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Introduction

I will consider associative not necessarily unital rings.

Definition
A set R is called a ring, if it is equipped with two binary operations,
addition +: R x R — R and multiplication -: R x R — R, such that
the following properties hold:

@ (R,+) is an abelian group;

@ (R,-) is a semigroup,

Q@ Vrs,teR: (r+s)t=rt+st & r(s+t)=rs+rt.
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Idempotent rings

A ring R is called idempotent if RR = R, where

k*
RR = E TETE|T1, Ty e oy T, T € R
k=1
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Idempotent rings .

A ring R is called idempotent if RR = R, where

k*
RR = E TETE|T1, Ty e oy T, T € R
k=1

The inclusion RR C R is always satisfied.
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Idempotent rings .

A ring R is called idempotent if RR = R, where

k*
RR = E TETE|T1, Ty e oy T, T € R
k=1

The inclusion RR C R is always satisfied.

A ring R is idempotent iff for every r € R there exist elements
71,7, Tk, T € R such that
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Example (idempotent ring 1):

Let X be a set. Denote Pxp(X) as the set of all finite subsets of X.
(Pan(X); A, N) is an idempotent ring, which does not have an identity
element, because

VA€ Pan(X): ANA=A.
(A — symmetric difference) O
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Example (idempotent ring 1):

Let X be a set. Denote Pg,(X) as the set of all finite subsets of X.
(Pan(X); A, N) is an idempotent ring, which does not have an identity

element, because
VA€ Pan(X): ANA=A.

(A — symmetric difference) O

Example (idempotent ring 2):

Consider the direct sum ;- ; Zy. There is no unit-clement in this
ring, but it is idempotent, because every element can be written as a
sum of idempotents.
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Example (idempotent ring 1):

Let X be a set. Denote Pgn(X) as the set of all finite subsets of X.
(Pan(X); A, N) is an idempotent ring, which does not have an identity
element, because

vvvvvvvvv

VA€ Pan(X): ANA=A.
(A — symmetric difference) O

Example (idempotent ring 2):

Consider the direct sum ;- ; Zy. There is no unit-clement in this
ring, but it is idempotent, because every element can be written as a
sum of idempotents. E.g.
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Definition

We call a ring R an enlargement of its subring S if the conditions
R = RSR and S = SRS hold, where

k*
RSR = {Zrkskrﬁg E* €N, 7,7, . T, Ths €E R, 81,...,8k+ € S},
k=1

k*

SRS = sprEsh|k* €N, s1,8),...,84%,8+ €8, T1,...,7+ € R
k 1 k

k=1

We also say that R is an enlargement of all rings isomorphic to such

S.

Denote S C R, if R is an enlargement of S.
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Properties of enlargements ey

Proposition
If S C R then the following assertions hold:
@ R is idempotent;
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Properties of enlargements ey

Proposition

If S C R then the following assertions hold:
@ R is idempotent;
Q if R is commutative then R = S;
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Properties of enlargements ey

Proposition

If S C R then the following assertions hold:
@ R is idempotent;
Q if R is commutative then R = S;
@ if S is an ideal of R then R = S;
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Properties of enlargements

Proposition
If S C R then the following assertions hold:
@ R is idempotent;
Q if R is commutative then R = S;
@ if S is an ideal of R then R = S;
Q if S={0} then R = {0}.
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Properties of enlargements ‘

Proposition
If S C R then the following assertions hold:
@ R is idempotent;
Q if R is commutative then R = S;
@ if S is an ideal of R then R = S;
Q if S={0} then R = {0}.

Idempotency of R:

R=RSR=R(SR)CRRCR = RR=R.
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Properties of enlargements

Proposition
If S C R then the following assertions hold:
@ R is idempotent;
Q if R is commutative then R = S;
@ if S is an ideal of R then R = S;
Q if S={0} then R = {0}.

Idempotency of R:

R=RSR=R(SR)CRRCR = RR=R.

Relation C is a (partial) order relation on the class of idempotent rings.
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Examples of enlargements

Example (enlargement 1):

A ring of square matrices Mat,, (S) over an idempotent ring S. Then

S C Mat,(5).
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Examples of enlargements

Example (enlargement 1):

A ring of square matrices Mat,, (S) over an idempotent ring S. Then
S C Mat,(5).

Denote S" := {A11(s) | s € S}, where Api(s) is an n X n-matrix with

entry s at the intersection of h-th row and k-th column, and zeroes
elsewhere.

S =~ 8" C Mat,(S).
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Ring Mat,,(S) can be expressed as

R:=Matn(S) =Y {An(s) | bk €{1,...,n}, s € S}.
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Ring Mat,,(S) can be expressed as
R:=Matn(S) =Y {An(s) | bk €{1,...,n}, s € S}.

Therefore we need to show that Ap(s) € (Maty,(S))S’(Mat,,(.S)).
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Ring Mat,,(S) can be expressed as
R:=Matn(S) =Y {An(s) | bk €{1,...,n}, s € S}.

Therefore we need to show that Apk(s) € (Maty,(S))S’(Mat,,(S)). Let
s = Zi:l ug SV, then

t* t*
Ank(s) =D Ape(ursiv) = > Apa(wy) - Aua(si) - Arg(vr) € RS'R.
t=1

t=1
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Ring Mat,,(S) can be expressed as
R:=Matn(S) =Y {An(s) | bk €{1,...,n}, s € S}.

Therefore we need to show that Apk(s) € (Maty,(S))S’(Mat,,(S)). Let
s = Zi:l ug SV, then

t* t*
Ank(s) =D Ape(ursiv) = > Apa(wy) - Aua(si) - Arg(vr) € RS'R.
t=1 t=1
Also,
AH(S) CA- AH(S/) = A11(8a118/) S Sl — S/RS/ Q Sl.

where s, s € S and matrix A = [ap;] € R.
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Ring Mat,,(S) can be expressed as
R:=Matn(S) =Y {An(s) | bk €{1,...,n}, s € S}.

Therefore we need to show that Apk(s) € (Maty,(S))S’(Mat,,(S)). Let
s = Zi:l ug SV, then

t* t*
Ank(s) =D Ape(ursiv) = > Apa(wy) - Aua(si) - Arg(vr) € RS'R.
t=1

t=1
Also,
AH(S) CA- AH(S/) = A11(8a118/) S Sl — S/RS/ Q Sl.

where s, s € S and matrix A = [ap;] € R.
.8 28 C Mat,(S) =: R O
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Definition

A Rees matrix ring over a ring S is the set M(S;U, V; X) of all
U x V-matrices (U and V are nonempty sets) over S having a finite
number of nonzero entries, endowed with the usual addition of matrices
and with the multiplication o defined by

AoB = AXB,

where X is a V' x U-matrix over S (that is, a mapping V' x U — S)
and AX B is the usual matrix product.
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Definition

A Rees matrix ring over a ring S is the set M(S;U, V; X) of all
U x V-matrices (U and V are nonempty sets) over S having a finite
number of nonzero entries, endowed with the usual addition of matrices
and with the multiplication o defined by

AoB = AXB,

where X is a V' x U-matrix over S (that is, a mapping V' x U — S)
and AX B is the usual matrix product.

We call a Rees matrix ring M(S; U, V; X) unital if S is a ring with
identity 1 and 1 is an entry of X.

Kristo Valjako (UT) Enlargements of rings Graz 2021 10 /22



Example (enlargement 2):

Let S be a ring with identity 1 and M = M(S;U,V; X) a unital Rees
matrix ring such that X (vg,ug) = 1. Then

SCM(S;U,V; X). (1)
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Example (enlargement 2):

Let S be a ring with identity 1 and M = M(S;U,V; X) a unital Rees
matrix ring such that X (vg,ug) = 1. Then

SCM(S;U,V; X). (1)

Denote S” := {Aygu,(8) | s € S}, where Ay p,(s) € M is such a Rees
matrix that Ay, (s)(uo, vo) = s and Aqyge, ($)(u,v) = 0 for all other
pairs (u,v) € U x V. Clearly S =2 5" € M.
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Example (enlargement 2):

Let S be a ring with identity 1 and M = M(S;U,V; X) a unital Rees
matrix ring such that X (vg,ug) = 1. Then

SCM(S;U,V; X). (1)

Denote S” := {Aygu,(8) | s € S}, where Ay p,(s) € M is such a Rees
matrix that Ay, (s)(uo, vo) = s and Aqyge, ($)(u,v) = 0 for all other
pairs (u,v) € U x V. Clearly S =2 5" € M.

The ring S’ is idempotent because for every s € S, we have

AUOUO (S) = Auovo (S)XAuovo(]-) = Auovo (5) o AUOUO(]-) S S, o S/.
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Example (enlargement 2):

Let S be a ring with identity 1 and M = M(S;U,V; X) a unital Rees
matrix ring such that X (vg,ug) = 1. Then

SCM(S;U,V; X). (1)

Denote S” := {Aygu,(8) | s € S}, where Ay p,(s) € M is such a Rees
matrix that Ay, (s)(uo, vo) = s and Aqyge, ($)(u,v) = 0 for all other
pairs (u,v) € U x V. Clearly S =2 5" € M.

The ring S’ is idempotent because for every s € S, we have
Auguo (8) = Auguo (8)X Augug (1) = Auguy (5) © Auguo (1) € S0 5",

Also the equalities S’ o M o0 S’ = S" and Mo S o M = M hold. O
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Enlargements and Morita equivalence

A six-tuple (R, S, rPs, sQr, 0, ¢), where R and S are rings and gPs,
s@Qr are bimodules, is called a Morita context, if

§: r(P®sQ)r — rRr, ¢: s(Q®RrP)s— §Ss

are bimodule homomorphisms
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Enlargements and Morita equivalence

A six-tuple (R, S, rPs, sQr, 0, ¢), where R and S are rings and gPs,
s@Qr are bimodules, is called a Morita context, if

§: r(P®sQ)r — rRr, ¢: s(Q®RrP)s— §Ss

are bimodule homomorphisms such that

0(p @ q)p' = pp(g ®@D'),
Wpq)=dlq@p)q

for every p,p’ € P and q,q' € Q
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Enlargements and Morita equivalence

Definition

A six-tuple (R, S, rPs, sQr, 0, ¢), where R and S are rings and gPs,
s@Qr are bimodules, is called a Morita context, if

§: r(P®sQ)r — rRr, ¢: s(Q®RrP)s— §Ss

are bimodule homomorphisms such that

0(p @ q)p' = pp(g ®@D'),
Wpq)=dlq@p)q

for every p,p’ € P and q,q' € Q

We say that a Morita context (R, S, rPs, sQr, 0, ¢) is unitary, if the
bimodules pPs and s@Qpr are unitary (i.e. P = RPS and Q = SQR);
and surjective, if the homomorphisms 6 and ¢ are surjective.
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For the purposes of this presentation, we say that two idem-
potent rings R and S are Morita equivalent, if they are connected by
a unitary surjective Morita context (R, S, rPs, sQr,0, ®).
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For the purposes of this presentation, we say that two idem-
potent rings R and S are Morita equivalent, if they are connected by
a unitary surjective Morita context (R, S, rPs, sQr,0, ®).

If two rings R and S are connected by an unitary surjective Morita
context (R, S, rPs, sQr, 0, ¢) then they are idempotent.
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For the purposes of this presentation, we say that two idem-
potent rings R and S are Morita equivalent, if they are connected by
a unitary surjective Morita context (R, S, rPs, sQr,0, ®).

If two rings R and S are connected by an unitary surjective Morita
context (R, S, rPs, sQr, 0, ¢) then they are idempotent.

Every r € R can be expressed as

h h* B o
r=? <th ®qh> =Y 0nea) =) 0 <Zrhkphk ®Qh) =
h=1 h=1 he1 —
h* k*
=D rub(pnk @ an) € RR.

h=1k=1
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If R is an enlargement of an idempotent ring S then R and S are
Morita equivalent.
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If R is an enlargement of an idempotent ring S then R and S are
Morita equivalent.

This Morita equivalence is established by the Morita context

(R7 S; RSv SR797¢)7

where
k* k*
0: RS®s SR — R, Z TESE @ SpT) Zrksksfgrfc,
k=1 k=1

K k*
¢: SRRRRS =8, Y spri@rish > > SkTaThsh
k=1 k=1
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A full matriz ring Mat, (S) over an idempotent ring S is Morita
equivalent to S.
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A full matriz ring Mat, (S) over an idempotent ring S is Morita
equivalent to S.

A unital Rees matriz ring M(S;U,V; X) over a ring S with identity is
Morita equivalent to S.

ments of rings Graz 2021 15 /22



Definition
Let I' = (R, S, g Ps, sQr, 0, ») be a Morita context. Then Morita ring
T of the context I is defined as the matrix set

rER,sES,pGP,qGQ}
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Definition
Let I' = (R, S, g Ps, sQr, 0, ») be a Morita context. Then Morita ring
T of the context I is defined as the matrix set

rER,sES,pGP,qGQ}

with componentwise addition and with the multiplication

[7‘ p] [7” p:] _ [rr'-l-@(p@cl’) rp’ + ps’ ] ‘

qg s||d s qr’ + sq' d(qRyp) + ss
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A ring T is a joint enlargement of rings R and S if it is an
enlargement of both R and S.
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A ring T is a joint enlargement of rings R and S if it is an
enlargement of both R and S.

If idempotent rings R and S are connected by a unitary surjective
Morita context I' then the Morita ring I' is a joint enlargement of R
and S.
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A ring T is a joint enlargement of rings R and S if it is an
enlargement of both R and S.

If idempotent rings R and S are connected by a unitary surjective
Morita context I' then the Morita ring I' is a joint enlargement of R
and S.

Idempotent rings are Morita equivalent if and only if they have a joint
enlargement.
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Theorem

Let R and S be two idempotent rings. The following assertions are

equivalent:
Q@ R and S are Morita equivalent;
© FModi ~ FModg;
@ CModg =~ CModg;
Q@ UTfModgr ~ UTfModg;

@ R and S are connected by a unitary surjective Morita context

(Ra Sa RP57 SQRa 07 ¢);

Q rings R and S have a joint enlargement;

@ R is isomorphic to a bijectively defined tensor product ring P ®g Q

(for firm rings).
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Two rings with identity (two rings with local units) are Morita
equivalent if and only if they have a joint enlargement which has
identity (has local units).
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Two rings with identity (two rings with local units) are Morita
equivalent if and only if they have a joint enlargement which has
identity (has local units).

A ring R with left local units is Morita equivalent to a ring with
identity if and only if there exists an idempotent element e € R such
that R = ReR. In that case R is Morita equivalent to its subring eRe.

We say that a ring R has left local units if for every finite subset
{r1,...,rn} C R there exists an idempotent element e € R such that

L =€rf,...,Tn = €erp.
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A few problems for additional research

@ Do two finite idempotent Morita equivalent rings have a finite
joint enlargement?
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A few problems for additional research

@ Do two finite idempotent Morita equivalent rings have a finite
joint enlargement?

@ Is the problem of Morita equivalence of finite idempotent rings
decidable?
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A few problems for additional research

@ Do two finite idempotent Morita equivalent rings have a finite
joint enlargement?

@ Is the problem of Morita equivalence of finite idempotent rings
decidable?

We know that the answer to the first question is positive in the case of
semigroups with local units and the answer to the second question is
positive for arbitrary finite semigroups.
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Thank you for listening!
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