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1.1 Motivation

General Relativity (GR) [1,2] has been the standard theory of gravity, thanks
to its remarkable agreement with numerous tests. These tests include Mercury’s
anomalous perihelion precession, gravitational redshift, and the deflection of light
by massive objects [3]. Additionally, GR predicted the existence of gravitational
waves and black holes, both of which have been observationally confirmed.

The first gravitational wave detection, made by the Laser Interferometer
Gravitational-wave Observatory (LIGO) in 2015 and named GW 150914 [4], was
emitted by a binary black hole event (BBH). Other significant events include binary
neutron star (BNS) mergers (e.g., GW170817 [5]) and neutron star-black hole
(NSBH) mergers (e.g., GW200105 and GW200115 [6]). To date, over 180 events
have been detected [7], and this number is increasing rapidly. With the launch
of third-generation observatories — such as the Einstein Telescope (ET) [8] and
the Cosmic Explorer (CE) [9] — the number of observed binary black hole (BBH)
mergers is expected to rise significantly. For instance, the Einstein Telescope is
expected to detect around 10° BBH events during a ten-year observation period [10].

Furthermore, the first direct image of a black hole shadow, captured by the Event
Horizon Telescope (EHT) in 2019 [11], has further validated GR’s predictions.
Having successfully described and predicted several phenomena, GR has established
itself as one of the most outstanding modern theories in Physics.

Despite its undeniable successes, GR is not considered the ultimate theory of
gravity due to several unresolved issues. For example, it faces significant challenges
on both galactic and cosmological scales. Observations of galaxy rotation curves
[12] and anisotropies in the cosmic microwave background (CMB) [13] suggest
the presence of an additional gravitational component, commonly referred to as
dark matter (DM). Although the existence of DM is a reasonable conclusion drawn
from these observed phenomena, its true nature remains unknown, and it has yet to
be directly detected.

On cosmological scales, observations indicate that the Universe is expanding at
an accelerated rate [14], leading to the introduction of Dark Energy (DE). However,
the true nature of DE remains unknown. In the ACDM model, which is the standard
theory of cosmology, DE is represented by a cosmological constant A [15, 16].
While the cosmological constant is the most straightforward candidate for DE, its
observed value is several orders of magnitude smaller than theoretical predictions.
This discrepancy gives rise to the well-known cosmological constant problem, as
discussed in reviews [17, 18].

In addition to those issues, GR introduces singularities — such as the black
hole and Big Bang singularities [19, 20] — which suggests the necessity for a
more fundamental theory of gravity. Additionally, the late-universe measurements
of the Hubble constant Hy do not match its early-universe measured values, an
observational discrepancy called Hy tension [21]. All of these issues indicate the
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potential limitations of GR, and for this reason, there is an increasing interest in
exploring alternative theories of gravity.

Considering this, we can view GR as a theory of gravity that is valid within
specific energy regimes, serving as the limiting case of a broader theory. It is also a
widely accepted notion that GR functions as an effective field theory [22,23]. The
category of theories designed to extend the concepts of GR is commonly referred
to as Modified Gravity (MG) theories (for further details, see the reviews [24-26],
for instance). The exact nature of an MG theory stems from a particular motivation,
which could be to develop an effective quantum theory of gravity or to solve
observational tensions or mathematical inconsistencies.

An MG theory should be mathematically consistent and observationally testable.
It should also reproduce well-established theories under specific conditions: when
gravity is turned off, Special Relativity should be recovered, and in cases of weak
fields and low velocities (much less than the speed of light), Newtonian Gravity
should be recovered!. Ultimately, to be considered a viable GR successor, an MG
theory should replicate the successes of GR while also addressing its limitations.
However, developing a theory that meets all these criteria is a significant challenge.

As previously discussed, MG theories aim to address both observational
and theoretical challenges in GR. While cosmology is the primary area where
MG theories are applied, their potential extends beyond large-scale structures.
Notably, the stellar and galactic regimes have received comparatively less attention
[30], despite the wealth of observational data from missions such as the Event
Horizon Telescope [11], Gaia [31], and the James Webb Space Telescope [32].
In astrophysics, MG has mainly been explored in the context of compact objects,
especially in the strong-field regime. Nevertheless, its applications are vast, covering
areas such as astroseismology [33,34], among others.

While GR has been remarkably successful, its limitations indicate that a more
extensive theory of gravity may be necessary. MG provides a potential solution
to these shortcomings, offering new insights into astrophysical and cosmological
phenomena. By exploring these theories and their predictions, we can improve our
understanding of gravity.

1.2 Aim of the thesis

This thesis examines the astrophysical and theoretical aspects of MG theories,
assessing their influence on cosmology and stellar evolution and their fundamental
viability as alternative descriptions of gravity. The studied theories include
scalar-tensor and teleparallel theories, which share the common feature of having
additional degrees of freedom.

"However, in low-acceleration regimes, neither GR nor Newtonian gravity fully describes observed
phenomena, a discrepancy known as the Low-Acceleration Gravitational Anomaly [27-29].
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On the astrophysical side, the goal is to provide evidence of deviations from
standard stellar theory arising from MG. In particular, this work investigates
how low-mass pre-main-sequence stars evolve in the framework of scalar-tensor
theories, focusing on key observational features such as their contraction and lithium
depletion phases. The analysis of these effects enables the identification of potential
astrophysical signatures of MG that could be tested against observational data.

On the theoretical side, this thesis examines the internal consistency and
stability of MG models. A key objective is to determine whether f(Q) theories
of gravity [35] — which extend the symmetric teleparallel theory [36] — are free
from ghostly instabilities and strong coupling issues. Additionally, we explore how
the canonical frame is determined by gravitational dynamics, providing a broader
perspective on viable alternatives to GR. In both cases, these investigations are
done in cosmological frameworks.

This dual approach enables us to connect astrophysical applications with
theoretical consistency, enhancing our understanding of the effect of MG on stellar
evolution and cosmological models and the viability of these theories.

These objectives can be summarised as follows:

* To investigate how degenerate higher-order scalar-tensor (DHOST) gravity
[37] affects the stellar structure, specifically focusing on which observable
stellar properties (such as mass-radius relationship, luminosity, and age) are
most sensitive to these changes.

* To assess the theoretical consistency of f(Q) gravity as a viable alternative
to GR by investigating whether it introduces unphysical (ghost) modes.
Additionally, we aim to explore how the choice of the function f(Q) affects
the stability and well-posedness of the theory.

* To obtain cosmological solutions in the General Teleparallel Equivalent
of GR (GTEGR) [38], formulated in the canonical frame, where essential
observables such as energy and momentum can be consistently calculated.

These objectives highlight the importance of considering both theoretical
consistencies and observational consequences.

1.3 Statements

The research statements below summarise the main contributions and
implications of the thesis:

* Alternative theories of gravity, such as DHOST theories, alter the internal
structure and evolution of low-mass stars, influencing their pre-main-
sequence development, lithium depletion timescales, and other observational
characteristics.
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* These changes modify the Hayashi tracks in the Hertzsprung-Russell (HR)
diagram and suggest that lithium abundance in young stellar clusters could
serve as a test for MG observations.

* GTEGR includes local symmetries that enable the application of the canonical
frame, which is essential for calculating energy and momentum.

* Not all cosmological solutions in GTEGR are simultaneously compatible
with the canonical frame and the concept of an evolving Universe.

* f(Q) theories have inherent ghost-like instabilities, raising concerns about
their viability as alternative gravitational models.

1.4 Structure of the thesis

This thesis is structured into two main parts. The first part consists of an
introduction, where the topics that are crucial for understanding the subsequent
papers are reviewed. The second part contains the articles that form the core of the
thesis.

The introductory part is divided into three chapters. Chapter 2 focuses on
Gravity Theories. It begins with a review of GR in section 2.1 and subsequently
explores modified theories of gravity. Section 2.2 discusses scalar-tensor theories,
placing particular emphasis on Horndeski-like theories. In section 2.3, we address
fundamental concepts of metric-affine theories. Section 2.4 delves into one of the
metric-affine sectors: teleparallel theories. In this section, we separately examine
the Metric and Symmetric Teleparallel versions of GR as well as the General
Teleparallel Equivalent of GR, which integrates both theories. We conclude by
presenting extensions of these theories, specifically the General Teleparallel, f(7)
and f(Q) theories.

Chapter 3 explores some of the methods and mathematical concepts employed
in the papers. We start by discussing the energy-momentum pseudotensor in section
3.1. We then describe the scalar-vector-decomposition used in perturbation theory
in section 3.2, followed by a discussion on instabilities in section 3.3.

Lastly, chapter 4 highlights the main applications of this thesis in the fields
of Astrophysics and Cosmology. We begin with section 4.1, which provides an
overview of stellar physics. This section concludes with a discussion of how specific
stellar characteristics are modified in the context of alternative theories of gravity
and the implications of these changes. In section 4.2, we introduce fundamental
concepts and equations of cosmology and explore how they are affected by f(7)
and f(Q) theories. We conclude by examining the canonical frame in cosmology.

The second part is divided into three chapters, with each chapter dedicated
to a specific paper. Chapter 5 presents the paper titled “Early Evolution of Fully
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Convective Stars in Scalar-Tensor Gravity.” Chapter 6 contains the paper “General
Parallel Cosmology.” Finally, Chapter 7 features the publication “Pathological
Character of Modifications to Coincident General Relativity: Cosmological Strong
Coupling and Ghosts in f(Q) Theories.” At the end, the author’s CV is provided in
both English and Estonian.

The conventions used in this work are as follows: we adopt a mostly positive
signature for the metric, which is represented as (—, +, +, +). Spatial coordinate
indices are denoted by Latin letters such as ¢, j, k, . . ., while spacetime coordinate
indices are represented by Greek letters, such as «, 3,7, . . ..

Below, we provide a list of the acronyms utilised throughout the text.

DHOST Degenerate Higher-Order Scalar-Tensor (Theories)
FLRW Friedmann-Lamaitre-Robertson-Walker (Metric)

GR General Relativity

GTEGR General Teleparallel Equivalent of General Relativity
HR Hertzsprung-Russell (Diagram)

MG Modified Gravity

MS Main Sequence

STEGR Symmetric Teleparallel Equivalent of General Relativity
SVT Scalar-vector-tensor (Decomposition)

TEGR Teleparallel Equivalent of General Relativity
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Additionally, we present a list of the most frequently used symbols.

Minkowski metric

Spacetime metric

Background metric

Metric perturbation

Metric determinant

Levi-Civita connection

General affine connection

Partial derivative

Levi-Civita covariant derivative (with respect to I )
General covariant derivative (with respect to I'*,,)
Curvature tensor

Ricci tensor with respect to the Levi-Civita connection
Levi Civita curvature scalar (Ricci scalar)

General curvature tensor

General Ricci tensor

General curvature scalar

Einstein tensor

Energy-momentum tensor

Gravitational energy-momentum pseudo-tensor
Metrical energy-momentum

Canonical energy-momentum

Energy-momentum superpotential

Distortion tensor

Contortion tensor

Disformation tensor

Torsion tensor

Torsion scalar

TEGR torsion scalar, general torsion scalar

Torsion conjugate

Symmetric tensor defined with respect to the torsion scalar
Non-metricity tensor

Non-metricity scalars

STEGR non-metricity scalar, general non-metricity scalar
Non-metricity conjugate

Symmetric tensor defined with respect to the non-metricity scalar
GTEGR scalar
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Chapter 2

Gravity Theories
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2.4.3 General Teleparallel Equivalentof GR . . . . . .. .. .. 33
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In this chapter, we will discuss various theories of gravity, starting with GR. We
will then explore alternative theories, such as scalar-tensor theories and teleparallel
theories. Some of them also present extra degrees of freedom, a common aspect
among MG theories. However, a key feature shared by these theories is their
treatment of gravity through spacetime geometry, although they differ in how they
describe this geometry, which we will explore throughout this chapter.

2.1 General Relativity

GR is based on Riemannian geometry, which is characterised by a symmetric
tensor known as the metric, denoted by g,,,. This tensor is used to measure
distances, vector magnitudes, and angles between vectors. It also allows the
determination of the shortest path between two points and serves as the gravitational
potential in GR. The metric tensor should be defined at every point in spacetime and
possess the property of being non-degenerate, i.e., g = det|g,, | # 0. The metric
non-degeneracy enables the definition of an inverse metric tensor g#”, satisfying
Guwght = 6.

In addition to the concept of distance, which is enabled by the metric, we need a
way to connect different tangent spaces, which can be achieved with the introduction
of a non-tensor quantity called affine connection. The metric and connection are
generally independent as they represent different aspects of geometry. However,
in GR, these two notions are related since the connection used is the Levi-Civita
connection, defined as:

o 1
Fa;w = iga/\ (8;Lg/\u + aug)\u - a)\g;w) . (2.1

This connection is symmetric in the last two indices and depends only on the metric
and its first derivatives.

The connection is essential for parallel transport, a concept we will explore later,
and covariant derivatives. In the latter case, the connection allows the definition of
a covariant derivative operator:

VAV = 9, A 4TV ) A2, 2.2)

VB, = 8,B, — T, By (2.3)

The covariant derivative obeys the usual derivative properties, such as the Leibniz
product rule and linearity. Moreover, its main advantage is that it produces covariant
quantities, i.e., the covariant derivative of a tensor is also a tensor.

A fundamental concept in the development of GR is the Equivalence Principle.
This principle states that the behaviour of objects in a non-inertial frame is
indistinguishable from that of objects in an inertial frame with a gravitational
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field [39]. This equivalence reflects the idea that gravity is not considered a force
in the traditional sense but rather a result of spacetime geometry.

In GR, gravity manifests as a consequence of spacetime curvature, which is
represented by the Riemann-Christoffel curvature tensor (Riemann tensor for short),
also known as Levi-Civita curvature. This tensor is defined as:

R = 20,1

o+ 2000 e (2.4)

The Riemann tensor provides essential information about curvature, vanishing in
flat spacetimes. Additionally, it exhibits several important symmetry properties,
listed below [40]:

* Symmetry in the exchange of the first and second pairs of indices:
éﬁlwp = évr)ﬂuv 2.5

where we lowered the first index using the metric, Rg,., = gag R uvp-

* Antisymmetry in the exchange of indices either in the first or second pair of
indices:
Rpuvp = —Rupup = —Rpupy = Rupgpu- (2.6)

 Cyclicity of the last three indices:
éﬂ#l’ﬁ + éﬁpw/ + éﬁvw =0 2.7)
In addition to these properties, the Riemann tensor also obeys the Bianchi identity:
éﬁuvmn + f{ﬁunvm + éﬁupn;v = 0. (2.8)

The only non-vanishing contraction of the Riemann tensor produces the Ricci
tensor:
R, = R% 00 2.9

We can note that the Ricci tensor is symmetric ]32/“, = }OZZ,M, which follows from
the symmetry property of the Riemann tensor (2.5). Moreover, the antisymmetry
property (2.6) guarantees that this is the sole second-rank tensor that can be derived
from the Riemann tensor, as other possible combinations are either equivalent to
the Ricci tensor or null. The only curvature scalar that can be formed from the
Riemann tensor is the Ricci scalar, defined as R = g“”}?w.

18



2.1.1 Geodesics and Auto-parallels

Our goal in this subsection is to derive the equations describing the motion
of a free particle under the influence of gravity. These equations can be obtained
by using the principle of least action, which states that the path followed by the
particle extremises an integral known as action.

Freely falling particles follow curves called geodesics, which are defined as the
shortest path connecting two points. In Euclidean spaces, the geodesic is simply
a straight line. However, in Riemannian spaces, this curve takes a more complex
form. In this case, the shortest curves correspond to the curves with maximum
proper time' [39], which is defined as:

b b
dah dz”
T:/ d5:/ —gu,,;—)\%d)\, (2.10)

where )\ parametrises the curve.
After applying the principle of least action to 7, we get the geodesic equations

[40]:
Az .. dztdz”

=0, 2.11
dr? T dr dr 2.10)
where ‘Z”—: is the four-velocity, which satisfies gﬁw%% = —1. We recall that,

besides being the shortest curve between two points, the geodesic also represents

the path followed by a test particle of mass m in a gravitational field. Thus, d;f; can
be identified as the particle’s four-acceleration while the quantity —mI'® W% df:

can be interpreted as the gravitational force acting on the particle.

Thus, the geodesic curves can be regarded as the GR version of the straight paths
followed by freely falling particles in Newtonian theory. In fact, the Newtonian
limit of equation (2.11) is given by [40]:

d*z

72 +Ve =0, (2.12)
where ® = —Gm/r is the gravitational potential at a distance  from a source
mass m and Z is the position vector. The metric and the gravitational potential can
be related by the equation gop = —(1 + 2®), indicating that the metric assumes
the role of gravitational field potential in GR.

Equation (2.11) also describes another type of curve, which can be thought of
as the straightest path between two points (at least locally). In Euclidean geometry,
these curves are simply straight lines. In Riemannian geometry, they are known as
auto-parallels and involve the concept of parallel transport. Before proceeding, let
us first define parallel transport.

'In this context, we assume the curve is time-like. The procedure is similar for space-like curves,
but with a positive sign inside the square root.
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Farallel transport is the process in which a vector is translated along a curve
while kept parallel to itself. In Euclidean space, transporting a vector in this way
is straightforward — it involves moving the vector while keeping its components
constant. However, in curved spaces, the process is not as straightforward, and the
final result will depend on the path taken [39]. The deviation between the original
and the parallel-transported vectors is measured by the curvature tensor.

In general, when a vector is parallel transported, its directional covariant
derivative along the curve should vanish [41]:

Doy = G e

D)\V = V.V =0, (2.13)
where % is the vector tangent to the curve and A\ parametrizes this curve. The
above equation is known as the equation of parallel transport and can be easily
extended for tensors. It is now evident that the concept of parallel transport depends
on the connection, and each choice of connection will produce different outcomes.

Auto-parallels are characterised by the parallel transport of their tangent vectors.
Thus, the equations defining this type of curve can be directly derived from equation
(2.13), resulting in:

D « 2, .a ) v
<da: >:O:>dx o dxtdx 0. (2.14)

Da \dn o U T

If we require that the covariant derivative of the metric vanishes and that the
connection is symmetric, we will obtain the Levi-Civita connection. Hence,
the equation (2.14) will coincide with the geodesic equation (2.11). Therefore,
geodesic and auto-parallel curves are equivalent in GR. However, in general, they
represent different types of curves. Geodesics, being the shortest curves, depend
on the concept of distance, which is determined by the metric tensor. In contrast,
auto-parallels are associated with parallel transport, which is determined by the
connection.

2.1.2 Einstein Equations

To establish the relationship between gravity and geometry, we should use
the Einstein field equations, which are based on the assumption that the metric
tensor describes the properties of the gravitational field. These equations follow the
principle of covariance, which is achieved by using tensorial equations. Additionally,
we need to ensure that energy and momentum are conserved, and this conservation
should arise from the field equations. Finally, the field equations should also satisfy
the principle of correspondence, which means that Newtonian gravity should be
recovered in the limit of weak fields and small velocities.

The principle of least action can be applied to obtain the Einstein field equations,
but a few adjustments are necessary. Firstly, the action should consist of two parts:
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Sg, which contains the geometry-related fields and Sy,, which is composed of the
matter fields. Hence, the total action is given by S = Sy +Sm. Secondly, in order to
have an action that is invariant under transformation laws, we need to use /—gd*=
as the four-dimensional volume element.

The gravitational action S is formulated using a curvature scalar that, at most,
involves second-order derivatives of the metric. A suitable candidate for this
purpose is the Ricci tensor. On the other hand, the matter action Sy, is typically
assumed to depend on the metric and, at most, its first derivatives, along with the
matter fields. Therefore, the GR action, commonly known as the Einstein-Hilbert
action, is defined as follows:

1 &
SEn = /d4x\/—g <%R+£m> , (2.15)

where L, is the matter Lagrangian.
The variation of the above action with respect to the metric leads to the Einstein
equations [40]:

G = 87O, (2.16)

energy-momentum tensor. The equations (2.16) represent a set of second-order non-

linear differential equations that can only be solved exactly in a few specific cases.
These equations establish a profound connection between gravity and geometry.
However, as we will discuss later, they are not the only equations that illustrate this
relationship.

If we take the covariant derivative of both sides of the Einstein equations,
we obtain 6M®“V = 0, because V MCD}’*“‘ vanishes identically. The first equation
represents the energy-momentum conservation (locally), which comes from the
field equations, as required.

Although the Einstein equations form the foundation of GR, alternative
formulations can offer different perspectives on gravity. Before exploring these
alternative theories, let us first discuss how we can modify GR. According to
Lovelock’s theorem, the Einstein equations are the only solutions in four dimensions
that can be derived from an action involving up to second-order derivatives of the
metric [42,43]. Hence, Lovelock’s theorem implies that if we want to develop
theories that produce field equations different from Einstein’s, we must relax at
least one of the assumptions outlined in Lovelock’s theorem. Below, we list some
of the ways to accomplish this [25]:

where CO?W = Ry, — %Rg#,, is the Einstein tensor and ©,,, :=

* Allow the gravitational action to include higher than second-order derivatives
of the metric;

¢ Introduce extra fields (scalar, vector, tensor) in the action;
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* Work in dimensions higher than four;
* Explore geometric quantities beyond just curvature.

Figure 2.1 illustrates the different Modified Theory classes, which are based on
relaxing the assumptions of Lovelock’s theorem.

Non-Riemannian geometry Higher-order theories
[Nletric—afﬁne g,ravity] [Einstein—Cartan] ‘ f(}“{,(j) ‘ ‘ j(}o?) ‘ f(lj? ) ‘ ‘ f(DIf?) ‘
Poincaré gauge gravit; Jon-local) ——————— b
Non-commutative ESURCE v Non-local (Conformal Weyl) ‘ LO\Elt?Lk
| theories

. theories
geometry Teleparallel theories h :

Quantum gravity theories

Other approaches (Horava-Lifschitz) (Rainbow gravity)

Loop quantum Asymptotic
gravity safety

[Entropic gravity] [Holography]

{ Padmanabhan J {Analogue}
t

hermodynamics gravity

[Supergravity] [Striug theory]

D-dimensional theories Tensor-vector-scalar theories
Bimetric
(Braneworlds] [Raudall-Sundr\lm] [Einstein-Ether] [Proca theories]
5 Einstein-Gauss-Bonnet | — 3 n -
Kaluza-Klein O —— M-theory [Hnrndeskl] [Beyond Horndesk]] [I;i:;svsiltv;]

Figure 2.1: Classes of MG theories [44]. Examples of theories from each class are
also provided.

2.2 Scalar-tensor Theories

This section reviews the main features of scalar-tensor theories of gravity, which
are among the most extensively studied modifications to GR [3,45,46]. Scalar-
tensor theories accommodate all theories of gravity in which a scalar field, denoted
as ¢, is non-minimally coupled to gravity. This class of theories is particularly
interesting because they include the possibility of an expanding Universe while
preserving its isotropy. For instance, it is argued that a scalar field known as
the inflaton can explain the inflation of the Universe [47]. Additionally, with the
introduction of an extra scalar field, a new perspective on gravity emerges: gravity
is now influenced not only by the curvature of spacetime but also by the scalar
field itself. Hence, the term “scalar-tensor” highlights the contributions of both the
scalar field and the metric tensor in the description of gravitational phenomena.

Scalar-tensor theories of gravity have a long history, with the combination
of gravity and scalar fields existing even before GR. For instance, in 1912, G.
Nordstrom proposed a conformally flat scalar-tensor theory [48-50]. A scalar-
tensor combination also appeared in Kaluza-Klein theory [51,52], which unifies
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gravity and electromagnetism. In Kaluza-Klein theory, there are 15 independent
equations: 10 corresponding to Einstein’s equations, four corresponding to
Maxwell’s equations and 1 for the scalar field. However, the foundation for modern
scalar-tensor theories was established by the work of Jordan in 1955 [53] and of
Brans and Dicke in 1961 [54].

Several theories fall in the scalar-tensor category, ranging from Jordan-Brans-
Dicke theory to f(R) theories?. The f(R) theories refer to modifications of GR
in which the Levi-Civita curvature in the Einstein-Hilbert action is replaced by a
non-linear function of that curvature [55,56]. It is also important to note that, in this
context, the curvature is a dynamical quantity. As a consequence, f (R) theories
involve higher than first-order curvature terms. Moreover, these theories can be
mapped to scalar-tensor theories [57]. In particular, f (R) theories are equivalent to

Jordan-Brans-Dicke theory for either w = 0 (in the metric formalism) or w = —3/2
(in the Palatini formalism) [58]. Notably, in the latter case, the scalar field is not
dynamic.

Beyond these classical scalar-tensor models, a broader class of theories known
as Horndeski theories further generalises this framework while maintaining second-
order equations of motion. The action for Horndeski theories is described by
[59, 60]:

Sn = /d4x«/—g (L+ L), (2.17)
where £, is the matter Lagrangian density and

L = Gy, X)+Gs(d, X)Ob+ Ga(¢, X) R
+Gax (¢, X) [(09)” = (VuVud)(VHVY)] + Gs(h, X)Gpu VIV ¢
— $Gox(6,X) [(06)° = 3(00) (V,¥,6)(V"V76)
+ 2AVIVad) (V2 56) (VV,u0)|

with X = —1VHV 6.

To illustrate the generality of the Horndeski action, we will present some specific
examples of the functions G; and the corresponding theories.

* General Relativity: by setting G4 = 1/2k, G2 = G3 = G5 = 0, we recover
the Einstein Hilbert action

1 o
SEn = /d4:c\/—g <%R+£m> . (2.18)

It is essential to clarify that the symbol R refers to the Levi-Civita Ricci scalar, which is derived
solely from the metric. In contrast, later in the text, we will encounter another curvature scalar,
denoted by R, which is based on an affine connection.
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* Brans-Dicke theory: the action is given by

S = 5, [ dov=a (ot~ 20,006 ~20(0) ) ¢ [ oy gL

¢
(2.19)
This corresponds to the choice Gy = “B2X — V(¢) ,G3 = G5 =0,Gy =
[
g

o

* f(R) theories: the action
1 o
Sty = 5, / d'z/=g f(R) + / d*z\/=gLm (2.20)

is reproduced by the choice G = —%(I%@éf —f),G3 =G5 =0,G4 =
1

1.7 .

29R

Horndeski theories are characterised by the presence of second-order derivatives
in the equations of motion, a feature which prevents the presence of instability ghosts.
While this condition is sufficient to avoid such instabilities, it is not mandatory.
Consequently, it is possible to formulate higher-order scalar-tensor theories, known
as beyond Horndeski theories, that successfully evade Ostrogradski instabilities
[37,61,62]. Moreover, these theories maintain the correct number of degrees of
freedom [63,64]. A deciding factor in the stability of beyond Horndeski theories
is the degeneracy of their Lagrangian. For this reason, higher-order Horndeski
theories that possess degenerate Lagrangians are labelled as degenerate higher-order
scalar-tensor (DHOST) theories [37, 62, 65].

Scalar-tensor theories often introduce a fifth force, which arises from the non-
minimal coupling of the scalar field to matter or gravity [66]. This additional force
complements the four fundamental interactions known in nature, earning it the
designation of “fifth force”. The fifth force is expected to operate over long ranges,
such as on cosmological scales. Since this force has not been observed within
the solar system, there must be a mechanism to suppress its influence on shorter
ranges. The methods used to mitigate the effects of the fifth force are referred to as
screening mechanisms (see, for example, [67, 68]).

An intriguing effect occurs when we consider scalar-tensor theories in
astrophysics, particularly in the context of beyond Horndeski theories. Within
non-relativistic matter sources, the Vainshtein screening is partially broken [69].
This broken screening mechanism results in a modified hydrostatic equilibrium
equation, prompting modifications in the structures of stars and galaxies [70].

In addition to the tight solar system constraints imposed on scalar-tensor
theories, gravitational waves further restrict the possible parameters of a theory
[71-74]. Observations from the GW170817 event [5] constrain the speed difference
between gravitational waves and light to less than 10715, As a result, G4 must be
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independent of X and G5 should be independent of both X and ¢. Hence, the form
of the Horndeski Lagrangian is adjusted to be

L = G2, X) + G3(¢, X)T + Ga(¢, X) R. (2.21)

This restriction rules out any couplings between the scalar field and the Gauss-Bonet
term, which is defined as G = R? — 4132&615’3045 + ]O%algm,]-gio‘ﬁ“”. It also excludes
functions of the Gauss-Bonnet term, denoted as f(G). However, GR and f(R)
theories remain viable. For a comprehensive list of both viable and non-viable
theories, we encourage the reader to refer to [73].

2.3 Metric-affine Theories

In the previous sections, we discussed the Levi-Civita connection and the
Riemann curvature tensor, both of which are solely based on the metric. However,
by relaxing some assumptions about spacetime, we can introduce more general
connections which are independent of the metric. This approach leads to a more
general type of geometry, known as metric-affine geometry, where both the metric
and the connection define the spacetime structure. A new connection can be
constructed by adding some tensor M“,,,, to the Levi-Civita connection:

%, =1%, +M*,,. (2.22)

There are three main geometric quantities that we can construct with the new
connection (2.22): torsion, non-metricity and curvature. We start with the torsion
tensor, defined as

T, = 2T% 1 =%, —T%,,. (2.23)

[wv]
The definition above shows that the torsion tensor is antisymmetric with respect to
its last two indices and vanishes when the connection is symmetric in those indices.
Therefore, it has only one independent trace: T := T ,3 = —1T%g,.

Furthermore, torsion is a proper tensor because it is the difference between
two connections. This occurs because the inhomogeneous parts of the connections
cancel out, leaving only the tensorial part. Geometrically, the torsion tensor
measures the non-closure of parallelograms formed by two vectors that have been
parallel transported along one another, as shown in Figure 2.2.

Next, we introduce another fundamental quantity: the non-metricity. The new
connection creates a different covariant derivative operator, denoted as V. In this
case, the covariant derivative of the metric is generally not zero, which defines the
non-metricity tensor:

Qa/u/ = vaguu # 0. (2.24)

By definition, the non-metricity is symmetric in its last two indices. Therefore,
it has two independent traces: @y = Qagﬁ and Q, = QP Ba- In this case, the
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Figure 2.2: Geometrical interpretations of torsion, non-metricity and curvature.
Adapted from [75].

magnitude of a vector changes when it is parallel transported along a curve, as
shown in Figure 2.2.

To fully characterise the geometry of spacetime, we must also examine how
vectors change after being parallel transported along a closed loop. This change,
illustrated in Figure 2.2, is quantified by curvature. The general curvature is based
on the affine connection (2.22) and given by:

R%up = 20,11, + 2T, \I )00 (2.25)

ap]u

It is important to note that this general curvature tensor depends solely on
the connection. Additionally, the curvature tensor is antisymmetric in its last
two indices only (R“,,, = —R%,,,), unlike the Riemann tensor, which is also
antisymmetric in the first pair of indices. Consequently, the curvature has two
independent traces: the Ricci tensor, defined as 12, := R“ ., and the homothetic
tensor, given by H,,, = R%,,,.

The Riemann curvature cyclicity property, as presented in equation (2.7), as
well as the Bianchi identity (2.8), can now be generalized to include torsion:

R = VigT ) + T, T 0 = 0 (2.26)

Q A o
ViR g1y = T R gpn = 0 2.27)

The above equations are referred to as first and second Bianchi identities,
respectively.

The three tensors defined above — torsion, non-metricity, and curvature — encode
crucial geometric features of spacetime. Together, these quantities represent a more
general structure of spacetime than that found in purely Riemannian geometry. In
the most general metric-affine geometries, for instance, all three quantities appear.
However, we can postulate, for instance, that the non-metricity vanishes:

Qa,u,l/ =0. (228)

The condition mentioned above is known as the metricity condition. When a
connection, such as the Levi-Civita connection, meets this condition, it is called a

26



metric-compatible connection. Spacetimes that include such a connection are also
described as metric-compatible. Consequently, non-metricity indicates the extent
to which a connection deviates from metric compatibility.

Similarly, we define the flatness condition as follows:

R%,,,=0, (2.29)
and the torsion-free condition as:
T%,, =0. (2.30)

A spacetime with a connection that meets the flatness condition is called flat, while
a spacetime with a connection that fulfils the torsion-free condition is termed
torsionless.

The various combinations of these conditions lead to different subclasses
of Metric-Affine Theories of Gravity, which are represented in Figure 2.3. A
comprehensive classification of metric-affine theories can be found in [44], which
details various geometric conditions and their implications. However, we will not
explore this further here. Our focus will be on specific subclasses: Riemannian
geometry, which includes GR and teleparallel geometry, which includes the Metric
and Symmetric Teleparallel Theories of Gravity.

Riemann

Rﬂupa 7é 0

Riemann-
Cartan

“\\ Met. teleparallel ’3"‘ Sym. teleparallel
\\ Iy #0 / Quup #0

Figure 2.3: Metric affine geometries [44]. Each circle represents a non-vanishing
tensor quantity, while their intersections indicate the presence of either two or three
non-vanishing quantities. The corresponding geometries are also presented.

In GR, spacetime is curved, torsionless, and metric-compatible. In this
framework, the metric serves as the crucial link between gravity and geometry.
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Additionally, the metric is the only dynamic field present since we employ the
Levi-Civita connection, which relies solely on the metric itself.

In teleparallel geometry, where the spacetime is flat, but torsion and non-
metricity are non-vanishing, we can construct theories such as the General
Teleparallel Equivalent of GR (GTEGR) [38,76]. This geometry further subdivides
as:

* Metric Teleparallel Geometry (R%,,, = 0, Ququ = 0, T%, # 0):
The spacetime is flat and metric compatible. As a result, torsion assumes
the function of a mediator of gravity. In this geometry, we can construct the
Teleparallel Equivalent of GR (TEGR) [77,78] and its extensions, such as
the f(7T) theories [79-81].

* Symmetric Teleparallel Geometry (R%,,,, =0, Qau #0, T, =0):
The spacetime is flat and torsionless, while non-metricity holds information
about gravity. The connection is symmetric, allowing for the construction
of theories such as the Symmetric Teleparallel Equivalent of GR (STEGR)
[35,36,75] and its extensions, including the f(Q)) theories [35,78].

We will discuss this in more detail in the next section.
In the context of metric-affine gravity, the tensor M, is called distortion and
can be decomposed as follows:

M%,, = K%, + L%, (2.31)

where K, and L, denote the contortion and the disformation, respectively.
This decomposition makes the distinction between the effects of torsion and non-
metricity more evident. To illustrate this point, let us examine the definitions of
contortion and disformation:

1 1 1
K, = QTQMV + §TMO‘V + QTVQM’ (2.32)
and
L% = 3Q%0 — 5Qu% — 5Qu° 233
=g p T 5 v T 5w .

The definitions provided clearly show that contortion arises exclusively from torsion,
while disformation results solely from non-metricity. Therefore, we can recover
the Levi-Civita connection by requiring that spacetime is both torsion-free and
metric-compatible.

Now, we explore the physical interpretation of the contortion and disformation.
If we set the disformation to zero, L%, = 0, then the contortion becomes the
difference of the general and the Levi-Civita connections: K<, =1'*,, — re -
Consequently, the geodesic equation (2.11) becomes:

d%z® dx* dz” dx* dz”

—_— e, —— =K%, ——. 2.34
dr? Modr dr Modr dr (2.34)
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Similarly, by setting the contortion to zero, K, = 0, we obtain

2 .« m v L v
% rauy%% = LO‘W%%. (2.35)
We will now express the geodesic equation considering the presence of a Lorentz
force acting on a charge ¢ with mass m [39]:
2.« R m v v
The equation presented above clearly resembles equations (2.34) and (2.35). This
observation enables us to conclude that the effects of contortion and disformation

on a test particle are analogous to those produced by a Lorentz force.

2.4 Teleparallel Theories of Gravity

The equivalence principle suggests that gravity should be interpreted from a
geometric perspective. Traditionally, gravity is understood in terms of spacetime
curvature, but we can also analyse it through other geometric properties, such as
torsion and non-metricity. The consideration of these alternative interpretations
leads to the development of new theories of gravity.

With this in mind, we begin this section by examining the Metric and Symmetric
Teleparallel Theories of Gravity, which are based on torsion and non-metricity,
respectively. We also discuss the General Teleparallel Theory, which includes both
torsion and non-metricity. Notably, these frameworks produce theories equivalent
to GR and serve as a foundation for several MG models, which are also discussed
in this section.

To formulate these theories, we define scalars that are quadratic in terms of
torsion or non-metricity. Their explicit forms are given by:

1 1 1
T = TawT™ + {Top T — STT* (2.37)
and
1 apy 1 uro 1 « 1 Ao
Q= ZQauuQ - §Qo¢uuQ - ZQ@Q + 5@04@ . (2.33)

It will be useful to relate these scalars to the general curvature scalar, R. For this
purpose, we express the general curvature tensor R ,,,,,(I") in terms of the Riemann
curvature tensor R uwp(g). This relationship follows from the decomposition given
in Equation (2.31). By applying equations (2.4), (2.25), (2.32), and (2.33), we
derive the following relation:

R p(1) = éauw(g) + T/\VpKaz\u + 2%[VKQP]M + TAVPLQAM + 26[1/1’&0]#

+ 2K K2+ 2L n K + 2K n L + 2La,,[AL’\(p2]M3.9)

Pl Pl
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Using this result, we can express the general Ricci scalar R in terms of the
Levi-Civita Ricci scalar R:

R(D) = R(g) + T + Q+ V,, (27" + Q" = Q") , (2.40)
where we used the contortion and the disformation traces K* Ba = —T, and
LP Ba = —Qq/2 . From this relation, we identify two key subcases: one where

non-metricity is absent (Teleparallel Gravity) and one where torsion is absent
(Symmetric Teleparallel Gravity). In the former case, we have:

R(T) = R(g) + T + 2V, (T") , (2.41)

while in the latter case, we obtain:
R(T) = R(g)+ Q+V, (Q“ - Q“) . (2.42)

In the absence of both torsion and non-metricity, the theory reduces to GR, where
the general connection and curvature coincide with their Levi-Civita counterparts.

Having defined the relationship of torsion and non-metricity scalars with
the curvature scalar, we now explore the implications of the flatness postulate
R*,,,(I') = 0. In this case, the connection is referred to as a flat connection.
Suppose that, in a given coordinate system, the connection that satisfies the flatness
postulate is ', = 0. Since the curvature is a tensor, the flatness condition
remains valid in any coordinate system. However, the connection will transform
inhomogeneously under a change of coordinates x# — x'# as follows:

e, — o0z’ 0z 9z e +6ac’a 0% _ 0 9% (2.43)

OxP 0x' 0z’ 2" 0aP 0x/rOx ~ 0xP Oxmox
=0

Therefore, the condition R'*,,,, = 0 will be satisfied for any connection of the
following form:

', = (A1) 50,47, (2.44)

where the matrix A%, € GL(4,R) corresponds to the gf,i in (2.43). Although
we have shown that (2.44) is valid when the matrix A corresponds to a Jacobian,
the flatness condition actually holds for any matrix A € GL(4,R), reflecting the
freedom in choosing reference frames. Furthermore, the flat connection described
in (2.44) exhibits the symmetry A — AA for any constant matrix A € GL(4,R).

Having discussed the properties of flat connections, we can now explore the
teleparallel theories that are equivalent to GR.
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2.4.1 Metric Teleparallel Equivalent of GR

In Metric Teleparallel Theories of gravity, torsion is the only significant quantity
involved. In addition to the flatness condition, the connection must satisfy metric
compatibility, given by %, = 0. This condition leads to

1

GO AY) (AP = 5 g™ . (2.45)

Moreover, torsion can now be explicitly expressed in terms of the matrix A*,:
T =2(A"H", 9,A7,. (2.46)

The torsion tensor now depends on A#,,, establishing it as the fundamental field of
the theory. It is important to note that there can be multiple connections that satisfy
both (2.44) and (2.45).

We now focus on the TEGR. Given the flatness of spacetime (R(I") = 0),
equation (2.41) simplifies to:

R(g) = —T(A) =2V, (THA)), (2.47)

where 7T is given by (2.37). In TEGR, the torsion scalar T takes the place of the
Ricci scalar R in the Einstein-Hilbert action. The additional term on the right-hand
side of the equation (2.47) is a total derivative and does not contribute to the field
equations. This shift indicates that the matrix A € GL(4,R) has replaced the
metric as the fundamental field of the theory. As a result, there will be 16 field
equations in total: ten corresponding to the Einstein equations from GR and six
associated with local Lorentz transformations.
We can define the TEGR action as [77]:

1
STEGR = —5r / d*z /=g T + Sm. (2.48)
M

In the present case, the variational principle should be applied using the Palatini
formalism, where the metric and connection are considered to be independent
variables. This approach enables the consideration of more general connections,
as the conditions of symmetry and compatibility can be relaxed. By varying the
TEGR action (2.48) with respect to both the metric and the connection, we obtain
two sets of field equations which are provided below [82]:

1
(Vo + Ta)Su)® + tuw = 5T guw = £ Opu,
(Vo +Th) [\/ —gS[ual,]] = 0.

(2.49)
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— 2 6Sm
Here, ©,, = g gk

conjugate, defined as

is the energy-momentum tensor, S, is torsion

oT 1 1

W — o e v 5 [wpv]

SO& 8Ta/“/ 4 (03 + 2 « (0% 9
(2.50)

and 7, is a symmetric tensor given by
oT 1
— — B B

o = gom = 35wl Toyas = T Sagp) - 2.51)

For simplicity, the field equations (2.49) assume that the connection does not
influence the matter sector of the action. As a result, the variation of the matter
action with respect to the connection — known as hypermomentum — does not appear.
Therefore, the energy-momentum tensor will be the sole source of the gravitational
field equations 3.

Two important consequences arise from the field equations [82]. First, the
metric field equations remain equivalent to Einstein’s equations in GR. Second, the
connection equations are automatically satisfied as long as the connection obeys
(2.44) and (2.45). This implies that the connection equations do not influence the
dynamics of the theory; only the metric equations do. Consequently, TEGR exhibits
the same dynamics as GR, as demonstrated in (2.47).

2.4.2 Symmetric Teleparallel Equivalent of GR

This subsection will explore the Symmetric Teleparallel Equivalent of GR
(STEGR). As in TEGR, in STEGR, the Levi-Civita Ricci scalar can be replaced
by a different scalar, specifically the non-metricity scalar (2.38). In contrast to
TEGR, where the connection is metric-compatible, STEGR requires a symmetric
connection. This condition is expressed as:

(A1) 50 A, = 0. (2.52)

The equation above holds for any transformation of the form A*, = 0, &" where
&F is a collection of four scalar functions. This simple fact has a significant
consequence: we can make the connection vanish in a specific frame by choosing
&' = Mt ¥ + &l In this expression, & has constant entries, and M*, is a
constant, non-degenerate matrix. This gauge choice is known as the coincident
gauge [35].

3 Although hypermomentum plays a significant role in gravitational dynamics and is well-known
for its associations with matter and connection — such as the coupling of fermions to torsion in specific
gravity theories (see references [83—85]) — we will not address it in this discussion.
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Additionally, the expression for the Ricci scalar, given in (2.42), simplifies to:
Rlg) = -Q-V.(Q"-@"), (2.53)

where Q is defined by (2.38). The additional term on the right-hand side is a
boundary term and does not influence the field equations. Therefore, GR and
STEGR are dynamically equivalent. In this formulation, the metric is complemented
by the field &, which introduces four extra dynamical equations alongside the ten
equations with respect to the metric.

The action for STEGR takes the form [36]:

1
SSTEGR = “on /d49€ V=99 +Snm. (2.54)

Once again, we adopt the Palatini formalism, treating the metric and connection as
independent variables. Varying the action with respect to each of the independent
fields gives the following field equations [82]:

2 1
ﬁva [\/ —9g Pa;w] + G — ng,w = K Oup, (2.55)

V.V, (V=g P*,) = 0. (2.56)

Here, ©,,, denotes the energy-momentum, P*”, is the non-metricity conjugate,
which is defined by

1 99 1 ., 1., 1 o 1 | so
w =5 g00m = 19wty Qulntyaw = (9@ +0%,Qn))

[e7

(2.57)
and g,,,, is a symmetric tensor given by
0Q
T = g~ Plujas@0)” = 2P (,Qup) - (2.58)

As in TEGR, the connection equations are automatically satisfied for any
flat symmetric connection. Consequently, the connection does not contribute
dynamically to the theory.

2.4.3 General Teleparallel Equivalent of GR

In this subsection, we extend the teleparallel framework to introduce the General
Teleparallel Equivalent of GR (GTEGR), a formulation that includes both TEGR
and STEGR.

GTEGR incorporates both torsion and non-metricity while maintaining the
flatness condition: R*,,,,(I') = 0. In addition to the torsion scalar (as provided
in (2.37)) and the non-metricity scalar (as described in (2.38)), GTEGR permits
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additional terms that couple torsion and non-metricity. These mixed quadratic
terms are expressed as follows:

Tow@"™®, TaQ® TaQ" (2.59)

Consequently, the Ricci scalar expression (2.40) takes the following form:
Rlg) = -G-V, (2T“ LQr Q“) , (2.60)

where B
G=T+ 0+ TaWQ“”a — ToQ% + T,Q°. (2.61)

In particular, setting torsion to zero yields G = Q, while eliminating non-metricity
gives G = T. However, setting either torsion or non-metricity to zero imposes
additional constraints on the connection, leading to more specific teleparallel
models, as discussed in subsections 2.4.1 and 2.4.2.

The GTEGR action is expressed as [38]:

1
SGTEGR = 5 /d4$ vV—9G + Sn. (2.62)

From (2.60), it is evident that the GTEGR action differs from the Einstein-Hilbert
action only by a boundary term. Therefore, while their formulations differ, both GR
and GTEGR describe the same underlying theory. Although we will not present
the field equations for the GTEGR action here, we will focus on discussing some
implications of the equivalence between GR and GTEGR.

A fundamental distinction between the two formulations lies in the number of
fundamental fields: GR relies solely on the metric, whereas GTEGR depends on
both the metric and the connection. This apparent inconsistency is resolved by the
fact that the connection equations are satisfied oftf-shell [38]. This indicates that
the connection is not a dynamic field of the theory; instead, it appears in the action
(2.62) as a boundary term. Consequently, the metric accounts for all degrees of
freedom in both theories.

2.4.4 Modified Teleparallel Theories

We now discuss some MG theories in teleparallel geometries. Teleparallel
theories can be modified in basically two ways. The first approach is to construct a
more general quadratic scalar from torsion and non-metricity. The second consists
of introducing non-linear extensions to metric and symmetric teleparallel gravities.

We begin this subsection by examining General Teleparallel Theory, which
incorporates both torsion and connection. Unlike GTEGR, which was discussed
earlier, this theory is not necessarily equivalent to GR, making it more general.
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Within the General Teleparallel gravity framework, the most general scalar takes
the form: ~
G=T+ Q + blTauquja + bQTaQa + bSTaQaa (263)

where T" and () are the scalars defined by
T = a1 TouwT™ + agTou THY + asTo T, (2.64)
and

Q= leaqua#V + CQQauuQuya +e3Q.Q% + C4Qoz©a + cBQaQa‘ (2.65)

Here, a;, b;, and ¢; are arbitrary real constants. The quadratic terms in (2.63), (2.64),
and (2.65) represent all possible parity-even quadratic combinations of torsion and
non-metricity [86].

It is important to clarify the notation used for the scalars. The symbols 7 and
Q represent specific choices of torsion and non-metricity scalars, as defined in
equations (2.37) and (2.38). The scalar G, defined in equation (2.61), contains 7 and
Q, plus mixed combinations of torsion and non-metricity. Furthermore, the scalars
T, Q and G are related to the Levi-Civita curvature as shown in equations (2.47),
(2.53) and (2.60), respectively. As a result, these scalars can act as substitutes for R,
leading to theories that are dynamically equivalent to GR. In contrast, the scalars
G, T and @ recover GR only under the specific parameter choice corresponding
to GTEGR (a1 = 1/8, a2 = 1/4, a3 = —1/2,¢1 = —c3 = 1/4, co = —c5 =
—1/2, Cq4 = 0 and bl = _b2 = —b3 = 1).

The scalars GG, T  and @, along with the constants a;, b;, and ¢;, constitute the
parameters of the General Teleparallel theory. We have seen above the choice of
parameters that lead to GTEGR. Two important subcases of General Teleparallel
gravity are:

¢ (Metric) Teleparallel Gravity: For this scenario, we set b; = ¢; = 0,
and the action is derived directly from 7. The 3-parameter theory (with
arbitrary a;) is called New GR [35, 87, 88], and fixing the parameters a; to
a; =1/8, ag = 1/4,a3 = —1/2 results in TEGR.

¢ Symmetric Teleparallel Gravity: Here, we set a; = b; = 0. The scalar in
the action simplifies to Q). If ¢; are arbitrary, we have the theory known as
Newer GR [35], while STEGR corresponds to a specific parameter choice:
Cl = —C3 = 1/462 = —C5 = —1/2, Cy = 0.

A key distinction between New GR and TEGR lies in their physical degrees
of freedom, and the same applies to Newer GR versus STEGR. Since TEGR and
STEGR are equivalent to GR, they both have two degrees of freedom, as expected.
In contrast, the number of degrees of freedom in New GR and Newer GR varies
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based on the chosen parameters, a; and c¢;, respectively [89]. The same applies to
general teleparallel quadratic gravity, where the number of degrees of freedom is
determined by the choice of parameters a;, b;, and ¢; [90].

The Lagrangian of the General Teleparallel theory can be expressed as

_ %(Qa’“’PO‘W T80 ) (2.66)

The corresponding field equations for the metric g,,,, and the connection A¥,, are
given by [38]:

1 i oL
2 <va + Ta + 2Qa> P v = g/J,I/L - QW + K:@/Llla (267)
and .
(vu T+ QQM> (Sul — PM,) = 0. (2.68)

Notably, the non-metricity conjugate now incorporates torsion-dependent terms
and vice versa. Their explicit form is given by:

Pam/ = 201Qa,u,l/ +2c2Q ;uz)a + 263@049#11 + 2045a QV (2.69)
+ C5 (Q gﬂl/ + 6 Qy ) blT ) + b2Tag/U/ + b36(u l/) Y

S = 24Ty — 2aoT, — 24367 + 5,Q,  (2.70)
_ b25£¥uQV1 _ bg(%u(g'/] _
Moreover, we have

oL
gt

= (QuaﬁleaB - 2Qaﬁanﬁu> - CQQaBuQﬁau (2.71)
+ c3 (QMQV - QQaQauu) - C4Qu@u - CSQaQauu

T <2TQ5MTQBV ~ Thas Ty ) + a3Tagy 77, + asT, T,

- b ( af MQV + T(u|aﬁ|Qaﬁy)> + b2 (T(/,I,QV) - TaQa,u,l/)

(07 o ]' (e (e}
= *Q Pyas = QapuP™’ ) - 5L tulapSy) 7+ Tapw5 -

We observe that selecting the coefficients for STEGR recovers the field equations
presented in (2.55) and (2.56). Similarly, when we choose the TEGR coefficients,
we obtain the equations in (2.49).

We now explore non-linear extensions of TEGR and STEGR, which involve
substituting the torsion and non-metricity scalars with functions, f(7) or f(Q),
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respectively. The theory that arises from using non-linear functions of the torsion
scalar 7 is commonly referred to as f(7) theory. Its action is given by [79-81]:

1
ST =5 / d'an/=gf(T) + S - (2.72)
The corresponding field equations for the metric and connection are as follows:
1
fT G,ul/ - 5 (f(T) - fT T) Guv + fTTS(;w)aaaT =K @w/ (2.73)

(Vu+Tw) [f1 5" 5] =0. (2.74)

In these equations, f7 and f77 stand for the first and second derivative of f(7) with
respect to 7, respectively. Choosing f(7) = T + 2A, where A is the cosmological
constant, restores Einstein’s equations. As a result, deviations from GR arise only

when fr7 # 0.
In a similar manner, f(Q) gravity is based on the following action [35]:

1
St = “or /d4$¢fgf(9) + S (2.75)

The metric and connection field equations are:

1
fQ G;w - 5 (f(Q) - fQ Q) Guv + QfQQPauuaaQ =K ®;w (2.76)

V.V (V=9 fo P"a) =0, 2.77)

where fo and foo denote the first and second derivative of f(Q) with respect to Q,
respectively. Equation (2.76) reduces to the Einstein equations with a cosmological
constant when f(Q) = Q + 2A. Thus, just as in f(7) gravity, the condition
foo # 0is necessary for truly extending GR within the framework of f(Q) theory.

To conclude our discussion, we would like to emphasise that Teleparallel
Theories and Scalar-Tensor Theories are special cases of more general theories. For
instance, symmetric teleparallel theories can be extended to scalar-tensor theories
based on non-metricity [91]. The same applies to Metric Teleparallel [92-94] and
General Teleparallel theories [76].

Additionally, Metric and Symmetric Teleparallel theories can be extended to
scalar-tensor formulations analogous to Horndeski gravity. Teleparallel Horndeski
Gravity [95] replaces curvature with torsion, combining both Horndeski Gravity
and Teleparallel Gravity and having f(7) models as special cases. Similarly,
Symmetric Teleparallel Horndeski Gravity [96] reformulates Horndeski Gravity
for spacetimes where non-metricity is the primary gravitational quantity, including
Symmetric Teleparallel Gravity and f(Q) theories.
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This chapter presents the mathematical formalism used in the appended papers.
We start with a discussion on the necessity of a gravitational energy-momentum
pseudo-tensor, presenting some classical examples. We then extend this discussion
to energy tensors in Teleparallel Gravity theories. Then, we review scalar-vector-
tensor decomposition and instabilities. In both cases, we present the application of
these topics to f(Q) gravity.

3.1 The Gravitational Energy-Momentum Pseudo-Tensor

The conservation of energy and momentum are among the most essential
physical principles. These principles can be successfully introduced in Special
Relativity, but we find some obstacles when trying to establish energy-momentum
conservation in GR.

In flat spacetimes, we express the conservation of energy and momentum using
the equation 9,0” = 0. In curved spacetimes, the partial derivative should be
replaced by the covariant derivative, leading us to the equation 6,1@“” =0. As
shown in Section 2.1, this equation is indeed satisfied. However, it is essential to
note that this does not imply a conservation law.

To understand this more clearly, let us consider the expression for the divergence
of a symmetric rank-two tensor A** [97]:

. 1 0(y/—gA*,) 1
Vil = = ( o )—2gm]7l,A’”7. 3.1)

Consequently, the equation v 1 ©F, = 0 becomes:

1 9(/—g6*, 1
Vg o i T AR 3.2

According to Gauss’s theorem, for the integral [ ©#,./ —gclSH1 to vanish, we

require:
1 9(v=g0",)
V=g  our
However, the second term in equation (3.2) prevents this condition from being
satisfied.

The above discussion demonstrates that in the presence of gravity, the
conservation of the energy-momentum tensor requires some adjustments. These
are achieved by realising that, alongside the matter energy-momentum tensor O+,
there also exists a gravitational energy-momentum (pseudo-)tensor, which we will

=0. (3.3)

"The four-vector dS,, is directed perpendicularly to the hypersurface and its norm corresponds to
the hypersurface volume element.
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denote as t*¥. The conservation of energy-momentum arises from the combined
contributions of matter and gravity as follows:

IulV—g(O" +t")] =0 3.4

The gravitational energy-momentum pseudo-tensor is expected to vanish in
the absence of gravity. However, due to the presence of an ordinary derivative on
the right side of the equation above, it is evident that ¢*¥ is not a proper tensor.
Consequently, depending on the coordinate choice, t*¥ may not to vanish even
when g,,,, = 7,,,. Conversely, it might vanish at every point, even in the presence
of gravity.

The fact that the gravitational contributions to energy and momentum appear in
non-tensorial form is rather undesirable since it challenges the physical relevance
of these quantities [98]. Moreover, the attempts to solve this problem resulted in
an overabundance of pseudo-tensors, which, in general, do not agree with one
another. Among the most notable energy-momentum pseudo-tensors are those by
Landau-Lifshitz, Einstein, Papapetrou and Weinberg, which are listed below.

Einstein pseudo-tensor

The pseudo-tensor proposed by Einstein is given by [99]:

v 1 v 8£E «
V—9lug = <6M£E - 3gaﬁ7yg B#) ; (3.5)

167

where the Lagrangian density Lg is given by \/ng“”(f‘a u,,f‘ﬁ aBf — I Mgf‘ﬁ va)-
Since this expression does not contain any second derivatives of the metric, the
Einstein energy-momentum pseudo-tensor depends only on the metric and its first
derivatives. It is important to note that Lg is not a scalar, and &~ is not a proper
tensor. Additionally, the Einstein pseudo-tensor is generally not symmetric. The
lack of symmetry and tensorial properties in Einstein’s complex has raised concerns
regarding its physical interpretation.

The conserved quantity \/—g(©", + t&,) can be expressed as the ordinary
derivative of a quantity b, ", in the following way [100]:

/ 1 el
_g(@#u + tgu) = Ebug Qe (3.6)

The quantity h, ;" is commonly referred to as a superpotential and, in this context,
g _ -1/2 2
it is expressed as b5~ = (—g) /29,5 [—g(g“ﬁg"“’ = go‘ﬁg“")] o

Since the superpotential is antisymmetric, h,£” = —h,g", equation (3.6)
ensures that the conservation equation (3.4) is satisfied. Throughout this section,

2For historical context, we would like to mention that this superpotential was introduced in 1939
by von Freud [101], and Einstein did not use it.
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we will adopt the notation L#-,, to represent (pseudo-)tensor densities, such as
po
VE -

Landau-Lifshitz pseudo-tensor

The pseudo-tensor proposed by Landau and Lifshitz is given by [97]:

v 1% 1 v
167(—g)t = g™ 00 5 — 0" 00"’ 5+ 59" 908 o097, (3.7)
- gﬂpgaagya,ﬁggﬁ,p - gupgaag“a,ﬁggﬁ,p + gpagaﬁg,up,aguaﬂ
1 1% v
+ 520977 = 6" ") (29059 — 95,900)8° 1677 o,

where gf7 = \/jggﬁ“f. The equation above can be rewritten in terms of the Levi-
Civita connection I'® uv- Although the Levi-Civita connection is not a tensor, it
transforms like one under linear transformations of the coordinates because the
second term of equation (2.43) is zero. Consequently, the Landau-Lifshitz pseudo-
tensor ¢ should exhibit this property as well. Additionally, the Landau-Lifshitz
pseudo-tensor has the advantage of being symmetric.

The Landau and Lifshitz pseudo-tensor can be set to zero by selecting an inertial
frame, which is a coordinate system where the connection components re v Vanish.
However, in specific coordinate systems — such as spherical coordinates — the
pseudo-tensor may not vanish even in flat spacetimes.

Additionally, the Landau-Lifshitz superpotential h‘ﬁfﬁ can be expressed
as 1=[(—9)(g"*g"" — g"Pg°7)],, which is clearly antisymmetric in the
last two indices. In this context, the conservation equation takes the form
Da[—g(OF 4 )] = 0, since —g(OH + the) = pHoF ;.

Papapetrou pseudo-tensor

Papapetrou introduced the following pseudo-tensor [102]:

1 02
A = oo [x/jg (g“”naﬁ — gronB 4 g Py — P n“aﬂ , (3.8)

where n°? is the Minkowski metric. Notably, the Papapetrou pseudo-tensor is
symmetric, satisfying Q" = Q" and obeys the equation 167Q*" = v aBs
where

muuaﬂ _ \/fg (glﬂ/naﬁ _ gﬂan’jﬁ + gaﬁn/“/ — gyﬁn“a) . (3.9)

The Papapetrou superpotential can be identified as hgm = ‘ﬁ’“’o‘ﬁ, 8-
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Papapetrou derived his pseudo-tensor using Belifante’s method, which assumes
that the energy-momentum pseudo-tensor differs from the total energy-momentum
density /—g(©", + t¥,,) only by a total divergence:

0
U = GO+ )] + (B, (3.10)
For the divergence of 2" to vanish, i.e., *¥ , = 0, the quantity B#”* must be
antisymmetric in its last two indices: B** = —BH*” | The quantity B+ can be
expressed in terms of the field spin density f#* as BHYY = — I (fHre forv 4fovin),
The spin density is given by:

1 0L

]cWA _
87 0g*B

(g"n”P — gvon?), (3.11)

where ga% = \/—ggaﬁﬁ.
Weinberg pseudo-tensor

Weinberg’s energy-momentum pseudo-tensor is based on the premise that the
metric asymptotically approaches the Minkowski metric 7,,,, at infinity. This idea is
mathematically expressed as g, = 1), + Iy, Where gy, is the spacetime metric
and h,, is a perturbation that vanishes at large distances. By expanding the Einstein
equations to second order in h,,,, Weinberg derived the following expression for
the energy-momentum pseudo-tensor [40]:

1 1 1 1
W DA af p(1 2 af p(2
t/“/ = 87 <_2hNVR( ) by + 577’“/77 R( )aﬁ + R( )NV — 577;“/77 R( )aﬁ>
+ O(h3). (3.12)

In the expression above, RW uv and R® v represent the first and second-order
parts of the Ricci tensor 1, respectively. Their explicit forms are:

27 A 27 A 27 A 2
R(l)uy _ 1 (9 h A _ 8 h o . 8 h v a h,uu , (313)
2 \ Ozrdz?  Ozx*rOzxv  OxrOxt = Ox Oz
and
R(Z) _ _lhc“ﬁ 82ha5 . 82h’ﬂﬁ . 62hall + 82/1“”
m 2 OxvOxt  OxvOx®  O0xPOxt = OxPOz
Oh%s  Oh~ on?, onP, 0oh
2 o - L 14
* < dr> 9P ) < 0z o 6965) (3.14)

N e

<ah5,, 8h5a_8hw> <6h5“ OhPe 8h°‘“>'

Oz ox? ozh Oz + oz Oxp
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To interpret tm in this context, we note that the linearised Einstein equations
take the following form:

1
rW ,, — 5n,WR(mA = 8m(Op +1),). (3.15)

Consequently, both tffy and ©,, act as sources of the linearized curvature.
Therefore, the total energy-momentum of matter and gravity fields, which is
expressed as T\?\jﬁ = no‘“nﬁ”((%w, + tzvy), is symmetric and locally conserved:

ap
T\O‘VB = T@a and %7;6“21 = 0. Additionally, although T/\:Y, and t)x, are Lorentz covariant,

they are not generally covariant [40].

The total energy-momentum 7'\‘,)\‘,6 obeys the equation T\?{,ﬂ = h{’,{;‘ﬁ p» Where
H{;&“ f is the Weinberg superpotential, given by [40]:
oo _ L ahﬁnpﬁ B ahxnaﬁ B ah*anpﬁ N awnaﬁ Oh? Oh7
w 2 | Oxq Oz, oy oz Oz, 0z

In the above equation, h*y = 7 h),. Additionally, We can note that the Weinberg
superpotential is antisymmetric in the first two indices: h\p,? f= —h%f 8,

3.1.1 Covariantization

As we have seen, there are many energy-momentum pseudo-tensor choices
from which we may question whether there is a framework where they would
coincide. In addition to that, the pseudo-tensors presented above lack covariance,
which can be illustrated by the presence of partial derivatives and/or the Minkowski
metric. As previously discussed, this lack of covariance produces some inconvenient
unphysical effects, which we would like to avoid.

To ensure that our expressions for the pseudo-tensors are covariant, we must
apply the minimal coupling prescription. This procedure involves replacing any
partial derivative with the corresponding covariant derivative, i.e., 9, — V.
Additionally, we replace the Minkowski metric, 7),,,,, with the spacetime metric,
G-

As a first example, we apply the minimal coupling to the Einstein energy
complex hi” . For this purpose, we will use a slightly different convention for the
superpotential, given by:

pv 1

£ =5(=0)" g0 [=9(g™g" = g""g"")] - (3.16)

Note that, in this convention, the superpotential is antisymmetric with respect to its

first two indices. We also introduced the factor 1/2 for convenience. As a result,
the relation between superpotential and total energy-momentum should be adapted
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accordingly, taking the following form: \/—g(0"4 + tha) = &bk a,,. However,
the conservation equation (3.4) still holds, since bt o ., = 0.
After the minimal coupling prescription is applied, the Einstein complex takes

the following form:

1

Eo = 50 g0y [-9(g7"g" = gg" )],
— l(f )1/2 oH VY oYY M VO Y VO
- 95 g goz'y(g w0l T+ 99 e — 969 gg ;o)
1 -1 TR VY _ YR VO (_ 3.17
+ 5097 90y (9797 = 9797) (—9)0 (3.17)

In the following steps, we will use the relations given below:

97 = Q577 (3.18)
gt = —Q,H = —-QW, (3.19)
(_g);cr = (_g)Qm (3.20)

Then, the covariant version of the Einstein tensor becomes:

gl/a — %(_9)1/2 _Q;wa _gch,u _’_Qua,u +ga/,L©I/ —i—g”aQ” _ga,uQZ/ ’

where we have raised the last index. We can rewrite the above equation in a more
condensed form, which evidences the superpotential antisymmetry:

' = (—g) TR = - 4 o — geli@ 321)

Similarly, we will use a more convenient convention for the Landau-Lifshitz
superpotential, given by:

e = %(—77)‘1/ 2[~9(g""g" = g""g"")],, (3.22)
where 7 is the Minkowski metric determinant, which was added to adjust the
tensorial weight of the pseudo-tensor. Since the Minkowski determinant is a
constant, it does not modify the relation between the total energy-momentum
and the superpotential.

Although this superpotential is also antisymmetric in the first two indices, it can
be shown that the conservation equation (3.4) remains valid, just as we did for the
Einstein case. By following the same steps taken with the Einstein superpotential,
we obtain the covariant version of the Landau-Lifshitz superpotential:

RS = (—g)~12plve — Qe gele@rl — gele). (3.23)
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For the remaining superpotentials, we will need slightly different approaches.
For the Papapetrou superpotential, for instance, we will promote the partial
derivatives to covariant derivatives while maintaining the Minkowski metric. We
will substitute 7, with g, only after applying the covariant derivative to all
terms separately. As a result, we obtain the following covariant Papapetrou energy
complex:

B = (—g) 2R = QI QT g 24

To arrive at this result, we rearranged the indices in such a way that the superpotential
becomes antisymmetric in its first two indices. Specifically, we defined the
superpotential as hp”" = 20%*# ;. However, such a choice modifies neither
the relation 167Q* = 9B ,a nor the conservation of (#”.

Now, let us turn our attention to the Weinberg superpotential, which, upon

covariantisation, assumes the form:
Wy = (—g) 7Py = = 4 golr @ — gl (3.25)

In the above, we first adjusted tensor weight of the superpotential by doing k" —
V= V—nhy'®. Next, we made the substitution ,,, = g, — 1w, using the fact
that the covariant derivative of the Minkowski metric vanishes. We then replaced
Nuw With g
We can easily recognise that, upon covariantisation, all superpotentials acquire
the same form [103]:

hgua _ hﬁia _ hgl/a — h{lNVa (3.26)

This approach unifies various earlier superpotentials in a background-independent
framework, suggesting a way to solve the long-standing energy problem in GR.

3.1.2 Energy Tensors in Teleparallel Theories

In this subsection, we examine energy-momentum tensors in the context of
specific teleparallel theories. We begin with STEGR and then extend the discussion
to General Teleparallel Theory.

The STEGR case:

To analyse the gravitational energy-momentum pseudo-tensor, we first revisit
the metric and connection field equations from Subsection (2.4.2) of Chapter 2.
These equations are shown again below for reference [82]:

2

1
Vo lvV—g P | +quw — =Qgu = KO, (3.27)
NE [ 9 u} Ay 529 I
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V.V (V=g P"4) = 0. (3.28)

Here, ©,,,, denotes the matter energy-momentum tensor, P#¥, is the non-metricity
conjugate defined in equation (2.57), and g,,,, is a symmetric tensor given by
equation (2.58).

The metric equation can be rewritten as follows [104]:

T, —th, =", (3.29)

where 1
tty = S Q0 + PPPQyag (3.30)

is identified as the metrical energy-momentum tensor and

KTH, = \/%va (V=g P",] (3.31)
is identified as the inertial energy-momentum tensor [82]. When the coincident
gauge is applied, meaning V, — 0,, the metrical energy-momentum takes the
form of the Einstein pseudo-tensor (¢, — tﬁy). Additionally, in this gauge, the
inertial energy-momentum tensor 7, becomes the Einstein energy-momentum
complex, a quantity defined as ©#, + tgl, [104]. From the connection equation,
we can conclude the inertial energy-momentum tensor 7+, is conserved:

V. (vV=gm,)=0. (3.32)

We now introduce the concept of the Canonical Frame, characterised by
the vanishing of the metrical energy-momentum tensor, i.e., ¢, = 0 [104].
This condition is generally coordinate-independent, but it becomes coordinate-
dependent in the coincident gauge. This behaviour is expected since the metrical
energy-momentum tensor coincides with the Einstein pseudo-tensor in this
particular case. The canonical frame is the reference frame where physical
quantities, such as energy and momentum, should be calculated [103] since
it aligns with the principles of Noether’s theorems [105]. In other words, the
observables coincide with the conserved Noether charges in this frame.

The General Teleparallel case:

We will now turn our attention to the General Teleparallel theory, previously
introduced in Subsection 2.4.4 of the preceding chapter. Let us first rewrite the
field equations below [38]:

oL

1
2 (va +Tn + 2ro> Paﬂl/ = gﬂl/L - 2@

+ O, (3.33)
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and .
(VH +T, + QQu> (S — P* ) =0. (3.34)

In the equation above: T}, and (), are torsion and nonmetricity traces, respectively;
L is the Lagrangian density; ©,, is the energy-momentum tensor; S,*” and P,
are the torsion and non-metricity conjugates, defined by the equations (2.69) and
(2.70), respectively.

By contracting the metric equation with ¢%* and adding the term
—2Qaﬂ“P"‘gy = 2(Vqg")P%s, to both sides, we arrive at the following
expression:

2 (Vo + Ta) (V=gP™,) = V=g (G", + O",) (3.35)

where we have introduced the metrical energy-momentum tensor G, which is
given by [103]:
oL

g

We now substitute equation 3.35 into the connection equation and add the
term —+/— gT“aﬁS,,aﬁ to both sides. After some manipulation, we arrive at the
following result [106]:

2(Va +Ta) (V=9S,"") — V=gT"055," = /=g (1", + ©",) , (3.37)

where we introduced the canonical energy-momentum tensor ¢,,,, defined as [103]:

Guv = gl — 22— — 2Qup, P, . (3.36)

tw = Gu —TuapS,". (3.38)

These expressions for the metrical and canonical energy-momentum tensors
are quite general and applicable to any teleparallel theory, including the quadratic
General Teleparallel gravity as defined by the Lagrangian presented in equation
2.66. In the special case where torsion vanishes, the metrical energy-momentum
tensor G, reduces to t,,,,.

3.2 Scalar-Vector-Tensor Decomposition

This section presents a brief overview of the scalar-vector-tensor (SVT)
decomposition, a fundamental tool in perturbation theory. In perturbation theory,
two spacetimes are studied: an unperturbed background spacetime represented
by the background metric g,,,, and a perturbed spacetime denoted by g,,,,, which
deviates slightly from the background. Since the perturbations g, are assumed
to be small, the perturbed metric can be expressed as g,,, = Gy + OG-
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In Cosmology 3, for instance, the background metric Juv depends only on time,
while the perturbations dg,,,, depend on both space and time. More specifically, the
background corresponds to the Friedmann-Lamaitre-Robertson-Walker (FLRW)
metric. The metric perturbation ¢g,, can be decomposed into scalar, vector and
tensor modes. The primary advantage of the SVT decomposition in this context is
that, at first order, the Einstein equations for scalar, vector, and tensor perturbations
decouple [107]. This allows us to study the evolution of each type of perturbation
independently from the others.

Before exploring the SVT decomposition of tensors, let us first analyse how a
vector can be separated into its scalar and vector components. In three dimensions,
a vector V can be decomposed as a sum of the gradient of a scalar ¢ and the curl
of a divergence-free vector A as follows [108]:

V =V¢+ VA, (3.39)

It can be shown that the Laplacian of ¢ is equal to the divergence of the vector field
V.ie., Vqu v-V. Additionally, the Laplacian of the vector field A relates to
the curl of V as V2A = —V x V. These relationships arise from the condition
that the vector field A is divergence-free, which is stated as V- A = 0 and from
the following fundamental properties of vector calculus: the curl of the gradient of
a scalar field equals zero, which is expressed as V x 6(1) = 0; the divergence of a
curl, given by V - (V x A), is also zero.

According to Helmholtz’s theorem, a vector field is fully determined by its
divergence and curl [108]. As aresult, the decomposition (3.39) is complete because
all information about the vector V is included. It is important to note that although
the vector V is fully determined by ¢ and A, it is not uniquely specified by them.
In fact, we can add a constant to gb @. e., ¢ — ¢ + constant) and the gradlent of a
scalar function y to A (i.e., A A+ Vx) without altermg the vector V. This fact
indicates that we have some freedom in choosing ¢ and A a concept known as
gauge freedom.

In general, any vector can be decomposed into its scalar and vector components,
expressed as V; = V;S + ViV. This concept can be extended to tensors — particularly
rank-2 tensors such as the metric — which can be decomposed into scalar, vector,
and tensor components. This approach is referred to as scalar-vector-tensor
decomposition.

As an example of the SVT decomposition, we decompose the metric
perturbations dg,,,, around the Minkowski metric as follows [109]:

dgoo = —2¢,

(5g()i = B;+0;B, (3.40)
1 1

5gij = —2\I/5ij + ala]E + iﬁlEJ + ia]El + hij.

3For a brief review of Cosmology, we refer the reader to section 4.2.
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In the equation aboves, ¢, U, E' and B are scalars, B; and E; are divergence-free
vectors (6“9; B; = 6" 9;E; = 0), and h;; is a symmetric, traceless and divergence-
free tensor (h;; = hjj, (Whij = 0and 5jk(")khij =0).

Since the metric is a symmetric tensor, it has, in principle, ten independent
components. The four scalars — ¢, ¥, E, and B — each contribute one
component. The vector fields B; and F; each consist of three components, but
the divergence-free condition constrains one component in each. Therefore, we
have 2 x 3 — 2 = 4 independent vector components. The tensor h;; originally
has nine components. However, accounting for its symmetry reduces the number
of independent components by three. Additionally, the trace-free condition fixes
one more component, and the divergence-free condition imposes constraints on
three additional components. As a result, the tensor hasonly 9 —3 —1 -3 =2
independent components remaining.

Equation (3.40) decomposes the metric into four scalar modes, four vector
modes, and two tensor modes, resulting in a total of ten independent components.
Gauge freedom allows us to eliminate four of these modes by selecting a suitable
coordinate system. Of these four eliminated modes, two correspond to scalars and
two to vectors [110]. As a result, only six modes are considered physical: two
scalar modes, two vector modes, and two tensor modes.

3.2.1 SVT decomposition in f(Q) theories

We can now apply the SVT decomposition to the f(Q) theory action and, for
this purpose, we will focus on spatially flat cosmological configurations. Before
proceeding, let us review some key concepts.

First, it is essential to keep in mind that we are working in a flat and
torsionless spacetime. A flat connection is characterized by the equation I'*,,,, =
(A‘l)a BﬁuAﬁ . Furthermore, the connection satisfies the symmetry condition
when A*, = 0,&". In this scenario, the connection takes the form I'*,, =
ng;auaygﬁ . Given the symmetries in the cosmological configurations being
considered, £ admits three possible branches of solutions [106], summarized
by the following expression [111]:

€0 = ¢(t) — %UOAW, ¢ — (ozH)\ﬁ(t) + ao)xi. (3.41)

In the expression above, we have:
e a1 = agp = 0: Trivial branch;
* (ar = 1, aq1 = 0): Non-trivial branch I;

* (ar = 0, aq1 = 1): Non-trivial branch II.
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The action for the f(Q) theory will have the following form:

1 1
s= [dova|-31@ - jovt -V G4
Here, V () represents the potential of the matter scalar field x. The connection
field equations depend on the selected branch. In the trivial branch, they are trivially
satisfied. However, in the non-trivial branches, they lead to:

Branchl: 3 (WWQ) —0, (3.43)
dt £2
A d a3fQ
Branch II: < —0. 3.44
ranc A+ og dt ( n ) ( )

Integrating these equations yields two conserved charges, J; and Jyj, given by:

A fo

, .
_2doanfe g = , (3.45)
n

£2

where numerical factors are included for convenience.
We can now perform the SVT decomposition of the action by perturbing the
matter field as x = x(n) + 7(n, &), where 7 is the conformal time. While we
operate in Fourier space, we will use the same symbols for perturbations. The final

expressions, obtained after applying the solutions for the non-dynamical fields and
performing integration by parts, are given by:

Jp=

¢ Scalar sector:

1 ~ N A
S@ _ / and®k a? [(I)’]quﬁ 4N — dVBf o+ c.c.] . (3.46)

scal — 5

Here, a is the scale factor®, ® denotes the scalar fields (® = (¢, v, E, 7)),
the primes denote derivation with respect to the conformal time 7, the hats
indicate matrices and c.c. represents the complex conjugates of the preceding
terms.

¢ Vector sector:

|E'?
Ji€
2 fok?

*The conformal time 7 and the scale factor a will be defined on section 4.2

— K*|E]?| . (3.47)

vec 2

1
S = = / dnd®k oy Ji&’
1+
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¢ Tensor sector:

SEEEDY
=+,

[e2

J /
[ anda®so @h;F-— (k2+-f;;§ )\haﬁ]. (3.48)
X

In the following section, we will assess the viability of f(Q) theories using
these results.

3.3 Instabilities

In certain contexts, it can be useful to analyse small perturbations around a given
solution, known as the background. A notable example is the Weinberg pseudo-
tensor, which is obtained by introducing perturbations around the Minkowski
metric. In this case, the metric is expressed as g, = 1, + by, Where hy,,, denotes
the perturbation. Similarly, in the SVT decomposition, a perturbed spacetime is
described by g,, = §uv + 09, With g, as the background metric and dg,,,, as
the perturbation.

As a result, we can observe deviations from the original unperturbed solution.
To prevent the perturbed solution from resulting in a significantly different physical
scenario, we require that these deviations remain small enough throughout their
evolution, so they do not exceed the magnitude of the unperturbed solution. In this
context, a solution is considered stable if perturbations remain small during their
evolution; otherwise, it is classified as unstable. This section examines common
types of instabilities, and, for this purpose, we will closely follow reference [112].

3.3.1 Instabilities in single-field theories.
To illustrate different types of instabilities, we consider the following
Lagrangian:
1. . ;
L =3 [a® = b(0ip)(0"¢) — po?] (3.49)

Here, a,b and p are coefficients that contain information about the unperturbed
solution, while ¢ represents the perturbation. The corresponding field equations
follow from the Euler-Lagrange equation for a scalar field ¢ = p(a*):

oL oL
— =0, =—=—— ] =0. 3.50
dp : (8(8u80)> ( )

By substituting the Lagrangian (3.49) into the Euler-Lagrange equation, we obtain
the field equation for the perturbation:

b
G — 000+ Lp=0. 3.51)
a a
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Provided the period and wavelength of the perturbations remain sufficiently
small throughout their evolution, the coefficients a, b, and p can be approximated
as constants to first order. Thus, an appropriate tentative solution for ¢ is given by:

Akeﬂ' (@E-ffwo N AZ@H (@E-;&wt) | (3.52)

Pr =

where w = 4/ §|E|2 + £
Different combinations of the signs and magnitudes of a, b, and p lead to
distinct instability scenarios, as outlined below:

 Stable case (a > 0,b > 0, > 0):

In this scenario, the frequency w = 4/ 2]/; |2 + % is real. Consequently, the
exponential terms in the ansatz (3.52) exhibit oscillatory behaviour. As a
result, the perturbations will not experience exponential growth, ensuring
stability at all times.

 Tachyonic instability (a > 0,06 > 0, u < 0):
In this case, modes with momentum exceeding kiow = +/|1t|/b have a real
frequency w. As a result, high-frequency modes are oscillatory and, thus,
stable. For modes where |E | < kiow, the frequency w becomes imaginary
(w = i|w|). Consequently, the solution becomes

b o by =
or = Ake”\/;’”*‘“'t T AZ@JFZ\/;k'wa't. (3.53)

The first term in the solution decays exponentially, indicating stability.
However, the second term includes e“!!, which increases exponentially
and becomes dominant at later times when |w|t > 1. Such behaviour
characterises tachyonic instabilities, which arise whenever the mass term p
is negative.

Let T represent the background time scale and t. = |w|™! denote the
characteristic time after which the exponential growth becomes dominant.
If t. < T, the exponential growth of the perturbation will dominate well
before the background undergoes any evolution. In this case, the background
is unstable. However, if {. > T, the exponential growth will not pose a
problem during the background’s evolution time.

* Gradient/Laplacian instability (¢« > 0,0 < 0 ora < 0,b > 0):
For modes where \l; | > Kkiow, the frequency w will be imaginary and the
perturbation presents exponential growth. Unlike tachyonic instabilities, the
background will always be unstable, as perturbations will increase rapidly
[112].
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Tachyonic instability is associated with low-momentum modes, commonly
known as IR modes. In contrast, gradient instability affects high-momentum
modes, referred to as UV modes.

Ghostly instabilities (¢ < 0,b < 0):

For |l§ | > kiow, the frequency w remains real, indicating stability in the
background, regardless of the sign of n. However, for \E\ < kiow two
possibilities arise: when p < 0, w is always real, and the background
remains stable; conversely, when p > 0, the background becomes unstable.
In summary, for p < 0, the background is consistently stable, while for
> 0, instabilities occur in the IR modes.

In both cases, whether iz > 0 or . < 0, the Hamiltonian is unbounded from
below. To understand how this occurs, let us calculate the Hamiltonian. The
conjugate momentum corresponding to ¢ is given by

T, = gg = ag. (3.54)

Therefore, the Hamiltonian density can be expressed as follows:
, T, ;
H=¢mp = L= [a® + b(0i) ('0) + pe®] . (3.59)

and the Hamiltonian is given by the integral H = [ 3z H.

For the coefficient combination ¢ < 0,0 < 0,u < 0, although the
background is stable, the Hamiltonian is clearly unbounded from below.
This means the system can reach arbitrarily negative energy values. In this
case, ¢ is called a ghost field. On the other hand, for a < 0,b < 0, u > 0,
we encounter instabilities in the IR modes and the field ¢ is referred to as a
tachyonic ghost [113].

3.3.2 Instabilities in multi-field theories

The approach discussed in the previous subsection can be extended to additional

fields by rewriting the Lagrangian as follows:

1 7. i
L= 5 lars¢" o7 — b1y (0ip")(0"0”) — prse’ ], (3.56)

where !, with I = 1,..., N is a N-tuple containing all fields involved. In this
context, the coefficients a, b, i are replaced by matrices: aj s is the kinetic matrix,
by is the gradient matrix, and p7y is the mass matrix.

We have a set of field equations derived from the Euler-Lagrange equation for

each field (':

oL oL
e~ (an) o
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After plugging the Lagrangian given in the equation (3.56), we obtain
arg @’ —bry0;0"0” + prse’ =0. (3.58)
This equation obeys the form
K177 — {terms independent of 7 }; = 0, (3.59)

where K7 = 8(;,2784(@, represents the Hessian matrix. In this context, the Hessian
matrix coincides with the kinetic matrix ay;. If the Hessian matrix is non-
degenerate, meaning that its determinant is non-zero (det(;;) # 0), we can
solve the corresponding equations for /. With the appropriate initial conditions,
we can then obtain the values of (.

The Lagrangians considered thus far contain only first-order derivatives of
the fields. As a result, the field equations produced are, at most, of second
order, which means they require two initial conditions each. This pair of initial
conditions accounts for a single degree of freedom. As a result, no unwanted
degrees of freedom are propagated. However, in gravity theories, we often encounter
Lagrangians which include higher-order derivative terms. These higher-order terms
require additional initial conditions to fully determine the fields, which can lead to
the presence of extra degrees of freedom. Consequently, there may be “ghostly”
degrees of freedom that are being propagated, often referred to as Ostrogradski
ghosts.

In single-field theories, ghost-like instabilities are typically linked to a negative
kinetic energy term. Therefore, it is crucial to focus on the sign of the coefficient a
in the time-derivative term, which must be positive to ensure stability. For multi-
field theories, especially those involving higher derivative terms, we need to pay
close attention to the kinetic matrix — or, more specifically, the Hessian matrix
— which should remain degenerate. If the Hessian is degenerate, it allows us to
eliminate some of the higher derivative terms from the equations and reduce them
to second-order equations, indicating that there are no Ostrogradski ghosts in the
theory.

Let us come back to the first-order Lagrangian (3.56). To obtain (! from ¢/,
we require two initial conditions. Each pair of initial conditions corresponds to one
degree of freedom. Therefore, in this example, we have one degree of freedom
associated with each field in our Lagrangian. Consequently, there are no additional
degrees of freedom that could potentially correspond to Ostrogradski ghosts, as
expected. However, this does not guarantee that the theory is entirely free of ghosts,
as one or more of the fields ¢! may correspond to a ghost.

To gain a better understanding of this matter, let us return to the single field
Lagrangian as represented in equation (3.49). In this straightforward case, the
Hessian matrix takes its simplest form, which is simply a constant denoted as a. As
noted in the previous subsection, a < 0 (and provided that b < 0 as well) indicates
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the presence of ghosts. In cases where multiple fields are involved, it becomes
necessary to examine the Hessian matrix in greater detail.

For that purpose, we assume we have diagonalised the Hessian matrix Ky,
denoting its diagonalised form as K ;. This diagonalisation allows us to rewrite the
equations defined by equation (3.59) in a form that removes any coupling between
them. Additionally, the determinant of the Hessian is determined by the product of
its diagonal elements, which can be expressed as follows:

det(K1j) = A1 - A2+ An, (3.60)

where \; represents the eigenvalues of the Hessian matrix, with I = 1,..., N. If
the determinant of K7 ; is less than zero, it implies that at least one of the eigenvalues
must be negative. The presence of one or more negative eigenvalues indicates that
the kinetic term of at least one field has the wrong sign, suggesting the presence of
a ghost. In conclusion, a negative Hessian determinant is a sufficient condition for
classifying a theory as pathological.

Lastly, we will briefly address another form of instability that may arise in
perturbation theory: strong coupling. This type of instability occurs when the
kinetic term of some fields becomes zero at the perturbation level, leading to the
non-propagation of those fields. As a result, we generally observe fewer degrees
of freedom being propagated at the perturbation level compared to the number
of degrees of freedom in the background theory. In some cases, we can identify
a decrease in the number of degrees of freedom at first order in perturbation
theory. However, it is often necessary to examine higher-order perturbations to get a
complete understanding of the situation. Each case should be analysed individually.

3.3.3 Instabilities in f(Q) theories

To study more general Lagrangians involving scalar, vector, and tensor fields,
we must treat scalar, vector, and tensor perturbations separately, as discussed in the
previous section. The next step is to distinguish between dynamical and auxiliary
fields. Auxiliary fields satisfy algebraic equations of motion that provide unique
solutions. Once identified, the solutions of auxiliary fields are substituted into the
equations for the dynamical fields to identify potential unstable modes.

We will revisit the SVT decomposition from subsection 3.2.1 to examine the
presence of instabilities in f(Q)) theories in detail. To facilitate this discussion,
we will present findings from the publication [111]. We begin with the scalar
component of the action, which is expressed as follows:

s@ = % / dnd’k o [@'K,0'" + ONOT — oV @ +cc]. (36D
As previously discussed, a negative Hessian determinant indicates an unhealthy
theory. From the equation above, we can see that K, is the Hessian matrix. Its
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determinant is given by

9IN*05 f3fa0
(5// _ 2H§/)2 f
Ji€" o

det Ks = ag K, (3.62)

202672 |1 — k2

where H = %’ This determinant vanishes when oy = 0, which corresponds to the
trivial and second non-trivial branches. This leads to a reduction in the number
of scalar degrees of freedom, indicating strong coupling. For the first non-trivial
branch, all scalar degrees of freedom are present. However, we still need to examine
the sign of the Hessian determinant. Let us first examine the other sectors.

In the vector sector, B; is an auxiliary field, while E; is the only dynamical
field. The vector part of the action is provided by:

s@ = L [ anddk arne ﬂ—k%ﬂ 3.63
vec_2 n ar If Jlfl ‘ | . ( )
1
+a2ka2

This sector vanishes for both the trivial and the second non-trivial branches, which
indicates strong coupling. To understand the behaviour of the first non-trivial

branch, we examine the UV limit by expanding the expression for k2 > aélf/g :
2 1 _ .
Sl iy = 3 /dnd3k arJi€’ [!E’\Q — kﬂEﬂ . (3.64)

It is important to note that the condition Ji&’ > 0 is sufficient to prevent ghost
instabilities in this branch.
Continuing to the tensor section, we now have:

1 /
s® = 5 3 /dnd3k a*fo [|h;|2 - (k:2 4 s > ]ha|2] . (3.65)

2
N a*fo

From the expression above, we can see that the condition fo > 0 is sufficient to
prevent the presence of ghosts in all branches. In summary, both the trivial branch
and the non-trivial branch II are strongly coupled. Meanwhile, the non-trivial
branch I has thus far avoided strong coupling and is considered stable, provided
that the conditions fo > 0 and Ji¢’ > 0 hold.

Let us revisit the scalar sector and examine the UV limit of the Hessian
determinant, which is given by:

9JI£’)\208J% 9
2a2(€// _ 27_[5/)2
It is now evident that while the conditions fo > 0 and J;’ > 0 ensure stability,

they also lead to a negative Hessian determinant. As a result, we can conclude that
at least one ghost mode is present in the non-trivial branch I.

(det ’CS)UV ~ —

(3.66)
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3.3.4 Key results

The results presented in subsections 3.2.1 and 3.3.3 were published in the paper
titled “Pathological Character of Modifications to Coincident General Relativity:
Cosmological Strong Coupling and Ghosts in f(Q) Theories” [111]. This
paper investigates the viability of f(Q) theories by analysing their cosmological
perturbations.

The cosmological perturbations were applied to three distinct branches of
spatially flat cosmological solutions. The results are summarised as follows:

* Trivial and second non-trivial branches: These branches exhibit reduced
linear spectra, indicating an infinite strong coupling problem.

¢ First non-trivial branch: This branch reveals seven degrees of freedom,
with at least one behaving as a ghost, implying instability.

These findings suggest that f(Q) cosmologies face significant theoretical challenges,
potentially disqualifying them as viable models.
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This chapter discusses the main applications of this thesis: Astrophysics and
Cosmology. We start with an overview of Stellar Physics, followed by a discussion
on how MG theories influence stellar properties. We then review key aspects of
Cosmology, briefly discussing their modifications in f(Q) and f(7) gravities. We
conclude by presenting a Cosmological Canonical Frame in the context of GTEGR.

4.1 Stellar Physics

This section explores the stellar model used to determine stellar structure and
evolution. We begin by outlining the features that define a star [114]:

* It should be held in place by its own gravity;

* It should emit its own light, meaning that it radiates energy, which is supplied
by the star.

The energy emitted by a star is predominantly generated from its internal nuclear
reactions. This fact suggests that the star’s chemical composition changes over time,
indicating that the star experiences an evolutionary process. Additionally, much of
the information about a star is obtained from its light, which is primarily emitted by
the photosphere, one of the star’s outermost layers. Key stellar properties, including
apparent brightness and surface temperature, are derived from observations of the
photosphere.

The brightness B of a star represents its emitted energy flux. Since light spreads
spherically, its intensity decreases with the distance d from the star, following the
inverse square law. The luminosity L, however, is an intrinsic characteristic of the
star and does not depend on the distance. It is defined as the total energy emitted
per second [115]. Hence, the relationship between brightness and luminosity can
be expressed as B = L/4mwd?. As we will see, luminosity is intricately connected
to several fundamental stellar properties.

A star’s energy flux is also connected to its surface temperature. Because
a star’s spectrum closely resembles that of a blackbody, we can approximate its
effective temperature, T¢.g, to that of a blackbody that emits the same amount of
energy flux [115]. The effective temperature provides a reliable estimative of a
star’s surface temperature, and is related to luminosity via the Stefan-Boltzmann
law, expressed as L = 4rR*T+.

Chemical composition changes within a star originate in the core and gradually
propagate outward to its outer layers. Hence, to model stellar evolution, it is
necessary to determine the properties of the core and understand how they evolve.
This purpose can be achieved by using measurable properties from the star’s surface
to infer its central counterparts. However, determining a star’s effective temperature
alone is not sufficient to calculate its core temperature, and the same limitation
applies to other stellar properties as well.
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To overcome this challenge, we need to develop a theoretical framework that
facilitates these calculations. For this purpose, we require the following equations:
mass continuity, hydrostatic equilibrium, and the equation of state!.

Mass Continuity Equation

To simplify our analysis, we will consider non-rotating stars that do not
possess strong magnetic fields. In such cases, the star’s structure can be well
approximated as spherically symmetric. This assumption is valid because the
energy contributions from rotation or magnetic fields are typically small compared
to the star’s gravitational energy [114]. Due to the spherical symmetry, we find that
these stars must comply with the mass continuity equation, which can be expressed

as:
dm

o= 42 p(r). 4.1)

In the equation above, r is the radial coordinate, m(r) represents the mass of the
star enclosed within the radius r, and p(r) denotes the density at a distance r from
the centre of the star. The mass continuity equation describes the variation of the
mass with respect to r and connects this change to the star’s density p. Moreover,
for a spherically symmetric object, the gravitational force at a distance r from its
centre will depend on m(r), which is given by

m(r) = 4r /T p(r)r"dr’. 4.2)
0

We can notice that m(0) = 0. Additionally, M = m(R) represents the total mass
of the star, where R is its radius.

Hydrostatic Equilibrium Equation

As a star evolves, nuclear reactions consume its lighter elements, altering the
star’s chemical composition. This transformation occurs gradually, allowing it to
be described as quasi-static. As a result, a star can maintain hydrostatic equilibrium
throughout its evolution, meaning that the pressure gradient at a given layer of the
fluid balances the gravitational force acting on it.

The balance between gravity and pressure is described by the hydrostatic
equilibrium equation, which is given by:

P D o) = —pr) 2.

dr r
'To conduct a comprehensive analysis, we require both an equation for radiative transfer and an
equation for thermal equilibrium. For simplicity, we will assume that pressure depends solely on
density rather than temperature. This assumption allows us to solve these equations independently of
the mass continuity and hydrostatic equilibrium equations. Additionally, we will not discuss the heat
flow equations in this context.

(4.3)
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Here, @ denotes the gravitational potential, and % represents the rate of change of
pressure inside a star at a distance 7 from its centre. From the above equation, we
can notice that the higher a star’s density, the higher the mass within the radius
r. This results in a stronger gravitational pull exerted by this mass at radius r.
Consequently, a greater pressure gradient is needed to sustain a mass shell dM at
this radius. Moreover, the right-hand side of (4.3) is always negative, indicating
that pressure decreases as we move away from the star’s centre. The central
pressure is defined as Pc = P(0), and we assume that the pressure decreases to
zero at the surface of the star, i.e., P(R) = 0.

Equation of State

We also need to establish a relationship between density and pressure, which
can be described by an equation of state (EoS). The form of the EoS depends on the
composition of the stellar gas. A standard approximation for the EoS characterising
the properties of stellar matter is a power law that relates pressure to energy density.
This EoS is expressed by the equation P = K p7, known as the polytropic equation.
This equation can also be applied to ideal gases and less dense regions of a star,
such as its atmosphere?.

In the polytropic equation, the factor K can represent either a constant or a
function, depending on the characteristics of the star and the internal processes
being considered, such as the evolution of electron degeneracy. Additionally, the
parameter -y is defined as v = 1 + 1/n, where n denotes the polytropic index.

The polytropic EoS is a valid approximation, particularly for stars predominantly
composed of degenerate electron gas. It is also applicable in cases where the star
is fully convective, as the temperature gradient in such stars is typically nearly
adiabatic [114]. In this context, the polytropic index 7 is equal to 3/2 for a non-
relativistic gas and 3 for a highly relativistic gas. Overall, polytropic equations are
convenient to use due to their simplicity and broad applicability.

In the following discussion, we will focus on low-mass stars, specifically those
with masses below 0.5M ¢, where M, denotes the Sun’s mass. These stars can be
characterised as fully convective, which simplifies their study.

Lane-Emden Equation

To model a star’s internal structure more accurately, it is useful to divide a star
into concentric spherical shells, each characterised by distinct densities, opacities,
and nuclear reaction rates. Given our focus on fully convective stars, we can model
them as having a single convective core surrounded by an atmosphere that follows
either an ideal EoS or a modified form accounting for ionisation. Therefore, we are

*In this case, if we do not account for ionisation, the analysis reduces to that of an ideal gas.
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seeking solutions for either the density p or the mass M that satisfy the equations
we have discussed so far.

If we multiply equation (4.3) by r2/p, differentiate it with respect to 7 and use
equations (4.1), we will arrive at:

1 d (r?dP
—— | ——— | = —4nGp. 4.4
r2 dr ( p dr ) TP “@.4)
If we use % = —p(r) %, we can see that the above equation is equivalent to the
Poisson equation, given by
1 d [ ,d®
—— — | =4 . 4.5
r2 dr (T dr > mGp “.5)

By applying the polytropic equation of state, P = K pnTH, we derive a
differential equation for the density:

m+1)K 1 d r? dp
n¥ )X 24 ) I, 4.6
4mnG  r?dr p”T_l dr p (4.6)

The solutions p(r) obtained from the equation above are known as polytropes.
Since we are dealing with a second-order differential equation, we require two
boundary conditions. The first condition arises from the fact that P(R) = 0, which
implies that p(R) = 0 according to the polytropic equation. The second condition
is based on the behaviour of the hydrostatic equilibrium equation at the centre. In
this case, the right-hand side of the equation (4.3) becomes zero, leading to the
conclusion that dP(0)/dr = 0. Consequently, it follows that dp(0)/dr = 0 as
well.

To further simplify our equations and facilitate their analysis, we introduce a
dimensionless variable, 8, which is related to the energy density as p = p.0". Here,
pc represents the density at the centre of the star, while 6 varies between 0 and 1.
This variation allows us to express the corresponding density at the surface and the
centre of the star, respectively. The equation (4.6) will become:

1d<ﬂw>:—m. (4.7)

(n+ 1)K do
r2dr dr

n—1
4rGpc™

The terms inside the square brackets have dimensions of square length. Therefore,
similar to our approach with variables p and 6, we can substitute the coordinate r
with a dimensionless coordinate £. This relationship will have the form r = r. &,
where r. = 7(71“2{{1 .

4rGp, ™
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The equation (4.7) is now effectively dimensionless:

1d 9 o
e (€)= “o

This equation, known as the Lane-Emden equation, represents a dimensionless form
of the Poisson equation [116, 117]. As discussed previously, § = 1 at the centre of
the star (now given by £ = 0). Additionally, the boundary condition dp(0)/dr = 0
now translates to df(¢ = 0)/d¢ = 0. The Lane-Emden equation can be solved for
6(&), which has its first zero at £ = £g. This point, {r, corresponds to the star’s
radius, given by the relation R = r.£Rg.

We are now able to write the star’s mass, radius, central density and temperature
in terms of solutions 6,, of the Lane-Emden equation [40]:

M = 4713 pown, (4.9)
K ﬁ n—1
R=m (= Mn=s, 4.10
Y <G> (4.10)
3M
pe = 0n (47TR3> ) (4.11)
K
T, = k“pc 0. 4.12)

In this context, kp represents the Boltzmann constant, while y refers to the mean
molecular weight. The constants w,, v,, and d,, appearing in the equations above
have different values for each value of n and are defined as follows:

, df
n=—2 4.13
& dg\ e 4.13)
o = (A7) 75 (n 4+ 1) 75wl O, (4.14)
do -1
_ —53( df’g €R> , (4.15)

It is interesting to note that for values of n such that 1 < n < 3, the expression

(n—1)/(n —3) < 0. Thus, the relation R oc M 7=% indicates that more massive
stars will have a smaller radius and consequently will be denser.

HR diagram and Hayashi tracks
Having established a theoretical framework for stellar structure, we now turn
our attention to the Hertzsprung-Russell (HR) diagram, named after astronomers

Ejnar Hertzsprung and Henry Norris Russell [118,119]. The HR diagram is a
graph in which the horizontal axis represents a star’s temperature, while the vertical
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axis represents its luminosity. Each point on this graph corresponds to a single star.
A notable feature of the diagram is that the majority of stars are found along a thin,
diagonal band known as the Main Sequence (MS). Stars that lie within this band
are called main-sequence stars.

We can note from the Stefan-Boltzmann law (L = 47 R?T, fﬁ) that, for a given
fixed temperature, the luminosity only depends on the size of the star. Since the
MS is approximately a strip, stars that have similar temperatures will exhibit nearly
identical luminosities and, consequently, comparable sizes. Moreover, MS stars
are found to obey a power law between luminosity and mass: L/Lg = (M/Mg)",
where v ranges from ~ 3 to ~ 5 [114].

Before reaching the main sequence, a protostar undergoes a crucial phase in
which its luminosity decreases significantly while its temperature rises only slightly.
This evolutionary phase, known as the Hayashi track, is named after the Japanese
astrophysicist Chushiro Hayashi. He was the first to recognise that during this
stage of evolution, convection is the primary method of energy transport within the
protostar [120]. The Hayashi track serves as the boundary of specific regions in
the HR diagram, known as Hayashi forbidden zones, which are areas of instability
where no stars can be found. The protostar remains in this pre-main-sequence stage
until it reaches the luminosity required to enter the main sequence.

When analysing an MS star with a known mass in the HR diagram, we can gather
important information about its luminosity, size, and temperature. Furthermore, we
can also determine the star’s age. The age of an MS star is particularly influenced
by the speed at which it consumes its fuel supply, which is related to its luminosity.

4.1.1 Stars in Modified Gravity

This subsection explores the effects of MG theories on stellar physics. A star’s
internal structure is sensitive to deviations from GR, as indicated by modifications to
the hydrostatic equilibrium equation, which we will explore shortly. Consequently,
several characteristics of a star — such as luminosity [70, 121], age [122, 123], and
allowed mass values [123—130] — are influenced by modifications to GR. As a result,
these celestial objects can serve as effective probes for testing MG theories.

For instance, the minimum mass required for hydrogen burning in red dwarfs
varies across different MG models [124, 131]. Additionally, the mass-radius
relationship of white dwarfs and their maximum rotational frequency can also
impose constraints on MG theories [125]. Furthermore, light element abundances
are affected by the underlying theory [122]. This last point can be used to constrain
gravity theories and help explain the “lithium problem” [132-134].

In modified theories of gravity, the hydrostatic equilibrium equation is changed,
with the specific form of modifications depending on the theory. As a result, the
Poisson equation is also altered. For spherically symmetric, non-rotating objects, it
takes the following form [135]:
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%i <r2d¢)> = —47wGp + modifications, (4.16)
redr dr

where @ is the gravitational potential, p is the energy density, and G is Newton’s
gravitational constant. The additional terms arising from MG corrections generally
depend only on r (or its functions), given the spherical symmetry, and on theory-
specific parameters.

From now on, we will use the Lane-Emden equation, which incorporates both
the hydrostatic equilibrium equation and the polytropic equation. In MG theories,
modifications to the Poisson and hydrostatic equations lead to additional terms in
the Lane-Emden equation [135]:

1 d [ 5df 1 P

2 <§ d{) = 0"+ G, (modifications), 4.17)
where p. is the central density and 6 and ¢ are defined through p = p 0",
P = P! and r = r.£. Here, P. denotes the central pressure while

(n—1)/n
p2 = Botbee - The ysual boundary conditions require #(0) = 1 and

C
0'(0) =0at the centre and 8 (&r) = 0 at the surface, where g, is the first value of
&g for which the surface condition is valid.

Lane-Emden solutions determine stellar properties such as mass, radius, and
temperature, which depend on the underlying theory. They can also be used to
derive the abundances of light elements. In MG theories, the lithium depletion rate
takes the following form [122, 135, 136] 3.

3 6
F = 1n];f =5.6 x 107} (X) (0'1M@> < 0-6 > S foera'®

0.7 M feff
T(_y 2
X g(u)W (1 4 extra MG term) , (4.18)

where fj is the initial abundance, f., is the screening correction factor, T¢y is
the effective temperature, jify is the mean molecular weight, S = 7.2 x 101°

and a = 84.72 are dimensionless parameters, § = —fR/(3§—g|5:§R) and g(u) =

w37/ 2e=% — 29T (—37/2,u) with u = aTc_61/3 and I'(—37/2, u) being the upper
incomplete gamma function.

We should emphasise that the modifications to the theory arise not only from
the additional MG terms but also from the values of £, 6" and &, which are related to
the solutions of the modified Lane-Emden equation (4.17). One significant effect
of this modification is that the age of a star depends on the theoretical framework
used to determine it.

3The analysis of lithium depletion within standard Newtonian gravity is discussed in the reference
[137].
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4.1.2 Key results

Let us discuss some results concerning MG and stellar physics, specifically in
the context of DHOST theories of gravity, which were outlined in section 2.2. The
findings are further elaborated in the research paper titled “Early evolution of fully
convective stars in scalar-tensor gravity” [136].

The paper examines three phases: contraction towards the main sequence,
lithium burning, and entry into the main sequence. In DHOST theories,
modifications to the hydrostatic equilibrium equation result in shifts in the Hayashi
track curves. These shifts alter the Hayashi forbidden zones, which can be tested
against astrophysical observations to help constrain theories of gravity.

DHOST modifications significantly affect the age of the star during the lithium-
burning evolutionary stage. Our findings indicate that various characteristics of
stars — such as photospheric and central temperatures, lithium abundance, and heat
transfer processes — are sensitive to DHOST parameters. This provides potential
observational tests for these alternative gravity models.

4.2 Cosmology

This section provides an overview of cosmology and explores its application
within MG theories. Our starting point is Copernican principle, which states that
the Universe is uniform on sufficiently large scales, and Earth does not occupy a
privileged observational position. Mathematically, this principle can be articulated
through the concepts of isotropy and homogeneity. Isotropy expresses the idea that
the Universe appears the same in every direction, while homogeneity indicates that
it looks the same at every point.

Together, these properties form the cosmological principle, which applies to
spatial dimensions but does not extend to spacetime as a whole. Consequently, while
the Universe exhibits spatial isotropy and homogeneity, it evolves over time. The
evolution of the Universe over time is supported by its accelerated expansion [14].
As the Universe expands, the physical distance between any two coordinate points
increases over time. This expansion is quantified using the scale factor, denoted as
a. Hence, to understand the expansion of the Universe, we first need to understand
the evolution of the scale factor. The Friedmann equations describe this evolution,
and they are grounded in the assumption that GR accurately describes gravity on
large scales.

In addition to the physical distance, which increases as the Universe expands,
there exists a conformal distance that remains constant during this expansion. The
conformal distance travelled by light during a time interval ¢ is given by cn, where
7 is the conformal time defined as

t dt/
- . 4.19
n /0 @) (4.19)
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To describe an expanding universe, we use the Friedmann-Lamaitre-Robertson-
Walker (FLRW) metric:

2

2 2
o T (4.20)

ds® = —dt* + a*(t)

The parameter k determines the geometry of the Universe, which can be open,
closed or flat. This parameter can assume the following values [138]:

* k = 0: In this case, the line element of the hypersurface X corresponds to
the spatial part of the Minkowski metric in spherical coordinates. It can be
expressed as follows:

ds3 = a® [dr® + r?dQ?] . 4.21)
This geometry corresponds to a flat Universe with zero curvature.

* k = —1: In this case, we can consider the hypersurface 3 defined by constant
t. By using the transformation » = sinh ¥, we arrive at the following
expression for the line element:

ds3, = a* [d¥* + sinh® WdO?] . (4.22)

This geometry corresponds to a generalisation of a hyperboloid, indicating
an open Universe with constant negative curvature [39].

¢ k = +1: We now implement the transformation » = sin ¥. The line element
for the ¢ = constant hypersurface is given by:

dss, = a® [dU” + sin® WdQ?] . (4.23)

This geometry represents a three-dimensional sphere, corresponding to a
closed Universe with positive curvature.

From the FLRW metric (4.20), we can straightforwardly derive the Levi-Civita
connection components, as well as the components of the Ricci tensor and the Ricci
scalar #. These derivations lead to differential equations describing the scale factor
evolution, which depends on the energy density of the Universe. Therefore, we
need to define the form of the energy-momentum tensor, which is typically assumed
to be a perfect fluid expressed as follows:

@/uz = (/0 + p)u,uul/ + PAuv- (424)

Here, p is the energy density, p is the pressure and u,, is the observer four-velocity.

“We will not list all the components here, but we will refer the reader to [39].
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The scale factor evolution will be described by the Friedmann equations, derived
from the Einstein equations (2.16). The Friedmann equations are given by [39]:

.\ 2
9 a 8rG k
: i 4nG
H+H2:g: —”T(p+3p). (4.26)

The dot above a variable denotes a derivative with respect to the cosmic time ¢.
In the equations presented, we defined the Hubble parameter as H = % which
quantifies the rate of change of the scale factor. In other words, the Hubble parameter
measures the rate of expansion of the Universe. Its present value is represented as
Hj and is known as the Hubble constant. Additionally, we can define the conformal
Hubble factor as H = %', where the prime indicates derivatives taken with respect
to the conformal time 7.

Additionally, the temporal component of the equation \Y O = 0 leads to the
following relationship [39]:

P 31+w)?, 4.27)
p a

where it is assumed that a perfect cosmological fluid satisfies p = wp. If we assume
w is constant, we find that p < a=3(1*®)_ The specific value of w depends on the
type of cosmological fluid being considered. The two predominant forms of energy
in the Universe are radiation, which was the dominant form of energy in the early
Universe, and matter, often referred to as dust, which becomes more significant at
later times [107].

In a matter fluid, the pressure is significantly smaller than the energy density
and can typically be neglected. In matter-dominated universes, the energy density
decreases with the scale factor a as follows: p o a~3. In the case of radiation,
where the parameter w equals 1/3, the energy density decreases as p oc a4 [39].
These results illustrate how the Universe’s matter content influences the evolution
of the scale factor.

4.2.1 Cosmology in Modified Teleparallel Theories

Due to its symmetries, Cosmology provides a straightforward framework for
applying MG theories, such as f(7) and f(Q) theories. In f(7) gravity, the
Friedmann equations take a modified form [79]:

12H? fr + f(T) = 167Gp, (4.28)
A8H frrH — fr(12H? + 4H] — f(T) = 167Gp. (4.29)
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When f(7) = 7T, the modified equations reduce to the standard Friedmann
equations (4.25), (4.26) for a flat Universe, since 7 = —6H? under a proper
tetrad choice [79].

On the other hand, for f(Q) gravity, the corresponding Friedmann equations
are given by [78]

6fQH2—%f(Q) = 8nGp, (4.30)
(12H%fog + fo)H = —4nG(p+ p). 4.31)

The equations above can be rewritten to resemble those found in f(7) cosmology.
Additionally, in the coincident gauge, the nonmetricity scalar takes the form Q =
6H? [78]. Therefore, the standard Friedmann equations for a flat universe are
restored when f(Q) = Q. For both f(7) and f(Q) gravities, the continuity
equation mantains its standard form p = —3H (p + p) [78,79].

4.2.2 General Cosmological Frame

In subsection 3.1.2 of the previous chapter, we presented the metrical and
canonical energy tensors in General Parallel Theory. In this subsection, we focus
on the GTEGR framework and derive a cosmological canonical frame. For this
purpose, we will adopt the following renormalised parameters (originally defined
in subsection 2.4.4):

012—%2—032%5:—%'3704:0, al:%z:_%g:_%ﬁ,

M2
by = —by =b3 = ——. (4.32)

Before focusing on GTEGR, we will present the general teleparallel
cosmological geometry, which is independent of the theory. Assuming
homogeneity and isotropy, we adopt the metric

ds? = —n?(t)dt? + a®(t)y;;dz'da?, (4.33)

where v;; = ff;ﬁg is a purely spatial metric. We can note that the FLRW metric
is parametrised by two time-dependent functions, n(t) and a(t). Similarly, a
teleparallel connection is also parametrised by two time-dependent functions, 1i(t)
and o (t). This property is in agreement with the fact that both metric and connection
should exhibit cosmological symmetries.

To illustrate this point, we should recall that in General Teleparallel theories,
the connection is generated by a matrix A*, € GL(4,R). By imposing the
cosmological symmetries on A, we find that there exist two classes of solutions,

which are called the regular and the exceptional configurations. The regular
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configuration further reduces to three distinct branches in the flat limit £ — 0,
which can be summarised as [106]:

- ( pt) | —aro(t)r ) ’ (4.34)

aqp p(t) Az ‘ o(t)o;

where A is a constant parameter denoting the deviation from the trivial configuration.
Additionally, the parameters « represent:

e a7 = a7 = 0: Trivial branch;
* (ar = 1,aq1 = 0): Non-trivial branch I;
* (ar = 0, aq1 = 1): Non-trivial branch II.

From equation (4.34), we conclude that A — and, consequently, the connection
I’ — is parametrised by the functions (t) and o(¢). In case we limit our analysis
to symmetric teleparallelism, the matrix A must also satisfy A*, = 0, &, where
&M is defined in equation (3.41), with p(t) = 0,£(t) and o(t) = op. Hence, in
symmetric teleparallelism, the connection depends on a single function of time.

In the following discussion, we will perform a 3+ 1 decomposition of the metric
and other fields. In the 3 + 1 decomposition, the four-velocity u,, of the comoving
observer — which is normalised to —1 (u,u* = —1) — provides a time-like direction.
We can then define a spatial projector as:

huw = guv + upuy 4.35)

where g,,,, is the spacetime metric.

A generic tensor (or connection) which is compatible with cosmological
symmetries can be decomposed into u* and h,,,,. If parity invariance is not required,
the object €,4, = u''€,q, also appears in the decomposition. For example, a
generic connection which is compatible with cosmological symmetries can always
be parametrised with five time-dependent functions K; as follows [139]:

K K K K K
P =~ + B2 0o h,, — 2R, = — b, + =26, (436)

When teleparallelism is imposed, the coefficients K; are constrained by several
equations, leading to five distinct branches of solutions [140, 141].

However, our solution for the cosmological frame (4.34) corresponds to the
teleparallel connection given by>:

' A / A
T, = L utu,u, + al%uo‘hw — %ho‘uuy — aH%uuhau, (4.37)

>The K75 term only appears in the exceptional configuration.
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which contains only the two free functions p(¢) and o(t). Here, the prime (')
denotes derivatives along the direction of the four-velocity (" = u*d,,f).

By substituting the connection decomposition (4.36) into the torsion definition,
we obtain the following expression:

T = 2T1h% uy) + 2T5e%,, . (4.38)

Similarly, by incorporating the connection and metric decomposition, we obtain
the non-metricity decomposition:

Qo = 2Qruqutu” + 2Qouah™ + 2Q3haHu?). (4.39)

The coefficients 7; and @); are related to K in the following manner:

Ty=faks o = Bs (4.40)

Q=N-E Q=88 _§F Q@Q5==5_nkH (4.41)

where N = u#9d, logn = n//nand H = u"9d, loga = a'/a are the associated
expansion rates.

At this point, we return to the specific theory specified by equation (4.32). The
metrical and inertial energy tensors become:

', = — 3M3 { (Q2—T1)2 + Tg} W, (4.42)

Mg, [QlQS +(Q2—T1) (3Q2 — Q3 —T1) + Tzﬂ h*, ,

GH, = th, + M2 (2QQT1 QT — 2T? + 2T22) Wi, (443)

We can see that if the second term in G*,, is non-zero, the metrical and inertial
energy tensors do not coincide. We can treat the difference between these energy
tensors as an effective pressure.

We can observe from the expression of the metrical energy tensor that it vanishes
under the following conditions:

Q2 =11, Ty =0, Q1Q3 = 0. (4.44)

Therefore, the torsion will only depend on the term containing 7. The condition
T = 0 also results from parity invariance [106]. Under these assumptions, if we
also require metric parallelism — meaning that (), = 0 — it follows that 77 = 0. This
leads to the conclusion that metric parallelism is incompatible with the canonical
frame. Furthermore, if we impose symmetric teleparallelism, we conclude that the
scale factor must remain constant, indicating that the Universe does not evolve [106].
Consequently, we must also rule out this possibility. In summary, the canonical
frame requires that both torsion and non-metricity are non-zero.
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Under the canonical conditions, the inertial energy tensors become:
Gty =t — M§Q2Qsh*, . (4.45)

It is clear that the difference between the metrical and inertial energy tensors can
only arise when both ()2 and ()3 are non-zero. The condition Q)2 # 0 is already
satisfied, as 17 # 0 is necessary for having a canonical frame. The second condition,
Q3 # 0, is required not to have a curvature-dominated Universe [106]. Moreover,
it requires that )1 must equal zero in order for ()1 ()3 also to vanish. Hence, the
difference between metrical and canonical energy tensors will be a non-vanishing
effective pressure.

For a spatially flat cosmology, there are three branches of solutions, as specified
in the subsection 3.2.1. Let us summarise the status of the canonical frame in each
of these branches:

¢ Trivial and first non-trivial branches: In both scenarios, the canonical
frame results in a trivial configuration where the scale factor remains constant.
Therefore, the canonical frame is not viable in these branches.

* Second non-trivial branch: The canonical frame can be implemented in
this branch.

4.2.3 Key results

The discussion presented in the previous subsection was published in the paper
titled “General Teleparallel Cosmology” [106]. This paper investigates a general
teleparallel gravity framework, focusing on a quadratic theory that incorporates
both torsion and non-metricity while remaining equivalent to GR.

A key finding of the paper was the establishment of a general cosmological
frame, established by setting the canonical energy-momentum tensor to zero (f,,, =
0). The general expressions for the metrical and canonical energy-momentum
tensors were presented in subsection 3.1.2. We found that the canonical frame can
be consistently applied in one branch of flat solutions, specifically the non-trivial
branch II. Furthermore, in this frame, the metrical energy tensor corresponds to an
effective pressure.
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Summary

Throughout this thesis, we explored different MG theories and their application
to Cosmology and Astrophysics. In spite of the diversity of theories studied, they
share some key features. For instance, DHOST and f(Q) theories present extra
degrees of freedom, while f(Q) and GTEGR are based on teleparallel geometries,
where the spacetime is flat. Moreover, they collectively belong to more extensive
theories such as Metric and Symmetric Teleparallel Horndeski Gravities. The
thesis’s main findings are summarised below.

In paper I, we investigated the pre-main sequence evolutionary stages of fully
convective, low-mass stars. Our investigation is based on the modification of
the hydrostatic equilibrium equation in the context of DHOST theories. We find
that these modifications affect many stellar characteristics, such as the lithium-to-
hydrogen ratio, Hayashi tracks and the maximal mass of a fully convective star
upon entering the Main Sequence. These results suggest possible approaches to
constraining gravity theories. However, a more realistic description of the stellar
structure would be needed.

Paper II focuses on investigating cosmological symmetries in the context of
GTEGR. We constructed the generic frames, which have cosmological symmetries.
These frames provide all possible teleparallel connections in cosmology, although
the implications of this result go beyond teleparallelism. Out of the three distinct
flat connections found, one (non-trivial branch II) is physical because it admits the
canonical frame.

Finally, paper III explores the inherent instabilities found in f(Q) theories. We
take advantage of the three spatially flat cosmological solutions found in paper 11
and perturb them around the FLRW metric. Two of these branches are strongly
coupled, while the other one contains at least one ghostly degree of freedom. These
results illustrate the inevitable pathological issues in this theory.
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Kokkuvote (in Estonian)

Laiendatud iildrelatiivsusteooria teoreetilised ja astrofiiiisikalised aspektid

Kogu selle 10put6d jooksul uurisime erinevaid MG teooriaid ja nende
rakendamist kosmoloogias ja astrofiilisikas. Vaatamata uuritud teooriate
mitmekesisusele on neil mdned pdhijooned. Niiteks DHOST ja f(Q) teooriad
pakuvad tdiendavaid vabadusastmeid, samas kui f(Q) ja GTEGR pohinevad
teleparalleelsel geomeetrial, kus aegruum on tasane. Lisaks kuuluvad nad
kollektiivselt ulatuslikumatesse teooriatesse, nagu Metric ja Symmetric
Teleparallel Horndeski Gravities. Loputdo peamised jareldused on kokku voetud
allpool.

Paberis I uurisime tidielikult konvektiivsete viikese massiga tidhtede
pohijirjestuse-eelseid evolutsioonietappe. Meie uurimine pohineb hiidrostaatilise
tasakaalu vorrandi muutmisel DHOST-i teooriate kontekstis. Leiame, et
need modifikatsioonid mojutavad paljusid tdheomadusi, nagu liitiumi ja
vesiniku suhe, Hayashi jéljed ja tdielikult konvektiivse tihe maksimaalne mass
pohijadasse sisenemisel. Need tulemused viitavad voimalikele lahenemisviisidele
gravitatsiooniteooriate piiramiseks. Siiski oleks vaja tidhestruktuuri realistlikumat
kirjeldust.

Paber II keskendub kosmoloogiliste siimmeetriate uurimisele GTEGRIi
kontekstis. Ehitasime iildised raamid, millel on kosmoloogiline stimmeetria. Need
kaadrid pakuvad koiki voimalikke teleparalleelseid iihendusi kosmoloogias, kuigi
selle tulemuse tagajérjed ulatuvad teleparalleelsusest kaugemale. Kolmest leitud
lameiihendusest iiks (mittetriviaalne haru II) on fiiiisiline, kuna 1) see lubab
kanoonilist raami; 2) see lubab modifitseeritud f(Q) teoorias koiki fiitisikalisi
vabadusastmeid.

Lopuks uurib paber III f(Q) teooriate loomupiraseid ebastabiilsusi. Kasutame
dra kolme ruumiliselt tasast kosmoloogilist lahendust, mis on leitud paberist II ja
segame neid FLRW moddiku iimber. Kaks neist harudest on tugevalt seotud, samas
kui teises on vidhemalt iiks kummituslik vabadusaste. Need tulemused illustreerivad
selle teooria véltimatuid patoloogilisi probleeme.
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