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1.1 Motivation

General Relativity (GR), which relates the gravitational effects to spacetime
curvature, has been very successful in describing a wide range of phenomena.
However, general relativity by itself does not provide any explanation for a number
of observations in modern cosmology: the homogeneity of the cosmic microwave
background, the accelerating expansion of the universe, the origin of structure and
the motion of galaxies and galactic clusters. These observations can be explained
by introducing mechanisms known as inflation, dark energy and dark matter, but
the precise nature of these has remained unknown. Further, attempts to quantize
general relativity have so far been unsuccessful.

The aforementioned reasons have motivated the study of a large number of
possible extensions and modifications of general relativity [1], like f(R), f(R,G) and
similar theories. However, in this thesis we do not study the modifications of GR
itself, but a number of the theories that differ from GR by underlying connection.

We study first the teleparallel gravity [2, 3, 4], where the torsion free, metric
compatible Levi-Civita connection of general relativity with its curvature is re-
placed by the curvature free, metric compatible Weitzenbdck connection with its
torsion. Teleparallel gravity describes gravity as a force, distinguishes between
gravitational and inertial effects, which raises hope that the purely gravitational
force part will be accessible to quantization. It can be considered as a gauge the-
ory for the translation group, and therefore could be more in line with other gauge
theories [5, 6, 3].

We also consider the symmetric teleparallel gravity, a class of theories, which
use the curvature and torsion free symmetric teleparallel connection that is not
metric compatible to describe gravity. Despite the difference in mathematical
foundations, these two alternative geometries can be used to equivalently describe
the dynamics of general relativity, thus can be referred as (symmetric)teleparallel
equivalent of GR, i.e. TEGR or STEGR.

On the theoretical side an important criterion of viability is local Lorentz in-
variance. Teleparallel gravity is usually formulated in the formalism of tetrad and
spin connection, the latter being independent of the former. In the teleparallel
equivalent of general relativity the spin connection does not affect the tetrad field
equations, and can be chosen to be zero arbitrarily [3]. Interpolating this prop-
erty to the extensions like f(7°) or scalar-torsion gravity leads to a problematic
result, for the action fails to be locally Lorentz invariant [7, 8], violating the basics
of the tetrad formalism. It was argued that therefore these theories implied pre-
ferred frame effects, acausality, and were inhabitated by extra spurious degrees of
freedom [9, 10, 11, 12]. The Lorentz invariance issue is fixed in the covariant for-
mulation of the theory [13], which allows nontrivial spin connection compatible
with vanishing curvature, i.e., flat spin connection.

After accepting nonvanishing spin connection there arises an obvious question
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how to determine it. An answer to the latter came only recently in the context of
f(T) gravity. Namely, variation of the action with respect to spin connection by
carefully maintaining the flatness property yields an equation which can fix the
remaining six components of the spin connection [14, 15]. This equation involves
only the first derivatives of the spin connection, so one may ask whether the spin
connection is an independent dynamical quantity in f(7") gravity. One can not set
the spin connection arbitrarily to zero, but for a given tetrad must make sure the
spin connection satisfies the respective condition. As a pleasant byproduct it turns
out that when the condition on the spin connection is satisfied, the antisymmetric
part of the tetrad field equations vanishes automatically [14]. It is remarkable that
this feature also holds in much more general theories of torsion [16, 17].

On the observational side our main focus will be on the gravitational wave tests
and the solar system tests. The recent discovery of gravitational waves has opened
a new era of observations in gravitational physics. Besides the possibility of grav-
itational astronomy, it allows to test gravity theories in regimes which have so far
been inaccessible to experiments. Whereas GW observations have continued to be
confirmed, the first three-detector observation by LIGO and VIRGO holds impor-
tant significance in that such measurements allow for signal localization and, more
to the purpose of this work, constraints on the six potential polarization modes of
metric theories of gravity [18]. Moreover there has been the first multi messen-
ger observations [19] which constrain the difference of the propagation velocity
between GW and electromagnetic waves in vacuum, which can be different from
zero in various modified theories of gravity [20, 21, 22, 23, 24, 25, 26]. Thus GW
observations offer the possibility for strong constraints on theories predicting extra
modes and a propagation velocity different from the speed of light, and so may be
the route to reducing the variety of potential gravitational theories [27].

An important question is the consistency of any new theory with observations
in the solar system. For those systems where gravity is still sufficiently weak, a the-
oretical description making use of a post-Newtonian approximation (PN) is usually
performed. Our primary goal is to calculate the PN limit of teleparallel gravity the-
ories using the parameterized post-Newtonian (PPN) formalism [28] which allows
a characterization of gravity by ten parameters, which have been measured in high
precision experiments. To do so, an adaptation of the classical PPN formalism to
tetrad based theories is required. A possible adaptation can be derived from a sim-
ilar approach to the PN limit of scalar-tetrad theories [29], by omitting the scalar
field part. Further, it needs to be adapted to the covariant formulation of teleparal-
lel gravity [13, 14, 30, 31], which we will use in our calculations, and in which also
a flat spin connection appears as a dynamical field. The purpose of doing it is thus
twofold. Our main aim is to put forward a general method for calculating the PN
limit of teleparallel gravity theories in their covariant formulation, by expanding
the tetrad components in a pure spacetime basis and expressing them in terms of
the PN potentials and a number of constants, which are then determined by solv-
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ing the field equations. The second aim is to use this general method in order to
determine the PN limit of a general class of teleparallel gravity theories [32, 33].
This class is chosen to be very generic, such as to encompass a large number of
theories discussed in the literature, while at the same time being prototypical for
applying our formalism to even more general theories.

Finally, we use the dynamical systems approach to obtain a qualitative assess-
ment of the behavior of solutions in a model, without delving into the often almost
impossible task to find the analytic form of the solutions. While dynamical sys-
tems have been helpful in uncovering the main features of solutions in particular
models [34, 35, 36, 37, 38, 39], there have been only a few papers attempting a
more systematic analysis of generic f(7") cosmology [35, 40, 41, 42]. Our present
study aims at completing this task by deriving the general expressions for de Sitter
fixed points, acceleration, phantom dark energy, and finite time singularities.

1.2 Aim of the thesis and of the overview article

As briefly mentioned in the Motivation, an important question is to check the
viability of a new theory.

* In order to test the consistency and viability of a large class of cosmological
models in the solar system we make use of the parametrized post-Newtonian
(PPN) formalism. In particular, we calculate the post-Newtonian limit of the
general class of teleparallel theories, whose action is given by a free function
of three scalar quantities [32, 33]. This general class of teleparallel theories
encompasses both the new relativity class of theories and the wide class of
f(T) theories.

* We test the most general class of teleparallel gravity theories whose action
is quadratic in the torsion tensor, known as new general relativity and the
most general class of symmetric teleparallel gravity theories whose action is
quadratic in the nonmetricity tensor by deriving the propagation velocity of
gravitational waves, which has been measured for the first time by Advanced
LIGO when the gravitational wave signal GW 170817 with optical follow-
up is received. Further, we derive the polarization of gravitational waves
in these theories, which can also be measured from combined LIGO and
VIRGO observations.

* We put forward the covariant formulation of the a generalized form of scalar-
torsion gravity f (7', ¢) in order to fix the local Lorentz invariance issue.

* We use the method of dynamical systems to describe a wide range of phe-
nomena in cosmology, like acceleration, phantom dark energy, and finite
time singularities in f(7°) theories.

14



1.3 Structure of the thesis

The overview article contains the current Motivation, which also includes the
mathematical notions and connections. Chapter Motivation is followed by two
chapters introducing definition, geometry and field equations of the teleparallel
gravity theories in Chapter 2 with torsion and in Chapter 3 with nonmetricity. Then
in Chapter 4 we review the phenomenology, including gravitational wave obser-
vations, solar system tests and dynamical systems approach and test the aforemen-
tioned theories making use of them. The paper I “Parametrized post-Newtonian
limit of general teleparallel gravity theories” is attached at the Chapter 5. The paper
II “Propagation of gravitational waves in teleparallel gravity theories” is attached
at the Chapter 6. The paper III “Propagation of gravitational waves in symmetric
teleparallel gravity theories” is attached at the Chapter 7. The paper IV “Covariant
formulation of scalar-torsion gravity” is attached at the Chapter 8. The paper V
“Dynamical systems approach and generic properties of f(7') cosmology” is at-
tached at the Chapter 9. The overview article ends with the Summary. Each of the
chapters is preceded by a local Table of Contents.

1.4 Mathematical notions

1. In the thesis we denote:

* Lorentz indices with uppercase Latin letters A, B,...=0,...,3,
* spacetime indices with lowercase Greek letters i, v,...=0,...,3,

* spatial indices with lowercase Latin letters ,7,...=1,...,3.
2. We use the following abbreviation:

« round brackets for symmetrization of indices (uv) = & (uv + vp),
« square brackets for antisymmetrization [uv] = 3 (uv — vp),

* the fixed indices, those not used in the (anti)symmetrization, are dis-
tinguished by vertical lines. For example, symmetrization over p, v; v
remains fixed (p|v|y) = 3 (uvy + yvp).

3. Inour convention, we use the Minkowski metric 74 g and 7),,,, with signature
(_7 +7 +a +)

4. In the majority of cases,

* we will use geometrised units for the speed of light ¢ = 1 and the
Newtonian constant Gy = 1.

» we will treat energy momentum tensor as a perfect fluid.

15



Remarks
* The bullet (o) denotes quantities related to the teleparallel spin connection.
* Open circle (o) denotes quantities related to the Levi-Civita connection.

* Cross (x) denotes quantities related to the symmetric teleparallel connec-
tion.

1.5 Connections

We start with a brief review of the general geometry, particular cases of which
we use in this thesis. The fundamental fields defining the geometry are a Lorentzian
metric g,,, and an affine connection with coefficients I'? ,,,. Using the metric, the
affine connection can be decomposed into

2, =17, + K+ LP 0, (1.5.1)

consisting of the Levi-Civita connection (known also as Christoffel and Rieman-
nian connection)

o 1
F'ucfp = 59’” (80.97/) =+ apgTa - aTgap) ’ (152)
the contortion 1
KP = 5 (T v+ Ty =T ) (1.5.3)
and the disformation
1
L, = §QPW — Qﬂpy -Q) - (1.5.4)

The last two are defined by torsion

TPy =Ty, — TP, = =217, (1.5.5)
and nonmetricity
Qp;w = vpguz/ = OpGuv — F“upgau - Faupgya . (1.5.6)
It is helpful to remark that the torsion, as well as curvature
A A A T A T A
R ppv — 8MF pv o, I 0 + T p[/r Tw r PNF TV (1.5.7)

are properties of the connection. Nonmetricity is not a property of the connection
(alone), but a property of the metric-affine geometry, since it depends on both,
metric and connection.
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R =0 77, =0
PRy symmetric teleparallel "

FIG. 1. Subclasses of metric-affine geometry, depending on the properties of con-
nection.

Vanishing curvature gives teleparallel geometry, while vanishing torsion presents
torsion free geometry and vanishing nonmetricity leads to Riemann-Cartan geom-
etry. We can restrict the metric-affine geometry by their combination as well.

For example, vanishing torsion and nonmetricity condition leads to the Levi-
Civita connection, known as the general relativity connection, which is

o o
1. symmetric 'V, =1V, i.e.
o] o)

Tpp,u = Fpuu - FP“V = O, (158)

2. compatible with the metric g (metricity condition)

o o o

Vg = g — T upGar — Tpgpa =0 (1.5.9)

and has non-vanishing curvature

o

R, = 0,17, — 9,1, +T7, T, —T7,T*,. (1.5.10)

In the following chapters we discuss other two possible combinations.
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2.1 Geometry with torsion
The second possible combination, an alternative to general relativity, is to as-
sume vanishing curvature and nonmetricity from the beginning,
L]

Ry = 0,12, — 0,1, + 17, T, —T7,, T2, = 0. (2.1.1)

This case we work in the Weitzenbock geometry. Weitzenbdck connection has
non-vanishing torsion

TP =17, — TP, = =207, . (2.1.2)

Let us begin with a brief outline of the geometry of the theories we consider in
this chapter. The fundamental variables in teleparallel theories of gravity, follow-
ing their covariant formulation [13, 14, 30, 31], are a tetrad 64 . and a curvature

free Lorentz spin connection oA Bu- We denote the inverse tetrad by e4*, which
satisfies

GA,u,eAV — &Y

v 0% ep" = 0p. (2.1.3)

Via these variables one defines the spacetime metric with its inverse
G = a0t .07, g =nBeqtep” (2.1.4)
and, conversely, the Minkowski metric
nas = eales” g, ntE =04,08,9" . (2.1.5)
One can also raise or lower indices by making use of metrics
eap = gwea”, 0N =gmor, (2.1.6)

QAM = TIABGBW eal = 77AB9B“. 2.1.7)

The tetrad corresponding to a given metric is not defined uniquely, but only up to
a local Lorentz transformation which transforms the spin connection as well,

04, = ApoP,, g =AcdCp AP + A9, AR, (2.1.8)

here A 42 is the inverse of the Lorentz transformation matrix A 5. The trans-
formation (2.1.8) just reflects the possibility to switch between different local ob-
servers. Demanding that the spin connection vanishes is a particular gauge choice
and in general means picking a specific (class of) observer(s) among the others.
Covariant derivative acting on the Lorentz or spacetime indices is given by

D0, = 8,04, + 45,07, (2.1.9)
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Vue” = 0uep” + 1 uep” . (2.1.10)

hd [ ]
The relation between Weitzenbock connection I'?,,,, and spin connection wA Bu
is given by
[

T2 = A" Dy, = ea? (0,6%, + 5" 507, | @.1.11)
and, conversely, we have

LZJAB“ = HAVVHGBV = HAV (3#63” + pr”63p> . (2.1.12)
In particular, expression (2.1.11) is equivalent to the identity

0=0,04, + &4 .05, —17,,64,. (2.1.13)

One can see from the covariant derivative of the Minkowski metric (2.1.5) and
(2.1.12)

[ ] [ ] [ ]
Vonap = GBVQWVUGA“ + eA#gyyvoeBV
. .

= ey Voea' +eaVoen” = Opay +wap, =0 (2.1.14)

. . . . . . . . . . . °
that the spin connection is antisymmetric in its internal indices, i.e. wap, =

—Op Ay
Making use of (2.1.11) the covariant formulation of the torsion (2.1.2) can be
rewritten as

TA,, = D,.6%, — D6, = 9,04, — 9,64, + .05, — 0*p,08,,
(2.1.15)

while the curvature (1.5.7) as

RAp, = 0,0, — 8,0 gy + 00,y — 000 py =0, (2.1.16)

Note, that tetrads can be used to convert the spacetime indices into internal
indices and vice versa, e.g. one can transform the torsion components 74 uv to the
purely spacetime index components 77,,, = e APTA -

The pure tetrad formulation of teleparallel gravity neglects the spin connection,

oA, =0 P = eApaV‘gAuv
g TP, = 2eAP8[u0AV].
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As a consequence, torsion tensor does not transform as a tensor under local
Lorentz transformations, which is a violation of local Lorentz invariance. How-
ever, this approach is physically meaningful, if we are interested in the solutions
of the field equations. It correlates with the assumption that the spin connection
does not represent gravitation, but only inertial effects. As a result, there exists a
proper Lorentz frame (also known as the Weitzenbock gauge) where the inertial ef-
fects are eliminated, the spin connection vanishes, and the field equations become
simpler to solve. For example, we have used this feature in the study of the solar
system tests (see Chapter 5) and the gravitational waves solutions (see Chapters 6
and 7). So, both formulations, the pure tetrad and covariant one, lead to the same
results for aforementioned solutions.

To present a teleparallel gravitational theory we need an action functional con-
structed from the torsion tensor. The quantity under the action integral should re-
main invariant (transform as a scalar up to a boundary term) under general space-
time coordinate transformations and local Lorentz transformations. To construct
such a scalar there are three possible contractions of the torsion tensor:

T =T""Tyw,, To=T""Th,, T3=T",T,"", (2.1.17)

which are quadratic and leave parity even (do not involve the Levi-Civita totally
antisymmetric symbol).

2.2 Variations

To derive the field equations we need the variations of the action components.
The variation of the fundamental variables are given by [14]

590, = 604, (2.2.1a)
Speat = —eqephsoB, (2.2.1b)
390 = 0 ea"364 (2.2.1¢)

where 0 = det(64,,).
Then the variation of the torsion tensor

TP = 2e4” (%HAV] +wl B[MGBV]) (22.2)
with respect to the tetrad can be calculated as
80Ty = —2ep €607 (%ﬂAy} + o.JAB[uHBl,])

+2e4” (8[M59AV} + o B[Méef’y]) . (223)
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Making use of 77, = eA"TAW, and D,,HA# = 8,,9‘4# + (:JABVQB# we get a
compacted form

59Ty = —€APT" 304 5 + 2647 Dy, 002, (2.2.4)
The variation of the torsion with respect to the spin connection is given by
0T = 2e 4P 800" 51,07 . (2.2.5)
In particular, for the trace we have
0, T = ea”0P 604, . (2.2.6)
‘We can now obtain the variation of the quadratic terms with respect to the tetrad
8 (T"PT,,,) = —ATP P Ty, ea”0%, — 4eAPT, " Dyo0A, . (2.2.7a)
8o (T"PTpy,) = AT T, 5047504, — AT Ve A?Dy66% ., (2.2.7b)
8 (T, TV, P) = AT? M e ;7667 , + AT? e VD, 66",  (22.7c)

and with respect to the spin connection

8o (THPT),,p) = —4T, ea?0P 160 5, (2.2.8a)
8 (THPTy,) = ATV 7 e P05 ;0004 By, (2.2.8b)
8o (TF,, TV ,P) = 2T° Ve a0 60 g, . (2.2.8¢)

In the following sections, we briefly review the theories we test to check their
viability, using the dynamical systems approach, the gravitational wave tests and
the solar system tests. In particular, we display their action and field equations
needed to the analysis.

2.3 Generic F (71,73, T3) theories
Let us write a generic action given by two parts,
S = Sy[0,0] + S0, X] , (2.3.1)

where S, is the gravitational part, Sy, is the matter part, and x denotes an arbitrary
set of matter fields. The variation of the matter action S,,, with respect to the tetrad
64 u can be written in the general form

00 Sm = — / 041504, 0 d'x . (23.2)
M
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Here 0 is the determinant of the tetrad. Further, © 4 denotes the energy-momentum
tensor, which we assume to be symmetric, ©(,,) = 0, by imposing local Lorentz
invariance on the matter action.

The gravitational part of the action S, can be defined via the free function F,

Sylf,w] = / F(Ti, T2, T3) 6 d'z, (2.33)

2K2
which depends on the three scalar quantities, which are parity-even and quadratic
in the torsion, given by the formula above (2.1.17).

This action defines a generic class of teleparallel gravity theories, which has
been discussed before in the literature [32, 33], and shall serve both as a generic
example and starting point for further extensions in future work. By variation of
the total action (2.3.1) with respect to the tetrad we find the gravitational field
equations!

1 o
"329W = 5]:%1/ +2VP (‘FlTvup + ]:,2T[pu}v + ‘7:73Tgcr[pg#]l/)
+ -/—'ZlTpU ( vpo po‘]u) -F3TUUp (Tpuy + 2T(p,l/)p)

1
+ 5]:72 [Tupa (2Tpov — Typo) + T, (2T[/JU]V - Tvm)} ; (2.34)

where F; = O0F/0T; with i = 1,2,3 and % is the covariant derivative with
respect to the Levi-Civita connection of the metric g,,,. The antisymmetric part
of these field equations is identical to the connection field equations obtained by
variation with respect to the spin connection.

2.4 New general relativity

In the new general relativity (NGR) class of teleparallel gravity theories [43]
the Lagrangian is given by the general linear combination of quadratic torsion in-
variants

F(Th, T2, T3) =t1Th + t2T2 + t37T3 (2.4.1)

with constant coefficients ¢;. It is remarkable that, unless we introduce higher
derivatives or scalar fields, the general teleparallel Lagrangian of the action (2.6.2)
reduce to the case of NGR at perturbative level. The choice of the parameters
t1 = i, ty = %, t3 = —1in (2.4.1) yields the teleparallel formulation of general
relativity, which is called teleparallel equivalent of general relativity (TEGR) [4].

!Since we are interested in the study of the PPN limit and the GWs of the given theories (see
Chapters 5 and 6), the gravitational field equations (in the Weitzenbock gauge) are the only field
equations we require.
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2.5 f(T) theories

Another important class of theories is given by the so-called f(7T') class of
theories, whose Lagrangian is given by

FTL T Ts) = f(T), T=1Tit T Ts. @1

Here T’ is the torsion scalar, which constitutes the Lagrangian of the TEGR. Torsion
scalar can be defined by

1 1
T = ZTPWT,)‘“’ + §TpWTWp T, T, (2.5.2)
or, equivalently, by
1
T= 5T'OWS‘,’“’, (2.5.3)
with the superpotential
Sl = K", — 05T, + 6,157 (2.5.4)

The variations of the torsion scalar take the form

0T = —25P7MT,pen” 002, — 25," e a” D564, (2.5.52)

3,1 = (TFppealer” — 217 yeatep”) 60 B, . (2.5.5b)
The tetrad field equations of these theories are given by its symmetric part

! 7o (FS0u)”) — = FrS(u Ty = 126 2

ifg;w + v,o (fT (uv) ) - ifT (n vipe — K O (2.5.6)

and the antisymmetric part
0=0,frT" ., - (2.5.7)

d
where subscriptl denote the derivative fr = d% In the last term the notation

means that one first needs to antisymmetrize with respect all three lower indices
and then sum over with the repeating upper index.
The connection field equations are

° . . 3 .
0= —V[ny}fT + 8[,,fTKpu]p = ia[prpr/] , (2.5.8)

i.e. are equivalent to the antisymmetric part of the tetrad field equations (2.5.8).
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2.6 Scalar-torsion gravity

For convenience, the comma notation will denote the partial derivatives, e.g.,
0u¢ = ¢ .. We consider the scalar-torsion gravity model given by the action

S = S,0,0, 8] + Smlf, X] - (2.6.1)

Here the variation of the matter part of the action S,,, with respect to the tetrad 64 M
is of the same form as it given in (2.3.2). For the gravitational part we choose the

action
1

- 2k2
which depends on two arbitrary functions f and Z of the torsion scalar and a scalar

field ¢, while 2k% = 167G sets the Newtonian gravitational constant.
We can denote the kinetic term of the scalar field by [44]

S, /M B2 0[f(T,0) + Z(0)g" 646, . (2.6.2)

1
X = 50" 0.0 (2.6.3)

as a matter of convenience and find its variation with respect to the scalar field and
the tetrad

0pX = =g} L0 ;1 (2.6.4a)
dp X = g‘ul/qﬁ’,,gzﬁ,peap&gau . (2.6.4b)

From the variation of the gravitational part (2.6.2) with respect to the tetrad
6“,, we obtain the symmetric part of the tetrad field equations

1 ° 1 1

§fgw,—i-vp (fTS(MI/)p) _EfTS(MpUTV)pO.—Z¢’#¢7y+§Zg“Vng¢7p¢7a_ — /{QGHV
(2.6.5)

and the antisymmetric part of the tetrad field equations

0=, frT’ ) - (2.6.6)

In the last term the notation means that one first needs to antisymmetrize with
respect all three lower indices and then sum over with the repeating upper index.

Variation of the gravitational part (2.6.2) with respect to the spin connection
yields the connection field equations

° ° ° 3 °
0= —V[ny}fT + 8[VfTKPM]p = 53[prTp/“,] . (2.6.7)

One can see that the antisymmetric part of the tetrad field equations (2.6.7) is
equivalent to the connection field equatuions (2.6.7).
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Variation of the gravitational part (2.6.2) of the action with respect to the scalar
field ¢ yields the scalar field equation

fo—Zpg" b ud —220¢ =0, (2.6.8)

d o o o
where fy = —f and [J = g""V,V, is the d’Alembert operator.

d¢
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In the paper 7 we study symmetric teleparallel gravity, which differs from the
teleparallel gravity by the underlying geometry, to compare the results from the
gravitational waves in theories with torsion to those with nonmetricity.

3.1 Geometry with nonmetricity

In the theories with nonmetricity we assume vanishing curvature and torsion
from the beginning

X X X X X X X
A A A A A
R puv = O,UF pv 8VF P + I‘7—p1/1_‘ T FTpp,F TV = 0, (3113)
X X X
TP =17, —T", =0, (3.1.1b)
but nonvanishing nonmetricity
X
Qauu = vag;w 3.1.2)
which implies
X
QOAIJV = gupgngapa = *Vag’“’ . (3.1.3)

The nonmetricity is symmetric in its second and third index, Qo = Qawvy. Some
helpful expressions that we will use in our calculations later are

Qa = gm/Qaw/ s (3.1.4a)
Qo = 9" Quua - (3.1.4b)

The most general connection which satisfies the assumptions (3.1.1a) and (3.1.1b)
is generated by a coordinate transformation defined by functions £#(z) in the
form [45, 16]

ox

T " 0,056 3.5
ua—aigpzzag- ()

It further follows that it is always possible to find coordinates such that

X

re,, =0, (3.1.6)

not only at a single point, but in an open neighborhood. This particular choice of
coordinates is known as the coincident gauge [46], and will be used throughout
this work. Note that this uniquely determines the coordinate system (z*) we use,
up to linear transformations of the form

at s EM(x) = &M (w0) + (2¥ — xf) D, " , (3.1.7)

r=x0
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so that 8u6,,§o‘ = 0. It follows that we have no further gauge freedom left to
impose conditions on the metric degrees of freedom, except at a single point, as
it is conventionally the case, e.g., in general relativity. In the coincident gauge
covariant derivatives are replaced by partial derivatives, so that the nonmetricity
reads

Qa,uu = 6ag,uu . (3.1.8)
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3.2 Newer general relativity

We consider the "newer GR” model given by action for the metric, the coordi-
nate functions £ and the matter fields y! [47, 16, 46]

S[gw,,ga, XI] = Sg[guuaéa]‘i‘sm[g,uua XI] ) Sg = - /M Q;QQQCZ4$- (3.2.1)

Here the matter part .S,,, does not depend on the affine connection IX"" wl€], but
only on the metric and a set of matter fields .

The gravitational part S, is given by the most general action quadratic in the
nonmetricity, where the nonmetricity scalar

Q= Qawjpa,uy 3.2.2)

is defined via the nonmetricity conjugate

Pa;w = ClQa;w + C2Q(uay) + CSQa.g,uzz + CA@&QV) + 655 (Qag,uu + 5&@1/)) )
(3.2.3)
unless one introduces also derivatives [48] .
By variation of the total action with respect to the metric, one obtains the field
equations

2 X 1 9
ﬁva(\/ _gPauV) + P,uUpQVUP - 2QpMUPpl/0' - 5@9;11/ =k @uu ) (324)
where the energy-momentum tensor ©,,, is derived from the matter action Sy,.
To obtain the second set of field equations, we vary the total action with respect
to the components of the connection generating coordinate functions £*. Note
that this is equivalent to performing a restricted variation of the flat, symmetric

X X X X
connection I'*,,,, which must be of the form 6I'*,,, = V,V,,6{% in order to keep

X X
the vanishing torsion and curvature, 67%,, = 0 and 6R“g,, = 0. After twice
performing integration by parts, carefully taking into account the terms arising

X
from V,/—g due to the nonmetricity, this yields the field equations

éﬁy (V=gP"4,) =0. (3.2.5)

Note that their right hand side vanishes, since we have assumed no direct cou-
pling of the matter to the flat, symmetric connection, and so the hypermomentum
vanishes. The symmetric teleparallel equivalent of general relativity (STEGR) is
included in the Newer GR class of gravity theories for the choice of the parameters
g =-%cp=13%c3=1,c4=0andcs = —3[16,49].
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A significant task is to verify the new theory on the viability and the consis-
tency with observations. In order to do so, we make use of the parameterized
post-Newtonian (PPN) formalism, the Newman—Penrose (NP) formalism and the
dynamical systems approach as a tool. While the PPN formalism is used to test
theories in the solar system, the NP formalism provides testing of these theories on
GW polarizations. The dynamical systems approach is a tool used in cosmology
to obtain a qualitative assessment of the behavior of solutions in a model, without
delving into the almost impossible task to find the analytic form of the solutions.

4.1 Solar System Tests

We briefly review in this section the PPN formalism and our results (see the at-
tached paper 5), which we received by applying this formalism to the to the generic
F(T1, T2, T3) theories (see Sec. 2.3). An important ingredient of the PPN formal-
ism is the assumption that the matter which acts as the source of the gravitational
field is given by a perfect fluid, whose velocity in a particular, fixed frame of ref-
erence is small, measured in units of the speed of light, and that all physical quan-
tities relevant for the solution of the gravitational field equations can be expanded
in orders of this velocity.

We choose to work in the Weitzenbock gauge w Bu = 0. The tetrad is ex-
panded as

04, = A4, A, = AN A AL AL AL 006). (@1)
where
A, = diag(1,1,1,1), Ax* = diag(1,1,1,1) (4.1.2)
is the diagonal background tetrad. The Minkowski metric is
nap = diag(—1,1,1,1), nu = nABAA“ABV = diag(—1,1,1,1). (4.1.3)
We also use the notational conventions
™, = AaPrd, TAp = UABTBH, Ty = NupT’ v = AAuTAI,, 4.1.4)

i.e., indices of the perturbation 7 are transformed with the background tetrad and
raised and lowered with the corresponding Minkowski metric. A detailed analysis
shows that the only relevant, non-vanishing components of the field variables we
need to determine in this article are given by

2 2 3 3 4

T00, Tijs T0i> Ti0> TO0O- 4.1.5)
Using the expansion (4.1.1) and the components listed above we can expand all
geometric quantities appearing in the field equations up to their relevant velocity
orders. This concerns in particular the metric

Juv = nABeAMHBV ) (4.1.6)
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whose background solution follows from the diagonal background tetrad A4 u to

be a flat Minkowski metric, 5,“, = 7uv» and whose perturbation around this back-
ground is given by

2 2 2 2 3 3 4 2 4
900 = 2700, Gij =277y, 90i = 27Goy, goo = —(T00)> + 2700 (4.1.7)
Since we choose to work in the Weitzenbock gauge the torsion tensor takes the
form . .
TP =T 0 — T = 2647007, . (4.1.8)
Using the tetrad expansion, we can expand the torsion tensor as well

2 3
0 2 7 il 2 7 ik 2 3
T 0 =700, T'jk=20"Tipy)s Tloj = 0" (Thjo — Tho) s

3 4
0 3 0 2 2 3 4
T%j = 27045, T70i = T00T00,i — T0i,0 + T00,i - (4.1.9)

For the energy-momentum tensor we use the standard perfect fluid form

O = p (1 — oo+ 0%+ H) +0(6), (4.1.10a)
Op; = —pv; + O(5), (4.1.10b)
0y = pviv; + pd;j + 0(6). (4.1.10c)

Finally, in order to expand also the gravitational side of the field equations (2.3.4),
we need to introduce a suitable expansion for the free function F and its deriva-
tives. For this purpose we use a Taylor expansion of the form

3
F(Ti, T2, T3) = F(0,0,0) + > Fi(0,0,0)T; + O(T?). (4.1.11)
i=1
Higher orders beyond the linear approximation will not be required. We further
introduce the notation F' = F(0,0,0) and F; = F (0,0, 0) for the constant Tay-
lor coefficients.

Results and discussion

We find the PPN parameters for the theory as

from which we deduce that there is no violation of the conservation of total energy-
momentum, as well as no preferred frame or preferred location effects; theories of
this type are called fully conservative. The only non-trivial result is given by the
PPN parameters

6F1+43Fo+ TF3 _ F3
12F) + Fy +2F5)" | 2F + Fp+2Fs

(4.1.13)
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More expressively, we find that their deviation from the general relativity values
BGr = YGr = 1 can be written in terms of a single constant € by defining
€ 2F1+ Fa+ F3

o€ =9 _ . 4114
B 5 7 © T aR, +Fytafy) . MY

In particular, we obtain 3 = v = 1 for 2F; + F + F3 = 0, so that theories
satisfying these conditions are indistinguishable from general relativity by mea-
surements of the PPN parameters.
Here the specific examples:
(i) The deviation (4.1.14) of the PPN parameters in NGR is given by
2t1 +to + t3

_ . 41.15
T 22t 1 ta + 2t3) ( )

This result agrees with the values obtained for 5 and + in the original presenta-
tion [43] of the theory.

(ii) In any f(T") type theories we find that the deviation (4.1.14) of the PPN
parameters from their general relativity values vanishes identically, e = 0, hence
cannot be distinguished from GR by their PPN parameters.

Comparison to observations

For the discussion of experimental bounds it is important to take into account
that the deviations (4.1.14) of the PPN parameters from their general relativity
values are not independent. This fact is relevant for most measurements of the PPN
parameters, where the result depends on a linear combination of the parameters,
such as the perihelion shift of Mercury or the Nordtvedt effect [28]. The latter is
in particular remarkable, since from the values (4.1.13) follows 48 — v = 3, so
that the Nordtvedt parameter [50, 51]

=473 Lot can— oG- 26 (4.1.16)
vanishes identically, indicating the absence of the Nordtvedt effect independently
of the theory under consideration. Hence, lunar laser ranging experiments search-
ing for the Nordtvedt effect will not be affected, and are thus insensitive to the
modifications we discuss here.

For measurements of the PPN parameter ~ alone, the most stringent bound is
obtained from the Cassini tracking experiment [52], which yields the bound

y—1=-2<(21+23)-107°. (4.1.17)

Comparable bounds on € may be obtained from solar system ephemeris, which
yields bounds on both ~ and 3 [53].
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4.2 Gravitational Waves

Recall that we consider minimal coupling between gravity and matter, i.e.,
coupling only through the metric seen as function of the tetrad, but not through
the flat spin connection. This is the usual coupling prescription for non-spinning
matter, which we will henceforth assume. It follows from this choice of the matter
coupling that test particles follow the geodesics of the metric, and hence the au-
toparallel curves of its Levi-Civita connection. The effect of a gravitational wave
on an ensemble of test particles, or any other type of gravitational wave detector,
such as the mirrors of an interferometer, is therefore described by the correspond-
ing geodesic deviation equation.

a; = —Roio;jx? (4.2.1)

where 1%’02‘0;' 27 are the six so-called electric components of the Riemann tensor, 27
are the spatial coordinates.

The NP formalism makes use of a set of a particular complex double null basis
of the tangent space. The basis vectors are denoted by

1
" =(1,0,0,1), nt= 5(1,0,0, -1),

1 1
=—(0,1,4,0), m*=-—(0,1,—1,0). 422
\/5( ) \/g( ) 4.2.2)
in terms of the canonical basis vectors of the Cartesian coordinate system they can
be defined as

mH

1 1

1
l=00+0303, n==(0y—03), m 01 +1ids), m=—=(01 —i0s).
b + O3 2( b — 03) ﬂ( 1 2) 2( 1 2)
4.2.3)
In the new basis the Minkowski metric takes the form
* n* mt m+
0O -1 0 0 I+
-1 0 0 0 nt
= . 4.2.4
T o 0 0 1 |mr *4-24)
0 0 1 0/ mt

From the above, we can see that the only nonvanishing inner products of null vec-
tors are —I#n, = m#m, = 1 and all other naturally vanish.

Using the null basis Newman and Penrose introduced the coefficients, that en-
codes the Weyl tensor, trace-free Ricci tensor and Ricci scalar, to describe the
gravitational radiation field. In the same way, the coeflicients can be determined
by the Riemann tensor.
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We now consider a plane wave propagating in the positive 2% direction, which
corresponds to a single Fourier mode. The wave covector then takes the form

k,, = —wl,, and the metric perturbations can be written as
huw = Hye™" (4.2.5)
0

where we introduced the retarded time v = 2 — 2> and the wave amplitudes are
denoted H,,,,.
As shown in [54], the Riemann tensor of this plane wave is determined com-

pletely by the six electric components

1o 1. 1o 10 1. 1+—
\112 = _anlnl = Ehllv \Ij3 = _§Rnlnfn = _iRnlnm = Zhlm = Zhlma
o o 1. 1+— o 1.
‘1]4 = *annr’n = *annm = §hmm = thma (1)22 = *annm = §hmﬁ"m
(4.2.6)
where, for example, R, = Rju,0n#1"nPl? is the electric component of the

Riemann tensor in the null basis and dots denote derivatives with respect to u.

d99: b mode
29

U,: + mode

1
1
1

Yo
Y a
Y

V3. x mode Ws3: y mode Uy: 1 mode

FIG. 2. Polarizations in the Newman-Penrose formalism
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Results and discussion

In the attached papers we studied gravitational waves in the most general class
of teleparallel gravity theories whose action is quadratic in the torsion tensor,
known as new general relativity 6 and in the symmetric teleparallel gravity theo-
ries 7. Here we provide a short review of the results we received from the analysis
of the possible gravitational wave polarizations in these theories.

E(2) classification:
B 115 : all 6 modes are allowed.
B 1115 : there is no longitudinal mode ¥, = 0, all other modes are allowed.
[J N3: ¥y, = U3 = 0, tensor and breathing modes are allowed.
B Ny Uy =05 =Py, =0, only tensor modes are allowed.
* O1: ¥y = T3 =0, =0, Pyy # 0, only breathing mode is allowed.
e Op: Uy =03 =T, = Py =0. No wave.

GW polarizations in symmetric teleparallel gravity theories

Inserting the wave ansatz (4.2.5) and writing the gravitational field strength
tensor F,,, in the Newman-Penrose basis, we find that the five component equa-
tions 0 = Ey = Eyy = B = Enn = Emgm are satisfied identically, while the
remaining five component equations take the form

0 = Enn = 2¢5hmm — 2(c2 + ¢4 + ¢5)hun (4.2.7a)
0= Enm = — (2 + 1) hum (4.2.7b)
0= Enm = —(c2 + ca)lum (4.2.7¢)
0= Epmm = cshy (4.2.7d)
0= FEp = —(ca+ ca)hy . (4.2.7¢)

One can see that the parameters ¢, c3 have no influence on the allowed polariza-
tions, while depending on the parameters cz, ¢4, c5 we obtain the Es class I1g, 1115,
N3 or N9, with N3 filling most of the parameter space.
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¢ = sin @ cos ¢
¢4 = sinfsin ¢

c5 = cosf

BNy o+ +e5=0c5#0

L] N3:co+cg #0,c0+cs+c5#0

B +cs=0,05#0

FIG. 3. Visualization of the parameter
Wit ci=c5=0 space using polar coordinates.

We have also seen that there exists a four parameter family of theories besides
STEGR which is of class Ny and thus exhibits the same two tensor modes as in
general relativity. Theories in this class therefore cannot be distinguished from
general relativity by observing the polarizations of gravitational waves alone.

GW polarizations in the new general relativity
Note that the metric perturbation components A,

Guv = Mpw + "y = Ny + 285, - (4.2.8)

depend only on the symmetric perturbation of the tetrad, so that these are the
only components whose presence or absence we must determine (see the attached
paper 6). Inserting the wave ansatz (4.2.5) and writing the gravitational Euler-
Lagrange tensor £, in the Newman-Penrose basis, we find that the eight compo-
nent equations

Ey=Ep = Ey = Ey = Epm = Esm = B = By =0 4.2.9)

are satisfied identically, while the remaining eight component equations take the
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form

0=FE,, = (201 + co + Cg)énl + 2¢38mm + (201 + co + Cg)dnl ,  (4.2.10a)

0= FEpnn=(2¢1 + c2)8m + (2¢1 — ¢2) g » (4.2.10b)
0= Emn = (2¢1 + c2)8m1 + (2¢1 — c2)dm » (4.2.10¢)
0= FEpm = —c38m + (2c2 + ¢3)dnmy , (4.2.10d)
0= FE,m = —c387 + (262 + Cg)dml , (4.2.10e)
0= Fmnm = Enm = —c38, (4.2.10f)
0= Ep, = (2¢1 + c2)8y - (4.2.10g)

where a,,, is the antisymmetric part of the tetrad perturbation, which does not
contribute to the geodesic deviation equation, and so we do not discuss it.

We have seen that depending on the parameters c1, ca, c3 we obtain the Ey class
IIg, II5, N3 or N9, with N3 filling most of the parameter space.

c1 = sinf cos ¢
co = sinfsin ¢

c3 = cosf

B N2 +eo4+e3=0,¢3#0

[ N3 2¢1(co + ¢3) + 3 # 0,
2c1 +ca+c3#0

B 105 2ci(co +e3) + 2 =0,
2c1 +ca+c3#0

FIG. 4. Visualization of the parameter
WG 2c o =c3=0 space using polar coordinates.

We have also seen that there exists a family of theories besides TEGR which
is of class Ng and thus exhibits the same two tensor modes as in general relativity.
Theories in this class therefore cannot be distinguished from general relativity by
observing the polarizations of gravitational waves alone.
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4.3 Dynamical Systems Analysis

The method of dynamical systems is a widely used set of tools in cosmology
to obtain a qualitative assessment of the behavior of solutions in a model, with-
out delving into the often almost impossible task to find the analytic form of the
solutions [55].

In the attached paper 9 “Dynamical systems approach and generic properties of
f(T) cosmology” we have derived a two-dimensional dynamical system from the
flat FLRW cosmological field equations of a generic f(7") gravity theory, where
the matter content is given by a combination of dust and radiation. We have shown
that the full cosmological dynamics of this model depend only on a single func-
tion W(H) = f + 12H? fr of the Hubble parameter H, which is derived from
the function f(7") defining the particular theory under consideration. Instead of
choosing a particular form of f(7'), we have kept the function fully generic and
derived a number of physically relevant properties of the whole family of f(7)
theories.

Our main result is comprised of numerous conditions on the Friedmann func-
tion W (H ), which determine the existence and stability of fixed points in the cos-
mological dynamics, the possibility of a bounce or turnaround, the existence and
severity of finite time singularities, the existence of accelerating and decelerating
phases of the expansion of the universe and transitions between them as well as
the possibility of crossing the phantom divide. As a fully generic result, we have
shown that there exist no periodic orbits in the phase space, and no oscillating uni-
verse solutions, independent of the choice of the function f(7"). Further, we have
shown how points on the phase space and the shape of the Friedmann function
W (H) at these points can be related to observational cosmological parameters.
Note that our chosen matter content manifestly satisfies all energy conditions, and
that all features we discussed are direct consequences of the modified gravitational
dynamics.

To illustrate our results and the general formalism, we have applied it to a
generic power law model f(T) = T + a(—T)". We have shown how the dy-
namics on the physical phase space depend on the constant parameters o and n
of the model and displayed the phase diagrams for all qualitatively different val-
ues of these parameters. We have further characterized all possible trajectories in
these phase spaces and their acceleration and effective dark energy. In particu-
lar, we have shown that it is not possible to dynamically cross the phantom divide
wpr = —1 in these models. We have finally shown that there are no trajectories
that start from an initial accelerating period (which would be interpreted as infla-
tion), become decelerating, and finally transition back to an accelerating de Sitter
phase.
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Summary

In the attached paper 8 “Covariant formulation of scalar-torsion gravity” we
have presented a new class of theories in the covariant teleparallel framework,
where the gravitational action depends on an arbitrary function of the torsion scalar
and a scalar field, f (7, ¢). This generic setup subsumes and generalizes a number
of previously considered models, like f(7") gravity and a scalar field nonminimally
coupled to 7', putting them in unified scheme so that they can be studied together.
We derived the field equations for the tetrads, scalar field, and flat spin connection.
The latter is especially important and until recently was missing in the covariant
teleparallel picture. The spin connection equation turns out to be related to the
antisymmetric part of the tetrad field equations and makes it to vanish identically.
One also needs the spin connection equation when combining the field equations
in order to show the matter energy-momentum conservation. As a matter of fact,
the spin connection field equation contains only first order derivatives with respect
to the spacetime coordinates, and provides a consistency condition that from the
tetrad ansatz determines the six nontrivial spin connection components (remaining
after imposing zero curvature). These six components can be interpreted as gauge
degrees of freedom, since they can be absorbed into the tetrad by a suitable local
Lorentz transformation.

In the paper 5 “Parametrized post-Newtonian limit of general teleparallel grav-
ity theories” we derived the post-Newtonian limit of a general class of teleparal-
lel gravity theories, whose action is given by a Lagrange function depending on
three scalar quantities formed from the parity-even contractions of the torsion ten-
sor [32, 33]. We found that the post-Newtonian limit of these theories is fully
determined by a single constant, which is calculated from four Taylor coefficients
of the Lagrange function at the zeroth and first order. Our results show that the
class of theories we considered is fully conservative in the sense that it does not
exhibit any preferred frame or preferred location effects, or violation of energy-
momentum conservation, which is reflected by the fact that only the PPN param-
eters -y and [ potentially deviate from their general relativity values. Further, due
to the aforementioned fact that deviations of the PPN parameters from their gen-
eral relativity values are governed by a single combination of the constant Taylor
coeflicients, large parts of the parameter space of possible theories are left with a
post-Newtonian limit which is identical to that of general relativity, so that these
theories are indistinguishable by solar system experiments at the respective post-
Newtonian order. Further, we found that the Nordvedt effect is absent in the whole
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class of theories we considered. We then applied our findings to two particular sub-
classes of theories: new general relativity [43] and f(7') gravity [56, 57]. In the
former case the aforementioned Taylor coefficients are given by the three constant
parameters which determine the new general relativity action, and our findings
agree with the original calculation of « and 3 from a static, spherically symmet-
ric ansatz [43]. In the latter case we find that the post-Newtonian parameters are
identical to those of general relativity, so that any f(7") gravity theory is consistent
with solar system observations.

In the papers 6 and 7 we studied the propagation of gravitational waves in the
most general class of teleparallel gravity theories whose action is quadratic in the
torsion tensor, known as new general relativity and the most general class of sym-
metric teleparallel gravity theories whose action is quadratic in the nonmetricity
tensor. We made use of the Newman-Penrose formalism to derive the possible
polarizations of gravitational waves. Our results show that the two tensor polar-
izations, which are present also in general relativity, are allowed for the whole
class of theories we considered, while additional modes - two vector modes and
up to two scalar modes - may be present for particular models within this class.
We found that the TEGR and STEGR are not the unique theory exhibiting exactly
two polarizations, but there is a one in NGR and four in STG parameter family of
theories with the same property. It thus follows that observations of gravitational
wave polarizations may only give partial results on the parameter space of these
theories.

In the paper 9 “Dynamical systems approach and generic properties of f(7')
cosmology” we used the dynamical systems approach to determine the existence
and stability of fixed points in the cosmological dynamics, the possibility of a
bounce or turnaround, the existence and severity of finite time singularities, the
existence of accelerating and decelerating phases of the expansion of the universe
and transitions between them as well as the possibility of crossing the phantom
divide in generalized f(7') gravity theory. Depending on the model parameters,
it is possible to have a bounce (from contraction to expansion) or a turnaround
(from expansion to contraction), but cyclic or oscillating scenarios are prohibited.
As an illustration of the formalism we consider power law f(T) =T + a(=1T)"
models, and show that these allow only one period of acceleration and no phantom
divide crossing. The formalism and generic results derived in this article can now
be applied to any particular f(7") gravity theory or class of such theories, in order
to get a systematic overview of its cosmological behavior.
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Kokkuvote (in Estonian)

Viindel baseeruvad gravitatsiooniteooriad: teoreetilised ja vaatluslikud
piirangud

Lisatud artiklis 8 “Covariant formulation of scalar-torsion gravity” (Skalaar-
vadnde gravitatsiooni kovariantne kirjeldus) me esitlesime kovariantses teleparal-
leelses raamistikus uut teooriate klassi, milles mdjufunktsionaal soltub vadinde-
skalaari ja skalaarvilja suvalisest funktsioonist f (7', ¢). See iildine esitus sisal-
dab ja iildistab mitu varasemalt uuritud mudelit, seehulgas f(7") gravitatsiooni ja
vadndeskalaariga mitteminimaalselt seotud skalaarvilja, korrastades neid iildises
skeemis, ja voimaldades neid tihiselt uurida. Me tuletasime tetraadi, skalaarvilja
ja tasase spinniseostuse viljavorrandeid. Viimasel on eriti oluline roll, mida pan-
di tihele alles hiljuti kovariantse vaatenurga alt. Spinniseostuse viljavorrand on
seotud tetraadi véljavorrandi antisiimmeetrilise osaga ja lahendab selle identselt.
Samuti on spinniseostuse viljavorrand vajalik koigi vOrrandite kombinatsioonist
mateeria energia-impulsi jiivusseaduse tuletamiseks. Oigupoolest sisaldab spin-
niseostuse véljavorrand ainult esimest jarku tuletisi aegruumi koordinaatide jargi
ning esitab kooskola tingimused, millega tuletatakse tetraadist kuus mittetriviaal-
set spinniseostuse komponenti (mis on veel alles kui eeldame nulliga vorduvat
koverust). Neid komponente voib interpreteerida kui kalibratsioonivabadusast-
meid, kuna neid on vdimalik absorbeerida tetraadi sisse sobiva lokaalse Lorentzi
teisenduse abil.

Artiklis 5 “Parametrized post-Newtonian limit of general teleparallel gravity
theories” (Uldiste teleperalleelsete gravitatsiooniteooriate post-Newtoni piir) tule-
tasime post-Newtoni piiri lildiste teleperalleelsete gravitatsiooniteooriate klassile,
mille mdjufunktsionaali moodustab vaba funktsioon kolmest skalaarsest suurusest,
mis koosnevad véadndetensori paarsust sdilitavatest ahenditest [32, 33]. Me leidsi-
me, et nende teooriate post-Newtoni piiri médarab tdielikult vaid liks konstant, mis
tuleneb lagranZiaani Taylori rea neljast nullindat ja esimest jarku koefitsiendist.
Meie tulemused niitavad, et uuritud teooriate klass on tiielikult konservatiivne,
see tdhendab, et ei esine eelistatud raami ega asukoha efekte vOi energia-impulsi
jadvuse rikkumist, mida peegeldab fakt, et ainult PPN parameetrid v ja 3 vGivad
erineda oma iildrelatiivsusteooria véirtustest. Lisaks jareldub sellest, et PPN pa-
rameetrite erinevus iildrelatiivsusteooriast soltub vaid tihest Taylori koefitsientide
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kombinatsioonist ning suur osa teooriate parameetrite ruumist omab sama post-
Newtoni piiri kui iildrelatiivsusteooria, nii et neid teooriaid ei ole vdimalik eris-
tada kasutades vastava post-Newtoni tdpsusega katseid Paikesesiisteemis. Muu-
seas leidsime, et Nordtvedti efekt ei esine terves uuritud teooriate klassis. Jirg-
misena rakendasime oma tulemusi kahele teooriate alamklassile: uus iildrela-
tiivsusteooria [43] ja f(7T) gravitatsioon [56, 57]. Esimesel juhul Taylori koe-
fitsiendid vorduvad kolme konstandiga, mis mééravad uue iildrelatiivsusteooria
mojufunktsionaali, ja meie tulemus on vordne - ja § varasema arvutusega staati-
lise ja sfidriliselt siimmeetrilise geomeetria puhul [43]. Teisel juhul me leidsime,
et post-Newtoni parameetrid on samad kui iildrelatiivsusteoorias, millest jareldub,
et f(T') on kooskolas vaatlustega Piikesesiisteemis.

Artiklites 6 ja 7 uurisime gravitatsioonilainete levimist kodige iildisemas te-
leparalleelsete gravitatsiooniteooriate klassis, mille mdjufunktsionaal on teise
astme poliinoom viidndetensorist ja mida nimetatakse uueks lldrelatiivsusteoo-
riaks, ning koige iildisemas siimmeetriliste teleparalleelsete gravitatsiooniteoo-
riate klassis, mille mojufunktsionaal on teise astme poliinoom mittemeetrilisuse
tensorist. Me kasutasime vOimalike gravitatsioonilainete polarisatsioonide tule-
tamiseks Newman-Penrose formalismi. Meie tulemused niitavad, et kaks tensor-
polarisatsiooni, mis esinevad ka tildrelatiivsusteoorias, on kooskdlas terve uuritud
teooriateklassiga, kuid lisapolarisatsioonid, tipsemalt kaks vektorit ja kuni kaks
skalaari, ilmuvad ainult konkreetsetes mudelites selles klassis. Me leidsime, et
iildrelatiivsusteooria teleparalleelsed ekvivalendid pole ainsad teooriad, milles on
tipselt kaks polarisatsiooni, kuna uue tildrelatiivsusteooria klassis on kahe para-
meetri teooriate pere ning siimmeetrilises teleparalleelses teoorias nelja parameet-
ri teooriate pere, millel on sama omadus. Seega jireldub, et gravitatsioonilaine-
te polarisatsioonid vdimaldavad teha vaid osalisi kitsendusi nende teooriate para-
meetriruumi kohta.

Artiklis 9 “Dynamical systems approach and generic properties of f(7") cos-
mology” (f(T") kosmoloogia diinaamiliste siisteemide kisitlus ja iildised oma-
dused) kasutasime diinaamilise siisteemi meetodit selleks, et uurida piisipunk-
tide olemasolu ja stabiilsust kosmoloogilises diinaamikas, paisumise “porke”
ja “Umberpoorde”  voimalikkust, 10pliku aja jooksul ilmuva singulaarsuse
voimalikkust ja tosidust, universumi kiireneva ja aeglustuva paisumise faaside ole-
masolu ja iileminekuid nende vahel ning fantoomipiiri iiletamist tildises f(7") gra-
vitatsiooniteoorias. Soltuvalt mudeli parameetritest on vdoimalik “pdrge” (paisu-
misest kokkutdmbumisele) voi “limberpoore” (kokkutdmbumisest paisumisele),
kuid korduv vdi vonkuv kditumine on keelatud. Formalismi illustreerimiseks uuri-
sime astmeseaduse f(71") = T+a(—1")" mudeleid ja niitasime, et neis esineb vaid
iiks kiirenevalt paisuva universumi ajajirk ja fantoompiiri ei iiletata. Selles artiklis
arendatud formalismi ja tulemusi on vdimalik rakendada igale f(7") gravitatsioo-
niteooriale voi teooriateklassile nende kosmoloogilise kiitumise siistemaatiliselt
uurimiseks.
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Parametrized post-Newtonian limit of general teleparallel gravity theories
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We derive the post-Newtonian limit of a general class of teleparallel gravity theories, whose action is
given by a free function of three scalar quantities obtained from the torsion of the teleparallel connection.
This class of theories is chosen to be sufficiently generic in order to include the f(T') class of theories as
well as new general relativity as subclasses. To derive its post-Newtonian limit, we first impose the
Weitzenbock gauge, and then introduce a post-Newtonian approximation of the tetrad field around a
Minkowski background solution. Our results show that the class of theories we consider is fully
conservative, with only the parameters  and y potentially deviating from their general relativity values. In
particular, we find that the post-Newtonian limit of any f(7) theory is identical to that of general
relativity, so that these theories cannot be distinguished by measurements of the post-Newtonian

parameters alone.

DOI: 10.1103/PhysRevD.100.104011

I. INTRODUCTION

General relativity is challenged both by observations in
cosmology and by its theoretical tensions with quantum
theory. These challenges have led to the development of a
plethora of modified gravity theories. While most of these
theories take the most well-known formulation of general
relativity in terms of the curvature of a Levi-Civita
connection as their starting point, there exist other for-
mulations which may serve as possible starting points for
modifications [1]. An important class of such modifications
is based on the teleparallel equivalent of general relativity
(TEGR) [2], and thus belongs to the class of teleparallel
gravity theories [2-5]. The characteristic feature of these
theories is to employ a flat, metric-compatible connection,
whose torsion mediates the gravitational interaction.

A large class of modified teleparallel gravity theories is
obtained by assuming a gravitational Lagrangian of the
form f(7) [6,7], where T is the torsion scalar appearing in
the TEGR action [2]. Various phenomenological and
theoretical aspects of these theories have been investigated,
including their cosmological dynamics [8—10] and pertur-
bations [11], gravitational waves [12-15], and degrees of
freedom from a Hamiltonian analysis [16-20]. The rich
phenomenology and generality of this class of gravity
theories hence invite further investigations of the class of a
whole, studying further phenomenological aspects.

Another line of studies has been devoted to theories in
which the three scalar quantities, which may be obtained
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from contractions of the torsion tensor, are treated sepa-
rately. An early contender of this class is given by new
general relativity [21], whose Lagrangian is simply the
general linear combination of these three terms, and thus
can be understood as derived from a general, local, and
linear constitutive relation [22,23]. Several aspects of these
theories have been studied, such as the equivalence
principle [24], gravitational waves [25], and Hamiltonian
formulation [26]. Further relaxing the condition of linearity
in the three scalar terms leads to an even more general
class of teleparallel theories, whose action is given by a
free function of three scalar quantities [27,28]. This
general class of teleparallel theories, which encompasses
both the new relativity class of theories and the wide class
of f(T) theories, will be the subject of our studies in this
article.

While aiming to model the present observations in
cosmology, any viable theory of gravity must of course
also comply with observations on smaller scales, such as
the Solar System, orbiting pulsars, and laboratory experi-
ments. A commonly used framework which was developed
for collectively deriving this local-scale phenomenology
is the parametrized post-Newtonian (PPN) formalism
[29-31]. It characterizes gravity theories by a set of ten
parameters, which have been measured with high precision
in various experiments. Because of its generality and the
availability of numerous observations, the PPN formalism
has become an important tool for assessing the viability of
gravity theories.

In order to calculate the post-Newtonian limit of
teleparallel theories of gravity, an adaptation of the classi-
cal PPN formalism to tetrad-based theories is required.

© 2019 American Physical Society


https://www.aps.org/
https://www.dropbox.com/h?preview=RNP_20_JAN_022262.pdf

ULBOSSYN UALIKHANOVA and MANUEL HOHMANN

PHYS. REV. D 100, 104011 (2019)

A possible adaptation can be derived from a similar
approach to the post-Newtonian limit of scalar-tetrad
theories [32] by omitting the scalar field part. Further, it
needs to be adapted to the covariant formulation of tele-
parallel gravity [20,33-35], which we will use in this
article, and in which also a flat spin connection appears as a
dynamical field. The purpose of this article is thus twofold.
Our main aim is to put forward a general method for
calculating the post-Newtonian limit of teleparallel gravity
theories in their covariant formulation, by expanding the
tetrad components in a pure spacetime basis and expressing
them in terms of the post-Newtonian potentials and a
number of constants, which are then determined by solving
the field equations. The second aim is to use this general
method in order to determine the post-Newtonian limit of a
general class of teleparallel gravity theories [27,28]. This
class is chosen to be very generic, such as to encompass a
large number of theories discussed in the literature, while at
the same time being prototypical for applying our forma-
lism to even more general theories.

Our work is in line with a number of previous studies of
the post-Newtonian limit of the related class of Poincaré
gauge theories. For a more restricted class of teleparallel
theories, which is included in the class of theories we study
here, it has been shown that post-Newtonian effects only
occur at higher perturbation orders than the ones considered
in the PPN formalism [36-39]. More general classes of
quadratic Poincaré gauge theories, in which both curvature
and torsion are present, show deviations already at the PPN
level, and may necessitate the use of additional PPN
potentials and parameters beyond the standard formalism
[40,41]. Note, however, that this will not be the case for the
class of teleparallel gravity theories we consider in this
article, for which the curvature of the considered connec-
tion vanishes identically.

The outline of this article is as follows: In Sec. II, we
briefly review the dynamical variables and fields used in the
covariant formulation of teleparallel gravity and display the
class of theories we consider, together with their action and
field equations. In Sec. ITI, we review the basic ingredients
of the post-Newtonian (PPN) formalism, and show how it
can be adapted to the field variables relevant for teleparallel
gravity. We employ this formalism in order to solve the
field equations for a general post-Newtonian matter dis-
tribution in Sec. IV. From this solution we obtain the post-
Newtonian metric and PPN parameters in Sec. V, where
we also compare our result with observations. Finally, in
Sec. VI we discuss a number of specific examples. We end
with a conclusion in Sec. VIIL.

In this article, we use uppercase latin letters A, B, ... =
0,...,3 for Lorentz indices, lowercase greek letters
u,v,...=0,...,3 for spacetime indices, and lowercase
latin letters 7,j,... = 1,...,3 for spatial indices. In our
convention, the Minkowski metric 745 and 7, has the
signature (—, +, +, +).

II. FIELD VARIABLES AND THEIR DYNAMICS

‘We start with a brief review of the underlying geometry
and dynamics of the theories we consider in this article.
The fundamental variables in teleparallel theories of
gravity, following their covariant formulation [20,33-35],
are a tetrad z‘)A# and a curvature-free Lorentz spin con-
nection @”p,. We denote the inverse tetrad by e,*, which
satisfies 04 ¢,* = 8, and 0" ,ep" = 54. Via these variables,
one defines the metric

G = 77A39A,;93»

(1)
and the torsion

T2, = e (0,00, — 0,00, + g, 08, — 5, 0%,).  (2)
To give dynamics to these fundamental field variables, we
consider an action given by two parts:

S[0. . x] = $,(0. 0] + 5,,[0.x]. ®3)
where S, is the gravitational part, S,, is the matter part, and
x denotes an arbitrary set of matter fields. The variation of
the matter action S, with respect to the tetrad 6*, can be
written in the general form

89S, = —/ 0,156",0d*x. (4)
M
Here 0 is the determinant of the tetrad. Further, ®,# denotes
the energy-momentum tensor, which we assume to be
symmetric, ©,,) = 0, by imposing local Lorentz invariance
on the matter action. For the remainder of this article, we
will treat the matter source as a perfect fluid, as discussed in
detail in Sec. III. Also note that here we have used the tetrad
to change the index character, i.e., ©,, = GAMgbp(BA/’.
The gravitational part of the action S, is defined via the
free function F,

17
S,[0. w] =—2/ F(T,,T,,T3)0dx, (35)
: 2K M

which depends on the three scalar quantities, which are
parity-even and quadratic in the torsion, and take the forms

T, =1"T,,,  T,=T"T

— TH Y
oo T3=T",,T".

(6)

This action defines a generic class of teleparallel gravity
theories, which has been discussed before in the literature
[27,28] and shall serve both as a generic example and as a
starting point for further extensions in future work.

By variation of the total action [Eq. (3)] with respect to
the tetrad, we find the field equations

104011-2
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K0, 15-7:!];1» F2VP(F (T oy +F 2T+ F 3T 1pGu)
1
+F 1T u(Typo=2T o) +§]:.2 (7,7 (2T oy =T s)

1
+ T/M;A (ZT[/M]L - Tb/}o‘)] _E}—J Tga/}(’rﬂ;w +2T(Mb)ﬂ),
™)

where F; =0F/0T; with i=1, 2, 3, and V is the
covariant derivative with respect to the Levi-Civita con-
nection of the metric g,,. These are the field equations we
will be solving in the remainder of this article. For this
purpose, we will make use of a post-Newtonian approxi-
mation of the teleparallel geometry, which will be detailed
in the following section.

III. POST-NEWTONIAN APPROXIMATION

The main tool we use in this article is the parametrized
post-Newtonian (PPN) formalism [29-31], which we
briefly review in this section, taking into account that
we intend to apply it to the class of extended teleparallel
theories of gravity detailed in the preceding section.
An important ingredient of the PPN formalism is the
assumption that the matter which acts as the source of
the gravitational field is given by a perfect fluid, whose
velocity in a particular, fixed frame of reference is small,
measured in units of the speed of light, and that all physical
quantities relevant for the solution of the gravitational field
equations can be expanded in orders of this velocity. In this
section we discuss how this expansion in velocity orders
proceeds for the quantities we need in our calculation in the
following sections, in particular for the tetrad.

The starting point of our calculation is the energy-
momentum tensor of a perfect fluid with rest energy
density p, specific internal energy II, pressure p, and
four-velocity u*, which is given by

0" = (p+ pll+ p)utu” + pg. (8)
The four-velocity u* is normalized by the metric g,,, so that
wug,, = —1. We will now expand all dynamical quan-

tities in orders O(n) « |#|" of the velocity v' = u'/u® of the
source matter in a given frame of reference, starting with
the field variables. We choose to work in the Weitzenbock
gauge, and so we set @'y, =0. For the tetrad 6, we
assume an expansion around a flat diagonal background
tetrad A*, = diag(1,1,1,1):

O, = AR, 474, = A, 474, T4, 474, 174, 4+ O(5).
©)

Here we have used overscript numbers to denote velocity
orders; i.e., each term %A” is of order O(n). Velocity orders

beyond the fourth order are not considered and will not be
relevant for our calculation.

For the tetrad perturbation r"u, it will turn out to be
more convenient to lower the Lorentz index using the
Minkowski metric 77,5 and convert it into a spacetime index
using the background tetrad A*, so that we introduce the
perturbations
7 (10)
A detailed analysis shows that not all components of the
tetrad field need to be expanded to the fourth velocity order,
while others vanish due to Newtonian energy conservation
or time-reversal symmetry. The only relevant nonvanishing
components of the field variables we need to determine in
this article are given by

_AA B _AA "B
T = A% MapT° . w = A%apT7 .

2

700

2
Tij»

3

3 3
T0is

Ti0s

(11)
Using the expansion [Eq. (9)] and the components listed
above, we can expand all geometric quantities appearing
in the field equations up to their relevant velocity orders.
This concerns in particular the metric, whose background
solution follows from the diagonal background tetrad A% 4

. . .0
to be a flat Minkowski metric, g,, = 1,, and whose
perturbation around this background is given by

2 2 2 2 3 3
Joo =2T00,  9ij =2T(ij)»  Goi = 27 (i0)»
4 2 4
Goo = —(T00)* + 27 go- (12)

For later use, we also write out the relevant torsion
components, which take the forms

2

20 2 i 12
T = 70.» T'j=26"7 g,

3

3. 2 3 3
Ti o — sk 7O —
'0,‘ =4 (T kj.0 TkO.j)- ij = 2z 0[i.j]»

2 2 3 4
0 _
T i =7 00T00i = Toio + T00.i»

(13)
and which will be necessary for the decomposition of the
field equations into velocity orders. Here we have made use
of the additional assumption that the gravitational field is
quasistatic, so that changes are only induced by the motion
of the source matter. Time derivatives J, of the tetrad
components are therefore weighted with an additional
velocity order O(1).

Using the expansion [Eq. (12)] of the metric tensor, we
can now also expand the energy-momentum tensor
[Eq. (8)] into velocity orders. For this purpose, we must
assign velocity orders also to the rest mass density, the
specific internal energy and the pressure of the perfect fluid.
Based on their orders of magnitude in the Solar System,
one assigns velocity orders O(2) to p and IT, and O(4) to p.
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The energy-momentum tensor [Eq. (8)] can then be
expanded in the form

O = p(1+ 11412 = 2209) +O(6),  (14a)
G)()j = —pUv; + O(S), (14b)
0;; = pvv; + pd;; + O(6). (14c)

Finally, in order to expand also the gravitational side of
the field equations [Eq. (7)], we need to introduce a suitable
expansion for the free function F and its derivatives. For
this purpose, we use a Taylor expansion of the form

3
F(T1.T5.T5) = F(0,0,0)+ Y F;(0,0,0)7,; + O(T?).

i=1

(15)

Higher orders beyond the linear approximation will not be
required. We further introduce the notation F = F(0,0,0)
and F; = F ;(0,0,0) for the constant Taylor coefficients.
This will be used throughout the following sections.

IV. EXPANSION OF THE FIELD EQUATIONS
AND SOLUTION

In order to discuss the post-Newtonian parameters, we
need to expand the field equations to the required order in
the perturbation and then make use of the post-Newtonian
approximation. We will do so in the following sections.
Further, we will make use of a generic Ansatz for the tetrad
perturbations, which consists of post-Newtonian potentials
and constant coefficients, which we will also determine
here by solving the field equations. We proceed order by
order. The zeroth order, which corresponds to the back-
ground solution around which we expand, is discussed in
Sec. IV A. We then solve for the second order in Sec. IV B,
the third order in Sec. IV C, and finally the fourth order in
Sec. IV D.

A. Background field equations
We start our discussion with the zeroth order of the field
equations [Eq. (7)]. From the expansion in Eq. (14), it
follows that at the zeroth velocity order the energy-

0
momentum tensor vanishes, © ,, = 0, so that we are left
with solving the vacuum field equations. Inserting our

0

assumed background values 64, = A%, for the tetrad into
the respective field equations [Eq. (7)], we find that they
take the form

1
0=

; (16)

Fny,.

It thus follows that the field equations are solved at the
zeroth order only for theories which satisfy ' = 0. This is a
consequence of our assumption that the background solu-
tion is given by a flat Minkowski metric, which therefore
excludes a cosmological constant. We will thus restrict
ourselves to theories satisfying this restriction for the
remainder of this article. This restriction will not be of
importance for any actual phenomenology, since the effects
of a nonvanishing cosmological constant in agreement with
cosmological observations would be negligible on Solar
System scales.

B. Second velocity order
We continue with expanding the gravitational part £, of
the field equations [Eq. (7)] in the perturbation 7,, at the

second velocity order. The corresponding components take
the form

2 2 2
Eg =—2F  + Fo+ F3)To0i +2F 37 i j)j» (17a)
2 2 2 2
Ejj=4F T ik +2F 2 (Tige ik + Tagjin)
2 2 2 2
+F 327 ke =T o045+ (Foosk + 27 ki) 8- (17b)

It follows from their index structure that the tetrad
components 7y, should transform as a scalar and a
tensor, respectively, under spatial rotations [29,31]. Further
using their respective velocity orders and their relation to
the source matter, we can write down an Ansatz for the
tetrad as

7

Ty = aUs; +asU (18)

%00 =aU, ije
Here a; (and also the later appearing b;, c;) are constant
coefficients, which we will determine by solving the field
equations and by imposing gauge conditions, while U and
U; are post-Newtonian functionals of the matter variables.
These functionals are related to the matter variables by the
differential relations

Viy= V2U=—4rp, (19)

“2U, Uy=y;+Us;

where V2 = 50,0; is the spatial Laplace operator of the
flat background metric, and y is the so-called superpoten-
tial, which is auxiliary in the definition of U;; [29]. For
the sake of convenience, we will from now on rewrite
the field equations making use of the shorthand notation

n

E, = é/w - KZ(:)W = 0. Then, inserting the appropriate
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Ansatz [Eq. (18)] for the tetrad into the field equations
[Eq. (17)] at the second velocity order, and using the
relations in Eq. (19), we obtain

2
Eq=—[Kk*—4na,(2F | + F y+ F 3) +87(ay +a3) F 5]p,
(20a)

2
E;;=—[a;F3—(ay +a3)(2F | + F, +2F 3)|

X (4xb;;p + U ;). (20b)
where we can see that the terms contained in square
brackets in front of the post-Newtonian functionals must
be zero, in order for the equations to be solved for arbitrary
matter distributions. Further, note that we obtain only two
independent equations, while our Ansatz [Eq. (18)] con-
tains three free constants. This is a consequence of the
gauge freedom, which is related to the diffeomorphism
invariance of the theory. We thus may choose a gauge by
supplementing the system with one additional equation.
The standard PPN gauge mandates that the coefficient in
front of U;; vanishes, and so we make the gauge choice
ay = 0. Thus, we get for the coefficients

2F |+ F,+2F; K2

T RF, T F,)(2F + Fa+3F,)4n’
Fj K2
az:(ZF.I+F42)(2F’.1+F.2+3F.3)@' @ =0.
(1)

We will subsequently use this second-order solution in the
remaining higher-order field equations.

C. Third velocity order

At the third velocity order in the perturbation expansion,
we still work with linearized field equations, which are of
the forms

2

3 2
Eg =2F, (z ij.0j —

3 3
T i().jj) + F.2<Tji.(>j =T jo,ij

3 2 3
+27,5) + F3(T jj0i = Tjoij)s (22a)

3 3 2 3
E i =2F (27 (.5 — Tooor) + F2(27 oL,

2 2 2 2
+27 5105 — Too.0i) + F3(27 jij 01 — Toooi)-  (22b)

Observe that the components 7(;, 7;, must behave as
vectors under spatial rotations, which are of the third

velocity order, and so they can be expressed in terms of
PPN potentials in the forms

Tio= bV + bW, 7o = byVi+ bW (23)
with the PPN vector potentials satisfying
V2V, = —4znpv;, VW, = —4mpv; +2U ;. (24)

In this case, proceeding analogously to the equation (20),
we obtain the third-order field equations

3 U
Ejg=[?+4m(by+by)F 5 +8x(b; +b4)F.1]</Wi— 4';:)-
(25a)

3
Eg = [ 4+ 87(by + by)F y + 4x(bs + by) F o)pv;

+ [(by = by)F 3 = by(4F 1 + F )

b =bs—b)Fa+ s Ny (asn)

1= b= bRt o | Vo

We see that we obtain three independent equations, given
by the vanishing of the square brackets, for the four
coefficients b, ...,b,. This is again a consequence of
the gauge invariance which we encountered also for the
second-order equations (20) and coefficients (18). We
could thus fix the gauge also here by adding one more
equation. However, we will proceed differently in this case,
and leave one of the constant coefficients undetermined at
this stage. The reason for this will become clear at the
fourth velocity order, where this free constant will allow us
to choose the standard PPN gauge by eliminating one more
PPN potential. Choosing b, = b, as the undetermined
parameter, we find

1 K2
(TS FrA G
1 K2
= by =b, (2
by = —by QF, + F)dn by=0bo. (26)

Again, we will make use of this (now only partial) solution
in the fourth-order equations, which we address next.

D. Fourth velocity order

Finally, for the fourth order, we find that we need to
consider only certain components of the field equations and
the linear combinations thereof. In particular, we need the
time component
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2
4 4 3 2 2 2 2 2 2 To0i 2
Eg=Q2F;+Fy+Fj3) {—Tomi + T 0i0i T T00T00.i + 27 5T 00,ij + To0.i <T(ij),j - f— T

2 2 2 2 2 Fzr 2 2 2 2 2
+2F Tt i) = Fotija(T g + 7 jim) + 5 (T T kjk + Tii Ty + 2T ij,iTjk,k)

2
4 2 2 2 2 2 2 2 12 2 2
+2F 3 [T iligli T T ik kil T 2T 007 ifjily — TiijT (ikyk T Tij (Tj[k.i]k + Ti(ijk — Tkk.ij)] (27)

and the trace of the spatial part of the field equations

4 2 2 4 2 2 2 2
E;=202F,+ F,+2F3) (Ti[i.j]fjk.k - TI[[./’]]) =2(F 1+ Fo+ F3)T it jpi— QF 1+ F2)T i i

4 3 2 2 2 2 2 2 2 2 2 2 2 2 2
+2F 3|70 = Toioi — T 0047 ijj T TiiT jkjk = TijT jkik + T jiTijkk = TrkTiijj T To0.i | Too + T jj

2 3

2 2 2 12 2 2 2
+(2F + F, +3F3) [T i1.00 = Ti0.io + 2T 00T jiji) T 274 (T kkij — Tk(i.j)k)] +5(2F ) +Fy+ F3)T00,T 00

1

2
2 2 2 2 2 2 2 Frra 2 2 2 2 2

+F, [21' T ijjk t 2T 0T i T T ik (T ik =37 ik.j)] t5 (T AT rji+27 ijfik,jk) = 3F 37 (i) T 00.ij

3 2 3
+ (2F.1 +F, +503> [‘ZF iij (2;/(1’,/( - %kk.j) - ‘%ij.i%k,:k] + <2F,1 + EF'Z + 2F,3>%i/.k%ji,k- (28)

. . . . 4
In order to determine the post-Newtonian metric, we need to solve these equations for the tetrad component 7 (,. Note that
this component should transform as a scalar under rotations, and thus we can consider an Ansatz of the form

4
700 = 1@ + @5 + 3 @3 + ¢y @y + ¢5U? (29)

with the fourth-order scalar potentials
V20, = —4zp1?, V2, = —4zpU, V20, = —4zpll, V2o, = —4zp. (30)

Finally, to eliminate the spatial component 41i ; of the tetrad, which appears in the field equations (27) and (28), but is not
relevant for our calculation, we make use of the linear combination

4 4 4
E =(2F, +F,+2F3)Eq+F3E; (31)

and find

4
E = (2F 1 4+ F3)(2F | + F 5 + 3F 3){2byU o9 + 4x[c1pv* + (cz + 2¢5)pU + e3pIl + ¢4p] = 2¢sU ;U ;}

K KpU
+E(2F,l +F,+2F3) (Um +m> —3F3k°p — (2F | + F 5 + 3F 3)x*p0?
2 U, U;
—K2(2F F 2F 11 K YiYi X 32
At "3)</’ *32222F, 1 F, (32)

In order to obtain the solution in the standard PPN gauge, the coefficient in front of the term U (, must vanish, since it does
not correspond to any of the terms in the Ansatz [Eq. (29)] and would introduce a term violating the standard PPN gauge.
Together with the remaining, independent terms, we then find the six independent equations

4n(2F | 4+ F5)(2F ), + F5 +3F 3)cy = 36°F 3 =0, (33a)
4m(2F | + F)(2F | + F 5 +3F3)c3 —k*(2F | + F 5+ 2F3) =0, (33b)
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4n(2F 1 + F,)(2F | + F 5 +3F 3)(cy + 2¢5) +

&
2(2F 1 + F5)(2F y + F 5 +3F 3)by +@(2F,1 +F,+2F3) =0,

(2F 1 + F 5 +3F 3)[4x(2F | + Fp)c; =] =0,

—2(2F y + F)(2F 1 + F , + 3F 3)cs

KY2F  + F,+2F;

Kb 4+ Fa+2Fs 33
4n2F, + Fy+3F; (33¢)
(33d)
(33e)
4 OF | 4 F, | 2F
K At +2F, 0 (33f)

322 2F, +F,

Solving these equations for the remaining six undetermined constants then yields their values:

b — 2F |+ F,+2F; K
O (QF, +Fo)(F, + F,+3F )8
o (2F \ + Fp=3F3)(2F + Fy +2F;) «*
: (2F 1 + F)?(2F | + F o+ 3F 3)?
s = 3F; K2

With this result, we have fully solved the general field
equations (7) at all velocity orders which are required to
determine the PPN metric and hence the PPN parameters.
This will be done in the following section.

V. PPN METRIC AND PARAMETERS

Using the solution obtained in the previous section, we
can now finally determine the PPN metric, and hence the
PPN parameters of the general class of teleparallel gravity
theories we consider in this article. We will do so in three
steps. In Sec. VA, we briefly recall the relevant tetrad
components and display their solutions after inserting the
]

2 2F |+ Fy+2F; >
Too = : : - U
(2F 1+ F)(2F 1 + F +3F3)4n

327%°

(2F | + F,)(2F | + F, +3F 3) 4x’ “=

1 I
T (2F, +Fy)an
2F |+ F,+2F; K2
ST QF 4 Fy)(2F, + F,13F,)4n"
2F +F,+2F; K

- . 34
(2F 1 + F)*(2F | + F 5 + 3F 3) 64n° (39

T
constant coefficients we determined into the respective
Ansdtze. From these components, we derive the metric
components in Sec. V B. Finally, in Sec. V C, we read off
the PPN parameters. We compare this result to observations
in Sec. VD, in order to obtain bounds on the class of
theories we consider.

A. Post-Newtonian tetrad

We start by briefly recalling the tetrad components and
displaying their solutions from Sec. IV. From the Ansarz
[Eq. (18)] together with the solutions in Eq. (21) for the
constant coefficients, we find the second-order components

2 Fs K2
Ty = - —Us;;.
(2F 1+ F2)(2F 1 + F5 +3F ;) 4n

(35)

We then come to the third-order Ansatz [Eq. (23)], together with the solution in Eq. (26) and the missing coefficient b, in the

solution in Eq. (34). This yields the components

3 1 K2 3

K2 (2F, + Fy +4F3)Vi + (2F | + F 5 + 2F 5)W;

[ ——— v R
Tio 2F, + F,4n i Toi 3

T

36
(2F | + F,)(2F ; + F, +3F3) (36)

Finally, we recall the Ansatz [Eq. (29)] for the only fourth-order component we have to determine. With the solution in

Eq. (34), we find

4 1 K2 (2F 1+ F5—=3F3)(2F 1 + F, +2F3) Kt n 2F 1+ Fy+2F; qu)
Tgp=—"——@, — — il
O OF  +F,4n ' (QF |+ F,)?(2F  + F,+3F3)? 3222 ° (2F 1+ F,)(2F + F2+3F3)4r °
3F 2 2F F 2F 4
i 3 i¢4 _ Bl 2+ 2t2F;3 K o (37)
(2F + F2)(2F 1 + F5 +3F 3) 4z (2F | + F)*(2F | + F 5 + 3F 3) 64r

These are all tetrad components which are relevant to construct the post-Newtonian metric.
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B. Post-Newtonian metric

In the next step, we calculate the post-Newtonian metric.
For this purpose, we insert the tetrad components displayed
in Sec. VA into the metric expansion in Eq. (12). We start
with the second-order metric component

2F |+ F,+2F; K2
2F |+ F,)(2F | + F,+3F3)2n

2
!lotJ:( U =2GU,

(38)

which follows immediately from the second-order tetrad
perturbation [Eq. (35)]. Here we have introduced the
Newtonian gravitational constant G. Solving the normali-
zation condition G = 1, as this is the conventional PPN
choice of units and yields the relation

(2F + F5)(2F 1 + F, +3F3)

2 _4
K= 2F , + F,+2F 4

(39)

Using this normalization, we find for the remaining
components

2

2F 5
9ij =

= Ud
2F | +F,+2F;

(40)

ij
at the second order,

3 6F 1 +3F 5 + 10F 1

2P M3y
g0 20F  +F,+2F3) ' 2

(41)

i

at the third order, and finally
1 6F | +3F,+7F;

2F |+ Foy+2F, [_ 2
+2(2F + F5 +3F3)® — (2F | + F, = 3F 3)®,

U?

4
Goo =

+2(Q2F |+ F,+2F3)®; + 6F.3<I>4] (42)

at the fourth order. Further components will not be
necessary in order to obtain the PPN parameters.

C. Post-Newtonian parameters

By comparing the metric components shown in Sec. V B
with the standard PPN form of the metric [29,31], we find
the PPN parameters for the theory as

f=aq=m=3=0=0L=0=04=0, (43)
from which we deduce that there is no violation of the
conservation of total energy-momentum, as well as no
preferred frame or preferred location effects; theories of this
type are called fully conservative. The only nontrivial result
is given by the PPN parameters

6F | +3F,+7F4
4(2F | + Fp +2F;3)’

_ Fs
C2F, +F,+2F5
(44)

14

More expressively, we find that their deviation from the
general relativity values figr = ygr = | can be written in
terms of a single constant e by defining

2F | +F,+F3
202F |+ F,+2F3)"
(45)

In particular, we obtain f=y=1 for 2F,;+ F,+
F; =0, so that theories satisfying these conditions are
indistinguishable from general relativity by measurements
of the PPN parameters. We will discuss this particular case
later in Sec. VI, when we discuss specific examples.

D. Comparison to observations

For the discussion of experimental bounds, it is impor-
tant to take into account that the deviations [Eq. (45)] of the
PPN parameters from their general relativity values are not
independent. This fact is relevant for most measurements of
the PPN parameters, where the result depends on a linear
combination of the parameters, such as the perihelion shift
of Mercury or the Nordvedt effect [30]. The latter is in
particular remarkable, since from the values in Eq. (44)
4p —y = 3 follows, so that the Nordvedt parameter [42,43]

1

26

A

2
iy S

10 2
'71v:4ﬂ—7—3—?5—01+j02—3

’4;
vanishes identically, indicating the absence of the Nordvedt
effect independently of the theory under consideration.
Hence, lunar laser ranging experiments searching for the
Nordvedt effect will not be affected, and are thus insensitive
to the modifications we discuss here.

For measurements of the PPN parameter y alone, the
most stringent bound is obtained from the Cassini tracking
experiment [44], which yields the bound

y—1=-2¢<(2.1+£23)x107. (47)
Comparable bounds on ¢ may be obtained from Solar
System ephemeris, which yields bounds on both y and
B 145].

This concludes our discussion of the PPN parameters for
a general teleparallel theory. To illustrate our results, we
will present the most commonly encountered examples in
the following section.

VI. EXAMPLES

We now apply the general result we derived in the
previous sections to a number of example theories. We start
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with a simple rewriting of the gravitational Lagrangian in
its axial, vector, and tensor parts in Sec. VI A. In Sec. VI B,
we then consider new general relativity, in which the
general function F is replaced by a linear function of its
three arguments. In Sec. VI C, we finally consider the f(T')
class of theories, where f is a function depending on the
TEGR torsion scalar only.

A. G(Tax.Tyee Tien) theories

We begin by noting that the theory of gravity given in
Ref. [27] is identical to the class of theories we discussed
here, since its action is of the same form:

F(T1.T5.T3) = G(Tax. Tyee: Tren) (48)
with the torsion components
1 1
ax :ﬁ(Tl -2T7,), Tien :E(T] +7,-T3),
Tyee = T3, (49)

which are fully equivalent for expressing the action. It
follows that the Taylor coefficients

Y

G = Glr—o. Go= ;

l7=0 T BTl
=08 G, 299 (50)

BT!en T=0 aT\'EC T=0
are related by
1 1
F =G, F.I:EG.G-FEGJ,
1 1 1

F'2=_§G’“+§G’“ F.3=G<L—§G',. (51)

Note in particular that G , drops out whenever F | and F ,
appear only in the combination 2F | + F ,. Hence, the axial
part does not contribute to the deviation [Eq. (45)] of the
PPN parameters from their general relativity values, since

G,+G,
=" 52
746,16, (52)
contains only vectorial and tensorial parts. This agrees with
earlier findings, that purely axial modifications show up
only in higher post-Newtonian orders than considered in

the PPN formalism [36-39].

B. New general relativity
Next, we consider the new general relativity (NGR) class
of teleparallel gravity theories [21]. Its Lagrangian is given
by the general linear combination

F(T.T5.T3) =17, + 6,7, + 1,75 (53)

with constant coefficients #;. It thus follows immediately
that the Taylor coefficients are givenby F = Oand F; = 1;,
i =1, 2, 3. The deviation [Eq. (45)] of the PPN parameters
is thus given by

2t + )+ 13
22t + 1, +213)

= (54)
This result agrees with the values obtained for # and y in the
original presentation [21] of the theory.

C. f(T) theories

Another important class of theories which is covered by
the calculations we present in this article is given by the so-
called f(T) class of theories, whose Lagrangian is given by

F(T1.T2.T3)=f(T). T:i’TI +%72—T3~ (55)
Here T is the torsion scalar which constitutes the Lagrangian
of the teleparallel equivalent of general relativity (TEGR)
[2]. For the Taylor coefficients we find F = f(0), so that at
the zeroth order we get the condition F = f(0) = 0. The
remaining Taylor coefficients are given by F; =1 f'(0),
F,=4f"(0),and F 5 = —f"(0). As a consequence, we find
that the deviation in Eq. (45) of the PPN parameters from
their general relativity values vanishes identically, ¢ = 0, for
any theories of this class. Hence, we find that any f(T)-type
theories cannot be distinguished from general relativity by
their PPN parameters.

VII. CONCLUSION

‘We derived the post-Newtonian limit of a general class of
teleparallel gravity theories, whose action is given by a
Lagrange function depending on three scalar quantities
formed from the parity-even contractions of the torsion
tensor [27,28]. We found that the post-Newtonian limit of
these theories is fully determined by a single constant,
which is calculated from four Taylor coefficients of the
Lagrange function at the zeroth and first orders. The zeroth
order, which plays the role of a cosmological constant,
must be set to zero to achieve consistency between the
background (vacuum) field equations and the post-
Newtonian Ansatz of a flat Minkowski background (or
at least sufficiently small such as not to affect the Solar
System dynamics). The post-Newtonian parameters are
then fully determined by the first-order Taylor coefficients.
We displayed these coefficients in two different represen-
tations, both through the canonical contractions of the
torsion tensor and its axial-vector-tensor decomposition.

Our results show that the class of theories we considered
is fully conservative in the sense that it does not exhibit any
preferred frame or preferred location effects, or violation of
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energy-momentum conservation, which is reflected by the
fact that only the PPN parameters y and f potentially
deviate from their general relativity values. Further, due to
the aforementioned fact that deviations of the PPN para-
meters from their general relativity values are governed by
a single combination of the constant Taylor coefficients,
large parts of the parameter space of possible theories are
left with a post-Newtonian limit which is identical to that of
general relativity, so that these theories are indistinguish-
able by Solar System experiments at the respective post-
Newtonian order. Further, we found that the Nordvedt
effect is absent in the whole class of theories we considered.

We then applied our findings to two particular subclasses
of theories: new general relativity [21] and f(T) gravity
[6,7]. In the former case, the aforementioned Taylor
coefficients are given by the three constant parameters
which determine the new general relativity action, and our
findings agree with the original calculation of y and f from
a static, spherically symmetric Ansarz [21]. In the latter
case, we find that the post-Newtonian parameters are
identical to those of general relativity, so that any f(7')
gravity theory is consistent with Solar System observations.

Our work invites numerous generalizations and exten-
sions. In particular, one may consider more general
theories, for example, one derived from a general con-
stitutive relation [46], possibly including also parity-odd

terms. Another possibility is to include a coupling to scalar
fields [47-52], up to Horndeski-like teleparallel theories
[53,54]. This would extend previous calculations of the
PPN parameters for specific theories in this class [55-57].
Further, taking inspiration from the so-called trinity of
gravity [1], one may consider extensions to the symmetric
teleparallel equivalent of gravity [58], and apply the para-
metrized post-Newtonian formalism to generalized theories
based on the symmetric teleparallel geometry [59-63].
Another possible extension would be studying the motion
of compact objects at higher orders in the post-Newtonian
expansion, in order to derive the emitted gravitational
waves [64].
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Propagation of gravitational waves in teleparallel gravity theories
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‘We investigate the propagation of gravitational waves in the most general teleparallel gravity model with
second order field equations as perturbations around the Minkowski background. We argue that in this case
the most general Lagrangian at the first nonvanishing order of the perturbations is given by a linear
combination of quadratic invariants and hence coincides with the well-known new general relativity model.
We derive the linearized field equations and analyze them using the principal polynomial and the Newman-
Penrose formalism. We demonstrate that all gravitational wave modes propagate at the speed of light, and
there are up to six possible polarizations. We show that two tensorial modes of general relativity are
always present, and the number of extra polarizations depends on the free parameters of the new general

relativity model.

DOI: 10.1103/PhysRevD.98.124004

I. INTRODUCTION

Modified gravity theories are a viable alternative to dark
energy in addressing the problem of accelerated expansion
of the Universe [1,2]. A novel class of modified gravity
models that caught a lot of attention recently is the so-called
modified teleparallel theories. These theories are motivated
by the fact that the ordinary general relativity (GR) can be
reformulated using the teleparallel geometry, resulting in a
theory known as the teleparallel equivalent of general
relativity (TEGR) or shortly just teleparallel gravity [3—10].

Whereas TEGR is equivalent to the ordinary formulation
of GR in terms of curvature in all physical predictions, this
equivalence is lost when we consider modified gravity
theories based on these different underlying geometries.
The most well-known example is the case of f(7') gravity,
constructed in analogy with f(R) gravity, where the
Lagrangian is taken to be an arbitrary function of the
so-called torsion scalar, which defines the TEGR action
[11-14]. When a nonlinear function f is considered, the
resulting f(7') theory represents a novel gravity model with
rich dynamics distinctive from f(R) gravity. See [15] for an
extensive overview.

The recent discovery of gravitational waves [16,17]
opened a new way to test various modified theories of
gravity [18-24]. This motivates a study of gravitational
waves in modified gravity theories and proper understand-
ing of their fundamental properties. Particularly interesting
are the questions about the number of polarization modes of
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gravitational waves and their corresponding propagation
velocities. The case of f(R) gravity is well-understood,
and it has been shown that these theories all possess an
additional massive scalar gravitational wave mode [25-28]
compared to GR.

In the case of modified teleparallel theories, gravitational
waves have been studied first in the case of f(T) gravity
[29,30], where, in contrast to the f(R) case, it was shown
there are no extra propagating gravitational modes compared
to GR. As we will argue later, this follows from a simple
observation that f(7') gravity effectively reduces to TEGR at
the perturbative level, and hence we obtain only the usual two
GR polarizations. Only very recently [31,32], it was shown
that new polarization modes appear if we extend f(7T) gravity
by introducing scalar fields or higher-derivative terms of the
torsion in the case of so-called f (7', B) [33]and f (T, T) [34]
theories, where B is the boundary term relating the
Riemannian curvature scalar with the torsion scalar and 7'
is the teleparallel equivalent of the Gauss-Bonnet term.

In this paper we follow another approach and study
gravitational waves propagating around the Minkowski
background in the model known as new general relativity
(NGR) [35], where the Lagrangian is taken to be a most
general linear combination of quadratic parity preserving
torsion invariants." Our study is motivated by a simple
observation that, unless we introduce higher derivatives
or scalar fields, the most general teleparallel gravity
Lagrangian at the perturbative level is given by the linear

'Note that sometimes “new general relativity” refers only to a
special subclass of these theories in which only one of the three
parameters we consider here is left free and two are fixed to a
specific value.

© 2018 American Physical Society
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combination of quadratic invariants of the torsion, i.e.,
NGR. For example, recently proposed f(T, Tiens Tyec)
gravity [36] and the so-called axiomatic electrodynamics
inspired models [37], which are both very general frame-
works designed to include all previously studied tele-
parallel models as special instances, reduce to the case
of NGR at the perturbative level.

We analyze the gravitational waves in the NGR model
using two methods. First, we consider a perturbative
analysis of the NGR model following the example of
[38,39] and analyze the resulting linearized field equations
by the method of the principal symbol. Second, we use the
Newman-Penrose formalism [40] and classify the resulting
polarizations according to the classification scheme intro-
duced in [41,42]. We show that all gravitational modes
propagate at the speed of light and derive how the number
of polarization modes depends on the free paramaters of the
NGR Lagrangian.

The outline of this paper is as follows. In Sec. II we
briefly introduce teleparallel geometry and the NGR model
as the most general teleparallel gravity at the perturbative
level. In Sec. III we introduce the principal symbol and
determine that all gravitational wave modes propagate at
the speed of light. In Sec. IV we use the Newman-Penrose
formalism to analyze the possible polarizations of gravi-
tational waves and show how they depend on the free
parameters of the NGR Lagrangian. We conclude this paper
with a brief discussion and outlook in Sec. V.

In this article we use the following notation. Latin letters
a,b, ... are Lorentz indices, and Greek letters y,v, ... are
spacetime coordinate indices. The Minkowski metric is
denoted by 5 and has components 7, = diag(—1,1,1,1).

II. LINEARIZED TELEPARALLEL GRAVITY

‘We begin this article with a short review of the required
geometric notions in teleparallel gravity in Sec. Il A. We
then recall the NGR Lagrangian in Sec. II B, where we also
derive the corresponding linearized field equations.

A. Teleparallel geometry

The fundamental variables in theories of gravity formulated
in terms of teleparallelism are the tetrad 1-forms 8¢, their dual
vector fields e, and the curvature free spin connection @
generated by local Lorentz transformations A¢,. In local

coordinates on spacetime they can be expressed as

01 =0"dx", e ,=e,l'0,.

", (A) =, (A)dx* :A”qd(A‘l)qb :Aaqaﬂ(A‘l)‘ibdx",
(1)

Moreover the tetrad 1-forms and their duals satisfy

0%(ep) = 0%yey =55 0e” =6 2

and define a Lorentzian spacetime metric via

G = Naptu0”0. g¥ =1t ey. ©)
Tensor fields can be expressed either in a coordinate or tetrad
basis. For a (1,1)-tensor Z we may for example write

Z=27'dx" @ 0, = 20" ® e,. (4)

Thus when we change an index from Latin to Greek, this
operation is done via multiplication with 6¢, or e/,
respectively.

The building block of Lagrange densities is the torsion of
the spin connection given by

T¢ = DO = (9,0%, + 0%, 6°,)d" A dx,  (5)

where the spin covariant derivative D ensures a covariant
transformation behavior under local Lorentz transforma-
tions of the tetrad [43,44]. More precisely, consider a tetrad
0 which is related to the original tetrad by a local Lorentz
transformation f\“h, ie., 0" :/~\“,,(-)”. Then, the torsion
tensor of the tetrads is related by 7¢ = A%, T?, where the
connections are given in terms of two further Lorentz
transformations A and A,

“p = (A1) AGd(A(AT),) = Aad(AT)Y,. (6)

In particular when one considers A = A one chooses the
so-called proper tetrad or a tetrad in the Weitzenbock
gauge, for which v, = 0 [44].

The components of the torsion in local coordinates are
therefore canonically labeled by 7% = %T“de" A dx¥. In
the following we will use the torsion components with
spacetime indices only obtained via 7%, = T, e,".

B. Lagrange density and field equations

We consider here the new general relativity (NGR) [35]
model given by the action,

Lioe(0.00.A,0A. @) = L(6,00.A.0A) + Ly (0.91),  (7)

where Ly (0, ®') is the matter Lagrangian, which is
constructed via the usual minimal coupling principle.
The spacetime metrics appearing during that procedure
are understood as functions of the tetrads. The gravitational
Lagrangian is the most general Lagrange density quadratic
in the torsion tensor,

L(6.96. A, ON)
= 10/(er TP W T + e3P T, + ¢5T7,, T )

= 101G T T o (8)
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where three real parameters ¢, ¢, and c3 define different
NGR theories. In the last equality we introduced the
supermetric [45] or constitutive tensor [37,46],

G = c\9upd " 317 = 028 V57 — c36k 05 (9)

which will turn out to be convenient for the following
analysis. The appearing spacetime metric ¢ is understood as
a function of the tetrads (3). The teleparallel equivalent of
general relativity (TEGR) is included in the NGR class of
gravity theories for the choice ¢; = ﬁ.cz = %and c3 =—1.
To analyze the propagation of gravitational waves for
NGR gravity around the Minkowski background we derive
the linearized field equations of the theory. To do so we fix
Cartesian coordinates (x*,u =0, ...,3) and make the
following perturbative ansatz for the tetrad and the
Lorentz transformation defining the spin connection,

0°, = o5 + eu, (10a)
et = B+ ev,h (10b)
Ay = 8 4 ew?y, (10c)

where ¢ is a perturbation parameter. The duality between ¢
and e,, implies to first order in ¢ that v #3% = —u®,8,, and
A being a local Lorentz transformation implies that
W, = —Wp,. The perturbative gauge transformations are

90 _ /"\abgh = ﬁa” — \TVU# + u“)l
A%y = (AT Ay = 0 =W +wey. (1)
Moreover changing the index type from Lorentz to space-
time, to first order in the perturbation, is done with 6, or
&, respectively, and raising and lowering any kind of
index is done with the Minkowski metric 5., or 7,
respectively, or its inverse.

The torsion tensor can be expanded into the first order
fields as

T”M = 2(9[/,9%] + 2(1)“;@9%} = 25(‘%4““»] - 3[#W”,/])

+O(&2). (12)
In this order of the perturbation theory we transform the
torsion components 7, to the purely spacetime index
components 7%,,, which are used in the Lagrangian,
and find the lowest order nonvanishing term in NGR
Lagrangian (8):

G5 (D%, —0,w",) (0,0, —9,wW )+ O().  (13)
The expression G,;**° is the zeroth order of G,4"/7; i.e., all
metric components g, in (9) are replaced by components of

the Minkowski metric 77,,. Observe that the Lagrangian of
every teleparallel theory of gravity, which is constructed from
the torsion and the tetrad alone without involving higher
derivatives of the tetrad, has a lowest order term of the
kind (13).

The field equations to lowest nontrivial order are now
easily obtained from the Euler-Lagrange equations. The
Lagrangian only depends on the derivative of the funda-
mental variables u and w, and thus we find

aL KpOo
0= (%W ©0=G,470,00,0%, —9,wl,), (14)

oL
OfﬁjWQO

= (Geg™ = 0, n™ Gy 7°) 0, (0,00, — D, W), (15)
where we use the antisymmetry of w,,, in its indices to derive
the second equation or, in other words, allowed only anti-
symmetric variations of w; note that due to our restriction (6)
to flat spin connections this is essentially the linearized version
of the restricted variation method introduced in [47]. Raising
the index 7 the equations can be written as

0= g1/}/1x/m 8,1 ap (u/:‘a — Wﬂu) , ( 16)

0 = GEIPKIe 9,0, (ugy — wgo ). (17)
It is clear that these two sets of equations are not independent
of each other, but the latter is the antisymmetric part of the
former, a feature that has been discussed in the context of the
covariant formulation of teleparallel theories of gravity
[37,44]. Moreover it is clear that u and w are not independent
variables of the theory.

To proceed we introduce the new gauge invariant
[compare (11)] variable xg, = uz; — Wg,, which must
satisfy the field equations,

0= gr/wqm a)k apxﬁa' (18)
For further simplification we decompose x4, into its
symmetric and antisymmetric part Xz, = 4, + a,, Which
allows us to analyze the field equations further. Using this
decomposition and the explicit form of G, see (9), they take
the form

0=E™ = 0,[(2¢c| = ¢)0a™ = (2¢| — ¢;)a™

+(2¢3 + ¢3)07a] + 0,[(2¢) + ¢3)0Ps™
= (2¢1 + )™ + c3 (™ (07 sP 5 — Dps??)

— (0P 5 = Dps))]. (19)

These equations can further be decomposed into a sym-
metric and into an antisymmetric part, which are indepen-
dent and given by
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0=0,[-(2¢c; + 2 + ¢3)0Ta"] + 9,[(2¢; + ¢)0’s™
—(2¢; + ¢y + ¢3)0T s

+ o3 (0°5P 5 — 0,57%) =PI Py, (20)
0=10,[(2¢; — ¢2)0a™ + (2¢; — 3¢, — ¢3)0Fa¥]
+8,[2¢1 + ¢ + ¢3)d ). (21)

Observe that for (2¢; + ¢y +¢3) =0 the symmetric
and the antisymmetric field equations decouple. If one
further demands that (21) vanishes identically, in addi-
tion (2¢; —¢,) =0 and (2¢; — 3¢, — ¢3) = 0 have to be
satisfied, which implies ¢; = — % czand ¢, = — % c3. Hence
for all theories, whose Lagrangian is a multiple of the
TEGR Lagrangian, the antisymmetric part of the field
equations is satisfied trivially and only for those. We like to
point out that linearized field equations in the case of TEGR
have been studied in [39] and the fully general case, albeit
in a different representation, in [48,49].

In the following we will deduce the propagation velocity
and the polarization modes of the perturbations from these
field equations.

III. PRINCIPAL POLYNOMIAL AND SPEED
OF PROPAGATION

The propagation of waves satisfying a partial differential
equation is determined by the principal symbol and
principal polynomial of the field equations [50,51]. The
vanishing of the principal polynomial defines the wave
covectors k of the propagating degrees of freedom of the
theory and thus their propagation velocity.

The principal symbol is the highest derivative term of the
field equations where the partial derivatives are replaced by
wave covectors O — ik. Here this corresponds to consider-
ing the field equations in Fourier space. From (18) we find

0 =GPk, Rps = P (k)35 (22)
where %, is the Fourier transform of our original field
variable xj, and

P (R) = S k. Ky = KK7)

2
—_ LX (k/ikxnm _ k/ikrrlmr + krrkrnﬂx

3
=1l ) = 5 (kK = ke

+ ko™ = n(k, k)n™n). (23)

The principal polynomial P(k) is given by the determinant
of the principal symbol, which is interpreted as a metric on
the space of fields y™ = P7*(k)%j,.

From the antisymmetry of the field equations in the
indices Ak and po it is immediately clear that the principal
symbol is degenerate as fields of the form %, = k,V (k)

solve the field equations trivially. This is a clear sign of the
presence of gauge degrees of freedom in the theory. In order
to derive the principal symbol we must restrict the field
equations to the subspace of fields, on which they are
nondegenerate. This feature is common in field theories
with gauge degrees of freedom and appears also in general
premetric theories of electrodynamics [52] for example.
The field equations can be seen as a map from the space
of 4 x 4 matrices Xy, to its duals. To identify the subspace V
of all 4 x4 matrices on which the field equations are
nondegenerate we employ the following decomposition:
Xpo = kpkoU + Vky + kW, + Qo (24)
where the scalar U, the 1-form components V, and W, and
the (0, 2)-tensor Oy, satisfy the constraints
kVE=0, kW*=0, k,0%=0, k,05%=0. (25)
The 4 degrees of freedom U and V* cannot be dynamical as
they trivially solve the field equations. Remaining are
12 degrees of freedom, 4 — 1 =3 encoded in W, and
16 —7 = 9 in Q,4, which span the subspace V. Expanding
Q™ further into its symmetric traceless and antisymmetric
part as well as its trace by writing Q™ = S™ + A™+
Ly ke kS

L™ = LES) 0%, and using (9), the Fourier space field
equations become

3 )

0= E™ = (2¢, + 3 + c3)n(k, k) k* W
+(2¢1 + co)n(k, k)S™ + (2¢; — co)n(k, k)A™

KT k*
n(k.k
(

1
+ §QJU’7<k’ k)(2¢; + ¢y +3c3) <'1'" -

)

26)

where we use, for the sake of readability, the notation
n(k, k) = n**k,k,. To analyze them further we observe that
they decompose into their contractions with &, their trace,
their symmetric traceless and antisymmetric part,

0= E*kk., 0= E™k, (27a)
0= E™k, = (2¢; + ¢ + c3)n(k, k)2W~, (27b)
0= E*. = (2c) + 3 + 3c3)n(k, k) Q7. (27¢)
0= £ KeEk, (2 Yk, k)A™ (27d)
= - = (e -¢ , ,
(k. k) 1 2)1
. . 1 Kk .
0= E(r»c) _ k(zE\U\K)k _ - K _ E°
( 3 n f](k, k) o
= (2¢1 + c)n(k. k)S™. (27¢)
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The first two equations are satisfied trivially for any choice of parameters c;, ¢, and c3. The remaining four nontrivial
field equations can be represented by a block diagonal matrix acting on a field space vector which is an element of V:

(2¢) + ¢5 + ¢3)n(k. k) 0 0 0 wx 0
0 (2¢) 4¢3 +3c¢3) 0 0 o, 0
n(k. k) e | = (28)
0 0 (2¢1 —¢3) 0 A 0
0 0 0 (2¢; + ¢3) S 0
Due to their simple nature the principal polynomial is now easily obtained as determinant of the above matrix,
P(k) = (2¢; 4¢3+ ¢3)3(2¢; + ¢3 +3¢3)(2¢; — 2)*(2¢) + ¢2)> ((k, k). (29)
T
A necessary nontrivial solution to satisfy the field equations - 1 _
is that in which their wave covectors k are such that =0y +0s. =3 (@ = 05).
P(k) = 0. From the above equation (29) it is evident that 1 ) - 1 .
only null covectors of the Minkowski metric 5(k, k) =0 m=—=(01 + i), m=—=(0; —i0).  (30)

realize this condition. Hence we find that for NGR theories
of gravity, perturbations propagate with the speed of light
determined by Maxwell electrodynamics on Minkowski
spacetime.

We would like to remark that this feature can also already
be seen from the decomposed Fourier space field equa-
tions (27b) to (27e). For all field equations there can only
exist a nontrivial solution of the field W*, Q7,, S or A™ if
and only if #(k, k) vanishes, so all field modes in the
theory are massless. For the W* mode we find a double pole
in its propagator, which is consistent with [49,53]. For
n(k, k) # 0 the only solution of the field equations is that
the fields themselves vanish identically.

IV. NEWMAN-PENROSE FORMALISM
AND POLARIZATIONS

‘We now focus on the polarization of gravitational waves.
As we have seen in the previous section, gravitational waves
in new general relativity are described by Minkowski null
waves, independently of the choice of the parameters ¢, ¢,
and c3. This allows us to make use of the well-known
Newman-Penrose formalism [40] in order to decompose the
linearized field equations into components, which directly
correspond to particular polarizations. We then employ the
classification scheme detailed in [41,42], which character-
izes the allowed polarizations of gravitational waves in a
given gravity theory by a representation of the little group,
which is the two-dimensional Euclidean group E(2) in case
of null waves. In this section we determine the E(2) class of
new general relativity for all possible values of the param-
eters ¢y, ¢,, and c3.

The main ingredient of the Newman-Penrose formalism
is the choice of a particular complex double null basis of the
tangent space. In the following, we will use the notation of
[54] and denote the basis vectors by /#, n*, m#*, and m*. In
terms of the canonical basis vectors of the Cartesian
coordinate system they are defined as

V2 V2

‘We now consider a plane wave propagating in the positive
x* direction, which corresponds to a single Fourier mode.
The wave covector then takes the form k, = —wl,,, and the
symmetric and antisymmetric parts of the tetrad perturba-
tions can be written in the form

Sy = Swe™™, Q= Ay, (31)

0 _ 3, and the

where we introduced the retarded time u = x
wave amplitudes are denoted S, and A,,.
Recall that we consider minimal coupling between
gravity and matter, i.e., coupling only through the metric
seen as function of the tetrad but not through the flat spin
connection. This is the usual coupling prescription for non-
spinning matter, which we will henceforth assume. It
follows from this choice of the matter coupling that test
particles follow the geodesics of the metric and hence the
autoparallel curves of its Levi-Civita connection. The effect
of a gravitational wave on an ensemble of test particles, or
any other type of gravitational wave detector, such as the
mirrors of an interferometer, is therefore described by the
corresponding geodesic deviation equation. The observed
gravitational wave signal hence depends only on the
Riemann tensor derived from the Levi-Civita connection.
As shown in [42], the Riemann tensor of a plane wave is
determined completely by the six so-called electric com-
ponents. For the wave (31), these can be written as

¥, = —éant = %hlle

Vs = _%Rnlnﬁt = —%m = iﬁzm = %ﬁ

¥y = —Rupnm = —Rumnm = %hm m = %m

Doy = —Rynin = %}imm! (32)
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where dots denote derivatives with respect to u and the
metric perturbation components /,, are derived from the
perturbation ansatz (10) as

G = M+ My = My + €0 + 0,1 ) = 1y + 265,

(33)

Note that they depend only on the symmetric perturbation
of the tetrad, so that these are the only components whose
presence or absence we must determine. We now examine
which of the components (32) may occur for gravitational
waves satisfying the linearized field equations (19).

Inserting the wave ansatz (31) and writing the gravita-
tional Euler-Lagrange tensor E,, in the Newman-Penrose
basis, we find that the eight component equations,

Ey=Ey=Eu=Ey=Euy=Enn=Emn=Em=0,
(34)

are satisfied identically, while the remaining eight compo-
nent equations take the form

0=E,,=2ci+ca+c3)$p+2¢38m+ 2c) +cy+c3)dy.

(35a)
0=E,, = (2¢; + 2)8 + (2¢1 — ¢2)dm, (35b)
0= Ej, = (2¢; + )8 + (2¢1 = ¢2)dm, (35¢)
0=E,, = ¢35, + (2c2 + ¢3)dp, (35d)
0=E,; = =¢85 + (202 + €3) . (35¢)
0=En = Ejn = —c35, (35f)
0=E, = (2¢; + )8 (35g)

‘We now distinguish the following cases, which are also
visualized in the diagram in Fig. 1, which we explain later
in this section:

(i) 2¢| + ¢y = ¢3 = 0: In this case Egs. (35f) and (35g)

are satisfied identically for arbitrary amplitudes ;.
For waves of this type the corresponding component
R, = —6%, of the Riemann tensor, which de-
scribes a longitudinally polarized wave mode, is
allowed to be nonzero. Following the classification
detailed in [42], they belong to the E(2) class II with
six polarizations. This case corresponds to the two
blue points in Fig. 1, which is actually a line in the
three-dimensional parameter space and hence a
single point in the projected parameter space shown
in the diagram, which happens to lie on the cut
c3 =0 and hence appears twice on the circular
perimeter.

I
2

FIG. 1. Visualization of the parameter space using polar
coordinates. The radial axis shows the zenith angle 6, whereas
the (circular) polar axis shows the azimuth angle ¢, following the
definition (38). Blue points: 2¢| + ¢, = ¢3 = 0, class I, 6 pola-
rizations. Green line: 2¢; + ¢; + ¢3 # 0.2¢(c; + ¢3) + 3 =0,
class IIl5, 5 polarizations. White area: 2¢(c; + ¢3) + ¢3 # 0,
2¢y + ¢y + 3 #0, class N3, 3 polarizations. Red line: 2¢; +
¢y + ¢35 =0,c3 #0, class N,, 2 polarizations.

(i) 2ci(ca+¢3)+c3=0 and 2¢c;+cy+c3 #0: It
follows from the second condition that at least
one of 2¢; + ¢, or c; must be nonzero. Hence,
either Eq. (35f) or Eq. (35g) imposes the condition
S;; =0, so that there is no longitudinal mode ¥,.
The first condition is equivalent to a vanishing deter-
minant of the matrix,

(

so that Egs. (35b), (35¢), (35d) and (35¢e) allow for
nonvanishing solutions. This further implies that the
two columns of this matrix are linearly dependent
and hence proportional to each other. However, from
the second condition further follows that neither
column vanishes. Hence, at least one of the pairs
(35b), (35¢) and (35d), (35e) of equations must be
nontrivial, with the coefficients of both the sym-
metric and the antisymmetric tetrad perturbation
nonvanishing. Hence, nonvanishing solutions of
these equations have both symmetric and antisym-
metric contributions and, therefore, in particular
nonvanishing S;, and S;;; however, recall that the

2ci+cy 2c1—c

36
2¢y + 5 (36)

—c3
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antisymmetric part does not contribute to the geo-
desic deviation equation, and so we do not discuss it
here. It then follows that R,,; = —2%;, whose
complex components describe two vector polariza-
tions, is allowed to be nonzero. Waves of this type
belong to the E(2) class IIIs encompassing five
polarizations. This case is represented by the green
line in Fig. 1.

2¢i(ca+c3)+c3#0 and 2¢; + ¢, +c3 #0: In
this case the only linearized field equation which
allows for nonvanishing solutions is Eq. (35a). Here
the only relevant component for the geodesic
deviation is S,,;, so that we can neglect the other
terms. This component is allowed to be nonvanish-
ing and hence allows a nonvanishing component
Rypnin = —Pp, of the Riemann tensor. The corre-
sponding scalar wave mode is called the breathing
mode. The remaining equations impose the con-
dition ¥, = W3 =0, so that the longitudinal and
vector modes are prohibited. This wave has the E(2)
class N3 and thus three polarizations. Almost all
points of the parameter space, shown in white in
Fig. 1, belong to this class.

2¢y +cy +c3 =0 and c; # 0: It follows immedi-
ately from Eq. (35f) that S; =0, so that the
longitudinal mode W, is prohibited. Taking the
sum of the pairs (35b), (35¢) and (35d), (35e) of
equations and replacing ¢, by —2¢| — c3 one further
finds that S;,, = S;; = 0, and hence also the vector
modes W53 must vanish. Finally, Eq. (35a) imposes
the condition S,,; = 0, so that also the breathing
mode ®,, is prohibited. It thus follows that the only
unrestricted electric components of the Riemann
tensor are R, = —P, and its complex conjugate,
corresponding to two tensor modes. The E(2) class
of this wave is N,, with two polarizations. This case
is shown as ared line in Fig. 1. Note in particular that
TEGR, marked as a red point, belongs to this class,
as one would expect. This subclass corresponds to
the so-called one-parameter family of teleparallel
models and has received particular attention in
previous studies [48]. It has been argued that this
condition is necessary to avoid ghosts [49,53].
However, we will not address the question of ghosts
in this article and leave this discussion for a
separate study.

We have visualized the aforementioned cases in Fig. 1,
which we constructed as follows. We first made use of our
assumption that at least one of the parameters ¢, ¢,, and ¢3
is nonvanishing and introduced normalized parameters,

(iii)

(iv)

- Ci

(37)

& = s,
2
\/C%+C%+C§

for i =1, 2, 3. One easily checks that the E(2) classes
we found only depend on these normalized parameters. We

then introduced polar coordinates (6, ¢») on the unit sphere
to express the parameters as
¢; =sinfcos¢p, T, =sinfsing, T3 =cosh. (38)
As the E(2) class is the same for antipodal points on the
parameter sphere, we restrict ourselves to the hemisphere
¢3 2 0, and hence 0 < 0 < 7; this is equivalent to identify-
ing antipodal points on the sphere and working with the
projective sphere instead, provided that we also identify
antipodal points on the equator ¢3 = 0. We then considered
(0, ¢) as polar coordinates on the plane in order to draw the
diagram shown in Fig. 1. Note that antipodal points on the
perimeter, such as the two blue points, are identified with
each other as they describe the same class of theories.
This concludes our discussion of gravitational wave
polarizations. We have seen that depending on the param-
eters ¢y, ¢, and c3 we obtain the E, class Ilg, IIl5, N3 or Ny,
with Nj filling most of the parameter space. We have also
seen that there exists a family of theories besides TEGR
which is of class N, and thus exhibits the same two tensor
modes as in general relativity. Theories in this class
therefore cannot be distinguished from general relativity
by observing the polarizations of gravitational waves alone.

V. CONCLUSION

‘We studied the propagation of gravitational waves in the
most general class of teleparallel gravity theories whose
action is quadratic in the torsion tensor, known as new
general relativity. The wave we considered is modeled as a
linear perturbation of a diagonal tetrad corresponding to a
Minkowski background metric. We derived the principal
polynomial of the linearized field equations and found that
gravitational waves propagate at the speed of light; i.e.,
their wave covector must be given by a null vector of the
Minkowski background. Further, we made use of the
Newman-Penrose formalism to derive the possible polar-
izations of gravitational waves. Our results show that the
two tensor polarizations, which are present also in general
relativity, are allowed for the whole class of theories we
considered, whereas additional modes—two vector modes
and up to two scalar modes—may be present for particular
models within this class. We found that the teleparallel
equivalent of general relativity is not the unique theory
exhibiting exactly two polarizations, but there is a one-
parameter family of theories with the same property. It thus
follows that observations of gravitational wave polariza-
tions may only give partial results on the parameter space of
these theories.

We remark that, although we restricted our analysis to
theories whose action is quadratic in the torsion tensor, our
results are valid for a significantly larger class of theories.
This is due to the fact that the torsion is linear in the tetrad
perturbations, so that the action is already quadratic in the
perturbations. Hence, any higher order correction terms
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would have no influence on the linearized field equations.
This observation agrees with previous results that there are
no additional gravitational polarizations in f(7) gravity
compared to general relativity [29] as up to the required
perturbation order the Lagrangian can be approximated as
F(T) = £(0) + £/(0)T + O(T?), which is equivalent to
general relativity with a cosmological constant. An exten-
sion to the class of theories discussed in [36] is shown
in [55].

Although higher order terms in the action do not
influence the linear perturbations around a Minkowski
background, they certainly have an influence on the
cosmological dynamics of the theory and therefore on
the expansion history of the Universe. This modified
expansion history might thus also leave an imprint on
the observed gravitational waves propagating in a cosmo-
logical background. An interesting extension of our work
would be to study gravitational waves as a perturbation to a
tetrad corresponding to a Friedmann-Lemaitre-Robertson-
Walker metric, taking into account modifications of the
background dynamics arising from higher order torsion
terms. Note that such modifications do not show up in the
quadratic action we considered in this article as all terms in
the gravitational action become proportional to the square
of the Hubble parameter in the case of cosmological
symmetry, and so the action reduces to the teleparallel
equivalent of general relativity, up to a constant factor.

Another possible class of extensions is to consider
additional fields nonminimally coupled to torsion and to
study their influence both on the speed and the polarization
of gravitational waves. A canonical example is given by
scalar torsion theories [56-59] constructed from the TEGR
torsion scalar and an additional scalar field, where one
would expect the presence of an additional scalar mode
compared to general relativity as it is also the case for scalar
curvature gravity. These theories can be extended by
replacing the TEGR torsion scalar with the NGR torsion
scalar which defined the Lagrangian considered in this
article.
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Symmetric teleparallel gravity (STG) offers an interesting third geometric interpretation of gravitation
besides its formulation in terms of a spacetime metric and Levi-Civita connection or its teleparallel
formulation. It describes gravity through a connection which is not metric compatible, however is torsion
and curvature free. We investigate the propagation velocity of the gravitational waves around Minkowski
spacetime and their potential polarizations in a general class of STG theories, the so-called “newer general
relativity” class. It is defined in terms of the most general Lagrangian that is quadratic in the nonmetricity
tensor, does not contain its derivatives and is determined by five free parameters. In our work we employ
the principal symbol method and the Newman-Penrose formalism, to find that all waves propagate with the
speed of light, i.e., on the Minkowski spacetime light cone, and to classify the theories according to the
number of polarizations of the waves depending on the choice of the parameters in the Lagrangian. In
particular it turns out that there exist more theories than just the reformulation of general relativity which
allow only for two polarization modes. We also present a visualization of the parameter space of the theory

to better understand the structure of the model.

DOI: 10.1103/PhysRevD.99.024009

I. INTRODUCTION

The observation of gravitational waves (GWs) has
opened the possibility of a new window on strong field
physics [1] that is not accessible by electromagnetic
observations alone. While GW observations have continued
to be confirmed, the first three-detector observation holds
important significance in that such measurements allow for
signal localization and, more to the purpose of this work,
constraints on the six potential polarization modes of metric
theories of gravity [2]. Moreover there has been the first
multimessenger observations [3] which constrain the differ-
ence of the propagation velocity between GW and electro-
magnetic waves in vacuum, which is different from zero
in various modified theories of gravity [4-10]. Thus GW
observations offer the possibility for strong constraints on
theories predicting extra modes and a propagation velocity
different from the speed of light, and so may be the route to
reducing the landscape of potential gravitational theories
consistent with observation [11].
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Viewed through the prism of the connection, metric
theories of gravity can be classified into three broad classes
of theories. The ones which use the Levi-Civita connection
of the metric and its curvature, the ones which use the
tetrads of a metric and their curvature free, metric-
compatible, Weitzenbock connection with torsion and
the ones which use a curvature and torsion free symmetric
teleparallel connection that is not metric compatible. This
classification nicely highlights the sometimes overlooked
point that curvature is a property of the connection and not
of the metric tensor or the manifold [12]. It becomes a
property of the metric only through the use of the Levi-
Civita connection. For the description of gravity it is
remarkable that general relativity (GR) and the Einstein
equations can be equivalently formulated in terms of either
of the connections just mentioned [13-15], i.e., all three
connections can be used to define Lagrangians whose
Euler-Lagrange equations coincide with the Einstein equa-
tions for a particular choice of contributing terms.

Historically most used for the construction of GR and
extended theories of gravity [16] is the Levi-Civita con-
nection, resulting mainly in f(R), f(R,G) and similar
theories. However, the use of torsion and nonmetricity
allow for another kind of generalization [17]. In particular,
the irreducible contributions of the Lagrangian of these two

© 2019 American Physical Society
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theories can be elevated to arbitrary coupling coefficients
with a limit to their GR equivalent for a particular
numerical choice. These two avenues of generalization
are important because they may provide constraints on
these novel and not extensively studied generalizations
which may lead to a better understanding of the unique
coincidence that GR appears to represent. Moreover, by
altering the connection a new landscape of gravitational
theories can be studied which differ from each other at a
fundamental level in the classical regime [18].

GWs offer the possibility of a model independent test of
the polarization modes a theory exhibits [19,20]. In
principle, this provides a strict test of which theories are
realistic in the strong field regime. Thus far, the topic has
not been studied as well for STG theories, as for torsion
based (or teleparallel) gravity theories. In teleparallel
gravity [21,22], the propagation of GW modes has been
shown to have a varied nature depending on the particular
form the theory takes. This was first studied in Ref. [23]
where it was found that the straightforward generalizations
of the teleparallel equivalent of GR (TEGR), namely f(7')
theories, exhibit the same polarization structure as that of
GR and thus is indistinguishable at the level of GW modes.
The work then was further confirmed and expanded upon to
encompass scalar fields and a generalized form of f(R)
gravity [24], the speed of the GWs and the effect of the
three-detector observation was then studied in Ref. [25],
which then culminated in the explicit expression of the
modes in these extended teleparallel theories in Ref. [26].
In Refs. [27,28], the general scenario of decomposed
Lagrangians of both the torsional and nonmetricity sit-
uations is considered with clear groundwork for further
analysis in either theory. Another approach to the propa-
gator of generalized symmetric teleparallel gravity theories
including higher derivative orders and making use of the
Barnes-Rivers formalism can be found in Ref. [29].

In the present study, we investigate the GW polarization
modes of the massless contribution in the general form of
the STG setting. As in the teleparallel setting, since the
Lagrangian can be divided into irreducible contributors,
it is interesting to understand the GW mode structure that
this seemingly arbitrary landscape provides [14,17]. We
then represent the resulting parameter space of this theory
in a novel way, since the model has a lot of potential
avenues to it.

The paper is organized as follows. In Sec. II we briefly
introduce the key components of the model we are
considering and form the linearized field equations. This
is crucial to understanding the relevant contributions to the
GW modes. In Fourier space, the field equations are then
decomposed and the speed of GWs in STG is determine in
Sec. III to determine the polarization states the Newman-
Penrose formalism is considered in Sec. IV where these
states are depicted. Lastly, we close with a discussion in
Sec. V.

II. LINEARIZED GENERAL SYMMETRIC
TELEPARALLEL GRAVITY THEORIES

Before we derive the speed and polarization of gravita-
tional waves in symmetric teleparallel gravity, we need to
derive its linearized field equations. This is done in two
parts. In Sec. IIA we briefly review the underlying
spacetime geometry and its gauge aspects. We turn our
focus to the dynamics of the theory in Sec. II B, where
we review the action and field equations, which we then
linearize after gauge fixing.

A. Geometry with nonmetricity
We start with a brief review of the underlying geometry
involving nonmetricity, which we use in this article. The
fundamental fields defining the geometry are a Lorentzian
metric g,, and an affine connection I'*, ,. The connection is
chosen to have vanishing curvature,
Rt o = 3/71—‘“1/0 - a(rl_w vp +I me - F”a)(rrw!//l =0, ( 1 )

wp
and vanishing torsion
T, =", —=T*,, =0. (2)

It does, however, possess in general nonvanishing non-
metricity,

@)

Indices are raised and lowered using the metric g,,. Note
that due to the presence of nonmetricity this implies

Qa)w = vagmw

0" = 979" Qupo = —Vag". 4)
The nonmetricity is obviously symmetric in its second and
third index, Qg = Quy» Which allows the definition of

two different traces,

Qu=9"Cuur  Qu=9"Cua )
The most general connection which satisfies the assump-
tions (1) and (2) is generated by a coordinate transforma-

tion defined by functions &(x) in the form [14,30]

Ox#

o0&

o = 550,058 (6)

It further follows that it is always possible to find
coordinates such that
I, =0, ™)

not only at a single point, but in an open neighborhood.
This particular choice of coordinates is known as the
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coincident gauge [17], and will be used throughout this
work. Note that this uniquely determines the coordinate
system (x*) we use, up to linear transformations of the form
s E(x) = &) + (2 = x4)0, ey (8)
so that 0,4[),,5“ = 0. It follows that we have no further gauge
freedom left to impose conditions on the metric degrees
of freedom (d.o.f.), except at a single point, as it is
conventionally the case, e.g., in general relativity. In the
coincident gauge covariant derivatives are replaced by
partial derivatives, so that the nonmetricity reads
Qo = Oalyu )
We will make use of this formula in the following, when we
derive the linearized field equations.

B. Action and field equations
The starting point for the derivation of the linearized field
equations is the “newer general relativity” action for the
metric, the coordinate functions & and the matter fields
[14,17,31], which can be written in the form

SI9u- €7 2" = Syl €1 + Sun[Gpur 4"

I Ve
Sy___/MTQd X. (10)

We assume that the matter part S, of the action does not
depend on the affine connection I'%,,[£], but only on the
metric g,, and a set of matter fields y’. The gravitational
part S, of the action is expressed in terms of the non-
metricity scalar Q, seen as a function of the metric and the
connection generating vector field, and is most conven-
iently defined via the nonmetricity conjugate

Pl = 1% + 204", + €00, + 8,00

C ~
+5 (09 + 5,Q0)- (1

as

Q=0,/P%,. (12)
This is the most general Lagrangian which is quadratic in
the nonmetricity, unless one introduces also derivatives
[29]. Choosing the parameters ¢; = —%, ) = %,63 = %,
cy =0, and ¢5 = —% one obtains the nonmetricity formu-
lation of general relativity [14,32], which is usually called
symmetric teleparallel equivalent of general relativity
(STEGR). By variation of the total action with respect to
the metric, one obtains the field equations

2
= VeI + P07

ﬁ

=

~uvs

1
~20,,7P,, ~ 30y, (13)
where the energy-momentum tensor ¥, is derived from
the matter action S,,. To obtain the second set of field
equations, we vary the total action with respect to the
components of the connection generating coordinate func-
tions &“. Note that this is equivalent to performing a
restricted variation of the flat, symmetric connection
I“,, which must be of the form I, =V,V,56% in
order to keep the vanishing torsion and curvature,
6T%,, =0 and 6R%,, = 0. After twice performing inte-
gration by parts, carefully taking into account the terms
arising from V,,, /=g due to the nonmetricity, this yields the
field equations
V.. (V=gP",) = 0. (14)

Note that their right hand side vanishes, since we have
assumed no direct coupling of the matter to the flat,
symmetric connection, and so the hypermomentum van-
ishes. We remark that this second set of field equations can
alternatively be obtained from the diffeomorphism invari-
ance of the gravitational action, giving an equivalent of the
Bianchi identities, and the matter action, giving the matter
energy-momentum conservation. This shows that the field
equations (13) and (14) are not independent, and reflects
the presence of the gauge symmetry under diffeomor-
phisms. Hence, we may restrict ourselves to solving the
metric field equations (13).

In order to linearize the metric field equations, we now
adopt the coincident gauge I'*,, = 0 and consider a small
perturbation around a Minkowski background metric,

Guv = M + h;w' (15)
The nonmetricity tensor thus takes the form
Qa;u/ = aah;w' (16)

Further, we restrict ourselves to the vacuum field equations,
so that ¥, =0. Up to the linear order in the metric
perturbations £, the metric field equations (13) then

reduce to

s

0 =2¢,0hy, + (¢ + 1)1 (0,0, hp + 0,0, h,)
+ 2C3'7;Ab’71mDh1w + CS"]wﬂmynaﬂaaawho‘y

+ ¢5770,0, g (17)

Note that up to higher order terms, indices are now raised
and lowered by the Minkowski metric 7,,. This in
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particular applies to the d’ Alembert operator [J = #**0,0,,.
In the following, we will use the linearized equations (17)
in order to derive properties of gravitational wave
propagation.

III. PRINCIPAL POLYNOMIAL AND SPEED
OF PROPAGATION

To determine the propagation speed of gravitational
waves in nonmetricity theories of gravity we study the
field equations in Fourier space. A necessary condition
solutions of the field equations have to satisfy is,
that the so called principal polynomial of the equations,
as function of the wave covectors, has to vanish
[33,34].

The field equations in Fourier space are

0= E;u/ = ey (k, K)5h80 + (cg + ca) kA (kS + Ky S0)
+ 203,17 (kK + 5(n, KK + 1Pk k).
(18)

0=E,, =2c57' (k. k)S,, + (2c; + 3 + ca)y™" (k. )2k, V)

The principal polynomial of the equation is the determinant
of the highest power in k term. To calculate this determinant
we decompose the equations with help of a decomposition
with respect to a gauge vector field x* which is dual to k,,
i.e., satisfies x*k, = 1.

fy = Sy + 2KV, + _kiky N
Ap = Pip “4Yp) 3 Map ﬂfl(k.k)
1
+ (k/lk/f - Z'M;’I_](k, k)) U, (19)

where the divergence free symmetric traceless part S, and
the divergence free vector V, satisfy

WS, =0,  KS,=0,  kV,=0. (20)

The remaining scalars are the trace T = h,,n* and the
4 hukk

30Tk
decomposition into the field equations yields

weighted double divergence U = Inserting this

2 2
+ (5 (1 + 3¢3)r" (k. k), + (Cs - §Cl>kyku)T

3 2 1
+ (Z (05 - 3&)'771 (k. k)1, + 3 (4ey +3cy + 3e)n (k. k)kﬂkb> U (21)
To further analyse them we consider their contractions with &, their trace and their symmetric traceless part
B e — -1 2 3 3 -1 3
0= E, Kk = (2c5 + cs)n (k. k)*T + 765 +§(Cl +eatcq) |t (kK)U, (22)
N 3
0=FEr) = (2¢; +8c3 + cs)n " (k. k)T + <3C5 + E(Cz + 04)>71’1(k, k)?U, (23)
0=E, k- LEmkﬂkﬂ = (2¢; + ey + e (k, K)2V,, (24)
iz (k) v
| Kk, \., 1 Kk, \ E,koke
0=E,—= - E NV fo 4~ —4—r ) T = 2c 7 (K, K)S,,. 25
v 3 <'7;w 7]_1<ka k)> o + 3 (”w 11_1(](, k) I]_I(k, k) cin ( ’ ) v ( )
To obtain the principal polynomial we can represent the decomposed equations as nearly diagonal matrix
(estesh (k) (Ges+3(er+eaten) ) (k kP 0 o\ 7 0
o (kK) (2¢) +8c3+cs) (305 +3(cs +c4))n’l(k,k) 0 0 ‘l/] _ g . (26)
0 0 (2¢14cr+ )yt (kk) 0 ‘
S 0
0 0 0 2¢
and calculate its determinant
P(k) = (3%x2%)c}(2¢; + 2+ ¢4)*(Bct —4ct — 12¢5(cy + ¢4) —4ci(cr + cu + 5+ 4e3))r ' (kk)S. (27)
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The necessary and nontrivial condition, solutions of the
field equations have to satisfy, is, that their wave covectors
k are such that P(k) = 0. From the above Eq. (27) we find
that this implies 57! (k, k) = 0 must be satisfied, i.e., all
propagating modes propagate on the null cone of the
Minkowski metric, or in other words, with the vacuum
speed of light. We like to remark that this does not mean
that necessarily all the modes must be propagating d.o.f.
The conclusion here is only that if they are, then they are
propagating with the speed of light.

In case one considers nonmetricity gravity theories with
parameters ¢; to cs, such that one ore more field equa-
tions (22)—(25) are solved trivially, for example ¢; = 0 for
Eq. (25) or 2¢| + ¢, + ¢4 = 0 for (24), the corresponding
modes, for example the tensor or vector mode, can not be
propagating d.o.f. of the theory. Their value must be
defined by constraints which must be satisfied on initial
data hypersurfaces. Such features become most visible in a
full fledged Hamiltonian analysis of the theory in consid-
eration, which shall be performed in the future.

To illustrate the statement just made we display the field

equations for the values of the coefficients in the non-
1 1

metricity equivalent of general relativity ¢, = -3, ¢, = 3,
c3=4%.¢cq=0and c5s =}
0=0, (28)
0= B, =y (k,K)T = 27 (k, k)
=By = (KT = (R RPUL(29)
0=E, k' ———E,kk’ =0, 30
Hv l’[_]<k, k) po ( )
. 1 k,k, N
0= (e -5tcp)
1 ki, \ E,kk
- _gq twtv ) Epo
+3 (= 455) i p
1
= S IS, (1)

The vector modes V, can not be dynamical d.o.f. since their
field equation is satisfied identically. The two scalar modes
are coupled and the tensor modes decouple. For general
relativity it is know that a thorough Hamilton analysis
yields that only two propagating degrees of remain and all
other are fixed by constraints.

As final remark of this section we would like to remark
here that, as in the analysis of linearized teleparallel
theories of gravity [27], higher order poles appear in the
propagators of the scalar and vector modes due do
the higher then linear appearance of 5~'(k,k) in the
Eqs. (22)—(24), which survive even in the non-metricity
equivalent of general relativity for one of the scalar modes
(29). On general grounds it is argued that the appearance of

such terms signals the existence of ghost in the theory [35].
However the existence of such terms in the GR equivalent
case shows that a more thorough analysis is required to
identify if the ghost mode is coupling to the propagating
field modes or not. The above mentioned complete
Hamilton analysis of the theory considered here will also
answer this question in the future.

IV. NEWMAN-PENROSE FORMALISM
AND POLARIZATIONS

‘We now focus on the polarization of gravitational waves.
As we have seen in the previous section, gravitational
waves in quadratic symmetric teleparallel gravity are
described by Minkowski null waves, independently of
the choice of the parameters cy, ..., ¢s. This allows us to
make use of the well-known Newman-Penrose formalism
[36] in order to decompose the linearized field equations
into components, which directly correspond to particular
polarizations. We then employ the classification scheme
detailed in [19,20], which characterizes the allowed polar-
izations of gravitational waves in a given gravity theory by
a representation of the little group, which is the two-
dimensional Euclidean group E(2) in case of null waves.
In this section we determine the E(2) class of quadratic
symmetric teleparallel gravity for all possible values of the
parameters ¢, ..

The main ingredient of the Newman-Penrose formalism
is the choice of a particular complex double null basis of the
tangent space. In the following, we will use the notation of
[37] and denote the basis vectors by I, n*, m#, im*. In terms
of the canonical basis vectors of the Cartesian coordinate
system they are defined as

., Cs.

[ =8y + 0,

1

V2 V2

‘We now consider a plane wave propagating in the positive
x* direction, which corresponds to a single Fourier mode.

n=

(G0 = 95).
1

N —

m (01 +i0,), 7 (01 —idy).  (32)

The wave covector then takes the form k, = —wl, and the
metric perturbations can be written as
hyy, = Hme"”’“, (33)

where we introduced the retarded time u = x° — x* and the
wave amplitudes are denoted H,, .

It follows from our choice of the matter coupling that
test particles follow the geodesics of the metric, and hence
the autoparallel curves of the Levi-Civita connection. The
effect of a gravitational wave on an ensemble of test
particles, or any other type of gravitational wave detector,
therefore depends only on the Riemann tensor derived from
the Levi-Civita connection. As shown in [20], the Riemann
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s
2

tensor of a plane wave is determined completely by the six
so-called electric components. For the wave (33), these can
be written as

1 1.
v, — LR, =L,
2 6 ninl 12 i
1 1 l.. 1-—
Wy = = Ryn = == R =~ = ~ o
3 2 ninm 2 nlnm 4 Im 4 Im
1. 1+—
¥y = =Ry = —Rumnm = Ehr’nr’n = Ehmmv
1.
Dy = =Ry = ihmﬁt’ (34)

where dots denote derivatives with respect to u. We
now examine which of the components (34) may occur
for gravitational waves satisfying the linearized field
equations (17).

Inserting the wave ansatz (33) and writing the gravita-
tional field strength tensor E,, in the Newman-Penrose
basis, we find that the five component equations

g

0=E;=E,, =Ey=Eum=Esun, (35) FIG. 1. Visualization of the parameter space. Blue Points:

cy+cyg=c5=0, class Ilg, 6 polarizations; green line:

are satisfied identically, while the remaining five compo- ¢, + ¢, =0,¢5 #0, class Ills, 5 polarizations; white area:

nent equations take the form ¢y + ¢y #0,¢y + ¢4 + c5 # 0, class N3, 3 polarizations; red line:
¢y + ¢4+ c5=0,c5 #0, class Ny, 2 polarizations.

0= E,;, = 2¢shy; —2(ca + ¢y + ¢5)hy,. (362)
(1) ¢ + ¢4 = ¢5 = 0: In this case Eqgs. (36d) and (36e)

0= B = ~(c2+ ca) . (36b) are satisfied identically for arbitrary amplitudes H/;.
. For waves of this type the corresponding component

0=E,; =—(c2+ ca)him, (36¢) R, = —6%¥, of the Riemann tensor, which de-
scribes a longitudinally polarized wave mode, is

0=E,; = Cs}i”, (36d) allowed to be nonzero. Following the classification
detailed in [20], they belong to the E(2) class Il with

0=E, = —(cs + c2)lin. (36¢) six polarizations. This case corresponds to the two

blue points in Fig. 1, which is actually a line in the
three-dimensional parameter space, and hence a
single point in the projected parameter space shown
in the diagram, which happens to lie on the cut
¢s =0 and hence appears twice on the circular
perimeter.

(ii) ¢; + ¢4 = 0 and c¢5 # 0: It follows from the second
condition that Eq. (36d) prohibits a nonvanishing
amplitude H ;. Hence, there is no longitudinal mode

Note in particular that the parameters c¢; and c¢; do not
appear in these equations. This can be understood by taking
a closer look at the linearized field equations (17). Here the
constants ¢; and c3 appear in front of terms of the form
Oh,,, where [ = 5¥0,0, is the d’Alembert operator of
the flat background. These terms vanish identically for the
null wave (33), independently of the amplitudes H,,,

since t_he retarded time u is a light cone coordinate, and W,. Equations (36b) and (36¢) are satisfied identi-
so He'™* = 0. This can also be seen from the fact that the cally for arbitrary amplitudes H,,, and H ;. It then
corresponding wave covector k, = —wl, is null, ie., follows that R,,; = —2%¥5, whose complex com-
7' (k, k) = 0, which is a necessary condition for solving ponents describe two vector polarizations, is allowed
the Eqgs. (17) as shown in the preceding Sec. III. Hence, it is to be nonzero. Waves of this type belong to the E(2)
a direct consequence of the form of the propagator that the class Ills, and there are five polarizations. This case
allowed polarizations depend only on the remaining is represented by the green line in Fig. 1.

parameters c¢;, ¢, ¢s. We now distinguish the following (iii) ¢ + ¢4 #0 and ¢, + ¢4 + ¢5 #0: In this case it
cases, which are also visualized in the diagram in Fig. 1 follows from Egs. (36b), (36¢), and (36e) that H,,,
which we explain later in this section: H,, and H,; must vanish. Hence, the longitudinal
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mode ¥, and vector modes W5 are prohibited. The
remaining linearized field equation which allows for
nonvanishing solutions is Eq. (36a). In particular, it
allows for a non-vanishing amplitude H,;, and
hence a nonvanishing component R,,,; = =P
of the Riemann tensor. The corresponding scalar
wave mode is called the breathing mode. This wave
has the E(2) class N3, exhibiting three polarizations.
Almost all points of the parameter space, shown in
white in Fig. 1, belong to this class.

cy+c4+c5 =0 and c5 # 0: The linearized field
equations (36) in the Newman-Penrose basis now
yield the conditions H;; = H,,, = H};, = H ,,; = 0.
It thus follows that the longitudinal mode ¥, the
vector modes W5 and also the breathing mode ®,,
must vanish. The only unrestricted electric compo-
nents of the Riemann tensor are therefore R,,,,,,,, =
—¥, and its complex conjugate, corresponding to
two tensor modes. The E(2) class of this wave is N,
so that there are two polarizations. This case is
shown as a red line in Fig. 1. Note in particular that
STEGR, marked as a red point, belongs to this class,
as one would expect.

We have visualized the aforementioned cases in Fig. 1,
which we constructed as follows. We first made the
assumption that at least one of the parameters c,, c4, C5
is nonvanishing and introduced normalized parameters

(iv)

Ci

\3+ g+

for i =2, 4, 5. One easily checks that the E(2) classes we
found only depend on these normalized parameters, except
for the case ¢, = ¢4 = ¢5 = 0 belonging to class II;. We
then introduced polar coordinates (6, ¢) on the unit sphere
to express the parameters as

¢ =

(37)

¢,=sinfcos¢, &4=sinfsing, &s=cosh.  (38)
Since the E(2) class is the same for antipodal points on the
parameter sphere, we restrict ourselves to the hemisphere
C5 > 0, and hence 0 < @ < 7; this is equivalent to identify-
ing antipodal points on the sphere and working with the
projective sphere instead, provided that we also identify
antipodal points on the equator ¢5 = 0. We then considered
(0, ¢) as polar coordinates on the plane in order to draw the
diagram shown in Fig. 1. Note that antipodal points on the
perimeter, such as the two blue points, are identified with
each other, since they describe the same class of theories; in
fact, these blue points correspond to a straight line passing
through and including the origin ¢, = ¢4 = ¢5 = 0.

This concludes our discussion of gravitational wave
polarizations. We have seen that the parameters c;, c3
have no influence on the allowed polarizations, while
depending on the parameters c,, ¢4, cs we obtain the E,

class Ilg, II5, N3 or N,, with Nj filling most of the
parameter space. We have also seen that there exists a four
parameter family of theories besides STEGR which is of
class N, and thus exhibits the same two tensor modes as in
general relativity. Theories in this class therefore cannot
be distinguished from general relativity by observing the
polarizations of gravitational waves alone.

V. CONCLUSION

We studied the propagation of gravitational waves in the
most general class of symmetric teleparallel gravity theo-
ries whose action is quadratic in the nonmetricity tensor.
The wave we considered is modeled as a linear perturbation
of a Minkowski background metric in the coincident gauge,
in which the coefficients of the flat, symmetric connection
vanish. We derived the principal polynomial of the linear-
ized field equations and found that gravitational waves
propagate at the speed of light, i.e., their wave covector
must be given by a null covector of the Minkowski
spacetime background. Further, we made use of the
Newman-Penrose formalism to derive the possible polar-
izations of gravitational waves. Our results show that the
two tensor polarizations, which are present also in general
relativity, are allowed for the whole class of theories we
considered, while additional modes—two vector modes
and up to two scalar modes—may be present for particular
models within this class. We found that the symmetric
teleparallel equivalent of general relativity is not the unique
theory exhibiting exactly two polarizations, but there is a
four parameter family of theories with the same property.
It thus follows that observations of gravitational wave
polarizations may only give partial results on the parameter
space of these theories.

We remark that although we restricted our analysis to
theories whose action is quadratic in the nonmetricity
tensor, our results are valid for a significantly larger class
of theories. This is due to the fact that the nonmetricity is
linear in the metric perturbations, so that the action is
already quadratic in the perturbations. Hence, any higher
order correction terms would have no influence on the
linearized field equations. This is shown, e.g., in [27] for
the polarizations of gravitational waves in a more general
class of theories, whose Lagrangian is defined by a free
function of the five scalar terms quadratic in nonmetricity
considered in this article.

Another possible class of extensions is to consider
additional fields nonminimally coupled to nonmetricity
and to study their influence both on the speed and the
polarization of gravitational waves. A canonical example is
given by scalar-nonmetricity theories [18,30] constructed
from the STEGR nonmetricity scalar and an additional
scalar field, where one would expect the presence of an
additional scalar mode compared to general relativity
as it is also the case for scalar-curvature gravity. These
theories can be extended further by replacing the STEGR
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nonmetricity scalar with the general quadratic nonmetricity
scalar which defined the Lagrangian considered in this
article.

Finally, another interesting extension of our work would
be to study gravitational waves as a perturbation to a
Friedmann-Lemaitre-Robertson-Walker metric. One may
expect that in this case also nonmetricity terms of higher
then quadratic order in the Lagrangian would affect the
result, as they would lead to modifications of the back-
ground dynamics. This modified expansion history might
thus also leave an imprint on the observed gravitational
waves propagating in a cosmological background.

In conclusion, the formulation of theories of gravity in
the symmetric teleparallel/nonmetricity language allows
for promising extensions of GR which are consistent with
the basic gravitational wave observations. An analysis of
further observables in this particular class of theories, like

the calculation of PPN parameters, rotational curves of
galaxies and the cosmological expansion of the universe,
will explore their viability further in the future.
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We consider a generalized teleparallel theory of gravitation, where the action contains an arbitrary
function of the torsion scalar and a scalar field, f(T, ¢), thus encompassing the cases of f(T) gravity and a
nonminimally coupled scalar field as subclasses. The action is manifestly Lorentz invariant when besides
the tetrad one allows for a flat but nontrivial spin connection. We derive the field equations and demonstrate
how the antisymmetric part of the tetrad equations is automatically satisfied when the spin connection
equation holds. The spin connection equation is a vital part of the covariant formulation, since it determines
the spin connection associated with a given tetrad. We discuss how the spin connection equation can be
solved in general and provide the cosmological and spherically symmetric examples. Finally, we generalize

the theory to an arbitrary number of scalar fields.

DOI: 10.1103/PhysRevD.97.104011

I. INTRODUCTION

General relativity, which encodes the effects of gravity
in the curvature, has been remarkably successful in describ-
ing a wide range of phenomena. However, to give a
satisfactory account of cosmology would necessitate an
ad hoc inclusion of major extra matter ingredients respon-
sible for triggering the rapid expansion of the early Universe
(inflation), for the observed structure formation and galactic
rotations (dark matter), as well as for the accelerated
expansion of the present Universe (dark energy). These
problems keep motivating the study of extensions of general
relativity, whereby many different theories and approaches
have been proposed and considered [1-3]. Perhaps the most
popular and promising of those are generalizing the gravi-
tational action to be some function of the curvature scalar,
f(R), and the inclusion of a nonminimally coupled scalar
field (scalar-tensor gravity). Such models arise naturally
when quantum effects are taken into account [4], but they
also happen to be favored in, e.g., describing the spectrum of
fluctuations from inflation [5-7] and naturally permit the
effective barotropic index w i < —1, as recent observations
seem to suggest [8,9].

From the geometric point of view, curvature is not a
property of spacetime per se but a property of the chosen
connection. General relativity adopts the Levi-Civita con-
nection, which implies vanishing torsion and nonmetricity
but allows nontrivial curvature. An alternative approach,
first probed by Einstein himself [10], would be to take the
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Weitzenbock connection, which sets curvature and non-
metricity to zero but allows nontrivial torsion. The ensuing
theory where R is replaced by the torsion scalar 7 in the
action is known as teleparallel equivalent of general
relativity [11-14], since its observational predictions
exactly match those of general relativity. Things get more
interesting, however, when one considers an extended
theory, e.g., generalizing the action to f(7) [15,16] or
introducing a nonminimally coupled scalar field [17]. It
turns out that the extended theories based on torsion differ
from their counterparts based on curvature. This realization
launched a flurry of studies regarding dark energy, infla-
tion, black holes, and other solutions and properties of the
extended teleparallel theories [18].

There was a catch, though. Teleparallel gravity is usually
formulated in the formalism of a tetrad and spin connection,
the latter being independent of the former. In the tele-
parallel equivalent of general relativity, the spin connection
does not affect the tetrad field equations and can be chosen
arbitrarily [12]. Interpolating this property to the extensions
like f(T) or scalar-torsion gravity leads to a problematic
result, for the action fails to be locally Lorentz invariant
[19,20], violating the basics of the tetrad formalism. It was
argued that therefore these theories implied preferred frame
effects and acausality and were inhabited by extra spurious
degrees of freedom (d.o.f.) [21-24]. The Lorentz invariance
issue is fixed in the covariant formulation of the theory
[25], which allows a nontrivial spin connection compatible
with vanishing curvature, i.e., flat spin connection (but the
question of the d.o.f. is still under investigation [26,27]).

After accepting a nonvanishing spin connection, there
arises the obvious question of how to determine it. An
answer to the latter came only recently in the context of

© 2018 American Physical Society
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f(T) gravity. Namely, variation of the action with respect to
the spin connection by carefully maintaining the flatness
property yields an equation which fixes the remaining six
components of the spin connection [28,29]. This equation
involves only the first derivatives of the spin connection, so
one may ask whether the spin connection is an independent
dynamical quantity in f(7) gravity. One cannot set the spin
connection arbitrarily to zero but for a given tetrad must
make sure the spin connection satisfies the respective
condition. As a pleasant byproduct, it turns out that when
the condition on the spin connection is satisfied, the
antisymmetric part of the tetrad field equations vanishes
automatically [28]. It is remarkable that this feature also
holds in much more general theories of torsion [30,31].
In the current paper, we consider a generalized form of
scalar-torsion gravity where the action involves an arbitrary
function of the torsion scalar and a scalar field, f(7,¢),
thus including both the f(7) and nonminimally coupled
scalar models as particular subcases. After recalling the
main geometric formulas and defining the action in Sec. II,
we derive the field equations by varying the action with
respect to the tetrad, the flat spin connection, and the scalar
field in Sec. III. The spin connection equation generalizes
the result found for f(T) gravity [28,29] and shares the
property that it automatically makes the antisymmetric part
of the tetrad equations be identically satisfied, as we
demonstrate explicitly. In this section, we also show how
the spin connection equation is instrumental in guarantee-
ing the conservation of matter energy momentum and how
the field configurations with constant 7' and ¢ reduce the
equations to those of general relativity. In Sec. IV, we
discuss different possibilities of how to solve the spin
connection equation and concisely present the examples of
simple diagonal tetrads with the associated spin connection
corresponding to cosmologies of spatially flat, spherical,
and hyperbolic homogeneous and isotropic spacetimes;
Kasner anisotropic spacetime; as well as a general static
spherically symmetric spacetime. Later in Sec. V we
develop a further generalization of the theory to multiple
scalar fields and give the respective field equations. The
article ends in Sec. VI with a summary and discussion.

II. SCALAR-TORSION MODEL

‘We start our discussion with a brief outline of the scalar-
torsion model we consider in this article. In Sec. I1 A, we
define the kinematic variables of the theory and briefly
review the definition of the terms we will use in the action.
The action itself is presented in Sec. II B. Finally, in Sec. I
C, we list a number of special cases of our model that have
been discussed in the literature.

A. Kinematic variables

We derive our model from the covariant formulation of
teleparallel gravity [25,28], in which the basic variables in

the gravity sector are a tetrad 7¢, and a spin connection
@"},,, and augment these by adding a scalar field ¢. (Here,
the greek indices correspond to the spacetime coordinates,
while the latin indices pertain to an orthonormal frame with
Lorentzian metric 7,,.) For a given spacetime metric,

G = Naph“ 1", (1)

the corresponding tetrad is not defined uniquely, but only
up to a local Lorentz transformation which transforms the
spin connection as well,

ne, = A“hY,, @'y = N A+ A DN

)

here, A,” is the inverse of the Lorentz transformation
matrix A%,. The transformation (2) just reflects the pos-
sibility of switching between different local observers.
Demanding that the spin connection vanishes is a particular
gauge choice and in general means picking a specific (class
of) observer(s) among the others. The bullet (¢) denotes
quantities related to the teleparallel spin connection, which
is chosen to be flat, i.e., having vanishing curvature,

na _ .q .q ey e cq e
Ry = 0,0, — 0,0, + @ 0y, — @0 ()@ . (3)

The spin connection defines a spacetime connection with
connection coefficients

ﬁ‘uu = haﬂbvhdﬂ = hap(abhdﬂ + d)ahbhb#)’ (4)

where l.),‘ is the gauge covariant Fock-Ivanenko derivative
and h,* denotes the inverse tetrad, which satisfies h“,, 1,/ =
op and h¢,h,” = &), The connection coefficients l."/)M,, are
defined such that the total covariant derivative of the tetrad
vanishes (metricity condition),

0=V, k%, = 8,h", + @"y,ht, ~ 17,0, (5)

Note that we adopt the convention that the last index on the
connection coefficients is the “derivative” index, while the
first pair of indices is the “endomorphism” indices. This
connection in general has nonvanishing torsion

Tﬂ;w = I.—WW - I.—‘p;un (6)

‘We further use an open circle () to denote quantities related
to the Levi-Civita connection @,4 of the metric (1), the
connection coefficients of which are given by

o, r .
I w = Eg/ (0;4gzru + abg;m - 869}41/)- (7)
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In contrast to the teleparallel connection, it has vani-
shing torsion but in general nonvanishing curvature. The
difference

W a1
K/};w = r/;w - r’w = E (Typb + Tuﬂp - Tﬂ;w) (8>

is called the contortion tensor. For convenience, we will
denote the partial derivatives using the comma notation,
eg, p=d,

B. Action

‘We now come to the action of our model, which we write
in the form

S§= Sg[hu;u d)abw ¢] + Sm[hd;u)(]v (9>

where S, denotes the gravitational part, while S, denotes
the matter part, and matter fields are collectively denoted by
. For the gravitational part, we choose the action

S, = % /M d*xh[f(T, ) + Z(9)g" b 4¢.).  (10)

which depends on two free functions f and Z, while 2% =
167Gy sets the Newtonian gravitational constant. Here,
h = det(h“,) denotes the determinant of the tetrad, while T
is the torsion scalar defined as

1
T=§T/’”vSp"”, (11)
with the superpotential
S = K, =BT, G (12)

Here, the reader should be alerted that we use a convention
where the definition of the torsion scalar (11) contains a
factor %, while the superpotential (12) does not carry such a
factor [28]. Other authors, often in the field of f(7') gravity
and cosmology, use a different convention by including the
factor 1 in the definition of the superpotential and leaving
the torsion scalar without (e.g., Ref. [16]). Finally, in the
literature on the teleparallel equivalent of general relativity,
there is yet another convention which puts the factor §
directly into the gravitational action, while keeping the
definitions of the torsion scalar and superpotential free of it
[12,25]. One should be careful, as these choices affect the
respective factors in the field equations as well.

The gravitational part S, of the action is complemented
by a matter part S,,, which is assumed to depend only on
the tetrad h“,, and a set of matter fields y, the precise content
of which is not relevant for the purpose of this article. The
only relevant quantity is the energy-momentum tensor ® *
defined from the variation of the matter action with respect
to the tetrad,

84Sy = — /M d*xh®,5he . (13)

We demand that S,, is invariant under local Lorentz
transformations (2), which then implies that the energy-
momentum tensor is symmetric [12],

0= ®[Mb] = h"[],gv]ﬂ&/’. (14)

Further, we demand that S,, is invariant under diffeo-
morphisms, which implies that ©,, is covariantly con-
served with respect to the Levi-Civita connection,

V,0" = 0. (15)
We will discuss this aspect further in Sec. IITE.

C. Special cases

Let us note that the action (10) encompasses
several previously studied scalar-torsion theories as sub-
classes, e.g.:

(i) teleparallel equivalent of general relativity with a

minimally coupled scalar field (quintessence),

f(T.¢)=T=2V(h).  Z(#)=x" (16)
(i) f(T) gravity [15,16],
F(T.¢) = f(T),

(iii) minimally coupled scalar field in f(7) gravity [32]

Z(p)=0;  (17)
f(T.9) = f(T)-22V(g),  Z(¢)=x" (18)
(iv) teleparallel dark energy [17]
F(T.p) = (1 + 276" T - 22V (),
Z(¢) =% (19)
(v) generalized teleparallel dark energy [33]
F(T.p) = (1 +2%Ef ()T - 22V (),
Z(¢) =« (20)
or [34]
F(T. ) = (1 +26f(#))F(T) - 262V (),
Z(¢) = k% (21)

(vi) Brans-Dicke-like action with constant kinetic term
coupling [23]

F(T.4) = (DT =2V(g). Z(h)=w. (22
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or with dynamical kinetic term coupling [35]

7) = ‘”f;’): (23)

F(T.¢) = ¢T =22V (¢h).

(vii) the scalar-torsion equivalent to F(T') gravity [23]

oy Fg).

1) =50 =9

Z(¢) = 0.
(24)

The actions (20)—(23) can be transformed into each other
by a suitable redefinition of the scalar field ¢ [35,36]. In the
last case (24), the scalar field is actually a nondynamical
auxiliary field [23]. For the theories based only on the
torsion scalar (11) and without introducing derivative
couplings between the scalar field and torsion [37] or a
nonstandard kinetic term for the scalar field [38], the action
(10) is in the most general form. As a remark, we note that,
in contrast to the scalar-curvature theories, the scalar-
torsion action (10) is not invariant under conformal
rescalings of the tetrad, for these introduce a coupling
between the scalar field and vector torsion [39], leading to a
much broader class of theories [40,41].

]

III. EQUATIONS OF THE THEORY

With the preliminaries in place, we will now go
on to vary the action (10) with respect to the tetrad in
Sec. IIT A, the flat spin connection in Sec. III B, and the
scalar field in Sec. IIIC and write down the ensuing
field equations. In Sec. III D, we show in detail that the
condition arising from the variation with respect to the
spin connection is equivalent to the antisymmetric part of
the tetrad field equations. In Sec. IIIE, we demonstrate
that combining the equations also leads to an expression
for the matter energy-momentum conservation, and the
spin connection equation is instrumental in guaranteeing
that. Finally, in Sec. III'F, we explicate how the sym-
metric part of the tetrad field equations reduces to general
relativity for configurations with a constant torsion scalar
and scalar field.

A. Tetrad field equation

We start with the derivation of the tetrad field equation,
which is obtained by variation of the action (9) with respect
to the tetrad 4. From the variation of the gravitational part
(10), we obtain

1 .
Sy =22 / WIS+ 2970 o) =25 Ty 1 = 229" $b 150", = 2f 1S,/ he? D5k  Jat*x

T2

1 2.
/ [(f + Zgﬂ0¢ﬂ¢ )h #— S/}(mTpo‘bh DfT 229“D¢,u¢<pha/) + ZDb(thSpmha/}) 5hayd4x

= ?/\/I h[(f + ngg¢,p¢,ﬁ)gub + 2S/’l’“ (Kpba - T/uw)fT - 22¢,u¢,» + zvp(fTSmp)]gyrhab(shardAX' (25)
From the second line, one can find the left-hand side of the tetrad field equations with one Lorentz index and one spacetime
index; however, we skip this step here and proceed with the third line, which is already written in lower spacetime indices

only. Using the definitions (12) of the superpotential and (8) of the contortion, as well as the energy-momentum tensor (13),

the resulting field equation can be written as

1 o 1
Efg;w + Vp(fT&m”) + EfT (T/I;MTHW + 2T/]p5T(;w)

1
~ 2+ 32908 b s = KO

Let us remark that, contrary to the f(R) theories, these
equations contain derivatives of the tetrad (or metric) only
up to the second order. Therefore, several issues and
subtleties characteristic of f(R) gravity [1] do not arise.
This nice feature has been one of the motivations to study
f(T) gravity [18] and persists in the more general /(T ¢)
models considered here as well.

In analogy to the teleparallel equivalent of general
relativity [12], one may notice that the left-hand side of
the tetrad field equations allows for the definition of a
conserved gravitational energy-momentum pseudotensor.

1
=3 Tupa T + T T )

(26)

T
Given a minimally coupled scalar field, this can further be
split into contributions from the tetrad and the scalar field.
However, in the case of nonminimal coupling, the energy
momenta of the tetrad and scalar fields are entwined, since
the function f contains both of them.

B. Connection field equation

We now come to the variation of the action (9) with
respect to the spin connection @*;,. Here, we follow the
constrained variation prescription [28], where the variation
is restricted to a gauge covariant derivative of the form
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6", = —D,A% with A(“?) = 0, such that the varied spin

connection remains flat, é,l,k[/bm = 0. Note that the spin
connection enters the action (10) only through the torsion
scalar, the variation of which can be written in the very
simple form [28]

6,T = 8,(=R +2V,T,») = 2V,,5,T,
=2V, (hthy ™), (27)

using the relation between the torsion scalar 7 and the Ricci

scalar R and the fact that the latter depends only on the
tetrad but not on the teleparallel spin connection. We then
obtain the variation of the gravitational part of the action as

17
6,8, = 2_l<2/M hfr6,Td*x
1 [ . .
= ——2/ thV#(ha”h,,“Dbﬂ”b)d“x
K= Jm

1 .
:—2/ h(?vfrh[,"hb”Dﬂl“”zﬂx
K= Jm

1 S
-3 /M W=V, N, 1+ K,,0,f1)hahy 2 d'x,

(28)

where we have twice performed integration by parts. Due to
the antisymmetry of A%, as well as the relation

v;4vt/f’1' - vhvﬂfT = prapfl' (29>

for the commutator of covariant derivatives acting on the
scalar function f, the field equation reads

.. 3
0==V,Vyfr+0ufrk’,, = ia[ﬂfrT”wy (30)

In the last term, the notation means that one first needs to
antisymmetrize with respect all three lower indices and then
sum over with the repeating upper index. By expanding the
torsion into the tetrad and the spin connection, one can also
write this equation as

Ouf 110, (i hy¥) + 2hh MRy My, ] =0, (31)
which is of the same form as the corresponding equation in
f(T) gravity [28,29]. However, note that in the scalar-

torsion model the function f also depends on the scalar
field ¢, so the derivative reads

Oufr = frro T + fr40,9. (32)

whereas the second term is not present in f(7') gravity. This
second term vanishes if and only if the scalar field is

minimally coupled, f74, =0, or in a field configuration
with a uniform scalar field.

Equation (31) contains only the first derivatives of the
spin connection which appear since we are taking the
derivatives of the torsion scalar (11) in f7. Therefore, this
equation can be interpreted as a condition to determine the
spin connection components associated with a given tetrad.
It is a feature characteristic of the generalized teleparallel
framework, since in the f(R) and scalar-curvature theories
the spin connection is completely determined by the tetrad
via the Levi-Civita prescription.

C. Scalar field equation

Finally, we come to the scalar field equation. Variation of
the gravitational part (10) of the action with respect to the
scalar field yields

1
5¢Sy = _A/l h[(f¢ + Z¢rg””¢.;4¢<p)5¢+ 2Zg'w¢<b5¢.;4]d4x

2K2
1 .
= 272/M hfy+Zyg" =29V ,(Zd,)|6¢d"x.
(33)

where we have performed integration by parts to arrive at
the second line. The corresponding variation of the matter
part of the action vanishes, 5,5, = 0, since we do not
consider any direct coupling between the scalar field and
matter fields. Hence, the field equation does not contain a
source term and can finally be brought into the form

fo=Zpg" P, — 2200 = 0, (34)

where [] = g“”ﬁﬂﬁb is the d’Alembert operator.

Let us note that, contrary to the scalar-curvature theories,
the second derivatives of the tetrad (or metric) do not
appear in the scalar field equation, and thus the procedure
of “debraiding” (cf. Ref. [42]) is not necessary. As a
consequence, when the matter Lagrangian does not explic-
itly involve the scalar field, the scalar field equation
remains without a matter contribution as a source term,
e.g., the trace of the matter energy-momentum tensor.
Therefore, in scalar-torsion gravity, the chameleon screen-
ing mechanism does not work as in the scalar-curvature
theories [43,44], unless one introduces a coupling of the
scalar field to matter [45] or a boundary term [39-41].

D. Relation between field equations

It has recently been shown for f(7T') gravity and more
general teleparallel gravity theories with second order field
equations that the antisymmetric part of the tetrad field
equations is identical to the connection field equations, so
the flat spin connection is a pure gauge d.o.f. corresponding
to the local Lorentz invariance of the action [28-31]. We
now show that the same holds true also for the class of
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scalar-torsion theories presented here. For this purpose,
we consider the antisymmetric part of the tetrad field
equations (26), which reads

0 =2V, (f7Suu”) + Fr(T s T + T T o)
= 38U)fTT/};w] + fT(3Vb)T/);w] + T/)pD‘TU}AL» - T/m[uTy]pG)~
(35)
where we have used the definitions (12) of the super-
potential and (8) of the contortion. For the first term in

brackets, we now expand the covariant derivative into
Christoffel symbols,

Vi T’ ) = 0T ) A1 6 T = Ty T4y = 171 T
(36)

where the last two terms vanish due to the symmetry of
the Christoffel symbols in their lower indices, since the
Levi-Civita connection is torsion free. For the remaining
term, we express the Levi-Civita connection through the
teleparallel connection and the contortion,

7 T = 1, T = K20, T ). (37)
j

A direct calculation then shows that
(r“)b,T/‘W] + I'“’ab,T””,,] = Rp[”b]p =0, (38)

which vanishes, since the teleparallel spin connection and
hence its spacetime connection are flat,

kﬂg}w = ha/}hbakabm/ =0. (39)
We are thus left with the only remaining term, which reads
VTP = K0y Ty = = (17,7, = T77, T
Tl = Ko T = =3 (T 170 = TP T 1))
(40)

Hence, the brackets in the second line of the antisymmetric
field equation (35) vanish. This equation thus reduces to

OpfrT? ) = 0, (41)

which  indeed
equations (30).

We are finally left with the symmetric part of the field
equations:

agrees with the connection field

1 o 1 1
Efg)lb + vp (f'['S(;w)/)> + Eff <2T/)/}D‘T(ﬂb>6 Y TM)GTI/M + T/)U(MTI»);m)

2

1
2+ 32908 b = KO- “2)

Using the relation

1
S Tope = =217 poT ()" + 5Ty T = T (T

2 Hpo po >
(43)
it can also be written as
1. o » 1 o
Efgu» +V,(frSuw)’) = EfTS(}A Tyypo =24,
1
+ 329090 b0 = O (44)

These equations remain to be solved independently from
the antisymmetric part (41).

To recap, the dynamical equations for the theory (9) are
the ten symmetric equations (44) for the tetrad components,
the scalar field equation (34), and the matter equations of
motion (not specified here). Demanding flatness constrains

T
the spin connection so that only six components
(or combinations of components) remain free. These six
freedoms in the spin connection get fixed by the conditions
(31) [or in an equivalent form (41)]. The ten dynamical
tetrad components match the number of independent metric
components and describe gravity, while the other six tetrad
components characterize the frame of the local observer.
Choosing a particular local observer fixes these six tetrad
components, which in turn completely fixes the spin
connection, the latter encoding the inertial effects in the
observer frame [29].

E. Conservation of matter energy momentum

We finally show that the covariant conservation of
the energy-momentum tensor can also be derived from
the gravitational field equations. For this purpose, we
take the covariant divergence of the symmetric field
equation (44), which reads
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o . o P 1 ' e o o, 1
KZV‘ eyv =-Z gﬂ/ ¢4¢¢.p¢<v - ZD¢¢U - Z¢.yvﬂvu¢ + EZ gl ¢.p¢.a¢<v + Z¢.pvvv/ ¢ + §f¢¢.u

-2 o 1
v <vf's(uv)ﬂ 2 Su" Toye +5

1
T.‘]/w)

2

o . . 1 . .
+ V”foTS(M" = Vify <E S(/AMTb)pv -V S(/Ab)p - vﬂs(ﬂv)u> : (45)

In the first line, two terms cancel since the Levi-Civita
connection is torsion free, which implies

6#6,‘1// - ébj‘y/ =0 (46)

for any scalar function y, in particular also for y = ¢.
The remaining terms in the first line can then be written as

1 .

300 =29"¢ud, = 22000). (47)
and one recognizes that the term in brackets is simply the
left-hand side of the scalar field equation (34) and thus
vanishes. For the second line, one once again makes use of
the geometric identity (56) to realize that the term in
brackets is simply the Einstein tensor; its covariant diver-
gence vanishes due to the Bianchi identity. We are left with
the third line. For its first term, one finds the identity

oo 1 . o o
V1S = 5 U112 = 09,17,

=V VufrT,)
Seny .
= —EV‘ Vi frT ) (48)

where we have once more used the symmetry (46) of the
Levi-Civita connection, now with y = f7. For the last two
terms in the third line, we find

. . 3.
V'S (T V”Sw)p ) VV)TPW]

1. . .
+3 (V, T +V, 17, = 6V, T,7).
(49)

Contracting the terms in brackets with % fr, we obtain

Vi f eV T, (50)

Now, the terms (48) and (50) are combined with the
covariant divergence of the connection field equation (30)
and hence vanish. Using the identity (40), the energy-
momentum conservation law (45) reduces to

[

o 1o
szll@”b = —EV”f»,-(S(/"TW,, - TPMDTUUﬂ + Tpg[ﬂTbJ/w)‘
(51)

It is helpful to realize that the term in brackets can be
written as

1
2 (S (/}”Ty)ﬂzr =TT, + T/"’D,T,,]M) = S, K"
(52)

Note that the contortion tensor (8) is antisymmetric in its
first two indices. Hence, only the part of the superpotential
contributes, which is likewise antisymmetric in its first two
indices. Finally, we find that

. 3.
Vo frSpat = _EVVAfTT#/m]' (53)

which vanishes due to the connection field equations (30).
Hence, the right-hand side of the conservation equa-
tions (45) vanishes, as one would expect. Let us note that
the spin connection equation played a role in providing
that.

F. Reduction to general relativity

The field equations (41) and (44) have the interesting
property that for particular solutions they reduce to the field
equations of general relativity. These solutions must satisfy
the conditions that both 7 and ¢ are constant, and
f4(T.$) = 0 for these constant values. Note that a constant
torsion scalar does not require a constant tetrad and spin
connection; there are field configurations where those
variables cancel each other in the torsion scalar. If both
T and ¢ are constant with respect to spacetime, i.e., their
derivatives with respect to spacetime directions vanish, the
same holds for any function of these variables, and thus in
particular for f and its derivatives. As an immediate
consequence, the antisymmetric part (41) of the field
equations is solved identically. Further, the scalar field
equation (34) reduces to f, = 0 and is solved due to our
assumptions. It remains to show that the symmetric part
(44) reduces to the general relativity field equations. For
this purpose, we write these equations in the form
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1 o 1
if'g‘” +fr <V/;S(,w)’7 ) S(/“Tv),m> =K%0,,, (54)

where we used the constancy of ¢ to omit the scalar field
kinetic terms and the constancy of f; to remove its
contribution to the derivative in the second term. We can
now split the first term to obtain

1 o 1 1
5 (f = frT)Gu + fr (VpS(,u,)" ) ST y)ps + 5 Q,Ay)

— 2
=K"0,,.

(55)
One further uses the identity

o 1 1 . 1,
VpS(;w)p - E S(upﬁTu)po' + 5 Tg;w = R;w - ERg;wv (56>

so the field equations finally take the form

1 o 1.
E (f - fTT)g;u +fr (R;w - Eng> = Kz@w- (57>

Note that the coefficients of the metric and the Einstein
tensor on the left-hand side are both constant with respect to
spacetime, due to our assumptions, and can thus be related
to effective cosmological and gravitational constants. It
follows that the metric (1) satisfies the Einstein equations
corresponding to these two parameters.

IV. DETERMINING THE SPIN CONNECTION

After deriving the field equations, the aim of this section
is to analyze the connection equation (31) and provide a
sample of tetrads, spin connections, and scalar fields which
solve it and thus can serve as a starting point for finding
solutions to the remaining field equations (44) and (34). We
start with a few general considerations in Sec. IV A, before
providing a number of specific examples. In particular, we
discuss Friedmann-Lemaitre-Robertson-Walker spacetimes
in Sec. IV B, Kasner spacetimes in Sec. IV C, and spheri-
cally symmetric spacetimes in Sec. IV D.

A. General considerations

In principle, there is a reasonable way how to approach
the set of field equations. First, one should take an Ansatz
for the tetrad (which may implicitly relate to a certain
Lorentz observer) as well as for the scalar field. Second,
demanding that the curvature (3) vanishes, and the con-
ditions (31) are satisfied when the Ansatz is substituted in,
should determine the form of the spin connection asso-
ciated with that Ansatz. Then, the tetrad Ansatz and the
spin connection can be substituted into the tetrad field
equations (44) and the scalar field equations (34) to be
solved. Finally, one may use local Lorentz transformations

(2) to find other equivalent forms of the solution (corre-
sponding to different local observers).

Let us look more closely at the conditions on the spin
connection (31) or (41). We may encounter several different
situations, some of which have been noted before for f(7)
gravity [29] and have actually come up even before while
trying to satisfy the antisymmetric part of the tetrad
field equations [46,47]. First, if f; is constant, i.e.,
Sfrr = fry =0, the constraint is identically satisfied.
This case pertains to taking the theory to be the teleparallel
equivalent of general relativity (with the optional scalar
field minimally coupled). There, the flat spin connection
can be chosen completely arbitrarily, but there can be other
principles to constrain it besides the field equations [48,49].

Second, we may choose the spin connection such that
9,T = 0and d,¢ = 0. This is related to a possible strategy
of looking for solutions in f(7') gravity where one tries to
Lorentz transform the Ansatz tetrad of interest into a frame
where the torsion scalar T or its derivative vanishes
[46,47,50-52]. The strategy is good, since in that particular
frame the connection condition is automatically satisfied
for any d}“bﬂ, including also a zero spin connection.
Therefore, omitting the spin connection in such a frame
while solving the tetrad field equations is a consistent
move. However, the drawback is that the tetrad field
equations reduce to those of the teleparallel equivalent
of general relativity, as we have briefly shown in Sec. III F.
Hence, with this method, one only recovers the solutions
already present in general relativity. But this method is
still a nice way to learn about universal solutions, i.e.,
solutions which are common to the whole f(T, ¢) family
of theories.

Third, due to the properties of the Ansatz, it might be
possible to solve the spin connection condition independ-
ently of the function f. This can happen when 9, T and 0,,¢
summed over with the terms in the brackets in Eq. (31)
yield zero. This is a much more interesting option, since the
whole set of equations is not necessarily reduced to the
teleparallel equivalent of general relativity, for the tetrad
and scalar field equations still involve the function f. Thus,
these solutions may extend the repertoire of general
relativity. A feasible way to realize this situation is when
the Ansatz depends on one particular coordinate y, like time
y =1 in cosmology or radial distance y = r in static,
spherically symmetric spacetime. Then, the two scalars
T and ¢, and hence f7, depend only on this coordinate. As
aconsequence, d,f7 « d,y, and the particular choice of the
function f becomes irrelevant for solving the connection
field equations. From a geometric point of view, the
expression in the brackets in Eq. (31) can be interpreted
as a set of six vectors labeled by the six possible values of
the antisymmetric index pair [ab], and the equations are
solved if these vectors are tangent to the hypersurfaces of
constant y. In the following subsections, we illustrate how
this works in a few examples. In principle, it may happen
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that the situation can be realized with more general Ansitze
as well, due to some underlying symmetry.

Finally, in the more general case, it might not be possible
to solve the spin connection equation independently of the
function f. In the computationally worst case, one may
have to tackle all Egs. (31), (44), and (34) simultaneously.
With the nonminimally coupled scalar field, there might
also exist some particularly amenable forms of the function
f(T,¢) which could allow cancellation in (32) and thus
turn out to be helpful in finding the solutions. Note that also
in this situation the aforementioned geometric interpreta-
tion holds, but the hypersurfaces are defined by constant
values of fr and thus depend on the choice of the
function f.

In the following subsections, we present some tetrads in
their diagonal form together with a nonvanishing spin
connection which satisfies the condition (31).

B. Friedmann-Lemaitre-Robertson-Walker spacetimes

Homogeneous and isotropic cosmological spacetimes
are described by the metric in the Friedmann-Lemaitre-
Robertson-Walker (FLRW) form

dr?

Gudx'dx? = di* — a(1) l + r2(d9? + sin®9dyp?) |,

— kr?
(58)

written in spherical coordinates t,r,9,¢. Here, k€
{-1.0,1} determines the sign of the spatial curvature.
Note that in all three cases the cosmological symmetry
imposes that the scalar field is evolving homogeneously,
¢ = (1), while the matter energy-momentum tensor must

" = (p+ p)u'u’ — pg"”, (59)
with energy density p = p(t), pressure p = p(t), and four-
velocity " = 0, normalized by the metric, g, u'u* = 1. A
canonical choice for the tetrad is the diagonal one,

a(t)

Following the procedure detailed in the general discussion,
one then determines the spin connection by solving the
antisymmetric part (30) of the field equations. Depending
on the value of k, one may find different solutions:

(i) In the case k = 0, one may use the spin connection

h, = diag ( 1, a(t)r,a(t)rsin 19) . (60)

[25]
W'y = —@*y = —1, @', = -, = —sind,
@3, = =%, = —cos 9. (61)

One then finds that the remaining tetrad field
equations are given by

1 1.
3/ HOfH =5 Z2¢" = Cp. (62)

1 . . .
3 f+2frgHdp —24frp HH?> + 6frH* + 2frH

1 .
+52¢" = —«p.

3 (63)

where H :g is the Hubble parameter and a dot
denotes the derivative with respect to ¢. Note that

Minkowski spacetime is included as the special

be given by an ideal fluid, case a = 1.
|
(ii) For k =1, a viable spin connection is given by [53]
W'y = -9 =—V1-1r% @'y, = —*, = —rsind, W'y =~ g =T,
o'y, ==’y = —V1=risind, 0%, = -0, = e @3, = =%, = —cosd. (64)
Vi=£2
In this case, one obtains the remaining tetrad field equations
1 2 [ 2
§f+6fTH _EZ(/) =K’p, (65)
1 y 3 1 2 2 3 1 1 2
§f+2fT¢H¢— 24frr H+? H*+6frH* +2fr| H -z +§Z¢ = —K°p. (66)
(iii) Finally, for k = —1, one may use the spin connection [53]
@, =y = ! @0y = g9 = '3, = @, = rsind,
r - TP ! ! 39 » )
@'y = =1y ==V 1+ 12, w5, = =%, =—-V1+r’sind, @3, = =@, = —cosd. (67)

104011-9

113



HOHMANN, JARYV, and UALIKHANOVA

PHYS. REV. D 97, 104011 (2018)

Here, the remaining tetrad field equations are
given by

1 N 1.
Ef+6frH<H—;> —Ez(pz =%, (68)

1 1\ . . H 1\2
Sf+2frg <H—7>¢—24f” (H +f> <H—7>
2 a a a
1 . 1
+6fTH(H——> +2fr (H +—,)
a a*
1.
+§z(/;2 =—ip. (69)
In all three cases, the scalar field equation reduces to
fp—2Zd—6ZH — Zy¢* = 0. (70)

One easily checks that the three mentioned spin connec-
tions satisfy the condition (31) for the connection, due to
the reasons outlined as the third option in Sec. IVA. Let us
emphasize that the tetrad (60) alone with a vanishing spin
connection does not solve the condition (31). It is worth
noting that the structures of the spin connection compo-
nents as well as the tetrad field equations in the k = +1
(64) and k = —1 (67) cases are different. For example, in
the latter case, there are nontrivial time components which
do not appear in the former case. In the k = 1 case, it was
found that a certain local Lorentz rotation can make a
transformation into a local frame, where all the spin
connection components vanish, but the tetrad components
become nondiagonal and more complicated [47]. In the
k = —1 case, the same can happen, but one needs to
employ a Lorentz boost [53]. The remaining tetrad and
scalar field equations we displayed above are invariant
under this simultaneous transformation of the tetrad and the
spin connection.

C. Kasner spacetimes

Homogeneous but in general anisotropic Kasner space-
time can be realized by choosing the tetrad

h, = diag(1, a(t), b(1), c(1)), (71)

in Cartesian coordinates. This, together with a vanishing
spin connection,

@y, =0, (72)

makes the connection condition (31) satisfied, which
vindicates the respective studies in f(7') gravity [54-57].
But for more general anisotropic models, one has to check
the compatibility of the spin connection.

In the special case a = b = ¢, the tetrad (71) reduces to
another viable tetrad to describe FLRW spacetime with
k=0,

h, = diag(1,a(1), a(1), a(1)). (73)

Along with a vanishing spin connection (72), one finds that
the condition (31) is easily satisfied. Since here assuming
the vanishing spin connection yields the correct result, the
former studies of the spatially flat cosmology in f(7T') and
scalar-torsion gravity remain valid; see, e.g., Refs. [32,58—
62] for a selection of latest works.

D. Spherically symmetric spacetimes

A general static spherically symmetric spacetime can be
represented by a diagonal tetrad

he, = diag(A(r).B(r),r,rsin9). (74)
This, together with the flat spin connection [25]

wlyy = =@y = —1, @', = —@%, = —sind,

@3, = —*, = —cos I (75)

and a generic spherically symmetric Ansatz for the scalar
field, ¢ = ¢(r), satisfies the condition for the connection
(31). As with the previous cases presented in spherical
coordinates, it is possible by a Lorentz transformation to
find a frame where the spin connection vanishes, while the
tetrad becomes nondiagonal [46]. Thus, the earlier research
on the spherically symmetric systems in f(7') gravity based
on this nondiagonal tetrad [46,47,63-67] has a valid
starting point, but albeit sees physics in a particular frame.
Assuming the diagonal tetrad (74) must happen in con-
junction with the nonzero spin connection (75), like in
Ref. [68], otherwise one is led to wrong results.

V. GENERALIZATION TO MULTIPLE
SCALAR FIELDS

In the previous sections of this article, we have consid-
ered a class of scalar-torsion theories of gravity obtained by
(in general nonminimally) coupling a scalar field to tele-
parallel gravity. In this section, we extend our findings to
multiple scalar fields. For this purpose, we consider a
multiplet ¢ = (¢*), A=1,...,N of N scalar fields. We
then replace the action (9) by the more general form

S =3 [ U0+ Zus@r Bhatlods 5,00

(76)

This action differs from the single field case in two ways.
First, in order to potentially render all scalar fields
dynamical, there must be a kinetic term involving all
fields. A natural generalization of the single scalar field
kinetic term is to equip the parameter function Z with two
scalar field indices, such that it is symmetric in these
indices, Zjyp = 0; any antisymmetric part would cancel
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due to the contraction with a symmetric tensor composed
from the derivatives of the scalar fields. Second, the two
parameter functions f and Z,p now depend on all scalar
fields, and hence on the field multiplet ¢. This must be
taken into account when calculating variations and deriv-
atives of the parameter functions. [In special cases like
f(T,¢) = f(P)T, it is possible to redefine the scalar fields
so that only one of them is nonminimally coupled, as
pointed out in the multiscalar-curvature theory [69], but we
will not delve into this option here.]

It is now straightforward to derive the field equations
from the action (76), essentially following the same steps
as shown explicitly in Sec. III. We will not repeat these
steps here and only display the field equations in their final
form. We start with the symmetric part (44), which
generalizes to

1 o 1
Efg”” +V,(frSw)) — Efrs(/wTu),m - Zapdhdt
1
+ EZAH¢{2)¢§7¢G§W = KZ@#D’ (77>

where only the terms originating from the kinetic energy of
the scalar fields are visibly affected. These do not appear in
the antisymmetric part (41) of the tetrad field equations,
which hence retain their form,

91T’ = 0. (78)

This in particular implies that the connections given in
Sec. IV remain valid also in the case of multiple scalar
fields.

Finally, the generalization of the scalar field equation (34)
requires more attention, since derivatives of Z,z now carry
different types of indices, and the correct indices must be
chosen in contractions. Starting from the action (76), we
find the scalar field equations

fdﬁ - <2ZAB.¢C - Zﬁc,qs")g"bd’ﬁlﬁ.cp - ZZABIfI‘pB =0. (79>

We conclude with the remark that, although the form of the
field equations is mostly unchanged compared to the single
field case, there is an implicit and less apparent change
coming from the fact that the parameter functions f and
Z,p, and hence their derivatives appearing in the field
equations, depend on all scalar fields.

VI. SUMMARY AND DISCUSSION

In this paper, we have presented a new class of theories
in the covariant teleparallel framework, where the gravi-
tational action depends on an arbitrary function of the
torsion scalar and a scalar field, f (7', ¢). This generic setup
subsumes and generalizes a number of previously consid-
ered models, like f(7) gravity and a scalar field non-
minimally coupled to 7', putting them in a unified scheme

so that they can be studied together. We derived the field
equations for the tetrads, scalar field, and flat spin con-
nection. The latter is especially important and until recently
was missing in the covariant teleparallel picture. The spin
connection equation turns out to be related to the anti-
symmetric part of the tetrad field equations and makes it
vanish identically. One also needs the spin connection
equation when combining the field equations in order to
show the matter energy-momentum conservation.

As a matter of fact, the spin connection field equation
contains only first order derivatives with respect to the
spacetime coordinates and provides a consistency condition
that from the tetrad Ansatz determines the six nontrivial
spin connection components (remaining after imposing
zero curvature). These six components can be interpreted as
gauge d.o.f., since they can be absorbed into the tetrad by a
suitable local Lorentz transformation.

Solving the spin connection equations is not an easy
matter, though. In a simple case, the solution Ansatz can
reduce the equations to be those of the teleparallel
equivalent to general relativity, where the spin connection
can be fixed arbitrarily, but then the possibilities of the
wider generalized theory remain unexplored. As we
explain, for certain symmetric configurations, it is possible
to solve the spin connection equation independent of the
function f and illustrate this by the examples of cosmo-
logical and spherically symmetric spacetimes. These results
can be used as a starting point for integrating the tetrad field
equations, whereby one typically needs to specify the form
of the function f. In light of this understanding, not all
previous results in f(7) or scalar-torsion gravity can be
automatically be taken with trust; one must check whether
the assumed spin connection is consistent with the tetrad.

Our work leaves a number of possibilities for further
investigations and generalizations. In particular, it invites
studies of the phenomenology of the class of theories we
discussed here, such as their post-Newtonian limit or
gravitational waves. Also, one may derive the cosmological
field equations and perform an analysis of the possible
solutions, employing the method of dynamical systems.
Also, fundamental questions, such as the number of
propagating d.o.f., may be addressed, e.g., by performing
a Hamiltonian analysis.

Another straightforward possibility is to consider more
general action functionals, such as a Lagrangian given by
an arbitrary function depending on the torsion scalar, the
scalar field, and its kinetic term and also involving a
coupling to vector torsion [70]. Particular subclasses of
such a model, where the scalar field couples to different
terms constructed from the underlying teleparallel geom-
etry by a small number of free functions, similar to the case
of scalar-tensor gravity [71], are also worth studying [72].
One may also pose the question of what is the most general
theory coupling one or more scalar fields to torsion and
investigate its generic properties [73].
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We present a systematic analysis of the dynamics of flat Friedmann-Lemaitre-Robertson-Walker
cosmological models with radiation and dust matter in generalized teleparallel f(7') gravity. We show that
the cosmological dynamics of this model are fully described by a function W(H) of the Hubble parameter,
which is constructed from the function f(T'). After reducing the phase space to two dimensions, we derive
the conditions on W(H) for the occurrence of de Sitter fixed points, accelerated expansion, crossing the
phantom divide, and finite time singularities. Depending on the model parameters, it is possible to have a
bounce (from contraction to expansion) or a turnaround (from expansion to contraction), but cyclic
or oscillating scenarios are prohibited. As an illustration of the formalism we consider power law
f(T) =T + a(-T)" models, and show that these allow only one period of acceleration and no phantom

divide crossing.

DOI: 10.1103/PhysRevD.96.043508

L INTRODUCTION

General relativity (GR), which relates the effects of
gravity to spacetime curvature, has been highly successful
in describing a wide range of phenomena. Teleparallel
gravity [1-3] employs torsion instead of curvature, concep-
tually distinguishes between gravitation and inertia, and
builds up its theoretical formulation more in line with gauge
theories [2.,4,5]. Despite the difference in mathematical setup
and interpretation, teleparallel gravity is equivalent to gen-
eral relativity in all physical predictions. This follows from
the correspondence of the respective field equations, since
the curvature scalar R in the Einstein-Hilbert action of
general relativity differs from the torsion scalar 7 in the
action of teleparallel equivalent of general relativity (TEGR)
only by a total divergence term, R = =T — 2V¥T* ;. where
T‘M are the components of the torsion tensor.

In searching for good models to describe the phenomena
of dark energy, dark matter, and inflation, many researchers
have looked beyond GR, generalizing its Lagrangian to an
arbitrary function of curvature, f(R), leading to fourth-
order field equations [6,7]. In the same vein the Lagrangian
of teleparallel gravity has been generalized to f(T) [8,9].
The ensuing field equations are of second order, and we get
a new class of theories essentially different from their
counterparts based on curvature.

The original approach to f(7') gravity had a problem in
which the action failed to be invariant under the local
Lorentz transformation of the tetrad fields [10,11]. This
made the theory subject to preferred frame of reference
effects, spurious degrees of freedom, and acausality
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[12—-15]. The issue can be remedied by realizing that the
Weitzenbock connection originally used in teleparallel
gravity is not the most general connection consistent with
nonzero torsion and vanishing curvature; one can also
allow purely inertial spin connection [16,17]. This leads to
a covariant approach to f(T) gravity whereby one tackles
the field equations by invoking a reference tetrad which
encodes the inertial effects [18,19].

It is remarkable that while many solutions in f(7’) gravity
need to be reconsidered in view of the covariant approach,
the diagonal tetrad corresponding to flat Friedmann-
Lemaitre-Robertson-Walker (FLRW) universe is already
“proper” and consistent with the covariant view [18].
Already, the first studies of FLRW cosmology in f(T)
gravity have pointed out the possibility that it can naturally
lead to accelerated expansion of the universe without any
extra matter component, thus being interesting to model
dark energy and inflation [8,9,20,21]. Later a number of
works have focused upon various cosmological aspects
of f(T) models, from background evolution and growth
of perturbations to comparison with observational data; see
Refs. [22,23] for reviews.

The method of dynamical systems is a widely used set of
tools in cosmology to obtain a qualitative assessment of the
behavior of solutions in a model, without delving into the
often almost impossible task to find the analytic form of
the solutions. While dynamical systems have been helpful
in uncovering the main features of solutions in particular
models [21,22,24-27], there have been only a few papers
attempting a more systematic analysis of generic f(T)
cosmology [24,28-30]. Our present study aims at complet-
ing this task by deriving the general expressions for de
Sitter fixed points, acceleration, phantom dark energy, and
finite time singularities. The method and formulas we
present can be easily applied to study specific models or
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for a heuristic construction of phenomenologically desir-
able scenarios.

The key in the dynamical systems analysis is choosing
suitable dynamical variables, as also highlighted by recent
insights in the study of f(R) gravity [31,32]. One typically
adopts Hubble-rescaled dimensionless variables evolving
in dimensionless expansion-logarithmic time parameter
N = Ina. This leads to an at first three-dimensional phase
space for flat FLRW f(T) cosmology with radiation and
dust matter components [21,24-29]. There is a further
redundancy. In f(T) gravity the Einstein equations are of
second order, so in cosmology there are in principle five
dynamical quantities (a, H. T, p,,p,,). Not all of them are
independent, as in the equations the flat FLRW the scale
factor a occurs only within the Hubble parameter H = g,
the density of radiation p, and dust matter p,, are related to
H and f(T) by a Friedmann constraint equation, and in
addition there is a geometric identity T = —6H? Therefore
the physical phase space is two-dimensional, spanned by
two variables given by combinations of the quantities
mentioned before. The situation can be contrasted with
generic f(R) gravity where the Einstein equations are of
fourth order and in cosmology there are six dynamical
quantities (a,H.R.R.p,.p,). Again a is subsumed
into H, and one quantity can be expressed via others by
the Friedmann constraint, but the geometric identity R =
6H + 12H? does not reduce R to H. So the phase space
of flat FLRW f(R) cosmology with radiation and dust is
four-dimensional [7,31,32].

As in Refs. [24,27,30] we reduce the flat FLRW f(T)
cosmology phase space to two dimensions. Our choice of
the dynamical variables allows a straightforward physical
interpretation of results. Taking the Hubble parameter H to
be one of the variables makes the fixed points correspond to
de Sitter (or Minkowski) spacetime. The second variable
given by the ratio of radiation energy density to overall
matter energy density makes the flow from radiation to dust
matter domination in expanding universe graphic on the
other axis. We follow the evolution of the system in basic
cosmological time in order to study both expanding and
contracting phases under the same footing.

To illustrate our general results we consider a simple
class of models f(T) = T + a(—T)" as an example. These
models allow the cosmic evolution from radiation domi-
nation through matter domination to dark energy domina-
tion eras [8,9], superbounce [33], initial singularity
crossing [34], future sudden singularities [35], but no
phantom crossing [36]. Its fixed points have been studied
in Hubble-rescaled variables [21,24,27,28,30], and some
analytic solutions are also known [37]. Constraints from
various sets of observations can be found in Refs. [8,36,
38-49]. We show how these features are reflected with our
method and a comprehensive picture emerges.

The outline of the paper is as follows. In Sec. II we
briefly review the action and cosmological field equations
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of f(T) gravity and show that they are fully defined in
terms of the Friedmann function W(H ). We then cast these
equations into the form of a dynamical system in Sec. III,
and read off a number of properties of this system: its
boundaries and fixed points, as well as the possibility of
bounces, turnarounds, and oscillating universe solutions.
We then discuss finite time singularities in Sec. IV.
Observable properties, in particular, the accelerating expan-
sion of the universe and the properties of dark energy,
are delineated in Sec. V. In Sec. VI we apply our general
formalism to a generic power law model and show how
its parameters influence the properties of the dynamical
system. We end with a conclusion in Sec. VII. In order to
collect and summarize the results obtained on the physical
phase space, we provide a graphical index of phase space
points in Appendix.

II. ACTION AND COSMOLOGICAL
FIELD EQUATIONS

In this section we briefly review the cosmological
dynamics of f(T) gravity, starting from the most general
action and cosmological field equations. We show that if
we express them through the Hubble parameter of a FLRW
spacetime, they take the form of one constraint equation
and one dynamical equation. We further display these field
equations for the special case in which the matter content of
the universe is constituted by both dust matter and radiation
and show their consistency with the corresponding con-
tinuity equations for this choice of the matter content.

The starting point of our derivation is the action func-
tional of f(T) gravity [2,8,9,22],

1
S=—" T)d'x, 1
or [ 1D 1)
with an arbitrary function f(7’) of the torsion scalar
r=Ym,rm oy L e 2
—Z ptp +§ wt p T A put e ()

The dynamical variable is given by the tetrad field ef‘, in
terms of which the torsion tensor is expressed as

_ — P i i i
10, =T, -7, = (0,6, — 0e, + & el — ' jeh).

Iz "
()
where the flat spin connection '}, is introduced in order
to render the theory covariant under local Lorentz trans-
formations. For our cosmological setting, we assume a flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) universe,
for which we can choose the tetrad to be

¢, = diag(1,a,a,a) (4)
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with the usual cosmological scale factor @ = a(r). One
finds that in this case the tetrad is “proper” and the inertial
spin connection vanishes [18]. The torsion scalar reduces to

('12
T=-6—=—6H (5)
a

where H is the Hubble parameter. From our assumption
of cosmological symmetry, i.e., homogeneity and isotropy,
further follows that the matter energy-momentum tensor
must take the form of a perfect fluid,

T = (p+ p)u'u” + pg", (6)

where p stands for energy density, p denotes pressure, and
the four-velocity

ut =0, (7

is normalized by the metric g, = 7; /-eLe‘,f. From the action
(1) then follow the cosmological field equations [8,9]

12H*f + f = 162G, (8a)
48H2H frp — (12H® + 4H) fr — f = 162Gp,  (8b)
where subscripts denote derivatives, i.e.,

ar &y

friﬁ, =

)
In the remainder of this article, without a loss of generality
we will write f(7) = T + F(T). In this parametrization the
cosmological field equations read

6H? + 12H*F + F = 162Gp, (10a)

4H(12H?Fyy — Fy — 1) = 162G(p + p). (10b)
Note that if F =0, these equations reduce to the usual
Friedmann equations in TEGR and GR. Also note that if
Fr = % ie., F ~ /=T, the cosmological equations are still
identical to the TEGR and GR case. However, the full field
equations receive corrections, which possibly influence the
evolution of perturbations of the cosmological background.
In order to discuss solutions to these field equations, we
finally also need an equation of state for the matter content.
Here we will use the simple assumption that the matter
content is constituted by two components: dust and
radiation. The density and pressure thus take the form

P=Put P P=DPut D (11)

where the equation of state is given by
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1

Pr=xPr (12)

Pm =0, 3

From these relations follow the matter continuity equations
pm = —3Hp,, pr=—4Hp,. (13)

The cosmological field equations then finally take the form

W = 162G(p,, + p;), (14a)
- Wy 4
-H—=1 = . 14
g~ 1670 (/’ + 3pr> (14b)
Here we have introduced the Friedmann function
W(H) = F + 6H? + 12HFy, (15)

keeping in mind the relation (5) between 7 and H,
and where the subscript stands for differentiation Wy =
dW/dH. As we will see in the following, the function
W(H) encodes the main cosmological features of any given
f(T) gravity model. Equations (13) and (14) are the basis
of the current study. Note that they are not independent of
each other. For our analysis, we have to remove this
redundancy and apply the constraint equation in order to
obtain an unconstrained dynamical system. This will be
done in the following section.

III. DYNAMICAL SYSTEMS APPROACH

We will now cast the cosmological equations of motion
(14) and (13) detailed in the previous section into the
language of dynamical systems and derive some of its
properties. We start by determining the phase space of the
dynamical system and its evolution equations in Sec. IIT A.
Since this phase space will turn out to be unbounded in one
direction, we perform a coordinate transformation in
Sec. III B, which maps the system into a compact region.
We then discuss three particular features of the dynamical
system: its fixed points in Sec. IIIC, the possibility of
crossing the line H = 0 in Sec. III D, and the possibility of
an oscillating universe in Sec. III E.

A. Phase space and evolution equations

In the previous section we have seen that the Hubble
parameter H and the energy densities p,, and p, are not
independent due to the algebraic Friedmann constraint
(14a). The physical phase space of our dynamical system
is thus a hypersurface of codimension 1 in the space

{(vamvpr)lH € (—O0,00),/J,” € [0‘00)~pr € [O~ 00)},
(16)

which we parametrize as follows. We introduce a new
variable
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pr
= 17
Prt Pm (17)

for the ratio of radiation to the total energy density. The
original densities are then recovered as

pr=X(pr+pu) pm=1=X)(p, +pn). (18)
where the total energy density on the right hand side is
determined in terms of H by the Friedmann constraint (14).
One easily sees that the physical phase space is restricted to
H € (-, 0),X € [0, 1]. Another bound follows from the
Friedmann constraint and the validity of the null energy
condition, which implies that the total matter energy
density p,, +p, must be non-negative and finite. From
the Friedmann constraint (14) it follows that this is
equivalent to W(H) > 0. The physical phase space is thus
finally given by

P={(H.X)|—c0o<H<o, 0<X<I,
0< W(H) < oo}. (19)

We now discuss the dynamics of the new variables. Taking
the time derivative of the definition (17) and using the
continuity equations (13), one finds

X=HX(X-1). (20)

Similarly, we can solve the Friedmann equation (14a) for H
and use the definition (17) to obtain

H:_(XJ”)HWKHZ_%’ (21)

where we have tacitly assumed that the factor W /H by
which we divided is nonzero and finite since otherwise
the division would be ill-defined, or defined only via a
suitable limiting procedure. We have to keep this in mind
later when we will be discussing these limiting cases.
Equations (20) and (21) define our dynamical system.
Note that our choice for the dynamical variables to
describe the two-dimensional phase space is different
from Refs. [24,27,30].

We also remark that our model includes the two special
cases in which the matter content is given by pure dust
matter, p, =0, and pure radiation, p,, = 0. These are
obtained by restricting the phase space to X =0 or
X =1, respectively. From the continuity equation in the
form (20) it follows that any dynamics that start on these
subspaces will also remain there, so they can be treated as
dynamical systems on their own. This will be considered
next, when we compactify the phase space and discuss its
boundary.

PHYSICAL REVIEW D 96, 043508 (2017)
B. Compactified phase space and its boundary

For various applications, such as drawing phase dia-
grams and discussing limiting points of trajectories, it is
more convenient if the dynamical system is defined on a
compact domain. In order to map our dynamical system
into a compact domain, we replace the Hubble parameter

with a new variable Y, which we define such that

H Y
Y= & H= . 22
V1+H? Vi-71? @2

The domain of these variables in given by Y € (—=1,1),
X €[0,1]. We then express the dynamical equations in
terms of the new variables, which yields

(X+3)Y(1 - Y)W
Wy

Y=-— . (23a)

o XY(X-1)
X (23b)

This rescaled system will be used later when we show
phase diagrams for particular functions W.

Using the new variables (Y, X), we can now discuss the
boundary OP of the phase space. This is important since
there may exist trajectories, whose limiting points are
located on the boundary, and which may or may not be
part of the physical phase space (16). This concerns, in
particular, points at which H or W (and hence the total
matter energy density) diverges, so the Friedmann equa-
tions (14) become singular, and thus invalid. From the
definition (19) of the physical phase space it follows that
we have the following components of the boundary 9P:

(i) The boundary along the line X = 0 belongs to the

physical phase space. It contains those points of the
phase space where the radiation energy density p,
vanishes, and the matter content of the universe is
given by dust matter, or we have a vacuum. From the
dynamical equation (20) it follows that X vanishes
for X =0, so any trajectories starting from this
boundary stay on the boundary. Later in Sec. III C
we see that regular de Sitter fixed points can reside
on this boundary.

(ii) The same properties hold for the boundary along

the line X = 1, which contains those points of the
phase space where the dust energy density p,,
vanishes, and the matter content of the universe is
given by radiation, or we have a vacuum. Later in
Sec. III C we see that regular de Sitter fixed points
can reside also on this boundary.

(iii) Lines with constant H = H* and X € [0, 1], where

W(H*) =0 and the sign of W is different for
H < H* and H > H*, also correspond to the
boundaries, which are part of the physical phase
space. They represent vacuum solutions of the field
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equations. Note that in this case the whole line
H=H*X€0,1] represents a single point
(H.pm.py) = (H*,0,0) of the original phase space.
These boundaries always contain regular de Sitter
fixed points, as we will see in a deeper discussion in
Sec. III C.
(iv) Similarly, lines with constant H =H* and X € [0, 1],
where W — oo, are also boundaries. In contrast to
the previous case, they do not belong to the physical
phase space, since the total matter energy density
pm +p, diverges. However, as we will see in
Sec. IIIC, there are trajectories which approach
these boundaries in infinite time, and they contain
points which can be regarded as (singular) fixed
points.
Finally, the lines ¥ = +1, X € [0, 1] corresponding
to H — oo also can be treated as boundaries of the
(compactified) phase space, provided that W is non-
negative in the corresponding limit. These bounda-
ries are relevant as they may contain limit points
of trajectories that are reached in finite time, which
correspond to particular types of singularities as
discussed in Sec. IV B.

Note that it is also possible that H diverges, for example,
at points (H,X) where Wy =0, and that in this case
trajectories reaching this point cannot be continued.
However, these can still be regarded as parts of the physical
phase space if the physical quantities (H, p,,, p,) constitut-
ing the original phase space remain finite. These points are
known as sudden singularities and are discussed in detail in
Sec. IV C.

Since the boundary OP may contain a number of
interesting points as briefly mentioned above and further
discussed in the remaining sections of this article, it will
turn out to be more convenient to study the dynamics on the
compactified phase space P = PUIP.

(v

=

C. Fixed points and their stability

We now come to the discussion of fixed points of the
dynamical system defined by equations (20) and (21) in
Sec. III A. Recall that the fixed points of a dynamical
system are points (H*, X*) in its phase space at which the
flow of the dynamics vanishes. For the dynamical system
we consider here this amounts to the conditions X = 0 and
H = 0. From equation (20) one easily understands that
X =0 ifeither X = 0, X = 1, or H = 0. The condition for
H =0 given by equation (21) requires a more careful
treatment, as it depends on the Friedmann function W(H).
We can distinguish the following cases:

(i) For W — 0 it is obvious that H — 0 in the case

that Wy remains finite. However, in the case that
Wy either vanishes or diverges for W =0, we
also obtain a fixed point. To see this, note that
InW — —c0 when W — 0. However, this implies
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that also (In W), — fco, where the sign depends
on the direction of the limit. Hence, from W — 0
always follows H — 0. From the Friedmann con-
straint (14a) it further follows that the energy density
of dust matter and radiation vanishes, so these fixed
points correspond to vacuum solutions. As we will
discuss in Sec. VB, they are de Sitter vacuum
solutions for H* # 0 and Minkowski vacuum sol-
utions for H* = 0, which follows from the fact that
for a constant Hubble parameter a/a = H = H* the
scale factor behaves as

a(t) ~exp(H*t), (24)

and so is constant, or exponentially increasing or
decreasing, depending on the sign of H*.

(ii) Following the same line of argumentation, we can
also consider the case that W — oo for a finite value
of H*. In this case we find In W — oo, which again
implies (In W), — o0, 50 also in this case H — 0
and we obtain a fixed point. Note that these points
are not part of the physical phase space P defined by
equation (19), but lie on the boundary OP. We call
them singular fixed points in order to distinguish
them from regular fixed points which belong to the
physical phase space. Here for H* < 0 the radiation
and dust matter content get compressed to infinite
density after infinite time in the future. Analogously
for H* > 0 the radiation and matter started from an
infinite density state infinite time ago in the past.
Note that also in this case the scale factor approaches
asymptotically the exponential behavior (24) in the
vicinity of the fixed point.

(iii) We are left with the case that W — W* > 0 remains
finite. In this case we can still obtain a fixed point
of the equation (21) if Wy — foo diverges. This
condition is necessary and sufficient for H # 0. For
H = 0 the weaker condition that Wy /H diverges is
both necessary and sufficient. However, if we map
this fixed point into the original phase space with
variables (H,p,,, p,), we find the paradox situation
in which p,, +p, > 0 is constant, since W = W* > 0
is also constant at a fixed point though, in general,
H = H* # 0. This contradicts the continuity equa-
tions (13). The reason for this contradiction is the
fact that we divided the dynamical equation (14b) by
an infinite quantity, and hence generated a previ-
ously nonexisting solution. However, these points
are still relevant in a suitable limit since they turn out
to correspond to a certain class of finite time
singularities, as shown in Sec. IV D.

Note that the existence and number of fixed points
satisfying these conditions depends on the Friedmann
function W, and hence on the choice of the function F.
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‘We will not make such a choice here and discuss the generic
properties of the aforementioned fixed points.

In order to discuss the stability of a fixed point (H*, X*),
we introduce small perturbations (A, x) around the fixed
point such that

H=H"+h, X =X"+x, (25)
and then linearize the dynamical equations in / and x. This
leads to a linear system of the form

X x)’ oX  0X

oH ox/ |H=n" x=x*
(26)
where the partial derivatives are given by
. )
?—H —(x+3) WWiy + HWy = HW Wy
OH w3,
H w
oH =-H—, (27a)
X Wy
X X
—=X(X-1 —=(2X-1)H. 27b
SEEX(X-D, o= (x-D) (27b)

It follows immediately that 9H /09X = 0 whenever H = 0.
A detailed treatment is necessary for JH/JH. For this
purpose we write W in the form

W W* + c|H — H*|’ (28)

in the vicinity of the critical value H*, where W*, ¢, b are
constants. This approximation covers all cases we men-
tioned before, and we find the following behavior:

(1) To study the case W — 0, we set W* = O and b > 0.
Note that we have Wy - +oo forb <1 and Wy — 0
for b > 1, while Wy remains finite for b = 1. In all
three cases we find

(ii) To model the case W — oo, we consider b < 0,
and can likewise set W* = 0. We find the same
limit (29).

(iii) Finally, we consider the case W* > 0 with b > 0. If
H* # 0, Wy must diverge in order to obtain a fixed
point. This is the case for b < 1. However, in this
case OH/OH also diverges, so a linear approxima-
tion cannot be used to determine the stability of the
fixed point, and one must explicitly study the
behavior of H near the fixed point. If H* = 0, we
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only need b < 2 in order to obtain a fixed point.
For 1 < b <2 we find that OH/OH likewise di-
verges, while for 0 < b < 1 we obtain 0H/8H - 0,
and so also in these cases the linearized system is not
sufficient. Finally, a special case is given by H* = 0
and b = 1, in which we find

o OH  (X+3)W*
M= fon=—"¢ 0

From this analysis it follows that the Jacobi matrix
simplifies significantly at a fixed point,

= (X*(;I';i— 1) (2x* —O 1)H* )

Hy = —A(X* +3), (31)

where the constant A follows from either formula (29) or
(30), depending on the nature of the fixed point. Note that
A>0inthe cases W —>0at H* >0, W - 0 at H* <0
and W > 0, Wy > Oat H* = 0. Similarly, we find A < Oin
the cases W —-0 at H* <0, W — oo at H* >0 and
W>0, Wy <0 at H* =0. In these cases a linear
approximation is sufficient in order to determine the
stability of the fixed points. We thus calculate the eigen-
values of J for these cases only, and distinguish between the
three different conditions obtained from X = 0.

(i) H* = 0: The Jacobi matrix and eigenvalues reduce

to

(e o)

A =—-AX* +3), A =0. (32)
Note that one eigenvalue vanishes, whose corre-
sponding eigenvector is given by . This relates to
the fact that in this case all points with H# = 0 and
0 < X < 1 are nonisolated fixed points. The stability
is determined by the remaining eigenvalue, which is
positive for Wy < 0, which yields a repeller, and
negative for Wy > 0, which yields an attractor.

(if) X* =0: The Jacobi matrix and eigenvalues are
given by

34 0
J= . W =—H",
0 -H*

Both eigenvalues are negative for W — 0 at H* > 0,
which yields an attractor, and positive for W — 0
at H* <0, which yields a repeller. For W — oo
the eigenvalues have opposite signs; we find a
saddle point.

Ja==34. (33)
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(iii) X* = 1: In this case the Jacobi matrix and eigen-
values take the form

= (0N L —we a—-aa (34)
=\ o g ) ATH. A= .

Now the situation is reversed compared to the

previous case. Both eigenvalues are negative for

W — oo at H* < 0, which yields an attractor, and

positive for W — co at H* > 0, which yields a

repeller. For W — 0 the eigenvalues have opposite

signs; we find a saddle point.
In all other cases the linearized analysis is not sufficient,
and the sign of H must be studied explicitly in the vicinity
of the fixed point using the full, nonlinear equations of
motion. We can summarize our findings as follows. We
start with a classification of regular fixed points, which are
elements of the physical phase space P:

Statement 1. A point (H*, X*) is a regular fixed point
of the dynamical system if it satisfies one of the following
criteria:

(i) In the case X* =0, H* >0, W* =0, it is an
isolated attractor. The corresponding solution is an
expanding de Sitter vacuum solution with scale
factor (24).

(i) In the case X* =0, H* <0, W* =0, it is an
isolated repeller. The corresponding solution is a
contracting de Sitter vacuum solution with scale
factor (24).

(iii) Inthecase X* = 1, H* # 0, W* = 0, itis an isolated
saddle point. The corresponding solution is physi-
cally equivalent to either of the two aforemen-
tioned cases.

(iv) Points with 0 <X* <1, H* =0, W* >0, and
W7, > 0 are non-isolated attractors. The correspond-
ing solution is a static universe with Minkowski
geometry, but non-vanishing matter content.

(v) Points with 0 <X* <1, H*=0, W*>0 and
W7 < 0 are non-isolated repellers. The correspond-
ing solution is a static universe as in the aforemen-
tioned case.

(vi) Fixed points, whose stability cannot be determined
from a linearized analysis, are given by:

(a) H* =0 and W* =0; this is a Minkowski
vacuum solution.

(b) H* =0, W* > 0, and W7, diverges; also, this is
a static universe with nonvanishing matter
content.

(c) H* =0, W*>0, and W} =0 such that
H/Wy — 0; this case corresponds to a finite
time singularity of type IV, as shown in
Sec. IV D. n

There are a number of fixed points, which either lie
outside the physical phase space (16), or do not correspond
to solutions of the Friedmann equations (14) in terms of the
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original variables (H, p,,, p,), since they are obtained from
a singular coordinate transformation. Here we find the
following conditions:

Statement 2. A point (H*,X*) is an irregular fixed
point of the dynamical system if it satisfies one of the
following criteria:

(i) In the case X* =1, H* <0, W* - oo, it is an
isolated attractor. Trajectories approaching this
point undergo an exponential decreasing of the scale
factor (24), while the matter density and pressure
grow exponentially.

(ii) In the case X* =1, H* >0, W* — oo, it is an
isolated repeller. Trajectories originating from this
point undergo an exponential growth of the scale
factor (24), while the matter density and pressure
decrease exponentially.

(iii) In the case X* =0, H* #0, W* - oo, it is an
isolated saddle point. Note that this point is neither
a physical solution, nor approached by any trajec-
tories.

(iv) Fixed points, whose stability cannot be determined
from a linearized analysis, are given by
(a) X* €{0,1}, H*#0, W* >0, and W} di-

verges; even though this point lies inside the
physical phase space spanned by the variables
(H,X), it does not have a corresponding solu-
tion in the original matter variables (H, p,,, p,),
as it originates from a singular coordinate
transformation.

(b) H* =0 and W* — oo; this point does not
belong to the physical phase space and corre-
sponds to a static universe with an infinite matter
density. n

An overview of all conditions listed in Statements 1
and 2, ordered by the properties of points in the compacti-
fied phase space, is given in Fig. 3 in Appendix A.

D. Possibility of bounce and turnaround

We now come to the discussion of bounces and turn-
arounds, i.e., transitions between expanding and con-
tracting phases of the evolution of the universe. Note
that for any such transition we have a¢ =0, and hence
H = 0. Thus, these kind of transitions can occur only if
H = 0 lies inside the physical phase space (19) given by the
condition that the total matter energy density is positive,
and further require A # 0. The former is the case if and
only if

Wly_o 2 0. (35)

A bounce is given when H|H:0 > 0, while a turnaround is
characterized by H|y_o < 0. From the dynamics (21) of the
Hubble parameter it follows that H is nonzero and finite at
H = 0 if and only if
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H 1
o #__ 1 56
H=0(In W)y, (InW)yy|4_0 (

is finite, and hence, in particular, (In W), — 0 for H — 0.
Explicitly calculating the derivatives of In W then shows
that # Oifand only if W > 0, Wy = 0, and Wy # 0 at
H = 0, and that the sign of W, determines the sign of H.
We thus conclude and summarize as follows:

Statement 3. At H = 0 we have H # 0 if and only if
W >0, Wy =0, and Wyy # 0, where

(i) for Wyy < 0 we have H > 0 and hence a bounce,

(i) for Wyy > 0 we have H <0 and hence a turn-

around. n

Examples of bouncing cosmologies in f(7T') gravity have

been discussed in Refs. [33,50,51].

E. Impossibility of cyclic and oscillating universes

Another interesting aspect, which is closely related to the
existence of bounces and turnarounds as discussed in the
previous section, is the possibility of cyclic universe
solutions. Conventionally, these are defined as periodic
solutions for the scale factor a(t+ 1y) = a(t), and thus,
in particular, imply that also the Hubble parameter
H(t+ ty) = H(r) is periodic and has both positive and
negative phases during each period. This means that in a
cyclic universe both bounces and turnarounds occur peri-
odically. However, this can immediately be excluded using
Statement 3, since the conditions for a bounce and a
turnaround are mutually exclusive and cannot be simulta-
neously satisfied for any given f(T') theory of gravity. Note
that this property is even more restrictive and prohibits any
solutions in which the scale factor shows an oscillating
behavior in the sense that the dynamics change more than
once between expansion and contraction.

We can also relax the periodicity condition and demand
only that H(r + ty) = H(z) is periodic. This allows for a
periodic growth of the scale factor, a(r + t5) = Aa(r) with
constant 4. However, one easily sees that also this is not
possible. Recall from Sec. Il A that the sign of H given
by equation (21) is independent of X € [0, 1]. Any line of
constant H can therefore be crossed in only one direction,
with either increasing or decreasing H, but not in both
directions, as it would be necessary for a periodic orbit with
variable H. Periodic orbits with constant H and only
variable X are likewise excluded, since for any fixed H
the sign of X is also independent of X, and the same
argument holds. Finally, oscillating behavior of the Hubble
parameter H is also excluded, which follows from the same
argumentation as for excluding the oscillating behavior of
a. We summarize:

Statement 4. Periodic and oscillating orbits in the
(H,X) phase space, as well as cyclic and oscillating
universe solutions, are not possible. ]

PHYSICAL REVIEW D 96, 043508 (2017)

‘We finally remark that this very general result does not
depend in any way on the choice of the function f(7') in the
action. It does, however, depend on the matter content,
which we have fixed to dust and radiation. Exotic matter,
which would allow for transitions between positive and
negative matter densities, could potentially lead to oscillat-
ing behavior. However, we will not consider exotic matter
here, and conclude our discussion of the phase space of
f(T) gravity and its basic properties. Another important
aspect is the existence and classification of finite time
singularities. We present an exhaustive treatment in the
following section.

IV. FINITE TIME SINGULARITIES

The dynamical systems approach detailed in the previous
section now allows us to discuss the possibility of finite
time singularities [52,53] in f(7T') gravity. Note that there
are different types of singularities, which can be distin-
guished by the behavior of H and H near the singularity.
This will be explained in detail in Sec. IVA. We then
describe three types of singularities: Those for which both
H and H become infinite are discussed in Sec. IV B. The
case where H diverges at a finite value of H is studied in
Sec. IV C. Finally, in Sec. IVD we consider the case in
which both H and H remain finite, but higher time
derivatives of H diverge.

A. Types of singularities

We start with a brief review of the possible types of
finite time singularities, studied in detail in Refs. [35,54].
For a singularity occurring at time #°, it is conventional to
approximate the Hubble parameter close to the singularity
by the asymptotic behavior [53]

h

H(t)~H® +—
() +|t_t<>‘k

(37)

with real constants H®, h, k. Different types of singularities
are distinguished by the value of the parameter k. Classi-
cally, one considers four types of singularities, which are
denoted as follows [52]:

Type I: For k > 1 both H and H diverge for ¢ — °; in this
case we can set H® = 0 without loss of generality. By
integrating the relation (37), one can see that the logarithm
of the scale factor In a also diverges at the singularity, and
so either a — 0 or a — oo. If this singularity occurs in the
past of an expanding universe, it is called a big bang. A
future expanding singularity of this type is known as a big
rip, while a future collapsing singularity is called a big
crunch.

Type II: In the range —1 < k <0 the Hubble para-
meter H — H® stays finite, but its derivative H diverges
at the singularity. These singularities are called sudden
singularities.
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Type III: If the singularity parameter is in the interval
0 < k < 1, we have a similar behavior to the case of a type I
singularity; both H and H diverge. The only difference
between these two types lies in the fact that for a singularity
of type III the scale factor remains finite.

Type IV: Finally, for k < —1 with k¢Z both H and H
remain finite at the singularity, but higher time derivatives
of H diverge.

In principle, it is also possible to consider singularities with
a more general asymptotic behavior of the Hubble param-
eter than the power law (37); however, we do not consider
such general singularities here, and restrict ourselves to the
four aforementioned types. Moreover, since singularities of
type I and type III differ only by the asymptotic behavior of
the scale factor a, which is not explicit in our dynamical
system, we will treat them together. By solving the
asymptotic behavior (37) for the time ¢ and doing the
same with its time derivative, we can express H through H
in the vicinity of the singularity. Note that by definition of
the constants we have

H-H°
h

>0, (38)

and so we can write

Hr ikh( . (39)

H-H °> 1+
where the positive sign holds for future singularities 1 < 1°,
while the negative sign holds for past singularities # > #°.
In the following, we use the abbreviation W® = W(H®),
as well as similar abbreviations for the derivatives of W at
the singularity. We do not a priori demand that these
derivatives exist at the singularity itself, but only in a
neighborhood of the singularity, and then derive suitable
limit values. In the following sections we give a detailed
discussion of all singularity conditions. All conditions are
also summarized in Fig. 3 in Appendix in graphical form.

B. Singularities of type I and III:
H - +o0 and H - +oo
The first case we discuss is k > 0, where both H and H
diverge at the singularity, and we set H® = 0. From the
asymptotic behavior (39) it follows that the condition for a
singularity can be expressed as

1 . h\ . H . Wy
=+— lim (-] = lim —=- lim ———
k H-+oo \ H H=+c0 [ H-xoo (X + 3)W

=— 1 , 40
AL X+ 3) (40)

where the sign under the limit depends on whether one
discusses a singularity for an expanding universe, H — oo,
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or collapsing universe H — —oo. We further see that also
the type of the singularity, which is determined by the value
of k, can be seen from the asymptotic behavior of (In W),
by taking the logarithm under the limit (40). This can be
summarized as follows:

Statement 5. A finite time singularity with H — +oo
and H — =co exists if and only if

ngiloo(ln W)y =0, (41)

where the positive sign corresponds to an expanding
universe, while the negative sign corresponds to a collaps-
ing universe. The singularity parameter k > 0 is given by

In|H|

k=-— —
i oo Tn ] (In W), |

(42)

with the same sign as above. The singularity lies in the
past if asymptotically Wy > 0, sgnH = —sgnH, and in the
future if asymptotically Wy < 0, sgnH = sgnH. ]

C. Singularities of type IT: Finite H but H — +co
We then discuss the case —1 < k < 0, which is also
called a sudden singularity, and which occurs when H

diverges for finite H = H®. This case occurs when there
exists H® such that

0= lim &= — lim — "7
H—H" H H—H* (X +3)HW

(43)
Recall from the discussion of fixed points in Sec. IIIC
that H — 0 whenever W — 0 or W — co. Hence, we can
exclude these cases here and study only the case of a
finite limit W — W° > 0. We distinguish the following
two cases:
(i) H® #0: In order for H to become singular, the
numerator Wy of (39) must vanish for H = H°. This
is the case if and only if Wy — W5, = 0.
(i) H® = 0: The case is similar to the aforementioned
one, but the condition for a sudden singularity is
more restrictive and reads

Jim % ~o0, (44)

which is the case if and only if both Wy and Wy
vanish at H = 0.
In order to determine the singularity parameter k, we
make use of these conditions, which allow us to approxi-
mate the Friedmann function W near the singularity as

(45)

H— H*\?
Wa W +e s
c
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where sgnc = sgnh is chosen, the expression inside the
brackets becomes positive, ¢ = %1 is a sign, and we require
b > 1 for H® #0 and b > 2 for H®° = 0. In this approxi-
mation the time derivative of the Hubble parameter
becomes

. — H°\ 1-b
H~—e(X + 3)HW<>% (H L_H ) . (46)

We now have to distinguish two different cases. For
H® # 0 we find that near the singularity (H®, X°) we have

(X0 4 3)H W (ﬁ) o (H - H°) @

c h

By comparison with the general form (39) we immediately
see k = —b~! from the exponent. The sign in equation (39)
can be understood from

con| o (KO EBHWoe (1=
en| e kb c

1 for future singularities,

—
=
o

=

—sanett”) = {

—1 for past singularities,
where we have simply left out any positive, constant

factors.
For H® = 0 we find the approximation

H o~ —e(X° + 3)W°%2 G) o (%) o (49)

In this case we see k= (1—5)"!

equation (39) is given by

(X° +3)We <h>2*b}

khb c

, and the sign in

sgn [—e

1 for future singularities,

=sgn(eH) = { (50)

—1 for past singularities,

where in addition we used sgni = sgnH in this case.
We finally remark on the sign ¢ which appears in the
results (48) and (50). Since Wy =0, the Friedmann
function W must have either an extremal point or an
inflection point at H = H®. In case of a maximum
(minimum), € is positive (negative) on both sides of the
singularity. If W has an inflection point, e differs on both
sides of the singularity. We conclude and summarize:
Statement 6. A sudden singularity occurs at H = H* if
and only if W > 0, Wy, =0, and
(i) either H® # 0, in which case the singularity param-
eter is k = —b~" with b > 1,
(i) or H®=0and W§,;; =0, in which case k= (1-5)!
with b > 2,

PHYSICAL REVIEW D 96, 043508 (2017)

where b can be determined from the ansatz (45). The

singularity occurs in the future in the following cases:

(a) W has a local minimum at H° > 0,

(b) W has a local maximum at H® < 0,

(¢c) W has a rising inflection point at H® and the
singularity is approached from |H| > |H®|,

(d) W has a falling inflection point at H® and the
singularity is approached from |H| < |[H°|.

The singularity occurs in the past if any of the aforemen-

tioned conditions is satisfied for —W instead of W. ]

D. Singularities of type IV: finite H and H

We finally come to the case k < —1 with k¢Z, which is
the most subtle type of singularity, since both H and H
remain finite, while higher time derivatives of H diverge.
In order to study these singularities, we approximate the
Hubble parameter as

H = H® + het (51)

near the singularity, where we made use of the positivity
condition (38). We then find that near the singularity

d . d | 1

—1In |H|~—In|kh(e?)'" 5| =1 4. 2

2o IH |~ o Inkh(e?)H] = 1+ (52)
The dynamical equation (21) for H yields

d . ~ 1
d_zln |H| = he? (m = [In|(In W)HHH)
= =) (= Wl W)yll ). ()

The asymptotic behavior is obtained by approaching the
singularity H — H®; we conclude

g = fim (= 1) (= Dyl ). (59

For the values of k& we consider in this section, the limit
must be an element of the set

0.3 5 (53

It is helpful to distinguish two different cases:
(i) For H® #0 the term 1/H does not contribute
to the limit. In this case the singularity condition
reads

f}i{go(H = H®)[In|(In W)yl

1 2 3
€ (—1,0)\{—5,—3,—1,...

}. (56)
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(ii) For H® = 0 the contribution of the term 1/H must
be taken into account; the singularity condition
becomes

(H=H )l W)y € O \{3 5 5o}

(57)

lim
H—H®

Note that in order to satisfy these conditions, it is in
particular necessary that the limit is finite and nonzero,
which requires the asymptotic behavior

Wyn Wy 1

[In|(In W)y "W, W “H-m

(58)

near the singularity. To achieve this behavior, we use the
same approximation (45) as in the previous case of a
sudden singularity. For b > 0 we obtain

Jim (H = 1) in|(n W)}

H— H°\b]-1
=-1+ lim bW° [W‘>+s< ) ]
H—H*®

=b-1 (59)
For H® # 0 we thus require b € (0,1)\{}.4.%. ...}, which
implies that Wy diverges for H — H°. Similarly, for
H°=0 we require b€ (1.2)\{3.4.3....}. Wy— Wy, =0,
while Wy diverges for H — H®. This can be summarized
as follows:

Statement 7. Singularities with finite H and H occur at
H = H° if and only if W° > 0 and

(1) either H® # 0 and Wy diverges, in which case the

singularity parameter is k = b~!,

(ii) or H® =0, Wj, =0, and Wy, diverges, in which

case k = (1 —b)7!,
where b is given by the asymptotic behavior (45), provided
that k # Z. The conditions for future and past singularities
are the same as in Statement 6. ]

We finally remark that the conditions for the existence of
this type of singularity in particular imply the existence of
fixed points, since they satisfy Condition vi in Statement 1.
These singularities hence comprise a special class of fixed
points which are reached in finite time.

This concludes our discussion of finite time singularities.
In the next section we will shift our focus to another aspect
of f(T) cosmology and derive a number of observable
parameters.

V. OBSERVATIONAL PROPERTIES

In the final section about the general dynamical system
approach we discuss how to relate the dynamical system to
physical properties and observables of the cosmological
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model. For this purpose we study, in particular, two
properties, namely the accelerating expansion of the uni-
verse in Sec. VA and the barotropic index of an equivalent
dark energy model and the possibility of crossing the
phantom divide in Sec. V B. Specific phases of accelerating
expansion, in particular inflation and the observed late time
acceleration, are discussed in Sec. V C. We finally show
how several observational parameters, such as the Hubble
parameter, deceleration parameter, and density parameters,
can be read off from the dynamical system and further be
used to constrain the Friedmann function W(H) and select
a particular phase space trajectory in Sec. V D.

A. Accelerating expansion

An important question about any f(7') gravity model is
whether it supports an epoch of accelerated expansion of
the universe, and whether there are transitions between
deceleration and acceleration. From the definition of the
Hubble parameter it immediately follows that

. da da-a* a
H_ p— —

=——=—>—=--H>, 60
dta a’ a (60)
and hence the acceleration is given by
a . w
—=H’+H=H(H-(X+3)— ). 61
=i =H(H-0eg) o

We now focus on the transition between acceleration and
deceleration, and thus in particular on phase space trajec-
tories passing through the line where ¢ = 0. Note that for
H = 0 this condition implies H = 0 and hence corresponds
to a fixed point; there is no transition in this case. We thus
find that transitions can occur only for H # 0 with

H=(X+3)WKH=(1};V+V)3H. (62)

One easily checks that this is possible only if W and Wy
are finite and nonzero. To determine the direction of the
transition, we further calculate the third derivative

I Y I e L S RS

dta a a

We only need to study @ in the particular case ¢ = 0 given
by the relation (62). In this case the third derivative of the
scale factor is given by

al  6H (X +1)W—HWyy
n (X+3)w

(64)
ali=0

We can thus summarize:
Statement 8. Transitions between acceleration and
deceleration can occur only at phase space points satisfying
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H(In W), = X + 3, following from equation (62), and the
direction of the transition is determined by

sgna = sgn{H[6(X + )W — H*Wyy]},  (65)

following from equation (64). ]

Studies of whether and how different models can
incorporate accelerated expansion include Refs. [8,9,21,
24,28,37,55-58].

B. Dark energy and the phantom divide

If we compare the cosmological field equations (14)
with the corresponding equations for a generic dark energy
model in general relativity, which are given by

87G
H> = 3 (Pm + Pr =+ PDE)- (66a)
. 4
H = ~42G |p, + zp- + (1 +wpg)ppe |, (66b)

3

then one can easily infer that f(7') gravity can be described
as an effective dark energy model, where the effective
energy density of dark energy is given by

6H> — W
=7 7
PDE 162G (6 )
while its effective barotropic index takes the form
(X +3) H HY\ !
=122 (-2 (1-6—
DR 3 Wy oW
X 1 — 6H?
- +3[In|W-6 |]H. (68)

3 (InW),

We are, in particular, interested in the question of whether
the barotropic index is smaller or larger than —1, or whether
there exists some H = H* where it changes dynamically
between these two possibilities. The critical value wpg =
—1 discriminates between so-called phantom and non-
phantom dark energy, and is hence also known as the
“phantom divide.” For this purpose it is sufficient to study
the sign, zeroes, and poles of the second term. We can
proceed similarly to the discussion of fixed points and
singularities and distinguish a number of different cases.
First, we consider H* # 0, and study the following three
particular cases for W*:

(1) If W diverges, then also Wy diverges. Both terms
in brackets in equation (68) approach 1, and the
barotropic index approaches —2 —§ —1.

(ii) For W — 0 one can easily see from the first
expression for wpg in equation (68) that wpg —
—1 unless Wy — 0 and the corresponding factor in
brackets diverges. However, one can see from the
last expression in equation (68) that also in the case
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W -0 and Wy — 0 the term (InW), in the
denominator diverges as discussed in Sec. IIIC,
while the numerator stays finite. Hence, also in this
case wpg — —1. However, recall from Sec. I1I C that
W =0 implies H = 0; no crossing can occur in
this case.

(iii) If W — 6H?, it follows from an analogous argument
that the denominator [In|W — 6H?[],, diverges, and
hence also wpg diverges.

‘We thus see that none of these cases allow for a crossing of
the phantom divide. For any other value of W, which is not
covered by the aforementioned special cases, the second
bracketed term in equation (68) is nonzero, finite, and does
not equal 1. We then need to consult the value of W. Also,
here there are three particular cases to be discussed:

(i) For Wy — 12H the first bracketed term in equa-

tion (68) vanishes and we obtain wpg = —1. Since
H # 0 in this case, as follows from Statement 1, this
allows for a crossing of the phantom divide.

(ii)) For Wy — 0 the first bracketed term in equation (68)

diverges, and so does wpg.

(iii) Finally, if Wy diverges, the first bracketed term in
equation (68) approaches 1, and we find wpg # —1.

Note that for all other values of W, we likewise find
wpg # —1; the only case we have found so far for crossing
the phantom divide is the one involving Wy = 12H.

We are left with the case H = 0. Since we are interested
in the possibility of crossing the phantom divide, we need
to consider only such cases in which we obtain a finite,
nonzero H , 1.e., a bounce or turnaround. These cases follow
from the conditions given in Statement 3. In particular,
we must have W > 0; the second bracketed term in
equation (68) always approaches 1 for H — 0. Thus, in
order to cross the phantom divide, the first bracketed term
must vanish. This is the case if and only if

. 1 1
b Wi Wanlg—o 12 ()
ie., if and only if W>0, Wy =0, and Wyy =12
at H=0.

‘We also determine in which direction the phantom divide
is crossed. For this purpose we calculate the total time
derivative wpg. In the first crossing case, where H* # 0,
we find

o (X3 (Whyy — 12)(W)?
PE 432H WX — 6(H*)?]

(70)

while in the second crossing case, for H* = 0, we obtain

(X + 3> W Wy

864 7

WDE = —

We can summarize our findings as follows:
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Statement 9. Crossing of the phantom divide occurs at
H = H* if and only if W* > 0 and
(i) either H* # 0, W* # 6(H*)? and W}, = 12H*, in
which case

Wiy = 12)

W ey Y

SgNWpg = —sgn

(ii) or H* =0, Wy; = 0, and Wi, = 12, in which case
sgmiipg = sz Wiy (73)

n

From the point of view of phantom dark energy and the

divide line crossing, different models were considered in
Refs. [55-57].

C. Inflation and late time acceleration

From our discussion of the effective dark energy content
in the preceding section follows another interesting remark.
We have seen that in the case W = 0, which implies H = 0,
we have wpg = —1. This leads to the following conclusion,
using the effective dark energy density (67):

Statement 10. At fixed points (H*,X*) with W* =0
the solution becomes a de Sitter vacuum solution, i.e.,

pr = pm =0 and wpg = —1, with cosmological constant
A = 8zGppg = 3(H*)?. (74)
n

If H > 0, then this solution models the observed late
time acceleration of the universe. Note that de Sitter fixed
points of this type W* =0 cannot be used to model
inflation without invoking further mechanisms beyond
the f(T) dynamics we study here. To see this, recall from
Statement 1 that for W* = 0 at H* > 0 there exists a saddle
point at X* = 1 and an attractor at X* = 0. Any trajectories
in the vicinity of these fixed points ultimately converge to
the attractor, and thus never leave the accelerating de Sitter
phase. Hence, there would be no exit from this type of
inflation.

We finally remark that fixed points with W* — oo could
be potential candidates to model inflation. In the case
H* > 0 we see from Statement 2 that there exists a repeller
at X* = 1. This point, which is the limiting point of
trajectories in their infinite past, corresponds to an infinite
matter density. In this limit the scale factor a asymptotically
becomes 0, with asymptotically constant Hubble parameter
H = H*. However, note that of course our purely classical
model breaks down as soon as densities become suffi-
ciently high that the quantum nature of matter becomes
relevant; one cannot extrapolate this trajectory into the
infinite past. We would rather expect that inflation starts
from a quantum regime.
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D. Cosmological parameters
A number of observable parameters can be derived
directly from the equations constituting the dynamical

system. Most important are the density parameters, which
are defined with the help of the critical density

3

Pe = 8aG

(75)

For different contributions to the matter density present in
our model this yields the straightforward definitions

o :&7(1—X)W Q" Xw

= 6H. " . 6HE'
PDE w
Qpp=—=1—-—. 76
‘DE De 6H? ( )

Conventionally, one also defines a parameter Q, related
to the spatial curvature; however, this parameter vanishes
identically for our model, since we restrict ourselves to
spatially flat FLRW spacetimes. As a consequence, the
parameters satisfy the constraint equation

Q)+, + Qpg =1, (77)

which is simply a rewriting of the corresponding Fried-
mann equation (66), and which is in good agreement with
current observations [59].

Another important set of observable parameters are of
course the Hubble parameter H itself and the deceleration
parameter ¢ defined by

H w
L L (X43)—— . (78
a 0 X g 78

Their present values are related to a Taylor expansion of the
scale factor a(r) around the present time #, given by
1
a(t)=ag|1 +Ho(f—fo)—EH(%‘IO(’—IO)Z +0((1=10)).
(79)

From the present time values of these parameters we can
derive two types of constraints. The Hubble parameter H
and the ratio between radiation and matter given by

Qo X
Q0 1-Xp

(80)

fix a point (Hy. X,) in phase space, and hence a particular
trajectory. The total matter density further determines the
present time value of W via

Wy = 6H(2)(Qm0 + QV.O)’ (81)
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while the present time value of Wy follows from the
deceleration parameter as

(Xo +3)Wo
Wyo=-—0 22 82
19 Hy(1 = qo) ®2)

Hence, we obtain the first two coefficients in the Taylor
expansion of the Friedmann function W around the present
time value H, of the Hubble parameter.

With this we finish our discussion of observational
properties, and thereby of generic f(7T) theories. We have
now constructed a comprehensive set of tools to analyze
any given f(T) theory by the properties of the correspond-
ing Friedmann function W(H). In order to demonstrate
the potential of these tools, we apply our formalism to a
particular class of theories, for which F(T) is given by a
power law, in the next section.

VI. EXAMPLE: POWER LAW
MODEL F(T)=a(-T)"

After discussing the general formalism we developed in
the previous sections, we now apply this formalism to a
specific model. In this model F(7) is given by a power law
F(T) = a(=T)", where a and n are constant parameters.
The main purpose of this section is to illustrate our
formalism. We start with the definition of the power law
model and a discussion of the allowed ranges and special
values of its parameters in Sec. VIA. We then derive a
number of properties of the general power law model,
without restrictions on the constant parameters, using our
general formalism. We discuss the physical phase space, its
boundaries, and fixed points in Sec. VIB. Finite time
singularities are discussed in Sec. VIC. We continue by
discussing phases of accelerating expansion in Sec. VID
and the properties in Sec. VIE. The results obtained in
Secs. VIB to VIE will then allow us to discuss the general
dynamics and draw qualitative phase diagrams in Sec. VI F,
as well as study the behavior of physical quantities along
trajectories in Sec. VIG. Finally, in Sec. VIH we derive a
number of observational parameters and discuss their
values for commonly used values of the model parameters.

A. Definition and model parameters
We start with a discussion of the generic properties of
the power law model F(T) = a(-T)", where a and n are
constant parameters whose values we leave arbitrary in
this section. Note that =T = 6H? is never negative. We
calculate the function

W = 6H*+ (1 —2n)a(6H*)", (83)

its first derivative
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6H2 n
Wy = 12H +2n(1 — 2n)a%, (84)
and second derivative
Wy = 12[1 = n(1 = 2n)%a(6H?)""]. (85)

It is important to distinguish a few special cases:

(i) For a = 0 the model trivially reduces to teleparallel
equivalent of general relativity.

(i) In the case n =0 we see that F(T) is simply a
cosmological constant. Hence, the model becomes
equivalent to GR with a cosmological constant.

(iii) For n = 1 the total Lagrangian reads (1 — )7 This
model is equivalent to general relativity, where the
gravitational constant is rescaled by a factor 1 — a.
Obviously, @ = 1 must be excluded in this case.

(iv) For n =1 the terms originating from F(T) do not
contribute to the cosmological field equations.
Hence, we obtain the same cosmological dynamics
as for general relativity.

In the following we will exclude these special cases from
our analysis, since they would have to be treated separately
but do not yield any new features beyond the exhaustively
studied GR cosmology with a cosmological constant.

B. Physical phase space and fixed points

‘We now apply the general framework we developed in
this article to this model. We first determine the physical
phase space, which is given by the condition W > 0 obtained
in Sec. III A. The boundary of the phase space is thus given
by the condition that either W = 0 or W — oo, which are
also fixed point conditions according to Statements 1 and 2
detailed in Sec. III C. It thus makes sense to study the fixed
point conditions first. We start with the condition W = 0,
which for the model we consider here has the solutions

H=0 and (6H*)'" = (2n-1)a. (86)
The point H = 0, which is a solution only for n > 0, is
special and will be treated separately. The second equation
has a positive and a negative solution for (21 — 1)a > 0 and
n # 1. In the following we will denote the positive solution
by H = H*. According to Conditions i, ii, and iii in
Statement 1, we thus obtain different fixed points
(H,X) € P: one attractor (H*,0), one repeller (—H*,0),
and two saddle points (=H*, 1). According to Statement 10
they all correspond to a de Sitter universe. Note that these are
the only fixed points with H # 0, since the power law model
does not satisfy any other condition listed in Statement 1 or
2, except for H = 0. The point (H*, 0) should correspond to
the same state as the stable de Sitter fixed point found in
studies with Hubble-rescaled variables [21,24,27,28,30].

In the case H = 0 we see that Condition vi a in Statement 1
is satisfied for n > 0, while Condition iv b in Statement 2 is
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satisfied for n < 0. The first one is a regular vacuum fixed
point, while the latter belongs to a divergent matter density,
and hence lies on the boundary outside of the physical phase
space. In both cases the stability cannot be determined from
the linearized analysis. We will determine their stability from
the phase diagrams in Sec. VIF.

From our analysis it follows that the physical phase
space is bounded in H if either @ > 0 and n > % ora <0
and n < % Studying the sign of W in these cases yields
different restrictions on the physical phase space:

(i) For a >0 and n > 1 we obtain W >0 only for
|H| < H*. The absolute value of the Hubble param-
eter thus has an upper bound.

(ii) Fora >0 and% < n < 1 the physical phase space is
given by |[H| > H*, and so we receive a lower bound
instead.

(iii) For @ <0 and n <3 the absolute value of the
Hubble parameter likewise has a lower bound given
by |H| > H*.
Finally, for (2n — 1)a < 0, the physical phase space covers
all of H € R.

C. Finite time singularities

‘We now come to the discussion of finite time singular-
ities in the power law model, for which we proceed in the
same way as for the fixed points. We start with the case
H — +oo as discussed in Sec. IV B, which belongs to
the boundary of the physical phase space unless @ > 1 and
n > 1. From Statement 5 it follows that we need to consider
the asymptotic behavior of (In W), for H — +o0. Note that
in this limit we have W~ H? if n <1 and W ~ H>" if
n > 1. In both cases, we find the asymptotic behavior

(In W) (87)

H™ H’
which corresponds to a finite time singularity of type I with
parameter k = 1. For H — oo we find Wy > 0; this is a
past singularity, and hence a big bang. Conversely, for
H — —o0, we find Wy < 0, and this is a future singularity
for a collapsing universe, hence a big crunch.

‘We then come to sudden singularities, or singularities of
type II, as discussed in Sec. IV C, which occur at finite H.
Recall from Statement 6 that these occur only where W¢ is
nonzero and finite; we can exclude H = 0 for the power
law model from our discussion. We are thus looking for
points H® #0 where W =0, as also required by
Statement 6. This condition yields

(6H*)'" = n(2n - 1)a, (88)

where the right hand side is nonzero since we have already
excluded those values for n and a for which it will vanish.
In the following we will denote by H® the positive solution
of this equation, if it exists. This is the case for the
following parameter ranges:
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(i) Fora > 0and n < 0 the physical phase space covers
the whole range H € R, and hence also contains the
singularity H°.

(ii)) Fora <0and 0 <n < % we find the singularity at
H® < H*; however, this point lies outside the
physical phase space.

(iii) For a >0 and % <n <1 we have qualitatively
the same situation as in the aforementioned case,
with a singularity at H® < H* outside the physical
phase space.

(iv) For @ > 0 and n > 1 the singularity also satisfies
H® < H*, but in this case this point lies inside the
physical phase space.

Hence, we need to discuss only the first and the last of these
ranges. At the singularity we find that

1
we :6<1 —;> (H®)?, Wg=0, Wg,=24(1-n).

(89)

In particular, we find that W3, is finite and nonzero, and so
the asymptotic behavior of the Friedmann function W is
given by

W—W° ~ (H—H°)? (90)

near the singularity. We hence obtain the singularity
parameter k = —%, which is in the expected range for a
singularity of type II. Finally, note that for n < 0 we have
W > 0; W has a local minimum and we find a future
sudden singularity at H® > 0, which is complemented by a
past sudden singularity at —H . The opposite time behavior
is obtained in the case n > 1.

D. Accelerating expansion

As the next aspect we discuss the possibility of an
accelerating expansion and the transition between accel-
erating and decelerating phases, noted already in the early
papers [8,9]. For the acceleration we find the expression

i X +3 6H? + (1 —2n)a(6H?)"

—=H*1-——" . 91
a 2 6H?+n(1 —2n)a(6H?)" ©n

To determine the behavior of this function on the physical
phase space, it is helpful to introduce the auxiliary
functions

HWy
V=
2
W 6H? + (1 —2n)a(6H?)"

U=y =em+ n(1=2n)a(6H?)"" ©2)

= 6H” + n(1 —2n)a(6H?)",

With this definition it follows that
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é:H2[1—X+3
a 2

U] . (93)

and & > 0 if and only if U < X%}, where xim always takes

values in the interval [}, %. We have thus obtained a simple
condition which determines the sign of the acceleration for
the power law model. We will discuss this condition and its
implications on the history of the universe in more detail in
Sec. VIG.

E. Dark energy and the phantom divide

We start our discussion in this section with the possibility
of crossing the phantom divide. For this purpose we check
the conditions given in Statement 9 given in Sec. V B.
Condition i is not satisfied since there is no H* # 0 for
which Wy = 12H*, as follows from equation (84). Also,
Condition ii is not satisfied since Wy, # 12 at H =0,
independent of the parameters of the power law model, as
follows from equation (85). Hence, there is no crossing of
the phantom divide, as noted before in Ref. [36] via
Statefinder and Om diagnostics.

The same result can also be seen from the barotropic
index of the dark energy component, which is given by

6H? + (1 —2n)a(6H?)"
wDE:—1+§(X+3) ( n)al6H’)

3 6H> + n(1 —2n)a(6H*)"
:—l+g(X+3)U, (94)

where U is defined in equation (92). Note that wpg = —1 if
and only if W = 0, and that this condition corresponds to
fixed points according to our analysis in Sec. VIB. Hence,
there are no transitions between wpg < —1 and wpg > —1,
and thus no crossing of the phantom divide.

Using formula (94), we can also discriminate between
phantom and nonphantom dark energy. One can easily see
that wpg < —1 if and only if nU < 0, while for nU > 0 we
find wpg > —1. If any of these conditions is satisfied for
some point (H, X) € P, it is satisfied for all points on the
trajectory through (H, X) since there is no crossing of the
phantom divide. We can thus distinguish between phantom
and nonphantom trajectories. We will do so in detail in
Sec. VIG

F. General dynamics and phase diagrams

‘We now use the results on the physical phase space and
the existence and behavior of fixed points and singularities
obtained in Secs. VIB and VIC in order to discuss the
general dynamics of the cosmological model for different
values of the parameters n and a. Note that the only values
of H at which the sign of / and X, and hence the qualitative
behavior of the system, can change are the values
0,+H°,+H*. They divide the physical phase space into
several regions, in which we now study the sign of H, as
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well as the aforementioned physical quantities. The quali-
tative phase diagrams derived from our analysis are shown
in Fig. 1, where we have used gray lines in order to mark
the following distinguished values of H: a solid line marks
H =0, dashed lines mark the singularities H = +H°,
and dotted lines mark the fixed points H = =H*. Note
that all diagrams are symmetric under the transformation
Hw+> —H, X+ X,H+— H, X~ —X. We will therefore
only discuss the right half, H > 0, which corresponds to
an expanding phase of the universe. Then the diagrams can
be classified as follows:
(i) Fora<0,n> % shown in Fig. 1(b) and @ > 0, 0 <
n <% shown in Fig. 1(d) the phase diagrams are
qualitatively identical. The region H>0,0<X <1
is filled with trajectories which start from a big bang
singularity at (oo, 1) and end at a static fixed point at
(0,0). These are bounded by trajectories with X =0
and X =1, both of which start at the big bang
(o0, X) and end at a static universe (0, X). Finally, all
points (0,X) with X € [0, 1] are fixed points. This
fact does not immediately become apparent from the
phase diagrams, since X~H and H ~ H?; H/X ~
H — 0 and trajectories become vertical near the
fixed line H = 0. However, the velocity with which
these trajectories are traversed converges to 0.

(i) Fora <0, n < % shown in Fig. 1(a) and a > 0, % <
n < 1 shown in Fig. 1(e) there exists a critical value
H = H*. Physical trajectories in the region H >
H*,0 <X <1 start at the big bang singularity
(o0, 1) and end at the attractive de Sitter fixed point
(H*,0). Also, in this case there exist bounding
trajectories with X =0 and X =1 going from
(00.X) to (H*.X). Finally, there exists another
bounding trajectory connecting the de Sitter saddle
point (H*,1) to the attractive de Sitter fixed
point (H*,0).

(iii) In the case a > 0, n < 0 there exists another type of
critical value H = H® corresponding to a sudden
singularity, which splits the physical phase space
into different parts. Trajectories in the region
H > H° start at the big bang singularity (oo, 1)
and reach the sudden singularity (H°, X) at a finite
value of X. Points with 0 < H < H® belong to
trajectories starting at the static saddle point (0,1),
which also reach the sudden singularity (H°, X) ata
finite value of X.

(iv) Inthe case @ > 0, n > 1 both types of critical values
exist, with 0 < H® < H*. Trajectories in the region
H® < H < H* start from the sudden singularity
(H°,X) at a finite value of X and approach the
stable de Sitter fixed point (H*,0). In the region
0 < H < H® trajectories have the same starting
condition but approach the static saddle point (0,0).

We can now also study the stability of the fixed points

on the line H =0, which we identified in Sec. VIB.
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FIG. 1.
H = 0, dashed lines mark the singularities # = £H*°, and dotted lines mark the fixed points H = +£H*.

Since the sign of H is the same on both sides H > 0 and
H < 0 of these fixed points, it follows that trajectories

on one side are traversed towards H = 0, while on the  points.
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G. Physical trajectories and their properties

Making use of the qualitative phase diagrams, we can
now also study the behavior of the acceleration (91) and the
barotropic index (94) of the effective dark energy along
physical trajectories. In this discussion we restrict ourselves
to trajectories in the interior of the phase space and exclude
those which are located entirely on the boundary. Also, here
we discuss only the case H > 0, using the fact that ¢ and
wpg do not change under a sign reversal H — —H. For this
purpose we now take a closer look at the function U(H)
defined in equation (92). Note that

VU =WuV =WV, =12(n—1)>(2n — 1)aH(6H?)"
(95)

has no zeroes for H # 0. Thus, U is monotonous whenever

V is finite (and hence U is also defined). We distinguish the
following cases, which are summarized in Fig. 2:

(i) For @ <0 and n <} as shown in Fig. 1(a) we have

U — 0 for the de Sitter fixed point H — H*, where

a>0,and U — 1 for H— oo; hence, d < 0. We

thus have a transition from a decelerating to an

accelerating phase. For n <0 we have phantom

dark energy, wpg < —1, while for n > 0 we obtain

wpg > —1. Such dark energy behavior was noted
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(i) For @ <0 and § <n <1 as shown in Fig. 1(b) we
find U - 1> 1for H— 0and U — 1 for H — co.
Hence, we have 1 < U <% everywhere, and thus
d < 0. There is no accelerating phase. Further,
wpg > —1; there is no phantom dark energy.

(iii) For @« <0 and n > 1, which is also shown in
Fig. 1(b), the limiting cases are given by U — 1
for H — 0 and U — 1 < 1 for H — co. The sign of
the acceleration depends on the value of n. For n < %
it follows that U > % everywhere, and hence d < 0;
there is no accelerating phase. For n > 2 there is
U <% for H — oo; all trajectories pass from an
accelerating to a decelerating phase. In the inter-
mediate parameter range % < n <2 the accelerating
phase does not cover the whole edge H — oo of the
phase diagram, but only the part X < 2n — 3. This
means in particular that the big bang singularity at
H — o0, X — 1is located in the decelerating phase.
Trajectories starting from the big bang singularity
may either bypass the accelerating phase completely
or experience a transient positive acceleration. In all
of these cases we have wpg > —1.

(iv) In the case @ > 0 and n < 0 shown in Fig. 1(c) we
need to discuss two regions of the phase diagram
separately. For H < H® there is V < 0, and hence
also U < 0, @ > 0, and wpg > —1. For H > H® we
find W>V>0; hence U>1, d<0, and

in Ref. [36].
00
(00,1) = (0,0): @\, wpg > —1
2
(H®,X) = (0,0): @ <0, wpg > —1;
(00,1) = (0,0): @< 0ora N\, wpg >—1
(H®, X) = (H*,0): @ >0, wpp < —1
3
2
n 1 (00,1) = (0,0): @ <0, wpg > —1
(00,1) = (H*,0): @ /', wpg > —1
1
2
(00,1) = (H*,0): @ /', wpg > —1 (00,1) = (0,0): @ <0, wpg > —1
0
(0,1) = (H°, X): @ >0, wpg > —1;
(00,1) = (H*,0): @ /', wpe < —1
(00,1) = (H®, X): @ <0, wpp < —1

FIG. 2. Physical trajectories (H;, X;) — (H, X ) in the power law model with H > 0, classified by their asymptotic initial and final
states (H;, X;) and (Hy, X¢). Due to the symmetry of the phase diagrams, each of these has a corresponding trajectory with H <0,
which can be obtained by replacing H + —H and reversing the direction of the arrows. Here ¢ /" indicates a transition from deceleration
to acceleration, while @\ indicates a transition in the opposite direction.
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wpg < —1. However, since these regions are sepa-
rated by a singularity, there are no transitions
between accelerating and decelerating phases or
between phantom and nonphantom dark energy.

(v) Fora>0and 0 <n < % as shown in Fig. 1(d) we
have the limiting cases U — % > 2 for H — 0 and
U — 1 for H— co. We thus have U > 1 every-
where, and therefore ¢ < 0; there is no accelerating
phase. There is also no phantom dark energy
since wpg > —1.

(vi) When a > 0 and % < n <1 as shown in Fig. 1(e),
there is a de Sitter fixed point with U — 0 for
H — H*; hence ad > 0, while U - 1 for H — oo,
and thus @ < 0. It follows that there is a transition
from a decelerating to an accelerating phase. We still
find wpg > —1 also in this case. Such dark energy
behavior was noted in Ref. [36].

(vii) Finally, in the case @ > 0 and n > 1 the physical
phase space W > 0 splits into two regions divided
by a singularity at H = H°, as shown in Fig. 1(f),
which we discuss separately. For H < H® we have
W >V >0, and thus U > 1; hence ad <0 and
wpg > —1. In contrast, for H> H® we find V <0,
which yields U < 0; thus ¢ >0 and wpg < —1.
Since accelerating and decelerating phases are
separated by a singularity, there is no transition.
The same holds for phantom and nonphantom dark
energy.

H. Observational properties

We finally discuss how to derive a number of observa-
tional parameters for the power law model. For the density
parameters (76) we find the expressions

Q, = (1=X)[1 + (1 -2n)a(6H*)™"], (96a)
Q, = X[1 + (1 = 2n)a(6H>)""], (96b)
Qp = —(1 —2n)a(6H>)"". (96¢)

We further calculate the deceleration parameter, which can
be found from the acceleration (91) and is given by
X +3 6H? + (1 —2n)a(6H?)"

2 6H?+n(1 —2n)a(6H*)""

g=-1+ (97)

We do not attempt to fit the parameters @ and n of the power
law model based on the observational properties derived
generically in this article, since this particular class of
models has already been extensively studied and numerous
numerical fits have been obtained [8,36,38-40,42-49].
Instead, we only give a qualitative estimate based on the
phase diagrams shown in Fig. 1, again with the purpose of
illustrating the generic formalism developed in this article.
If one assumes that the qualitative behavior of the Hubble
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parameter is described by a big bang singularity H — oo at
a finite time in the past, followed by an expansion, that
finally leads to an accelerated expansion at a de Sitter fixed
point, one is led to the conclusion that the expansion history
of the universe is best described by either of the phase
diagrams 1(a) or 1(e). Hence, one concludes that the model
parameters must satisfy either <0 and n < % ora>0
and% < n < 1. Remarkably, both of these possibilities are
consistent with a positive density parameter Qpg, as can be
seen from equation (96c¢).

This concludes our discussion of the power law model.
‘We have seen that our general formalism reproduces a large
number of results which have been previously obtained in
individual studies. These findings demonstrate the validity
and usefulness of our formalism.

VII. CONCLUSION

In this article we have derived a two-dimensional dynami-
cal system from the flat FLRW cosmological field equations
of a generic f(T') gravity theory, where the matter content is
given by a combination of dust and radiation. We have
shown that the full cosmological dynamics of this model
depend only on a single function W(H) of the Hubble
parameter H, which is derived from the function f(7)
defining the particular theory under consideration. Instead
of choosing a particular form of f(7), we have kept the
function fully generic and derived a number of physically
relevant properties of the whole family of f(7') theories.

Our main result is comprised of numerous conditions on
the Friedmann function W(H), which determine the exist-
ence and stability of fixed points in the cosmological
dynamics, the possibility of a bounce or turnaround,
the existence and severity of finite time singularities, the
existence of accelerating and decelerating phases of the
expansion of the universe, and transitions between them as
well as the possibility of crossing the phantom divide. As a
fully generic result, we have shown that there exist no
periodic orbits in the phase space, and no oscillating universe
solutions, independent of the choice of the function f(T).
Further, we have shown how points on the phase space and
the shape of the Friedmann function W(H) at these points
can be related to observational cosmological parameters.
Note that our chosen matter content manifestly satisfies all
energy conditions, and that all features we discussed are
direct consequences of the modified gravitational dynamics.

To illustrate our results and the general formalism, we
have applied it to a generic power law model
f(T) =T+ a(=T)". We have shown how the dynamics
on the physical phase space depend on the constant
parameters @ and n of the model and displayed the phase
diagrams for all qualitatively different values of these
parameters. We have further characterized all possible
trajectories in these phase spaces and their acceleration
and effective dark energy. In particular, we have shown that
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it is not possible to dynamically cross the phantom divide
wpg = —1 in these models. We have finally shown that
there are no trajectories that start from an initial accelerat-
ing period (which would be interpreted as inflation),
become decelerating, and finally transition back to an
accelerating de Sitter phase.

The formalism and generic results derived in this article
can now be applied to any particular f(7') gravity theory or
class of such theories in order to get a systematic overview
of its cosmological behavior. It is left for future works to
scrutinize other models in a similar manner, finally arriving
at a catalog of f(T) theories, classified by the dynamical
properties of their cosmologies. Our results further hint
towards the possibility to reverse the line of investigation
and to construct heuristic f(7) models based on a set of
desired cosmological features. Once a class of models or a
parameter range with viable dynamical behaviors has been
confirmed, it can be subjected to further studies by other
methods, e.g., the evolution of perturbations, local gravi-
tational constraints, etc.

Finally, one may also consider a more general class of
modified teleparallel theories augmented with a nonmini-
mally coupled scalar field [60-63], a Gauss-Bonnet term
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[64,65], a boundary term [66], combinations of those
[67,68], or higher derivatives of the torsion scalar [69].
Additionally, one may consider actions which are not a
function of the torsion scalar (2), but of different contractions
of the torsion tensor [70-72]. It should be straightforward to
generalize our formalism to such theories, and thus to use
our results to determine their cosmological dynamics.
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APPENDIX: CLASSIFICATION OF
PHASE SPACE POINTS

In order to provide a better overview of all conditions on
the Friedmann function W listed in the main part of the

W=0 W — W >0
. .
W =0 b w0l [Wa o £
expan. dS FP; | expan. sing. FP; | |
H>0 ! !
Loi| L i 2.4 | 2. i ! | pseudo FP,
type I sing.; | . |
6 ! H#0 1 type IV sing;
6. 1 | I
contr. dS FP; contr. sing. FP; ! o2 iva& T
H<0 I i
1. i | 1. il 2.1 2. iii ! !
i i
type II sing.; i i
I I
6. ii | |
I I
””””””””””””””””” | |
static FP; static sing. FP; bounce / turnaround; | static FP; ! static FP;
’ Wan #0 | . | ’
1. via 2. ivh 3 boLiv|Lvo 1. vib
I I
static FP, type IV sing.; | i
: :
1. vic & 7. ii I I
| |
(InW)g — 0 (InW)g = 0
:
type I or type III sing.; 5 | inf. time sing.

FIG.3. Classification of all points in the compactified physical phase space P. Gray fields indicate conditions, while white fields show
the physical consequence if all conditions in the same row and column are satisfied. Numbers and codes refer to the statements and cases

in the main part of the article. FP = fixed point, dS = de Sitter.

043508-20

142



DYNAMICAL SYSTEMS APPROACH AND GENERIC ...

article, we provide a graphical ordering scheme of all
values H that belong to the compactified phase space P in
Fig. 3. Table entries refer to the corresponding general
statements detailed in Secs. III to V. If several statements
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apply simultaneously to the same phase space point (H, X),
they are listed with an ampersand (&) character. If several
statements apply to the same value of H, but different
values of X, they are separated with a pipe (|) character.
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