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Introduction

The problem of knowing the cost of care and types of care needed after retirement has
become a household issue. After a certain age, retired individuals may need assistance at
least once in their life, in performing basic tasks that are common in everyday life |22].
These basic tasks include activities of daily living (ADLs) and instrumental activities of
daily living (IADLs) [27]. Activities of daily living are regular physical activities which
include ability to bath, eat, go to the bathroom and ability to control bladder and bowel
movements |15]. Instrumental activities of daily living refer to activities that are asso-
ciated with independent living, these include preparing meals, going to the store, and
cleaning [27].

In a study by [25], 83 countries are estimated to have at least 20% of their popula-
tion over the age of 65 by 2050. As the number of older individuals in populations is
projected to grow, some major concerns for governments and families are the prevalence
of age-related health issues [19], provision of care (long-term care), corresponding costs
of care and quality of care provided. Dementia and cognitive impairment are some the
major incidences that affects the physical and social well being of older individuals [24].
Cognitive impairment can be as a result of Alzheimer’s disease [20]. Though there is a
concern for cognitively impaired older individuals, care needs to be given to cognitively
intact older individuals as well. We say a person is “cognitively intact if there is no evi-
dence for dementia or cognitive impairment after clinical examination” [29]. In 2015, 47.5
million people globally were living with dementia [4]. The number of people living with
dementia is estimated to likely double every 20 years [12].

The important issue for us concerns which types of long-term care, quality of care,
and the costs of care to be provided for the case of cognitive impairment among retirees,
as the higher the level of cognitive impairment, the higher the cost of care (e.g., |1]). It
was projected by [1] that, the cost of various care for people above age 65 with some sort
of cognitive impairment in 2019 is USD$290 billion for United States using 2018 dollars.
The projected 2019 annual average cost of care for long-term care services and health
care services for a cognitively intact individual above age 65 was USD$13,976 using 2018
dollars. However, for an individual above age 65 with some cognitive impairment, the
annual average cost of care for long-term care and health care services was projected to
be USD$48,977 for 2019 using 2018 dollars [1].



The differences in the cost of long-term care services for individuals above 65 with and
without cognitive impairment are very significant. Thus, it is important that individuals
who are 65 and above have some knowledge of the expected costs likely to be incurred
during their lifetime [10]. Using the method of actuarial present value, the total costs
likely to be incurred in the future can be estimated. Actuarial present value (also called
the expected present value) is found by discounting the future payments at a determined
rate of interest and multiplying by the probabilities of the payments occurring |11, p. 72].
With the knowledge of actuarial present values, elderly adults and their families can
prepare adequately to fund the cost of care that comes with old age.

In this thesis the main objective is to study and define a multi-state model for post-
retirement long-term care. We pay more attention to retirees aged 65 and over with risk
of cognitive impairment. [27] used IADLs and ADLs to define states in their research,
however, [4] defined states using a retiree’s performance on the so-called Mini-Mental
State Examination (MMSE). For our study, we define five unique health states using a
combination of MMSE scores and ADLs. Given these states, we construct a multi-state
Markov model transitions among the various states and study possible costs that may
arise from these transitions, and calculate the actuarial present value of direct costs over

their lifetime taking into account the quality of care.



Chapter 1

Modelling Post-Retirement Long-Term

Care

In this chapter, we introduce the basic theory of multi-state models, definitions and
notations. We use multi-state models to describe long-term care for post-retirement.
The risk of focus is cognitive impairment within long-term care. The evolution of risk
is a sequence of events which determine the cash flows of costs associated with post-
retirement, examples of such events include dementia, Alzheimer’s disease, stroke and
severely cognitive impairment. We also explain some of the basic care associated with
the aging process of retired persons and some of the costs associated with aging if long-
term care is required. Finally we develop formulae to valuate the actuarial present values

(APV) of the future costs associated with multi-sate model.

1.1 Multi-State Models

We assume that the "evolution of a risk can be described in terms of the presence of the
risk itself, at every point of time, in a certain state belonging to a specified set of states,
or state space." [14, Section 1.1, p. 1].

We follow Equations (1.1) and (1.2) in [14] p. 2] and denote the state space by .. We

assume that .7 is a finite set. Denoting the states by integral numbers,
< ={1,2,...,N}.

Let .7 denote the set of direct transitions from state ¢ to state j. In general, .7 is a

subset of the set of pairs (i, j) where i, j € .% then,
T A, 9)li # j. 1,5 € S}

The pair (., .7) is called a multi-state model. The multi-state model (., .7) describes
the uncertainty which is the “possibilities pertaining to an insured risk, as far as evolution

is concerned” |14, p. 2|.



Example 1. We consider a four-state model to illustrate the theory of sets and transi-
tions. In this example, we describe state A as Healthy, state B as Ill, state C as Severely

I1l, and state D as Dead. Thus, the state space is given by,
< ={AB,C,D}.

Naturally, a healthy individual can move to ill, severely ill or dead. It is common for people
to recover from severe illness and illnesses in general to healthy, however, for Example 1,
we do not allow recovery from severely Ill. It is unnatural for individuals to return from
the dead, as such, in our Example 1, we do not allow transition from dead. The set of

transitions for our Example 1 is given by,
T = {(A>B)7(A>C)7 (A>D)> (BvA)a (B,C), (BaD)a (CaD)}'
The multi-state model in Example 1 is the pair,
(7, 7) = ({AB,C,D}, {(A,B),(A,C), (A.D), (B,A), (B,C), (B,D), (C.D)}).

The same model can be defined graphically. The states and transitions are given in

Figure 1.1
A B
Healthy 1
C D
Severely Tl Dead

Figure 1.1: An Example of A Four-State Model State Model.

The arrows in Figure indicates the direction in which transitions are allowed. Intu-
itively a state can be either transient, strictly transient or an absorbing state |14,
p. 1-2|.

S1 States that have the possibility to exit and return are called transient.

S2 We say a state is strictly transient if it does not have the possibility to reenter

once the state has been left.

S3 Absorbing states are defined as states that do not have the possibility to exit once

it has been entered.

The formal definition of transient, strictly transient and absorbing states are given in
Section Following the various states defined in S1, S2 and S3, in our Example 1,
states A and B are transient states, state C is a strictly transient state and state D is an

absorbing state.



1.1.1 Time-Continuous Markov Model

Let Y, (t) denote a random state occupied by a person aged x, x > 0 at time ¢ > 0. For
example, Y, (0) is a given state, we can assume Y, (0) = 1 [14, p. 2]. This means that an

individual currently aged z is in state 1 at time 0. We let
Yo(t), t>0 (1.1)

be a time-continuous stochastic process, with values in the set . [14, p. 2|. We fol-
low Equation (1.5) in [14, Subsection 1.4.2, p. 13| and we consider the time-continuous
stochastic process Y, (t), t > 0. We say that Y,(t), ¢ > 0 is a time-continuous Markov
process if for any n and each finite set of times (0 <)ty < t; < -+ < t, <t and there

exists a set of states g, 41, ...,0,, J in . so that
PrY,(to) =io A+ AYy(tn_1) = in_1, Yau(tn) = in ANY,(t) = j] >0,
and the following Markov property is satisfied,
Pr[Y,(t) = jlYa(to) =do A~  AYa(tn1) = in1 AYa(tn) =in] =
— Pr[Y, () = j|Ya(ta) = .

The Markov property is considered memory-less, that is, it does not take into account
previous information (transitions), rather it focuses only on the present or current infor-

mation or transition.

1.1.2 Transition Probabilities

We follow Equation (1.9) in |14, p. 15] and we define the transition probabilities as

i = Pr[Ya(t) = j|Ya(0) = dl,

xT

fort > 0,4,j € . and x > 0. Following Equation (1.11) in [14, p. 15] we define the

occupancy probabilities as

Pr[Y,(s) =i for all s € [0,t]|Y,(0) = i

fort € &, t > 0 and x > 0. Naturally transition probabilities satisfy the probability

conditions,
0<,p? <1, forallije.”, ¢>0.
For any finite multi-state model, it holds that,

thfrj: , for all i € .7, t>0.

jes



Following |11, p. 238|, we say that for multi-state models, ;pi is included in p%. Thus,
tp? S tpicja for all i?ja 3 2 0.

For all states i,j € ., and for all x > 0, we assume that ;p% is a differentiable function
of t.
Let an N x N matrix P(x,x+t) form the matrix of transition probabilities of an N

state model. A time-dependent matrix, is written as,

11 12 1N
tpg; tpg; R tpaj
21 22 2N
tpq; tpx R tpx
— 31 32 3N
P(X’X+t) = | tPz tPy s Dy
N1 N2 NN
_tpg; tpq; R tpgj

In particular, we say that a state i is transient [14, Equation 1.15, p. 16] if,
limy, o tpgf =0.
We say that a state i is a strictly transient state if |14, Equation 1.16, p. 16|,
Wi =i <1 (t=0)
A state 7 is an absorbing state if |14, Equation 1.14, p. 16|,
i =1 (t >0).

Given the transition probability from state ¢ to state j by a person aged x, p¥, we
consider the complete expected future lifetime of the individual aged x at time 0. We
follow Equation (66) in |27, p. 40] and we denote the expected number of years spent in

j if a person aged x is in state i at time 0 by ¢¥, defined as,
= / padt ij €S (1.2)
0

We let complete future lifetime of an individual aged = in any state ¢ at time 0 be denoted

by éi, defined as,
go=> ¢l ijed. (1.3)
J

The complete future lifetime €’ estimates how long in total, normally in years, an indi-

vidual aged x spends in all j € .7 if the individual was in state i at time 0.



1.1.3 Transition Intensities

We follow [14, Subsection 1.4.3, p. 17| in defining transition intensities. For each state
i # j, the force of transition or transition intensity between states ¢ and j in . for a

person aged x, x > 0, at time ¢ > 0 is defined as:

. ]
pa = lim t+hDg , for i # j. (1.4)
— h

We denote force of transition by u;ﬂt. The limits in Equation (|1.4)) is “assumed to exist
for all relevant ¢ and ¢ # j, and the intensities are assumed to be integrable on compact
intervals” |14} p. 17|. The expression ,ufchrtdt is interpreted as “the conditional probability
that x transitions from state ¢ into state j occurs over the infinitesimal interval [z +
t,x +t + dt) given that the risk is in state ¢ at time ¢” [14, p. 17]. Following equation
(1.18) in [14] p. 17|, we define total intensity, as “(total) intensity of decrement from state
7 [14, p. 17]. The total intensity of state ¢ is denoted by, i, and defined as,

Hope =Y Hilw  6jE€FS w20,t20. (1.5)
JiF#i

Let a N x N matrix M(x+t) denote the matrix of transition intensities of N states,
Mz +1) = (u%,), i,j € 7

1- 12 13 1j
_:ux—l-t M:ﬂ—}—t :ux—l-t e :uw—l-t
21 2. 23 2j
1 S T P Ut
M(ZL’ _|_ t) — T+t T+t T+t T+
N1 N2 N3 N-
Pyt Hoit Mot oo “Hgat

The relationship between transition intensities and probabilities gives us the understand-
ing that transition intensities are fundamental in determining everything about a multi-
state model [11, p. 239].

1.1.4 Finding Transition Probabilities

Following Equation (1.12) in [14, p. 15|, transition probabilities satisfy the Chapman-
Kolmogorov equation.

The Chapman-Kolmogorov equation describes the path of x starting in ¢ at time 0, and
gets to state j at time ¢, but visits state k at an arbitrary intermediate time w |14, p. 15].

The Chapman-Kolmogorov general equation is,

o = wpl i, 0<u<t. (1.6)
ke

Chapman-Kolmogorov Forward Equation



Following equation (1.19) in |14, p. 17|, we define the Chapman-Kolmogorov forward
equation. According to [14, p. 17-18], the Chapman-Kolmogorov forward equation can be

derived starting from the Chapman-Kolmogorov equations in equation (|1.6]).

atpxj = Z (tpxkﬂlag-t - tpxj:u:]vlj-t)a [L’,t 2 0. (17)
k:k#£j

Chapman-Kolmogorov Backward Equation

We define the Chapman-Kolmogorov backward equation based on equation (1.20)

in |14} p. 18].

S = W - Y b, w20 (1)
k:k£i

Transition probabilities are often found when the Chapman-Kolmogorov equations are
solved through numerical methods.
The problem of finding transition probabilities should be approached in more general
terms. Transition probabilities can be found using methods [14, p. 41-44], based on the
definition of transition intensities (i.e, constant or time-dependent). We briefly introduce
how transition probabilities can be found in the simplest case, i.e., with constant transition
intensities.

We assume p,, = p# for all t and for all 4,5 € .#. Let M denote the matrix form of
constant transition intensities, M(z +t) = M = (u¥).

—,ul' ,u12 M13 o Mlj
21 2 ij 25

M — M % 2 R &
MNl IuNQ MN3 _MN

Following Equation (1.77) in |14, p. 17], the transition probability can be solved by,
242

2!

P,z +1t) =M =T+ Mt + +... (1.9)

There are ways in which Equation can be solved. |21 provides guidance on efficient
ways of calculating a matrix exponential.

In general, the Chapman-Kolmogorov forward and backward equations can be used
to find transition probabilities when transition intensities are not constant. There are
various numerical methods that can be used to find the transition probability matrix given
non-constant transition intensities. For example, [23| proposes the Euler and trapezium
methods and discusses these methods in details, [11] suggests Euler’s method, while [18|
suggests that Runge-Kutta methods can be employed in solving the differential equations

for transition probabilities.



1.2 Post-Retirement Long-Term Care

In this section, we explain some of the basic care associated with the aging process of
retired persons and some of the costs associated with aging if long-term care is required.
Most ideas in this chapter are based on ideas from [22], [10], [15], [27] and [14].
Post-retirement long-term care is defined as care provided to retirees who are not able
to physically take care of themselves [27]. According to [22] long-term care does not try to
restore the individual to a healthy state, however, it provides the individual with support
to live in that condition by taking care of the individual. Individuals who maybe in need of
post-retirement long-term care may need assistance with activities of daily living (ADLs),

ADLs can be in six main forms |15, p. 17].

e Bathing

Eating

Dressing

Ability to manage personal hygiene

Bladder control and bowel functions

Getting in and out of bed.

The number of ADLs that an individual cannot perform, determines the type of long-term
care services to use. Post-retirement long-term care services can be administered at home,
in a nursing home, an assisted living home or a hospice facility [31].

The following are some types of long-term care services for post-retirement. These

services differ one from another in their functions.

e Home health care services involve assistance in the home of the individual. Home
health care services can be unpaid, most unpaid caregivers are family members and
friends [31]. There are also paid services where a certified nurse, care taker or
therapist visits the home of the person in need of the services. These services are

mostly on a regular basis.

e Adult day care services are not home based. The services are housed in a facility
for retirees. These facilities organizes activities that stimulate the minds of the
service seekers. Most people who visit adult day care services have been diagnosed
with dementia [31]. Adult day care services are designed to give home caregivers
some relief during the day. The services provide support and companionship for

older adults through social activities, meals, recreational activities, etc [27].



e Custodial care is a type of long-term care where the retirees receive assisted
living [10], including but not limited to assistance in eating, changing of bedding,

continence, etc.

e Nursing facilities provide both medical and rehabilitation services [31|. The cer-
tified nurses in these nursing facilities assist the residents of the facility in both

activities of daily living and taking medications.

e Assisted living facilities are similar to nursing facilities, however, they do not
provide extensive medical services. They are facilities that provide assistance for
adults who need support in activities of daily living which include aid in bedding,

bathing, eating, dressing up and other activities [31].

e Hospice care is purposefully designed for retirees who are at the last stages of
their lives. This care provides companionship for the individual and does not seek
to increase the individual’s life span [31]. This type of care can be given at home,

in a nursing facility, or a retirement community.

Since each type of care is unique, it is best to know which services can cater for the retiree’s
needs. There could many more types of care for the post-retirement period. According to
results from [2], preparing for old age improves psychological and physical health among
other factors in old age. Though results by [3]| suggests that single women have low death
rates, they were also estimated to have the risk of getting poorer as they got older thus,
there is the need for creating awareness even for younger individuals to start planning for
life after retirement (post-retirement) and they should be encouraged to make provisions
to foot the cost of care in their old age. [31] suggests having such a plan or product is
planning for a successful retirement. However, to plan for post-retirement long-term care

requires some knowledge of the cost of care.

1.3 Various Types of Costs of the Care

We will now take a look at the costs associated with post-retirement long-term care. We
consider costs associated with long-term care services as well as medical costs. We at
the basic definitions and notations of actuarial present values for cost, unless otherwise
stated, all equations and notations are based on [11], [14] and [16]. We refer to cost of
care as the amount paid to cover any and all sorts of care while in a particular health risk
state |27, p. 21|, [4] and [1]. This cost includes, but is not limited to,

e medical bills for normal medical conditions due to aging,

e assistance with ADLs,

10



e long-term care services,

e rehabilitation facilities,

e mandated physical exam,

e medical certification for transitions between health states, and
e home visits.

We assume that the costs are incurred during the lifetime of the retiree once a health
risk state has been entered and the costs depend on the health state [27]. Multi-state
models are a natural way to model costs for long term policies |11, p. 247]. The health
risks can be viewed as a sequence of events which determines costs |14, p. 1]. To further
describe the costs of post-retirement long-term care, we develop formulae for the valuation

of costs at each health state. We assume there are three types of costs:

e annuity types of costs that are paid continuously until death and these costs depend
on the health risk state,

e lump sum costs incurred for medical bills and medical certification costs, paid only
when the certification is needed to verify that a person has moved to a different
health risk state, and

e mandated physical exam costs that are incurred at specific times in the retiree’s

lifetime for routine physical exams.

We use actuarial present values to valuate the future costs associated with each state.
For our cost valuations, we assume a deterministic constant force of interest 6 > 0. We
then derive the actuarial present values of all the possible costs that may arise. For
our valuation formulae, we assume that a person aged z is in state ¢ at time 0, that is,
Y,(0) = i, where Y, (¢) is given by (L.I). For evaluating actuarial present value of total
costs incurred, we use for Y, (0) = ¢ (a person aged z in state i at time 0), the transition
intensity, M?'th defined by Equation and the transition probability ;p¥/ defined in
Subsection [L1T.2

1. Consider a continuous cost incurred at rate ¢/(t) > 0, j € .. Then, following
Equation (1.100) and (1.101) in [14, p. 48] the random present value of rate ¢’(t) at
time ¢ > 0, if Y, (t) = j is ¢/(t)e " Iy, 1)—;3dt. Thus, the random present value over

time interval [0, 00) is,

/ I (t)e " Iy, )=y dt.
0

11



Assuming the conditional event Y, (0) = 4, the corresponding actuarial present value

of the continuous cost rate for, ¢/(t), t > 0, during period [0, 00) is defined as,
/ e 0 pili I (t)dt, i,j,€ 7. (1.10)
0

Following Equations (1.106) and (1.107) in [14] p. 49], the actuarial present value of
a unit-level continuous cost, ¢/(t)=1, t > 0, for the period [0, 00) (if a person aged

r in state i at time 0, moves to state j at time t) is denoted by a, defined as,

ad = /Oo e 0 pidt, i,j,€.7. (1.11)
0

. We consider a continuous lump sum cost, C%(t) > 0, t > 0. We assume that the
individual aged x is in state ¢ at time 0, then, at some point within time interval
(0,%), the individual transfers to state k and then finally moves to state j at time
t. The lump sum cost is incurred immediately at time ¢ if transition from k& to j
occurs immediately at time t. The actuarial present value of the lump sum cost
C%(t) > 0, t > 0, incurred over the time period [0, 00), as given in Equation (1.110)
in |14, p. 49], is defined as,

| ematilora k2 ke (1.12)
0

Equation (1.12) occurs every time upon transition and there is no specified time at
which transition should occur.
For the case of C%(t) = 1, ¢ > 0, (unit transition lump sum cost), a special notation,

Ai%3 s introduced.
A= [t k£ ke (1.13)
0

Following Equation (1.112) in [14] p. 49|, the actuarial present value of the total
transition cost for future transfer to state j, given that x is currently in state ¢, is
denoted by, AY, defined as,

AT =" AW (1.14)
jik#j

. Consider the lump sum cost CY(t), incurred at a fixed time ¢ > 0 if z is in state j
at time ¢ > 0, that is, Y, (¢) = j. The actuarial present value associated with lump

sum cost of care C7(t) at time ¢ > 0, is defined as,
e pICi(t)  djeS. (1.15)

Following Equation (1.114) in [14, p. 50|, the actuarial present value associated with
lump sum cost of care C7(¢t) = 1 at time ¢ > 0, is denoted by, ;E%, defined as,

(Fi = 0pli e (1.16)

12



After finding the actuarial present values of the individual types of costs that may
incur, the lifetime total cost incurred for any state can be found. Let the actuarial

present value of lifetime total cost incurred for state i over period [0, 00) be denoted by

€"(0,00),

€' (0,00) = Z/ e Ot pi I (t)dt + Z/ e =0 pik O (t)dt + Z e pICI(t),
S 0 j 0 t:t>0

(1.17)

where i, k,j € ., k# jand t > 0.

In a special case of all costs being constant, that is, ¢/(t) = ¢/, CY(t) = C¥ and
Ci(t) = C7. Then, the actuarial present value of lifetime total cost if the individual is
aged x at time 0 is given as,

€'(0,00) =Y dal+ Y CIAN 4+ Y N"CLE! i kjeS k#j (118
J J t:t>0 j
We sum up all the actuarial present values of direct costs, over all possible transitions

over the lifetime of the retiree to get the actuarial present value of lifetime total costs

incurred for state i that is, the retiree is in state i at time 0.

13



Chapter 2

A Multi-State Model for
Post-Retirement Long-Term Care for

the Risk of Cognitive Impairment

In this chapter, we design a post-retirement multi-state model and define the cost of care
for each defined health state. This model proposal is based on the works and results

of [27], and |4]. These works emphasize the need for preparation towards long-term care.

Type of Retiree: For the purpose of this thesis, we define post-retirement as the
period after which the individual has ceased working for regular income. Retirement age
differs from country to country but generally ranges between ages 60 and 70. In this
model, we take the retirement age to be age 65.

We consider all types of health shocks that occur at random points in time and we assume
these health shocks can affect the health of the retiree such that the extent of medical

care needed ranges from unsupervised home care to long term medical care.

2.1 States and Transitions of the Model

The states of the proposed model are defined using retiree’s inability to perform ADLs and
degree of cognitive impairment using scores on from an MMSE test (e.g., [4], [15], [27])-
The MMSE examines levels of cognitive impairment (mental alertness) of an individ-
ual. The test examines 30 items through questionnaires. The test features the following
categories, orientation to time, orientation to place, registration, execution of complex
commands, language skills, recollection abilities, repetition of words, attention and cal-
culation. The test scores 30 points with high scores indicating better cognition [4]. We

define five health states for the proposed model as follows,

e State 1: retiree is cognitively intact (scores MMSE > 24),
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e State 2: retiree is mildly cognitively impaired (scores MMSE 18-23) and cannot
perform at least one ADL,

e State 3: retiree is moderately cognitively impaired (scores MMSE 10-17) and can-

not perform at least one ADL,

e State 4: retiree is severely cognitively impaired, the retiree scores MMSE < 9

(cannot perform any ADLs) and

e State 5: retiree is dead.

The multi-state model has the state space, .#* = {1,2,3,4,5} and the set of transitions,

T =1(1,2),(1,3),(1,4),(1,5),(2,1),(2,3),(2,4),(2,5), (3,1),
(3.2),(3,4),(3,5), (4,3),(4,5) } .

Figure 2.1: The Multi-State Model for Post-Retirement Long-Term Care for the Risk of

Cognitive Impairment.

The proposed Markov multi-state model is the pair,

(7 7%) = ({1,2.3,4,5} ,{(1,2),(1,3),(1,4), (1,5), (2, 1), (2,3), (2,4), (2,5),
(3,1),(3,2),(3,4), (3,5),(4,3), (4,5)}) -

Quality of Care:We assume the long term market consists of a variety of long-term care
service providers. These services differ one from another in quality of care, where quality
of care is a publicly known parameter . We associate a five star quality of care system
to any and all long-term care facilities and services. For example, [8] in the United States
uses a five-star rating system to rate long-term care facilities. We assume « € [1,5] with
higher « representing higher quality of care and & is the standard (average) quality of
care (& = 3). We assume that all transition intensities and long-term care service costs
depend on «, that is, the higher the «, the higher the cost of long-term care and the

higher the quality of care, the lower the transition intensity rates [27].

To determine the effect of quality of care on transition intensities, given that retirees
are of the same age, with same medical conditions, and receiving different levels of quality

of care, retirees receiving higher levels of quality of care,
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A1 have lower tendency to transition to higher cognitively impaired states (lower prob-

ability to get worse) and

A2 have a higher tendency to transition to lower cognitively impaired stated (higher

recovery probabilities).

The quality-based transition intensity rates are defined as,
/'L:’Lr:j—&-t(a) = %;(OC)M?H Z7j € y*v (21)

where 4, is given by Equation (I.4), and ¢ is a function determining the impact of
quality of care. The transition intensity 1. ,(«) changes for each o € [1,5]. When defining
the quality of care function ¢, then the quality-based transition intensities should follow

the following assumptions,

(

0 fori=1and j=i+1,94+2,...,5
d .. <0 fortr=2,3,4 and j=i+1,0+2,...,5
ij _
d_,%+t(a)— . . .
a >0 fori=2,3,4 and j=1,2,...,i—1
Kambiguous fori =7 and j=1,2,3,4.

Let the transition probability from state ¢ to state j given quality of care o € [1,5] be
denoted by ;p% (), where ;p¥ is given by Equation (1.9).

To show how quality of care affects complete future lifetime of the retiree, we use
Equations and . We denote the quality-based expected number of years spent

in j if retiree is aged 65 in state 7 at time 0 by ég(a), defined as,

el (o) = / wi(a)dt, i, =1,2,3,4and o = 1,2,3,4,5. (2.2)
0

We denote quality-based complete future lifetime of the retiree aged 65 in any state ¢ by

éis (), defined as,

4
Gisla) = éd(a),  i=1,2,34and a=1,2,3,4,5. (2.3)
j=1

2.2 Long-Term Care related to the Model

Following the theory in Chapter we allocate the type of care for each state in our
model.

We assume that a retiree who is in state 1 (cognitively intact), does not need any type
of long-term care services, we assume that the retiree can perform all ADLs and does not
need any assistance.

A retiree in state 2 however receives home health care without the need for a constantly
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supervised medical long-term care institution.

However, a retiree in states 3 and 4 requires constant formal medical long-term care. We
assume that the retiree needs constant supervision and care from a certified long-term
care facility.

Below is a table allocating types of care needed in each of the 5 states. We follow Table
11 in [1] and allocate types of services needed for each state.

We denote the various types of care with the following abbreviations,
e Inpatient Hospital (IH),
e Medical Provider (MP),
e Skilled Nursing Facility (SNF),
e Nursing Home (NH),
e Hospice care (HC),
e Home Health Care (HHC),
e Prescription Medications (PM).

In Table , we allocate the type of care for each state. We apply positive signs (+) to
inclusive care and negative signs (-) indicate the type of care is not included in the health

state.

Table 2.1: Types of Long Term Services for the Model.

States || IH || MP || SNF || NH || HC | HHC || PM
State 1 -
State 2 -

- - - +
State 3 || - + - - -
State 4 || - - + + -
State 5 - - - - - - -

+ + + +
+ + + +

We establish that there is no long term facility needed for state 1, however, we assign
transition costs to state 1 in the event of transitions from other states to state 1. Transi-
tions to state 1 requires the routine prescription medication care allocated for transitions.
This care essentially consists of confirmation by a medical professional for the transition.
We demand in the model at time £ = 1,2,... upon transition to state 1 a physical exam
conducted by a medical provider.

In state 2, we assume the retiree can move around and perform certain tasks, however,

there is the need for occasional home visits from a certified health professional. Our model
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requires certification upon transition to state 2 from other states (prescription medica-
tions) and at time t = 1,2, ..., a physical exam (medical provider).

Individuals in state 3 need constant care in our model, thus, we assign the retiree in state
3 to a skilled nursing facility, where the retiree gets constant support and care, nonethe-
less, transition costs are accrued upon transition to state 3.

In state 4, we assume the retiree needs lots of physical care, as such, we assign the retiree
to a certified nursing home with hospice care. However in state 4, transition costs are still
incurred in the event of transition to state 4 from other health states.

In this model, our focus and interest is on a retiree who is state 1 at time ¢ = 0. That is,
the retiree is healthy at age 65. However, there is possibility that the retiree is in state
i = 2,3,4 at time t = 0. The model seeks to give the retiree an understanding of the
expected cost incurred if he or she starts age 65 in any of the health states defined in
Figure [2.1} For each state i = 1,2,3,4 we define all costs incurred over the life time of
the retiree over the period [0, 00). As in theory and our proposed model, we assume that
three types of costs are incurred in every state, regular costs incurred by long-term care
costs, lump sum costs incurred immediately upon transition and lump sum costs incurred
at a specified time after transition. For our numerical illustration, we assume that quality
of care directly affects regular costs (annuities), however, transition costs are not affected

directly by quality of care.

2.3 An Illustrative Example

In our illustrative example, we look at two groups of retirees, males and females aged 65 at
time 0. We assume the that the retiree of focus (aged 65 at time 0) is in state i = 1,2, 3,4
at time (0. We study the impact of quality of care o on lifetime total costs. We consider

the impact of quality of care on transition intensities and transition probabilities at large.

2.3.1 Hypothetical Quality of Care Based Intensities

For our numerical calculations, we assume constant intensities for both males and females
aged 65, that is, ugh,, = pugs. We also assume, that the transition intensities depend on
the quality of care a = 1,2, 3,4, 5.

We define our basic hypothetical transition intensities for males aged 65 at time 0 in
Table 2.2
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Table 2.2: Transition Intensities for Males Aged 65 at Time 0.
State j

State ¢ State 1  State 2  State 3  State 4 State 5
State 1 -0.19355 0.15760 0.00748 0.00372 0.02475
State 2 0.07880 -0.21798 0.09456  0.00898  0.03564
State 3 0.01576  0.04728 -0.32699 0.22064 0.04331
State 4 0.00000  0.00000 0.00150 -0.12401 0.12251
State 5 0.00000  0.00000 0.00000  0.00000 0.00000

We assume that males and females have different transition rates. For the basic

transition intensities of females aged 65 at time ¢ = 0, we make a hypothetical assumption,

g 09x malep  ifi=i+1,i+2,...,5
female ugs = 3

1.0x male pgk ifi=1—-1,i—2,...,1.
This hypothetical assumption implies that, for transitions to higher cognitively impaired
states, female’s rates are slower (smaller) than the male’s rates. However, both males and
females are assumed to have the same recovery rates (from higher cognitive impairment

to lower cognitive impairment). The transition intensities for females is given in Table

2.3

Table 2.3: Transition Intensities for Females Aged 65 at Time 0.
State j

State ¢  State 1 State 2 State 3 State 4 State b
State 1 -0.174195 0.141840 0.006732  0.003348 0.022275
State 2 0.078800 -0.204062 0.085104 0.008082 0.032076
State 3 0.015760 0.047280 -0.300595 0.198576 0.038979
State 4  0.000000 0.000000 0.001500 -0.111759 0.110259
State 5 0.000000 0.000000 0.000000 0.000000 0.000000

Based on Tables and transitions are allowed from state 1 to states 2, 3, 4 and
5. From state 2, we allow transitions to states 1, 3, 4 and 5. While the retiree is in state
3, permission is given to transition to states 1, 2, 4 and 5. In state 4 however, transitions

are limited to states 3 and 5. There are no allowed transitions from state 5.
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For our numerical example, we follow [27] and in Equation (2.1)) set ¢;;(«) as follows

(

1 fori=1and j=i+1,04+2,...,5
e 9= forj =234 and j=i+1,i+2,....5

pij(a) = e9@(e=a)  forj =23 d4andj=1,2,...,i—1 (2.4)
@ fori =4 and j=1,2,3,4

\ 0 otherwise,

where & = 3 is the standard (average) quality of care, and g/ = 0.14 and ¢ = 0.12
are non-negative constants such that for males starting in health state 1 at time 0 the
expected lifetime, given in Equation , of a male aged 65 is approximately 25. From
2.4 the transition intensities chances for each o = 1,2,3,4,5. The different transition
intensities for o = 1,2, 3,4,5 are given in Appendix [A] for both males and females aged
65 at time 0. For time ¢ = 1 and time ¢ = 20, the transition probability for both males
and females aged 65 at time O for each a = 1,2,3,4,5 and states ¢ = 1,2, 3,4, 5 are given

in Appendices [B] and [C]

For each o = 1,2, 3,4, 5 and assuming that the retiree aged 65 is in each state 1 = 1,2,3,4
at time 0, then using Equations and we calculate the complete future lifetime for
both males and females. If a retiree is initially at state ¢+ = 1, then the complete future

lifetime is found as,
i) = [ it + [ ldedar+ [ aldtende+ [ alilarar
If a retiree is initially at state ¢ = 2, then the complete future lifetime is found as,
sl = [ it + [ i)+ [ aieyde+ [ i)
Suppose a retiree is in state ¢ = 3 at time 0, the complete future lifetime is found as,
il = [ it + [ iE)ar+ [ ooyt [ aiii)ar
If a retiree is initially at state ¢ = 1, the complete future lifetime is found as,
éislo = [ it + [ i)+ [ e+ [ io)ar

In Table 2.4} the complete future lifetime of the male retiree, if he is in state : = 1,2, 3,4

at time 0, is given.

o0

Table 2.4: Complete Expected Future Lifetime For Males.

a=1 a=2 a=3 a=4 a=5>
State 1 16.089 17.870 19.932 22.306 25.007
State 2 12.854 14.946 17.367 20.148 23.307
State 3 8.735  10.250 12.070 14.261 16.892
State 4 6.188  7.126 8.210 9.465  10.923

20



In Table it is seen that, if the retiree is in state ¢ = 1,2,3,4 at time 0, for each
state 1 = 1,2, 3,4, as « increases, complete future lifetime increases.
We consider Table [2.5] where the complete expected future lifetime for females, if the

retiree aged 65 is in state ¢+ = 1,2, 3,4 at time 0, is given.

Table 2.5: Complete Expected Future Lifetime For Females.

a=1 a=2 a=3 a=4 a=5>
State 1 18.037 20.054 22.390 25.073 28.116
State 2 14.474 16.844 19.585 22.728 26.284
State 3 9.808  11.533 13.613 16.121 19.131
State 4 6.878  7.923 9.131  10.531 12.160

In Table it is seen that, if the retiree is in state ¢ = 1,2,3,4 at time 0, for each

state 1 = 1,2, 3,4, as « increases, complete future lifetime for females increases.

2.3.2 Hypothetical Quality of Care Based Cost of Care

We assume that for state 1, the cost of long-term care incurred is 0. This is because, in
our model, we assumed that the retiree in state 1 does not need any sort of long-term
care. However, since the retiree has possibility to transition back to state 1 from other
states, we assign transition costs. We assume that in order to return to cognitively in-
tact state, there is a need for a medical exam, in our model, we assigned this type of
care as prescription medications in Table 2.1 After returning to state 1, there is a need

for an annual physical exam, in our model, this care is called medical provider in Table

For state 2, in our model proposal, we suggested that the retiree receives home health
care services. For home health care services, we assume that there is a difference in the
quality of care received. The cost for this service differs along with the quality of care.
We assume that for the highest or best home health care service, a = 5, the annual
cost of home health care services at time 0 is $75, 000, however, for the lowest quality
of care, the annual cost of home health care services at time 0 is $30,000. We assume
that home health care services are paid regularly over the lifetime of the retiree aged 65.
For transition into state 2 from other states, there are transition costs incurred that do
not depend on quality of care. We assume that there is a need for a medical exam to
confirm this transition. This cost is incurred once only upon transition into state 2. As
with our model, upon transition, we allow one time costs (lump sum) after every year.
For our numerical calculations, we name this cost as costs for annual physical exam upon

transition.
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For state 3, we assumed that the retiree receives care from a skilled nursing facility.
Since skilled nursing facility is a type of long-term care service, we assume quality of
care is implied. For the highest quality of care, « = 5, the annual cost of care at time
0 is $110,000, while the annual cost of care for the lowest quality, = 1, at time 0 is
$110,000. As with other long-term care services defined in our proposed model, the costs
incurred are regular over the lifetime of the retiree. Following our model, there are two
types of transition costs incurred for state 3 that do not depend directly on quality of care.
These costs are, transition cost incurred immediately upon transition and transition cost
incurred annually after transition. We assume that these costs are incurred only upon
transitions. We assign a transition medical exam cost (prescription medications in our
model) as the one time payment immediately upon transition. We allow a physical exam

upon transition to state 3 (medical provider in our model) every year.

We consider the costs incurred for state 4. In our model we assigned the retiree in
state 4 to nursing facility with hospice care. For this type of care, we assume that there
are differences in the quality of care. With the highest quality of care, o = 5, we assume
an annual cost of $150,000 at time 0. For the lowest quality of care, o = 1, we assume
an annual cost of $80,000 at time 0. As with other long-term care costs, we assume that
these costs are incurred over the lifetime of the retiree. Following our proposed model,
we assign transition costs, medical exam (prescription medication in model) and annual

physical exam (medical provider in model).

We follow the example of values from [7] and we assign costs to states 1,2,3and 4 at
time (. For long-term care services, we set the highest possible cost for the highest quality
of care, « = 5, and the lowest possible cost for the lowest quality of care, a = 1. We
assume that there are no costs incurred for state 5.

The annual cost of care at any time ¢ under this numerical example depends of quality
of care «, this cost is denoted by (¢, ), and (¢, ) = (0, a)e™, where ~ is the annual
continuous inflation rate. In Table (0, ) is the cost incurred at time 0 if the retiree
aged 65 at time 0 moves to state j = 1,2, 3,4. We define the individual costs at time 0 in
Table 2.6

Table 2.6: Illustrative Data with Relevant Parameter Values at time ¢ = 0.

State j
State 1 State 2  State 3 State 4
Annual Cost of long-term care, ¢ (0, =1) 0 $30,000 $50,000  $80,000
Annual Cost of long-term care, ¢/(0,ac =5) 0 $75,000 $110,000 $150,000
Transition Medical Exam, C%(0) $250 $500 $700 $1,000
Annual Physical Exam, C7(0) $200 $200 $300 $400
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At time t > 0 we take CY(t) = CY(0)e", and C(t) = C7(0)e™, where v is the annual

continuous inflation rate, which indicates that costs are increasing with time.

The values in Table [2.6|are assumed to be the current cost of care (costs at time ¢ = 0).
Every time the retiree transitions to any state, we require a medical exam from a certified
health practitioner to confirm that indeed the retiree has transitioned. The transition
exams are incurred once, every time there is a transition.

Though annual physical exam and transition medical exam are both lump sums incurred
upon transitions, in annual physical exam, the timing is specific. For physical exam cost,
the retiree is required to visit the medical practitioner for a yearly routine checkup. This
cost is incurred irrespective of the health state of the retiree.

The values we use for this numerical example are arbitrary and are not the exact costs of

long-term care in any country or institution.

With each «, we use a linear interpolation method to find the annual cost of long-term
care at time 0. We follow Equation (70) in [27]. Let ¢/(0,«) denote the annual cost of
long-term care for each a = 1,2, 3,4,5, for state j at time 0, for 1 < o < 5. Then for

each level of o, annual cost of long-term care at time 0 is given by,
. 5_— , —1\ .
(0, a) = (TO‘> J(0,1) + <O‘T> (0, 5).

where ¢/(0,1) is defined in Table [2.6{as Annual Cost of long-term care, ¢(t = 0,a = 1)
and ¢/(0,5) is defined in Table as Annual Cost of long-term care, ¢/(t = 0, = 5).
These costs only apply to long-term care services, and is not related to transition lump
sum costs. Following our linear interpolation method to find the cost of care for each
a = 2,3,4 at time 0, ¢/(0, ), we arrive at the figures in Table below for states 2, 3
and 4. In Table the cost of care for time 0 was given for o = 1, and 5.

Table 2.7: Annual Cost of long-term care.

a=1 a=2 a=3 a=4 a=>5
(0, )  $30,000 $41,250.00 $52,500.00  $63,750.00  $75,000.00
A(0,«)  $50,000.00 $65,000.00 $80,000.00  $95,000.00  $110,000.00
(0,)  $80,000.00 $97,500.00 $115,000.00 $132,500.00 $150,000.00

We assume that all transition lumps sum costs do not depend directly on quality of
care, «, as such there are no special functions for transition costs.
In calculating the actuarial present values of lifetime cost incurred if the retiree is in state
1 =1,2,3,4 at time 0, we assume that if the retiree chooses a quality of care «, their
transition intensities are immediately influenced by «. As such, even though transition

lump sum costs do not depend directly on «, we calculate the expected lifetime transition
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lump sum costs for various « using the transformed transition intensities for « = 1,2, 3,4

for both males and females aged 65.

2.3.3 Actuarial Present Values of the Cost of Care

Assume that the retiree aged 65 is in one of the states i = 1,2, 3,4,5 at time ¢t > 0. Then,
given that the retiree is in ¢ = 1,2,3,4 at time 0, depending on quality of care, a =
1,2,3,4,5, the actuarial present value of lifetime total costs can be found for each state
i=1,2,3,4. For the formulas of actuarial present value of costs, we denote C%(0) = C%,
d(0,a) = () and C?(0) = CY. For calculations, we assume an annual force of interest,
d" and an annual force of inflation of . Hereby, the calculation in Equation (1.18)) are
done at real annual force of interest § = ¢’ — v. Following Equation (L.18)), the actuarial

present value of lifetime total cost given that retiree aged 65 is in state ¢ at time 0 is given

as,
€'(0,00,0) = Y _(@)ags(a) + Y CYAL(a) + ) > VB () (2.5)
j=1 j=1 t=1 j=1
where,

A(a) =Y A (o).
J:g#k

For i,k,j € {1,2,3,4,5}, the formulae for a¥(a), A*(a), A¥(a) and E(a) are given
by Equations (1.11), (1.13]), (1.14) and respectively. The parameter a considers
the impact of quality of care on transition intensities given by with ¢;;(a) given by
2.4

The actuarial present value of lifetime total costs depending on transition intensities in
Tables and as well as costs given in Table can be expressed (for both males
and females aged 65) for state ¢ = 1 and for each a = 1,2, 3,4, 5 as,

©'(0,00,a) =c*(a)ag; (@) + ¢’(a)ag(a) + ¢*(a)ag(a)
+C1A(0) + O A(0) + CMA(0)
+ Y (CLEg(a) + CHEG(a) + C Bl () + O B (), (2.6)
t:it=1
where,
Agi(a) = Ags*(a) + Ags*(a) + Ags*(a)
Ags(a) = A’ () + A3 (a) + A’ (a)
Ags(a) = Agg'(a) + Ag3'(a) + Agd'(a).

24



Assuming the retiree aged 65 (time 0) is in state 2, then by Equation (2.5)), the actuarial

present value of lifetime total cost, (0, 00, ), is,

(0,00, a) =c*(a)ags (@) + (@)ags (@) + ¢!(a)ags(a)
+ CPAG (o) + CPAG () + C*AZ ()
+Z CYLE2 (o) + C*EZ(a) + C3 E2(a) + CY B3 (a)), (2.7)
t:t=1

where,

Ags(a) = A (o) + AT (a) + A7 (a)

Ags(a) = A5 (o) + AT (a) + A5 (a)

As(a) = A" () + A (o) + AG' (o).
Suppose the retiree (male and female) aged 65 (time 0) is in state 3, then by Equation
(2.5)), the actuarial present value of lifetime total cost, >(0, 00, ), is,

©°(0, 00, 00) =c*(a)ags (o) + *(a)ags(ar) + ¢ (@) gz ()
+ CHAG () + CPAZ (o) + CHAG (a)
+Z (CLE (@) + C%ER(a) + C*ER(a) + CYER (),  (2.8)

t:it=1

where,

Ags () = A (@) + A (o) + Ags (a)
Ags () = AG* (@) + Ags? (o) + Ags’(

Ags (@) = A5 (@) + Ag (o) + Ags' (a).

a)

Given that the retiree aged 65 (time 0) is in state 4, then by Equation (£2.5]), the actuarial

present value of lifetime total cost, (0, o0, ), is,

(0,00, a) =c*(a)agy (@) + *(@)ag (@) + ¢*(a)ag(a)
+ O AN () + CPA2(a) + ¥ AB ()
+ Z (C"Egs(a) + C* Egi(a) + C% Egs(a) + C* Egs(a)), (2.9)

where,

Ags(@) = Ags' () + Agg' (o) + Ags' ()
Ags(@) = Ag*(a) + Ags*(a) + Ags™ (@)
A (@) = A5 (@) + Ag* () + Ags*(a).
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In our calculations, to solve the transition probabilities for constant transition inten-
sities, given by Equations (1.8), we employ R [26] package expm by [32]| that provides a
function to compute the matrix exponential of a real, square matrix. To find the actu-
arial present values (APV) for lifetime annual costs and transition medical exam costs,
we use the numerical integration function integrate available in [26]. For calculations,
we assume an annual force of interest, &' = 5%, and, following [27], we suggest an annual
force of inflation of v = 3.5%. Hereby, calculation in Equations (4.3)-(4.6) are done at

real annual force of interest 6 = &' — v = 1.5%.

APVs of Lifetime Annual Cost

Following the first lines of Equations (2.6), (2.7), (2.8) and (2.9), the actuarial present

values of lifetime annual long term costs are found.

Recall that the corresponding costs at time t were defined as ¢ (t,a) = (0, a)e™,
with ¢7(0,a), j = 2,3,4, a = 1,2, 3,45, where the constant costs at ¢ = 0 are given in
Table 2.7 The actuarial present values of lifetime annual long term costs, are given in
Table (for males) and Table ?? (for Females), assuming that the retiree aged 65 at

time ¢ = 0 is in state ¢ = 1,2,3 or 4 at time t—0.

Table 2.8: Actuarial Present Value of Lifetime Annual Cost for Males

a=1 a=2 a=3 a=4 a=>5
State 1 $373,226 $528,752 $708,451 $910, 760 $1,131,765
State 2 $459,855 $652,149 $873,697 $1,125,045 $1,392,322
State 3 $492,194 $690,423 $927,550 $1,205,793 $1,524,716
State 4 $451,886 $625,592 $836,655 $1,090,731 $1,393,744

In Table we see that as quality of care, a, gets higher, the actuarial present value
of lifetime annual long term cost gets higher. This is explained by the effect of o on
transition intensities and in effect, on transition probabilities.

For starting in State 1, the lifetime annual costs for long-term care for each « is the sum
of the lifetime annual costs of long-term care starting at time ¢ = 0 to co. We add the
lifetime annual cost of long-term care incurred while the retiree moves from State 1 at
time t = 0 to States j = 2,3, 4.

Transition probabilities of moving to a particular health state is vital in determining the
actuarial present value of costs. The results in Table show that, the probability of
moving between states ;p¥(a) and the value of annual cost of care for quality of care
a =1,2,3,4,5 are important factors in determining the actuarial present value of long
term costs, higher transition probabilities (chances of staying or moving to a health state)

and higher cost of care produces higher actuarial present values of lifetime costs.
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In Table we have the actuarial present value of lifetime annual long term cost of care

if a female retiree aged 65 at time 0 is in state ¢ = 1,2, 3 or 4 at time 0.

Table 2.9: Actuarial Present Value of Lifetime Annual Cost for Females

a=1 o =2 a=3 a=414 a=>5
State 1 $401,387 $566,363 $755,113 $965, 060 $1,191,053
State 2 $498,069 $703,411 $937,582 $1,196,945 $1,474,579
State 3 $538,992 $754,233 $1,010,021 $1,307,558 $1,644,722
State 4 $497,399 $687,708 $918,366 $1,195,228 $1,524,303

In Table 2.9} there are similar patterns in the actuarial present value of lifetime annual
long-term care costs for females as with the males. As with actuarial present value of
the cost of annual lifetime long-term care for males, the results of the female actuarial
present value of annual lifetime long-term care costs are greatly influenced by transition
probabilities and costs of care. The expected costs for both males and females increases
as « increases.

In Figure [2.2] the actuarial present value of lifetime annual long term cost of care for
males and females when the retiree aged 65 at time 0 is in state ¢+ = 1 at time 0 is visually

represented.
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Figure 2.2: Actuarial Present Value of Annual Lifetime Costs of Care For Different Levels
of Quality of Care.

In Figure the values for females is greater than the values for males. This is

attributed to the hypothetical relationship that was derived between males and females.
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Since transition intensity from lower cognitive impaired states is lower in females, then
moving within states is much slower for females than for males, since transitions are
generally slower, then females tend to stay relatively longer in a state than males, thus
accruing more costs. Higher probability of transitioning into a particular health state,
higher cost care at a particular time, coupled with higher probabilities of staying in the
state results in higher costs (the longer the stay in an expensive facility, the higher the

cost to be incurred).

APVs of Lifetime Transition Medical Exam Cost

We consider lump sum costs accrued due to transition medical exam. These costs are not
directly influenced by quality of care, however, the transition intensities used in calculating
the actuarial present values are affected by quality of care. The actuarial present value of
lifetime transition medical exam costs are found using the second lines of Equations ,
2.7, and (2.9). We use the transition cost given in Table of the destination
state for our calculations. In Table are actuarial present values of lifetime transition
costs incurred due to medical exam for males. We consider costs when the retiree aged
65 at time 0 is in state ¢ = 1,2,3 or 4 at time t = 0 for all « = 1,2, 3,4, 5.

Table 2.10: Actuarial Present Value of Lifetime Transition Medical Exam Cost for Males

a=1 a=2 a=3 a=4 a=5
State 1 $1,299 $1,312 $1,330 $1,352 $1,379
State 2 $1,049 $1,047 $1,046 $1,047 $1,073
State 3 $859 $869 $899 $933 $980
State 4 $6 $8 $10 $14 $19

From Equation , the actuarial present values of transition exam costs are affected
by both the rate of transition u;{rt(a) and transition probabilities ;p¥ (). In Table ,
we assume that the retiree is in state ¢ = 1,2,3,4 at time ¢ = 0. We estimate the
actuarial present value of lifetime transition costs that is likely to be incur suppose the
retiree who is aged 65 at time 0 and in state ¢ = 1,2,3,4 at time ¢ = 0 transitions to
other health states j = 1,2,3,4 over his lifetime. In Table [2.10] it is noticed that as «
progresses, the actuarial present value of transition exam cost generally increases. This is
explained by the effect of a on the transition intensity matrix and transition probabilities.
quality of care a causes a decreases in transition rates from lower cognitive to higher
cognitive impairment but increases transition rates from higher cognitive impairment to
lower cognitive impairment (higher o means speedy recovery from cognitive impairment).
As such, frequent transitions over the lifetime produces higher expected value of costs
since every transition incurs lump sum transition exam costs. Thus irrespective of the

time, multiple transitions within a year will accrue more costs.
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We consider the actuarial present value of lifetime transition medical exam costs for
females aged 65 at time 0 in state ¢ = 1,2,3 or 4 at time 0 in Table 2.11]

Table 2.11: Actuarial Present Value of Lifetime Transition Medical Exam Cost for Females

a=1 a=2 a=3 a=4 a=5
State 1 $1,287 $1,300 $1,317 $1,339 $1,366
State 2 $1,040 $1,037 $1,036 $1,035 $1,065
State 3 $862 $880 $907 $944 $996
State 4 $6 $8 $12 $16 $22

There are similar patterns in Table as in Table 2.14] Since the female transition
intensity was formed based on the male transition intensity, it is expected that the ac-
tuarial present value of lifetime medical exam cost for males and females follow similar
patterns. If the retiree is in state 4 at time 0, the overall actuarial present value of lifetime
transition medical exam cost is smaller in Tables and This is explained by the
very slow transition rate from state 4 to state 3. Since frequent transitions incur higher
costs, very minimum transitions incur very minimum costs.

In Figure there is a clear representation of how much the actuarial present value of
lifetime medical costs for males differ from the actuarial present value of lifetime medical
costs for females. In Figure 2.3] we assume that the retiree aged 65 at time 0 is in state

1 =1 at time 0.
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Figure 2.3: Actuarial Present Value of Lifetime Medical Exam Costs For Different Levels
of Quality of Care.



In Figure there is an increase in actuarial present value of lifetime medical cost
as « increased for both males and females. However, in Figure 2.3 it is seen that,
the actuarial present value of cost of lifetime medical exam for males is higher than the
actuarial present values of lifetime medical cost for females. The actuarial present value of
lifetime medical cost is affected by both transition probabilities and transition intensities.
Transition intensities from State 1 to other states is higher for males than for females,
as such, males tend to move more frequently to other states than females, since every

transitions incur costs, then frequent transitions incur frequent costs.

APVs of Lifetime Annual Physical Exam Cost

We use the third lines of Equations (2.6)), (2.7)), (2.8) and (2.9) to calculate the actuarial

present value of lifetime annual physical exam for males and females aged 65. In Table
2.12] we give the actuarial present value of lifetime annual physical exam cost for males

if the retiree aged 65 at time 0 is in state ¢+ = 1,2, 3,4 at time 0.

Table 2.12: Actuarial Present Value of Lifetime Annual Physical Exam Cost for Males

a=1 a=2 a=3 aoa=4 «a=5
State 1 $3,220 $3,515 $3,832 $4,165 $4,508
State 2 $2,842 $3,209 $3,601 $4,012 $4,433
State 3 $2,534 $2,897 $3,300 $3,742 $4,217
State 4 $2,067 $2,374 $2,719 $3,104 $3,532

The dynamics in Table are largely explained by the transition probability matrix
at time ¢. In Table 2.12] if the retiree aged 65 at time 0 is in state i = 1,2, 3,4 at time
0, the actuarial present value of lifetime annual physical physical exam cost increases
generally as « increases.

In Table the actuarial present value of lifetime annual physical exam costs for females
aged 65 at time 0 is given, if the retiree aged 65 at time 0 is in state ¢ = 1,2, 3,4 at time
0.

Table 2.13: Actuarial present value of Lifetime Annual Physical Exam Cost for Females

a=1 a=2 a=3 a=4 a=5
State 1 $3,529 $3,843 $4,176 $4,523 $4,877
State 2 $3,130 $3,523 $3,938 $4,370 $4,806
State 3 $2,804 $3,198 $3,633 $4,105 $4,608
State 4 $2,295 $2,630 $3,004 $3,421 $3,884

As with other actuarial present value of costs, in Table [2.13] we notice similar patterns

in the values of actuarial present value of lifetime annual physical costs if the female retiree

30



aged 65 at time 0 is in state © = 1,2, 3,4 at time 0 and the actuarial present value of lifetime
annual physical exam cost if the male retiree aged 65 at time 0 is in state 1 = 1,2,3,4
at time 0. This, as established is due to the nature of the relationship between male and
female transition intensities.

In Figure 2.4] the difference in actuarial present value of lifetime annual physical exam
cost between males and females if the retiree aged 65 at time Ois in state ¢ = 1 at time 0,

is more clear.
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Figure 2.4: Actuarial Present Value of Lifetime Annual Physical Exam Costs For Different
Levels of Quality of Care.

It is noticeable in Figure [2.4] that the females actuarial present value of lifetime annual
physical exam cost is higher than the actuarial present value of lifetime annual physical
exam for males. Since the Equation for finding the actuarial present value for physical
exam costs, Equation , depends mostly on transition probabilities ;p¥ (), the value
of the transition probabilities greatly influences actuarial present value of costs. actuarial
present value of lifetime annual physical exam cost increases along a because, as « in-
creases, probability to stay in a particular state increases for state 1, however, the physical
exam cost is incurred yearly irrespective of the state. Since females have relatively higher
probabilities of staying in a particular state and lower transition rates, the costs incurred

would be higher than the actuarial present value of cost incurred for males.

APVs of Lifetime Total Costs

We sum up all actuarial present value of lifetime costs as shown in Equation (2.6). We

find the actuarial present value of lifetime total costs if the male retiree aged 65 at time
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0 is in state 1 = 1,2,3,4 at time 0 and o = 1,2,3,4,5 in the Table

Table 2.14: Actuarial Present Value of Lifetime Total Costs For Males

a=1 a=2 a=3 a=4 a=2>5
State 1 $377,745 $533,580 $713,612  $916,277  $1,137,652
State 2 $463,746 $656,404 $878,343 $1,130,103 $1,397,827
State 3 $495,587 $694,189 $931,749 $1,210,434 $1,529,913
State 4 $453,959 $627,974 $839,385 $1,093,849 $1,397,296

From Table [2.14] the actuarial present value of lifetime total cost increases as quality
of care gets higher for each state ¢ = 1,2,3,4, thus supporting the work of [27]. The
actuarial present value of lifetime total costs for each « is the costs that the retiree will
accrue over his lifetime if he is in state ¢+ = 1,2, 3,4 at time t = 0. For example, for State
1, actuarial present value of lifetime total cost for o = 2, $533, 560 means that, the retiree
is likely to accrue $533,560 over his entire lifetime after retirement if he is cognitively
intact (State 1) at age 65 (at time 0) and if he chooses a long-term care service of quality
«a = 2. This cost includes all the possible long-term care services with quality of care,
a = 2 and all transition costs over his entire lifetime.

We consider the actuarial present value of lifetime total cost for females aged 65 at time
0 suppose the retiree aged 65 at time 0 is in state ¢ = 1,2, 3,4 at time 0 in Table

Table 2.15: Actuarial Present Value of Lifetime Total Costs For Females

a=1 a=2 a=3 a=4 a=2>5
State 1 $406,202 $571,505  $760, 606 $970,923  $1,197,296
State 2 $502,240 $707,971  $942,556  $1,202,350 $1,480,450
State 3 $542,658 $758,312 $1,014,561 $1,312,570 $1,650,327
State 4 $499,701 $690,346  $921,382  $1,198,666 $1,528,208

Similar to Table [2.14] in Table 2.15] as quality of care, « increases, the actuarial
present value of lifetime total cost increases. These results are largely influenced by the

actuarial present value of lifetime annual costs. It is seen that values from Tables [2.8 and

greatly influences values in Tables and respectively.
In Figure 2.5 we focus on the actuarial present value of lifetime total cost for males and

females suppose they are aged 65 at time 0 and in state ¢ = 1 at time 0.
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Figure 2.5: Actuarial Present Value Costs For Lifetime Total Costs For Different Levels
of Quality of Care.

In Figure [2.5] it is noticeable that the pattern is similar to the pattern in Figure
2.2l This is because the actuarial present value of long term costs greatly influences
the actuarial present value of lifetime total cost. Since long-term care cost is the most
expensive of all the costs, taking into account that the payments are continuous over the
lifetime of the retiree, it is implied that majority of the total cost incurred by the retiree

would be due to cost from long-term care services.

2.4 Discussion

The transition intensities and costs of care used in this numerical example are all hypothet-
ical and do not reflect the current conditions and situation for long-term care products,
however, our results strongly suggests that the rate of transition, cost of the long-term
care and the quality of care provided greatly influences the actuarial present value of
lifetime total cost of care incurred for the retiree aged 65 at time 0. Though our data was
generated hypothetically, the results showed that quality of care does play an important
role in the overall total cost of care. It is understood that home health care facilities costs
are per hour, while other facilities costs are per month [31]. As such, the longer you stay
in a long term facility, the higher the costs to be incurred.

In our results, it was seen that quality of care influences the complete expected future
lifetime of the retiree. As such quality of care is an important parameter in determining

the type of long-term care service to use.



Conclusion

In this thesis, we focused on allocating types of care, costs associated with types of care
as well as quality of care to defined states in a multi-state model. The results from our
numerical analysis supports the necessity of quality of care. The results confirms that
quality of care plays a vital role in the selection of long-term care products. Retirees
should have all necessary information to make better decisions as to which quality of care
they prefer. Our results supports the claim that with higher quality of care gives higher
costs [27].

This thesis supports [10] and [31] that retirees need to know which types of long-term
care products are available to them. With these results, it can be noticed that costs for
long-term care is not very affordable. The contribution of this thesis is to give the retiree
a fair knowledge of the possibilities of long-term care services, possible costs and quality
of care.

For future research, investigations can be made into defining more states for all possible
health states, especially for cognitively intact retirees. Studies can also be made on risk
of cognitively impairment for all ages between 60 and 70. In this thesis, quality of care
directly affected only the annual cost of long-term care, however, in future researches, the

impact of quality of care on transition lump sum costs can be studied.
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Appendix A

Constant Intensities For the Levels of
the Quality of Care

Table A.1: Males (Aged 65 at ¢t = 0) Constant Transition Intensities For Quality of Care a = 1.

State 1 State 2 State 3 State 4 State 5
State 1 -0.194  0.158 0.007 0.004 0.025
State 2 0.062 -0.246  0.125 0.012 0.047
State 3 0.012 0.037  -0.399 0.292 0.057
State 4 0.000 0.000 0.001 -0.163  0.162
State 5 0.000 0.000 0.000 0.000 0.000

Table A.2: Females (Aged 65 at t = 0) Constant Transition Intensities For Quality of Care

a=1.

State 1 State 2 State 3 State 4 State 5
State 1 -0.174  0.142 0.007 0.003 0.022
State 2 0.062 -0.228 0.113 0.011 0.042
State 3 0.012 0.037  -0.364 0.263 0.052
State 4 0.000 0.000 0.001 -0.147  0.146
State 5 0.000 0.000 0.000 0.000 0.000

Table A.3: Males (Aged 65 at ¢t = 0) Constant Transition Intensities For Quality of Care a = 2.

State 1 State 2 State 3 State 4 State 5
State 1 -0.194  0.158 0.007 0.004 0.025
State 2 0.070 -0.230  0.109 0.010 0.041
State 3 0.014 0.042 -0.360  0.254 0.050
State 4 0.000 0.000 0.001 -0.142  0.141
State 5 0.000 0.000 0.000 0.000 0.000
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Table A.4: Females (Aged 65 at ¢ = 0) Constant Transition Intensities For Quality of Care

o= 2.

State 1 State 2 State 3 State 4 State 5
State 1 -0.174  0.142 0.007 0.003 0.022
State 2 0.070 -0.214  0.098 0.009 0.037
State 3 0.014 0.042 -0.329  0.228 0.045
State 4 0.000 0.000 0.001 -0.128  0.127
State 5 0.000 0.000 0.000 0.000 0.000

Table A.5: Males (Aged 65 at t = 0) Constant Transition Intensities For Quality of Care o = 3.

State 1 State 2 State 3 State 4 State 5
State 1 -0.194  0.158 0.007 0.004 0.025
State 2 0.079 -0.218  0.095 0.009 0.036
State 3 0.016 0.047 -0.327  0.221 0.043
State 4 0.000 0.000 0.002 -0.124  0.123
State 5 0.000 0.000 0.000 0.000 0.000

Table A.6: Females (Aged 65 at ¢t = 0) Constant Transition Intensities For Quality of Care

a=3.

State 1 State 2 State 3 State 4 State 5
State 1 -0.174  0.142 0.007 0.003 0.022
State 2 0.079 -0.204  0.085 0.008 0.032
State 3 0.016 0.047  -0.301  0.199 0.039
State 4 0.000 0.000 0.002 -0.112  0.110
State 5 0.000 0.000 0.000 0.000 0.000

Table A.7: Males (Aged 65 at t = 0) Constant Transition Intensities For Quality of Care a = 4.

State 1 State 2 State 3 State 4 State 5
State 1 -0.194  0.158 0.007 0.004 0.025
State 2 0.089 -0.210  0.082 0.008 0.031
State 3 0.018 0.053 -0.301  0.192 0.038
State 4 0.000 0.000 0.002 -0.108  0.107
State 5 0.000 0.000 0.000 0.000 0.000
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Table A.8: Females (Aged 65 at ¢ = 0) Constant Transition Intensities For Quality of Care

a=4.

State 1 State 2 State 3 State 4 State 5
State 1 -0.174  0.142 0.007 0.003 0.022
State 2 0.089 -0.198  0.074 0.007 0.028
State 3 0.018 0.053 -0.278  0.173 0.034
State 4 0.000 0.000 0.002 -0.098  0.096
State 5 0.000 0.000 0.000 0.000 0.000

Table A.9: Males (Aged 65 at t = 0) Constant Transition Intensities For Quality of Care a@ = 5.

State 1 State 2 State 3 State 4 State 5
State 1 -0.194  0.158 0.007 0.004 0.025
State 2 0.100 -0.205 0.071 0.007 0.027
State 3 0.020 0.060 -0.280  0.167 0.033
State 4 0.000 0.000 0.002 -0.094  0.093
State 5 0.000 0.000 0.000 0.000 0.000

Table A.10: Females (Aged 65 at ¢ = 0) Constant Transition Intensities For Quality of Care

a=35.

State 1 State 2 State 3 State 4 State 5
State 1 -0.174  0.142 0.007 0.003 0.022
State 2 0.100 -0.195  0.064 0.006 0.024
State 3 0.020 0.060 -0.260  0.150 0.029
State 4 0.000 0.000 0.002 -0.085  0.083
State 5 0.000 0.000 0.000 0.000 0
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Appendix B

Males Probabilities at ¢t = 1 for the
Levels of Quality of Care

Table B.1: Males (Aged 65 at t = 0) Transition Probabilities at Time ¢ = 1 For Quality of Care

a=1.

State 1  State 2 State 3 State 4 State 5
State 1 0.828 0.127 0.013 0.005 0.026
State 2 0.050 0.787 0.091 0.024 0.047
State 3 0.010 0.028 0.673 0.221 0.068
State 4 0.00001 0.00002 0.001 0.849 0.150
State 5 0.000 0.000 0.000 0.000 1

Table B.2: Males (Aged 65 at ¢t = 0) Transition Probabilities at Time ¢t = 1 For Quality of Care

a=2.

State 1 State 2 State 3 State 4 State 5
State 1 0.829 0.128 0.012 0.005 0.026
State 2 0.057 0.801 0.081 0.020 0.041
State 3 0.012 0.032 0.700 0.198 0.058
State 4 0.00001 0.00002 0.001 0.868 0.131
State 5 0.000 0.000 0.000 0.000 1
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Table B.3: Males (Aged 65 at t = 0) Transition Probabilities at Time ¢ = 1 For Quality of Care

a=3.

State 1  State 2 State 3 State 4 State 5
State 1 0.829 0.129 0.012 0.005 0.026
State 2 0.065 0.811 0.072 0.016 0.036
State 3 0.014 0.037 0.723 0.177  0.050
State 4 0.00001 0.00003 0.001 0.884 0.115
State 5 0.000 0.000 0.000 0.000 1

Table B.4: Males (Aged 65 at t = 0) Transition Probabilities at Time ¢ = 1 For Quality of Care

o =4.

State 1 State 2 State 3 State 4 State 5
State 1 0.830 0.129 0.011 0.005 0.025
State 2 0.073 0.818 0.064 0.013 0.031
State 3 0.016 0.043 0.742 0.157  0.042
State 4 0.00001 0.00004 0.001 0.898 0.101
State 5 0.000 0.000 0.000 0.000 1

Table B.5: Males (Aged 65 at ¢t = 0) Transition Probabilities at Time ¢t = 1 For Quality of Care

a = D.

State 1 State 2 State 3 State 4 State 5
State 1 0.831 0.130 0.010 0.004 0.025
State 2 0.083 0.823 0.057 0.011 0.027
State 3 0.018 0.049 0.758 0.139 0.036
State 4 0.00002 0.00005 0.002 0.910 0.088
State 5 0.000 0.000 0.000 0.000 1
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Appendix C

Males Probabilities at ¢ = 20 for the
Levels of Quality of Care

Table C.1: Males (Aged 65 at ¢ = 0) Transition Probabilities at Time ¢ = 20 For Quality of

Care a = 1.

State 1 State 2 State 3 State 4 State 5
State 1 0.068 0.085 0.037 0.110 0.700
State 2 0.036 0.048 0.023 0.094 0.799
State 3 0.007 0.010 0.005 0.062 0.915
State 4 0.0001  0.0001 0.0002 0.039 0.960
State 5 0.000 0.000 0.000 0.000 1

Table C.2: Males (Aged 65 at t = 0) Transition Probabilities at Time ¢ = 20 For Quality of

Care a = 2.

State 1 State 2 State 3 State 4 State 5
State 1 0.082 0.106 0.045 0.121 0.646
State 2 0.050 0.069 0.031 0.114 0.736
State 3 0.012 0.017 0.008 0.089 0.874
State 4 0.0002 0.0003 0.0005 0.060 0.939
State 5 0.000 0.000 0.000 0.000 1
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Table C.3: Males (Aged 65 at ¢ = 0) Transition Probabilities at Time ¢ = 20 For Quality of

Care a = 3.

State 1 State 2 State 3 State 4 State 5
State 1 0.099 0.129 0.051 0.127 0.593
State 2 0.069 0.093 0.039 0.130 0.668
State 3 0.019 0.027 0.013 0.118 0.823
State 4 0.0003 0.0005 0.001 0.086 0.912
State 5 0.000 0.000 0.000 0.000 1

Table C.4: Males (Aged 65 at t = 0) Transition Probabilities at Time ¢ = 20 For Quality of

Care o = 4.

State 1 State 2 State 3 State 4 State 5
State 1 0.119 0.153 0.057 0.129 0.542
State 2 0.091 0.121 0.047 0.139 0.601
State 3 0.030 0.040 0.018 0.148 0.764
State 4 0.001 0.001 0.001 0.118 0.879
State 5 0.000 0.000 0.000 0.000 1

Table C.5: Males (Aged 65 at ¢ = 0) Transition Probabilities at Time ¢ = 20 For Quality of

Care a = 5.

State 1 State 2 State 3 State 4 State 5
State 1 0.142 0.176 0.060 0.126 0.496
State 2 0.117 0.149 0.054 0.142 0.538
State 3 0.044 0.057 0.025 0.175 0.699
State 4 0.001 0.001 0.002 0.155 0.840
State 5 0.000 0.000 0.000 0.00 1
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