
1Tartu 2026

ISSN 2613-5906
ISBN 978-9908-57-097-6

DISSERTATIONES 
INFORMATICAE  
UNIVERSITATIS 

TARTUENSIS
74

V
IA

C
H

ESLAV
 K

O
M

ISA
R

EN
K

O
	

A
ligning Training Loss to Evaluation M

etrics in D
eep Learning

VIACHESLAV KOMISARENKO

Aligning Training Loss
to Evaluation Metrics
in Deep Learning



DISSERTATIONES INFORMATICAE UNIVERSITATIS TARTUENSIS 

74 



DISSERTATIONES INFORMATICAE UNIVERSITATIS TARTUENSIS 

74 

VIACHESLAV KOMISARENKO 
 

Aligning Training Loss  
to Evaluation Metrics  

in Deep Learning 
 



Institute of Computer Science, Faculty of Science and Technology, University of
Tartu, Estonia.

Dissertation has been accepted for the commencement of the degree of Doctor of
Philosophy (PhD) in Computer Science on December 9, 2025 by the Council of
the Institute of Computer Science, University of Tartu.

Supervisor

Prof. Meelis Kull
University of Tartu
Estonia

Opponents

Prof. Jesús Cid-Sueiro
Charles III University of Madrid
Spain

Assoc. Prof. Maurizio Filippone
King Abdullah University of Science and Technology
Kingdom of Saudi Arabia

The public defense will take place on January 13, 2026 at 10:00 in Narva Rd. 18-1019.

The publication of this dissertation was financed by the Institute of Computer
Science, University of Tartu.

University of Tartu Press
http://www.tyk.ee/

ISSN 2613-5906
ISBN 978-9908-57-097-6 (print) ISBN 978-9908-57-098-3 (pdf)

ISSN 2806-2345 (pdf)(print)

Copyright © 2026 by Viacheslav Komisarenko

http://www.tyk.ee/


To my family, friends, and those who defend my country



ABSTRACT

Over the past decade, advances in machine learning research have turned once-
theoretical algorithms into practical tools whose performance surpasses human
expertise across diverse tasks. These breakthroughs have catalysed the integration
of machine learning components into nearly every layer of modern technology,
reshaping sectors from healthcare and finance to transportation and entertainment.

In practice, achieving reliable performance requires substantial data and sen-
sible optimisation choices, including tuned hyperparameters and appropriate loss
functions. Among training losses, cross-entropy is often the default for classifica-
tion. Similarly, upstream evaluation metrics such as the Brier score are commonly
used for performance evaluation. However, for many practical applications, more
task-specific downstream measures are needed, raising the question of how to se-
lect the optimal training loss accordingly. This becomes especially important in
applications where misclassifications are costly, predicted probabilities need to be
calibrated, or non-standard, task-specific downstream metrics are used.

The thesis presents three interconnected studies that establish theory-backed
and empirically validated approaches to align deep learning training loss selection
with application-driven downstream evaluation metrics.

The first study addresses cost-sensitive classification, where misclassifying
different classes incurs unequal costs, and the goal is to minimise the total cost
over all instances. Recognising that true cost values are often unavailable during
training, we formalise cost uncertainty, modelling class costs as a probability dis-
tribution rather than a fixed scalar, approximated from domain experts’ opinions,
for example. By analysing how total cost behaves under existing and newly de-
rived training losses in this uncertain setting, we derive practical guidelines for
training and model selection in cost-sensitive applications.

The second study investigates theoretical reasons behind the empirical success
of the focal loss for probability calibration, which assesses how well predicted
probabilities align with actual class frequencies. Through a rigorous theoretical
analysis using proper loss theory, we derive its decomposition into a proper loss
component and a calibration map component, highlight its connection to temper-
ature scaling, and introduce a novel calibration method inspired by these insights.
Moreover, we extend these results to the class of separable losses, in which the
loss depends only on the predicted probability assigned to the true class.

Finally, the third study addresses the evaluation mismatch between commonly
used regression upstream metrics and task-specific downstream measures. We
propose a data-driven method for learning a proxy function to align upstream and
downstream measures, and we investigate theoretically when this alignment can
preserve the measures’ properness.

Taken together, these studies advance the field of machine learning by pro-
viding clear guidelines for selecting training loss functions that directly improve
application-oriented metrics, such as expected total cost and calibration error.
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1. INTRODUCTION

Over the last decade, the volume of available data has surged, enabling practi-
cal machine learning (ML) deployments across domains and incentivising ever
larger models with more parameters to learn (Hilbert and López 2011). Yet de-
spite rapid architectural change, the training objective (loss functions) has re-
mained fairly stable: cross-entropy (negative log-likelihood) is the de facto choice
for classification and autoregressive language modelling (next-token prediction in
large language models (LLMs)) (Brown et al. 2020; Ashish 2017). Even modern
LLMs first use pure cross-entropy pre-training, and are only then fine-tuned with
reinforcement-learning-style optimisation using learned reward models (Ouyang
et al. 2022). For probabilistic evaluation, proper Brier score (for binary/multiclass
probabilistic classification) and the Continuous Ranked Probability Score (CRPS,
for probabilistic regression) are long-standing standards for evaluation (Gneiting
and Raftery 2007; Hersbach 2000b).

At the same time, application domains mandate extending the standard set of
losses and evaluation metrics beyond “accuracy-only” thinking. Different tasks
value different mistakes: missing a disease can be worse than a false alarm, or an
overoptimistic forecast can be riskier than a slightly pessimistic one. Metrics like
accuracy, which weight all errors equally, give a baseline view but overlook the
real-world context and consequences. This is why practitioners use metrics like
precision/recall, AUC, calibration error, cost-sensitive scores, and even utility-
based measures that better reflect real-world trade-offs.

Classical losses, most notably cross-entropy, arose from probabilistic model-
ing as the negative log-likelihood for classical small-scale models such as logistic
regression, and became standard for classification (Bishop and Nasrabadi 2006).
As architectures scaled to deep networks, cross-entropy remained the default ob-
jective and delivered strong accuracy on benchmarks (Krizhevsky, Sutskever, and
G. E. Hinton 2012; K. He et al. 2016). However, follow-up work that analysed
the suitability of predicted probabilities (i.e., how well model confidences reflect
actual outcomes), which is a key requirement for downstream decision-making,
found frequent overconfidence and related calibration issues (Guo et al. 2017).
Part of this behaviour is in fact unavoidable: modern training and model selection
procedures effectively perform a multiple hypothesis search over many parameter
configurations and then choose the most favourable one, which naturally induces
optimistic and overconfident predictions unless additional structural assumptions
are imposed. Nevertheless, such findings motivate the use of metrics beyond ac-
curacy and the development of new, or modifications of existing, loss functions
that better account for these effects.

Consequently, loss modifications such as regularisation were proposed to mit-
igate overfitting and improve generalisation (Srivastava et al. 2014; Lienen and
Hüllermeier 2021); reliability concerns create a need for calibration methods (e.g.,
post-hoc calibration and ECE monitoring (Platt et al. 1999)); and class imbalance
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motivates cost-sensitive metrics and new losses, such as focal loss, which can
outperform classical choices (Elkan 2001; T.-Y. Lin et al. 2017). Despite this
progress, there is no unified framework to guide the choice of loss, its modifi-
cations/regularisation, and the evaluation metric across domains, architectures,
or modalities. Practitioners still rely on trial-and-error or reported findings from
often noncomparable settings, highlighting the need for practical guidelines on
loss-metric alignment.

Every training loss and evaluation metric can be described by their mathe-
matical properties, including, for example, convexity and properness. In theory,
strictly proper losses have the favourable property of being uniquely minimised
when predicting the true class-posterior probabilities. In practice, however, the
loss rarely attains its global optimum due to finite samples, optimisation diffi-
culties, and data and model imperfections, so properness alone does not guar-
antee superior performance away from that point. Nevertheless, largely because
of their strong empirical performance, many widely used losses and metrics are
proper, and most refinements, such as regularisation, post-hoc calibration, and
loss-modulating factors, are layered on top of these proper losses, rather than in-
troducing entirely new, improper families.

We believe that proper scoring rule theory could provide a principled basis
for selecting or designing losses that align optimisation with the domain’s evalu-
ation metric, narrowing the gap between predictive performance and downstream
utility.

This thesis comprises three primary investigations that collectively seek to ad-
vance the state of the art in loss-metric alignment in machine learning, with a
particular focus on proper loss theory, cost-sensitive learning and calibration. To
this end, we address the following research questions (RQ):

• Which loss function should be used to minimise cost-sensitive evaluation
metrics (e.g., expected total cost), especially in the presence of class-cost
uncertainty?

• Which proper loss families perform best in cost-sensitive settings when the
evaluation metric exactly matches the training loss?

• Why does the (improper) focal loss yield better calibration than the com-
monly used (proper) cross-entropy loss as reported by (Mukhoti et al. 2020),
and how does focal loss relate to properness?

• Can we decompose any separable loss into a proper component and a fixed
calibration map component, and can some separable losses perform com-
parably to cross-entropy?

• Can upstream and downstream regression evaluation be aligned via a proxy
function learned on validation data?

• Under what assumptions on the transformations do both the upstream and
downstream metrics remain proper?

To explore these questions, in Chapter 2, we first survey the theory of proper



losses, calibration methods, and cost-sensitive learning, laying the groundwork
for the contributions that follow.

Chapter 3 addresses the problem of choosing the classification loss function
for minimising the expected class-dependent cost, a metric widely used in real-
world applications, as it maps model errors directly to the funds required to mit-
igate them. It considers the practical scenario in which misclassification costs
are unknown during training and are available only as probability distributions,
constructed, for example, from domain experts’ estimates. Exact cost values are
realised at deployment by sampling from these distributions. In practice, these
cost distributions are often most uncertain in the tail, where rare but costly er-
rors occur. Our analysis is therefore conditional on the specified cost distributions
and does not resolve the underlying uncertainty about such high-cost events. We
then derive a family of loss functions that are mathematically equivalent to the
expected total cost objective under class cost uncertainty and demonstrate, via ex-
tensive experiments, that optimising appropriately chosen members of this family
consistently delivers lower realised total cost. [Paper 1 Cost-sensitive classifica-
tion with cost uncertainty: do we need surrogate losses? (Komisarenko and
Kull 2025)].

Chapter 4 investigates why certain improper classification losses, such as fo-
cal loss, often yield better calibrated probability estimates than the widely used
proper losses (i.e., losses minimised by the true class-posterior probabilities), in-
cluding Brier score and cross-entropy. We begin by establishing new theoreti-
cal properties of focal loss, showing that it can be decomposed into (i) a proper
base loss and (ii) a fixed, rank-preserving transformation. This decomposition re-
veals an unexpected connection to temperature scaling and motivates a novel two-
parameter family of post-hoc calibration maps. Extensive experiments demon-
strate that the proposed maps consistently improve calibration while maintaining
predictive accuracy. [Paper 2 Improving Calibration by Relating Focal Loss,
Temperature Scaling, and Propernes (Komisarenko and Kull 2024)].

We extend the decomposition results to the class of separable losses, where
the loss depends only on the predicted probability assigned to the true class. We
propose several previously unstudied separable losses and derive corresponding
families of calibration maps. Experiments indicate that these separable losses, es-
pecially when paired with the corresponding post-hoc calibration, can outperform
standard temperature-scaled cross-entropy or focal-loss–trained models, in both
predictive accuracy and calibration, provided the calibration map family and its
hyperparameters are selected on a validation set.

Chapter 5 (third investigation) reframes regression metric choice as an eval-
uation alignment problem: prediction quality should be judged not only by stan-
dard evaluation metrics but, more importantly, in the context of downstream use.
We investigate which transformations preserve properness and propose a data-
driven proxy evaluation that aligns upstream assessment with downstream utility
via learned task-specific mappings. This approach removes the need for hand-
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crafted cost structures and long lists of task-specific metrics, enabling fast, scal-
able evaluation when the relevant weighting is complex or unknown a priori. Syn-
thetic and real-data regression experiments demonstrate improved alignment be-
tween predictive evaluation and downstream utility. [Paper 3 Aligning the Eval-
uation of Probabilistic Predictions with Downstream Value (Publication III)
(Shahroudi, Komisarenko, and Kull 2025)].

Chapter 6 summarises the thesis’s main findings, acknowledges current limi-
tations, and proposes potential directions for future research. Together, the three
interconnected studies deepen our theoretical and empirical understanding of proper
loss theory, cost-sensitive learning, and calibration methods, while offering prac-
tical guidelines that help practitioners build more reliable machine learning sys-
tems. In particular, we provide actionable guidance on which loss functions are
most beneficial in practice when the objective is to optimise a specified evaluation
metric (e.g., expected total cost or expected calibration error).
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2. BACKGROUND

This chapter provides the background for the remainder of the thesis. We establish
notation and review supervised learning, proper scoring rules, uncertainty in ML,
model calibration, cost-sensitive learning, and the alignment between upstream
and downstream measures.

2.1. Main definitions and notation

We establish notation and basic definitions used throughout. Unless stated other-
wise, vectors are bold lowercase (e.g., x), random variables are uppercase italic
(e.g., Y ), distributions are calligraphic (e.g., D), fixed scalars are upright (roman)
(e.g. K), and expectations are denoted by E[·]. We now review core concepts
in supervised learning and the theory of proper scoring rules using this notation,
concluding with training loss, upstream metric and downstream utility alignment.

2.1.1. Supervised learning

Supervised learning, the task of inferring a predictive mapping from labeled input-
output examples so that it generalises to unseen data, has a long and rich research
history, with conceptual roots in 19th-century work on least-squares regression
and early studies of correlation by Galton (Galton 1886) and Pearson (Pearson
1896). Key milestones that have accelerated its development and performance in-
clude Rosenblatt’s perceptron (Rosenblatt 1958), the advent of back-propagation
(Rumelhart, G. E. Hinton, and Williams 1986), the rise of statistical learning the-
ory and support-vector machines (Cortes and Vapnik 1995), the breakthroughs of
AlexNet (Krizhevsky, Sutskever, and G. E. Hinton 2012), and, more recently, the
Transformer architecture (Ashish 2017), fundamentally self-supervised yet could
be fine-tuned for supervised tasks, along with its large language model (LLM)
successors (Radford et al. 2018).

Formally, supervised learning considers an input space X and a label or target
space Y . In classification, Y is a finite set of discrete labels, e.g., {1, . . . ,K}. The
learner assigns each input to one of several categories, and performance is often
evaluated by accuracy (ACC), the frequency of correct predictions. In regression,
Y ⊆ Rd is (typically) a real-valued target space rather than a finite set of labels,
and the task is to predict a scalar or vector in Rd . We usually assume that Y has
finite moments (e.g., E∥Y∥2 < ∞) so that standard error measures such as mean
squared error (MSE) or mean absolute error (MAE) are well defined. Typically,
no additional smoothness or continuity assumptions on the distribution of Y (such
as the absence of gaps or the existence of a density) are required at this level of
generality; whenever stronger assumptions are needed in later sections, we state
them explicitly.

We observe an i.i.d. sample
(
(xi,yi)

)n
i=1, usually called the training dataset,
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drawn from an unknown joint distribution PXY over X ×Y . We seek a hypothesis
f ∈F , where F ⊆ { f : X → A } is a class of functions mapping inputs to a
prediction space A . In the simplest settings we take A = Y (e.g., regression or
hard-label classification), while for probabilistic classification we may use A =
∆(Y ), the probability simplex over Y , i.e., the set of all probability distributions
on Y . Concretely, if Y = {1, . . . ,K}, then

∆(Y ) =
{

p = (p1, . . . , pK) ∈ [0,1]K : ∑
K
k=1 pk = 1

}
.

The set F , known as the hypothesis space, is determined a priori by the cho-
sen family of functions, often called the model class or architecture (e.g., linear
models, decision trees, neural networks).

In addition, we assume access to a validation dataset Dval =
(
(xval

j ,yval
j )

)m
j=1,

consisting of examples that are not used during training (for example, a held-out
subset of the original sample or an independent i.i.d. sample from PXY ).

We adopt the standard empirical risk minimisation (ERM) perspective, where
the goal of the training process is to minimise the expected (population) risk.

R( f ) = E(X ,Y )∼PXY

[
L
(

f (X),Y
)]
,

where L : A ×Y → R is a user-chosen (task-specific) loss that encodes the cost
of predicting f (x) when the true label is y.

Because PXY is unknown, we instead minimise the empirical risk

R̂n( f ) =
1
n

n

∑
i=1

L
(

f (xi),yi
)
,

often augmented with a regulariser to control model capacity and promote gener-
alisation.

While the loss function drives optimisation by determining the hypothesis f
(model parameters) that minimises empirical risk on the training set, in practice,
we ultimately care about our evaluation metric of interest M, measured on data
that were not used for training, typically the validation dataset Dval. We evaluate

M̂val( f ) = M
(
( f (xval

j ),yval
j )m

j=1
)
,

or, for decomposable metrics M, we use its corresponding pointwise form Mpt and
define

M̂val( f ) =
1
m

m

∑
j=1

Mpt
(

f (xval
j ),yval

j
)
.

We then select a model f̂ that optimises M̂val, typically maximising it when larger
values indicate better performance and minimising it when smaller values indicate
better performance, according to the convention of the chosen metric.
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2.1.2. Aligning Upstream Metrics with Downstream Utility

In practice, L and M usually differ. The metric M is dictated by task require-
ments, whereas the training loss L must first have good optimisation properties,
including differentiability (often with well-behaved gradients), numerically sta-
bility, and suitability to stochastic gradient-based methods (Goodfellow, Bengio,
and Courville 2016). Moreover, among evaluation metrics M it is useful to dis-
tinguish: upstream measures, which summarise model performance in general
(e.g., MSE/MAE for regression, accuracy/AUC/log loss for classification), and
downstream utilities, which are application-specific objectives computed through
the decision pipeline (e.g., expected monetary cost, policy reward, service-level
penalties). The latter often depend on context variables or constraints not present
at training time. While upstream metrics provide a useful high-level summary of
model performance, choosing between models with similar upstream scores for
task-specific needs requires measuring their downstream utilities - the quantities
that ultimately matter for the application. This distinction motivates explicit align-
ment between the training loss, common upstream metrics, and the downstream
utility. By alignment we mean choosing or designing the training objective (and
associated decision rule/post-processing) so that improvements in the optimised
loss reliably translate into gains in the target upstream metric and, ultimately, the
downstream utility.

2.1.3. Proper scoring rules

Let a model fθ produce, for each input x ∈ X , a predictive distribution over
outcomes, denoted Qθ ( · | x) (for classification, a categorical distribution over
classes; for regression, a distribution on Y ⊆ Rd). A (probabilistic) scoring rule
is a function S(Q,y) that assigns a numerical score to a predictive distribution
Q when the outcome is y. It is proper if its expected score is minimised when
Q equals the true data-generating distribution P , and strictly proper if this min-
imiser is unique (Gneiting and Raftery 2007):

EY∼P

[
S(Q,Y )

]
≥ EY∼P

[
S(P,Y )

]
for all predictive Q,

with equality iff Q = P . In our notation, training with a proper rule corre-
sponds to minimising the (empirical) average of S

(
Qθ ( · | xi),yi

)
, i.e., using the

loss LS(θ ;x,y) := S(Qθ ( · | x),y) to find optimal model parameters θ̂ :

θ̂ ∈ argmin
θ∈Θ

1
n
·

n

∑
i=1

S
(
Qθ ( · | xi), yi

)
.

In our notation, training with a proper rule corresponds to minimising the (em-
pirical) average of S

(
Qθ ( · | xi),yi

)
, i.e., using the loss LS(θ ;x,y) := S(Qθ ( · |

x),y) to find optimal model parameters θ̂ :

θ̂ ∈ argmin
θ∈Θ

1
n

n

∑
i=1

S
(
Qθ ( · | xi), yi

)
.

23



Under mild conditions (differentiability of the scoring rule and convexity of the
corresponding Bayes risk in the prediction argument), properness follows from a
first-order optimality condition on the probability simplex. For each true distribu-
tion P on a label set{1, . . . ,K},

∃λ ∈ R : ∇q
(
EY∼P

[
S(q,Y )

])∣∣∣
q=P

= λ 1K,

where ∇q = (∂/∂q1, . . . ,∂/∂qK) is the gradient with respect to the probability
vector q, and 1K is the K-dimensional all-ones vector. Convexity in q over the sim-
plex ensures P a (global) minimiser of the Bayes risk, and strict convexity yields
strict properness (Gneiting and Raftery 2007; M. D. Reid and R. C. Williamson
2010).

Binary proper losses. For example, consider a binary classification problem.
Let η := P(Y = 1 | x) ∈ [0,1] be the true posterior and p ∈ (0,1) the model’s
predicted probability for class 1. Define the conditional Bayes risk as

S̄(p;η) := EY∼Bern(η)[S(p,Y )],

where Bern(η) denotes the Bernoulli distribution on {0,1} with P(Y = 1) = η

and P(Y = 0) = 1−η . In the binary case, the simplex constraint is absorbed into
a single scalar p, so the first-order condition reduces to

∂

∂ p
S̄(p;η) = 0 at p = η .

Then binary Brier score SBrier(p,y) = (y− p)2 is strictly proper, because its
conditional Bayes risk is

S̄Brier(p;η) = η(1− p)2 +(1−η)p2 = (p−η)2 +η(1−η).

Its derivative w.r.t. predictor

∂

∂ p
S̄Brier(p;η) = 2(p−η)

is equal to zero only at p = η , and the second derivative is strictly positive

∂ 2

∂ p2 S̄Brier(p;η) = 2 > 0.

Similarly, for binary cross-entropy (often referred to as log loss) with the loss
expression

Slog(p,y) =−y log p− (1− y) log(1− p)

and its correspondent conditional Bayes risk

S̄log(p;η) =−η log p− (1−η) log(1− p),
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strict properness holds because its derivative

∂

∂ p
S̄log(p;η) =−η

p
+

1−η

1− p
=

p−η

p(1− p)

is zero only at p = η . The second derivative is positive

∂ 2

∂ p2 S̄log(p;η) =
η

p2 +
1−η

(1− p)2 > 0

on p ∈ (0,1), giving strict properness.
Properness is theoretically appealing loss characteristic as strictly proper losses

are uniquely minimised only by the Bayes-optimal predictor (i.e., the true class
posterior). In practice, however, the global optimum is often unattainable due to
finite samples, optimisation challenges, and model/data imperfections. Still, most
commonly used training losses, including the Brier score and cross-entropy, are
strictly proper, which suggests, but does not by itself guarantee, practical benefits
for optimisation.

However, Guo et al. (2017) (primarily on image data, with some document
classification) reported that modern deep networks trained with cross-entropy tend
to be overconfident, and that simple post-hoc calibration via temperature scaling
substantially improves calibration. Recent studies such as (Blasiok et al. 2023)
criticises the unconditional use of proper losses in practice, arguing that additional
conditions are needed for proper loss optimisation to yield calibrated predictions,
formalising a “local optimality” criterion under post-hoc recalibrations, providing
counterexamples in restricted model classes (e.g., logistic regression), and identi-
fying regimes where the conditions are plausibly met (e.g., sufficiently expressive
predictors, including modern large models).

In contrast, many recent approaches to address overconfidence are implemented
as modifications of standard proper loss training, rather than abandoning proper-
ness altogether. Focal loss augments cross-entropy to downweight easy exam-
ples (T.-Y. Lin et al. 2017). Label smoothing replaces hard targets with softened
ones, which can improve calibration and robustness (Müller, Kornblith, and G. E.
Hinton 2019). The maximum mean calibration error approach (MMCE) adds a
differentiable calibration penalty alongside cross-entropy during training (Kumar,
Sarawagi, and Jain 2018). Finally, regularisation terms often extend cross-entropy
with additive penalties (e.g., L1, L2 weight norms) to mitigate overconfidence and
overfitting (Bishop and Nasrabadi 2006).

Taken together, while the theoretical advantages of proper losses are clear,
their practical performance is not automatically optimal; nevertheless, training
with proper losses or their modifications remains a principled and often effective
approach.
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2.2. Uncertainty in Machine Learning

An ever-growing number of machine learning systems are now deployed, and
their predictions are trusted to drive decisions across nearly every aspect of daily
life, yet those predictions remain inherently uncertain. The reliability of these pre-
dictions is limited by finite and noisy data, embedded in imperfect models, and
exposed to environments that can shift unexpectedly. This uncertainty arises from
two main sources (Der Kiureghian and Ditlevsen 2009; Hüllermeier and Waege-
man 2021). Aleatoric uncertainty arises from variability in the data-generating
process, including, for example, sensor inaccuracies, measurement error, label
noise, or inherent randomness. It is irreducible given a fixed information set (fea-
tures, sensors, and data-collection protocol): collecting more data of the same
kind does not reduce this variability (Kendall and Gal 2017). Richer measure-
ments or additional features may convert part of this variability into explained
signal. Epistemic uncertainty, by contrast, comes from gaps in the model’s
knowledge, regions of the input space for which it has seen few or no examples,
and therefore mirrors our incomplete understanding of the underlying process.
In principle, it can be reduced by gathering more representative data or adopting
more expressive models. Understanding how aleatoric and epistemic uncertainties
arise, evolve, and interact is essential for managing system performance rationally
and safely in real-world conditions.

In many practical settings, it is not feasible to cover every region of the input
space with dense, representative data, because the long tail of rare scenarios and ir-
reducible randomness guarantees that some areas remain data-poor. Yet deployed
models must still deliver reliable predictions across this entire domain, including
those sparse or unseen regions.

To mitigate this problem, several strategies could be considered. Firstly, dur-
ing evaluation and model selection, we can emphasise metrics that assign extra
weight to rare or high-stakes regions, so that models are rewarded for performing
well where mistakes would be most costly. One pragmatic option is to keep the
training procedure for a single model unchanged and, among the multiple candi-
dates produced by the same pipeline (e.g., different random seeds, checkpoints,
or hyperparameter settings), select the model that scores highest under the cho-
sen cost-aware metric. A more proactive approach is to embed the cost structure
directly into the training objective, enabling the model to learn from the outset to
minimise expected cost.

Another practical challenge is obtaining reliable confidence estimates for each
prediction, even when a model’s discrimative power, including accuracy, is high.
Such estimates are crucial in high-stakes settings, where recognising a model’s
own uncertainty guides downstream planning, risk management, and human over-
sight. Although metrics for evaluating reliability exist, the optimal way to train,
fine-tune, or calibrate a model to produce reliable probabilities remains unset-
tled. In principle, minimizing a proper loss should yield reliable model’s confi-
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dence, yet in practice the most common proper loss, cross-entropy, often produces
overconfident predictions and, therefore, requires post-hoc calibration (Guo et al.
2017). Gaining a clearer picture of how training losses, calibration transforma-
tions, and evaluation metrics interact is thus critical for constructing guidelines
for practitioners for improving real-world applications performance.

2.2.1. Cost-sensitive learning

Alongside advances that drive raw discriminative performance (e.g., accuracy,
squared error, log-loss), extensive work has adapted supervised learning to di-
verse practical domains and operational constraints. Among them, cost-sensitive
and class-imbalance learning arise frequently in real applications, in which mis-
classification errors have unequal costs or classes have substantially different fre-
quencies.

Consider a cost matrix

C = (ci j) ∈ RK×K,

where ci j is the cost of predicting class j when the true class is i. Typically, cii = 0
for all i, and ci j > 0 for i ̸= j, representing the penalty for that misclassification.
In class-imbalanced settings, a common heuristic is to scale costs inversely with
class frequency (H. He and Garcia 2009), e.g., ci j ∝ 1/πi for i ̸= j, where πi =
P(Y = i) or its empirical estimates πi ≈ ni/n.

The goal of cost-sensitive learning is to minimise evaluation metrics that ac-
count for typically asymmetric misclassification costs, as specified by a cost ma-
trix. For example, the classical error rate can be cost-weighted to produce the
total (misclassification) cost, the most common metric in cost-sensitive learning.
Given random variables Y and Ŷ for the true and predicted labels, the (population)
total cost is defined as the expected cost per prediction:

Ctot(Y,Ŷ ) := E
[
cY,Ŷ

]
=

K

∑
i=1

K

∑
j=1

ci j Pr(Y = i,Ŷ = j).

Given a decision rule ŷ(x), the empirical total cost over a dataset D =
(
(xt ,yt)

)n
t=1

is

Ĉtot(D , ŷ) =
1
n

n

∑
t=1

cyt , ŷ(xt).

When all off-diagonal costs equal 1 and cii = 0, Ĉtot reduces to the error rate.
Beyond class-dependent matrices, many applications use instance-dependent

(example-dependent) costs, where the penalty depends on the input x, e.g. cy,ŷ(x)
reflecting, for example, patient severity, transaction value, or regulatory constraints
(Zadrozny, Langford, and N. Abe 2003). In such cases, the learning target is still
an expected total cost.

27



Still, it is not a settled question which training loss best minimises cost-sensitive
metrics such as total cost. Because total cost is defined after a discrete decision
rule, it is piecewise-constant and non-differentiable, so it cannot be optimised
directly with gradient-based training of deep neural networks. In practice, a com-
mon pipeline is to train with a surrogate loss (e.g., cross-entropy or another proper
loss) and inject costs at one or more training levels.

At the data level, proportional sampling schemes are widely used: oversam-
pling (duplicates the samples from minority class) is often a strong baseline (Buda,
Maki, and Mazurowski 2018), undersampling reduces the majority class (Japkow-
icz and Stephen 2002), and hybrid approaches such as SMOTE and its variants
synthesize new minority examples via augmenting (Ramentol et al. 2012; Chawla
et al. 2002). These techniques target class imbalance, but can be adapted to cost
imbalance by replacing class ratio heuristics with cost ratios; they also extend
to instance-dependent settings via per-example sampling probabilities (Zadrozny,
Langford, and N. Abe 2003). Such data-level strategies are straightforward to
apply with deep neural networks.

At the model level, one can (i) modify the training loss (e.g., class-weighted
losses, cost-sensitive SVM/logistic, margin adjustments) (Elkan 2001; Hastie,
Tibshirani, and Friedman 2009; Kukar, Kononenko, et al. 1998; Y. Lin, Lee,
and Wahba 2002; Iranmehr, Masnadi-Shirazi, and Vasconcelos 2019), (ii) adjust
thresholds or decision rules post-training according to cost scenario (Elkan 2001;
Lipton, Elkan, and Naryanaswamy 2014; Ye et al. 2012), and (iii) calibrate or
rescale probabilities before cost-aware decision making (Collell, Prelec, and Patil
2016). Hybrid methods combine data- and model-level ideas and are surveyed in
(Johnson and Khoshgoftaar 2019). Many of these approaches port cleanly to neu-
ral networks (e.g., weighted losses, cost-aware thresholds, post-hoc calibration),
providing practical alternatives when direct optimisation of total cost is infeasible.

2.2.2. Model calibration

Model calibration is an important aspect of classification performance, assessing
the quality of predicted probabilities. This matters because many downstream de-
cisions assume those probabilities are numerically meaningful and are close to
true outcome frequencies; miscalibration can therefore degrade real-world per-
formance even when accuracy is high. The most common calibration measure is
the Expected Calibration Error (ECE), which averages the absolute gap between
predicted confidence and observed accuracy across probability bins. In multiclass
settings, several variants of ECE have been proposed, including confidence (top-
label), full-class, classwise, and marginal ECE, which differ in how they aggre-
gate calibration across classes (Silva Filho et al. 2023). Among these, confidence
ECE is the most widely used in practice, and we adopt this definition in what
follows. Let Y ∈ {1, . . . ,K} denote the true class label, p̂ = (p̂1, . . . , p̂K) the pre-
dicted probability vector, and ŷ = argmaxk p̂k the predicted class (ties broken by
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any fixed deterministic rule). Let p̂max = maxk p̂k denote the model’s confidence.
The confidence-ECE is then defined as

ECE = Ep̂max

[∣∣P(ŷ = Y | p̂max) − p̂max
∣∣],

where the expectation is taken over the distribution of predicted confidence scores
(Gupta and Ramdas 2022). This quantity cannot be computed in practice, as the
true class probabilities are unknown. Therefore, an empirical approximation of
ECE is typically computed instead.

Given the validation set Dval, for each instance xval
j , let ŷ j = argmaxk Qθ (k |

xval
j ) and p̂ j = maxk Qθ (k | xval

j ) denote the predicted class and its confidence.
Partition [0,1] into bins {Ib}B

b=1, typically using equal-width intervals Ib = ((b−
1)/B,b/B]. Alternative schemes, such as equal-mass (equal-frequency) binning,
are also possible but lead to different empirical ECE estimates. Then define Sb =
{ j : p̂ j ∈ Ib}, and for each non-empty bin Sb set

acc(b) =
1
|Sb|
· ∑

j∈Sb

I{yval
j = ŷ j}, conf(b) =

1
|Sb|
· ∑

j∈Sb

p̂ j.

The empirical ECE is then

ÊCE =
B

∑
b=1

|Sb|
m
·
∣∣acc(b)− conf(b)

∣∣.
As ECE is estimated on a finite validation set using binning, it inevitably incurs

approximation error and can be sensitive to the choice of binning scheme (Tygert
2025).

Poor calibration, as indicated by a high ECE, undermines the model’s relia-
bility, which is especially important in safety- or cost-critical applications, since
the model’s stated confidence no longer reflects real-world risks and utilities. To
address model miscalibration, various calibration techniques are applied. These
methods are typically grouped into training-time approaches and post-hoc ap-
proaches applied after training.

Among calibration approaches, post-hoc calibration is the most widely used: a
learned transformation is applied to a trained model’s logits or probabilities, leav-
ing the underlying predictor unchanged (Silva Filho et al. 2023). The transforma-
tion is selected (and tuned) on a held-out validation set to improve the agreement
between predicted and empirical probabilities, typically by minimising a strictly
proper scoring rule (Gneiting and Raftery 2007). Temperature scaling is the sim-
plest and most popular instance: a single parameter T > 0 scales the logits before
the softmax and often yields substantial improvements with minimal complexity
(Guo et al. 2017). When additional flexibility is needed, practitioners consider
matrix/vector scaling (Guo et al. 2017), Bayesian binning into quantiles (BBQ)
(Naeini, Cooper, and Hauskrecht 2015), and Dirichlet calibration (Kull, Perello
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Nieto, et al. 2019). For a broader overview of calibration methods and practice in
deep learning, see the survey by Wang et al. (C. Wang 2023).

Alternatives to post-hoc calibration include training-time approaches, which
use calibration-aware losses or penalties (e.g., MMCE, label smoothing, confi-
dence penalties (Müller, Kornblith, and G. E. Hinton 2019; Kumar, Sarawagi, and
Jain 2018; Pereyra et al. 2017)), model-based methods such as deep ensembles
(T. Abe et al. 2022) or Bayesian neural networks (Kendall and Gal 2017; Gal and
Ghahramani 2016), and data/optimisation strategies (e.g., mixup/augmentation
(Thulasidasan et al. 2019), early stopping (Minderer et al. 2021)), that aim to
produce well-calibrated probabilities without post-hoc adjustment. Originally in-
troduced to address class imbalance in object detection, focal loss has also been
shown to improve calibration, often yielding competitive ECE even without post-
hoc or other adjustments (T.-Y. Lin et al. 2017; Mukhoti et al. 2020).

Although these calibration methods were shown to be effective, there is no one-
size-fits-all solution; the best choice depends on the dataset, model family, and de-
ployment constraints, and should be selected via validation against the calibration
metric that matters for the application.
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3. BINARY COST-SENSITIVE LEARNING UNDER
COST UNCERTAINTY (PUBLICATION I)

3.1. Introduction

This chapter presents the thesis’s first contribution, advancing cost-sensitive learn-
ing by explicitly modelling class cost uncertainty and examining the loss functions
best suited to minimise the expected total cost. Whereas prior work either assumes
fixed misclassification costs or focuses on evaluation only, we treat each class cost
as a sample from a known probability distribution, collected, for example, from
domain experts’ estimates, and focus on selecting training losses that minimise
expected total cost. Guided by this objective, we derive a family of surrogate
losses that is mathematically equivalent to the expected total cost expression. We
then evaluate this family in extensive experiments, assessing both classical and
cost-sensitive metrics and studying performance after post-hoc temperature scal-
ing calibration. We explore the following research questions.

• Which loss function should be used to minimise cost-sensitive evaluation
metrics (e.g., expected total cost), especially in the presence of class-cost
uncertainty?

• Which proper loss families perform best in cost-sensitive settings when the
evaluation metric exactly matches the training loss?

3.2. Motivation

Classification problems are rarely balanced: some events occur far more fre-
quently than others, data collection often favours particular classes, and class
priors can shift at deployment. Moreover, equal class sizes rarely imply equal
importance: misclassification costs are asymmetric and dictated by domain con-
siderations. In practice, such costs are commonly specified in advance (often
from expert judgement) and used to convert common balanced metrics such as
accuracy into cost-sensitive such as total cost. Changing the metric of interest
from class-symmetric to cost-sensitive may alter which training losses and opti-
misation schemes are appropriate; methods tuned for accuracy may no longer be
optimal. While numerous cost-sensitive methods have been proposed (see Chap-
ter 2.2.1), important research gaps remain, which this chapter addresses.

Most studies focus on misclassification costs fixed a priori, which may be sub-
optimal because the initial cost settings can be inaccurate, biased, or drifted during
deployment. A more robust approach is to explicitly model uncertainty around the
specified costs. Prior work that incorporates cost uncertainty often treats it only
at the evaluation stage or is limited to classical models (e.g., decision trees). In
contrast, we derive loss functions that minimise cost-sensitive metrics under cost
uncertainty and evaluate them on deep learning architectures.
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In many practical settings, uncertainty about misclassification costs is great-
est precisely where costs are highest, and some high-penalty situations may be
underrepresented in the data because systems are designed to avoid them. Our
approach can encode such patterns by specifying distinct, potentially heavy-tailed
cost distributions for different classes or error types and then training with a loss
that coincides with the resulting expected misclassification cost. Nevertheless, be-
cause training still follows an empirical risk minimisation paradigm under the as-
sumed cost distributions, performance remains constrained by data coverage and
does not, by itself, correct for systematic underrepresentation of rare, high-cost
scenarios.

3.3. Main findings

We derive proper losses from the expected total cost expression under cost un-
certainty and outline a few probability distributions with potential practical value.
We benchmarked proposed losses against commonly used cross-entropy, focal
loss and label smoothing in image classification tasks, evaluating performance
on both standard (e.g., accuracy, log loss) and cost-sensitive metrics (total cost).
Detailed findings are presented in the subsections below.

3.3.1. Theoretical findings

We first formulate the commonly used misclassification cost (MC) in binary case
with fixed costs, where c0 := c01 > 0 is the cost of a false positive and c1 :=
c10 > 0 is the cost of a false negative; costs of correct decisions are equal to zero:
c00 = c11 = 0. Let p ∈ [0,1] denote the predicted probability of the positive class
(y = 1) and y ∈ {0,1} the true class label. Then, for a decision threshold t ∈ [0,1]
and indicator function I{·} (equals 1 if the argument event holds, 0 otherwise).

MC(c0,c1, p,y) = c0 · I{y = 0, p≥ t}+ c1 · I{y = 1, p < t}.

Following (Hernández-Orallo, P. Flach, and Ferri 2012), it is natural to repa-
rameterise costs into magnitude b = c1 + c0 and proportion c = c0

c1+c0
, thereby

separating scale from ratio and yielding cleaner and more intuitive decision rules.
Under this reparameterisation, the MC can be rewritten as:

MC(b,c, p,y) = b · c · I{y = 0, p≥ t}+b · (1− c) · I{y = 1, p < t}.

Assuming calibrated predicted probabilities, the Bayes-optimal decision thresh-
old (i.e., the one that minimises total cost) is equal to the cost proportion t = c
(Hernández-Orallo, P. Flach, and Ferri 2012). We therefore use this threshold
throughout.

Introducing uncertainty in costs is reasonable in practice. A typical applied
ML workflow includes training, validation, and deployment. During training, mis-
classification costs are often incorporated, based, for example, on domain expert
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estimates, to balance class importance. At deployment, however, actual costs may
change because estimates were noisy or biased, class priors shift, or operational
goals evolve. For this reason, we treat class costs as uncertain at both training and
validation: we model them as random variables and optimise the expected objec-
tive over plausible cost scenarios, yielding models that are more robust to cost
misspecification and shift. We note that focusing solely on the expected value
does not capture higher-order characteristics of the cost distribution, such as its
variance, so in principle a model with slightly higher expected cost but substan-
tially lower variability might be preferable in risk-averse settings. In this chapter,
however, we take expected total cost as our primary criterion and leave explicit
control of risk measures (for example, variance or tail risk) to future work.

We model class costs as random variables C0 and C1 (equivalently, magnitude
B =C0 +C1 and proportion C = C0

C0+C1
), making no independence assumption be-

tween them. Under independence, the cost for one class would, by construction,
convey no information about the cost for the other, which is rarely realistic in prac-
tice, since class costs are often tied to a common budget, policy, or risk tolerance
and tend to move together. Consequently, misclassification cost MC(B,C, p,y) is
itself a random variable. We then define the expected misclassification cost under
cost uncertainty as

EB,C[MC(B,C, p,y)] =EB,C

[
B ·C ·I{y = 0, p≥C}+B ·(1−C) ·I{y = 1, p <C}

]
.

We assume that the cost proportion C has an absolutely continuous distribution
on [0,1], so that it admits a probability density function fC and the expected cost
admits the integral and gradient representations below. We now state a theorem
that expresses the expected misclassification cost as an integral with respect to the
probability density function (PDF) of cost proportion C.
Theorem 3.3.1 (Restated from Theorem 1 of Publication I). Let p∈ [0,1] denote
the predicted probability of the positive class and y ∈ {0,1} the true class label.
Let B and C be random variables corresponding to the cost magnitude and cost
proportion such that E[B]<∞. Let fC(·) be the PDF of C, and w(c) =E[B|C = c] ·
fC(c). If thresholding is performed with t =C, then the expected misclassification
cost on this instance is equal to:

EB,C [MC(B,C, p,y)] =
∫ p

0
(c− y) ·w(c)dc+ I{y = 1} · (1−E[C]).

Similarly, we state the corresponding result under the (C1, C0) parametrisation
(Theorem 2, Publication I):

EC0,C1 [MC(C0,C1, p,y)]

=
∫ p

0
(c− y)

(∫ ∞

0
fC0,C1(bc,b(1− c))db

)
dc+ I{y = 1} · (1−EC0,C1 [C]).

The important practical outcome from these theorems is that these expected
cost expressions admit convenient gradient-based optimisation: p appears only
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as a limit of integration, so by Leibniz’s rule the derivative reduces to a simple
boundary term. For example, for proportion-magnitude parametrisation, the gra-
dient for a given instance is equal to:

∂

∂ p
EB,C [MC(B,C, p,y)] = (p− y) ·w(p).

Integral and weight function representations of proper losses similar to the
form above have appeared earlier in the literature. For binary probability estima-
tion, Miller et al. (Miller, Goodman, and Smyth 1991) show that losses whose
conditional risk is minimised, with respect to the predictive argument, at the pos-
terior probability (i.e., proper losses) can be represented via suitable weighting
functions on the unit interval. Cid-Sueiro et al. (Cid-Sueiro et al. 1999) extend
this analysis to the multiclass setting, considering different assumptions on how
to construct multiclass losses and on the structure of the principal directions. Buja
et al. (Buja, Stuetzle, and Y. Shen 2005) provide a systematic treatment of binary
proper scoring rules in terms of weight functions on class probabilities. Specific
examples of such losses based on particular choices of weight functions, includ-
ing Beta functions, are given by Guerrero-Curieses et al.(Alicia Guerrero-Curieses
and Jesús Cid-Sueiro and Rocío Alaiz-Rodríguez and Aníbal R. Figueiras-Vidal
2004).

Our formulation interprets the weighting function instead as a probability den-
sity over class costs that are uncertain during training and explicitly identifies the
corresponding loss as the expected misclassification cost under cost uncertainty
at the instance level. Developing this cost uncertainty interpretation, and using
the resulting expected cost losses as objectives for training modern deep neural
networks, is the main focus of this work.

The gradient shows that optimisation properties, such as continuity, differen-
tiability, and smoothness, can be controlled by the weighting term w(p). By mod-
elling costs with a convenient parametric family for w, we obtain well-behaved,
computationally tractable gradients suitable for gradient-based training. Crucially,
this lets us treat the expected misclassification cost not only as the evaluation met-
ric M but also as a training objective L using the cost expression itself as the loss
when fitting machine learning models.

We suggest the Beta distribution as a convenient choice for w(p): by vary-
ing α,β > 0 we can control cost proportion mean location α/(α +β ) and, when
α,β > 1, its mode (α − 1)/(α + β − 2). The cost proportion uncertainty can
be modeled by varying the distribution parameters α,β to control its variance
αβ

/[
(α +β )2(α +β + 1)

]
. In our interpretation, α/(α +β ) represents the ex-

pected cost proportion, i.e., the average share of total misclassification cost at-
tributed to the positive class; the variance quantifies the uncertainty around this
cost split. These quantities can, at least approximately, be elicited from domain
experts or estimated from historical cost data, giving the hyperparameters a tangi-
ble meaning.
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Figure 1: Class costs joint, marginal, sum and proportion distribution density
functions for α = 3, β = 2, γ = 1. The unimodality of both marginal parametri-
sations leads to a unimodal joint distribution, representing a practical scenario
in which the most probable costs cluster near the expert-specified central region.
Adapted from Publication I.

This yields a Beta family of losses with analytic, well-behaved gradients; it re-
duces to the Brier case when α = β = 1 (uniform cost weighting), and approaches
the cross-entropy in the limit α,β→ 0+, where w(p)∝ pα−1(1− p)β−1→ 1

/(
p(1−

p)
)
.
Alternatively, we suggest modelling the class costs directly as independent

Gamma variables with a same scale parameter: C1 ∼ Gamma(α,θ) and C0 ∼
Gamma(β ,θ). Assuming a common scale parameter reflects the idea that both
types of error are subject to the same underlying cost volatility (e.g., market
prices, operational budgets), with α and β then primarily controlling their rela-
tive magnitudes. For a Gamma(k,θ ) distribution, the mean is kθ and the variance
is kθ 2 (standard deviation

√
k θ ), so α,β control the class-specific cost means

and variances in a convenient way. The common scale θ simplifies the following
derivations: the cost magnitude B=C0+C1 will be distributed Gamma(α+β ,θ),
while the cost proportion C = C1

C0+C1
will be Beta(α,β ), and B and C will be in-

dependent. Hence E[B | C = c] = E[B] = (α + β )θ , and the weighting term in
the gradient reduces to w(p) = E[B] fC(p) = (α +β )θ pα−1(1− p)β−1/B(α,β ),
where B(·, ·) is the Beta function.

An example of the smooth joint cost distribution and its decomposition into
(C1,C0) and (B,C) parametrisations for a Gamma cost model is shown in Fig. 1.
The marginal and joint PDFs are smooth and unimodal, as expected for Gamma
distributions with shape parameters α,β > 1, with the joint density peaking near
the intersection of the marginal modes, i.e., at the most plausible combination
of class costs. Modelling multimodal or non-smooth cost beliefs would require
alternative families, which we do not consider here.

These are only a few possible choices for cost modelling, but they are attractive
in practice because they combine mathematical convenience with a flexible, inter-
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pretable parametrisation: the Beta and Gamma families are standard for modelling
proportions and positive-valued quantities, yield closed-form expressions for the
weighting function and its gradient, and allow domain experts to specify means,
modes, and variance directly through α,β ,γ . In particular, they conveniently cap-
ture scenarios where the cost distribution is unimodal, with a flexible choice of
the mode (most likely cost level) and a tunable degree of uncertainty around it.

3.3.2. Experimental findings

In the previous subsection, we showed how the expected misclassification cost
under class cost uncertainty can be used as a training loss for ML models by de-
riving an expression suitable for gradient-based optimisation. We also proposed
several practically convenient cost distributions, most notably a Beta family for
the cost proportion parametrisation. We then benchmark this loss family on sev-
eral binary image classification datasets against commonly used baseline losses:
cross-entropy, focal loss, and label smoothing.

Optimal Beta loss hyperparameters. First, we used the training and validation
sets of the considered datasets to gain a preliminary understanding of the Beta
loss’s performance across its hyperparameters. For that, we consider 99 cost un-
certainty scenarios to create Beta distribution based evaluation metrics, and con-
sider 63 different Beta hyperparameters across cost-sensitive losses. We use six
binary class balanced image classification datasets, obtained by extracting three
class pairs (cat vs horse, bird vs frog, deer vs plane) from CIFAR-10 (Krizhevsky,
Nair, and G. Hinton 2009) and three class pairs (Pullover vs Coat, T-shirt/top
vs Shirt and Shirt vs Pullover) from Fashion-MNIST (Xiao, Rasul, and Vollgraf
2017) datasets. To make the task sufficiently challenging for deep networks, we
injected additive Gaussian noise (mean 0, standard deviation 30) and randomly
dropped a fraction of pixels, tuning the corruption level until validation accuracy
fell below 90%. This makes the experiments more informative: when accuracy
is very high, predicted probabilities concentrate near 0 or 1, so only extreme cost
imbalances would change decisions relative to the default 0.5 threshold.

Our preliminary experiments revealed that simply training with the loss in-
duced by the cost uncertainty distribution underlying a given evaluation metric
rarely yields the best, or even competitive, performance. This observation moti-
vated a different strategy: instead of tuning a separate loss for every cost scenario,
we looked for a single set of Beta loss hyperparameters that performs reliably
well across many such scenarios. To identify such a default, we benchmarked all
63 candidate Beta losses by counting how often each appeared among the top-
10 losses across 99 cost metrics and six datasets (Table 1). The hyperparameters
Beta(25,25) emerged as the strongest overall candidate.
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Table 1: Best Beta loss parameters per dataset (three extracted class pairs from
CIFAR-10 and three from Fashion-MNIST). Each column corresponds to a
dataset; each row lists the best Beta loss parameters, ranked by the frequency
with which they appear in the top-10 across 99 cost-sensitive metrics (among 63
candidate losses) on the validation set. Beta(25,25) was most frequently in the
top-10 (among 53% of metrics). Adapted from Publication I.

Deer v Pl. Bird v Fr. Sh v Car P. v Coat Top v Sh. Dr v P. Total
(8, 12) (16, 24) (24, 16) (15, 15) (15, 15) (8, 12) (25, 25): 53%
(16, 24) (12, 18) (12, 28) (10, 10) (25, 25) (10, 10) (20, 30): 47%
(20, 30) (25, 25) (20, 30) (6, 4) (12, 18) (18, 12) (18, 12): 47%
(12, 28) (12, 28) (18, 12) (5, 5) (12, 8) (16, 24) (20, 20): 43%
(25, 25) (20, 30) (30, 20) (4, 6) (18, 12) (20, 20) (24, 16): 43%

Performance against baselines on cost-sensitive metrics. We evaluated the per-
formance of the Beta(25, 25) loss against focal, cross-entropy, and label-smoothed
cross-entropy across 99 cost-sensitive metrics, each derived by assuming one of
99 Beta distributions over cost uncertainty and computing the corresponding ex-
pected misclassification cost. Fig. 2 offers a single, detailed visualisation sum-
marising performance over 99 evaluation metrics and six datasets, highlighting
when Beta(25, 25) outperforms the baselines. Each subplot corresponds to a
single dataset; the X and Y axes are the Beta parameters (α,β ) that define the
evaluation metric. Each circle corresponds to the metric at its (α,β ) location,
which specifies the corresponding cost uncertainty scenario. The blue number in-
side each circle shows the relative % cost improvement: for the green circle, how
much Beta(25,25) lowers cost vs the best baseline; for the orange, how much the
best baseline lowers cost vs Beta(25,25). In most cases, Beta(25,25) performs
better, especially for more cost-balanced metrics, though the gains and patterns
vary by dataset.

Performance against baselines on standard metrics. We also compared the
performance of the Beta(25, 25) loss against the considered baselines on com-
monly used evaluation metrics, including log-loss, MSE, AUC, and accuracy. We
additionally chose three class-imbalanced datasets PneumoniaMNIST, ChestM-
NIST, and BreastMNIST (Yang et al. 2023) without added noise. The class imbal-
ance ratio in these datasets is approximately 3.5:1. Prior to evaluation, we applied
standard temperature scaling to all approaches, with the temperature chosen on a
validation set by minimising log-loss. The mean and standard deviation of per-
formance, aggregated over 20 random seeds across nine datasets, are presented in
Table 2. We observe that, across many metrics and datasets, Beta(25, 25) often
achieves noticeably better performance.

To assess statistical significance, we computed average ranks and critical dif-
ferences using the Nemenyi test (α = 0.05), as shown in Table 3. Significant
superiority of Beta(25, 25) was found only relative to cross-entropy when evalu-
ated by log-loss and accuracy; for other baselines, despite large gaps in average
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Figure 2: Comparison of Beta(25,25) with the best of cross-entropy, label smooth-
ing, and focal across six datasets on 99 Beta cost-sensitive metrics. The plot in-
dexes metrics by Beta parameters (α,β ) on the X and Y axes; light green cells
indicate Beta(25,25) outperforms the best baseline, orange indicates the converse.
Blue numbers report the relative improvement (%) of the better method (positive
= Beta(25,25), negative = baseline); e.g., on PneumoniaMNIST with evaluating
on Beta(5,45), Beta(25,25) is 3% worse than the best baseline. Adapted from
Publication I.
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rank, the limited number of datasets made it difficult to detect additional signifi-
cant differences.

We also investigated the effect of temperature scaling on Beta losses. Specif-
ically, we computed the relative improvement in log-loss after applying temper-
ature scaling (versus before) across nine datasets, alongside the other baseline
losses (Fig. 3). We observe that performance improvements are largely dataset-
specific, whereas the Beta and cross-entropy losses, which are also the only proper
losses among those considered, typically benefit the most from post-hoc calibra-
tion.
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Table 2: Mean and standard deviation of standard evaluation metrics aggregated
over 20 random seeds for the Beta(25, 25) and standard loss functions with post-
hoc temperature scaling calibration. Adapted from Publication I.

Losses Evaluation metrics
PneumoniaMNIST CE MSE AUC ACC
Cross-entropy 0.859±0.17 0.044±0.017 0.927±0.021 0.828±0.02
Label smoothing 0.813±0.14 0.017±0.016 0.937±0.013 0.816±0.02
Focal loss 0.682±0.08 0.012±0.018 0.928±0.008 0.808±0.03
Beta(25, 25) 0.990±0.11 0.063±0.026 0.922±0.027 0.832±0.03
BreastMNIST CE MSE AUC ACC
Cross-entropy 0.416±0.04 0.088±0.016 0.851±0.04 0.852±0.04
Label smoothing 0.577±0.04 0.140±0.011 0.806±0.03 0.754±0.05
Focal loss 0.468±0.03 0.115±0.012 0.841±0.04 0.815±0.04
Beta(25, 25) 0.408±0.03 0.065±0.006 0.835±0.04 0.827±0.05
ChestMNIST CE MSE AUC ACC
Cross-entropy 0.254±0.001 0.429±0.004 0.562±0.03 0.932±0.0
Label smoothing 0.236±0.000 0.445±0.000 0.506±0.01 0.936±0.0
Focal loss 0.253±0.002 0.432±0.003 0.536±0.01 0.936±0.0
Beta(25, 25) 0.234±0.003 0.445±0.002 0.512±0.03 0.939±0.0
CIFAR-10 bird vs frog CE MSE AUC ACC
Cross-entropy 0.545±0.01 0.092±0.002 0.798±0.01 0.722±0.011
Label smoothing 0.526±0.011 0.088±0.002 0.815±0.01 0.735±0.01
Focal loss 0.524±0.009 0.087±0.002 0.817±0.008 0.739±0.009
Beta(25, 25) 0.512±0.012 0.085±0.002 0.829±0.009 0.747±0.01
CIFAR-10 ship vs car CE MSE AUC ACC
Cross-entropy 0.375±0.012 0.059±0.002 0.913±0.006 0.831±0.007
Label smoothing 0.362±0.009 0.057±0.002 0.919±0.005 0.84±0.006
Focal loss 0.36±0.011 0.057±0.002 0.92±0.005 0.839±0.006
Beta(25, 25) 0.34±0.012 0.053±0.002 0.929±0.005 0.852±0.008
CIFAR-10 deer vs plane CE MSE AUC ACC
Cross-entropy 0.326±0.008 0.05±0.001 0.935±0.003 0.864±0.006
Label smoothing 0.318±0.008 0.048±0.001 0.938±0.003 0.867±0.005
Focal loss 0.314±0.006 0.048±0.001 0.939±0.003 0.869±0.005
Beta(25, 25) 0.308±0.008 0.046±0.001 0.943±0.002 0.877±0.005
Shirt vs Pullover CE MSE AUC ACC
Cross-entropy 0.324±0.005 0.05±0.001 0.936±0.002 0.864±0.002
Label smoothing 0.316±0.006 0.049±0.001 0.939±0.002 0.863±0.006
Focal loss 0.333±0.008 0.052±0.001 0.933±0.003 0.857±0.005
Beta(25, 25) 0.32±0.005 0.049±0.001 0.938±0.002 0.868±0.004
T-shirt/top vs Shirt CE MSE AUC ACC
Cross-entropy 0.34±0.006 0.054±0.001 0.929±0.003 0.846±0.004
Label smoothing 0.326±0.006 0.051±0.001 0.936±0.002 0.852±0.004
Focal loss 0.326±0.005 0.052±0.001 0.934±0.002 0.849±0.004
Beta(25, 25) 0.335±0.006 0.052±0.001 0.932±0.003 0.851±0.005
Pullover vs Coat CE MSE AUC ACC
Cross-entropy 0.312±0.009 0.047±0.002 0.94±0.003 0.87±0.005
Label smoothing 0.303±0.003 0.046±0.0 0.944±0.002 0.875±0.004
Focal loss 0.313±0.005 0.048±0.001 0.939±0.002 0.868±0.002
Beta(25, 25) 0.294±0.004 0.044±0.001 0.947±0.001 0.882±0.003
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Figure 3: The relative improvement in cross-entropy, computed as relative differ-
ence before and after applying post-hoc temperature scaling, is shown for four loss
functions - Beta(25, 25), label smoothing, focal loss, and cross-entropy - across
nine datasets. Each of the nine subplots corresponds to one dataset: CIFAR-10
(bird vs. frog, ship vs. car, deer vs. plane classes), Fashion-MNIST (Shirt vs.
Pullover, T-shirt/top vs. Shirt), Pullover vs. Coat classes, PneumoniaMNIST,
ChestMNIST, and BreastMNIST. Adapted from Publication I.

Table 3: Average ranks of the CE, LS, FL, and Beta (25, 25) loss functions on
standard metrics computed over nine datasets, along with critical differences. A
lower rank is better and is highlighted in bold. Underlined scores denote methods
that are significantly inferior (Nemenyi test with α = 0.05) to the top-performing
approach according to the critical difference. Adapted from Publication I.

CE rank MSE rank AUC rank ACC rank
CE 3.39 3.11 2.94 3.28
LS 2.39 2.56 2.39 2.72
FL 2.56 2.56 2.83 2.78
Beta(25, 25) 1.67 1.78 1.83 1.22
Critical difference 1.56 1.56 1.56 1.56
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3.4. Summary and limitations

By assuming class cost uncertainty, our work aligns more closely with real-world
applications. In practice, exact misclassification costs are rarely known during
training; instead, approximate estimates, often informed by planning constraints
or domain experts, are available, while precise values can only be measured at
deployment. Building on these assumptions, we addressed the key question of
which loss function to use in order to minimise expected total cost, a metric that
directly captures the trade-offs between errors under cost uncertainty.

Starting from the expected cost formulation, we derive the Beta loss family by
modelling class cost proportions with Beta distribution, which is convenient for
practical applications. The Beta distribution can represent a single high-density
peak (near the “most likely” cost value) or broader uncertainty, by increasing hy-
perparameters that control the cost variance. We show that Beta losses possess
several optimisation-friendly properties: they are smooth, admit closed-form gra-
dient expressions, and become convex for a specific range of hyperparameters.

We also show that alternative cost parameterisations are possible, such as those
based directly on class cost magnitudes, and illustrate this with the example of the
Gamma loss family.

We demonstrate that directly minimising Beta losses lowers the expected total
cost on both the validation and test sets compared to existing cost-sensitive ap-
proaches. Also, we study whether it is optimal to align the cost parameters of the
surrogate loss with the class-cost parameters of the evaluation metric.

Experiments show that training with large, nearly equal Beta loss parame-
ters α ≈ β >> 1, consistently delivers lower cost-sensitive metrics than stan-
dard cross-entropy and performs comparably with focal loss and label smoothing,
which are losses typically chosen for handling class imbalance. High and bal-
anced Beta loss parameters represent a low-variance, balanced prior over misclas-
sification costs, which surprisingly keeps total cost low across most cost distribu-
tions except extreme imbalance. Moreover, applying temperature scaling further
enhances the performance of probabilistic measures of the model trained with
Beta loss.

Despite its scope, this study has clear limitations: it assumes a specific form of
cost uncertainty and considers only certain distributions within it (mostly Beta).
In experiments, the study focuses only on image classification tasks that are class-
balanced or only mildly imbalanced. Still, even within these limitations, the study
highlights important aspects of selecting losses for cost-uncertainty metrics and
provides a foundation for future work. In the multiclass setting, ideas from the
framework of Cid-Sueiro et al. (Cid-Sueiro et al. 1999) can be reused to extend
the analysis beyond the binary case under suitable structural assumptions on the
cost matrix. In that context, the Dirichlet distribution, as the natural multiclass
generalisation of the Beta distribution, becomes a primary candidate for modelling
cost uncertainty via Dirichlet-distributed class-wise cost proportions.
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4. IMPROVING CALIBRATION BY RELATING FOCAL
LOSS, TEMPERATURE SCALING, AND

PROPERNESS (PUBLICATION II)

4.1. Introduction

This chapter presents the thesis’s second contribution, exploring calibration of
separable losses (that depend only on true class predicted probability), with a
primary focus on focal loss. We show that focal loss admits a decomposition into
a proper loss component and a fixed calibration map component, and we examine
how these parts affect calibration during training, validation, and deployment.
We then extend this decomposition to broader families of separable losses and
propose new training losses together with their associated proper and calibration
map parts. Finally, we evaluate the calibration of focal loss and the proposed
losses on image classification datasets, pairing them with newly derived families
of calibration maps.

We focus on the following research questions:
• Why does the (improper) focal loss yield better calibration than the com-

monly used (proper) cross-entropy loss (as reported by (Mukhoti et al.
2020)), and how does focal loss relate to properness?

• Can we decompose any separable loss into a proper component and a fixed
calibration map component, and can some separable losses perform com-
parably to cross-entropy?

4.2. Motivation

Model calibration is essential in real-world systems because reliable predicted
probabilities support accurate downstream decisions. Still, many modern deep
learning models suffer from miscalibration due to overconfidence, when predicted
confidences are overly optimistic. While many studies propose new methods to
improve calibration, it is equally important to understand the mechanisms that
drive it. Post-hoc calibration, applied once optimisation is complete and the
weights are fixed, fits a transformation of predicted probabilities on a validation
set to better match true class probabilities; it is now a routine step in the training
pipeline. Yet discovering a loss function that yields well-calibrated probabilities
without post-hoc adjustments or additional regularisations would simplify deploy-
ment and deepen our understanding of training dynamics.

Focal loss often yields well-calibrated probabilities without post-hoc adjust-
ments, while matching or even outperforming cross-entropy on discriminative
metrics (e.g., accuracy). This chapter aims to explain why focal loss calibrates
well and to develop and assess new loss functions with similar calibration proper-
ties.
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4.3. Main findings

We derive a decomposition of the focal loss into a proper loss component and a
fixed calibration map component, analyse properties of these components, pro-
pose a new family of calibration maps by combining the focal calibration compo-
nent with standard temperature scaling, and investigate the practical performance
of this calibration method.

Later, we extend this decomposition to a wider family within separable losses,
propose new training losses and calibration maps, and show in experiments that
they yield comparable performance and sometimes outperform classical baselines
such as cross-entropy and focal loss on both accuracy and calibration metrics.

4.3.1. Focal loss decomposition

We consider focal loss (T.-Y. Lin et al. 2017), defined for a true class label y and
a predicted probability vector p (with py the probability assigned to class y) by

LFL(p,y) =−
(
1− py

)γ log py,

with hyperparameter γ ≥ 0. Throughout this subsection, we often refer to the
focal loss simply as L(·, ·) for brevity (in such cases, we explicitly state in the
surrounding text that L denotes the focal loss).

Binary case. We first establish a decomposition of the binary focal loss, as
presented in the following proposition.
Proposition 4.3.1 (Restated from Proposition 2, Publication II). Let L(q,y) be
a binary focal loss parametrised by γ > 0. Then it can be decomposed into a
bijective function p̂ : (0,1)→ (0,1) (which could be seen as a fixed calibration
map) and a proper loss L∗ : [0,1]×{0,1}→R+ such that L∗(q,y) = L(p̂−1(q),y)
(equivalently, L(q,y) = L∗(p̂(q),y)), and p̂ is defined as:

p̂(q) =
1

1+
(1−q

q

)γ (1−q)−γq·log(q)
q−γ(1−q)·log(1−q)

.

This decomposition shows that the focal loss can be interpreted as a standard
proper loss applied after a fixed, nonlinear calibration of predicted probabilities.
In other words, focal loss reshapes the probability space through a bijective trans-
formation p̂ before applying a proper scoring rule L∗. This view connects focal
loss to the general theory of composite and link-based losses introduced by Reid
and Williamson (M. D. Reid and R. C. Williamson 2010) where properness is pre-
served under suitable link functions, and to the posterior re-mapping interpretation
of Saerens et al. (2002), who expressed similar transformations for probabilistic
classifiers (their Eq. (13)). Conceptually, in the binary case this decomposition
clarifies that the focal loss does not discard the properness principle but rather
modifies it via a calibration layer, much like a nonlinear activation preceding a
proper objective in a neural network.

The main proof steps were the following.
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1. Defining the transformation p̂(·) based on ideas from composite link theory
(M. D. Reid and R. C. Williamson 2010).

2. Proving that the mapping p̂(·) is bijective.
3. Showing that the residual loss L∗ is proper.

We henceforth refer to the fixed calibration map induced by this decomposition as
the focal calibration map (parameterised by γ). We analyse this binary calibration
map in logit space (combined with the sigmoid link) and observe a close resem-
blance to standard temperature scaling (Guo et al. 2017). Moreover, we show that,
for all logits, the focal calibration map admits pointwise lower and upper bounds
given by temperature scaling transformations with close temperature parameters
(see the next proposition).
Proposition 4.3.2 (Restated from Proposition 3, Publication II). Let FC(s) =
p̂γ(

1
1+e−s ) be a focal calibration function applied on top of a sigmoid with a logit

s. Then, the focal calibration could be bounded between two temperature scaling
maps with T = 1

γ+1 and T = 1
γ+1− log(γ+1)

2

such that

∀s < 0
1

1+ e−
s

γ+1
> FC(s)>

1

1+ e
− s

γ+1− log(γ+1)
2

,

∀s≥ 0 :
1

1+ e−
s

γ+1
< FC(s)<

1

1+ e
− s

γ+1− log(γ+1)
2

.

We illustrate the similarity between the focal calibration map and temperature
scaling in logit space by (i) plotting, for each calibration parameter γ , the corre-
sponding lower and upper temperature scaling bounds that enclose the focal map
over the entire logit range (two sets of bounds: one proven theoretically and one
obtained via numerical approximation); and (ii) plotting, alongside, the maximum
gap between these bounds across logits for each γ (Fig. 4). The theoretical bounds
are intentionally conservative to simplify the proof; as a result, they can be wider
than necessary, while the experimental bounds are typically much tighter. The
observed relation between the optimal temperature T and the focal parameter γ is
approximately inverse: γ ≈ 1

T as could be seen in Fig. 5.
Motivated by the striking empirical similarity between focal calibration and

temperature scaling on the logit scale, we run numerical experiments to investi-
gate the relationship between their parameters. We approximate the binary focal
calibration curves with temperature scaling on the logit scale by choosing T (γ) to
minimise the maximum absolute deviation between the two transformations over
a fine logit grid (e.g., [-20, 20] with step 0.05). This minimax fit makes their
similarity especially clear, as shown in Fig. 5 (right) for γ ∈ {0.5,2}. The left
panel shows that this approximation yields an approximately linear relationship
between γ and the optimal inverse temperature 1

T (γ) .
Multiclass case. We derive focal loss decomposition into proper loss compo-

nent and calibration map component in the multiclass case as presented in the
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Figure 4: Left: theoretical and experimental bounds for focal calibration with tem-
perature scaling maps. Right: theoretical and experimental widths of the bounds
for different γ . The curves in the left panel overlap closely, which highlights how
tight the theoretical and experimental bounds are rather than separating them for
visibility. The right panel shows that the theoretical bounds, while tight, are still
noticeably wider than the experimental ones, which indicates room for deriving
even tighter theoretical bounds, potentially at the cost of much more complicated
derivations. Adapted from Publication II.

following proposition.
Proposition 4.3.3 (Restated from Proposition 4, Publication II). Let L(q,y) be a
multiclass focal loss parametrised with some γ > 0. Then, it can be deconstructed
into a composition of a bijective function p̂(q) and a proper loss L∗(q,y) such
that:

p̂ j(q1, ...,qK) =

1

(1−q j)γ ·(
γ·log(q j)

1−q j
− 1

q j
)

∑
K
k=1

1
(1−qk)γ ·( γ·log(qk)

1−qk
− 1

qk
)

∀ j = 1..K,

L∗(q,y) = L(p̂1
−1(q1, ...,qK), ..., p̂K

−1(q1, ...,qK)).

This proposition shows that the multiclass focal loss, as in the binary case,
can be understood as a standard proper loss applied after a nonlinear, invertible
reparameterisation of class probabilities. A similar multiclass expression for fo-
cal transformations appears in (Charoenphakdee et al. 2021), where the authors
derived a comparable reweighting of class probabilities but did not explicitly for-
malise the decomposition into a proper loss and a bijective calibration map. The
main proof steps are essentially the same as for the binary case and are as follows.

1. Define the transformation p̂(·) for the multiclass focal loss by extending the
binary calibration map component-wise to the probability simplex, normal-
ising it to ensure that both the input and output lie on the simplex.
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Figure 5: Left: relationship between focal calibration with parameter γ and tem-
perature scaling (inverse temperature 1

T ), where 1
T is fitted to minimise the maxi-

mum absolute deviation between the two transformations over logits in range [-20,
20] (step size 0.05). Right: focal calibration curves with parameters 0.5 and 3 on
the logit scale, together with their closest temperature scaling counterparts (with
T = 0.76 and T = 0.36 respectively). The right-panel examples were deliberately
selected to illustrate near-indistinguishability: the focal and temperature scaling
mappings overlap so closely that they cannot be visually separated at this scale.
Adapted from Publication II.

2. Prove bijectivity of p̂ on the probability simplex, by analysing the component-
wise derivatives and the overall Jacobian.

3. Show that the residual loss L∗ is proper.
We next examine the derived focal calibration map on the probability simplex,

visualising the three-class case alongside temperature scaling (Fig. 7). The focal
calibration map shows the opposite of the usual overconfidence-reducing calibra-
tion behaviour: probability vectors are pushed from the simplex interior toward
the vertices, similar to temperature scaling with T < 1, as indicated by outward-
pointing arrows.

Similarly, we visualise the proper component of focal loss in the three-class
case by plotting conditional risk isolines for a fixed ground truth probability vec-
tor, alongside Brier score and cross-entropy (Fig. 6). The resulting loss landscape
is more complex than for the other losses and does not yield simple qualitative
conclusions.

We combine the multiclass focal calibration map with temperature scaling into
a new calibration method, focal temperature scaling, where the parameter pair
(γ,T ) is chosen on a validation set by minimising log-loss or ECE. We benchmark
this method against standard temperature scaling with models trained using cross-
entropy, focal loss, and training-time calibration methods (FLSD-53 (Mukhoti et
al. 2020) and AdaFocal (Ghosh, Schaaf, and Gormley 2022)); evaluation uses ac-
curacy, log-loss, and ECE, with results shown in Table 6. The results show that
focal temperature scaling consistently reduces ECE further than standard tem-
perature scaling, keeps accuracy unchanged, and achieves comparable log-loss.
Moreover, it can be applied on top of training-time calibration (e.g., AdaFocal) to



Figure 6: Brier score, cross-entropy and properized focal loss (γ = 1,3) condi-
tional risk isolines (defined by loss percentiles 3%,12%,20%) for ground truth
probability p = (0.55,0.3,0.15). Adapted from Publication II.

improve calibration even further. It is worth noting that, on some datasets with
cross-entropy training, we obtain γev < 0, which has a confidence-sharpening ef-
fect. This does not contradict the typical overconfidence of cross-entropy–trained
models. In our setup, focal calibration is composed with temperature scaling, and
the optimal hyperparameters often pair a mildly sharpening focal map (γev < 0)
with a softening temperature (typically T > 1), so the combined effect reduces
overconfidence.

4.3.2. Extension to separable losses

Next, we generalise the focal loss decomposition to a richer loss class within sepa-
rable losses (i.e., losses that depend only on the true class’s predicted probability),
as shown in the theorem below.
Theorem 4.3.4 (Decomposition of separable losses into calibration map and proper
part). Let K ≥ 2 and ∆K−1 := {p ∈ [0,1]K : ∑

K
i=1 pi = 1}. Let f : [0,1]→ R be

convex and C1 on (0,1] with

f ′(x)< 0 for all x ∈ (0,1], lim
x↓0

f ′(x) =−∞, f ′(1) ∈ (−∞,0).
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Figure 7: Focal calibration (top row) and temperature scaling (bottom row) are vi-
sualised as directional arrows over a uniform grid of three-class probability sim-
plex points. The top-left panel uses γ = 1 and the top-right panel uses γ = 3;
the bottom-left panel shows the closest temperature map (by mean squared to-
tal distance over the grid points) with T = 0.81, and the bottom-right panel uses
T = 0.46. Each arrow starts at the original probability and ends at the transformed
probability. Adapted from Publication II.

Consider the separable loss L : ∆K−1×{1, . . . ,K}→ R given by

L(p,y) = f (py).

Define k : (0,1]→ (0,∞) by k(x) := −1/ f ′(x) and set k(0) := limx↓0 k(x) = 0.
Define the calibration map φ : ∆K−1→ ∆K−1 component-wise by

φi(p) =
k(pi)

∑
K
j=1 k(p j)

, i = 1, . . . ,K.

Then:
(a) φ is a bijection. In particular, φ−1 : ∆K−1 → ∆K−1 is well-defined and

continuous.
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(b) The composite loss

L̃(q,y) := L
(
φ
−1(q),y

)
= f

(
(φ−1(q))y

)
, q ∈ ∆

K−1,

is a proper loss. Moreover, if f is strictly convex on (0,1) (equivalently k is
strictly increasing), then L̃ is strictly proper.

(c) (Decomposition) For every p ∈ ∆K−1 and y ∈ {1, . . . ,K},

L(p,y) = L̃
(
φ(p), y

)
.

This theorem shows that any separable loss L(p,y) = f (py) under mild as-
sumptions can be rewritten as a proper loss applied after a fixed, bijective cal-
ibration map φ . In parallel with our Publication II, closely related conclusions
were obtained independently by Bao and Charoenphakdee (2025), reinforcing the
generality of this decomposition viewpoint. For example, for cross-entropy, the
calibration map from the decomposition is the identity map, so the calibration
layer vanishes and the composite reduces to the original loss; this aligns with the
classical result that, up to positive affine equivalence, cross-entropy is the unique
proper separable loss (Gneiting and Raftery 2007). Motivated by this, we next ask
the reverse question: given a calibration map, under what conditions does it arise
from some proper loss via a separable-loss decomposition, and how can this be
verified?

The following lemma addresses this question. This result extends our previous
work (Publication II) and will be detailed in a forthcoming study.
Lemma 4.3.5 (Representation of calibration maps and construction of a proper
separable loss). Let ∆K−1

◦ = {p ∈ (0,1)K : ∑i pi = 1} be the open simplex and let
φ : ∆K−1→ ∆K−1 be a calibration map satisfying:
(A1) Continuity & positivity: φ is continuous on ∆K−1 and φi(p)> 0.

(A2) Permutation equivariance: φ(π p) = π φ(p) for every permutation π .

(A3) Odds dependence: for all i ̸= j there exists ρ : (0,1]2 → (0,∞) such that
φi(p)/φ j(p) = ρ(pi, p j) for all p ∈ ∆K−1

◦ .

(A4) Cocycle consistency: ρ(x,y)ρ(y,z) = ρ(x,z) and ρ(x,y) = 1/ρ(y,x) for all
x,y,z ∈ (0,1].

Then there exists a continuous function k : (0,1]→ (0,∞) (unique up to a positive
multiplicative constant) such that

φi(p) =
k(pi)

∑
K
j=1 k(p j)

, i = 1, . . . ,K, p ∈ ∆
K−1
◦ .

If, in addition, φ extends continuously to the boundary with φ(ei) = ei and φi(p) =
0 ⇔ pi = 0, then k extends by k(0) := 0 and k(1) > 0. If φ is injective (rank-
preserving), then k is strictly increasing.

50



51

Furthermore, if k is nondecreasing, define a separable loss f : [0,1]→ R by

f ′(x) = − 1
k(x)

(x ∈ (0,1]), f (1) := 0, f (x) := f (1)−
∫ 1

x

dt
k(t)

.

Then f is convex with f ′(x) < 0 on (0,1] and limx↓0 f ′(x) = −∞. Let L(u,y) :=
f (uy) for u ∈ ∆K−1 and y ∈ {1, . . . ,K}. The composite loss

L̃(p,y) := L
(
φ
−1(p), y

)
is strictly proper on ∆K−1.

For example, temperature scaling satisfies A1–A4. Taking k(x) = x1/T with
T > 0, we recover

φi(p) =
k(pi)

∑
K
j=1 k(p j)

=
p1/T

i

∑
K
j=1 p1/T

j

(i = 1, . . . ,K),

i.e., the probability-level temperature transformation.
Guided by the decomposition assumptions, we can design new focal-style ob-

jectives, allowing systematic exploration of variants that retain the key properties
of focal loss and isolating whether performance is driven by the focal shape itself
or by the conditions required for the decomposition. We have proposed new train-
ing losses together with corresponding calibration maps that arise from the loss
decomposition into a proper term and a calibration map. Each loss is a multiplica-
tive reweighting of cross-entropy,

L(py) = g(py)(− log py),

with the following choices of g(·):

Linear-Decay Loss: g(p) = 1−β p.

Exponential-on-p Loss: g(p) = e−α p.

Exponential-on-(1−p) Loss: g(p) = e−α(1−p).

One-Minus-Power Loss: g(p) = 1− pβ .

Generalized Focal Loss: g(p) = (1− pβ )γ .

Log-Power Loss: g(p) = (− log p)κ (so L(p) = (− log p)κ+1).

Here α,β ,γ,κ ≥ 0.
We next evaluate the performance of the proposed loss functions, compared

with cross-entropy and focal loss, and combined with temperature scaling, as
shown in Table 4. Overall, the new losses achieve performance broadly com-
parable across all evaluation metrics.



Similarly, we evaluate the proposed losses paired with proposed calibration
maps (not necessarily the corresponding ones), as shown in Table 5. Exploring
these combinations, we observe consistent improvements in ECE over focal loss
and cross-entropy. Moreover, in several settings, the proposed calibration maps,
used on their own (i.e., without combining with temperature scaling), already
improve calibration even relative to baselines that are paired with temperature
scaling.

Accuracy Log-Loss Log-LossT=1 ECE ECET=1
Loss Param

CE - 77.9±0.0 1.01±0.00 (2.00) 1.54±0.04 3.77±0.57 (2.20) 17.27±0.28
Focal 2.0 78.4±0.3 0.87±0.01 (1.40) 0.92±0.01 2.67±0.33 (1.45) 9.83±0.28
Linear 0.5 77.6±0.3 1.01±0.01 (2.25) 1.50±0.07 3.91±0.82 (2.35) 17.38±0.19
Expp 3.0 78.0±0.4 0.94±0.00 (1.70) 1.15±0.03 2.89±0.30 (1.85) 14.60±0.72
Exp1mp 0.5 77.6±0.3 1.03±0.01 (1.85) 1.59±0.03 4.31±0.40 (1.95) 17.57±0.23
MinusPow 0.5 77.9±0.1 0.96±0.01 (1.60) 1.51±0.05 3.11±0.41 (1.70) 16.97±0.47
LogPow 1.0 77.3±0.6 0.95±0.02 (2.00) 1.14±0.02 2.54±0.05 (2.15) 13.96±0.10

Table 4: Test set performance (mean ± standard deviation over 5 random seeds)
on CIFAR-100 for the proposed losses versus cross-entropy and focal loss;
within each loss family, the hyperparameter was selected by validation accuracy.
Log-LossT=1 and ECET=1 denote performance before applying temperature scal-
ing calibration. For log-loss and ECE, the optimal temperature is reported in
brackets.

Accuracy Log-Loss Log-LossT=1 ECE ECET=1
Loss Param Link Value

LogPow 2.00 Exp1mp 1.00 75.8±0.3 0.90±0.01 (0.95) 0.90±0.01 1.30±0.22 (1.00) 1.21±0.19
Expp 7.00 Exp1mp 0.75 77.5±0.4 0.83±0.01 (1.00) 0.83±0.01 1.68±0.32 (1.05) 2.97±0.19
Focal 7.00 Focal 7.00 77.2±0.1 0.83±0.00 (1.00) 0.84±0.00 1.80±0.37 (1.05) 2.90±0.27
MinusPow 0.25 Exp1mp 1.50 77.8±0.1 0.85±0.00 (1.10) 0.86±0.00 2.45±0.13 (1.10) 5.28±0.19
Linear 1.00 MinusPow 7.00 77.4±0.3 0.94±0.02 (1.45) 1.20±0.02 2.53±0.35 (1.55) 13.36±0.42
Exp1mp 0.25 MinusPow 7.00 77.5±0.1 1.03±0.01 (2.10) 2.06±0.08 2.88±0.07 (2.20) 17.43±0.33
CE - MinusPow 7.00 77.9±0.0 1.02±0.01 (2.15) 2.06±0.07 3.27±0.37 (2.20) 17.31±0.27

Table 5: Test set performance (mean ± standard deviation over 5 random seeds)
for the proposed losses combined with the new calibration map, compared against
cross-entropy and focal loss; calibration hyperparameters were selected by valida-
tion ECE. Log-LossT=1 and ECET=1 denote performance before applying temper-
ature scaling. For log-loss and ECE, the optimal temperature used in temperature
scaling (when combined with the new calibration map family) is shown in brack-
ets.
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Table 6: Test set performance for focal loss (defined by γtr), sample-dependent
focal loss FLSD-53 Mukhoti et al. 2020, AdaFocal with default parameters as in
Ghosh, Schaaf, and Gormley 2022 and cross-entropy trained models with temper-
ature scaling versus focal temperature scaling (defined by γev and temperature).
The CIFAR-100, CIFAR-10 and TinyImageNet datasets were used, and the re-
sults were averaged over 5 random seeds after applying temperature scaling. The
mean result is reported together with the standard deviation after the ± sign. The
optimal temperature is reported in brackets; temperature choice criteria were log-
loss for log-loss evaluation and ECE for ECE evaluation. The best result for each
metric and dataset is highlighted in bold formatting. Adapted from Publication II.

CIFAR-100 DATASET

APPROACH ACCURACY LOG-LOSS ECE
CROSS-ENTROPY 77.6 ± 0.6 0.88 ± 0.02 (1.31) 3.01 ± 0.43 (1.45)
+γev =−0.5 77.6 ± 0.6 0.86 ± 0.02 (1.17) 2.13 ± 0.42 (1.35)
FOCAL γtr = 1 77.7 ± 0.3 0.83 ± 0.01 (1.05) 1.66 ± 0.23 (1.15)
+γev =−0.25 77.7 ± 0.3 0.82 ± 0.01 (1.00) 1.34 ± 0.17 (1.10)
FOCAL γtr = 3 77.3 ± 0.5 0.81 ± 0.02 (0.87) 1.28 ± 0.15 (0.91)
+γev = 0.05 77.3 ± 0.5 0.82 ± 0.02 (0.87) 1.23 ± 0.14 (0.95)
FOCAL γtr = 7 76.3 ± 0.5 0.83 ± 0.01 (0.70) 1.83 ± 0.20 (0.65)
+γev = 0.5 76.3 ± 0.5 0.83 ± 0.01 (0.75) 0.99 ± 0.07 (0.75)
FLSD-53 77.5 ± 0.5 0.88 ± 0.01 (1.20) 1.89 ± 0.18 (1.27)
+γev = 0.25 77.5 ± 0.3 0.88 ± 0.02 (1.05) 1.68 ± 0.19 (1.15)
ADAFOCAL 77.6 ± 0.2 0.91 ± 0.03 (1.40) 2.96 ± 0.22 (1.52)
+γev = 0.25 77.6 ± 0.2 0.93 ± 0.03 (1.48) 2.71 ± 0.17 (1.60)

CIFAR-10 DATASET

APPROACH ACCURACY LOG-LOSS ECE
CROSS-ENTROPY 95.0 ± 0.1 0.16 ± 0.00 (1.59) 1.03 ± 0.17 (1.72)
+γev = 1 95.0 ± 0.1 0.17 ± 0.01 (2.20) 0.71 ± 0.16 (2.36)
FOCAL γtr = 1 95.0 ± 0.1 0.17 ± 0.01 (1.05) 1.05 ± 0.25 (1.13)
+γev = 0.5 95.0 ± 0.1 0.17 ± 0.01 (1.30) 0.82 ± 0.35 (1.37)
FOCAL γtr = 3 94.3 ± 0.3 0.19 ± 0.01 (0.75) 1.48 ± 0.25 (0.77)
+γev = 5 94.3 ± 0.3 0.20 ± 0.01 (1.83) 0.93 ± 0.16 (1.87)
FOCAL γtr = 7 93.1 ± 0.1 0.23 ± 0.01 (0.49) 0.66 ± 0.07 (0.44)
+γev = 0.37 93.1 ± 0.1 0.22 ± 0.01 (0.55) 0.61 ± 0.10 (0.52)
FLSD-53 94.6 ± 0.1 0.18 ± 0.01 (1.40) 1.30 ± 0.13 (1.40)
+γev = 1 94.6 ± 0.1 0.17 ± 0.01 (1.30) 1.23 ± 0.20 (1.33)
ADAFOCAL 94.9 ± 0.2 0.18 ± 0.01 (1.58) 1.80 ± 0.17 (1.63)
+γev = 5 94.9 ± 0.2 0.20 ± 0.02 (3.70) 0.95 ± 0.10 (3.70)

TINYIMAGENET DATASET

APPROACH ACCURACY LOG-LOSS ECE
CROSS-ENTROPY 49.9 ± 0.1 2.21 ± 0.00 (1.35) 5.57 ± 0.31 (1.40)
+γev =−0.5 49.9 ± 0.1 2.19 ± 0.00 (1.30) 3.66 ± 0.18 (1.40)
FOCAL γtr = 1 50.6 ± 0.2 2.11 ± 0.01 (1.10) 3.27 ± 0.13 (1.20)
+γev =−0.5 50.6 ± 0.2 2.10 ± 0.01 (1.10) 1.86 ± 0.12 (1.18)
FOCAL γtr = 3 51.6 ± 0.1 2.04 ± 0.01 (0.95) 2.21 ± 0.14 (0.98)
+γev =−0.25 51.6 ± 0.1 2.03 ± 0.01 (0.95) 1.63 ± 0.05 (0.97)
FOCAL γtr = 7 50.9 ± 0.3 2.01 ± 0.02 (0.85) 1.01 ± 0.02 (0.85)
+γev = 0.05 50.9 ± 0.3 2.01 ± 0.02 (0.85) 0.96 ± 0.00 (0.85)
FLSD-53 52.1 ± 0.1 2.02 ± 0.01 (0.95) 2.06 ± 0.17 (0.98)
+γev =−0.25 52.1 ± 0.1 2.02 ± 0.01 (0.95) 1.48 ± 0.22 (0.95)
ADAFOCAL 51.6 ± 0.3 2.07 ± 0.03 (1.05) 2.97 ± 0.67 (1.10)
+γev =−0.5 51.6 ± 0.3 2.07 ± 0.03 (1.05) 1.89 ± 0.24 (1.09)
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4.4. Conclusion

We introduced a decomposition of focal loss into (i) a proper loss component and
(ii) a fixed calibration map component, and extended this result to a broader class
of separable losses under mild assumptions, noting that cross-entropy is the spe-
cial case with the identity calibration map. We hypothesised that the proper loss
component drives discriminative performance (e.g., accuracy), particularly on the
training set, whereas the calibration map component mitigates miscalibration, es-
pecially on the unseen data where generalisation gaps are most pronounced. We
also established the opposite link by characterising, for a given calibration map of
a specific form, the corresponding separable loss that induces it. The decomposi-
tion is valuable because it bridges training losses and calibration, helping to ex-
plain the behaviour of existing objectives and to systematically design new losses
and calibration methods. It also highlights the practical role of proper losses and
guides the adaptation of post-hoc calibration to deployment needs (e.g., OOD
robustness, noise resilience, context shift), enabling clearer diagnostics (which
component fails) and principled transfer across architectures and datasets.

We showed, using theoretical lower and upper bounding and numerical ex-
periments, that in the binary case, the focal calibration map is closely related to
temperature scaling but never exactly coincides with it. In the multiclass case,
although similarities remain, their behaviour differs noticeably near the simplex
boundaries. We also examined the proper component of focal loss, visualising its
shape in two- and three-dimensional space. The plots showed a broad similarity
to cross-entropy while retaining a distinct geometry.

We ran experiments on several image classification datasets, including stan-
dard benchmarks and class-imbalanced medical datasets, to test whether the newly
derived calibration maps, alone and in combination with temperature scaling, im-
prove calibration relative to common baselines (such as standard temperature scal-
ing (Guo et al. 2017), focal loss with a sample-dependent, confidence-based γ

schedule (Mukhoti et al. 2020), and adaptive focal loss that adjusts γ each epoch
based on validation set calibration performance (Ghosh, Schaaf, and Gormley
2022)). Although the scope is limited to image classification and a modest num-
ber of datasets, the results indicate that the proposed map families can improve
calibration, especially when paired with temperature scaling. In many cases, the
optimal temperature was close to 1, suggesting that temperature scaling itself was
not the primary driver of the obtained gains. Because the derived calibration maps
were applied post hoc and were shown to be monotone, discriminative metrics
such as accuracy remained unchanged.

Moreover, we evaluated the accuracy of the newly proposed separable losses
that admit a decomposition into proper and calibration components. Their perfor-
mance was generally comparable to the commonly used cross-entropy and occa-
sionally surpassed it, suggesting promise for exploring new training losses and in-
vestigating mechanisms that drive their discriminative and calibration behaviour.
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5. ALIGNING THE EVALUATION OF PROBABILISTIC
PREDICTIONS WITH DOWNSTREAM VALUE

(PUBLICATION III)

5.1. Introduction

This chapter presents the third contribution of the thesis: aligning standard up-
stream evaluation metrics with domain-specific downstream objectives that ulti-
mately drive decision-making. Unlike the previous two chapters, which focus on
classification with discrete label spaces, here we study regression, with the goal
of predicting targets in a continuous space Y ⊆Rd . This change introduces addi-
tional complexity, as we now must reason about probability measures on Rd , (e.g.
via densities when they exist), not just discrete class probabilities. We propose to
learn, on a validation set, a data-driven proxy mapping that predicts downstream
utility directly from the upstream metric. By constraining the mapping family
to positive affine transformations of the upstream metric combined with bijective
reparameterisations of the predictive distribution and ground truth score, we show
that the properness of the upstream measure can be preserved. Finally, we outline
when such alignment is practically beneficial and demonstrate proof-of-concept
results on several examples, including an inventory optimisation task.

We explore the following research questions.
• Can upstream and downstream regression evaluation be aligned via a proxy

function learned on validation data?
• Under what assumptions on the transformations do both the upstream and

downstream metrics remain proper?

5.2. Motivation

During design, training, and even post-deployment, the downstream evaluation
metric that ultimately drives decisions and captures domain-specific nuances is of-
ten unavailable, subject to change, or fundamentally uncertain owing to stochastic
external factors, insufficient data, or evolving goals.

Conversely, standard upstream evaluation metrics such as the Brier score pro-
vide a useful high-level view of model performance, but are generally insufficient
when preparing high-stakes real-world applications for deployment. In many real-
world applications, however, computing the downstream metric can be costly due
to physical modelling, computationally intensive simulation, or other constraints.
In such settings, a fast and accurate approximation of the downstream metric from
standard upstream measures can be valuable. Because downstream utilities are
often complex, analytic approximations are typically infeasible; instead, a data-
driven approach, involving learning a mapping on validation data (unseen during
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training) and constraining the alignment family to specific function classes, is
more practical.

This chapter investigates how to design such an alignment, examines when
properness can be preserved through the learned mapping, and presents proof-of-
concept experiments demonstrating its practical performance.

5.3. Main findings

Let Lu(Q,y) denote the upstream scoring rule, i.e., a loss function that evaluates
a predictive distribution Q with respect to a realised outcome y ∈ Y ⊆ R and
produces a scalar score (for example, a Brier score or CRPS value). Let Ld(Q,y)
denote the corresponding downstream score or utility, which is also a real-valued
function of the predictive distribution and outcome but is intended to reflect the
application-specific performance measure we ultimately care about, e.g., mone-
tary profit, decision cost, or a regulatory performance metric. We seek to express
(or approximate) the downstream metric in terms of the upstream one via sim-
ple transformations of its inputs and output. To this end, we assume there exist
transformations h : R→ R and an invertible ν : Y → Y such that

Ld(Q,y) = h
(

Lu(Q ◦ν
−1, ν(y)

))
.

Here, ν reparameterises the label space, e.g., rescaling units or applying a mono-
tone transformation, and Q ◦ν−1 denotes the pushforward of Q under ν , i.e., the
predictive distribution of the transformed label ν(Y ) when Y ∼Q. The outer map
h then converts the upstream score computed on this transformed problem into
the scale of the downstream metric, for example, turning a loss into a utility or
rescaling to match a business-specific cost.

The following proposition states conditions when the properness of the up-
stream rule will imply the properness of the downstream utility when linked via
transformations h,ν .
Proposition 5.3.1 (Restated from Proposition 1 Publication III). Let Lu(Q,y) be
a (strictly) proper scoring rule on an outcome space Y ⊆ R. Define

Ld(Q,y) = h
(
Lu(Q ◦ν

−1,ν(y)
))
,

where ν : Y → Y and h : R→ R are continuous functions. Then Ld is (strictly)
proper if and only if:

1. ν is a bijection on Y , and
2. h(s) = as+b is an affine function with a > 0.

No other choice of (h,ν) preserves properness.
In general, not all scoring rules can be perfectly aligned via the transformations

h,ν . Consider a fixed predictive distribution Q = Unif(0,1). The logarithmic
score is constant w.r.t this predictive distribution because the density is p(y) = 1
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on (0,1), so Llog(Q,y) = − log p(y) = 0 for all y ∈ (0,1). By contrast, the Con-
tinuous Ranked Probability Score (CRPS, (Gneiting and Raftery 2007)), defined
as CRPS(Q,y) =

∫
R(P(z)− I{y≤ z})2 dz, for the same predictive distribution Q

varies with y:

LCRPS(Q,y) =
∫ y

0
z2 dz +

∫ 1

y
(1− z)2 dz =

y3 +(1− y)3

3

= y2− y+ 1
3 , 0≤ y≤ 1.

Since Llog(Q, ·) ≡ 0 is constant, any pointwise transformation of it is also con-
stant; consequently, the non-constant values of CRPS cannot be recovered, and
perfect alignment between these scoring rules is impossible for this Q.

However, for certain cases, the perfect alignment is attainable. The following
proposition identifies some families of scoring rules Lu,Ld that can be expressed
as transformations of one another under h,ν .
Proposition 5.3.2 (Restated from Lemma 2 Publication III). Let

Lu(Q,y) =
∫

∞

−∞

wu(x) k
(
Q(x),I{y≤ x}

)
dx,

Ld(Q,y) =
∫

∞

−∞

wd(x) k
(
Q(x),I{y≤ x}

)
dx

be two strictly proper integral scoring rules sharing the same strictly proper bi-
nary loss k : [0,1]×{0,1}→ R with strictly positive continuous weight functions
wu, wd which both integrate to 1, i.e. have unit total mass. There exists a strictly
increasing bijection ν : Y → Y and an affine function h : R→ R such that

Ld(Q,y) = h
(
Lu(Q ◦ν

−1,ν(y))
)
∀Q,y.

Moreover, there are usually multiple ways to construct an alignment, if it is
attainable. Even in the trivial self-alignment case sd = su for CRPS, the pair (h,ν)
is not uniquely identified: any positive affine transformation of ν can be absorbed
by a positive scaling of h, yielding infinitely many equivalent pairs. Indeed, let

ν̂(z) = az+b (a > 0), Qν̂(z) := Q(ν̂−1(z)), ĥ(z) := h
( z

a

)
.

Since CRPS(Qν̂ , ν̂(y)) = aCRPS(Q,y) (Hersbach 2000a), we have

ĥ
(
CRPS(Qν̂ , ν̂(y))

)
= h

(
aCRPS(Q,y)

a

)
= h

(
CRPS(Q,y)

)
,

so the composite is unchanged. In particular, for self-alignment with h = id one
may take ĥ(z) = z/a and obtain the same result.

57



For practical applications, where computing the downstream utility can be ex-
pensive due to external stochasticity, physical modelling, or heavy numerical sim-
ulation, we propose a data-driven procedure to align upstream scores with down-
stream utility via optimisation task. From now on we treat the losses purely as
realised scalar scores: we write the downstream score as sd (formerly Ld) and
the upstream score as su (formerly Lu); for a validation instance i these are sd

i
and su

i , reflecting that, in the alignment step, we operate only on fixed observed
scores from a held-out set, with no remaining dependence on x,y,θ . Using the
pairs (su

i ,s
d
i ) on a held-out validation set, we train a small neural network to ap-

proximate the downstream score ŝd
i using the architecture in Fig. 8 under trans-

formations (h,ν). We minimise MSE as the alignment loss ℓ(ŝ,s) = (ŝ− s)2 and
monitor MAE as an evaluation metric of interest on the held-out set.

(ĥ, ν̂) ∈ argmin
h∈H , ν∈V

1
n

n

∑
i=1

ℓ
(
ŝd

i , sd
i
)
.

When a perfect alignment exists within H ×V , the minimum of this objective
is zero; otherwise, the solution yields the best achievable alignment in the cho-
sen families. The training, evaluation, and inference workflows are detailed in
Algorithms 1 and 2 (adapted from Publication III).

Monotonic
(1xn)

Monotonic
(nxn)

Linear
(nx1)

Monotonic
(1xn)

Linear
(nx1)

S(.,.)

ŝd

sd
Alignment loss

ŷ or y

Input-transformation ν

Output-transformation h

Figure 8: Alignment model architecture consists of monotonic and linear layers.
Scoring rule S is passed to the network as an operator within the neural network.
The preceding layers of the scoring rule perform transformation ν to the scoring
rule’s input, and the proceeding layers perform tranformation h to the scoring
rule’s output. Adapted from Publication III.

For this contribution, experimental implementation and execution were carried
out by my co-author (Shahroudi, Komisarenko, and Kull 2025). The principal
aspects of the setup and findings are summarised here for completeness.

Synthetic experiments, where the ground truth downstream utility was gener-
ated with threshold-weighted CRPS (Allen 2024) with a known weighting func-
tion, demonstrate that the alignment network accurately recovers the ground-truth
weighting and achieves near-perfect alignment (alignment error ≈ 0) between the
transformed upstream and downstream scores.
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Algorithm 1 Alignment Model Training

Input: Validation set Dval = {(ŷi,yi,sd
i )}

nval
i=1, model fθ , alignment loss ℓ, opti-

mizer (e.g. SGD)
1: Split Dval→Dtrain,Dval
2: θ

∗← argmin
θ

E(ŷ,y,s)∈Dtrain

[
ℓ
(

fθ (ŷi,y), s
)]

3: (Optionally: monitor EDval [ℓ( fθ (ŷi,y),s)] for early-stopping or hyperparame-
ter tuning)

4: Output: fθ ∗ (trained model)

Algorithm 2 Alignment Model Inference and Evaluation

Input: Test set Dtest={(ŷi,yi,sd
i )}

ntest
i=1 , Trained model fθ ∗

1: ŝd
i ← fθ ∗(ŷi, yi) ∀i

2: MAE← 1
ntest

ntest

∑
i=1
|ŝd

i − sd
i |

3: Output: Predicted scores {ŝd
i }n

i=1, MAE

We considered a practical inventory optimisation problem of a seafood distri-
bution using a Kaggle dataset (Cashion 2024). The base probabilistic demand
model was an Exponential Smoothing forecaster (Darts library (Herzen et al.
2022)) that outputs a sample-based predictive distribution for monthly tuna de-
mand. As the upstream evaluation metric, we used CRPS computed on these
predictive samples. The downstream score was the expected monthly profit in a
Newsvendor-style decision: choose an order quantity at given a forecast distribu-
tion Dt ; profit is

πt(at ,dt) = pt min{dt ,at}− ctat −ht(at −dt)+.

Here t indexes months; dt ∼Dt is realised demand from predictive distribution Dt ;
pt is the unit selling price (revenue per unit sold), ct is the unit procurement cost
(purchase cost per unit ordered), and ht is the unit holding cost applied to leftover
inventory; (x)+ = max{x,0}. Accordingly, pt min{dt ,at} is sales revenue, ctat is
total procurement cost, and ht(at −dt)+ is the total holding cost for unsold units.
The downstream score is Edt∼Dt [πt(at ,dt)] under the predictive distribution. The
alignment for this problem is important because evaluating the true downstream
profit requires solving an optimisation for each candidate model/hyperparameter
(costly and slow), whereas the aligned score is a fast proxy that should preserve
downstream ranking for selection and monitoring. We learned the alignment map-
ping on a held-out validation slice (backtesting 120 months) to transform upstream
CRPS into a downstream-aligned score. With our alignment approach, the base
predictor need not be retrained, and the aligner can be periodically refreshed when
new downstream outcomes arrive.

The learned alignment substantially improves agreement with downstream per-
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formance. On the test set, the aligned evaluation increases Kendall’s rank corre-
lation τ by ≈ 58% on average relative to the non-aligned baseline; the alignment
curves track downstream scores closely, and the learned weight function empha-
sises decision-relevant regions (Publication III).

5.4. Conclusion

We introduced the alignment problem between upstream metrics and downstream
utilities and highlighted practical scenarios where such alignment matters. We
proposed a data-driven procedure that learns a mapping from upstream scores to
downstream utility using a small feed-forward neural network with specified ac-
tivation functions. We further showed that the strict properness of the upstream
scoring rule is preserved under positive affine transformations of the upstream
metric combined with bijective reparameterisations of the predictive distribution
and labels. Preserving properness in the downstream proxy keeps the true data-
generating distribution as the unique optimum, aligning incentives for calibrated,
truthful predictions. In practice, finite data, noise, and modelling constraints pre-
vent reaching the exact optimum, but, similarly to classical supervised learning,
using losses/metrics that are proper or close to proper typically reported to yield
better, more stable performance.

Experiments demonstrated the possibility of accurate alignment on a few ex-
amples, including an inventory optimisation problem. However, the limited exper-
imental scale, still, appropriate for a proof-of-concept, was a key constraint and
remains a primary direction for further study. The practical feasibility of applying
alignment depends on complex downstream utility computations (e.g., stochastic
processes and costly physical or numerical simulations); evaluating performance
in such settings is therefore a priority for future work.
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6. CONCLUSION

This thesis examines the selection of training losses and evaluation metrics for
specific application-oriented settings, including cost sensitivity, calibration, and
downstream evaluation, through four distinct but interconnected studies. Its cen-
tral objective is to develop practical guidelines for aligning loss choice with task-
specific evaluation metrics, informed by proper scoring rule theory. We conclude
by discussing the broader implications of our findings, noting current limitations,
and outlining emerging trends and directions for future research.

RQ1: Which loss function should be used to minimise cost-sensitive eval-
uation metrics (e.g., expected total cost), especially in the presence of class-
cost uncertainty. In the Publication I, we derive families of proper losses that
are mathematically equivalent to the expected total cost under class-cost uncer-
tainty. We propose a Beta family of losses, which conveniently models diverse
cost scenarios and admits simple, analytic, smooth gradients with respect to pre-
dicted probabilities, which supports efficient gradient-based optimisation. In ex-
tensive experiments, training deep neural networks with Beta losses using bal-
anced hyperparameters (α ≈ β in a range scale 5-25) consistently improved cost-
sensitive evaluation performance across diverse cost scenarios compared with
classical cross-entropy baseline. For context, prior work reports that, in com-
mon deep learning settings, unweighted cross-entropy often matches or exceeds
naïve class-weighted variants and probability/threshold rescaling, especially when
combined with class-balanced (class-proportional) resampling (Buda, Maki, and
Mazurowski 2018). Standard post-hoc calibration (e.g., temperature scaling) fur-
ther improved performance, particularly when the temperature was selected on a
validation set to optimise the cost-sensitive metric of interest.

RQ2: Which proper loss families perform best in cost-sensitive settings when
the evaluation metric exactly matches the training loss. As shown in our experi-
ments, the Beta family of losses outperformed classical cross-entropy. Although
both cross-entropy and the Beta family are proper losses, we also compared them
with improper cross-entropy variants such as focal loss and label smoothing. In
that setting, the Beta loss advantage was less pronounced, suggesting that hybrid
objectives, including adding focal- or label-smoothing–style modulation to a rep-
resentative Beta loss, may yield additional gains.

Experiments also showed that seemingly minor hyperparameter and protocol
choices (often under-reported) can substantially affect measured performance.
Key factors include the rule for selecting the ‘best’ epoch (e.g., the last epoch
after a fixed number of epochs; early stopping based on a validation metric such
as accuracy, log loss, or a cost-sensitive metric; or taking the kth best epoch), the
criterion used for temperature scaling (i.e., how the optimal temperature is cho-
sen), the learning rate and other optimisation settings, and the often substantial
performance variation across epochs of the same model.

Finally, although the experiments were substantial, we did not cover datasets
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from other modalities (e.g., text, audio, or video), nor did we examine the full
spectrum of model classes - from simple, few-layer NN and classical ML models
to high-compute LLM architectures. Moreover, evaluating the Beta loss under ex-
treme class imbalance or high levels of label noise would be valuable for assessing
its performance in such severe conditions.

Still, we believe that Beta losses offer a promising direction for minimising
cost-sensitive metrics, and further modifications on top of Beta losses may yield
additional gains.

RQ3: Why does the (improper) focal loss yield better calibration than the
commonly used (proper) cross-entropy loss as reported by (Mukhoti et al. 2020),
and how does focal loss relate to properness. In Publication II, we decompose
focal loss into a proper loss component and a calibration map component. This
shows that training with focal loss is equivalent to optimising a proper loss under
a fixed calibration of the predicted probabilities. We further show that the calibra-
tion map acts similarly to temperature scaling, with an nearly explicit correspon-
dence in the binary case. However, for the standard positive range of the focal
parameter (γ > 0), the derived calibration map behaves like temperature scaling
with 0 < T < 1: it sharpens the predicted probabilities, increasing confidence. In
other words, it incentivises the sharpened probabilities to be calibrated, and hence,
when sharpening is switched off, then the probabilities are less confident than they
otherwise would be.

In our experiments, this transformation helped produce more reliable proba-
bilities and reduced the validation set generalisation gap (Guo et al. 2017), which
may help explain focal loss’s reported well-calibrated validation set performance
(Charoenphakdee et al. 2021).

Our experiments, conducted on a small set of classical image classification
tasks with ResNet-based architectures, showed that applying the derived focal
calibration map post hoc, particularly when paired with temperature scaling to
balance under- and overfitting, improves calibration over standard temperature
scaling. This suggests the potential for training loss-specific families of calibra-
tion maps and motivates wider empirical testing in diverse real-world settings.

RQ4: Can we decompose any separable loss into a proper component and a
fixed calibration map component, and can some separable losses perform com-
parably to cross-entropy. We extend the focal loss decomposition (into a proper
component and a fixed calibration map component) to the broader class of sepa-
rable losses under mild assumptions (continuous differentiability, convexity, non-
positive first derivative, and appropriate boundary behaviour). We then study the
inverse question: given a calibration map, does there exist a corresponding sep-
arable loss (and associated proper base loss) that induces it? Under mild con-
ditions (continuity and positivity, permutation equivariance, odds-dependence,
and a cocycle-consistency (see Chapter 4)), the calibration map is essentially
unique (up to a positive affine transformation) and determines both the proper
base loss and the separable loss. We propose several new separable losses with
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their corresponding calibration maps (obtained via this decomposition) and, on
four small/medium scale datasets, observe that these losses can occasionally out-
perform cross-entropy and focal loss baselines in both predictive accuracy and cal-
ibration, especially when the post-hoc calibration family and its hyperparameters
are selected on a validation set. In practice, the best-performing trained model and
calibration map often come from different function families. Conceptually, these
results complement convergence analyses by illustrating how alternative separa-
ble losses can perform on par with, or better than, the classical proper separable
loss, cross-entropy.

RQ5: Can upstream and downstream regression evaluation be aligned via a
proxy function learned on validation data. In the third contribution, we propose
a simple methodology for aligning upstream and downstream regression evalua-
tion via a data-driven proxy learned on a held-out validation set. A small, few-
layer neural network is trained to approximate the downstream metric and then
fixed for evaluation, keeping the proxy independent of hand-crafted cost or weight
structures. While promising, the approach would benefit from broader validation
across datasets and architectures. It is particularly useful when downstream utility
is costly to compute, depends on variables not known a priori, or requires simu-
lation. Limitations include optimisation on a finite validation set (with attendant
risks of overfitting or hyperparameter sensitivity), and potential sensitivity to dis-
tribution shift.

RQ6: Under what assumptions on the transformations do both the upstream
and downstream metrics remain proper. We showed that when the upstream met-
ric is a strictly proper regression scoring rule, the downstream metric remains
strictly proper if the transformation consists of an inner bijective reparameteri-
sation applied to both the predictive CDF and the observed outcome, together
with a positive affine outer (score-level) transformation. The key principle lies
in preserving the Bayes-risk minimiser: the location of the minimum remains
unchanged under these transformations. These constraints are fairly strict, and
maintaining properness may be challenging in practical applications.

Trends and Opportunities for Future Research

The implications of this work contribute to the fields of proper scoring rules and
loss-metric alignment, i.e., selecting losses that target the evaluation metric of
interest. Over the period of this thesis, the research landscape shifted remarkably
with the rise of foundation models, especially LLMs and emerging multimodal
systems, and their rapid adoption across application domains. Notably, recent
studies report divergent calibration behaviours for LLMs compared to medium-
sized vision models (Guo et al. 2017): pre-trained LLMs are often roughly well-
calibrated or even under-confident, but become poorly calibrated after preference
alignment/RLHF, with post-hoc methods required to restore calibration (Xie et al.
2024).
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In parallel, theory and evaluation practice have been re-examined: (Blasiok et
al. 2023) caution that optimising a proper loss need not yield calibrated predictors
in practice, and multiple works highlight pitfalls of ECE (binning bias, estimator
inconsistency) and advocate for more careful calibration assessment (Minderer et
al. 2021; Tygert 2025).

The research frontier is also moving in time series and tabular learning, with
foundation models such as TabPFN for tabular data and Chronos for time series
being introduced, followed by newer studies (Ansari et al. 2024; Hollmann et al.
2022).

Overall, the field is dynamic: there is a growing demand to quantify calibra-
tion, reliability and cost for large models, and, at the same time, to provide prac-
tical, domain-aware guidance for practitioners who may not use massive models
but still require guarantees tied to their task-specific metrics.

In summary, the three publications in this thesis advance loss–metric align-
ment, particularly for cost-sensitive and calibration settings. We focus on aligning
the training objective with minimisation of the metric of interest, at both theoreti-
cal and applied levels.

Looking ahead, a natural research plan is to better understand how training
with proper losses works in practice. This includes limited data regimes, architec-
tures that are not expressive enough or overly expressive (e.g., LLMs), and how
performance carries over from the training set to a held-out set, or under distribu-
tion shift and out-of-distribution data. Many losses have been proposed (proper,
modified-proper, and non-proper), yet it is often hard to compare them fairly or
to explain why one wins in a given setting, as many studies that propose new
approaches provide limited experimental evidence to support the effectiveness of
their method in practice. This motivates an open benchmarking effort focused on
predictive confidence quality across a variety of datasets and architectures. Ide-
ally, the benchmark would be partly crowdsourced, with submitted methods care-
fully annotated and run under shared protocols. A companion benchmark dedi-
cated to post-hoc calibration methods would also be helpful. Together, these stud-
ies could close part of the gap between clean theory and messy practice: even in
this thesis, choices that seem theoretically well-matched, including pairing a cost
distribution of interest with the loss induced by that same distribution, or using
a post-hoc focal temperature map that mirrors a trained focal loss, do not always
perform best in practice. Existing loss benchmarks are helpful, but they rarely
centre calibration and probability estimation; their design ideas could be reused
while shifting the focus. The ideal outcome would be a simple, decision-tree style
guide for practitioners: given dataset size, feature characteristics, class imbalance
or target distribution, and downstream needs, which training loss and evaluation
metric should one use? On the theory side, two directions seem especially promis-
ing. First, study the interaction between training losses and post-hoc calibration
maps more deeply: when do they reinforce each other, when do they conflict,
and can we design them jointly? Second, explore being properly improper idea:
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deliberate, principled departures from strict properness, as we have in focal loss,
may improve both discrimination and calibration in practice. Extending current
decompositions (proper loss + fixed calibration map) beyond separable losses is
another concrete target. Finally, for cost-sensitive learning, more work is needed
on rare, high-penalty events. Our experiments mostly considered imbalance up to
1:10; going well beyond that, and deciding what to measure and how to optimise
under extreme skew, is both challenging and practically important.

Collectively, the publications in this thesis highlight the critical importance of
training loss-metric alignment, especially for cost-sensitive and calibration met-
rics, and its application across diverse domains. We hope this thesis provides
valuable insights and practical guidelines, and ultimately supports broader adop-
tion of metric-informed training loss selection.
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SISUKOKKUVÕTE

Sügavõppe treeningkao sobitamine hindamismõõdikutega

Viimaste aastate edusammud masinõppes on kiirendanud masinõppesüsteemide
kasutuselevõttu paljudes valdkondades ja tulemused ületavad sageli nii algorit-
milisi baastasemeid kui mõnel juhul ka inimsooritust. Selle arengu on võima-
likuks teinud paljud vastastikmõjus olevad tegurid, sealhulgas suurte ja üha kva-
liteetsemate andmestike kättesaadavus, rikkalikke kõrgemõõtmelisi esitusi või-
maldavad tehisnärvivõrkude arhitektuurid ning optimeerimisprotseduurid, mis on
praktikas piisavalt laialt kasutatavad. Optimeerimisvalikute hulgas on keskne roll
kaofunktsioonil, mida võib vaadelda kui mõõdikut, mis määrab trahvi suuruse
ennustava mudeli iga eksimuse korral. Kaofunktsioon defineerib optimeerimis-
maastiku ja selle abil määratakse, kuidas mudeli kaalusid treenimise käigus muu-
detakse.

Klassifitseerimisel on kaofunktsiooni vaikevalikuna kasutatud näiteks ristent-
roopiat. Kui aga suuri mudeleid treenitakse ristentroopiaga, võib mudeli ennustus-
tes ilmneda liigne enesekindlus ja see halvendab mudeli usaldusväärsust nendele
ennustustele tuginevates rakendustes. Kuna masinõppesüsteemid on üha enam ot-
sustusprotsessidesse põimitud, on konkreetses rakendusvaldkonnas olulise hinda-
mismõõdiku alusel sooritust parandava kaofunktsiooni valimisest saanud oluline
praktiline probleem.

Lisaraskusi tekitab asjaolu, et sooritust hinnatakse lõpuks hindamismõõdiku-
tega, mis võivad olla katkevuspunktidega, mittediferentseeruvad või väga ülesan-
despetsiifilised. Sellised mõõdikud sageli ei sobi otseselt treenimiseks, mistõttu
kasutatakse asenduskaofunktsioone, nagu näiteks ristentroopia. See võib aga te-
kitada ebakõla treeningul optimeeritava eesmärgi ja lõpprakenduses olulise ees-
märgi vahel. Klassikalistest mõõdikutest, nagu täpsus, paljudes tänapäevastes ra-
kendustes ei piisa, mistõttu toetuvad praktikud üha enam hinnatundlikele mõõdi-
kutele, mis kaaluvad vigu nende tähtsuse järgi, ja kalibreerituse mõõdikutele, mis
mõõdavad tõenäosuslike ennustuste kvaliteeti. Need mõõdikud kajastavad usal-
dusväärsuse aspekte, mida täpsus üksi väljendada ei suuda, ja on seetõttu muutu-
nud olulisteks tööriistadeks soorituse hindamisel praktilistes rakendustes.

See väitekiri koosneb kolmest omavahel seotud uurimusest, mille eesmärk on
parandada treenimisel kasutatavate kaofunktsioonide ja praktikas oluliste hinda-
mismõõdikute kooskõla. Esimene uurimus käsitleb kaofunktsiooni valikut hin-
natundlikus klassifitseerimises, kus hindamismõõdik kaalub iga veatüüpi klas-
sispetsiifiliste kuludega, mille andmed on tavaliselt saadud valdkonna ekspertidelt.
Praktikas on need kulud harva täpselt teada ja esinevad pigem ebakindlate hinnan-
gutena, mis võivad aja jooksul ja kasutusolude muutudes teiseneda. Selle ebakind-
luse modelleerimiseks on uurimuses käsitletud klassispetsiifilisi kulusid etteantud
jaotusega juhuslike suurustena ja tuletatud kaofunktsioonide perekonnad, mis on
matemaatiliselt samaväärsed vale klassifitseerimise eeldatava kuluga antud mää-
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ramatuse korral. Tuvastatud on praktikas mugavad jaotuste perekonnad, näiteks
beetajaotused kuluproportsioonide ja gammajaotused toorkulude jaoks, ning näi-
datud, kuidas nende

parameetrid määravad keskmist kulu, asümmeetriat ja ebakindlust. Katsed mit-
me andmestiku ja kulustsenaariumiga näitavad, et mõned tuletatud kaofunktsioo-
nid saavutavad vastavatel hinnatundlikel mõõdikutel järjepidevalt tugeva sobivu-
se, pakkudes põhimõttelist alternatiivi ad hoc kaalumisskeemidele.

Teine uurimus keskendub mudeli kalibreeritusele, mis iseloomustab seda, kui
hästi vastavad ennustatud tõenäosused tegelikele tinglikele klassitõenäosustele.
Mudeli kalibreeritus on hädavajalik mudeli praktilisel rakendamisel, kus ennusta-
tud tõenäosuste põhjal tehakse praktilisi otsuseid. Eriti tähtis on kalibreeritus ohu-
tuse või kulude seisukohalt kriitilistes olukordades. Kuigi ristentroopia on rangelt
korralik kaofunktsioon ja teoreetiliselt soodustab kalibreeritud tõenäosusi, on sel-
lega treenitud sügavad tehisnärvivõrgud sageli valesti kalibreeritud. Seevastu fo-
kaalse kaofunktsiooni puhul on korduvalt täheldatud, et see annab paremini kalib-
reeritud mudeleid isegi ilma hilisema kohandamiseta. Doktoritöös on seda nähtust
uuritud ja näidatud, et fokaalset kaofunktsiooni saab väljendada kahe komponen-
di kompositsioonina: korralik kaofunktsioon, mida minimeerivad tegelikud klas-
sitõenäosused, ja fikseeritud kalibreerimisfunktsioon, mis sarnaneb temperatuuri
skaleerimisega. See dekompositsioon selgitab, miks fokaalne kaofunktsioon on
praktikas sageli hästi kalibreeritud, kuna see seob korraliku kaofunktsiooni tree-
nimise ajal rakendatava sisseehitatud kalibreerimisteisendusega. Seda dekompo-
sitsiooni on laiendatud laiale lahutuvusomadusega kaofunktsioonide klassile ning
on tuletatud valemid nendega seotud korralike komponentide ja kalibreerimis-
funktsioonide jaoks. Need tulemused võimaldavad disainida uusi kaofunktsioo-
ne, millel on soovitud kalibreerimis- ja eristusomadused. Mitu töös tuletatud uut
kaofunktsiooni koos nende juurde kuuluvate kalibreerimisfunktsioonidega saavu-
tavad täpsuse ja kalibreerituse poolest tulemusi, mis suudavad konkureerida stan-
dardsete baastasemetega või on neist paremad.

Kolmas uurimus käsitleb lõhet treenimisel kasutatavate hindamismõõdikute ja
rakendusepõhiste kasufunktsioonide vahel, kus kasufunktsioonid kvantifitseerivad
mudeli ennustustel põhinevate otsuste domeenispetsiifilist väärtust. Rakendusepõ-
hised kasufunktsioonid võivad sõltuda kontekstist tulenevatest teguritest, mis pole
treenimise ajal kättesaadavad, ja nende hindamine võib olla kulukas, nõudes mõ-
nikord simulatsiooni või füüsilisi eksperimente. Kui rakendusepõhist kasu ei saa
suures mahus arvutada, muutub mudelite valimine keeruliseks. Selle probleemi
leevendamiseks on töös välja pakutud meetod, milles valideerimisandmetel tree-
nitud väike närvivõrk aitab treenimisel kasutatavat hindamismõõdikut paremini
sobitada rakendusepõhise kasufunktsiooniga. Töös on analüüsitud tingimusi, mil-
le korral sellised teisendused säilitavad korralikkuse, ja demonstreeritud meetodi
rakenduvust mitmes ülesandes, sealhulgas laoseisu optimeerimise probleemi kor-
ral. Selle meetodiga saab rakenduse jaoks hästi sobiva mudeli valida ka olukorras,
kus rakendusepõhise kasufunktsiooni otsene hindamine on ebapraktiline.
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Kokkuvõttes näitavad selle väitekirja tulemused treenimisel kasutatava kao-
funktsiooni ja hindamismõõdiku sobitamise olulisust. Töös on uuritud, kuidas eri-
nevad kaofunktsiooni valikud kujundavad treenitava mudeli ennustuslikku käitu-
mist, ja loodud meetodeid mudelite soorituse parandamiseks rakendusvaldkonnas
olulistel mõõdikutel.
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