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Hamiltonian Neural Networks for coupled Duffing oscillators

Abstract: In this thesis, the performances of two physics-guided neural network ap-
proaches, namely the Hamiltonian Neural Network (HNN) and the port-Hamiltonian
Neural Network (pHNN), are analysed through the predicted dynamics of coupled Duff-
ing oscillators and compared to a baseline non-Hamiltonain approach. We use HNN to
model systems of no more than five coupled unforced and undamped Duffing oscilla-
tors, and explore how the model generalises to different initial conditions. The pHNN
approach is considered for a system of two coupled Duffing oscillators with forcing
and damping terms, where we also explore alternative activation functions in one of the
layers. We find that HNN approach yielded generally good models for the systems we
considered. The pHNN model that incorporated sinusoidal activation function resulted
in good models, but failed to extrapolate in time, while the models with other activation
functions failed to give accurate predictions.
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Hamiltoni nirvivorgud sidestatud Duffingu ostsillaatoritele

Lithikokkuvote: Kiesolevas bakalaureusetdos analiiiisitakse kahte fiitisika-juhitud nér-
vivorgupdhiseid lihenemisviise diinaamiliste siisteemide modelleerimiseks, nimelt, Ha-
miltoni tehisndrvivorke (HNN) ja port-Hamiltoni tehisnédrvivorke (pHNN). HNN ldhene-
misviis on rakendatud siisteemidele, mis sisaldavad kuni viit sidestatud summutamata ja
sundimata Duffingu ostsillaatoreid. pHNN ldhenemisviise vaadeldakse kahest sunnitud
ja summutatud perioodilise kditumisega ostsillatorite baasil, kus me uurime ka alterna-
titvseid aktiveerimisfunktsioone iihes niarvivorku kihis. Leiame, et HNN ldhenemisviis
andis hdid mudeleid enamiku vaadeldud siisteemide jaoks ning mudelid iildistusid uutele
algtingimustele. pHNN-mudel, mis sisaldas sinusoidset aktiveerimisfunktsiooni, andis
hiid mudeleid, kuid ei suutnud ekstrapoleerida ajas. Teiste aktiveerimisfunktsioonidega
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1 Introduction

Dynamical systems can describe a breadth of phenomena, simpler examples are radioac-
tive decay, populations of single species and RLC circuits. More complex phenomena
include modelling economics, molecular dynamics, ecosystems, nonlinear optics and
many more [1]. As such, modelling the behaviour of dynamical systems is the fundamen-
tal task for many disciplines of science. For many phenomena, creating a mathematical
model from data can prove to be very difficult due to the complexity of the problem
and lack of first-principle understanding of the phenomenon (e.g. see [2] and references
therein). Neural Networks (NNs) are universal function approximators [3], which can fit
complex patterns and emulate nonlinear dynamics by learning on data and as such are a
promising alternative way to model dynamical systems. However, neural networks in
their basic form lack physical constraints, and do not generalise well. Physics-guided
NN represent a class of approaches, that combines physical concepts with neural net-
works, sometimes adopting the deep learning settings (e.g. see [4] and references therein).
It is worth mentioning that deep learning approaches have shown success in modelling
fluid dynamics, molecular dynamics, materials science and quantum systems [5—7], but
here we are considering somewhat smaller NN that remain outside of the scope of DL.

In this thesis, we focus on two approaches, namely, Hamiltonian Neural Network
(HNN) and port-Hamiltonian neural network (pHNN). These approaches introduce the
intrinsic constraints of canonical equations of Hamiltonian formalism onto standard
neural networks. The latter also allows for modelling of dissipative systems influenced
by external forces. [8,9]

Coupled oscillators are used to model several real-world cases. Even a coupled system
with size two or three can be a valuable model for some problems (e.g. [10, 11]). To our
best knowledge, the application of HNNs to coupled oscillators has not been investigated
yet (e.g. see [9,12]). For instance, in [12] the emphasis was on the conservative dynamics
of systems such as the Lotka—Volterra predator—prey model, the elastic and double
pendulum. A simple Duffing oscillator has been considered in [9]. We test whether the
HNN and the pHNN are suitable approaches for modelling systems of coupled Duffing
oscillators, and explore minor alterations to the pHNN network architecture by using
different activation functions in one of the layers. The Hamiltonian approaches are also
compared against baseline non-Hamiltonian NN approaches to determine whether the
added constraints yield and improvement to resultant models. Numerical experiments are
conducted with the HNN approach on systems of up to five coupled Duffing oscillators
without forcing and damping and with pHNN approaches on a system of two coupled
Duffing oscillators with non-zero forcing and damping terms, as initial investigation to
assess the potential of tested approaches. The strength and the limitations of the HNN-
based modelling approaches are highlighted, which grant insight into their practical
viability and guide further refinement of the method.



2 Theoretical background

2.1 Hamiltonian formalism

The following short overview is based on [13]. Assuming that a given system is holo-
nomic, and the forces are derived from potentials dependent on position and time only.
Given k holonomic constraints, the Cartesian coordinates of constituent parts of the
system can be expressed in terms of n equations of N = 3n — k generalised coordinates

q;:

r1 = r1(q1, ¢, -, qn, 1),

ry, = Tn(QhQ% ,CIN,t)

As such, the dynamics of the system is fully described by the generalised coordinates
and the system is said to have N degrees of freedom. For systems in one-dimensional
coordinates, there are only N = n — k generalised coordinates, and the same number of
generalised momenta, respectively:

In the Hamiltonian formalism, the dynamics of the system with N degrees of freedom is
given by 2N first-order differential equations:

OH . O0H

= ——— = —, 1 =1,2,... N 1
D B4, q B { (1)

where the Hamiltonian H of the system is constructed using the Legendre transformation:

N
i=1

and L(q,q,t) = T — V is the Lagrangian of the system. 7" is the total kinetic energy
of the system, and V' is the total potential energy of the system. The generalised or
conjugate momenta are defined as:

_ 0L(g,¢:1)
D = 8—
q;



The set of generalised coordinates and generalised momenta (g, p) are known as canonical
coordinates and can be treated as a single column vector:

oH
0 Iy o
OnaN

where I y is the identity matrix of size /N. Then (1) can be expressed as:
0= JVpH(n,t). 2)

The Hamiltonian allows to describe the time evolution of the system in 2/N-dimensional
phase {¢;, p;} space by (2). Hence, the dynamics of the system, i.e. any point 9; on
the unique path in phase space starting at a point with coordinates 7, can be found by
integrating over time [8]:

t1
=10+ / ndt.

to

2.2 Fundamentals of neural networks

In this thesis we consider only a subset of neural networks known as multi-layer feed-
forward neural networks (FFNN). They have a layered structure, where each layer
consists of neurons, and each neuron receives the input from neurons in a layer directly
before it, and its output propagates to neurons in the layer after it, with no interconnection
between neurons in a given layer (see Fig. 1) [14]. Neural networks are universal function
approximators [3], with many parameters in the form of weights w;; and biases b; for each
layer, defining its connection to the layer before it. We denote the set of all parameters of
a NN-based model as 6, and consequently {wfi, bF} € 0, where the index k represents
the layer number. The output of ¢-th neuron in layer k, besides the input layer, is given
by:

ycf =f (bf + Zwﬁx?‘l>
J

Where f(x) is an activation function. [15] It is important to note, that f(x) can also be a
linear function, i.e f(z) = x, which is an usual choice for the output layer, as in our case.
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The process of training neural network consists of optimising the parameters 6 of
a neural network Gy(z;) in such a way so that, given the input vectors z;, the output
vectors Gy(x;) = y; match the desired output vectors y¢ (or targets). Consequently, the
training datasets consist of pairs of vectors (z;,3y¢). To optimise the parameters of the
neural network, a loss (or error) function Ly has to be defined, such as the mean squared
error (MSE):

1 M
_ E d 2
L9 - M — (yz - Ge(xl)) )

where M is the number of samples. The set of parameter values § which minimises
the error function can then be found by the so-called back-propagation, by means of
algorithms such as Stochastic Gradient Descent or Adam, satisfying:

0 = arg mein Ly

Figure 1. Structure of feedforward neural network with densely connected layers, n; is
the number of neurons in a ¢-th layer.

3 Literature Review

3.1 Hamiltonian Neural Networks

Hamiltonian Neural Networks, as considered in this thesis, were first proposed in [8] in
2019. In their method, a machine learning approach was used to parametrise a Hamilto-
nian of a system with a neural network and optimise it by learning on coordinates and
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their time-derivatives from trajectories in the phase space of the system. The authors of
the article analysed the performance of their method on simple mass-spring, pendulum
and N-body systems and found that it reproduced the dynamics of the systems well.
Their approach has an advantage over the basic FFNN approach, because when the
model is used to parametrise the Hamiltonian it gains certain physical priors intrinsic to
Hamiltonian formalism. Indeed, as the authors of [8] showed, the dynamics forecast by
the FFNN models do not exhibit energy conservation and the predictions diverge from
ground truth quickly. The HNN models performed much better, forecasting dynamics,
which deviate from the ground truth less and model energy conservation well, as energy
conservation follows from the time-independence of the Hamiltonian in the systems they
consider. The authors also extended their approach by adding an autoencoder to their
model, and using the latent space of the autoencoder as the input to the HNN. The model
trained on pairs on sequential 16x 16 images of a simulated pendulum, and was able to
recover the Hamiltonian of the system from pixel data.

In [9] the approach was extended to Port-Hamiltonian formalism, which allows for
energy dissipation and a control input in the system. The authors compared their extended
HNN approach, namely the Port-Hamiltonian Neural networks (pHNN), against two
other approaches, including one proposed in [8]. The comparison is made based on
performance in modelling more complex dynamical systems, such as forced and damped
mass-spring systems, a driven relativistic particle in double well potential, and Duffing
equation in chaotic and non-chaotic regimes. They found that their pHNN approach
outperforms the approach proposed in [8] for all mentioned systems, yielding good
approximation to the true dynamics of the considered systems.

In [12] another extension to the HNN method described in [8] is proposed. It involves
prepending a conventional neural network to the Hamiltonian neural network. The role
of the prepended neural network is to transform non-canonical coordinates to canonical
coordinates, which is useful when canonical coordinates cannot be easily inferred from
data. The authors called their extension Generalised HNN (gHNN) approach, and
showed that it outperforms the regular HNN approach for systems such as predator-prey
population dynamics and an elastic pendulum, and generally recovers the dynamics of
the systems well.

3.2 Dynamical systems and coupled oscillators

Dynamical systems have a wide range of applications. In cosmology they can be used to
model the evolution of cosmological objects or the universe as a whole, which allows
to test different models proposed by theoretical physicists [16—18]. Other applications
include research in ecological systems, control theory, chemical reaction modelling,
disease modelling, epidemiology and more [19].
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Among dynamical systems, coupled oscillators (COs) have been paid remarkable
attention. Because of their complex behaviour they allow for a better modelling of
real-world cases. COs have been used to model the human vocal cords (e.g. see [11]
and references therein) and for describing large scale brain activity and in particular its
metastability [20]. Coupled oscillators model the strong coupling in graphene-based
nanostructures [10]. Human walking can also be regarded as an oscillating system and
the environment as a second oscillating system. Hence, the human and the environment
together constitute a coupled oscillator system [21]. The small intestine can be modelled
by a network of coupled oscillators [22]. Kuramoto used the theory of coupled oscillators
to show turbulence in fluid dynamics [23]. COs were used to to analyze the sectoral
synchronisation observed for the Japanese business cycle of an economic system made
up of industry sectors and goods markets [24]. Modular robots have also been modelled
by using COs [25].

4 Models and methodology

4.1 Duffing oscillator
The equation governing the dynamics of the Duffing oscillator is:
&+ 0% + ax + Br’ = vy cos(wt).

[26] Where 0, o, 3, v, w are constants. We consider linear two-way coupling between
oscillators, which for a system of two oscillators can be expressed as:

&1+ aqwy + Bra® = ;1 cos(wat) + e(ag — 1)

Fg + oy + Boxhy = 7y cos(wit) + e(x) — )

Where ¢ is the coupling constant. Systems of N Duffing oscillators are used in our
experiments, where each oscillator is linearly coupled with all other oscillators, with
governing equations for ¢-th oscillator being:

N
& + oy + By = vy cos(wt) + Z gij(x; — i) 3)
j=1

Where ¢;; is a matrix representing the coupling coefficients between oscillators. We can
rewrite (3) as a system of 1-st order differential equations for numerical integration:

T; =Y
N

Ui = ¥ = —our; — Bixd + 7y cos(wit) + Z gij(x; — ;)
j=1

4)
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4.1.1 Undamped coupled Duffing oscillators in Hamiltonian formalism

In this section we show how the equations of motions (4) can be obtained by using the
Hamiltonian formalism. We also show that for this particular system, the pairs (z;, Z;)
are valid canonical coordinates and thus can be used as inputs to the HNN.

We follow the steps provided in [13, pp. 338] to construct the Hamiltonian. We
define generalised momenta as ¢; = z;. Kinetic (7') and potential (V') energies, assuming
that the system elements have masses m,, are the following:

-2

al m;x; al mzqu
T:Z 2 :Z 9
V= Z[ @ + qz—%qzcoswz] ZZ el (a7 — @)’

=1 i=1 j>1

Where 5;‘]' represents the coupling coefficients between oscillators and is also defined to
be symmetric for convenience in this derivation. The Lagrangian becomes:

L(qq,):T—V:
-3 [t I CAVRVAS
- =L 2 2% i costia) i=1 j>i ul W

This yields the following canonical momenta:

_0L(q,q,1)

i = = Mg
D 04, q

and the Hamiltonain is obtained as:

H(g,p,t) Zquz L(g,q,t) =

N .
:Z[mzqﬂ—Z[%—%Q? gquuyzqzcoswZ ] ZZ el (a5 — a) }

zlj>z

—%qzcos wz :| ZZ ZJ ] T+V

=1 7>t
)
where we made the substitution m;q; = p;. The partial derivative of the term in the
Hamiltonian that represents the potential of couplings with respect to the canonical

I
NE
[N}
Y=

_I_
CIRSY

=)
Rl )

_|_
SIES
Sﬂk
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coordinate gy, is:

9 lii [5’_. (q; _q.)Q} = lig’ .i(q. —q )2+1§:€’. i(q —q)? =
Oqr |2 = =" o 2 L ki g, T 2 £ kg
=1 j>1 >k i<k
N N N N
= el —aq)+ Y ela—a)= D chla—a)=—> et —a)
>k i<k i=1,ik i1,
Where we used 2 (z — y)? = £ (y — )? = 2(z — y), and the property of the defined

matrix €;; = ¢;. Hence, the canonical equations are:

i = 0H(g,p,t) _ pi

’ api m;
(6)
8H Q7pat - o)
P = —% = —ajqi — Blg; + ] cos(wi) + Zggj(qj = @) = Gim
7 ]:17

From (6) we get the equations of motion for the considered system of undamped coupled
Duffing oscillators (see (4)):
R N (1
49 = — =" =¢ =T
my; my
N (7)
G = —ig; — Biq; + i cos(wy) + Z eij(g; — @)] =
j=1

where a; = of/my;, B; = ['/mi, vi = vi/mu, €5 = m;lagj. Let us now rewrite the
Hamiltonian in (5) by substituting o, = m;o, 5; = m;f;, vi = vm; and 5;j = M;E;j,
we obtain:

H(vaa t) =

al p? m;Q m;f3 e &
; i iDi 2
= {7 + q + 4 b — Mg cos(wit)} + 3 E E ‘ [maeij (45 — @)°] -
1 =1 j>u
(8)

As we have shown, the Hamiltonian in (8) produces the equations of motion for coupled
undamped Duffing oscillators with parameters «;, 3;, Vi, wi, €;; in (4). Therefore, param-
eters m; can be freely chosen (except m; = 0) without affecting the resultant equations
of motion (7). For the sake of convenience, we set m; = 1, i.e. ¢; = x; and p; = ;.
For these canonical coordinates, the Hamiltonian that produces exactly the equations of
motion (4) is therefore:

N N

N 2 ‘ . 1
H(g,p,t) = Z {% + %qf + %qf‘ — Vi cos(wit)} +3 Z Z leij (q; — Qi)Q} :

i=1 i=1 7>1
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4.2 System of Duffing oscillators with non-linear coupling and deriva-
tion of respective equations of motion from port-Hamiltonian
formalism

We consider a system of coupled Duffing oscillators that exhibits periodic trajectories for

known parameter values [27]. The equations of motion for the system take the following
form:

¥ = —20qx — 4612° — 259&13:% — 0101 + 71 cos wyt ©)
Ty = —2001 — Afyx° — 25$2m% — 099 + 72 COS Wol.
Hamilton’s equations in port-Hamiltonian formalism can be expressed as follows:
1= [J+D(g)VqH(n) +Glg)u, (10)

where D(g) is an 2N x 2N matrix representing damping, G(q) = [0 g(g)]", uisa
temporal control input, and H is the Hamiltonian [9,28]. Eq. (10) can be specialised for
coupled Duffing oscillators with forcing and damping terms in (9), by defining:

0 0
=g Y
- _71 coswyt
F(t) - |72 €Os wgt]
o (11)
Glgu= F(t)}

2 2
b;
H(gp)=T+V =) {3 + i’ + Bi%ﬂ + 24145,

=1

where:
161 0
=15 5
2 2
T=) =
2
V=23 [oig] + Big}] +eqidi

i=1

Substituting (11) into (10) results in the following equations of motion:

OH

. ' 0 I 9q; 0 .

SR A RER
Pi
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which yields:

. OH
o]- ] -]

Op2

. oH oH
P _ _|oar| _|0r O foe|  ycos(wit)]
Do oH 0 9 g_H 72 cos(wat)

P2

9g2

and:

(14)
_ | 200q1 — 4811 — 2eq15 — G1py + 11 cos(wit)
—2002qs — 4P2q2 — 26q2q7 — apa + o cos(wal) |

Assuming £ = q and £ = p, one can notice that eq. (14), derived from the equations
expressing the port-Hamiltonian formalism (10), have the same form as (9). As we have
shown, (12) can be used to describe the dynamics of the system of damped and forced
coupled Duffing oscillators and thus we can apply the port-Hamiltonian neural network
approach to this system.

4.3 Hamiltonian Neural Network approach

In the HNN approach, a neural network is used to approximate the Hamiltonian of the
system. This means using the Neural Network instead of the Hamiltonian and obtaining
the time derivative 1) with canonical equations according to the Hamiltonian formalism
(1), see Fig. 2. [8] In our experiments we use the MSE loss that can be expressed as:

M

1 .
Ly = i Z [ — JVnHe(m)}Q

=1

where 'r')f are the desired impulse and momenta time derivatives, M is the number of
samples, Hy = Hy(n) is the neural network with weights and biases collected in 6.

4.4 Port-Hamiltonian Neural Network approach

To model the Duffing oscillator with a non-zero damping and forcing terms, we utilise
the Port-Hamiltonian Neural Network (pHNN) approach introduced in [9]. The port-
Hamiltonian model consists of a regular HNN which fits the Hamiltonian in (12). To
that another neural network is added, which takes time ¢ as a single input, and outputs a
vector of time-dependant forcing terms F'y(t) from (12), and a set of trainable parameters
d;; € 0 fitting the damping coefficients in (12), see Fig. 3. Regularisation parameters are
also added to the loss function of the network, which encourage the model to minimise
the magnitude of forcing and damping terms to prevent the model from learning spurious

16



Figure 2. Structure of a Hamiltonian neural network

forces and damping parameters. The loss function is expressed as:

Ly=— S [(mf ~ (IsVaHo(n) + 0 Fat)]")) + AFHFe(mnl} SN

i=1 i=1 j=1

where M is the number of samples, Ar and s are regularisation parameters. [9] And

0 I
Ji= {—I —5}’

where 4 is initialised as a square zero matrix.

4.5 Baseline Neural Network approach

We compare the performance of the proposed HNN and pHNN approaches against a
baseline neural network approach (BNN). In the baseline approach a neural network is
used to directly predict time-derivatives of the canonical coordinates of the system, given
the state of the system as input. For the forced system, where the equations of motion
include time explicitly, time is also added as an input. The MSE loss function we use is
defined as:

1 M . d 2
Ly = iV Z [ﬂz‘ — Go(m;, tz):|
i=1

Where Gy is the output vector of the network and M is the number of samples. The
structure of this approach is depicted in Figure 4. We implement all the approaches
using the pytorch Python package [29]. For the initialisation for weight and biases in
all models the default settings are used.

17
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Figure 4. Structure of a Baseline neural network

5 Datasets

All datasets are generated by numerical integration of respective ODEs modelling the
considered systems in Python. We utilise the solve_ivp function from scipy package
with fifth-order Implicit Runge-Kutta method of the Radau IIA family as solver [30].
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The datasets consist of pairs of vectors (n;,n}) at the time ¢; in the form:

where 7, are the inputs and 1'7? are the desired (or true) outputs, both of size 2V for an N-
degree-of-freedom system. We take the coordinates x; and their derivatives x; from the
numerical solutions (i.e trajectories in the phase space), and calculate the second-order
derivatives using respective equations of motion for a given system.

5.1 Unforced and undamped oscillators

The equations of motion for the systems of undamped oscillators were introduced in
section 4.1, we recall them here, setting the forcing terms ; = 0:

N
ﬂfl + (73 5] + 61.1'? = Z Eij(xj — .TZ)
j=1

We consider systems of /N coupled unforced and undamped oscillators, with N =
2,...,5, and a single unforced and undamped Duffing oscillator (/N = 1). Being N the
number of oscillators, it also represents the number of degrees of freedom the system.
The system oscillators are denoted by O, meaning system with N oscillators consists
of oscillators Oi,7 = 1,2,... N. We set all values ¢;; = 1, other parameters and initial
conditions (IC) for each oscillator are presented in Table 1.

For each system the training dataset is generated by varying the initial conditions x
presented in Table 1 and generating trajectories in the 2/N-dimensional phase space of the
system. The training dataset consists of 1 trajectory generated with the initial conditions
without variation, and 2% trajectories generated for each combination of altered initial
conditions z(,, which are changed as follows:

ro; = xo; £0.2, i =1,...,N.
The testing initial conditions for are obtained with following alteration:
i = 0 + 0.1+ (=1)"1 i=1,..,N.
And the validation initial conditions are:

b = o+ 0.2 (=1)7! i=1,.., N

Testing and validation initial conditions allow to evaluate how the models generalise to
different unseen initial conditions. The generated training trajectories span ¢ € [0, 50],
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and the data points are separated temporally by dt = 0.05, yielding (1 + 2V) - 1001 data
points in the training set.

The choice of the base parameters and initial conditions was motivated on having a
good variety of dynamics of oscillators. We include # < 0 and 5 > 0 nonlinearity values
corresponding to softening and hardening springs, high and low values for stiffness, as
well as small and large initial displacements. We also considered the radial distributions
of the points in trajectories that result form each set of initial conditions, to provide some
consistency in the results between systems. Firstly, we ensured that the distributions
of points resulting from the testing initial conditions are roughly centred around the
same point as the training data. Secondly, we ensured that the distributions for the
validation initial conditions do not span far outside those for the training data, while
still being significantly different from the training and testing distributions. The plots of
distributions and a brief overview is provided in Appendix A.

| Oscillator | o | 8 | wo; | @i |
| O |2 | -04]08 [0 |
| Oy 1073 | —04]0 |
| Oy |1 | -05|02 [0 |
| O4 034 | -1 [0 |
| Os 13 | 04| —-07]0 |

Table 1. Base parameters for Duffing oscillators

5.2 Forced oscillators

We recall the equations of a system of forced and damped oscillators introduced in
section 4.2:

T = —20q21 — 45127? — 2511:173 — 0101 + 71 cos wyt

i’g = —20&21’2 — 4B21’§ — 28?[)21’% — (52f2 + Y2 COS (,Ugt

with parameters a; = 0.005, ap = 0.01, 8, = B = 10, e = 0.5, &1 = 65 = 3a/%,

w; = 1,wy = 0.73, 71 = 72 = 0.2, which result in periodic trajectories [27]. The training
dataset consists of data points from trajectories integrated from starting conditions 7¢;
through 7¢5 in Table 2 for ¢t € [0,50], dt = 0.05. This results in a total of 5005 data
points. To test the accuracy of the models we use testing initial conditions 7, and
generate trajectories over a longer timespan ¢ € [0, 100], dt = 0.1, when compared to the
training dataset. This allows to evaluate how the models generalise to slightly different
initial conditions and extrapolate in time.
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| Jm [d
(M0 |03 |03 [0 [0 |
(M2 |04 [02 |0 [0 |
Mz |04 |04 |0 [0 |
(Mo |02 [04 [0 [0 |
(M5 |02 [02 [0 [0 |
| Moes | 0250250 [0 |

Table 2. Initial conditions for forced Duffing oscillators

6 Numerical experiments and results

6.1 Unforced and undamped systems

For the unforced systems we use a HNN with 2 hidden layers with tanh activation
functions. The input layer has size 2V, where N is the number of degrees of freedom
in the system, while the output layer consists of a single neuron corresponding to the
value of the Hamiltonian. We set the size of both hidden layers to 128 per degree of
freedom. For training we use the Adam optimiser with batches of size 128. We train
the model for 20 epochs with learning rate equal to 10~2 and 40 epochs with learning
rate of 1074, A comparison with baseline models is also made, BNNs have the same
composition of hidden layers and are trained with the same procedure as the HNNs for
the corresponding systems.

6.1.1 Visual assessment of obtained predictions

In Table 3 we provided brief granular comments on the predictions obtained with HNN
approach. For systems N = 2 with testing initial conditions, and N = 5 with testing and
validation initial conditions, poorer results were observed, with accuracy decreasing over
time. Overall, the obtained predictions were accurate and the models generalised well
to most novel initial conditions. The plots of predictions for x; and x; are presented in
Appendix B, with the plots for other coordinates being left out for brevity.

6.1.2 Comparative analysis of performance between HNN and NN approaches

To analyse the difference in the performance between HNN and NN approaches, we
train 84 HNN and 84 NN models for each system and obtain the predicted trajectories
for the testing and validation initial conditions. The mean squared errors of predictions
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| N | Testing Prediction | Validation prediction

Good with increasing error Good with increasing error

1. .
in frequency in frequency
| 2 | Very good | Good decreasing to poor |
| 3 | Very good | Good |
4 | Good Good with inaccuracies
in fine features
5 Very good, quickly decreasing Good, quickly decreasing to poor

to very poor after t = 25

Table 3. Comments on the predictions obtained with HNN models for time-evolution of
coordinate x

are summed over the time dimension, and the average and standard error (SE) of these
sums are calculated for the 84 models trained for given system and model type. The
sum of MSE over time (total MSE) for given initial conditions serves as a metric of the
inaccuracy of the predicted trajectory. While the averages and standard errors allow to
find statistically significant differences between the BNN and HNN approaches. The

3
s HNN 10 = HNN

N BNN = BNN

102

Mean total MSE of predictions
Mean total MSE of predictions

2 3 4 2 3 4

Number of oscillators Number of oscillators

Figure 5. Mean total errors for testing Figure 6. Mean total errors for valida-
initial conditions tion initial conditions

results can be observed in Fig. 5, 6, with error bars corresponding to 2 SE, i.e 95%

confidence interval, and in Table 4. The HNN models show a much lower SE of the the
total MSE for all systems, indicating improved consistency of resultant models over the
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‘ ‘ Testing ICs ‘ Validation ICs ‘
| N | HNN | BNN | HNN | BNN |
| 1] 34.44£2 | 11.30£3.46 | 80.58 £3.92 | 82.79423.88 |
|2 [352+£1.08 | 260.74 £37.66 | 60.42+£4.36 | 763.94 £42.75 |
|3 [3.03+£046 | 40.16+11.84 | 34.10£4.71 | 277.56 £40.19 |
|4 [21.11£4.96 | 15517 £24.83 | 13.26 £2.67 | 262.29 + 36.64 |
|5 | 186.09 4 14.46 | 360.81 £ 43.19 | 151.09 & 10.27 | 232.45 + 46.60 |

Table 4. Mean total errors for different systems, models and initial conditions, presented
with 2 SE uncertainty.

BNN approach. Moreover, for all N > 1 systems, and both testing and validation initial
conditions, the HNN models show a statistically significant improvement to the accuracy
of the predictions over the baseline approaches. As such, our analysis indicates that the
constraints from the Hamiltonian formalism provide an improvement to the accuracy and
consistency of the models.

6.1.3 A closer look at the generalisation

To further inspect how the model optimises for the training data we inspect the model with
a single oscillator. For this system, we sample the MSE of the model predictions for time
derivatives on 101 x 101 grid in its 2-dimensional phase space, where x, @ € [—1.5,1.5],
and plot the loss as a heat map along with the trajectories from the training dataset in
Fig. 7. We also explore for which initial conditions the model produces more accurate
predictions. Hence, we calculate the predicted and true trajectories for ¢ € [0, 10]
for each set of initial conditions on a 41 x 41 grid of phase space coordinates, where
x1,21 € [—1.5,1.5]. Then, the average MSE of the predicted trajectory is evaluated for
each sampled pair of initial conditions, and the results are plotted as a heat map. We also
plot training trajectories and the true and predicted trajectories at selected points on the
grid for reference. The true and predicted trajectories are plotted for ¢ € [0, 2.9], as it can
be seen in Fig. 8.

Looking at Fig.7, we see that the MSE valleys (regions with low MSE values) conform
to the trajectories from the training set, meaning that the model does not generalise to
the whole phase space of the system, but only in the space around those trajectories.
Moreover, it can be observed, that the model does not optimise for all the data in the
training dataset equally, as the MSE valleys conform to the training trajectories only
in some places and are not continuous. In other places, loss valleys reside in-between
training paths or form other artefacts. However, the error is still generally lower in the
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region bound by the outer path, indicating that the model generalised better in that region.

Figure 8 implies that the model produces the most accurate predictions for ICs in
regions close to the training trajectories. These regions conform to the shape shape of
training trajectories much more closely, displaying less artefacts, if compared to the
errors for time derivatives in Fig.7.

The shape of the sampled trajectories conform to the shape of true trajectories
closely. However, a discrepancy in the length of trajectory can be observed for initial
conditions that are further to the points of the training set. The former indicates inaccurate
predictions for the frequency of oscillations.

—— Taining trajectories -1 —— Taining trajectories
Tue trajectories
= Predicted trajectories

L
log 10 MSE
X1
1
o
lag 10 MSE

Figure 7. Heat map of MSE for pre-  Figure 8. Heat map of MSE for

dicted derivatives of canonical coor-  predicted trajectories in timespan of

dinates at each for points on a grid t € [0, 10] with each points on a grid

in phase space (N = 1) in as initial conditions, along with
sampled trajectories for ¢ € [0,2.9]
(N=1
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6.2 Forced and damped system

For the forced and damped system, we evaluate how well the pHNN models predict
the periodic behaviour of the system in (15), and compare the results against those
obtained with baseline, non-Hamiltonian neural-network models, denoted as BNN. We
also consider a longer timespan ¢t € [0,50] and ¢ € [50.05,100], compared to the
reference article that introduced the technique, where ¢ € [0, 10] was considered for a
forced Duffing oscillator [9].

Moreover, we explore how the models extrapolate in time, which was not considered
in the article that introduced the technique ([9]). Thusly, our training dataset spans
t € [0, 50], but we evaluate and analyse the predictions for ¢ € [0, 100]. Extrapolation is
of particular interest, since it has been shown in [31] that neural networks struggle with
extrapolating periodic functions, and the forcing terms in the equation of motion of the
system are periodic.

For the pHNN models we use tanh activation functions for every hidden layer
besides the first hidden layer of the neural network that predicts the time-dependent
forcing terms, where we propose approaches modified with different activation functions.
For our experiments, we use 2 hidden layers with 512 neurons in the time-independent
part of the models, and 2 hidden layers with 256 neurons each in the time-dependent
part of the models. The values regularisation parameters A\r = \s = 10~° were decided
upon manual by fine-tuning, and training was done with Adam optimiser for 10 epochs
with learning rate 10~3 and 30 epochs with learning rate 10~*. For the BNN we use 768
neurons, which is equal to the total number of neurons in pHNN models, and the training
procedure used is the same as for the pHNN models. The activation function for the
BNN approaches is varied in the first hidden layer.

For the activation function of the first hidden layer of the time-dependant neural
network in the pHNN approach, we explore tanh, sin, and the Snake activation function
proposed in [31]. The latter two functions provide an inductive bias for the periodic
forcing terms of considered oscillators. While tanh was used in articles introducing
hamiltonian neural network approaches, including the pHNN approach [8,9, 12]. The
Snake activation function is given by:

L.
y; = Snake, (7;) = z; + — sin®(a;z;)
a;
Where a; are trainable parameters and are initialised as a; = 1. For the baseline approach
we experiment with tanh and sin activation functions in the first hidden layer.

6.2.1 Predictions obtained with different approaches

The predictions for the time-evolution of coordinate x; obtained with the models we
tested can be observed in Figure 9, and graphs the predictions for coordinates and
velocities 21, T9, &5 are included Appendix C.
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Based on the visual assessment of the plots, the HNN models with tanh and Snake
activation functions, and BNN with tanh activation, provide very inaccurate predictions
over the whole timespan. We also do not observe an improvement with the Snake activa-
tion function when compared tanh in the pHNN models. Both BNN and HNN models
with sin activations yield very good predictions in the timespan ¢ € [0, 50], while for
t € [50.05, 100] the models produce inaccurate results, which indicates overfitting. These
models also generalised successfully to unseen initial conditions, modelling trajectories
not included in the training dataset well in the first half of considered timespan.

6.2.2 Comparative analysis between approaches

We statistically analyse the performance of pHNN and BNN models with different
activation functions. For that, we train each model for 100 times and find the average
prediction MSE an the SE of prediction MSE at each time step for each approach for
testing initial conditions. The results can be seen in Figure 10 with the shaded regions
being confidence intervals of 2 SE for all approaches besides BNN with tanh activation,
where we present confidence interval of 1 SE for visual clarity.

Analysing Figure. 10, in the unobserved timespan ¢ € [50.05,100] all HNN ap-
proaches converge to yield similarly poor performance, while the BNN approaches show
even larger errors. The BNN-tanh approach showed the overall worst performance
yielding a large SE of prediction errors and the highest average error for most of the
timespan ¢ € [0, 100].

For the timespan included in the training data ¢ € [0, 50], we see similarly high
average MSE for the HNN approaches with tanh and Snake activation function, further
indicating, that the Snake function does not yield and improvement in our case. We
observe the lowest average MSE with the HNN and BNN models that include the sin
activation function, which indicates that the inductive bias from the sin activation function
has a positive effect on the accuracy of predictions. From the two approaches, the HNN
approach yields a statistically significant improvement in accuracy over the baseline
approach for most of the timespan present in the training data, indicating and that the
added constraints from the Hamiltonian formalism further contribute to the accuracy of
the models.
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Figure 10. Mean of MSE of predictions for different modelling approaches with 2 SE (1
SE for BNN-tanh) confidence intervals against time.

7 Discussion

7.1 Limitations of our experimental settings

For all the modelling approaches we did not fine-tune model sizes i.e the quantity of layers
and neurons within the layers, which could impact overfitting and other performance
metrics of the models.

The performance of the pHNN model is sensitive to changes in regularisation parameters
[9], as usual in penalised optimisation. The performed fine-tuning cannot grant an
optimal choice.

7.2 Summary of findings

We have tested two physics-guided neural network approaches for modelling systems of
coupled Duffing oscillators. The regular HNN approach proved to be viable for modelling
unforced and undamped coupled Duffing oscillators, yielding accurate predictions for
the time-evolving systems for testing and validation initial conditions in most of the
cases we considered. For all systems, besides the system with a single oscillator, the
HNN approach showed a statistically significant improvement over the baseline, non-
Hamiltonain approach, resulting in more accurate models more consistently. Our deeper
analysis of the 1-dimensional system model showed that the HNN model was accurate
only locally, i.e in the regions around the data points from the training dataset.

We also performed experiments with a neural network architecture based on port-
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Hamiltonian formalism, focused on a system of two coupled, forced and damped oscilla-
tors. Two modifications to the model architecture were proposed, namely two alternative
activation functions in the first layer of the time-dependent part of the model. We tested
the performance of the pHNN models over a much longer timespan, compared to the
article that introduced the technique. In our results, all tested pHNN approaches failed to
extrapolate to the time values not present in the training dataset. For the timespan ob-
served in the training dataset, pHNN approach with tanh activation function in all layers
also resulted in poor models, and the proposed modification with the Snake activation
function did not provide an improvement in accuracy. The modification of pHNN and
the baseline approach with sin activation function resulted in a great improvement in
accuracy for the timespan present in training data, with both approaches yielding viable
predictions, and generalising to the unseen initial conditions well. From the two, the
modified pHNN-sin approach showed a statistically significant improvement in accuracy
over the BNN-sin approach for most of the timespan, showing the best performance out
of all tested approaches.

7.3 Recommendations for future research

The experiments on the unforced systems left some questions unanswered. For example,
what are the general effects of the dimensionality of the modelled system on the accuracy,
and generalisation performance of the model? Answering this question could yield a
practical limit to the dimensionality of system for which HNN-based approaches are
viable. Another research avenue would be determining how the accuracy of the model
for a system with given dimensionality scales with the size of hidden layers, or with the
amount or density of training data. From this, recommendations could be made for the
optimal sizes of network layers and datasets for systems of given dimensionalities. In
our research we used points along trajectories in the phase space as the training dataset,
alternative ways of selecting training data could be explored, perhaps yielding better
generalisation.

For the pHNN approach, we highlighted its shortcomings when presented with data
on a large timespan. Here, regularisation methods for the proposed modification with sin
activation function could be explored in order to improve generalisation performance.

The above-mentioned open research issues could be addressed by a formal analysis
of the considered approaches, whose complexity make it out of the scope of this thesis.
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A Radial distributions of datapoints for the unforced
and undamped systems

The radial coordinate for each point is calculated as:

The distributions of data points for chosen datasets, as shown in Fig. A.1, help visualise
high-dimensional data used in our experiments. The choice of the radial coordinate as
reference point was motivated by the almost circular shape of orbits, which are often
observed in oscillators.
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Figure A.1. Radial distributions of data points for considered systems
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B Graphs of 1-st oscillator coordinate predicted with
HNN for the unforced and undamped systems
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Figure B.1. Predicted (HNN) and True z; vs time for the test (left) and validation (right)
initial conditions, ordered from top to bottom from system N = 1 to system N = 5.
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C Graphs of 1-st oscillator velocity predicted with HNN
for the unforced and undamped systems
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initial conditions, ordered from top to bottom from system N = 1 to system N = 5.
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