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Introduction

The diversity in the forms of matter has been apparent to humankind for millen-
nia, and interrelations between various forms have been always an object of great
interest. The scientific understanding of phase transformation has started to de-
velop in the 1880s after van der Waals work on the liquid-gas phase transition [1].
Simplified description of ferromagnetic phase transition was given by Curie and
Weiss [2, 3]. Only in 1937 the basic principles of phenomenological phase transi-
tion theory were formulated by Landau [4, 5]. A deep connection among different
phase transition problems was established by revealing that each phase transition
was a manifestation of a spontaneous symmetry breaking. The Landau approach
has provided insight into the nature of various phenomena and contributed greatly
to creation of many valuable concepts in physics. In 1950, in collaboration with
Ginzburg, the phenomenological theory of superconductivity was published [6]. It
was realized that the superconducting phase can be distinguished by long-range
order (studied later by Yang [7]) and a cue to the electron pairing was given [8].
The electron attraction was indeed the microscopic origin of the superconducting
state, and the connection between microscopic Bardeen-Cooper-Schrieffer theory
[9] and phenomenological Ginzburg-Landau theory was given by Gorkov [10]. The
phenomenological theory was also able to describe the instabilities of the normal
phase known as superconducting vortices [11]. The universality of Landau ap-
proach has made it possible to understand ferroelectricity [12, 13] and led to the
soft mode concept [14]. The applications to the superfluid matter [15] have essen-
tially contributed to the formulation of Gross-Pitaevskii theory [16]. The birth of
vortices in superfluid liquids [17] has attracted attention in connection with topo-
logical defects in cosmology [18]. Relativistic generalizations have applications in
quantum field theory [19].

Landau phenomenological approach is based on free energy argument unifying
various studies in different fields by means of a single mathematical apparatus. The
phase distinctions are described by the order parameter. The latter characterizes a
new physical property of the system which appears as a result of a phase transition
from the initial phase where the corresponding property is absent. Polarization,
energetic gap in the electron excitation spectrum or magnetic moment are some
examples of the order parameter in corresponding materials. Nonlinearity of the
Landau expansion is another essential property of the theory. The interest in
applications of this scheme as well as in its generalizations is still high.

In the present Thesis we analyze the behavior of the order parameter driven by
internal thermodynamic noise. Generally, the noise, via its interaction with non-
linearity of the system, can lead to very interesting physics: stochastic resonance
[20], resonant activation [21], non-equilibrium phase transitions [22], and stochastic
ratchets [23], to name but a few. An overview of the minimal theoretical scheme
for the description of a phase transition is given in the first part of this work. The
fluctuations of the order parameter are also discussed and the stochastic formal-
ism is introduced. In the second part we present the mathematical approaches
used, especially, the methods for microscopic evaluation of non-equilibrium free
energy in two-gap superconducting systems. In the last part we study the effect
of stochastic order parameter on the relaxation phenomenon, and investigate the
size driven peculiarities of the critical temperature. We construct a description of
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the response to the applied field and to the variation of the temperature, and an-
alyze the size dependencies of the linear susceptibility and dynamic heat capacity.
Afterwards, we consider the relaxation and fluctuations of the ordering in two-gap
superconductor, especially, in connection with changes of interband interaction.
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1 Fundamentals

1.1 Phase transition in the macroscopic systems

We start with the basics of phenomenological Landau phase transition theory.
By introducing an abstract order parameter, we investigate the properties of a
macroscopic system, taking into account the fluctuations of the order parameter
and analyzing their behavior in the vicinity of the phase transition point.

Let us consider the system of N interacting particles with potential energy
given by U(r1, . . . , ri, . . . , rN). The configuration of the system with values of ri

belonging to ri . . . ri + dri has the probability

dw = Ce
−U(r1,...,rN )

kBT dr1 . . . drN . (1.1)

Integration over all variables ri determines the constant C = Z−1, where Z is the
partition function and

Z =

∫
e
−U(r1,...,rN )

kBT dr1 . . . drN . (1.2)

Equilibrium free energy related to the interaction U is defined as

F = −kBT ln Z, (1.3)

and the probability (1.1) takes the form

dw = e
F−U(r1,...,rN )

kBT dr1 . . . drN . (1.4)

Let us now consider arbitrary spatial distribution of the real order parameter η(r)
inside the system or, alternatively, a set of its Fourier components ηk

η(r) =
∑
k

ηke
ikr, (1.5)

where ηk = η′
k + iη′′

k. For the given configuration of the system with probability
(1.4) one can formally introduce the probability of the distribution η(r) in this
configuration

dw[η(r)] ≡ dw[{ηk}�] = e
F−U(r1,...,rN )

kBT dr1 . . . drN

×
�∏
k

δ
(
η′
k − η′

k(r1, . . . , rN)
)
δ
(
η′′
k − η′′

k(r1, . . . , rN)
)
dη′

kdη′′
k. (1.6)

Here η′
k(r1, . . . , rN) and η′′

k(r1, . . . , rN) are true values for Fourier components of
the order parameter in the configuration given. Due to symmetry ηk = η∗

−k, we
have put the star sign near multiplication in dw[η(r)], having in mind only the part
of k space with independent variables η′

k and η′′
k. Introducing non-equilibrium free

energy in the form [24]

F [η(r)] ≡ F [{ηk}�] = −kBT ln

∫
e
−U(r1,...,rN )

kBT

×
�∏
k

δ
(
η′
k − η′

k(r1, . . . , rN)
)
δ
(
η′′
k − η′′

k(r1, . . . , rN)
)
dr1 . . . drN , (1.7)
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we obtain after integration of Eq. (1.6)

Z =

∫
e
−F [η(r)]

kBT

�∏
k

dη′
kdη′′

k. (1.8)

By combining of Eqs. (1.6) and (1.7) we find that functional F [η] describes the
probability density of {ηk}� and the most probable values of {ηk}� correspond
to the minimum of F [η]. If one establishes from microscopic considerations the
concrete form of the non-equilibrium free energy F [η] for the system considered,
then all thermodynamic properties of the system become predefined.

The quantitative characteristics of the system undergoing phase transition,
such as transition temperature Tc, are determined mostly by the atomic interac-
tions in the short range scale. It has to be taken into account by the short-wave
part of the series (1.5). On the other side, one can describe the phase transition
phenomenologically by considering the long-wave part only. In this case the phase
transition temperature has to be introduced manually.

In macroscopic (macroscopically large, but finite) system equilibrium value of
the order parameter becomes non-zero in the vicinity of phase transition tem-
perature Tc. Here one can expand non-equilibrium free energy F [η] in powers of
non-equilibrium order parameter η as well as its derivatives. For the long-wave
components of η in the vicinity of Tc one obtains [24]

F [η(r)] = Fn +

∫ (a

2
η(r)2 +

b

4
η(r)4 +

c

2
(∇η(r))2 + . . .

)
dV, (1.9)

where Fn = F [0]. The latter functional is also called effective Hamiltonian. In the
homogeneous case with η = ηk=0 the corresponding non-equilibrium free energy
density F̃ (η) = F (η)/V reads as

F̃ (η) = F̃n +
a

2
η2 +

b

4
η4 + . . . . (1.10)

Here the coefficients before the odd powers are taken to be zero due to general
requirements about phases and stability of transition state. Moreover, same re-
quirements give a = 0 and b > 0 for T = Tc. Thus, one can consider the case

a = α(T − Tc) (1.11)

with positive constants α and b. For the equilibrium free energy density of bulk
(V → ∞) system we obtain from Eq. (1.3)

F

V
= −kBT

V
ln

∞∫
−∞

e
−V F̃ (η)

kBT dη
V →∞−→

∞∫
−∞

F̃ (η)e
−V F̃ (η)

kBT dη

∞∫
−∞

e
−V F̃ (η)

kBT dη

V →∞−→ F̃ (η)min. (1.12)

Thus, bulk equilibrium free energy density equals to the minimal value of non-
equilibrium free energy density (1.10). The values of η which minimize F̃ (η),
define the equilibrium values of order parameter ηeq in a bulk system

η2
eq =

⎧⎨
⎩

0, T > Tc

−a

b
, T < Tc

. (1.13)
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Therefore,

F

V
=

⎧⎨
⎩

F̃n, T > Tc

F̃n − a2

4b
, T < Tc

. (1.14)

From Eq. (1.14) we see that transition between disordered (ηeq = 0) and ordered
(ηeq �= 0) phases is energetically preferable.

According to the Ehrenfest classification, the non-equilibrium free energy (1.10)
describes second-order phase transition because second-order derivatives of equilib-
rium free energy exhibit discontinuities at transition temperature Tc. For instance,
the specific heat capacity reads

c = −T

V

d2F

dT 2
=

⎧⎨
⎩

cn, T > Tc

cn +
α2T

2b
, T < Tc

, (1.15)

where cn = −T d2F̃n

dT 2 . The temperature behavior of specific heat capacity has jump
α2Tc

2b
at transition temperature.

Introduction of the external field f , influencing the order parameter, requires
an additional term −fη in Eq. (1.10). For the equilibrium states of a bulk system
we then have an equation

aηeq + bη3
eq = f. (1.16)

The generalized susceptibility χ = ∂ηeq

∂f
in the limit f → 0 reads

χ =
1

a + 3bη2
eq

=

⎧⎪⎨
⎪⎩

1

a
, T > Tc

− 1

2a
, T < Tc

. (1.17)

Found temperature behavior of susceptibility is known as Curie law. The di-
vergence of χ reflects the increase in flatness of non-equilibrium free energy as
temperature moves to Tc. As a result, a weak perturbation is able to change equi-
librium value of order parameter drastically. This behavior points to the dramatic
properties of the order parameter fluctuations in the vicinity of the transition
temperature in accordance with fluctuation-dissipation relation.

In the following we review three fundamental aspects of the phase transition in
macroscopic system: growth of the order parameter fluctuations, their temporal
relaxation and spatial correlation near the phase transition point.

1.1.1 Growth of the order parameter fluctuations

Far from origins of inhomogeneities in the macroscopic system the equilibrium
value of order parameter can be approximated by Eq. (1.13). Let us consider the
spatially dependent fluctuation of order parameter Δη(r) = η(r) − ηeq. For F [η]
we obtain in the Gaussian approximation

F [η(r)] = F (ηeq) +

⎧⎪⎪⎨
⎪⎪⎩

∫ (a

2
Δη(r)2 +

c

2

(∇Δη(r)
)2

)
dV, T > Tc∫ (

−aΔη(r)2 +
c

2

(∇Δη(r)
)2

)
dV, T < Tc

. (1.18)
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By introducing Fourier components1 we get

F [η(r)] = F (ηeq) +

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

V

(
a

2
Δη2

0 +
�∑

k�=0

(
a + ck2

)
|Δηk|2

)
, T > Tc

V

(
−aΔη2

0 +
�∑

k�=0

(
−2a + ck2

)
|Δηk|2

)
, T < Tc

. (1.19)

Taking into account ηk = ηeqδk,0 + Δηk and dη′
k = dΔη′

k, dη′′
k = dΔη′′

k, we cal-
culate the mean values of ηk by using the probability distribution (1.6) and non-
equilibrium free energy (1.19)

〈ηk〉 = ηeqδk,0, (1.20)

〈|ηk|2〉 = η2
eqδk,0 + 〈|Δηk|2〉, (1.21)

where

〈|Δηk|2〉 =

⎧⎪⎪⎨
⎪⎪⎩

kBT

V (a + ck2)
, T > Tc

kBT

V (−2a + ck2)
, T < Tc

. (1.22)

The latter quantity determines the behavior of fluctuations in the equilibrium
state and 1

V

∫ 〈Δη(r)2〉dV =
∑

k〈|Δηk|2〉. We see that mean squared long-wave
fluctuations of the order parameter increase drastically in a macroscopic system
as temperature approaches Tc. Note also that factor 1/V in Eq. (1.22) points to
the absence of the mean squared equilibrium order parameter fluctuations in the
bulk (V → ∞) system. The order parameter becomes deterministic in bulk limit.

1.1.2 Relaxation of the order parameter

In the bulk system the derivative of non-equilibrium free energy density or func-
tional derivative of the effective Hamiltonian with respect to the non-equilibrium
order parameter equals zero in the equilibrium. If the latter derivatives are non-
zero, the relaxation process takes place where the non-equilibrium order parameter
relaxes to its equilibrium value. According to the Landau-Khalatnikov equation
[25], the relaxation rate is proportional to the discussed derivative and

dη(t)

dt
= −γ

∂F̃ (η)

∂η
, (1.23)

where γ > 0 is kinetic coefficient. In inhomogeneous case we have

dη(t)

dt
= −γ(aη + bη3 − c∇2η). (1.24)

In the asymptotic limit t → ∞ the equilibrium is reached. In this case the or-
der parameter becomes time independent and the left-hand side of latter equa-
tions equals zero. Far from the origins of inhomogeneity the equilibrium value of
bulk system is given in Eq. (1.13). If one considers the temporal relaxation of

1Note also ηk = 1
V

∫
η(r)e−ikrdV .
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small spatially dependent deviation of order parameter from the equilibrium value
Δη(r, t) = η(r, t) − ηeq, then the leading contribution to Eq. (1.24) reads as

dΔη(t)

dt
= −γ

(
(a + 3bη2

eq)Δη − c∇2Δη
)
. (1.25)

By using Fourier components we get

dΔηk(t)

dt
= −γ(a + 3bη2

eq + ck2)Δηk. (1.26)

We see that in bulk system the deviations of order parameter decrease in time
approaching equilibrium value Δηk(t → ∞) → 0 with corresponding relaxation
rate

λk = γ(a + 3bη2
eq + ck2) =

{
γ(a + ck2), T > Tc

γ(−2a + ck2), T < Tc

. (1.27)

In the long-wave limit the relaxation rate drops to zero as T → Tc. This funda-
mental effect is called critical slowdown of the order parameter relaxation. The
long-wave deviations relax in ordered phase with double rate compared to disor-
dered phase. In the macroscopic system one obtains also the slowdown effect for
the relaxation of the order parameter fluctuations.

1.1.3 Correlations of the order parameter fluctuations

The spatial correlations of the order parameter fluctuations Δη(r) in the equilib-
rium are characterized by the correlation function

Γ(r, r′) = 〈Δη(r)Δη(r′)〉 =
∑
k,k′

〈ΔηkΔη∗
k′〉eikre−ik′r′ . (1.28)

In case 〈ΔηkΔη∗
k′〉 = 〈|Δηk|2〉δk,k′ the correlation function Γ depends on r − r′.

Particularly, in Gaussian approximation (1.19) one has this type of behavior and

Γ(r − r′) =
∑
k

〈|Δηk|2〉eik(r−r′), (1.29)

where for macroscopic system 〈|Δηk|2〉 is given in Eq. (1.22). The summation over
k gives the Ornstein-Zernike formula (see Ref. [24])

Γ(r − r′) =
kBT

4πc|r − r′|e
− |r−r′|

rc , (1.30)

where correlation length for the order parameter fluctuations is given by

rc =

⎧⎪⎪⎨
⎪⎪⎩

√
c

a
, T > Tc√

− c

2a
, T < Tc

. (1.31)

From Eq. (1.30) we see that the order parameter fluctuations in macroscopic
system are significantly correlated at a distance of rc. As temperature approaches
Tc, the correlation length increases.

9



The phase transition theory based on the broken non-equilibrium free energy
expansion in the form (1.9)-(1.11) can be applied to the case of small fluctuations
and in the vicinity of transition temperature only. To get self-consistency the
fluctuations in macroscopic system should not exceed the equilibrium value of
the order parameter. In homogeneous case the fluctuations are maximal. Let us
consider the homogeneous fluctuations in the volume V ∼ r3

c for ordered phase.
The comparison of Eqs. (1.13) and (1.22) gives Ginzburg-Levanyuk criterion [26–
28]

Gi 
 |Tc − T |
Tc


 1, (1.32)

where Gi =
k2

BTcb2

αc3
is Ginzburg number. If the condition (1.32) is fulfilled, the

phenomenological theory with expansions (1.9)-(1.11) has its application area in
the temperature scale, otherwise does not. For instance, in superconductors Gi is
sufficiently small and fluctuational region near Tc is narrow in macroscopic sample.

1.2 Order parameter as stochastic variable

In the following we consider the finite system with spatially homogeneous fluctua-
tions. This approach is exhaustive for a zero-dimensional system [29], i.e. for the
spatially restricted sample whose dimensions are less than correlation length of
the ordering fluctuations. In this case uniform spatial mode η = ηk=0 dominates.
In the equilibrium the fluctuation (stochastic) properties of the order parameter η
are defined by the probability density

Peq(η) =
e
−V F̃ (η)

kBT∫
e
−V F̃ (η)

kBT dη
. (1.33)

To describe the relaxation of the non-equilibrium order parameter in a finite system
we use the following modification of the Landau-Khalatnikov equation [30]

dη(t)

dt
= −γ

∂F̃ (η)

∂η
+

√
γkBT

V
ξ(t). (1.34)

Here the additional correction term can be interpreted as a random force and it
takes into account possible stochastic nature of the order parameter if V �= ∞.
We assume that ξ represents the Gaussian white noise with zero mean value

〈ξ(t)〉 = 0, (1.35)

and correlation function
〈ξ(t)ξ(t′)〉 = 2δ(t − t′). (1.36)

As a result we have Langevin equation [31, 32] which was originally introduced to-
gether with Einstein [33, 34] and Smoluchowski [35] approaches for the description
of Brownian motion. Equation (1.34) can be also considered as formal Newton
equation of motion for variable η in the potential F̃ with additional random force
ξ in the overdamped regime [36]. Another widely used description of stochastic
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variables is offered by the Fokker-Planck equation for the time evolution of the
probability density [37]

∂P (η, t)

∂t
= LFP P (η, t), (1.37)

where in connection with Eq. (1.34) the Fokker-Planck operator reads as

LFP = γ
∂

∂η

∂F̃ (η)

∂η
+

γkBT

V

∂2

∂η2
. (1.38)

If the probability density is time independent, one can easily solve the Fokker-
Planck equation assuming natural or reflecting boundary conditions. The time
independent solution corresponds to the stationary distribution (1.33) and this
explains why the intensity of the Langevin source in Eq. (1.34) is taken in the

form ∼
√

T
V

.

According to the proposed Langevin or, alternatively, Fokker-Planck equations
one gets instead of Eq. (1.23)

d〈η(t)〉
dt

= −γ
〈∂F̃ (η)

∂η

〉
. (1.39)

In the bulk (V → ∞) system the order parameter is deterministic, and the latter
equation transforms into Eq. (1.34) where random force ξ is omitted. In this
case the relaxation of the order parameter to its equilibrium value exhibits critical
slowdown. However, for finite samples the nature of the order parameter becomes
stochastic. The temporal evolution of the order parameter fluctuations Δη(t) =
η(t)−〈η(t)〉 close to the equilibrium is approximately described in the macroscopic
system by Eq. (1.26) for k = 0 with additional noise term

dΔη(t)

dt
= −γ(a + 3bη2

eq)Δη +

√
γkBT

V
ξ(t). (1.40)

Note that the first term in right-hand side follows also from the derivative of non-
equilibrium free energy (1.19). In Eq. (1.40) the mean square fluctuations relax
to the non-zero equilibrium value (see Ref. [37]) in agreement with Eq. (1.22)
for V �= ∞. Moreover, the relaxation of the order parameter fluctuations slows
down in macroscopic system near transition temperature. Therefore, the approach
based on the Langevin equation (1.34) enables us to analyze in more consistent
manner the interplay between the stochastic behavior of spatially restricted system
and corresponding deterministic contribution of the bulk sample and examine the
evolution of the phase transition as system dimension decreases.

Certain behavior of the order parameter fluctuations is the main origin of the
phase transition. These fluctuations are described by the probability densities
for {ηk}�, and in order to investigate the phase transition one needs statistical
methods. However, it is clear that the main factor affecting the fluctuations is the
volume V . In a bulk (V → ∞) system the behavior of the order parameter is
purely deterministic without any fluctuations and η2

eq = 0 for temperature Tc + δT
2

.

If one considers the state with temperature Tc − δT
2

, then the relaxation process
to the corresponding equilibrium value η2

eq �= 0 from initial state η2 = 0 slows
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critically down as δT → 0. It implies that observable value of the order parameter
below Tc is practically zero, and the phase transition can not develop. However, for
a macroscopic system the order parameter becomes stochastic. For temperature
Tc+

δT
2

in the equilibrium 〈η2〉 = 〈Δη2〉 and the latter value increases as δT → 0. In
the state Tc− δT

2
the relaxation of the mean square order parameter from the initial

value 〈Δη2〉 �= 0 exhibits critical slowdown as δT → 0. As a result, the observable
value of the order parameter below Tc is non-zero. Due to strong correlations of
the order parameter fluctuations near Tc, the transition between states with zero
and non-zero value of the equilibrium order parameter happens in all points of
the system similarly. In accordance with this rough picture, the phase transition
develops as a result of the growth, slowdown for the relaxation, and correlations of
the order parameter fluctuations. At the same time the growth of the fluctuations
makes the expansion (1.9) unacceptable very close to the temperature Tc and one
has to deal with criterion (1.32).
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2 Methods and approaches

2.1 Fluctuation-dissipation relation

Fluctuation-dissipation relation predicts non-equilibrium behavior of the system,
such as the irreversible dissipation of energy into heat, from its reversible fluctu-
ations in thermal equilibrium. It offers the general relationship between the re-
sponse of a given system to an external perturbation and the internal fluctuation
in the absence of the perturbation. Such a reaction is characterized by a response
function and the internal fluctuation is characterized by a correlation function of
relevant physical quantity fluctuating in thermal equilibrium. Although the pro-
portionality between diffusion constant and the mobility of Brownian particle was
found in 1905 by Einstein [33], the fluctuation-dissipation theorem was originally
formulated by Nyquist [38] and Onsager [39] and was first proved by Callen and
Welton [40]. Remarkable examples of fluctuation-dissipation relation are known
as Green-Kubo formulas [41, 42].

The derivation of the fluctuation-dissipation theorem proceeds in the following
way [43]. We consider the situation with a real external field f(r) =

∑
fke

ikr

which is applied for a long time until the system reaches equilibrium, and the field
is then switched off at the moment t = 0. In the presence of the field at time t = 0
the equilibrium probability density for the Fourier components {ηk}� reads as

Peq({ηk}�)t=0 =
exp

(
− 1

kBT

(
F [η(r)] − ∫

f(r)η(r)dV
))

∫
exp

(
− 1

kBT

(
F [η(r)] − ∫

f(r)η(r)dV
)) �∏

k′
dη′

k′dη′′
k′

. (2.1)

This distribution contains
∫

f(r)η(r)dV = V
∑

f ∗
kηk, and in the linear approxi-

mation with respect to f ∗
k we get

Peq({ηk}�)t=0 = P 0
eq({ηk}�) +

V

kBT

∑
k′′

f ∗
k′′

(
ηk′′ exp

(
−F [η(r)]

kBT

)
∫

exp
(
−F [η(r)]

kBT

) �∏
k′

dη′
k′dη′′

k′

− P 0
eq({ηk}�)

∫
ηk′′ exp

(
−F [η(r)]

kBT

) �∏
k′

dη′
k′dη′′

k′

∫
exp

(
−F [η(r)]

kBT

) �∏
k′

dη′
k′dη′′

k′

)
, (2.2)

where P 0
eq({ηk}�) is the probability density in the absence of the field. Since there

is no external field for t > 0, the probability density Peq({ηk}�)t is related to
Peq({ηk}�)t=0 by the transition probability T 0 in the absence of the field

Peq({ηk}�)t =

∫
T 0({ηk}�, t|{η̃k′}�, 0)Peq({η̃k′}�)t=0

�∏
k′

dη̃′
k′dη̃′′

k′ . (2.3)

Using the stationary property of the equilibrium state

P 0
eq({ηk}�) =

∫
T 0({ηk}�, t|{η̃k′}�, 0)P 0

eq({η̃k′}�)
�∏
k′

dη̃′
k′dη̃′′

k′ , (2.4)

13



one obtains for the mean value of ηk at the moment t

〈ηk(t)〉 =

∫
ηkPeq({ηk′}�)t

�∏
k′

dη′
k′dη′′

k′

= 〈ηk〉0 +
V

kBT

∑
k′′

f∗
k′′

(〈ηk(t)ηk′′(0)〉0 − 〈ηk〉0〈ηk′′〉0
)
. (2.5)

Here 〈. . .〉0 denotes the equilibrium mean value in the absence of the field. Multi-
plying the latter equation by eikr and taking sum we have

δη(r, t) =
V

kBT

∑
k,k′

f ∗
k′

(〈ηk(t)ηk′(0)〉0 − 〈ηk〉0〈ηk′〉0
)
eikr, (2.6)

where δη(r, t) =
∑(〈ηk(t)〉− 〈ηk〉0

)
eikr. According to the general definition of the

autocorrelation function

K(r, r′, t) = 〈η(r, t)η(r′, 0)〉 − 〈η(r, t)〉〈η(r′, 0)〉
=

∑
k,k′

(〈ηk(t)ηk′(0)〉 − 〈ηk(t)〉〈ηk′(0)〉)eikreik′r′ , (2.7)

this quantity becomes dependent on r − r′ if

〈ηk(t)ηk′(0)〉 − 〈ηk(t)〉〈ηk′(0)〉 = δk,−k′Kk(t). (2.8)

In this situation Eq. (2.6) gives

δη(r, t) =
V

kBT

∑
k

fkKk(t)e
ikr. (2.9)

Using the general definition of the response function χ(r, t) [44]

δη(r, t) =
1

V

∞∫
0

dτ

∫
dV ′χ(r − r′, τ)f(r′, t − τ), (2.10)

which provides2 δηk(ω) = χk(ω)fk(ω) and

χk(ω) =

∞∫
0

χk(τ)e−iωτdτ, (2.11)

we get for the field f(r) which switches off at t = 0

δη(r, t) =
1

V

∞∫
t

dτ

∫
dV ′χ(r − r′, τ)f(r′). (2.12)

By introducing Fourier components and comparing with Eq. (2.9) we obtain

∞∫
t

dτχk(τ) =
V

kBT
Kk(t), (2.13)

2We use η(r, t) = 1
2π

∫ ∞
−∞ η(r, ω)eiωtdω.
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or after differentiating

χk(t) = − V

kBT

dKk(t)

dt
. (2.14)

This is essentially the fluctuation-dissipation relation which shows how equilibrium
fluctuations in the absence of the field define the response of the system to the small
perturbation. Let us derive more convenient form of the fluctuation-dissipation
relation. From Eqs. (2.14) and (2.11) we have

χk(ω) = − V

kBT

(
−Kk(t = 0) + iω

∞∫
0

Kk(t)e
−iωtdt

)
, (2.15)

where Kk(t = ∞) = 0 is used. Considering the Fourier transform of Kk(t) one
gets

χk(ω) = − V

kBT

(
−Kk(t = 0) +

iω

2π

∞∫
−∞

Kk(ω
′)A(ω′ − ω)dω′

)
, (2.16)

where

A(ω′ − ω) =

∫ ∞

0

eit(ω′−ω)dt, (2.17)

and A(ω′−ω)+A(ω′−ω)∗ = 2πδ(ω′−ω). The dispersion of real order parameter is
real and, consequently, Kk(ω) = Kk(ω)∗ and Kk(t = 0) = Kk(t = 0)∗. Evaluation
of imaginary part of the susceptibility χk(ω) − χk(ω)∗ = 2iχk(ω)′′ gives

Kk(ω) = −2kBT

ωV
χk(ω)′′. (2.18)

This result represents the classical limit of the fluctuation-dissipation relation.

2.2 Fluctuation-dissipation theorem for heat capacity

Statistical physics predicts for small fluctuations the proportionality between the
dispersion of the internal energy 〈ε〉 and the heat capacity C in case of fixed volume
[24]

C =
1

kBT 2

(〈ε2〉 − 〈ε〉2). (2.19)

This formula can be interpreted as the fluctuation-dissipation theorem, i.e. the
equilibrium fluctuations of the internal energy define the response of the system
to the small perturbation of the temperature. If one considers periodic temper-
ature oscillations around some nominal value, then the latter equation has to be
generalized and, particularly, the heat capacity becomes frequency dependent.

The first notion of frequency dependent complex heat capacity appears in lit-
erature at the beginning of the 20th century in scientific works concerning the
propagation of sound in various media [45]. Anomalous ultrasonic attenuations in
polyatomic gases [46] and the critical attenuation of ultrasound near critical point
[47] have been explained in terms of the dynamic heat capacity. The first mea-
surements using specific heat spectroscopy were made on glycerol near the glass
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transition [48, 49]. It was shown that the frequency dependent specific heat of
supercooled liquids is directly related to a frequency dependent longitudinal vis-
cosity [50]. Dynamic calorimetry was recently successfully applied to ferroelectric
and ferromagnetic systems [51–56].

Several theoretical approaches for the formulation of the dynamic specific heat
were suggested, e.g., generalized hydrodynamics [57], the fluctuation-dissipation
theorem [58], projection operator formalism [59], generalized constitutive equation
[60], framework of free energy landscape [61], or non-equilibrium considerations
[62]. Simulations have been able to reproduce various qualitative features [59,
63]. Nowadays, the dynamic heat capacity continues to be explored from both
experimental and theoretical perspectives in anticipation that dynamic calorimetry
would provide an insight into the energy landscape dynamics.

Following Refs. [43, 58], we formulate the fluctuation-dissipation theorem for
frequency dependent heat capacity if the volume of the system is kept constant.
We consider the situation when the equilibrium between the system and thermal
bath with the temperature T + δT is reached till the moment t = 0 and then the
temperature changes to the value T . The internal energy for the temperature T
equals

E =
kBT 2

Z

∂Z

∂T
= 〈ε[η(r)]〉0, (2.20)

where the partition function Z is given in Eq. (1.8) and

ε[η(r)] = F [η(r)] − T
∂

∂T
F [η(r)]. (2.21)

In the latter equation we suppose that functional F [η(r)] depends on temperature
T , and for evaluation of mean value 〈ε[η(r)]〉0 we use the probability density

P 0
eq({ηk}�) =

exp
(
−F [η(r)]

kBT

)
∫

exp
(
−F [η(r)]

kBT

) �∏
k′

dη′
k′dη′′

k′

. (2.22)

At the moment t = 0 (temperature equals to T + δT ) the probability density and
the quantity ε are given in the linear approximation with respect to δT by

Peq({ηk}�)t=0 = P 0
eq({ηk}�) +

δT

kBT 2

(
Δε[η(r)] exp

(
−F [η(r)]

kBT

)
∫

exp
(
−F [η(r)]

kBT

) �∏
k′

dη′
k′dη′′

k′

− P 0
eq({ηk}�)〈Δε[η(r)]〉0

)
. (2.23)

Δε[η(r)]t=0 = Δε[η(r)] − TδT
∂2

∂T 2
ΔF [η(r)]. (2.24)

Here P 0
eq({ηk}�) is the probability density in the absence of the temperature per-

turbation (see Eq. (2.22)), and Δ denotes the difference between corresponding
quantities in phases with η(r) �= 0 and η(r) = 0, e.g. ΔF [η(r)] = F [η(r)] − Fn .
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In Eq. (2.24) the last term vanishes, because ΔF [η(r)] depends on temperature
linearly in the Landau theory, and for t = 0 one has

〈Δε[η(r)]t=0〉 =

∫
Δε[η(r)]t=0Peq({ηk}�)t=0

�∏
k

dη′
kdη′′

k

= 〈Δε[η(r)]〉0 +
δT

kBT 2

(〈Δε[η(r)]2〉0 − 〈Δε[η(r)]〉20
)
. (2.25)

Since there is no temperature perturbation for t > 0, the probability density
Peq({ηk}�)t is related to Peq({ηk}�)t=0 by the transition probability in the absence
of the perturbation

Peq({ηk}�)t =

∫
T 0({ηk}�, t|{η̃k′}�, 0)Peq({η̃k′}�)t=0

�∏
k′

dη̃′
k′dη̃′′

k′ . (2.26)

For t > 0 one, consequently, has

〈Δε[η(r)]t〉 =

∫
Δε[η(r)]tPeq({ηk}�)t

�∏
k

dη′
kdη′′

k

= 〈Δε[η(r)]〉0 +
δT

kBT 2
KΔε(t), (2.27)

where the autocorrelation function for quantity Δε is defined as

KΔε(t) = 〈Δε[η(r)]tΔε[η(r)]〉0 − 〈Δε[η(r)]〉20. (2.28)

Note that the quantity Δε[η(r)] depends on the set of {ηk}� and has explicit de-
pendance on the temperature. Thus, if time dependent temperature perturbation
happens, the temporal dependance in 〈Δε[η(r)]t〉 appears due to time dependent
probability density (2.26) related to the variables {ηk}� and due to explicit de-
pendance of Δε[η(r)] on the temperature perturbation. In the Landau theory
the quantity Δε[η(r)] is temperature independent, and 〈Δε[η(r)]t〉 gets its time
dependance via probability density for {ηk}� only.

Now we introduce the response function ΔC(t) to the perturbation δT for the
case considered

δΔε(t) =

∞∫
t

dτΔC(τ)δT, (2.29)

where δΔε(t) = 〈Δε[η(r)]t〉 − 〈Δε[η(r)]〉0. By combining with Eq. (2.27) one
obtains

ΔC(t) = − 1

kBT 2

dKΔε(t)

dt
. (2.30)

Using the definition of generalized susceptibility

ΔC(ω) =

∞∫
0

ΔC(t)e−iωtdt, (2.31)
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we get frequency dependent heat capacity difference

ΔC(ω) = − 1

kBT 2

(
−KΔε(t = 0) + iω

∞∫
0

KΔε(t)e
−iωtdt

)
. (2.32)

In static case ω → 0 the latter expression gets the form of Eq. (2.19). Using the
line of reasoning which starts from Eq. (2.15), we obtain fluctuation-dissipation
relation for frequency dependent heat capacity difference

KΔε(ω) = −2kBT 2

ω
ΔC(ω)′′. (2.33)

The real and imaginary parts of the frequency dependent complex heat capacity
difference have to be related to each other by the Kramers-Kronig relations as a
result of casuality and linearity.

Usually, one associates the imaginary part of a linear susceptibility with the
dissipation of the perturbation energy into heat. However, in the case of the gener-
alized calorimetric susceptibility the perturbation parameter is already heat. There
is no net exchange of energy between the sample and the surrounding heat bath
during a complete cycle of a frequency-domain specific heat experiment. However,
the entropy does change during a complete cycle. When a particular internal degree
of freedom is suddenly perturbed by a temperature variation, it relaxes following a
characteristic relaxation time constant. If heat is supplied in a shorter time interval
than this relaxation time constant, the corresponding internal degree of freedom
does not contribute entirely to the equilibrium value of the measured heat capacity
under the time scale of observation because it is still relaxing. In this situation,
the measured heat capacity varies in time and becomes dynamic quantity. Thus,
the frequency dependent complex heat capacity is the consequence of particular
physical irreversible process in the vicinity of thermodynamic equilibrium. The
relaxation of internal degree of freedom is accompanied by a definite positive en-
tropy production which, when it is averaged over the time scale of the experiment,
is directly connected to the imaginary part of the complex heat capacity [64, 65].

2.3 Eigenvalues of the Fokker-Planck operator

Let us consider the Fokker-Planck equation (1.37) which can be rewritten for
transition probability T (η, t|η̃, 0) as

∂T (η, t|η̃, 0)

∂t
= LFP (η)T (η, t|η̃, 0). (2.34)

The formal solution of this equation with initial value T (η, 0|η̃, 0) = δ(η − η̃) is

T (η, t|η̃, 0) = eLFP (η)tδ(η − η̃). (2.35)

If one looks for non-stationary solutions of the original Fokker-Plank equation
(1.37), it is convenient to use a separation ansatz for P (η, t)

P (η, t) ∼ ψn(η)e−λnt, (2.36)
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which leads to
LFP (η)ψn(η) = −λnψn(η), (2.37)

i.e. λn and ψn(η) are the eigenvalues and the eigenfunctions of the Fokker-Planck
operator. The latter operator (1.38), which may be written in the form

LFP (η) =
γkBT

V

∂

∂η
e
−V F̃ (η)

kBT
∂

∂η
e

V F̃ (η)
kBT , (2.38)

is not a Hermitian operator [37]. The adjoint Fokker-Plank operator

L†
FP (η) =

γkBT

V
e

V F̃ (η)
kBT

∂

∂η
e
−V F̃ (η)

kBT
∂

∂η
= e

V F̃ (η)
kBT LFP e

−V F̃ (η)
kBT (2.39)

has the same eigenvalues λn and the eigenfunctions

ϕn(η) = e
V F̃ (η)
kBT ψn(η). (2.40)

At the same time, the operator e
V F̃

kBT LFP as well as

L(η) = e
V F̃ (η)
2kBT LFP (η)e

−V F̃ (η)
2kBT (2.41)

is an Hermitian operator. The functions

φn(η) = e
V F̃ (η)
2kBT ψn(η) (2.42)

are eigenfunctions of the operator L with the same eigenvalues λn

L(η)φn(η) = −λnφn(η). (2.43)

Because L is an Hermitian operator, the eigenvalues λn are real and two eigen-
functions φ1 and φ2 with different eigenvalues λ1 �= λ2 must be orthogonal. For
natural or reflecting boundary conditions λ0 = 0 corresponds to the stationary
solution ψ0(η) = Peq(η) (see Eq. (1.33)), and all other eigenvalues λn (n ≥ 1)
must be larger than zero [37].

Eigenfunctions of Hermitian operators usually form a complete set. The com-
pleteness relation for φn may be expressed by

δ(η − η̃) =
∑

n

φn(η)φn(η̃) = e
V F̃ (η̃)
kBT

∑
n

ψn(η)ψn(η̃) =
∑

n

ψn(η)ϕn(η̃). (2.44)

We also require orthonormality of the eigenfunctions∫
ψn(η)ϕn′(η)dη = δn,n′ . (2.45)

If the eigenvalue λ0 = 0 exists, then ϕ0(η) = 1 and∫
ψn�=0(η)dη = 0,

∫
ϕn�=0(η)Peq(η)dη = 0. (2.46)
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The first eigenfunction ψ0 has no zeros, the next eigenfunction has one zero and
so on. Using the expression (2.44) we get for the transition probability (2.35)

T (η, t|η̃, 0) =
∑

n

eLFP (η)tψn(η)ϕn(η̃)

=
∑

n

ψn(η)ϕn(η̃)e−λnt. (2.47)

Thus, in the steady state one gets for the correlation function of two variables x(η)
and y(η) [66]

K(t) = 〈x(η(t))y(η(0))〉 − 〈x(η(t))〉〈y(η(0))〉
=

∑
n≥0

xnyne
−λnt − x0y0 =

∑
n≥1

xnyne
−λnt, (2.48)

where

xn =

∫
x(η)ψn(η)dη, (2.49)

yn =

∫
y(η)ϕn(η)Peq(η)dη. (2.50)

The expression (2.48) together with fluctuation-dissipation relation allows one to
calculate the susceptibilities if the eigenvalues of the Fokker-Plank operator are
known. For these eigenvalues one can use the operator (2.41) which has the form

L(η) =
γkBT

V

∂2

∂η2
− VS(η), (2.51)

where

VS(η) =
γV

4kBT

(∂F̃

∂η

)2

− γ

2

∂2F̃

∂η2
. (2.52)

Thus, the equation (2.43) is formally the Schrödinger equation for stationary
states. Various numerical methods (e.g., difference method, Numerov method,
and eigenfunction expansion method) have been developed to solve time indepen-
dent Schrödinger equation. Recently, the symplectic schemes have been used for
the computation of the quantum systems [67]. For the numerical calculation of the
eigenvalues λn we have used symplectic scheme-shooting method [68, 69], which
can be also extended for the two-dimensional case [70].

2.4 Non-equilibrium free energy: microscopic considera-
tion

In this section we demonstrate how the non-equilibrium free energy itself can be
carried out from the microscopic theory. For this aim we consider two methods
based on the Bogolyubov inequality [71] and on the Hubbard-Stratonovich trans-
formation [72], and apply them to the two-band superconducting system. Histor-
ically, the first models of two-band superconductivity [73, 74] were suggested as
the natural developments of the Bardeen-Cooper-Schrieffer theory by introducing
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effective interband attraction of electron-phonon nature between electrons near
the Fermi level. Afterwards, Kondo showed [75] that interband electron-electron
repulsion induces the superconducting ordering. For the presence, the various
multi-component theoretical schemes have been applied for a number of supercon-
ducting materials (see Ref. [76] and references therein). In particular, the research
activity in this direction have been stimulated by the general acceptance of multi-
band superconductivity in MgB2 [77], cuprates [78] and iron-arsenic compounds
[79].

In the following, we consider the two-band Hamiltonian with intra- and inter-
band pair transfer interactions,

H =
∑
αks

ε̃α(k)a+
αksaαks− 1

V

∑
αα′

∑
kk′

Wαα′(k,k′)a+
αkσa

+
α−k−σaα′−k′−σaα′k′σ, (2.53)

where ε̃α = εα − μ is the electron energy in the bands α = 1, 2; μ is the chemi-
cal potential; V is the volume of superconductor and Wαα′(�k, �k′) are the matrix
elements of intraband or interband interaction, if α = α′ or α �= α′, respectively.
It is supposed that the chemical potential is located in the region of the bands
overlapping. We assume that effective electron-electron interactions are nonzero
only in the layer μ ± h̄ωc and that the interaction constants are independent on
electron wave vector in this layer. Intraband interactions are supposed to be of
attractive nature.

2.4.1 Bogolyubov inequality

According to Bogolyubov, we formally rewrite the Hamiltonian (2.53) in the form

H = H0 + H1, (2.54)

where

H0 =
∑
αks

ε̃α(k)a+
αksaαks +

∑
αk

(ηαka
+
αkσa

+
α−k−σ + h.c.), (2.55)

H1 = −
∑
αk

(ηαka
+
αkσa

+
α−k−σ + h.c.)

− 1

V

∑
αα′

∑
kk′

Wαα′a+
αkσa

+
α−k−σaα′−k′−σaα′k′σ, (2.56)

and ηαk are non-equilibrium superconducting order parameters. The Bogolyubov
inequality F ≤ F (H0) + 〈H1〉H0 determines the model free energy of a two-band
superconductor

F (H) = F (H0) + 〈H1〉H0 , (2.57)

where F (H0) is free energy with respect to the Hamiltonian H0. To find this
quantity we use the Bogolyubov-Valatin transformation

aαkσ = uαkAαkσ + sgn(σ)v∗
αkA

+
α−k−σ,

a+
αkσ = uαkA

+
αkσ + sgn(σ)vαkAα−k−σ. (2.58)

Here u2
αk + |vαk|2 = 1 and uαk = uα−k, vαk = vα−k guarantee that new operators

Aαkσ are Fermi operators. Note that in this transformation the coefficients uαk
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and vαk are not determined uniquely, and one can define them by requiring the
diagonalization of the Hamiltonian H0

H0 =
∑
αks

EαkA
+
αkσAαkσ + E0, (2.59)

where

Eαk =
√

ε̃α(k)2 + |ηαk|2, (2.60)

E0 =
∑
αk

(ε̃α(k) − Eαk). (2.61)

Thus, we obtain

F (H0) = −kBT ln Sp
(
e
− H0

kBT

)

=
∑
αk

(
ε̃α(k) − 2kBT ln

(
2 cosh

Eαk

2kBT

))
. (2.62)

In order to find 〈H1〉H0 we consider the following approximation

〈H1〉H0 = −
∑
αk

(
ηαk〈a+

αkσa
+
α−k−σ〉H0 + η∗

αk〈aα−k−σaαkσ〉H0

)

− 1

V

∑
αα′

∑
kk′

Wαα′〈a+
αkσa

+
α−k−σ〉H0〈aα′−k′−σaα′k′σ〉H0 . (2.63)

Since

〈A+
αkσAα′kσ〉H0 =

δαα′

1 + exp Eαk

kBT

(2.64)

and 〈A+
αkσA

+
α′k′σ′〉H0 = 〈AαkσAα′k′σ′〉H0 = 0, we obtain the model free energy in

the form

F (H) =
∑

α

Jα(ηα) +
∑

α

η2
αIα(ηα) − 1

4V

∑
αα′

Wαα′ηαηα′Iα(ηα)Iα′(ηα′), (2.65)

where the non-equilibrium order parameters ηα are taken real and k independent,
and

Jα =
∑
k

(
ε̃α(k) − 2kBT ln

(
2 cosh

Eαk

2kBT

))
, (2.66)

Iα =
∑
k

1

Eαk

tanh
Eαk

2kBT
. (2.67)

By replacing the summation over wave vector k with the integration over energy,
the model free energy density F̃ = F/V can be written as

F̃ (η1, η2) = F̃n +
∑

α

ραJ̃α(ηα)+
∑

α

η2
αραĨα(ηα)− 1

4

∑
αα′

Wαα′ηαηα′ραρα′ Ĩ(ηα)Ĩ(ηα′),

(2.68)
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where we assume W12 = W21, ρα are the densities of electron states at the Fermi
level, and

J̃α(ηα) = −4kBT

∫ h̄ωc

0

ln

(
cosh Eα(ε̃α,ηα)

2kBT

cosh Eα(ε̃α,0)
2kBT

)
dε̃α, (2.69)

Ĩα(ηα) = 2

∫ h̄ωc

0

1

Eα(ε̃α, ηα)
tanh

Eα(ε̃α, ηα)

2kBT
dε̃α, (2.70)

Eα(ε̃α, ηα) =
√

ε̃2
α + η2

α. (2.71)

The stationary points of the non-equilibrium free energy density (2.68) de-
termine equilibrium gaps, which vanish as temperature moves to the transition
point. Corresponding minimal value of the model free energy density F̃ equals to
the equilibrium mean-field free energy density. The deviations from this value are
treated in the present scheme as an effect of the order parameter fluctuations. As
compared to the Landau expansion, the non-equilibrium free energy density (2.68)
can describe the system far from the transition point, however, it permits again
only small gap fluctuations.

2.4.2 Hubbard-Stratonovich transformation

The description of superconductivity in the framework of mean-field approximation
does not take into account the order parameter fluctuations. It is approximately
justified for macroscopic samples, however, the thermal and quantum fluctuations
become decisively important in small systems [29, 80, 81]. Static thermal fluctua-
tions reflect the deviation of a finite system from its most probable state. Quantum
fluctuations are associated with the tunneling in the free energy landscape. In ad-
dition, one has to take into account the discreteness of the electron spectrum and
the parity of the number of electrons in small samples, especially at low tempera-
tures [82–84].

To describe the fluctuation corrections in superconductors it is convenient to
regard the functional integral representation of the partition function based on the
Hubbard-Stratonovich transformation [85–87]. In this approach the saddle-point
evaluation of the functional integral gives the standard mean-field results, in the
static approximation one includes thermodynamic fluctuations, and in higher order
contributions one can involve some of the quantum fluctuations. The scheme has
been exploited mainly in the case of one-band superconductors [29, 82, 88–92].
However, recently the study of the Leggett mode in a two-band superconductor
MgB2 [93] and the fluctuation conductivity of pnictides in a four-band model [94]
have been carried out using the Hubbard-Stratonovich fields.

To apply the Hubbard-Stratonovich transformation, we first rewrite the Hamil-
tonian (2.53) using the pseudospin formalism

H = H ′ −
∑
αα′

Wαα′

V
(XαXα′ + YαYα′), (2.72)

where

H ′ =
∑
αks

ε̃α(k)a+
αksaαks +

∑
αks

Wαα

2V

(1

2
− a+

αksaαks

)
, (2.73)

238



and

Xα =
1

2

∑
k

(aα−k−σaαkσ + a+
αkσa

+
α−k−σ), (2.74)

Yα =
i

2

∑
k

(aα−k−σaαkσ − a+
αkσa

+
α−k−σ). (2.75)

Due to commutation rules for Fermi operators [aαks, a
+
α′k′s′ ]+ = δα,α′δk,k′δs,s′ and

[a+
αks, a

+
α′k′s′ ]+ = [aαks, aα′k′s′ ]+ = 0, operators X1 and Y1 commute with X2 and

Y2, respectively. We also assume W12 = W21. Next, we use diagonal presentation
of the quadratic forms in H, e.g. in connection with Xα operators,

∑
αα′

Wαα′XαXα′ =
2∑

μ=1

W̃μX̃
2
μ (2.76)

by utilizing the orthogonal transformation X̃μ =
∑

α ϑμαXα with

ϑ =

(
cos θ − sin θ

sin θ cos θ

)
(2.77)

and

W̃1,2 =
1

2

(
W11 + W22 ±

√
(W11 − W22)2 + 4W 2

12

)
, (2.78)

tan θ =
W11 − W̃1

W12

=
W̃2 − W22

W12

. (2.79)

To calculate the partition function Z = Sp exp(− H
kBT

) we apply the Hubbard-
Stratonovich transformation

eãX̃2

=

∞∫
−∞

e−πx2−2
√

πãxX̃dx. (2.80)

Here, by introducing the integration variable, one achieves a linearization of the
exponent. As the operators in H do not commute, one has to use the Feynman
ordering technique [95], and therefore

e
− H

kBT = lim
M→∞

∞∫
−∞

2∏
μ=1

M∏
j=1

dxμjdyμj exp
(
−π

2∑
μ=1

M∑
j=1

(x2
μj + y2

μj)

− 1

kBTM

M∑
j=1

(
H ′

j + 2
2∑

μ=1

√
πkBTM

W̃μ

V
(X̃μjxμj + Ỹμjyμj)

))
. (2.81)

Let us use discrete Fourier transform, e.g. in connection with variables xμj,

xμj =

M−1
2∑

p=−M−1
2

ηx
μpe

− 2πi
M

pj (2.82)

24



and consider new complex variables ηx
μp. In the static path approximation,

X̃μjxμj + Ỹμjyμj = X̃μjη
x
μ0 + Ỹμjη

y
μ0, (2.83)

one gets

e
− H

kBT = lim
M→∞

∞∫
−∞

M2

2∏
μ=1

dηx
μ0dηy

μ0 exp
(
−πM

2∑
μ=1

(ηx2
μ0 + ηy2

μ0)

− 1

kBTM

M∑
j=1

(
H ′

j + 2
2∑

μ=1

√
πkBTM

W̃μ

V
(X̃μjη

x
μ0 + Ỹμjη

y
μ0)

))
. (2.84)

By using new notations
√

Mηx
μ0 = ηx

μ, we obtain for M → ∞

e
− H

kBT =

∞∫
−∞

2∏
μ=1

dηx
μdηy

μ exp
(
−π

2∑
μ=1

(ηx2
μ + ηy2

μ )

− H ′

kBT
− 2

2∑
μ=1

√
πW̃μ

kBTV
(X̃μη

x
μ + Ỹμη

y
μ)

)
. (2.85)

In the case of small interband interaction, W12 < W11W22, one can diagonalize
the operator inside the exponent in Eq. (2.85) by means of Bogolyubov-Valatin
transformation (2.58)

e
− H

kBT =

∞∫
−∞

2∏
μ=1

dηx
μdηy

μ exp
(
−π

2∑
μ=1

(ηx2
μ + ηy2

μ ) − H0(η1, η2)

kBT

)
, (2.86)

where H0 is given by Eqs. (2.59) and (2.61) with

Eαk =

√(
ε̃α(k) − Wαα

2V

)2

+ |ηα|2, (2.87)

ηα =
2∑

μ=1

√
πkBT

W̃μ

V
ϑμα(ηx

μ − iηy
μ). (2.88)

After transformation of the integration variables we finally have

e
− H

kBT =
V 2

(πkBT )2W̃1W̃2

∞∫
−∞

dη′
1dη′

2dη′′
1dη′′

2 exp
(
−V Ξ(η1, η2)

kBT
− H0(η1, η2)

kBT

)
,

(2.89)
where

Ξ(η1, η2) =
1

W̃1W̃2

(
W11|η2|2 + W22|η1|2 − 2W12(η

′
1η

′
2 + η′′

1η
′′
2)

)
. (2.90)

For the partition function of two-band superconductor one obtains after replacing
the summation over wave vector k with the integration over energy

Z =

∞∫
−∞

dη′
1dη′

2dη′′
1dη′′

2 exp
(
−V F̃ (η1, η2)

kBT

)
. (2.91)
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Here non-equilibrium free energy density F̃ = F/V reads as

F̃ (η1, η2) = F̃n +
∑

α

ραJ̃α(ηα) + Ξ(η1, η2), (2.92)

where the function J̃α(ηα) is given by Eq. (2.69) with notation (2.87) and F̃n =
F̃ (0). In the limit W12 → 0 the partition function factorizes and one gets two
autonomous one-band contributions. Note that bulk equilibrium free energy den-
sities as well as the equations for corresponding equilibrium order parameters co-
incide in the approaches based on the Bogolyubov inequality and on the Hubbard-
Stratonovich transformation.
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3 Results and discussion

In the next three sections we consider spatially restricted homogeneous system
with the second-order phase transition. We will investigate its behavior by use
of the model non-equilibrium free energy density (1.10) and study the finite-size
effects by means of the Fokker-Planck equation approach (see section 1.2). We
calculate the eigenvalues of the Fokker-Planck operator and analyze the behavior
of the dynamic susceptibility and dynamic heat capacity. For our calculations
we use the following set of parameters: Tc = 10, α = 10 (if other value is not
specified), b = 1, and kB = γ = 1.

Afterwards, we will study the properties of the superconducting ordering and
investigate the relaxation and homogeneous gap order parameter fluctuations in
two-band system. In the latter case no artificial constraints for the physical con-
stants are assumed.

3.1 Relaxation rates in finite systems

The size effects on phase transition in ferroelectrics has been known since the
1950s [96, 97] but, due to their practical importance [98, 99], the interest in re-
stricted condensed systems continues to be high nowadays as well. According to
the phenomenological finite size scaling theory [100–103], when the correlation
length rc(T ) attains in the vicinity of the critical temperature Tc a magnitude of
the order of the characteristic size L of a finite system, the deviations from the gen-
uine critical behavior will set in: the singularities in the thermodynamic functions
become rounded extrema located in somewhat shifted positions. It is predicted
that the finite-size effects on the critical phenomenon are controlled by the ratio
L/rc. This assertion determines the shift of the critical temperature of a finite-
size system, particularly, the lowering of transition temperature as the dimension
decreases, until the critical size is reached at which the transition temperature
vanishes. The critical size and size effect on the transition temperature in various
ferroelectric systems, see e.g. [104–108], have recently been actively investigated.

In order to establish finite-size behavior of the eigenvalues of the Fokker-Planck
operator, we calculate them numerically, solving the corresponding Schrödinger
equation by means of the symplectic method (see section 2.3). The first four
eigenvalues λ1−4 of the Fokker-Planck operator LFP are shown in Fig. 1 as func-
tions of temperature for various volumes of the system. As one can see, the first
eigenvalue λ1 is a monotonous function of temperature which in the monostable
region T > Tc asymptotically approaches α(T − Tc) (compare with Eq. (1.27)).
Thus, above Tc this eigenvalue is a measure of intrawell dynamics. In the bulk
limit λ1 = 0 for T < Tc, pointing at the spontaneous symmetry breaking phe-
nomenon. For finite system the rate λ1 determines below Tc the relaxation for
the interwell dynamics. It may be approximately described by the Arrhenius-like
formula [109] in the appropriate temperature range below Tc. To be adequate in
the whole range of parameters, a substantially better approximation of λ1 is found
in the context of the activated Brownian motion [110]. Unlike the monotonicity of
λ1, the higher eigenvalues λ2−4 have a minimum in the bistable region which shifts
to the critical temperature Tc and becomes deeper when the volume increases. It is
the consequence of the volume dependent noise. In the bulk limit λ3 = 2α(Tc −T )
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Figure 1: (a, b, c) The plots of the eigenvalues λ1,3 (solid lines) vs temperature for
various volumes V = 0.1 (a), V = 1 (b), and V = 10 (c). The dashed lines are defined
as 2α(Tc − T ) for T < Tc and α(T − Tc) for T > Tc. In (d) the sketch of the third
eigenfunction below Tc and the first eigenfunction above Tc for V = 1 is given (solid
lines) with the corresponding bistable and monostable behavior (dashed lines) of the
Landau potential (1.10). (e, f) The plots of the eigenvalues λ2 and λ4 vs temperature
for various volumes V = 0.1 (triangles), V = 1 (circles), V = 10 (squares) and bulk limit
V → ∞ (solid curve).

for T < Tc, in accordance with the Landau phase transition theory (1.27). Thus,
the third eigenvalue has to be interpreted at low temperatures as the relaxation
rate of the intrawell processes. The same follows from the comparison of the cor-
responding eigenfunctions (see Figure 1d). For the even eigenvalues one obtains
in the bulk limit for T < Tc

λ2 → α(Tc − T ), λ4 → 2α(Tc − T ), (3.1)

and for T > Tc

λ2 → 2α(T − Tc), λ4 → 4α(T − Tc). (3.2)
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Non-monotone change of λ2−4 appears also in the volume scale as temperature
is kept fixed: for T < Tc eigenvalues have minimum for finite sample which shifts
to larger volumes and becomes deeper when T → Tc.

The behavior of eigenvalues in finite systems has another interesting property.
At critical temperature Tc we obtain the universal volume independent ratios

Rχ =
λ3

λ1

� 6.04, (3.3)

RC =
λ4

λ2

� 2.86 . (3.4)

In fact, for glasses the close values were found for α- and β-relaxation [111].
According to the phenomenological finite size scaling theory [100–103], any

thermodynamic property of M has its scaling form at fixed system size L

ML(T ) = LγM/νM0

(T − Tc

Tc

L1/ν
)
, (3.5)

where γM is the corresponding critical exponent, ν is the critical exponent of the
correlation length, and M0 is the finite-size scaling function. Note also that the
subsidiary scaling hypothesis rcL � LX(L/rc), where rcL is the correlation length
in the actual finite-size system, reconciles the role of the variable L/rcL with the
original hypothesis of phenomenological finite-size scaling about the role of L/rc

[112].
The finite-size studies indicate that the structure of the finite-size scaling func-

tions M0 is most interesting below the critical temperature Tc where these functions
have characteristic maxima [113–116]. The location of peaks in quantity ML can
be used to determine the critical temperature of a finite system TcL. As far as
one accepts the assertion that the only criterion determining the finite-size scaling
effects in the critical region is rc ∼ L, one obtains

TcL = Tc − BL− 1
ν , (3.6)

where B is a non-universal positive constant. Following Fig. 1 one can con-
clude that symmetry is restored in finite samples as soon as the relaxation rate
λ1 becomes nonzero. However, this happens simultaneously with approaching the
minimal value of λ2−4 (maximal value of relaxation time 1/λ2−4) as temperature
increases. The latter circumstance essentially indicates the transition point in spa-
tially restricted system. We will be interested in the temperatures at which the
relaxation rates λ2−4 take their minimal value, reflecting in such a way a slow-
down effect for the given dimension of the sample. We will also associate these
temperatures with finite-sample (pseudo)critical temperatures TcL. The typical
dependence of the temperature TcL on the linear size of the system L = V 1/3 is
illustrated in Fig. 2. As the volume of the sample decreases, the transition tem-
perature decreases. This allows us to estimate the exponent ν ≈ 2

3
. The latter

can be also obtained by using hyperscaling relation in three dimensional case [24].
In fact, in the Gaussian approximation which incorporates the spatial variance
of fluctuations, but neglects interwell motions in the non-equilibrium free energy
landscape, one has ν = 1

2
(see Eq. (1.31)). Thus, in the present approach one can

construct the quantity being an analog of the correlation length rc. This length
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Figure 2: The plot of the (pseudo)critical temperature TcL vs the linear dimension of
the system L = V 1/3 for α = 1 (points). The bulk transition temperature is Tc = 10.
The left dashed line is determined by the condition L ∼ rξ(TcL), the right dashed line
by the condition L ∼ rc(TcL), i.e. by Eq. (3.6). The solid line corresponds to Eq. (3.8).

scale determines the behavior of the temperature TcL in the sufficiently large sam-
ples. However, in small samples the shift equation (3.6) breaks down as shown
in Fig. 2 and the critical size (Tc/B)−ν does not appear. This is caused by the
appearance of another length scale rξ in sufficiently small systems. In the present
model, the critical temperature behaves in sufficiently small systems as TcL ∼ L3.
This excludes the existence of a finite critical size of the sample and TcL remains
non-zero for arbitrary finite sizes. The latter result is not surprising because the
present scheme does not take into account the main factors responsible for a finite
critical size [12, 14]. Nevertheless, it predicts suppression of the ordering as the
volume of the sample decreases enacted solely by thermodynamics of the system
and ignoring all boundary effects. It has to be noted that corrections [117, 118]
to Eq. (3.6) do not predict the calculated dependence of the critical temperature
TcL on size L.

The approximate solution for the transition temperature TcL can be derived
from the condition of competition between activation anergy and thermal energy

F̃ (0) − F̃ (η)min ∼ T

V
, (3.7)

where F̃ (0) − F̃ (η)min = a2/4 is the barrier height of non-equilibrium free energy
density (1.10) below Tc. This relation also follows from the analysis of the char-
acteristic features for the potential (2.52), and is depicted in Fig. 2. One can see
good agreement with numerically obtained points. At the same time the above
criterion has the same structure as the Ginzburg-Levanyuk criterion (1.32) and
it simply states that behavior similar to phase transition occurs in finite system
when stationary probability density redistributes between essential bi- and monos-
table structures. This redistribution appears as a result of the order parameter
fluctuations which increase with temperature. The condition (3.7) may also be
interpreted as

L ∼ rξ(TcL)rc(TcL), (3.8)

where rc(T ) ∼ (Tc−T )−2/3 has the meaning of the correlation length in the ordered
phase and rξ(T ) ∼ T 1/3. The phase transition in sufficiently large samples (TcL ∼
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Tc) is then determined by the condition L ∼ rξ(Tc)rc(TcL) ∼ rc(TcL). However, in
smaller systems (TcL ∼ 0) the critical behavior is driven by the thermal fluctuations
and L ∼ rξ(TcL)rc(0) ∼ rξ(TcL). This essentially reflects the competition between
two characteristic length scales on the critical behavior in the spatially restricted
samples. The crucial role of the correlation length rc in large systems has to be
devolved to the length rξ in small samples. The latter length scale appears as a
consequence of the stochastic nature of the order parameter in small systems.

One can also incorporate the critical size to the present model by taking into
account the surface-affected layer [119, 120]. Assuming the passive surface layer
[121] is connected with a homogenous core, one can estimate the layer thickness,
for instance, as the extrapolation length r∂V appearing in the Landau-Devonshire
theory with surface term [122, 123]. The physical interpretation of r∂V depends
on the nature of the layer. This consideration leads to the formal transformation
of the noise intensity T

V
→ T

V −r3
∂V

and guarantees a complete suppression of the

ordering below some critical dimension. In this case the condition (3.8) takes the
form

(V − r3
∂V ) ∼ r3

ξr
3
c , (3.9)

where V is the volume of the system (core and surface layer). Thus, in the macro-
scopic sample V � r3

∂V the phase transition occurs when L ∼ rc, but in the
vicinity of critical size V ∼ r3

∂V the transitional behavior is determined by the
condition (V − r3

∂V ) ∼ r3
ξ , i.e. by the length rξ. We believe that present model

may be of relevance for the description of the size dependent peculiarities of the
critical temperature, for instance, in ferroelectric particles [106–108, 124].

3.2 Dynamic susceptibility in finite systems

The response of the bulk order parameter to the applied field exhibits well-known
anomalous behavior in the vicinity of the phase transition temperature (see Eq.
(1.17)). At the same time, the internal noise in the finite sample, which leads to the
stochastic behavior of the order parameter, can interact with nonlinearity of the
system. The phenomenon of stochastic resonance [20, 125–127] is the consequence
of this interaction: the response of the non-linear system to the weak external field
can be considerably enhanced by the increase of the noise intensity and it reaches
the maximum at optimal noise level. We will demonstrate that the anomaly of
susceptibility at the phase transition point described by the Landau phase tran-
sition theory transforms into maximal response caused by stochastic resonance if
the volume of the system decreases. This crossover reflects the size dependent
competition between intrawell relaxation and interwell hopping dynamics of the
order parameter under applied weak force.

We start with non-equilibrium free energy density (1.10) which determines the
stationary probability density (1.33) for the order parameter η. In accordance with
Eq. (2.48), the correlation function for η(t) reads in steady state as

K(t) = 〈η(t)η(0)〉 � g1e
−λ1t + g3e

−λ3t, (3.10)

where λ1,3 are the first and third eigenvalues of the Fokker-Planck operator (1.38).
The coefficients g1,3 are generally defined in Eqs. (2.49)-(2.50). Due to the symme-
try of F̃ (η) the zeroth eigenfunction of the Fokker-Planck operator ψ0(η) = Peq(η)
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Figure 3: The plots of the modulus of susceptibility vs temperature at frequencies ω = 0.1
(a), ω = 1 (b), ω = 10 (c, d) for various volumes V = 0.1 (triangles), V = 1 (circles),
V = 10 (squares) and the bulk limit (solid lines without symbols). In Fig. (d) only
interwell dynamics is taken into account for finite systems.

is even function, the first eigenfunction ψ1(η) is odd and so on. It implies that
only terms with odd eigenvalues contribute to the correlation function (3.10). The
same eigenvalues define the order parameter relaxation, see Eq. (2.9). Following
Ref. [125], the coefficients g1,3 can be obtained from the correlation function and
its derivative at t = 0. By using Eq. (2.35) we get

K(t = 0) =

∞∫
−∞

ηeLFP 0ηPeq(η)dη = 〈η2〉 ≡ g1 + g3, (3.11)

K̇(t = 0) =

∞∫
−∞

(L†
FP η)eLFP 0ηPeq(η)dη = −a(T )〈η2〉 − 〈η4〉

≡ −λ1g1 − λ3g3. (3.12)

Therefore,

g3 =

(
λ1 − a(T )

)〈η2〉 − 〈η4〉
λ1 − λ3

, (3.13)

g1 = 〈η2〉 − g3. (3.14)

Using fluctuation-dissipation relation (2.14) we find the expression for the complex
susceptibility in finite system

χ(ω) = χ(0)
( g1

g1 + g3

λ1

λ1 + iω
+

g3

g1 + g3

λ3

λ3 + iω

)
, (3.15)
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Figure 4: The temporal realization of the order parameter for various volumes (from top
to bottom) V = 0.1, V = 10, V = 200, and V = ∞ (bulk limit). For each volume the
temperature is taken to produce the maximal response (maximal value of the modulus
of the susceptibility) to the small external field (thick periodic curves) with ω = 0.1. For
convenience of the data presentation the field amplitude is appropriately renormalized.

where χ(0) = V
T
(g1 + g3) and ω is the frequency of the applied periodic field

influencing the order parameter. In finite system the term proportional to the co-
efficient g1 describes the contribution from the interwell or hopping dynamics with
the characteristic rate λ1, and the term proportional to the coefficient g3 describes
the contribution from the intrawell or local dynamics with the corresponding char-
acteristic rate λ3 in the bistable regime. In the bulk limit, the characteristic time
λ−1

1 diverges below Tc, reflecting the fact that λ−1
3 governs the leading time de-

pendence of the autocorrelation function (3.10) in large system below Tc. Above
Tc this characteristic time represents only a subleading relaxation channel. The
relaxation times exhibit substantial changes as the volume of the system decreases,
however, the minimum of λ3, appearing as soon as the relaxation rate λ1 becomes
nonzero, remains an essential feature of the relaxation phenomena in finite samples
(see Fig. 1).

The dependence of susceptibility (3.15) on temperature for various volumes and
frequencies is displayed in Fig. 3. As one can see, the resonant maximum of |χ(ω)|
shifts to higher temperatures if the volume increases, approaching asymptotically
the response anomaly at the phase transition point Tc in the infinite volume limit.
According to the Landau theory, in the latter limit the temperature and frequency
dependencies of χ are given by the following relations

χ(ω) =

⎧⎪⎪⎨
⎪⎪⎩

1

λ1 + iω
, T > Tc

1

λ3 + iω
, T < Tc

, (3.16)

where one must choose λ1 = α(T − Tc) if T > Tc, and λ3 = 2α(Tc − T ) if
T < Tc. To obtain this expressions from Eq. (3.15) one has to compute the
weak noise limit, evaluating the moments 〈ηn〉 by means of parabolic cylinder
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Figure 5: The logarithmic plot of the reciprocal susceptibility |χ(ω, T )|−1−|χ(ω, Tmax)|−1

measured at frequency ω = 1 as a function of T − Tmax for various volumes V = 0.1
(squares), V = 1 (triangles), and V = 10 (circles) with fitted to the Eq. (3.17) solid
lines. The slope determines the critical exponent γχ.

functions [128]. The transformation of the response maximum with volume is
caused by the competition between the interwell and intrawell processes. This
competition is observable from the comparison of cases (c) and (d) in Fig. 3.
The main contribution to the response maximum for larger systems (lower noise
intensity) stems from the intrawell relaxation, but for smaller volumes (higher
noise intensity) the interwell dynamics dominates. As a result, in smaller systems
the phenomenon of stochastic resonance takes place where the order parameter
hopping processes become synchronized with weak periodic field (Fig. 4). An
increase in the frequency leads to the lowering and broadening of the maxima of
susceptibility together with the rise of the resonant temperature.

Thus, there is a crossover from the stochastic resonance in a small sample to
the usual second-order phase transition anomaly in a macroscopic system. These
phenomena, both characterized by enhanced sensitivity to the external field, are
complementary to each other in the present model.

Stochastic resonance with an external source of noise was experimentally ob-
served in ferroelectrics, for example, triglycine sulfate [129, 130]. However, let us
look at the relaxor [131] and ceramic [132–136] ferroelectrics. In these materials
the ferroelectric transition becomes increasingly diffuse with a decrease in grain
size. A diffuse phase transition is usually characterized by the following features:
a broadening in the maxima of the χ-T curves, relatively large separation in tem-
perature scale between the real and imaginary parts of the susceptibility maxima,
a deviation from the Curie-Weiss law in the vicinity of the transition temperature,
frequency dispersion of the susceptibility and some others. All these signatures
are realized in the present model if one considers the finite sample. The quantita-
tive measure of the diffuseness of the phase transition can be estimated using the
following equation for T > Tmax (Tmax corresponds to the peak in |χ(ω)|) [134–139]

|χ(ω, T )|−1 − |χ(ω, Tmax)|−1 = D(T − Tmax)
γχ , (3.17)

where D is a constant and the critical exponent γχ = 1 for a classical Curie-Weiss
ferroelectric, γχ = 2 for the system with a completely diffuse phase transition, and
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Figure 6: The plots of the susceptibility vs temperature at frequency ω = 3 for various
volumes V = 0.1 (a, b: triangles), V = 1 (a, c: circles), V = 10 (a, d: squares) and the
bulk limit (a-d: curves without points). In Figs. (a-d) the modulus of the susceptibility
(a), its real part (b-d: solid curves and filled points) and imaginary part (b-d: dashed
curves and empty points) are displayed.

Figure 7: The plots of real part of the susceptibility vs temperature at various frequencies
ω = 3 (a: solid curve), ω = 10 (b: solid curve) and ω = 30 (c: solid curve) for the sample
with V = 0.1. In Figs. (a-c) the bulk limit is depicted by dashed curves. In Fig. (d) the
borderline between stochastic and deterministic behavior is plotted in V -ω space.
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for systems with intermediate degrees of diffuseness 1 < γχ < 2. As follows from
Fig. 5, the critical exponent γχ decreases in our model with dimension increase
pointing to the well-known experimental fact that a sharp phase transition can
occur only in the thermodynamical limit, getting smeared in the finite system.
Thus, we believe that stochastic resonance may be of relevance for the dielectric
constants measurements in these types of materials reproducing the observed dif-
fuseness of the phase transition. Moreover, these experiments may be thought
to evidence that in small samples the order parameter becomes unavoidably a
stochastic variable.

The size induced crossover from stochastic to deterministic response is clearly
seen also in the behavior of real and imaginary parts of susceptibility (Fig. 6).
In the region of pure stochastic response the real part of the susceptibility has
only one maximum. However, three extrema of the real part appear as the volume
increases. Real and imaginary parts of the susceptibility approach in the bulk
limit their deterministic values predicted by the Landau theory. Similar behavior
is stated also in the frequency space for fixed volume of the system. Thus, the
borderline between pure stochastic and deterministic-like response of the finite
system appears in the V -ω diagram (Fig. 7).

The discussed above crossover of the response behavior in the spatially re-
stricted sample may also be illustrated in terms of relaxation characteristics. One
can rewrite expression (3.15) in the Debye form

χ(ω) =
d(ω)

λ(ω) + iω
, (3.18)

where d(ω) = −ω(χ′ 2 + χ′′ 2)/χ′′ and λ(ω) = −ωχ′/χ′′ are temperature and
frequency dependent quantities determined by the real χ′ and imaginary χ′′ parts
of the susceptibility (3.15). The frequency dependence appears due to multiple
relaxation mechanism with rates λ1 and λ3. In the high frequency limit d → 1 and
the relaxation rate λ takes the form

λ∞ =
g1λ

2
1 + g3λ

2
3

g1λ1 + g3λ3

. (3.19)

According to this equation, the high frequency relaxation rate has the minimum
near the phase transition temperature Tc (Fig. 8). This relaxation rate takes
into account only fast intrawell processes. Thus, in the high frequency limit Eq.
(3.18) generates essentially the deterministic-like response. The deviation from Eq.
(3.16) is mainly due to finite size effect on the relaxation rate. Similar peculiari-
ties of the high frequency relaxation were recently established in various ceramic
ferroelectrics, see, for instance, [140–146].

In the low frequency limit the response of finite system has stochastic nature.
In this situation the relaxation rate λ passes through a broad frequency dependent
minimum in the temperature scale (Fig. 8), and the coefficient d exhibits non-
monotone temperature behavior. While the eigenvalue λ1 is non-zero, the low
frequency relaxation rate coincides with λ1. This feature reflects the essential role
of the interwell processes in the corresponding temperature and frequency domain,
and enhanced sensitivity to the external field is caused here by the phenomenon of
stochastic resonance. However, at low temperatures, where λ1 = 0, the relaxation
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Figure 8: (a) The logarithmic plots of the high frequency relaxation rate λ∞ vs tem-
perature for V = 0.1 (triangles), V = 1 (circles) and V = 10 (squares). The dashed
curve corresponds to the macroscopic limit. (b) The plots of the frequency dependent
relaxation rate λ vs temperature at various frequencies ω = 0.1, ω = 1, ω = 10 and
ω = ∞ (solid curves: from bottom to top) for the system with V = 10. The dashed
curve represents the macroscopic limit. Points correspond to the eigenvalues λ1 and λ3

(λ3 > λ1).

rate λ approaches the value λ3. This leads to the remarkable change in slope of λ
near the corresponding (pseudo)critical region as compared with its high frequency
or bulk limit. Similar peculiarities were also experimentally established in ceramic
ferroelectrics [144–146].

It is interesting to note, that at Tc the ratio of the high frequency and low
frequency relaxation rates in finite systems is also volume independent

R =
λ∞
λ1

� 1.46. (3.20)

The latter relation may be checked in the relaxation experiments.
Finally, in addition to the resonance of the response driven by temperature,

the existence of the system size resonance in the present scheme is illustrated in
Fig. 9. As one can see, the dynamic susceptibility behaves resonantly when the
dimension increases. A similar phenomenon was recently established in various
ferroelectric systems both experimentally and theoretically, e.g., see Refs. [147–
152] and references therein. However, in the present scheme the sharp maximum of
the susceptibility in the low-volume region is the consequence of the size stochastic
resonance [147, 153–155], relating the latter phenomenon to the existence of the
critical dimension below which the ordering vanishes. In this region, the suscepti-
bility is very sensitive to the frequency of the applied field and an effect of the size
stochastic resonance is supported by its smaller values. As temperature increases
the maximum of the susceptibility moves to larger volumes and broadens. In the
large-volume region the role of the interwell dynamics and size stochastic reso-
nance are suppressed. The main cost to the susceptibility stems from the intrawell
processes (Fig. 9), and the asymptotic behavior is given by Eq. (3.16). As fre-
quency increases, the response becomes indistinguishable from deterministic one,
once more suggesting the crossover between stochastic and deterministic behavior.

The susceptibility analysis presented here shows that one can separate both
temperature and volume scales into three zones. There are the intrawell vibrations,
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Figure 9: The plots of the modulus of susceptibility vs the volumes at fixed temperatures
T = 9.5 (a), T = 9.6 (b), T = 9.9 (c, d) for various frequencies ω = 1, ω = 3, ω = 8
(from top to bottom on each figure). In Fig. (d) only interwell dynamics is taken into
account.

interwell transitions, and ”one-well” response (these terms are taken from Ref.
[156]). The left-hand side of the maximum in Fig. 9a corresponds to the ”one-well”
response. In this region, a bistable system behaves effectively as a monostable one
and the susceptibility is governed mostly by its real part. The interwell transitions
manifest themselves in the right-hand side of the maximum. The resonant behavior
of the imaginary part is responsible for the formation of susceptibility in this
region, relating it to the maximal usage of the external field energy. The plateau
of the response is related to the intrawell vibrations, because for sufficiently large
volumes the wells in the bistable potential do not ”sense” each other. In this case,
the susceptibility is governed by its real part. Similar scale separation holds also
for the temperature dependent response (see, for instance, Fig. 3), but only in the
reverse order.

3.3 Dynamic heat capacity in finite systems

In this section we study the peculiarities of the dynamic heat capacity associated
with the order parameter distributed in the potential (1.10). We assume that
temperature is homogeneous in all parts of the sample considered.

The equilibrium properties of the system are determined by the partition func-
tion (1.8) and the internal energy difference ΔE = 〈Δε〉 is given by

Δε = V

(
−1

2
αTcη

2 +
1

4
η4

)
(3.21)
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with 〈. . .〉 =
∫ ∞
−∞ . . . Peq(η)dη. For the static heat capacity difference ΔC(ω = 0)

we correspondingly have

ΔC(0) =
∂

∂T
ΔE =

1

T 2

(〈Δε2〉 − 〈Δε〉2) . (3.22)

The latter expression defines the well-known proportionality between heat capacity
in the constant volume case and dispersion of the internal energy.

To obtain the frequency dependent heat capacity given by Eq. (2.32), we
have to find the appropriate correlation functions for ηn with n = 2, 4 by using
Eq. (2.48). Again, due to symmetry of F̃ (η) the stationary probability density
Peq(η) = ψ0(η) is an even function of η and the parity of ψi(η) alternates. As a
result, odd terms do not contribute to expansion (2.48) and we have

K2n,2m(t) ≡ 〈η2n(t)η2m(0)〉 − 〈η2n〉〈η2m〉 � gn,me−λ2t + hn,me−λ4t. (3.23)

Note that the expansion (2.48) stops after certain term, strictly speaking, only
for harmonic potential. By using relations similar to Eqs. (3.11) and (3.12), one
obtains

K2n,2m(t = 0) = 〈η2n+2m〉 − 〈η2n〉〈η2m〉 ≡ gn,m + hn,m, (3.24)

K̇2n,2m(t = 0) = −2n
〈∂F̃ (η)

∂η
η2n+2m−1

〉
+

T

V
2n(2n − 1)〈η2n+2m−2〉

≡ −λ2gn,m − λ4hn,m. (3.25)

Therefore,

gn,m = 〈η2n+2m〉 − 〈η2n〉〈η2m〉 − hn,m, (3.26)

hn,m =
K̇2n,2m(t = 0) + λ2

(〈η2n+2m〉 − 〈η2n〉〈η2m〉)
λ2 − λ4

. (3.27)

Using above equations, we obtain the frequency dependent heat capacity difference
by means of the fluctuation-dissipation theorem (2.30), namely,

ΔC(ω) = ΔC(0)

(
g2

g2 + g4

λ2

λ2 + iω
+

g4

g2 + g4

λ4

λ4 + iω

)
, (3.28)

where

g2 = α2T 2
c

g1,1

4
− αTc

g1,2 + g2,1

8
+

g2,2

16
, (3.29)

g4 = α2T 2
c

h1,1

4
− αTc

h1,2 + h2,1

8
+

h2,2

16
. (3.30)

The static heat capacity difference may be expressed in terms of g2 and g4 as
ΔC(0) = V 2

T 2 (g2 + g4).
The frequency dependent heat capacity (3.28) indicates that generally for the

symmetric (even) potential the time scales of the energy relaxation are defined by
the even eigenvalues of the Fokker-Planck operator. For harmonic potential only
the second eigenvalue of the appropriate Fokker-Planck operator contributes to
the relaxation process [58]. For the asymmetric (odd) potential the non-zero time
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Figure 10: The plots of the static specific heat capacity difference Δc(0) vs temperature
T (a) for various volumes V = 0.1 (triangles), V = 1 (circles), V = 10 (squares), V → ∞
(solid curve) and vs volume V (b) for fixed temperature T = 9.5.

correlations K2n+1,m(t) appear. This implies that the odd part of the spectrum
{λi} will be also involved to the energy relaxation. Thus, the frequency dependent
heat capacity provides an insight into the symmetry of the reduced free energy
F̃ and internal energy ε. In contrary to the prediction our model makes on the
energy relaxation, it is rather the dominance of the lowest odd eigenvalues (e.g.,
λ1, λ3) that has been obtained for the order parameter relaxation. While the order
of glass transition is still under discussions (see, for instance, Refs. [48, 157–159]),
very similar suggestions were recently made for glassy dynamics described by the
two-level model [160, 161]. Namely, if one visualizes the β-processes originating
from activated dynamics within a metabasin, while escape from one metabasin
to another is taken to describe an α-process, then for a symmetric double well
only the β-peak appears in the frequency spectrum of the imaginary part of the
dynamic heat capacity. However, it is rather the predominance of the α-peak that
has been observed for the dielectric relaxation.

Let us analyze the volume dependent peculiarities of the internal energy relax-
ation and the dynamic heat capacity. In Fig. 10 the static specific heat capacity
difference Δc(0) = C(0)/V is illustrated. In the temperature scale this quantity
has a volume dependent maximum. As the volume increases, Δc(0) approaches its
bulk limit known from the conventional Landau phase transition theory, namely
α2T/2 for T < Tc and 0 for T > Tc. This values follow also from Eq. (3.22). As
the temperature is fixed, one can get the enhancement of the static specific heat
capacity compared with its bulk value by changing the volume of the system. For
temperatures below Tc the maximum of Δc(0) appears for finite sample. As tem-
perature increases, this maximum shifts to larger volumes approaching the bulk
value for T = Tc. This behavior can be also related to the existence of the critical
dimension.

The latter deviations from the Landau-like behavior are essentially stochastic
effects. One can relate the (pseudo)critical region with the temperature region
where the static specific heat capacity Δc(0) approaches its maximal value. While
the internal energy difference itself increases with temperature in ordered phase,
its dispersion approaches the maximal value at the corresponding (pseudo)critical
temperature. The decrease of the volume leads to the noise driven redistribution
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of the probability density (between essentially bi- and monostable structure) at
slightly lower temperatures. As a result, one observes the lowering of the crit-
ical temperature with volume decrease. The phase transition becomes diffused
due to the fluctuational corrections to the Landau-like behavior. Similar effects
were revealed also experimentally in ferroelectrics. Here the temperature of the
specific heat jump appears to be dependent on the film thickness or particle size
and there was a distribution of these temperatures: the width became larger with
temperature decrease [162–164]. This size driven behavior is typical for the spa-
tially restricted systems under consideration. Appropriate analysis of the static
specific heat in small superconducting particles was also made for the complex
order parameter in Ref. [29].

The behavior of the dynamic heat capacity difference (3.28) is determined by
the relaxation rates λ2,4. Their bulk values are given by Eqs. (3.1) and (3.2). At
the same time, the linearization of ΔF̃ above Tc leads to the harmonic (therefore,
symmetric) potential with the second and the forth eigenvalue given by Eq. (3.2).
For the harmonic potential only the second eigenvalue contributes to the dynamic
heat capacity, i.e., above Tc in the bulk limit g2 �= 0 and g4 = 0 in Eq. (3.28).
However, the linearization below Tc leads to the shifted harmonic (asymmetric)
potential with the first eigenvalue 2α(Tc−T ). Due to asymmetry the latter governs
the leading time dependence in the correlation of the internal energy difference.
Thus, below Tc in the bulk limit g2 = 0 and g4 �= 0 in Eq. (3.28). The computation
of the weak noise limit leads to the same results. Therefore, for the bulk dynamic
heat capacity the leading time scale is given by 2α|Tc −T | above and below Tc. In
case of bulk susceptibility corresponding time scales are different above and below
Tc, namely, 2α(Tc − T ) for T < Tc and α(T − Tc) for T > Tc (see Eq. (3.16)).
Consequently, the ”law of two” is valid for the order parameter relaxation, but is
violated for the energy relaxation.

As the volume increases, the heat capacity contains a contribution (Fig. 1)
which relaxes increasingly slowly near the transition temperature leading to longer
waiting time for the energy to attain its equilibrium value (ω > λ2,4). Therefore,
in real measurements the energy response shows a time delay, and one can expect
that the complex heat capacity difference contains the information about this slow
dynamics. On the other hand, when the relaxation occurs at a rate faster than the
probing frequencies ω < λ2,4, the energy relaxes faster to its equilibrium value and
the dynamic heat capacity difference coincides with its usual static value. In this
case the modulus of the heat capacity is determined mostly by the real part and its
imaginary part is small. Unlike the bulk limit, in finite sample the dynamic heat
capacity difference becomes frequency independent at low frequencies ω < λ2,4 due
to min λ2,4 �= 0 (Fig. 11). Particularly, it means that in finite sample the energy
relaxes faster than the order parameter. As the frequency increases (ω > min λ2),
the (pseudo)critical region of the finite sample contributes to the dynamic capacity.
As a result, its imaginary part rapidly increases, while real part tends to decrease.
The peak of modulus gets smaller in height and more rounded (see also Refs.
[51, 165]). For frequencies min λ2 < ω < min λ4 the overlapping between real and
imaginary parts occurs. Further increase in frequencies (ω > min λ4) leads to the
monotone decrease of both parts. The dynamic heat capacity difference for the
restricted system becomes almost undistinguishable from its bulk value at high

41



� � � �� ��
�

���

���

���

�

�

�

�

� �

� � � �� ��
�

���

���

	��

�

�

�
�

�

�

Figure 11: The plots of the real (a) and imaginary part (b) of the dynamic specific heat
capacity difference Δc(ω) vs temperature for V = 1 (points) and V → ∞ (solid curves)
with frequencies ω = 1 (triangles), ω = 10 (circles) and ω = 50 (squares). For bulk limit
the frequency increases from the right curve to the left one.

frequencies. Again, one can conclude that there is a crossover between stochastic
and deterministic behavior of the energy response which is supported by the finite
minimal value of the energy relaxation rate in spatially restricted samples.

According to the formalism of De Donder-Prigogine-Defay [64], the behavior
obtained is the consequence of irreversible thermodynamics near equilibrium in
the linear regime. The thermodynamic irreversibility in the evolution of the order
parameter is the explanation of the frequency dependent heat capacity, and time-
averaged irreversible entropy production is directly proportional to the imaginary
part of the complex heat capacity. Thus, as the frequency of the temperature
perturbation or volume of the system increases, the thermodynamic irreversibility
of the critical region increases. Therefore, the complementarity between stochastic
behavior in small systems and deterministic behavior in large systems is accompa-
nied by the crossover between reversible and irreversible thermodynamics of the
critical region.

3.4 Relaxation channels in two-band superconductors

Multi-component superconductivity models include rather varied physics. In con-
nection with the presence of interacting order parameters, the superconducting
ordering, kinetics, and fluctuation properties of the multiband systems are quite
different from the corresponding characteristics in one-band superconductors. The
examination of theses peculiarities has been an object of growing interest. In the
present contribution, we focus our attention to the bulk superconducting properties
and investigate the relaxation of superconducting order parameters in two-band
system. We report the peculiarities of the temperature behavior of the relaxation
times characterizing the damping of the deviations of superconducting order pa-
rameters from equilibrium in dependence on intra- and interband interactions.

Next, we study the analytical properties of model non-equilibrium free energy
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Figure 12: The dependencies of T+
c (solid line) and T−

c (dashed line) on the interband
interaction constant W12.

(2.68). The equations for the stationary points of F̃ (η1, η2) are given by

η1 =
W11

2
η1ρ1Ĩ1(η1) +

W12

2
η2ρ2Ĩ2(η2),

η2 =
W22

2
η2ρ2Ĩ2(η2) +

W12

2
η1ρ1Ĩ1(η1). (3.31)

In the limit, where interband interaction is absent, i.e. W12 = 0, the latter system
splits into two independent equations which describe autonomous phase transi-
tions in two bands. The corresponding critical temperatures Tcα, α = 1, 2, are
determined by the conditions WααραĨα(0) = 2 where Wαα > 0 (intraband at-
traction). However, for arbitrary weak interband interaction W 2

12 < W11W22, the
temperatures of independent phase transitions Tc1,2 transform into critical points
T±

c

T±
c = 1.13

h̄ωc

kB

e−Θ±
, (3.32)

where

Θ± = 2

(
ρ1W11 + ρ2W22 ±

√
(ρ1W11 − ρ2W22)2 + 4ρ1ρ2W 2

12

)−1

. (3.33)

It follows that Θ+ < Θ−, consequently, T+
c > T−

c . The temperature T−
c has

physical meaning only if W11,W22 > 0 and W 2
12 < W11W22. The dependencies of

the critical temperatures T±
c on interband interaction constant W12 are shown in

Fig. 12. In this section the following parameters are used: W11 = 0.7 eV · cell,
W22 = 0.3 eV · cell ρ1 = 0.5 (eV · cell)−1, ρ2 = 1 (eV · cell)−1, h̄ωc = 0.05 eV and
cell = 0.1 nm3.

There exist two classes of non-trivial solutions of the system (3.31): η+
1,2 �= 0

if T < T+
c and η−

1,2 �= 0 if T < T−
c . One can find [166] that in case of interband

repulsion W12 < 0 the signs of η±
1,2 obey the following relations

sgn(η+
1 ) = −sgn(η+

2 ), sgn(η−
1 ) = sgn(η−

2 ), (3.34)

and in case of interband attraction W12 > 0

sgn(η+
1 ) = sgn(η+

2 ), sgn(η−
1 ) = −sgn(η−

2 ). (3.35)
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Figure 13: Left upper panel: the dependencies of η+1 (solid) and η+2 (dashed) on the
reduced temperature T/T+c for W12 = −0.0018 eV · cell. Right upper panel: the corre-
sponding dependencies of γτs (solid) and γτr (dashed) on T/T+c . In these figures the
critical temperatures T−c = 23.5 K and T+c = 37.8 K are depicted by the vertical markers.
In the lower panels the contour plots of model free energy density (2.68) are presented
for temperatures slightly below T−c (left) and slightly below T+c (right).

Note, that these rules do not determine the signs of the order parameters η±1,2
uniquely. The solutions η±1,2 define the phase diagram of a bulk two-band super-
conductor (Fig. 12). Above T+c the superconductor is in the normal (N) state and
η±1,2 = 0. In the domain T−c < T < T+c (SC1) we have a stable superconducting
state given by the equilibrium order parameters η+1,2 = 0. In the region below
T−c (SC2), an additional non-zero solutions η−1,2 = 0 of Eqs. (3.31) appear which
correspond to a metastable superconducting states (see also [167]) or, at least, to
the saddle-points of the free energy density F̃ (η1, η2).

In the following we consider the relaxation of small deviations of order param-
eters ∆ηα from their equilibrium values η+α in the normal and superconducting
phases. The corresponding Landau-Khalatnikov equations read as

d∆ηα
dt

= −
2

α=1

γαα
∂F̃ (η+1 + ∆η1, η

+
2 + ∆η2)

∂∆ηα
, (3.36)

where γαα are the kinetic coefficients. By expanding the model free energy density
(2.68) in powers of deviations we linearize the kinetic equations (3.36). As a result,
we obtain

d∆ηα
dt

= −
2

α,α=1

γαα
∂F̃ (η+1 + ∆η1, η

+
2 + ∆η2)

∂∆ηα∂∆ηα


∆η1,2=0

∆ηα . (3.37)

Using a suitable orthogonal transformation, the latter system decouples into two
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Figure 11: The plots of the real (a) and imaginary part (b) of the dynamic specific heat
capacity difference ∆c(ω) vs temperature for V = 1 (points) and V → ∞ (solid curves)
with frequencies ω = 1 (triangles), ω = 10 (circles) and ω = 50 (squares). For bulk limit
the frequency increases from the right curve to the left one.

frequencies. Again, one can conclude that there is a crossover between stochastic
and deterministic behavior of the energy response which is supported by the finite
minimal value of the energy relaxation rate in spatially restricted samples.

According to the formalism of De Donder-Prigogine-Defay [64], the behavior
obtained is the consequence of irreversible thermodynamics near equilibrium in
the linear regime. The thermodynamic irreversibility in the evolution of the order
parameter is the explanation of the frequency dependent heat capacity, and time-
averaged irreversible entropy production is directly proportional to the imaginary
part of the complex heat capacity. Thus, as the frequency of the temperature
perturbation or volume of the system increases, the thermodynamic irreversibility
of the critical region increases. Therefore, the complementarity between stochastic
behavior in small systems and deterministic behavior in large systems is accompa-
nied by the crossover between reversible and irreversible thermodynamics of the
critical region.

3.4 Relaxation channels in two-band superconductors

Multi-component superconductivity models include rather varied physics. In con-
nection with the presence of interacting order parameters, the superconducting
ordering, kinetics, and fluctuation properties of the multiband systems are quite
different from the corresponding characteristics in one-band superconductors. The
examination of theses peculiarities has been an object of growing interest. In the
present contribution, we focus our attention to the bulk superconducting properties
and investigate the relaxation of superconducting order parameters in two-band
system. We report the peculiarities of the temperature behavior of the relaxation
times characterizing the damping of the deviations of superconducting order pa-
rameters from equilibrium in dependence on intra- and interband interactions.

Next, we study the analytical properties of model non-equilibrium free energy
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Figure 14: Left upper panel: the dependencies of η+
1 (solid) and η+

2 (dashed) on the
reduced temperature T/T+

c for W12 = −0.006 eV · cell. Right upper panel: the corre-
sponding dependencies of γτs (solid) and γτr (dashed) on T/T+

c . In these figures the
critical temperatures T−c = 23.4 K and T+

c = 37.9 K are depicted by the vertical markers.
In the lower panels the contour plots of model free energy density (2.68) are presented
for temperatures slightly below T−c (left) and slightly below T+

c (right).

independent equations for the new, noncritical (rigid) and critical (soft) variables

d∆ηr,s
dt

= −λr,s∆ηr,s. (3.38)

Here the relaxation rates λr,s are the eigenvalues of a matrix based on the propor-
tionality coefficients in Eq. (3.37). These numbers determine the characteristic
times τr,s = 1/λr,s for the relaxation of order parameters. Now we present the
results of the calculations for the temperature dependencies of τr,s by assuming
γ11 = γ22 = γ and γ12 = γ21 = 0.

In the absence of interband interaction each of two relaxation times exist in
the autonomous one-band system. The critical slowdown appears in the damp-
ing of the superconducting ordering near the phase transition temperatures Tcα.
However, if an arbitrary weak interband pair-transfer attractive or repulsive in-
teraction is present, the new relaxation channels with characteristic times τs and
τr are formed (Fig. 13). The soft relaxation time τs as a function of temperature
diverges at the critical point T+

c and passes through a maximum in the domain
T−c < T < T+

c . The rigid relaxation channel, characterized by the time τr, do
not exhibit critical slowdown at the phase transition point, but it has a maxi-
mum approximately at the same temperature T < T+

c where τs passes through a
minimum. In Fig. 13 the temperature dependencies of the equilibrium supercon-
ducting gaps and the contour plots of model free energy density F̃ (η1, η2) near its
stationary points are also displayed. In particular, one can see here the formation
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Figure 15: Left upper panel: the dependencies of η+
1 (solid) and η+

2 (dashed) on the
reduced temperature T/T+

c for W12 = −0.06 eV · cell. Right upper panel: the corre-
sponding dependencies of γτs (solid) and γτr (dashed) on T/T+

c . In these figures the
critical temperatures T−c = 17.5 K and T+

c = 45.5 K are depicted by the vertical markers.
In the lower panels the contour plots of model free energy density (2.68) are presented
for temperatures slightly below T−c (left) and slightly below T+

c (right).

of metastable states below T−c .
The observed temperature behavior of relaxation channels in the superconduct-

ing phase (T < T+
c ) is sensitive to the strength of interband coupling. As |W12|

increases, the maxima of τs,r(T ) are suppressed, cf. Figs. 13 and 14. Finally,
one reaches to the characteristic times shown in Fig. 15 (see also [168]). One of
these times (τs) describes the slowly relaxing component of the order parameters
near the phase transition point, decreasing monotonically if temperature moves
away from T+

c . The other one (τr) is practically independent on temperature and
characterizes the rapidly relaxing component. In Figs. 13-15 one can also observe
the evolution of the temperature behavior of the equilibrium superconducting gaps
and the shape of model free energy density F̃ (η1, η2) as interband interaction in-
creases. We suppose that the peculiarity of relaxation dynamics established here
may be of relevance for the interpretation of corresponding experimental data in
copper-oxide high-Tc compounds [169–171] and magnesium diboride [172, 173].

Finally, in the vicinity of the transition temperature T+
c one can expand the

model free energy density (2.68) in powers of ηα and evaluate λr,s as a function
of temperature. As a result, near T+

c the leading contributions of the relaxation
rates read as

λr = 2γΘ+

ρ1(1− ρ1W11Θ

+) + ρ2(1− ρ2W22Θ
+)


, (3.39)

λs = 4γ̃
ρ1ρ2


1− Θ+

2
(ρ1W11 + ρ2W22)



ρ1(1− ρ1W11Θ+) + ρ2(1− ρ2W22Θ+)

T − T+
c

T+
c

, (3.40)
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where

γ̃ =

{
γ, T > T+

c

2γ, T < T+
c

. (3.41)

In this approximation the relaxation rate of rigid component is temperature inde-
pendent, whereas the damping of the soft component exhibits critical slowdown
near T+

c . For the latter component the Landau ”law of two” is valid, i.e. the
relaxation rate below T+

c is two times larger than the relaxation rate above T+
c .

It can be found that λr and the coefficient before the factor |T − T+
c |/T+

c in λs

increase if |W12| increases. Note that evaluation of λr,s by means of free energy
density (2.92) leads to the quantitatively different results. Near T+

c , particularly,
λr becomes larger than the value (3.39), while λs does not differ from value (3.40).
This essentially indicates that the schemes based on the Bogolyubov inequality
and on the Hubbard-Stratonovich transformation describe the order parameter
deviations (fluctuations) from bulk (mean-field) value differently.

3.5 Thermal fluctuations in two-band superconductors

The influence of spatially homogeneous thermal fluctuations of superconducting
gap order parameter on heat capacity and other thermodynamic characteristics
has been earlier investigated in finite-size one-band s- and d-wave superconduc-
tors [29, 90]. Here we study the role of homogeneous thermal fluctuations in the
thermodynamics of a finite-size two-band superconductor by using the partition
function (2.91) derived on the basis of the Hubbard-Stratonovich transformation
. We analyze the temperature dependence of the heat capacity for various vol-
umes and investigate the interplay between thermal fluctuations and interband
interaction.

The partition function (2.91) of a two-band superconductor is given by

Z =

∞∫
0

d|η1|d|η2| · |η1||η2| exp
(
− V F̃ (|η1|, |η2|)

kBT

)
, (3.42)

where F̃ can be interpreted as the non-equilibrium free energy density integrated
already over the phases of order parameters

F̃ (|η1|, |η2|) = F̃n − 4kBT
∑

α

ρα

h̄ωc∫
0

ln
cosh

√
ε̃2α+|ηα|2
2kBT

cosh ε̃α

2kBT

dε̃α

+
W22|η1|2 + W11|η2|2

W11W22 − W 2
12

− kBT

V
ln I0

( V

kBT

2|W12||η1||η2|
W11W22 − W 2

12

)
. (3.43)

Here F̃n = F̃ (0, 0) is the free energy density in the absence of superconductivity,
I0 is the modified Bessel function of the zeroth order. In Eq. (3.43) the electron
spectrum is taken as in the bulk (V → ∞) system.

In order to analyze the influence of the volume driven thermal fluctuations,
we consider the internal energy E of a finite superconductor. Introducing the
fluctuating quantity

ε = V F̃ − T
∂

∂T
V F̃ , (3.44)
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Figure 16: (a) The bulk specific heat capacity difference Δc(T ) = c(T )−cn(T ) vs reduced
temperature is depicted for various interband interactions |W12| = (1.8, 5, 18) · 10−3 eV ·
cell. The thickness of the curves decreases with |W12| increase. The Sommerfeld constant
of a two-band superconductor is γS = 2

3π2k2
B(ρ1 + ρ2). (b) The normalized bulk specific

heat capacity difference Δc(T+
c ) vs modulus of interband interaction constant |W12| is

depicted (solid curve). Note that T+
c (W12) increases with |W12| increase (dashed curve)

and T+
c (0) = 23.5 K.

one can find that E = 〈ε〉, where

〈. . .〉 =
1

Z

∞∫
0

d|η1|d|η2| · |η1||η2| · . . . · exp
(
− V F̃ (|η1|, |η2|)

kBT

)
. (3.45)

Correspondingly, the heat capacity can be expressed as

C =
∂E

∂T
=

〈ε2〉 − 〈ε〉2
kBT 2

− T

〈
∂2

∂T 2
V F̃

〉
. (3.46)

In a macroscopic sample the heat capacity reduces approximately to the mean-
field result

C ≈ −T
∂2

∂T 2
V F̃ (|η+

1 |, |η+
2 |), (3.47)

where the modulus of bulk order parameters |η+
1,2| is defined by the minimization

of the free energy density (3.43). These quantities depend on temperature and
vanish as temperature moves to T+

c . The temperature dependence of bulk specific
heat capacity difference Δc = ΔC/V is illustrated in Fig. 16. Note that in
this section we use different set of intraband parameters, namely, W11 = W22 =
0.3 eV · cell, ρ1 = 1 (eV · cell)−1, ρ2 = 0.9 (eV · cell)−1. We see that in a bulk
two-band superconductor the difference between the specific heat capacities in
superconducting and normal states, Δc(T ) = c(T ) − cn(T ), shows considerably
non-monotone behavior in the temperature scale. In the absence of the interband
interaction one can expect two autonomous phase transitions with corresponding
critical temperatures determined by the dimensionless intraband constants ραWαα.
Thus, in case W12 = 0 the quantity Δc(T ) consists of two one-band contributions
with specific heat jumps at different temperatures. If the interband coupling is
turned on the superconducting gaps of different bands are not independent which
leads to the formation of joint superconducting order in the both bands below T+

c .
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Figure 17: The plot of the specific heat capacity difference Δc(T ) = c(T ) − cn(T ) vs
reduced temperature for various volumes of the system V = (∞, 30, 10, 5, 3)·103 cell (the
thickness of the curves decreases with V decrease) with (a) |W12| = 1.8 · 10−3 eV · cell
(T+

c = 23.5 K) and (b) |W12| = 18 · 10−3 eV · cell (T+
c = 25.5 K).

However, as one can conclude from the two-maxima structure of Δc(T ) in Fig.
16, the memory about the lower one-band phase transition is clearly present if
the interband interaction is sufficiently weak. The maximum of Δc(T ) below T+

c

disappears as the interband coupling increases and the temperature behavior of
specific heat becomes more similar to the one-band situation (cf. [174–176]). Note
that the existence of two minimal one-electron excitation energies in a two-gap
superconductor as T < T+

c must be still reflected in the dependence Δc(T ) (see e.g.
[177–179]). Moreover, in a bulk two-band superconductor with interband coupling
the quantity Δc(T+

c )/γST+
c is not longer universal constant as in the one-band

Bardeen-Cooper-Schrieffer theory [180], but it substantially changes with |W12|.
The behavior is shown in the right panel of Fig. 16.

The expression (3.46) shows that the fluctuations of superconducting order
parameters contribute to the heat capacity via dispersion of internal energy. In
particular, in macroscopic sample one can use the Landau expansion for free energy
density and find near the phase transition point that

−T

〈
∂2

∂T 2
V F̃

〉
≈ Cn. (3.48)

As a result, in a macroscopic superconductor the deviation of the heat capacity
from its normal state value ΔC = C − Cn is predominately determined near T+

c

by dispersion of internal energy. Obviously, in the bulk limit the order parameters
do not fluctuate, and in order to investigate the fluctuations of superconducting
order parameters one has to consider the difference Δc(T ) for finite (in general
non-macroscopic) systems (Fig. 17). It is quite expectable that due to ther-
mal fluctuations the maximum of Δc(T ) becomes rounded extremum located in
somewhat shifted position. In case of small interband interaction the two-maxima
structure of the Δc(T ) disappears as thermal fluctuation increases (volume of the
system decreases). The only memory about autonomous phase transitions in a
sufficiently small superconductor is that the maximum of Δc(T ) becomes broader
as compared to the case of strong interband interaction. Moreover, in case of small
interband interaction the thermal fluctuations affect mostly the vicinities of former
autonomous phase transitions, while the region between them remains practically
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Figure 18: The plot of normalized ∂ε2 ≡ 〈( ε
V )2〉 − 〈 ε

V 〉2 vs reduced temperature for
various interband interactions |W12| = (1.8, 5, 18) · 10−3 eV · cell (the thickness of the
curves decreases with |W12| increase) with (a) V = 104 cell and (b) V = 103 cell. The
maximal value of ∂ε2 in the right panel is about 2.5 times larger than in the left one due
to different volumes.

unaffected. Therefore, one can conclude that effect of thermal fluctuations in
two-band superconductor is somehow controlled by the interband interaction. To
check this assumption its natural to consider the quantity ∂ε2 ≡ 〈( ε

V
)2〉 − 〈 ε

V
〉2

as a measure of fluctuations of superconducting order parameters and analyze its
dependence on the interband interaction. Generally, this dispersion has a global
maximum on the temperature scale, which shifts to the critical temperature T+

c

and decreases as the volume increases.
In sufficiently small superconductors the fluctuations increase with the increase

of the interband coupling, see the right panel in Fig. 18. Therefore, not only the
decrease of the volume, but also the increase of the interband interaction favors the
fluctuation effects in these systems. The situation is very similar to the one-band
case where the variance of internal energy increases with interaction constant.

In larger superconductors (the left panel in Fig. 18) the fluctuations also in-
crease with interband interaction in the vicinity of critical temperature. In par-
ticular, using Landau expansion one can find near T+

c for macroscopic system
Δc � V ∂ε2, see Eqs. (3.46) and (3.48). Thus, in a macroscopic system near
T+

c the quantity ∂ε2 increases with interband interaction as follows from Fig. 16.
However, at lower temperatures ∂ε2 shows opposite tendency: due to the memory
about the lower one-band phase transition the fluctuations increase with |W12|
decrease. Thereby, in a macroscopic sample with weak interband interaction the
superconducting fluctuations behave non-monotonically below T+

c . Correspond-
ingly, there is a redistribution of superconducting fluctuations in the temperature
scale driven by the interband interaction. These observations reflect the topolog-
ical peculiarities of the free energy density as a function of non-equilibrium order
parameters.
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Summary

In the present thesis we investigated peculiarities of the ordering in the spatially
restricted systems experiencing in macroscopic limit the phase transition. We pro-
ceeded from the model where the equation of motion for order parameter includes
volume dependent noise and soft potential determined by the phenomenological
Landau free energy. We also derived microscopically non-equilibrium free energy
for two-band superconductor by means of which kinetics and thermal fluctuations
of gap order parameters were analyzed.

We examined the critical slowdown of the order parameter relaxation in the
model with bulk second-order phase transition and demonstrated that this phe-
nomenon is determined in spatially restricted systems by the lowest odd eigen-
values of the Fokker-Planck operator. Moreover, the volume independent ratios
of the damping rates are predicted at bulk transition temperature and may be
verified in the relaxation experiments. We established that the dependence of
(pseudo)critical temperature on system size is characterized by the competition of
two length scales. The first scale is similar to the correlation length and deter-
mines the critical behavior in sufficiently large samples. The second scale appears
as a consequence of the stochastic nature of the order parameter and controls the
transitional features in small samples, particularly, in the vicinity of the critical
size.

We demonstrated that the anomaly of susceptibility at the phase transition
point transforms into maximal response caused by stochastic resonance if the vol-
ume of the system decreases. The phenomenon can also be interpreted as an
increase in the diffuseness of a phase transition with lowering of the critical tem-
perature. A clear borderline between deterministic and stochastic behavior is
shown.

We derived the frequency dependent complex heat capacity and demonstrated
that the dynamics of the energy relaxation, determined in symmetric case by the
lowest even eigenvalues of the Fokker-Planck operator, slows down in a critical
region. The complementarity between stochastic behavior in small samples and
deterministic behavior in large systems is accompanied by the crossover between
reversible and irreversible thermodynamics of the critical region. The frequency
dependent heat capacity provides an insight into the symmetry of the reduced free
energy.

Our results show that the account of the stochastic nature of the order param-
eter is necessary for interpretation of dielectric and calorimetric measurements, as
well as experimental data about the evolution of transition temperature in spatially
restricted samples, in ceramic and relaxor ferroelectrics etc.

Additionally, the relaxation of ordering in a two-band model of superconductiv-
ity in dependence on intra- and interband interactions was investigated. One can
distinguish two different time scales in the damping of the superconducting order-
ing in a two-band scenario. The formation of these relaxation channels is caused
by interband interaction, leading to the redistribution of damping processes of
the initially independent bands. The relevant relaxation times characterize the
kinetics of the critical and noncritical component which appear as certain linear
combinations of the deviations from the equilibrium band superconducting orders.
The considerable non-monotonic temperature dependence of the relaxation times
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has been established below the phase transition point. The behavior is caused by
certain competition between intra- and interband couplings and it allows one to
estimate the ratio of these interactions.

The temperature behavior of heat capacity in a two-band superconductor re-
veals qualitative changes in dependence on interband interaction. The contribution
from thermal fluctuations of superconductivity in a spatially restricted samples de-
pends on the strength of interband interaction. This dependence can be substan-
tially different in the vicinities of critical temperatures for corresponding one-band
subsystems.
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Summary in Estonian

Korrastuse stohhastilised ja deterministlikud omadused
faasisiirdega süsteemides

Väitekirjas on uuritud korrastuse stohhastilisi iseärasusi ruumiliselt piiratud
süsteemides, kus makroskoopilises situatsioonis leiab aset faasisiire. Lähtutud
on mudelist, kus korrastusparameetri liikumisvõrrand sisaldab fenomenoloogilise
Landau vabaenergiaga määratud pehmet potentsiaali ja ruumalast sõltuvat müra.
Samuti on mikroskoopiliselt tuletatud mittetasakaaluline vabaenergia kahetsooni-
lise ülijuhi jaoks, mille abil on analüüsitud korrastusparameetrite kineetikat ja
termilisi fluktuatsioone.

On näidatud, et korrastusparameetri relaksatsiooni kriitilist aeglustumist kir-
jeldavad ruumiliselt piiratud süsteemides Fokkeri-Plancki operaatori esimesed paari-
tud omaväärtused. Leitud on sumbumiskiiruste universaalsed (ruumalast sõltu-
matud) suhted, mida saab eksperimentaalselt määrata. On tehtud kindlaks kaks
pikkuseskaalat, milliste konkurents kujundab (pseudo)kriitlise temperatuuri sõltu-
vust ruumalast.

On demonstreeritud, et dünaamilise vastuvõtlikkuse anomaalia makroskoopi-
lise faasisiirde punkti ümbruses transformeerub ruumala vähenedes stohhastilise
resonantsiga seotud vastuvõtlikkuse maksimumiks. Leitud on stohhastilise ja de-
terministliku käitumise eralduspiir ruumala-sagedus tasandil.

Tuletatud on kompleksne sagedusest sõltuv soojusmahtuvus ruumiliselt piira-
tud faasisiirdega süsteemis ning leitud, et Fokkeri-Plancki operaatori esimeste
paaris omaväärtustega määratud siseenergia relaksatsioon aeglustub kriitilises piir-
konnas.

Analüüs näitab, et korrastusparameetri stohhastilise iseloomu arvestamine on
hädavajalik dielektriliste ja kalorimeetriliste, aga ka siirdetemperatuuri evolut-
siooni mõõtmistulemuste interpreteerimiseks väikese ruumalaga objektides, ke-
raamilistes ja relaksor ferroelektrikutes jm.

Uuritud on ülijuhtiva korrastuse ralaksatsiooni kahetsoonilises mudelis, võttes
arvesse nii tsoonidevahelist kui ka tsoonidesiseseid interaktsioone. Korrastus-
parameetrite relaksatsiooniaegade temperatuurisõltuvused on leitud olevat üli-
juhtivas faasis mittemonotoonsed, kui tsoonidevaheline interaktsioon on piisavalt
nõrk. Selline iseärasus võib olla oluline vastavate katseandmete tõlgendamiseks
mitmetes kõrgtemperatuursetes ülijuhtides (vaskoksiidid, magneesiumdiboriid).
Tsoonidevahelise interaktsiooni kasvades nimetatud iseärasus kaob.

On analüüsitud ruumiliselt homogeensete ülijuhtpilude termiliste fluktuatsiooni-
de mõju kahetsoonilise süsteemi termodünaamikale (soojusmahtuvusele) sõltuvalt
selle ruumalast ja tsoonidevahelise interaktsioonist. Varem on analoogne analüüs
viidud läbi ühetsooniliste, kas s- või d-laine tüüpi ülijuhtide jaoks.
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[148] I. Rychetský and O. Hudák, The ferroelectric phase transition in small spher-
ical particles, J. Phys: Condens. Matter 9, 4955 (1997).

[149] H. Huang, C. Q. Sun, Z. Tianshu, and P. Hing, Grain-size effect on ferro-
electric Pb(Zr1−xTix)O3 solid solutions induced by surface bond contraction,
Phys. Rev. B 63, 184112 (2001).

[150] C. L. Wang and S. R. P. Smith, Landau theory of the size-driven phase-
transition in ferroelectrics, J. Phys: Condens. Matter 7, 7163 (1995).

63
18



[151] C. L. Wang, Y. Xin, X. S. Wang, and W. L. Zhong, Size effects of ferroelectric
particles described by the transverse Ising model, Phys. Rev. B 62, 11423
(2000).

[152] W. Y. Shih, W. H. Shih, and I. A. Aksay, Size dependence of the ferroelectric
transition of small BaTiO3 particles - effect of depolarization, Phys. Rev. B
50, 15575 (1994).
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