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MPOEKTUBHHE IPEJEJH AJTI'EEP TEJNbSAHJIA-MASYPA

M.A6eab
Jla6opaTopus NPUKJIajHOW MaTeMaTUKU

Xopomo u3BecTHO (cM.[7,9-11,13-15]), uTo Kaxaad nojHasa
oTjeluMas JOKaldbHO mM-BHNYKJAAas ajlre6épa sBJAAETCH TONOJOrHYECKH
W30MOPJHON MPOEKTUBHOMY Npejely 6aHaxXxOBHX aJjre6p.Kpome Toro,
B crarbe [1] (TeopeMa 4) foKaszaHO, 4YTO Kaxjas NOJHasd OTAeIU-
Masi IO0KalbHO m-(p-NCeBAOBHNYKJad) ajlreépa TONOJIOCHYSCKH H3O0-
MopdHa NPOEKTUBHOMY NpejieAy p-6aHaxoOBHX ajareé6p npu 0<p<l.
NOCKOJNBKY p-6aHAaXOBH aire6pu M OTAeJUMHE JOKaJlbHO m-(pP-NceB-
AOBHNYKJINE) aJre6pu (cirejoBaTelbHO, U 6aHAXOBH aAre6p ¥ OT-
LeJVMbie JOKaJbHO m-BHOYKJIbE aire6pb) HABIAAKTCHA alre6paMu
Teabbangaa-Masypa (cM.[3], TeopeMa 3.3), BO3HMKaeT BOMPOC:HAB-
asgeTcd AU anre6poi TerbdaHZa-Masypa NPOEKTUBHHA Npejexr Kax-
IO MPOEKTUBHOM CHUCTeMHW axre6p TeabdaHza-Masypa? OTBeT Ha
BTOT BOMPOC OTPUMUAaTeabHHiIt. B kHurax [14],c.85, u [15],¢.127,
npUBejied NpUMep KOMMYTaTWUBHOR OTAEJIMMON MOJHOH JOKalbHO Bh-—
nyKkaon C-ajire6pn C HENpPEepuHBHHM YMHOXEHHUEM 3JAEMeHTOB,
KOoTopasi He dABJafAeTCcA axre6pod TIeabbaHaa-Masypa. IIOCKOJABKY
(cM.[12], TeopeMa 2) Kaxjas OTAeJMMasl NOJHASA JOKAJBHO BHIYK-
nasfgl ajlre6pa C HenpepbhBHbHM YMHOXE@HHMEM 3JIEMeHTOB TOMNOJOrUUYECKH
W30MOpbHa NPOEKTMBHOMY Npejedy JOKAalbHO BHNYKJAHX ajareép dpe-
me (cleloBaTelbHO, aire6p leabpaHja-Masypa), TO §dCHO, 4YTO
NPOSKTUBHHE npelea aare6p TeavdbaHja-Masypa He Bcerja fBiasdeT-
ca axrespoi TeabdpaHja-Masypa. B CBSI3M C 3THUM NpejacTaBageT
WHTEpEeC BHACHUTbL, KaKHMMM CBOHCTBAMM JOJXHH 06J1ajaTh ajlre6ph
TeanbpaHlla-Ma3ypa B NPOEKTUBHOW CUCTEME, UYTO6H €€ NPOEKTUBHHM
npeaeaoM 6ula airespa Texbpanpa-Maaypa.

1. lIyeTe A - Tonojorudeckas aiareépa (T.e. JAHHeAHOe TO-



NOoJOrHYecKoe NpocTpaHcTBO Haj K (T.e.Hag noxeM R uam €), ko-
TOpPO® fABIASTCA accOUMaATHBHON aare6poit, YMHOXEGHHE 3JIGMEHTOB
(Xak 6uaNHelHOe OTO6paxeHHe A X A B A) pasjeldbHO HeNpPEpHBHO,
homA - MHOXeCTBO BCeX HOTPMBHAZBHHX K-3HauHHX TOMOMODOUIMOB
Ha A, PR(A) (PL(A)) - MHOXECTBO BCEX 33MKHYTHX MaKCHMaldbHHX
PEryaspHHX JAeBHX (COOTBETCTBEHHO MPAaBHX) MACANOB alrFe6pH A M
M(A) = M(A) 0 M (A).

Tonoxornyeckas aiareé6pa A HasHBaeTca aire6poil eabpaHia-

Maazypa, ecan dakTopaireépa A/M dBIdgeTCA TONONOTHYECKHM M30-
MoppHON nouaw K gas kaxjaoro M € M(A). OCHOBHHWe Kiacch JIOKaldb-
HO MCEeBJOBHNYKAHX aarecp leandaHja-Masypa nNpuBeseHH B CTaThe
[3] (TeopemMa 3.3). NpUMEPH O TOMOJOTHYECKHX alreSpax, He fB-
agpmuxcd aaxreépaMu leandarnza-Masypa, npuBejeHW B KHMrax [7],
c.214-217, [14], c.83-86, [15], c.127, u [16], c.141-148, a
Takxe B cTaTbax [8], c¢.75, u [17].

' AHAJOTMYHO TOMy, Kak M B KHure [11], c¢.68, Tomoaoruuec-
Kaf aiarespa A Ha3nWBaeTCHd HOPMAJABLHOJ aAre6pofi. ecan Kaxiuih ee
3aMKHYTHI pPeryiaspHHi IBYCTOPOHHHI HIeal COLEPXHTCA B HEKO-
TOPOM 3aMKHYTOM MaKCHMalbHOM DPeryisipPHOM IBYCTOPOHHEM Hjeare
paccMarpuBaeMoil aare6pw, M R-aare6pofi, €cIM ee  MHOXECTBO
KBa’HO6pPaTHMHX (B cayvae, Korja oOHa COJEPXMT eguHHUY, TO
MHOXECTBO OGPATHMHX) 3JIEMEHTOB OTKPHTO B ailreépe A. IIOCKOAbL-
Ky B ®-anre6pax Bce MaKCHMalbHHE PerylfpPHHE HJeaiH 3aMKHYTH
(cM., HanpuMep, [10], c.67, wnam [6], c.205), TO ACHO, 4TO
Q@-aire6pn ABAAWTCH HOPMAJBLHHMM aiare6paMu. IIpH 3TOM CymMECTBY-
OT HOpMalbHHE alre6pH, KOTOpPHe He 06d43aTeAbHO SABAAKNTCH
@-axreépaMu (cM. [7], c¢.231-232).

KpoMe TOrc, TOROxorMyeckas aire6pa A HasHBaeTcsd

a) aiare6poii Baj6pyxa. ©CAM OHa ABXAETCHA Takoh @-aares-
PO, B KOTOpPOW KBasHo6pameHde (B cAydae aare6p ¢ oAUHUUEH
of6pameH1e ) 3JEMEeHTOB HEeNPePHBHO,

6) AOKAJRHO NCEBROBHNVKAOH (JOKAXRHQ BHRYKIOH) aire6-
po#i. eclIM OHa COJEpPXMT 6a3y OKpEecTHOCTell Hyad, cocTosamyl H3
3aKPYTASHHHX ncesnosunyx.uux1 (COOTBETCTB&HHO BHMNYKAHX) MNOZ-—
MHOXECTB,

B) 1OBH OKaJ ;
JOM) QAre6DOR. eCIM OHAa COJePXHT 6a3y OKPECTHOCTEH Hyad,coc-
TOAMYW M3 [OLJOMEHHHX 3aKDYLJAeHHHX [CeBJOBHNYKIHX (COOT-

SBJAOBHIOYKICH JOKAZHbHO m-NCeBIOBHNIYK

1 HanoMHuM, 4YTO MHOXecTBO U NCeBIOBHNYKIO, ecan U + U =
€ AU ax8 HeKOTOporo A>2.



BETCTBEHHO MAEMNOTEHTHHX 3&8KPYLAGHHHX MCEBAOBHNYKAHX) NOA-
MHOXECTB.

TOBOPAT, 4YTO DAEMEHT a TONOXOTUYECKOH CT-aXre6pH A Oroa-
HUYEeH. eCXM HaljerTcd TaKkoe 4uUciko X € C\{0}, 4yTo MHOXECTBO
{(a/~)" :n e N} orpaHMyeHo B airecpe A.

2. NycTe U - HanpaBieHHoe (MO BO3PacTaHUKL) MHOXECTBO,
(Au; hh, U) - npoeKTHBHAd CUCTEeMa TOMNOXOTMYECKHX aareép Aa "
limAu - ee NPOSKTUBHHA Npejex, T.e.
limA = {(a,) € N{A :a € ﬂ}=h£(aﬂ) = a, BCHKMH pa3,KoTha a<fi}.
UaBecTHO, 4Yro limA, MOXeT O6HTb NYCTHM MHOXECTBOM. Ho B
ciyyae, KOrZa Kaxjad aire6pa A B TNPOSKTUBHOA cHCTeMe
Ay, M,
Npeo6pa3ywT e€ZUHULY B eAMHMUY, TO (ea) € limA .

IycTe Zaxee ﬂu—npoexuuﬂ NpaMoOro NpoOn3BejZeHUud H{Aa e« U}

U) CORESPXUT €AMHULY e, H COMOMOPDHU3ME U3 B Aa

Ha A, M p, = n [limA  AA9 Kaxporo o € U. Torza i, OTOEPaxaeT
limAa B AOl (He o6g3aTeArHO Ha A,). B YacTHOCTH, KOTAa
M (limA ) gBasgeTcd BCWAY MNAOTHOR B A, BAEE Kaxjporo o e A,
NPOSKTUBHHA TNpejex limAn Ha3wBaeTcd CTPQro NIOTHHM, Hageaus
limAcl TonoJorueit, MHEYUUPYeMO#t O6HYHON TOMNOXOrHeN# NPOM3BELS-—
HUS Ha H{AG: a € U}, ¥ onpegjeasda Ha limAal axretpavyeckue
ofnepauuu NOTOYEYHO 3aMETHM,4TO limA, saBAdeTcH TONOXOTUYECKOR
aare6pot.

3. Bo-nepBHX, HAaWAeM HEOG6XOAMMHE M JZOCTATOYHHE YCAOBMSA
BAS TOTrO, YTO6H NPOEKTUBHHA NpejeX TONOXOrMYECKHUX aikre6p GHX
anre6poft T'exbdpaHga-Masypa.

TeopeMa. TNycTs (Aa; hz; U) - NpoeKTUBHAHA CUCTeMa (Haz
HaNpaBAEHHHM [0 BO3PACTAHHI MHOXECTBOM U) TONOXOrMYECKHX AX-—
reép A,. Ecan limAn HOMNYCT, TO OH ABXAETCH AXre6pof T'edb-
¢aHga-Masypa TOrja M TOJBKO TOrAa, Korza nojzaxreépa
yu(limaa) aBAdgeTCHd aXrecpon TedbdpaHia-Masypa JAS Kaxjoro
a e U,

JoKazaTeXxbCcTpo, lycTs A = limAh aABAsieTCH axre6poft Texb-
¢aHza-Masypa. NIycTh a e A, =u, (8), Me M(A") (ecau M(A")
HenycTo), U, - eauHMua B A’ no Mpeany M’ M u - Takoi SAEMEHT
B A, 4TO p, (W)= u,. Toraa uw = M = (M’ ). CmepoBaTeaprHo, M
06pa3yeT B A 3aMKHYTHA PeryJIapHHA ABYCTODOHHMA MZeax MU u 9B-
AeTCa eAMHMUEe#t B A no uBeaay M.

NycTe Tenepp [ - a060# pPeryaspHH# AeBHA MJeax aare6pH
A, copepxamui M. Torga M' < “a(l) Mmu, € “a(I)’ (ecxan u, <



e Pa(I),TO u, = pa(i) AAsi HeKoToporo i1 € I. NoCKoJABKY yu(a)—
—pa(a)uae M, To a - al € M gaa xaxgoro a € A. TakUM 0O6pas3oM
KaxZHi 2JeMEHT a « A npuHajziexax 6 I, M60 a = (a-ai) + ai.
3Ha4uUT pq(I) o6pa3yeT B A’ peryisapHHi JeBHi MAeak,colepxamuit
M;. Tak Kak M' e (A" ), To cnpaBegauBo M = u (I). B cuay
3Toro, Ma I & (#, o a4 )(1) = M caepyer, uro M = I. Caegosa-
TeAbHO, M e (A). TakuM Xe 06pa3oM y6ejuMcd B TOM, YTO
Me MP(A). YuuTHBasg, 4ro A dpasdercsa aire6poid lexandanza-Masy-
pa, HaijgeTcss TaKoh ¢ € homA, yTo M = ker¢. Tenepb (BBUAY
BKJAKWYEHUS ker.ucl < kerg) cymecTsyeT Py € homAcl TaKoh, UYTO
¢ = Py 0 Hy- TNockoapky M < kerpcl M npeas M e M(A"), To
M = kempa. lloaToMy dakTopaxareépa A’ /M’ uaomoptsa noaw K.
3HaUYMUT KaxZHWA 3JeMeHT dakTopaireSpu A’ /M’ npepcraBMM B BHJE
e Jaa HeKkoToporo A € K, rze e - eauHMua o¢akTopairesSpH
A" /M’ . Tenepp JIerko 3aMeTHTL (CM., Hanpumep, [5], c.47), uTo
STOT M3OMOPPH3M ABAAETCA TOMNOJIOTHYECKHM. CJASAOBATENBHO, A
aBAdeTcA aires6poi leasdaHia-Masypa.

NpeANOAOXHM Tenepb, 4YTO Kaxjasa A’ dABAfeTCA airesSpow
Teapdanpa-Masypa. NycTte M « M(A) (ecxy M(A) HenycTo) M u -
eAuHNLa aare6pu A no upeany M. TOCKOABKY u € M, ToO B aiareépe
A HahZeTcs Takasi OKPECTHOCTBb O(u) 3JEMEHTa u,4YTO NepecedeHue
O(u) n M nycto. Teneph HaMlAyTcad a'€ U U OTKPHTOE MHOXECTBO
U. B Aa, TakHe, 4TO u € (Ua,) < O(u) (cM.,HanpumMep, [4],
c.177-178). B cuay aToro, Ua, (o] A;, ABRAAIGTCH OKPOCTHOCTBK
3JEeMEeHTa pa,(u) B axnreépe A&,. Ecau pa,(u) = M;, -
= clA, (M), TO MHOXeCTBO Ua"ﬁ (M) HenycTo. NoaToMy
HanzeTecd me M TaKoOK, UYTO m € (Ua,), B CHIYy 4Yero
me O(u) N M, YTO HEBO3MOXHO. 3Ha4YWUT By (u) = A&,\M;,. B
CHAY DTOro, o6pasayeT B A, 3aMKHYTH# PeryifpHH# ABYCTO-
POHHUA HZeal M (u) asngerca B A,, eAMHUUEH no uaeary M;,.

NycTe Tenepb I - peryJAdpHHWA JAeBHK Hleal aares6p A;,,
copepxamui M, . Toraa J = pt(I) = A (u6o (u) & I). To-
3ToMy J o6pasyeT B A peryifpHHW JeBHA uUAeal W COZEepXAT M.

NOCKOABKY M e n}A), To M = J. YuuTHBas 3To, M3 1 =
= pa,(J) = ya,(M) € M. caeayer, 4HTO M&, = I. 3HauwurT, M; S
= %}A&,). TakuM Xe Oo6pa3OM 3aMeTHM, 4YTO M;, € QJAA,). Tlo-
3TOMy CYMecCTBYeT ¢,, € homA;, TaKoK, 4YTO M;, - kerwq, {(u60
A&, ABAdeTCcA adre6poil TCeabdpaHza-Masypa). Tenepr ¥yXe JAE€rCKO
Y6EAUTBCS B TOM, UTO ¢ - © , © 4, homA u M - ker¢. Caefo-
BaTeabHO, A sBAsleTCcA ajaresépoi leabpaHAa-Masypa.



Mo TeopeMe 3.3 M3 crarbu [3] crnpaBeAAMBO
CzencTBue 1. NycTh BCe aire6pu A, B MPOEKTUBHO# CUCTEME
(A ;hﬁdM) (M HanpaBJeHO MO BO3PAaCcTaHMW) MPUHAAJEXaT OJHOMY

M3 CISAYWLEHHX KJIacCOB:

a) IOKAALHO MCEeBAOBHNYKJIHe C-anire6pH, BCEe 3JEeMEHTH KO-
TOPHX OFPAaHUYEHH,

6) MOrJOWMEHHO [CEBAOBHMNYKIHE (B 4acTHOCTH, JOKAJABHO
m-COBAOBHNYKJIHE ) C-aare6pu

B) JOKAJbHO BHNYKJHe C-ajrespn Banspyxaz‘

Ecan NpoekTHBHHA Hpeien limACI 3TON CHUCTEMH HeNnycT, TO OH fB-
asgerca €-axreé6poir eandpania-Masypa.

4. YTO6H BHSICHHTL, KOrZa CTPOrO MJAOTHHHA NPOSKTHUBHHMA
npejea aareép LeappaHza-Masypa daABigeTc aire6pod leabdpaHpa-
Masypa, HaM MOHAZO6BUTCH CAejywmas

JlleMMa . Kaxzas BCOAY MJIOTHad nojalreé6pa KOMMYTATHBHOW
HOpPMalbHOM axre6pn CeabdaHza-Masypa fBAfAeTcA aireépoih I['elb-
panza-Masypa.

JokanaTedpcTRG. IIyCcTh A - KOMMyTaTHBHAasd HOpMalbHasg ank-
reépa lexpdpania-Masypa M B - ee BCOAY NJIOTHasg mnojaxareépa.
NycTb, Ranee, M € M(B) ¥4 u - eaunuua B B no ujzeaay M. Torza
ue M. IoaToMy u e I - clAM. CrepoBaTelbHOo, I o6pasyeT B A
3aMKHYTHIH MAean. 3TOT MAeal PeryaspeH BBUAY BCOZY MNAOTHOCTH
aare6pd B B A. I[IOCKOJNBKY A HOpPMalbHas, TO HEKOTOpPHH MAeak
J € M(A) copepxur I. B cUJIy TOro, 4To A HABIASETCA aareépoin
Teapdanja-Masypa, HaWAeTcs Takok roMoMopduaM ¢ € homA, 4TO
J = kerp. Ilonoxue ¥ - ¢|B 3ameTuM, 4uTo ¥.€ homB u M € kery.
TakuM o6pas3oM B aBadeTcA ajareépoy eapdaHjza-Masypa.

Teneps M3 TeOpeMH M JeMMH BHTeKaeT

CreactBue 2. IlycTh (Aa; h&, U) - NPOEBKTUBHAA CHUcTeMa
(Y nHanpaBJAeHO 0. BO3PACTAHHO ) KOMMYTATUBHHX HOPMAJbHHX OTZE-
JUMUX anre6p lenbpanpa-Masypa A . EcIH ee CTpOro NJAOTHHA
MPOSKTHBHHA NpPejes HeNycT,TO OH ABJIAETCH aiareépoit CeabdpaHfa-
Maaypa.

OpuMeyaHde. CAEAYST OTMETUTHL, YTO JeMMa HeBepHa, e€cCJlu
paccMaTpMBacMas aiareépa He HopMaibpHa. B caMoM JeJde (CM.
[13], c.43, uamu [14], c.83) HalAeTCHd KOMMYTATHUBHAas JOKaJbHO
BHIOyKJada C—anrespa dpeme (creposaTelbHO, aiare6pa TCeabpdpaHpa-

HaBecTHO (cM., Hanpumep, [2], c¢.20), 4YTO Bce 3JIEeMEHTH
JOKAJBHO BHNYKJOH C-anre6pu Bala6pyka OrpaHM4YeHH. I03TOMY
NpeAnoJOXeHUe B) COZEPXUTCA B a).



Masypa (cM.[3], Teopema 3.3)), KoTOopads COREPXHT BCWAY MNaOT-
HYW NoZaire6py, uzoMopbHyw noaw C(t) Bcex pPauUOHAALHHX QYHK-
UMA OAHOK KOMNAEKCHON nepeMeHHOA. HeTPYAHO 3aMeTUTh, HYTO
C(t) He aBadeTcqd aare6pod reandaHfa-Maaypa.

{Iph 3TOM HEH3BECTHO, CnpaBeAaWBa XX AeMMa, €CAH OTKa-

3aThCd OT KOMMYTaTHMBHOCTH paccMaTpHBaeMO# aare6pH.
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GELFAND-MAZURI ALGEBRATE PROJEKTIIVSED PIIRID

M.Abel

Resiimee

Leitakse tarvilikud ja piisavad tingimused selleks, et
topoloogiliste algebrate projektiivne piir oleks Gelfand-
Mazuri algebra. Ndidatakse, et kommutatiivsete normaalsete
Gelfand-Mazuri algebrate rangelt tihe projektiivne piir on
Gelfand-Mazuri algebra.

PROJECTIVE LIMITS OF GELFAND-MAZUR ALGEBRAS

M. Abel

Summary

Let K be one of the fields R or C, q(A) (MP(A)) denote
the set of all closed maximal regular left (respectively



right) ideals of A and let M(A) = ML(A) n Mr(A).

We say that A is a Gelfand-Mazur algebra if it is a
topological K-algebra (with separately continuous multipli-
cation) in which for each M « M(A) the gquotient algebra A/M
is topologically isomorphic to K.

The necessary and sufficient conditions are given for
the projective limit of topological algebras to be a Gel-
fand-Mazur algebra. It is shown that

a) the strictly dense projective limit of commutative
normal Gelfand-Mazur algebras is a Gelfand-Mazur algebra
and

b) the projective limit of A-pseudoconvex C-algebras,
locally m-pseudoconvex C-algebras, locally convex Waelbroeck
C-algebras and of such locally pseudoconvex C-algebras, all
elements of which are bounded in the sense of Allan, is a
Gelfand-Mazur €-algebra.
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HEREDITARY AND COHEREDITARY S-SETS
J.Ahsan

QUAID-I-AZAM University, Islamabad, Pakistan

In this note S will denote a monoid, that ims, a semi-
group with identity 1, and all S-sets are assumed to be
right unitary. Let M be a fixed right S-set. An S-get Q is
called M-injective if, given an S-monomorphism g of an S-
set NS into MS , every S-homomorphism h : N§—-QS can be
extended to an S-homomorphism n*: Mg—d-QS such that h®g = h.
Q is called M-projective if given an S-epimorphism g of MS
onto an S~-set NS’ every S-homomorphiam h : Qs-a-NS can bhe
lifted to an S-homomorphism h : QS"'MS so that gh = h,Thus
it follows that Qg is injective (projective) if and only if
Qg is M-injective (M-projective) for all S-sets M.
Moreover, QS is quasi-injective (quasi-projective) if and
only if Qg is Q-injective (Q-projective) (ef. [1],[2],[6],
[7]). S-injective S-sets need not be injective in the usual
gense (See [3], P.272) and are called weakly injective.

Recall that S is right hereditary if each right ideal
of S is projective (cf.[4]). Extending this definition to
arbitrary S-sets, we define here hereditary S-sets and the
dual notion of cohereditary S-sets. We call an S-set M he-
reditary if every proper S-subset of M is projective. Hence
if S i8 a right hereditary monoid, then all projective S-
sets are hereditary. Dually, M is called cohereditary if
each proper quotient S-set of M is injective. We call M
weakly cohereditary (resp. g-cohereditary) if every proper
quotient S-set of M is weakly injective (resp. quasi-injec-
tive). Thus if S is a right hereditary monoid then all in-
jective and weakly injective S-sets are weakly cohereditary
(ct. 4], P.304).

11
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Lemma 1. For an S-subset M %M, every M-projective S-get
Q is My-projective,

Proof, In order to show that Q is M,-projective , let
there be given an epimorphism ¢° ¢ Mg—»N, and an S-homo-
morphism g : Q—*N,. Let @ be the relation on M defined by

= Ker $,Ui , where Ker §, is the usual kernel congruen-
ce. Then @ is a congruence on M. Let N = M/¢ and ¢: m—
be the natural map. We can identify N, with the S-subset
M,/Ker ¢, of the S-set N. Thus the natural map ¢: M—=N is
an extension of ¢°. By the M-projectivity of Q, there ex~
ists a homomorphism f : Q—M such that the diagram:

wl $ .y
is commutative. But @ (£(Q)) = g(Q) € N, = M,/ Ker $, .
Hence f(Q) € My. Thus f can be regarded as a homomorphism
from Q to My, showing that Q is My-projectiye,

Lemma 2,(A).Let T : A—=B be an epimorphism and M an
S-act, If every N& M is A-projective and A is M-injective,
then B is M-injective;

(B).Let k, : B—»A be a monomorphism and M an S-act. If eve-
ry factor of M is A-injective and A is M-projective then B
is M-projective.

Proof._(A).,Let k : N—~M be a monomorphism and f : N-»B
a homomorphism, Since N is A-projective, there exists an S-
homomorphism h : N—sA such that ovh = £, Since A is M-in-
jective, there exists an S-homomorphism A: M—-A such that
Ak = h, Let H=ﬂ‘} . Then p4: M—=-B is an S-homomorphism,
such that pik = oAk =Jrh = f. This proves that B is M-in-
jective,

(B)._ The proof is dual to that of (4),

Theorem 3. For a projective S-set M, the following con-

ditions are equivalent:

(1) M is hereditary;

(2) Every quotient S-get of an M-injective S-get is M-in-
jectivey

(3) Every quotient S-set of an injective S-set is M-injec-
tive.

12



Proof. (1) (2) : This is immediate from part (A) of
Lemma 2.
(2) =>(3) : clear.
(3) (1) : In order to show that M is a hereditary S-set,
consider an S-monomorphism kX : N-—~M. We must show that N is
projective. For this purpose we consider the diagram of Lem-
ma 2. We also observe that by Lemma 4 of f4] , We may assume
that A is injective to prove that N is projective. The desi-
red implication now follows from part (B) of Lemma 2.

Corollary ( [4] , Theorem 2 (6), P.304). Let S be a mo-
noid. Then S is right hereditary if and only if each quoti-
ent S-set of an injective S-~set is weakly injective.

Proposition 4. If an S-set M is cohereditary, then every
S-subset of an M-projective S~set is M-projective.

Proof. Folkows from Part (B) of Lemma 2.

Proposition 5. An injective S-set E is weakly coheredi-
tary if and only if each right ideal I of S is E-projective.

Proof.(1) The "if" part is immediate from(A) of Lemma 2
with N = I, M=S, A =E and B = K, where 9r: E—K is an
S-epimorphism,(2) The "only if" part is immediate from (B)

of Lemma 2 with N = I. M =S, A = E and B = K.
As an application of the above proposition, weé can

prove the following.

Proposition 6. Let S be a principal right ideal monoid.
Then S is right hereditary if and only if E = E(S), the - in-
jective hull of SS , is weakly cohereditary.

Proof. Suppose E is weakly cohereditery. Then each right
ideal I of S is E-projective, by the above proposition. Hen-
ce by Lemma 1, I is S-projective. Since I is a principal
right ideal of S, there exists an epimorphism Q1 : S-—~I.
Hence the diagram:

in whicho( exists, since I is S-projective, commutes. Hence

= i, This implies that I is a retract of S, and 80 I
is projective, showing that S is right hereditary. Conver-
sely, if S is right hereditary then E is weakly coheredita-
ry by the corollary to Theorem 3.

13



Proposition 7. Let S be a monoid. Then the following
conditions are equivalent:

(1) Each injective S-set is cohereditary;
(2) Each injective S-set is q-cohereditary.

Proof. (1)=)(2) is obvious. Hence we need only to prove
that (2)=)(1). Let Q be an injective S-set, and let M be a
quotient S-set of Q. In order to prove that M is injective,
we show that M is A-injective for all S-sets A. Let E=E(A)
be the injective hull of A. Since every injective S-set con-
tains a zero element (See [8],Prop. 4.4(b), P.17), we can
form the direct sum Q @ E. Also, since M is a homomorphic
image of Q, M also contains a zero element, and so we can
form the direct sum M@ E. Since M @ E is a homomorphic ima-
ge of the injective S-set Q @ E, it follows from the hypoth-
epis, that M® E is quasi-injective. This implies that M is
E~injective and so M is A-injective. Since A is an arbit-
rary S-set, M is injective in the usual sence.

We conclude with the following theorem.

Theorem 8. Let S be a monoid. Then the following condi-
tions are equivalent:

(1) Each homomorphic image of a quasi-injective S-setis qua-
si-injective, Sg 18 quasi-injective,™and S has a unique
idempotent;

(2) s is a group; i

(3) Each homomorphic image of a quasi-injective S-set is
quagi-injective, S has a unique idempotent and it
satisfies the descending chain condition on principal
right ideals.

Proof. Assume(1).Then S is right hereditary by the above
proposition. Since S has a unique idempotent, it follows
from ( [5] , Prop. 2.5, P.668) that S is left cancellative.
Olearly, since SS ig quasi-injective, it is weakly injective,
Hence S is a group by ( {7] ,Theorem 2.4, P.187).

Let us now assume that S is a group. Then for each S-set AS

and S-subset XSG AS' we also have A\ X an S-subset of AS'

Let ¢: XS'—"AS be an arbitrarily. given S-homomorphism. De~

fine : A=A as follows:

r¢(a), iraeX
W) =9 a,ire€a\x
Olearly,y is a correctly defined S-homomorphism, which ex-

14



tends ¢ Hence AS is quasi-injective. In particular, SS is
quasi-injective. Since S is a group, it has a unique idem-
potent. This proves the equivalence of (1) and (2).
(2) (3) 3 clear,
(3) — (2) : we first observe that S ig left cancellative as
before, Let & € S. Then we-have aS 2 a°S 2 ... .This implies
that a® = a®*1t, for some neMN and t € S, since S satis-
fies the descending chain condition on principal ideals. The
fact that S is left cancellative, implies that a is a unit.
Therefore, S is a group. This proves the equivalence of (2)
and (3).

Acknowledgement: The author wishes to express his deep
appreciation to Dr. Peeter Normek for carefully reading this
paper, and for suggesting many improvements.
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PARTLIKUD JA KOPARILIKUD POLUGOONID
J. Ahsan
Res Umee

Autor defineeribd parilikud, kOparilikud, norgalt kopa:
rilikud ja q—koparilikud polﬁgoonid ning leiab moningad
nende tahtsamad omadused.

HACIENCTBEHHHE ¥ KOHACJAEJCTBEHHHE
MOJMTOHH
JIx. Axcan
Pesanwme

[lonMrod HA3HBAETCA HACHENCTBEHHEM (KOHACIENCTBEHHHM),
ecnu BCe ero co6CTBEHHHE NOAMoMMronl ($akTopnonurons, co-
OTBETCTBEHHO) SBAANTCA NPOEKTUBHEMM (MHBEKTMBHEMM). [lonu=-
TOH HAsHBAaeTCs M-MHEEKTMBHHM, €Cl¥ OH MHBEKTMBEH OTHOCH-
TenpHo BiaoxeHu#t monuroHoB B M. JloxasmBaeTcs, UTO MPOEKTHUB-
HHft mosmroH M sBNAETCR HACHENCTBEHHEM TOTHA M TONBKO TOTIA
Korna $AKTOPHONUIOHH MHBEKTUBHHX MOJUI'OHOB ABiasnTcH M-mip-
exTuBHEMU. Cpemy OCTANBHHX PE3yNbTATOB OTMETHM, UTO M3
KBASU-UHBEEKTUBHOCTH (JAKTOPOB MHEEKTUBHHX INOJIMUIOHOB ClenyeT
HacNeNCTBEHHOCTE OCHOBHOT'O MOHOMA.
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0B FC-MHOATPYME MYNIETWIDIMKATYBHOA I'PYIIH CKPEIEHHOR

I'PYINOBOA ANI'EBPH
B.Bomau

Ymropoacku#t rocynapcTBeHHH! YHHBEPCHTET

Myers W(K) - myzprunauxarusuan rpyma noxs K , & -
rpynna, - CKpemeHHas rpynnosas anreGpa rpynms {3 u mo-
an K npu cucreme daxropom A, {u% I%e&-} - K -6asuc cxpe-
meHHO#t rpymmono#t axreGpu Khﬂ- . Onepamma yMHOXeHHA GA3HCHHX
3XEMEHTOB ONpefieNneTcn CeAYNHUM OGpPA3OM

Uo - = Aaglh s cU(K), 3.be)
W cucrema (aKTOPOB A = {A "6 e(,((l—()]a,eei}} yLOBAETBODAET CO-
OTHOmEHHH

yers W (K,(3)- MyapTunauxatusxas rpymma crpemeHHOM
rpymmosoft axreGpu Jerxo mupers, ure G -{Alty [Aell (K),
ae(F} - noarpymna 8 U (K, G) , a moarpyma U (K) nopmaxba
» & , ¢exroprpymma §/ U (K) usomeppua (i . Dxementn us

WK & ) , MMemEMe KOHEUHOE UMCAO CONMpAREHHHX B 06-

pasyor negrpymty all s rpyme W (K, §G) . Nearpymma al{
nasupaercn £ C -nogrpymmot#t rpynmu (L (K G) . B [I] noxa-
SHBAETCH, UTO SAEMEHTH KOHEUHOr'® NMOpANKAa IpymmH All oGpasynT
oL rpyTiy 1 daxToprpynna aGexera Ge3a KpyueHum.

B Hacrosme#t paGoTe omucrpaercs crpeenue rpymm All. Ha
OCHOBSHMH STHX DESYALTATOB NOAYUAEM OTBET O CTPOSHHA MyAbTH-
nmuxatusro#t rpymmu U(KG) rpynmosott axreSpu KG ¢ xoHeuHu-
MA KNACCAMY CONDAXSHHHX DXEMEHTOB, KOTODAM OHNA OXADAKTEDH-
sopana HKmudpom u Ceramom [2] u laccenxaysom.

Ecxu X - HURABIOTEHTHHIt SXEMEHT KOXbIA , TO 3xe-
MeHT - 4+X ofpaTum B K {5 ¥ HA3HPATCH YHHNIOTEHTHHM
anemenTom rpym (L (K, ).
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Jlemve 1. Ecau ckpemeHHas rpymmosas anreGpa K F cecro-
HeuHa, TO BCE YHWIIOTEHTHHE DJEMEHTH rpynnu al neﬂ'rpa.nmm B
all

JoxasarenscTo, IlycTs Y= 1+ X -yHunoTeHTHu#t oAeMeHT
rpymm & WL u cymecreyer raxoe wé A\l , uro Co-
raacHo Teopeme [lyanxape HeHTpanu3aTOp 8 NOJIMHOXECTBA
{v'ul B rpyrme, ¥ sBaserTca nomrpymmo#t xomeuHoro uHmexca B
G. Tax xax & Gecroneuna, To u ee noarpyrmma S Geckoneu-
Ha M IJA KaXOOro SJIEMEeHTa losTomy  axe-
MEHT X{  HMABNOTEHTEH M i ooparuu B K Jlerxo su-
IeTb, UTO MHOXECTBO

£ (Lex o (ex

COCTOHT M3 KOHEWHOro wMcia saeMentos. llyers U Vi,..., Vi —
BCE SJIEMEHTH STOrO MHOKECTBA M

W={§e  (ar axr= 1,

Ouesummo, uro S-U W.  u cymecrsyer raxoe uro W -
GecxoreuHoe MHORecTBO. JafuxcupyeM osaemeHr § us W- Torza
IAf MDCOTO BIEMEHTa Q, U3 W. ormuuHoro or BHITOJIHAETCA
PABEHCTBO

Orcona cnegyer, uTo

(§-q) (rx-xv) =0,

~
Tax kex = B, 7m0 §-Q “We F. nooromy
(AU-1)(rx=XT) =0 , )
]

llerxo sumets, wro XV'-UX =2, U # O u u3 pasencr-
sa (2) cnenyer M av
=0.
i_:, AX, uku%. E) u
Orcome BuTexaeT, uro ecnd ¢ G ynomnermopser  paBeHCTBY
(2), o N HEKOTODOTO ) M WACNO TAKMX ONeMeH—
roB % xoHewno. Tax kax - GECKOHEWHOEe MHOXECTBO, TO
CymeCTBYDT Taxoe W M DA3NMUHHE SNEMEHTH nd noxa K,
uro A, MU, | npuHapnexar W . {- Torna u3 PABEHCTB
( =4 (xvr-vx)=0,( ¥ xu-vx) = 0 crenyer
v =~'K) =0, 970 BOSMOXHO JUmb TOJbKO B CAydae,
KOrZ& XVU=UX, uTO MPOTHBOPEWAT NpeAnonoxeHun. Jlemva no-
Ka38HA.
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llyere H - xoHeuwnas mogrpymma rpymms all # L - mog-
anrre6pa arre6pH \Q ﬁ- TIOPOXHEHHAA BJIEeMEHTaMK no,nrpyrmu H.
Torga Lu nnJme'rcn xouem-louepuoﬂ arredpott nan K ee

panuran ecTs HATBMOTeHTH:M ugean. Kax mamecto (3],
HMEenT MeCTO clegyniie pPal3jOXeHUA

L“g M(“LIKQQ e @ (3)
"

roe M(n, K, ) - NOXHOe MATPHUHOE KONLIO DASMEPHOCTH Yv- HA
ROMBIIOM ‘n O, = K,/ reno. Tax xax J(L,)- murn-
noTeHTHH# umean, To paszoxenun (4) cooTBeTCTByeT cregsynmee
pasioxeHue B NMPAMOE MPOM3BEfEHMEe Ipymm

e xhLn, K. ()

Jemna 2. IlycTs K ¥ - GecKROHeUHAR CKDEmeHHAR I'pYmNnoBas
arrepa u H - roHewHAR nogrpyrma Ba\l.. Torna MynsTumaM-
xatupHan rpyma W(L,) amrespu L comepmurca B aW u pax-
roprpyma  W(L )/ (1+ W)  aGenesa.

gonaaa'renbc'rno. Oyers weW(K %) n u-30 o e U(L)
roe x.«K & WeH, Torpa

wiuwws=3" “'?,.,w

oY)
u mHoxecTso { W’ L’K wWlwe LL(K‘ G) ] cocrour
M3 KOHEYHOro uucIa aneuel-rron. C.ne,uona-renhao, wiluwé€a
llpennonoxum, uro B pasnoxenuu (5) HeroTopoe >4,
Ecau (L,Kk=4,4,..., - MATDUUHHE eJMHUIN KONLIA
TO TpU SNEeMEeHTH u 1+ 8. yHunorenr-
HH ¥ comepxarca B AlWl. Torna no nmemde I snmemeHTH mMeHTpaNb-
HH, UTO HEBO3MOXHO, TAK KAK OHM HENEepPeCTAHOBOUHH. Crefoma-

TensHo, B (5) =4 gmnm ecex 4,3,... U UMEeT MeCTO
pasnoxeHue

U(L“) S UK )% WK, ) x- - x4y
roe X, u &); - Texo. Kar noxasano ume

Wke Au. u gosrouy rpyma W(K;) u ee gaxroprpyma

06NaNANT TONBKO KOHEUHHMH KIACCAMM CO-
TNIpEeHHHX aneMeHToB. MapectHo [4], ecam TeXo, T0 B
rpyme \L(0.) smemenr nuGo meurpaneH, iu6o o6ranaer Gecko-
HewHsM wicloM compsxenHux. [osTomy rpyma W.(;)aGexera u »
pasmoxernuu (4) w.=1 u . - nozme. Orcona euTerser, uTo
rpyma W(L)/(L+ T(L,)) adenera. lewma noxasaua.
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Teopema I. liyers K fr - GeckoHeunaa I'pymmOBasg anreSpa
u &'W - nogrpyrma Ppynnu all, cocrosmas ua Bcex saeMeHTOB
KoHeuHoro nopanka rpymu AU, Torpma xomvyrant rpymmu AL co-
CTOAT U3 YHANOTEHTHHX DJAEMEHTOB X COJEPRATCHA B LIEHTpe TDYNIH
al,

JoxasarenscTso, Ecn W - xoweunas moprpynma rpymmu

o mogrpymma  H,= W N ( COCTOMT U3 YHU-

TIOTEHTHHX BJAEMEHTOB U MO JemMe I CONepmATCA B LGHTpe TIpymmH
al, Ierkxo BupmeTs, UTO

W = (B (e L)/ ey (L)

1 nogrpymma W ( i+ CONEPEUTCA B [lo nemme 2
daxroprpymma W(L,)7/(4+ %(L“\) aGenesa. llosroMmy ¥ rpymma
H/H, aGemesa u xommyrant rpymmu W comepmures B W, u
COCTOUT M3 YHUIIOTEHTHHX BJEMEHTOB.

Tak xax komMyTaHT rpymmy A U amme'rca o6BenuHeHHeM
xomy'raﬂfroa KOHEUHHX TMOATPYTT CpymmH A W, To xomMyrTauT
royma AU COCTOUT U3 YHUIIOTEHTHEX SJIeMeHTOB M comep-
marca B yenrpe rpymmu A W, Teopema moxasana.

Teopema 2. Ecaun - OeCKOHeuH&A CKpemeHHas Ipynmno-
Bam anreSpa M XapaXTepucTMka Toas K He JeNMT mopamku
onemenros moirpymmu A§  rpynmu & , To rpyma AT U ade-
nesa.

Jokasarenscrso. [llyers H - xoneunas moprpymma xomdy-
ranra rpymmu AU,  Cormacho Teopeme I momrpyma W comep-
xuTca B neHrpe rpymu AU, Torma MHOXeCTBO ;_u"'Hu
COCTOUT M3 KOHEUHOT'O udcjaa MOArpYNm
Torpa L= ABNAETCA KOHeuHoM moprpymmo# u L
BHIEDRUBAET BCe BHYTDEHHME ABTOMODM3ME BUMA = u.% %X U
xonbua W AG rne A&, Myers X;,X,..., Xg - Bce
BAEMEeHTH rpynrm L. Torma Yy L - HuABMOTEHTHHN  Bae-
MEHT ¥ B CUNYy KOMMYTATUBHOCTA L BJIEMeHTH ceea Y
TIONIAPHO TIepecTaHOBOUHH. [loaToMy

ABAAETCA HUMBIIOTEHTHRM MOIKOABLIOM. HyCTb
F={T X = |
[N

JokaxeM, uro F - muaenoTenTHuM npaselt unean anreSp
JeftcTsuTensHo, ecmt E- 2 3 u%.e &G, To

] copnanaeT ¢ OAHUM U3 3JIEeMEeHTOB \61,\&,,...,
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Ha oCHOBAHMM STOr'0 PABEHCTBA M HMNBMIOTEHTHOCTH KONbOA O Cle-
nyer, uro F  murbnorentioe xombmo. Hspectso [5], wro  ecam
XapaxTepucTHEA moas K  He [ENUT MOPANKM BNEMEHTOBR DY
A G, To anretpa % nHe comepmur HumbMpeanon. lloaTomy
F_O u L=1, Crepoparensno, xomayrant rpymm & U emu-
mwunan noprpynna ¥ rpymma &' U aGenesa. Teopema noxasana.

Crencreue. Ecmu - GeCKOHEUHaf CKpelleHHas IpymnnoBRas
anrreépa, To rpyma AU - paspemumas rpymma xxmacca He Goxnee

3, a ee nogrpyma AtU - muabnOTEHTHAR rpymnma cTynemu He
Goxee 2.

ApTop mupaxser rayGoxyn GraropapHocTs ILM.Iynuexy sa
DYKOBOZCTBO pacoToft.
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RUHMA KALDALGEBRA
MULTIPLIKATIIVSE RUHMA FC-AIAMRUHMAST
V. Bovdi
Resilimee

Olgu rifhme. le korpuse K voetud kaldal-
gebra multiplikatiivne riihm, K#esolevas t88s uuritakse
rithma slemriithme A U , mis koosneb Uu( &) koigist

nendest elementidest, millel on loplik arv kaaselemente xith-
mas U(k‘a G)_ Loplikku jérku elemendid riihmes A U moodusta-
ved elemriihma AU  ning fektorrihm AW/ U  on vHdn~
deta Abeli rithm,
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Toestatakse, et rilhma lopmatu kaldalgebra kr jeoks:
(1) rihme A'l kommutant koosneb unipotentsetest elementi-
dest ja sisaldub rithma AU tsentris; (2) kui arvuge
far K'ei jagu rihma A& ihegi elemendi jirk, siis rinm At U
on Aveli rithm,.

ON THE FC-SUBGROUP OF MULTIPLICATIVE
GROUP OF TWISTED GROUP ALGEBRA
V.Bovdi
Summary

Let L\(I{‘ 8) ve the multiplicative group of the twisted
group alge'bra of a group & overa field K, In
this paper the subgroup AU, consisting of all elements of
the unit group U(K, 8) having a finite number of conjugates
in UCR, %), is investiga.ted. Elements of finite order in
al Iorm a subgroup A u such that the factor-group
AU/A*U is torsionfree abelian, It 1s proved that in the
case of being an infinite twisted group algebra: (1)
the commutator subgroup for atu is the set of unipotent
elements and is included in the centre of AU (2) if
doesnot divide orders of elements of A& ,then atU is
abelian.
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ON AFFINE COMPLETE VARIETIES GENERATED BY HEMIPRIMAL
ALGEBRAS WITH BOOLEAN CONGRUENCE LATTICES

K.Kaarli

Chair of algebra and geometry

In this paper. we construct two series of finite hemi-
primal algebras with Boolean congruence lattices generating
CD (and in general non-arithmetical) affine complete variet-
ies. We show also that if U is a finite hemiprimal algebra,
Cont = 2° or ConYt =2° and VarY is affine complete then
U necessarily belongs in one of these series.

i. Introduction.

For an algebra WM = (4,F) a function f : A" — A4  is
called compatible if it is compatible with all congruences
of U . An algebra U is called hemiprimal (resp. affine
complete) if any compatible function on it is a term func-
tion (resp. a polynomial function). Finite simple hemiprimal
(resp. affine complete) algebras are called primal (resp.
functionally complete). An algebra U is called congruence
permutable (CP) if its congruences permute pairwisely and
congruence distributive (CD) if the lattice Con?% is distri-
butive. An algebra which is both CP and CD is called arith-
metical.A varjety of algebras is called CP (CD, arithmetical,
affine complete) if so are all its members.

In [2] Kaarli and Pixley initiated the systematical
study of affine complete varieties. One of their central re-
sults was the description of arithmetical affine complete
varieties of finite type: they are precisely the arithmetical
varieties generated by a single finite algebra with no proper
subalgebras. On the other hand, it was shown in [2] that an
affine complete variety needs not to be arithmetical. More

23



precisely, there was constructed a 3-element non-CP algebra
with Con¥Y = 2% and generating a CD affine complete variety.
Now it is known that any locally finite affine complete
variety is necessarily CD. This result is due to R.McKenzie
and is still not published. We are indebted to professor
McKenzie who kindly informed us about this important result.
Therefore, from our viewpoint, the central problem concerning

affine complete varieties is

1.1, Problem., Describe finite algebras U in CD wvarie-
ties generating affine complete varieties.

0f course, from [2] we have a necessary condition: the
algebra U cannot have proper subalgebras, but this is not
sufficient since the variety of bounded distributive latti-
ces 1is not affine complete. In this example already the ge-
nerating algebra itself is not affine complete. So the next
natural question is: does a finite affine complete algebra
in CD variety having no proper subalgebras generate affine
complete variety. Unfortunately the answer to this question
is negative, too. There is presented an example in the end
of this paper showing that affine complete algebras with no
proper subalgebras in CD varieties may have non-affine comp-
lete Qquotient algebras. Hence it is necessary to modify our

problem as follows. -

1.2. Problem. Suppose U 1is a finite algebra with no
proper subalgebras all of whose quotient algebras are affine
complete. If VarU 1s CD , is it then affine complete?

If we wish to solve this problem then it is reasonable
to start with the hemiprimal case. This is a consequence of
the following proposition.

1.3. Prooosition. If U generates affine complete va-
riety then so does 4" , the algebra obtained from A by
adding all constants as nullary operations.

Proof. Using Birkhoff’'s formula Var® = HSP(YU) it 1is
easy to understand that for any B e var%®® there exists an
algebra ® e VarY such that B 1is obtained from & by
adding some constants to its type. Hence B and have
the same congruences and the same polynomial functions as
well. So the affine completeness of B follows from the

same property of & .
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1.4. Corollary. If 6é generates an affine complete
variety then it is a reduct of a hemiprimal algebra generat-

ing an affine complete variety.

The following easy proposition is useful when one has to
prove that a given algebra does not generate an affine comp-
lete variety. The proof is straightforward, so we omit it.

1.5. Provosition. If U is a hemiprimal algebra in an
affine complete variety then all quotient algebras of U are

hemiprimal, too.

1.6. Corollary. If U is a hemiprimal algebra in affine
complete variety and € 1is a maximal congruence of U then
U/6 is primal.

Thus, we are interested in finite hemiprimal CD algeb-
ras generating affine complete varieties. First of all note
that finite hemiprimal arithmetical algebras generate arith-
metical varieties ([4], Theorem 3.5) which are affine comp-
lete by’ [2] , Theorem 4.1. In particular, if U is hemi-
primal and ConM is chain then VarU is affine complete.
Beside chains, an important class of distributive lattices
is that of Boolean lattices. We think it is natural to start
the search of CD non-arithmetical algebras generating affine
complete varieties just from those with Boolean congruence
lattices. It follows from Corollary 1.6 +that if such an al-
gebra is hemiprimal then it is a subdirect product of primal
algebras. Unfortunately we still are not able +to solve even
this problem, i.e. we do not have a complete description of
finite hemiprimal algebras with Boolean congruence lattices
generating affine complete varieties. What we can is to con-
struct two series of such algebras and to prove that in the
case ConY = a‘ , R =2, 3, U necessarily belongs to one of
these series.

2. The first series,

We start with introducing some terminology which pro-
ves to be useful. Let 4 be a subset in-the direct product

Ax o..ox4 For any subset J={r,..., 7}y {1,...,m} ,

let m, A X x4 — Aj x ... ><AI be a canonical pro-
1 3

Jjection and denote AJ = nJ(A) . Let 7 be the complement of
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J in ,m} . For simplicity we shall write A, ﬂ

instead of 4. i} and 7 instead of {¢}. In the
oeeady

sequel A is always a subdirect product in A‘x - xAm )

hence no confusion will appear.

2.-1. Definition., Let A4 be a subset in the direct pro-
duct of sets Ai,...,Am . If € A then a ci-section of
A 1is the set

tnz(a,,..,a) | (a,....e) €4, a =c}

2.2. Definition, Let A4 be a subset in the direct pro-
duct of sets 4 and let ¢ € {1,...,m} , B < A-
It is said that B2 has a 1lift in 4 (with respect to ¢ )
if B is contained in the ¢ -section of 4 .

2.3, Definition. It is said that a subset A4 in the di-
rect product A x ... xAm has the <t-1ifting property (with
respect of c¢. € A) if n-(A) has a 1lift in A4 (with res-
pect to ¢ ).

Let us call two vectors (x,,...,x ) and (¥, ,...,¥y)
almost equal if =y, for all but maybe one values of the
index ¢ . A vector is called almost constant if it is almost
equal. with a vector (x,...,x) . It'is said that an algebra
satisfies the near unanimity identities if there is an m-ary
term ¢t (m > 3) such that t(x ,...,xm) = x whenever the
vectors ,xm) and (x,...,x) are almost equal. Recall

that by {3] any algebra satisfying such identities generates
a CD variety.
Now we start the construction of our first series of al-

gebras. Take a finite number of finite sets 4 Y S
m z 2 , each of them having at least two elements and choose
in each of them an element ¢, € 4 . Let A be a subset in
the direct product A‘x . xAm satisfying the following
conditions:

(i) A 1is a subdirect product of 4. , ¢ =1,...,m ;

(ii) for any ¢ , A satisfies the {-1ifting property with

respect to c.

Now, let 7T be the set of all finitary functions on A4
which are compatible with kernels of all projections 7. We

are going to prove the
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2.4. Theorem. The algebra U = (A4,T) is hemiprimal,
Con% = 2"
T is finitely generated and therefore Vary is equivalent
;to the variety of finite type.

and Vary is affine complete. Moreover, the clone

Proof. Claim 1. Varyl 1s CD .

To show this it is enough to prove that U satisfies
near unanimity identities in m + 1 variables. Define on A
a function t. by the rule

if the vectors (x..... X s
and (x,...,x) are almost
t'i.(xn’ ,xm‘) equal,

otherwise

and let t = . We have to prove that te? |

i.e & A . Take

a = (a“.....a.m) e A, U =1,,...mtl ,
and prove that t(a.....a ) e 4 . We consider first the

case when the values of all t  are computed by applving the
first case of the definition of t.. That means, for any J =
1,....m there exists kj such that all LT LA .
i~ hj , are equal. Since the number of variables m + 1 s

larger than the number of direct factors m , there exists

t e {1,...,m+1} such that Ll = =k for all J -
Hence
Hal,.,..am_’) =
(tl(a“,...,am‘).....tm(a‘m.‘...amﬁ_m)) =

(@, .....q ) =a €4

Now consider the general case assuming that the values
of some component functions have to be computed by app-
lying the second case of the definition. It is easy to under-
stand that in this case tla,... can be obtained from
some by changing some of its entries by . It is clear
that the resulting vector still is contained in 4 .

Claim 2. The equivalence relations - Kerrt_’ are con-
gruences of U .

This is obvious since all functions t e T are compat-
ible with kernels of projections m . & =1,....m .

Claim 3. All quotient algebras !l_, are hemiprimal. In
particular, algebras !!A are primal.

27
L .



Take an arbitrary compatible function s : (AJ)n — AJ
Obviously it has then a form s = where each 7~ is
an r-ary function on A, . Define then the functions t, as

follows:
'S £ if it e g,
t l ¢. (a constant function) otherwise.
It is easy to see that t = tm) 7 proving

that f 1s a term function.
Claim 4. Con¥ = 2" |
Since all algebras U are simple and VarU 1is CD, the
eJ , 4 € {1,...,m} , are the only congruences of U . From
conditions (i) and (ii) it follows easily that different
subsets J induce different e, . This proves the claim.
Claim 5. VarU% 1is affine complete. /
Let % be an arbitrary algebra in Var% . Since Vary
is CD, we may assume that %8B is a subdirect product of pri-

mal algebras U : J

< 11 I _
B ‘!I‘X...X‘!Im =N ;!
where I = I u...VI = and 'uj = ‘!Ii if jei, We may also
assume, without loss of generality, that all/index sets I.
are non-empty. Indeed, otherwise we can );‘eplace U by a
suitable 'u_, , 4 € {1,...,m} . Since U is hemiprimal, there
is a natural homomorphism U — B and since the index sets
I. are not empty, this homomorphism is 1-1 . Therefore U
may be considered as a subalgebra in B .
Let us take an arbitrary n»n-ary compétible function f
on B and let |

™) =D = {d....,d¥

cd; = (di.j)

el
Since f 1is compatible, it induces a function .
A for any j eI and in fact f - (f')jeI

Now define functions

n*e

t. : (A) — A , i =1,...,m ,
by the rule:
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S f . (x,,....%)) if there

exists Jj € I. so that
t(X X s, ) = (uy,nou) = (d”,__.,

c¢. otherwise .

Suppose there exist 7 eI . such that d. - =

drk for r =1,...,5 . Then, given XsasX € , we
choose a € A so that ah =, t =1,...,n , and conse-
quently, QL =X too. (Recall that A4 1is considered as
a subset of B.) Let f(cr,...,an) = . Then
f.(x‘,...,xn) = (f(a ,...,an)), = drj =u =
4, = (f(at. i ,t'l“))k = fk(x‘, s X))
This proves that the functions are well defined.
Now take x ,...,x ,u,...:,u € A and let
n 1 ]
x'. = (x'l.l""’xlm) » ur = (uul"'lum) 3
where 1 =1,...,m, r» =1,...,8 . We wish to prove that
t =(t,...,t )eT and have to show that t(A™®) c 4
First consider the case where, for all i , the first case of
the definition of . applies. That means each vector
(uﬁ, . equals to some vector (d‘j P ,d.j ) where
J.eIl ,v=1,...,m . Let f(x‘,....xh) =d . Then
t(xi, EERFL AL AP .us) =
()‘j (’<“.---.>'=“1 1eeasg ("m""’xm)) =
1 m

(¢ hX ) s (£ (X, 0eesX ). ) =

(dj‘....,d 4m) = (u ,...,urm) = iir € A

Now suppose that, for some i , the first case of the
definition of does not apply. It is easy to see that
then the resulting vector ¢t (x‘, CeaX M, ) is obtain-
ed from some vector belonging in A by replacing of some
its coordinates by €75 . Hence it belongs in 4 , too.

Claim 6. -VarY is equivalent to a variety of finite type.

It is sufficiert to show that the clone T is finitely
generated but the latter follows from Theorem 2.4 of ({2]
since U satisfies the near unanimity identities.
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3. The second series.

The construction of the second series of algebras is
similar but more complicated as compared with the first one.
The difference is that now one of the factors plays a spe-
cial role. e

We take again finite sets 4 ,4,,...,4 (|a] 2 2) and
choose c € A , 1t =1,...,m . The universe of the algebra
Wwe are going to construct is again a subset in the direct
product onAlx e which has to satisfy the two condi-
tions from the definition of the first series. To formulate
two more conditions we need the notion of factor subset:

this 1s any subset in direct product A‘x xAm having the
form Bx ... xB_ where Bi sS4 ,t=1,...,m .,
Let A be a subset in AXAX .. %A satisfying the
following conditions:
(1) A 1is a subdirect product of 4. , ¢ =0,1,...,m ;

(11) A satisfies the {-lifting property with respect to
¢ st =1l,...,m

(iii) for any x, € Ao the section of A4 is contained
in a factor subset of Ax ... xAm contained in
AI.. «em ;

(iv) any factor subset A contained in A‘ - has a 1ift
in 4

The type T and the algebra ™ are defined exactly in
the same way as in the first series. The next lemma will be
the main tool in what follows.

31 Lemma Let f, : (A" — 4 ,t=1,...,m, be a
function such that # = ) maps )" into

m
n
A‘ m Then there exists (Ao) — Ao such that

P lo
F =g/ eT , te. f(A") 4. .

Proof. Take arbitrary Boyree By € Ao and let A.l be

a factor subset contained in A‘ - and containing the
a,m—section of A, ¢t =1,...,n . It is easy to see that
A=FfA,...,0) is a factor subset contained in 4, m
too. Take b, €4, such that the bo-section of A contains
A and define jo(am....,a"n) = 5 By this definition the
inclusion #£(4") € 4 is straightforward.

Now we prove that Theorem 2.4 holds also for algebra %

defined in this section. Since the proofs are principally the
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same, we shall pay attention only to places which do need
modification.

Claim 1. Yaril is CD.

We define the functions t. , 1 = , nearly in the
same way as for the first series. The only difference is that

now they are m+2-ary. For t -~ ( ,...,r.m) we have the in-
clusion m)""z) - m Hence, by Lemma 3.1 there
. m+2 ~ ~
exists ¢t : (4,) — A such that (I ,f) €7 . Now define
. m+2 .
L, (Ao) — A as follows:
x 1f the vectors (x‘ s ,xm_z) and
r.o(x‘, . ,xmz) = . (x,x,...,x) are almost equal,
ty (x‘ - ,xmn) otherwise .
It is easy to understand that ¢ = (to,t yeeaat )eT |, In-
deed, let a = (am,a“,...,am) eAd , T =1,...,mt2 . If
to(am, - ,ao'm_z) = tolam, s ,ao'mz) then obviously we are

done. Otherwise, i.e. if there is x &« A, such that the vec-

tors (czm - ,ao.mz) and (x,...,x) almost equal, then

t{a .. a ) =

(X.tila“,...,ahmz st e e L))
Now, if all the vectors (a“, - ,cz‘i m+2) , J 21, are almost
constant then r.(ai, ey = a, for suitable k and other-
wise t (a‘ P ,amz) is still obtained from by replac-
ing some of its components a, by corresponding -8
Hence, t (a‘, - ,amz) € A again .

Claim 2. The equivalence relations & are congruences

°of Miain 3. For any J € {0,1,...,n} , the algebra %, is
hemiprimal and in particular, the algebras . are primal.
Let t = ( be a collection of functions such that
¢, (4.)" — 4 and t((AJ)n) € 4, . We have to define func-
tions ¢, : (A )" — A4 for all i e {0,1,...,m}\J so that
t yeeas )Y €T | If 0 e J then we simply define all

to be constant: ti_((A.)n) =e,. If 0« J then we first
define again t ((4)") = ¢ for all i «J , ¢ =0, and ob-

tain in this way ¢ = (thooont ) such that t( m)n) <
4, . Then, using Lemma 3.1 we find ¢t : (Ao)" — such
that t = ("o"'a""'tm) eT .
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We showed that any function on AJ compatible with ker-
nels of canonical projections is a term function. Obviously
this means that all compatible functions are term functions,

i.e. is hemiprimal. If J = {{} +then all functions on
QJ are compatible with kernels of canonical projections, so
Q{J =Y is primal.

Claim 4. The algebra U is a subdirect product of al-
REEE ,‘!Jm .

Claim 5. Vvary® 1is affine complete.

The proof is practically the same as that for the first
series. The principal difference is in the definition of the
function ty - It has to be defined as follows. Let the func-
tions tooenant be defined already. By Lemma 3.1 there is a
function to such that (to,t ,...,tm) € T . Now to is de-
fined by the rule:

gebras ‘!.to , U

i

if +there exists

i e such that

LN C PR S TR (v ..., ) = (@ h..d )
Lo (X hnaX s s ,)
otherwise.

Claim 6. Var¥% 1is equivalent to a variety of finite
type.

4. Affine complete varleties generated by hemiprimal algebra
9 with Con% = 2° or ConU =2°.

Let U be & finite hemiprimal algebra with ConU =2
such that Varu is affine complete. Then U is a subdirect
product of simple algebras ‘LI1 and 'le . By Proposition 1.4
the algebras 1& and 1& primal. Applying Lemma 3.2 from
{1] we get that there exist a = and a, e such that
(x,y) € 4 implies (a¢ ,v),(x,2 ) &« A . Hence A satisfies
the ¢-lifting property for ¢ = 1, 2 and therefore the al-
gebra U belongs to the first series. We proved

4.1. Theorem. If U is a finite hemiprimal algebra ge-
nerating an affine complete variety and Cont = 2 then U
belongs to the series of algebras constructed in section 2.

From now on let U be a finite hemiprimal algebra with
ConYt = 2° and Var¥ affine complete. Applying again Propo-
sition 1.4 we conclude that U 1is a subdirect product of
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primal algebras and . We are going to show that
M belongs to the one of two series of algebras constructed
above.

First of all we note that the algebras Q%; s 1%2 s Q&z
are hemiprimal (Proposition 1.4) and obviously their cong-
ruence lattices are isomorphic to 2° . From Theorem 4.1 we
conclude that the all three algebras belong to our first se-
ries and therefore are CD. In particular, there exist b e 4
and b, e such that 4 , has the s-1ifting property with
respect to &. , 5y =1, 2 . This means that (x,y) € 4 imp-
lies (b‘,y),(x,bz) e A‘z . Now we prove some technical lem-
mas.

4.2, Lemma. If 4 contains triples (ao.c‘,cz) and
(e, »d,) such that (¢ ,d,) = 4 then 4 satisfies the
0-1lifting property.

Proof. Let us enumerate the elements of 4 as follows
= {(x..x )i t=1,2,...,s}
and let
ik = (e, -1Cj,cﬂ,c.. -,Cj)
k-1

3,:{;_k|1<k<s}s(1{_)°, j =1, 2

Now define functions f. :,(Aj)E — 4 , 7 =1, 2, by the
rule
xjk if = = z‘,e
fA(=z) = b, if == 2

It is easy to check that then 7 - (f,»7,) maps (4 ) into
sﬂz . Since U has only trivial congruences, 7 is its
compatible function and it has to be a term function. Hence

there exists f_ : (4,)° —  such that 7 = (f ,f .f be-

longs to the type F of the algebra U . Now it follows from
the definition of f +that f(4°) contains all triples of the

form (f (e, ,...,e ),x ) , 1= k=s ., Hence the 0-1lift-

1% 2k
ing property is satisfied.

4.3. Lemma. Suppose U does not have the 0-1lifting pro-
perty. If (x.cl,cz) € 4 for all x e Ao then 4 satis-
fies the s-lifting property with respect to ¢ , JF =1, 2
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Proof. We give the proof only for the case j = 1 . The
other case is similar. Suppose that '(y.cz) - A’z for some
v e A1 . Since A12 is a subdirect product in A’xAz . therse
exists 2 e Az such that (y,2) € 4 . But then also there
exists x € A, such that (x,y,2) € 4 . By the choice of ¢
and ¢, we also have (x,c ,c ) « A ., Hence (x,y,2) and
(x.c ,0c ) are in A but (y,cz) = A . By Lemma 4.2 this
ylields the 0-1lifting property for A which contradicts our
assumption.

4.4. Lemma. Any factor subset contained in 4 has a
1ift in 4
Proof. Let ¢ € A‘ and ] Az be such elements that

(‘x.ct,cz) € A for any x & Ao . Choose dj € Aj , such that
c, = d.i , 7 =1, 2 . By Lemma 4.3 then (c‘,dz),(cz,d‘) <
Obviously there exist a'o‘bo € Ao so that (ao,c‘ dz) and
(b ,¢ ,d )" are contained in 4 . Now ' take a factor subset
A = Ctx C2 contained in Au and choose an integer n  such
that =n > |Cj| . J =1, 2 . Consider two subsets in (4,)

and (Az)zrl , correspondingly:

R NN .d.C‘,...,C‘)Il_k_n},

= <
{(e,hohe 0 d e o600, ) 1Sk <n .

k-1 n

By the choice of =»n . there exist functions h. mapping
onto C. . j =1, 2 . Now define functions /. : N S A

as follows:

{hj(x) if ‘esj

cj if x &
Then ¥ = (f ,/ ) is a compatible function on A4 . Since
Au is hemiprimal, 7 must be a term function and hence
there must exist a 2n-ary function fo on Ao such that

/= (fo-ft.fz) e F . Now consider the set of all elements of
the form

Fllag.y 2. (e .y 2 ), (oY, 12 )y (B, 2, 1))

where
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1 =9, e W

N LB CNCR a

i ned 2

Obviously all these elements are contained in A4 and have a
common component €o = fo(ao, . ,ao,bo, - ,bo) in AD . In

particular. from definition of F it follows easily that
the set {co}xA is contained among these elements. This

proves the Lemma.

4.5. Theorem, If U is a finite hemiprimal algebra with
Con% = 2° and Var¥ is affine complete then % belongs to
the one of two series of algebras constructed in this paper.

Proof. As it was proved above U 1is a subdirect product
of primal algebras U , ¥ and WU, . By Lemma 3.2 from [1]
there exist ¢, € Al and e Az such that (x,c‘,cz) is
contained in A4 for all x e Ao . Then, if A does not have
the 0-1lifting property, by Lemma 4.3 the following implica-
tiqn is true:

This means that the condition (iii) from the definition of
the second series is satisfied. From Lemma 4.4 it follows
that the condition (iv) is satisfied, too. Hence. it remains
to prove that A4 has the j-lifting property for 3 -1, 2 ,
too. We give a proof only for the case j =1 . the other
case is similar.

By Lemma 4.4 we may assume that Aoz R onAz . Take a

pair (ao.az) = | and let again c, € Ai and e Az be

02
such elements that (x.c‘,cz) € A for all x e Ao . Then.
obviously. (ao.ci,cz) € A and by Lemma 4.3 also (bo,c‘,az)
is contained in A . By Lemma 4.2 (ao,c‘,az),(bo e A

and (r.:o.az) =] AD yvield the 1-1ifting property for A . This

2
proves the Theorem.

5. Examples.

All examples of algebras considered here have +the form
U = (A, T) where A 1is a subset in the direct product of
certain sets 4 and T consists of all finitary functions
on A compatible with projection kernels.
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5.1. 4 = A’x xAm and A1 yeeay A are arbitrary
finite sets with at least 2 elements. This is an extremal
case, belonging to the first series. The algebras U obtain-
ed in this way are direct products of independent primal al-

gebras M , £ = 1,...,m , and hence they generate arithmet-

ical varieties. It can be easily verified that these are the
only algebras constructed in this paper and generating arith-
metical varieties.

5.2. 4 =4, = {0,1} , 4 = {(0,0),(0,1),(1,0)} . We get

again an algebra belonging to the first series. It is exactly
the algebra presented in example 2.2 of (2].

5.3. 4, =4, - A, - {0,1}, 4 = {(0,0,0),(0,0,1),(1,0,0),

(1,1,0)} . The algebra U obtained in this way does not be-
long to the first series but does belong to the second one.

5.4. 4 = 4, = {0,1,2} , 4= {(0,1),(0,2),(1,1),(1,0),
(2,0)} .We shall prove that now Var¥® is not affine comple-
te though U is hemiprimal and Varyt is CD.

Let f be a ternary majority function on A’ such that
f(x,v.2) = 1 whenever |{x,v.2}] = 3 . We show that (f,f) is
contained in T and hence var%t 1is CD. Take arbitrary
(@,,a,),(b,,0,),(c,,c,) € 4 and let (d.,4,) = (fla,b,,c),

(f(e,,5,,c,)) . We have to show that (d,.d,) € 4 . If both
{a’;b , ¢} and {e,,b, c,} have less than three elements,

i.e. we can apply in both cases the majority property of I
then (d’,dz) equals. to the one of given pairs (a‘,az) ,
(bi,bz), (c‘,cz), and hence 1is contained in 4 . If both

{a ,b ,¢c } and {az,bz.cz} have exactly three elements then
(d’,dz) = (1,1) e 4 . It remains to consider the case

< 3 and I{az,bz,cz}l =3
(the opposite one is similar). Assume without 1loss of
generality that (a,,0,,¢,) = (0,1.2) . Now d,=1,¢ =0
and 1if (d‘,dz) &« A then d’ - 2 implying a = l>1 =2
But then (bt_,bz) = (2,1) # A , a contradiction.

Let us show that 'ut is simple (similarly one can show
that !!2 is simple, too). First consider the pair of func-
tions ,(f’,fz) defined by ft(O) = fi(l) =0, 2) =1 and
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fz({0.1‘2}) = 1 . Obviously (f‘.fz) e T and therefore f‘

is a term function on ¥ . This shows that the subsets {1,2}
and {0.2} cannot be congruence classes of Qﬁ . Similarly,
another pair of functions (0) =1, 1) = 31(2) =2 ..
g,(4{0,1,2}) = 0 shows that the subset {0.1} cannot be a
congruence class of Q&

Suppose now that Vary is affine complete. Then. by
Corollary 1.6, U has to be primal. Hence, by Lemma 3.2 of
[1] there must exist & e 4, such that all elements (a,d)
with a e A1 are contained in 4 . However this contradicts
the definition of 4 .
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AFIINSELT TAIELIKEST MUUTKONDADEST. MIS ON TEKITATUD BOOLE'’I
KONGRUENTSIDE VOREGA HEMIPRIMAALSETE ALGEBRATE POOLT
K.Kaarli
Restimee

Kiesolevas artiklis konstrueeritakse kaks 13plike hemi-
primaalsete algebrate seeriat, mille kongruentsid moodustavad
Boole'i vBre ja mis tekitavad afiinselt +tiieliku muutkonna.
Samuti niidatakse. et kui 18pliku hemiprimaalse algebra kong-
ruentside vSre on isomorfne vBrega 2% vai vSrega 2° Ja see
algebra tekitab afiinselt tidieliku muutkonna, siis see algeb-
ra kuulub tthte neist kahest seeriast.
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OB A®®WHHO MNOJIHNX MHOTU'OOBPA3WAX, NOPOXJEHHHX XEMUIIPUMAJILHHMH
AJNTEEPAMY C BYJIEBOA PEMETKOR KOHI'PYSHLUR
. K.Kaapau
PeawmMe

B HacTofimed PaboTe® CTPOATCH ABE CEPUM KOHOWHHX XeMMNpu-
MaxXbHHX aXre6p ¢ 6YXOBHMM pemeTKaMW KOHLPY3HHUA, KOTOPHe Mo~
POXAanT aPPUHHO MOXHHE MHOroo6pasus. Takxe JOKA3HBAOTCHA, YTO
Kaxzasi KOHeYHas XeMWUNPHUMaXbHas aXre6pa, PpemeTKa KOHCPY3HUWHA
KOTOPO# W3OMOPPHA POmMETKe 2* nam pPemeTKe 2%, o6asareanHo npu-
HaAXexXUT OAHOW U3 DTUX ABYX Cepufi, 6CXU TOXLBKO OHa MNOPOXAaeT
apPUHHO MOXHO@ MHOroo6pasue.
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Acta et commeatationen oaiveraitatis Tartoeasis, 878 , 1990, 39-52.

[IEPEGPACHBAFMHE SMEMEHTH PPYIIIOBHX HOMEL]
¥ .Kamsnnaiin,
Kafenpa anreGpu u reomeTpuu

JaxHas craThA IpeciaeiyeT IBOAKYD LeXb.

Bo-mepeLx, 3mech NAeTCA PA3BEPHYTOe H3JIOESHU® HEKOTODHX
paccymnenuit padors [I4] - ¢ meabb MCMIOAB30BATH 3TO Kak 6a-
3UCHHH MATEepHAN JJIA CCHIOK B INSAbHeHmMX NyCIMKaIMAX A&BTOPA
110 TIOMYTPYINIOBHM KOXbliaM. Bo-BTOpHX, GyIyT yK&38HH HEKOTODHS
HOBH® NPWIOESHUA IOHATHA N6PECPACHBAEMOCTH SASMEHTOB KOJBLA.
B uacrHocTH, omuceHue C.Muxopckrum [’7] CTPOr0 PEeryIApHHX
CpYNIOBHX KOJOL] 3[eCh IOXYWYEeHO KAk cIefjcTeue Teopemu Il.MeHa-
aa, [,14] [lpn aTOM BEEHO NONUEPKHYTh: OTBET HA& BONPOC O
TOM, OymeT AM JaHHO® I'pPYINOBOe KOJIBLO £[G] nyoromsom wan
HeT - 3ABHCHT HE TOABKO OT TEOPETUKO-T'PYIIIOBOI0 CTPOSHUA
rpymm (5 ¥ XGpaKTepPUCTHKH MOXA £ , Ho maxme u or Ipyrux
apuMeTHUECKUX ¥ AIre6paudecKuX OGCTOATENbCTB. lIpuMepH Tako-
ro posia B TEOpMM PDYINIOBHX KOJEL He OUEeHb MHOIOUMCHOHHH.

§ I. lpenpapuTeNbHHE® PE3YAbTATH

I. lyers R - accormaTuBHOe KOXBLO C efMHWIEH. QIEGMEHT
X€R nasupserca cnpasa (cxema) R-mepe -
dpacuaaeuuu.echxf_-.‘xQ € Rx). Ecau me-
peSpacuBaeMu cripaBa (creBa) Bce omeMeHTH 3 K, TO KOEBLO

Ha3HBESTCA Npa BHM (IeBHM) HIYyOKOXIDSH
n oM (raxme cyCxomMyTaTuBHuM cnpaBa (crepa) KoAbLOM).
Kombuio, OZHOBDEMEHHO ABIANMEECA NPABHM M JOEHM KyOKOJBLIOM,
Ha3HPAOTCA X Yy O KO X b o M (raxme cydnouuy-
TA&THBHNM KOIbLOM).

3ro noHaTHe BBemeHo Demmepom [IR] B 1958 r., norToM
370 u3yusum BapOumuan, Kox, Hyprep u mp. IepeGpacupasuue
3NEMEHTH IOXYTPYNN ¥ Koxen nomermorca u y Kona [44] . Iipu
3TOM, B M3YUeHUM ApUJMOTUKM HOKOMMYTATHBHHX KOJEL 0COG0 BAE-
HH Te nepeCpacHBaeMHE 3IEMEHTH, UTO He NBIADTCA NEXUTEIAMUA
Hytn B R - OHM HA3HBEDTCA MHBSDUAHTHHMM SIOMEHTAMA KOJBLA
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. Takue oieMeHTH 06pasymT NONYrDYNNy, KOTODVD OG03HAUMM
Ny,

2. 3aMeTMM, UTO B NPABOM LYOKOJbLIE BCAKMH NpaBHi Mnear
GyneT BBYyCTOPOHHWM. JefCTBUTENHHO, MyCTh R - npasuit
ugean B mpasom ayokomsue K . Torma mia scex (eJ, te R
cymecTByeT Takolt t'€R , uro L =(T” u mosTomy ‘zc €]
9TO mokasuBaer, uTo ./ - NeBuit uneam B < . AHaIOrMUHO, B
JeBOM NiyOKONbIL}® BCAKMM JNeBHit uuean GygeT LBycTOpoHHUM. Cre-
IOBATENbHO, B AYOKONbLIe BCE UMEANH ABIADTCA ABYCTOPOHHUMH.
BepHo u ofpaTHoe - eciu B HexoTopoM Komblle K ¢ emuHMnEi
BCAKkM npasuit (neBudt) ugean GyneT NBYCTOPOHHMM, TO TaxKoe
Konbo GymeT mpaBuMm (reBuM) nyokonsnoM. JeiicTBUTENBHO, eciu
Harpumep B KOJblie R Bcaruit NnpaBuit uIean NByCTOPOHHUH, TO
TaxoBuM GyneT, B UACTHOCTH, riasHuit mpasm#t XK  mia BeAko-
ro anemeHra X€ R , r.e. R xR < xR , OTKyIa cle-
myer Rx < Rx-R <xR | Cregosarembho, Rx € xR wume-
eT MecTo 1nA Bcex x € K . Takum me o6pasoM paccymuaeM B
"reBoM” ciyuae.

B pesynbraTe mpuxomuM k BuBOAy, uTO mpamoce (nesoe)
IYOKONBIIO MORHO OINpENeNUTh K&K ACCOLMATUBHOE KOJBIO C emu-
HUIle#l, B KOTOpOM kampmii npesuit (neBwil) upean apnseTcs nsy-
cTOpoHHuUM. UIMeHHO Tax onpenenser atd konbna Hox.

3. B ToM ciyuae, korma < - TpyNmoBOS KONBLO IPyIIIH

G napn momem # , OTMETMM [Ba BamHHX MOMEHTa.

Bo-nepsux, ecu R — 4#LG] Gyner mpassm myoxombuo,
TO OHO GyneT OUHOBpEMEHHO ¥ JIeBHM LyOKONbIIOM ¥ HaobopoT.[us
IOKa3aTeNbCTBA MORHO BOCIONb30BATHCA AHTUUIOMOPHMIMOM *
vomena R, (%4 g)* : Hampumep, mpu xR S Rx
UMERTCA COOTHONEHUA BULA Y“X , orkyna ciepyer
= x*(y’)* . Ecm yuects, uro Y* mpoGeraer scé x[G]
B TO me BpemA, KOrna Y mpoGeraer Bcé £.G] |, 7o BuBO-
mu  Rx*cx*R . AHANOrMYHO NOKA3HBAGTCA UMILIUKAIAA
Rx c xR=>x*R < Rx* . Taxum 06pasoM, HJIA TPYMIOBHX
KOJIel] [IOHATHA JIEBOTO M IPABOr0 AYyOKOJblla Hepasiuuumu. i B
TO Me BpeMa, MMEDTCH JeBHE NyOKOJbLA, HE ABIADMUECA IPABHMU
¥ HaoGopoT, Jame CPenM KOHEeUHOMEPHHX -anre6p - COOTBET-
cTBypmMe mpuMeps npusoguT P.Kyprep (I982).

Bo-BTOpHX, €CIM NyOKONbLIAMM ABIADTCA D'DYNNOBHE KOJNbLA

A[H] mna Bcex roseuxomopompenmx moarpym H, H< G,
ro Taxoso me u kombuo £LG] . JeficTeuTensHo, BO3bMEM IPO-
U3BONbHHE BIEMEHTH X =
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Paccmotpum mogrpymy H = < S’u/o,ox U Sup KOHEUHOIIO-
poxaeHa. CornacHo ycaosuw, komeno 4[H] cyGxomyTaTusHo.
llooToMy [NA SNEMEHTOB X M Y B HEM CymecTByeT TakoM
yeilH 1, uro xy= . OTcoga cinemyer, uTo CyGKOM-
MyTaTHBHO M kombuo -4LGJ . BepHo u o6paTHoe: eci
CyOKOMMyTATHBHO, TO TakoBO ®e ¥ mopkomeuo #[H]1 pas Bcex
KoHeuHonopoxneHHux mogrpymm H , H € G, UTo6u pmokasaTs
BTO yTBEpRIEHAE, (MKCHDyEM IOJNHYD CHCTEMy IpenCcTaBuTexeit

J = jteI} pna pasmomerus G = f%fH rpymu G

B CMexHwe kjaccH mo A ; cumraem specs ¢,= 4 . 9To mo-

3BOJIAET PACCMATPHUBATH 4[G] xax npasuit 4 [H]-sonyns
c Gasoit ; TIODTOMy BCAKHMA SJEeMEHT Z U3 45@] ODHO-
3HOUHO NPENCTABNAETCA B BUje = 2! e 4lH] . Ina
mbx * u Y uws 4I H] cymecTsyer (eBMny cyGkomdyTaTup-
nocru 4[GJ ) rexont saement y' -= yyceBLH],
uTo =y x JeX = =ty (ycx) . 3ameru, uTO
H BCe BIEMEeHTH JIeRaT B , & DJIEMEHTH
, vel , obpasynr Gasuc 4[H]-uopyna 4LGIT |
losTony XYy = BIeueT PABEHCTBO HyJ0 KO3(furm-

entos mpu Bcex t; ({#0) , Tawum oGpasom, XYy —GoX,

e 4[H] . Bro paccymnenne mokasusaer, uro 4LH]
CyGKOMMY T&THBHO . -

4. PaccMoTpUM I'pYIIIOBOE KOJBIIO x L GJ yeaenesoit
roymms G Hap monem 4& , ABnAMmeecs HLyOKOMBLOM. B Nyokomb-
Lle BCe MealH - OBYyCTOpOHHHe. CllefoBaTeNbHO, 3TO Xe BEpHO
o Beex (MpaBsx) MIEANOB PYMNOBOTO KOXbLE &  BHIA wh,

H < G , nopomnenHsx Bcemn A-1 , H . Us sroro crepy-
eT MHBApMaHTHOCTH Beex mogrpym /~H B G :
beH, 1-g'%g et €A,

HeaGeneBu rpynms, B KOTOPHX MHBAPHAHTHH BCe IONIPYINH,
HA3HBANTCA I'aMAIBTOHOBHMA W MX CTDOEHMe M3BecTHO: (G GymeT
JIOKANbHO KOHEUHO} I'pYINoi, ABIAOMEedCA MPAMHM IPOU3BeNeHHeM
rpymm V' kBaTepHHoHOB 8-ro mopagka, adexesoit rpymu £
SKCIIOHeHTa 2 U afeleBo# IpYINH A4 , BCe BJEMEHTH KOTOpOH
MMeNT Heu€THHe nopamku; [8] , crtp. 2I3.

CnenoBaTeNbHO, MORHO Npefmonarars, uto G =AxV, rme

A - Becp aGenes mpsmo#t mHORMTeN» M \/ - rpymma KBaTep-

HUOHOB, 7
Vi—(a/(-,/a? 6a =a € >,
5. OrasupaeTcs, B ciyuae cf{a/z,é 2, rpynmosas anret-
pa [ V] pacnanseTcs B MpaMyn  KOMIOSMLMD LBYX NOGKO-

L]
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e A V]-Pk)e V) , Tie P-Plt)-keolobak -
MpAMAA  KOMIIOBMIMA UeTHSX noieft, uomopfummx 4 , a V(%)
- aire6pa KBaTEPHUOHOB OTHOCUTeAbHO napu (-I, -I) Han noxem
; [17, crp. 300. HenocpencrTsenHO U3 ompepmeseHuii cie-
myer, uro P e V(%) CyGXOMMYTATUBHO B TOYHOCTH TOT'ZA,
xorpa V(+£) cy6romuyrarusHo — u6o P KOMMyTaTHBHO
Kak NMpAMAaA KOMIIO3MIMA Hoasii. B To me BpeMsa uMeeT mecro
clelyumas anbTePHATUBA: eCIH p/\ , TO anreGpa V(&)
60 gBnAeTCA TeJdoM (IJaA STOr0 HEOGXONMMO X LNOCTATOUHO, YUTO-
6t popma X2 + xZ + + X+  He mpencrasnaze (HeTpusu-
anbHO) Hyna B mone % ), mabo V(£)= i [1],
cTp. 267. 3aMeTuM, uTO B JKNGOM Tele LA JOGHX LBYX HeHyJlIe-
BHX SJIEMEHTOB X # Y4 uUMeeM Xy= Yy " X-'a‘ =
- XgX" « X , & B arrebpe MM, (£) Bce METDUUN BunE

( 2 e ) o6pasywT JeBhit, HO He NpasBuit, Koeal. 9T0 paccyx-
LeHHie NOKAa3HBaeT, UTO TeJNO CyGkoMMyTaTuBHo, a MM, (£)- ner.
6. 3 crasaHHOrO B NpeIHIymeM NyHKTE BAIHO, UTO HA OGH-
e TMepepacHBaeMsX SMeMeHTOB B IpynmosoM komsme  ALG]
BIMAOT He TOABKO CTpoemue rpymmi G u char & |, Ho M
HEKOTOpHE ApyTMe apuiMeTHuUecKUe M alreGpauueckue OGCTOATENb-
crea mnma 4 u G . Ompasch Ha ykassHHy® B NyHKTe 5 aib-
TEpHATUBY, HOOABUM emle OUUH ITPUMED.
To, uro V(%) - remo mpu 4 - @ - obmeussecTHuit
paxr. OpHako, yme B cayuae 4 = Q({) uMeercs HeTpuBMATH-

Hoe mnpencrasiexue Hynms O = + +0%*p Q). Cre-
nosaremsro, V' (@R(¢)) - He remo. Ho rorma, COTJACHO &b
TepHaTHBE, MMeeM () (QCI),re. V(QE)

LYOKOXBILIOM He ABIAETCA.
7. lone # > Lar - P>Z,co,u.epxwr [IpOCTOe MOZMoJe
Zp . Ecmu  «[G] saBnserca yOKOJNBLOM, TO BBUAY COOT-

HOmEHUA ) % Z," [G]
IYOKOJIBLIOM HOJHO OHTH TaKme Z,[G] , uro B CBOD OYe-
pemp» BIeudT cyGkomMyraTuBHocTs kombua  V(Zp) BBULY coOT-
HOmEHU A o~ -

Z,,[G] = P(Z,) e V(Z,),

CremoBaTeNbHO, MpEeNATCTBUEM CYyCKOMMyTaTHBHOCTH KOJbLA £[G]
CHIYyRAT BHIIOJHEHWe YCJOBUA, NMPHA KOTOPOM V(. Z,-) JyOKOJIbLIOM
He AplAeTCHA. Bume GHJIO OTMEUEHO, UTO NMpU P +2 TaKMM yClO-

BMEM ABJIAETCA NMPELCTABUMOCTD Hyas B Z, p Qopmott X, +X,+
+ +x* s usBECTHOH# B TeOpHUM uuces Teopemu Jlar-
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paima ClefyeT, uTO BCAKOe (npoc'roe) wieno p>2 wmieer me-

JIOUMCJIEHHOE MpencTaBleHne P = =ci4ef+C) +CF 3 NpH BTOM

ACHO, UTO He BCe COOTHOMEHUA C;=O (mod p), Le( 0,1,2,35,

B:mo:man'rcu. .Ilpymuu cnosau, B Zp onmemenr O  {opuoit
X, + X? + o+ X3 TNpencTaBIAeTCA HOTPHBMANBHO: O —
+CE+C] + , OpuuéM cymecTByeT L , 4TO #0

B urore fokasaHo, uTo rpymmoswe koxbua #[(G] npu

chan & ¢ { 0,25 He MOTYT OHTB MyOKONbLAME.

§ 2. Teopema MeHana - ciyuail HyneBOl XapakTepHCTUKA

8. Us pesynsraros II.Menara [I4] Bburexaer omicanue
CyCKOMMYTATHBHEX TDYNNOBHX KoJjer Hap noxsmd. OHO MoxeT OHTH
copMyI4pOBAHO B BANE clemynmel TeOpeMH.

Teopema I. llycte £# - nmome u (G - HeaGenesa rpymma.
I'pynnosoe komeuo 4£[G] GyneT NyoKONBLOM B TOUHOCTH TOr-
Iia, KOPLa BHITONHEHO ONHO M3 CHeLYKUMX IOBYX yCJIOBMM:

(1) chan , G - remunbronosa rpymna, G =E XA xV
H IJIf BCAKOT'O HEUSTHOrO . , ABNAKMErocA MOPANKOM HEKOTOpO-
ro xe€Ay , anre6pa kparepuuonos V(£ ABNAET-
CA TeNOM; 3heCh 35, - NMPUMATABHHA KOpeHb N-Off CTeneHU U3
eOMHALE HaR .

(2) char%=2 u G - remmnsronosa rpyma suna G=

= A,xV , rne A, - abenesa rpyma, Bce 9Jxeueu'ru KOTO-
po#t UMenT HeuETHH{l MOPANOK, & MOJe X | BCe MOXA i,.) He
COLEpEAT MPAMUTUBHOI'O KYOMUECKOI'O KOpHM W3 eJMHMIH;  3[ech
3, - NpUMMTHBHHM KODEHb N~Off CTEMeHM W3 eNMHUUN Hal 4¢
mpu h = 0-(X) pan onementoB x€ A, .

JocraToyHo peTanrHOe X MO BO3MOXHOCTH 38MKHYTOE LOK&38-
TENbCTBO OBTOM TeopeMu faeTcA HuEe miam mone#t 4 xapaxTepu-
crukd O . Cayuait moss xapaKTepACTHRM 2 CONEPEATCA B Mocie-
Iyume#t MyGiMkaid aBTOpa Ha BTy TeMy. Brmepewe Teopema I no-
kasaHa B [I4].

9 HeoSxommocts. Iyers chard =0 . Jonycruu, uro £[G]
cyGkommyrarupHo. Torsa rpyma (G raMmIsTOHOBA M LM BCAKOM
KOHEUHONOpPOXNeHHO! noprpynmu H < G CyOKOMMYTATHRBHEM GymeT
komsuo 4% [HJ . Paccmorpum smech moprpymmu suma H -

% V, ; o6osHauuM h = O(x). CorxacHo Jecxuncy & mp.
(cm. [I7], crp. 48),
XxX>| = &
eols o ;
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rne eCTb MPUMATHBHHY KODEHb O~Off CTeNeHM M3 eIUHMIM.
HoaToMy nmeem

£[<x> V] &= £ [<] =
= [92 £(3.4) ], [(h okotok)e
- @ V(&))a..:»@V(l?[&»Q.
CyGxomMyTaribHocTs koabua 4 [ <x> x V] sneuer cySxommyra-
tusHocTs Muomurene#t V (% (34)) npmuo#t xommosmmm mpu
secex o, ol/o(x), x€Ay. B uacTHOCTH, BTO 3HAUAT, uTO
sce amrebpy V(#(%n)), n=6(x) xe€A ganmorca Tenawu.
10, Iepen TeMm, xax NpUBECTH NOKA3aTEABCTBO LOCTATOUHO-
et yeaosun (I), HaloMHMM OfUH HeOGXOUMMHI B NeabHeHmeM .
faxT 0 IpYNMOBHX KOJbLiGX abeleBHX Ipymmn. VMenHo, mycTs £ -
ToNle XapaKTepHCTHEHA u C,=< - UMKIMYe-
ckan rpymma 2-ro mopanka. BepHu coorHomenms: (I)
zhkek ; (2) £[CxC = @k @k | u obue,man
BIeMeHTapHO#! abeneBo#t 2-rpymmu £ = Cyx.co xC,y BEPHO
E*]l = £ & . ..®f . Jeicreurensho, (I):B rpymmosom

KOJbLE % nemens 2(1-t) u Z(1+%) npamor-
CA OpTOrOHATBHEMM MuewroTenTaMu. Cremosarexsro, %[ Ca |¥
= £ (1-t) k] @ J. - Ocraercs same-

THUTb, UTO OTOOpamEHUN COOTBETCTBEHHO NEPBOr'O ¥ BTOPOI'O MHO-
XATEJAA PACCMATpUBASMO TpAMON! KOMIIO3HIMK H& KOJbBIO £ s 3a-
JaBaeMue (opMysam#, COOTBETCTBEHHO, oct

u % (1-2)( +f6) ~>ox~f , seamorcs uaoMopdusMamu (ko-
nert). . ~

(2) 3emerum, uro paccymneHueM (I) BHBOOMTCA TakEme

FLCuxCoJ=4A[CI[C] = £[Cyl® RLC T =

o ok, [lpogonxan mono6Hoe paccyx
IeHHe, BHBOOMM M oOmmit ciyuait.

II. locrarousocts. Hycrs cfar £ - O . Romycram, uro
{ u G ynosnersopmor ycaosusm (I). 9To oaHaueeT, uTO
- ramuabToHOBa rpymma, & - EXAsxV | u sce aire6
p V (é(i\n)) y h= o(x),x€A, menmorca Tenamu. [oxame
uro £[GJ  meamerca myoxomsioM.

Jlix 3TOr0 HOCTATOUHO MPOBEPATH, UTO NYOKOJBLIBMA ABIA-
pPCA TpynnosHe koablia (Hap ) Bcex HeaGeNeBHX KOHEUHOMO-
PORIEHHMX NOATDPYNN B (G . Ho scakas maxas moarpyma B (5
ABJIAGTCA KOHEUHOH, HMEeeT BHJ, ( \/’ Cay oy Cx ¢ BJIEeMeH
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TaMn C €x U3 neHTpamMaaTopa moarpymmu V' . Takas
NOArpyNna MoxeT OHTH MPEACTABNEHa B TOM xe Buge, uTo u G5,
ek Y- E*xA*xV, pge E* - snemenrapHas
aGenesa R-rpyma, a A" - KoHeusan aGenepa rpymna HeuyeéTHo-
ro nopsaka; [87, crp. 2I5. 3ameTum Tamxe, UTO JAA IpAMOft
KOMIIOBHIMY KOMMYTATHBHHX koien K - & K, ¥ NpousBOXBHOM
roymu G ueen
KIGl1=K,[Gl® KszJ,

MO0 oToGpaxeHue

= — )= 2%
3a/aeT yK&3aHHHA “30MOpHMaM.
Nuacus

ALE*xA®xV]= Vi=

o (k.. 0 R)[A*xVIZATAxV]®. . 4L A=V]

CnenoBaTenbHo, I CyCKOMMyTATMBHOCTH KOJbLIA £LE XA,"VJ
K8K [PAMO# KOMIIO3MIMM AOCTATOUHA CYGKOMMYTATHBHOCTH MPAMOIO

wrens & [A; x VI . Vieeu
MHOEUTE braie *° (fokeotal oV(L)

. eIA T @ ((@m Az2)ey V(E)S
= iAo o kA Je (- & VRGD)e-.),

B 5TMX BHUMCHEHMAX MCIONB3OBA&NCH pesyasrar Jeckunca % np.
(em. [17], crp. 48): mueercs maomopiuam xomeny #£LA"]=

= [9) s B oTo#t fopMynre =4 ecTb [PAMATHBHEA XO-
peHb ol -Off CTemeHM M3 ENMHMIN, UUCIO e £(§.¢) 27
YKa3HBAET UKUCJO BJIEMEHTOB IOpAIKa B A%, a my ([54)

0603HAYAST NPAMYD KOMIOSHLMAN M, ODK3EMIUIAPOB KOJNbLR

#( . B noxyueHHO# B HTOr® STUX BHUUCHCHMA HPAMON XOM—
MO3UIMM KOJeL| NepBHe YeTHpPe COMHOXMTONs — &0eNeBH, & MOCJe-
ayome smiomnrenn  V (£(34)) - Tena peupy sumonHemus yc-
nosuit (1) Teopemu I, M TeM CaMuM OHM Taxxe OynyT JHYOKOJNBIE—-
. Ho Torpma AyOKONBIIOM SBAMETCH M BCA ITDAMAN KOMIIOSHITAX

[E*xA;x V] , oTkysa BEMy BTODOTO SEMEuSHHs MyHK-
ra 3 crelyeT CyCKOMMYyTATHBHOCTL BCETO KOJNBIA .
OTHMM paACCYXNeHAsMM TeopeMa | JokasaHa B ciyuae nonelt
£ HyJIeBO#t XapaKTepHUCTHUKK.
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§ 3. llepeGpacnBasuye 31eMeM™H B PETYAADHHX KONBLAX

I2. HanomHuM, uTO accOLMATHBHOE KOJBLO £  uasupaerca
CTPOTro peryaXapHEHM ecmMain Becex ack cy-
mecteyer XeR , wro a-—-a’x XapaxTepuzarmeit Taxux
xonen; 3aHMMamich AHmpyHakuesuu (1964), Iyx (1964), llanu
(1966), lamom-Cac (I970) m gp.

HeTpynHo NMOHATH, UTO CTPOr0 PErynApPHOE KOJIBLO HE COXEP
XUT HHUNBINOTEHTHHX BSMEMEHTOB, & NMO3TOMy peryaspHo. To, uro
3TN NOCHEefHMe [B& YCNOBAM PABHOCHIBHH CTPOIO#t PEeryJspHOCTH
KONbLIA, 6CTb coflepmaxne Teopemu Jopcaftra - Maxkosm: perymsp-
HOE KOJBLO 663 HWIBMNOTEHTHHX BJH6MEHTOB NBINETCH CTPOrO pe-
ryaspHeM. Jo6aBuM, UTO B CHly Humecaefyvmelt memuu (cM. MyHKT
I3) pnm nokasarenncTsa 3TOH TEOpeMH HOCTATOUHO NPOBEPATH,
UTO peryifpHOe KOXbLO R  Ges mumsmoTenTHHX BneMeHTOR AB-
nfeTCA NyOKONbOOM. llocneiHee yTBepmmeHNWe MOXHO NOKA3ATH Cle-
OyomuM paccyxneHueM. llycrs Q€ R ; CymecTByeT R » UTO
a-aéa. O6osnaum € =af ;s NMpOBEpA6TCA HENOCpeACTBEH-
HO, UTO pam ap6oro Z€ R ; , OTKyIa cie-
IyeT @7 = €% € . AHaNOrWUHO BHBOZATCA TE€-€Z€u B pe-
synsTate mueem e/ — Re . C gpyro#t CTOPOHH, MOXHO OK&-
3aTh aQ =eR 1 Ra —Re. CnenoBaTenpHo, aR -Ra
Iona méoro ae€ R,

I8. Jlemma. Crporo peryaspHoe KOZbBLO ABINETCA peryiap-
HBM OYOKOABLIOM M Ha0G0pOT.

Joxasarenvcrro. Ecam xoabno R CTPOr0 PeryJmpHO,TO
(cormacio [ 9] , meopewmu 3.2 u 3.4) OHO ABImETCA PEryrsp-
HHM M CyCKOMMyTAaTHBHEM. HaoGopor, ecniu K - perynspHoe
LyoKOAbL®, TO InA anOOro aeR cymecTByeT (€ , UTO
a-aya u xe&R , UTO ga—ax. Tenepp MueeM Q =

— a(ga) — alax) —a*x,

I4. B pasore [I3] Jlaitoma - Caca fokasasa T & O p € -
M 8! 8CCOUMaTHBHOe KONBL0 CTPOr'0 peryispHa B TOUHOCTH TOTIA,
KOT'L6 MyJIbTHIUIMKATHBHAM MOJNYTpyNNa STOr0 KOJbLA ABAASTCH I0-
JyCTPYRTYypOi#t IpyrmI.

CoBceMm npocTo nokasweaeTcs (caenys [137]), uro accomm-
aTMBHO® KONbLO (X , MyJAbTHMAMKATHEHAM NMOXYTpyNna KOTO-
pore - moxycTpykTypa I'DyNn, sBIAETCA CTPOro peryaspHM. O6-
paTHOe yTBepXIeHHe NOKasHBaeTcA B | I3] c momomsn HOBOMBHC
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JIKMHHOR Len¥ MPOBepOK ¥ BuuMcienuit. Il o k a ® e M , uTO B3T-
OT pe3yabTaT JEerKo CIeAyeT U3 obmeu3BecTHHX (axTOB o moiy-
rpymmax.

lyctse R crporo peryaspuo. Uz ompefenenuit ¥ JeMMu BH-
TEKAET, UTO MyJbTHUILNIMKATHBHAA MOJNYTpymIa S kombua R -
JNRETCA peryasapHoil ¥ CyGKOMMyTaTHBHO! momyrpynmoi#t. B cyGxom-
MyTaTHBHO}! TOJyrpynIe KOMMYyTHPYOTCA JoOHe JBa HIEMIOTEHTA.
lleiicTBUTENEHO, LI UIEMIOTEHTOB &, {6.5' CymecTByDT B
3JIeMEHTH H , UT0 €& f =;Q, " ﬂe , OTKyJa
caAenynT e{e .;96. BuBomuM

. CnenosarensHo, & ABAAGTCA DEryASpHO# moiy-

rpymioii, B KOTOPO! KOMMyTHPYDTCH JADCHE NBa MIEMIIOTeHTa. la-
Kas moayrpymma S , opHaxo, unsepcha ([6], crp. 50,Teop.
1.17). Kpome TOro, B CyGKOMMyTATHBHO! NONyrpymme O xammuit
Hiean ABINETCA JNBYCTOPOHHMM. OfHOBpeMeHHOe BHIIGQIHEHME 3THUX
TNOCHAeNHMX JBYX yCHOBUHA BIEUST, uT0 O sBANSTCA NOIYCTPYK-
Typoit rpymm (cm. (6], 7. I, crp. 173, ymp. 2).

I5. B paGore [7] C.MuxoBcku comepmuTcs ciefyrmee
OMHKCAHMeE CTPOro PeryifmpHHX IPYNNOBHX KOJen: IPymnro-
soe xomero 4 [(G] cTporo peryaspHo B TOUHOCTH TOT/A,KOT-
Ia BumonseHo ycxopue (I) Teopemn I. Yxemem HOBHZ MyTb JJIn
BHBOfa 3TOI'0 PE3yAbTATA, OCHOBAHHHI HA CHOPMYJIMPOBAHHHX BH-
me neMde B TeopeMe Menana.

Cayuat charé=0.Em «L[G] crporo pe-
CynspHO, TO OHO cyOkomMyTaTisHo. Ycmomde (I) BuTekaeT M3
reopemu 1. O6parHo, mycTs ycaosue (I) Teopemu I BrmonHemo.
Torpa £ LG ] s#samercs JIyoxoabrioM. CoriaecHo KpuTepuo pe-
ryaspHocTd (rpynmoBoe KOJMBIO £[G ] peryaspho B TouHO-
cTM TOTHA, KOTha /< peryispHo, (S JIOKANBHO KOHEUHA K
TIOpANOK BCEX 3JIEMEHTOB M3 (G o6patuu B R ;oM. [ 16] .
crp. 141, Teopema I8) £[G] amnmercs Taxme pPeryaspHHEM
KONbIOM. [JlefiCTBUTENbHO, BTOT KPUTEDHUit NMpUMeHMM, K60 Ipynmna

G , Gynyus raMMAbTOHOBON, MBIAETCA JIOKANBHO KOHEUHOR M
TIOPALKHM BCEX €8 BJEeMEeHTOB O6paTuMb B moje K. .

Cayuan char K-2. Paccymian OT MPOTHBHOTO,
JIOKa®eM, UTO B PACCMATDMBAEMOM CJyuae CTPOT'O DEryifpHHX
TpyTIIOBHX KoJsel HeT. JomycTuM, uTo L CTpPOTO pery-
aspho. Jemua (43 mynxTa I13) maeT, uTO BTO KONBLO CYCKOMMyTa-
THBHO ¥ peryaspHo. llepsoe miaeuer (corsacHo yciaosdm (2) B
Teopeme 1), uro rpymna (G mpescTamimeTcs B BAjE IIPAMOrO
TIpOM3BeJieHMA abeneBoft IpyImL A , KamOuit SJeMeHT KOoTopoi
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MMeeT HeUSTHuI MOpAKOK, M Ipymmu kBaTepuuoHoB \ . Bropo#
BHBOI, B JeMMe O3H&uaeT, urTo Kombuo £ALG]=R[AxV]=

— 4[AJLV] peryaspuo. Corxacho IMTUPOBBHHOMY BHIIE
kpurepun peryaspHocry A[A]  noamHo GuTh perynmpHsM (uTo
B PACCMATDUBAEMOM Clyuae NelfiCTBATENLHO TAK) M MOPANKA BCEX
onementos u3 V  nosmuu OuTh ofparmu 8 £ LA 1 . Ommaxo,
noczenHee He Tax: 2 U 4 HeoOpaTuUMH B 4[ Al BBHLY

chart=2, lporusopeune.

Bcanyuae charf >9 raxme ner CTPOr0 peryasp-

HHX T'DYTINIOBHX KoJer, M60 mo Teopeme MeHana neT B 5ToM cayuase
neme nyoxomen #[(57] . ®TM paccymmenus nokesBanT Teope-
My Muxoscku.

§ 4. 06 onHoM koibLe Ge3 HETPUBMANBHHX MepeCPaCHBAEMHX
3JIeMEHTOB.

16, Jlo cux mop paccMaTpMBAIMCH KOJbLE, GOPaTHe OTHOCH-
TeJNbHO MNMepefpacHBaeMHX BAEMEHTOB - LYOKONblA. PaccMOTpuM Te-
nepb MPOTHBOMOJOXHHI cAyuait - KONBLO 6e3 HeTPUBUANBHLHX Iepe-
6pacHBaeMHX S5JEeMEeHTOB.

Iycts - mone, a F - CBOGOJHE MOHOMEL C BJIEMeH-
Ty CcuBTHOro MHOXecTBa X — 1 X1, . J B KauecTBe CHUC-
TeMH CBOGOOHEX o6pasynmux. [losyrpynmnosoe KoOJABLO £[F.7 ne-
auTeneft Hyis He COLEPRAT, & NMO3TOMYy Bce NepefpacHBasMue 3le-

MEHTH KOJbLA F1 spnsorcs umpepuenTHsMu. OpnHexo, B
padore [I07] Beprmane - JleBMHa OTMEUBeTCH, UTO MONYTPYIHIO-
BO€ KOJBILO [F ABIAETCA JeBHM X TMpeBsM  F ] -komblion

6e3 HeTpHBMANLHHX MHBADMAHTHHX CIIpaBa 3JeMeHTOB. Juia sroro
KOJbL& LLF __( BepHa

Teopema 2. Ioayrpynme CoOGCTBEHHHX CNELMSJbHHX HIEGAJI0B
kombue £ [ F] ceoGomua.

Joxasareancrso. CormacHo Teopeme 5 us [ 107, NoNyTpym-
ne ‘N Bcex HeHyNeBHX IByCTODOHHAX MIEANOB KOJBLE CBO-
GonHe C MHOXGCTBOM BCEX HEDASJIOEMMHX COOCTBEHHHX MIealoB
KOJIbIIA Q - [ F ] B KauecTBe CUCTEMH CBOOGOIOHEX 00pasyn-
imux. Jlanee 3amMeTHM, uTO MpOM3BeNeHHMEe COOCTBEHHHX CHELMANBHEX
UTeayoB KOJAbLA GydeT cHOB& COGCTBEHHHM CMNELMARbHHM HIe-
atou B K # smum B BHOeNAfeTCA MONNOIyrpyNna Ta-
KuX uneesoB. Teopema OyneT LOOkasaHa, eCHM INA JOOHX HIEaloB

u U3 TaKUX, UTO , MH TIOK&XEeM Ae
u Bé {* . 3ro nocnenuee yTBepEncHUe X OyleM NOKasHBaTh.

3ameTuM, UTO X3 ONHO3HAUHOCTH DAINOXEHUA Hieana Ae f"
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HA HEepasNoEVMHE MHOXATENH BHTEKaeT HHBADHAHTHOCTH BCEX 3THX
MHOXUTEeJe}l OTHOCHTENbHO BCAKOT'O CIIELMANbHOI'0 ABTOMODM3MAa
korsua K . HasBamme "crermancHue™ HOCAT Te &BTOMODJM3MH
(sHmoMopdwam) konsria K, KOTODHE MHIYIMDOBAHH &BTOMOD-
fuamamn (oHmoMopduaMamu ) Moxouza .

Janee, ymoGHO BBeCcTH cleiywmee IOHATHE. SHIOMOpduaM
komeria K Has0BeM 0 C O 6 HM , ©CHM OH MHLYLMDOBAH Ta-
KMM OHTOMODJM3MOM #  MOHOMAA F , uro Xc X . o~
KaxeM, UTO IJA JOOOro 0co60ro DHHmOMOpdM3Ma : R—R
mieen A< A2 . JleficTBUTENBHO, IyCTh (L - JNOOR OSNEMeHT
B A , & IOIMHOXECTBO < X Takoe, UTO
Uuewrlx,-H . B cumy ocoGocTu CYmecTByOT TaKue

x; € X, uro - X¢ , €M . PaccuoTpUM nomcTa-
HOBKY ) Ha X TaKyo, 4TO -~ Xy , L&, u npomon-
EMM ee [0 aBToMOpdM3Ma R . fleuo, uro Yy ABIAeTCA crieim-
&JIbHEM aBTOMODPHHM3MOM R 4 cornaco CIeJIaHHOMY BHIIE 3aMe-

UAHUID MMEeeM I103TOMY Al — . [lo Hame#t KOHCTpYKIMH ({ —
; ClefoBaTeNbHO, U -ue ammu A c AL
IOKa3aHo.

3apepmaeM Telepb JOKA3aTENbCTBO OCHOBHOI'O YTBEDEIEGHHMA.
iz ocoGocTd »” H CHeIMalbHOCTH HIeana AB purexaer
AB O (AB)L = ARt 5 A'B > AB,
a Teu camum u coorromenwe AR —~ALB . OcoGocTs
BIGYET Takme ;QQ =R . [loaToMy A2 - Hpgean B R s H Te-
nepb 3 CBOGONH IOJYT'PYIIIH r crenyeT, B YACTHOCTH, UTO
A - . Jlanee, mycTb ,“ - MOGO# CreLMaNbHHA SHIOMOpHM3M
KOJbIIA R . Ina Bcakoro o€ MOXHO IOCTPOMTH OCOCHN 3H-
JoMopdusM n: R—R , COBIananmMi C /»l H& DJIeMeHTe U .
leticreurensHo, mas Bcex X; € S nonaraem X;? =X‘~f
a Ha momoyxenmu X\ S omnpenenaaeM KaK [TPOM3BOJBHYH
coppekmo X \S— X . llonyuennoe TakuM 06pasoM OTOGpa-
ZeHue 0 X F MPONONIXUM [0 CIeLMAIbHOT'0 SHIOMOPM3Ma
n . R A KOTOpu#t GyneT ocolhM IO NOCTpoeHMv. Mmeem
ot —uleA’-A » UTO NOKA3HBAST CIIeNHANbHOCTDL Mueana

AHanoruuHO NOKA3HBAETCA CIEIMANBHOCTD S . Teopema 2
JOKa3aHa.

loGaBuM, uTo TeopeMa 2 HOMycKaeT WHyw GODMYyJNMpDOBKY -
KaKk yTBepXNeHHe O CBOGOJIe MNONYT'PYIIIH MHOIrooGpasuit nperncTaB-
aenut (Hap moxeM ) mojyrpymm, ¥ B 9TOM Buie GHia JOKasza-
HA C [IOMOMBO TEXHWKM TPEyTONbHHX NpoM3BemeHuit; [ 51.
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17, UanomeHHHe Bule pACCYRNEHMM NPUBOIAT K 3 & 1 & -
U e : OnMcAaTh BCe CyCKOMMyTaTMBHHE KOCHe IpYNIOBHE KOAbLA"
4 .G . |urepecHa u Gonee mpocTam 3 & J & U & OMM-
CaHUA CYOKOMMYTATHBHHX CKPEmEHHHX TDYMNOBHX KONeI ** ; CM.
onpenenerun 8 [I5] . B oroit cBAsu Gwio Gu HHTEepecHO 3HaTh
OTBET H& B O M p 0 ¢ : KakoB KpuTepull PeryimpHOCTH KOCOre
IpyTIOBOT'O KONbLA G mpu K - KOMMyTaTMBHOE KOJBIO,
a (5 - rpyma? Pucksem cmpocuTb, MMeeTcs au Heuto (4 uTo
MMEHHO? ) B poiM a.nw\e/pna:mnu. omMcaHHO} B MmyHKTe 5, naIx
3 onm ?
CrapuM Tak®e B O I p O C 06 ONMMCAHMM CYCKOMMYTATHB-
HHX TOJYIPyMIOBHX KONEL ALS1 . K aroit Teue aBTOD Ha-
MepeH BEepHYTbCA B ONHON M3 MocrelynmMX IyCIWKaLMii.
3aMeTM, UTO CBOMCTBO CyCKOMMyTATHBHOCTH COXpaHmeTcH
nopy snMMopfuaMax Koxel. [axuM o0pa3’oM, I BceX HealeneBHX
rpymn (G rpynmosoe koxmbue Z [G] cyorommyratusrum He
ABIAETCA, UGO NOMycKaeT SNMMOp{M3M Ha I'pyMIIOBOE KOJbIO
Z ’ [G] > P . llosToMy BO3HUKaeT ecTecTBeHHa® 3 & -
I & U & ONMCEHUA MONYyI'PyNIH NepeCpacHBAGMHX 3JEMEHTOB KONb-
ma ZLGI , u obme - rpymosux romeny KLGI , rpe
K - m6ax 001acTh. JoGaBuM, uTO TaKa&m 341aua CTaBHIACH
yxe nim \/(2) ; em. [II], crp. I55. UnTepeceH agecob
BOMpPOC O TOM, K&K MMEHHO 3&BHCHT CyOKOMMYyTATHBHOCTb KONbLA
KLG] or ppyrux apujmernueckux u anreSpauueckux 06—
CTOATENBCTB, TOMAMO HECYmeCTBOBAHUA "IIOXMX pemyKimit"

rie 4 -nonec chan f +0,2.
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RUNMARINGIDE UMBERTOSTETAVAD ELEMENDID
U.Kaljulaid

Resumee

Konesolevas artiklis antakse uued toestused mitmetele
tulemustele rubmaringide teoorias. Sealhulgas. naidatakse
uus tee teiesti regulaarsete riuhmaringide kirjelduse saami-
seks (S.Mihoveki tulemus). Koiki neid ihendavaks Jooneks on
tmbertostetava elemendi moiste sustemaatiline kasutamine,
Piustitatud on ka mitmeid uusi tlesandeid.

TRANSFERABLE ELEMENTS IK GROUP RINGS
U.Kaljulaid

Summary

Modified proofs are given to some known results about
group rings, among them to S.Mihovski's result giving de-
scription of strongly regular group rings. The common fea-
ture of thess proofs is systematic exploitation of the mno-
tion of transferable element in a ring. Somewhat more di-
rect and detailed proof in characteristic O case to P. Me-
nalts theorem about group rings is presented here also. So-
me new questions about transferable elements are formulated.
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Acta et comsestatioses upiversitatis fartuensis, 878 , 1880, §3-58.

A CHARACTERIZATION OF THE PRINCIPALLY
WEAKLY INJECTIVITY OF THE WREATH PRODUCT OF ACTS
R.Kaschek
Oldenburg University, FRG

In [3] one sufficient and two necessary conditions for the wreath pro-
duct of acts to be principally weakly injective (pwi) are given. In the
present paper a new necessary and sufficient condition for any act over
a monoid to be pwi is given. With help of this a necessary and suffi-
cient condition for the wreath product of acts to be pwi is derived.
For undefined notions and terminology see [2] and [3].

(1) Definition

Let M be a monoid, JeM-act and meM, je]. Define the congruences
%y = {{m' .m") e M?Im' m = m"m} and 8, - {(m' ,m") e M?Im' j - m"j}. Further
define Kj(m):={jeJla, SB;}. Obviously Kj(m) is the set of elements of
J that appear as an image of m under a morphism ¢ : Mm — J.

(2), Theorem

Let M be a Monoid and J € M-act. Then J is pwi iff for all meM we
have Kj(m)=m].

Proof

Let J be pwi and m<M. It suffices to show that K;(m)< m] holds. Thus
let jeKj(m) then @, < and we can define the morphism ¢ : Mm — J,
m'm — m'j. Because of ] is pwi there is an extension ¢ of ¢ from M to
J. Therefore j=¢(m)=0o(m)=mo(l)emJ. Now let for all meM hold
Kj(m)=mj. Let meM and ¢ : Mm — J a morphism. It suffices to show
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that there is a morphism ¢ extending ¢ to M. Let j=9(m) then amSB,
and therefore jel(,(m):m]. Thus there is an element j'€J such that
} =mj'. Now the morphism 6 : M — J, m' — m'}' has the required proper-
ty.

(3) Remark

In [1] an act J over a monoid M is defined to be coflat iff for me M,
jeJ from j¢m]J it follows, that there are elements k,l €M such that
km =1m and kj #1j hold. Obviously, as was stated in corollary 3.5 of [1]
we have that J is coflat iff J is pwi.

In what follows let R,S be momoids and A eR-act, BeS-act. Let T be
the wreath product of R by S over A. Let AxB be the wreath product
of acts A and B. For elements acA, (p.f)eT let p'(a)={a' €Al a=pa'}
and K(f(p™(a))) := {b e B| For all s,t €S the following implication holds:
If for all a'ep!(a) the equation sf(a') =tf(a') holds, then sb =tb holdst

(4) Conclusion

The act AxB is pwi iff for all (a,b) € AxB, (p,f)eT from (a,b)eK,.g(p.f)
it follows, that p*(a)}#2 and bef(p*(a))B hold.

(5) Remark

From (4) it is easy to obtain the results proved in [3]. But because the
condition of (4) is rather close to that of (2) and does not carry over
the condition pwi from AxB to its factors it is necessary to find a
more natural condition to characterize when AxB is pwi. For this the
following lemma and conclusion are useful.

(6) Lemma

\ )
Let (a,b)eAxB, (p.f)eT. We have (a,b)eK,, glp.f) iff aecK,(p) and
b e K(f(p *(a))).hold.

Proof

For to prove the necessity of the condition let (a,b)eK,, g(p.f). Let
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s,teS such that for all a'ep!(a) we have sf(a')=tf(a'). For uels.t}
define the following mapping:
u, if a=a

gi: A > S, o
1, otherwhise

Then for all a €A we have g2(pa)f(a)=gt(pa)f(a). Therefore we have
(g’)pfz(g")pf and thus (1,g%) (p.f) =(1,g%) (p.f). From this we see that
sb=g%(a)b=g%a)b=tb holds. Thus beK(f(p!(a))). Now let for q,reR
hold qp=rp. Then (q,¢) (p.f)=(r.c,) (p.f) and therefore gqa=ra thus
aeK,(p). Now for to prove the sufficiency of the condition assume it
to hold. If for elements (q,g),(r,h)eT we have the equation
(q.g) (p.f) =(r.h) (p.f), then we have (qp,gpf)=(rp,hpf). Therefore for
all a'ep!(a) we have g(a)f(a')=h(a)f(a'). From this we get
g(a)b =h(a)b and therefore (q,g) (a,b) =(r,h} (a,b) thus (a,b) eK, , g(p.f).

(7) Conclusion

For all (a,b)eAxB, (p.f)eT we have (a,b)¢K,, g(p.f) or p2(a)# 2 or b
is a zero of B.

Proof

Let (a,b)eAxB, (p.f) €T such that (a,b)eK,, gz(p.f) and pWa)=9. Then
from (6) we see that beK(f(p'(a))) and obviously we have f(a')=sf(a')
for all a'ep!(a) and s€S. Therefore b=sb for all s€S and thus b is

a zero.
(8) Theorem

The wreath product AxB of A and B is pwi iff the following
assertions hold:
a) B is pwi.
b) B has no zero or A is pwi.
c) For all acA and (p,f)eT we have p'(a)=9 or
K(f(p Ha)))= L J = Kglf(a)).
a'ep a)
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Proof

For te prove the necessity of the condition let AxB be pwi. Then from
proposition 1 of [3] it follows that B is pwi. If B has no zero then
from proposition 2 of [3] it follows that A is pwi. Now let aeA,
(p.f) eT. Assume p'(a)# @ and b eK(f(p~1(a))). It suffices to show that
there is an element a'ep! (a) such that beKg(f(a')). From (6) we see
that (a,b)eK,, g(p.f) and from (2) we see that there is an element
a'ep?( a) such that bef(a')B. Because of B is pwi this implies
beKg(f(a')). For to show the sufficiency of the condition assume it to
hold. Let (p.f}eT and (a,b)eK,, g(p.f). If B has no zero then from (7)
It follows p! (a)#@. If A is pwi then from (6) and (2) it follows
p '(a) # @. Thus by assumption we have K(f(p'1( a))) = . J Kg(f(a").
From (4) we get that AxB is pwi. sep (@

(9) Corollary

Let R be injective on A and B an act with zero. Then AxB is pwi iff
A and B are pwi.

(10) Corollary

Let R be injective on A and B an act without zero then AxB is pwi iff
B is pwi

(11) Corollary

Let S be a right cancellative monoid and B an act without zero. Then
AxB is pwi Iff A and B are pwi

(12) Example

The following example shows that it is not necessary for AxB to be
pwi that A is pwi.

Let R be the monoid of the positive integers with the usual multiplica-
tion. Let r e R\{1} then A =Rr is not pwi. Because otherwhise we would
have the following equation KA(r)ererrerR and thus for every
morphism ¢ : Rr—A we would have ¢(r)zr2. But obviously the identity
on Rr is a morphism. Because of R is cancellative we have that R is
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injective on A. Now let X be a set with two elements X, X,

Let S be the monoid of transformationa of X. Then
S= {c‘,cz, id, v} with c, X=X, x X, Vv X — X,
x, — x, . for ie{1,2}. The principal ideals of §

obviously are S8ec,, S5c,, Sid, Sv and clearly we have Sc, =
Scz= {c‘, cz} and Sid = Sv = §. For to show that B := X is
pwi it suffices to show that every morphism ¢ : Sc‘-—b B can
be extended to a morphism ¢ : S — B. But it is easy to show
that the only morphism ¢ :Sc1 —+ B is the following one:
¢ : B, = B, c, —x,c, =X,

Obviously ¢ is extended by the following mapping

©: 8= B, ¢ —x,c =X, id —x, Vv —x.
Now it is easy to show that ¢ is a morphism and therefore B
is pwi. From 10 we see that A x B 1is pwi.
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SPETSIAALSELT NORGALT INJEKTIIVSE
POLUGOONIDE POIMIKKORRUTISE KIRJELDUS
R.Kaschek
Resimee

Leitakse tarvilikud ja piisavad tingimused poliigoonide A
ja B pSimikkorrutise A x B spetsiaalselt n&rgaks injektiivsu-
seks (SNI). Ndidatakse, et selleks A ei pruugi olla SNI.
tuuakse vastav ndide.
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KAPAKTEPH3AIIASA CHELIHAJNBHO CJHABOX
HHDEKTHBHOCTH CHJETEHHA NOJHMIOHOB
P.Kamex
Peawue

HaxonaaTcad HEOGXOAMMHE M JAOCTATOYHHE YCXOBUR AXA che-
LMAXBHO CXaGOM HHBLEKTHMBHOCTH (CCH) cnxeTeHMs A x B noauroHos

A u B. Noxa3uwpaeTcs, 4TO AXA 3TOr0 NOXMIrOH A He o6f3aH GHTH
CCH, NPUBOAMTCA COOTBETCTBYONMME NPUMEPp.
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Acta et commentationes siversitstis Yartueasia, 878 , 1996, 59-86.

WREATH PRODUCTS OF ACTS OVER MONCIDS:
IV. PRINCIPALLY WEAKLY FIAT ACTS

M.Kilp
Chair of algebra and geometry

In this note we continue the investigation of wreath
products of left acts over monoids. This investigation was
gtarted by Normak in [5] . He gave necessary and suffici-
ent conditions for a wreath product of acts to be projecti-
ve or strongly flat., In [4] and [2 conditions for wre-
ath products of acts to be regular, inverse, torsion free,
and divisible are found. In [3] one sufficient and two ne-
ceasary conditions for a wreath product of acts to be prin-
cipally weakly injective ere given., In [ 1] a necessary and
sufficient condition for a wreath product of acts to be
principally weakly injective is presented. In this paper we
present some results on wreath products of acts concerning
principally weakly flat acts,.

We recall some definitions which will be necessary in

the sequel.
and § will always be monoids., 4 left R -act is a

set A upon which R acte unitarily on the left (Notation:
RA )e Homomorfisms of left acte are defined in a obvious
way. Analogously right AR -acts are defined.

Let X,Y be sets, By F(X,Y) we denote the set of
all mappings f.’ X - « By Cy, we denote the map-
ping in F (X, Y) with ¢ (x) =4 for all xeX , Let T=
=T(R,5,A) -Rx F(A,S) be the wreath product of a monoid

R with a monoid § by a left R -act A . We recall
that 7 4is & monoid where multiplication is defined by

=tp.f 3)

with

for ell aeA,rpeR, f,3«F(A,sS). it
A is a left R -act and B is a left S -act then the
wreath product Awr8 of acte A and B is the set AXB
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endowed with the action
for all reR,aceA, eeB, fe F(A,S). This
makes AwrB to be a 1eft 7 -act.

Let B be a right § -act and M a left S -act. On the
Cartesian product BxM we consider the smallest equivalence
relation generated by =(€,sm) seS, ¢
The et of classes of this equivalence is said to be the
tensor product of the acts B and M and is denoted by
/5@ M . The class containing the element (f,m-) is denoted
by £ ®m . Two elements and ® in the tensor
product BOM are equal if and only if there exists a fini-
te sequence of pairs from BYM and elements of 5 such
that the first pair is s the last is (f,um,.) and
from every pair we pass to the following peair by a transfer
of an element of 3 s i.es passing from the pair
to the pair or vice versa, If M is e fixed left
act, then is a functor from the category of all
right S -acts to the category of sets.

A left s -act M is flat if the functor preser=
ves all inolusions AS$B where A and /3 are right S -
acts.

A left S-act M is weakly flat (w. flat) if the
functor @ M preserves all inclusions / € S vwhere I is
a right 1deal of S

A left S -act M is principally weakly flat (p. W.
flat) if the functor M preserves all inclusions §5¢ S
where § & 5

Tt follows from the last definition that M is p. w.
flat if sm, , where s€S,m, m, e M , always im-
plies S®m, - $®m, in the tensor product s S

Proposition 1. If the wreath product AwrB is p.w.
flat then RA and are p.W. flat.
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_— e o e

left R -act A and a left S -act B is pew. flat [ =

act, 7 being the wreath product of the monoid A with the

monoid § by the left R -act A , Let re,=ra, for
R, a,,a,eA « Let £eld ve a fixed element. Then

(I",C,)(d,,, ‘e) - (fl c")(az; e)

in A ‘\”'B s Since A’JVB is p.w. flat we have
(r.e,) @ (a, €) = ci) ®(a,¢€)
in (r,¢,)T® (AwrB) . This means that from the palr

((ricq),(a,8) one can go over to the pair
(t,e0),(2,8) in (r,c,)T x (Awr(3) by trensfers of ele-
ments of 7 . All pairs from the sequence connecting pairs
((r¢),(a,,8) and ((7,¢/), (as, ¢)) are of the form

’ ’
((ric)(r, 47, 6480 = (Cr £, &)
where r, r'e R f'e F(45S), a’e A, £'ehB.
Call the pair (rr¢ a’) from ~Rx A the pair correspon-
ding %o the pair [([(rr/ fj, (a’, ¢’)).
Consider now two pairs, say- » ”

(r ), @) ama (et £7), (2 €7
connected by a transfer by the element It is
routine to check that then the corresponding pairs (rr' a’)
and [rr'; a") are connected by the transfer by the element

P e R.

Since the pair corresponding to ((f', Cq), is
(r/ a.,,) and the pair corresponding to ((r, C4),[“z,£)) is
(r as) this means that we can go in r R x A from the

pair (l‘, a,) over te the pair /r‘, @,;) by transfers of ele-
ments of K o It follows that the left K -act A is p.w.
flat,.
We shall show now that is pow. flat. Let s¢,-sé,

for seS§, f.,,fl « We have to show that ¢ so®
in sS®.8 . Let aeA be a fixed element., From
it follows that

(4,(‘5}( e4) - (//CS)(a' Z‘1-)
in 4wr /3 .Since Awr P is p.w, flat this implies

{,cs)o(ats) — Aes)ef
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in the tensor product (4,¢,)T & ( A wrB). Dhis means

that we can go in (7,¢5) T x (A~ r/3) by means of a sequen-

ce of pairs and transfers of elements of 7 from the pair
1€s), (a, €.)) to the pair ({7,¢), (a,%,)) . A1l pairs

in this sequence have to be of the form

1)), (2, €)) = ((rres ), (a28)),

(. §) e T. Call the pair (5 from s$5x B the
pair corresponding to the pair ({r, c,f), fa',f')} . Let now
(¢, c_‘f}, (a', t')) and ({fu, CS?) ,(a” pairs connec-
ted by the transfer by an element (q,,l.) e 7, It is
again easy to check that then corresponding pairs
and (5 (a"), ¢’) are connected by the transfer by
A(a) or 4 (a") (depending from the direction of original
transfer)., Since the pair corresponding to ((l, cs), (=, "4))
is (5,64) and the pair corresponding to ((4,%), (o, 6.))
is this means that we can go in §S x B from the
pair (S, 54) to the pair (5, by transfers of elements
of S. It follows that the left S-act B is p.w. flat.

Let A be a left R-act. We say that R acts injec-
tively on A if re,=re,, r A, always im-
plies a,=a, « It is obvious that if R acts injectively
on. A then RA is p.w. flat.

Denote for any a,xeA by §x the mapping from A

Proposition 2. If AR acts injectively onRA andsBis
p.W, flat then A wr B is p.w. flat.

Proof. Let (r,f)(a,. )=("/f)(“:.,(l),

reR,f e FCAS), A, €. )
Phis means that ras =74, and
Since K acts injectively on A we have . Denote
Q.= a o Since B is p.w. flat it follows from

L 7
fla)e, that £ sSeB8
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DThis meens thet we can go in s5x & from the pair
(7([4),64) by & sequence of pairs and transfers of elements
from § to the pair @[u), t") « 411 pairs in this sequ~
ence are of the form ( (a)x,c ), x€ S, ceB.

Call ((r', (a.c)) = ((r, £) (1, ¢ %), a,c]) €

€ ("/f}T“ (A """,3) the pair corresponding to the pair

(f(u}x,c) . (f[a)x,C) ({[a.)x,c)/
¢ < e¢’e B be connected by a transfer by an element
, 2 & . We shall show that corresponding pairs

and ([’”I)e ?:’)/

are connected by & transfer by an element of 7. Indeed,
if x = f(a)x’« end we=c’then (r, fP5)=
=("l'f‘f;})(4 ) "ff:) and (4, ‘fi )(e.c)=(a,c).It c=uc
and f(a)xw then = (4, ¢2)(a,c’) end
(" ’ ‘ﬁ ¥x ) 64 ) ) = (l‘ ,f ). Since the pair

((r, -F) , (e, @,)) corresponds to the pair (£(a,

end the pair (( (a,§,)) corresponds to  the  pair
(fCa,), this means that (n,f) @
-( (a,4,) in (r,f)Ta@ (A wrB).

It follows from the definition of w, flat acta that a

left S -act B isw, flat if $,64 =5, ,S,.5€
€1,82€ B y always implies S @ =< o in

(s/SUs. S) @5 3.

Proposition 3. Assume that A does not act injectively
o If Awrl3 is p.w. flat thenSB is w, flat.

Proof. Let =sz£z,51,5’. Gs,‘l,lg_ée. It

=S then by the proof of Proposition 1 we have

s, 08, = in sS®/3 . So we assume s, #s5,.
Let a,, a,€A,reR be such that -ra, but a,#¥a,.

Define fe F(A,S) such that
A S, £a
#(ﬁ)— ( .1‘:' a =d.:
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Then (r, f) (a,, 8) = Since AwrB

is peWe flat  (r, f) @ (a,, b)) ~ (r f)® (25, 6) in
tf)T e (AwrB). This means that we can go from the
pair ((r, f)i (24, €.)) in (r, )T to the pair
(tr, f), (as, €2)) by a sequence of pairs of elements

end transfers of elements of / . All pairs in our sequence
are of the form

(G ) pg) or, 2 = (rp o o3)e  H)
Call j[ﬁ), 7(4) 6(5'4 SUsa 'Y} x /3 the pair
corresponding to the pair (('r‘,b, 9’4)) »  Let

[(rfl f,:?) /(‘1, and ((l“$ ’ 7{1 A’)/ (51,0(4)//

aeR Le FCAS), c, e A , be connected by a trans-
fer by an element (r’, f’) e 7 . We shall show that then
corresponding pairs ﬂ pes) Cey), o) and
(4(4.¢2)4 (c2),dz) are connected by a transfer by an element of
S . Let, first, (r/o, ) -, £, 8)( £) e
(r £)( (e, A2) . Phis means that rp =
(/tkjrtfl) r"C, :CL and = Jz'

Pabticularly, ,F (/9 c,)j Ceq) = 72 [@"'Cf) 4 (r"Q) =

= hCeyg'Ce,) " and flfc)ef, = ofy. This me-
ans that we could go from the pair (‘f(/"'fjj (c,), )

to the pair (f(1 cz)ﬁ ["1}/ o, ) by a transfer by the ele-

ment { ,[ ;).

Let now (c,, o,) =("f{ a’;) and ﬁf‘ { )
. Pt
= [,.7(, 7[ L). This means that ¢, - r'¢,,
oL, - f'[‘?) oy, Ffpr=ry snd ({Pj),., f’:ﬂ £ . Particularly,
do=file)d, @8 FIp T 90re) plh) = flse)hle)
= f(f'"') a(c,,)f'(:,). This means that we could go from the

pair (f ff c,)g(e,), 4) to the pair (f(?,cx)
by a transfer by the element f’('c_,,).

Since the pair (s.,€1) - (f(a.), 1) corresponds to
the pair([r, f))(a,,f,)) and the pair (51,¢:)= (f(a:),¢:)
corresponds to the pair ﬂ.v.,f;.)) this means that
S, ® =5, ®¢f, in (s.,S'Usz_S)@B-
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POLUGOONIDE POIMIKKORRUTISED:
IV. SPETSIAALSELT NORGALT LAMEDAD PoLUQOONID

M.Kilp
Resumee
Naidatakse, et poliigoonide poimiku A ~r/3 gpetsiaal-
sest norgast lamedusest jareldub nii A kui ka /3 spetsi-
aalne nork lamedus. Kui toime poliigoonil A on injektiivme
ja B on spetsiaalselt norgalt lame, siis on poimik A weR
spetsiaalselt norgalt lame.



CINMETEHMA IIONAI'OHOB HAJ MOHOWJAMMA
Iy CIEIMAIBHO CIABO IDIOCHUE IOJMI'OHH

M.Kuxen
Pespue

JloxasaHo, UTO W3 CNeIMAABHO! CAAGO/ NMAGCKOCTHOCTH CILAS-
reaun Aw~r/B nosvronos A u /3 caemyer cneimazpHas
crafasm MAOCKOCTHOCTh K&k TMOAMroHa A , Tak u moauroxa 53
Ecau peiicreue Ha momuroHe A wHBeRTHMBHO M /3 - crermann-
HO CRa60 TAOCKUH NMOXMrOH, TO crterenue A wrB - cnemmens-
HO cxa60 MAOCKUN TOAUIOH.
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deta el commentationen paiversitaiis Tartoensls, 918 , 1990, 67-82.

COBMECTHH® CIIERKTP M [MPOJOJXEHHE TIOMOMOP$HU3MOB
A.Kokk
Jla6opaTopua MPHUKIAJHOA MaTeMaTHKH

Bo MHOrMX pa6oTax (cM. HanpuMmep {3,6,15,16] ¥ umMepmywcs
TaM 6u6aMOrpadu®) HIYYAAUCh pa3AMYHHE COBMECTHHEe CNeKTPH
AXS CeMeACTB 3JAEMeHTOB GaHaXOBOA aire6ph. JaHHOe H3AOXeHHe,
KOoTOpoe OnupaeTcfk, B OCHOBHOM, Ha pa6oTw [23,26] wu [17],
no3BoXfeT NepeHeCTd HeKOoTopHe pel3yabTaTH U3 [4], cBa3aH-
HHE C NPOJAOXXeHHEeM TIOoMOMOPPU3IMOB NojaireSp 6GaHAXOBOA ax-
re6pH, Ha 6GoJxee O6mMUA cCcaydah.

Mycre K - noxze € uam R, A - K-aare6pa ¢ exuHuLe#H e,
v :a— ae, - aare6paudeckuit usoMopPuax K B A (a € K)
¥ HomA - MHOXeCTBO BCeX HeTPMBHAALHHX roMoMopdpuamoB A Ha K,
HajZeleHHoe cxa6oit Tonoaorue#. Iycrs, Aazee, Nn = {1,2,...,n}
Aaa xaxaoro n € N, [B] - nopazre6pa aire6pH A, nopoxiaeHHas
NOAMHOXeCTBOM S < A M 2XEMEHTOM e, s" - npamoe npousBe-
A€HME D 3IK3eMnaspos S,

c(s) = Us",
=4

n

{a] = [ U{a,}] &axa xaxporo a = (a, w,a) € A", e -
k=1

2 " A

HY XeBO# 3JeMeHT axre6ph A u C(A ,A) - axre6pa Bcex A-3Hau-
HHX OToGpPaxeHHA Ha A" (OTHOCHTEABLHO TMNOTOHEYHHX ONepalu#).
Aaa xaxgoro n € N u ke Nn 4epe3 x, 6yAeM o6o03HavarThb

oTo6paxeHne An Ha A, onpeaeixseMoe YCAOBHEM

x((8,8,,...,8))) = ((a,,8,.....8.) € A") ,

a uepea P(A") - nomaare6py aire6pu C(A",A) , NODOXASHHYD
OT o6 paXeHUAMH X, (k € Nn).

QnpeaeneHye. OTo6paxeHHe sp Ha c(A), cTaBamee KaxAoMy
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n
3XeMeHTyY a - (a,,8,,...,8 ) €A (nel) B COOTBETCTBHEe

NOoAMHOXeCTBO (Heo6a3aTeXbHO HenycToe) sp(a) < [Kn, 6yAeM Ha-
3HBATH COBMeCTHRM CHeKTpoM Ha K-axre6pe A, eciM JAXg BCex

nelN u a=(a,a,...,a ) €A” BHNOXHEHH yCXOBMSH
Al) sp((a,,a,,...,2 .,e,)) >
> {(ey,a,, 1) € K™ (a4, ... ,0) € sp(a)}
Hu
A2) ecau  p(a) =6, (P eP(A)) u (a,0,...,a) €
€ sp(a), To p((oe,,xe,,...,xe,)) = 6,

Creayomuit pe3yXbTAT YKASHBAGT HA CBA3b MEeXAYy COBMECT-
HHM CMEeKTPOM M NPOCTPAHCTBAMM TOMOMOPYM3MOB KOHEYHO MOPOX-
AGHHHX MOZAXre6p.

TeopeMa 1. Nycre A - K-axre6pa c eaMHMUen, sp - COBMeCT-

HHA cnekTp HAa A ¥ & = (at,az....,an) €eA” (ne N) Takoe
ceMeicTBO, YTO MHOXecTBO Sp(a) Henycrto. Toraa AAs Kaxjaoro
Ha6opa & = (a,0,,...,4 ) € sp(a) cymecTByer rOMOMOPOU 3M

A(a) e Hom[a] Taxkon, 4TO A(&)(ak) = c k e INn. Nipy  3ToM
OTO6paxeHue a —+ A(Q) gBAFETCH T'OMEOMOPPHM3MOM NPOCTPAHCTBA
sp(a) B Hom[a].

HoxazaTeabcTBo. IlycTh (a‘,az,'. e ,an) € gp(a). CorxacHo
ycxosup Al), (°'1'°'z' e .an,l) € Sp(ll), rae a -
- (al,az,....an,eA). Ecxu, pt(at) E b8 HEeKOTOPHX

p,,p, € P(A™), To, mno ycxosuw AZ), uMeeM
(p, - P)((ae,,08,,...,0e,,e,)) = 6,

3HauuT, HAa Aaxre6pe [a] MOXHO CNpefeXUTbh PaBeHCTBOM

A(3)(p(a)) = v (R((a8,,00,,...,8 8,,8,))) (peP(A™)

oTo6paxeHne A(a). MOCKOABKY A(a)(eA) = 1u A(a) gBAgeTCH XM-
HelHNM M MYXbTHUNAMKATHMBHHM Ha [a], To A{a) € Hom[a]. 3HauuT,
AXA KaxXaoro a = (a‘,ol.....,.,an) e gp(a) HakgeTcd T OMOMOPPHU3M
A(a) € Bom[a] Takon, ufo A(a)(a;) = &, Tlpy  3TOM HCHO, HTO
oTo6paxeHMe @ : & —- A(Q) (& ® sp(a)) ABEAfeTCH B3AWUMHO

oZHO3HauyHHMM Ha sp(a).

B CXeAyowmeM TNoOK&XeM, 4TO ¢ ects I[oOMedMoppu3M TMNPOCT-
paHcTea sp(a) B Hom[a]. Ixf 3Toro y6eaMMcs cHawdaXxa, 4TO MNpH
BCex p M3 P(A“") crnpaBeAXMBO cXeAyomee YTBepXAeHHe:
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(1.1) naa xaxaux £ > 0 H (ai,a!.....an) € K cyme cT-
ByeT uucxo &S > 0 Takoe, 4To

[2(p(B,e,.B,e,,...,0.e,.e,) - Plae,,ae,,....ae, e)) e
kak Toxpko o - A <& (1 el ).

Ecan p = ax. (¢ € K,i € N ), To cnpaBelAMBOCTb YTBepX-
AeHusa (1.1) oueBuaHa. Jlazee, ecau (l1l.1) cnpaBelxMBO AXA HeKO~-
TOpHX P,,p, € P(A"™ ), To oHo cnpasenzuso u Axf p+ p,. Kpome

TOro, Kak Xerko 3aMeTuTh, (1.1) cnpaBeAZuso M AXA pp,, H60
2™ ((p,2,) (%) - (p,p,)(¥))] <
< Iv—’(p‘()t) - p, NI Iv"(p,(X) - p, (N +
+ 1P, 00| PR, (x) - B (r)) ] +

+ [P, | [P R (%) - B (v )]

ntd

(%,y € »(K)™). 3naunt, nas scex p € P(A™?) cnpaseaanso

yTBepxieHue (1.1).

fycTs Teneph a = (a,,0,,...,4) € sp(a) u O, - xo6as
OKPEeCTHOCTh 3XeMeHTa ¢(a) B [MPOCTPAHCTBe Hom[a]. Toraa
wamayrca £ > 0, m € N, u orocpaxenns p, € P(A™") ¢ k e N
Takue, 4YTO

0 = n {A € Hom[a] : |(A - e(a))(p (a))] < <0.

k=1

H3 cxas3aHHOro BHEe BHTeKaeT Tenepb, 4TO

v (A0, .0,0,. ..., 0,0 )) < €
A Bcex k €N u (B.8,,... 8 na U = O(a,8)x...x0(a ,5),
rie O(a,6) = {aeK : |a ~a] <8} u 6> 0 - HexoTopoe
Yucao. CreposaTeXbHO, AXS BCeX feU N sp(a) crnpaBeAXUBO
PaBEHCTBO

I(e(3) - p(a))(p (a))] < &.

TakuM o6pa3oM, ¢ SBAAETCHA HeNpPepHBHHM B XW60#f ToYKe O €
€ sp(a).

NyeTrs Ao € A = p(sp(a)) u V - x06ad OKPeCTHOCTL 3Xe-
MeHTa p‘(Ao) B TONOXOI'MH nMNpocTpaHcTBa ap(a). Toraa
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sp(a) ) (O(A (a, ), )%...X0(A (8 ),5,) < V

AXA HeKOTOpOro YHcCIa > 0. Hoxoxus

0O,=nfAeA: |(A- c‘}
k-1
3aMeTUM, 4YTO ¢ *(A) €V xaxda Bcex A e 0. Ho 3To o3HavyaerT
HelpepHBHOCTE OTOSPAXEHHA © = B Touke Ao. TeopeMa xoka3aHa.

IycTe Sp - COBMeCTHHI cnekTp Ha K-axre6pe A ¢ eAuHHUEH
U nycTe 7(a) = p(sp(a)) Axa Bcex a € c(A), (sp(a) » B), rge
¢ - roMeoMopdus3M sp(a) Ha Hom[a], onpesexeHHW#t B Teopeme 1.
Torza

Bl) 7(a) < Hom[a] (a € c(A));

B2) 7((a,,8,,...,a, ,e,)) > 7(a) (a = (a,,8,,...,a ) €
eA”, neN),

Hao6opoT. EcaM T - oTo6paxeHHe Ha c(A) Takoe, 4YTO cnpa-
BeXXWBH ycxoBus Bl) u B2), To, onpejexus Ha c(A) oTo6paxeHHe

sp C ycxosueul a — a(7(a)) (a = (a,8,,...,8)) = A"), rze
a(zr(a)) = {a(A) = (A(a)).A(a),...,A(a))) & K": A e 7(a)},za-
MEeTHM, YTO Sp $BAAETCH COBMECTHHM CMeKTpoM Ha A . Hrak,
crnpaBejXUBa

Teopema 2 INycTe A - K-azxre6pa ¢ eiuHuues ¥ sp - COB-
MeCTHHA cnekTp Ha A. Toria Ha c(A) cymecTByeT OToSpaxeHue
T, YAOBIeTBopswmee ycXoBUAM Bl), B2) n

B3) a(7(a)) = sp(a) (a € o(A)).

IIpU 3TOM, eCIM MHOXeCTBO 3p(&) HemycTo, TO MPOCTPAHCTBA 7(a)
U sp(a) roMeoMOpdHH.

Hao6opoT. Ecau 7 - oTo6paxeHHMe Ha c(A) Takoe, YTO BH-
noxHeHW ycxoBus Bl) U B2), To Ha A CymecTBYeT . COBMECTHHH
CnekKTp sSp Takoi, 4To sp(a) = a(7r(a)) (a e c(A)).

K-axre6pa A Ha3uBaeTcs ToNoloruyeckol K-aire6poil. ecau
Ha A 3ajaHa TolloXorus, OTHOCHTeIBHO KOoTopoit A sBIfeTcd JXH-
HelHHM TOMOXOTUMEecKMM MPOCTPAHCTBOM HaZ K H yMHoXeHMe 3Xe-
MeHTOB axre6pu A (xak 6HIMHeAHOe oTo6paxeHue AxA B A)
pasfelbHO HelPepHBHO.

1 Ecay MHOXeCTBO 7(a&a) mycTo, TO CYHTaeM, UYTO U MHOXeCTBO

a(r(a)) nycro.
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Tonoaornyeckas K-axre6pa A ¢ eAuHHUeRA Ha3WBaeTcHd:

Q-aire6pok. ecay MHoxecTBo InvA O6PATUMNX DSAESMEeHTOB
aareSpH A OTKPHTO B DACCMATDPHMBAEMOR TOMNOAOIMU aAreSpH A;

Texn Mpa- (xpaTko GM-aare6poft), ecau
K = € u ¢axTopaare6pa A/M no AN6OMYy ABYCTODOHHEMY 3aMKHY-
TOMYy MAKCHMAXBHOMY (KAK XeBOMY TaK W NpaBOMY) HIeaxy TOMNOAO-
rudeckm usoMoppHa noaw C.

0603HaYHM Hepe3 commA KOMMYTATODHHH Hleax aare6ps A,
T.e. ABYCTOPGHHMA uAealx aare6pd A, NOPOXAEHHNA MHOXECTBOM
{ab - ba : a,b € A}; a ecam A - Tonoaorudeckas K-aareé6pa,
T0 dYepe3 homA - NOAMHOXECTBO TeX TroMoMopdu3MoB H3 HomA,
KOTOpHe HenmpepHBHM HAa A U 4epes commA - 3aMHKaHWe KOM-
MyTaTOpPHOro ujieaza commA B axreépe A. Xopomo HU3BECTHO,
yro HomA = homA ecau A sApagerTcd Q-aare6poit (cM.,HanpuMep,
[22], ¢.72). OaHako, CYmMecTBYNT Tonoxorudeckue K-aare6pu c
HenycCTHM MHOXeCTBOM TroMoMopdu3MoB HomA, MHOXECTBO Henpe-
PHBHHX TroMoppu3MoB homA KoTopHx nycrto (cM. [9,21]). Hazee,
eclIM MHOXeCTBO roMoMop¢puaMop HomA HenycTo (homA HemycTo), ToO
commA # A (commA * A), W60 commA < kerA (commA < kerA‘)
Rxf xaxjaoro A € HomA (A° € homA) u, noxoxuB 7(2) = Hom[a]
AAdg BcCex a € c(A), 3aMeTHM, 4dYTOo, COrJNacHO TeopeMe 2,
¥MeeT MecTo:

(3.1) Ha A cymecTByeT COBMECTHHA CNeKTP 8p TaKo#f, 4UTO
MHOXeCTBO 8p(&) Henycro axg Bcex a = c(A).

Oka3NBaeTcs, HTO B caydae @Q-aiare6p, ABAANMUXCE U GM-ax-
re6paMu, crnpabBealuBo M o6paTHoe YTBepxleHHe.

Teopema 3. filycTe A - Q-axpe6pa C eAWHuUeR, Koropasf
ApaneTcs u GM-aare6po#i. Torma ycaoBus (3.1),

(3.2) MHoxecTBo Hom[a] Henycro (a € c(A)),

(3.3) comm[a] # [a] (a € c(A)),

(3.4) commA = A,

{3.5) commA = A,

(3.6) MHOXecTBO homA HenycTo,

(3.7) MHoxecTBO hom[a] HenycTo (a € c(A))

(3.8) comm[a] # [a] (a & e(A))
PABHOCHIBHH .

HokazaTeXbeTB0. Kak 6HMXIO YCTAHOBIGHO Bulle, HMMAXKALHUHA

71



(3.2) » (3.3), (3.7) » (3.8) m (3.6) = (3.1) cnpaBeiAMBH.
BEmnauxauuu (3.1) » (3.2), (3.4) » (3.5) um (3.5) = (3.6) cnpa-
BeRXMBH COOTBeTCTBEHHO [0 TeopeMe 1 HacTodme# paGoTH, Teope~
MH 24.6.4 u3 [7] ¥ cxexcTBuMO 4.1 M3 [1]. Tak kak chnpaBeRAu-
BOCTh MMnaukauu# (3.6) » (3.7) u (3.8) = (3.3) ouesuAHA, TO
0CTARTCA TNOKa3aTk CNpPABeAAUBOCTL MMNaukauum (3.3) » (3.4).
Ixa sToro JONycTHUM, 4YTO commA = A. Torza

e, = % albe, - ¢bd,

k=4

AXfl HeKOTopHX n €« N ¥ 3XeMeHTOB ak,bk.ck.dk e A ¢ kelN,
3HauuT, comm[h] = [h], rze h = (a‘,az‘,....an.b ,b,...,b,
CsCys- . '°n'd1'dz' «..,d ). Ho 3T0 HeBO3MOXHO. CXeAOBaTeXLHO,
commA # A, YTO H H2aAO OHXO YCTaHOBMUTh. TeopeMa JoKal3aHa.

NycTe Tenepr n, k € IN Takue, 4To k = n. Yepeas 6y-
ISk o603uavaTh npoexumw K" ua K5, T.e.
T ((a,..., a)) = (a,...,a)
n
((°‘g""'°‘k""'°‘n) e K).

I'OBOPAT, YTO COBMECTHHH CNeKTP 8p Ha TONOAOrMYEeCKOH ax-

reépe A otxyanaeT CBOMCTHROM NPOGKIMH. €cau Rasd BCeX n, k € N

(k<n)u a=(a,a,...,8)€ A" cnpaBezaMBO
sp((a,,a,,...,8)) = m, (sp(a)).
PACCMOTPMM TaKXe CAeAYOOME ¥CAOBHA:

A3) MHoXecTBO sp(&) HenycCTO M KOMMNAKTHO RX BCeX & €

€ c(A);

A4) nxa Bcex meN, (a,a,...,a) A" u uncex n,
keNU{0} rakxux, uro 1 +n+k=m u3a (a,0,...a)e€
« sp((a,.8,,...,a8.)) clepyerT, 4TOo (O 1 %ray) €
-« sp((a.“n....,a’m'k)).

TeopemMa 4 IQycTe A - K-axre6pa ¢ efMHMLe# U Sp - COB-
MEeCTHHH CnekKTp Ha A, YAOBAeTBOPAWHNHA YyCAOBHUAM A3) K A4).
Torga CymecTBYeT HenycToe KoOMNakTHOe MOAMHOXecTBO A < HomA
Takoe, uTro a(A) ¢ sp(a) pgaxa Bcex & € c(A). Npu sTOT cCXe-
AyOmUe YCAOBUA PABHOCHAbHH:

(4.1) coOBMECTHHH CneKkTp 8p o6ixajaeT CBOANCTBOM MNPOEKLHH;
(4.2) sp(a) = a(a) (a e c(A)).

JokazareabcTno. NyeTh Axa Bcex me€ N u n, k «e NU {0}
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rakux, 94To 1 + n + k< m, n__ - npoexuus A" ma A  rtakas:,

nk
4TOo
™ o( ) =
ﬂn*( a.,8,,...,8 =
AxAd BCcex a = (a ,a ,...,am) €A™ n nycTh T - OToGpaxeHHe Ha

c(A), yAoBaerTBOopANmee ycXoBuaAM Bl) - B3). Jlerko ycCTaAHOBHTSH,
4YTo MHOXecTBO c(A) HanpaBAEHO OTHOMEHHeM X, onpeAeXeHHHM
Tak: a <b (a,b € c(A)) B TOM KM TOXLKO B TOM caydae, korja
HakayTca uncxa me€ N u n,k € N U {0} rakne, 4to a = nmk(b).
Mo ycxOBHO A4) dACHO, 4YTO AAd JAP6HX a,b € c(A) Takux, 4TO
a < b, oTo6paxeHHe CyxeHus u(b,a) npocrpaHcrea T(b) B
Hom[a], onpeaexasgeMoe panencrnouz u(b,a)(A) = Ajl[a] (A e
€ 7(b)), yaoBaeTBopaeT ycaoBun u(b,a)(T(b)) < T(a). IIpu STOM
u(b,a)su(c,b) = u(c,a) px9 A6HX a,b,c € c(A) Takux, 4UTO
a<b<c, u p(a,a)(A) = A zxg x6ux a € c(A) U A € T(a).
TakuM 06pa3oM, ceMeikcTBo § = {7(a),u(b,a),c(A)} ecTs o6paT-
HHA CNeKTp NMPOCTPAHCTB 7(a). B cHAy ycxoBug A3) MOXHO Tenepb
yTBepxZaTh, YTO nmnpelex P o6paTHOro cnekTpa § Henycr H
KOMNAKTeH, T.e. CYMeCTByeT HenycToe KOMNaKTHOe MNOAMHOXEeCTBO
P < n T(a)
a € c(A)
Takoe, 4To M(b,a)(Z(b)) = f(a) aaa Bcex f € P u a,b € c(A),
YAOBXETBOPANMMX HepaBeHCTBY a < b (em., HampuMep, [8], c.
222). JDazee, pxa xo6Hx a € A K f € P noxoxum A(a) =

= a(f(a)). Ecam Teneppb a,be€ A, c=ab u d = (a,b,ab), TO

A(0) = c(£(c)) = c(£(d)) = a(£(d))b(£(d)) =
= a(£(a))b(£(b)) = A(a)A(b)  (f e P).

3HauMT, OTOGpaxeHMe A MYALTHNAMKATHBHO Ha A. AHAXOTHYHO
YCTAHOBHN M XMHEHHOCTDH A,. 3HauynT, A, € HomA axa Bcex f €
€ P. Ilpn oToM (A(a,),A(a))," .., A(a)) e ap(a) (a =

= (8,,8,,...,a.) € A"), nockoxsky f(a) € (a) n a(f(a)) -

a(f(a)) (feP, 1 eN). Nycrs A= {A: f € P} Tak xax
oro6paxeHHe f —— A, ABAFETCH HENPEepHBHHM OTo6paxeHWeM P
Ha A, MHOXeCTBO A HenycTo M KOMNAKTHO M, KaKk yXe GHIXO
oTMe4YeHo, a(A) < sp(a) (a € c(A)).

IycTs, HakoOHel, BHMOXHEHO M ycxopue (4.1). Torza BcCe

2 Yepe3s Al[a] o603HayaeTcd OrpaHHUYEHHEe I OMOMODOHINA A e
< Hom[b] Ha aare6py [a].
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cBA3ymMHUe oTo6paxeHus w(b,a) ABAANTCA oOTo6paxeHHMsMM “Ha"
U, CclIepoBaTelbHo, AAd BcexXx a € c{(A) npoexuns f — f(a)
MHoxecTBa P B 7(a) Takxe ABAfAeTcsd oTo6paxeHuMeM "Ha" (cm. (8],

¢.223). MoaTomy, ecan & ='(°ﬁ’°z""’°n) € sp(a) AAA HeKOToO-
poro Ha6opa a = (a ,a ,...,an) € A“ , TO Hapayrcs A € 1(a)
u f € P takue, uro f(a) = A u A(al) = cie Nn. Tenepb
Ar(a,) = ai(f(a)) = A(a) =a ¢c 1 e U, MO3TOMY, a(Af) =
= o,

CnpaBeAJAMBOCTh MMNAUKauuMu (4.2) = (4.1) oueBupHa. Teo-
peMa Xoka3aHa.

3aMeyaHue 1. IIycTep sSp - COBME@CTHHA cnekTp Ha [K-axreé6pe
A c exauHuuen. HeTpyaHo NPOBEePUTH, YTO TOrja M OTOo6paxeHHe
a —s sp(a) (a € c(A)), rae =p(a) - 3aMHKaAHME MHOXeCTBa
sp(a) B K", ABAAETCA COBMECTHHM CMeKTPoM Ha A. Kpome Toro,
eclI¥ COBME@CTHHHl CMeKTpP Sp YAOBIeTBOPHAET yCAOBUI A4), TO 3TOMY
YCHIOBMIO YAOBIeTBOPHeT M COBMECTHHH CMEeKTP & — sp(a) (a <
€ c(A)).

3aMeyasue 2 CreayeT OTMETHUTH, 4YTO €CAU SP - COBME@CTHHHR
cnekTp Ha [[K-axre6pe A c eanHuue#r M A < HomA - Takoe He-
nycToe KoMNakTHoOe [OAMHOXeCTBO, WYTO CchnpaBeiiWBO  yCIOBHe
(4.2), To, kak JXerko BHTeKaeT U3 cleayome#l JNeMMH, 3TO MHO-
XeCTBO A onpeleleHo OAHO3HAYHO.

Jevma 1. NyceTe A - K-axre6pa c eauHuuedr, S < A - He-
nycroe NoaMHoOxXecTBO, A < HomA - koMmakTHOe TMOAMHOXECTBO W
nycte A - oTo6paxedHne S B K Takoe, 4To

(A=), 2 (8,),...,A(8)) € s(8) (s = (3,8,,...,8]) € o(5)).

3
Torja oTo6paxeHue A TMpPoAoXxXaeTCHd JO TroMoMoppuaMa X < A,

JogazaTedbCTRO. [IoXOXMB Aa = {A € A A(s) = x(s)} Axs
Kaxjgoro s € 5 , 3aMeTHM, 4TO ceMeAcTBO MHoxecTs {A } (s €
€ 5) gBAfAeTCH HEHTDPUPOBAHHHM CeMeliCTBOM 3aMKHYTHX B A MHO-
XeCTB U, cXeposaTelpHo (cM. [8], c.196), HafmeTcs roMOMOPHHU3IM

ANeEe N A c A,
ses”®

KOTOPHH M ABAAETCH MNPOAOAXeHMeM GYHKUMM A, JleMMa HokalaHa.
13 TeopeMH 4 MOXYYUM:

Crenctrue 1. Dyctep A - [K-aare6pa ¢ enuHHUER. pocT-
paHcTBO HomA HenycTo Toraa M TOJXBKO TOrAa, KOraa Ha A
cymecTBY@T COBMECTHHH CMeKTP Sp, YAOBIeTBOPHALNUA ¥CIOBUAM
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A3) n A4).

Crencreue 2. llycry A - K-aareSpa C eAHHHUER K ap N
COBMECTHHiIl CMeKTP Ha A, YAOBACTBOPAOMUA YCAOBHAM A3), A4) n
(4.1). Ecan a(HomA) < sp(a) pag Bcex & € c(A), To sp(a) =
= a(HomA) Aaag Bcex a € c(A).

Crencreye 3. Iyers A - [K-aare6pa c epMHHue#, S < A -
Henycroe MOAMHOXeCTBO W A - oTo6paxeHue S B K, Oro6pa-
XeHuWe A T[pojoaxaeTcs JO TCOMoMopbM3Ma X € HomA Torpa H
TOABKO TOrJa, KOrja Ha A cymecTBYeT COBMECTHHI  CMeKkTp 8p,
VEOBASTROPAOMUA YyCXOBUAM A3), A4) u (4.1) Taxo#h, 4To (h(si),
A(8,),...,N(8,)) € sp(s) pag Bcex S = (s,,8,,...,8)) € c(8).

O603HaYuM AAA Kaxnoro noiMHoxecrsa S u3 A yepe3d L(S5) -
ANHelHYw o060a04Yky B A MHoxecrsa S U H 4Yepe3 L(S)* -
aareSpandyecKkoe COMPAXeHHoe npocTpaHcrsa L(S). Caepyomuin pe-
3YyABTAT B HECKOAbKO HHOM BHIe joka3aH B [2], c.194.

JeMmMa 2. Tycre A - K-aare6pa c eiHHHUe#, a = (ai,a PR

a) € A"u Ac Hom[a] HenycToe mnoAMHOXecTBO. [lycTh, paixee,
n

A e L(a)® (smecs L(a) = L( U {a,})) rTakom romomoppu3aM, 4TO

i=1

A(b) € b(A) gnams Bcex b e L(a) . Ecau

AC)
{ A(a,) - n(a,) | AeaA Ade) = Ma,) }

k~1
Bag Bcex keN, k>1 u bel(Ui{a}) , To HatneTrca ro-
i=d

MoMOpbH3M A € A Tako#, YTO A(ak) = Ma)) ¢ k e Nn .
Tenepb, MO AeMMe 2, H3 TeopeMH 4 BHTeKkaeT

Crencrene 4. Ilycrs A - K-aareSpa c eAMHHIeH H sp
COBMECTHHA CMeKTp Ha A Tako#, YTO BHMOAHEHH ycxosua A3), A4)
H (4.1}, S5 < A - HenycToe T[MOJAMHOXECTBO U MNYCTh X\ € L(S)*.
Ecau A(b) € ap(b) pas Bcex b € L(S) ¥ MHOXecTBO s8p(s) cyer-
HO JAA BceXx S € S, ToO ©YHKLUMOHAX A [DPOAOCAXAETCA A0 ro-
MoMoptu3ama A < Hom([S].

Crencreue 5. Nvers A u B - K-aare6pu, T - romomopdpusam
A B B rtako#, uro T(e,) = e, ¥ 8P - COBMECTHHA CMeKTp Ha
B, yAoBierBopawmuit ycxoBuam A3), A4) u (4.1), M nycTs A - He-
KoTopHit roMoMopdu3M u3 HomA . PaBHOCHABHH CAEAYOmMHEe YTBepx-

AeHHUs :
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(a) A = AeT JXA HEKOTOPOro romMoMopduMamMa A &« homB Ta-
koro, 4uto A(b) € sp(b) (b € c(B));

(6) a(A) e sp((T(a,),T(a,),...,T(a ))) (a = (a,,8,,...,
an) € A", n €N,

HokapaTexbCcTBO. HMnaukauus (a) = (6) oueBHAHaA.

(6) #» (a). Tak kak aapo kerT romoMoppu3Ma T COAEepPXUT-
cda B kerA , To Ha T(A) ¢ B MOXHO OnNpeleXHWTh T OMOMOPPHU3IM
A" c ycxoBuem A" (T(a)) = A(a) (a € A). OcraeTcsd TNPUMEHHUTH
caeacTBUe 3 M XemMy 1.

Crencreye 6 MNycTs A — K-axre6pa C eAMHHLEl M sp -
COBMECTHHA CNeKTp H&a A , YAOBAETBOPSAOMHUA YCAOBHI A4).
Torza paBHOCHMABHH CASAYWEHEe YTBePXACHHUA:

(a) cymecTByeT roMoMopdrMaM A &€ HomA Takoi, 4To a(A) €
@ sp(a) nx9 XN6HX a € c(A);

(6) AAdA KAaxAoro a € A HanigeTcd 4YHCAO “a> 0 Takoe, 4YTO

MHOX€CTBO sp(a) n |"| O(0,N ) HemnycTo p:$.E BCeXx a =
k=4 k
= (a;,8,,...,8) € c(A).

JoxazareibeTBo. HMnaukauus (a) = (6) oueBHAHA.
(6) » (a). MoxoxuM

sp,(a) = {(a,a,...,a) € sp(a) : [o} < N,.cke N_},
rne a = (ai.a ,...,an) € ¢c(A). Toraa, kak Jxerko YCTAHOBHUTH
(cM. 3amevaHue 1), Sp, SBASETCH COBMECTHHM CNEKTPOM Ha A,

YAOBACTBOPSAOMUM YCAOBHAM A3) M A4). CormacHo Teopeme 4,
Hahpercsa Tenepb roMoMopdM3mM A € HomA Takoh, |TO a(A) €
€ spo(a) < sp(a) axas Bcex a € c(A). CreacTsHe AoKa3aHo.

lycte A - K-axre6pa ¢ eauHMUen. Jasa BCEX a =

= (ai,az,...,an) e A" (n € N) noxoxuM
a‘(a) = {(a‘,az,___,an) e K" : Zbk(ak - ae) *e, A4 BCeX
b,,b,,...,b € A},
9‘(a) = ___,an) e K" :k§ (ak - akeh)bk * e, Axd BCeX

=1

b.,b,...,b €A},

o*(a) = o*(a) U oM(a)

Jlerko y6eAHWThCH, YTO OTOGPAXEHHd ¢ , ru o YA OBAETBOPANT
ycxoBuo Al). Ho OHM YAOBAETBOPANT M YCAOBHIO A2), YUTO Jerko
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BHTekaeT u3 cieaykmero pesayabTaTta (cM. [18], c. 88).

Nemma 3. NMycTh A - K-axre6pa ¢ eauHuuer, n €N, p €
e P(A"), a = ( gre18 € A" n (a,0,...,0) € K". Tor-

Aa CYmMecTBYOT 3JAeMeHTH bk,ck €A ¢ k e Nn Takue, 4YTo
p(a) - p((aesae,,...,xe,)) = ‘f‘ b (a, - ae,) =

= I (s, - oe,)c,.

k=14
COBME@CTHHE CMNeKTPH oA(a), a‘(a) ] 0‘(3) Axsl Ha6opa
a = (a,a .....an) 3JeMeHT0B GaHaXOBOR aXxre6pH BBelleHH B

[10]. CaeayeT OTMeTHTh, YTO MHHOrja 3TH COBMECTHHE CHeKT-
PH HAa3HBAKWTCH COBMECTHHMH crekTpamMu XapTa, Tak Kak HX XOBOAb-
HO TmaTexbHo u3yuua P.Xapr (cM. [18,18,20]).

Crencrpue 7. NycTe A - K-axre6pa c epuHHLeRh. EcAu MHO-
XeCTBO a‘(a) orpaHM4YeHo AXA BceXx & € A, To MHoxecTBo HomA
HeNycTo B TOM M TOXBKO B TOM caydae, Korza ¢ (a) HenycTo Rad
Bcex a < c(A).

NycTh, HakoHe, A - Q-axre6pa c exuHuuen Hax K Tako#n,
uyTo MHoxecTBo HomA HenmycTo, r,(a) - CNekTpaXbHHA Ppazuyc
3JxeMeHTa a € A B azxrefpe A, T.e.

r,(a) = sup {ja] : a € o*(a)

C(HomA,K) - axre6pa BCeX K-3HaYHHX HeNnpepHBHHX OQYHKUHRA
Haa HomA, HanexeHHas paBHOMEPHOM TOMOXOLMER ¥ MNYCTh R =
= {a : a € A} ¢ C(HomA,K). Xopomo H3BeCTHO, YTO €CAH A dB-
AeTCs ¥ TMOYTH Kouuyraruaﬂon4 GM-aare6poit, To oA(a) = a(HomA)
Axa Bcex a € c(A) (cp. [22], c. 308).

Chrencrene 8. NMycts A - €-axre6pa , B - nouTH komMyTa-
THBHafd GM-aare6pa, koropas aBAfETCS M Q-aire6poit ¥ NyCTh
T - roMomoppu3amM u3 A B B Takol, UTo T(eA) = ey . Ecaun

(a) mogaxreépa { beB : b = T(a), a € A } ¢ C(HomB,T)
BCIOAY TNioTHa B B

3 Ecan A gdaBAfercs Q-aiAreSpoi C eAMHHLER, TO TMPOCTPaHCTBO
HomA koMnmakTHO ( cM.,HanpuMep, [22], c.187).

4 Axre6pa A Ha3HBaeTCd MOYTH KOMMYTATHBHOR, ecau ¢aKTop-
aareépa A/RadA aare6pu A no pazukaxy Jxeko6coHa RadA . xom-
MYy TaTHBHa . .ot
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(6) rA(a) = rB(T(a)) ARSI BceXx a € A,

TO OTO6EpaxeHue ™ . A — AT us HomB s HomA ecTdb roMeo-
Mopdu3aM gnpocTpaHcTBa HomB Ha HomA.

HlogazaTeabCTBO. llokaxeM, BO-NEepBHX, YTO ™ - oTo6pa-
xeHne "na". Tak kak oP(b) = b(HomB) axa Bcex b € ¢(B), 7o,
COrJacHO CHeACTBHO 5, JAOCTATOYHO Y6eAMTbCH B TOM, YTO
a(HomA) < a’((T(a‘).T(az)....,T(an))) (a = (a,,a,,...,8)) €
€ A" . NpeAnoxoxuM NpoTHBHoe. Torja

kf,bk(T(dk) - Ao(dk)en) = e
AXA HEeKOTOPHX Ao € HomA, bk €B n dk € A (k e Nn) U ecau
£ > 0 - xw6oe 4HHCEO, TO (COr¥acHO YyCXOBHMM (a)) HaWAyTCH c, €
e A (k € Nn) Takue, HTO

sup {{r(b, - T(c))| : A « HomB} < =.

Tenepb AXA Bcex XA € HomB uMmeeM

IN(T(e ~Zcg)]| s T MT@)] I - T(e] <
k=1 k=1

ne max{r (T(g)) : k € N } ,

rae &, = 4, - Ao(dk)eA (k € Ho, MOCKOXbKY
1=A(e, -Zcg) Sry(Tle, ~Zcg)) =
k=1 k=1
= sup {l)\(T(eA -~ = ckgk))| : A € HomB}
k=1
AR BCex c, € A cke , TO 3TO HEeBO3MOXHO. CXeJOBATEAbHO,
a(HomA) < o"((T(a,),T(a,),...,T(a))) Axs Bcex  a =
= (a‘,a a) e A", T.e. oTo6paxenune T* COPBEKTUBHO .

Iaxee, MCNoOXb3yds YyCXoBue (a) 3aMeTHM, HTO T* B3aWMHO
oAHO3Ha4YHO Ha HomB u, Tak kak npocrTpaHcTBo HomB kxoMnakTHo
U oTo6paxeHHe ™ HenpepHBHO, TO ™ ABAIETCA I OMEeOMOPPHU3IMOM
HomB na HomA (cM., HanpuMep, [8], c. 199). -

Caenctpue 9. Mycrb A M B - GM-axre6ps ¢ eAMHMLEeH, KO-
TOpHEe ABXANTCA M Q-axreépaMm M nycTb T - roMoMopdHu3M M3 A B
B Tako#i, 4TO T(eA) - e,. Ecan axre6pa B MNOYTH KOMMYTATHB-
Ha M BHIOXHEHO ycXoBHe (a) M3 CcXeiacTBud 8, To creAyomHe yT-
BepPXJieHUS PABHOCHXBHH:
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(6) r,(a) = r,(T(a)) AIA Bcex a <€ A;

(B) 0‘(3) aB(T(a)) AN BCeX a € A.

IokazaTelbCTBO. (6) =» (B). Y6eaMmcs cHavajga, 4TO M al-
re6pa A dABadeTcCA TMOYTU KOMMYyTATHMBHOH. B camoM pele, ecau
a,b,c € A - 106He 3IeMeHTH, TOo

r,(c(ab - ba)) = sup {|A(T(c(ab ~ ba)))| : A « HomB} = 0
U, nosromy, ab - ba € RadA 1aas Bcex a,b € A (cMm., Hanpumep,

[5]1, c. 196). OcTraercd NPUMEHUTh clAelAcTBue 8.

B 3aKi0M4YeHue OTMeTHUM, UTC TeopeMH 3 M 4 M caeacTBua 1-9
Y CUANBAONT COOTBETCTBYMIIME pe3yabTaTH M3 [4,11,12,13,14,24,25]
(cM., Takxe, [B], c. 242-244, 254).
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NocTynuiao
24 XI 1989
\ .
UHISSPEKTER JA BOMOMORFISMIDE JATKAMINE
A.Kokk

Resimee

Kidesolevas t66s on uuritud iihikuga K-algebral (K =R
voi €) aksiomaatiliselt defineeritud tiihisspektri ja selle
algebra homomorfismide ruumi vahekorda.

Esmalt kirjeldatakse seost iihikuga K-algebral maaratud
tihisspektri ja selle algebra 1l8plikult tekitatud alamalgebra-
te homomorfismide ruumide vahel.

See jarel ndidatakse, et topoloogilisel Gelfand-Mazuri
Q-algebral leidub mittetriviaalne homomorfism siis ja ainult
siis, kui selline homomorfism leidub igal 1dplikult tekitatud
alamalgebral.

T66 pdhitulemus on toodud teoreemis 4, mis muuhulgas
véiidab, et tihikuga K-algebra A omab mittetriviaalset homo-
morfismi parajasti siis, kui leidub algebral A maaratud
tihisspekter sp nii, et sp((a,,s,,...,8)) < K" on mittetuhi

ja tdkestatud iga (a!,a a ) « A" korral.

Teoreemist 4 on jareldustena saadud ka rida tarvilikke
ja piisavaid tingimusi alamalgebra homomorfismi jatkamiseks
kogu algebrale.
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JOINT SPECTRUM AND EXTENSION OF HOMOMORFPHISMS
A.Kokk
Summary

The theory of Jjoint spectrum for elements of unital
Banach algebra has been studied by several authors (see, for
example, [15,16,16,24,25]).

In this note we present some considerations con-
cerning the axiomatic concept of a joint spectrum introduced
by Z.5todkowski and W.ielazko [23,28].

We first establish a relation between the joint spectrum
on a unital K-algebra A (K = R or €) and spaces of non-zero
homomorphisms of finitely generated subalgebras of A.

Moreover, it is shown that a topological Gelfand-Mazur
Q-algebra possesses a non-zero homomorphism if and only if a
non-zero homomorphism (not necessarily continuous) exists on
every finitely generated subalgebra of A,

For our present purpose, the most important result is
Theorem 4, which states that a unital K-algebra A has a non-
zero homomorphism if and only if there exists a Joint spec-
trum sp on A such that sp((a‘,az,...,an)) < K" is non-
void and bounded for every (a.,a,...,a ) € A",

Finally, we derive from Theorem 4 a series of conse-
quences, which provide necessary and sufficient conditions
for a homomorphism on a subalgebra B of A to have an

extension to A.
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PP ENDOMORPHISM MONOIDS OP ACTS
P.Normak
Tallinn Teacher Training Institute

There is a great number of papers devoted to the homo=-
logical classification of monoids, that is, to the determi-
nation of properties of a monoid S by the properties of
certain classes of S-acts.

In this paper we lead our investigation to finding out
some endo-homological properties of monoids. This means the
determination of properties of S by certain properties of
endomorphism monoids of S-acts. In [3] it is proved that
End Fy (Fy - a free 1lett S -act with ; generators, f
an arbitrary cardinal number) is regular iff S is regular
and every left ideal of S with /| generators ie princi-
pal for all | <N <Y. By[6], S 1s a Baer (Riokart)
monoid iff EndF is ( F an arbitrary free left S =-act).

In the present paper PP  endomorphism monoids of
projective and injective acts are taken into consideration.
It is proved that O 1s left (semi)hereditary iff EndgP
is lett PP for every (finitely generated) projective left
S-act sp « It is also proved that EndsQ is right PP zor
every Injective left S-act Q iff all factor acts of
any injective left O -act is injective.

1. Preliminaries

In the following, S will always denote a monoid. A
lett S-act A 1is a set on which S acts unitarily from
the left: A=0 and for Q€A an
act with one generating element is called cyclic and a left
(right) ideal with one generating element - principal. The
projective and injective acts are defined as ususl. An ele-
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ment S is called right € -cancelleble if €3=4A and
from XA= X,"GS, it follows thet X€=Y& A monoid is
called left (semi)hereditary if all its (finitely genera-
ted) left ideals are projective. A monoid S is called
lett PP ir el1 its principal left ideals are projective
(as left S -ects). The category of all left S -acts is
denoted by S -Act. A left S-act (G is called generator
if for different S-homomorphisms o(,P-X"—"‘Y there
exists & homomorphism G—»X such that The
injective envelope of an S-act A 1is denoted vy E (A)
coproduct of acts by Al and the Rees factor act of X and
Y vy X/)' An  S-act is called weakly ({ -)injective if
it is injective relative to monomorphisms of (finitely ge-
nerated) left idesls of S into S.

We recall the following facts:

1.1, Lemma([4]. Proposition 1). A principal left ideal
SA' A€ S, is projective if and only if 4 is right € -
cencellablp for some €.€S.

1.2. Lemma(f41. Corollary 2). A monoid S 1is lett PP
if and only if every principal left ideal of S is genera-
ted by & right € -cancellable element for some € € S,

1.3, Lemme([1]. Theorem 1). A monoid S is left semi-
hereditary (hereditary) if and only if O is left PP ana
incomparable principel left ideals are disjoint (and the
monoid S satisfies the ascending chain condition for
principel left ideals).

1.4, Lemma([1]. Theorem 2). The following conditions
for a monoid S are equlvalent:

1) S  is left (semi)hereditary;

2) all(finitely generated) subacts of any projective

-act are projective;

2. pp endomorphism monoids of projective acts

In this section we consider. ppP endomorphism mo-
noids of (cyclic, finitely generated) projective acts.

First we present some lemmes.

2.1, Lemme. Let A€ S-act and YEEnd A. 12 (AY 15
projective, then (§ is right YM -cencellabdle, where
p:(A)\P— A is & monomorphism.

Proof. By projectivity of (A)\P we have that there
exists & monomorphism H(A)‘? —»A such that =C°l(AN We
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have that =Y, Let now XY == PY¥ for
some &, P € EndA. Then o (PM) = (K P =(pP)m = B(PM).

2.2, Lerma. Let A€S-ct and Y€EndA.1z ¢
then ¢! A—-?'(A)t? is a retraction.

Proof. Let Q€ (A)*-? and c=(AM—-A en injection.
Then there exists an XEA such that @ = (X). We have
(a)C‘P=(X) =(X)t(’"=(x)&9=a.

2.3, Lemma. Let GES-Act be a generator and f € End(»
be € -cancellable for some € € End (. Then there exists a
retraction G —

Proof. By Lemma 2.2 it sufficies to show that 1
Q(G)e Define a mapping & : (G)e—v(G)&p setting
If = then
Hence & is a correctly defined homomorphism. Obviously
o is en epimorphism. Let now (9,)¢ —(92} for some
elements 9,“ By ; Proposition 4.1] there
exists an epimorphism G—>S.1et (9)€- 1 for an element

€ 5. Define homomorphisms X, ": S—#G setting (H)X =

and . Then EXY= and hence EX@ = Eye
from which we get X@=Y€ and therefore (q.)e = (4))(3 =
= €. Hence ol is an isomorphism. From Lemme 2.2

it follows that (G)Y (G)e is a retract of G.

2.4, Provosition. Let € .F—=P ve a retraction with
F free. Iz EndF is a left PP -monoid then so is EndP,

Proof. Let @ € EndP  be an element and let Xa=ya
for some elements X,Y € End P . Denote with { the embed-
ding P-—=F. Then (&= 4?' From the equality XA=YA we have
excear . By Lemma 1.2 there exists an element
{€EndF  such that

| exit €))

and {.ei.-em =-Peall =eaL = 4F-eac. Using once more Lemma
1.2 we get {3‘:{ = = ., Now we have Cfiea- tfml€=
=(Ba(€ -Q and, by equality (1), x{e=(exile de=
='lat'~l€. Hence @ is right -cancellable and therefore
End is a left PP -monoid by Lemma 1,2,

2.5, Theorem. A monoid & 1is left PP if and omly
if Ena P is left pp for every cyclic projective S-aot P

Proof. Sufficiency follows from the isomorphism End S&
=S.

Necessity. Let S te a left PP -monoid and Pa cyc~-
lic projective left S -act. Let PE End P. Then (P)Y &
€P_Sisa cyclic left S -act and therefore projective.
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FProm Lemma 2.1 we get that is right @ -cancellable for
some element € €EnaP . Hence EndP is left PP, vy Lem~
ma 1,2,

Because End S¢2zeSe for an idempotent ([5], Lemma 5.2),
we get from Lemms 1.2 the follewing

2,6, Corollary. A monoid S is left PP if ana only if
€S is left PP for every idempotent €€S.

2.7+ _Theorem. The following properties of a monoid S
are equivalent:

1) § 1is left semihereditary;

2) End P is left PP for every finitely generated pro-
jective left S-act P,

3) EndF is left (44 for every finitely generated
free left S -act F.

Proof. The implication 2) = 3) is obvious,

3)=>1), Let I vea finitely generated left ideal of
5 and 1let I F—1 ve an epimorphism, where F is a fi-
nitely generated free left S -act. Leti:I—>F be an  in-
clusion., Because F is a generator and EndF  1left PP vy
hypothesis, we get from Lemma 1.2 that fI'i € EndF is
right € -cancellable for some illempotent E€EndF and
from Lemma 2,3 that I M(F)XL as a retract of & free S -
act, is projective.

1) 2). Let S be a left semihereditary monoid and P
a finitely generated projective left S-act. Let € EndP,
Then (P)P & P and (P)Y ie finitely generated. By Lemma
1.4 we have that (P){ is projective and by Lemma 2,1 -that
{ is right € -cancellable for some element € € End P,
Prom Lemma 1,2 we get that EndP  is left PP

Replacing finitely generated projective (free) left S-
acts in Theorem 2.7 by arbitrary projective (free) left S-
acts we get the following

2.8, Theorem. The following properties of a monoid
are equivalent:

1) S is left hereditary;

2) End P  is left PP for every projective left S -
act P H

3) End F  is left PP for every free left S -act F.

Theorems 2.7 and 2.8 ean be generalized. Call a monoid
C =hereditary ( C an arbitrary cardinal number) if all its
C -generated left ideals are projective. Then we have the
following
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2.9. Theorem. The following properties of a monoid S
are equivalent:

1) S isleft C-hereditary;

2) End ¥ ig left PP for every C -generated projec=-
tive left S -act P ;

3) End F is left PP tor every C -generated free
lett S-act F.

Next we construct a left hereditary monoid S &nd a fi-
nitely generated projective left S -act P such that EndP

is not semi-hereditary.
2.9, Example. Let S={0j 1] and P=SWO, where O is s

one~element left S -act. Then End P is isomorphic
to the following monoid E=[X;9‘|%;w;a;4}:

1x Yy 2z w a1

X x X w w Xx X

Yy x ¥y 2 W x y

2[x 2 y w x 2

WX W X w x w

QX X w wWw o a

1HXx yz w a i

Then Elj and EQ are incomparable with E nEGHEﬂ. By Lem-
ma 1.3 the monoid E is not left semihereditary.

The following essential problem arises: could the con-
ditions 2) and 3) in Theorems 2.7 and 2.8 be strengthened
restricting the class of all (finitely generated) projective
left S-acts, for example, to the class of all cyclic left
S-acts. A partial answer follows in the

2,10, Proposition. Let S be & monoid with central
idempotents. Then S is left (semi)hereditary if snd only
if EndP  is left (semi)hereditary for every cyclic projec=
tive left OS-act P.

Proof._Sufficiency follows from the isomorphism EndS¥S,

Necessity. Let P vea cyclic projective left S -act.
Then P2 Se  for an idempotent €€ S ([5], Theorem 3.7).
By Theorem 2.5 we have that eSexEnd P is a left PP monoid.

Let now eSe ve noncomparable principal left ideals
and let T! S| }, (=1{,2 . It is easy to show
that I, and Iz are incomparable left ideals of S, hence
disjoint. This follow I, N I @ . Let now . Ye
an ascending chain of principal left ideals in €Se&., Then
I, < Iz . 5  where is an ascending
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chain of principal left ideals in S The rest follows from
Lemma 1.3.

3. pp endomorphism monoids of injective acts

In the ring and module theory, the analogue of Theorem
2.8 can be dualized: in it is shown thet & ring R is
left hereditary if and only if EndQ is right semiheredi-
tary for every injective left R =module Q Ag we see from
the following, respective duelity takes place for monoilds
and acts as well.

3.1, Theorem. End® 1is e right PP -monoid for every
injective left S -act Q if and only if all factor acts
of any injective left S-a.c'l: are injective.

Proof._Necessity. Let Q' be en injective left S —act
and :Q'— A en epimorphism. Let Q=E@LALE(ER)/A).

By injectivity of Q’ there exists a retraction gQ—*Q
and hence . Q—A isen epimorphism. If &° A=Q is
an embedding then €End Q. By Lemma 1.2 ( is left
€ -cancellable for some idempotent Eth «Prom Lemma
2.2 we get that (Q)e as a retract of Q is injective. We
have A= (A)('. (= - (Q)e, By injecti~-
vity of (Q)e we have that E(A)& (@)@ eand that there
exists a retraction Ty:(Q)e » E(A).Let %:E(A)—"E(A)/A
be a canonical epimorphism and iq-‘E(AVA—-"-Q an embedding.
We have the following diagram

' .
Q-2 A
/
‘e Ra A Q
Q—=~(Q)e—-E(A) .
Denote the zero (A)A, ¢4 in @ with 2 . Let be
e zero homomorphism such that{@)0 =2. Then
from which we get = e-emd:|, = ee = 6. suppose

that there exists an element §, in E(A) A. Then we have
%32 a-(q,)e & contrediction. Hence E{A)= A
and therefore A is injective.

Sufficiency. Let Q be an injective left S -act and
ot € End Q’. By hypothesis Q) is injective, hence there
exists e retrection J:Q—»=(())ck.Denote € =KL where
{:(Q¢—Q 1is the injection. Then %€ =« =ol Let now
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?.Te End@ Vve endomorphisms such that A B=ct Y. Then
(%P‘-'(W.for every QE(G)ck Because (Q)*-(Q)e we get that
ep= 62\, Hence et is left € ~cancellable and therefore
Enda Q) 1is right PP by Lemma 1.2,

Because S is left hereditary if and only if all face
tor acts of any left injective S-act are weakly injective
[1, Lemma 1.4], we have the following

3.2, Corollary.(of. [17]. Corollary to Theorem 2). If
End @ is a right PP -monoid for every injective left S-
act @ then S is left hereditary.

From Theorem 3.1 and Theorems 1 and 5 of it fol=-
lows that Corollary 3.2 is not invertible.

The question arises whether there exists a convenient
subclass B of all injective left S-acts (for example: all
injective cogenerators, all character acts of projective
right S-acts etc.) such that left hereditary of S is
equivalent to the right PP property of End@ for all acts
from O&L.
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POLUGOONIDE PP ENDOMORFISMIMONOIDID
P.Normek
Resilimee

Artiklis nHidatekse, et monoid S on vesekult (pool)
pirilik parejesti siis kui EndgP  on vasakult PP -monoiad
koikide (1loplikult moodustatud) projektiivsete vesakpoolsete
S-poliigoonidePkorral. End SQ on PP -monoid paremalt koi-
kide injektiivsete vasakpoolsete S -poliigooniderorral pa=-
rajasti siis,kui injektiivsete vasakpoolsete S-poliigoonide
faktorid on injektiivsed.

PP-MOHOMAN SHEOMOPPU3MOB IOJHI'OHOB
II.HopMaxk
PezwMe

MoHOHMA Ha3HBaeTCs JNeBHM PP—MOHoquu, eciH BCe ero rizas-
HHE JeBHe MHAealH TNPOeKTHBHH. MOHOMJA Ha3WBaeTca (noay)Hac-
AeACTBEHHHM clleBa, eclM BCe ero (KOoHe4YHO MNOpPOXAeHHHe) IleBHe
HAealH MPOeKTHBHH. Iloka3aHo, 4TO Monouns apageTca (noay)rac-
AeACTBEHHHM cleBa Torja M TOABKO Torja, Korja End_SP ABAseT-
cs MpaBHM PP -MOHOMAOM AAS BCeX MPOSKTHBHHX (KOHEYHO MOPOX-
BeHHHX) JNEeBHX S—nonurouoa P. EM&Q ABagercsa npaBHM PP ~Mo-
HOMJAOM Al BCeX HMHBEKTHMBHHX JIeBHX S -noauronos Q_ TOrAa H
TOABKC TOrja, KXorja TIOMoMOpdPHHEe o6pa3nl HHBLEKTHBHHX JNeBHX
S -NOAMroHOB HMHBEKTHBHH.
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Acta et commentationes universitstis Tarteensis, 878 , 1690, 91-102.

MOHOHIH CTPOUHMX 3SHIOMOP®H3MOB OBOBMEHHHX JEKCHKOTPA®HYECKHX
IIPOM3BEJEHHA T'PA$OB

¥ .HymmepT
Jla6opaTOpUA MNPUKIAXHOK MaTEeMaTHKH

fIoHATHE JXeKCcHKOorpadHuyecKkoro NPou3BefeHUs rpados BlepBHE
nogBuiock B 1959 r. B paGore [3] &.XKapapu. HM xe 6HX nocraB-
AeH BOMPOC O TOM, B KaKMX cAyYasx Cpylnna aBTOMOPPUIMOB TaKOro
MPOK3BeKeHUs HABAAETCH CHNAeTEeHHeM TCpYMNNn rpadpoB-COMHOXHUTeReHR.
OTBET Ha 3TOT BOMPOC BIMNOCAEXCTBUH O6HA mnoiydeH I .CabuRyccH
({81, [9]) u (B ocobmeHHoi ¢opme) I.Xemmuurepom ([4], [5]).
AHaAXOrUYHaAg Mnpo6ieMa AAA MOHOUZOB CTPOTHX IHAOMOPPUIMOB pac-
cMaTpuBaiack B pa6oTtax [6], [7] Y.Knay3’pa u B cTaThe [1] aB-
Topa

HacTosAmas cTaThd MO CymeCTBY SBASETCHA NPOXOXXEHHEM paco-
TH [1]. BHfcHeHHass B [1] cBA3b MeXAy MOHOMEKOM CTPOTMX 3HAZO-
MOPDH3MOB KOHEYHOr'o rpada ¥ rpynno# aBTOMOPPU3IMOB ero gaxkrtopa
HCMOoXb3yeTcH AAA “NORHATHUN™ peayibraTa P.Xemmunrepa ([5]) Ha
cIy4Yak CTPOTMX 3HAOMOPOU3MOB. IIDUBORUTCH TakXe KPUTepu# S-He-
CXMMAEeMOCTH O6O6mMEeHHOr0 JAeKCcHKorpaPuueckoro MPOK3IBEXEHUH KO-
HEYHHX rpadosB.

1. NlpexBapHTeXbHHE CBeXCHHUSH.

I'padw paccMaTPHBaeM HEOPHEHTHPOBaHHHE, 6e3 IMeTedb H
KPaTHHX pe6ep. MHOXecTBa BepZHH U pebep rpada X oO603HAUUM
cooTBeTcTBeHHO yepe3 V(X), E(X) (BMecTo xe€V(X) 6ymeM nucaThk
x€X ). T'pap X ABAAETCH KOHEeUHWN, eCA¥ KOHeuyHO MHoxecTBO V(X);
CBE3HWN, €CHM AXA ANGHX BepmUH Xx,x'€X , x#x' HaRayTca Bep-
WHHH  2,,...,2 €KX TakHe, UTO 2,5x , z.=x" , [zl,z.,]cl(X)
npu i=1,...,n; ¥ poxuwn, ecau [x,x’ JeE(X) npu aw6HX x,x"e€X,
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x*x’ . DoJHH#A rpad¢ Ha n BepHlMHAX 6yJkeM 0603HAavYaThb 4depes Kn
Homoxrernnemn rpada X HasuBaeTcd rpad X ¢ V(X)=V(X), E(X)=
={[x,x"] : x=*x’, [x,x’]=E(X)} JIoMoXHeHHWe K TMOJHOMY rpady
HAa30BeM BIIOXHe HEeCBA3HNM. OTMeTHM, UTO Bcerja No KpahHe#h Mepe
OZMH U3 rpad¢oB X, X ABAAETCHA CBA3HHM.

I'vad Y sasadeTcd poxrpagom rpada X, ecam V(Y)SV(X) w
E(Y) ecTr orpaHMyenHue E(X) Ha nogmHoxecTBo V(Y). Makcumannb-
HHe CBfi3HHe noarpadn rpada Ha3HBaAWTCHA ero (CBASHNMH) KOMIIO-
HEHTaMy. OKpeCTHOCTHbR BepmMHH x€X Ha3o0BeM MHoXecTBO N(x)=
={x'eX : [x,x']eE(X)}. BepmuHa x c N(x)=@ Ha3HBaeTCad H30IH-
DPOBAHHOH.

OTo6paxeHne ¢:X—Y HasuBaeTCd  IoMOMOPPH3IMOM TpadoB,
ecau [x,x’ ]JeE(X) Baeder - [¢(x),e(x’)]eE(X). ToMoMopduam ¢
ABAAETCA CTporuM, ecan [y,y’ ]J€E(Y) Baeuer [x,x’ JeE(X) naxa
Bcex x,x'eX TakuxXx, 4TO0 e(x)=y, ¥(x’ )=y’ . BHEKTHUBHHHA CTpPO-
CHA TOMOMOPOM3M Ha3HBaeTCA H3OMOPPH3MOM, MHOXeCTBa BCEX [OMO-
MOP®HU3MOB, BCEX CTPOTMX rOMOMOPPH3MOB M BCEX HM3IOMOPOU3MOB M3
X B Y o603HauuMM cooTBeTcTBeHHo 4depe3 Hom(X,Y), SHom(X,Y)
U Isom(X,Y). B cayuyae X=Y TroOBOPHM O (CTDOIHX) SHAOMOPPH3IMAX
U aBToMoppusMax W ynorpec6igeM o6o3HayeHud End(X), SEnd(X) wu
Aut(X). OueBMpHO; uTo End(X) u SEnd(X) — MoHOMAH, Aut(X) —
rpynmna, M Aut(X)=Aut(X). MoHouman End(X) u SEnd(X), Boo6ume
roBopsd, NPU Nepexoje K JONOJHUTENLHOMY rpady He COXPaHAWTCH.

I'pa¢ X Has3wBaeTcd S-nHecxumaeMmuM, ecau Aut(X)=SEnd(X).

/ OonpezesMM Ha MHOXeCTBe BepmMH rpada X oTHoNEeHHMEe 3KBHMBa-
aeHTHocTH R, noxoxuB xRx’, ecam N(x)=N(x’'). dParxrop-rpapom
rpada X HasoBeM rpad¢ F(X) C MHOXeCTBOM BepllMH “
MHOXECTBOM pe6ep E(”(X)):{[Rx,Rx,] : [x,x" ]J€E(X)}. OTMeTHM,
uyTro rpadt X u F(X), a Takxe X M F(X) CBA3HH MIM HeCBA3HH
OZLHOBPEMEHHO.

O606meHHNM XeKCHKorpadudeckuM npou3BejerHeM TrpatoB X,
Yx (xeX) Ha3HBaeTcda rpag Z=X[(Yx)x€x] C MHOXECTBOM Bep-
WHH V(Z2)={(x,y) : xeX, erx} U MHOXEeCTBOM pe6ep E(Z)=
={[(x,¥),(x",y")]:au60 [x,x’ ]Je€E(X), an6o x=x', [v,y’ ]éE(Yx)}.
IIpocToe Jexcuxorpapuveckoe HPOH3BeJeHHe TNOJYUUM, ecClH YXEY
npM Bcex x€X .

OycTe &, © HeKOTOpPHE MOHOMAH MNpeo6pa30BaHHUii HA MHO-
XecTBax BepliMH rpadoB X, Y cooTBeTCTBeHHO. Cnrererneym % wr ©
Ha30BeM MOHOMJZ, NMOCTPOECHHHHA Ha MHoxecTBe & X F(V(X),®), c yM-
HoxeHweM (e, f)(v,g8)=(vv,f &) (3RecCp F(V(X),®) — MHOxXecTBO
BCcex oTo6paxeHM# U3 V(X) B ©@ wH fwg(x)=f(w(x))8(x) npu xe€X).
MoHoMZ % wr ©, jeiicTBY® Ha MHoxecTBe V(X) X V(Y) mo mnpaBHay
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(e, f)(x,y)=(e(x),f(x)y), MoxeT paccMATPHBATECHA KaK MOHOHX
npeoSpa3osaHuit rpada X[Y].

Nyctes Tenepr X, Yx (x€X) rpadn, ¥ HEKOTOpPHH MOHOMZA mnpe-
ofpal3oBaHMit rpada X, H %S, ﬂé Malne KaTeropuuM c¢ ObJ(ﬁS)=
=0bj(ﬁb)={Yx : xeX} , Mor(Yx ,Yx.)=SHom(Yx ,Yx.) B KaTeropHuu
Ka M Mor(Y_ ,Yx.)zlsom(Yx ,Yx.) B KaTeropHu %; Hanee 4depe3l
X 0603HauyMM IO6YH M3 Kateropud K., mb. PacCMOTPHM B MHOXeCT-
Be & x F(ObJj(X),Mor(%X)) NOAMHOXECTBO T=1{ (e,f)
£:0bj(%)—Mor (%), f(Yx)eMor(Y ,Y ) npu Bcex x€X }. MHo-

x’ “p(x)
xecTBO T C YMHOXeHHEM (P,f)(v,3)=(9w.fwg) (rae fwg(Yx)=
=f(Yw(xy)g(Yx) ) of6pa3yeT MOHOME & wr X — crreTeHHe MOHOHZA

P ¢ mMarzo# KaTeropHest ¥ (6olee o6mHUe onmpefeleHHUs CM. B pacoTe
[2] B.®asumepa). STOT MOHOMJA MOXeT pacCMaTPHBATLCH KaK MOHOHA
npeo6pazobannit rpada X[(Y ) _y] (&eficTBHe onpexeasercd Tak
Xe, Kak B ciay4dae NPOCTOr'oc A@KCHKorpapudeckoro NPoU3BeReHHd) .

B 3akip4YeHue pa3fieda OTMETHM HEKOTOpHe NPOCTHE $aKTH:

1.1, OPEAJOXEHHE, Has mo6ux rpados X, Yx (x€X) wnMeoT
MecTO BKIWYEeHHH:

(1) Aut(X)wrX; S Aut(X[(Y, ), 1) ;

(11) SEnd(X)wr¥g = End(X[(Yx)xex])

Joxasarezscreo. (ii) MycTs Z=X[(Yx)x€x]. peSEnd(X)wrﬂs.
T.e. p=(¥,f), rae weSEnd(X), f(x)eSHom(Yx 4 (x)) npM Bcex
x€X. Ecau Teneps [(x,¥y),(x’,y’)]eE(Z), To am6o [x,x’ J€E(X),
[w(x),w(x')]IeE(X) u  [e(x,y),e(x’,y’)]1€E(Z), am6o x=x' ™H
[y,y‘]eE(Yx), 4yTo BaedeT [f(x)y.f(x)y‘]eE(Yx) M CHoOBA
[e(x.y),e(x’,y")]1sE(Z).

(i) O6o3HaA4YMM Z=X[(Yx)xex]. NnycTh p=(w.f)eAut(X)wrxé
BHEeKTHBHOCTEL OTO6PAXEHHUS [ cpa3’y cleayeT M3 6GHUEeKTHUBHOCTH
oTo6paxeHu#t v u  f(x) npu Bcex x€X . Mo  (ii) p —
3HZOoMOpPDU3aM. I[lycTh Tenepsb [e(x,y),e(x’ ,y’)]€E(Z). Ecau
[w(x),w(x*)1€E(X), To [x,x"]€E(X) un [(x,y),(x’,y")]1€E(2)
Ecan w(x)=¢(x’), To B CHAY MHBEKTUBHOCTH ¥ MMeeM Xx=x’', H
[f(x)y,f(x')y']eE(Yx) BaeweT x=x" u [y.y' 1€E(Y,) (T.k. £(x)
H3IOMODPDU3M) .

X[y,w)

(x,.¥)
Puc. 1.
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1.2, 3AMEYAHHE. 3iIeMeHT ClniaeTeHUs SEnd(X)wrﬁé He 06H-
3aH G6HTH CTPOIMM 3BAOMODPGM3MOM rpada X[(Yx)xexj. Hanpumep,
Ny CcTh X=Kz, Y=K;, Wzl;. w(x‘)=w(xz)=x2, f(xz)zidw 7} f(xt)
oTo6paxaeT €eIJHHCTBEHHY® BepmHMHYy rpada Y B a06y0 U3 BepmHH
rpagda W (oM. puc.l). Toraa p:(v,f)eSEnd(X)wrﬂé, HO @ He

HFBXBETCA CTPOTHM 3HAOMOPbU3MOM rpada X([Y,W].

1.3, OPEIACKEHHE Oycrs X, Yx (x€X) aw6ne rpads. Ecan
SEnd(X[(Yx)xﬁx])SSEnd(X)wrﬂg, TO Aut(X[(Yx)xex])zAut(X)wrﬂh.
Hoxazarexscrpo. IycTh Z=X[(Y*)xex] , eeAut(Z), Toraa

80 YCIOBHL p=(w,£), ¢ '=(¥,g), rle ¥,¥ €SEnd (X) n
fff)ssgfm(Yx 'Yv(x))' g(x)eSHom(Y_ , v'(x)) npu Bcex x€X . H3
¢ v=pp -id, caenyer w' =y y=id, ., T.e. ¥ G6HeKTHBHO H
HHBEeKTHBROCTL oTo6paxeHns f(x) npu xw6om x€X nps-

MO CIeAyeT M3 HHBeKTHBHOCTH OTO6paXeHMs ¢ . HONyCTHUM, dUTO
Haljeres yéYw(x) rako#, uto yeIm f(x). Toraza (¥(x),y)elm ¢ ,
noayuuM nporusopedne. Hrak, f(x) Takxe 6ueKUUM NMpu Bcex xeX.

IpeaxoxeHue Aoka3aHo.

2. S-HecxvMaeMoCTh OGOGMEHHHX JIeKCHUKorpPapuueCKMX NPOU3BEleHUuHt.

B 3TOM pa3jele MPUBOAMM HEOGXOAMMHE M AOCTATOYHHE YCIO-
BHA X8 S-HeCcXMMaeMoCTH O606MeHHOro JXeKcuKkorpapuieckoro
MPOM3BEJCHUA KOHEYHHX rpadoB B TepMHMHaX S-HecCXMMaeMoCTH rpa-
dboB-cOMHOXHTeael. 3TOT pe3yrpTaT o6q6maeT TeopeMy 4 u3 [1};
TaM xe pokasufaeTcs cresyomu# npocro# dakT ([1], zeMmm 3,3a):

2.1, JAEMMA, (i) HOycrs X xw6ont rpad, x,x’€X um peSEnd(X).
Ecan p(x)=e(x"), To N(x)=N(x");
(ii) KoHeuum#t rpad¢ X S-HecxMMaeM Torga M TOILKO Torja,
korga N(x)=N(x’) AaXg I060% nMapH Pa3HHX BepmuH x,x’ €X.

——dIEMMA, OycTsr x,x"'€X , erx , y'er, . PaBeHcTBO
N(x,y)=N(x’,y*) BHIOIHACTCE B x[(Yx)xeX] TOrja M TOXBKO
Torga, korja aum6o x=x’, N(y)=N(y’) , mm6o x*x°, N(x)=N(x') ,
M BepOMHH y M y’° H30IMPOBAHH.

Jloka3aTexbpCcTBo. 06 03HaAYMM Z=X[(Yx)x€x]. Oycre N(x,y)=
=N(x’,y’). HOonycTHUM, H|TO N{x)=N(x"), T.e. Hahlerca =ze€X,
[2,x]eE(X), [z,x" J€E(X). EcaM z#x', TO BRI xw6oro weYz UMeeM
[(z,w),(x,y)]eE(Z), HOo ([(z,w),(x’,y")]eE(Z) , mnpoTHBOpeEUHe.
Ecan xe z=x", Tto [(x,¥),(x’,y")]€E(Z), uTo Takxe npoTHBOpEe-
yuT ycxoBmio N(x,y)=N(x’,y’) . Hrak, N(x)=N(x’). Ecau Teneps
x#x°, To [x,x’ ]J«E(X), ¥ Axg Iw6oro WEYx c [w,y]eE(Yx) uMeeM
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[(x,w),(x,y)])eE(Z), HOo [(x,w),(x",y’)]eE(Z) . Craxo 6HTbH, B
9TOM Ciyyae y (M aHaJOTMYHO ¥’ ) HOXXEH 6HTb HIOXMPOBaH-
HuM. Ecau xe  x=x’, ToO [w,y]eE(Yx), [w,y']ﬁE(Yi) BJIEeveT
[(x,w),(x,y)]€E(Z), Ho [(x,w),(x’,y’)]eE(Z). HTak, B OSTOM
cayyae HOAXHO 6uTh N(y)=N(y’).

O6paTHO, eciu x=x’, N(y)=N(y’) ¥ [(2,w),(x,y)e€E(Z) , To
6o z=x, [w,y]eE(Y)), [w,y" J€E(Y,) n [(z,w),(x",y’)])eE(Z),
6o [z,x]eE(X), [z,x’ JeE(X) ¥ cHoBa [(z,w),(x",y")]eE(Z).
Ecaiy xe x*x’', N(x)=N(x’) ¥ BepmMHH y,y" HIOIMpPOBaHH, TO
[(2,w),(x,y)]€E(Z) BIe4deT [z,x])eE(X), [z,x* J€EE(X) w1
[(z,w),(x",y")]€E(Z). B o6oux caydadx moaydum N(x,y)=N(x’',y’).

2.3. TEQPEMA, MNycTs X, Yx (x€X) — KoHeyHHe rpadu. I'pad
X[(Yx)xex] S-HecxuMaeM Torja ¥ ToOIbKO Toraa, Koraza sce rpagu
Yx S-HeCcXUMaeMH, ¥ AAd KaxAo¥ napu pa3iWdYHHX BepmuH x,x’<€X
¢ N(x)=N(x") xoTd 6W OAMH U3 rpadoB Yk s Yk, He. COAepXUT HU30-
IMPOBAHHHX BEepHHH.

fokasarerscTBO. NycTh rpag X[(Yx)xex] S-HecxuUMaeM.
Eca¥ HexkoTOPHE rpad Yx He dBigeTcsd S-HecxUMaeMHM, TO RO
aeMMe 2.1 (ii) HalayTcd BepHUHH y,y'er , y2y', ¢ N(y)=N(¥y").
Ro Torza mo axemMme 2.2 umeeM N(x,y)=N(x,y’), 4YTO npOTHUBOPeYHT
S-HecxumMaeMOoCTH rpada x[(Yx)xex]' Ecan xe x,x’€X, N{x)=N(x")
u erx s y'er. -— H30JIUpOBaHHHEe BepmWHH, TO ONATH MO JeM-
Me 2.2 uMeeM N(x,y)=N(x*,y’). O6paTHo, ecau X[(Yx)xex] He
dBAAeTCA S-HecXMMaeMHM, To fo JeMme 2.1 (ii) HamayTCd BepmUHH
x,x"€X , yEYx s y‘er, Takue, dUTo N(x,y)=N(x’,y"). Ecau
x=x’, y*y’, TO mo xemme 2.2 wuMeeM N(y)=N(y*), T.e. Yk He
ABAseTCs S-HecXMMaeMHM. EcIU Xe Xx*x°, TO ondTh no JemMe 2.2
noay4uMm, 4To N(x)=N(x’) ¥ BepmUHH erk u y'eYk, U30IUPOBAHH.

OTMeTHUM, d4TO S-HecxuMaeMuilt rpap He MoOXeT CoaepxaTh
6oXee OAHON HUIOAMpPoBAHHOX BePmUHE (T.K. BCe H3IOIXUPOBaHHHE
BepOUHH H-2KBUBaJ€HTHH) .

3. MOHOMAH CTPOUMX 3HAOMOPOPUIMOB OGO6MEHHHX JeKCcUKkorpadbu-
YeCKUX NMPOUIBEASHHUHR.

Kax 6HI0 oTMedeHo Bume (cCM. 3amedaHue 1.2), chnieTeHUe
SEnd(X)wrﬁ% He BCerja BKIaZHBaeTCsd B MOHOMA SE“d(x[(Yx)xexJ)'
BHSCHHMM CHavdaza, NPU KaKUX YCIOBUSX Takoe BIOXeHUe HUMeeT Mec-
TO. OTMEeTHUM, YTO B caydae MPOCTOrO JeKkCHKOorpaduuecCKdre Mpous-
BeJleHUss STOT Bofipoc pemeH B [1] (Teopemst 3, 3a); B o6meM ciay-
Yyae OTBeT NoxyyaeTcd 3IHAYUTENbHO 60Jee TPOMO3AKHUM.
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Nyers X, Yx (xeX) rpadu, sz[(Yk)xeX]' CTPOrnit 3HAOMOD-
dU3M weSEnd(X) Ha30BeM Z-ZonycTHMEM , €CINW MHOXeeTBo
SHom(Yx, .) Henmycrto npu JAN60M x€X. OUeBMAHO, UYTO Z-JAOMycC-
THUMHEe CTpOrue 3HAOMOPOPU3MH M TOABKO OHM BCTPedyawTCd B KadecT-
Beé MepBHX KOMIOHEHT 3J1eMeHTOB CMNAeTeHUs SEnd(X)m:!Ks .

3.1, TEOPEMA, DHycrs X, Y,  (x€X) — rpadu, Z=X[(Y, ) 1.
HMeem SEnd(X)erSESEnd(Z) TOrJa W TOALKO TOorja, Korza JAad
A06HK x,x’€X Takux, 4To xRx’, x*x’, JAW60ro Z-JOMYyCTHUMOrO
weSEnd(X) Takoro, 4uTo w(x)=w(x’)=z, U JXWO6HX asSHom(Y_,Y ),
rieSHom(Yx.,Y) MHoxecTBa Im a u Im 3 npuHagiexaT pas3aud-

HHM KOMIIOHEHTaM rpada Yz .

JokasareapcrBo. JocrarouyHocTs. O0603HAYUM Z=X[(Yx)xex].
NycTe peSEnd(X)wrﬁfs , T.e. rae weSEnd (X) u
f(x)eGHom(Yx,Yw(x)) npn xe€X . B cuay npegaoxenus 1.1 (ii)

uMeeM peEnd{(Z). NycTk Tenepr [p(x,y),e(x’,y’)]1€E(Z) . Ecin
[w(x),w(x’)]€E(X), To [x,x’]€E(X), T.K. ¥ — CTPOTUA 3HAOMOP-
du3M rpadva X, u [(x,¥),(x",y’)]€E(Z). Ecanm Xe ¥(x)=w(x’')=z H
(f(x)y,f(x’ )y’ l€E(Y ), To mo xeMMe 2.1 (i) mMeeM xRx’. Homyc-
THMM, 4YTO Xx*X’ TOrja NOAYYMM MPOTHBOPeYMe C YCIOBUEM TeopeMH
npu a=f(x), A=f(x’). Hrak, AOAXHO 6HTL X=X'; Tenepb f(x)=
=f({x’ )ESHom(Yx,Yz) BieueT [y,y’ ]eE(Yz) n [(x,y),(x',¥y" )]1€E(Z).

Heo6Xo0qHMoCTh. NycTh ¥ — HEKOTOPHHA Z~JONYyCTUMHA CTpo-
rui suaomopduaM X , w(x)=w(x')-z, x*x’ u [a(y),.R(y")1€E(Y,)
MPU HEKOTOPHX aeSHom(Yx,Yz). ﬂeSHom(Yx,,Y ). Noxnoxum f(x)=a,
f(x*)-A ; nmpn u”x,x’ BHGepeM B KauyecTBe f(u) J060A >AeMeHT
ns SHom(Yu’Yw(u)) (3T0 BO3MOXHO BBHAY Z-JAOIHYCTUMOCTH ¥ ).
HMeem P=(w,f)eSEnd(X)wr9CS n [(x,y),(x,y’")]€E(Z) , HO
fe(x,y),e(x’' ,¥y')1=0(z,a(y)),(2,8(y"))1€E(Z), T.e. »=eSEnd(2).

3 CIEACTRHE ., Ecam R=A Ha X , TO BHNOXHHAETCH
SEnd(X)wrf'(SESEnd(X[(Yx)xex]) A3xg JXo6HX rpados Yx (x€X) .

NMepeXoAuM K HaXOXAEHUO YCAOBMHA ANA OGPATHOrO BKANYEHUS :
SEnd(X[(Yx)xex])ESEnd(X)wrxs. JlaxbHeimMe pacCyXjeHHUs cymecT-
BeHHO OMUPanTCH Ha Ccaejaylmui obmui peayabraT (cM. [1], xem-
MH B, 9):

3. 3. NPEIJIOXEHHE. NMyceres X — rpad, uMelmUA KOHEUHoOe
yucao R-kJaccop. Oro6paxenHue ¥:V(X)—V(X) aBageTcsd CTPOLUM
sHAOMOpdU3MOM rpada X TorAa M TOABKO TOrja, KOrLAA OHO MHAYUM-
pyeT MojACTaHOBKY Ha R-kjaccax rpapa X, SBIAAOEYIRCH aBTOMOD-
du3MoM rpava F(X).

3.4, JEMMA., IDycTe X, Yx (xeX) — rpadu, Qx=3"(Yx). “
£, — COOTBEeTCBEHHO KATEeropu, COOTBETCTBYMWUE rpadaM X, Y,
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u X, Qx (x€X). HNyCTb BHIOIHEHO OJHO K3 YCHIOBMIi:
(i) Aut(X)wr%b-Aut(X[(Yx)xex]) H
(ii) Aut(X)wr-‘EG=Aut(X[(Qx)xex])

Torga oToSpaXeHue

PIFXI(Y, ) D) PXIQ) g] ¢+ #(Ry o )=(xRy)

ABAACTCA HM3OMODPDH3MOM.

JokazaTesscTBO. 0603HaYNM Z=X[(Yx)xex], W=X[(Qx)x€x].
YTo6H IMPOBEPUTH KOPPEKTHOCTh OlpelielieHus ¢ , JAOCTATOYHO
noxasaTh, 4YTO KaxXjiHit R-kaacc rpagpa 2  LUeAMKOM HaXOAMTCH
BHYTPKH HEKOTODOro Yx' T.e. paBeHCTBO N(x,y)=N(x",y") B Z
BieyeT x=x’. B camMoM jgexe, nycTb N(x,y)=N(x‘,y’), x#x’. Torza

B CHUIy JAeMMH 2.2 BepHMHH y, y' MH3IOJIWPOBAHH B Yx s Yx’ COOT-

BeTCcTBeHHo. fAcHO, ¥To #n(y), n(y’) Takxe u30JAMPOBAHH B Qx ,

Qx' (3decy @ ecTecTBeHHas MPoeKUMT rpada Ha ero PaxTop),
N(x,a(y))=N(x’,n(y")) B Trpade W. Ho Torza oToSpaxeHue
a:Z—Z , MeHaowmee Mexay coSoi (x,y¥), (x’,y’) u ocTraBiafpmee
OCTalbHHEe BepEMHH Ha MecTe, HBAfeTCH aBTOMoppu3MoM rpada 2 ,
He mNpHHaLJeXaluM Aut(X)wr%é , ¥ aHaJormiHo, oTo6paxeHue
3:W—W , MeHswmee Mexay coSoi (x,n(y)), (x',n(y’)), mnpuHajn-
AEXUT Aut(W)\Aut(X)wrfG.

To, dYTo © ABAAETCHA HIOMOPPU3IMOM, IMPAMO BHTEKaeT U3

JeMMH 2.2 u omnpeleleHud daxTop-rpada.

Jajee pacCMOTPHMM TOJABKO KOHe4YHHe rpagn. CTPOrMM SHAOMOD-
Pu3mM (aBTOMOPDPM3M) Trpada Z=X[(Yx)xex] Ha30BeM eCTeCTBEeHHNM,
ecau pag awsSoro x€X Hamderca x'€X Takoi, 4TO o(Yx)SYx,

3.5, JEMMA, Nycts X, Yx (x€X) — Jwu6He rpaH,
Z=X[(Yx)xex]-
(i) Aut(Z):Aut(X)wrﬂé TOorja ¥ TOJAEKO TOorja, Korjga Bce

aBToMOPDM3MH rpada 2 ecTecTBeHHH ;

(ii) ecan rpapn X, Yx KOHeYHH, TO SEnd(Z)SSEnd(X)wr%é
TOrjJa M TOABKO TOrXa, KOrJa BCe CTPOFME 3HIOMOPOM3MH rpada 2
ecTe grBeHHH .

JoxazareisscrBo. (ii) fycTs oeSEnd(X[(Yx)xex]) ec-
TeCTBeHHHA CTPOrYA SHAOMOPPM3IM, T.e. JIJAA JA060ro xe€X HaMmaeTcs
zeX TakKoOM, 4TO JEY . Torma e(x,y)=(¥(x),f(x)y) , rie
w(x)=2z . HyxHo mnokas’aTse, 4T0 we&SEnd(X) , #u AAS BCcex x€X
f(x)ESHom(Yx s ) . Oyers [x,x" ]J€E(X) # ye¥ . y'eY,,
Tak kak rpaghl KOHedHH, To 6e3 OrpaHMMEeHMH OSGMHOCTHM MOXHO CUM-
TaTh ¢ =e. Ecam [x,w(x)1€E(X), To [(x,y),(w(x),f(x)y)leE(Z)
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" [(w(x),f(x)y), (¥(x),f(x)y)1=eE(2), npoTHBOpEUYHe. Hrak,
[x,w(x)]eE(X) n [x*,w(x*)]eE(X). Ecan Tenepb ¢(x)z=¥¢(x’), To
[x,9w(x")1=E(X), x#¢(x"), u [(x,y),(¥(x"),f(x")y*)I=E(Z) . Ho
C  APYro#  CTOPOHH, MMeeM [(x,y),(x’,y")]1e€E(Z), OTKY Aa
[(w(x), £{x)¥), (w(x’),f(x" )y’ )I€E(Z). Tak kak p=p u @ —
CTPOrW#A  3HAOMOPDH3M, TO 3TO TMPUBOAUT K I[POTUBODPEUUN.
Craxo 6uTb, w(x)=w(x"), ¥« [w(x),w(x')]eE(X) . O6paTHo,
[w(x),w(x")J€E(X) Breuer [(w(x),f(x)y),(w(x'),f(x’ )y’ )IeE(2),
[(x,¥),(x",y")]€E(Z) wu [x,x’JeE(X). NycTe Temnephb v,y ey,

[y,y" J€B(Y, ). Toraa MOXY UM [{x,¥),(x,y")]1€E(Z),
[(p(x), £(x)y) . (w(x),f(x)y" ) I€E(Z) =n [f(x)y,f(x)y']eE(Yw(x)).
O6paTHO, ecxn [f(x)y.f(x)y’ ]EE(Yw(x)) , TO  MNOXYYMUM
[(w(x),£(x)y), (w(x),f(x)y*) IeE(Z), [(x,y),(x,y" ) ]eE(Z) "
[y,y" JeE(Y ).

(i) Ecan — AaBTOMOPPH3M, TO «z"‘ TakXe aBTOMOPPU3M, U

umeeM p=(v,f), ¢ =¥ ,g), w'=y'p=id , T.e. ¥ GHekuus. Te-
Nepb paccyxieHude nyHkTa (ii) MOXHO npoBecTH 6€3 NPeANONOXEeHUST
0 KOHEYHOCTH paccMaTpUBaeMHX rpados, T.K. OHO NOTPe60BAXOCH
TOJAbBKO MpUM AoKa3aTeabCTBe TOro, 4TO w(x)=w(x’) B cayuae
I[x,x" }JeE(X). HTax, w — aBToMoppuam, f{(x) — cTporue romo-
MOP®U3MH. HHBEKTUBHOCTE oTo6paxeHnit f(x) cuepyeT u3 6Guek-

TUBHOCTU ¢ . Ecau cymecTByeT Yye€Y , yeIm f£(x) , To BBMAY

¥ix)
WHBEKTUBHOCTH ¥ NoayuuM (¥w(x),y)€Im ¢ , npoTHUBOpPEUYHE.

HMnankau¥u B APYIYH CTOPOHY OYeBUAHH.

Creaywmas TeopeMa yKa3nBaeT CNnoco6 “NORHATHUA" pel3yabTa-
TOB O TCpynne aBTOMOPPU3MOB JHeKCHKOrpad®udeckoro MNPoU3BeAeHUsd
rpapoB Ha ciAydak ero MOHOMAA CTPOTUX 3IHAOMOPPUIMOB.

3.8 TEOPEMA. Oycty X, Yx (x€X) — KoHeYHHe Trpad,
Q =$'(Yx) " — KaTeropus, COOTBeTcTBybmas rpagam X, Qx
(xeX). HMmeeM SEnd(X[(Yx)xex])ESEnd(X)wrﬂcs Torka WU TOJBLKO
TOorga, Korja Aut(X[(Qx)xex])=Aut(X)wr2G .

JokasaTesabcTBO. OsosHaumm  Z=X[(Y ), g1, W=X[(Q) ey -
IycTs SEnd(Z)SSEnd(X)wrﬂ‘Cs , TorAa Mo npepHiyme# xeMMe Bce
cTporve 3HAOMOP®M3MH Fpada - Z ecCTecTBEHHH. B CUJAY npenroxe-
HUa 1.3 uMeeMm Aut(Z):Aut(X)wrﬂCG , MO3ToMy no JemMe 3.4 (i)
uMeeM F(Z)=W, mnpuyeM Jw6oi R-kIacc rpatda Z ULeJIUWKOM COAEp-
XUTCA B HeKoTopoM Y . C ydeToM TeopeMu 3.3 NOAYYMUM, UTO BCe
aBToMOpPPU3MH rpata W ecTecTBeHHH, a 3To no aeMMe 3.5 BiedeT
pPaBeHCTBO Aut(W)=Aut.(X)wr.t‘G .

O6paTHO, €CiH Aut(W)'Aut(X)wr.fG , To fo xeMMe 3.4 (1ii)
UMeeM F(Z)=W, u Bce R-klacch 7 cCcopepxaTcs BHYTPU NOATPa-
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¢oB Y . Tenepb eCTECTBEHHOCTh BCeX aBTOMOPYPU3MOB rpada W
BIEYET SCTEeCTBEHHOCTh BCEX CTPOTLMX 3HAOMODOHM3MOB rpada Z , H
NOXYIUM SEnd(Z)SSEm:i()()va!rﬂtS .

3 7 CIRACTRB Ina KOHedYHHX rpados X, Yx (xeX)
eCTeCTBEHHOCTh BCeX aBTOMOPOHU3MOB rpada X[(J"(Yx))xexl Ble-
YyeT eCTeCTBEHHOCTL BCeX ABTOMOPPH3IMOB rpada

Jloka3aTeXsCcTBO. BHTekaeT M3 MNoclejHeRA JNeMMH M Npeaxo-
xeHud 1.3.

I1g $OpPMyIHMPOBKHM OKOHYATeAbHOr'o pe3yibTaTa (aHalora Teo-
pemMu 2.21 u3 pa6oTH [5] P.KeMMMHrepa) Tpe6yeTrcsd BBECTH HeKo=
TOpHEe MOHATHS.

ycts X, Y — rpagu. OTo6paxeHHe p:X—Y Ha30BeM
CTPOI'HM IOYTH-IOMOMODYH3MOM, eciu npu x,x'eX, y,y' €Y, y=y’
U e(x)=y, e(x’)=y’ uMmeeM [y,y’ J€E(Y) Torza ¥ TOXBLKO TOTAA,
korga [x,x" ]JeE(X). (9To NOHATHe OTAMYAETCH OT IMOHATHA CTPO-
roro roMoMoppu3Ma, MCHoAb3yeMOro B HacTosmed pa6oTe, TeM, 4TO
AONycKaeTcHd “ckIeMBaHue™ CMeXHHX BepHHH. )

Paa6ueHue '!J:{Aa : ael} MHoxecTBa BepHMH rpaga X Hazo-
BeM NpaBHABHAM, €CIW AJAS JOCHX o2 H a,a'eAa uMeeM
N(a)\A,=N(a’)\A, . U-gakxTopow rpada X Ha3oBeM rpadp Fy(X),
vMepmui MHOXecTS0 BepmH U M MHOXeCTBO pe6ep E(f.u(X))=
={ [Aa,Aﬂ] ! CYymecTBYKOT aeAa, bEAﬁ ¢ [a,bleE(X) }. (Onpepe-
JeHHe KOPPeKTHO B CHIY NPaBUAbBHOCTH pa36ueHus U .)

OTMeTHM, 4YTO pa36MeHHe MHOXeCTBa BepHWH IN60ro rpajda Ha
R-knaccu aBAfgeTCd nNPaBHALHHM, W COOTBETCTBYOMHUA U-pakTOP
aBAgeTCH ¢PakTop-rpadoM B CMHCIe ONpeleleHHsd,. NPUBELEHHOro B
pa3gene 1.

BepmuHy a€X Ha30BeM TOYKOH HHBepCHH rpada Z=XE(Yx)xex].
ecay |V(X)|>1, BepmMHa a u3oaupoBaHa AU60 B X, AM60 B X, M

rae Yx?—.’Yx npy x*a .

3.8. TROPEMA. yers X, Y, (x€X) -— koHeuHHe rpagH,
QEF(Y) »  Z=XI(Y,), x] » W=X[(Q,) ex] - HMeeM BKIOYEHHE
SEnd(Z)ESEnd(X)wrm's TOrZa ¥ TONLBKO TOrAA, KOLAA BHMNOJHEHH
crepyomue yCAOBMS:

(1) ecan N(x)=N(x'), x*x’ u Qxéﬂx. , TO rpadn Yx , Yx'
CBfI3HH;
(ii) ecam N(x)U{x}=N(x')u{x'}, x*x’' #u Qx&Qx, , TO rpadu

Yx y Yx. CBI3HH ,
(iii) ecam U — co6cTBeHHoe (T.e. oTaudHoe oT {V(X)}) npa-
BUAbHOEe pa3tueHHe rpapa X #u ¢:V(X)—>YU — CcTPoruf nodTH-roOMoO-

Moppu3M rpada X Ha rpad S.u(X) TaKOR, 4YTO rpadu LV(A) H
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)
Lw(a (A)) u3oMopdHH mnpM Bcex AU, TO Bce Takue H3OMODPPUIMH
trA:Lw(A)—»Lw(ori(A)) eCTeCTBeHHH ;

(iv) rpad W He uMeeT TO4YeK MHBEDCHUH.

3.9, CIOERCTBHUE. Mycte X, Y — KOHeudHHe rpads, XRx' B
X n Yx , Y , UMewT CO6CTBEHHHe (T.e. He paBHHe Bcemy rpady)
koMnoHenT® V., V , Takue, uro SHom(V ,V ,)-u SHom(V ,,V )

A P9 A A A A

He nycTth. Torga SEnd(X[(Y.) X]) CORepPXUT CTPOTUE DHEOMOD-~

x’xe
OU3ME, He SBIAONEMECH eCTeCTBEHHHMH.
OKA3aTeJbCTBO. o =F = T —
A veTe Q =F(Y ), W=X[(Q ), ¢]1, n
ecTeCTBeHHas Npoekuus rpada Ha ero daxktTop. Ilokaxem, dUTO
n(Vx)“='n(Vx,). JledCTBUTENBHO, pPacCCMOTDUM Trpad Z , aBIF0-
HUACA  HEeCBA3HHM  oO6befilMHEeHUEeM Vx " Vx, . BBUAY caeJaHHHX

NPeANOJOXEeHMA CymecTByeT CTPOTWi 3HAoMopdu3M rpada Z , oTo-
6paxapEui KOMIIOHEHTH Vx u V , gpyr B gpyra. Tak Kak n(Vx) "
a(V ,) ABAAKTCA KOMNOHeHTamMu rpada F(Z), TO B CHIY TEOPEeMH
3.3 ¥ TOro OYEeBHIHOLO dakKTa, UTO JIW60H HU3OMOPOU3M MNEePeBORZUT
KOMIIOHEeHTH rpada Ha  KOMIIOHEHTH, HaigeTcqd e<Aut(W) c
PRV, ))=r(Vy.) , eV, ))=m(V ).

PaccMOTPMM TeNephb pa36ueHMe U rpaga X , cocToamee U3
MHoxXecTBa A={X,x "} ¥ OZHO2JEMeHTHHX MHoXecTB {z} mpu z*x,x’ .
Tak Xxak xRx’, To paz36ueHue U aBIfgeTCH MNPaBUIBHEM. B poau
oTO6paXeHUd ¢ BO3LMEM €eCTeCTBeHHYK® MNpPOoeKHHH, TOrLAZa H3OMOp-
DUIM oA:Lw(A)—bL_(A), OTOG6paXaREUM n(VK), n(VA,) APy Ha
APyra u oOCTaBJISWEMIA OCTaJbHHe BepmMHH Ha MecTe, He HABJIfgeTrcs
eCTeCTBeHHHM, T.e. ycloBuMe (iii) Teopemn 3.8 He BHNOJXHEHO.
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GRAAFIDE ULDISTATUD LEKSIKOGRAAFILISTE KORRUTISTE
RANGETE ENDOMORFISMIDE MONOIDID

U.Nummert

Resilimee

Artiklis leita¥Se tarvilikud ja piisavad tingimused sel-
leks, et 18plike graafide tildistatud leksikograafilise korru-
tise rangete endomorfismide monoid:

a) sisalduks vasakpoolse komponendi rangete endomorfismide
monoidi ja teatud viikese kategooria p&imikus;

b) sisaldaks nimetatud pSimikut;

c) langeks kokku i{iliistatud leksikograafilise korrutise au-

tomorfismide rihmaga..

MONOIDS OF STRONG ENDOMORPHISMS OF GENERALIZED
LEXICOGRAPHIC PRODUCTS OF GRAPHS

U.Nummert

Summary

Let X, Yx {x€X) be finite undirected graphs without
loops and multiple edges, and let ﬁg denote the small catego-
ry with Obj(%a):(Yx : xeX}, Mor(Yx ,Yx.):SHom(Yx ’Yx')' Ne-
cessary and sufficient conditions are given for both of the
inclusions SEnd(X)wrﬂéSSEnd(X[(Yx)xex]) » BERd(X[(Y, ), v DE
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ESEnd(){)wr!’KS to hold.

It is also proved that the generalized lexicographic
product of finite graphs X, Yx (x€X) is 8-unretractive iff
all of the graphs Yx are, and for any pair of distinct ver-
tices x,x'e€X with equal neighbourhoods the graphs Yx , Yx'
contain no isolated vertices.
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Acta et commentstiooes asiversitatis Tartveasis, 878 , 1990, 103-114.

ON EVEN DOUBLY STOCHASTIC MATRICES
WITH MINIMAL EVEN PERMANENT
A.Rammer
Chair of Algebra and Geometry

The permanent function has been studied for more than
a century, mainly because of its effective applications in
linear algebra and combinatorial theory. The development of
the theory of permanents has been very rapid during the last
thirty vears.

Let X be a square matrix of size n with entries (all

matrices considered in this article are real and of square

type). The permanent of matrix X is defined by
per X = L Xy4(1) Xpo(n)
where ¢ runs through all permutations of {1,...,n}. In this

paper we are going to describe some propositions of the even
permanent. The even permanent of matrix X we define by

ty o . .
per X = E xlo'(l) ceet Xpot(n)

where ¢‘’runs through all even permutations of {1,...,n}.
Analogically, the odd vermanent of matrix X we define by

per X = B Xyon(1) 0007 *pot(n)
where ¢” runs through all odd permutations of {1,...,n}.

A matrix X is called doubly stochastic if every entry
e is nonnegative and all the row and column sums of X are
equal to 1. One of the most fundamental results about doubly
stochastic matrices is Birkhoff s theorem which states that
the set of all doubly stochastic matrices is a convex
polyhedron ‘'with the permutation matrices as vertices. In this
paper we shall consider the even permanent of the doubly
stochastic matrices. A matrix X is said to be gven doubly
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stochastic if it is expressable as a convex combination of
even permutation matrices. If matrix X is expressable as a
convex combination of odd permutation matrices , we call it
odd doubly stochastic.

A diagonal of matrix X is a set of its elements
containing exactly one element from each row and column, i,e.

entries xlo(l)""’x , where ¢ is a permutation of

no(n)
{1,...,n}. If o is an even permutation, the diagonal is

called even. otherwise we call it odd.
81. Properties of Even Permanent

We prove some properties of even permanent useful for us

in the next chapter.

Provosition 1. If P and Q are permutation matrices of
the same parity, then
per+X = per+PXQﬂ (1)

Proof. We use the fact that the parity of permutation
matrix changes if we multiply it by transposition matrix.
Also, a well-known fact is that an arbitrary even (odd)
permutation matrix is expressable as a product of even (odd)
number of transposition matrices. Hence, let L be an even
diagonal of matrix X. If we multiply matrix X on the left by

1)an even permutation matrix P, then the diagonal L
changes to the even diagonal of matrix PX ;

2)an odd permutation matrix P, the diagonal L changes to
the odd diagonal of matrix PX.

As we assumed permutation matrices P and Q must have the same
parity. In the first case Q must be an even permutation too,
therefore the diagonal L changes into the even diagonal of
matrix PXQ. In the second case Q is an odd permutation
matrix. Thus the diagonal L changes into the even diagonal of
matrix PXQ.
We have shown that an arbitrary even diagonal of matrix

X is transferred to an even diagonal of matrix PXQ- by
permutation matrices of the same parity. Thus

per+X =] per+PXQ. Moreover, one can also prove that
per+PXQ < per+x. Therefore (1) holds.
Corollary 2 If P and Q are the permutation matrices of

different parity, then
per'X = per PXQ.
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There is the Laplace formula for permanent of square

matrix
perX = £ perX(a|s) - perX[a|f], (2)
r,n
where a =(d1,... Qr o and
Q. =@, .. 0] integers; ..<@ -n};

([4].Theorem 2.2). Here we denoted by X[a|A] the matrix with
the rows of matrix X with their indexes from the sequence
a e Qr,n and the columns of matrix X with their indexes from
the sequence 73 Q 0 As well, the rest of rows and columns
of matrix X form the matrix X(a]B). Our aim is to prove the
corresponding formula for an even permanent.

Prooosition 3. For any & € Qr n?
per'X = E (per‘X(a|p)-per'X[a|pl+per X(a|B) per X[a|R] ) +
a ,a+f3=2k

+ I (per'X(a|d) per X[a|fl+per X(a|B) per X[a{Al ) (3)
,a+f§=2k+1

r r 3
where a= Y a and # = £ B.( k is a natural number ).
.oi=r 7 =
Proof. Re

we have
per'X + per X ;5&per+X(a|ﬁ)'per+X[a|ﬁ]+per—X(a|ﬂ) per X{a|f3])

placing per Y = per Y + per Y into. formula (2)

r,n _ _
+ E(per'X(a|s) per X[a|Bl+per X(a|B) per*X({a|nl).

r,n
Notice that for any & and 3 either

per+X(a|ﬂ) per+x[d{ﬂ]+per X(a|B) -per X[a|R] <= per'X or

per+X(d|ﬂ)'per X{a|B]+per X(a|pB) Per+x[a|ﬂ] < per*x.
Indeed, by exchanging rows and columns in X it can be

achieved that the rows a .,ar move to the first r rows and

the columns ﬁl,...,Br moie to the first r columns. The result

is obtainable by transferring only neighboring rows and

columns all together by (a.-1)+...+(a_-r)+(B,-1)+...+(3 _-r)=
r r 1 r 1 r

- ¥ (a.-1i)+¥ (B.-1i) transpositions. So we have multiplied

maéigi X onitie left and on the right with some permutation

matrices (denote them P and @ ). Thus P and Q have the same

r r

parity if L a, = d and ¥ B - # have the same parity. By
i=1 i-1

Proposition 1 and Corollary 2 if

1) & + ﬁ is even ,then
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per X(a|@) per'X[a]|altper X(a|B) -per [a]A] s per'x
and other members
per'X(a}B) -per X[a|Al+per X(a|B) per'X[a|A] € per X

2) & + ff is odd, then
per*X(a|B) per X[a|Rl+per X(a|?) per*X[a]B] = per'x

and other members
per ' X(a}B) -per*X[a|Al+per X(a|B) per X[a}A] € per X.
Bence summ;i:ng up all the members of per+x , Wwe get
L(per*X(a|R) -per'X[a|Bl1+per X(a|B) per X[a|81) +
g .a+A-2k
+ L(per*X(a|B) -per X[a|B1+per X(a|A) -per*X[a]|@1) =per’xX
Aeq_ n,a+ﬁ=2k+1
where we have denoted some natural number by k.
Corollary 4. For any 8 € Qr n Ve have the formula
per'X= E(per’X(a|B)-per*X[a|Bl+per X(a|B) - per X[a|R]) +
aeQr,n,5¥ﬂ22k

+ E(per+X(a|ﬂ) ver X[a|Bl+per X(a|B) per+X[a|ﬁ])
oeq n,&‘+(¥=2k+1
In the case of r=1 we define
fper X(1]3),i+3=2k
per X(i|Jd)= 1per"X(1|J),1+j=2k+1

Using Proposition 3 and Corollary 4 we get (considering
per’'X[1|3J=x,, » per X[1]3]=0 )

n —-—— n - -
per X = £ x,. - per X(i]J) = L x,. - per X(i]J).
1=y 87 =1 13
The permanent of matrix X+Y can be calculated according

to the following formula ([4],Theorem 2.1.4 ):

n
per (X+Y) = £ T perX(a|3) -perY[a|f3] . (4)
r=0 ﬂ.ﬂé.Qr n
Combining formulas (3) and (4) we prove the following
Proposition 5, +The even permanent of matrix X+Y is

expressed by

Per+(X+Y)—E (E(Per+X(d|ﬂ) per+Y[a|ﬁ]+ per X(a|B)-per Y[a|BR1)+
r=0 «,feq, n.“Jl+l’§'=2k

+ f(per+X(a|ﬁ) per Y[a|Bl+per X(a|B) per’Y[a|3]) ) , (5)
o, . a+3=2k+1
where k has been chosen to be a positive integer.
Proof. The even permanent of matrix X+Y consists of the
sum the terms of which are products of the entries from even
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diagonal of matrix X+Y. Replacing per Z = per+Z+per-Z into (4)
we get
per’ (X+Y) + per (X+Y)=E (L per+X(a|ﬁ)-per+Y[a|ﬂ]+
r=0
n
+ per X(a|B) per Y[a|B1) + per'X(a|B) per Y[a|Bl) +

+ per X(a|B) per’Y[a|B]).

The other way round, arbitrary term of per+(x+Y) is
(x10(1)+y10(1))-... (xno(n)+yn0(n)) where ¢ is a even permu-
tation. Therefore term xlv(l)."‘xra(r) yr+10(r+1)."' yna(n)
belongs to per (X+Y). Consequently , transferring matrix X+Y
in the form , where a,8 € Qr a are the first r rows and
columns , we get for any r the following

1) if & + f = 2k then

per*X(a|3) per’Y[a|@1+ per X(a|B) per Yia|3] = per’(X+Y)
and per*X(a|@)-per Y[a|31+ per X(a|3) per*Y[a|3] = per (X+Y).
2) if a + # = 2k+1 then
per*X(a|B) -per Y[a|sl+ per X(a|s) -per*Y[a|p] < per®(X+Y)
and per*X(a|s) per*Y[a|@l+per X(a|B) per Y[a|B] € per (X+Y).
Summing up the corresponding members we get (5).

§2. Minimizing matrix

In this chapter  we describe the even doubly stochastic
matrix with the smallest even permanent. Let denote by

DA ~ the set of even doubly stochastic matrixes. A matrix
n

A e ﬂA such that per A -min{ per+S | & € } is called
n n -
minimizing matrix.
E.g. , if n = 1 then DA = {(1)} and if n = 2 , then
1
nA = 1]}. Hence, the minimizing matrix is uniquely

defined and then we assume n > 2. One can easily prove that
in case of n = 3 the minimizing matrix is A = J3 ( is
the matrix with all entries equal to 1/n). First let us give
a preliminary result. Matrix X 1is said to be partly
decomposable if there exist permutation matrices P and Q such

that
f8¢C
pe (55 ])
where B is kXk and D is (n-k)*(n-k) matrix with ke{l,...,n}.

Otherwise , matrix X is said to be fully indecomposable
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Lemma 8. The following statements are equivalent (n>2):
1) matrix X is partly decomposable ;
2) there exist even permutation matrices P and Q@ such that

.[8BC
pa=(p§
Proof. Obviously , 2) implies 1).

Let 1) be satisfied. Then X can be transformed to
PXQ =[ 0D ] some P and Q@ . If P and Q are even

permutation matrices , then 2) follows. Let P or Q@ be odd.
Then we exchange in matrix PXQ two rows and columns with
their indexes smaller (or' greater) than k. The new matrix
PP PXQ = (PP-P)'XQ or P-X-Q'Q= P X-(Q Q") satisfies the
second statement . If P and Q both are odd permutation
matrices then we can show analogously +that 2) holds.
Consequently , 1) implies 2).

It follows from ([4], theorem 3.3.1) that in (1) matrix
C must be zero matrix in the case of doubly stochastic
matrix.

Theorem 7. Let A be minimizing matrix . If A is fully

indecomposable matrix, then for 2k > 0 per+A(h|k) = per+A.
Proof. Denote Z = {(i,3)] a.1j = 0} and define C(A) to be

Ca) = {X =(xij) € 0, | X35 7 0 if (i,3) € 2 }.

Matrix A gives the minimum of even permanent function and is

an interior point in C(A). Use now Lagrange method and obtain

the function n n a

F(X) = per X - & Ki(z x..-1) - % xk1—1).
i=1 * k-1 3=1 ' k=1
If (i,3J) € Z then
— + — =
OE(X) /0%,y = per'X(ild) -Ay-my

Hence , we have¢§€r+A(i|J) = .Thus
per A :rEf‘a-jiper A(i]3) = E a.. (At ) = N +L a, . H.-

e TS =1 =1

and

n
per A= % a,, per A(i|J)
i=1 +J

n
T oa.. (M 4+p.) - j+§Llaij ki.

i=1
Denoting A - (Ki,...,hn) » M= (Byy .. B ), € - (1,...,1) ,we
have
perfAe=24+ A - u (7)
and
per+A e -AT- A+ ou . (8)
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Multiplying (7) by AT gives us
per+A e N +AT' A up . (8)

From (8) and (9) we get AT - A - um = u ., Analogically
T.

A - A XA =X . The matrix A is fully indecomposable (as we
assumed), therefore AT - A and A - AT are fully
indecomposable (see [4] , exercise 3.11). Hence - A and

A - AT have eigenvalue 1 with multiplicity 1 belonging to the
eigenvector e (see [2]). Hence , both A and u are multiples
of e, i.e. A =¢ e and u =48 - e . If (i,J) € Z, then

n
per+A(i|j) = A+, = c+d . Finally, per+A =T a,. per+A(i|j)=
i"g j=1 id

= F aij'(c+d) = c+d = per A(i|j) for every (i,j) € Z . This
j=1
proves the assertion

Theorem 8., Minimizing matrix is fully indecomposable

Broof. In the case n = 3 min{ per’X | X, )= per+J3,

where J5 is fully indecomposable . Hence , we may assume that
n=4. i

Let A be a minimizing matrix in Q and suppdse A not to
n
be fully indecomposable . The matrix A is expressable in form

A-Ex_ - P (10)
j=1 J J
with ¢ Kj = 1 and all Pj being even permutation matrices.
j=1
Let us observe some even diagonal Ai , elements determined by
the positions of ones in permutation matrix
Now let us prove that we may assume kX # 1 . Indeed , if

k = 1, then min{ per'X | Xet, } = 1 - min[per+X|XeQ. }
n n-1
and we may consider (n-1) * (n-1)' minimizing matrix A".

Observe three possible cases .
A) n > 4 and A" is partly decomposable matrix . I.e. A" is
expressable in form fB" 0

L cl
where B" is k° ¥ k° submatrix with 1 £ k" £ (n-1)/2 . Then A
is expressable in form

[ 18’0 ] : [B" O]
0 ¢ 0 ¢
where B” and C° are t ¥ t matrices for suitable t , t = 2
B) n > 4 and A" is fully indecomposable matrix . By
Theorem 7 if aij > 0 then per+A'(i|j) = per+A' . Now ,

multiplying A on the left and on the right with suitable
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permutation matrices P1 and P2 of the same parity we get A in
the form

10 ... ¢
0 x.

y X
0....7. 0

Here elements X . X belong te the diagonal A1 and y is a
suitable chosen positive element . Next we define a matrix
D(e) = P1APy ~ & * (Ey +Epp+Eggy + © - (B g+Eyy+Egp)
where we have taken 0 < & < min(xl,xz). Denoting

Pi = P1PiP2 —c-(E11+E22+E33) +c-(E13+E21+E32) s
it follows that D(e) € 2. - really ,

D(e) =J§1XJ~P1-Pj-P2 - Q-Pl-Pi-P2+ a-Pi =
= L. ANj"PyoPy Py +(Xy=2) Py Py Pyt &Py
J=1, =i
Proposition 5 gives us
per'D(e) = per*A -e-per*A(1|1) -£-per*A(2]2) -e-per*A(3|3) +

+ e per’A(1]|3) + & per’A(2]|1)+ e-per*A(3]2) +e%:z =

- perta - c'per+A(1|1) - & per+A(2|2) - c-per+A(3|3) +
+ per+A(3|2) + cz-z —perta - 2 ¢ per+A + 2%z,
where z is a suitable real number . Here we have also used
the Frobenius -~ Koenig theorem (see e.g.[4], Theorem 3.2.1)
and Theorem 7 . Let us consider two different cases .
a) if z < 0 , then per+D(c) < per+A
b) if z > 0 , then let & ¢ 2 per'A/z . It follows
per+D(s) = per A - & (2 per+A - £ z) < per A
We get the contradiction to the fact that A is minimizing

matrix in G. . Thus it must be k # 1 in this case .
n
c) n = 4 . Assume now k=1 . Then it follows
min per+X = 1-min per X = per+Jq . At the same time
Xe Xe )

per+ 4< 1- per+J3 ang J4 [ OA . A contradiction .

It is proved that k # 1 must occur in this case also .

The matrix A can be transformed to the form (1) by
permutation matrices of the same parity so that some two
elements from the even diagonal Ai lie on the (k-1). and k.
positions of the main diagonal .

If n-k * 4 , then one can find such permutation matrices
of the same parity that two elements from even diagonal Al
lie on the (k+1). and (k+2). positions of the main diagonal
and the minimizing matrix has the form (1)
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In the case n-k = 3 it follows k = 2 or k = 3 so first k
elements of lie on the main diagonal of A Hence ,
transforming the elements of Ai from (k+1l). and (k+2). row
to the (k+1). and (k+2). positions of the main diagonal , we
see that the element of Ai from (k+3). row lies on the main
diagonal of the transformed matrix . As even diagonal Ai
turns into an even diagonal , the initial matrix is now
multiplied by permutation matrices of the same parity .

Thus the matrix A can be transformed by permutation
matrices of the same parity into the form (1) , where some
elements from the even diagonal Ai of the initial matrix go
to the (k-1). , k. , (k+1). , (k+2). positions of the main
diagonal of the transformed matrix . Next define matrix

G(e) = P-AQ - e (B g 1o 1*By 14 Brey ke1*Prio,ke2) *
B g ke P ke 1 Bre1 PRz k1)
with # being a real number such that

0 ¢2e <min (B gy 3s8, krBkse1 kel Pke2 ko2’ 1)
- Let E t be n*n matrix with e " 1 and all other entries being

zeros . We have G(£) € 2. . Really , denoting
n
Pi- Epn*Baote e *Erop x2*Fio 1, ke 1B, ko1 Pe 1, kPR 2, k-1"
Ek+3,k+3+"'+Enn ,

the matrix G(e) turns to be expressable as a convex
combination of even permutation matrgxes :

G(¢) =PAQ-&PP.-Q+e¢P, =LN PP,Q-e&PP,Q

1 - 3 i
s J=1
+ c~Pl - hj P'Pj Q +(hi—e) P Pi Q+ & P1 .

J=1, j=i
Denote A = P A Q . Using Propositions 1 and 5 we have
per’G(e) = pertA + & [per A" (k-1]k+2) + per A" (k|k-1) +

+ per A" (k+1|k) + per A" (k+2]k-1) - per A" (k-1]k-1) -

- per*A’(k|k) - per*A"(k+1|k+1) - per*A"(k+2|k+2)] +

+62 [ per*A” (k-1,k|k-1,k) + per*A”(k-1,k+1]|k-1,k+1) +
per'A” (k+1,k+2|k+1,k+2) + per'A"(k,k+l|k, k+l) +
per A" (k,k+2|k,k+2) + per A’ (k+l,k+2]k+1,k+2) +
per A" (k-1,k[k+1,k+2) + per A" (k-1,k+1]k,k+2) +
per A" (k-1,k+2]k-1,k+2) + per A" (k,k+1l]|k,k+l) +
per A" (k,k+2|k-1,k+1) + per A" (k+1,k+2]k-1,k) -
per A" (k-1,k|k-1,k+1) - per A" (k-1,k+1]k-1,k) -

- per A" (k,k+2]|k+1,k+2) - per A" (k+1,k+2]k,k+2) -

- per*A”(k,k+2}k-1,k) - per*A(k-1,k|k, k+2) -

- per*A"(k-1,k+1|k+1,k+2) -per*A(k+1,k+2]k-1,k+2)] +
&3 [per*A” (k-1,k,k+1|k,k+1,k+2)+per A" (k-1,k, k¢2|k-1,k k+2) +

+ o+ o+ o+ o+
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+ pertA”(k-1,k+1,k+2|k-1,k, k+2)+per A" (k,k+1,k+2|k~1,k, k+2) +
- per*A”(k-1,k,k+1|k-1,k,k+1,) -per A" (k-1,k,k+2|k-1,k,k+2) -
-per'A” (k-1,k+1,k+2]k-1,k+1,k+2)-per A" (k,k+1,k+2 |k, k+1,k+2)-
- per A"(k-1,k,k+2]k-1,k,k+1) - per A" (k,k+1,k+2|k, k¢l,k+2) -
-per A" (k-1,k,k+2]k-1,k,k+2)-per A" (k-1,k+1,k+2}k-1,k+1,k+2)+
+per A" (k-1,k,k+2|k-1,k+1,k+2)+per A" (k-1,k+1,k+2}k-1,k, k+2)+
+ per A"(k-1,k,k+2|k,k+1,k+2)+per A" (k,k+1,k+2|k-1,k, k+1)] +
+ &% [2 per'A”(k-1,k,k+1,k+2|k-1,k, ki1, k+2) +
+ 2 per A"(k-1,k,k+1,k+2|k-1,k,k+1,k+2)] =

= per*A - & [per*A"(k-1]k-1) +per*A”(k|k)+pertA (k+1]k+1) +

+ pertA” (k+2|k+2) 1+6? [per*A” (k-1,k|k-1,k) +

+ per*A”(k-1,k+1[k-1,k+1) + per*A (k,k+2|k,k+2) +

+ per*A”(k+1,k+2]k+1,k+2) + per A" (k-1,k+1|k,k+2) +

+ per A" (k,k+2|k-1,k+1) + perA”(k-1,k+2[k-1,k+2) +

+perA” (k,k+1}k,k+1) -23'[perA'(k—l,k,k+1|k—1.k,k+1) +
+perA”(k-1,k,k+2|k-1,k,k+2)+perA” (k-1,k+1,k+2|k-1,k+1,k+2) +

+perA” (k,k+1,k+2|k,k+1,k+2)] +
412 perA (k-1,k,k+1,k+2]k-1,k, k+1,k+2)]
We have used here the Frobenius - Koenig theorem ([4],
Theorem 3.2.1) to get the previous equality . In view of
preliminary results ([4], Theorem 2.1.2)
&% [perA” (k-1,k,k+1]k-1,k, k+1) =

a Il
=& Lag,,, perA (k-1,kk+l ke2fk-1,k,k+1,1) 2
1=1, 1#k-1,k, k+1
2 ea, 0 papr PerAT(k-1k k1, ke2{k-1,k,k+1,k+2) >

> 2 - &% perA”(k-1,k,k+l,k+2|k-1,k,k+1,k+2)

Denoting by x and ¥y the sums behind & and 62 in the previous
formula for G(&) , we get

perLG(E) < perlA -& - x + £2. v
Notice that x > 0 and ¥y > 0 , this follows from the
construction of G(&) . Let us take £ < x/y . Then

per+G(s) < per+A - - {x-¢€ -y) « per+A ,

but this contradicts to our assumption of A being minimizing
matrix . -~

Theorem 9. Let A be a minimizing matrix. If , then

per A(h|k) = per'A.

Progof. This theorem is a consequence of Theorem 7 and

Theorem 8
Theorem 10, Minimizing matrix is a convex combination of
at least three even permutation matrices .
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Proof. Clearly , the minimizing matrix cannot be an even
permutation matrix , for the minimizing matrix is fully inde-
composable . Assume on the contrary that some minimizing
matrix A is a convex combination of two even permutation
matrices i.e. A = AP + u'Q with A, u 20, » + ©« =1 and P , Q@
are even permutation matrices . As the matrix A is fully
indecomposable it must have at least two nonzero elements in
each row and in each column . Clearly , matrix A has exactly
two positive elements in every row and every column ,
therefore

per+A = Ayl Ty (l—hn]
Hence matrix A is minimizing matrix
aperta/an = n- ARl (-0t - g
and thus it follows (1~K)n_1= A1 1h our case A = u =172,
per+A = 1/2n + 1/2n= 1/2n 1. We prove by induction on n that
nt/(z o™ < 172%°Y (n > 2) (11)
This formula is of course true for n = 1 and n = 2 , but we
don’t need these cases. Indeed for n = 3 we have
2-3/(2-27) = 1/9 < 1/4 . This calculation shows that (11) is
true for n = 3 . Assume that (11) is true for n = k-1 . It
follows that
k(265 = (k-1)1/2 ¥ = (k-1 122 ((k-1)+nE Ly =
=(k-1)1/(2 [0~ e (-1) - (k-1)5 20 (k-1) (k-2) - (k-1)%7 3 24, .
CoH D) < (k11722 (k-DETY) < 17022572y - 1281,
Now observe that per+Jn= n!/(2 nn) < 1/2n 1 = per+A , at

the same time Jn e QA So we have reached the contradiction
n
with the assumption that A is minimizing . Consequently , the

minimizing matrix must be a convex combination of at least
three even permutation matrices.
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MINIMAALSE PAARISPERMANENDIGA
PAARISBISTOHHASTILISTEST MAATRIKSITEST
A.Riémmer
Resilimee

Kdesolevas t88s uuritakse paarispermanent-funktsiooni.
T8estatakse mSned paarispermanendi omadused. Samuti uuritakse
paarispermanendi miinimumi paarisbistohhastiliste maatriksite
hulgal, kirjeldatakse minimiseerivat paarisbistohhastilist
maatriksit.

O YETHO JABAXIH CTOKACTHYECKHX MATPHLAX
C MUHUMAJBHHM YETHHM TEPMAHEHTOM
A.Pammep
Pe3awMe

Teoprda NepMaHEHTOB ABaXiH CTOXa€THYECKMX MaTpuu # (0,1)-
MaTpMl cTaiza cefyac CYmEeCTBEHHOH ¥ aKTHMBHOA YacTbl TOro pas-
Heia AMHeEHHOA aXreSpH ¥ KOMSHMHATOPHMKM, TrAe DaCCMAaTPHBAKWTCH
MaTpPHYHHE 3ajadM.

B BaHHOH pa6oTe MCCICAYEeTCH HOBO@ MOHATHE YeTHOro MepMa-
HeHTa. MaTpHLUY C HeOTPHLATEAbLHHMKM BemeCTBEHHHMN 3JEMEHTaMM
HA30BeM YeTHO-SHCTOXACTHYECKOR, ecCAy¥ ee MOXHO MNpeACTaBUThL B
BMA@ BHIOYKJIOA KOMSHHALMM MaTPHL YeTHHX NMepecTaHOBOK. JoKa3aHH
HeKOTOpHe CBOACTBa YETHOrO NepMaHeHTa. YeTHHM NepMaHEHTOM nxn

MaTpuun X HasHBaeTcs CyMMa per X = F Xlo. (- .xnﬁ, (n)

rAe ykasaHHHWe claraeMbe CyYMMHPYOTCS MO0 BCEM [epecTaHOBKaM
MHoxecTBa {1,...,n}.

HDoensoxenme 1. Ecanm P ¥ @ MAaTpHMUH NepeCTaHOBOK C OAMHA-
KOBOA YEeTHOEThLI, TOrAa per+x = per+PXQ.

Ipengoxenune 3, IycTe $OHMKCHpOBaHa MNOCASAOBATEALHOCTH
HHAEKCOB & € Qr Toraa uMeeT MecTo dopmyxna (3).

Ipenzoxenue 5. CnpaBeaaumBa ¢opmyira (5).

Jloka3aHH HEeKOTOPHe CBOACTBa YeTHO ABaXAH CTOXacCTHYecCKo#
MaTPHUH ¢ MHHMMajAbHHM YeTHHM MNepMaHEeHTOM.

TeopeMa 8. MuHMMM3Npyomas MaTpulla fBAfeTCH BMOJHe Hepas3-
KOXVMO#H .

TeopeMa 3, Ecay A MHUHMMM3NDYOmAs MaTpUia, TO M3 aij>0

creayeT per+A(i|j) = per+A.
TeopeMa 107 MUHMMMZMPYHOOAs MaTpPuua §fBAAETCH BHOYKACH
KOMSHHal¥ell He MeHee TpexX YeTHHX MATPHL NepecTaHOBOK.
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k-CBAJIAHCHPOBAHHHE KOJIBIA
A. Cakc
Kadeapa mMaTeMaTHUkH SCKA

B HacToAmeX pa6oTe NPOAOAXaeTCHd UCCAeNOBaAHUE aPPUHHOH
NOXHOTH MoAyxer (cM. [1]1,[2]). PaccMAaTPHBARTCA TOABKO JNeBHe
YHUTapPHHE MOIYJAM Haj acCCOLMATHBHHM KOJXBIIOM C eAHHHUeH. . Kak
o6o6mMeHue C6aXaHCHPOBAHHOTO KOXBLA BBOASATCH NOHATHA k-c6a-
JAHCHPOBAHHOT0 M wW-Cc6aXaHCHpoOBaHHoTo koxel (k - HaTypaibHoOe
Yycao 6oxabme eAUHHLH) .

lloayyeHO  ONHCAHMe w-Cc6alaHCUPOBAHHHX KoXell B OHHOM
Kracce HeTEPOBHX Koxell:

TeopeMa 1.3, IyectTs R - HeTepoBO KOXBLO C HYyJXEeBHM
nepecevyeHUeM CTeneHeA pajaukaza. Toraa CrHeAyONUe ¥CAOBHUS
PABHOCHABHH :

(A) R - w-c6araHCHpPOBaHHOE KOJABLO;

(B) R — XMHeAHO KOMNAKTHO B AUCKPETHOH TOMOAOTHH.

Joka3uBaeTcs, HYTO KiXacC k-c6aXaHCHUPOBAHHHX KoXell SBAA-
eTcs CcO6CTBeHHHM mnoakaaccoM (k+l)-c6alaHCHPOBAHHHX KoXxel
(k=2,38,...). OCHOBHOH Pe3yabTAT AaeT OnUcaHUe k-c6alaHCHpPO-
BaHHHK KoXell B OZHOM KJaccCe XOKaXbHHX Koxell:

TeopeMa _3.14. IycTs R - KOMMYyTaTHMBHOE JAOKaABbHOE KOABLO
C HYXeBHM KBajpaToM pajlukaia Jxexko6coHa J, mnpudyem noxe R/J=Q
COAepPXUT He MeHee, YeM k sxeMeHToB (k23) . Toraa cireaynomue
TBepPXAeHUA DAaBHOCHUABHH:

(a) R aBagerca (k-1)-c6azaHCUPOBAHHEM;

(6) dimgJ < nj = 2+...+k

1. w-c6azaHCHpOBaHHHe KOoXbla

Eca¥ He OroBOpeHO NMPOTHBHOe, NOAb3YyeMCH TeMH Xe 0603Ha-
YeHUAMH, 4YTOo U B [2].
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Ina ¢uKcUpoBaHHOro R-Moayas M o603HauuM R’ =EndgM,
R":EndR—M. KaHoHHUYeckuit romoMopdusM R--R” o603HauuM uepe3
#.Iyers k - HaTypalbHoOe uKclo. Onpeleiaum Axs R-moayas M
MHOXeCTBO N

T(k)={teR" [VA<M (|Ai=k 3reR:Va<A ta=ra)}.

OueBupHo, T(k) - noaxoxsuo B R" ¥ MMEWT MeCTO BKIWUYEHHUSA

P(R)€...€T(3)€T(2)¢R".

Kak U3BECTHO, R-Moayar M HasuBaeTcsa C6aJaHCHDOBAHHEIM.
ecxy f(R)=R". Mu 6yzeM Ha3uBaThb MOAYIb M k-C6aJaHCHDOBAHHHM .
ecau P(R)=T(k), rae k - HaTypalbHOe YMCIO M W-C6AXAHCHUPOBAH—

HuM, ecau P(R)=¢ VI(k)=T(w). Takum o6pa3o0M, KaXAH# c6alaHCH-
kel

poBaHHH# R-Moaynp fABIfieTcA K-c6alaHCHPOBAHHHM NpPpH JI0W60M k>1,
a TnoclefHMit B CBOKW Ouepelb W-c6alaHCHpOBaHHHM. Koxpiio R Ha-

3uBaeTcd CO6AJAHCHDOBAHHHM (k-CCANAHCUDOBAMHHM), eCIM Kaxaui
R-MoAyXr HABAAETCH TAKMM; CTDOro K-cGaJAaHCHDOBAWHHM. ecau R

ABAdAeTcA k-c6alaHCHPOBaHHHM, HO He (k~1)-c6alaHCHpPOBAaHHHM.

BBHAY 3THX onpeledeHHir npenloxeHue 2.5 U3 [2] noayuurt
BMA :

ODpeasoxenuue 1.1, MycTs n22 - HaTypalbHoe uucio.R-monyns
M1  gpageTcd addMHHO TOAHHM TOrAAa M TOIBKO TOrga, Korja
MOAYXb M n-c6alaHCHpOBaH.

Caencreue 1.2, R-Moayar M dBAfeTCA w-c6alaHCHPOBAHHHM
TOrAAa ¥ TOXbBKO TOrpa, Korza M JXoKalbHO a®dPUHHO MOMOH.

Konbuo R Ha3uBaeTcd JMHeHHO KOMRDAKTHHM (B AMCKPETHOH
TOMOJAOI'HHK), eCcaAU Jwbasg CHCTeMa

fx-x;€Ky,

Lie],
rae - JeBHe uAealn Koabla R, Kaxjas KoHeYHas TMNOJACHCTeMa
KOTOPOro pa3pell¥Ma, caMa pa3pemuma.

HNoxyyeHo oNnucaHue HEeTEePOBHX W-c6alaHCHPOBAHHHX Kolel,
nepecedyeHue CTeneHeit paaukara JXxeko6CcoHA B KOTOPHX PaBHO

Hy XI0.
TeopeMa 1,3, IHycTs R - HeTepoBO KOJXIBLUO C HYJEBHM
nepecedyeHHeM CcTeneHe# paiukaira. Torza clelyowEHe YCIOBHSA
PABHOCHJIBHH:
(A) R - uw-c6balaHCHpOBaHHOE KONBI{O;

(B) R -~ AMHEH#HO KOMNAKTHO B AMCKPETHO# TOMOJNOILHHM.

HokazareibcTBo. (A)=>(B). B cuay npexloxenus 3.2 u3 [2]
Koxblo R gBAAeTCA TMOJHHM B pPaIMKalbHOM! TOMOJOLHMH, & B CHIY
TeopeMd 3.1 43 [2] R/J ABAdeTCA ApTHHOBHM. Tenepb K3 TeOpeMH



16 B [3] noayuum, uTOo B dABXAeTcCA AZMHeHHO KOMMAKTHHM B AMCK-
PETHOA TOMOXOTHHM.

(B)=>(A). LonycTHM, 4TO R He ABiAdeTcs w-c6alaHCHUPOBAH-
HHM ¥ MOKaxeM, 4YTo R He MoxeT TOrja 6HTh AWHEHHO KOMMAaKTHHM.
Ecau R He gBAsdeTcHa w-c6aXaHCHMPOBaHHHM, TO cymecTByeT R-Mo-
AYEp M, Tark 4ToO M(u) He fBXfAeTcda adPMHHO MOAHHM. H3-3a clael-
cTBUa 1.2 cymecTByer g€/ T(k)\P(R) . NycTs g(m)=xmm , TAe

kel
xmeR , U O603Ha4YMM Am=Annm . Torpa cHcTeMa
(x-xpSAn,
{
He ¥MeeT pelleHHMs, XOTdA ee Kaxjaasa KoHeuHaf MNOojcHcTeMa

paspemvMa. TakuM o6pa3oM, R He aABXAeTcsa AMHEHHO KOMMAaKTHHM.
TeopeMa 1.3 pAoKa3aHa.

Kak BMAHO M3 AoKa3aTeXbCTBa MMNaukauun (B)=>(A), 3hecs
He Tpe60BaXoCh HM HETepPOBOCTH, HM YCAOBUA O MepecevueHUHn cTe-
neHein paiukaia B Koxbue R, npuseseHHwe B TeopeMe 1.3. Takum
o6pa3oM, HMEeeT MecCTo

Openxoxenve 1.4, JuHEeHHO KOMNAKTHOEe B AUCKPETHOH Tono-
AOTMM KOJXBLO ABAAETCA W-c6alaHCHPOBAHHHIM.

2. k-c6axaHCMPOBaHHHE Koabla

B 5ToM naparpade HayaTo HCCXefoOBaHMe k-c6aXaHCHUPOBAHHHX
KoXel, THAe Kk - HaTypaXbHoe YMUCAO He MeHbme ABYX. B cuay
npepaoxeHua 1.1 3To Takue Korbua, k-Tasa npaAMad CTeneHb AW60-
ro MOAYXA Hajl KOTODHMM fBXAeTcCA aPPUHHO MOXHBIM.

B M3BECTHHX JAO CHX nNop caydaax (aéelXeBHX rpynm,
BEeKTOPHHX [POCTPaHCTB, MOAyJXe#t Haj c6alaHCHPOBAHHHM KOJABLLIOM)
AXS JMO60r0 MOAYAA, KOHeYHas NpAMad CTeneHb KOTOPOro adduHHO
MoJHa, YXe NPSMOA KBaipaT sBXfeTcda addUHHO MOXHHM. TyT ec-
TecTBeHHHM o06pa3oM BO3HMKaeT BONpoC:

cymecTBY®OT XM k-c6alaHCHpPoOBaHHHE Koabua, k>2, He ABAAND-
muecd 2-c6ajiaHCHUPOBaHHBIMH.

Mu nokaxeM, UYTO YyXe CpeAM KOMMYTATHMBHHX XOKaJABbHHX
KoJelu MMepTcs k-c6axaHCHMpOBaHHHEe Kolbua, k>2, He aBxawiuecs
2-c6aXaHCHPOBaHHBIMHY .

NpuBeneM cnepBa OAHO OMpeieXeHHe, KOTopoe oKasznBaeTcs
OYeHb TOAS3HHM NPU H3YUYSHMM KOMMYTaTHBHHX JOKalXbHHX k-c6a-
JaHCHUPOBaHHHX KoJell.

OnpenefeHke  CucTeMy kxn MaTpul A“:(asij), a=1,...,t,
2JeMeHTaMM MA3 floJd Q@ Ha30BeM XPUTUYecCKod, ecim aq39=1,
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8g11=0 , S22, u npu B=(1,0,...,0)T BHNOJHANTCA claelyomue
Y CHOBMSA:

K1. cucTemMa JXMHEeH#HHX YpaBHEHMUH

fM(ASX—asllB) =0,

\s=1l,...,t

pa3pemuMa npyu awéoir (k-1)xk wmaTtpuue M,
K2. cucreMa JXUHeHWHHX ypaBHEHMH
fASX-agy1B - 0,

\s=1l,...,t
NPOTUBOPEYMUBa .

Tenepb NOKaXeM, KaK C NOMOHbO KPUTUYECKOA CHUCTEMH MaT-
PHUIl MOXHO TMOCTPOMTbL CTPOro k-c6alaHCHPOBaHHHE KOJXbLA.

[IoengoxeHne 2.1, IycTs R - KoMMyTaTHMBHOE JOKalbHoOe
KOoasuo, R/J=Q, ¥ HafgeTcd HaTypaabHOE YHUCIO p , Tak 4YTO
dimJP/JP*l = r2n . Ecam cymecTByeT KpuTHueckad cucTema kxn
MaTpuiL Al,...,Ak Hal noieM @Q, To Ha#filercd R-moayxap S, Tak
yTo T(S)=k

HokalsaTeldbCTBO. PaccMoTpuM cnepBa cayvyafi, Korja JP+1=0
M r=n. Toraa JP - BekTopHOEe NPOCTPAHCTBO Hal @ DPAa3MEPHOCTH
n. O6o3HauuM ero 6Gasuc yepe3d {wy,...,wy} . PaccMoTpuM R-
moayxn S=RE/V , rze

k n
vV = ij) ! q4JEQ , BHIOJHAeTca (1)>,
i=1 j=1

fk n

N

T —a_,.q440,
1m14-1 StdtHd (1)

s=1,...,k,
Tle agjj - SAEMEHTH MaATPHUI Al,...,Ak.

HokaxeM, uTto T(k-1)#R (ecaum T(k-1)=R, TOo ?*(S5)=k-1).
Iyere 8y = (0%...+0+1+0+...40)+VeS (Ha i-ToM MecTe CTOMT
eauHuna). OueBHUIHO, MHOXEeCTBO [51,...,sk} ABAAAGTCA CUCTEeMOH
o6pa3yomMX MOARYIAS S. O603HauYMM 4Yepe3s o6pa3 23JeMeHTa 8y
NpM ecTecTBeHHoOM TroMoMoppusMe S-+5/J5 Torha MHOXECTBO
{el,...,ek} ABAACTCA 6a3MCOM BeKTOPHOr'0 npocTpaHcTBa S/JS
Hal noxeM Q.

Nockoasky JP*1=0, 10 JPS aBafeTcd BeKTOPHWM TPOCTPaH-
CTBOM Hal Q. OnpepexuM IMHe#Hoe oTo6paxeHue g:5/JS-+JPS no
bopMynam:

g(eg)=wy+0+...+0+V , g(ey)=...=g(ey)=0+V .

flokaxeM, 4YTO NPH JOEHX ml,.k.,mk'IES/JS cymecTByeT
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n . .k
w=ix;wsedP, xj€Q, Tak uTo g(m®)=wm®. OycTe m - mi.ea,

J=1 i=1
t=1,...,k-1 H Y=(y1,...,yn)T - pemeHHe cucTemu K1 npu MaTpu-
ue [lokaxeM, 4YTO TOrAA MOXeM 6PaTb W=yiwi+...+¥pWp.

MTocKkoABLKY

k n
g(nt)=mt1w1+0+...+0+v M wm =z:r(z::ijj)mti+v ,

TO PABEHCTBO g(mt)=wmt PAaBHOCHIBHO

k n
E:?(Z::ydwd)mti-[mt1w1#0$...*O]CV » (2)

OTKy A&
n k n
[(71-1)mt1w1+Z::metin]+£:?(£::yjmtiwj) eV .

Tenepb M3 OoNpelieleHWs BeKTOPHOro mpocTpaHcTBA V noxyuuMm

fk n n

E—T gy hy¥ o110y (Y1-1)+E—ag) jmyyyy = 0

j=23=2 i=2

.s=1,...,k,
NMpUYeM 3TO AOJXHO MMeTh MeCTO npM KaxaoM t=1,...,k-1. Takum
06pa30M, MH noxyumM, uto paseHcTBo g(mt)z=wm®t wumeer MecTo

Torzga M TOJABKO Torjaa, Korja pa3pemuMa CHcTeMa

fk n

f;f?ffasijmtiya = agyiMey » (3)

s-1,...,k , t-1,...,k-1
3anucuBas 3Ty CHMCTeMy B MAaTPHYHOM BHAe MOAYYUM CHCTEeMy
K1. Ilockoxapky Y = (yl,...,yn)T 6HJ PEemeHHWeM 3TOX CHUCTEeMH, TO
g(mt) = wn® nas Beex t=1,...,k-1 .

H3 ycaosua K2 noayuum, 4YTo eciaH mt=et ,To cucTeMa (3),
rae t=1,...,k , npoTHBopeuMBa. CleloBATeAbHO, He cCymMecTBYyeT
weJP , Tak 4To g=w .

OnpenexuM Ttenepp f€F(1,S) dopmynoit f(s)=g(s+JS) . Torzma
B CHAY INOKAa3aHHOIO OTHOCHTelIbHo g uMeeM f&T(k-1)\T(k). Cxe-
noBaTelpHo, T(k-1)¥R u 7T(S)>k-1 . Tak Kak MoAyar S NoOpox-
Raercda k 3xemeHTaMH, To T(S)=k .

B o6mem cayuyae onpeaeauM R-moayas S=Rk/V’, rae V'=V+Vy,

k r

Vi = ———=w.+JP*l). Torza AnnS=V: u MoxeM paccMoTpeTs
i=1 j=n+1l

S kxak R; = R/AnnV;-mMonyap, a R; YAOBIETBOPAET TPE6OBAHHMAM

nepBoit YacTH AoKasaTeabcTBa. [IpeproxeHHe 2.1 noka3saHo.
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OkasHBaeTcsd, 4YTO0 B cayvae, Korjga R - KOMMyTaTMBHOe
JoKaXbHOe KOJbLO C HYJNeBHM KBaJpPaToM paaukala JxeKo6COHa, TO
AoKas3aHHoe B npeaIoxXeHuu 2.1 YyTBepxlleHUe  JOomnyckaeT
o6pameHue .

Ipenaoxenme 2.2, MyeTs R - KOMMYyTATHMBHOE JOKAJXbHOE
KOJXBLO C HyJXeBHM KBaapaToM Ppajaukaia Jxexko6coHa, R/J=Q,
dimgJ = n . Torga creaywmue YTBEPXJAEHUS DABHOCHIbHH:

(A) cymecTByeT R-~Moayap S, Tak utro “T(S)Zk>2 ;

(B) cymecTBYeT KPUTHUYeCKaf# cucTeMa kxn MaTpuu Al, At
Haj Q.

HogazarelIbCTBO.

(A)=>(B) JHonycTUM, 4YTO CYRecTByeT R-Moayxpb S, Tag 4TO
t(5)xk. Toraa HanayTca feT(k-1)\T(k) ¥ 3xeMeHTH ugy,...,ux<s,
Tak YTO HM TMPpU OXHOM re&R He BHMOJIHARTCH f(uj)=ruy,
i=1,...,k. TakuM o06pa3ioM, MOXeM OI'PAHUMHUTBLCH pPaCCMOTPeHUEeM
cayvyas S=<uq,...,uy> . O6o3HauuM 6a3uc pazuxkara J vepes
{wy,...,wy} , Toraa amw6oit MoAyIb 5 ¢ k MOPOXAAWMUMM MOXHO
npexcraBuTh B BMge S=RX/V, xak u B ZokasaTexrbcTBe Npepnloxe-
HUa 2.1.

HoxaxeM, 4TO f|J5 - noxMHoMHMaXxbHaag PyHKuUMA. Tark xax
feT(k-1) , To xerko 3aMeTuTh, 4TO f|jg € C(1,J5)° (cM. noka-
3aTeabcTBO npeaxoxeHusa 2.5 B [2]). Nockoabky JS - BeKTOpPHOe
MPOCTPAHCTBO Haj @ M Kaxjloe BeKTOpPHOe MPOCTPaHCTBO pa3Mep-
HOCTH 6oXblleé eMHALUM ABIFeTCR APPUHHO MOAHHM, To f|gg ~ no-
JAMHOMHAIbHAA dyHKUMA M MoxeM 6patb f£(JS) = 0. Ecau xe
dimJS=1 , TO 3aMeTHM, YTO CyXeHue f|J5 NPUHALJICXUT K BTOPOMY
HeHTpaim3aTopy JS . B cuay TeopeMH MIOTHOCTH f|J5 - MOXMHO-
MUalbHaf PYHKLUMA M onaATb MoxeM 6paTthb f(JS)=0 . TakuMm o6pa-
30M, Jaxa xow6oro mES AelicTBue PYHKUMM f paBHOCHMIBHA ¢ YMHOXe-
HMeM Ha Kako#i-To 3JeMeHT u3 paauxkana J. Taxk xak S/JS - TOoXe
BEKTOPHOE MNpPOCTPAHCTBO Haj Q, To f onpejexsieT AMHeAHoe OTO6-
paxeHue S/JS5-+J5, KoTopoe 6yneM o603HavaTh Tofi xe 6ykBo# f

nyers {ej,...,eg} - 6a3uc BEeKTOPHOrO MpocTpaHcTsa S/JS,
rae nojyyeHH M3 SJIEMEHTOB CHCTEMH O6Pa3yWmUX MOAYAA S kak
M B Aoka3zaTelbcTBe NpeaioxeHns 2.1. Nockoxpky f&T(k-1) , To
Aaa noO6HX k-1 3JIeMeHTOB X1, -, XK-1%5 cymecTByeT re€R,

TaK YTo f(xi)=rxi. CrepoBaTelbHO, MoXeM 6paThb CYXeHUe PYyHK-
uun  f HA NOAMPOCTPAHCTBO <@g,...,€x> PaBHHM HyJW, a

n
f(eq) = == waJ+0+...+0 , bJeQ .

HonycTM, 4YTO 6a3uc B J BH6paH Tak, 4YTO b1=1,
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b2=...=bn=0. Ecay m = my€Q, ToO f(m):m]w1+0+...$0.

n
C APYroi CTOPOHHM, AAA ZAHHOK M CYMeCTBYeT wW=2—X4wi&J,
J=1

xJEQ , Tak 4yTo f(m)=wm . TakuM o06Pa30M, MNOAYUUM BKJIWYEHHe
(2), rne BMecTo yj MMeeM X4, a BMeCTO -~ my. YYUTHBas ON-
pelleleHWe  BEKTODHOrO MpOCTpaHcTBA V, MOAYYMM, Kak U B JoKa-
3aTeAbCTBe mpexioxXeHus 2.1, cuctemy (3) (6e3 t=1,...,k-1) ¢
TeMH-xe MNonpaBKaMu Ha ¥ 3 M . O6o3Havyas uepe3

AS=(agiy) » X=(xq,....x)T, B=(1,0...,0)T
MOXeM MocleJHO0 CUCTeMy MuUcaTh B BUIe

f(mqg,...,m.)(ASX-a_44B) = 0 ,
{ 1 k s (4)
. ts=1,...,%t.

Mockoaby feT(k-1) , To cucTema (4) IoJAxXHA WMeTh pelleHUe NpPH
06K X ml,... , rae mi=(mil"--'mik) . OSo3Havyasd 4yepe3
M:(mij) ¥ noayuum cucTteMy K1, kxoTopas pa3peliuMa NpU Kaxiao#
MaTpuie M. TakuM o6pa3oM MaTPHULH Al,...,AY ynoBaermopswT
ycaoBuw K1.

Nockoabky f#T(k), To cucrema (4) He MoxeT UMeTh PelleHUs
B caydae i=1,...,k, T.e. B3fIB B KaueCTBe MaTpuun M
eJIVUHHUYHY MaTpuuy nopsaiaka k, noxyuyuMm cucteMy K2, xoTopas He
¥MeeT pemeHus. CireloBaTelbHO, MaTPHULUH A,...,AY ynommer-
BOPAWT ycAoBUA K2. 3aMeTuM, 4TO ecaum a411=0 1AAd Bcex s,To
cucteMa K2 dABaseTcd OAXHOPOAHOM M BcCerza uWMeeT pelleHue.

CrenoBaTelbHO, MOXeM TNPeANoNOoXUTh, UYTO apg1*0 . YuuTHBasd
3HauYeHHe MaTpull Al,...,AY , MoxeM noOIYUMTL Nocie AMHeMHHX
npeospa3oBaHUM a311=1, 8g511=0, a=2,...,t . Takum o6pa3om,
cucTeMa MaTpPHLU Ai,...,At ABAAETCA KPUTHIECKON.

(B)=>(A) ABAAETCA 4YaCTHHM cJay4dYaeM TnpelJoxeHus 2.1.
NMpennoxeHue 2.2 Aoka3aHo.

3. CTporo k-c6azaHCHpOBaHHHE
KoXblla CymecTBY®WOT

B 3TOM naparpage npUBelleM HEeKOTOpHe CBOACTBA KPUTHUEC-
KHX CHCTeM MaTpHl, C MOMOHNbK KOTOPHX MOJIYUUM ONUCAHUEe CTporo
k-c6alaHCUPOBAHHHX JNOKalbBHHX KoJaeu R, KBajgpaT paiukaia lLxe-
KO6COHA KOTOPHX paBeH HyJW B ciaydae, eclu noae Q=R/J cogep-
XUT He MeHbme 4YeM K 3JeMeHTOB.

Hawa Helb: BHACHUTD, MPH KaKHWX 3HavYeHUsX MnapaMeTpoB
k,n,t cymecTBYOT CHUCTeMH KPHUTHUYECKHUX MaTpull. [IpUBelleM cnepBa
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HEeKOTOopHe pPe3yabTaTH, o6Jlerdapmue NPOBePKY KPUTUUYHOCTH
CHCTEMH MaTpHL.

JeMMa 3.1, Ycaopue K1 BHNOAHAETCA TOrjaa MU TOABKO TOrJA,
xorga cucremMa Kl paspemuMa Aaad JA060#t MATPHLH BHIAAa

10 0 cq 0
01 0 co 0
00 1 ey q
00 0 1
00 0 0

rie w>2 ¥ ¢y, ..,¢,.1 £ Q .

JokalaTelbCTRO, Ecau npeianoloxuThk, UYTO cucTeMa K1 He
WMeeT DemeHUd MPH HeKOTOPOA MaTpuue M, paHr KOTOPO# MeHbme
yeM k-1, To oHa He MMeeT pPemeHMT M NPN MaTpuue M1, B KOTOpOM
COXPAHeHH JHHEeHHO He3aBHCHMHE CTPOKM M3 M M Ao6aBJeHH Takue
CTDOKH, 4TO paHr M1 paBen k-1. 3aMeTuM, YTO eCHHd NepBHA
cTol6ell MaTPHUN M ABAAETCA HYJEBHM, TO CHUCTeMa HABJAAETCHA OJ-
HOPOLHOH M Bcerja pas3pemuMa. TaxuM 06pa30M, MOXHO Or'PAHU-
YATBCA TaKWMU MaTPULAMM M, PAHT KOTOPHX MakKcHUMaleH U HepBHHA
cToa6en HeHyJIeBo#. Tenepb yTBePXAeHUEe JeMMH cJleiyeT U3 Toro,
YTO HNpoOU3BoJbHad Takafd (k-1)xk MaTpuua AORNycKaeT npejcTaBie-
HMue B Buae CM,, rze C mnoxxoxsmas peryiafpHaf maTpuua. JeMma
3.1 moxa3saHa.

ByneM roBOPHUThb, 4TO kxt MaTpuua L=(lij) ABJAAETCH
DON¥CTUMOR AXA CHCTEMH MaTPUL A1,...,At, ecaun

t k

;:IjzfliJAiJ =0 7] 149 = 1
rie depe3s 0603HAYEHO J-af CTpoka MaTpuuu Al

JeMMa 3.2, YcaoBue K2 BHOOJHAETCH AJAA CHUCTeMb MaTpMl
aAl,...,AY  rorma m Toamko Torma, Korma cymecTBYyeT LOMNYCTHMAad
MaTpuia L. CaeroBaTelbHO, AJA JO60# KPUTHMUECKOH CHCTEMH MaT-
PHL CYmMeCTBYeT NONYyCTHMMAad MaTpuua.

JokazaTeibCTRBO. 3aMeTHM, YTO B CHCTeMe ypaBHeHU# K2
HeOJHOP OIHEIM ABAAETCH TOABKO 3T0  ypaBHeHMe, KOTOpoe
onpelenaseTcs nepBoit cTpoxo# MaTpuus Al. CrenosaTessso, aas
TOro, 4YTO6H BcA cucreMa K2 He uMesa pemeHMd, HEOGXOIMMO M
LOCTATOYHO, uTO mepByl C¢Tpoky Marpuuu Al  MoxHO Bupa3uTH
AMHEAHOR KOMGHMHALUMEeRA OCTANbHHX CTPOK 14 j (i, 3)#(1,1)
9T0 ¥ PABHOCHABHO CYMECTBOBAHWKO JNONYyCTUMOA MaTpvun L. JlemMa
3.2 moxasaHa.
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PaccMOTPUM Tenepb HeKoTopHe Mpeo6pa3oBaHHUA KPUTHYeCKHMX
CHMCTeM MaTpPHLl, COXpaHAWEHWEe KPUTHYHOCTH CHCTEeMH.

JeMMa 3.3, CuHcTeMa MaTpul, NOoaydYeHHAdA W3 KPUTHUYECKOH
CMCTEeMH MaTPULl MNyTeM »>JIeMeHTapHHX MNpeo6pa3o0BaHUA, Kpome
yMHOoXeHus wMaTpuud Al Ha ckaasp u no6aBienms Al k mpyrum
MaTpHLlaM, SBAAETCH KPHUTHUYECKOWN.

Joka3aTeXbcTBO. [[OCKOABKY KPUTUYHOCTL CHCTeMH MaTPpHI
onpefielleHa  YCIOBUSMHM Ha  pPaIpemMUMMoCcTh cucTeM ANHEekHB X
ypaBHeHMiE K1 u K2 u ykasaHHHe 3JleMeHTapHHe Mpeo6pa3oBaHMSA
nepeBOAAT 3TH CHUCTEMH YypaBHeHMA B CHCTeMH, 3KBHBAaJNEHTHHE
MCXONHEM cHCTeMaM, TO 3TH npeo6pa 3oBaHUs COXPaHAWT
KPUTUYHOCTh CHCTEeMH MaTpHul. Tpe6oBaHWe OTHOCHMTEABHO MaTpPHUH
A1 HYXHO AJAf TOI'0, UTO6H COXPAaHAAUCH YyCAOBUSH a111=1, a511=0,
s8=2,...,t. Jlemma 3.3 mokasaHa.

JeMMa 3.4, CHucTema MaTpHl, MNoAy4deHHAs M3 KPUTHUMECKOH
CMCTEMH MaTpMLl NMYTeM ORMHAKOBHX 3JeMeHTapHHX Npeo6pa3oBaHUA
CTPOK BCeX MaTPHLl, KpoMe Ro6aBIEHUA MEePBOA CTPOKM K APYIUM,
Ro6aBleHNd JAPYrUX CTPOK K NepBON CTPoke MU YMHOXeHMA IepBoM
CTPOKM Ha CKaadp, ABAAETCHA KPUTHYECKOWH.

JokazaTeAbCTBO. Ha3BaHHHE 3JIeMeHTapHHe Npeo6pa30BHUA CO
cTpokamum MaTpuu AS peaausyeT peryaspHad kxk marTpuua V=(V1j)-

rae v11=1, vlj=v31=0, 3=2,...,k, T.e. HoBafg cucTemMa MATPML
UMeeT BMA A°1,...,A°t, rae A°S=VAS, s=1,...,t. Torma xerko
BHUAWUTH, YTO &g11°8g1] M CAGKOBATENBHO ANA HOBOA CHCTEMH

MaTpUll cucTeMa ypaBHeHui K1 uMmeeT Buj
fM(VAsx-aSIIB) =0,

is=1,...,t.
EcaM npeAnoJOXUTh, YTO 3Ta CHUCTeMa He WMeeT pemeHHUs Ipu
HeKOTOopOoM M=M1 , To cucTeMa K1 Hepaspemuma npu M=M;V , Tak
Kak VaslIB=a511B . CucTteMa ypaBHeHn#t K2 uMmeeT JaI8 HoBOMR
CHMCTeMH MaTPHLl BMR

{VASX~agqq1B=0,

is=1,...,t.

Ecau NpPeAnoiAoXMUTS, 4To 3Ta cHCTemMa pas3pemuMa, TO
cHCTeMa ypaBHeHHUR K2 paspemuMa M JAAS MCXOAHOH CHCTEMH
MaTpull. JeRCTBUTRIBHO, YYUTHBafd, UTO cefivac VB=B , noayuum,
YTO 3THU CHUCTeMH YPaBHEHHMA 3KBHBAJEHTHH: OJlHA MNepexoauT B
APYILYI0 nyTem YMHOXeHusa Ha V unam V“1 COOTBETCTBEHHO.
JleMMa 3.4 xoxazaHa.

K npeo6pa3oBaHMAM, PAaCCMOTPeHHHM B JXemMMax 3.3 M 3.4
BO3MOXEH U Apyron MOAXON, KOTOPHHA oka3HBaeTcd OYeHb
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nojge3HuM. Ha3zoseM (k,n, t)-BexTOopMaTpHLIEH txk MaTpuuy,
3J€MeHTaMN KOTOPOH SBAAWTCA BEKTODH M3 TmnpocrpaHcTBa Q0.
Toraa A060H  CUcTeMme kxn MaTpuL Al,...,At
COOTBETCTBYEeT (k,n,t)-BekTopMaTpHLa A=(A1J) M Hao60poT.
BexTopMaTpHLy HA30BeM KPHUTHUYECKOMH, €CcJM CcooTBeTCTBywmas
CHCTeMa  MaTpHl ABAAETCA KPUTHYecCKod. Teneps Hama OCHOBHAA
npoéaeMa MOAYIUT BHA: nP¥ KaKUX KOMNJIEKTOB MNapaMeTpoB
(k,n,t) Cyme cTBYWT KPUTHYECKHEe BEeKTODMAaTPHUH. JIerKo BMAMTE,
4YTO JW060MY M3 NPeo6pal30BAHMM CHUCTEMH MATPHL, DAaCCMOTDPEHHHX B
JemMax 3.3 ( 3.4 ) cooTBeTCTBYyeT 5JEeMeHTapHOe Npeo6pa3oBaHUe
CTPOK (cToN6HOB) BeKTOPMATPHLH A. TIlockoasKy 3TH nNpe-
06pa30BAHUA COXPAHAOT KPUTUYHOCTL M B CUIY JeMMH 3.2 paas
Kaxao# KPUTHYECKOH BeKTOopPMaTPHLH cymecTBYyeT  HAONyCTuMas
MaTpyLa L, To MHTePeCcHO BHACHHTb, Kak M3 MATDMUH L noayuuTs
AONYy CTUMY®  MaTpPMUy AJas BeKTOPMATPHLN, MOJYYEHHOA RyTeM
npeo6pa3o0BaHui,

JemMa 3.5, TMycrs A - BeKkTOopMATPMLla C JONYyCTHUMOH
matpuled L.

1. Ecxan BekTopMaTpulla A° moaydeHa M3 MATPUUH A nyTeMm
VYMHOXEHHUdA u-To#t (u#®l) cTpokm (Jj-Toro (Jj¥1) crToabua) Ha
CKaadap c#0, To aonycTumas MaTtpuua L° axa BekTopMaTpHuun A°
fnoayyaercsa W3 MaTpulH L nyTeM YMHOXeHMsa u-ToH cTpoku (Jj-Toro
cToxéua) wa ckamap c 1,

2. Ecay BexkTOopMaTpHia A° poJydeHa M3 MaTpuMUH A NyTeM
Jo6aBreHus K J-To# crpoke {(J-TtoMy (J#1) cToN6UYy) u-TO#
cTpok¥M (u-Toro croaéua), rae u¥l, u#j, yMHOXeHHOH(-oro) Ha
craxap c, TO AonmycTuMas MaTpuiia L“ aas BekTopMaTpvuu A°
noayvaeTrecs M3 MAaTpMUH L nyTeM BHYUTAHUA H3 U-TOH CTDOKH
(u-Toro croabua) J-Toik CTPOXM (j-TOro croasua) YMHOXEHHOH
(-oro) Ha- ckaxsp c.

JokanazeabLTBo. 1. O6o3naunMm yepe3l Ai - i-Tyw CTPOKY
MaTPHULH A. NycTe u°=°Au , @ BCe OCTalJbHHEe CTPOKKH MaTDPHLH
A® CoBRajapwT C COOTBETCTBYWNMMH CTPOKAMHU BeKTODMATDHUUH A.
PaccMoTpuM _MaTpuuy L°, nRoaydYeHHYo M3 MATpYUN L yMHOXeHHeM

u-TOM CTPOKM HA ¢ 1: Lu°=c”1Lu . Iokaxem, 4uro L° saBidercsd
ACOAYy CTHMOH AJNs BekTopMATPMUHM A°. JleicTBUTeAbHO, TOTrZAa
k t k 1 kK t 0
?——2————11-“-‘\4 .n:L_(::]_i Ai.+clu.c" Auj)=::11inJ= ,
je1am1 T Ty e R j=1i=1

NOCKOABKY Matpyua L jgonycTMMa ans BeKTopMaTPMUW A. AHaxo-
TMYHHE DacCCYXAeHWS NPUMEHUMH M B ciaydae CTOJGLOB.
2. Ilyers A3° = AJ+cAu M Bce OCTalbHHE CTDOKMU coBrazapt

C COOTBeTCTBYIINMNMM CTPOKaAMM BeKTODMaTDHLUH A. PaccMoTPpNM
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MaTpuly L°, NoJyYeHHY® M3 MaTpuMuW L nyTeM BHYMTAHUA K3 u-TOHA
CTPOKH j-Ty® CTPOKYy YMHOXEHHOe Ha cKaxfp ¢, rze u#l, u#j:

L, = Lu—ch . Ilokaxem, 4TO L° saBaseTcd AONycTumol Aas
BeKTopMATPUUH A°. HeACTBUTeNbHO, TOrAa
t k
K
Z::(Z::::lisAis+(1us—c1js)Aus+1js(Ajs+cAus))—
s=1 i#u,J
t k
iffifflisAis'CIJsAus+°155Aus =0,

MOCKOJBKY MaTpuua L ponycTuMa ajas BeKTOPMATPMUH A. AHAJOrUY-
HOe JOKasaTeJbCTBO NPOXOZUT U B ciaydYae CTOAGLOB.

OrpaHudeHus HAa U,j B YyTBepxXleHMAX 1 U 2 CBHA3AHH C
OrpaHUYEeHUAMHU Ha SJeMeHTapHHe NpeoSpa3oBaHUA MaTPULH A.
JNemmMa 3.5 pokasaHa.

Crepyomue  ABe JeMMH JAaKOT NepBHe YCIOBUA HA NapaMeTpH
(k,n,t), npM KOTOPHX CYmMeCTBYNT KpuTudeckume (k,n,t)-BekTop-
MaTPHLH .

Jemma 3.6, IIpu aw6o# KpuTudeckod (k,n,t)-BekTopmaTpu-
e MMeeT MecCcTO HepaBeHCTBo tZk.

LokazaTelbCTBO., IIpeanoxoxum oT NMPOTUBHOTO, YTO
cymecTByeT KpuUTudeckas (k,n,u)-BekTopMarpuua A, riae u<k.
Torga cymecTByeT KpuTMueckas cumcrema marpuu Al,...,AY . B
cuay JemMn 3.2 Axs 9Tofl CUCTeMH CYmMeCTBYyeT JonycTumas ukxk
MaTpula L. Bosemem (k-1)xk maTtpuuy M=M;, B KOTOPOH mnepsBue
u CTPOK COBNaZalwT CO CTPOKaAMM MAaTPMLH L, a ocralbHHe CTPOKH
NPOU3BOJBHH . BHnumeM CAEZYOMY0 MOLCUCTEMYy M3 CUCTEeMH JUHeH-
HHX ypaBHenuit K1 npu nanHon M;:

f k

Z::llj(a1j1x1+.. *aljnxn) = 111 =1,
Jj=1
k
szlzj(32j1x1+---*32jnxn) =0,
J:
k
;zfluj(auj1x1+'-'*aujnxn) =0
J:
TMTocKOABKY L »nonycTma, TO nNPU CYMMUPOBAHUM BCeX ITUX

P2aBEHCTB TMOXYYHUM H2 JeBOH CTOPOHE HYJXb, Tak Kak Kod3pOPULUEeHTH
Kaxuaoro ABJASWTCH HYJEeBHMM, Ha NPaBOA Xe CTOPOHE oCTaeTcH
eAWHMLa . Takum o6pa3oM, ycaoBue K1 He BHNOJHEHO M cHUCTeMa
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MaTpHL A+,...,A%Y He gmiagercs KPUTHYECKoMH. JlemMa 3.6
JoKa3aHa.

JemMa 3.7. Ecam cymecTByeT KpuTHueckasa (Xk,n,t)-BekTop-
MaTpHla C JONYyCTHMMOK MaTpHueit L, To cymecTBYeT M KpDHTHuYecC-
xas (k,n,r)-BexTopMaTprkua, rje r=rankL ..

JokazaTeAbCTRO.. flockoawky rankL=r , To xakMe-TO t-r
CTPOK MaTpvun L JMHe#HO BHPa3MMH Yepe3 OCTAaibHHE I CTPOK.
Tax xkak L;#0, MoxeM CYMTaThb, 4YTO NPpUHaLJAeXUT K 3TUM T
CTPOKaM. B cuay zemMm 3.3 ¥ 3.5 cymecTBYyeT XPHTHUeCKas
(k,n,t)-BexTOopMaTpnua A" c AonycTMMol maTpuue# L°, nocrepuue
t-r CTPOK KOTODPOH HYJI€BHE, a nepBas CTPOKAa CoBNajaeT C Nep-
BOA cCTpokoh MaTpuun L. PaccMOTpP¥M Tenepsb (k,n,r)-BexTop-
MaTpUUy A", cocTofAmyw M3 MepBHX I CTPOK MaTpuum A°. Hoxa-
XeM, 4YTO AJjis A" JONyCTHMMON sBiAseTca MaTpuua L", cocTosmas M3
nepBHX I CTPOXK MaTpvuw L°. JeACTBUTeAbHO, TOrja COOTBETCT-
Bybmas BeKTopMaTpHle A" cucTeMa MaTpPHl YAOBIETBOpHeT CHCTeMe
ypaBHeHH#t K2. Taxkxe BHNOAHgeTcs ycaosue Kl1,NOCKOJIBKY CHCTeMa
AVHEH#HHX YpPaBHeHMH, COOTBeTCTBybmas BexTopMaTpuue A° cojaep-
XUT 6olbme ypaBHeHWH, YeM cHUCTeMa JMHe#iHHX ypaBHeHMH, CoOoT-
BeTCTBybmas BekTopMaTpuue A". JleMMa 3.7 poka3aHa.

CrepctBre 3.8, Ecam L aBageTcs AONYyCTHUMOR MaTpHMUel Aad
HeKoTopoOX KpUTH4Yeckoi (k,n,t)-BexTopMaTpuuu, To rankL=k .

JokazaTeascTBo., IHockoabky L saBasercs txk MaTpuuen, To
ranklL¥k . Ecaum xe rankL<k , To B cuay aeMmu 3.7 cymecTByeT
KpHUTHUYeCKag (k,n,r)-BexTopMaTpuua, rjge r<k, 5To NpoTHBoOpe-
4yuT JemMe 3.6. CrencreBue 3.8 zokasaHo.

B cuay Jemm 3.6 u 3.7 HccaeAoBaHMe KPUTHYECKH X
(k,n, t)-BexkTopMaTpPHL cBOAMTCH K ciaydaw k=t . B 3ToM cayyae
HMeeT MecTO CJIeAyomas

JevMa 3.9, (k,n,k)-BekTopMaTpulia HBISETCA KPHUTHYECKOMN
Torjaa M TOJBKO TOrza, Korja MHOXECTBO €e JHOMyCTHMHX MaTpHy
HeNnycTo ¥ COCTOMT TOJXBKO M3 PeryiasipHHX MaTpHl.

JoxazaTeabCTBO. HeQ6X0AMMOCTEL BHTeKaeT M3 JeMMh 3.2 M
chrencTBus 3.8.

JoCTATQUHOCTE. Bunoasenne, yciaoBua K2 caeayeT M3
CymecTBOBaHMA  JONYCTHMMOM MaTPHMUH. BumnoaHeHWe ycxoBHa Kl
JoKaxeM OT MPOTHMBHOro. IycTh cHUCTEeMa JHWHEHHHX YPaBHeHMH H3
vcaoBua K1l npoTMBopedMBa nNpM HexoTopoi MaTpuue M. B cuay
JemMMal 3.1 MoxeM 6paThb M:Mu, 1<ufk. Torjga cucTemMa JAHMHeHHHX
ypaBHeHu K1 npuHMMaeT BMI:
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511X1+- - -+tagipXptey(Bg,1X+. . +agnXn =841,

asilx1+...+asinxn+ci(asu1x1+...+asunxn)=0,

Bagp1X1t. .. tagynXp=0,

.s-1,...,k , 1i=2,...,u-1 , t=u+l,...,k
OTcoAa BHAHO, UYTO BeKTOpaM# CTPOK MaTPHULH 3TOH CHCTEMH
ABAANTCH Agitcihgy, Agys s=1,....k, i=1,...,u-1,
t=u+l,...,k . TloCKOABKY JHmb OJAHO (nepBoe) ypaBHeHHe He
ABJAeTC OLHOPOAHNM M CHCTeMa ypPaBHeHWH NPOTHBOpeYMBa, TO
BEKTOP nNepBOA CTPOKHM BHpaxXaeTCi JAWHeAHO# KoMG6MHauWe# Bcex
ocTaibHHNX. JIDyruMu cIopaMi, cymecTsByeT kxk maTpula G=(Eij)'
Taxk 4Tro g11=1 M

k u-1
E__ —ssj(Asj"'c.‘]Asu)"'::gsjAsj) =0 .
j=1 s=1

onpeaeauM Tenepb MaTPHUy L=(1j3) , Tak 4To
fu-1
I—CgBig » ecxn 3=u,

li.']: s=1

€45, ecan Jj*u
Torgma, OYeBHAHO, L ABAAETCA JONYyCTHMON# AJS BeKTOPMATPHLUN A,
HO detL=0 , NOCKOABKY u-TH#A CToA6eun MaTPHLUN L BupaxaeTcs
JAUHEeHAHON KOM6HHaUuue#n OCTAABHH X CTOAGLOB. Noay4yeHHoe
NnpoTHBOpPeYHe ¥ 3aBeplaeT AoKalaTeAbCTBo. JeMMa 3.9 aokasaHa.

Tenepb Mul B COCTORAHUH NPUBEeCTH nepBHe NPUMepH
kpuTHieCkux (k,n,k)-BekTopMaTpull. O603HAUYKM nk=2+...+k.

lIpenaoxenue 3.10. Ecam nZny , TO CYHECTBYeT KPHTHYeC-
kaa (k,n,k)-BekTopmMaTpuia.

HokalaazeAbCTBOL. Bu6upaeMm AiJEQ“ TaKk, UYTO CHCTeMa
{Aj51 123, i#1} auHeitHO He3aBHCHMA, Aggt+Agap+...+ARE=0 ¥ Bce
ocTaibHHE BeKTOPH, T.e€. Aij' i<j, HyzeBme. Toraa, O4YeBHAHO,
AONYyCTHMOR 1A BeKTOPMATPHLUH A sBAseTc® eAWHHYHAS MaTpuua.
nycTe Lz(lij) - NPOH3BOJBHAS AONYyCTHMag MaTpula, Toraa

k
T—14A54 - 0, 13q=1
TR LT 11

BuuuTag OTClHAA PaBEHCTBO Ajq+...+Ap=0 #H YYATHBAR JAMHEHAHY®O
He3aBUCHMOCTHL BeKTOPOB {Aid: izj, 1i#1} , noayuum 144=1,
i=1,...,k, u 1ij=o npu i>j . Ho Torma detL=1y11p9. .. Lpk=1
NpeanoxeHue 3.10 pokasaHo.

Hama paxpHeitmas uLeab: MoOKa3aTh, YTO HEPABEHCTBO  nZny
ABJAAETCH He TOJbKO AOCTATOYHHM HO ¥ HEOGXOAMMHM AJS CYymecCT-
BoBaHUA KpHThYecko# (k,n,k)-BekTopMaTpuun. JIA9 3TOro noka-
XxeM, 4YTO B cxayvae n<my He CymecCTBYeT KDPHUTHYCCKHX
(k,n,k)-BextopMaTpull. B cuay xeMMH 3.9 3TO pABHOCHIBHO Cle-
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AybmeMy: Ecau n<ny, To AXA JW06OH (k,n.k)-BekTopMaTpHu Cy-
mecTByeT JonycTuMas MaTpvua L, Takad 4uTo detL=0. IIpexae uem
AoKka3aTh 3Ty TeopeMy NpUBeleM eme HeKoTopHe TeXHUUeCKUe JaeM-
MH . HazoseM kxk MaTpuuy C=(cij) BCnoMoraTeidbHo# JAJd
(k,n,k)~-BexTopMaTpPuun A, ecau

jA13 =0 npuveM cq1=0

o MOMOMbY BCNOMOraTeJbHHX MaTPHUL MOXeM MOJYYUTh U3 JaHHOH
AOMYyCTUMON MaTPULH APYyrue AOMYyCTHUMHE MaTpUUH. TouHee, ecau L

RonycTuMas M C - BcroMoraTeJdbHasf MaTpuua AJAS HEKOTODPOH
BeKTopMaTPHMUN A, To U L+xC gBiAfeTcda AoNyCTHMMOH MaTpUuel NpH
KaxioM x€Q. HasoeeM kxk MaTpuuy cneuMailbHoOW, eCIM OHa uUMeeT
BUA

1k
0

Le= . 0

0 0 0 C 1

JeMMa 3.11. EcauM cymecTByeT kpuTHueckas (k,n,k)-BekTop-
MaTpuua, To cymecTByeT MU KkpuUTHdeckas (k,n,k)-BekTopMaTpuua
A® co crneuMaabHOM AOMNMYCTHMMON MaTpHULeH.

DNlogagaTeabeTBo, IlycTh A - kpuTuueckas (k,n,k)-BekTop-
MaTpuua ¢ AonycTUMoi MaTpuuei L. Ilo seMMe 3.9 L peryifapHa.
MokaxeM, YTO MOABL3YACH 3JAEMeHTapHHMM Npeo6pa30BaHUAMM CTPOK
y(KkpoMe YMHOXeHMUS MePBOH CTPOKM Ha cCKaadp U Ao6aBJeHUd APYTHUX
CTPOK K MepBOil CTPoKe) U CToA6LOB (KpoMe Tex, CjAe ydacTByeT
nepBHi CcToa6eln) 3TY MATPUUY MOXHO MNPUBECTH K cCreuualbHOMY
Buay L°. Jlerko 3aMeTUTh, YTO YKa3aHHHMHU 3JeMEHTapPHHMU MNMpeo6-
pa3o0BaHUAMM CTPOK MATPUUY L MOXHO NMPUBECTH K BUAY

Liz 113 . ik
1 0 ; 0
L= 0 1 . 0
0 0 0 A 1
Ecau BCe 1j=0, j=2,...,k, To Bce poka3aHo. Eciau-xe
cymecTByeT lljfo, To MOXeM NPeAnoJoXUTh, yTo j=k.

JeitcTBuTeAbHO, ecAM j¥K, To Hajo MeHATHs j-yi M K-Tyi CTPOKH
" croa6uu. C rmMoMombie 3jaeMeHTa 14,¥0 npuBelAeM K HyJ i Bce
NEeMeHTH L j, j=2,...,k-1. Ecan 113#0, TO BHYHUTAEM M3 j-Oro
cToacua k-H#i cToabel, YMHOXEHHOH Ha 11j11k B noaydyeHHOH
MaTpuue L° Bce 3JeMeHTH KpoMe ABYX COBMajawT C 3JeMeHTaMH
Ma TPHULH L, Toxakko 115’=0, lkj :'11j11k Tenepb A06aBUM K
k-Ton CTpoke J-yi0 CTPOKY, YMHOXEHHYI0 Ha lljllk_l B
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pes3yabTaTe NoXAYy4uM MaTpuuy L", KoTopad oTaudaeTcd OT
MaTpvMlUl L TOABKO 3IEMEHTOM 113, Teneps 113"=0. TakuM o6pa3oM
MOXeM NPUBECTH K HYAO BCe 3XeMeHTH 113, j=2,...,k-1.
3 aemMMm 3.5 caezyeT, |YTO MNoiyyeHHas® MaTpuMua dBaAfeTcd
LONyCTMMOA JJAR HeKOTOPOA KPUTHUECKON BeKTopMaTPHUK, NOAyYeH-—
HOM M3 BeKTOPMATPMUK A NyTeM »3JeMeHTaPHHX MNpeo6pa3oBaHMIt.
CrenoBaTelbHO, CymecTBYeT KpMTHueckas (k,n,k)-BexTopMaTpuua
co cneuMaZbHOW NonycTHMoi maTpulled L°. JleMMa 3.11 mokaszaHa.

llpm x06o# kBaapaTHOR Matpuue G o603HaYUM dYepes Gij
MaTPHUY G 6e3 i-Tolt CcTPOKM M Jj-oro cToxéua, a 4epes [Glj]
- axre6épauyeckoe NONMOAHEHWe JXeMEHTa &; 4

JeMMa 3.12, TNlycTe nojae Q CONEPXMT He MeHee Kk 3XeMEHTOB
H A - «xputuueckas (k,n,k)-BexkTopMaTpMna CO chneuMaabHOR
ponycTuMoit MaTpuueRr L°. EcaM rijAjp+...+rAg=0 , To npu
A060i BcroMoraTeXbHOR MaTpuue C=(cij) riCp1+- . +rgCrir=0.

JokazaTexbcTBO, CnepBa OTMeTMM, YTO Np¥ JANGOH BcrnoMora-
TeapHoit Martpuile C Matpvua G=L°+xC dABXAeTCA AONYCTHUMOK U B
cuay JaemMy 3.9 Bceria detG#0 . Teneps 3aMeTuM, uTO ry=0 ,
Tak Kak B NPOTHBHOM CAyYae CymecTBoBaJXa 6b JONYCTUMAf MaTpU-—
na G, rak uro detG=0

JeicTBUTEABHO, e€CaHu rg#0, To B KauecTBe G MOXHO 6paTh
CYMMY MaTpul L°-rk‘1F, rae F=(fij) - BcnoMoraTeXbpHaf MaTpula
¢ f3;=0 npu i=1,...,k-1, a fy;=r;. STO NPUBOAMT Kk NPOTHBOpE-
YUO C KPUTUYHOCTBO MATPUMUK A (xemMMa 3.9).

lIyctes C - npou3BoabHafd BcnoMoraTeAbHas MaTpuua IOAs A.
Toraa, BBUIY COOTHONMEHHUS riAjgt. . - +rphy=0 , BcnoMorarexs-
HOit AX9 A aBadeTcd M clejybmas Matpuua C°, KoTopas oTauya-
eTcsd OT MATPUMUH C TOAbLKO NOCAEeNHMM CTOAGLIOM, MMEHHO:

Cik° = Cyptyry » i=1,....k, y=Q
O6o3HaumM G=L°+C | G°=L°+C°® , Toraa

k k
detG® = :_(g4p+vry)[Gyp] = detG+y (F—r; [G4y 1)

k
Ecau TO MOXeM onpeleldTh ¥y, Tak 4To detG°=0,

k
YTO NMPUBOAUT K MNPOTUBOPeuYunw. CAeloBaTEABHO, 2:::1[Gik]=0

3aMeHMM TenePhb B popMyxe G°=L°+C° matpuuy C° Ha xC°, xeq.
OueBMAHO, YTO G° oCTaeTCs NOMYCTUMOA, HO I —r:[Gy,] craHo-
i=1

BUTCA noauMHoMoM (k-1)-o#f cTeneHM OTHOCHUTEABHO X. B cuay
AoKa3aHHOro BHle 3TOT MOJIMHOM onpejleAseT HYJASBOX NMOAMHOM Ha
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Q. Tax xax noxuHoMm (k-1)-off CTeneH! MoXeT UMeTh He GoXxee k-1

KOpHeit, a nmnoXe Q COIEPXUT He MgHee k 3IAEMeHTOB, TO 3TOT
NOXMHOM HBAAETCH HYJAEBHM, T.e. BCe ero Ko3PDUUUEeHTH DpaBHH
HY X0, Jlerko NPoBepPHUThH, UTO KOIDPULUEHTOM NPU NMePBOH CTeneHH

X B NMOAMHOME

1 xe1z .- Xep xci,k-1 T1
XCpy 1l+xcgy .. XCo4 XCy k-1 T2
k e
1[Gk 3=
= XCq1q XCjio .. 1+xcii [ xci'k_l ry
1 xckl xckz . e xcki s e xck,k_l rk
ABAAETCH ..trpcyy - JleMma 3.12 noxasaa.

06o3HauuM uepe3 {A} MHOXECTBO 3AeMeHTOB (BeKTOpPOB) MaT-
pyid A, a yepes <A> - BeKTOPHOE NPOCTPAHCTBO, NOPOXAeHHOe
3THM MHOXECTBOM. »

Tenepr MH B COCTOSHMM JoKa3aTh OCHOBHOH pe3yAbTaT O
KPUTHYECKHX BeKTopMaTPHUaX.

Opeanoxenue 3.13. IycTe A - npou3ssoanHaa (k,n,k)- Bek-
TopMaTpuua Haa noxeM Q, iQixk . Ecam dimc<A><ny, TO BekTop-
MaTpPMia A He ABASeTCH KPUTHYECKOH.

IoxapaTeIbCTRO. IpeanoXoxnM oT NMPOTHUBHOTO, 4TO
cymecTByeT kpuTuueckad (k,n,k)-BexkTopMaTprMua A, Tak uToO
dim<A><ny

Nposenem uHayxuuow no k. Myeres k=2, Torza n=32 7]
dim<A><2 . Ecayn dim<A>=0, To MaTpvMia A dBafeTCH HYJeBOH MaT-
puei. Ho 3TO MPOTHBOPEYHMT oNpeleseHUWO® KPUTUUHOCTH MaTPUUH A
(A31#0) . PaccmoTpum Tenepr caydai dim<A>=1. Ecam A15%0, TO
Aj1=aA;2 ¥ cymecTsByeT nonycTMMas MaTtpMua L=(1y4), rae 134=1,
112=-q . 121=122=0 B onpenernTexb KOTOpPO#H HYJIeBOH .
CrenoBsaTeNhbHO, A1p=0 . AHaXOrM4YHO noxy4ymM, 4To ¥ Agy=0. Ho
Tenepbh HCHO, YTO B AONYCTMMOH MaTpHile BCerja MOXHO BH6MPATh
3AEMEeHTH 1l ¥ 1lp;, Tak YTOSH OHa He HBISJNACE PeTYASAPHOH.
YuuTuBasfi JeMMy 3.9, Hame yTEepxJeHue Joka3aHo B ciyyae k=2.

lIpeAnONOXMM, YTO yTBepxleHHe Joka3aHo B ciydae k-1,
nokaxeM, 4YTO yTBepxJeHWe CNpaBeAJuBO ¥ B cayvae k (k3)

ycrs dim<A><ny. B cuay xeMmn 3.11 MOXHO 6e3 orpaHuve-
HUA O6MHOCTH CYMTATh, YTO A o6rajaeT CneUHaNbLHOH AOMYCTHMOH
maTpyuen. L°. Bu6upaeM MaKkCHMAJXBHY® JAHHERHO He3aBHCHUMY D
CHUCTEeMy cpeld BeKTOPOB MoOCJelHero <cToabHa  MaTPHUH A.
0603HauMM uepe3 BEX MHOXeCTBO NMepBHX MHIEKCOB BCeX BEKTOPOB
3TON CHCTeMH. 3aMeTHM, UYTo kEBk. Je#icTBUTEALHO, B NPOTHBHOM
cryyae MoOXeM BHPAa3UTh Ap) uepe3 OCTanbHWe BeKTODH NocienHero
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cToaGua, HO Toraa cymecTByeT AonycrvMas MaTpHla, nocrenHas
CTPOKa KOTOpPO#i HyaeBas. PaCCMOTPHM CHCTEeMy BEKTOPOB

B = {Ags! 1#B%} U (Ayl JeB¥)

Mokaxem, 4YToO 3Ta CHCTeMa , ABAAeTCA JAMHeHHO He3aBHUCHMON.
Je#icTBUTEABHO, NYCTH

jeBE ieBk

Toraa MOXeM DPacCMOTPeThb BCINOMOraTeAbHYN MATPHUY C=(cij), rae
cgy=xy » ecan jeBE | n ek, 1eBE, Bce ocTaxbHme ey 3=0.

HoCKOABKY JNGO# BEKTOP MNOCAefHero CTox6lla MaTPHUN A
MOXHO BHpPa3WTh UYepe3 6a3UC ITOro CToxbia, TO AAA KaxXAOro
i#BX  ymeeT MecTO pPaBeHCTBO Aik=z:::risAak . Tax kKak kIBk,

s€B
T.€. Aygy CONSPXMTCA B JING0# MAKCHMAJAbLHOH AMHEHHO He3aBHUCHMOH
cucreMe, TO ryu=0. Temepr B cuay AeMMH 3.12 AXd KaxAOro
1#BX ymeem X4=CRj=T—T;oCKg- TaK Kak Bce Cy =0 npu slBk\{k}
sep
] r1k=0, TO xj=0, NnpuU BCeX iin. CaepoBaTeAbHO z_m_yiA1k=0.
jepk

Hockoabky cucrema Ajy, 1GBk, AMHEeAHO He3aBHUCHMA, TO BCe
Vi=° . TaxuMm o6pa3om, cucTemMa BeKTopoB B° - auHelmo
He3aBHUCHMa.

Bu6upaem M3  MHOXeCTBa {A} MaxkcuMalIbHY®O JMHEHHO
He3aBUCHMY® CHCTeMy BekTopos B, Tak uro B°<B, A4#B u B
COREePXUT MMHMMalbHO BO3MOXHOE KOXUYECTBO BEeKTOPOB M3
fnociaeiHe# CTPOKM MaATPHUN A. O603HAauUMM uepe3 B~ MHOXecTBO
BCeX BEeKTOPOB cHUCTeMH B, npuHazxexamux nociaefiHe#i CTPOKe MIAM
MoCAeAHEeMy CTOX6LY MaTpPHMUH A.

Pa3NoXy¥M BeKTOpPHOe MPOCTPAHCTBO <A> B TNPAMYD CYMMY:
<A>=W+M, rie M - auHe#lHas o6oXouKa BEKTOPOB MHoxecTBa B', a
W - auHeilHas o6oJoyKka BCeX OCTAAbHHX 6a3MCHHX BeKTOpPoB. B
YaCTHOCTH, AXS KaXAOro Ajj; MMEeT MecTO Da3JOXeHHe:

,. Tae Fijew R MiJEM .
3ameTuM, uTo Mjj=A4;, npu Ay =B", u Fj4=A34, xorma A; j2B\B".
PaccMorpuM (k-1,n,k-1)-BexTopMaTpuuy

F11 Fy,k-1

IFk-1,1 Fe-1,k-1ll
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MMockoapky B°<B°, To dimM2k . CaeaoBaTeiAbHO,
dim<F> = dimW<ny-k =
# No HHAYKUUOHHOMY NPEeANOACXeHH® F He SABAAETCH KPUTHUUYECKON.

TToxaxewM, 4yTo Aas F cymecTsyeT AonycTuMas MaTpHua.
JeACcTBHTEALHO, nycThb L AONy cTHMas MaTpHlua Axs
(k,n,k)-BexTopMaTpULUH A, TakK 4YTO 111=1, ecau A1J¢B, “

11J=rij , KOrpa A11+Z::riJA1J=0 . OYeBHAHO, MaTpHla ka

ABaAgeTcs AONMYCTHUMOA pAs MaTpuud F. B cuay aemMu 3.9
cymecTByeT HeperyaspHas AONycCTHMas MaTpuua G° AXS MaTpulu F.
0603HAYUM MHOXECTBO KO3ddHULHEeHTOB BEKTOPOB M3 MHOXeCTBa
B Toh xe 6ykBo#A B, T.e. mapa ko3dduUMeHTOB (s,t)€B Torza u
TOAbKO TOrZa, korja A 9B . Takxe 6yaem noHuMaTs (s,t)eB".
yers X={(s,t)!s,t=1,...,k-1}, Y={(u,k),(k,v)iu,v=1,...,k} u

Mgt = ITay . uvMuy » (s,t)eX . (1)

llocTpokM ¢ moMombo MaTpuum G° jonycTuMyo wMaTtpuuy G aasa
(k,n,k)-pexTopMaTpuln A. oOmpezeaumMm Gpp=G® , g&,,=0 , ecan
8yv ¥ Y\B" #u

Euy = ~:~Tgt uvEst® » (u,v)EB . (2)
x ’
k
Hazo npoBepuTh, YTOo S = T____ ;A::=0. JleAcTBUTelAbHO,
i,j=1

NOCKOABKY Eg4=0 , Koraa (s,t)sY\B" , To

8 = Zi:gstAst+Z§?guvAuv - 3)

VuutuBasd, uTo A,,~M,y, , koria (u,v)EB’, TO B CHAY yCAOBMA
(2) moayuum

uvhyy = ZB uvMyy = —(-2—Tgt uvEat® MMyy -

Tak Kak Agy=Fgy+May Gy=G° H G° 6uMa AONYCTHMOA MaTpHLeR
Ans BexTopMaTpuuM F, t.e. EIT”gg°Foy = 0, To

&sthst = Bgt° (FaptMgy) = Zx 85t Mgy -
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Tenepb u3-3a ycxoBusa (1) uMeeM

—Eathat - L§~gst°(iﬁ,r ,uviluy) (5)

TakuM o06pa3oM, MOACTaBAAA BHpaxeHMa (5) u (4) BO BHpPaxeHHe
(3), moayumM, yTo S=0 M MaTpuua G ABAAETCH AONYCTHMMOR RAA A.

OcraeTcss AoKasaTh, YTO MaTpHua G HeperyaspHa. Jag 3Toro
rnokaxeM, 4TO ¢k1=---=3k,k—1=° . Toraa

detG = gy [Gyp] = gxpdetc® = 0,

Tak Kak G° HeperyaspHa.

o KOHCTPYKLMH MATPHULH G uMeeM gkj=0 , Koraza AkJﬁB‘.
JonycTUM, YTO CymecTByeT VvV, TakK 4YTO gkv#O NnpH AkveB‘\{k}.
NMokaxeM, 4YTO vepk | JeficTBUTeAbHO, B [IPOTHMBHOM cJAy4Yae H3
¥ CAOBHSA (2) nmnoayyuau ©6H, YTO HalzeTcad XOTA 6H OZHA Nnapa
(s,t) = X, Tak u4ToO rst,kv’o . Ho Torza M3 ycixoBua (1) moay-
YuAKM 6H, YTO BMECTO My, MH MOTAM 6H B3AThb B KayecTBe 6a3u-
CHOTO- 3JeMeHTa BeKTOpP Agy . ITO MPOTHBOPEUHT BHEOPY 6asuca
B , a MMEHHO YCAOBHO, 4YTO B MocAeiHel CTPOKe MATPHLH A noia-
XHO 6HTb MHHMMAABHOZ BO3MOXHOE KOJAHYECTBO 6a3HCHHX BEKTOPOB.
TakuM o06pasoM, gy,~0 NpH Bcex vepk |

JonmycTuM Temeph, YTO gy,*0 npu Hekoropom (k,v)€B®
Toraa BO BcrnoMoraTeabHoRl MaTpuue C=G-L° wuMeeM cy,*0 , a
BCe ckj=° npH JEBk . Ecan Avk*z:::rjAjk =0, To B cHay

jeBk
AemMMn  3.12 uMeeM ckv*zzzirjckj = 0 . NockoxbKy Bce  Cyj-0
€B

npu jEBk , TO M cCcg,=0 . Takuu o6pasom, ckj-o npu BcCex

j=1,...,k-1 . Ho Torza ¥ B MaTpuue G=C+L° wnMeem
By1=- - -=€k,k-170
CrepoBaTeAbHO, MaTpuua G - HeperyiAfipHa M B CHAy JeMMH 3.9

(k,n,k)-BekTopMaTpHLa A He gBXfleTC KPHUTHYeCKO#. llpexioxe-
HHe 3.13 jpokasaHo.

3aMevyaHHe. cayuau k=2 ¥ k=3 MOXHO joKa3aTh 6e3
orpaHM4YeHHUs Ha Moixe Q.

Tenepr MH B COCTOSHHH JaTh ONMUCAHHE K-c6aJaHCHPOBAHHHX
KoJell B OZHOM Kiacce JMOKAJABHHX KoXell.
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Teopema 3.14. IycTh R - kOMMyTaTHBHOE JOKajlbHOE KOABLLO
C HYJeBHM KBajpaToM pajukaia Jixeo6coHa, npuveM nojle R/J-Q
COgepXUT He MeHee, YeM k 3xeMeHToB (kZ3) . Toraza crepywmue
YTBepPEAEHUA DABHOCHUILHH:

(a) R saBasgerca (k-1)-c6azaHCHDOBAHHHM;

(6) dimgd < ny

RokapaxeIbCTBO. (a)=>(6). Ilycts R - (k-1)-c6anaHcupo-
BaHHoOe KOJXbLO, T.e. Kaxau# R-Moayxr saBasierca (Kk-1)-c6araHcu-
POBAHHHM. [IPeANOJOXMM OT MPOTUBHOr'O, YTO dimgJ % ny. B cuay
npenaoXeHus 3.10 Torza cymecTBYeT KPMUTHYeCKas CHCTemMa MaT-
puy Al,..., Hal Q. M3 npeaxbxeHusa 2.2 NOAYYMM Tenepb, UTO
viMeeTCHd R-moayar S, KOTOPHIt He fiBAAeTcA (k-1)-c6azaHCUpo~
BaHHHM. 5TO NPOTHBOpPeuMe MOKa3WBaeT, UTO dimQJ < ny

(6)=>(a). NpeanosoxMM OT MNPOTUBHOTrO, YTO CymMecTBYyeT
R-mopyas S, rak uTo 7T(S) Z k. B cuxy npeaxoxeHusa 2.2 Torza
CylleCTBYEeT KpPUTHUYRCKasa cUCTeMa MaTpHL Al,...,Ak Hajg Q, uau,

IPYTHMMHM CJOBaMHu, CymecTByeT KpuTudeckasa (k,n,t)-BekTopmMar-
pHua. B cuay nemMMu 3.7 KMMeeTcA KpuTHueckas (k,n,k)-BeKTop-
MaTpuua A. NoCcKOALKY dim<A>sdimQJ<nk s TO M3-3a npejioxe-
HHUA 3.13, BexTopMaTPMua A He fIBAfeTCA KpUTHYeckon. [oay-
YeHHoe [NPOTHBOPeuYMe NoKa3HBaeT, YTO He CymMeCTByeT R-Mozyas
S , Tak uto *(8) = k . CrezoBaTeabHo, Kkoasuo R gBiasgercs
(k-1)-c6araHcupoBaHHHM. TeopeMa 3.14 AoKa3aHa.

Onuvpasach HaAa Te Xe Pe3yALTATH JAeTKO JOoKa3nBaeTCsd

Craencteue 3,15, OycTts R - KoMMyTaTHBHOE n0KajibHOe
KOJBL O C HyJeBHM KBajpaTOM pajukaira Jxeko6coHa, HpuueM Mole
R/J=Q CconepxXuT He MeHee, 4eM k+1 a3xeMeHToB (k23). Koasuo R
ABAAETCHA cTPOro Kk-c6alaHCHPOBaHHHM TOTJAa M TOJXBKO TOrjaa,
KOrZa MMeeT MecTO ycioBue: nNyi = dimgd < npyq

JnTepartypa

C akc A. 06 adpPMHHOMR MNOAHOTE mozyiaen // ¥4. 3al.
TapT. yu-Ta.-1985, -Bun.700.-C.71-78.

134



2. Caxc A. L. 06 appuHHOK NoAHOTe Da3Z0XHMEX MOAyZe#n //
Yy. szan. Tapr. yH-Ta.-1987.-Bun.784.-C.123-135,

3. Warner S, Linearly compact rings and modules //
Math. Ann.-1972.-V0l.197,N.1.-P.29-43.

HocTynuiao
27 VII 1989

k-BALANSSEERITUD RINGID
A. Saks

Resiimee

K&esolevas té8s esitatakse k-balansseeritud ringide
definitsioon ja kirjeldus tihes lokaalsete ringide klassis:

Taoreem 3.14. Olgu R kommutatiivne lokaalne ring; mille
Jacobsoni radikaali ruut on null ja korpus R/J=Q sisaldab
vihemalt k elementi (k>2). Siis j&rgmised tingimused on
ekvivalentsed:

a) R on (k-1)-balansseeritud;

b) dimgd<ni=2+...+k. .

Seega k-balansseeritud ringide klass sisaldub rangelt
(k+1)-balansseeritud ringide klassis.

Samuti t8estatakse, et iga moodul tile NSetheri ringi,
mille radikaali astmete 18ige on null, on lokaalselt
afiinselt tiielik parajasti siis, kui see ring on
lineaarselt kompaktne.

k-BALANCED RINGS
A. Saks
Summary

In this paper we define k-balanced rings a3 a

generalization of balanced rings. A description of these
rings is given in one class of local rings:
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Theorem 3.14. Let R be a commutative local ring with
zero Jacobson radical square and the field R/J=Q has at least
k elements (k>2). Then the following conditions are eguiva-
lent:

a) R is (k-1)-balanced;

b) dimQJ<nk=2+...+k.

This implies that the class of k-balanced rings is a
proper subclass of the class of (k+l)-balanced rings.

We also show that every module over a Noetherian ring
with zero intersection of radical powers is locally affine
complete iff the ring is linearly compact.
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Acts ot comsentatisoes moivsraitatia fartuensis, 818 , 1980, 137-146.

JBA HECPABHHMHX MHOXECTBA,
MHBAPHAHTHHE OTHOCHTEJIBHO I'PYIIH
ABTOMOP®HM3MOB BHUHCJHHTEJBHOM CTPYKTYPH

T. Tamme

Jla6opaTOpKUA TNPHKIALHOH MaTeMaTHKH

B JnJaHHOA pa6oTe HIYYawTCHd THLOPHHCOBH CTENeHW MHOXeCTB
HaTypaAbHH X yucel, UHBapPHMAHTHH X OTHOCHUTEABHO rpynnu
aBTOMOPOUIMOB BHYMCAUTEABHOH CTPYKTYPH. lTocTpoeHneM ABYX
HecpaBHMMHX MHOXeCTB Takoro THRa [oaydyaeM HHBaApPHAHTHOe
MHOXeCTBO, CTelNeHb HepalPemHUMOCTH KOTOpPOro OTAUYaeTCd OT
crenedHd 0 M BCeX ee CKaykoB. B craThe HCNOAB3YOTCHA HEKOTOpHE
onpeneAeHUs U pe3yabTaTH AH. A. MyuHuxka. Ero nomomp ¢
noXe3HHe CcoBeTH BO MHOI'OM COJeHCTBOBAAM BHXOAY JHaHHOH

Ny 6AHKaLyu .
OQnpenepende ([11). T TY HA30BeM
napy <N;F>, rme IN - HaTypaabHHik DPHEE ¥ F(x,y) - raaBmas

(reazeneBa) yHuMBepcalbHaf dyHkuua (cm. [3, 41).

ycTe {¢;} - refieieBa HyMepPaLUfd BHYMCAUMHX OYHRLMHE U3 IN
B N, cooTBeTcTByOmaf® yHHUBepcalbHOH dyHKUMH F(x,y), T.- e.

¢;(y) = F(x,y) ., x, yel,

M A - MHOXeCTBO BCEX aBTOMODOM3MOB BHUHCAMTEABHOA CTPYKTYDH.
AH. My4YHUKOM JOKa3aHO, YTO BCe aBTOMOPPUIMH BHYUCAHTEABHOM
CTPYKTYPH  ABAAOTCH  BHYWCAWMBMM M YTO MHOXECTBO A -
6eckoHeyHoe. PaccMOTDMM MHBAapHMAHTHHe NOJMHOXeCTBa MHoxecTBa IN
OTHOCHTEXLHO TDYNNH A.
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OnpelexeHue. HHBADMAHTHHM MHOKECTEBOM HA30BeM MHOXECTBO

B = IN, 3aMKHYyToe OTHOCHTEXbLHO MHOoXecTBa A, T. e.
A(B) < B,
rae A(B) = {h(x) | h € A, x € B}.

TaKk Kak ToxXlecCTBeHHAd O(YHKUMA MPHHALACXKHT MHOXeCTBY A,
TO MNocAe)lHee YyCIOBHEe PABHOCHALHO Y CIOBHIO

A(B) = B.

MOHATHG, YTO MHOoXecTBAa @ ¥ IN aBASOTCHE HUHBADHAMTHHMY.

HasoBem Hx IOHBUANLHEMY MHEBADHAHTHHMY MHOXSCTRAMN 3TH
MHOXeCTBa ABAAWTCH DPEKYDPCHBHHMH, Tak Kak ux

XapakTepUCTUYeCKHe PYHKLHKK BHUKCEUMH .

Nycrsy 0 ecTh TbOPMHroBa cTeneHs (cM. {2, 5]) Bcex
PEKYPCHBHHX MHOXecTB, dg B - ThOPHHroBa cCTSMeHb MHOX€CTBa B,
a £ b - ToOPMHroBAa CBOILMMOCTE CTEMEHH a K CTEeHeHH b ¥ a’ -
CKa4YoK CTeNneHH a.

AH. NyYHMKOM JoKa3aHa

Teopema 1 (AH. MyuHuk). NycTe B € N - iw60e HeTpMBHAABL-
HOe MHBApHAHTHOe MHOXecTBO. Torgma dg B = 0'.

H3  CBOWCTB AaBTOMOPPHIMOB  BHUMCAHTEABHOW' CTPYKTYDPH
clenyer

Noenxoxetne 2., INycTh he A ¥ i = h(j) ZAAA HEKOTOPHX
yucex i, j € IN. Torma MOmHOCTHM o6iacTeit oMNpeleleHAs U
3HAYEeHUN DYHKUMNA ¢ U @ COBNAJAOT.

NMycTe {@} - MHOXECTBO BCeX HOMEpPOB HUIZe He omnpelcieHHOoM
¢pyHkuuu, {id} - MHOXecTBO BCeX HOMEPOB TOXIECTBEHHON O(YyHKLUMH
U Tot - MHOXecTBO BCeX HOMEpPOB ECKAY ONpeleleHHHX OQYHKUUN u3
Hame# HyMepallWu {px}. H3 npensoxeHHs 2 caeayeT, UYTO O3TH
MHOXeCTBa HBAAOTCHA HMHBAPHMAHTHHMH. H3BecTHo Takxe  (CM.
{2, 51), uto

dg {@} = 0,
dg Tot = 0~.

Openxoxenne 3, dg {id} = 0~.
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lokapaTeldbrCcTBO, MHoxecTBo {id} nNpMHaZAexuT Kaaccy l'lz,
Tak kKak AJadA Aw6oro uucra i € N

i e {id} e Vy(e.(y) = y),

a ¢opmysa e (y) =y TMNpHHAAASXHUT . Tot daBasgeTCA MNOAHHM
1 -MHOXecTBOM. [IIOTOMY AOCTATOYHO CBOAUTH Tot Kk MHOXecCTBY
{id}. Onpeneaum dyHkumo G : N°+— IN caexyomuM o6pa30M:

Yy, ecau px(y) onpeselieHo;

He onpejeleHo, ecCau px(y) He onpepaeldeHo.

[Io s-m-n-TeopeMg CYmecTByeT BCOAY oOnpeleleHHasd BHYKWCAMMAA
PYHKUMA g Takasd, 4YTo

PulY) = G(x,¥) x, y €N
Toraa pas awéoro i € N
i e Tot &> g(i) € {id}.
[lpennoxeHHe AoKa3aHO.

Tenepb HaC WHTepecyeT BOAPOC: CYMeCTBYOT JAM WHBapHaHTHHE
MHOXeCTBa, CTeNeHM KOTOPHX OTAMYAWTCA OT CcTeneHein 0, 0° H
0”? B TeopeMe 7 ¥ ee CASACTBHAX MH JaeM Ha 3TOT BONpPoOC
MONOXUTEAbHH  OTBeT: CymecTBYWT MWHBapHaHTHHe MHOXecTBa,
CTeNeHK KOTOPHX HeCpPaBHMUMH .

PaccMOTPUM cleAyOHmee OTHOMEHHWe SKBMBAJEHTHOCTH:
i=j ¢ 3n(theA & i = h(j)).

MuoxectBo IN pacnazaeTcs 3THM OTHOmEHHMeM Ha Henepecekawmue cs
KXaccH 3KBMBAJEHTHOCTH. [lycTh

[il = {J | §J = i} - kJacc 3KBHBAJEHTHOCTH, COAepXamuit
uucao 1 € N,

[B] = . U [i] - O06belMHeHHe BCeX KJIAaCCOB 2KBHMBa-

ieB JAeHTHOCTH, COJepXamuXx uKucaa U3

MHoxecTBa B = IN.

MHoxecTBo [B] HasoBeM 3aMukaHueM MHoXecTBa B £ IN oTHOCHTeaBHO
kracca A. [OHSTHO, YTO

(i1 =431 3 =1} = A(D).
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Cnucok {¢ } CoONepPXUT OYHKLUMM C JO6HM 3aJaHHHM YUCIOM
aprymMmeHToB n € IN. II0o3ToMy M3 NMpeAJOXeHWs 2 BHTeKaeT

IpenjoxexHue 4. CymecTByeT 6eCKOHeYHOe YHUCAO KJIaCCoB
3KBUBaleHTHocTH [1].

lpexnoxenve 5. OTHomeHHe 3KBUBANEHTHOCTH i=3
MPUHAANEXUT KIaccy 2’.

HokazaTelnCTEO. 10 onpeflelieHU0 MMeeM
i=3 e» 3nh(fheA]l &i=h]),

rae {h € A] » VxVyVz(F(x,y) = z «» F(h(x),h(y)) = h(z)).
YrBepxfienus F(x,y) = 2 #u F(h(x).,h(y)) = h(z) npvHagiexar
kraccy ¥ . Mo TaBTOAOTLHHU

(A=B) = ((-AvB) & (-BvA))
nomyyaeM, 4TO BHPaxeHHe
F(x,y) = 2 e F(h(x),h(y)) = h(2)

NpUHAR e XUT nz, U no3Tomy odopmyra [h € A] Toxe nNpHHALACXUT
l'lz. dopMyza i = h(j) npuHanIexuT NMo3ToMy OTHOmMEeHHe
3KBUBANEHTHOCTH 1 = j TmPUHAANEXUT Kraccy Z’. NpepaoxexHue
Jloka3aHo.

M3 onpejeleHUA TMOHATHUA KJacca OIKBUBaleHTHocTH ([i] wu
MHBApMAHTHOrO MHoxecTBa B S IN M M3 CBOACTB OTHOmEHHUA
3KBHBAJNEHTHOCTH clelAyeT

Opeanoxeuue 6. Mycry B € N - nNpou3BOABHOE MHOXECTBO.
Torpa (B - UHBapUaHTHoOe MHOXecTBO) ¢ (B ABJAAeTCH

o6beIMHeHHeM KJIaccoB 3KBUBaleHTHocTu [1i]).

9T0 npelloXeHUWe JaeT HaM OGWHMA NPHUHUMUN AASA TOCTPOCHHUA
UHBAPHAHTHHX MHOXecCcTB. H3 MNpeiloxeHUsa & Takxe cireAyeT, UTO
BCAKHUA Kiracc aKBUBaleHTHocTH [1i] fABAAeTCH WHBaAPHUAHTHHM
MHOX@CTBOM. [IO3TOMY M3 NMPefNOXeHHUA 4 MOAYUUM

Crnencrrue 6.1, CymecTBYeT 6eCKOHeUHoOe YMCIO WHBAPHAHTHHX
MHOXecTB B € IN.

Tenepb MH JOKaxeM, YTO CYHMeCTBYWT JBa HWHBAPHAHTHHX
MHoOXecCTBa, CTelneHH! KOTOPH X He CcpaBHUMH OTHOCHTeJBbHO
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TBODHUHCOBOM  CBOAMMOCTHM. HecpaBHMMOCTL CTelleHelr a U b
0603HauYMM 4epe3 alb.

B TeopeMe 7 MH JOoKaxeM 6oJee CHIAbLHHA Ppe3yaAbTaT: 3TO
CBOMCTBO MMeeT MeCTO AAd JW60ro OTHOMEeHHUS 3SKBUBANEHTHOCTH M3
IN?, ¥y KOTOpPOro YUMCAO KAACCOB SKBUBAJIEHTHOCTH 6€CKOHEeYHoe.

TeopeMma 7. MNycte E = IN? - oTHomeHHWe SKBHUBANEHTHOCTH,
Ang kKoroporo dg E _70“ M KOTOpOe WMeeT 6eCKOHeYHoe YHUCAOo
KJacCcOB 3KBMBaJeHTHOoCTH. Toraza CymecTBYWT MHOxXecTBa B u C,
cocToamue M3 KJACCOB 3KBMBARJAGHTHOCTHM 3TOro OTHOMEHHMH,
Takue, uro dg B | dg C u 0 = dg B, dg C = o™2

IogxazaTeAbCTRBO, AR Aoka3aTelAbCTBa TeOPEeMH BOCNOAb3yeMCs
AOKa3aTelbCTBOM CYMECTBOBAHMA JABYX HeCpaBHUMHX (OTHOCUTENBHO
THOPUHIOBOA CBOAMMOCTH) MHoxecTB (cM. [5]1) M caeraeM B HeM
HeKoTOpHe M3MeHeHMf. OCHOBOM Jokas3aTeJbCTBa HABAAETCA MeTOA
AnaroHaau3sauumn o BCeM KJaccam 3KBUBAJNEHTHOCTH no
oTHomeHuw E.

Ny cTs {In} - Kakoe-HHW6YA: nepevyucleHWe BCeX aATOPUTMOB C
opakyaoM M3 N B IN. HaM HyxHO, 4uTO6H Axf Kaxjaore yucia n € N
BHIQAHAAMCH Y CAOBHUA

(¥1) B = I° ,
(¥2) ¢ = 17,

rae MbH OTOXAecCTBAfeM MHoxXecTBa B M C C MX XapeKTepUCTHUUeCKHUMH
PYHKUMAMH OTHOCHTENbHO PUKCHUPOBAHHON HyMepauun {p }.

My nocTtpouM MHoxectsa B M C no maraMm. Ha mare s
(s =0, 1, ...) MH Ao6MBaeMCs BHIMOJHEHHOCTH OAHOrQ M3 YCIUOBHUH
(¥1) wuam (¥2). Oycte B® u C° o0603HavawT, COOTBETCTBEHHO,
KOHeyHHe dYacTH MHOxXecTB B u C, onpelefeHHHe A0 mara s Hame#
KOHCTPYKUMH, ¥ B° n C° - koHeuyHWe 4YACTH AOMOJHEHHMH MHOXecCTB B
u C, onpellelleHHhe A0 mara S. 3TO 3HAYUT, YTO HA sS-OM mare MH

CTPOMM 4YeTHpe KOHeUHHX MHOXecTBa: B-™, (¢°**, pB*' yu (="

8+

Npn sToM
B°=¢c"=8"=¢° = p,
BB S Ba+1 CS S CB+1
Bn < Ba+1 CS < Cﬁ-l-l
B 1

n Bs+1 =0, ca#!. ncs#l - 0.
Torza, nocie cCoBepHeHus T BCeX MaroB, MH NGAYYHUM MHOXeCTBa

o [«
B= U B wun C-= u c°,
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KOTOpPHEe YIAOBJeTBOPSWT yCcAoBMAM (¥1) u (¥2) zad Bcex n € N.

3aMHkass STM MHOXeCTBAa OTHOCHUTeJbHO OTHOmeHHs E, moayyum
L ] L ]

MHoxectBa B™ un C :

Bl
Cl

(81, .
rc1, .

rie [B]E o6o3HavyaeT 3aMHKaHMe MHOXecTBa B OTHOCHUTEJIBHO
OTHOMEHUS SKBUBAJGHTHOCTH E. 3amuxkaHde MHoxectB B u C
OTHOCHUTeAbHO E He HapymaeT ycloBHH (¥1) ¥ (¥2), Tak Kak Hama
KOHCTPYKUUA SABAAETCS YCTOWYUBOH OTHOCUTENLHO 23TON ONepaluu.

My cKaxeM, YTO MCROXBL3VEM WYUCIO X OTDHHATEILHO B
BHYUMCIEeHMM 3HadeHMH IT(i), ecCaM MH HCHOAb3YEeM X KAK 2JIeMEeHT
ZOMOXHEHHUA MHOXecCcTBa C B BHUMCIEHUM JAHHOLO 3HAYEHHUH.

Tenepy onumem mar s. MycTh 8 = 2n AJAA HeKOToporo n € N,
PaccMoTpum  ycaoBre (¥1) C TEeM Xe 4YUCJIOM n. BuGepeMm
MUHMMalbHoe uYucao i € [N Takoe, uYTo i & [B’]E n ie [B‘]E.
NpoBepumM

Ycenopue (¥3). CymecTBYWT KOHedHse MHoxecTBa D ¥ D Takue,

4To (1) onpejejedo, B npouecce BHYHCJICHHUSA 3TOro

1€ Unbo
n
3HaYeHUS HCNOAb3YWTCA OTPUHATENbHO AWML YUCIa M3 MHOXecTBa
C* U D u mHoxecrsa [C° U DI_u [cu ﬁ]g He mepeceKanTCs.

Ecayn ycnosne (¥3) BHMNOJIHEHO, TO BH6epeM OJHY Takyw napy
MHOXecTB D M D M Zxo6aBuM 3TU MHOXeCTEa& COOTBEeTCTBEHHO K

MHoxecTBam C u C:

"™ - c*UD
¢ = T U D.
Ecau 1I° u l:‘(i) = 0, TO Zo6aBHM 4YUCAO 1 K MHOXecTBy B:
n

Bn+l. = Bn U {1}1
“Ha4Ye J06aBHMM YUCIO i K MHOXeCTBYy B:
B** = B° U {1}.

Ecan ycnoBue (¥3) He BHIOJHEHO, TO HA JAHHOM mare
HUKAKUX ZeHCTBHIl He MPOU3IBOAUM.

NlycTs, Tenepb, 8 = 2n+l xxsd HekoToporo n € IN. Torza
PaCCMOTPUM ycCaoBHe (¥Z2) ¥ npojenaeM AJA Hero ajJropuTM yCIOBMUA
(¥1), noMeHdas B HeM BcCHAy MecTaMu 6ykBH B u C.
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JlokaxeM, 4To MHoxecTBa B M C, nocTpoeHHHe TaKUM MNyTeM,
YAOBACTBOPAXNT BCeM Tpe6GoBaHUAM (Y1) wu (¥2). PacCcMOTPHUM
ycaoBye (¥Y1):

B = .

JoxkaxeM, 4YTO 3T0 YCAOBHE BHMNOZHAETCHA MNocle mara s = 2n+l.
figvrs cooTBeTcTBYyWmee uucio i = [B° U [B*] ¥xe BsBu6paHo.
EBesu ycaoBue (¥Y3) BHMOAHEHO, TO, MO KOHCTPYKLHH, HMeeM

S+

£ 3
I1°(i) = I® (i) = B**%(i) = B(i).

Ecay yczoBue (Y3) He BHMOZHEHO, TO ycXoBHe (Y1) BHNoOAHAeTCH
onaTs NpM unMcie i, TAK Kak 3HadeHwe IC(i) He oNpenexeHo.
JAeACTBUTEABHO, NPeAnoX0OXUM NPOTHUBHOR. Torza CYmeCTBYKT
KOHe4YHHNe MHoxecTBa D S C u D & N\C Taxue, UTO 3IHAYEHHe
ICB ul:'(i.) onpesieAeHo0 H B ero BHYHUCASHHH HCMOAB3YOTCH
OTPHLATEAbBHO JMOb 3XAEMEeHTH H3 MHoxecTBa C- U D. 9Tum wMu
NMOAYYHUAN MPOTHBOPEUHE.
YcaoBue (Y2) paCCMOTPMM AHAAOLHMYHO.

¥CTOAYHUBOCTh Hamlel KOHCTPYKLUHH OTHOCHTEABHO ONepalLHuH
AaAMHKAKUA cxeJyeT K3 BH6opa u4ucia i M MHoxecTB D M D - wMu
MOCTOAHHO 3a60THMCA O TOM, 4YTO6H 3aMHKaHWeM MHOxeCTB B u C He
HAPYNUJIOCH BHMOXHEHHOCTHP KAKOTO-HHUEYAD #3 YCXOBHA (Y1) uau

(¥2).
!

MuoxecrBa B* u C* COCTOAT M3 KAACCOB 5KBHBAXEHTHOCTH MO
OTHOmMeHHO® E ¥ NO3TOMY OHM YJOBASTBOPANT TPE6OBAHHUAM TEODEMH .
HecpaBHuMocTs cTeneHed dg B* u  dg C*  BHTekaeTr w3
BHMOXHEHHOCTH BcCeX YyCaoBu#A (Y1) u (¥2). OcTaeTcs jaokasaTs,
uro 0 < dg B, dg C* = o™=

MHoxecTBa B M C SBAANTCA DEKYPCHBHHMH OTHOCHTEABHO Hamed
KOHCTPYKLUMHM. JloKaXeM, 4TO KOHCTPYKLHMA BHYMCIAHMA OTHOCHTEXBHO

2
"2, NpeiMoXOoXHMM, YTO MH yXe BHYMHCAMAM MHOXecTBa B°,

creneHun 0
B°, C°* u C® u uTo 8 = 2n axa Hekoroporo n € IN. Cayuan, ecxau
S = 2n+l, MH DACCMOTPMM AHAAOTHYHO. JAA HaXOXJAeHHd uncia i

HaM HYXHO NPOBEPUTh HCTHHHOCTH YCAOBHHA

1e[B) , ie (8”1,

MHoxectBa B° u B® «koHeuswe. 3HAYMT, HaXoXJeHHWe uMcAa i
3PPEKTHBHO OTHOCHUTEABHO OTHOMEHUS 3IKBUBaAeHTHocTH E. Ho, no
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npeinoloXeHuw Teopemu, dg E = o", Tenepb NPOBEPUM Y CIOBUE

<t v <" Ubp

(1) 3D3AD(i € Dom(I ) &

& [C‘UD]E N {c® Up] = o),

rae 1€

2 o603HaAYaeT aIropuTM I NMPU BHYUCACHUU C KOTOPHM
UCIONBb3YeTCA OpaKyX U OTPHUATEJABHO HCMOXLIYNTCHA JHNL MUCHIA
K3 MHOXeCTBa Cz. NepBH# 4YNEH KOHBOHKUMM B CKOGKaX npqﬂannexwr
Kxaccy E“, a CTeneéHb BTOPOr0 YJeHa KOHBIOHKUUK = Onﬂ', Tak Kak

COOTBETCTBYWNHAA POPMyJNa BHPaxaeTCd B BHAe

ANB=9@ =2 -Ix(xeA&xeB). .

[IosToMy cTeneHb KOHBOHKUMKM = 0“+l

U CTeneHb BCced oopMyxs (1)
£ 0™2.  HaxoxmeHue MHoxecTB D u D, Mo DeXATHUBM3OBAHHOM
Teopeme ¢} ceneKkTope (em. {51, ctp. 25), 30deKTUBHO
OTHOCHTEXIbHO cTeneHu 07
3HaYMT, CTEeNeHb KOHCTPYKLMM MHOXecTB B u ¢ = 0"*%
CTeneHb NMOCTPOEHUE MX 3aMhkaHui B* u C* Takxe < 0™32
MosToMy MHoXecTBa B* u C* yRoBJeTBODANT BCeM Tpe6OBAHMAM

TeopeMH. TeopeMa RoKa3aHa.

Crenctehe 7.1. CymecTBYWT HHBaPHMAaHTHHe MHOoxXecTBa B u C
Takue, uyTo dg B | dg C u 0° = dg B, dg C = 0%.

HokazaTeZbCTBO, BCTaBrfeM B TeopeMy 7 BMECTO
MPOM3BOJXBHOTO OTHOMEHMA E OTHOmMEeHHe 3KBMBAJEHTHOCTH i = j. Mo
NnpesioXeHnw 4 3TO OTHONEeHWe YROBJIETBOPAET YCIOBHMAM TEOPeMH, a
10 MNpeAXoXeHUMH 5 OHO MNPUHARJEXMT Kiaccy T .. B 3ToM crayvae
dopmysa (1) U3 jgokas’aTelbCTBa TeopeMH 7 MNPUHAANEXUT Kiaccy
74 CTeNneHb KOHCTPYKLUMM MHOXecTB B u c = 0% [osToMy
dg B*, dg C* < 0*. CreneHb TpPUBMANBHHX MHBADUAHTHHX MHOXECTB
paBHa 0. M3 HecpaBHMMOCTM cTeneHed dg B* u dg C* wu wus
TeopeMn 1 cieayeT, uto dg B*, dg C* =2 0'.

crencrpue 7.2. CymeCTBYeT MHBapMAHTHOE MHOXecTBo D
Takoe, UTO ero cTeneHb dg D oTauvaeTca oT cTenedn 0 u Bcex
ee ckaukoB 0" (n € IN).

Jokal3aTeAbCTBO. Bo3bMeMm MHOXeCcTBa B u c 3
caepcrBua 7.1. HMMeem 0° < dg B<0* 0 <dgC=0* ~u
dg B | dg C. llosTroMy dg B = 0’, dg B » 0‘, dg C = 0’ 7l
dg C % 0*. Ecau dg B = 0”, To dg C = 0” u dg C = 0™, a ecau
dg B = 0, Todg C = 0” mdg C = 0'. 3HAYMUT, ORHO M3 MHOXECTB
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KAKS MITTEVORRELDAVAT HULKA, MIS ON INVARIANTSED
ARVUTUSLIKU STRUKTUURI AUTOMORFISMIDE RUHMA SUHTES

T. Tamme

Resimee

Vaatleme selliseid naturaalarvulisi hulki, mis on
invariantsed arvutusliku struktuuri automorfismide riihma
suhtes. Artiklis konstrueeritakse kaks sellist tiitipi hulka,
mis pole Turingi taanduvuse mdttes vdrreldavad. Jérelikult
leidub invariantne hulk, mille Turingi aste erineb nii
astmest 0 kui ka kdigist tema hiipetest Q".
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TWO INCOMPARABLE SETS INVARIANT WITH RESPECT TO THE GROUP
OF AUTOMORPHISMS OF THE COMPUTATIONAL STRUCTURE

T. Tamme

Summary

Following An. A. Muchnik we call computational structure
a pair <N;F>, where N - is the set of all natural numbers and
F(x,y) is a main (G6del) universal function. An. Muchnik has
proved that all computational structures are isomorphic.

Let A be the group of all automorphisms of the
computational structure. In this paper we consider the
degrees for Turing reducibility of invariant subsets of N

with respect to the group A.

We know invariant subsets of IN with degrees 0, 0° and
0”. It is interesting to learn whether there exist invariant
subsets of IN having different from +those degrees of
unsolvability?

Theorem 7. Let E S IN be an equivalence relation with
infinite number of equivalence classes such that dg E £ 0".
Then ~there exist two sets BS N and C £ IN consisting of
equivalence classes of the relation E such that their degrees
for Turing reducibility are incomparable and
0 <dg B, dg C < 0™,

Corollarvy 7.1, There are two invariant sets B, C £ N
with incomparable degrees for Turing reducibility such that
0° < dg B, dg C = 0°.

Corollary 7.2, There exists an invariant set D € IN such
that its Turing degree is different from degrees 0 and 0" for
alln € N.
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Acta et comsentationes universitatis fartvensis, 878 , 1990, 147-152.

OB ANINPOKCUMALMKA CBOBOJHHX AJTEBP JH
OTHOCHUTEJBHO BXOXIEHUA
¥.¥.¥Mup6aen
Ka3aXckuit TOCYIapCTBEeHHHHA YHMBEPCHUTET

U3 paGoTH A.M.MupmoBa [3] o nomaareSpax CBOGSOAHHX aJarecp
Jn AerKO BHBECTH aJTOPUTM, pPeNalmui MPpoSJIeMy BXOXIEeHMA B KO-
HeYHo TMopoxXjeHHHe ( K.M.) mnojaareSpH CBOSOAHHX axaresp Ju.
T.M.KyK¥H OTMETHJI, UTO CBOG6OJHHEe aJreSph JIH XapaKTepUCTHKH
p > 0 OHUHATHO ANNPOKCUMHUPYEMH OTHOCHTEXILHO BXOXIeHMd B K.I.
nojaire6pH M coopmyauposaa Bomnpoc ([2], 2.61) o crnpaBeRJaWBOC-—
TH AHAJOTHYHOTO pe3yJabTaTa AJd airesp JIM XapakTepuUcTuku 0.
OTBEeT Ha 3TOT BOMPOC AaeT ciAeAylmas

TeoveMa . CBoSoaHad aareépa Jiu Hal NMPOUIBOJALHHM MNoJeM o¢u-
HHUTHO aNMnpOKCHMHPyeMa OTHOCHTEJbHO BXOXACHHUS B KOHEYHO MOpOoX-
AeHHHE MOoAAATeGPH .

OTMETHUM, YTO AJA CBOSOIAHHX pa3pemMMHX CTyMNeHu n 2 3 aa-
re6p Jiu ¥ CBOGOJAHHX ACCOUMATHMBHHX alre6p aHAJOTHUUHHA pel3yiab-
TaT HeBepeH [11]

B §1 HacTosame# paGOTH pacCMAaTPUBAKTCH CBOSOAHHE accouua
THUBHHEe aJre6phH M AoKa3aHa BO3MOXHOCThL BKJIKYEHHMS K.I. MpaBoro
uieaxa 3TOA ajareSpH, He collepxamero QUKCHPOBAHHHA 3JeMeHT, B
npaBH#A MAeaJd KOHeYHOA KOPa3MepHOCTH C TeM Xe CBoiicTBoM. B §2
3aBepliaeTCcsd JOKA3ATEALCTBO TEOPEMH .

Bce axre6ph, BceTpevapmuecs B JajbHedleM, paccMaTPHBARTCH
Hal ®VKCUPOBAHHHM MPOM3BOJALHHM Mojem F.
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§1. BkJwueHMe B NpaBHit UIea) KOHEYHO! KOpa3MepPHOCTH

IlycTs A cBo6oflHasi accouMaTHBHas aare6pa ¢ eaudunein 1,
CBOG0OJHO NMOpOXAEeHHas 3JIeMeHTaMM XyiXg,.n X

Ha MHoXecTBe 6a3MCHHX CJIOB aire6pu A BBeleM JHHEHHBHHR
NOpsAAOK = M YACTUYHHE MOPAROK <« . IYyCTH Vv ¥ W NPOU3IBOJIBLHHE
CHOBA OT Xj,Xp,...,X . CuuTaeM, 4To Vv < w, ecau d(v) < d(w),
rae d - GOYHKUMA NJIMHH. AN CIOB PABHOM AJMHH MOPSHAOK % pac-
NpPOCTPaHUM JeKCUKOorpaduieckHu, ucxons u3 HepaBeHCTB:
x1<x2<...<xn. NMonoxuM Vv « W, eca¥ HaKAeTCH CJIOBO t Takoe,
4To vt = w

Yepes f 6yneM o603HAYaTL CTApPWUR YjieH 3ilemeHTa f aire6pH
A oTHocHTelrHO = . JlaJee CUMUTAEM, YUTO KO3PPUIMEHTH CTAPHUX
YJIEHOB pacCCcMaTpMBaeMHX 3JeMeHTOB paBHH eJMHMIE.

Nyers I = (fl,fz,...,fk) - npaBH# uzean aire6pnH A, Mo-
POXACHHHIK 3JeMeHTaMu fl,fz,...,fk. MOXHO CYMTATbL, 4YTO 3JEeMeH-
TH ...,fk VIAOBIETBOPHIT YCIOBUI:

npu 1 ® j HecpaBHMMH Mo <« . (1)

JehCcTBUTEABHO, €eCIH TO HaiZeTCs CIORO
t Takoe, 4ToO fjt = f‘j . Torna saeMeHT fj MOXHO 3aMeHUTh 3Je-
MEHTOM fj_fit . Tak kKak fj—fit < fj. TO , HECKOJBKO pa3
NMOBTOPAS yKa3aHHHK IpoHecc, MH JO06beMCs BHIIOJHEHUS YCJIOBMUA
(1).

Janee cuuTaeM, 4YTO AJS Nopoxjalomux NpaBoro uaeasa I BH-
noaHeHo yciaoBue (1). Torja cnpaBezivBa creayomas

JemMma 1. HycTs f nNpou3BOJBHHI 3JeMeHT aixresp A. Ecau f
npuHagiaexut I, To HaikzeTcs Takon, uro f.« f

JieMMa JAoOKa3nBaeTCs CTAHLAPTHHMM paccyxneHusMu (oM. Ha-
npumep [41]).

JeMma 2. Ecau f He NMpuHalIeXuUT Npasomy uieany I, To Hai-
IeTcs K.IN. npaBhit uiean J aiare6pnl A XKOHEYHOH KOPAa3MEPHOCTH,
Takoe, uTo 1 &€J u f = J.

JogkazaTelbCcTRO,. CuHTaeM, 4YTO NopoxXJapmue NPaBoro KHieana
I ynoBaeTBoOpRIT ycraoBmio (1).
Janee, MOXHO CUYMTaTh, YTO d3JIeMeHT f MO OTHOWEHMI0 K MAea-

ay I ynoBieTBOpseT YCJIOBMIO:

1A
[
1A
a

AAs BCEX He BHIOJHSeTCH 1 (2)
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Je#ACTBUTENbHO, €CAN cymecTByeT fi Takoe, 4YTO « f, To

HanaeTcs CcloBO t, YyAOBJIeTBOPAKNEe- PaBEHCTBY = f. Toraa,
3aMeHdAs 3JNeMeHT f JJeMeHTOM MbH yMeHblaeM cTapliuéi 4YJeH
f, Tak kaxk < f. HeckoJbko pa3 MOBTOpAd 3TOT MNpouecc,

MEH ZO6LeMCSl BHIOAHEHUS YyCIOBUR (2).

Ilycers S = max(d(fl),d(fz),...d(fk),d(f)}. Ecau fk+1’

fk+2""’ - MHOXECTBO BCeX CJOB JJuHH S+1 , KOTOpHe He-
cpaBHMMH C 3xeMeHTamu f fz,..., Mo « , TO MOJOXUM
J = (fl'fZ""'fk'fk+1'fk+2"'"fl)r'

3aMeTHM, 4YTO MHOXECTBO MOPOXARWMKX NPaBOro uieala J Tak-
Xe YAoBJIeTBopseT ycioBuio (1). JdeACTBUTEABLHO, 3IJJIEMEHTH
(i = j) npu i,j = k HecpaBHMMH M0 <« , TaKk KaK MNopoxjapmue
npaBoro uaeaJa I YyAOBJIeTBOpPSKWT ycaosBuio (1). Ecam i=k< j,
TO fi'fj HecpaBHMMH MO0 <« B CHUJIY BH6OPa HakoHel, ecau
k< i,j , To cjaoBa AXuHH s+1. Torapa fi HEeBO3MOX~—
HO nMpu i # j

Tenepb MoKaxeM, 4TO 3JeMeHT f Mo OTHOMeHHI K uAeanry J
yaoBileTBopsieT yciaoBu (2). HepaBeHCTBO f, « f HEBO3MOXHO
npu i £ k , Tak Kak f mo oTHomeHulw K uieany I yaoBieTBopseT
ycaosuio (2). Ecam 1 > kK , TO HepaBeHCTBO « f npoTuBO-
PEeYUT TOMY, UTO d(fi) = s+1, d(f) = s.

ConocTaBiaad BHEecka3aHHoe ¢ JeMMo#i 1, noxydaeM, uTto feJ.

3aMeTHM, YTO MNOpPOXKalmMe npaBoro uieajsa J OGHIKX BHEPAHH
Tak, YTO6H AJA JOE60ro cjloBa Vv JAJIMHH s+l cymecTBOBaJO
(1 =£1i= 1) Takoe, 4TO « v . OTcoaa cilepyeT, 4YTO ajireépa
A no mMoaymo J JNMHERHO MOPOXKZAETCH CJIOBAMK AJUHE X s

JleMMa JoKa3aHa.

§2. CB3p NMofaire6p C NpaBHMKM KMAeaJaM¥ W anNpoK cUMaUUs

llyery L npouaBodbHag aarecépa Ju, H - e€ nogairecpa.
O6o3HAaYUM UYepe3 npaBH#t HAcax aire6pu U(L), nopoxaeHHH#
MHoXecTBOM H, rae U(L) - yHuBepcalbHas accCollMaTUBHAf O0O6epTH-

Bawomaa ajare6pw Jiu L. 3pech uMeeTcs B BMAY, U4TO L BJIOXeHa B
U(L). Toraa cnpaBepauBa cleiyomas

Zema 3. L Jy - H.

JokazalelbCTROL Br6epeMm YyNopaRoYeHHNH 6a3uc
.. ’hO\’ [ nopajareépst H u JOnNoAHMM ero ynopsjouHeHHHM
MHOXECTBOM ,Ez. e ,gﬁ, e Ao 6a3uca axresSpn L. Ilonaras
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hel < gﬂ AJa Bcex o, , NOAYYUM YNOpPAAOUYEHHHM 6asuc L. Tor-

Aa, no TeopeMe Ilyankape-Bupkrotva-BuTTra, CciroBa BHUIa

h, h, ...h g_g. ...8. (3)
14 12 kJ1 2 s

npu 11512"“‘"ik’ COCTaBJIWT 6a3uc aarecpu U(L).

IycTs u NpOM3BOJIbHOE CXOBO BMAa (3). Torga u = w - v ,

rie w = hi hi ...hi , Vv = g, &. ...8. . Tak kak H nopaxn-
1 %2 X Ji 2 s

reépa, TO AJH JW60r0 CI0BO h.w MpejcTaBiIfAeTCH Kak Z

rge u. caoBa BHpa (3), AxA KOTOpPHX s = 0, € F . OueBUAHO

uyv FBAETCA CJIOBOM BUAA (3) npy k Z 1 . CrepoBaTelbHO, BCH-
KM# 3JeMeHT MpaBoro Hiaeana JH JMHEMHO BHpaxaeTCs 4Yepesa cCaoBa
Buga (3) c orpaHudyeHueM k = 1 . [locrefHHUe, B CHUIY HEe3aBUCU-
MOCTH, COCTABAAKWT 6a3KUC KHAeada JH'

CpaBHMBaf 6a3uc alre6pi L C 6a3UCoM JH’ noaydyaem pa-
BEHCTBO JH nL=8H

JleMMa Aoka3aHa.

TeopeMa, Cpo6ogHas anre6pa Ji¥ Haj NPOU3BOJLHEM NoJEeM OU-
HATHO alNpPOKCUMHUPYEMa OTHOCUTEXbHO BXOXACHHA B KOHGUHO NOPOXR-
AeHHHe MNOoAalre6ph .

HokAa3aTeJbCTEG. YTBSPXASHME TEOpPeMH ACCTATOYHO HOKa3aTh
AXf K.N. CBOG60OAHOM aare6pal JM L, CO CBOGOAHHMH NOPOXIAANHUMHU

xl,xz,...,x . Iycts H nopanre6pa aixreSpn L, MOopoxaeHHas 3Je-
MeHTaMu f1’f2"“’ . Torza JH ABASEeTCH MPaBHM HAealoM al—
re6épa U(L), NMOPOXASHHHM 3JeMeHTaMH fl,fz,...,fk.

NycTs f - NPOU3BOJNbLHHI PUKCUPOBAHHHNI 3XEeMEHT aiare6pm L,
He npUHaalexamui nopaxre6pe H. Toraa no iemme 3 f < J,,

Axre6pa U(L) aBaseTCH CBOGOAHOE acCCOUMATUBHOM airecpofi ¢
elMHuLe#, CBOGOAHO NOPOXKREHHON 3JeMeHTaMM x4 «...%,. Tor-
Aa no JeMMe 2 HamjaeTcCs K.n. npaBuit uMaean J axre6pn U(L) ko-
HEe4YHON KOpa3MepPHOCTH TakKoh, 4YTO JH €J u fa&d

PacCMOTPUM KOHeYHOMePHH# npaBui U(L)-Moayab M = U(L)/Jd.
M sBaIfieTcs TOuHHM B = U(L)/Ann(M)-moayneMm, rie Ann(M) - aHn-
HyxaTop MoAyaa M. Toria B - koHedHoMepHas axreépa. 3aMeTuM,
yro Ann(M) = J . HLefCTBUTEAbLHO, ecaM r € Ann(M), TO
U(L) r = J . Axre6pa U(L) uMeeT exuHuUy, CIeAOBATEAbHO r € J.

EcTecTBeHHu# romoMoppmuaM «~ : U(L) -» B HHAyUUPYET L OMO-
MOP®HU3M aare6pn L HAa KOHe4YHOMepHyw aljireépy L £ B

NIpenoioxuM, 4YTO f MPHHAZJEXUT mMnojaire6pe, MOPOXAEeHHOM

3NeMeHTaMH fl,fq...., Torfa f NpMHaZJIeXUT NPaBOMYy uAcaNy
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(fl,fz,...,fk)r <arB . ClejzoBaTelbHO, LA HEKOTOPHX 2JIEMEHTOB
u.,uy,...,u. ¥3 U(L) BHMOIHRETCH PaBEHCTBO ¥f-= Eiai’ T.e.
f -z € Ann(M). IIockoabky Ann(M) £ J , To M3 nocreiHero

caegyer, uro f « J . I[poTvBopeuue. CrejoBaTelbHo, f He npu-
HaZJeXuT fnojaiaretcpe, MOPOXAEHHON 2JIeMeHTaMM ,Ez,...,
TeopeMa JoKa3aHa.

B 3akawueHMe aBTOp SiaroizapuT npodeccopa H.II.MecTakosa
3a BHMMaHMe Kk pa6GoTe.
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MocTynuiao
26 IV 1989

VABADE LIE ALGEBRATE APROKSIMEERIMISEST KUULUVUSE SUHTES
U.Umirba jev

Resimee

Lie algebrate 18plikult moodustatud alamalgebratesse
kuulumise probleem taandatakse universaalse h&lmikalgebra
18plikult moodustatud parempoolsetesse ideaalidesse kuulumise
probleemile. TOestatakse vabade Lie algebrate aproksimeerita-
vus 1oplikult moodustatud alamalgebratesse kuuluvuse suhtes,
mis annab positiivse vastuse kiisimusele 2.61 (vt.[2]).
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ON THE APPROXIMATION OF FREE
LIE ALGEBRAS WITH RESPECT TO ENTRY
U.Umirbaev
Summary

The entry problem into finitely generated subalgebras of
Lie algebras is reduced to an analogous problem concerning
finitely generated right ideals of the universal envelope of
the algebra. It is proved that the free Lie algebras are
finitely approximated with respect to entry into finitely
generated subalgebras (affirmative answer +to the question
2.61 in [2]).
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Acta et coamentationes universitatis Tartuensis, 878 , 1980, 153-162.

W30MOPOU3M CILIETEHU{ MOHOUJIOB C KATEI'OPMSMU
B. Tnaftmep
Kajenpa maTemMaTHueCKOro aHaIM3a

KoHeTpyKuMaA CrleTeHMs MOHOMEOB C MaJHMK KATeropHsMu BBe=
neHa apropoM B paGore [I]. Poab aToft KOHCTpYKIMM oNpefenseT—
cA He TOJbKO TeM, YTO OHA o6o0maeT OGHUHOE CILIETEHHE MOHOM—
IOB, HO ¥ TeM, YTO C ee IIOMOMbN OMMCHBANTCSA NOJYTPYIIH 3HAO=
MOpJM3MOB TIOJMIOHOB (HanpMep, MPOeKTHBHHX),. HeNPeJCTABMMHE B
BHHe cruieTenus MoHoumos [ 2]. B yme ynomsmyrto#t paGore [ Ilpac-~
cMaTpABaeTCA BONpOC, KOTJa M3 u3oMopfusMa cruieTeHult MOHOMEOB
¢ KaTeropMsMM BHTEKAeT M3OMOpJH3M MCXOBHHX kaTeropuft. Iloka-
33HO, B YACTHOCTH, UTO Takas ONpeHelfeMOCTb HMCXOHHHX KaTero=
PHM KMEeT MecTO, ©CIH MHOXeCTBa OOBEKTOB HAaHHHX KaTeropuit
ABIANTCA JONYCTHMHMM NoauroHamu [ 4]1Hen COOTBETCTBYNMMMK MO=
HoMpamu. [Ipu oToM, XKak 3TO NMOKa’aHO JJA CIIeTeHMH MOHOMEOB B
pabore [3], ycioBMe HBONMYCTHMOCTHM NOJHI'OHOB NpPAKTHYECKH OCIa~
OMTb Henb3s. B HacrTosme#t craThe paccMaTpuBaeTCA M3OMOPIHM3M
creTeHM MOHOMEOB C MAJHMM KaTEeropusaMM B NpPEHNOJOXEHMH, YTO
MHOXECTBA OCBEKTOB paccMaTpMBaeMHX KaTeropult aBaawrca caado
JONMyCTHMEMK MOJKUrOHaMM. [lokasaHo, 4TO B aTofl cuTyaumu  ojHa
M3 KaTeropu#t M3oMopfHa chIeTEHHMD ApPYro#t KaTEeropuu C NOAXOH~
smeft xaTeropuelt MHOXeCTB.

Bemem HeoGxomvMmue onpepeneHus. HauGonee o6me#t  KoHCTw
pyxuuelt crieTeHus, paccMaTpuBaeMoff B HacTosme#t craThe, AB=
JAeTCA KOHCTDYKIMA CNieTeHMA MaJuX KaTeropufl. CnuieTeHue Maw
JHX KaTeropu#t MH ompefelifseM B HECKOJBKO MHOM BHMEE, UM  3TO
cpenaHo B paGote [ 5].

lyers B - npousBoabHAs MAnas KATETODUA C MHOXECTBOM
00BeKTOB 06 B  u MHOXeCTBOM MOpfuaMoB Mor B . Jia [IPOU3~
BOJIBHHX € 06 B wuepes JMor (m,g) GymeM 0603HAYaTh MHO~
XeCTBO MOPEM3MOB M3 O0BeKTa X B OCBEKT Y . B pambHefmew,
0603Ha4as NpoM3BefeHre MOPIHU3MOB op  Oynewm mpegnonaraTs,
YTO BHaYale NpUMEHAeTCA MOpIM3M § .

lycrs B u C - manne kaTeropun ¥ G : B  €(0BC) Hem
KoTOpHlt koBapuaHTHHR ¢YHKTOp M3 KaTeropun B B KaTercpum
nogMHoxecTB MHoxecTBa 086 C  o6BexToB, kaTeropur C . JlocT-
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pouM HOBYD kareropui UY ciemyomuM oGpa3oM. MHoxecTBoM 0f W
o0BEeXTOB KaTeropuum Uy  OyfieM CUMTATb MHOXECTBO BCeX  map
puga (8,G(8) ., rme £e¢06B | T.e.

0b W ={(b,0(8)] 8ecob B}.

Mopfmamamu u3 o6bexra (b ,G(8)) B o6BekT (e ,G(e)) sBAS=
DTCA napH Buua (A,f) , rae o€ Mo (,e),a f G(®) > Mot C
Takaa JyHKIMA, UTO

f(e) e Mor (c,GlcC)

Lag 106oro ce€ G(8). llpu oToM mpousBeneHueM MOpEuaMoB («, 1) :
:(6,6(6)) —(e,G@) un (3,9 : (e,8@) —(v,6()) aprgerca
-MOpguaM

= (pd, ar° P,

rae  gaw©°f : G() = Mo ¢ rakasm gyHrmms, uro

(‘ZG@)' ) = g(@@)c).j[(c)

pasg aporo ¢ e G(6).

llocTpoeHHas xaTeropusa U HE3HBAETCHA CILUIETEHMEM KaTe-
ropuf B u C npu nomomu dyHkTopa G ¥ ofosHauaeTca W =
= BweCcC.

HoHeTpykuMa crileTeHMs kaTeropu#t ecTecTBeHHEM 00pasoM
o6obmaeT BBefeHyD paxee (cM.[I]) KOHCTDYKUMO ChIeTEHMS MO~
HOMTOB C MAJHMM KATEropusMu. HanmoMHMM COOTBETCTByNEEE  OINl—
peneinesue, llycTb S ~ NMPOM3BOJBHHM MOHOMEL MU C ~—  MpOU3—
BOJIbHAA Majag KaTeropus, npuueM Ob( sABiIseTCH JICBHM
S - noauroHoM. Ha MHOXecTBe nap

A 268 ,§{:06C~ Mot C ,VxeObC f(x)e Uor(x,
OTIpeNeNAeTCA YMHOKEHME CIELyDmMM OGpa30M: Lif JDOHX ,
(4,$7 &

(,9) = (st f29)

roe (f, Q)(x) = f{txdg(x)  mig aoboro xe ObC . MaomecTso
# OTHOCHTEJNbHO BBefleHHO/ omepallM YMHOREHMS ABJIAETCS IO~
ayrpynnofi, xoTopes Ha3HBAETCH CIVIETEHMEM MOHOMOAa S C  Ka-
Teropuef C ¥ ofo3HawaeTcas S we C.

Ecau Tenepb MoHOME S MHTEpnpeTHpoBaTb K&K OJNHOOGBEKT—
Hyo xareropun B (0b R - {6}) a gyskrop G : B - (06 C)
ONpeNeluTh TaK, UT0 G(&) =06 C u Ong aO6HX 4¢SS  ce¢ 06 C

G = ac

2

TO JEerko BMLETb, YUTO Swet = B wefe.
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Jlepu#t S~ moaumron ¥ HaswWBaETCA CIaG0 JONMYyCTHMEM eC—
J¥ BHIOJHADTCA CIElyRmMe yCIOBHA:

I) ecam 0X = T [IA KAxXOOro € X, To s=1ig ;

2) pna xamporo we X cymecTByeT eOMHCTBEHHHN  BJEMEeHT

3 (o,qﬂoaﬂaqaeuun B JailbHelmeM yepes I, ) Taxo#t, 4To
42 =X Jjad Jp6oro ze ¥.

Ecan cnabo pomycTumuit nephuft S ~mosuron X COTEPXUT
GoJiee OLHOI'O BJEMEHT& M SABASACTCA 2~NJIOTHEM, T.€. LIA  JIOOHX
T,y4,2,ue¥ cymecTByeT 4€S TaKOft, UTO AT =Z , AY=U
T0 ¥ HA3HBAETCH NOMYCTHMEM S~ HOJMIOHOM.

Iyerb U=SweC, Twth =~ cnreTeHUs MOHOMIOB C Ma=
MMM kaTeropusMu ¥ myctb W ¥ . Eeam 06 ¢ u 0B  smBamres
JDOMyCTHMEMM MOJMIOHAMM Hajp MoHoufgamu S u T , COOTBETCT-
BEHHo, TO Kak nokasaHo B pa6oTe [ I1, xareropuu C wu B uso-
Mopduu, T.e. C =B . B HacTosmelt paGoTe MH JokaxeM CclenyEmee
yTBEPALEHKE.

Teopema I. Ilyets S,T ~ MOHOMZN, C,8 ~ Mainwe KaTero-
puu u nyeTb Ob C u 06 B aBaanTcA cA860 JOMYCTHMHMM TOJMIO~
HaMM, COOTBETCTBEHHO, Hafm MoHoumaMM S u T . Eeam SweC =
> Twe B , TO CymecTByeT KaTeropus MHOXECTB } Takag, 4uTo, C
TOYHOCTBLD HO CHMMMETPHM, C o Y wy B mpu nomxopsmeM §yHKTOpE
G: k-€(0pB).

BupameHue "¢ TOUHOCTBD HO cuMMeTpuM" B (OpMYJIMpOBKE
TeopeMu I osHauaeT, yTo Au6o C = W w®B , AM60 B= Huwr C.

JokasaTenbCcTBO TEOpEMH MH NMpOBELEM B HECKOJIBKO 3TAMoB,
HO BHauaje MCKIDUMM M3 DACCMOTPEHMA TPUBMAIbHHM ciyualt, Kor=-
Ba ISl =4 . Ecam 1Sl =4, mo SweCoC ¥ sHaunT C = T B,
Kax 6HI0 oTMeueHO BHme, cnueTeHMe MoHouga T ¢ kaTeropuei
B MOWHO MpefCTABMTb B BHEE CIIETEHMA KaTeropuit
T.€. C & ‘J{;wxGB,u B 9TOM clyyae TeopeMa JLOKasaHa.

B menbHeltmeM GymeM mpepmoiaraTh, UTO WCXODHHE  MOHOMIH

S u T HeOBHO3JIEMEHTHHE, & SHAUMT, BBHAY cirabol JOMyCTH=
MocTy moauroHoB 06 C u 08 B  xareropun C ¥ B apnADT-
cA HEOJHOOGBEKTHHMH .

Wrak, myets U - SwxCu = TweB cnueTeHMs MOHOMAOB ¢
MansMu KeTeropusmu M myceth ¢ : U -1 HeroTopu# usOMOpIMIM,
O6osHauum X -06C , 4Y-0b 8, T.e. & ecTb JNeBHE S ~NOIMIOH
a Y = nepult T ~nomurod. IycTp gamee M = flov €, W= fliov B.
Yepes F(x, L) 0603HaUMM MHOXECTBO BCeX oToGpaxeHu#t u3 X B
A . g ap6oro e £ uepes M, 0603HAUMM MHOXECTBO  BeeX
nap (»,§) e U , B KOTOpPHX Ve ¥ IOycTh W 291““‘ . Henoc~
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pencTBeHHOR NpoBepko# AOKasHBaeTCA Cielyomas

Jewa I, ([I1, nemma I). MuomecTBO # HBIAETCA WOCAJOM
B U , npeficTaB¥MEM B BHIE OCBENUHEHMA MONMAPHO-HENepeceKan-
mUXCA NpaBHX MKIEaloB (x€ ), NOPORNEHHHX WOEMIIOTEHTAMH
Ox,e) , Trme eeF(Z,d) rakoe orToGpamenne, 4To £(X) =1y
TOXTEeCTBeHHHN MopduaM.

AnanoruuHo, paa apSoro yed wepes 0603HAYMM MHO~
xecTso Bcex nap (t.9)e V', B KOTOpHX unoyers 4=
- . O4YeBMOHO, WMEDTCH JMIb TPH BO3MOXHOCTH:

) ,

2) o(w ¢ ¥,

3) () ¢ w.

Ecau peenuayeTcs BO3MOXHOCTH 1), TO K M30MOpEM3My
$: U npuMeHMMH paccyxmeHus TeopeMw 2 u3 patorts (1] m,
clefoBaTeNbHO, B DTOM cIydae kareropun ( ¥ B  M3OMODIHH.
BuGpap kaTeropun MHOXeCTB } Tak, uTo Ob¥ =0b B ¥ nona-
rag G(y) =y AR andoro Y, nomyuaem K 1wrSB¥B ¥ 3Ha-
unr C = K we 8.

BoaMoxHOocTH 2) ¥ 3) CHMMETDHYHH ¥ NMOJTOMY B gaibHefmeM
MH paccMOTpuM Iumb BTOpo#t ciyuait, npepnoxarag ®(H) s de' .
A 370 osHauaeT, uTo Hainercs snemeHT (% )€ rakof#f, 4TO
&0 -(p , rhe pd lyeY} = HEONHOINEMEHTHOE
MHOXeCTBO, T.e. Ip¥i>2 . IlycTs =(y,h) , rme
e(x) =4, , TOTmA 22 , mNOCKONbKY B NMPOTHBHOM Ciydae

Np#¥ HEeKOTOPOM Y nun

= B0z, = B (O, Y

T.€. &<V, , YTO MPOTHBODEWMT ycroBum [pYl2R.

Jiemma 2. Ilycts =9, POV ,€) =(x*,h) I HEKO~
ropux x,ucE (xtul,rme e(x) =4, , e = , [pHdeM
lp4i»2 . Torpa

p4d n =¢ .

JokasarenscTBo, IIpepnoloxuM NMpOTHBHOE, MyCTb 2€ pYN pY.
BBuOy MOEMIOOTEHTHOCTH SIEMEHTOB (Vx,€) ,(Vu,€) |, a 3HauuT
K 3MeMEeHTOB (B,9) , (¥, W BHIOJHAETCHA PZ -¥'2 =Z. PaccMOT~
pM dIeMeHT (¥, ,q> ¢ U |, B KOTOpOM OToGpameHue q,:0bB-jlorB
TaKoe, 4TO Q2> =4, u Aag amboro yeY (y#2)

ql{y) = h(@dy ,
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rae oy HeKoTopu# MOpfmaM u3 o (g,a\ . Torma
= (Ve 6> =0, (G @.9)
& MOCKOJNBKY IR JD6Oro yey
=(9a3® - g
= q@Yg@® g = g

TO

qly) =

- (¥2,9%9) = (3,9)0:,9) € dlwy

Orcona BuTekaeT, uro saeMeHT (V:, @) -(3:,9) (p.q) Oymyum,
oueBumHO, snemeHToM M3 () | npumagmexut npasomy uneaiy
&(%.). Takuu obpasom, (V;, &),
lycts Temepp yep¥ (y+#2) spv) = HEeKOTOpHH Bie~
mMeHT u3 W . Torma
a =V ¢ L)

b =0, h) (s, Qp Qv RY =2, hy, (Q/P%)ﬁ &
a MOCKOJBbKY nas anboro 6bel
{h,.)t . (CLJ@%\EP](%) = h(2) (q/r,g\(‘é) =

= h(2 )
= h(® h@)dy QU R(®) = h@)dy QB =
= =[(q ‘5%‘)1)3 \’LJ
10 & =0, - @€ &(W,).0nHaxo ua (p,h)e S,

caenyeT, 9ro & € PR, T.e. &€ H(R,) N D(X,), uro He~
BO3BMOXHO, BBMAY . N '#.=¢. [lonydeHHOe NMpOTHBOpEUME NOKASH- -
BaeT JIeMMy.

JeMMa 3. Hy'CTb @ (,\),._,6) =(F' J%\ 3 tb(‘gt )f) =(Z“’ o ) rage
e(x) =§@® =4, .Torga pY=pVY.
JokasarenveTpo. [IpUMeHss K paBEHCTBY
(\)1 )2) (‘)1 ;f) = (\)-‘l' ) T)
uaomopdusm & , moxyvaem
T.€. p3 =¥ .- OTcopa PHTeKaer Y - Ye @Y. AHaJOTWUHO Mo=

myuaeM pY <Y, r.e. PY =Y.
Jemmaa 4. Iycts Ob C - ¥ ={x,|ic3} u n1a xammoro ie 3
¢’ (‘)t, ;e'.) =
rge e:.(x> =ix_ . Torma -, =Y,

)
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JoxasarenbetBo.  IIpeinoso®mMM  NpPOTHMBHOE, T. €.
=Y wunyers yely . BoapmeM mpou3BONbHHHR
anemenT G, h)e U= Twe B, rge hiy) -4y wnyers &y, ,h) -
=(a,$) € 1L . 3ameTuM, UTO BJEMEeHT (d, }) fABLAETCA UREMIIO-

TEHTHOM, IIOCKOJIbBKY Ta&KOBHM fBJIAETCH DJIEMEHT ,h.) . ,HJIH
TNIPOU3BOJIBHOTO e+ X ¥MeeM
(’(7{) - (°{ ’ 'j' € ﬂx;

¥ CJefoBaTelibHO

@ (P ®0x;, e.) e @dld) =(‘ﬁ;7gow—
(\7 ;h‘) ’ Cb(")l.) 'QL) G (ﬁ:)q;‘) (Vg

Orciona Burekaer V4 € 8.T ¥ sHaumr € p Y, uTo mpoTUBOpE-
YMUT npe,nnonomeﬂmo. Jlemua JoKa3aHa.

Jemva 5. Ilycts @ (v,,e) -(;—),cp, rge e(x) = 1, , Torpa
q(@) =1, naa mboro zegl.

loxasarenbcTBOo.  [lpepmojomvM  MpOTMBHOE, — UTO
CymecTByeT zepyd rakol, uro Qg(2) # 1 . Paccmorpmm
aneMeHT (a,h)e ¥  Takoi, uTO hip = g(y) ans Beex  u ¢
cY\py H h(y) =4y maaBcex ye pY wuoyers &7z, =

WU. flcho, uro (&,h) , a sHaumt M (&,f) ABISIOTCSA

MIEMHOTEHTaMM, JIOmycTM, UTO o X # X M MycThb , aFX
Torna pis saeMeHTa & =(Lf)(Va €) ={V4, tv, €) BHMOOJHAETCA
(a,8)a@ =00, )00, 4, € =00, §,9) = ¥, CIENOBATENbHO, O ¢

¢ ¥, . OTcopa Burekaer, uro ®(a) =, R)UN &(H,). Taxm o6-
pasoM, ecmu &C., € =(+,0) , 10 (W) =G, q )V ¥ sHauuT

NG,0)VU # @ . CrepoBarenssic, @4 NyY+¢ ,uro nporn-
BopeunT gemme I. I[loiyueHHOe HpPOTMBOpEUME O3HEYAET, YTO o X =
=x, T.e. $fe,h) =(,t) . Tenepb ua paBeHcTBa (V. ,e)

Gayt) =02,P) BuTekaeT (B, (p,h) ={(p,hd, T.e.
= h .CrenoBaTenbHO, JJf KAXHOr0 ze¢ gY
4; =h, = s g(p2oh(z) =g,

YTo MPOTHBODEUYHT MpelnoJoXeHuw. JlemMa JokasaHa.
JlokameM Tenepb Teopemy I. Urak, mycts O : SweC— TwiB

usoMopfuam, ¥ = 06 C ={x, Jas xamporo ed  3aduKcu-
pyeM sieMeHT (v,., e)e U Taxoft, 4TO = 4{&‘ n
nyets G, ,e) = € Tuxe B . Jna kamporo ie¢dJ  0603-
naumt Y- =@ Y <Y, Us gemMn 3 cienyeT, UTO MHOEeCTBA M.
(Le 1) He 38BUCAT OT BHOOpa oTofpameHuit ¢, B DIeMeH-
Tax
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llocTpouM HexoTopyo KaTeropwo K M JyHKTOpP G - ¥ — €(Y),
L1A KOTODHX BHOCJHENCTBMM HOKameM, 4To C = K w® 6. O6bex~
TaMu KaTeropum ¥ ABIANTCA MHOXecTBa Y (ile ) , a Mopdua—
mamn u3 - Mo (Y; , - TaKkWe OToGpameHMs y:Y; —Y; pis
KoTopex cymecTsynT te¢ T c ycnopueM

yb -

nna aoboro be Y; . B xavecrse dyHrTOopa G : ¥ — €(Y) BO3bLMEM
fiyrrTOp, OTORmECTBIAADMUE OOBEKTH M MOPEHMIMH.

lloramem, uro C ¢ K we*B . lloctpomM dyurrop V : ¢ —
> W we®R cremyrommM o6pasoM. Kamuomy oGBEKTY X =06C noc-
TaBMM B COOTBETCTBMe 00BeKT W(x) =(Y; ) u.) KaTeropun
K ®BR No JeMMe 2 TaKoe COOTBETCTBMe Ha OOBEKTaX B3aMMHO-~
OJHO3HAYHO.

Ina npouspoibHoro MopfusMa o € flov(x:,X;) kaTeropuu C
BHGepeM HEKOTOpuH saeMeHT (»,{)e Swe C Taxo#, utro 2%, =
=x. H =D =o . lyers $(>.) =(t,g) e TwyB . HokaxeM,

uTo Iaf Jn6oro &e Y. BrMonHseTCHA t6 € .~ Jef#icTBHTENBHO ,
NpUMEHAA K papeliCcTBY
(2: 50y €0 = € (o,.u,eJ)u

vaoMopdmam & , monyumm
t,9) (8,90 € (&)s

T.e. tg, = np¥ HekoTopoM 3« T . OTchma BHTeKaeT, dUTO
tY; -tpYc 'IJJJJ.Paccuo'rpm Tenepb oToOpameHMe I : Y- Y;
Takoe, 4TO =té pag am6oro &eV; . Oro6pameHne &

MOXHO paccMaTpvBaTb Kak MOpduaM M3 ot (Y, B KaTe-

ropuv X. llyers Teneps (&, F) MopdusM B Kateropun Kw R
w3 o6vexra (Y:,Y.) B o6BekT Ch ,ldd) Tako#f, uTO Iad
angoro 6¢ Y;

F(e) = q(6).
Tax xax q(E)e Jou (&,t8) = Mo (8,7(6)) = Mo (8,8me)ro

F(&) € uov (&,GB),

T.e. MopfuaM (I, F) xareropmu X we® B onpeneseH KOPPEKT—
Ho. MopdmaMmy o ¢ JUot kaTeropuy C nocTasuM B COOT~
percTBMe W MopfusM (&, F) xareropmn T w+ B,

[loramem, uTo MopguaM (&, F) He aaBMCHT oT BHGOpa
aneMeHTa (5.f) € Sy C, llyeTs R D Opyro#t sieMeHT u3
Swrx C Taxoh, uro ~x- =x; M f(x) =4 ¥OyeTs
&, §') =(t',q") . Torma u3 paBeHcTsa
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= () ) Oy, )

BHTEKaeT paBeHCTBO

T.e. tg: =t'RL w =g . W3 nepsoro paseHcTBa
cienyer, uro t& =t'® mng mowGoro &e Y- M 3HAUMT oTOGpame-
HHEe & Y, - He 3aBMCHMT OT BHOOpa smeMeHTa (»,f) . 3

BTOpOr'0 p&BEHCTBA BHTEKAET, UTO JJf JN60r0 & Y. BHIOMHA-
ercs  g(8) =q(®) , mockoibky Q:(#)-4g TO Jemue 5,
8,6 =6, BBULY WIEMIOTEHTHOCTH p. M SHAUMT

g(8) = q(p:8)-1g = qEEIG®) = (9a, g (®) =(g5, 9 (&) =g'(8).

Takun ofpasoM, oTofpaxeHMe [ , a 3HAUMT M Becb MOpHU3M
(¢r, F> KaTeropum % +® B He saBHCHT OT BHOOpa BJiEMeHTa
[CN DR

HenocpencTeenHo# npoBepko#t jerxo y6egurbesa, uto W
COXpaHseT NpPOU3BENeHHe MODIU3MOB, & K3 JeMMH D BHTexaer,
uTO IJf JOGOTO TOXOECTBEHHOro MopdusMa e ¢ Jllow € Mopdusm
Y(e> TaKxe TOKNECTBEHHHN. OTo 3HauMT, uro ¥ nelicTBUTEIb-
HO sBisercA fyHxTOpoM M3 karTeropuu C B kKareropuo Kwy 8.

Ocraerca NpoBepuTh, uTo ¢YHKTOD W ocymecTBAsfeT MK30—
MopduaM ykasaHHHX kaTeropu#t. Ilyers (&r, FY  ~ npousBoJIbHHE
MopduaM kaTeropuu Kw<“f . [lo MOCTpOEHMD, I~ eCTb MODFUIM
kareropuu I , T.e. oTOOpameHMe & Y- > Y- IPH HEKOTODHX
i, e rawoe, Wro I(b)-t8 JAA HEeKOTOpPOro teT IpH
awboM &<; . PaccMOTpMM 3JeMEHT Twe B raxolf,uro
g(6) - F(&) masmimboro bey: . Iyers &7'(t,g) =(s,§)
nyere +(x) - o . Jlerko y6emurbes, uTo W(L) = (&, F),T.e.
oToGpameHue W ™* , cTaBsmee B COOTBETCTBUE MODHUIMY
@r,F) xareropmn Kwi®8 mMopdusM o xaTeropum C , HAB-
jJaetcn ofpathHiM k W . Taxum o6pasoM, ¥ : € - H w® B #BIAA-
erca usoMmopdusmoM. Teopema pmokasana,
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MONOIDIDE JA KATEGOORIATE
POIMIKUTE ISOMORFISM
V. Fljaiger
Resiimee

Artiklis uuritakse monoidide ja kategooriate pdimikute
isomorfismi kiisimust. Selleks tuuakse sisse kategooriate
pSimiku konstruktsioon. Wdidatakse, et monoidide ja kategoo-
riate pdimikute isomorfismist jéreldub kategooriate isomor-
fism teatava hulkade kategooriate pdimiku t&psusega.

ISOMORPHISM OF WREATH PRODUCTS OF
MONOIDS WITH CATEGORIES
V. Fleischer
Summarzry

In the paper isomorphisms of wreath products of monoids
with categories are considered. Let S be a monoid and C be
a small category with the set X =06C of objects and the
set M - Mo € of morphisms and let X be an S -act. The set

& {6, $)[reg JE X, fe) e Mon(x ,a%) VaxelXi
under the following multiplication
=(’5t ) ft3>
wuhere for each x¢X¥ forms a semi-

group, which is called the wreath product of tlie monoid &
with the category € and is denoted by St C. Isomorphisms
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Swe Ce TwWeB of such wreath produgts are considered in the
case when the sets of objects of the categories C and B are
weakly admissible acts over monoids § and T respectively.,
To formulate the main result a construction of the wreath
product of small categories is introduce in a slightly dif-
ferent way as by C.Wells [ 5]. Let B and C are small cate-
gories, G : B = &(06C) is a covariant functor from B to the
category of subsets of the set 0 C Let W be the category
with the set 0B U ={(8,G(8))|8€08 B} and morphisms
i (8,8(6))~ (e,6(e) ,where ¢ Mor (8,e) and §:G(B)~ .Mow,C
such function that
fe) € Mox (¢, G0

for each ¢ € G(8) . The multiplication of morphisms
@ 6,60V~ ,6@) , B.9:,6@) ~ &)

is the morphism

®.
where © for each ce€ G(8). The ca-
tegory W is called the wreath product of categories C
and B and is denoted by cuwe®r
If is shown that the isomorphism Swe € = TweB implies

an isomorphism of categories €2 X w98 for suitable ca-
tegory X of sets and functor
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0 [BYCTOPOHHUX CIDIETEHMAX KATETOPYH

1. Xuon
JlaGopaTopua 6uodU3UKN

B Hauane [naHHOW pAGOTH MH pacCMATDUBAEM SHINOMODPIU3MH
cBoGomHEx & - B -Gumomuronoe M. , rme £ u 3 - 3anenHHe Mo-
Hounu. O6oSmas pesynbTaTh u3 [ 5], M MokasuBaeM, uTO BHIO-
MODJM3MH TAKOTO GMMOJMroHe o6pasynT Mooun & (M)= £
ycTaHaBTMBAEM, uTO aieMeHTH u3 & (M) MoxHO 3apmaTh Tpoftxamu
dyHKIMi, U NaeM MPABUIO YMHOXEHMA TaKuX Tpoek. [ia OMMCAHMA
YMHOXEHUA Tpoek B Gonee ofmeM ciryuae MH 0606maeM NOHATHE
naps rpynn us [7] u onpepensem nousrue (repo#t) mepu (C,&)
monounos. Tycrs namm mpe napu((, &) u (C, B) c omnum u e
®e axTusHLM MoHoumoM (. Jna JOOHX Tpex TAKUX MOHOMIOB
(#,C,5) onpenemum ux nycroponHee kocoe (noxympamoe) mpo-
napenenve kax muomectso AX CXJ3)  na xoropom mpouasemenue
anementoB (Tpoex) 3anaHo dopmynolt, aHanorunuHo# dopmyre, mno-
JNyuaeMoll NpU yMHOXEHUM 3HHIOoMopdu3amoB. [sycTopoHHee Kocoe
MpOU3BEIEHHEe MOXHO WCMOJNb3OBATH [JIA ONpeNeNeHUs MByCTOPOH-
HEro CIUIETEHUA MOHOMNOB M LA ONMUCAHUA MOHOMMIOB ®SHIOMOPdM3-
MOB CBOGOJHHX GUMONMIOHOB HAN NBYMA 3&I8HHMMA MOHOMIAMM.

JaTeM MH 0606mMaeM MOHATHE NBYCTOPOHHEI'O KOCOPO NPOM3-
BENEHUA C MOHOMUNOB HA KaTeropuu. [T 3TOr0 MPENNONOXMM, UTO
sanana kareropus (=(R,f C, - een) M emMe IBe CHCTEeMH
kaTeropu#t " rax uro C nefter-
ByeT Ha HuUX romomopdusmamu. Onepaimsa ABYCTOPOHHEr'o  KOCOI'O
NPOM3BELEHUA COnocTaBafeT JwGoit kxareropur ( 4 OBYyM COOT-
BETCTEYNOMM CHCTeMaM kxaTerdpu#l Hosyw kxareropum. Mu ycTaHap-
JMBAEM HEKOTOpHEe CBOHCTBA TaKUX MpOM3BeneHui. JaTeM MH On-
pelenseM NBYCTOPOHHWE CIUIETEHUA TPeX KaTeropuit (rpe-
CyeTca eme 3amaHue IBYX npasuX ( ~NOJMIOHOB) Kak KOCHE
npou3BeNeHUa kaTeropud ( ¢ MONXONANUMM MPSAMEMU CTENEHAMM



xareropust & u Moxo mokasaTh, uTO IBYCTOPOHHUE CIUIETE-
Hus mopxonsmelt xareropmn ( c kareropuamu A u B momHo
UCMONB30BATE [AA ONMMUCAHHA KATeropuil roMoMopdusMoB ceTelt CBO-
Gopuex fl - -6unoauronos.

Cnepea Mu jaguM ompefeneHHe GUMOJIMIOHA HAN ABYMA 38[8H-
Humu MoHOuzamu. llycte £ u B cyTs MoHOMEH cooTBeTCTBEHHO C
eIMHMTIAMA & W MuoxecrBo M nasusaercs f -5 -6umomuro-
HOM, ecyu

BPI. M#{J;

BPR2. mmoGomy geh W BcAKOMy xce | COOTBETCTBYeT BJNEMEHT
CLPXE \M;

BP3. ecan eme &€l ro mumomumerca €~ (op x)-(6-0)> x-

BP4. nna moGoro xeM umeer mecTo €3 X=X

BPS. mGomy x€M u npousponeHOMy ¢ €3 cooTBeTCTByeT
aneMeHT xd CeM;

BPS, ecxu eme L¢3 To BamomHmercs (xdc;)ﬁc( xa(c cO

BP7. nna Besworo xéM  umeer mecTo X <eg=X

BPS. mna moGHX xeM BHTIONHAETCA
(opxyal -av(xab).

OroGpamene M —~M HasupaeTcs sHmoMopdusmom A -5 -6u-
nomirona M, ecau nna mooex aefl, xeM,cef3  pumomnsercs

1)
- )
llpouasenenne AByx sHAOMODEM3MOB onpeneanM, Kak
06buHO, PopMyIoit
3)

Tipu TakoM onpepeneHuM Bce sHuoMopduamu - J3 -Gunomurona M
06pasynT MOHOMS, Z(JM) =My ).
TopmuoxecTo PEM  HasuBaeTcs cucTemoit o6pasyomux mrs
#-R -6unomurona M, ecom pas moGoro x¢ M cymecTsynr  ane-
ments o, P ce TaK uro X-a>y<c. lomMHoxecTso
? . HasnBaeTcA CBOGONHONA cHCcTeMoli o6pasywmux, eciu Taxkoe
NpefCcTaBNeHHe eNMHCTBEHHO ana kammoro x€M. Herpymno noka-
3aTh, UTO LA JOGOTO MHOXecTBa I ¥ BcAKUX moHoumos £,R3
cymecreyer f-R -6unommron M, prs xoroporo 3  aBrsercs
CBOGOTHON! cHUCTeMoil 06pasynmuX.
Eciu M ecTp cBoGozHuit A-13 -6unoxuroH co cucrTemost 06-
pasyomux T, TO HECNOXHO MOKA3ATH, UTO KAKLIOMY SHEOMODJM3MY
e £(0) COOTBETCTBYET IMHCTBEHHAA TpoliKa fyHKIpMiA
-0 0,7 Tak uTo mnA Jwéoro Xel  pumomHmeTcs
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COOTHOmEH!E

xﬁ —(xf{) & (xfg) « (J#) 4)
Jlerko nokasaTh, UTO BEpHO M o6GpaTHOe: LiA JNGOH Tpoitku GyHK-
it > :—B orobpamenne, onpenense-
Moe gopmynoit (4), aAsnaercs aHZOMOPEM3MOM,

Ecau Mu BO3bMeM mpyroit sHuoMopfuam G » COOTBETCTByD-
myo TpoiKy (cJ,, ,'ch) ¥ BHUMCJIMM OGpa3s aJeMeHTa P np# npo-
M3 BEIeHUK j? SHIOMOPIM3MOB, NOJYUMM

:((f.%): x(@ . . 13]} - (5)

3necn, Hampumep, onpepenseTca A8 JI0GOro dopmy-

Joit

DC({.,‘ fz‘ﬂn)- ’ 1({2%4)‘»
Popmyna (5) noxasuBaeT, UTO 1ENECOO6PASHO ONPENENHUTb MPOU3-
BeneHue Tpoek GyHximit dopmymoit

(?nfz, = fz‘qz,ﬂ%‘(g). 6)

Popmyna (5) mossonser mokasaTh M3OMOPPU3M MEXLY MOHOMIOM
¢(M)  u MoHOMEOM TpOEK.

Mu BMOMM, uTO TpOiKM OTOGpaxeHuit 06pas3yoT noXesHu#t Mo-
Houn, M60 OH nozsoiseT omucaThb MoHoun (). Taxue Tpoitku oxa-
3HBADTCA NMONE3HHMM M B APYTUX CUTYAIMAX U NO3TOMYy MH pac-
CMOTDHMM TIOCTPOEHHE MOHOMAA U3 Tpoek mo npasuny (6) B Gomee
ofmem cayuae. [loToM MH 0606mUM 3TO MOCTPOEHHWE C MOHOMAOB Ha
MaJLe KaTeropuu.

Ina oGoGmeHNMA KOHCTPYKLMM M3 TPOEK MH 3aMeTHM crepsa,
UTO MHOXECTBO BCEX OTOGpameHu#t MHOXecTsa 5 B ce6a  oOpa-
3yeT MOHOMJ OTHOCHTENBbHO ONepalyy CYNepno3ulMh, KOTODHA MH

060o3HauUM uepes UXK TIpome uepes Jlanee, monoxus
il
AAC-XC nns seex x¢ 3, ce (| Mi npespaTuM P

B npase#t ( -momwroH. Sto osmauaer, uro ( u J ynosmerso-
paor ycnosuam BPI, BP5-BP7 mra £ u L.

06o3HauuM MHOXECTBO BCeX OToOpameHuit G- yepe3s
F(?.2)  u onpenemum ananormuno miomecrso T(7B).  Ocpamum
mHoxectsa F($.4) n B MOHOMIH, NOJOXHAB

1(a,- &)= (xa,)- [oen,)

1J(:(@'4"
s seex €T, anc,e ¥R v, & ¢F(? B) Boree Toro,
muoxectsa T(5.A) u B) momHo paccmaTpuBaTh Kak JTeBHe

{ -nomuronu (ycmosus BPI-BP4 ssmomnsmres mna ( u (8 4)
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wuas C u ), ecaM M modOMMM IIs MOGOTO € J  u
semonx ce Cae (P w) e (9, D)

x(cpa) (x«d)a,

¥(e £ - (X<l &

Janee, anements C¢( neiicreyor na T(8A) u F(?B) kax on-
HOMOpdMIMs. JleCTBUTENBHO, MOXKHO MPOBEPUTH, UTO

)= (coag)-(erog), co(b - &)= (> ) (e &)
BHIOJHADTCA.

PaccmoTpum Tenepb Takyn CUTyaIMD B GoXee o6meM ciyuse.
0606mUB MOHATHE T'PYTIOBOA MADH (71, crp. 335), M ckaxem,
uro monouzs C  u R o6pasyor (resyp) mapy, eca

MI. mocomy ceC u seaxomy aéfl  coorsercrsyer sme-
menr e o et

L8M2, ecnn eme L eC, mo de(cral=(d-c)pa;

2IM3. nna emunmmm e €C  u Besworo € sumomHaercsa

B P =0
LM 4. nna moux c, 7 umeer mecro ¢ (6, q,)=

{05 cpep - zaa seaxoro € €C.

Mu Hasopem (  &KTMBHEM M Ji  TACCMBHEM MOHOMIOM T&DH.
Bynem rosopurh, uro sanaua (nepas) Tpoitxa MOHOMLOB
(4,C.R) ecnu nanu mapu mononmos (C,A) u ((,B) ¢ omsum u
TEM Xe 8KTUBHEM MOHOMIOM. My HazoBeM (  &KTHBHEM uIEHOM

u & u B naccueHEMM wieHaMM 'rpomm,

Mu momyuum mpumep mepw (C L) MoHOMnOB, ecnm  BO3bMeM
moHoun Y. B Hem moarpymmy C ¢ enuauneh M TIOIMOHOUT,
ft, aenmomuitcs  ( -unBapuaHTHAM (U3 aed ,ce C  caemyer

A), nenomum c -cac! Hazoeem Taxkyw mapy BHyT-
penuedt napoit, ompenenennod ( u A . Mw momyuum Tpoilky Mo-
nounos (A ,(B) ecmm BosbMeM MoHOUT B Hem moprpymmy C n
nee.  C —UHBADUEHTHHX MOOMOHOUIS, U TOMOMUM (> oAl )
co - cd mag mbex e C acic, teRB Taxyo Tpoiixy
Ha30BeM BHy'rpeHHeﬁ TPOHKOH.

Ecau (m C, CB) ABNAETCA TPOWKOA MOHOULOB, MH OIpenenuM
ee NBYCTOpOHHee kocoe (momympsmoe) mpoussenenne AX (A0
xax maoxecTBo Jt X C X J3. Ha xoropom npomssepenue ompeneneo

dopmynoit
(a,, y Coq @4 ) - l/;a) '—“(ng- (C,, »ch))c1- @2 (8)

oHa aHanoruuda gopmyne (6).
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llpennomenue I. Ina moGoit Tpodku monounos (B,(,R) ee
neycropornee kocoe npoussesenue AACA B aenserca  Mo-
HOMIIOM .,

lipennomerme 2. Kocoe mpomssepenne AA (A copepmur
nomMoHoums, uaomopduue MorouzaM R,C u RF rge T au-
musomopde ¢ B, u nopommaercs umu, Ecau (  pelicTByer Ha

u 3 rompecrBenHuMu aBTomopdmamamu, To A ( £ 13-
—fxC B uacTHocT™#, eciM L ecTh eOMHWMUHHI MOHOMI i TO
AANCAR = AXBF. Ben R=5, mo AACLE—=ANC (oGsrmoe
ONHOCTOPOHHEE IONYTIPAMOE IIPOM3BEMeHue ),

JlokasaTenscTpa 3TUX M CHENYDNUAX NPELIOREHuit GymyT maHH
B Ipyro#t padore.

Tenepr MH O6GOGUWMM TOHATHE NBYCTOPOHHEI'O KOCOT'O IIPOM3-
BEIEHUS C MOHOMIOB HA KATeropuu. Mu HauHeM c cepuu ompene-
JNIeHuit, KacammuxXcs KaTeropuit.

Myers (R, 9) R) ABNAETCH DEGNEKCHBHHM M  TDaH3U-
tueHeM rpadoM. Cemesicreo (=(R Y, C, | - , ¢ ) HasuBaeTes
(mano#t) xareropueit Han rpagom ( R,‘j), ecam

CI. nnoGoit mape COOTBETCTBYET HENycTOe MHO-
XecTBO , MHOXecTB&, COOTBETCTBYNIME PA3NMUUHKM NApaM, He
TiepeceKanTc;

C2. mOLM aMeMeHTaM Lé n ,ch COOTBETCTBYyeT dJe-

menr ¢-cleC,;

C3. ecnu eme f ¢ S . o sumomiserca (c o) f-c:

C4. nna secskoro 1¢ R cymecTsyer SNIEMeHT €= =(, (4-x
emmuuna ), Tak uro mam mooux ce (o, l¢(F mumonHmerca e .
-C vleas el = el

llyerp o - (& 3, C , i) ABnfAeTcA kareropueit. Ilapa
(R ,X,) Hasupaerca (Jreaoﬁ) C -ceTsh kareropuit (mepoft ceTwn
rareropu#t Hag, ( ), ecau

ACI. momy neR coorsercreyer (manas) rareropus A=
-1, e ;)M DASMMUHEX R OCHOBHHE MHORECTBA Ka-
'rer'opuﬁ JL He TepeceKanTcH;

INC2. mooomy c=C, u xkammomy i¢J. coorsercrayer
BNIeMeHT (P ( € ]

dAcs. ec:m eme de(, , mo rLV(CPL\- (d-c) ¢

{4 C4. nns npoussombHOro ¢ Jn  smOMHAETCH

A5, eawmm (eCy ,xe COOTBETCTBYET  BIEMEHT
L6, ecnm eme cle(, Lo e (emad)= (d x;
L& 7, mna kampgoro ~e BHIONHAGTCA €, P X - .



f4°C 8. ecmu eme TO cp(x lﬂ) (e 2) (Cl>l1
e [¢
$XC 9. nna mpousBomBHOrO (¢ C HMEeeT MecTo

3necy My Ha3oBeM L  aKTHBHOM! kaTeropue# u & naccUBHEMU
KaTeropuAMA CeTH.
My momyuMM mpUMep CeTH KaTeropuit CIeLyomMM — 06pa3oM.

BosbMeM kaTeropuo Calgny ), rpadp RS$) woropoit
CHMMeTpHUEH, T.e. (n,H)E srever (» =) €Y. Illyers B
% yumeercs mogrpymmoun [21 C-(R 4, 7 -, ¢.,) ,H8L TeM

xe rpagom, T.e. Kaxmuit-dJIeMEHT ( U3 Jgo6oro C,L o6paTuM
B (. Bepem rorma s % moLKaTeropun = (R, Ay

(Ag - guaroHanb MeomecTsa X’ ), B KOTODO# HE MyCTH TONb-
KO JMArOHANbHHE MHORECTBE [, M KOTODad ABIAETCA ( -uupa-
puanho#t ( (e C° ) GE e mmexyr c- - ('€ R ). Moxomum
fo - (fnd, i } NI Con=h, (>a=c 0"

LA BCAKOTO (¢ Co M I060ro ¢ tn . Jlerko BumeTh,  uTO
kareropuu ( u R, ynoemersopsor Bcem axcmomam {J( I-
{NC9. My HasoBeM moNyueHHYD eCTb BHYTpeHHel CETBD KATEro-
puit.

Bynem rosopuTb, uTo 3auaHe NBYyCTOpOHHAR ( -ceTh Ka-
Teropuit, ecau xpome kareropmu ( u [ -cetm A samana
eme ( -cetv 8- Mn 0603H2UMM TEKy® [BYCTOPOHHND
C -cerp wepes (%, H)= (o, ( B.). M noayunm mpumep mBy-
cTOpoHHel! ceTy, ecau Bo3bMeM kareropmu 4 ( u X kak B
npemnnymeM a6saue, Gepem eme Ipyryn (C -uHBapMaHTHYD Non-

xkareropmo $=(R Ag, B - ¢,.) u nonomm cofzc b c
aaA aobex (6 L« R fre 33 Mn HazoBem ceMeiicTBO KaTero-
puit (., C, BHyTpeHHen IBYCTOPOHHE! ceThD KaTeropuit,

IlpenoNoxuM Temepb, UTO 3alaHA TPON3BONLHAA JBYCTODPOH-
A cerb kareropuit (},, (,8.), . rne

C-(REC. e, Jo ),

Paccmorpum Tpoitku (CL.L, 6-\, roe (¢ C,I ue nb CyTh 3JIe-
MEHTH 3 % # 15, (Takue TPOIKM NMPUXOOMTCA MCNIONB3OBATH
IUIA OMUCEHUA IOMOMOpU3MOB ceTeil GUIONUIOHOB HaN KaTeropufA-
mM1). O603HaUMM COBOKYMHOCTBH BCEX TPOEK TaKOI'o BUIa uyepes
3ananUM paBEeHCTBO TPOEK IOKOMIOHEHTHO u onpenenuM
A rpoek (e, C,, Y, u (6,,0,,v,)e%" Ipou3 BE-
JLeHue gopmyroit
(0o ) (g, €0y G = (e, (6p6y) €ty (P 62 6,), (9)

eCJ/ NPOUIBENeHUSA B MEPBOM X TPETheM wieHe NpaBoit yacTu cy-
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mecTBYRT. My BumuM, uro dopmyna (8) ucmombzomaHa  37eCh B
Goxee oOme#t cuTyalMH. N .

Jyers ecTb Tpofika, rue € L,
Mu HO30BEM TAKYD TPOiKY crnelMenbHOR, ecau cymecT-
BYDT 9JMEMEHTH (,¢ T8K UTO Jq:f4|>(,,_.

Jlemma 3. Ecau Tpolira (a4,61a6J ABNASTCA JIeBHM COMHOXH—
TeneM cymecTpywmero no $opmyne (9) npousBepneHus, TO OHA Clle-
mMenbHa. Eenu mpousbenieHMe NBYX CHELMENbHHX TPOEK CymecTBYeT,
TO OHO - ClelMainbHaa Tpoika.

JieMmma 3 MOKA3HBAET, UTO €CAM MH XOTHUM IMOJIYUHTL U3 TPOEK
(a,c, &) KaTeropun npu momomu gopMmymn ymHomenus (9), wu
IOJXHH B3ATH TONBKO CreLManbHHe TPoikd. Mu u Gynem IenaTs
TaK, HO OyneM UCIOJb30BATh Goiee JeTafNbHHE O0G03HAUEHUA, UTO-
6n 0603HaUEHME SJIeMeHTa CTposmelica kareropud geno uuopMarmo
0 colepxemeM ero OCHOBHOM MHOXECTBE.

Mx ucnonpayeM ciefyomie 0Go3HaueHua. 0GosHaumM uepes M

COBOKYTHOCTb BCeX Tpoek (c,n, k), rme cedy, foe

Uepes X 0603HAUMM COBOKYTIHOCTbL BCEX Nap

rae (i g, f) (oo, €M, (ryyn)ed  u cymecrsyer Ta-

koe (¢ % wro (LG, )e NS MoxHo moO-

kasars, uro (AN | ecrs peqmexcusHuit u TpaﬂauTuBHuﬁ rpad.
Jns xempodt mapw ) e N 0603HaUMM

uepes MHOXECTBO BCEX JEBATOK

(LUTL,‘,:L“C'»“C'n?M) oy

“2 - ‘4 <
rge (¢ C,11 ,&#&4,1 , Z—’é Wby PaBeHCTBO QEeBATOK Mu

OnpeneN¥M TOKOMIIOHEHTHO. llpoMaBefeHWe OBYX NEBATOK  3A8A81UM
dopmMyoi
‘[\.L’l)’lﬁlufl)amcrhE—!ILZI ,ha) ,Cg_,e'z,L%’ =
ety C (6200), 4 € (0,0 6,)- br, sos, 2y). (10)

[losroMy mnA CymeCTBOBAHMA NPOU3BENEHUA TPH NMOCHEIHUX  WIEHA
NIepBOr0 COMHOXUTENA JOJIKHH COBIACTH C TPEMH IIEPBHMHA UJNEHAMH
BTOPOr'O COMHORMUTENA. Eme MH 0003HauMUM

(Conle, e, k), an

Npemnoxerne 4. Iyers (A, C 5.) ABIAETCA  JBYCTOPOHHE!!
ceTsp kareropuit. Torpa ceMeﬁcTBo “5 (I, N, - P, )

ecTb KaTeropua. My HA30BEeM ee NABYCTODOHHUM KOCHM ITpOM3BENe—
1 b - A i
HueM L &.f X CA{B,] BBycroponue#t ceru (%.,( +B,) U 0603HaUMM
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ee uepes .

Mpenoxerme 5. Kocoe mponasenerme {43\ ( {18,§ apnserca
0600MeHNEM MIPAMOTO TIPOK3BEIEHHUA kareropuit A x ( xﬁ*) roe
KaTeropus IBORCTBEHHA K

dT0 yTBEpRIEHME TOMYUATCH, €CIU B NBYCTOPOHHEN ceTu
(A C Bce kareropuu M, coemamanT c omHORt M ToM me
xareropueit f, Bce kareropuu coBnanapT ¢ ofHOW ¥ Toi
®e kaTeropueit a ( nmedtiereyer Ha Bcex Jf u Bcex 0D
TORNECTBEHHO.

IIpensomerme 6. Kocoe npoussenenue LA C A8 co-
LepmAT Kamiyo kaTeropuo fn ¥ J06yD KaTeropuno Ecam
MHORECTBa 06bexToB kaTeropuit N, coemagant ( 7. -7 s
moGoro ne $ ), u ananormumno hn = nna modoro ne X,
¥ CYNECTBYDT SNEMEHTH L& J " MHBADUAHTHHE OT-
HOCUTENbHO NeicTBusa Joéoro (¢ C,J ) 0 Y CONEPRUT Taxkxe
C B KauecTBe MOAKATETODUH.

TlycTs Kpome xa'rer'opvm C-(RY, (.n, ©¢,)  samaHa ka-
reropus M- (P, , € M’L) Fomomopdmamom h.C M
HA3HBRETCA CemeliCTBo omdpamermﬁ h-(0,: R 3, b (=
Mol (n)n)e ¥), mra xoroporo mmomiens yc.uoavm

ecJu (n_,’.\)f ‘3) T0 ("LdLalﬁy\a)c U; (12)
t )

(e d)fur = (ch)- (13)

eCh, 2" eM,éﬂl,, ' (14)

A
g mooux K c€Cy, deC,. *h  nasupaercs

uaomogtbuamom KaTeropuit, eciu Bce 0T06pamennﬁ "
nl
nt by A/Lul ABNADTCA OMeKIMAMA U b, oToOGpamaeT J Ha T.
JonycTum, uro sananu xareropua ( u ( -ceTs kaTeropmit
(R, 1) n xa'rer'opvm M #u M-cers xareropuit rue
= (N eJ\ .). Tomomopimsm cereit (i 1{,1\ (€, )
ecThb cemeﬁc'rao 'TOMOMODMBMOB KaTeropuit b [»J u
. . % d. . pnd.
fu: rae o, e Ak ,
(Lig)e ],L YIOBJETBOPADMES YCIOBUAM

(CPL)EM (ch (f..;), (15)

¢

(cr GJ{A CPL‘(CZL lr(af,ft) (16)

" W
LA A06HX LGJH,;('L;J)EJM&“Q%H 2. T'omomopduam
HasuBaeTcAa Usomopdusmom ceTeit, eciu i U Bee fiB-
JAAPTCA U30MOPUBMEMH KaTeropui.
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llpepnonoxum Temepsb, uTo 3anaHm kareropmat ( u M , (-

cern & u R-RB) u M-cetn D w ¢=(P¢).Torna mu

uMeem npycropotie ceru kateropudt (A.,C,B.) u (:Dl MH
CK&XeM, UTO 38J18H FOMOMOPIM3M JBYCTODOHHUX ceTelt o,

ecau (C,4, )—v(‘ju 1})
n (j‘/’\.ip) cyTh romoMopduamu ceTeit kare-

lloepnoxerme 7. Hamnomy romomopduamy (f;“ﬂh \:(JJLQ,C
w M ) ,n,ayc'ropommx ceTelt kareropu#t cooTseTcTByeT I'OMO-

Mop am LRI OB, K—’{Drx}}\ MAE ip} MX IBYCTODOHHUX

KOCHX npouaseneﬂun.
[lpepnomenne 8. IlycTs NaHa NBYCTODOHHAA CETb KaTeropuit
Aa,C, D), roe kareropus ( ecTs rpymoun u sce xaTeropun
X, u Ta,, flzé L) senswrcs omHOOGBekTHEMM (MoHOMzamM). 0603-
nawM G={&IANCLIBes.  Torma cems (A, C,By) usomopdua

nogxonsmeit BHyTpeHHell ceTH KaTeropuu 4,

llpepnoxenme 9. Myers 4= ABNAETCH
xareropuett, C = (R4, Cy,- ecTb NONTDYNNOMK B Heft 1
- Ay, 4, -, u R= (R, AQ,ﬁ T, cyrs ( -mu-
papuanTHue nogkateropus B ‘4,  lpemmomomum, uro #= (T, Q
kl“ - Z% ABnAeTCH Takxe kareropue, M = (J qQ,

J 'b

e ee noarpymmounom 1 & - (2, Ag, 13
u £=(9 Atp, r . M -nupapuanTHEMA nonxa'rer'opnm B
K. Iyers { 'aBnsercs romomopguamom [kateropu#t, s
koroporo d.= (cle, (v, 2)ey), (/mCL Ml , Apcr € J3"c(,LC
e Honomuu ZLD'C(D, by = c(,Jc (or'paﬂuueﬂue o
va (° ), § .

Torna [ET' I, 4 .) ABIAETCA IOMOMODPU3IMOM BHYTDEHHel I ByCTOPOH-
Hel ceTH, onpe,ne.ueHHon B 4 NnoaxaTeropuaMu '3 C 33 BO  BHYT-
PEHHOD CeTh, ONMpefeNeHHYD B # MOAKATErOpUAMMA @,.M,&
Teneps MH HCTONB3yeM ABYCTOPOHHME KOCHE NIPOU3BELIEHNS
LIS onpepneNeHNs U UCCIENOBAHUA ABYCTOPOHHUX CIUIETEHHNH KaTe-
ropuit. 3mech ITPVIXO,DMTCH TOXE HauaTh C pALa onpe,neneﬂun.
Oyers jc=(], 7. 82, - ¢ Ji(_) ecTb Kkareropus u T uenye-
TOE€ MHOXECTBO. Ech JaHH qyymcunn w, v P 'J, GyneM I'OBODUTH,
UTO OHM 00pa3ymT NONYCTUMYR Napy, ecau Iif JwuGoro x¢ P BHIIOJ—-

naeres (xw. %0} ¢ 1, My oGosHauuM MHORecTBO Beex dywimit
L uepes T(T. 1) u cosokymHocts Beex ,u,onyc'rummx nap
Gyseunit wepes T(T ). fleno, umo F3 e TY 1) u ure

(F@1,, ¢ T,]\).\ ecTh peuieKCHBHEN M TpAH3UTUBHNN rpad.
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06o3Hauum Tenepn B-X n NMPeANoJCKMM, UTO 38MaHAa

dynxmua o. P> R Mu cxgmeu, uTo JyHKIMU U G 06-
pasyor pomycriMmynw Tpoiiky (wan ¥ wu & ) ecmu(ur) ecTs mo-
MycTMMas fapa U NIA X6Oro Y¢J  BRMONHFETEH Xac Jer-

KO BUNeTb, UTO 1A JNW60# penycTuMo# napw (u,tr\ CymecTByT
fyHKIMM @ : §-A (BooOme rosops, Taxux QyHKUMHA MHOTO), Tax
uTo (u.a. V) AsnsieTca nonmycTumoit Tpoltkoit. s moGoi momyc-
TUMO} mapu (u,v) o6oaHauny uepes COBOKYTIHOCTD
BCeX NONYCTUMEX TPOEK (u,a.\:\, ¢ naxHo# mapoit (c, v).

Mu ompenexuM anf JMOOHX ABYX NOMYyCTUMEX Tpoex (i, G, U) €
e (£ u (v,o,,w)e T¥(R,P) ux npoussenenue dopmynoit

((4,0.4,1;)'(1)')&2,14))=((A,Q1'az.w); (17)
roe oroSpaxenue Q. G, * 1= 3818H0 ANA Jo6oro i€ P
IIPaBUIOM

1(a‘- ng_) = (m) . (mz). - (18)

xv L

Tax xax NOMyCTMMOCTH TpOEK pleueT Xa,¢€ ) X € My s T0
TIpOU3 BELleHHe a&f“’l)' cymecTBYeT AJA JO60r0 X€J U IpU-
HALIEXUT K lloaromy Tpoitia ( (/C|[t4'CL2,'Lt)') Tawxe NOMyCTU-

mMa. O6o3HauuM, HaxoHel, ans n060ro 0TOGpaREHUA v uepes
Loy orofipaxeHue (’.U'-J*ﬁ 3a1laHHOe 1A Jo6oro J dopmyoit

Eanr € Jay

Jderko supmeTh, uTO TPOiiKa (v,ev.ﬂ IOMycTUMa, U MH 0603Ha-
uuM ee uepes .

pennomerme 10. Jng moGo#t xareropun .L- (7, # ,Rz, . "
BCAKOTO Hemycroro Miomecrsa I cemeficrso (P, 1)~ (F(P 1),
T(T.]}, /}:(T, R, - AABNAeTCA KaTeropuei
(npamoit crenenbio KaTeropus R no mHoxectsy § ).

Myers C=(R,$.C,  ¢.) maxme ssnserca kareropuei.
Mapa T - HasupaeTcs mpaBsM  ( -MONUCOHOM, eciu

I. moSomy = R cooTBeTCTByeT HemycTOe MHOXECTBO

INA pRaNMUHEX " MHoxecTsa, Jn He mepecexanTCH;

2. MoGsM 7 ", ce, COOTBETCTBYET SJAEMEHT
w<iCe (]’,J_
|
3. ecnu eme ¢ | 70 Brmommmerca (x< A<rdl = wsuted]
4, pna xoboro x¢ J.  umeer mecro X < x.

3ameuM, uro (reswe) ( -moMMroHm M3yuamich B [3] [4].

llpennoxomuM Tenepb, uro HapAny c kareropuett ( M  mpe-
puM  ( -momuronom J 3amana kaTeropua & . OGpasyeM Ha oc-
nose mpemtoxenus 10 mim mwsoro te X xareropun F(7. A



» &)‘A 0603HauuM T ( )=,
?([Yn.,l])‘l]"'l EMT’“E): ' (3 A= R (Tn,ﬁ.)v n.v'
Mpennoxerne 11. Mycrs naum kareropuu f,C u mpaswit (-
nomuron 3= (R, ¥.). PacemoTpum cemelicTso KaTeropuit (R, £)-R30. 2)
ConoCTaBUM KAXIOMYy 2XEMEHTy (€ C u Joboi momycrTumoit Tpoit-

ke (w,a. U) € oy (nHan ' ﬂ ) TpORKy
e {w,ev)- (cpu, cvaﬁpb)eﬁo o (19)

(vag T u R ), roe gymxpm Cow, L0 CP YV onpenenenu

AAA Kaxnoro dopmynoi \
x (cpu)=(x <), % (cpa)=(2a xlepol=teacly (20)

54 onpenenenus mpespemant (R, ) B C -cems kareropyi.
Crencreue 12, liyers sapmann xarveropwn &,(,B=(X,X,

u npasue ( -nomuronn T= (fR B u (=@, Pagguo'rpuu ce-
meltcrsa xateroputt (R, A)=R, &) n (RTC.5)=-(R 3B, ).
Torna fABNAETCA naycfropo*—meﬂ C-ce'rbro kaTeropuit.

llpennonoxum cHOBa, uTo naHH kareropmd &, C, B u npa-
e ( -momurodu P L\), Tax wax nmo crencTsup 12 R,I,C TJ»]
apnAerca ( -CeTbo KaTeropu#, TO MO mpemaoxeHMoO 4  cymecT-
ByeT IByCTOpOHHEe KOCOe NpouaBeneHuer ¥ = {R,hg)\ C K{J& 3

(£ {?(QE,B {. Mu Ha30BEM ero HBYCTODOHHMM CILTE-

TEHUEM KaTeropuit 2. 0.5 orxocurensHo mpaskx ( -mosmronos
? u (L u o6oanauum ero uepes 4

06o3Haunm, kax M swme, uepes .Q?u MHOXECTBO BCEX MO~
MyCTUMNX TPOEK (a,u.,;), rome (¢ ) u xae
LA JGoro « € J,. AHamoruuHo 03HEUAET COBOKYMHOCTD fOmyc-
TUMEX TpOeK (&, &,€), rge R ¢« de B u
A J0Goro . Hanomsum rtaike, uro no onpenenexun Kare-
ropuht 5 a %.  o6BexTn rca'rer'opuu g onpeneneHn Tpoikamu
(e, rae ¢ F(0. 1), nef neFlln ), Ogoasemnm,
KaKk 1 paHble IJs KOCHX Npou3BeleHuit, uepes "5” %4, COBOKYMN-
HOCTH BCEX BNEMEHTOB M3 4 € HAUANBHEM OGHEKTOM
¥ KOHeuHEM ofwekToM ({., MuoxecTBO ‘%LL s
13 BCeX NeBATOK

Gk, cocrout

((4! 1"~/1\CL/11C4' St );
LIDLi F(/(
A

roe C1GC,1“ 7 L., , b €

llpennonoxum Temeps, uTO KATEeropus 1O ABAAETCA ONHO-
BNIEMEHTHHM MOHOMIOM (MHOXECTBO X  ero OGBEKTOB, KOHEWHO,
Toxe cnHoaneMentHo)., Torma scHO, uro paA moGoro mpasoro ( -
nomurona (= (L () sce mHoxectsa 7/, K u R) ramxe
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COLEpRAT MO ONHOMy oileMeHTy (Hampumep, I, ). Torga
MH MOKEM OMyCTHTb oXeMeHTH f,, %, u 0, u3 o6osnauemnii co-
OTBETCTBYWNMX NEBATOK (aneMeHTOB kareropmu 9 ). B rakom
Cyuae Ms MOREM OGO3HAUATH SIEMEHTH M3 'Y mecTepkamu BMec-
TO IEBATOK M IOXYUATH MDABMAO YMHOKEHUA
)Ry Oy Gy g, 1y ) < (G, €y, 03 -
, 0 (62 8,), G L,

lloaToMy B BTOM CIyuae 4 B3&BMCHMT TONBKO OT IBYX KATETOpHil
k,C wu omHoro mpasoro ( -momarona § . Torma mw Hasosem 4
(06bruHEM, OFHOCTODOHHMM) crteTenMeM gByx kareropui £ (  or-
Hocurensio 0w oSosmawam %- lng (£,C)  (cp. [6], [8]).
Ecmz eme & u (  apamoTcs moHougemn (rorma npassit (- -ro-
muroH © cOCTOMT M3 OZHOTO MHOXeCTBE J ), MH NOLyuMM U3
3TOT0, ONpeJieNieHAs NOHATAE CIIETEHHA NBYX MOHommoB (B [5]
IpUBELEH [NBOMCTBEHHHI BApUAHT ITOI'0 OMNPElEeNeHHd ).

PaccMOTpUM Terepb CBA3b [OHATHA CIUISTEHUA KATETOpHil ¢
rOMOMODIM3MAMHA KaTeropuil M TOJUICHOB.

Oyers [ -(R4%,C.,",¢..) ects xareropua u (R, m
. (R%,) cyrs npasse ( -momaromu. Pomomopduamom  U'- P

Ha3HBAETCA HAGOp OTOSpEReHMit 2 : yIOBIETBO-
paAoIuMit g 06000 M Kexporo %é Uy,  yCIOBMD
(xac)fs=lafn)ac. (21)

Npennoxetue 13.IIpenrnonoxuM, uro kpoMe KaTeropuii 5083
u npasux ( -IOAWUT'OHOB T,(Q 38[8HH elje KaTeropun L,&  co
wroxectsamm o6sextos N, U u mpaswe ( -nmomuromu UL Iyers
3a1eHH Takke OMOMODEA3ME KaTeropuit f A-d, e B>t u
romomopguams mpassx . ( -momaronos (1 U—T 4 Torga
cymecrsyer romomopdusm o : Ling . (£,(,5) Wy (DG, €.

JUIf OKa32aTebCTBA MH OGDA3YEM I JHOOHX ¢ X KaTeropuu

¥, 33,3?((&,3),35?{%.@), F(15.,2).  Venonssys
T'OMOMOPE A3 ME! X 4, Ml CTDOMM IJIf K&XIOI'o nel  ro-
Momopduamu h, - fo, =4, u m, B , TaK uro (£, oKa-
3HBaETCA IOMOMOpdMaMoM nBycTopoHHedt cemu (# ,C,F.) B nBy-
croponrion cets (&, ,¢,), e ¢. ecTh TORNECTBEHHA aB-
ToMopdmam kareropuun (. CymecrTBoBaHMe I'OMOMOpP(U3Ma
& .ZJ:L.},; Q(a‘f,C,B)vZJrzU. ,(8,C,£) nonyusercs Torza us mpesao-
ReHus 7.
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KATEGOORIATE KAHEPOOLSETEST POIMIKUTEST
J.Hion
Resiimee

T66 algul on veadeldud vebu -3 -bipoliigoome, kus Jt
je 75 on monoidid, ja nende bipoliigoonide endomorfismimo-
noide. On néidatud, et vastavaid endomorfisme saab ette an=-
da funktsioonide kolmikute abil, ja tuletatud kolmikute kor-
rutamise reegel. Edasi on kelmikute korrutamist uuritud iil-
disemal juhul, eeldades, et on entud monoidide kolmik
(#,C,B), kus C tegutseb monoididel #t ja P endomorfismi-
de abil. Sellise kolmiku jaoks defineeritakse kahepoolse
kaldkorrutise moiste ja ndidatakse, et niisuguste kaldkorru-
tiste abil saab kirjeldada vabade bipoliigoonide endomorfis=
mimonoide. On n#éidatud, et kahepoolse kaldkorrutise konst-
ruktsiooni saab iildistade monoididelt ketegooriatele. Sel=-
leks tuleb eeldeda, et on antud kaks kategooriate vorku it
je B. millel kategooria ( tegutseb homomorfismide abil.
L5ppeks defineeritakse ja uuritekse kategooriate.ﬂ,J% ja C
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pEimikuid, kug vastavaed vorgud koosneved kategooriate Jje
gobivatest otseastmetest.

ON TWO-SIDED WREATH PRODUCTS OF CATEGORIES
J.Hion
Summary

In the beginning of the paper free -bipolygons
are considered where fi end are monoids, and the endo-

morphism monoids of such bipolygons are studied. We show
that such endomorphisms can be given by triples of func~
tions end we give the rule for multiplication of such trip-
les. Further the multiplication of triples is studied in a
more general case supposing that a triple (R, C,-(B) of mo-~
noids is given vhere { acts on f and 1 by endomor-
phisms. For such tripleg we define the two-sided skew pro-
duct and show that using such skew products it is possible
to describe the endomorphism monoids of free bipolygons.
Then we show that it is possible to generalize the  two-sgi-
ded skew products from monoids to cetegories. For that we
must suppose that there is given a category C acting on
two nets of categories and Tg by homomorphisms. At last
we define and study the wreath products of categories fi,
(,,33 where the corresponding nets consist of suitable
direct powers of the categories A end B .
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0 JBYX KIACCAX IPABOANBTEPHATHBHHX KOJEL]
B.Il.Yysakos
HoBocuGupckuit rocynapcTBEHHHA YHHBEDCHTET

B paGore paccMaTpuBanTCS NpPABO&JbTEPHATHBHHE ¢_one-

DATOpHHE KONbLA, YLOBIETBODALMME OJHOMY M3 TORNECTB
=G, C .

PaccMmaTpnBaeMie KR8CCH KOJNEL| TECHO CBA3&HH C KJIACCOM
NpABOANbTEPHATHBHEX IIOUTH ANbTEPHATMBHEX Konen. Ms paGoTw
aBropa [9] nerko moxyunTs, UTO NMPABOANBTEPHATHBHOE KONBLO R
Hall nojeM ABNAETCA IOUTH A&JIbTEPHATHBHHM TOTLA X TONBKO TOr-
na, korga R Jm6o anbTepHaT®BHO, JUG0 koabuo tHma (-I,1) ,
m6o R - npaBoanbTepHATHBHOE KOJBIO, YNOBIETBODANIiEE OJHOMY
us rommecrs L[x,41, -0, = ’)\l'_[x,tjj,

Asropom [9] noxasaHo, uTo mOAYMEpBMuUHOe mNpPABOANLTEP-
HATMBHOE KONBIO, ynoBierTsopsmmee Tommectsy [[x,4].,y]~ 0
apngerca xonbuoM Tunma (-I1,I). llosnHee aHanmorvuHuit pesynbraT
6un nonyuen E.Knenndennom [I27].

B 1978 r. U.Tennenp [II] pokasan, uro B mpaBoambTep-
HaTHBHO! anrefpe, yLOBIETBODAKIedl TOXIECTBY ( Y, ) -
= A ,41 » MHORECTBO BCeX anbTepHATODOB ABAAETCA TDPH-
BUANBHEM HIEANOM.

B §I paGoTs mOKA38HO, UTO B NpPABOANbTEPHATHBHOM KOXbLE,
ynosnersopammemM ToxuecTsy L[ x,y], 41=0C unean S ,mopox-
menmst & - momynem  [LR,R1,R] rpusmamen u S saBuser-
ca crporo (-I,I) R/S - Gumomynem.

B §2 nokasaHo, uTO KBAIDAT PA3PEmHMON NPABOANbTEDHATHE-
noit ¢ - anre6pu, ynOBIETBODADmEN TORIECTBY (.3, 4 x) -
)\ | HUABIOTEHTEH. |

B knaccax amprepHaTueHux, (-I,1),#opmaHosux koxer, mpa-
BOANbTEPHATHBHEX KOJeEl|, YNOBIETBODANIMX TOXIECTBY
=( aHaNOrHuHwe pesynbTaTH moiyuens B | 3,4,8] .
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§I. llpaBoanbTepHATHBHEE KOJMBLA C TOXIECTBOM [[3:,41,],3]-0.

Ilycrs 4) ~ aCOOMMATHBHO - KOMMyTATHBHOE KOJIBLO, cOfgep-
xamee 4/g , R - npaBoanbTepHaTHBHOE $ - orneparopHoe KoJabIo,
ylOBIEeTBOpALHEe TOXIECTBY

=0. (1)

OGo3Haunm uepes Z - KOMMyTaTHBHuI HeHTD Koabua R 5

H= eR:(Z,RA)= =
TEr,u.a] R ynosmeTmopseT crefynmuM TOXNECTBAM M COOTHOMEHHAM
8,91 :

[[x,4],2] +[(z,2],4] =0, ()

[x2,2]- x < -2 3)

L{x [2;46.]]'; -0, (4)

L 4] 5)

(2,R,R) < ®)

z’, ) = (R, LRR], Z)=C, (7)

H - ngean B R , npuuem [[R,R],R] < H. (8)
OGo3nauwmm uepes [x, KoMMyTaTop [, 1]

JoxaxeM ToxnecTso
[x, 2] t,u] - 0., (9)

Uz roxgecrs (3), (5) momyusem L2?, 2] -xc[x,y.2] - 0.
JuHeapuayem TOXNECTBO MO T

(x,y,2]ev = [xev,y,2]~[0,y,2]ex. (10)
Orcopa B cuny (4) A
(x,y,2]e =[7"L"11‘;“];‘j:2']
= [1"[')'1*/“’]:‘37 E.] =—'-L[:t"f'u]0 1‘1121-—[1,'('/ jl:é]~
Taxum oGpazoM [, Jelv,=,«] - KococuMMerpHueckan

fyHrIMa 10 JAOOEM OBYM aprymMeHTaM. CiefoBaTeNbHO,
-'ZEI,AJ,é]v[ u] = U.

Tax kak /2 ¢ @ , ToO fx,u, 2] =¢ M TORIECTBO
(9) caenyer ua (4).

Teopema I. Ilycrs R - mpasoanbTepHaTBHOe - omnepa-
ropHoe koabuo ( 1/¢ € © ), ymomrereopsomee TOXIECTBY
((x41.4y]1-O .+ S - unean R, mopoxnensmit ¢ - mMo-
gyneM [R,R,R], @ - R/S . Torna

I) §* =0,

2) S gamnserca crporo (-I,I) R GuMogyxnem.

Joxasarenscrso. Mz romgecrs (5),(7),(8) momyuaem cae-

hyoaue COOTHOMeHHA: . X
(R, R, R7], ,[RR,R]) = (R,[R,R,RT, [RRR]) =0,

([R,R,R], ®R)[R,R,R] =VU.
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Orcopa B cuny (9) (R [R,R,R]) R] ¢

< (R, [RiRRT, [RR,R])+ R ([RR,RTLR R, -~ 0.
Taxum oGpasoM
(RLR,R,RIILR,R,R] = 0. (I1)
W3 rompecrs (4), (2) momyuaem, uro <
S=z=[R.RRT+[RR Q]‘-R* +[22Q]LR =
([0,0,07L) .. IR +...(12)

rie Lp - onepaTop NeBOrO YMHOXEHHA Ha aneueﬂ'ru nonbua R.
WunyrimeR! mo uMcAy K J[OK&XeM, UTO CHPABELIHBO COOTHOMEHHE
(0.2, Rllp..-La, [2,2,R] = 0.
OcHopaxneM mns umx&u;%—cnyxar coxpecrsa (9), (II).
llpennonoxum, uTo AR JOGOro < K
[R,rR,R] ,Lg...Lg -[R,R,RT] =

Tax xax [R,R,QJcH P 2(x.q,2) = (2,u,x) B mooro
2e Z , 10 B cuny (8), (4), npennonomenus MHAYRIMH
[Ree]ig Lp-RRR] (R 1L Lp,[RiR,2T)

< (R,H,Ir.R,R]) < ([R,R,R],R H =0.

Ta!mu oGpasou (IR, R, R])p - Le R, gj =0,
B nmpaBoanbTEPHATHBHOM MOUTH ANHTEPHATHBHOM KONbIL® [BYCTODOH-
HUIl aHHYNATOD JINGOr'0 ABYCTOPOH:HErO Hieana ABIAAETCA [IBYyCTO-
POHHMM MIeanoM, moaToMy S< =O. Yreepxnenne 1) norasaso.

Tak kak S - ugear B R, TO AIR NOKA3ATENHLCTBA yTBEpPR-
IeHus 2) TeOpeMH NOCTATOUHO ROKA3&TH, uTo S & R  Aensercs
crporo (-I,I) xombuom.

W3 roxpecrsa (2), yrsepmnerus I) c.nemve'r, uro

(2,R,R] =[R,s,s]1=Ls,R S]
lloxamem Temepn, uro [S, @ ,8 ] =
s roxpects (3),(4),(10),(9) nonyqaeu:

[[r.R,R], LR,R]] = O,
2(LR,R,RIR,[RR]] = [[R,R,R]eR, [RR]] C

< +[R,R, 2] [RRR] =0,
2L¢...(LR,R,R] JRRIISIC..([Re, __ oR,RE]]
cQol(. (L2.2,230) z R, IRRU+(. ((reR] =0

Tax xax 1/2e¢¢p, TO un,uyxuuen no uHeny i nemo LOKa3aTh,

uTo
LC.. (IR.R.RT 2).‘..)R'. , [R,RI] =
Tenepsr u3 srumouenus (I2) caemyer, uro R] -0.
Teopema noxaszaHa.

Caemcreve I. [9] . Monynepeuunoe NpaBOANbTEPHATHBHO®
¢ - oneparopHoe koxbio (1/¢ce © ), ynosneropsmmee TCmme-
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CTBYy [[x,g],3]=0 , asnaerca crporo (~I,I) roxbroM, T.e.
ynosneTsopAeT ToxnecTsy [ (=, yl,z1 =0.

HamomumM, uTo npaBoanbTepHATHBHOE KOJNBIO HA3HBAETCA
TOUTH ANbTEPHATHUBHEM, €CJAM OHO YNOBIETBODAET TORIECTBY
(Y )+ (4%, 2) thal® Xt y) + Pslla.yT,2J+B,[lz,2], -0C

U3 pesymbrara U.Tenuena [ II], reopemu I, paSoru aB-
tropa (9] nomyuaem crenywmue yTBepmneHMA, MOKA3HBALMME CTe-
NeHb GAN30CTH KJIACCA NPABOANbTEPHATUBHHX MOUTH ANbTEPHATHB-
HHX KOXer K kaaccaMm anbrTepHatusHex u (-I,1) koxem.

Cnencrene 2. [lpouaBoabHOE NMPABOANbTEPHATHBHOE MOUTH
aNbTEepHATHBHOE KOJBLO HAN MOJEM JUGO anbTEepHATHBHO, JHGO
roxbro Tina (-I,I), auGo ABnAeTCA pacmMpeHHMeM TPUBHUAILHOT'O
KONMblA ¢ TIOMOmMbL anbTepHaTHBHOTO WiM (-I,I1) xombna.

Caencrene 3. [9] . lpoussombHoe momymepsuuHoe npaBo-
AJIbTEPHATUBHOE TIOUTH ANbTEPHATMBHOE KOJNBIO HAN MOJAeM JHuGOo
ANbTEPHATMBHO, XG0 koasuo Tuma (-I,I1).

Crnenyomuit mpUMep MOKA&3HBAET, UTO CYMECTBYOT MPABOANb-
TEepHATHBHRE paspeliMele, HO HEHWJIBIIOTEHTHHE KOJbIla, yLOBIET-
BopAnmue TommecTBy [fx, 41, g,] =0 , HO He ABIALOUECH
ronbiamu THna (-I,1). [lpuMep KOHEUHOMEPHOro MpaBOANbTEPHA-

THUBHOI'O KOJIblla, YAOBJIETBODADMEr0 TOXIECTBY ],.3] -0,
Ho He asasomeroca koxabuoM Tuna (-I,1), mocrpoun E. Kreitu-
denpn [I27 .

Mpumep. Hyers X - 4 X; | - cuetHoe MHOmeCTBO MepeMeHHHX.
06o3HaumM uepes Z( - MHONECTBO MpPABWIBHHX CJIOB BMAA W
o - Torna d(«)=k - mmuHa croa
: - NpaBUIbHOE CJOBO OT MEpeMEeHHHX X, . ,- .
Ompenmenum Ha @ -Momyne U{ CTPyKTypy KOJAbLA, 381aB
YMHOMEHHME ClefynmuM 06pa3oM:

X,

I) awx, , roe ,{) - uMCcHo
uHBepcuit B moncraHoBke (i,
2) xpu- -2 mx; , eclu 2,
3) e (XeXj) == Ypura Xy, €CM cl(wc) > 2,
4) w-v =0 B OCTANbHHX CIYUaAX.
Noxamem, uro { ynoBREeTBOpAET TOXLECTBY [ -0
13 mpaBMN yMHOMEHMA MOJyyaeM:
. T(<,y, .
(x xe) =607 sy ,
0,50 ] J’K)él‘l(dlk,,
T e N T

NN TR - & Lo -
u,.'CJ)-‘I,u X, ¢ aTp =
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(lexiT, %) T wx, SARE RS SRR AL AR 'J;a':‘?al‘;'ﬁ',

wl=ly adw-alag, 0] = -ty xerawer g -~ Jun 2

CnejoBaTenbHO,

L) %, 1)) =0, g x T e+ o], ] = O,
(‘l,ld;’ri)'r(q’qfil‘ti).:cl (11"11;‘1"‘) - 0/
[L LG T el 41,0322, -0
C npyro#t CTOPOHH, |{y x.71 wv.] = = .

TakuMm 06pas3oM, 4{ - NpABOANLTEPHATUBHOE KOJNBLO, YINOBIET-
BOpABIEE TOMLECTBY C , He sBnsomeeca (-I,1)
KOJIBLIOM.

3ameTAM Takke, uTo L{ - pas’pemuMoe MHEeKca 3, HO HeHWNb-
NOTEHTHOE KOMBLO.

§2. Paspemumuie mpasoanbTepHATHBHHE anreCph,

YHOBIETBODADIME TORAECTBY (v y.x)= A L[x,4y], 4].

B padorax |{2,6,8) nokasano, urTo B kaaccax anbTepHATHB-
mex, (-I,1) konen, mpaBoanbTepHATMBHEX KOJEll, YNOBJAETBODAD-
mMX OJHOMY U3 TOmuecTB |lx, -C, - Allxyd,
HUIb-anrebps OPAHUUEHHOT'O MHIEKCA NpU ECTECTBEHHHX OrpaHu-
UEHUAX HA XAPAKTEDUCTUKY DA3pEmUME .

Paspemumue anbrepHaTuBHue, (-I,1) anre6pum, mpasoanbrep-
HATUBHHE anre6pH, YLOBJIETBODADIUE TORLECTBY [[a,-j], -3] -0
uayuanmch » paSorax [4,8] .

C.B.Muemunuenum [4] nokasaxo, uro keampaT paspemuMoit
anbTEPHATUBHON aNre6pH HUAbIOTEHTEH.

Jloxamem, uTO aHANOrMUHHI De3yNbTAT CIPABEIJUB M B KJIAC-
Ce NpaBOanbTEPHATUBHHX < - anre6p, YLOBIETBOPADMUX TORIE-

CTB,
’ (4. 1) = ALyl 4yl A/1e2n ed

[lpenBapuTensko noxameM crenywuui pesymbrar, umenmuit
TaKme CaMOCTOATENbHOE 3HAUEHHe.

Jemua 1. B knacce npaBoanbTepHATHBHHX Gh- OMEPATOPHEHX
KOJeU, YROBAETBOPAOUMX TORLECTBY (¢ v, X ) = ).[11,3], y],
/1620 € b NPABOHUNBIOTEHTHOCTD ¥ HUABMNOTEHTHOCTD DKBHM-
BAJIEHTHH .

Jlokasareavcrso. llyers A - paspemumas unmekca 2 npaso-
aNbTEPHATUBHAA anre6pa, yNOBAETBOPADMAA TORLECTBY (4.4.%) -
-AllvylLyd, e q . Paccmorpum @ -amrebpy
NOPORNEHHYD ONEpATOPAMA MPABOr'0 ¥ JEBOro ymHomenua A2 Ha
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oNeMeHTH U3 A .

Ecmi «, v - omepaTopHwe cnoBa u3 R , TO Gynem
micars, uto =V, ecmu A (w-v)-C,

Oysts & cA2, g € A, s ToxmecTs

( = (12)

+(x1,4, (#,¢]) =0, (I3)
CHPAaBENAUBHX BO BCAKOM INPABOANLTEDHATHBHOM KONbLE, B CHIY
PaspemMMOCTH MOJNyuaeMm, UTO

xly,2,8)+ (7,2, €y

Orcona

LE _ LL«Ll . (151
AHanormuHo M3 TOXHmECTBA&
0-(ec,8,d)r acd)—alcd,d)- d)-(a,€,d)c-
-léad)e -A(Le,4],6,¢) + 2 AT ¢, 6)-2A (a,c, [ £4]) ~
2 e, “Mle,  -2f[¢,(qcd)]-

-ALe,(d,acc)] + Alaellc. ] + Ala,d][c, ],
crpasesausoro [I1] 8 kaacce mpaBoanbTepHATUBHEX KOXEl, YHOB-
NETBOPANUMX TOXIECTBY 9.%) - A[[x,41,4], nomyusem
aflc éd]-clct d]-albe-A] - +[a. Jo -

- [bec-dJe - A([8,d] a)e + 22 (c [£8,£T) = O,
Orcoma B cuny (I4), (I5)

(1+ Le Lo = (474N R Lcly + Ry [ br +

+ AR Rel g+ . (1s)

U3 coornomenu#t (16), (I4), (I5) nerxo momyunrs, uTo mpaso-
aNpTepHATUBHAA paspemuMas UHIEKCa 2 NPABOHMALIOTEHTHAA MH-
mexca ~  anrepa A, ynOBIETBOpAmmAA TOXECTBY (4,y,x)—
AlfyT,41, & P , NCBOHUNLNOTEHTHA MHAEKCA n+l.
OnHaxo, MPaBOHMNBIOTEHTHAA W JEBOHWALIOTEHTHAR airespa
HunbmoTeHTHa [ 7] .

Tenepr NOKA3ATENLCTBO JIEMMH MOXHO JIETKO MOJNYUATh BOC-
NONb3OBABMACH NPHeMOM, ucmonbayemsm I'.B.Jopodeestm [2] mnpu
IOKa3aTEeNbCTBE CYMECTBOBAHUA JNOKANLHO-HUJIBIOTEHTHOTO pafiu-
Kana: cBecTH OOmMfi ciyualt K ciyuan paspemUMEX MWHIekca <2
anreép.

JlemMa nmoxasaHa.

Teopema 2. IlycTs A - paspemuMas npasoaNbTepHaTHBHAA

& - anrebpa (1/¢ €b), ynOBReTEODADMAA TOXISCTBY (e_j,u},r)_
=Allql, 4] 4ie2) e . Torna AZ mumbnorenTHa.

, Doxasarenscrso, liyets M- J(a,a,6) . a,£€A} - mHo-
XECTBO BCEX anbTepHaTopos anreSpu A .
U .Tennenem [II] nokaszaHo, uro M -upean B A Taxol,
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uTo
Mi=0, Mc[A,A], L[M,(AA1] =0. (17)

Orcona ¥ 3 NMpapoANBTEPHATHBHOCTH MOJYYSEM, UTO INA  JMOHX

meM, «,l,c, e A cnpaBelIMBH COOTHOMEHMA:

m R(a.é] - lf[q’é] ) m - QAPK’.{;*”‘ (CJ).(IB)

s |II] cnemyer, uro A yHOBIETBODSET TOXLECTBAM

(4.5)4 (29, x) =A [y, 2]+A [=,2] L2471, (2#41] =0,

Orcopa B cuny (I8) momyuaem, uro

0= lffcd,m]‘[q,é]]-rh[Lu(,[q,ll”’m] = cJ)-f-

+ (fe] =m Red =™ R ¢ eeat) + MLy ¢y Pl -

TaxuM 0GpasoM < 3 Req ey e - m Clteet) = Rragroc e )

=m&e i)t M Raeloceays  (19)

U3 roxnecrsa (I3), mpaBoanbTepHaTHBHOCTH NpH X =m,
4= A% noxyuyaem
0~-"\(ﬂ E.JE;. -'I’\r<:3l 2—Mm Q-.q Pg'r
+m 0.11-0\ -'-2""25 Etd‘il‘
—m £, *mp(wa)eg—mglylk??—‘) +
T [wry2]

Cnenosarenso, B cury (I19)
Am Ryr =mPE, _ MK Ron -er{,(’
roe de AY.
Orcopa nmpu «,ve A  noxyuaem
?.3 e M QAq . (20)
liyers A =A/m. Torna A - anbrepHaTnBHAa M U3 JemMu 8
[2, crp. 160] cmenyer, uro _ -
AY € T*= {Zaa? 1aceAl C (7*) .
W3 padoru [3] cuenyer, uro cymecrsyer umcio N raxoe, uTo

= 0.
Tax rax Lfa€) « L (ave), V€D, TO U3 (19), (20) u
TOr'0, UTO A‘fg(Affgl) M*%=(, noxyuaem
MQﬂa,_.E!E “ M A L) =0,

N
3 Teopems 2 (4, ctp. 86] cuemyer, uro A? - HuABNOTEHTHH
npean anbrepHaTupHo!l arreGpe A . CremosaTenbHo, CymecTByeT
uneno K raxoe, uro (A < M
B cuny npepsinymero . QA 2 c . =0.

ANk
2
Taxum o6pasoM, A  NPABOHMNBIIOTEHTHA MHIEKCA 3I Nt » H M3

nemms I cnenyer, uro A% HumemorenTHa.
Teopema noxasaHa.
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Asrop Bupamaer npusHarenbHocTh !.[l.llecrakosy 3a mocro-
AHHOE BHUM8HWE K pafoTe U NOJNe3HHe OGCYRAEHUA MONYUEHHHX pe-
3yAbTATOB.
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KAHEST PAREMALTERNATIIVSETE RINGIDE KLASSIST
V.P.Tsuvakov
Resumee

Toos uuritakse kaht paremalternatiivsete ¢b-operaator-

ringide (1/6 € ® ) klassi, mis rahuldavad vastavalt samasusi
[(x.yl,4] =0, (M
x) . A/¢22) .o (@)

Autor [9] ja hiljem Kleinfeld [12] nditasid, et kui
samasust (1) rahuldavas paremalternatiivses ringis R puudu-
vad triviaalsed ideaalid, siis see ring osutub (-1,1) rin-
giks. Antud toos on saadud tugevam tulemus: sellises ringis
on oh-mooduli [[R,R],R] poolt tekitatud ideaal S
triviealne (Teoreem 1),

Samasusega (2) paremalternatiivsete ringide jaoks toes~
tatakse koigepealt paremnilpotentsuse ja nilpotentsuse ekvi-~
valentsus. See voimaldab naidata, et sellise lahenduva rin-
gi A ruut A% on nilpotentne (Teoreem 2). Vastava tulemu~
ge alternatiiveete ringide jaoks sai Ptselintsev [47].

ON TWO CLASSES OF RIGHT ALTERWATIVE RINGS
V.P.Chuvakov
Summary

In the present paper two classes of right alternative
<& -rings (1/6€ $ ), safisfying correspondingly the identi-
ties

=0, (1)
(4.y.¢) = )[(7.‘3],1]_ A1/Ue2n) (2)

are considered.
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The author [ 9] and then Kleinfeld [12] showed that
a semiprime right alternative ring, satisfying (1), is a
(=1,1) ring. In this paper a more stronger result is given:
in such rings R the ideal S , generated by the « -modu-
le ,R1 , is trivial.

In the right alternative rings with the identity (2)
first the equivalency of right and left nilpotency is pro-
ved. It makes it possible to show that in such a solvable
ring A the second power A< is nilpotent (Theorem 2).

The analogous result for the alternative rings is obtained
by Pchelincev f{4] .
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