)dt + (Y1 —wi 1) + O(R°)
tr—1

180

and

h

5 Wk + kst + 2ykr2 +4Ayras + ..+ dynv-1 +yn)

3

tn h4 " n 5
= / y(t)dt + 120 (yn — ') + O(h?),
tr

we get

3 (h
Sk—1/2 = o <3 (Yr—1 + 4y + 2yk 11 +dypro + ... +AYyn—2 +yYn-1)

h
— = (yk + 4yk+1 + 2ypt2 + Qpys + ... +H4ynv—1 + yN))

3
rooto 5
4yk71 4yk 8yN—2 YN-1 S?JN

o ([ v 2 )] -
2h \ Sy, 180 \Vk T k-1 g kLT Ik

3 /tN y(t)dt—hi(y’” —yy) —ly +y +§?JN
2h \ S, 180 \N-1 T IN gIN—2 T IN-1 T QIN:
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Performing a Taylor expansion in ¢;_j /o and ¢y for the last two rows of the
preceding formula, respectively, we obtain

h3
Sk—1/2 = Yr—1/2 t 16?/% +O(hY). (5.7)

Likewise, for N — k odd, except £k = N — 1, we get

h3
Sk-1/2 = Yk—1/2 — ﬁy% +O(n*). (5.8)

In the cases k = N, N — 1, N — 2, using a Taylor expansion in #;_,, and
taking into account fllcﬂ—l/Q_ N = O(h), we get (5.7) and (5.8) as well. Now,
substitute (5.7) or (5.8) for S;_;/, in (5.5) and use a Taylor expansion in

t =t;—1 + Th, this gives

h? " N—i h?
A O(n) + ()Y
where ¢(7) = 7(1 — 7)(1 — 27) and ¢(7) = 7(1 — 7).

Similarly to the case ¢ = 1/2 we can show (K(Pyy —y))(t) = O(h%).
Namely, for t € [t;—1,t;], i =1,..., N, we have

S(t) = y(t) - y"(tn)o(r) + O(hY), (5.9

(K(Pyy — ) / K(t, 5)(Pry — y)(s)ds (5.10)

3

/ K(t, 5)y" ()0 (o )ds+hZ / (—1)N=IK(L, $)ib(o)ds + O(h).

Using the same technique as in Section 5.1, assuming that (¢, s) is con-
tinuous and contlnuously differentiable with respect to s and taking into
account that fo o)do = 0, we get that the first integral is of order O(h).
Rewrite the second 1ntegral as follows

-1

173
/ICts Z K(t,s)y ds+/ K(t,s)
k=1"tk—1 ti—1

Taking into account

vk [ Nk [T —
(-1 Y(o)ds + (—1) Y(o)ds =0,

tk—1 tg
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and considering the pairs of integrals

ti

K(t, 5)ib(c)ds — / UK, $)i(0)ds

te—1 ti

tg

—IC(t,tk)< t w(o—)ds—/t“lw(a)ds)

+ At 8) ( / " (o = D(o)ds — / o mp(a)ds) _ o)

tk—1 ty

with y(t,s) = O(h), it is straightforward to check that the last integral in
(5.10) has also the order O(h). Thus, (K(Pyy —y))(t) = O(h%).
Finally, apply the operator Py to K(Pny — y). Denote v = Pyy — y.
Then, using (5.9) for ¢ € [t;—1,;], we have
h3

(PyKD)(®) = (Ko)(®) ~ 75

(Kv)"()p(7)
h3
S (K0)"(tn () + O(hY).

Our aim now is to show (Kv)”(t) = O(h). Using a Taylor expansion in
t =t;,_1 + Th, we calculate

+ (-1~

2
V(1) = (P (1) /(1) = " (14 67— 672" 0),
V(1) = 21— 2m)y (1),

Assume that IC is continuous and three times continuously differentiable
with respect to the first variable on {(t,s) : 0 < s < ¢t < T} and the
function ¢ — K(t, ) is two times continuously differentiable on [0,7]. Then,

(Kv)" dtg(/ms i)

jt? (K(t, 1)) v(t) + 2£ (K(t, ) 0" (t) + K(t, t)v" (t)

dt
+ i <8K(t, s)

at V()

s=t

m) o(t) + SK(19)

83
0 O3

2
+ 8—lC(t‘, s)

52 u(t) +

s=t

—K(t, s)v(s)ds

—O(h).
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Thus, we have proved || Py K (Pny — v)|lc = O(h*) and established

Theorem 5.2. Suppose that KC, 0K /0s, OK/0t, 0*K /0t and 03K /0t
are continuous on {(t,s) : 0 < s <t < T}. Suppose also the function
t — K(t,t) is twice continuously differentiable on [0,T] and y" € Lip1.
Then,

N e = (B
0211225\[ ’uN(tz) y(tz)| O(h )

in the case of uniform mesh.

For ¢ = 1 and ¢ = 1/2, the numerical experiments in Section 7.3
confirm the convergence rate O(h*) predicted by theory. The results in
Tables 13—17 also show the superconvergence in collocation points with
c = O(h?) for the test equations. It leads us to the conjecture that the
superconvergence holds also for this case. We state as an open problem the
superconvergence of the spline collocation method (4.2), (4.3) in collocation
points with ¢ = O(h?).
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Chapter 6

Quadratic spline subdomain
method for Volterra integral
equations

In this chapter we will study the step-by-step and nonlocal subdomain
methods with quadratic splines. It is natural to use a subdomain method
when equation’s free term is given by average values in subintervals. In ad-
dition, the collocation method could be considered as a subdomain method’s
approximation. Thus, the subdomain method is a basic method in colloca-
tion methods theory.

6.1 Description of the method

Consider the Volterra integral equation

y(t) :/0 K(t,s,y(s))ds + f(t), t €[0,T], (6.1)

with given functions f : [0,7] — R, £ : R x R — R and the set R =
{(t,s): 0<s<t<T}

There will be used a mesh Ay : 0 =tg < t1 < ... < ty = T which
represents spline knots. As we consider the process N — oo, the knots t;
depend on N. In order to determine the approximate solution u € Sa(Ay)
of the equation (6.1), we impose the following subdomain conditions

ti ti ot t;
/ u(t)dt = / / K(t,s,u(s))dsdt +/ f(t)dt, (6.2)
ti—1 ti—1 0 ti—1
foralli=1,...,N.
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Since dim S2(Apx) = N + 2 it is necessary to give two additional condi-
tions. We consider here two particular cases: the traditional step-by-step
method, and the nonlocal method where one of initial conditions is replaced
by the not-a~knot condition at the other end of the interval of integration.

6.1.1 Step-by-step method

To be able to start the calculations of the subdomain method with step-
by-step implementation, assume that we can use the initial values

u(0) = y(0),

6.3
u'(0) = 4/(0), o

which is justified by the requirement v € C[0,T]. Thus, on every interval
[ti—1,t;] we have two conditions of smoothness and one subdomain condi-
tion to determine three parameters of u as a polynomial of degree two on
[ti—1,t;]. This allows us to implement the method step-by-step, progressing
from the interval [t;_1, ;] to the next one.

We need the vector space

Cy[0,T] = {f € C[0,T]: 3f(0) = lim <f(h)_f<0)}

h—0+ h

For any f € Cy[0,T], let Py f € S2(An) be such that

(Pn£)(0) = £(0),
(P f)(0) = £(0),

. . (6.4)
/ (PNf)(t)dt:/ f(t)ydt, i=1,...,N.
ti_1 ti—1
Let the mesh Ay be complemented with knots t_ 5 < t_1 < ty and
tnN42 > ty+1 > tn. Denote hy =t; —t;_1, 7= —1,..., N + 2. This enables
to introduce the normalized B-splines, for i = —1,..., N,

(t—ti_1)?
hi(hi + hit1)’
(tis1 =)t —tic1) | iz =Dt — )
Bi t) = + ) te ti,ti )
®) hit1(hi + hit1) hit1(hit1 + hivo) i, i)
(tizo — 1)
(hiva(hiv1 + hia)’

te [tifla tl)a

t € [tiy1,tit2).
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If we use the representation

N+1

(PNf)(t) =D eBi(t), tel0,T],

i=—1
the conditions (6.4) could be written equivalently as
ho

c—1=f(0)— 5

£1(0),

hic—1 + hoco = (ho + h1) f(0),

t t; t t
Ci—2 / Bi,Q(t)dt +ci1 / Bl',l(t)dt + ¢ / Bl(t)dt = f(t)dt,
ti—1 ti—1 ti—1 t

i—1
i=1,...,N.

This linear system to determine the coefficients ¢; has a lower tridiagonal
matrix with nonzero entries on main diagonal. Thus, the projector Py is
correctly defined.

Consider the integral operator defined by

= /t K(t,s,u(s))ds, te0,T]. (6.5)
0

Lemma 6.1. The spline subdomain problem (6.2), (6.3) is equivalent
to the equation
u=PyKu+ Pnf, u€ Sa(Ap), (6.6)

provided the kernel K in (6.5) is continuous in R and differentiable with
respect to t in some neighbourhood of 0.

Proof. Note first that in the assumptions about the kernel K it holds
K : C[0,T] — Cy[0,T]. The proof of Lemma 6.1 is analogous to that
of Lemma 3.3. Here we used a standard calculation based on the property
of Py that Py f = 0 if and only if

f(0)=0, f(0)=

/ 1) — 1N,
ti—1

Indeed, then (6.6) is equivalent to the equalities
(u—Ku— f)(0)=0, (u—Ku-—f)(0)=0,

/ti (= Ku— ()t =0, i=1,...,N.

ti—1
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The first one of them is equivalent to u(0) = f(0) or u(0) = y(0) because
y(0) = f(0). The integral equalities are just (6.2). Taking into account

(Kv)/( / O (b 5,0(s))ds + K (1,1, 0(1)), v € C[0,T],

and using the differentiability of K with respect to ¢t in some neighbour-
hood of 0, we get (Ku)' (0) = K(0,0,u(0)) and (Ky)'(0) = K(0,0,y(0)).
Thus, with the help of (6.1), the equality (v — Ku — f)’(0) = 0 is equi-
valent to u/(0) — (Ku)'(0) = ¢'(0) — (Ky)'(0) or u/(0) — K£(0,0,u(0)) =
y'(0) — K£(0,0,y(0)). But the last equality, as u(0) = y(0), is equivalent to
u'(0) = ¢/(0) which completes the proof. O

6.1.2 Nonlocal method

We will see in Section 6.3 that the subdomain method with step-by-step im-
plementation is unstable. A hopeful reparation which works in collocation
could be the replacement of the first derivative condition by a not-a-knot
boundary condition at the other end of the interval of integration, so in
this case additional conditions are

u(0) = y(0),
u'(tny_1 —0) =u"(ty_1 +0).

Let the operator Py : C[0,7] — C[0,T] be such that, for any
f € C[0,T], we have Py f € So(An) and

(Pn£)(0) = f(0),
/t (Pn f)(t)dt = / ft)dt, i=1,...,N, (6.8)

ti—1

(6.7)

(Pnf)"(tn-1 = 0) = (PN f)"(tn-1+0).

First we have to verify that such a spline Py f exists and is uniquely deter-

mined.
Denote
I
zlz/ f(t)ydt, i=1,...,N.
hi ti—1
Look for a cubic interpolating spline S € S3(Ay) satisfying
5(0) =0, 5'(0) = f(0),

S(tl):Zhij, izl,...,N, (69)
=1
Sm(t]v_l - 0) = Sm(tN_l -+ 0).
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This problem has the unique solution S € S3(Ay), see Section 3.1. Taking
Pnf =5, we get a solution of (6.8), because

(Pxf)(0) = S'(0) = £(0),
/ti (Py F)(0)dt = S(t:) — S(ti1) = hizi = | f@)dt, i =1.. N,

ti—1 ti—1

Vice versa, let u = Pyf € S3(An) be a solution of (6.8). Then we have
S(t) = fg u(s)ds as a solution of (6.9). This means that projections Py are
correctly defined by (6.8).

Lemma 6.2. Suppose the kernel IC in (6.5) is such that the operator K
maps the space C[0,T] into itself. Then the subdomain problem (6.2), (6.7)
s equivalent to the equation

u=PyKu+ Pnf, uc€ SQ(AN) (610)

The proof is analogous to that of Lemma 6.1.

6.2 Method in the case of a test equation

Consider already appeared test equation

y(t) = )\/Ot y(s)ds + f(t), t€[0,T], XeC. (6.11)

We are looking for an approximate solution u € S2(Apy) which will be
determined by subdomain method with different implementations, stated
in previous section.

Assume that the mesh Ay is uniform. Similarly to Section 4.2, the
quadratic spline u will be represented by B-splines

N
u(t) = Y e:Bi(t), (6.12)

i=—1

where B; are determined by (4.5).
Here we are going to express the subdomain conditions (6.2), which in
this case are

t; ti ot t;
/ u(t)dt = )\/ / u(s)ds dt —l—/ f)dt, i=1,...,N, (6.13)
ti—1 ti—1 J0 ti—1

k3

in the form of linear equations.
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First, find the left-hand side of (6.13). Using (4.7), we have
ti h
/ u(t)dt = g(ci_2+4ci_1 —f—CZ'), 1=1,...,N. (614)
ti—1

Secondly, calculate the double integral

/ / s)dsdt, i=1,...,N.
ti—1

Taking into account (6.12), write
/ s)ds = Z cj/ s)ds = Z / Bj(s)ds.
Jj=-1 j=—1 [ti—1,t54+2]1 N[0,t]

The support of the B-spline B; can be divided into three intervals: [t;_1,;],
[tj,;tjy1] and [tj41,tj42]. So we have to find the following integrals

tjtk—1 t
Sk:/ Bj(s)ds and Tk:/ Bj(s)ds, k=1,2,3.

Ljtk—2 Ljtk—2

Using (4.5) and t = t;,_1 + 7h, 7 € [0, 1], we obtain

h 4h h
51—57 52—?7 53—5

h
T, = g73, T, = g(sr+ 378 —277), Ty= (373" +7°),

Then for t € [to,t1], t € [t1,t2] and t € [t2,t3], the corresponding integrals
are

t
/ u(s)ds = Tsc_1 + Toco + Ticq
0

h
=3 (0_1(37 -3+ 73 + co(3T + 3r2 —27%) + 617’3) ,

¢
/ u(s)ds = Szc_1 + (So + T5)co + (S1 + To)eq + Tico
0

=3 (c—1+ (@ —1)cg + bey + cez)

t
/ u(s)ds = Szc_1 + (S2 + S3)co + (S1 + Sz + T3)er + (S1 + To)ce + Thes
0

h
= 3 (c_1 + 5¢co + acy + beg + 063),
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and for t € [t;—1,t;], i=4,..., N,
t
/ u(s)ds =S3¢_1 + (SQ + 53)60 + (Sl + Sy + 53)(61 + ...+ Ci—3)
0
+ (S1+ S22+ T3)ci—o + (S1 + T2)ci—1 + Tic
h
:g (C_l + 5co + 6(01 —+ ...+ Ci_3) +aci_9 + bci_1 + CCZ') ,

where a =5 +37 — 372+ 73, b=1+ 37+ 372 — 273 and ¢ = 3. Now we
are able to find the double integrals

t1 t h2
/ / u(s)dsdt = —(3c_1 + 8co + 1),
to Jo 12
t3 t h2
/ / u(s)dsdt = 5(40_1 + 19¢o + 12¢1 + ¢2),
to 0
t3 t h2
/ / u(s)dsdt = 5(4071 + 20co + 23¢1 + 12¢5 + c3), (6.15)
to 0

t; t h2
/ / u(s)ds dt = ﬁ(46_1 +20co + 24(c1 + ... + ¢i—3)
ti—1J0

+23ci—o + 12¢;i-1 + ¢;), i=4,...,N.

Replacing (6.14) and (6.15) in subdomain conditions (6.13), we get

12
aic—1 + asco + PBsc1 = o
12F:
Bic—1 + ageo + Bact + PBsca = - 2 ,
12F
ﬂw4+&m+&q+mg+&%:4F2 (6.16)

Bic—1 4 Baco+y(c1 + ...+ ci—g) + B3ci—o + faci—1

12F;
h )

+ Osci = 1=4,...,N,

where
t;

Fi:/ ftydt, i=1,...,N,
ti—1

a1 =4 —3\h, ag=16—8\h, a3 =4—19\h, v = —24\h,
01 = —4Mh, PBo = —20\h, B3 =4—23\h, (4=16—12)\h, (5 =4 — A\h.
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Thus, the subdomain conditions (6.13) are explicitly written as linear equa-

tions.

Next we will explain how to find the coefficients ¢; in the representation

(6.12) of the approximate solution w.

6.2.1 Step-by-step method

Consider the initial conditions (6.3). From Section 4.2 (see formula (4.11))

and u/(0) = y'(0) = Ay(0) + f'(0) = Af(0) + f'(0), we obtain
c_1+c= f(0)7
c_1—cy= g (Af(0) + f(0)).

Denote go = f(0), g1 = —h(Af(0) + f'(0))/2, then

c :90+91
—1 92 )
c :go—gl

0 5 .

Using (6.16), we get the unknowns ¢;

g2 —a1C-1 — Q2o

C1
Bs ’

g3 — Brc—1 — azco — Pact

Cy = )
Bs

g4 — Brc—1 — PBaco — B3c1 — Baco

C3 = )
Bs
i—3

git1 — Bre—1 — Paco —yD_j=1 ¢ — Baci—a — Pacii1 A

Ci = s = a,. ..

Bs
where g; = 12F;_1/h,i=2,...,N + 1.
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6.2.2 Nonlocal method

Collecting into a system boundary conditions (4.11), (4.12) and subdomain
conditions (6.16), we have

1 1 0 0 O 0 0 c_q 90
ap az B 0 0 0 0 o g1
B as Ba Bs 0 O 0 1 92
Br B2 B3 Ba Bs O 0 c2 g3
Br B2 v B3 Ba B 0 c3 94
v B2 v v - v v B3 Ba B CN-1 gN

o o o o ... 0 -1 3 -3 1 CN 0

with go = f(0) and ¢; = 12F;/h, i = 1,..., N. Solving this system, we
get the coefficients in the representation of the quadratic spline (6.12) by
B-splines.

6.3 Instability of the step-by-step method

In this section we show that the traditional step-by-step implementation of
subdomain method gives an unstable method.
Suppose throughout this section that the mesh is uniform.

Definition 6.3. We say that the spline subdomain method with quad-
ratic splines is stable if, for any A € C and any f € C'[0, 77, the approximate
solution u € S2(An) of the test equation (6.11) remains bounded in C[0, T
as h — 0.

Proposition 6.4. The quadratic spline subdomain method is not stable.

Proof. Suppose that the method is stable. For A = 0, the approximate
solution u of the test equation (6.11) is just Py f. Then the principle of
uniform boundedness yields that the sequence || Px||c1_¢ is bounded, i.e.,
for all f € C1[0,T],

lulle = [[Pn fllc < const [ fllcr, (6.18)

where the constant may depend on T" and A, but not on V.
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Given any function f € Cy[0,T], the coefficients ¢; of u = Pyf =
> _1<i<n CiBi are determined by the system (6.17), (6.16) in the form

1 0 o 0 --- 0 c_1 g1
1 1 o 0 --- 0 Co 90
1 4 1 0 --- 0 cl g1
o =1 | (6.19)
0 0 1 4 1 cN gN
where
h )
9-1=f(0) = 5£(0), go=2f(0 f i=1,...,N.
7, 1

Let us consider the equations of (6.19) (except first two of them) as the
difference equation (see [26])

Ci—a+4ci1+ci=g¢g;, 1=1,...,N.
Its characteristic equation A2 + 4\ + 1 = 0 has the roots A = —2 — /3 and

u:—2+\/§.

Take the vector g = (£/2,¢,0,...,0)T with £ > 0 and look for
ci = KX + Kot i=—-1,...,N,

as the corresponding solution of the system (6.19). First two equations of
(6.19) allow to determine the coefficients

e(2—p) e(2-=X)
Kl = T K2 =
20— p) 2(p—=A)
Also, for i > 1, we have
—_ |yt 1% ¢ i
lei| = (A <K1)\ + Ko (X> >‘ > const €|\|*, (6.20)

because (/)" — 0 as i — oc.
Consider the function f(t) = hcos(wt/h), t € [0,T]. Then

f(0)=nh, f(0)=0 and/ (@) =1,...,N.

It is also easy to verify that || f||c1 < const. Letting € = h, the use of (6.20)
and the stability of B-splines (see [61]) gives

AP

|lullc > const |cn| > const 5|)\\N = const — 00,

as N — oo, which contradicts (6.18). Proposition is proved. O
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Remark 6.5. The proof of Proposition 6.4 shows that the influence of
round-off errors (whose role may be played, e.g., by ¢) increases unbound-
edly when N goes to infinity.

6.4 Convergence of the nonlocal method

We would like to apply general convergence theorem (Theorem 2.1) for
operator equations (6.10). One of the assumptions in this theorem is the
convergence of the sequence of approximating operators Py to the identity
or injection operator. This means that the uniform boundedness of the
sequence Py is the key problem in the study of the collocation method
(6.2), (6.7).

Throughout this section, consider the general (not necessarily uniform)
mesh Ay with h = maxj<ij<yh; — 0 as N — oo. Given any function
f € Cl0,T], let us consider u = Py f € Sa(Apn) determined by the condi-

tions
u(0) = f(0)

t; t;
/ u(t)dt = / ft)dt, i=1,...,N,
ti1 ti—1
u”(tN,1 — O) = u”(tN,1 + 0)
Using the notation u; = u(t;), z; = hi_l tt~i,1 f@)dt and t = t;—q1 + Th;,
7 € [0,1], we have the following representation of u
u(t) = 62,7(1 — 7) +u;—1(1 — 47 + 37%) + w;7(31 — 2)  (6.21)
where ¢ € [t;_1,t;]. The continuity of the derivative «’ in the knots gives
Wili—1 4 2u; + A1 = wy, 1=1,..., N — 1, (622)

where

_ P
hi + hit1’

The initial condition «(0) = f(0) adds the equation ug = f(0), and the

not-a-knot requirement at ty_1 could be written in the form

i =1—=X w; = 3(/1,1'2’2‘ + /\izi+1)-

hiun_o 4+ (b3 — b3 )un—1 — hA_juny = 2(hAznv_1 — hA_12n). (6.23)

Then, eliminating uy in (6.22) with the help of (6.23), we write the equa-
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lities to determine u;, ¢ = 0,..., N — 1, as follows:

up = f(o)a
Witli—1 4 2u; + A1 = wy, 1=1,..., N — 2 (624)
h h h
N uN-—2 + (1 + X > UN_1 = (3 +2 N > UN—1ZN—1 + AN—1ZN.
hN_1 hN—l hN—l

It is clear now that in the system (6.24) the difference of domination in
rows is 1. Hence, if hy/hny_1 < const, it holds

max |u;| < const max |z;| < const | f|c
0<i<N—1 0<i<N

and, in addition, with the help of (6.23),

< t i< t .
lun| < cons OISIliaé)](V‘ZZ‘ < const || f|lc

The representation (6.21), assumption hy/hy_1 < const and obtained es-
timates allow to get

P _ ] < ¢
IPnfllc @Egteggtﬂlw)l_cons Il

for any f € C[0,T] with a constant independent of N. We have proved the
following

Proposition 6.6. Assuming that hy/hy—1 < const, the projections
Py determined by (6.8) are uniformly bounded in the space C[0,T].

Remark 6.7. Note that the operators Py, determined by (6.8), are
correctly defined. Namely, the unknowns u;, ¢ = 1,..., N, in the represen-
tation (6.21) of Py f are uniquely determined from the system (6.24) and
the condition (6.23).

We will apply Theorem 2.1 to the equation (6.1) which is possible due
to the following

Lemma 6.8. The projections Py defined by (6.8) converge pointwise
to the identity, i.e. Pxf — f in C[0,T] for all f € C[0,T] as N — co.

Proof. The proof is similar to that of Lemma 4.4. For given f € C'[0, 77,
let S be the quadratic spline satisfying

5(0) = £(0),

h; h; )
i— a | = i— o | :17"'7N7
S<t 1+2> f<75 1+2> i

S"(tny—1—0)=S"(tn_1+0).
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Taking into account ||Py|| < const and ||S — f||c — 0 (see [32]), we get

I1Pnf = flle < IPnf—=Slle+ 1S = fle
= [IPn(f =)lle + 15— flle
< const || f = Slo + |5 = flle = 0.

This means that |[Pyf — fllc — 0 for all f € C'[0,7]. Basing on the
Banach-Steinhaus theorem, we get the convergence of the sequence Py to
the identity operator everywhere in the space C[0, T, since C'*[0, T] is dense
in C[0,T]. The proof is completed. O

Let E = C[0,7] and the operator K be defined by (4.25). Using
Lemma 6.8, Theorem 2.1 directly yields

Theorem 6.9. Suppose the kernel IC is such that K is compact and the
mesh Ay has the property hy/hn—1 = O(1). Then the method (6.2), (6.7)
is convergent in C[0,T]| and the estimates (2.3) and (2.4) hold.

Remark 6.10. The rate of convergence of the method (6.2), (6.7) for
linear equations, as stated in Theorem 6.9, is determined by the two-sided
estimate (2.3). In Appendix A.2 it is shown that quadratic spline histopo-
lation projections Py have the property ||Pyu — ul|c = O(h?®) for smooth
functions u (actually, it suffices u” € Lip 1). The rate O(h3) is confirmed
by the numerical tests presented in Section 7.4.
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Chapter 7

Numerical tests

In numerical tests we chose the test equation

y(t) = /\/Oty(s)ds O, telo1] (7.1)

with the exact solution y(t) = (sint + cost + €')/2. We also implemented
collocation and subdomain methods for the equation in the linear case with

K(t,s) =t —s and f(t) =sint

whose exact solution is y(t) = (2sint + e* — e7!)/4 on the interval [0,1].
This equation is used in [3, 14]. Actually, we calculated the error of the
methods ||u — y||c approximately as

]

The results are presented in the following sections and tables.

max max
1<n<N 0<k<10

7.1 Cubic spline collocation

The approximate solution w is calculated by the cubic collocation method
(3.2), (3.3). The convergence rate of |[u—y||c = O(h?) for smooth solutions
in the case appropriate collocation parameter ¢ € [1/2,1] supports the
theory.
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¢
Numerical results for y(t) = A [y(s)ds+ f(¢)
0

Table 1. A = —1, f(t) =sint + ¢

N | 4 |16 | 64 | 256

c=1 1.94-107% | 8.63-1077 | 3.48-10792 | 1.37-10° 11
c=0.7514.00-10"%*]1.65-107% | 6.52-1079 | 2.56 - 10~ 1!
c=05 |868-107%(3.73-107%]1.49-1078 | 5.85-10~1¢

Table 2. A =2, f(t) = (3cost —sint —e')/2

N | 4 | 16 | 64 | 256

c=1 1.65-10* | 6.81-107 | 2.70-1072 | 1.06- 10~
c=0.751]312-107% ] 1.55-107% | 6.39-1079 | 2.53- 10~ 1!
c=05 |722-107%(3.32-107%]1.35-1078 | 5.31-10"1¢

Table 3. A\=1, f(t) =cost

N | 8§ | 32 128 512 | 2048

¢c=049 | 553-107° [ 2.42-1077 [ 1.93-1079 | 4.25-1078 | 4.16-10°
c=04 [844-107°(3.12-107° | 1.34-10% | 7.96-10% | 5.64-10198
c=01 [1.05-1072| 1.77-10% | 2.86-10% | 3.35-102%!4

Table 4. A = —2, f(t) = (3sint — cost + 3¢e')/2

N 8§ | 82 | 128 | 512 | 2048

¢c=049 | 6.23-107° | 2.79-1077 | 3.14-1072 | 8.98-10"% | 3.53.106
c=04 |1.11-107*]6.48-107° | 2.83-10% | 1.70-10* | 1.99 - 1019
c=01 [194-10"2| 3.62-10% | 6.00-10% | 6.73- 10214

It was impossible to compute the entries corresponding to the cases
c = 0.1 with N = 2048 because of numerical overflow in the used computa-
tional packages (the highest representable value is 10307).
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Table 5. Numerical results for y(t) = [(t — s)y(s)ds + f(t)

0

N 8 32 128 512

c=101594-10"6]259-10"8 | 1.04-10710 | 4.07-10"13
c=051]237-107° ] 1.04-1077 | 4.15-10710 | 1.64 - 1012
c=041]276-10"° | 3.54-10"8 1.71 2.74 - 1037
c=0.11320-10%] 1.26-10* | 5.16-10* | 1.51-10%!!

In addition, we present the results of numerical tests for the test equa-
tion (7.1) by step-by-step collocation method with cubic splines in the next
table, taken from [54]. Given numbers are the approximate values of |lu| ¢,

calculated as maxj<,<y maxo<g<io |u(tn—1 + kh/10)|.

Table 6. A =1, f(t) = cost

N | 4 8§ | 16 | 82 | 64
c=1 2.0498 2.0491 33.56 3.10-10° | 3.85-10%
c=0.5 3.089 1.42-10* | 4.65-10'3 | 8.33-1033 | 4.39-107°
c=0.113.33-10° | 5.99-10%6 | 3.42-10%0 | 1.88-10% | 9.26 - 10'87

7.2 Quadratic spline collocation

In this section we found the quadratic spline u by the collocation method
(4.2), (4.3). In the following tables we present ||u — y|/c in the upper row
and ||u’ — ¢/||c in the lower row for particular values of N and ¢. The
approximate value of ||u’ —¢/||¢ is calculated similarly to that of ||u —y||c.
The results confirm the rate |[u — y||c = O(h?®) and ||/ —¢/'||c = O(h?) for

smooth solutions predicted by the theory.
¢
Numerical results for y(t) = A [y(s)ds + f(t)
0

Table 7. A = —2, f(t) = (3sint — cost + 3e')/2

N 4 16 64 256
c=1 1.12-1072 [ 2.21-107° [ 3.63-10"7 | 5.74-107°
268-1072]190-1073|1.22-107% | 7.66-10"°
c=0.71266-10"3]479-10° | 7.66-10"7 | 1.20-10~8
4.60-1072 | 351-1073 | 2.29-107% | 1.45-107°
¢c=05]459-1073 [894-107° | 1.46-1076 | 2.31-10°8
5.69-1072 | 4.48-1073 | 2.95-107% | 1.86-107°




Table 8. A\ = —1, f(t) =sint + ¢t

N 4 16 64 256
c=0.1 7.71-1073 1.62-10~* 2.70-1076 4.29-1078
7.11-102 5.81-1073 3.85-107% 2.44-107°
c=10"3 | 8.0866 - 1073 | 1.6899 - 10~ | 2.8187-107% | 4.4751-108
7.2391-1072 | 5.8971-1072 | 3.9151-10~% | 2.4834-10~°
c=10"%1]8.0891-10"3 | 1.6902-10~% | 2.8184-107% | 4.4618 - 108
7.2399-102 | 5.8972-1073 | 3.9148 - 10~ | 2.4900 - 1075
Table 9. A =1, f(t) = cost
N 4 16 64 256
c=1 1.32-1072 [ 2.90-107° | 490-10"7 | 7.80-107°
229-1072185-1073 | 1.25-107% | 7.98-1076
c=071219-10"3 | 4.73-107° | 7.98-10"7 | 1.27-10~8
4.20-1072 |1 3.42-1073 | 2.27-107% | 1.44-107°
c=051]4.03-10"2[8.63-10° | 1.45-107% | 2.30-10°8
5.38-1072 | 4.41-1073 ] 293-107%| 1.86-107°
Table 10. A =2, f(t) = (—sint+ 3cost —e')/2
N 4 16 64 256
c=0.1 7.24-1073 1.56-10~* 2.62-1076 4.17-1078
6.99- 1072 5.79-1073 3.85-107% 2.44-107°
c=10"2 | 7.8735-1073 | 1.6810-10~% | 2.8145-107% | 4.4722- 108
7.1893-1072 | 5.8948 - 1073 | 3.9150 - 10~* | 2.4834 - 107°
c=10"%]7.8789-103 | 1.6819-10"% | 2.8158 - 1076 | 4.4719-1078
7.1906 - 1072 | 5.8950 - 103 | 3.9150 - 10~ | 2.4847-107°

94




¢
Table 11. Numerical results for y(t) = [(t — s)y(s)ds + f(t)
0

N 8 32 128 512

c=1 |481-107°]1920-10"7 | 1.51-1078 | 2.38 - 10710
215-1073 | 1.56-107% | 1.01-1075 | 6.36-10"7
c=051]195-10"*1{3.71-107% | 6.07-1078 | 9.59 - 1010
5.02-1073 | 3.75-107% | 2.45-107° | 1.55-1076

¢c=0.11]356-10"*16.84-10%|1.12-107°7 | 1.77-107°
6.53-1073 | 4.92-107% | 3.22-107° | 2.03-10°6

In addition, as in previous section, we present the results of numerical
tests for the test equation (7.1) by step-by-step collocation method with
quadratic splines taken from [54]. Given numbers are the approximate
values of ||U”C, calculated as maxi<p<N MaxXo<k<10 |u(tn,1 + kh/10)|

Table 12. A =1, f(t) = cost

N | 4 ] s | 16 | 32 | 6
c=1 | 2.050080 | 2.050031 | 2.050028 | 2.050028 | 2.050028

c=0.71]2.050162 | 2.052011 | 2.597786 | 6.02-10° | 1.13-10"
c=0.11243-10% | 2.64-10° | 5.70-10%* | 4.50-10°6 | 4.61 - 102!

7.3 Superconvergence of quadratic spline
collocation

Here, as in Section 7.2, we used the collocation method (4.2), (4.3). We
calculated the error at the collocation points as follows

max fuw (ti-1 + ch) = y(ti1 +ch)l.

The numerical experiments confirm the convergence rate O(h?) predicted
by theory.
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¢
Numerical results for y(t) = A [y(s)ds+ f(¢)
0

Table 13. A = —2, f(t) = (3sint — cost + 3e!)/2
N | 4 | 16 | 64 | 256

c=1 211-107419.75-1077 | 3.93-107Y | 1.55- 1011
c=05 [159-107%19.33-1077| 399-1072 | 1.59-10~ 11
c=N"2|572-10"° | 1.71-1077 | 5.32-10710 | 1.95.1012

Table 14. A\ = —1, f(t) =sint + €

N | 4 | 16| 64 | 256

c=1 1.16-107% | 6.25-1077 | 2.62-10792 | 1.04-10~ 1!
c=05 ]804-107°|453-1077 | 1.92-1072 | 7.63-10712
¢c=N"21356-10"°|1.15-10"7 | 3.66- 10710 | 1.34-1012

Table 15. A =1, f(t) = cost

N 4 | 16 | 64 | 256

c=1 2.78-107% ] 1.79-107% | 7.87-107Y | 3.16- 10~ 1!
c=05 [7.29-107°]3.68-10"7 | 1.52-1079 | 5.98.10"!2
c=N"216.09-10"°|247-10"7 | 8.57-10710 | 3.19.10"!2

Table 16. A =2, f(t) = (—sint + 3cost — e')/2

N | 4 |16 | 64 | 256

c=1 1.76 - 1072 | 1.09-107° | 5.16 - 10~8 | 2.11- 1010

¢c=05 [1.19-107*|6.87-1077 | 3.11-1072 | 1.26- 10~ !¢
=N"2]169-107%|803-1077{295-1079 | 1.12-10~11

¢
Table 17. Numerical results for y(t) = [(t — s)y(s)ds + f(t)
0

N 4 | 16| 64 | 256

c=1 2.39-107° | 1.53-10"7 | 1.03-10719 | 2.67-10712
c=05 1839-1077|7.67-1079 | 3.59-10" | 1.47-10713
c=N"21199-107%| 1.17-1078 | 4.46-10" | 1.71-10713
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7.4 Subdomain method

In Table 18 there are presented the numerical results for the test equa-
tion (7.1) determined by the step-by-step subdomain method (6.2), (6.3).
In Tables 19 and 20 we present results obtained by the nonlocal subdomain
method (6.2), (6.7). The rate O(h%) in the last two tables supports the

theory.

t

Numerical results for y(t) = A [y(s)ds+ f(¢)

0

Table 18. f(t) = ((1 — A)sint + (1 + X)cost + (1 — N)et)/2

N 4 16 64 256

A=—-21328-10"3 | 98.02 | 1.10-10%7 | 2.79 - 10134
A=—1259-10"3 | 76.56 | 8.54-10%0 | 2.18 - 1034
A=1 1.46-1072 | 45.99 | 5.17-10% | 1.32- 1034
\ = 1.02-1073 | 35.36 | 4.01-10%6 | 1.03- 10134

Table 19. f(t) = ((1 — A)sint + (1 + X)cost + (1 — N)et)/2

N 4 16 64 256
A=-21327-103|6.27-107° | 1.02-107% | 1.61-10"8
A=-11]311-10"3{6.18-107° | 1.02-1076 | 1.61-10"8
A\ = 2.77-1073 | 599-107° | 1.01-107% | 1.61-10"8
A= 2.60-1073 | 5.91-107° | 1.01-107% | 1.60- 1078

t
Table 20. Numerical results for y(t) = [(t — s)y(s)ds + f(t)
0

N |

i

16|

64 |

256

‘ 5.70-1073 ‘ 9.02-107° ‘ 1.41-107° ‘ 2.20-10°8
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Appendix A

A.1 B-splines and Schoenberg— Whitney theorem

To prove the existence and uniqueness of solution of the spline interpolation
problem, we use a basic theorem in spline theory: the Schoenberg— Whitney
theorem.

Let d be a nonnegative integer and let

s: 51 < ... < Sptd+1

be the vector of knots such that s; < s;4441 fori=1,...,n.

Definition A.1. The i-th B-spline of degree d with knots s is defined
by
Tr — S;

Si+d — X
Bia-1,s(z) + LBiH,d—l,s(x% (A1)

Bi d S(IE) -
T Sitd — Si Sitd+1 — Si+1

for all real numbers z, with

1, if s <z <siya,

Bios(x) = {

0, otherwise.

Here, the convention that ”0/0 = 0” is assumed. There is another
equivalent definition of B-spline, using truncated power functions. Denote

(s — )l = (s — )¢, if S—?UZO,
0, otherwise.

Considering the function ¢q4(s, z) = (—1)4T1(d+1)(s—z)%, we can establish

that
B as(x) = walx; siy- .., Sivdr1], i=1,...,n,
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where @q[z; si, ..., Sitdt1] is (d+1)-st order divided difference for the knots
Siy« -y Sitd+1 to the function ¢g(s,x) with respect to the variable .

The functions B; 4¢(z), 4 = 1,...,n, are linearly independent (see
[42, 61]). Let us denote their span by Sy . Thus, any spline S from the
space Sq s can be written as

S(x) = Z ¢iBia,s(T).
i=1

Let us denote, for r > 1, the right derivative of order r by

r _ o (D) @+ h) — (D) (2)
(D410 = Jim, h

Y

accepting D9rf = f.

Theorem A.2 ([42, 61]). The r-th right derivative of the i-th B-spline
of degree d on s is given by

(D'} Big,s)(x) = d <(D1_lBi’d1’3)(m) - <D1_IB"“’“’S)<$)> . (A2)

Si+d — Si Si+d+1 — Si+1
for d > 1 and for any real number x.

Suppose a sequence of interpolation points  : ;1 < ... < x, with
i < Tiygy1 for @ = 1,...,n —d — 1 is given. Consider the following
interpolation problem: find S € Sy, such that, for given f;,

(Di’(%*) (@) =fi, i=1,...,n, (A.3)
where \;(i) = max{j| z;—; = x;} is the left multiplicity of the node z;.

Next theorem is one of the most fundamental results in the study of
spline functions.

Theorem A.3 (Schoenberg — Whitney theorem). The interpolation prob-
lem (A.3) is uniquely solvable for any f; if and only if

x; € (Si, 5i+d+1) U{Si, if Diw(i)Bst(si) #* 0}, 1=1,...,n. (A.4)

See [42, 61] for the proof.
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A.2 Quadratic spline histopolation

This part of Appendix is written to present a probably known result about
convergence rate for quadratic spline histopolation. Unfortunately, we can-
not give the precise reference where it was proved.

Let it be given a continuous function f on [0,7]. Consider a mesh

Ayv: 0=tg<ti1 <...<tny=T.

Denote h; = t; — t;_1. Here we will study the following histopolation
problem: find a quadratic spline u € So(Ay) determined by

t; ti
/ w(t)dt = / FO)dt, i=1,....N, (A.5)
u”(tN,1 — 0) = ’u,”(tN,1 + O)

As we have already shown, this problem has the unique solution (see Sec-
tions 6.1.2).
Using the notation u; = u(t;), t = t;—1 + 7h;, 7 € [0,1], and

I
zi:/ fltydt, i=1,...,N,
hi Ji,

we have the representation of u for ¢ € [t;_1, ;]
u(t) = 62,7(1 — 7) + ui_1 (1 — 47 4+ 372) + u;T (317 — 2).
The continuity of the derivative v’ in the knots gives
Hiti—1 + 2u; + Nuipr = wi, 1=1,..., N —1, (A.6)
where
__hin
hi + hit1’

The initial condition w(0) = f(0) adds the equation ug = f(0), and the
not-a-knot requirement at ty_1 could be written in the form

pi=1-=2X w; = 3(izi + NiZit1)-

hun—_2 + (W — hA_1)un—1 — hx_qun = 2(hAzn—1 — hA_12n). (A7)
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Then, eliminating uy in (A.6) with the help of (A.7), we write the equalities
to determine u;, i = 0,..., N — 1, as follows:

ug = f(O),
pithi—1 + 2u; + A = wi, i=1,..., N =2,

h h
N UN_2 + (1 + N > UN_1 (A-8)
hn-1 hn-1

h
= (3 + 2hN> UN-12N—1+ AN—12N-
N-1

First, investigate ¢; = u; — f;, ¢ = 1,..., N, with f; = f(¢;). Using
(A.8), we have

q0 =0,
HiGi—1 + 2¢; + Nigi—1 =d;, i=1,...,N —2, (A.9)
h h
N qN—2 + <1 + > gN—1 = dN_1,
hn-1 hn-1

where
di = 3(pizi + Nizig1) — (Hifior +2fi + Nific1), i=1,...,N =2,

h
dn—1 = (3 + 2hN> UN—1ZN—-1 + AN-1ZN
N-1

hy hn
— <hN_lfN—2 + (1 + hN—l> fN—1> -

It is clear that, in the system (A.9), the difference of domination in rows
is 1. Hence,

| < d;|.
oglz%%\}/{q il < og?%%\}fcq‘ d

Let f” € Lip 1 and hy/hn—1 < const. Using a Taylor expansion of z; and
fijint; ford;, i =0,...,N — 1, we get

u—fi=00h, i=1,...,N—1.

In addition, using (A.7), we obtain

h? h?
uy — fn = miN(UNq—foz)%" th =1 (un-1— fn-1)
No1 No1
h? h? h?
-2 <h2N ZN-1— ZN) + th In—2+ (th - 1) In-1— N
N-1 N—-1 N—-1



Expanding z; and f; in the last row by a Taylor formula, we also establish
uy — fnv = O(h?).
Secondly, consider for ¢ € [t;_1,t;]
u(t) — f(t) = 6z7(1 = 7) — f(t) + fior(1 — 47 + 37°) + f;7 (37 — 2)
+ (wic1 — fi1)(1 — 41 +37%) + (u; — fi)7(31 — 2).

Again, using in the first row of the last expansion a Taylor expansion of z;,
fi—1 and f; in t, we get

ult) — f(t) = O(h%).
We have proved the following

Theorem A.4. Suppose hy/hn_1 < const and the funcion f is such
that f” € Lip 1. Then

lu— fllo = O(h?),
where u is the histopolating quadratic spline determined by (A.5).
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KOKKUVOTE

Volterra integraalvorrandite lahendamine
ruut- ja kuupsplainidega kollokatsioonimeetodil

Integraalvorrandite teooria uurimine on tunduvalt intensiivistunud vii-
masel paarikiimnel aastal. Nende vorrandite rakendusi voib leida erinevates
eluvaldkondades: meditsiinis, bioloogias, majanduses. Praktikas esinevad
integraalvorrandid lahendatakse reeglina ligikaudselt ehk kasutades erine-
vaid diskretisatsioonimeetodeid.

Teatavasti on koige levinumad praktikas Volterra II liiki integraalvor-
randite lahendamiseks Runge-Kutta meetodid ja splainidega kollokatsioo-
nimeetod, mida saab realiseerida sammhaaval. On teada, et kollokat-
sioonimeetod splainidega ruumist C~!' on alati stabiilne ja annab head
koonduvusteoreemid. Lineaarsete splainide korral on sammumeetod stabiil-
ne, kui kollokatsiooniparameeter ¢ € (0,1] (mis iseloomustab kollokatsioo-
nipunktide asendit splaini solmede vahel) on 16igust [1/2, 1]. Ruutsplainide
korral on meetod stabiilne ainult siis, kui ¢ = 1. Siledate kuup- ja korgemat
jarku splainide korral on kollokatsioonimeetod alati mittestabiilne, ole-
nemata sellest, kuidas valitakse kollokatsiooniparameeter. Sellest kerkib
loomulik kiisimus, kuidas lahendada kollokatsioonimeetodil Volterra integ-
raalvorrandit, kui soovitakse kasutada ruut- ja kuupsplaine.

Kaéesolevas doktoritoos on kasitletud mittelokaalseid meetodeid kuup-
ja ruutsplainidega, mille korral on vilja selgitatud kollokatsiooniparameetri
stabiilsuspiirkond. Samuti on toestatud rida koonduvusteoreeme.

To6 esimeses peatiikis antakse liihike iilevaade integraalvorrandite teoo-
ria ajaloost, tuuakse néiteid Volterra integraalvorrandite rakendamisest ja
tutvustatakse teiste autorite t6id, mis kasitlevad splainidega kollokatsioo-
nimeetodit.

Toos esitatud kollokatsioonimeetodeid saab koiki vaadelda erinevate
projektsioonimeetoditena. Seega saab meetodite koonduvuse toestamiseks
kasutada iildisi projektsioonimeetodite koonduvusteoreeme, mida vaadel-
dakse teises peatiikis. Samuti kirjeldatakse seal sammhaaval realiseeritavat
splain-kollokatsioonimeetodit.

Kolmandas peatiikis on vaadeldud kuupsplain-kollokatsioonimeetodit,
kus iiks algtingimustest asendatakse ”puuduva solme” rajatingimusega in-
tegreerimisloigu teises otsas. Saadud lahisiilesanne nduab vorrandisiisteemi
lahendamist, seejuures ei suurene tehete arvu jark vorreldes sammumee-
todiga. Sel juhul saadakse meetodi stabiilsus, kui kollokatsiooniparameeter
kuulub 16iku [1/2,1]. Pohitulemused on seotud vastavate projektorite uuri-
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misega. Naidatakse ldhendusoperaatorite tugevat koondumist iihtlase vorgu
korral. Selleks kasutatakse kuupsplainide esitust B-splainide kaudu ja mit-
meid erinevaid tehnilisi vahendeid, nagu naiteks Banachi piisipunkti print-
siip, diferentsvorrandite teooria ja funktsioonide kéditumise uurimine. Juhul
¢ = 1/2 on toestatud, et kuupsplain-projektorid ei ole iithtlaselt tokestatud,
kuid nende normid on jarguga O(N). Siis on lisaeeldustel voimalik saada
koonduv meetod sileda lahendi korral.

Neljandas peatiikis on kirjeldatud ruutsplain-kollokatsioonimeetodit, kus
iiks algtingimustest asendatakse ”puuduva solme” rajatingimusega integ-
reerimisloigu teises otsas, nagu eelmises peatiikis. Toestatakse meetodi
koonduvus ruumides C ja C! suvalise kollokatsiooniparameetri ¢ € (0, 1)
ja mittetihtlase vorgu korral. Koondumine saadakse tildisest koonduvus-
teoreemist operaatorvorrandite jaoks. Kui meetodis esineb kollokatsiooni-
parameeter ¢ = 1, siis on nédidatud, et ruutsplain-projektorid ei ole iihtlaselt
tokestatud iihtlase vorgu korral, kuid nende normid on O(N) jarku. Sellisel
juhul toestatakse lisaeeldustel vastavate projektorite regulaarne koondu-
mine ja saadakse koonduv meetod, tuginedes projektsioonimeetodite koon-
duvusteoreemile operaatorvorrandite korral, mis kasutab operaatorite re-
gulaarset koondumist.

Viiendas peatiikis on vaadeldud ruutsplain-kollokatsioonimeetodi tahe-
lepanuvaarset omadust lineaarse Volterra integraalvorrandi korral. Nimelt
on toestatud superkoonduvus kollokatsioonisolmedes tiksikute kollokatsioo-
niparameetri vadrtuste korral. Vorreldes ruutsplain-kollokatsioonimeetodit
koonduvusjirguga O(h3) tervel 16igul, saadakse jirk O(h*) kiillalt sileda
lahendi ja tihtlase vorgu korral.

Kuues peatiikk kasitleb ruutsplainidega osapiirkondade meetodit. Osa-
piirkondade meetodit on loomulik rakendada néiteks siis, kui vorrandi va-
baliikmest on teada keskmised vaartused osaldikudel. Kollokatsioonimee-
todit voib seejuures késitleda kui osapiirkondade meetodi ligikaudset rea-
liseeringut néiteks iithesolmelise kvadratuurvalemi abil. Seetottu on osa-
piirkondade meetod vaadeldav vahepealse baasmeetodina ka kollokatsioo-
nimeetodite teoorias ning selle uurimine on vaga loomulik ja vajalik. T60s
toestatakse, et osapiirkondade sammumeetod on ebastabiilne, mis on koos-
kolas sammbhaaval realiseeritava kollokatsioonimeetodi mittestabiilsusega.
Vaadeldakse ka modifitseeritud osapiirkondade meetodit (rajatingimuse iile-
viimisega) ning on toestatud selle meetodi stabiilsus ja naidatud ldhismee-
todite klassikalise koonduvusteoreemi rakendatavust avaratel eeldustel.

To66 seitsmendas peatiikis on esitatud rida arvulisi tulemusi iildtunnus-
tatud testvorrandite korral, valides erinevaid testvorrandi parameetri ning
vorgu solmede ja kollokatsiooniparameetri vaartusi. Saadud tulemused on
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taielikus kooskolas t66 teoreetiliste tulemustega.

Lisas on ara toodud Schoenberg—Whitney teoreem, mis annab splai-
nidega interpolatsiooniiilesannete lahendi olemasolu ja tihesuse tarvilikud
ja piisavad tingimused. Samuti on leitud ruutsplainidega histopolatsiooni-
protsessi koonduvuskiirus.
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