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Chapter 1

Introduction

1.1 Historical review of the literature and
motivation

The arch, also known as a curved beam, supports and distributes loads
along its curved shape [60]. As ones of the eldest structural elements
[136], arches have been widely utilised in various industrial fields due
to their ability to transfer loads through bending and stretching for in-
plane deformations [14, 29, 77]. The study of arches can be traced back
to the works of Hartog [36] and Love [94]. In modern times, it has en-
compassed extensive investigations covering practical applications and
theoretical formulations [71, 101, 108, 139, 150]. During their applica-
tion, arches are subjected to different mechanical stresses, such as ten-
sion, compression, and vibration, which must be effectively controlled
beforehand. Numerous researchers have conducted extensive studies on
these forces [14, 15, 78, 93, 96, 113]. By comprehensively examining
the behaviour and responses of arches under various forces, valuable in-
sights are gained to enhance their performance and ensure their reliable
application.

Since the beginning of the current century, nanomaterials have gained
significant usage in many structures due to their unique properties. The
surface area to volume ratio increases in nanomaterials compared to
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macro materials. This ratio contributes to making nanomaterials highly
conductive and more reactive [1, 87, 88]. That is why curved nanobeams
or arches play a significant role in the design and functionality of Micro-
electromechanical Systems (MEMS) and Nanoelectromechanical Sys-
tems (NEMS) [45, 109, 141]. However, it is essential to study the be-
haviour of nanoarches under external loading, especially in industrial ap-
plications. Vibration is an integral part of many structures. To avoid the
adverse effects of vibrations, such as resonance, it is essential to calcu-
late the natural frequency of nanoarches to mitigate the effects. There-
fore, calculating the natural frequency of nanoarches is crucial before
their incorporation into the structures. Researchers have widely adopted
techniques such as molecular dynamics and numerical methods to study
the nanostructures, which have been widely accepted due to their appli-
cability and ease of use [2, 3, 98, 111].

However, the classical theory of elasticity cannot predict the small-
length scale effects effectively. To tackle this limitation, Eringen [46]
introduced the nonlocal theory of elasticity to study the dynamic be-
haviour of nanomaterials. Research on the dynamic behaviour of curved
nanobeams using this novel approach has attracted popularity in recent
decades and got acceptance by many scientists. Originally Eringen and
Edelen [47] applied the nonlocal constitutive model to investigate sur-
face waves and screw dislocations in solids. Later the nonlocal beam
theory was used for the investigation of the bending problems by Reddy
[115], Thai [135], Li and Wang [88], Li et al. [86], Reddy and Pang
[116], Civalek und Demir [33] by making use of the Euler-Bernoulli
beam model, also by Roque et al. [121], Wang, Zhang and He [145] in
the case of the Timoshenko beam model.

Buckling and vibration of nanobeams were studied by many inves-
tigators, including Ansari and Sahmani [10], Roostai and Haghpanahi
[120], Sahmani and Ansari [123], Behera and Chakraverty [21], Ay-
dogdu [16], Thai [134, 135], Thai, Vo, Nguyen and Kim [135], Murmu
and Pradhan [106], Wang, Zhang and He [145], Ganapathi and Polit
[51], Bagdatli [ 18], Wang, Zhang, Ramesh and Kitipornchai [146], Wang,
Zhang, Challamel and Duan [144], Wang and Arash [147] and oth-
ers. Notably, Aydogdu [16] utilised the nonlocal constitutive equations

15



developed by Eringen [46] and used various beam theories, including
Euler-Bernoulli, Timoshenko, and Reddy theories. Wang and Duan [141]
applied the nonlocal theory of elasticity to calculate the natural fre-
quency of circular nanorings. To validate the effects of the nonlocal
theory, they compared the results with those obtained in classical the-
ories. By employing the nonlocal theory of elasticity, researchers have
explored and comprehensively understood the dynamic characteristics
of nanomaterials in the form of curved nanobeams.

Applying the nonlocal theory of elasticity has expanded our under-
standing of the dynamic characteristics of nanomaterials. This compre-
hensive exploration has shed light on the intricate nature of these struc-
tures, contributing to advancements in the field. Zhang et al. [156] con-
ducted a study where they calibrated the small length scale coefficient
and observed its variation in response to changes in other physical pa-
rameters. Polit et al. [112] also investigated the influence of structural
and material parameters on the buckling behaviour of curved nanobeams
by solving Eringen’s strain-driven integral model. Further investigation
by Ebrahimi and Daman [41] focused on the nonlocal elasticity model
to investigate the effects of various parameters, including those related
to elastic foundations, on the natural vibration and critical buckling of
the curved nanobeams.

More next papers [11, 40, 42, 51, 117] present works on nonlocal
curved beams’ bending, buckling, and vibration analysis. In another
study, Zenkour and Radwan [155] utilised the nonlocal strain gradi-
ent theory to examine the effects of different boundary conditions and
stresses on the vibrations of porous functionally graded curved nanobea-
ms. Furthermore, Wang et al. [143] investigated the buckling behaviour
of circular arches, focusing on the impact of small-length scale effects
and the critical buckling pressure. The influence of the nonlocal parame-
ter on the natural frequency of curved nanobeams has been demonstrated
by Moosavi et al. [105], further establishing its significance. More-
over, several researchers have extended the application of the nonlocal
theory of elasticity to investigate the dynamic behaviour of nanowires,
nanoplates, and carbon nanotubes [39, 73, 106, 107, 127, 148, 154]. Ex-
amining mechanical properties, Wu and Yu [149] considered rectangular

16



nanobeams and single-walled and multi-walled carbon nanotubes. They
formulated the relevant equations using the nonlocal beam theory of
elasticity. On the other hand, Ebrahimi and Barati [40] focused on inves-
tigating the natural vibrations of curved nanobeams in thermal environ-
ments. Similarly, many scientists have utilised the nonlocal beam theory
to analyse the specific effects of surface properties, temperature, and ro-
tary inertia on the natural vibrations of nanobeams [12, 23,43, 97, 126].
In arelated study, Ke et al. [72] explored the concept of free vibrations of
nonlocal beams under various factors, including electric potential, mag-
netic potential, and temperature. They discovered that these factors sig-
nificantly influence the natural frequency of the beams. Furthermore,
Simsek [128] exhibited the free vibration of nanobeams with large am-
plitudes, focusing specifically on the impact of the nonlocal parameter
on the nonlinear frequency ratio.

Moreover, several researchers [7, 24, 25,49, 52, 53, 55, 59, 65] incor-
porated fracture mechanics concepts in their books and papers. Maknick-
as etal. [99] studied the fracture risk of the mechanical system. Tretjako-
vas, Katianauskas and Simkevi¢ius [138] presented deformation and
rupture analysis of the shock tube diaphragm behaviour under pressure.
Ahmadvand and Asadi [4], Chinka et al. [30], Kala [67], Kumar and
Singh [76], Rosa and Lippiello [122], Sen and Khazanovich [125] ex-
plored the behaviour of cracks as newly generated surfaces that remain
intact with their original structures. Cannizzaro et al. [26] presented a
distributional approach to formulating the free vibration equations for
circular arches with multiple cracks using Dirac’s deltas. In their paper,
closed-form solutions are obtained for the vibration modes and frequen-
cies and compared with experimental and numerical results. The exis-
tence of cracks and other flaws within structural components introduces
additional flexibility.

Several researchers have investigated the increased flexibility caused
by the crack using elastic springs. Anifantis and Dimarogonas [8], Di-
marogonas [38], Chondros et al. [31, 32], Rizos et al. [119], and Kukla
[75] have investigated the task with the help of the increased flexibility
caused by a crack using an elastic spring. They applied this approach
to vibrating beams and bars where cracks had weakened them. Lellep
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and Kégo [79] extended this methodology to elastic plate strips. Cracks
can appear on the surfaces of the body due to various aspects such as
environmental effects, wear and tear, inappropriate loading conditions,
and operational conditions. Cracks also influence the natural frequency
of the nanostructures, as shown by Eroglu and Tufekci [48] and Lellep
and Mubasshar [84]. Mode shape also changes due to cracks, as shown
by Hossain and Lellep [61], Song et al. [130], and Wu et al. [I151].
Scientists have shown great interest in studying cracked nanobeams and
nanoarches due to the presence of cracks in the nanomaterials and their
influence on the natural frequency. In this regard, the application of non-
local theory gained attention once more. Roostai and Haghpanahi [120]
studied the effects of cracks on the natural frequency of nonlocal beams.
Torabi and Dastgerdi [137] demonstrated that the crack location in the
nonlocal beam also affects the natural frequency, along with other pa-
rameters such as rotary inertia and nonlocal parameter. Loya et al. [95]
explored the discontinuity in the bending slope caused by cracks in the
nanobeam.

In the published literature, one can find a limited number of papers
concerning the vibration and stability of nanobeams, nanoplates and
nanorings with cracks. Loghmani and Yazdi [92] develop an analyti-
cal method for determining natural frequencies of cracked nanobeams
with stepped cross-sections. The case of a cantilever nanobeam with a
buckyball at the free end is studied separately in [62]. Curved beams
and segments of rings with cracks are the objects of investigations by
Karaagac, Oztiirk and Sabuncu [68, 69], also by Cerri and Ruta [28] and
Cerri, Dilena and Ruta [27], also Krawczuk et al. [74]. Viola, Artioli,
and Dilena [139] investigate in-plane free vibrations of circular arches
with defects and Viola and Tornabene [140], Chondros et al. [31], also
by Mazanoglu and Sabuncu [103] and Mazanoglu et al. [102]. Hashemi
et al. [57] illustrated that the surface effects on the natural frequency
depend on the length of the nanobeam.

Furthermore, Hsu [64] showed that increasing the nonlocal parame-
ter reduces the impact of damages on the nanobeams’ natural frequency.
In subsequent studies, Hasheminejad et al. [58], Aria et al. [13], and
Baharami [19] also investigated the effects of cracks and other param-
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eters on the natural frequency of the nanobeams. In [19], it was found
that the natural frequency decreases with an increase in the nonlocal pa-
rameter. However, in the case of a cantilever nanobeam, the natural fre-
quency increases with the rise in the nonlocal parameter. These studies
collectively contribute to our understanding of the behaviour of cracked
nanobeams and the factors influencing their natural frequency.

Loghmani and Yazdi [92] observed that the crack had no impact on
the natural frequency of the nanobeam when it occurred at the inflex-
ion points of the mode shapes. In contrast, Wang and Duan [141] dis-
cussed the natural frequency of nanorings/arches with a crack and dis-
covered that the damage significantly lowers the natural frequency. Ad-
vanced manufacturing processes have played a crucial role in addressing
the challenges of fabricating non-prismatic beams [44, 152, 157]. As
a result, various solutions have emerged to enhance the performance of
nanostructures, including stepped, tapered, sandwich, and axially graded
nanostructures [20, 70, 81, 82, 89, 100, 114]. Among these solutions,
stepped beams offer an economical approach by providing a larger cross-
section, especially at critical segments. However, stepped beams face
challenges related to complex excitation under vibration loads, poten-
tially leading to failure. Consequently, it becomes imperative to thor-
oughly investigate the vibration of stepped beams using reliable and
well-developed models [2, 110, 124, 131, 132]. By doing so, we can
better understand their behaviour and ensure their optimal performance.

Arches’ stability and structural characteristics heavily rely on the
specific boundary conditions they are subjected to. These boundary
conditions dictate how loads and forces are distributed throughout the
arch structure, influencing its overall curved shape and support. The vi-
bration and dynamic behaviour of arches are significantly affected by
these boundary conditions, as observed by Liyvapuu and Lellep [83].
Therefore, studying the vibrations of nanoarches under different bound-
ary conditions becomes crucial to ensure their reliable applications and
avoid resonance or undesirable behaviour.

The solution of the governing equations plays a vital role in obtain-
ing accurate results. The importance of the solution technique lies in
its ability to address and solve the problem efficiently and effectively.
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The method of separation of variables is applied to solve the govern-
ing differential equations in the present study. However, the current ap-
proach includes treating the nanoarch as an arch consisting of two sepa-
rate contiguous segments, which are analysed independently. However,
Yavari and Sarkani [153] have proposed an alternative approach by for-
mulating the eigenvalue problem in the space of generalised functions.
These generalised functions incorporate derivatives, formulating vibra-
tion and stability problems without partitioning the structural element
into segments. By considering both, the influence of boundary condi-
tions on arch behaviour and employing suitable solution techniques, a
comprehensive understanding of the dynamic response and stability of
nanoarches can be achieved, enhancing their practical applications.

Nanostructures, such as nanotubes, nanoplates, nanoshells, nanoarch-
es, and nanocones etc. have exceptional mechanical and thermal prop-
erties due to their nanoscale size [34]. The discovery of CNTs led to the
revelation of numerous applications of these nanotubes. CNTs serve as
fundamental components in the construction of nanodevices, nanosen-
sors and nano-oscillators [54, 66]. Consequently, researchers have ex-
tensively studied the dynamic and static behaviour of CNTs experimen-
tally and theoretically [17, 90, 91]. Initially, vibration in CNTs was
studied using classical continuum mechanics [35, 142], neglecting small
scale effects such as electric forces and Van der Waals forces. However,
experimental studies have shown that these small scale effects, including
the lattice spacing between individual atoms, may not be neglected since
the material will not be homogenized into a continuum [22]. Conse-
quently, the nonlocal theory of elasticity is employed to study the bend-
ing, buckling and vibrations of CNTs. Here we focus on the natural
frequencies of armchair, zigzag and chiral shape CNTs. The effects of
cracks, nonlocal and other physical parameters on the natural frequency
of CNTs are discussed.
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1.2 Research scope

The main objective of this thesis is to develop a comprehensive theoreti-
cal framework that analyses the natural vibrations of curved nanobeams
with defects. The ultimate goal is to enhance the safety of curved beam-
type structural elements. Given the breadth of the topic, it is essential to
establish the core concepts and scope of the research. In the context of
structural engineering, defects refer to any deviation from the expected
behaviour of a structure. Changes in material or geometric properties of-
ten lead to fluctuations in structural behaviour, affecting stiffness, mass,
energy dissipation properties, and internal force distribution. A reduc-
tion in structural stiffness, for instance, alters dynamic characteristics,
and if left unattended, it may eventually result in structural failure. It is
crucial to clarify that this thesis focuses solely on the effects of cracks on
the natural vibrations of the nanoarches in the framework of the nonlocal
theory of elasticity.

Structural elements can experience various damages, such as cracks,
wrinkles, foreign objects, dents, scratches, buckles, gouges, nicks, ero-
sion, and debonding. This thesis studies the most common and po-
tentially hazardous type: cracks. To ensure validity and comparison
with alternative numerical methods, the simulation cases in this thesis
adopt boundary conditions and curved nanobeam properties from ex-
isting literature. This approach helps to evaluate and validate the re-
sults effectively. The present thesis focuses on model-based methods
for analysing beam deformation, displacement, and stresses. In the field
of mechanics, various theories are used to study these aspects, includ-
ing the Euler-Bernoulli beam theory, the Timoshenko beam theory, and
the two-dimensional elastic theory. Among these theories, the Euler-
Bernoulli beam theory is chosen as the foundation for this research due
to its simplicity and wide applicability to long slender beams. Utilis-
ing the Euler-Bernoulli beam theory, the study investigates the natural
frequencies of curved nanobeams and SWCNTs as well.
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1.3 Aim of the dissertation

In this study, the natural vibrations of curved nanoarches are thoroughly
investigated under different boundary conditions using semi-analytical
and numerical techniques. The focus is put on finding the natural fre-
quency of a stepped nanoarch with a stable crack. The governing equa-
tions for the investigation of the vibration of the nanoarches are derived
in the framework of Eringen’s nonlocal theory of elasticity. Crack-
like defects introduce local compliance, which is determined by cou-
pling the structure’s local compliance with the stress intensity factor.
The natural frequency of the nanoarches is then investigated under the
various boundary conditions, including simply supported and clamped
nanoarches, also cantilevers. The aim of the thesis is to investigate the
effects of cracks, steps, and other geometrical and physical parameters
on the natural frequency of nanoarches. To obtain numerical results, ad-
vanced computational tools such as MATLAB are used. Bearing in mind
the challenges and expenses associated with conducting experiments at
the nano level, the accuracy of the results is assessed by comparing them
with existing data in the literature. Overall, the analysis of natural vi-
brations in curved nanoarches provides valuable insights into their be-
haviour and offers practical implications for engineering applications.

1.4 Contribution

The author’s main contribution can be summarized as follows:

* Providing an overview of how to solve the governing differential
equations with the help of the method of separation of variables.

* Providing the calculations of natural frequency parameters for var-
ious types of curved nanobeams subjected to different boundary
conditions.

* Calculating the numerical results using the computer program and
presenting the final results in the form of tables and figures.
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* Comparing the results with those published in the literature for the
validation of the method.

The solution techniques were developed in cooperation with the super-
visor; the statement of the problem belongs to the supervisor.

1.5 Thesis outline

The dissertation consists of 7 chapters. Chapter 1 provides the historical
background of the natural vibrations of curved nanobeams, focusing on
the application of Eringen’s nonlocal theory of elasticity to study the dy-
namic and static behaviour of the nanostructures. Chapter 2 includes the
study of the physical model of the nanoarches, considering both, defects
and steps, and deals with the formulation of the governing equations
for analysing the natural frequency of the nanoarches. A mathematical
model of the governing equations is also presented in Chapter 2. Chapter
3 discusses the natural frequency of the nanoarches of constant thickness
with defect and S-S boundary conditions. In Chapter 4, the natural fre-
quency of the S-S nanoarches of piecewise constant thickness with a
defect and step is discussed. Chapter 5 focuses on the natural frequency
of clamped nanoarches with both, a flaw and a step. In Chapter 6, the
results of the natural frequency of cantilever nanoarches are presented.
Chapter 7 includes the study of the natural frequency of the armchair,
zigzag and chiral CNTs. Finally, concluding remarks are presented.

1.6 Methodology

Since conducting an extensive experimental study at the nano level is
expensive, the methodology proposed in this study is based on theoret-
ical analysis. A literature review is presented on the material properties
and dimensions of nanoarches and CNTs. Governing equations based on
solid mechanics principles and Eringen’s non-local theory of elasticity
are derived for analysing the behaviour of the natural frequency of the
nanoarches. Appropriate boundary conditions were determined based on
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the nature of the nanoarches under investigation. The derived equations
are solved analytically. Numerical methods are employed to solve the
final system of algebraic equations with the help of computer. The ob-
tained solutions provided the natural frequencies of the nanoarches. Sev-
eral physical parameters influencing the frequency are identified. The
final results are compared with those existing in the literature.
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Chapter 2

Physical descriptions and
mathematical models

In this chapter, the governing equations of the nanoarches are derived in
the framework of the nonlocal theory of elasticity and governing equa-
tions are solved analytically.

2.1 Phyical description and problem formula-
tion

Let us consider the dynamic behaviour of a nanoarch or curved nanobeam
of a piecewise constant thickness (Figure 2.1.1)
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Figure 2.1.1. The geometry of the cantilever nanoarch with defects.

Figure 2.1.2. A flaw at the re-entrant corner of the step.
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where op = 0, a1 = B. Let R be the radius of the nanoarch. Here A;
(i=0,...,n)and a; (j =0,...,n+ 1) stand for given constants whereas
@ is the current angle (0 < ¢ < ). In the present thesis, the nanoarches
with different end conditions are studied. However, in this section, it
is assumed that the nanoarch is clamped at the left-hand end and it
is absolutely free at ¢ = . Tt is also assumed that at cross-sections
¢ = o; stable cracks of length ¢; are situated. The attention will be
paid to nanoarches of rectangular cross-sections with thickness /4 and
width b = const only. The aim of the study is to elucidate the sensitivity
of eigenfrequencies on the geometrical and physical parameters of the
nanoarch and also on the location and length of the defects. For these
purposes, the governing equations of the nonlocal theory of elasticity
developed by Eringen [46] are used.

2.2 Nonlocal material behaviour

It is widely recognized that the nanomaterials subjected to the exter-
nal loadings behave according to the nonlocal constitutive equations of
the theory of elasticity (see Reddy [115], Eringen [46], Aydogdu [16],
Ansari and Sahmani [10], Loghmani and Yazdi [92], Reddy and Pang
[116], Lellep and Mubasshar [84]). In the classical theory of elasticity
the stress tensor is proportional to the strain tensor at each point of the
current body. However, in the nonlocal theory of elasticity the stress at
the current point depends on the strain at each point of the body. Proba-
bly the simplest nonlocal constitutive equation can be presented as (see
Reddy [115], Thai [134], Lellep and Lenbaum [80, 81, 82].

2
G,’j—T]V Ojj = Gicj.

Here o;; denotes the stress tensor for a nonlocal theory, ij is the stress
tensor in the classical elasticity and ) = (ega)?. Here a is the dimension
of the lattice of the material, ¢g stands for a material constant and V2is
the nabla operator. Thus, in the nonlocal theory the stresses depend on a.
If a = 0, the nonlocal constitutive relationship transforms into that in the
classical theory of elasticity. In the present study, it is assumed that e
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and a and, thus, also 1 are given constants. Evidently, the determination
of 1 may be complicated but this is another task.

Making use of generalized stresses M (radial bending moment) and
N (membrane force in the tangential direction), the nonlocal constitutive
equation can be converted into

M—nV*M = M°,
N—nV>N = N¢, (2.2.1)
0-nVQ=0",

where M, N¢ and Q¢ stand for the corresponding quantities in the classi-
cal theory of elasticity (see Reddy [115], Thai [134, 135], Ansari, Rouhi
and Sahmani [9], Wang et al. [144]).

It is worthwhile to mention that the total number of equations in the
system (2.2.1) coincides with the number of generalized stresses neces-
sary for the correct formulation of the current problem. In the bending
problems, the dominant generalized stresses are the bending moments.
In the present case according to (2.2.1) one has (s is the length of the
element) , )

M—naa—sAz/I:—Elj(aa—:Z—kg) (2.2.2)
for ¢ € (aj,tj+1) 5 j=0,...,n. In (2.2.2) the substitution

. I’ W W
M = —Elj(W + ﬁ)

has been introduced. Here E stands for the Young modulus and /; is the
moment of inertia of the arch in the section (o, aj11) and ds = Rd¢.
Evidently, in the case of circular arches, the generalized stresses are the
bending moment M and the membrane force N (see Soedel [129], Lellep
and Lenbaum [80, 81]), also the shear force Q. Since the latter can be
eliminated from the governing equations the shear force will not get any
attention in the subsequent analysis. The strain components correspond-
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ing N and M are (see Soedel [129]) the relative extension

1
= ]—Q(U +W) (2.2.3)
and the curvature 1
n = E(U +W). (2.2.4)

In (2.2.3) and (2.2.4), prims denote the differentiation with respect to
the current angle, U and W denote the tangential and transverse dis-
placements of the middle surface, respectively, and R is the radius of the
arch. In the classical theory of elasticity (see Soedel [129]) it is assumed
thate =0and U = —W. Thus,

1

o= (W W) (2.2.5)
and ;
—Ehb y
c __
M=~ (W W), (2.2.6)

The nonlocal constitutive law (2.2.2) reads as

M—nM' = M¢ (2.2.7)
and

N—-nN =N°. (2.2.8)
2.3 Equilibrium equations

The equilibrium conditions of an infinitesimal element of the arch can
be presented as (see Soedel [129] and Lellep and Liyvapuu [83])

M —RQ =0,
N +Q+ p;R = ph;RU, (2.3.1)
Q —N+p.R = ph;RW,

where ¢ € (oj,0j11) and j =0,...,n. Here p,, U and p,, W stand for
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the external loads and displacements in the circumferential and normal
direction, respectively. Let p be the density of the material and dots
denote the differentiation with respect to time ¢ and prims with respect
to the length of the arch. Thus,

U . W M N N
- o’ o2 - 0s’ ds’
Differentiating the first equation in (2.3.1) with respect to ¢ and substi-

tuting it into the last one leads to the equation

i

M —RN+R*(p—phjW) =0, (2.32)

which must be satisfied for ¢ € (aj, &j1).

We are considering the natural vibrations of nanoarches. Thus, it is
reasonable to assume that p; = p, =0 in (2.3.1) and p = 0 in (2.3.2).
Making use of (2.2.3), (2.2.6), (2.2.1) and (2.3.2) one can define

M= m(El_,-(W” + W) —hnpR>W) (2.3.3)
for ¢ € (oj,aj11); j=0,...,n. In the following, we are looking for
the solution of governing equations in the particular case when M =
—RN. This takes place, for instance, in the case when a cantilever arch
is subjected to the concentrated loading directed towards the centre of
curvature of the middle line of the arch. It is assumed herein also that
the membrane force vanishes. Substituting now (2.3.3) in (2.3.2) leads
to the fourth-order equation

pl’ljR4
El;

wV row" +w o+ (MW" —W) =0, (2.3.4)

which is to be solved for ¢ € (@}, tj11); j=0,...,n.
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2.4 Boundary conditions

Different loading and faster requirements lead to different boundary con-
ditions to solve the governing equations of the nanoarches. These are

1. Simply supported nanoarch (S-S): In such case, the structural ele-
ment is allowed for rotating but restrained translating laterally. In
the case of simply supported nanoarch, the transverse displacement
and bending moment must vanish at the endpoints. If 3 is the cen-
tral angle of the nanoarch, then

W(0)=0, M0)=0, W(B)=0, M(B)=0. (4.1

2. Clamped-clamped nanoarch (C-C): In the case of clamped end con-
ditions, the structure or system is rigidly fixed and prevents any
rotation or displacement at both ends. In this case one has

W(0)=0, W(0)=0, W(B)=0, W(B)=0. (242)

3. Clamped-simply supported nanoarch (C-S): In the case of C-S, one
end is clamped while the other end is simply supported. Thus

W(0)=0, W'(0)=0, W(B)=0, M(B)=0. (2.4.3)

4. Clamped-free (C-F) or cantilever nanoarch: In the case of can-
tilever nanoarch, one end is clamped, and the other is absolutely
free, which means the lack of restrictions on displacement and ro-
tation. In the case of a curved cantilever nanobeam at the free edge
the bending moment and the shear force vanish. Thus,

M(B,1)=0 (2.4.4)

and

Q(B,t) =0. (2.4.5)
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However, at the root section at ¢ = 0 one has

W(0,1)

0 (2.4.6)

and

W' (0,¢) = 0. (2.4.7)

2.5 Cracks on the surfaces of the materials

As mentioned before in Chapter 1, cracks can appear on the surfaces
of the body due to various circumstances such as environmental effects.
Due to the higher surface-to-volume ratio, the nanomaterial is more sus-
ceptible to defects and cracks. In the bottom-up approach of nanoma-
terial formation, where materials are constructed atom by atom, atomic
disorder can occur, leading to structural imperfections and surface ir-
regularities that contribute to crack initiation. In the figure below, an
electron microscope analysis of a molybdenum dioxide (Mo0O;) surface
reveals the presence of defects and cracks occurring at different locations
on the surface.
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Figure 2.5.1. Crack on the surface of molybdenum dioxide.

2.6 Additional compliance due to cracks

When integrating the governing equations and also (2.3.4) one has to ac-
count for the continuity of variables W(¢@,7), M(¢,t), Q(¢,t) which is
the consequence of physical requirements. Moreover, the slope W (p,1)
is also continuous except at the cross-sections with defects. Let us de-
note

6, =W (atj+0,5) =W (at; —0,1), (2.6.1)

where j = 1,...,n. The jump of the slope of the deflection of the nanoarch
is coupled with the generalized stresses at the cross-section with defects.
Following Dimarogonas [37], Anifantis and Dimarogonas [8] the quan-
tities 6; will be treated as generalized displacements. In the linear elastic
fracture mechanics, the generalized stresses P; and generalized displace-
ments u; (i =1,...,6) are coupled as

aU;

TR (2.6.2)

u; =
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where Uy stands for the strain energy density. The compliance matrix
with elements c;; is defined as

8ul~
Cii=—=—. (2.6.3)
Yop
Combining (2.6.2) and (2.6.3) leads to the equations
92U
= 2.6.4

where i =1,...,6; j = 1,...,n. The total energy release rate G is defined
as (see Broek [25], Anderson [7])

2 2

K
(K? + K7 + . i”v ), (2.6.5)

1—v
E

G=

whereas E is the Young modulus, v is the Poisson ratio and

b 9*
ii=—=——=—[] GdS. 2.6.6
The quantities K7, Kj7, Kjj7 in (2.6.5) stand for the stress intensity factors
corresponding to modes I, II and III, respectively (see Broek [25], Ani-
fantis and Dimarogonas [8], Alsabbagh, Abuzeid and Dado [6]). On the
other hand, the strain energy release rate can be introduced so that

ba e
= 7d 2.6
T /0 c (2.6.7)
and 2
b C
09 2.6,
U= 3p9F /O Jde, (2.6.8)

where J is so-called J — integral of Rice (see Rice [118]). It is worth to
emphasize that dc stands in (2.6.7)-(2.6.8) for the extension of the crack
and c;; are corresponding compliances due to the crack. Note that the
energy release rate G was originally introduced for the characterization
of the energy behaviour in the neighbourhood of the crack tip in linear
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elastic materials. However, Rice [118] was able to extend the energy re-
lease rate to non-linear materials. He showed that the non-linear energy
release rate can be expressed as a line integral called J — integral. The
J —integral is evaluated along an arbitrary closed contour I" around the
crack tip. It is defined as (see Broek [25], Anderson [7])

J= / Uydy — T,%u’d) (2.6.9)

In (2.6.9), T; stand for external forces (tractions) and I" is a closed con-
tour followed counterclockwise. Consider now a particular case when at
¢ = a; amode I crack is located. If 6; is treated as a generalized coor-
dinate then the generalized forces associated with 6; are M; = M(aj,?)
and N; = N(aj,t). Thus

0; = COJB(OW), (2.6.10)

where Q is the vector with coordinates M(ot;,t),N(a;;) and Co; stands
for the corresponding line of the compliance matrix. It is reasonable to
introduce the notation

_Jen(ogy) en(ogy)

= . (2.6.11)
Y lea (@) ean(ay)

Due to symmetry cjp = ¢p; at each ¢;. It is worthwhile to mention that
the local stiffness K is reciprocal to the local compliance c; in the one-
dimensional case (see Lellep and Sakkov [85]). An alternative case is
studied by Anifantis and Dimarogonas [8]. It is known from the linear
elastic fracture mechanics that (see Broek [25] Anderson [7], Broberg
[24]1)

_ M?dC

" 2bdc
if a beam element is subjected to the bending moment M. Here C is
the compliance and ¢ stands for the crack length. In this case the stress
intensity factor is

(2.6.12)

bh2 oM Jze meFi (7 . (2.6.13)
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In (2.6.13), F; stands for so-called shape function which must be
determined experimentally, 4 being the thickness. However, there exist
rich databases (see Tada et al. [133]) which can be used for the inter-
polation of shape functions F(s) and F>(s) (here s = c¢/h). If the beam
element is loaded with the moment M and the tensile force N; then the
stress intensity coefficient is calculated as (see Tada et al. [133], Zhou
and Huang [158])

K= LR (s)+ SR, (2.6.14)
where
Fi = 1.12—0.235+ 10.55s% — 21.72s> + 30.39s* (2.6.15)
and
Fr=1.12—1.45+7.33s> — 13.085° 4 14.08s*. (2.6.16)

In (2.6.14), the quantity & can be interpreted as & = min(hj,h;.1). An-
other type of the shape function can be presented as (see Tada et al.

[133])
2 s 0-923+0-199(1—Sin%)4
Fls) = \/E' cos . (2.6.17)

Making use of the shape functions (2.6.15)-(2.6.17) one can calculate

the elements of the compliance matrix (2.6.11)

2 e
cui(a)) = ﬁ/o sF{ ds,
2 c
C12(OCJ') = E_bh/() sF1F,ds, (2.6.18)

2 (¢ 5
sz(OCj) = E/O SFZ ds.
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Finally, making use of (2.6.18) one can calculate
Gj:Cll(aj)M((Xj,l‘)—l—Clz(OCj)N(OCj,t) (2.6.19)
and the corresponding displacement

6j:C21(OCJ'>M<OCJ',Z‘)+C22(Otj)N((Xj,l‘). (2.6.20)

2.7 Solution of the governing equations

In order to solve the equation (2.3.4) in regions (@, ¢j+1); j=0,...,n
the method of separation of variables is applicable. Assume, thus, that

W(g.1) = X;(@)T (1) (2.7.1)

for ¢ € (oj,aj11); j=0,...,n. The transformation (2.7.1) admits to
present (2.3.4) as the system of equations consisting of

T+w’T=0 (2.7.2)
and
XV 4 X, 2+AM) +X;(1-A)) =0, (2.7.3)
where a)zph -
Aj:E—IJ{;jzo,...,n. (2.7.4)

The characteristic equation for the linear fourth-order equation (2.7.3) is
A+ (24+AMAT+1-A;=0,j=0,...,n. (2.7.5)

It immediately follows from (2.7.5) that

1 1
M= (-2-Am)Es/@ramP-4(1-4)) @76
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and the general solution of (2.3.4) has the form
X;j=Cyjcoshjp+Cyjsinhj@ +Cs3cos Vi@ + Cyjsinv;, (2.7.7)

where j =0,...,n and

uj:\/—l—gAjJrBj 2.7.8)
and
vj:,/1+gA,-+B,-, (2.7.9)
where the notation
1
B; = E\/A§n2 +4A;(1+17) (2.7.10)

is introduced. Note that the solution of the equation (2.7.2) depending
on time can be presented as

T = sin(wr), (2.7.11)
o being the natural frequency of the nanoarch. Evidently, now
W(9,0)=0, W(9,0)=wX;(p) (2.7.12)

for ¢ € (aj,ajy1); j=0,...,n. It is presumed herewith that the initial
conditions are given in the form (2.7.12). Consider now the boundary
conditions. At the root section ¢ = 0 according to (2.4.6), (2.4.7) and
(2.7.1), one has

Xo(0) =0, X,(0)=0. (2.7.13)

The boundary conditions corresponding to the free edge are presented
by (2.4.4) and (2.4.5). Making use of (2.3.3) and (2.7.1) one can check
that the requirements at the free edge are satisfied if

"

X, (B) +Xa(B)(14+A4,) =0 (2.7.14)
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and

"

X' (B)+X,(B)(1+A,) =0. (2.7.15)

2.8 Intermediate jump conditions

It was stated above that due to cracks the nanoarch has additional flexi-
bility. The additional compliance can be calculated by making use of the
relations (2.6.10)-(2.6.20). According to this concept, the slope W' has
finite jumps [W/(Ocj)] ato=o; (j=1,...,n). Thus

W' (a;j+0,6) =W (a;—0,1) + 6, (2.8.1)

where 6 is evaluated by (2.6.10), (2.6.11). Making use of (2.3.3), (2.7.1),
one can present

—El,

(X; () + (L+AM)X;(0)T(1).  (28.2)

In (2.8.1), (2.8.2) one has to distinguish the left-hand and right-hand
limits, respectively. Here the notation

gla+0)= lim g(x) (2.8.3)

x—oa10

is used. It follows from (2.6.1), (2.6.10)-(2.6.19) that

c(a;)

0j = (cn(ey) ——F

)M (o,t), (2.84)

where the compliances c11(¢;) and cj2(o;) are evaluated by (2.6.18).
It is evident from the physical considerations that the stress components
M(@,t) and Q(@,t) together with the displacement W (¢,7) must be con-
tinuous at each time instant at each ¢ € (0, 8). Thus, the set of continuity
and jump conditions is

W(a,0)] =0, W (a1)]=6;, [M(a;n)]=0, [Q(a;,1)]=0,
(2.8.5)
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Jj=1,...,n. Here the notaion
X(o)] =X(a+0) —X(ax—0)

1s used.
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Chapter 3

Natural frequency of the sim-
ply supported nanoarches of
constant thickness

In this chapter, the natural frequency for the first mode of the nanoarches
of constant thickness is discussed. The nanoarches considered in this
section are simply supported and also have a crack-like defect.

3.1 Physical description

The geometry of a S-S nanoarch with a defect is shown in Figures 3.1.1
and 3.1.2. Here A is the thickness and R is the radius of the arch. If we
use polar coordinates, the current cross-section is defined by ¢, and the
edges of the arch correspond to @ = 0 and @ = f. It is assumed that a
stable crack whose length is ¢ < A is located at ¢ = «. Itis also assumed
that the cross-section of the nanoarch is rectangular.
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Figure 3.1.1. Geometry of the nanoarch of a constant thickness with a
crack.

Figure 3.1.2. Crack in the nanoarch at ¢ = .

By using (2.4.1) in the general solution (2.7.7) we immediately get
Ci10 = C30 =0 and (2.7.7) takes the shape

(3.1.1)

Cyo sinh U@ + Cao Sin Vo @ ; (DG(0,0Z
Asinhy (¢ —B)+Csinvi(¢ —B); ¢ € (a,
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where

We get a system of four linear homogeneous equations by satisfying the
boundary and the intermediate conditions in (3.1.1). The result can be
written as

(sinh(uoa)Cap + sin voorCag — A sinh(uy (. — B) )+
Csin(vi(a—fB)) =0,

(o cosh(po) + p(1 + ) sinh (o et) ) Cao—

(Vocos(voar) + p(1 — v§) sin(voar)) Cao+
Csin(v(a—f))+Au; cosh(u; (¢ —p))+Cvi(ax—p) =0,
Caopg sinh(upar) — CaoVv3 sin(voor)—

A sinh(pi (= B)) +Cvisin(vi(a—B)) =0,

Croltg cosh (o) — Cag Vg cos(Voar) -

Ap3 cosh(py (o — B)) +Cvi cos(vi (o — B)) = 0.

Based on the linear homogeneous system of the above four alge-
braic equations with the unknowns Cyg,Cs9,C11,C13, we can determine
its non-trivial solution by examining the determinant A\. This system
has a non-trivial solution if and only if its determinant A equals to zero.

3.2 Numerical results and discussion

Numerical results are presented for nanoarches of constant thickness and
simply supported at both ends. The nanoarches have no step and the ma-
terial constants are E =7 x 101! Pa, v = 0.3, N = 1 nm and R = 80 nm.
It is assumed that B = 1 rad. The wall thickness is hy = hy = 10 nm.
In Figure 3.2.1, the natural frequency is plotted against the radius of the
nanoarches. It is evident from the figure that the frequency decreases as
the radius increases. The different curves in Figure 3.2.1 correspond to
various defect locations. Furthermore, the figure illustrates that the lo-
cation of the defects also influences the natural frequency. Figure 3.2.2
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displays the natural frequency plotted against the nonlocal parameter.
The behaviour of the frequency indicates that a lower value of the non-
local parameter results in a higher frequency. The curves in the figure
correspond to different values of the central angle of the nanoarch. It
can be seen from the figure that as the central angle increases, the natu-
ral frequency also increases. The results obtained for the constant thick-
ness of the nanoarch are compared with those obtained by Hosseini and
Rahmani [63] in Table 3.2.1. Table 3.2.1 shows that the results are in
reasonable correspondence.

5 T T T T T T T

— a=0.7rad — a =0.6rad — a =0.5rad — o =0.4rad — a =0.3rad

e e —

80 85 20 95 100 105 110 115 120
R (nm)

Figure 3.2.1. Natural frequency versus radius of the nanoarch.
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w (rad/s)

/

n (nm)

Figure 3.2.2. Natural frequency versus nonlocal parameter.

Table 3.2.1. Natural vibration of the nanoarches of constant thickness .

Mode | n (nm) | Present | Hosseini and Rahmani [63]
1 0 8.10582 8.1991
1 7.50558 7.8222
2 7.00188 7.4929
3 6.74192 7.2020
4 6.31883 6.9425
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Chapter 4

Natural frequency of the sim-
ply supported nanoarches of
piecewise constant thickness

This chapter analyses the natural frequency of the nanoarches of piece-
wise constant thickness. The effects of cracks and steps are also recorded
and drawn in the different figures. The frequencies of the nanoarches
with a step are compared with those corresponding to nanoarches of con-
stant thickness.

4.1 Description of the problem

Let us consider the dynamic behaviour of a nanoarch shown in Figure
4.1.1. It is assumed that the thickness of the nanoarch is defined as

4.1.1)

In (4.1.1), ho,h; are given numbers and a € (0,). The width b of the
nanoarch is assumed to be a constant. The study aims to determine the
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Figure 4.1.1. Simply supported stepped nanoarch with a defect.

eigenfrequencies of stepped nanobeams weakened with defects at the re-
entrant corners of steps. It is assumed that at the cross-section ¢ = o,
a crack with length c is located. The defect is treated as a stable crack;
no attention will be paid to the extension of the crack during vibrations.
However, the sensitivity of the eigenfrequency with respect to the posi-
tion of the crack and other parameters will be clarified. The boundary
conditions (2.4.1) and the general solution (2.7.7) are used in order to
get numerical results. We get a system of four linear algebraic equations
with four unknowns whose coefficients can be written in the form of a
matrix. The system of equations has a non-trivial solution if and only if
its determinant A\ equals zero. The determinant

Ky
K>
K3y
Ky

N =

K>
K2
K3,
Ky

Ki3
K3
K33
Ky3

K4
K4
K3a|’
K4

here the elements of the determinant A are following:
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K11 = sinh(poa);

Ki» = sin(vpa);

K3 = —(sinh(p; ) — tanh(u; B) cosh(u; @));

K14 = —(sin(via) —tan(v; ) cos(vi@));

K> = —Upcosh(ypor);

Ky = —vycos(vo);

Koz = i (cosh(p o) — tanh(p1 B) sinh(u @)
—p(Kf +1)(sinh(i; &) — tanh (g B) cosh(p ) );

K>4 = vi(cos(via) +tan(vi B) sin(vi))
—p(1=v¥)(sin(v;a) — tan(v; B) cos(v &) );

K31 = ud sinh(upor);

K3 = —vg sin(vo);

K33 = —pi (sinh(u @) — tanh (111 B) cosh (i ) );

K34 = —vi(tan(vi B) cos(vi &) — sin(vyat));

K41 = ug cosh(upcr);

K4p = —V§ cos(voa);

Ky3 = —pi (cosh(iy ) — tanh(p B) sinh (1 ) );

Kyy = V3 (cos(via) +tan(vi B) sin(vi@)).
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4.2 Numerical results and discussion

Natural frequencies for the first mode are presented for nanoarches sim-
ply supported at both ends in Figures 4.2.1-4.2.6. Here the nanoarches
have a single step and the material constants are E =7 x 10! Pa, v =
0.3, 1 = 1 nm and R = 30 nm. It is assumed that § = 1 rad if B is not
specified in the legend. The wall thickness is hg = 10 nm. However,
h1 = 20 nm except in Figure 4.2.1.

In Figure 4.2.1, the natural frequency of the nanoarch versus the
thickness £ is depicted for different values of the radius R. It can be
seen from Figure 4.2.1 that the natural frequency increases if the thick-
ness of the arch increases. However, if the radius of the arch increases,
then the natural frequency decreases.

In Figures 4.2.2 and 4.2.3, the natural frequency as a function of
the step location « is presented. In Figure 4.2.2, the nanoarch with the
central angle B = 1 rad is treated. Different curves in Figure 4.2.2 cor-
respond to the crack extensions s =0, s =0.1,s =0.2,s=0.3,5s=0.4
respectively. It can be seen from Figure 4.2.2 that the lowest natural
frequency values correspond to the arch without any cracks. In Figure
4.2.3, similar results are presented for different values of the central an-
gle B (here s = 0.7). It reveals from Figure 4.2.3 that in the case of
smaller values of the angle o, the lowest eigenfrequency is achieved in
the case of the largest value of the central angle 3. However, in the case
when B > 2a, this relationship is more complicated. The relationship
between the natural frequency and the radius R of the nanoarch is shown
in Figure 4.2.4 in the case B = 1 rad and s = 0.7 (here n = 1 nm).

It reveals from Figure 4.2.4 that the smaller is «, the larger is the natural
frequency of the nanoarch. On the other hand, the larger o, the lower is
the eigenfrequency. The dependence of the eigenfrequency on the ma-
terial parameter 1] = (ega)? is demonstrated in Figure 4.2.5 for different
values of the radius R. Generally speaking, the eigenfrequency decreases
if the material parameter increases. Thus, in the case 11 = 0, the natural
frequency has its maximal value.

The sensitivity of the eigenfrequency on the central angle 8 of the nanoarch
is shown in Figure 4.2.6 for the radius R = 30 nm. Different curves in
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Figure 4.2.6 correspond to nanoarches having the step in different cross
sections (here 1 = 1 nm). One can see from Figure 4.2.6 that in the case
of larger values of the angle 8, curves corresponding to different values
of the step angle are quite close to each other. However, if B < 0.6 rad,
the discrepancies between these curves are large.

The results obtained in the current study are compared with those ob-
tained by Thai [134] when @ = 0 rad, B = 0.008 rad. Table 4.2.1 shows
that the results are in reasonable correspondence. One can see from Ta-
ble 4.2.1 that the results are close to each other for small values of 1
but for larger values of 1) the discrepancy between corresponding results
is larger. Table 4.2.2 compares the frequencies of nanoarches with step
and without step. It can be seen from Table 4.2.2 that the frequencies of
nanoarches with step are higher than those without step for the first and
second modes.
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Figure 4.2.1. Natural frequency versus the thickness of the nanoarch.
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Figure 4.2.3. Natural frequency versus defect location for different an-
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Table 4.2.1. Natural vibration of the nanoarches of the constant thick-
ness.

Mode | n (nm) | Present | Thai [134]

1 0 9.75821 9.2745
7.05584 8.8482
5.80188 8.4757
5.04192 8.1466
4.51883 7.8530

B W =
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Table 4.2.2. Simply supported nanoarches .

Mode | n (nm) | With step | Without step

1 0 6.29953 5.76223
4.47050 4.07838
3.65442 3.33093
3.16666 2.88507
2.83332 2.58069

17.56912 | 15.45628
15.45783 13.54736
14.13590 | 12.40031
13.99210 | 11.44508
12.73064 | 10.46135

[\
B LW = O W -
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Chapter 5

Natural frequency of clamped
nanoarches

In this chapter, the natural frequency of clamped nanoarches is discussed.
The arch has a step and a crack at the re-entrant corner of the step. The
natural frequencies of S-S and C-C nanoarches are calculated.

5.1 Problem description

The problem is formulated as we did in the case of simply supported
nanoarches. In this section, the nanoarch is clamped at both ends, as
shown in Figure 5.1.1. In order to find the natural frequency of the
nanoarches clamped at both ends, the general solution (2.7.7) is used
for the boundary conditions (2.4.2).
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Figure 5.1.1. Clamped nanoarch with a step.

5.2 Results and discussion

The main objective of the analysis is to define the natural frequency of
the clamped nanoarch with defects and to study how the different pa-
rameters affect the natural frequency. Here the nanoarch with a single
step is considered. Natural frequencies for the first mode are presented
for nanoarches clamped at both ends in Figures 5.2.1-5.2.5. Material
properties used to draw the figures are; E = 7 x 10'! Pa, hg = 10 nm,
h;y =20nm, p =10 kg/m3, b =1 nm. The radius of the arch R =110 nm
except in Figures 5.2.4 and 5.2.5. Material constant 1] = 3 nm in Figures
5.2.2 and 5.2.4. The shape function given in the equation (2.6.15) is used
to draw the Figures 5.2.1-5.2.5. In Figure 5.2.1, the natural frequency of
the nanoarch versus central angle is drawn by considering different val-
ues of the material constant. It is clear from Figure 5.2.1 that natural
frequency increases as the central angle f increases. However, the natu-
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ral frequency decreases if the material constant 1] increases.

In Figure 5.2.2, the natural frequency versus the central angle f3 is
depicted for different values of the depth of the crack in the nanoarch. It
can be seen from Figure 5.2.2 that the crack’s depth significantly affects
the natural frequency. The natural frequency keeps decreasing as the
depth of the crack is increasing. Nonetheless, the effect of B on natural
frequency is similar to that shown in Figure 5.2.1. Different curves in
Figure 5.2.2 correspond to the crack extensions s =0, s = 0.2, s = 0.4,
s = 0.6 and s = 0.8, respectively. It can be seen from Figure 5.2.2 that
the highest value of the natural frequency corresponds to the arch with-
out any cracks, that is, s = 0. In Figure 5.2.3, the natural frequency is
depicted versus the material constant 1. It is revealed from the figure
that natural frequency decreases as we increase the material constant 7).
However, the natural frequency decreases as the radius R increases.

The relationship between the natural frequency and the radius R of
the nanoarch is shown in Figure 5.2.4 by taking into account the crack
location . The considerable changes in the natural frequency are noted
for different locations of the crack of the nanoarch. It is also clear from
Figure 5.2.4 that the natural frequency decreases if the radius of the
nanoarch increases.

The natural frequencies for two different shape functions are com-

pared in Figure 5.2.5. In Figure 5.2.5, f and f* denote the frequencies
calculated by using shape functions given by (2.6.15) and (2.6.17), re-
spectively.
The present study’s results are compared with those of other authors. In
Table 5.2.1, the natural frequencies of the nanoarches for the first and
second modes are compared with the results by Ganapathi et al. [50]. It
can be seen from Table 5.2.1 that the results obtained above are in good
correlation with the results of Ganapathi et al. [50]. In Table 5.2.2,
the natural frequencies of simply supported and clamped nanoarches
are compared. The table shows that the natural frequency of clamped
nanoarches is higher than that of the simply supported nanoarches.
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5.2.1 Comparison and validation of the results

Table 5.2.1. The natural frequencies of clamped nanoarches for varying

n.
B =0.5rad B =2rad
Mode 1 (nm) Present Ganapathi et al. [50] Present Ganapathi et al. [50]
1 0 24.8743 22.9609 36.2637 34.3728
1 22.5673 21.5441 33.9981 31.9336
2 21.4502 20.3559 31.9238 29.8975
3 20.9901 19.3416 29.1047 28.1704
4 20.0198 18.4629 28.9830 26.6855
2 0 54.6534 52.4678 45.5639 43.0525
1 47.8765 45.5521 40.0184 37.8919
2 41.9128 39.7231 36.7423 33.9014
3 36.2049 35.5746 33.5642 30.8385
4 32.7549 32.4808 31.9243 28.4340
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Table 5.2.2. The natural frequencies of S-S and C-C nanoarches.

B =1rad B =2rad
Mode 1 (nm) S-S C-C S-S C-C
1 0 6.29953  6.36272 10.02100 10.35446
1 4.47050 4.49912 7.05105  7.32999
2 3.65442  3.67337 5.64782  5.98654
3 3.16666  3.38114 4.46585  5.18510
4 2.83332  2.86525 3.49793  4.63799
2 0 17.56912 17.85480 30.54324  31.11017
1 15.45783 15.86733 21.54620 22.03271
2 14.13590 14.75724 16.54670 17.99647
3 13.99210 14.42905 14.75707 15.58794
4 12.33064 13.63394 12.54678 13.94352
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Chapter 6

Analysis of natural vibrations
of cantilever nanoarches

This chapter discusses the results of the analysis of natural frequencies
of cantilever nanoarches. The boundary conditions are

w(0)=0
w(0)=0
( ) " (6.0.1)
Liw(B) =Low (B)
Liw (B) =Low" (B),
where )
_ El-phnR'o - EI
Ly ——W ansz— R+

Here the general solution together with intermediate conditions is used
in order to get numerical results. We get a system of five linear algebraic
equations with five unknowns whose coefficients can be written in the
form of a matrix. The system of equations has a non-trivial solution if
and only if its determinant /A equals zero. The determinant is
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Ky1 Ky Kyz Kys Kps

Ky Ky K43 Kyg Kys
Ksi Ks; Ks3 Ks4 Kss

where
K1 =0
Ki2 =0
Ki3 = (L1 — Loy ) (v cosh(uy B) cot(viB) — uy sinh(p B))

Loui)(
Kia = (L1 — Loptf) (vi sinh (i B) cot(vi B) — 1 cosh (1 8))
Kis = (L + Lavi)(vi cos(vi B) cot(vi B) + vy sin(vi B))
Ky = —COS(V()OC) + COSh(/.L()OC)

Ky = % sinh(uooc) — Sin(V()OC)
0

—Lyu?\ [ cos .
K>3 = cosh(uy o) + (2 +Z’:%> ( s1nlz<vllltlﬁﬁ))> sin(vi@)
. Ly —Lopf (sinh(uiB)
Kys =cos(via) + (%) sin(v, &)
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K31 = pv§ cos(voat) + pud cosh(poar)
+ vpsin(vpor) — po sinh (o)
— pcos(vpo) + pcosh(uo)

K3y = v§sin(voat) + plioVo sinh (o)

— psin(voa) + p (%) sinh(po)
0

— Vpcos(Vox)
] L —Lzu% cosh(u1B)
K33 = uysinh(ujo cos(vio
33 = up sinh(ug o) + <L1+L2v% snvip) )V (vie)
L1 —Lzu% sinh(ulﬁ)
K3y = h(u;o o
34 = ujcosh(uyor) + (Ll +L2v% sin(v1 B) vicos(vit)

K35 = vicot(vif)cos(via) — vy sin(vi @)

K41 = v§cos(voar) — ud cosh(ppor)
Ky = Vg Sin(VoOC) — Voo Sinh(‘LL()(X)

LI_L2FL12> (Cosh(mﬁ)> 2

Kz = u?cosh(uo v via

13 = i cosh(y >+(L1+L2v12 o)) visin(va)
. L, —LzlJ]z) <sinh(u1[3)) 2.

Kuq = u?sinh(u o v Vi

44 = Hysm (uul )+ <L1 +L2V12 Sil’l(VIﬁ) lSln( 1 )

Kus = vicot(viB)sin(via) — vicos(via)
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Ks1 = —vg sin(aB) 4 g sinh(uoor)
Ksy = v§ cos(aB) + voug cosh (o)

) Lop? (cosh(uB)
— 3sinh B
Ks3 = uj sinh(u o) <L1 L2V1 ) ( Sin(viB) % cos(vla)
—Lzu s1nh [.L]ﬁ
Kss = 3 cosh + (2 L
54 = Ui cosh(u o) (L1+L2vl> ( sin(v1B) vicos(v o)

Kss = Vi cot(viB) cos(via) + Vi sin(v; a

6.1 Results and discussion

Numerical results are obtained for a specimen made of a nanomaterial
with the modulus of elasticity E =7 x 10'! Pa, v =0.3, p = 10 kg/m’.
The radius of the middle line of the arch R = 110 nm and the width
b = 1 nm if the text does not contain any numerical evaluations of these
quantities. The natural frequencies for the first mode are presented in
Figures 6.1.1-6.1.12 and Tables 6.1.1 and 6.1.2. In Figures 6.1.1-6.1.3,
the natural frequency of the nanoarch is depicted versus the thickness of
the nanoarch for different values of the radius. Here R = 80 — 120 nm and
Figures 6.1.1-6.1.3 correspond to ¢ = 0.8,0.6 and 0.4 rad, respectively.
Looking at the figures, one can draw a conclusion that the smaller is
the radius, the higher is the natural frequency of the nanoarch for given
value of the thickness. Also, one can see from the figures that thicker
nanoarches have higher natural frequencies, provided the radius R is
fixed. The figures reveal another noteworthy conclusion: as the value
of o increases, the impact of the thickness on the natural frequency of
the nanoarches becomes greater. Three different curves depicting the
relationship between natural frequencies and crack length are presented
in Figures 6.1.4-6.1.6, each curve corresponding to a different value of
the nonlocal parameter 1. Specifically, Figures 6.1.4-6.1.6 correspond
to the values of @ = 0.8,0.6,0.4 rad, respectively. The figures indicate
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that the natural frequency decreases as the crack length increases. No-
tably, a significant decrease in frequency occurs when the crack length
surpasses 0.5. Additionally, the figures reveal that lower values of alpha
are associated with decreased natural frequencies.

Figure 6.1.7 illustrates the relationship between the natural frequency
of the nanoarch and the nonlocal parameter. The curves on the graph cor-
respond to different values of the radius. It is evident from the figure that
as the nonlocal parameter 7 increases, the frequency of the nanoarch de-
creases. This behaviour is also observed when examining the natural
frequency concerning the radius. The relationship between the natural
frequency and the location of the defect is depicted in Figure 6.1.8. Each
curve on the graph corresponds to a different crack length. It is notice-
able from the figure that initially, the natural frequency decreases, but
then it begins to increase. Once the crack location exceeds 0.5 rad, the
natural frequency experiences a significant increase. The effects of vary-
ing crack lengths can also be seen in the figure.

In Figure 6.1.9, the natural frequency is plotted against the radius of
the nanoarch. Different curves in the figure correspond to the various
positions of the defect. It can be seen in the figure that the natural fre-
quency decreases with an increase of the radius. However, the influence
of the radius on natural frequency is less observable for higher values
of alpha. Figure 6.1.10 illustrates the relationship between the natural
frequency of the nanoarches and their thickness. Here the thickness of
the nanoarch is varying between 0 and «. The figure clearly shows that
as the thickness of the nanoarch increases, so does the natural frequency.
Different curves in Figure 6.1.10 represent various values of the radius,
revealing the matter that the frequency decreases as the radius of the arch
increases.

Figure 6.1.11 shows the relationship between the natural frequency
and the central angle 3 of the nanoarch. Different curves in Figure 6.1.11
correspond to different values of the nonlocal parameter 7). It can be seen
from Figure 6.1.11 that the natural frequency is higher for larger values
of the central angle . On the other hand, the smaller is the nonlocal
parameter 7 the higher is the natural frequency. In Figure 6.1.12, the
natural frequency is depicted against the radius of the nanoarch, show-
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casing the influence of various shape functions. From the figure, it is
evident that the choice of shape functions significantly impacts the nat-
ural frequency of the arches.
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Figure 6.1.1. Natural frequency versus thickness for & = 0.8 rad.

67



—_

2 T T T T T

—_

1

10F —R=80 nm —R=90 nm —R=100 nm —R=110 nm —R=120 nm|

w (rad/s)

4 | | | | |
20 25 30 35 40 45

hl(nm)

50

55 60

65

70

Figure 6.1.2. Natural frequency versus thickness for o = 0.6 rad.
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Figure 6.1.3. Natural frequency versus thickness for @ = 0.4 rad.
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Figure 6.1.11. Natural frequency versus central angle of the nanoarch.
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Figure 6.1.12. Natural frequency versus radius of the nanoarch for dif-
ferent shape functions.

6.1.1 Comparison of the results

Natural frequencies of nanoarches clamped at the left edge and free at the
right-hand edge are presented in Table 6.1.1. Table 6.1.1 corresponds to
the arches with B = 0.5 rad. Table 6.1.2 accommodates corresponding
values of the natural frequency for arches fully clamped at both edges for
different values of the parameter 17 (here 0 <7 < 4). In Table 6.1.1, the
results of the current work are compared with those obtained by Ganap-
athi et al. [50], making use of the finite element method. The comparison
of the eigenfrequencies found by different methods shows that the cur-
rent method leads to somewhat overestimated values of natural frequen-
cies. That is why the eigenfrequencies calculated by the current method
are higher than those corresponding to Ganapathi et al. [50]. The present
calculation method is also applied to full nanorings (8 = 27 rad). The
obtained results of calculations are accommodated together with the re-
sults by Wang and Duan [141] in Table 6.1.2 for different values of the
nonlocal parameter 1. It can be seen from Table 6.1.2 that the results
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obtained by the current method are close to those obtained by Wang and
Duan. Despite our results are higher than those found in [50], these are
lower than the results of Wang and Duan [141]. Table 6.1.3 compares
natural frequencies of S-S, C-F and C-C nanoarches for the first and sec-

ond modes.

Table 6.1.1. Comparison of the current results with Ganapathi et al. [50]

B =0.5rad
Mode n (nm) Present Ganapathi et al.[50]

1 0 5.1132 3.5078
1 4.8045 3.4289
2 4.5771 3.3546
3 4.1808 3.2847
4 3.8474 3.2187

2 0 21.6534 19.8974
1 18.9765 17.6058
2 17.0128 15.9352
3 15.2049 14.6692
4 14.7549 13.6734

Table 6.1.2. Natural frequency of circular nanorings.

a=0.2 a=04
Mode Present Wang and Duan [141] Present  Wang and Duan [141]
1 5.6234 6.2 3.2089 4.4
2 41.2437 424 21.8362 23.6
3 127.2065 129.1 57.5028 59.5
4 274.3769 276.9 107.7692 110.8
5 485.1752 488.5 173.1745 176.3
Nanoring with a defect
1 4.9908 5.9 3.2543 4.2
2 39.1549 40.8 21.8654 23.1
3 123.7280 125.0 56.5437 58.6
4 267.8756 270.0 107.0654 109.6
5 475.5538 478.6 172.1767 174.9
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Table 6.1.3. The natural frequencies of S-S, C-F and C-C nanoarches.

B=1rad B=2rad
Mode 1 (nm) S-S C-F C-C S-S C-F C-C
1 0 6.2995 6,3265  6.3627 10.0210 10.1418 10.3544
1 44705 44830 4.4991 7.0510  7.1902  7.3299
2 3.6544 32488  3.6733 5.6478  5.7213  5.9865
3 3.1666 3.6621  3.3811 44658 4.8310 5.1851
4 2.8333  3.2001  2.8652 34979 3.8316 4.6379
2 0 17.5692 17.7321 17.8548 30.5432 30.8821 31.1101
1 154578 15.6313 15.8673 21.5462 21.7218 22.0327
2 14.1359 14.4031 14.7572 16.5467 17.2111 17.9964
3 13.9921 14.1938 14.4290 147570 14.9901 15.5879
4 12.3306 13.2014 13.6339 12.5467 12.7189 13.9435
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Chapter 7

Nonlocal theory of elastic-

ity in the natural vibrations
of the CNT's

7.1 Carbon nanotubes

7.1.1 Introduction

Coal and diamond, sand, computer chips, cancer and healthy tissues all
have one thing in common: variations in the arrangement of atoms. De-
pending on how the atoms are arranged, they can form elements as di-
verse as soil, air, water, or even delicious ripe strawberries. Our ability
to manipulate the arrangement of atoms lies at the very foundation of
nanotechnology. In 1991, Sumio lijma made a groundbreaking discov-
ery when he found carbon nanotubes (CNTs). The term “nano” refers
to a unit of length scale, equivalent to 10~ meters, which is hundreds
to thousands of times smaller than a typical biological cell or bacterium.
CNTs possess a unique molecular structure and exhibit fascinating me-
chanical and electrical properties, making them versatile and applicable
in various fields. Due to their distinctive characteristics, CNTs find ap-
plication in multiple technologies and industries, taking advantage of
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their exceptional mechanical strength and impressive electrical conduc-
tivity. These qualities have opened up new avenues in nanotechnology,
paving the way for innovative materials and devices with remarkable
properties. Therefore, it is imperative to understand the structure before
we study the static and dynamic behaviour of CNTs.

7.1.2 Structure and types of the CNTs

The structure of CNTs is fascinating and can be formed as a result of the
folding of one or more layers of graphite, forming a cylindrical shape
composed of interconnected carbon hexagons. Each end of the cylin-
der exhibits a hemispherical “cap”, as depicted in Figure 7.1.1. One of
the critical features of CNTSs is that they are entirely composed of sp?
bonds, which are more robust than the sp> bonds typically found in dia-
monds. This unique bonding structure grants them exceptional strength,
making them remarkably strong at the nanoscale. Additionally, nan-
otubes tend to align themselves into rope-like structures held together
by Van der Waals forces. This arrangement enables the formation of
nanotube ropes, providing further strength and structural integrity to the
material. Interestingly, nanotubes can merge and bond under high pres-
sure, trading some sp® bonds for sp> bonds. This behaviour opens ex-
citing possibilities for producing strong, unlimited-length wires through
high-pressure nanotube linking.

Basically, nanotubes are divided into two types depending on the
layers of the graphene sheet; Single-walled carbon nanotubes (SWC-
NTs) and Multi-walled carbon nanotubes (MWCNTSs). The geometrical
structures of SWCNTs are specified by a pair of chiral indices (n, m).
These indices determine the orientation of the graphene lattice concern-
ing the tube axis, resulting in three distinct types: armchair (n, n), zigzag
(n, 0) and chiral (n, m) [104].
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Figure 7.1.1. SWCNTSs by rolling a graphene sheet in different direc-
tions [104].

7.1.3 Applications of the CNTs

* CNTs exhibit unique electronic and mechanical properties because
of their increased surface area-to-volume ratio. Several applica-
tions of CNTs in different fields of engineering have been discov-
ered. Some of the applications discussed by Ajayan et al. [5] are as
follows:

¢ Carbon nanotubes, because of nanometer-size diameter, structural
integrity, high electrical conductivity and chemical stability, are
good electron emitters.

* Nanotubes can be used as reinforcements in composite materials
because CNTs will increase the toughness of the composites by
absorbing energy during highly flexible elastic experiences.

* Nanotube-filled polymers can be used in applications of electro-
magnetic induction shielding.

* Because of their hollow geometry and nano-scale diameter, it has
been predicted that carbon nanotubes can store liquid and gas in the
inner cores through a capillary effect.
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* Due to nanosize, high conductivity, high mechanical strength and
flexibility, CNTs are used in electrical and other scanning probe
instruments, such as an electrostatic force microscope.

* CNTs tips are used in a tapping mode to image biological molecules
such as amyloid-protofibrils with a resolution never achieved be-
fore.

* CNTs have relatively straight and narrow channels in their cores,
which can be filled with foreign materials to fabricate one-dimensional
nanowires.

7.2 Natural vibrations of SWCNT's

7.2.1 Formulation and solution of the problem

CNTs are cylindrical nanostructures and when they are bent or curved,
they exhibit properties similar to those of curved nanobeams. In this con-
text, a carbon nanotube with a curved shape can be considered a curved
nanobeam due to its slender, elongated structure with a curved geometry.
Vibrations of CNTs are studied by using a beam model by Behera and
Chakraverty [22].

Here we consider a curved CNT with simply supported boundary condi-
tions. We also assume that the CNT is damaged with a crack-like defect.
To set up the governing equations for the natural vibrations of simply
supported CNTs, the problem is formulated as in Section (3.1).

7.2.2 Results and discussion

Natural frequencies for the first mode are presented for the SWCNTSs of
different types with simply supported edges. Physical properties of the
CNTs are taken from published literature [56] and [98]. Here the values
B = 1rad, n =1 nm and crack length s = 0.4 are considered where val-
ues of these parameters are not specified in the legends. In Figure 7.2.1,
the natural frequency of the CNTs is plotted against the central angle
B. From the figure, one can observe that the natural frequency initially
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increases and then starts decreasing as we increase the 8 value. It is
also noticeable that the frequency for the chiral nanotubes is higher than
that of armchair and zigzag nanotubes. Figure 7.2.2 shows the natural
frequency plotted against the nonlocal parameter 17. The figure illus-
trates the matter that the frequency consistently decreases as we increase
the 1. Furthermore, it can be seen that the zigzag nanotubes exhibit
the lowest frequency compared to other nanotubes. In Figure 7.2.3, the
natural frequency is plotted against the radius of the CNTs. It is clear
from the figure that the frequency decreases as the value of the radius
increases. Figures 7.2.3-7.2.5 depict the natural frequencies of armchair,
zigzag, and chiral CNTs, plotted against the radius of nanotubes. Differ-
ent curves in the figures correspond to different values of 1.
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Figure 7.2.1. Natural frequency versus central angle of the CNTs.
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Figure 7.2.6. Natural frequency versus radius of the chiral CNT.

Table 7.2.1. Material properties of carbon nanotubes.

Physical properties

Armchair (10,10) Zigzag (10,0) Chiral (10,2)

Radius (R)
Wall thickness (h)
Density (p)
Poisson ratio (v)
Young’s modulus (E)

0.6427 nm 0.3713 nm 0.4134 nm
0.1232 nm 0.0878 nm 0.0974 nm
1.33 g/em? 2.3 glem? 1.40 g/cm?
0.180 0.265 0.209
2.618 TPa 3.939 TPa 3.456 TPa
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Concluding remarks

The current study focuses on investigating the natural vibrations of curved
nanobeams. The nonlocal theory of elasticity is employed to calculate
the natural frequency of nanoarches, as the classical theory fails in con-
sidering small-length scale effects. Specifically, the study examines the
impact of crack-like defects on the natural frequency of the nanoarches
and compares the results.

In addition, the study considers nanoarches with piecewise constant
thickness, where stable cracks are located at the re-entrant corners of
steps. A novel method based on linear elastic fracture mechanics is
developed to determine the natural frequencies. Through the calcula-
tions, it becomes evident that the presence of cracks significantly affects
the natural frequency. Notably, nanoarches without any defects exhibit
the lowest natural frequencies. Furthermore, the study explores how the
steps in the nanoarches influence their vibrational behaviour. The results
are compared with those reported by other researchers, demonstrating
favourable agreement, particularly for small values of the nonlocal pa-
rameter.

Both, simply supported and clamped nanoarches are studied. It is
discovered that clamped nanoarches exhibit higher natural frequencies
than simply supported nanoarches. Additionally, the natural frequency
of cantilever nanoarches with cracks and steps is calculated. The results
are compared with those available in the literature. The study also in-
dicates that the natural frequency of cantilever nanoarches falls between
the frequencies of simply supported and clamped nanoarches. The pres-
ence and the position of cracks significantly influence the frequency be-
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haviour, with longer cracks leading to lower natural frequencies. The
method to determine the natural frequency of the curved nanobeams is
also applied to calculate the frequencies of the SWCNTs of the shapes
armchair, zigzag and chiral.

The study employs the method of separation of the variables to get
closed-form solutions of the governing equations. The obtained results
are validated by comparing them with those in the existing literature.
However, it is essential to highlight that cracks play a significant role in
altering the frequency behaviour of curved beams.

Furthermore, the study extensively discusses the influence of vari-
ous physical parameters such as thickness, radius and central angle of
the nanoarches. Additionally, the study identifies that the position of the
crack also affects the natural frequency; longer cracks lead to lower natu-
ral frequencies. Finally, this study emphasises the significance of cracks
and steps in nanoarches and sheds light on the intricate relationship be-
tween these defects and the frequency behaviour of the arch. From the
numerical results, it is concluded that

1. The natural frequency of the nanoarch with a step is higher than
that of without the step.

2. Natural frequency decreases with the increase of the crack length
in the case of the simply supported nanoarches but decreases in the
case of clamped-free nanoarches.

3. Nonlocal parameters cause a decrease in the natural frequency of
the nanoarches. This means that the frequencies calculated in clas-
sical theory are higher than those calculated by using the nonlocal
theory of elasticity.

4. With the increase of central angle and thickness of the arches, nat-
ural frequency increases.

5. The natural frequency of the nanoarch depends on the position of
the crack and on the extension of the crack.
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Summary

The natural vibrations of curved nanobeams or nanoarches are studied
in the present work. To achieve authentic results, the study employs
the nonlocal theory of elasticity, which accounts for small-length scale
effects that are not considered by the classical theory. The impact of
crack-like defects on the natural frequency is thoroughly examined, and
the obtained results are compared with available data.

Nanoarches with constant thickness, where a stable crack is located
within the element are studied first of all. Additionally, nanoarches with
piecewise constant thickness are analysed, where stable cracks are posi-
tioned at the re-entrant corners of steps. A novel method based on lin-
ear elastic fracture mechanics is developed to determine the natural fre-
quencies of nanoarches. Different nanoarches such as simply supported,
clamped at both edges and cantilevers are considered. The method devel-
oped in this study is also applied to investigate the vibrational behaviour
of the CNTs of the shapes armchair, zigzag and chiral.

To solve the governing equations, a numerical approach utilising the
separation of variables is employed. The obtained results are validated
by comparing them with existing literature. Furthermore, the study em-
phasizes the significant role of cracks in altering the frequency behaviour
of curved beams.

Moreover, the research extensively discusses the influence of various
parameters, including thickness, radius and central angle on the eigen-
frequency of the nanoarches.

The dissertation is organised as follows:

Chapter 1 provides a historical review of the papers on the natural
vibrations of curved nanobeams, focusing on the application of Erin-
gen’s nonlocal theory of elasticity. In Chapter 2, the physical model of
the nanoarch is presented. The model includes both defects and steps.
The governing equations required for analysing the natural frequency of
the nanoarch are also presented in Chapter 2. The natural frequency of
the nanoarches of constant thickness is defined in Chapter 2. The natu-
ral frequency of the simply supported nanoarches of piecewise constant
thickness with a defect is presented in Chapter 4. Chapter 5 focuses on
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the natural frequency of the nanoarch with both a flaw and a step, con-
sidering clamped nanoarches. In Chapter 6, the natural frequency of the
cantilever nanoarches is determined. In Chapter 7, the method devel-
oped in this study is applied to analyse the natural vibrations of CNTs.
Finally, the concluding remarks of the dissertation summarising the key
findings and contributions of the research work are provided.
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Summary in Estonian

Koverate nanotalade vabavonkumised

Antud uurimistd0 keskendub kdverate nanokaarte omavonkumistele. To-
0s kasutatakse elastsuse teooriat, mis votab arvesse mojusid, mida klas-
sikaline teooria ei arvesta. Siin uuritakse prao-tiilipi defektide mdoju
omavonkesagedusele.

Pohivorrandite lahendamiseks kasutatakse numbrilist meetodit, mis
pohineb muutujate eraldamisel. Saadud tulemusi vorreldakse kirjan-
duses leiduvate tulemustega. Lisaks uuritakse erinevate fiilisikaliste ja
geomeetriliste parameetrite, sealhulgas paksuse, raadiuse ja kaare kesk-
nurga moju vaba vonkumise sagedusele.

Doktorit6d pohineb autori koostatud viiel publikatsioonil, millest
iiks on avaldatud ning teised on triikki suunatud. Doktorito6 struktuur
holmab kirjanduse iilevaadet, sisu liihikokkuvdtet, kirjanduse loetelu ja
autori elulookirjeldust.

Doktorit60 on korraldatud jargmiselt:

Esimeses peatiikis antakse ajalooline iilevaade kdverate nano-talade
omavonkumiste uurimisest keskendudes Eringeni mitteokaalse elastilis-
use teooria rakendamisele. Esitatakse nanokaare fiiiisikaline mudel, ar-
vestades nii defekte kui ka astmeid, ning esitatakse sageduste leidmiseks
vajalikud vorrandid. Teises peatiikis kirjeldatakse uuritavat nanokaare
mudelit, kus paksus on tiikiti konstantne ning millel on praod paksuse
hiippekohtades. Kolmandas peatiikis leitakse konstantse paksusega kove-
ra nanotala omavonkesagedused vabalt toetatud ja jdigalt kinnitatud otste
korral. Neljandas ja viiendas peatiikis leitakse omavonkesagedused ast-
meliste nanokaarte jaoks, millel on defektid. Kuues peatiikk on piihendat-
ud niisuguste nanokaarte uurimisele, mille {iks ots on jdigalt kinnitatud
ja teine tdiesti vaba. Viimases osas esitatakse saadud tulemuste pdohjal
tehtud jareldused.
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