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ABSTRACT

Motion planning is one of the core components of robotics and automation
that involves determining a sequence of movements or actions to achieve
a specific goal while satisfying various constraints. This thesis deals with
a variant of motion planning problem called Visibility Aware Navigation
(VAN), where the goal is to move between two points or track a reference
trajectory while keeping certain objects in the robot’s field of view at all
times. VAN finds applications in different areas such as target tracking,
aerial cinematography, marker-based localization, and cooperative ware-
house inventory. In target tracking and aerial cinematography, it ensures
clear visibility of the target while avoiding obstacles. In state estimation
and localization, it improves accuracy and robustness by planning paths
that maintain the visibility of markers like fiducial markers or beacons. VAN
can also lay the foundation for cooperation between Unmanned Ground Ve-
hicle (UGV) with more computing and sensing resources and a small-sized
Unmanned Aerial Vehicle (UAV). Visibility Aware Navigation (VAN) can
help a UGV to guide a UAV as long as their line of sight is not occluded.

However, there are two core challenges associated with VAN. First, ro-
bust algorithms should be developed that can handle complex constraints
such as visibility, even in highly cluttered and dynamic environments. More
specifically, the occlusions stemming from the obstacles that obstruct the
robot’s field of view need to be avoided during navigation. Second, the
solutions should perform in real-time on embedded devices that can be
carried by small robots like drones. This thesis proposes novel motion plan-
ning algorithms in the context of visibility-aware navigation that can handle
complex environments with static and dynamic obstacles, while also achiev-
ing real-time performance on resource-constrained devices. The algorithms
are extensively tested in both simulation and real-world environments and
benchmarked against different state-of-the-art approaches. The proposed
approaches outperform the state-of-the-art in different metrics such as oc-
clusion time, control effort, and computation time. Furthermore, the algo-
rithms run in real-time on embedded devices such as NVIDIA Jetson TX2
and Xavier.
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1. INTRODUCTION

Motion planning is a critical area of research in robotics and automation.
It involves determining a sequence of actions or movements to achieve a
desired objective or task while satisfying various constraints. In the context
of mobile robots, the task, for example, can be simply to navigate between
a start and a goal position. For manipulators, the task could be to pick
and place an object. Common examples of the constraints include avoiding
obstacles while respecting velocity and acceleration bounds. Despite these
challenges, motion planning with various constraints is extensively used
in several fields, including autonomous vehicles, industrial automation, and
logistics, where a range of mobile robots are used to automate various tasks.

A specific type of motion planning, visibility-aware navigation, addresses
the need to plan paths for mobile robots while maintaining the visibility of
specific points of interest, such as landmarks or targets. In many applica-
tions, including target tracking, aerial cinematography [1], [2], and marker-
based localization [3], keeping the target or object of interest in the field of
view is a critical and challenging task.

In target tracking, visibility-aware navigation can be used to ensure that
a tracking agent, such as a robot camera, maintains a clear view of the
target [1][4]. For example, in a surveillance application, a robot may need
to track a moving target while avoiding obstacles such as buildings or trees.
By planning a path that maintains the visibility of the target, the robot can
continue to track the target even as it moves and the environment changes.

Aerial cinematography is another application that benefits from
visibility-aware navigation [1]. A camera mounted on a drone can be used
to capture stunning aerial footage of landscapes, buildings, or events. How-
ever, to get the best shots, it is important to plan a path that maintains the
visibility of the subject while avoiding obstacles such as buildings, trees, or
other unforeseen obstacles [5]. By using visibility-aware navigation, a drone
can capture high-quality footage while ensuring the safety of the subject
and the surrounding environment.

State estimation and localization is another challenging component in
the motion planning pipeline [6], where visibility-aware planning can play
an important role. Localization involves determining the position and ori-
entation of a robot or sensor relative to a known reference frame. This
information is essential for accurate motion planning and control. In many
cases, state estimation and localization rely on markers, such as fiducial
markers or beacons, that can be easily detected and tracked by sensors
[7][8]. However, maintaining the visibility of these markers can be challeng-
ing, particularly in environments with occlusions stemming from static and
dynamic obstacles.
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By incorporating visibility-aware planning into state estimation and lo-
calization, it is possible to improve the accuracy and robustness of these
tasks [9]. For example, by planning paths that maintain the visibility of
the markers, a robot can more accurately track its position and orientation
even in complex environments and complete its task.

Besides the well-acknowledged applications of VAN discussed above, this
thesis also leverages it for the cooperative navigation of a UAV and UGV. A
potential utility of this cooperative navigation can be in inventory manage-
ment. Herein, an UAV needs to scan the racks of the warehouses through
its monocular camera while navigating through narrow, cluttered corridors
[10]. There are two core challenges to it from the perspective of autonomous
navigation. First, UAVs can carry limited computing power onboard. Sec-
ond, mounting sensors like LiDAR and RGBD cameras on the UAV can
increase its form factor and, at the same time, also reduce its flight time
[11]. An increased UAV size may also make it unsuitable for navigation in
tight indoor spaces. In such cases, a cooperative system can be introduced
wherein a UAV is guided by a UGV. With its more significant form fac-
tor, the UGV can carry more extensive computing and sensing hardware
and consequently plan motions for itself and the UAV. However, for the
UGV to be able to plan their motions, UAV-UGV LoS should be clear from
any occlusions. Using visibility-aware navigation the UAV and UGV can
coordinate their motions not to lose each other’s sight.

For the previously mentioned applications to benefit from visibility-aware
navigation, two core challenges need to be addressed. First, robust algo-
rithms should be developed to solve the problem of motion planning with
visibility constraints in various environments (i.e. static or dynamic). Sec-
ond, the solutions should perform real-time on embedded devices that can
be easily carried by small robots like drones. This thesis aims to tackle these
challenges by proposing innovative approaches to motion planning that can
handle complex constraints such as visibility, while also ensuring efficient
and real-time execution on resource-constrained devices.
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2. CONTRIBUTIONS AND SCOPE OF THE THESIS

The overarching aim of this thesis is to develop novel motion planning al-
gorithms in the context of visibility-aware navigation in highly cluttered
and dynamic environments. Moreover, the thesis also aims to apply VAN
to challenging problems such as target tracking in highly cluttered environ-
ments, aerial cinematography, and cooperative warehouse inventory with
visibility constraints. Although not explicitly considered in this thesis, the
proposed solutions can also be applied to scenarios of marker-based localiza-
tion, where the visibility of certain markers for accurate state estimation is
of paramount importance. Further, the proposed methods achieve high effi-
ciency such that the algorithms can be deployed on embedded devices that
can be carried by robots with limited payload and compute such as small
UAVs. In light of the aforementioned objectives, the thesis contributions
are summarized as follows:

• In Publication I, an MPC algorithm is developed for target track-
ing and aerial cinematography amongst static and dynamic obstacles
[12]. A unified reformulation is presented that takes into account the
tracking as well as collision/occlusion avoidance constraints. Thanks
to this reformulation, the MPC runs real-time on embedded devices
such as Jeston TX2. Furthermore, the developed method could be
leveraged in maker-based localization applications.

• In Publication II, the author improves upon the previous work in
terms of tracking targets with up to three times the speed as well as
handling more obstacles in real-time. The analytical formulation for
occlusion calculation developed in the previous work is replaced with
a learned occlusion model. In addition, a new optimization approach
is presented based on the CEM [13] to avoid getting stuck in local min-
ima and further decrease the computation time. The new approach
is an extension of the author’s work in Publication IV, where the au-
thor presents a new approach to efficiently solve several optimization
problems in parallel. Using this new method, the optimizer plans
collision/occlusion-free motions purely based on online point clouds
in completely unknown environments.

• In Publication III, the proposed visibility-aware formulation in Publi-
cation II is extended to incorporate cooperative navigation for a UAV
and UGV performing a warehouse inventory task. Using this new
formulation, a small-sized UAV using only a monocular camera can
perform the task of scanning the racks in a warehouse while avoiding
obstacles. The UGV, with its more significant form factor, can carry
all the sensors and compute to plan the motion both for itself and the
UAV as long as the UAV-UGV LoS is not occluded.
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3. BACKGROUND

3.1. Motion Planning

Motion planning is a fundamental problem in robotics that involves find-
ing a collision-free path for a robot to travel from its initial position to its
desired destination. At its most basic level, this involves connecting the
robot’s starting and ending poses in an environment containing obstacles,
using a trajectory that avoids collisions [14]. The spatial configuration of a
robot is determined by its Degrees of Freedom (DoF), and the collection of
all kinematically valid configurations that the robot can assume is known
as its configuration space, or C-space [15]. This space can be divided into
two subsets: the free space Cfree, which consists of configurations where
the robot can move without colliding with obstacles, and the obstacle space
Cobs, which represents the regions occupied by obstacles where the robot
cannot move without colliding. The configuration space is computed us-
ing the robot’s geometry, its DoF, and the environment map that is fed
into the planning algorithm. Figure 1 provides an illustration of Cfree and
Cobs configurations. Here, green is a 3-DoF, planar robot with its center
shown in yellow. S and G are the start and goal configurations, respec-
tively. The white area in (a) is the configuration space, while the free and
forbidden configuration spaces are shown by the white segment and light-
gray highlights in (b), respectively. More specifically, if the center of the
robot overlays with the gray highlights at any time, it would result in col-
lisions with either the obstacles or the walls (black edges). Notice that the
trajectory (dashed-line) connecting start and goal configurations is entirely
collision-free.

obs_2

obs_1

S

G

obs_2

obs_1

S

G

(a) (b)

Figure 1. Illustration of configuration space for a 3-DoF, planar, square-shaped
robot. S and G are the start and goal points, respectively. The white area in
(a) is the configuration space, and the white part and light-gray highlights in (b)
represent the cfree and cobs, respectively.
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Motion planning is critical for enabling robots to navigate through com-
plex and dynamic environments and to perform tasks autonomously. This
problem is challenging due to the high-dimensionality of the robot’s con-
figuration space and the need to avoid obstacles and other constraints
while reaching the goal state. Therefore, motion planning algorithms must
take into account the robot’s kinematics and dynamics, environmental con-
straints, and goal specifications to find a feasible and efficient path for the
robot to follow. These can include optimality, smoothness, and feasibility
of the task. Broadly, the motion planning algorithms can be categorized
into three different categories, namely Sampling-based, Search-based, and
Optimization-based.

3.1.1. Sampling-Based

Sampling-based motion planning algorithms generate a set of random sam-
ples, called configurations or states, in the robot’s configuration space (C-
space). Sampling-based methods such as Rapidly-Exploring Random Trees
(RRT) [16] and Probabilistic Roadmap (PRM) [17] use these configurations
to build a graph, connecting the collision-free configurations to form a path
between the initial and goal states. RRT and its variants grow a tree-like
structure from the starting configuration while sampling new configurations
in the configuration space. PRM, on the other hand, generates a graph by
connecting configurations to their k-nearest neighbors. The graph can be
searched for a path from the start to the goal configuration.

The primary advantage of these algorithms is that they are computation-
ally efficient and work well in high-dimensional and complex environments
[18]. They also have guarantees on finding a solution if one exists. How-
ever, sampling-based methods have some key shortcomings. One of the key
problems with PRM and RRT is that they often produce collision-free tra-
jectories that are sub-optimal. For example, the generated trajectory may
include large detours around the obstacles. Thus, algorithms like PRM∗

and RRT ∗ [19] introduce the notion of the shortest path within the PRM
and RRT algorithms, respectively. Collision checking is another key bot-
tleneck in sampling-based planners [20]. Sampling-based planners generate
a large number of random points in the configuration space, which need
to be checked for collision with the obstacles in the environment. This
process involves performing collision detection algorithms, which can be
time-consuming, especially if the environment has complex geometry or if
the robot has many degrees of freedom [21]. Moreover, in many practical
applications, the collision detection algorithms are not exact, and there is a
trade-off between accuracy and computational efficiency. The planner must
balance the number of collision checks performed with the level of accuracy
required for the generated paths [22]. This balance is critical because too
few collision checks may result in unsafe paths, while too many collision
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checks may make the planner impractical for real-time applications [18].
Algorithms like Lazy PRM [23] solve this problem by performing collision
checks on only a subset of sampled configurations. Some works like [24]
accelerate the collision-checking process itself by using supervised learning.

3.1.2. Search-based

Search-based motion planning algorithms employ graph search algorithms
such as A* [25] or Dijkstra’s algorithm [26] to find a collision-free path
from the start to the goal configuration. These algorithms are guided by
a heuristic function that estimates the distance or more generally the cost
to go between the current configuration and the goal configuration. The
heuristic function guides the search to move towards the goal configuration
while avoiding obstacles in the environment. These methods often use dis-
cretized representations of the configuration space to perform the search,
such as grid-based or lattice-based methods [27]. Search-based algorithms
are useful for environments with well-defined connectivity and narrow pas-
sages [28].

While search-based motion planning algorithms are effective in many
scenarios, they do have some limitations. One of the main shortcomings of
these algorithms is that they can be computationally expensive, particularly
in high-dimensional spaces. This can make them impractical for real-time
applications, where quick responses are necessary [29]. Additionally, search-
based algorithms can be susceptible to getting stuck in local minima, which
can result in suboptimal or inefficient paths [30]. Furthermore, these algo-
rithms rely heavily on accurate models of the environment, which can be
challenging to obtain in some scenarios, such as outdoor environments or
areas with dynamic obstacles [29],[28].

3.1.3. Optimization-based

An alternate approach for motion planning is to formulate it as an optimiza-
tion problem. This method, popularly known as trajectory optimization,
has become the preferred motion planning approach for several robotic ap-
plications ranging from manipulation [31], [32], [33] to autonomous driving
[34]. Succinctly, a trajectory optimization problem has the following generic
mathematical form.

minimize fo(ξ), (3.1)
subject to gi(ξ) ≤ bi, i = 1, ...,m (3.2)
subject to hj(ξ) = 0, j = 1, ..., n (3.3)

The variable ξ can be used to represent the various poses that the robot
can take. Its definition can also be expanded to incorporate the various
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velocities, accelerations as well as the control inputs required to move the
robot. The fo in (3.1) is called the cost function and models the notion
of optimality in the motion planning. For example, a suitable fo can be
constructed to generate trajectories that connect the start and end pose of
the robot with the shortest possible path. The function gi in inequality con-
straints (3.2) can be used to model constraints such as collision avoidance.
Similarly, the function hj in (3.3) can be used to model constraints imposed
by the dynamics of the robot or the task it is performing [33].

Trajectory optimization problems are computationally simple (i.e the
global minimum can be computed in polynomial time) when they have a
property called convexity wherein the functions fo, gi are shaped like a bowl
and hj has the shape of a hyper-plane [35]. Mathematically, the bowl shape
of fo, gi results from their Hessian (or second derivative) being positive semi-
definite. The function hj in turn should have an affine form to have the
hyper-plane shape. Unfortunately, most robot motion planning problems
are non-convex wherein the cost and constraint functions have an arbitrary
non-linear form (e.g product of trigonometric functions) [36],[37]. Such op-
timization problems have several local minimums besides the single global
minimum [38]. Obtaining the global minimum in such problems is com-
putationally intractable in most cases, especially if real-time performance
requirements of motion planning are factored in. Thus, existing works focus
on obtaining just the locally optimal solution. To this end, algorithms like
Gradient Descent (GD)[31], Sequential Quadratic Programming (SQP) [33]
and the CEM[13] are often used.

3.1.4. Gradient Descent (GD)

Gradient Descent [39] is a widely used first-order optimization technique
for solving trajectory optimization problems. This approach works by iter-
atively updating the parameters to minimize the cost function. It computes
the gradient of the cost function with respect to the parameters and up-
dates them in the opposite direction of the gradient until the cost function
is minimized [39].

However, gradient descent also has its own shortcomings. One of the
main issues is that the algorithm can easily get stuck in local minima,
which can prevent the robot from finding the global optimal solution [38].
This is because gradient descent only looks at the immediate neighborhood
of the current solution, and if there is a deeper minimum nearby, it may
not be able to find it. Additionally, gradient descent can be sensitive to the
choice of the learning rate, which determines the step size taken at each
iteration [40]. If the learning rate is too high, the algorithm can overshoot
the minimum and fail to converge, while if it is too low, the convergence
may be too slow.
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3.1.5. Sequential Quadratic Programming (SQP)

SQP is a non-linear optimization technique used to solve constrained op-
timization problems [41]. The algorithm works by iteratively solving a
Quadratic Programming (QP) sub-problem at each iteration. The QP
sub-problem is formulated by approximating the objective function and
constraints using a quadratic Taylor series expansion around the current
solution point [42]. The solution of the QP sub-problem is then used to
update the solution point and iterate the algorithm until a satisfactory so-
lution is obtained. One of the main benefits of SQP is its ability to handle
non-linear constraints efficiently and accurately, which is important in many
engineering and scientific applications [43].

Another advantage of SQP is that it is a highly flexible and customizable
optimization technique [44]. The algorithm allows for the incorporation of a
wide range of problem-specific constraints and objective functions, making
it suitable for a variety of applications. Additionally, SQP can handle prob-
lems with a large number of variables and constraints, making it suitable
for complex systems with many interrelated parameters [44].

However, SQP also has several limitations that must be considered when
using the algorithm. One of the main challenges with SQP is that it can be
sensitive to the choice of starting point, which can affect the convergence
and optimality of the solution [43]. Additionally, the algorithm can suffer
from issues such as ill-conditioning, which can lead to numerical instabil-
ities and difficulties in convergence [38]. Another potential limitation of
SQP is that it requires the computation of Hessian matrices, which can be
computationally expensive for large-scale problems [41].

3.1.6. Sampling Based Gradient-Free Optimization

a) Cross Entropy Method (CEM). CEM is a sampling-based opti-
mization algorithm [13]. It generates a set of samples, also known as can-
didate solutions, and evaluates them based on a cost or objective function.
The top-performing samples are selected, and their distribution is updated
based on a weighted sum of the selected samples. The process is repeated
iteratively until a satisfactory solution is found.

Consider the unconstraint objective function (3.1), the minimization for
such a function using CEM boils down to steps presented Alg. 1. CEM
is often used to solve optimization problems in high-dimensional spaces
where traditional gradient-based methods may not be suitable [45]. It has
been used in various applications such as reinforcement learning, machine
learning, and control theory [46][47]. Although CEM is a sampling-based
method, it differs from other sampling-based approaches like RRT or PRM
in that it does not directly generate a graph or tree-like structure [48]. In-
stead, it optimizes the distribution of samples to find the optimal solution.
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Algorithm 1: Cross Entropy Method for Minimizing f(ξ)
Input: Initial distribution parameters: mean vector µ, covariance

matrix σ, sampling size n, elite set size m, convergence
threshold ϵ, maximum number of iterations N

Output: Optimal solution: EliteSet with the lowest value for f(ξ)
1 for i = 1 to N do
2 Sample n solutions from the current distribution
3 Evaluate f(ξ) for each solution
4 Select the top m solutions (EliteSet)
5 Update the distribution parameters using the EliteSet:
6 • Compute the new mean for the EliteSet
7 • Compute the new covariance for the EliteSet
8 if the average value of f(ξ) for the EliteSet is less than or equal

to ϵ then
9 Exit the loop and return the EliteSet

10 end
11 end
12 Return the sample in the EliteSet with the lowest value for f(ξ) as

the optimal solution

Since CEM is an iterative algorithm that can quickly converge to a satisfac-
tory solution, it makes ideal for real-time applications. Another advantage
of CEM is that it can handle problems with stochastic and noisy objective
functions by using weighted sampling, allowing it to find robust and reliable
solutions [49].

However, like any optimization technique, CEM also has several limi-
tations. One of the main challenges with CEM is that it requires a large
number of samples to be generated to ensure that the optimal solution is
found [13]. This can be computationally expensive, especially for large-scale
problems with a high number of variables. Additionally, the performance of
CEM can be sensitive to the choice of initial distribution and the selection
of top-performing samples, which can affect the optimality of the solution.
Finally, the algorithm is not guaranteed to find the global optimal solution,
and it can converge to a local minimum instead [13].

Despite these limitations, CEM remains a popular and effective opti-
mization technique that can handle complex, high-dimensional problems
that are difficult to solve using other optimization methods [50].

b) Model Predictive Path Integral (MPPI). The Model Predictive
Path Integral is a stochastic optimization algorithm that is used in control
and robotics problems [51]. MPPI uses an MPC framework to generate a
set of candidate trajectories for a system [52].

In each iteration, MPPI samples a set of control inputs and simulates
the system under these inputs to generate a set of trajectories. The trajec-
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tories are evaluated using a cost function that penalizes deviations from the
desired state or behavior. The cost function is typically a sum of quadratic
terms that penalize deviations from a desired state, as well as control effort.
The best-performing trajectory is selected as the control input for the next
time step, and the process is repeated [51], [53].

One of the main benefits of MPPI is its ability to generate optimal control
trajectories for nonlinear and non-Gaussian systems by efficiently searching
through a large space of control inputs [54]. Additionally, MPPI can handle
constraints on the control inputs and states, making it useful in real-world
applications where such constraints are present [55].

However, MPPI also has several limitations and shortcomings. It is
sensitive to noise, and its performance may deteriorate significantly in the
presence of modeling errors or disturbances [53]. Moreover, it has a limited
horizon, and its performance is limited by the length of the horizon [56].
The planning horizon determines how far ahead in time the robot looks
when making decisions.

MPPI has been successfully applied to a wide range of control and
robotics problems, including quadcopter control and autonomous driving
[56], [57].

c) Covariance Matrix Adaptation Evolution Strategy (CMA-
ES). CMA-ES is a population-based stochastic optimization algorithm that
is used for high-dimensional optimization problems [58]. It uses a multivari-
ate normal distribution with a mean and covariance matrix to generate a
population of candidate solutions. The mean and covariance are updated in
each iteration based on the performance of the solutions to guide the search
towards the optimal solution [59].

CMA-ES is able to handle non-convex and non-linear problems, making
it useful in a wide range of applications [60]. Additionally, it is robust to
noise and can handle constraints on the search space, which is important in
many real-world optimization problems [61].

CMA-ES is particularly effective for problems with a large number of
parameters because it adapts the covariance matrix to the shape of the
objective function, which allows it to explore the search space efficiently
[61].

However, CMA-ES also has some limitations and shortcomings. It can be
computationally expensive, especially for high-dimensional problems, which
can limit its use in real-time applications. It can also suffer from local
optima, where it may get stuck in a suboptimal solution [59]. Furthermore,
its performance can be highly dependent on the selection of the algorithm’s
parameters, such as the population size and the learning rate [58].

CMA-ES has been successfully applied to a wide range of optimization
problems, including trajectory optimization, parameter tuning, and neural
network training [60].
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3.2. Visibility Aware Navigation (VAN)

VAN is a type of motion planning that takes into account the visibility
constraints of the environment when generating motion plans for robots or
other automated systems [62]. The goal of visibility-aware motion planning
is to generate trajectories that maximize the visibility of the robot’s
sensors or cameras or to minimize occlusions while avoiding obstacles and
satisfying other constraints. This problem is especially challenging because
the collision-avoidance requirement is often in conflict with occlusion
avoidance [4]. In other words, the trajectories which are collision-free are
not necessarily occlusion-free. For example, consider the scenarios depicted
in Figure 2. The task is for the quadrotor to reach the destination point
(shown in black) while avoiding the red obstacle and maintaining the
visibility of the human target. Although the quadrotor can choose to take
the green trajectory (Figure 2(a)) and avoid the obstacle while reaching the
destination point, its view of the human target would be occluded by the
red obstacle. More specifically, its LoS (shown with magenta) intersects
with the obstacle (highlighted with black circles). Therefore, it needs to
take the blue trajectory (Figure 2(b)) to both avoid the obstacle and keep
its LoS free of occlusions throughout the trajectory.

Figure 2. An example of regular navigation vs. visibility-aware navigation in an
environment with one obstacle (red).

VAN forms a core component in autonomous target tracking and aerial
cinematography pipelines [63], [64] and it is also important for improving
state estimation [9].

Authors in [1], [5] present algorithms for single target tracking and aerial
cinematography while minimizing occlusion in static environments. The
work in [65] extends [1] by incorporating two targets for tracking. These
works require a map of the environment, do not handle dynamic scenarios,
and need the target’s future trajectory for prediction.

The work in [4] leverages visibility-aware navigation for occlusion-free
target tracking in environments with dynamic obstacles. However, due to
the conservative method of handling occlusions (see Figure 4), it fails to
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find an occlusion-free path in an environment with narrow passages (refer
to the experiments in Section 5.4).

Authors in [66] present a visibility-aware approach for exploring the envi-
ronment using two quadrotors. One quadrotor does the task of exploration
while the other one keeps filming it and avoids occlusions stemming from
the environment. However, it is shown in Section 7.4.6 that putting the
responsibility of avoiding occlusion only on either of the vehicles does not
suffice, and the vehicles would fail to keep their LoS unobstructed in more
challenging, cluttered environments.

In the next few chapters, the thesis proposes a novel and comprehensive
approach for solving VAN. A particular emphasis of the approach lies in
avoiding occlusions from the environment while retaining real-time planning
performance.

3.3. Mathematical Preliminaries

In this section, mathematical preliminaries such as Multi-Convexity, Alter-
nating Minimization, and Trajectory Parametrization are covered. These
are later used in solving the optimization problem (4.1a) - (4.1f).

3.3.1. Multi-Convexity and Alternating Minimization (AM)

a) Multi-Convexity. Consider a function g(ξ1, ξ2, ξ3) whose arguments
can be split into three separate blocks of variables. The function g(.) is said
to be multi-convex (multi-affine) if fixing two of the variable blocks makes it
convex (affine) with respect to the remaining variables. For example, fixing
(ξ1, ξ2) makes g convex (affine) in ξ3 [67]. This definition trivially extends
to an arbitrary number of blocks of variables.

b) Alternating Mnimization (AM). Alternating (or Gauss Seidel)
minimization is an efficient technique for optimizing over multi-convex func-
tions. For example, the iteration for minimizing multi-convex function
g(ξ1, ξ2, ξ3) has the following form [68]:

k+1ξ1 = argmin
ξ1

g(ξ1,
kξ2,

kξ3), (3.4a)

k+1ξ2 = argmin
ξ2

g(k+1ξ1, ξ2,
kξ3), (3.4b)

k+1ξ3 = argmin
ξ3

g(k+1ξ1,
k+1ξ2, ξ3), (3.4c)

where k represents the iteration index. In each iteration, the optimization
is done over each variable block in a sequence. While optimizing over a
specific block, all other blocks of variables are held fixed at values obtained
at either the previous iteration or that obtained at preceding steps of the
same iteration.
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A Toy Example: Consider g(x1, x2, x3) = (x1x2 + x3 − 2)2. Three blocks
of variables ξ1 = x1, ξ2 = x2 and ξ3 = x3 can be identified with respect
to which g(.) is multi-convex. Figure 3 presents the surface plots when one
of the variable blocks is fixed and the function is evaluated for the other
two. As can be seen in Figure 3(a), g(.) is non-convex when ξ3 is fixed. In
contrast, as shown in Figure 3 (b) - (c), g(.) becomes convex when either
of ξ1, ξ2, is fixed. Following (3.4a) - (3.4c) will reduce the minimization of
g(.) into a sequence of QPs.

Figure 3. (a)-(c) show surface plots for g(x1, x2, x3), when x3, x1, and x2 are
held fixed, respectively and the function is evaluated for the other two variables.

Remark 1. Identifying the correct variables blocks with respect to which a
function is multi-convex is non-trivial. Several layers of reformulation are
often needed to make the multi-convex structure more explicit. Moreover,
the chosen blocks have a substantial impact on the efficiency of the resulting
AM-based optimizer.

3.3.2. Trajectory Parametrization
The optimizers developed in this work parametrize the position trajectories
in the following manner:



x(t1)
x(t2)
. . .
x(tn)


 = Wcx,



ẋ(t1)
ẋ(t2)
. . .
ẋ(tn)


 = Ẇcx,



ẍ(t1)
ẍ(t2)
. . .
ẍ(tn)


 = Ẅcx. (3.5)



y(t1)
y(t2)
. . .
y(tn)


 = Wcy,



ẏ(t1)
ẏ(t2)
. . .
ẏ(tn)


 = Ẇcy,



ÿ(t1)
ÿ(t2)
. . .
ÿ(tn)


 = Ẅcy. (3.6)



z(t1)
z(t2)
. . .
z(tn)


 = Wcz,



ż(t1)
ż(t2)
. . .
ż(tn)


 = Ẇcz,



z̈(t1)
z̈(t2)
. . .
z̈(tn)


 = Ẅcz. (3.7)

where, W,Ẇ,Ẅ are matrices formed with time-dependent basis functions
(e.g polynomials) and cx, cy, cz are the coefficients associated with the basis
functions.
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4. FORMULATING VISIBILITY AWARE NAVIGATION
AS AN OPTIMIZATION PROBLEM

4.1. Problem Formulation

To address the problem of visibility-aware navigation, a trajectory opti-
mization methodology is adopted in this thesis. This choice is motivated
by several reasons.

Firstly, optimization-based methods can handle complex objective func-
tions that involve multiple criteria or objectives, such as minimizing track-
ing errors, maximizing the number of tracked targets, or minimizing the
total cost of tracking [49], [45]. Visibility-aware navigation planning often
involves such objective functions that can be difficult to solve using search-
based or sampling-based methods [2],[69],[4].

Secondly, optimization-based methods can incorporate constraints on the
problem, such as maximum field-of-view angles, or physical constraints on
sensor placement. This is particularly important for visibility-aware target
tracking problems where such constraints should be satisfied for obtaining
a feasible solution [69], [66].

Thirdly, optimization-based methods can leverage prior information
about the target motion and sensor measurements to improve tracking ac-
curacy and efficiency [2].

Finally, optimization-based methods can be more computationally effi-
cient and scalable, particularly when the problem size is large [49], [38], for
example, due to a longer planning horizon.

4.1.1. Assumptions

• It is assumed that the quadrotor (robot) is moving at moderate speeds
for which kinematic models are sufficient. Due to the differential
flatness property, the motions along x, y, z axes, and the yaw motion
are all decoupled. These assumptions are standard in the existing
literature on quadrotor motion planning, including those dealing
specifically with target tracking [70] and drone-cinematography [71].
Also, like [71], [1], it is assumed that the variation of pitch and roll
angles have minimal effects on the visibility of the target. This is
reasonable for most of the commercially available quadrotors that
have a Field of View (FoV) of approximately 90 degrees.

• Independent Camera Control: Similar to works like [70], [71], it is
assumed that the camera motion is decoupled from the quadrotor’s
body motion. Thus, the quadrotor’s camera can always be aligned to
the LoS vector. For a quadrotor with a front-facing and a body-fixed
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camera, this boils down to aligning the yaw angle of the quadrotor at
each instant to the LoS vector.

4.1.2. Symbols and Notations

Normal-faced small case letters are used to represent scalars, while bold font
variants represent vectors. The matrices are represented through bold-font
upper case letters. The variable t denotes the time stamp of a variable. The
upper case variant T indicates the transpose of a matrix. Some symbols are
also defined in their first place of use. A special construction is used at some
places in the thesis where a variable at different timestamps is stacked to
form a vector. For example, α will be formed by stacking different α(t)s.
The main important symbols are summarized in Table 1.

Table 1. Important Symbols

x(t), y(t), z(t), ψ(t) Position, heading angle of the mobile robot (quadro-
tor) at time t.

xoi(t), yoi(t), zoi(t) Position of the ithobstacle. The timestamp is relevant
in case of dynamic obstacles.

uj A variable between 0 and 1 used to identify any point
in the LoS trajectory.

αoi(t, uj), βoi(t, uj), doi(t, uj) Variables associated with the collision and occlusion
avoidance constraints.

αr(t), βr(t), dr(t) Variables associated with our target tracking con-
straints.

xr(t), yr(t), zr(t) Target position at time t. These indicate the UAV
position in chapter 7.

m Number of planning steps

4.1.3. Trajectory Optimization

Considering the above assumptions, visibility-aware navigation can be
mathematically formulated as the following optimization problem:

min

t=tm∑

t=t0

ẍ(t)2 + ÿ(t)2 + z̈(t)2 + focc(x(t), y(t), z(t), xr(t), yr(t), zr(t)) (4.1a)

(x(t0), y(t0), z(t0), ẋ(t0), ẏ(t0), ż(t0), ẍ(t0), ÿ(t0), z̈(t0)) = b0 (4.1b)
(x(tm), y(tm), z(tm), ẋ(tm), ẏ(tm), ż(tm), ẍ(tm), ÿ(tm), z̈(tm)) = bf (4.1c)

smin ≤

∥∥∥∥∥∥



x(t)− xr(t)
y(t)− yr(t)
z(t)− zr(t)



∥∥∥∥∥∥
2

≤ smax, (4.1d)

fvel(ẋ(t), ẏ(t), ż(t)) ≤ vmax, (4.1e)
facc(ẍ(t), ÿ(t), z̈(t)) ≤ amax (4.1f)

fvel =
√
ẋ(t)2 + ẏ(t)2 + ż(t)2 (4.2)

facc =
√
ẍ(t)2 + ÿ(t)2 ++z̈(t)2 (4.3)
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The first three terms in the cost function (4.1a) minimize the sum of the
acceleration magnitude at discrete time instants in the planning horizon, en-
suring the smoothness of the trajectory. The forth term (focc(.)) computes
the occlusion of LoS between the robot and the target at discrete time in-
stants in the planning horizon. Using the observations from the environment
(i.e. obstacles point cloud) as well as the robot and target positions, focc(.)
outputs an occlusion value. The algebraic positive, semi-definite form of
focc(.) is discussed in detail in Section 4.2.1, where it is also explained how
collision-avoidance can be rolled out into the occlusion cost. Constraints
(4.1b) and (4.1c) define the initial and final boundary conditions on the
trajectory, respectively. Thus, the vectors b0,bf are simply stacking of ini-
tial and final positions, velocities, and accelerations. The inequality (4.1d)
ensures that the robot would stay within certain bounds (smax, smin) from
the target. The lower bound is essentially a collision avoidance require-
ment between the robot and the target. The upper bound is motivated by
applications like aerial cinematography, wherein a large distance between
the robot and the target can reduce the viewing quality. The inequality
constraint (4.1e) - (4.1f) maintain the norm of the velocities and accelera-
tions within specified bounds. The definitions of velocity and acceleration
constraints are presented in (4.2) - (4.3).

4.2. Related Works

The literature contains several works that relate to visibility-aware motion
planning. However, these works differ from the approach taken in this
thesis in how they model occlusion stemming from the obstacle and the
optimization techniques they use for trajectory planning. Thus, this section
presents an overview of the existing works related to each of these aspects.

4.2.1. Occlusion Model

There exist several approaches in the literature to compute the cost function
focc(.) in (4.1a). Inspired by the GPU ray casting model [72], authors in [4]
propose a cost function to be used within their developed MPC to prevent
occlusion from obstacles.

Using the notation presented in Table 1, the occlusion cost of [4] is
defined as

focc =

{
∥dv∥, if dv > 0 and pproj > rTctircti − 1.

0, otherwise.
(4.4)

dv =
pproj
rTchrch

, pproj = rTchrcti. (4.5)

rch = (xr(t)− x(t), yr(t)− y(t), zr(t)− z(t)). (4.6)
rcti = (xoi(t)− x(t), yoi(t)− y(t), zoi(t)− z(t)). (4.7)
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The variables rch, rcti are respectively the vectors to the target and the ith

obstacle from the quadrotor’s current position. The occlusion model of [4]
first checks whether the obstacle blocks the target. That is, whether the
target is behind the obstacle and falls within the occlusion cone formed by
the tangents drawn to the obstacle ellipsoid from the quadrotor center. If
the conditions of occlusion are met, then the visibility cost given by (4.4)
is invoked.

Figure 4(a) shows a visualization of the cost surface for a simple scenario
with a cylindrical-shaped obstacle and a stationary target point. The fol-
lowing key observations can be made from Figure 4(a). First, the occlusion
cost does not depend on the geometry of the obstacle. It just increases
radially from the center of the obstacle in a direction away from the target.
This is an overly conservative model as a large part of the workspace that
is indeed occlusion-free is assigned high-cost values (see Figure 4(b)). As
a result, focc in (4.4) leads to sub-optimal performance when used within
a trajectory optimizer. The second important thing to note is that the
cost surface itself is non-smooth, indicating the computational difficulty of
tractably optimizing over this cost function. Based on the experiments car-
ried out in this thesis, it is also shown that it is difficult to reliably trade-off
the occlusion cost of (4.4) with the costs stemming from collision avoidance.

Figure 4. (a) shows the visualization of the occlusion cost in [4] for a simple
example with one obstacle. The target is a fixed point. As can be seen, the cost
value increases radially from the center of the obstacle and away from the target.
The cost surface does not explicitly depend on the geometry of the obstacle. Thus,
some points which are occlusion-free are erroneously assigned high-cost values.
This is exemplified in (b), wherein the point shown in green is occlusion-free with
respect to the target (LoS (red) does not intersect with the obstacle (blue)) but
the occlusion cost of this point is not zero.
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An alternate occlusion model that directly works in the image space is
proposed in [73]. Let µr and µoi denote the quadrotor and obstacle projec-
tion on the 2D image, then occlusion can be defined in terms of euclidean
separation between these image points in the following form:

∥µr − µoi∥22≥ r2oi, (4.8)

where, roi is the length of the semi-minor axis of the ellipse obtained by
projecting the sphere-shaped obstacles onto the image.

Finally, many existing works derive occlusion avoidance constraints from
the line of sight (LoS), i.e. a line connecting the robot to the target at any
given time instant [74], [75], [1], [5]. Intuitively, occlusion happens when the
LoS passes through an obstacle (see Figure 5). Thus, occlusion avoidance
can be essentially modeled as collision avoidance for the LoS trajectory
constructed at each time instant. Authors in [1], [74], [5] use this insight to
construct occlusion cost for their trajectory optimizers. Importantly, their
cost representation can be derived from the generic signed distance field
representation of the environment.

Figure 5. The occlusion model used in the trajectory optimization in this thesis.
It is defined using the distance doi(t, uj) between the points on the LoS connecting
the quadrotor with the target at any given time instant t. A doi(t, uj) < 0 implies
that the LoS at time t intersects with the obstacle, and consequently results in
occlusion.

4.2.2. Solution Process and Optimization Method

A standard approach for solving optimization of the form (4.1a) - (4.1f) is to
use techniques like SQP that are readily available through software libraries
like ACADO [76], NLOPT [77]. For instance, authors in [73], [4] leverage
SQP to solve the trajectory optimization problem.

In contrast, works like [74] use a customized form of first-order GD orig-
inally proposed for manipulation problems [31]. At the most fundamental
level, both SQP and GD are based on first-order Taylor series expansion of
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the underlying constraint functions. Thus, the initialization of these opti-
mizers requires us to guess where the Taylor expansion will be computed at
the first iteration. This initialization choice has a significant impact on the
performance of the GD and SQP optimizers. A good initialization can be
ensured by leveraging graph search techniques [62].

Authors in [1], [5] show how graph search techniques can also be used
to decompose (4.1a) - (4.1f) into a hierarchy of smaller problems. However,
since collision avoidance and smoothness can often conflict with occlusion
minimization it makes gradient-based approaches fall in poor local minima
most of the times.

Another approach for solving optimization problems of the form (4.1a)
- (4.1f) is to use sampling-based trajectory optimization methods such as
CEM [13]. CEM is a stochastic optimization technique that iteratively
refines a distribution over candidate solutions to maximize a performance
criterion. By sampling trajectories from a distribution over control inputs,
CEM avoids the need for a good initialization and can find solutions that
gradient-based methods may miss. Additionally, by iteratively updating
the distribution over control inputs, CEM can adapt to changes in the
environment and find solutions that are robust to disturbances.
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5. VISIBILITY AWARE NAVIGATION IN POLYGONAL
ENVIRONMENTS

This chapter solves the optimization problem (4.1a) - (4.1f) underpinning
VAN under the following assumptions:

• The static and dynamic obstacles are modeled as axis-aligned ellip-
soids in 2D and spheres in 3D. This is a fairly standard assumption for
dynamic obstacles such as humans [4]. For static obstacles in 2D, the
so-called costmap converter in Robot Operating System (ROS) [78]
can be leveraged to provide a polygonal decomposition of occupancy
maps that can be further decomposed into ellipsoidal representations.
An example of this conversion is shown in Figure 6. In 3D, each
occupied voxel can be modeled as spheres. It is important to point
out that many existing algorithms work with the same assumption for
static obstacles [73], [79].

(a) (b)

Figure 6. The cost map resulting from an occupancy grid can be converted to
a set of polygons as shown in (a). These can be further converted to ellipsoidal
representations as shown in (b) that can be handled efficiently by the proposed
optimizer.

• The quadratic velocity and acceleration constraints in (4.1e) and (4.1f)
are reformulated as decoupled linear inequalities along x, y, z axes.

5.1. Contributions

The core contributions of this chapter are as follows:
• A novel approach is presented for trajectory optimization associ-

ated with target tracking and aerial cinematography problems. At
the heart of the proposed approach, lies a reformulation of colli-
sion/occlusion constraints into a form that resembles a polar repre-
sentation of Euclidean distance. (refer to equations (5.2) and (5.12)).
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This is different from the models used in previous works, such as [4]
and [73](refer equations (4.4) and (4.8)). It is demonstrated that the
representation leads to a multi-convex structure in the constraints,
which can be decomposed into smaller blocks using the Alternating
Minimization and Split-Bregman techniques [80].

• An MPC algorithm is developed using the multi-convex optimizer in a
receding horizon manner following real-time iteration paradigm [81].

• Several state-of-the-art methods, including CCP [82], as well as those
proposed in [1] and [4], are used as benchmarks to establish and vali-
date the superiority of the proposed optimizer.

5.2. Trajectory Optimization

In this section, a trajectory optimization method is proposed to solve the
problem in (4.1a) - (4.1f). The tracking constraints are reformulated, a
model is proposed to calculate occlusion stemming from static and dynamic
obstacles, and finally, the solution process is discussed.

5.2.1. Reformulating Tracking Constraints

This section builds upon the reformulation of quadratic constraints pre-
sented in [83] and rephrases the tracking constraint (4.1d) in the following
polar form. This reformulation will prove useful for satisfying the constraint
without resorting to linearization.

ftar = 0, smin ≤ dr(t) ≤ smax (5.1)

ftar =





x(t)− xr(t)− dr(t) sinβr(t) cosαr(t)
y(t)− yr(t)− dr(t) sinβr(t) sinαr(t)
z(t)− zr(t)− dr(t) cosβr(t)



 (5.2)

Using the parametrization presented in (3.5) - (3.7), ftar = 0, ∀t can be put
in the following compact form:

Atarcx − bxtar(dr,αr,βr) = 0 (5.3)
Atarcy − bytar(dr,αr,βr) = 0 (5.4)
Atarcz − bztar(dr,αr,βr) = 0 (5.5)

bxtar = xr + dr cosαr sinβr (5.6)
bytar = yr + dr sinαr sinβr (5.7)

bztar = zr + dr cosβr. (5.8)

Atar = W and xr,yr, zr are formed by stacking xr(t), yr(t), zr(t) at different
time instants. A similar process is followed for constructing dr,αr,βr from
their respective time-stamped scalar values. As depicted in Figure 7, αr(t)
and βr(t) denote the angle that the LoS vector between the robot and the
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target (shown with red arrow) makes with the X and Z axes, respectively.
Additionally, the variable dr(t) represents the magnitude of this vector.

Figure 7. The 3D polar representation of a target point with respect to the robot.
The red arrow is the LoS vector between the robot and the target. αr(t) and βr(t)
represent the angle this vector makes with the X and Z axes, respectively. dr(t)
denotes the magnitude of this vector.

5.2.2. Combined Occlusion/Collision Avoidance Constraints

The LoS trajectory (shown with magenta in Figure 8) at time t is a straight
line connecting the robot’s position and the target position. Mathemati-
cally, any point on this trajectory can be identified as follows:

(xlos, ylos, zlos)(t, uj) =



(1− uj)x(t) + ujxr(t)
(1− uj)y(t) + ujyr(t)
(1− uj)z(t) + ujzr(t)


 ,∀uj ∈ [0, 1] (5.9)

The different points on the LoS trajectory are identified by their respec-
tive uj values. Using (5.9), occlusion avoidance can be defined as collision
avoidance for each point on the LoS trajectory. This can be derived as
follows:

(xlos(t, uj)− xoi(t))2
a2i

+
(ylos(t, uj)− yoi(t))2

b2i
+

(zlos(t, uj)− zoi(t))2
c2i

≥ 1, (5.10)
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Figure 8. Combined collision/occlusion avoidance model. dlos is the distance
between a point on the LoS and the obstacle. The dashed ellipse signifies the size of
the obstacle inflated by the size of the quadrotor. Avoiding collisions of each point
on the LoS (uj) with the obstacle at each time instant ensures collision/occlusion-
free navigation.

where, for ease of exposition, it is assumed that the ith obstacle is an axis-
aligned ellipsoid. The size of the ellipsoids (shown with dashed, black lines
in Figure 8) is given by the radius along each axis as ai, bi, ci which also
incorporates the inflation due to the size of the quadrotor. Extension to
rotated ellipsoids is straightforward and does not affect the multi-convex
structure of the trajectory optimization in any manner. The inequality
(5.10) guarantees that every point on the LoS trajectory is positioned out-
side of the obstacle ellipsoid.

The occlusion-avoidance constraints (5.10) implicitly include collision
avoidance as well. Precisely, by setting uj to 0 and evaluating (5.10), the
standard collision avoidance can be obtained for the robot. The inequalities
(5.10) are structured similarly to the tracking constraints shown in (4.1d).
Thus, the same reformulation method discussed in the previous subsection
is applied, hence (5.10) can be expressed in its polar form as follows:

focc = 0, doi(t, uj) ≥ 1,∀t, uj . (5.11)

focc =





(xlos − aidoi sinβoi cosαoi)(t, uj)− xoi(t)
(ylos − bidoi sinβoi sinαoi)(t, uj)− yoi(t)
(zlos − cidoi cosβoi)(t, uj)− zoi(t)



 . (5.12)

Using the trajectory parametrization presented in (3.5) - (3.7), focc =
0,∀t, uj can be reduced to the following form:

Aocccx = bxocc(do,αo,βo), (5.13a)
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Aocccy = byocc(do,αo,βo), (5.13b)
Aocccz = bzocc(do,αo,βo), (5.13c)

where,

Aocc =




Au

Au

...
Au



(×n)

,Au =




W(1− u1)
W(1− u2)

...
W(1− um),


 (5.14)

bxocc = x̃o + ado cosαo sinβo, (5.15a)

x̃o =




x̃o1
x̃o2
...

x̃on


 , x̃oi =




xoi + xru1
xoi + xru2

...
xoi + xrum




ado cosαo sinβo =




a1do1 cosαo1 sinβo1
a2do2 cosαo2 sinβo2

...
andon cosαon sinβon


 (5.15b)

byocc = ỹo + bdo sinαo sinβo, (5.16a)

ỹo =




ỹo1
ỹo2
...

ỹon


 , ỹoi =




yoi + yru1
yoi + yru2

...
yoi + yrum


 ,

bdo sinαo sinβo =




b1do1 sinαo1 sinβo1
b2do2 sinαo2 sinβo2

...
bndon sinαon sinβon


 (5.16b)

bzocc = z̃o + cdo cosβo, (5.17a)

z̃o =




z̃o1
z̃o2
...

z̃on


 , z̃oi =




zoi + zru1
zoi + zru2

...
zoi + zrum


 ,

cdo cosβo =




c1do1 cosβo1
c2do2 cosβo2

...
cndon cosβon


 (5.17b)
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(×n) in (5.14) denotes vertically stacking a matrix n times. n is the number
of obstacles in the environment while m is the number of discrete uj ∈ [0 1]
chosen to identify points on the LoS trajectory. The vector αoi is formed
by stacking αoi(t, uj) for all t and uj . A similar construction is followed for
βoi,doi. Moreover, different αoi,βoi,doi are stacked across obstacle index
i to construct αo,βo,do.
Remark 2. αoi(t), βoi(t), doi(t) are extra variables that will be computed
by the optimizer along with trajectory parameters cx, cy, cz.

5.2.3. Proposed Optimization Method

Using the reformulation presented in the previous subsection, the visibility-
aware navigation problem in (4.1a) - (4.1f) can be reformulated as the fol-
lowing optimization problem:

min
1

2
ξT1 Qξ1, (5.18a)

Aξ1 = b(ξ2, ξ3), (5.18b)
ξ1 ∈ Cξ1 , ξ3 ∈ Cξ3 , (5.18c)

ξ1 = (cx, cy, cz) (5.19)
ξ2 = (αr,αo,βr,βo) (5.20)

ξ3 = (dr,do) (5.21)

A =




[
Atar

Aocc

]
0 0

0

[
Atar

Aocc

]
0

0 0

[
Atar

Aocc

]



,b =




bxtar
bxocc
bytar
byocc
bztar
bzocc



, (5.22)

Q =



Ẅ

T
Ẅ 0 0

0 Ẅ
T
Ẅ 0

0 0 Ẅ
T
Ẅ


 . (5.23)

The cost function (5.18a) is just a matrix representation of the sum of
squared acceleration presented in (4.1a), obtained through the trajectory
parametrization (3.5) - (3.7). The sets Cξ1 , Cξ3 represent the feasible sets for
ξ1 and ξ3 respectively. The set Cξ1 is formed by the affine equalities and
inequalities on ξ1. That is,

Cξ1 = {ξ1 ∈ R3n |Ceqξ1 = beq,Cineqξ1 ≤ bineq}, (5.24)

beq =



bxeq
byeq
bzeq


 ,bineq =



bxineq
byineq
bzineq


 ,Ceq =




W0

Ẇ0

Ẅ0

Ẇm

Ẅm



,Cineq =




Ẇ

−Ẇ
Ẅ

−Ẅ


 (5.25)
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bxeq =




x0
ẋ0
ẍ0
ẋf
ẍf



,byeq =




y0
ẏ0
ÿ0
ẏf
ÿf



,bzeq =




z0
ż0
z̈0
żf
z̈f



, (5.26)

bxineq = byineq = bzineq =




vmax1
−vmin1
amax1
−amin1


 (5.27)

where the subscripts 0,m in Ceq denote the first and last elements of the respective
matrices. The affine equalities beq model the boundary conditions on position,
velocity, and accelerations, while the inequalities bineq model the lower and upper
bounds on these variables present at all time instants. 1 is a vector of ones with
the size of the number of planning steps.

The splitting of the variable blocks is done carefully to induce some useful
structures in the problem and will be discussed shortly. Moreover, the fact that
the cost function only depends on ξ1 will be shown to be useful.

5.2.4. Solution by Split Bregman Iteration
Split Bregman (SB) technique [80] solves optimization (5.18a) - (5.18c) by relaxing
the non-convex equality constraints (5.18b) as l2 penalties.

min
ξ1∈Cξ1 ,ξ3∈Cξ3

1

2
ξT1 Qξ1 − ⟨λ, ξ1⟩+

ρ

2
∥Aξ1 − b(ξ2, ξ3)∥22 . (5.28)

The key point to note in SB technique is the introduction of a Lagrange
multiplier λ that aims to balance the conflicting objective of minimizing the
primary cost function (acceleration norm) and the residual of the equality
constraints. Essentially, λ reduces the impact of the primary cost function
to enable the optimizer to focus on minimizing the constraint residual [84].
Remark 3. In (5.28), the non-convex constraints are all rolled into the
form of an augmented Lagrangian cost. The remaining constraints in the
trajectory optimizer are simply convex bounds on the position, velocity, and
acceleration. Thus, the reformulated problem is feasible by construction.
This is particularly useful when dealing with infeasible initializations.
Remark 4. Given ξ2, ξ3, the equality constraints (5.18b) is affine in ξ1 and
the optimization (5.28) is a convex QP with respect to the same variable.
Similarly, for a given ξ1, ξ2, the optimization is convex QP in the ξ3.
Remark 5. For a given ξ1, ξ3, optimization (5.28) is solvable in closed
form for ξ2.

a) Solution Process. SB employs AM approach for minimizing (5.28)
that reduces to the following iterates, where left superscript k again specifies
the iteration index.
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k+1ξ1 = arg min
ξ1∈Cξ1

1

2
ξT1 Qξ1 − ⟨kλ, ξ1⟩+

ρ

2

∥∥Aξ1 − b(kξ2,
kξ3)

∥∥2
2
, (5.29)

k+1ξ2 = argmin
ξ2

ρ

2

∥∥Ak+1ξ1 − b(ξ2,
kξ3)

∥∥2
2
, (5.30)

k+1ξ3 = arg min
ξ3∈Cξ3

ρ

2

∥∥Ak+1ξ1 − b(k+1ξ2, ξ3)
∥∥2
2
. (5.31)

The Lagrange multiplier λ is updated based on the following rule [80], [84]:

k+1λ = kλ− ρ∇ξ1
∥∥Ak+1ξ1 − b(k+1ξ2,

k+1ξ3)
∥∥2
2
. (5.32)

Note that the gradient in the second term of (5.32) is taken with respect
to only ξ1. This is because the primary cost function g(.) is independent of
ξ2, ξ3 [80].

b) Connections to ADMM. The SB technique is closely related to
the Alternating Direction Method of Multipliers (ADMM) [85], where a
Lagrange multiplier is associated with each of the constraints (5.18b). In
other words, the dimension of λ will be equal to the rows of A. In contrast,
in our use of the SB technique, λ will have a much lower dimension equal
to that of ξ1. However, the main reason for choosing SB over ADMM
is because it simplifies the iterates (5.30) - (5.31) to parallel least-squares
problems.

c) Analysis of step (5.29). This optimization is a standard convex-
constrained QP. Since the obstacles are axis-aligned ellipsoids (or cylinders),
this QP can be split into three decoupled problems for each of cx, cy, cz. For
rotated ellipsoids, however, all three coefficients need to be computed simul-
taneously as the matrix A would no longer be block-diagonal. The state-
of-the-art interior-point solvers for QP show a cubic scaling with respect to
the total number of equality and inequality constraints. In (5.29), the num-
ber of hard inequality and equality constraints are fixed as these just stem
from simple kinematic bounds and boundary conditions, respectively. The
occlusion/collision avoidance enters just as a quadratic cost. Thus, the com-
putation complexity of solving QP (5.29) is independent of the number of
obstacles. As the number of obstacles increases, only the computation cost
associated with constructing the QP, or in other words, obtaining ATb will
change. Moreover, the increase in computation complexity can be made ap-
proximately linear with the parallelization of matrix-vector products. This
is later validated in Section 5.3
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d) Analysis of step (5.30). k+1ξ1 (k+1cx, k+1cy, k+1cz) are obtained
in the previous step. Using this solution, (k+1x(t), k+1y(t), k+1z(t))
can be computed and stacked up to obtain the position trajectory
(k+1x, k+1y, k+1z). For a given position trajectory and kξ3, the variable
blocks (αr,βr) and (αo,βo) constituting ξ2 are decoupled from each other.
Thus, optimization (5.30) decomposes into two parallel problems as follows:

(5.33)
αr,βr = arg min

αr,βr

∥∥k+1x− xr − kdr cosαr sinβr
∥∥2
2

+
∥∥k+1y− yr − kdr sinαr sinβr

∥∥2
2
+
∥∥k+1z− zr − kdr cosβr

∥∥2
2

(5.34)
αo,βo = arg min

αo,βo

∥∥k+1x̃− x̃o − kdo cosαo sinβo
∥∥2
2

+
∥∥k+1ỹ− ỹo − kdo sinαo sinβo

∥∥2
2
+
∥∥k+1z̃− z̃o − kdo cosβo

∥∥2
2

k+1x̃ = Aocc
k+1cx, k+1ỹ = Aocc

k+1cy, k+1z̃ = Aocc
k+1cz (5.35)

Optimizations (5.33) can be further simplified by noting that, for a given
position trajectory, (αr(t), βr(t)) at different time instants are decoupled
from each other. In other words, all the elements of αr,βr are independent
of each other. With the same reasoning, it can be deduced that each of
(αoi(t, uj), βoi(t, uj)) are decoupled from each other and the decoupling here
happens across time t, obstacle index i, and uj . Thus, the elements of αo,βo
also have no inter-dependency.

The decoupled nature of the variables highlights one more computational
structure. The l2 penalties in (5.33) are just several parallel projections
of k+1x − xr, k+1y − yr and k+1z − zr onto a sphere centered at origin
with radius kdr(t) [86]. Therefore, the solution can be represented as the
following closed-form expression.

(5.36)

k+1αr = arctan 2(k+1y− k+1yr,
k+1x− k+1xr),

k+1βr(t)

= arctan 2(
k+1x(t)− k+1xr

cos k+1αr
, k+1z− k+1zr).

Using a similar process, the solution of (5.34) can be derived in the following
form.

(5.37)

k+1αo = arctan 2(k+1ỹ− k+1yo,
k+1x̃− x̃o),

k+1βo(t)

= arctan 2(
k+1x̃− x̃o
cos k+1αo

, k+1z̃− z̃o).
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e) Analysis of step (5.31). For a given position trajectory at the k+1
iteration, dr and do constituting ξ3 are decoupled from each other and thus
(5.31) decomposes into following parallel sub-problems:

(5.38)

k+1dr = arg min
smin≤dr≤smax

∥∥k+1x− xr − dr cos k+1αr sin
k+1βr

∥∥2
2
+

∥∥k+1y− yr − dr sin k+1αr sin
k+1βr

∥∥2
2
+

∥∥k+1z− zr − dr cos k+1βr
∥∥2
2

(5.39)

k+1do = arg min
do≥1

∥∥k+1x̃− x̃o − do cos k+1αo sin
k+1βo

∥∥2
2
+

∥∥k+1ỹ− ỹo − do sin k+1αo sin
k+1βo

∥∥2
2
+

∥∥k+1z̃− z̃o − do cos k+1βo
∥∥2
2
.

Both of the optimizations (5.38) and (5.39) are convex QPs with simple
box constraints. It is worth noting that different time instant values of
dr(t) are independent of each other when the position trajectory is fixed.
In other words, the elements of dr do not have any inter-dependency. A
similar decoupling exists across the elements of do. Thus, optimization
(5.38) gets simplified to q parallel single-variable QPs, where q is the number
of planning steps. Similarly, (5.39) reduces tom∗n∗q parallel single-variable
QPs. Each of these single variables QPs is solvable in symbolic form. More
precisely, the unconstrained solution can be computed and then ensure the
constraints by simply clipping the solution to the min/max values.
Remark 6. The evaluation of closed-form symbolic solutions of (5.33) -
(5.34) and (5.38) - (5.39) are linearly-complex operations that do not require
any matrix-factorization/inverses or matrix-vector products.

5.2.5. Interpretation of the Occlusion Cost in the Proposed
Formulation

Consider the following residual extracted from the norm on the r.h.s of
(5.32).

(5.40)

k+1rocc =
∥∥Aocc

k+1ξ1 − bocc(k+1ξ2,
k+1ξ3)

∥∥2
2

=
∥∥k+1x̃− x̃o − k+1do cos k+1αo sin

k+1βo
∥∥2
2

+
∥∥k+1ỹ− ỹo − k+1do sin k+1αo sin

k+1βo
∥∥2
2

+
∥∥k+1z̃− z̃o − k+1do cos k+1βo

∥∥2
2
.

The variable k+1rocc shows how much of the occlusion-constraint is violated
after the k+1 iteration of the proposed optimizer. It can also be viewed as
the analogy of occlusion cost in the proposed formulation. A visualization
of this cost surface at any particular time instant as well as its heatmap
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representation are shown in Figures 9(a) and (b), respectively. To construct
the cost surface, a large number of different (k+1x, k+1y) are sampled and
the corresponding optimal k+1αo,

k+1βo,
k+1do are computed from (5.37)

and (5.39), respectively.
As it can be seen in Figure 9, the proposed occlusion cost perfectly

captures the effect of obstacle geometry. The cost value peaks at the center
of the obstacle and then smoothly drops off to zero as we move away from
it. The proposed occlusion cost also correctly assigns zero cost to any point
from where the LoS to the target is not obstructed by the obstacle. Both
the smooth cost surface and accurate modeling of occlusion are in sharp
contrast to the cost surface of [4] shown in Figure 4.

(a) (b)

Figure 9. (a) shows the visualization of the proposed occlusion cost given by
(5.40) while (b) shows its heatmap representation. As can be seen, the cost-
surface peaks at the center of the obstacle and gradually reduces to zero as we
move away from it. Importantly, the exact geometry of the obstacle is reflected in
the proposed occlusion cost. This is in sharp contrast to the occlusion model of
[4] shown in Figure 4.

5.2.6. MPC Through Real-Time Iteration

Here, an MPC approach is proposed that involves solving the trajectory
optimization (5.18a) - (5.18c) in a receding horizon manner. That is, at
each step, the full trajectory is obtained, but only a small portion of it is
executed. Practically, a small portion of the velocity trajectory is averaged
to obtain a piece-wise constant approximation of the time-varying profile,
which is then commanded to the quadrotor. A similar process has been
followed in many works such as [87].

A fundamental challenge in the MPC is to solve the underlying trajectory
optimization in real-time. In practice, it is not feasible to solve the opti-
mization till convergence. As a result, the so-called Real-Time Iterations
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scheme [81] is adopted, which involves obtaining an approximate solution
by running the optimization for a few iterations. For instance, in the non-
linear MPC community, it is common to use just one iteration of either the
SQP or Gauss-Newton method [81], [88]. The obtained solution is given to
the robot and for the next MPC step, the trajectory optimization is warm-
started from the previous solution. The obtained solution is then provided
to the robot, and for the next step of MPC, the trajectory optimization
starts from the previous solution. This process of warm-starting is crucial,
as it simulates an online approach to solving an optimization problem.

5.3. Optimizer Convergence

The objective of this section is two-fold. First, the convergence of the pro-
posed optimizer is empirically validated. Second, the proposed optimizer is
compared with an alternate approach where the original formulation (4.1a) -
(4.3) is solved using the state-of-the-art CCP [82]. The occlusion constraints
are modeled through the standard quadratic inequality form presented in
(5.10). The comparison with CCP is meant to demonstrate the effective-
ness of the multiple layers of proposed reformulations and the resulting AM
optimizer.

For empirical validation of the proposed optimizer, a simple problem
scenario is considered, where a quadrotor needs to move between a start
and a goal position (point-to-point navigation setting) while keeping the
LoS to a static target occlusion-free. Thus, the tracking constraints are not
present in this setting.

5.3.1. Robustness to Initialization

Figures 10(a) - 10(f) present the convergence results for the proposed opti-
mizer with different initial guesses. In Figures 10(a) and 10(c), the initial-
guess trajectory violates both collision and occlusion avoidance constraints.
In Figure 10(e), a trivial straight line from the start position to the target
is used as the initial guess. As depicted, the proposed optimizer is robust
to different initial guesses and as observed, on average, 40-50 iterations are
enough to obtain occlusion residual in the order of 10−3.
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Figure 10. The convergence of the proposed optimizer for different initial guesses
for a problem set-up where the quadrotor needs to move between a start and a
goal position while keeping the LoS to the target (cyan) occlusion-free at all time
instants. The obstacles are shown in blue and have been inflated with the size of
the quadrotor. The heatmaps show the occlusion cost in different regions of the
workspace. Note that if the occlusion constraint is ignored, the collision avoidance
constraints are trivially satisfied by a straight line from the start to the goal point
(red line).
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5.3.2. Comparisons with CCP

The CCP [82] approach for solving the point-to-point navigation discussed
in the previous subsection would boil down to solving the following opti-
mization problem:

minimize (4.1a), subject to Fξ1 ≤ g (5.41)

where F,g are obtained by linearizing the quadratic occlusion constraints
(5.10). Figures 11(a) and 11(b) show a qualitative result obtained with
CCP. For comparison, the final trajectory obtained with the proposed op-
timizer is also shown.
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Figure 11. (a) The sample trajectories obtained from the CCP [82] optimizer for
the point-to-point navigation task presented in Figure 10(a). As shown in (b), the
CCP optimizer is able to obtain a feasible solution in 3 iterations. However, as
shown in (c) each iteration of CCP is computationally very expensive. (d) shows
the optimal cost achieved by either of the optimizers.

From a qualitative standpoint, the trajectories resulting from both opti-
mizers seem similar. The CCP optimizer usually obtains a feasible solution
within 2 to 3 iterations and a couple of more iterations are required to de-
crease the cost value. Therefore, the number of iterations required by the
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CCP is substantially less than the proposed optimizer (40-50). However,
each iteration of CCP is more expensive and thus, as shown in Figure 11(c),
the proposed optimizer outperforms CCP’s computation time by more than
two orders of magnitude. The timings presented in Figure 11(c) are averaged
values over 10 different problem instances and correspond to the Python im-
plementations of both of the optimizers on an i7-8600 laptop with 32 GB
RAM.

The difference in computation time can be attributed to the structural
difference between the proposed optimizer and CCP. The number of con-
straints stemming from occlusion avoidance in the latter is equal to the
number of rows in F in (5.41), which in turn is equal to m ∗n ∗ q (planning
horizon times number of obstacles times discretization of uj). The CCP
optimizer is run with m = 20, n = 2, q = 100 resulting in a total of 2000
inequality constraints. There is also an additional overhead of obtaining
the matrix F and vector g at each iteration of CCP based on the refined
linearization of (5.10) around the current solution. It is worth noting that
in some experiments, a denser discretization of uj could be needed, which
would only further increase the computational burden of CCP.

In contrast, the proposed optimizer uses m = 100, n = 2, q = 100 and yet
has a substantially lower computation time. This is because the proposed
optimizer handles occlusion constraints by augmenting them as l2 norm
penalties in steps (5.29) - (5.30) and as a combination of both penalty
and inequality constraints in step (5.31). In (5.29), occlusion constraints
are reformulated as a quadratic cost (third term), and since there are no
velocity/acceleration bounds in the example presented in this subsection,
this step is simply an equality-constrained QP with a closed-form solution.
The step (5.30) has a symbolic solution (5.37) whose evaluation does not
require any computation of matrix-vector/matrix-matrix products or matrix
factorization. The step (5.31) is a convex-constrained QP with dimensions
equal to m ∗ n ∗ q. However, the massive distributive nature of this step
allows for obtaining a closed-form symbolic solution with no requirement of
any sort of matrix operation (Recall (5.39) and discussions around it).

The CCP optimizer, however, marginally outperforms the proposed op-
timizer in terms of achieved optimal cost as presented in Figure 11(d).
This is because the choice of augmenting occlusion constraints in the cost
function leads to a conflict between occlusion and the primary objective of
minimizing the acceleration norm.

5.4. Validation and Benchmarking

The objective of this section is to validate the proposed optimizer and bench-
mark the MPC built on top of the proposed optimizer with existing state-of-
the-art approaches. The entire multi-convex MPC and simulation pipeline
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is publicly available1. The simulation pipeline is shown in Figure 12. The
main focus is on designing an optimizer/high-level MPC that provides a
feasible feed-forward trajectory to the lower-level controller. The controller
in [89] is used as the low-level controller that is guaranteed to track any
smooth, differentiable trajectory respecting the kinematic bounds. The
trajectories resulting from the proposed optimizer are guaranteed to fulfill
all these conditions. The smoothness stems from the polynomial nature of
the trajectories, while the kinematic bounds are included as convex con-
straints in the optimizer, and thus they are guaranteed to be satisfied at
each control cycle.

Figure 12. The simulation pipeline. The main focus is on designing the high-level
optimizer/MPC that provides a feasible feed-forward trajectory to an off-the-shelf
low-level controller [89]. The proposed optimizer is guaranteed to provide a feasible
trajectory to the low-level controller. To maintain clarity, only the x component of
the state feedback is shown but the remaining y, z components are indeed integral
parts of the state feedback.

5.4.1. Implementation Details

In order to perform the benchmarking, the trajectory optimization (5.18a)
- (5.18c) and the resulting MPC are implemented in C++ using Eigen [90]
as the linear algebra back-end. The MPC is integrated with Gazebo physics
engine in ROS [91] to perform real-time high-fidelity simulations. The simu-
lator provides state feedback on the quadrotor and the obstacles at 100 Hz.
However, the proposed MPC can potentially run at up to 250Hz, depend-
ing on the number of obstacles in the environment as well as the number
of iterations of the optimizer. Due to the warm-starting of the MPC from
the solution obtained in the previous control cycle, just one iteration of the
optimizer proves to be sufficient in almost all the benchmarks. The target
trajectory is constructed by first tele-operating it over the workspace and
then replaying the recorded trajectory during run-time. The tele-operation
setup makes it possible to generate complex trajectories for the target.

The proposed MPC implementation has terminal constraints that force
the final velocity and acceleration of the quadrotor to be zero. It was also
tried to set the terminal values to the predicted velocity and acceleration of
the target. However, this led to poor performance. This is not surprising
as the long-term trajectory of the target is not known in advance and the
linear predictions used by the proposed MPC are only rough estimates of

1https://github.com/Houman-HM/multi-convex-mpc-target-tarcker
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the true values. The prediction horizon of the MPC is set to 10s.

5.4.2. State-of-the-art and Comparison Metrics

A core objective of this section is to establish the superiority of the proposed
multi-convex MPC over two state-of-the-art approaches: the AutoChaser
algorithm proposed in [1] and MPC algorithm of [4]. The former is de-
signed for tracking amongst only static obstacles, while the latter considers
dynamic obstacles as well. The publicly available implementation of [1] is
used for benchmarking. This implementation has a prediction horizon of
7s. The author tried increasing this value, but it increased the computation
time and the resulting control delay led to poor tracking performance.

To the best of the author’s knowledge, no open-source implementation
of [4] has been released by its authors. Thus, by closely following the math-
ematical formulation presented in [4], the author implemented their work
using the state-of-the-art library ACADO [76] to prototype the trajectory
optimization and the resulting MPC of [4]. Extensive tuning was performed
between collision avoidance, occlusion avoidance, and acceleration cost to
get the best performance for the MPC of [4]. This implementation of [4] is
also released for verification2.

The following metrics are used to benchmark the proposed MPC with
state-of-the-art approaches:
Visibility Score: Following [1], the visibility score is defined as the small-
est distance between static/dynamic obstacles and the LoS trajectory. As
such, a distance below zero would imply that the LoS is blocked by the
obstacles and the target is occluded from the quadrotor’s camera. The visi-
bility score is a proxy for the satisfaction of occlusion constraints and thus,
a value less than zero means the occlusion constraints are not satisfied. It is
worth mentioning that the exact value of the visibility score is not important
as long as it is above zero.
Acceleration Norm: This metric measures how rapidly the quadro-
tor needs to change its direction and speed to ensure collision/occlusion-
free tracking. In other words, the acceleration norm quantifies trajectory
smoothness and has been extensively used to benchmark trajectory opti-
mization algorithms. Furthermore, having a smooth trajectory is also crit-
ical for applications like drone cinematography to ensure that the images
taken of the target are of high-quality [74].
Computation Time: This metric measures the time taken per MPC step
and quantifies the real-time applicability of the algorithm.

2https://github.com/Houman-HM/multi-convex-mpc-target-tarcker
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5.4.3. Static Environment Tests

Figure 13 presents the test environment with static obstacles (grey rectan-
gles) and a moving target shown with a red-colored cylinder. The magenta-
colored line is the LoS connecting the quadrotor and the target. Different
benchmarks are created in this environment by varying the trajectory of the
target. The target’s trajectories are designed in a way to ensure sharp turns
near obstacles to thoroughly test the occlusion avoidance capabilities of the
proposed multi-convex MPC and the existing approach [1]. Depicted in
Figures 13(a) - 13(b) are the qualitative results obtained across two bench-
marks. Note that Figure 13(a) shows only the first few seconds of a long
trajectory spread out over several minutes. As can be seen, the proposed
multi-convex MPC could leverage fast re-planning to counter the target’s
motion behind the obstacles and maintain occlusion-free tracking. In con-
trast, the AutoChaser [1] is not responsive enough, and thus, the target is
completely occluded from the FoV of the quadrotor in multiple instances.
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Figure 13. The tracking performance of the proposed multi-convex MPC and the
state-of-the-art AutoChaser [1] are qualitatively compared in (a) and (b) across two
different simulation runs. While AutoChaser gets occluded at multiple instances
(shown with yellow arrows), the proposed MPC can react fast to abrupt changes
of the target’s motion near the obstacles and avoid occlusions. It should be noted
that AutoChaser has been provided with information about the global trajectory
of the target in the form of intermediate waypoints. In contrast, the proposed
MPC only needs information about the instantaneous position and velocity of the
target.
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Figures 14(a) - 14(b) further quantify the occlusion avoidance in terms
of visibility score across eight different trajectories. A value below zero
signifies the violation of the occlusion avoidance constraints. As can be
seen, the proposed MPC maintains perfect, occlusion-free tracking while in
sharp contrast, the visibility score for AutoChaser [1] goes below zero at
several time instants.

0 25 50 75 100 125 150 175
Trajectory Duration (s)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

m

Proposed Optimizer Visibility Score
Traj_1
Traj_2
Traj_3
Traj_4
Traj_5
Traj_6
Traj_7
Traj_8

(a)

0 25 50 75 100 125 150 175
Trajectory Duration (s)

0.0

1.0

2.0

3.0

4.0

m

AutoChaser[1] Visibility Score
Traj_1
Traj_2
Traj_3
Traj_4
Traj_5
Traj_6
Traj_7
Traj_8

(b)

Figure 14. The visibility score comparison between the proposed multi-convex
MPC and the state-of-the-art algorithm AutoChaser [1]. The proposed MPC
outperforms the state-of-the-art with visibility scores above zero across all the
benchmarks. A visibility score of below zero implies occlusion or alternately non-
satisfaction of the occlusion avoidance constraints.

Figure 15(a) compares the acceleration statistics of the proposed MPC
with AutoChaser [1] across all benchmarks. The median value of lin-
ear acceleration employed by the proposed MPC is 0.26m/s2. This is
marginally lower than that employed by AutoChaser algorithm [1] standing
at 0.30m/s2. However, the difference is more pronounced if the maximum
acceleration values are compared. The maximum acceleration employed by
the proposed MPC across all benchmarks is 0.95m/s2. This is 30% lower
than that of the AutoChaser’s (1.35m/s2). It was observed in the simula-
tion that the higher acceleration of the latter stems from the fact that it
has a significant control delay due to its higher computation time; thus it
often needs to accelerate sharply to maintain the visibility of the target.

The angular acceleration employed by the proposed MPC is higher than
that used by the AutoChaser [1]. The proposed MPC median angular ac-
celeration value is 0.09rad/s2, which is two times higher than 0.047rad/s2

observed for AutoChaser [1]. The factor of difference between the maximum
values is also approximately the same. This pattern in angular acceleration
is due to the fact that the proposed MPC aggressively tries to keep the
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target at the center of the field of view. AutoChaser, however, adopts a
more relaxed approach in maintaining the orientation towards the target.

Ours 
Linear Acc.

Ours 
ψ̈

AutoChaser[1] 
Linear Acc.

     AutoChaser[1] 
ψ̈

0.00

0.20

0.40

0.60

0.80

1.00

1.20

1.40

m
/s

2

Acceleration In Static En ironment

(a)

Ours
 Laptop

AutoChaser[1] 
 Laptop

10−2

10−1

s 
(l

og
 s

ca
le

)

Computation Time Over All Benchmarks

(b)

Figure 15. Acceleration profiles and computation time of the proposed MPC and
the state-of-the-art AutoChaser[1] are sown in (a) and (b), respectively. The pro-
posed MPC achieves smoother acceleration profiles as well as lower computation
times.

Figure 15(b) compares the computation time statistics observed across
all benchmarks for the proposed MPC and AutoChaser algorithm [1]. The
median computation time for the proposed MPC was 0.006s which was
more than one order of magnitude smaller than 0.08s observed for the Au-
toChaser. The worst-case timing of AutoChaser was around 0.11s while the
proposed MPC showed minimal variation across all MPC iterations and al-
ways hovered around the median value.

5.4.4. Dynamic Environment Tests

Figure 16 shows the test environments with dynamic obstacles (grey cylin-
ders). For these test cases, the target is considered to be stationary and thus
the quadrotor needs to change its position only to avoid occlusion stemming
from the dynamic obstacles. However, as it moves, collision avoidance also
comes into play. It is worth mentioning that if the occlusion is not fac-
tored in, then collision avoidance in these test cases becomes trivial as the
quadrotor can just hover at its initial position. The target is chosen to be
stationary because it is easier to benchmark the proposed MPC with [4] in
this setting. To elaborate further, the target trajectory also needs to avoid
collisions with the dynamic obstacles for a meaningful comparison. Thus, it
is extremely difficult to recreate the exact same target trajectory within a
physics engine for a fair evaluation of the proposed MPC and [4]. Different
benchmarks are created for this test case by varying the trajectories of the
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Figures 17(a) - 17(b) further quantify the performance of the proposed
optimizer and that of the [4] in terms of visibility score observed across all
benchmarks. The visibility scores along trajectories obtained with the MPC
in [4] go below zero at several time instants across different benchmarks,
while the proposed optimizer maintains perfect visibility across all the runs.
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Figure 17. The visibility scores achieved by (a) the proposed multi-convex MPC
and (b) [4]. The proposed MPC outperforms [4] by maintaining a visibility score of
above zero in all the benchmarks. The visibility score is a proxy for the satisfaction
of occlusion avoidance constraints. In this particular experiment, the target is
static and the simulation runs till the quadrotor reaches an occlusion-free region.
Thus, the simulation times of the proposed MPC and that of the [4] are different.

Figure 18(a) presents a comparison of the acceleration profiles observed
across all the benchmarks in the considered dynamic environment tests.
Due to the very nature of this particular test set-up, it is observed that
accelerations generated by both the proposed MPC and [4] follow a bang-
bang-like structure. That is, it increases sharply for a brief moment to
provide the necessary velocity to the quadrotor followed by a large portion
of zero accelerations. Negative accelerations are then applied to bring the
quadrotor to rest at the end. Due to this behavior, the median (or even
mean) acceleration values would naturally be small and will not provide any
meaningful information. Consequently, the comparison is made between the
maximum acceleration values of the proposed MPC and [4]. The proposed
MPC uses a maximum acceleration of around 1.1m/s which is 2.8 times
lower than that generated by the [4]. The difference is similar for the angular
acceleration with the proposed MPC’s maximum value (0.4rad/s2) being
2.5 times lower than that of the [4].

Figure 18(b) presents a comparison of the computation time statistics.
In this particular test setup, comparisons are carried out on both laptops
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as well as embedded hardware devices such as Intel i5 NUC and NVIDIA
Jetson TX2. The laptop is equipped with an i7-8750 processor and 32 GB
of RAM.

On the laptop, the proposed MPC’s median computation time of 0.004s
is 5 times less than that required by [4]. However, a more meaningful
difference can be obtained by looking at the maximum computation time
required as this reflects the worst-case performance. The computation time
of the proposed MPC has minimal variation and thus it hovers around the
median value of (0.006s). This turns out to be 15 times less than the
maximum computation time observed for [4].

The proposed MPC maintains almost identical performance on both lap-
tops and Intel NUC. But the worst-case computation time of [4] increases by
54%. The proposed MPC is also able to maintain a real-time performance
on Jetson TX2 with the worst-case computation time of 0.06s. However, the
performance of [4] degrades significantly with the worst-case computation
time reaching up to 0.70s.
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Figure 18. The figure shows the comparison of acceleration profiles and compu-
tation time of the proposed MPC with [4]. The proposed MPC outperforms that
of [4] in terms f trajectory smoothness by employing smaller acceleration profiles.
The proposed MPC can run in real-time on embedded hardware such as Intel NUC
and NVIDIA Jetson TX2. The latter is particularly crucial for quadrotors, given
their lightweight structure.

5.4.5. Additional Results

In this section, the proposed optimizer is further evaluated for target track-
ing in an environment with both dynamic obstacles and a moving target.
In addition, the proposed optimizer is evaluated for tracking constraint vi-
olations for the simulations performed in 5.4.3.
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a) Target Tracking in Dynamic Environments. Figure 19 presents
snapshots of a quadrotor tracking a moving target (red cylinder) amongst
dynamic obstacles (grey cylinders) using the proposed MPC. The quadrotor
is provided with information about only the instantaneous positions and
velocities of the target and the obstacles. Thus, it can construct only a
rough linear approximation of their future trajectory. Although the actual
trajectories for the target and the obstacles are highly non-linear, the fast
re-planning ensured by the proposed MPC allows the quadrotor to cope
with the prediction errors and ensure occlusion/collision-free tracking.

Figure 19. Demonstration of the performance of the proposed MPC while track-
ing a dynamic target (red) amongst dynamic obstacles (grey).

b) Range-Constraints in Target-Tracking. For the benchmark con-
sidered in Section 5.4.3, the proposed optimizer works under the assumption
that the target trajectory is not known. As a result, it is not possible to
ensure the satisfaction of the range constraints (4.1d) or (5.1) at all times in
a real-time MPC setting. Nevertheless, in Figures 20(a) - 20(h), it is verified
how well the proposed optimizer is able to maintain the desired minimum
and maximum distance from the target. The min and max values are cho-
sen as 2m and 2.5m, respectively. The results show that despite not having
long-term information about the target trajectory, the proposed MPC still
adheres to the range thresholds for most of each simulation run. The vio-
lation of the minimum and maximum distance thresholds is less than 10cm
for a significant portion of the simulation.
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Figure 20. The figure verifies how well the proposed MPC maintains the range
specified for tracking constraints (5.2) in the benchmarks considered in Section
5.4.3. As the target trajectory is not known in advance, ensuring the satisfaction
of range thresholds at all times is intractable. Thus, the evaluation is done for the
extent to which the proposed MPC can minimize the violation of minimum and
maximum specified distance for target tracking.
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5.4.6. Real World Demonstrator

Figure 21 shows the snapshots from the hardware implementation of the
proposed optimizer. The setup is similar to that described in Section 5.4.4
with a static target amongst dynamic obstacles. If the occlusion constraint
is ignored, the quadrotor could just hover in place and satisfy the collision-
avoidance constraint. In contrast, to avoid occlusions of the quadrotor-
target LoS from the dynamic obstacles, the quadrotor needs to constantly
change its positions based on the current prediction of the obstacle trajec-
tory. The full video of real-world experiments is also publicly available3.

(a) (b)

(c) (d)

(e) (f)

Figure 21. Snapshots from the hardware experiment of the proposed optimizer.
The setup is similar to the one discussed in Section 5.4.4 with a static target
amongst dynamic obstacles. The quadrotor needs to constantly change its position
to avoid both occlusion and collision from the dynamic obstacles. The first column
shows the third-person view while the second column depicts the view from the
quadrotor’s onboard camera.

3https://doi.org/10.1109/ACCESS.2022.3157977
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6. VISIBILITY-AWARE NAVIGATION IN ARBITRARY
ENVIRONMENTS

This chapter extends the work of chapter 5 to handle visibility-aware navi-
gation in an environment with obstacles of any geometry. More specifically,
the obstacles are detected through LiDAR and resulting point clouds are
taken as point obstacles.

6.1. Contributions

The key contributions of this chapter are threefold:
• Using the formulation developed in chapter 5, a novel occlusion model

is learned to calculate occlusion based on the laser point cloud, which
relaxes the limitations of obstacles to have defined geometries (i.e.
ellipsoids).

• A new variant of the sampling-based optimization approach called
Cross Entropy Method (CEM) is proposed to optimize over the
learned occlusion cost subject to other constraints. In particular,
a projection operator is proposed that projects sampled trajectories
onto the constraint sets before evaluating the cost on them. It is
shown that such augmentation dramatically improves the constraint
satisfaction performance within the CEM.

• On top of the proposed CEM method, an MPC is developed that can
handle occlusion-free tracking of a target at speeds of up to 1 m/s
while outperforming the state-of-the-art in terms of different metrics
such as occlusion-avoidance and trajectory quality.

• The learned occlusion model does not require any explicit map build-
ing. Thus, it allows the optimizers to adapt on the fly to the changes
in the environment. Moreover, it can be queried up to 3× faster than
the standard computation of occlusion through distance queries on
occupancy or voxel maps [1], [62].

• The proposed optimizers outperform strong baselines [4], [1] in main-
taining the target’s visibility and success rate while being comparable
or better in acceleration effort and computation time.

6.2. Trajectory Optimization

To facilitate the development of the new optimizer, the optimization prob-
lem presented in equation (4.1a) is considered in a 2.5D scenario, where
the UAV operates in 3D but can avoid collisions or occlusions only through
motions in the X − Y plane.
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Consequently, the optimization problem outlined in equation (4.1a) is
simplified as follows:

min

t=tm∑

t=t0

ẍ(t)2 + ÿ(t)2 + focc(x(t), y(t), xr(t), yr(t)) (6.1a)

(x(t0), y(t0), ẋ(t0), ẏ(t0), ẍ(t0), ÿ(t0)) = b0 (6.1b)
(ẋ(tm), ẏ(tm), ẍ(tm), ÿ(tm)) = bf (6.1c)

smin ≤
∥∥∥∥
[
x(t)− xr(t)
y(t)− yr(t)

]∥∥∥∥
2

≤ smax, (6.1d)

fvel(ẋ(t), ẏ(t)) ≤ vmax, (6.1e)
facc(ẍ(t), ÿ(t)) ≤ amax (6.1f)

fvel =
√
ẋ(t)2 + ẏ(t)2 (6.2)

facc =
√
ẍ(t)2 + ÿ(t)2 (6.3)

using the parametrization presented in 3.3.2 following compact form can be
derived for (6.1a) - (6.1f):

min
1

2
ξT

Q︷ ︸︸ ︷[
Ẅ 0
0 Ẅ

]
ξ + ∥focc(ξ,xr,yr)∥1 (6.4)

Aeqξ = beq, g(ξ) ≤ 0, (6.5)

Aeq =

[
A 0
0 A

]
,A =

[
W0|Ẇ0|Ẅ0|Ẇm|Ẅm|

]T
,beq =

[
b0

bf

]
(6.6)

The affine constraints (6.5) are the matrix representation of (4.1b) and
(4.1c), wherein Wj represents the jth row of the matrix W. The algebraic
form of g can be easily obtained by substituting (3.5) - (3.6) into (4.1d) -
(6.1f). The vector focc is formed by stacking the focc at different time in-
stants. Similar construction is followed to obtain (xr,yr) from (xr(t), yr(t)).

The polynomial parametrization guarantees that any randomly gener-
ated set of ξ will result in a trajectory that is both continuous and differ-
entiable.

6.2.1. Proposed CEM-based Trajectory Optimizers

a) CEM with Soft Inequality Constraints. One way of handling
inequality constraints is to augment them into the cost function in the
following manner.

(6.7)min
1

2
ξTw1Qξ + w2 ∥focc(ξ,xr,yr)∥1 +

∑
w3max(0,−g(ξ))

Aeqξ = beq,
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where wi’s are user-defined constants used to trade-off the relative impor-
tance of each cost term.

Alg. 1 presents the CEM-based solution of (6.7), wherein the left super-
script l is used to track variables across iteration. For example, lµ represents
the mean of the sampling distribution at iteration l. On line 4, n samples of
ξ are drawn from a Gaussian distribution. The jth drawn sample is denoted
as ξj . On line 5, an empty list is initialized for storing the cost function
corresponding to the drawn samples. On lines 7-8, ξj is projected to ξj to
satisfy the boundary conditions. The cost is then evaluated for each of the
projected samples on lines 9-10 and subsequently the q best-performing sam-
ples of ξj are selected on line 11. These are typically known as the EliteSet.
On line 12, a Gaussian distribution is fitted to this set, and the resulting
mean and covariance would be used for sampling in the next iteration.
Algorithm 1: CEM-I
1 NCEM = Number of CEM iterations
2 Initiate mean lµ and co-variance lΣ, at l = 0
3 for l = 1, l ≤ NCEM , l ++ do
4 Draw n Samples (ξ1, ξ2, ξj , ...., ξn) from N (lµ, lΣ)

5 Initialize CostList = []

6 Project ξj to ξj through the following optimization ∀j:
7 • ξj = argminξj

∥∥ξj − ξj
∥∥2
2
,

8 • Aeqξj = beq

9 cost← 1
2ξ

T
j w1Qξj + w2∥focc(ξj)∥1+w3

∑
max(0,−g(ξj))

10 append cost to CostList

11 EliteSet← Select top q ξj samples corresponding to lowest cost

12 (l+1µ, l+1Σ)← Fit Gaussian distribution EliteSet
13 end
14 return Sample ξj corresponding to the lowest cost in the EliteSet

b) CEM with Hard Inequality Constraints. Here, instead of incor-
porating inequalities into the cost function, they are maintained in the
projection step (lines 7-8). Consequently, some essential modifications are
required in the CEM steps compared to Alg. 1. Initially, on line 4 of Alg.
2, n samples of ξ are generated and designated as ξj . Typically n is much
larger than the batch size n over which the cost evaluation would be per-
formed. Second, on line 9, the notion of ProjEliteSet is introduced, which
is the set containing n samples of ξj that performed the best in terms of the
projection residual (constraint satisfaction). On line 10, the cost evaluation
is performed on the ProjEliteSet. Lines 11-13 are the same as Alg. 1.
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Algorithm 2: CEM-II
1 NCEM = Number of CEM iterations
2 Initiate mean lµ,lΣ, at k = 0
3 for l = 1, l ≤ NCEM , l ++ do
4 Draw n Samples (ξ1, ξ2, ξj , ...., ξn) from N (lµ,lΣ)

5 Initialize CostList = []

6 Project ξj to ξj through the following optimization ∀j:
7 • ξj = argminξj

∥∥ξj − ξj
∥∥2
2

8 • Aeqξj = beq, g(ξj) ≤ 0

9 ProjEliteSet← Select top n samples with lowest projection
residuals

10 cost← 1
2ξ

T
j w1Qξj + w2∥focc(ξj)∥1, over ProjEliteSet

11 append cost to CostList
12 EliteSet← Select top q lowest cost samples

13 (l+1µ, l+1Σ)← Fit Gaussian distribution EliteSet

14 end
15 return Sample corresponding to the lowest ξj in the EliteSet

6.2.2. Efficient Batch Projection

Alg. 2 contains projection optimizations on lines 7-8 that are indepen-
dent of each other, creating the potential for parallel processing. Neverthe-
less, solving numerous non-convex optimizations simultaneously is difficult.
Therefore, this section introduces alternative formulations of inequality con-
straints that simplify the projection optimization and make it amenable to
trivially parallelizable tasks such as matrix-vector multiplication. These
reformulations are derived from the author’s work in Publication IV.

In light of the aforementioned objective, the quadratic tracking con-
straints (4.1d) are rephrased into the following polar representation.

fr =
{
x(t)− xr(t)− dr(t) cosαr(t)
y(t)− yr(t)− dr(t) sinαr(t)

}
, smin ≤ dr(t) ≤ smax (6.8)

where αr(t) represents the angle that the LoS vector between the robot and
the target makes with theX axis. Additionally, the variable dr(t) represents
the magnitude of this vector. Following a similar approach, the quadratic
motion bounds can be rephrased in the following form.

fv =
{
ẋ(t)− dv(t) cosαv(t)
ẏ(t)− dv(t) sinαv(t)

}
, dv(t) ≤ vmax (6.9)

fa =

{
ẍ(t)− da(t) cosαa(t)
ÿ(t)− da(t) sinαa(t)

}
, da(t) ≤ amax (6.10)
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Remark 7. The variables αr(t), αv(t), αa(t), dr(t), dv(t), and da(t) are
additional variables that will be obtained by the batch projection optimizer
along with ξj.
Matrix Representation: Using the trajectory parametrization in (3.5) -
(3.6), constraints (6.8) - (6.10) could be rephrased in the following form.

Wcx = xr + dr cosαr,Wcy = yr + dr sinαr (6.11a)

Ẇcx = dv cosαv,Ẇcy = dv sinαv, (6.11b)

Ẅcx = da cosαa,Ẅcy = da sinαa, (6.11c)

where αr is formed by stacking αr(t) at different time instants. Similar
procedure is followed for constructing αv, αa, dr, dv, da, xr, and yr.
Reformulation of Projection: Using (6.11a) - (6.11c), the projection
optimization on lines 7-8 of Alg. 2 could be replaced with the following.

min
ξj

1

2

∥∥ξj − ξj
∥∥2
2

(6.12a)

Aeqξj = beq (6.12b)

Fξj = hj(αr,j ,αa,j ,αv,jdr,j ,dv,j ,da,j) (6.12c)

smin ≤ dr,j ≤ smax, dv,j ≤ vmax, da,j ≤ amax (6.12d)

The subscript j denotes that (6.12a) - (6.12d) are defined for projection of
the jth sample of ξj . In total, there would be n such optimization prob-
lems. The constraints (6.12c) - (6.12d) together serve as the replacement
for g(ξj) ≤ 0. It is worth noting that the matrices F and Aeq are the same
for all the projection problems.

a) Solution Process.
The key idea here is to simplify the non-convex equality constraints

(6.12c) by transforming them into l2 penalties and including them in the
projection cost (6.12a).

L(ξj ,λj) =
1

2

∥∥ξj − ξj
∥∥2
2
− ⟨λj , ξj⟩+

ρ

2

∥∥Fξj − hj
∥∥2
2

(6.13)

The so-called Lagrange multipliers λj play a crucial role in driving the
residuals to zero for any arbitrary ρ [84].

The right-hand side of equation (6.13) is non-convex but has some under-
lying partially convex structures. These structures become more apparent
when using the AM technique to compute the minimum of (6.7) under con-
straints (6.12b) and (6.12d). This derivation is shown in Alg. 3, where
the left superscript is utilized to track variables throughout the iterations.
At each step of AM, optimization is performed over only one particular
variable, while the remaining variables are kept fixed at values obtained in
the previous iteration or the previous step of the current iteration. A more
comprehensive analysis is provided in the following subsection.
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b) Analysis.
Step (6.16): This optimization is a convex-equality-constrained QP. It

can be simplified into the following system of linear equations, where νj
represents the dual variable linked to the equality constraints.

Qproject︷ ︸︸ ︷[
I + ρFTF AT

eq

Aeq 0

] [
ξj
νj

]
=

qj︷ ︸︸ ︷[
ρFT khj + kλj + ξj

beq

]
(6.14)

The set of equations (6.14) computes the projection of the jth sample. How-
ever, as the left-hand side of (6.14) would be identical for all the projection
optimizations, the solution for the entire batch could be obtained simulta-
neously through the following equation.



ξ1,ν1

...
ξn,νn


 =

(
Q−1
project

[
q1|q2|q3 . . .qn

])T
(6.15)

Remark 8. The inverse of Qproject needs to be performed only once. There-
fore, during each iteration of Alg. 3, only computing large matrix-vector
products is required in equation (6.15), which can be easily parallelized on
GPUs.
Step (6.17): The k+1ξj obtained at step (6.16) can be mapped to the
jth sampled trajectory (k+1xj , k+1yj) using (3.5) - (3.6). This allows us to
consider each element of αr,j as independent of the others. As a result, the
optimization problem in (6.17) could be divided into m separate problems,
each with a closed-form solution.

k+1αr,j = arctan 2((k+1yj − yr), (
k+1xj − xr)) (6.22)

Step (6.18): Similar to the previous step, each element of dr,j can be con-
sidered independent Consequently, optimizing over dr, j reduces to solving
n parallel single-variable QP problems subject to simple bound constraints.
A closed-form solution could be obtained by first solving the unconstrained
problem and then simply clipping the value to lie between [smin smax].
Step (6.20): The two optimizations in this step have the same structure
as (6.17) - (6.18) and thus have a closed-form solution.
Remark 9. The solution of optimizations (6.17) - (6.20) involves only
element-wise operations. Such numerical operations could be easily com-
puted for the entire batch in one shot.

6.2.3. Learned Occlusion Model

In this section, the final component of the proposed CEM pipeline is in-
troduced: an occlusion cost that can be queried efficiently in a batch on
GPUs. This is accomplished by using the same formula as presented in
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Algorithm 3: Efficient Batch Projection
1: Initialize kαr,j ,

kαv,j ,
kαa,j , kdr,j , kdv,j , kda,j for iteration k = 0

2: while k ≤ max projection iter., or till norm of residuals are below some threshold do

k+1
ξj = argmin

ξj

1

2

∥∥∥ξj − ξj
∥∥∥2

2
− ⟨kλj , ξj⟩+

ρ

2

∥∥∥Fξj − hj(kαr,j , kαv,j , kαa,j , kdr,j , kdv,j , kda,j , )
∥∥∥2

2
, (6.16)

Aeqξj = beq

k+1
αr,j = arg min

αr,j

∥∥∥Fk+1
ξj − hj

∥∥∥2

2
= arg min

αr,j

∥∥∥∥k+1xj − xr − kdr,j cosαr,j
k+1yj − yr − kdr,j sinαr,j

∥∥∥∥2

2

(6.17)

k+1dr,j = arg min
smin≤dr,j≤smax

∥∥∥Fξj − hj(k+1
αr,j)

∥∥∥2

2
(6.18)

k+1
αv,j = arg min

αv,j

∥∥∥Fk+1
ξj − hj(kdv,j ,αv,j)

∥∥∥2

2
, (6.19)

k+1dv,j = arg min
dv,j≤vmax

∥∥∥Fk+1
ξj − hj(k+1

αv,j ,dv,j)
∥∥∥2

2

k+1
αa,j = arg min

αa,j

∥∥∥Fk+1
ξj − hj(kda,j ,αa,j)

∥∥∥2

2
, (6.20)

k+1da,j = arg min
da,j≤amax

∥∥∥Fk+1
ξj − hj(k+1

αa,j ,da,j)
∥∥∥2

2

(
k+1

λj) = (
k
λj) − ρFT (Fξj − k+1hj) (6.21)

3: Return k+1ξj

(5.9) to define the LoS at time t as a straight line connecting the robot
and the target position. Mathematically, any point on the 2D LoS can be
identified by selecting an appropriate value of u ∈ [0, 1] in (6.23).

(xlos, ylos)(t, u) =

[
(1− u)x(t) + uxr(t)
(1− u)y(t) + uyr(t)

]
(6.23)

The points on the LoS are a function of (x(t), y(t)) and consequently ξ.
Suppose a stationary circular obstacle located at (xo, yo) with a radius of
a, which takes into account the robot’s size and inflation. The proposed
occlusion cost is defined as follows:

focc(x(t), y(t), xr(t), yr(t)) =
∑

u

{max(0,−dlos(t, u))}2 (6.24)

dlos(t, u) = (xlos − xo)2 + (ylos − yo)2 − a2 (6.25)

It can be inferred from equation (6.24) that focc is influenced by the distance
between the points on the LoS vector and a specific obstacle (recall Figure
8). The collision-avoidance of the robot with the environment is ensured
when focc is evaluated for u = 0.
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a) Reducing distance queries through learning. To calculate (6.24),
the variable u is discretized within the range of 0 to 1 and dlos(t, u) is
evaluated at each of these discrete points. There are two common methods
to compute these distances. The first involves obtaining them from the
occupancy or voxel map of the environment, but this requires constructing
an explicit map and must be repeated if the environment changes. The
second approach computes distance queries from point obstacles generated
from LiDAR scans, but this can be prohibitively expensive in terms of both
memory and computation. To illustrate, suppose that the resolution of u is
nu, and the number of point obstacles is no. For a batch of n trajectories
and m planning steps, the number of distance queries required would be
(nu ∗ no ∗ n ∗ m). Using the values nu = 100, no = 200, n = 200, and
m = 100, this amounts to 4 ∗ 108 distance queries. In addition, there is an
overhead associated with generating the same number of (xlos, ylos) prior
to performing the distance queries. Dealing with such a large number of
samples can become computationally infeasible.

In order to address the issues mentioned above, a learning approach is
proposed for occlusion computation that utilizes LiDAR-generated point
obstacles and reduces the distance queries by a factor of nu (approximately
100). The key idea is to avoid the process of querying dlos(t, u) for a specific
set of discrete u values and instead approximate its effects via a neural
network. To achieve this, a Multi-Layer Perceptron (MLP) neural network
is trained to learn the right-hand side of (6.24). Specifically, the MLP
takes as input the positions of the robot, target, and a single obstacle and
outputs the occlusion value. The inferencing with the MLP could be done
in batches to query the occlusion cost for the entire CEM batch and all
obstacles simultaneously.

Figure 22 shows the comparison between the ground truth and learned
occlusion model for an arbitrary environment. The obstacle boundaries
are represented through an overlap of point obstacles. Although the exact
analytical values are different, the learned model is able to correctly identify
the areas from where the target is not visible.
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(a) (b)

Figure 22. Occlusion heatmap. (a) is the ground truth and (b) is predicted by
the proposed learned occlusion cost.

Figure 23 compares the time required to query dlos(t, u) from an oc-
cupancy map and computing the r.h.s of (6.24) with the proposed learned
occlusion cost. The Signed Distance Field (SDF) library is utilized to query
the distances from the occupancy map, and multi-threaded CPU paralleliza-
tion is used to execute the queries in parallel. Despite these customizations,
the learned occlusion cost is shown to be three times faster than the one
based on the occupancy map.

Figure 23. The Figure shows the time taken to perform occlusion cost queries
from an occupancy map using the SDF library compared with the proposed learned
occlusion model.
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6.3. Validation and Benchmarking

In this section, the optimizers in Alg. 1 and 2 are validated in various
settings, and the results are benchmarked against different state-of-the-art
approaches in static and dynamic environments.

6.3.1. Implementation Details

The trajectory optimizers are implemented in Python using the JAX [92]
library as the GPU-accelerated linear algebra backend. The simulation
pipeline is built on top of ROS [91] and the physics simulator Gazebo.
AORUS Laptop Intel Core i7 − 11800H with Nvidia RTX 3080 is used to
execute all the benchmarks.

For the MLP-based occlusion cost, the ground-truth data is derived from
the analytical model (6.24) and trained in PyTorch with AdamW optimizer.
400000 (x, y) points paired with 100 random obstacle positions are used to
create a dataset of 40 million instances. The architecture details of the
learned occlusion model are presented in Table 2.

Table 2. Occlusion Model Architecture

Layers Dimension Activation
1. Input 6 x 512 Relu

2. Hidden 512 x 256 Relu
3. Hidden 256 x 128 Relu
4. Output 128 x 1 Linear

The MPC pipeline developed on top of the optimizers takes the robot
and target’s current positions and velocities along with LiDAR point clouds
to generate occlusion-free trajectories in real-time.

a) Hyper parameters. The batch size of CEM in Alg. 1 and Alg. 2
are chosen as 500 and 200, respectively. However, in Alg. 2, n = 1000
trajectories are sampled initially and then the top 200 among them are
chosen based on projection residuals.

b) Baselines. The same baselines used in 5.4.3 - 5.4.4, namely Au-
toChaser [1] and Nägeli et al [4] are considered for benchmarking in
static and dynamic environments, respectively.

c) Metrics. Following metrics are considered for benchmarking.
Occlusion Time: It is defined as the total time during which the robot
and the target LoS are in collision with an obstacle.
Acceleration: A measure to determine how fast the robot changes its
speed and direction while following a target to avoid collisions or occlusion
stemming from the obstacles.
Computation Time: Time taken to compute a solution trajectory.
Success Rate: Total number of occlusion-free runs divided by the total
number of runs in each benchmark.
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6.3.2. Point-to-Point Navigation

This benchmark considers point-to-point navigation with target-visibility
constraints in a known environment. The obstacles are given through a
point cloud (shown in yellow in Figure 24). An additional constraint (lower
bound constraint in (6.1d)) is added to guarantee that the optimal trajec-
tory does not collide with the target.

Figure 24. (a) - (d) depict the visibility-aware trajectories generated using Alg.
1 while Figures (e) - (h) show the trajectories computed by Alg. 2. Although both
algorithms work, from iteration 2 onwards, Alg. 2 ensures that all the sampled
trajectories satisfy collision avoidance with the target.

Figure 24 illustrates that both Alg. 1 and Alg. 2 gradually converge to
a trajectory that is free from occlusions and collisions after being initialized
with a simple Gaussian distribution. However, Alg. 1 takes ten iterations
to obtain an occlusion-free trajectory that also avoids collisions with the
target. On the other hand, Alg. 2 can obtain a large number of samples
that avoid collisions with the target from the second iteration itself, thanks
to the projection step (lines 7-8). Due to this behavior, Alg. 2 obtains a
solution trajectory in roughly half the time required by that of Alg. 1. This
feature of constraint satisfaction is even more crucial in the real-time MPC
setting, where only a few iterations of the CEM can be performed before
executing the best available action.

6.3.3. Static Environments

This section benchmarks the developed MPC pipeline for target-tracking
application in a static environment. 10 different target trajectories are
generated with speeds of 0.5 to 1 m/s in two different environment config-
urations. The qualitative results are shown in Figure 25.

As shown in Table 3, AutoChaser [1] performs very poorly in terms of
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occlusion time and success rate when it does not have prior access to target
intermediate waypoints. In fact, in none of the 10 trajectories, this variant
of [1] managed to remain completely occlusion-free. The performance im-
proves dramatically when AutoChaser is provided with a dense set of target
waypoints. However, even in this scenario, AutoChaser is outperformed by
both of the proposed optimizers regarding success rate and occlusion time.
The optimizer presented in Alg. 2 achieves near-perfect visibility and suc-
cess rate. All the compared approaches required similar acceleration efforts.
Alg. 1 and AutoChaser[1] have similar computation times while Alg. 2 is
approximately 40% faster than the baseline. The timing difference between
Alg. 1 and 2 is interesting since, on the surface, Alg. 2 appears to have more
computations due to the presence of the batch projection operation. How-
ever, the batch projection innovates at the matrix algebra level to leverage
GPUs for fast distributed computations.

Figure 25. A qualitative comparison of target tracking is conducted in an en-
vironment with 6 static obstacles. As observed, the baseline AutoChaser [1] is
outperformed by both Alg. 1 and 2. Furthermore, Alg. 2 exhibits the best per-
formance with near-perfect occlusion-free tracking.

Table 3. Total Target Trajectories: 10 / Sim. Time: 1290s

Method Occlusion Time (s) /
Succes-rate

Linear Acceleration
Mean / Min / Max

Computation
Time (s)

Alg. 1 6.7 / 0.70 0.65 / 0 / 1.75 0.11
Alg. 2 0.7 / 0.95 0.432 / 0.00 / 1.26 0.06

AutoChaser [1], no
prior target waypoints

72.68 /0.0 0.312 / 0.00 / 1.14 0.085

AutoChaser [1], 100
prior target waypoints

45.42 /0.10 0.478 / 0.00 / 1.35 0.085

75



6.3.4. Dynamic Environment

In this section, the performance of the proposed optimizers is compared
to [4]. Eight different configurations with dynamic obstacles, as in Section
5.4.4, are considered for this benchmark. The obstacles are considered cylin-
drical to make it compatible with the assumption in [4], However, for the
proposed optimizers, the obstacles are given through a point cloud without
any notion of their shapes. The target is considered to be stationary in
this benchmark for a meaningful comparison. To elaborate, since the tar-
get trajectory also needs to avoid collision with the dynamic obstacles, it
is extremely difficult to replicate the same trajectory for a fair comparison
of different algorithms within a physics simulation engine. Hence, different
configurations are using obstacles with varying velocities.

Figure 26 shows the qualitative results in one benchmark. Here, the
quadrotor needs to keep its view of the target occlusion-free while avoiding
dynamic obstacles. As can be seen, the baseline gets occluded in different
instances, while the proposed Alg. 2 maintains perfect visibility of the
target. The quantitative results for all the configurations are summarized in
Table 4. The baseline [4] is outperformed by both of the proposed optimizers
in occlusion time and success rate metrics. The performance gap between
the proposed approaches and that of [4] could be attributed to its simplified
occlusion model that does not explicitly account for obstacle geometry.

Table 4. Total Obstacle Configurations: 8 / Sim. Time: 240s

Method Occlusion Time(s) /
Success rate

Linear Acc.
Mean / Max

Computation
Time (s)

Alg. 1 0 / 1.0 1.06 / 4.58 0.12
Alg. 2 0 / 1.0 0.98 / 1.43 0.06

Nägeli et al [4] 6.3 /0.375 0.4 / 1.7 0.022 (warm-start 0.37)
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Figure 26. A qualitative comparison between Alg. 2 and [4]. The environment
consists of a static target amongst three dynamic obstacles. The task is for the
quadrotor to continuously adapt its position to prevent occlusion from the dynamic
obstacle. As can be seen, [4] gets occluded at several instances (shown in (a) - (b))
while the proposed Alg. 2 maintains perfect visibility (depicted in (c) - (d)).

The behavior observed in [4] is similar to a bang-bang controller. The
robot used sparse bursts of sharp accelerations to reach specific velocities.
As a result, the average acceleration of [4] is lower than those of the proposed
optimizers. However, its max acceleration is 20% higher than that employed
by the proposed optimizer in Alg. 2. Although the MPC iterations of [4]
are faster than that achieved by the proposed optimizers, when the warm-
up time is taken into account, the proposed approaches are more tractable
for real-time performance. In fact, [4] needs a separate warm start for
each obstacle configuration and fails when the obstacle trajectories change
drastically in the middle of the runs. For the same reason, the author
could not make [4] work in scenarios with a dynamic target. Note that the
proposed optimizers do not need/use any of such warm starts.
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6.3.5. Online Obstacle Adaptation

Here, the proposed optimizer in Alg. 2 is validated in terms of adapting to
obstacles on the fly. Figure 27(a) shows a scenario where the quadrotor is
initially hovering at its place since its view of the target is free of occlusions.
However, suddenly two obstacles are added to the environment (shown with
yellow arrows in Figure 27(b)) and occlude its LoS. Thus, the quadrotor
moves to free its LoS from occlusion. Note, how the quadrotor moves to
the bottom and also avoids collision with the newly added obstacle at the
bottom (Figures 27 (c-d)). This behavior is achievable thanks to the use of
online point cloud by the proposed optimizers.

Figure 27. Online obstacle adaptation of the proposed optimizer in Alg. 2.
(a) shows the initial configuration with three obstacles. Two new obstacles are
suddenly added to the environment (shown with yellows arrows in (b)) and occlude
the quadrotor’s LoS. The quadrotor moves to the bottom to clear its LoS from
occlusions (shown in (c)). Notice how the quadrotor also avoids the new obstacle
on the bottom (shown in (d)).
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6.3.6. Real World Demonstrator

This section presents the qualitative results obtained from the real-world
experiment of the proposed optimizers. The quadrotor used is Parrot Be-
bop 2 and Optitrack Motion Capture System is utilized for quadrotor and
obstacles localization. Figure 28 illustrates an environment with three ob-
stacles and a moving human target. The obstacle point cloud is generated
around obstacles given the center of each obstacle (shown with brown in the
RViz views). While moving, the human target displaces the obstacles, lead-
ing to new obstacle configurations (indicated with yellow arrows in Figures
(e) and (h)). The quadrotor is able to counter these changes and continue
tracking the target without losing the LoS thanks to the utilization of an
online point cloud that is updated as the obstacles move. The full video of
the runs is also released publically1.

External Camera View Quadrotor Camera View RViz View

(a) (b) (c)

(e) (f) (g)

(h) (i) (j)

(k) (l) (m)

Figure 28. The qualitative comparison of a hardware experiment of the proposed
optimizers. The environment consists of three obstacles and a moving human
target. The human target rearranges the obstacles throughout the run and creates
new configurations. (shown with yellow arrows)

1https://www.youtube.com/watch?v=jNCdLur_NaY
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7. COOPERATIVE VISIBILITY-AWARE NAVIGATION
IN ARBITRARY ENVIRONMENTS

This chapter extends the proposed optimization-based algorithms for VAN
to a cooperative multi-robot setting, with applications to warehouse in-
ventory management. More specifically, a trajectory planning algorithm is
developed for a team of a UAV and a UGV to autonomously scan ware-
house racks for inventory management. The main motivation is to make
small-sized UAVs with limited computing and sensing hardware capable of
reliably performing the scanning task in cluttered environments.

7.1. Contributions

The key contributions of this chapter are summarized as follows:
• Visibility-Aware Cooperative Navigation (VACNA) is introduced for

enabling UGVs to guide the navigation of small-sized UAVs. Specif-
ically, VACNA is characterized by a set of cost and constraint func-
tions that allow a UAV-UGV pair to navigate smoothly in cluttered
environments while maintaining each other in their field of view and
within a specified distance threshold. Moreover, these functions also
model the primary task: UAV maintaining visibility of the rack during
navigation.

• A CEM-based optimizer is developed to solve the VACNA problem in
completely unknown environments using only LiDAR point cloud.

• A deep generative model is learned in form of a CVAE from expert
demonstrations to warm-start the proposed CEM-based optimizer.

• Using the CVAE initialization, the optimizer achieves real-time per-
formance for solving the VANCA problem on embedded devices such
as NVIDIA Jetson Xavier.

• The proposed CEM optimizer outperforms the baseline variants in all
benchmark metrics such as occlusion time, traversal distance, control
effort, and computation time.

7.2. VACNA with Application in Warehouse Inventory

One of the prominent applications for UAVs is warehouse automation
[93],[94], where a UAV needs to scan the racks of the warehouses through
its monocular camera while navigating through narrow, cluttered corridors.
From the perspective of autonomous navigation, there are two core chal-
lenges to this task. First, UAVs have limited computing power onboard,
and second, mounting sensors like LiDAR and RGBD cameras on the UAV

80



can increase its form factor and reduce its flight time, making it unsuitable
for navigation in tight indoor spaces.

This chapter aims to develop an approach to make small-sized UAVs with
only monocular cameras capable of reliably performing rack scanning tasks
in warehouses. A cooperative system is proposed and validated, wherein a
UAV is guided by a UGV with a more significant form factor that can carry
more extensive computing and sensing hardware to plan motions for itself
and the UAV.

At the core of the approach lies a novel motion planning concept referred
to as VACNA, characterized by cost and constraint functions that allow a
UAV-UGV pair to navigate smoothly in cluttered environments while main-
taining each other in their FoV and within a specified distance threshold.
Moreover, these functions also model the primary task of maintaining the
visibility of racks during navigation.

A CEM-based approach is adopted to solve the trajectory optimization
underpinning VACNA. Several modifications over the baseline variant are
proposed, significantly improving the quality of cooperation between the
UAV-UGV and the efficiency of the scanning task.

7.3. Trajectory Optimization for UAV-UGV Warehouse Inventory

Assuming that both UAV-UGV are holonomic and the obstacles can be
avoided in 2D through motions in X − Y plane, the optimization problem
for VACNA for a UAV-UGV pair can be formalized as in (7.1a) - (7.1h).
Note that the UAV still operates in 3D, but its height is independently
controlled.

min

t=tm∑

t=t0

w1p̈r(t)
2 + w1p̈g(t)

2 + w2focc(pr(t),pg(t)) + w3focc(pr(t),psc(t)) (7.1a)

(pr(t0), ṗr(t0), p̈r(t0)) = b0,r, (ṗr(tm), p̈r(tm)) = bf,r (7.1b)
(pg(t0), ṗg(t0), p̈g(t0)) = b0,g, (ṗg(tm), p̈g(tm)) = bf,g (7.1c)

fvel(ṗr(t)) ≤ vr, facc(p̈r(t)) ≤ ar (7.1d)
fvel(ṗg(t)) ≤ vg, facc(p̈g(t)) ≤ ag (7.1e)

fo,i(pr,po,i) ≤ 0, fo,i(pg,po,i) ≤ 0,∀i (7.1f)

slos ≤
∥∥[pr(t)− pg(t)

]∥∥
2
≤ slos (7.1g)

sref ≤
∥∥[pr(t)− pref (t)

]∥∥
2
≤ sref (7.1h)

fvel =
√

ṗ(.)(t)
2, facc =

√
p̈(.)(t)

2 (7.2)

fo,i = −
(x(.) − xo,i)2

a2
− (y(.) − yo,i)2

a2
+ 1 ≤ 0 (7.3)
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Figure 29. (a) - (b) show top-down and third-person views of a typical warehouse
inventory setting.

The vector p(.) = [x(.), y(.)]
T , (.) ∈ r, g denotes the 2D position of either

the UAV or UGV vehicles. The cost function (7.1a) consists of four terms,
with the first two minimizing the sum of the acceleration magnitude for
the UAV and UGV, and the last two minimizing the occlusion between the
UAV and UGV, and the UAV and the rack, respectively. The occlusion
model focc(.) is the same learned model developed in Publication II and
explained in Section 6.2.3. w1 − w3 are user-defined weights that control
the importance of each cost term. Constraints (7.1b) - (7.1c) specify the
initial and final boundary conditions for the UAV and UGV trajectories.
The inequality constraints (7.1d) and (7.1e) enforce velocity and accelera-
tion limits for the UAV and UGV, respectively, with the exact definitions
provided in (7.2). Constraints (7.1f) ensure that the UAV and UGV do
not collide with each other. The definition of fo,i(.) is brought in (7.3),
where x(.), y(.) are the positions of UAV/UGV and xo,i, yo,i are the posi-
tion of the ith obstacle point obtained from the LiDAR. In equation (7.3),
the constant a represents the footprint radius of the UAV/UGV. To ensure
that the UAV and UGV remain within certain bounds (slos, slos) of each
other, inequality (7.1g) is utilized. Similarly, inequality (7.1h) ensures that
the UAV stays within certain bounds (sref , sref ) of the reference trajec-
tory, which is depicted in black in Figure 29(a). The reference trajectory
provides the desired path and velocity that the UAV must follow to scan
the warehouse racks, and the tracking bounds on the reference trajectory
encode the minimum and maximum distance from which the UAV should
view the racks. By projecting the reference trajectory onto the surface of
the racks, the scanning trajectory (xsc(t), ysc(t)) is obtained, which is used
to calculate occlusion between the UAV and the rack at any given time t.
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7.3.1. Trajectory Parametrization

Using the parametrization presented in Section 3.3.2, the following compact
representations can be derived for (7.1a) - (7.1f).

min
ξr,ξg

1

2
ξTr w1Qξr + w2

∥∥focc(ξr, ξg)
∥∥
1
+ w3 ∥focc(ξr,xsc,ysc)∥1 (7.4)

Aeqξr = beq,r, Aeqξg = beq,g, (7.5)

h1(ξr) ≤ 0, h1(ξg) ≤ 0, h2(ξr, ξg) ≤ 0,

Aeq =

[
A 0
0 A

]
,A =

[
P0|Ṗ0|P̈0|Ṗm|P̈m|

]T
,beq =

[
b0

bf

]
(7.6)

Constraints (7.5) are the matrix representations of (7.1b) - (7.1h). The
algebraic form of h1 and h2 can be easily obtained by substituting (3.5) -
(3.6) into (7.1f) - (7.1h). The vector focc is constructed by stacking the focc
at different time instants.

7.3.2. Proposed Optimizer

a) Sequential Minimization with Warm-Start.
Solving (7.4) - (7.5) jointly for (ξr, ξg) can be computationally pro-

hibitive. Therefore, a sequential minimization approach is adopted where
ξr, ξg are optimized one at a time. This is summarized in Alg. 1, wherein
superscript l tracks the values of variables throughout planning steps. For
instance, lξg denotes the value of the variable obtained at planning step l.
While optimizing for ξg, only the occlusion cost of UAV-UGV LoS is con-
sidered since there is no requirement for the UGV to maintain the visibility
of the warehouse racks.

As presented in lines 3-4 of Alg. 1, ξg is fixed at the values obtained in
the previous step while optimizing for ξr. The resulting ξr is then fixed in
the cost and constraint functions to optimize over ξg in lines 5. At each
optimization step, only constraints that explicitly depend on the variables
currently being optimized are considered.

Algorithm 1: Sequential Minimization with Warm-Start

1 Input lξg, at lth planning step.

2 l+1ξr = argmin 1
2ξ

T
r w1Qξr + w2foc(ξr,l ξg) + w3foc(ξr,xsc,ysc)

3 • Aeqξr = beq,r, h1(ξr) ≤ 0, h2(ξr,
l ξg) ≤ 0

4 l+1ξg = argmin 1
2ξ

T
g w1Qξg + w2foc(ξg,l+1 ξr)

5 • Aeqξg = beq,g, h1(ξg) ≤ 0, h2(ξg,
l+1 ξr) ≤ 0
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b) CEM-based Optimization. A CEM-based approach is utilized to
solve the optimizations over ξr and ξg in lines 2-3 and 4-5 of Alg. 1. The
process for ξr is outlined in Alg. 2, where the left superscript i is employed
to monitor the variables across the iterations. At iteration i, n samples of
ξr are drawn from a Gaussian distribution in line 4, denoted as ξr,j . In line
5, an empty list is initialized to store the cost function corresponding to
the drawn samples. The core distinction between the proposed CEM and
the baseline variants is represented in lines 7-8. Herein, ξr,j is projected
to ξr,j to satisfy the boundary conditions and other inequality constraints.
The cost is evaluated for each of the projected samples in lines 9-10, where
w1 − w3 are user-defined weights to balance the relative importance of the
cost terms. The EliteSet refers to the q samples of ξr,j with the lowest cost,
which are chosen in line 11. In line 12, a Gaussian distribution is fitted to
this set, and the resulting mean and covariance are employed for sampling
in the next iteration.

The same procedures apply to the UGV with one exception: the UGV’s
cost will not include the third term in line 9 of Alg. 2, as there is no
occlusion requirement between the UGV and the warehouse racks.

Algorithm 2: CEM-Based Optimization
1 NCEM = Number of CEM iterations
2 Initiate mean iµ,iΣ, at i = 0
3 for i = 1, i ≤ NCEM , i++ do
4 Draw n Samples (ξr,1, ξr,2, ξr,j , .., ξr,n) from N (iµ,iΣ)

5 Initialize CostList = []

6 Project ξr,j to ξr,j through the following optimization ∀j:
7 • ξr,j = argminξr,j

∥∥ξr,j − ξr,j
∥∥2
2

8 • Aeqξr,j = beq,r, h1(ξr,j) ≤ 0, h2(ξr,j ,
l ξg) ≤ 0

9 cost← 1
2ξ

T

r,jw1Qξr,j + w2∥foc(ξr,j , ξg)∥1+w3∥foc(ξr,j ,xsc,ysc)∥1, over
n samples

10 append cost to CostList
11 EliteSet← Select top q lowest cost samples
12 (i+1µ, i+1Σ)← Fit Gaussian distribution EliteSet

13 end
14 return Sample corresponding to the lowest ξr,j in the EliteSet

c) Efficient Batch Projection. Alg. 2 includes projection optimiza-
tions in lines 7-8, which can be performed in parallel for each sample ξr,j to
enhance computational efficiency. To achieve this, the constraints (7.1d) -
(7.1h) are modified to create a suitable structure in the projection optimiza-
tion. The primary computation in the projection optimization is equivalent
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to solving a batch of QPs in form of (7.7).

1

2
ξ
T

r,jQ ξr,j + qTr,jξr,j ,Aeqξr,j = beq,r (7.7)

The vector qr,j in the above formulation should be recomputed for each
batch. The other matrices Q,Aeq remain constant across all the batches.
Thus, the solution to (7.7) can be computed in one shot across all the
batches through (7.8).

[
ξr,j .. ξr,n
νr,j .. νr,n

]
=

constant︷ ︸︸ ︷

(

[
Q AT

eq

Aeq 0

]−1

)

[
qr,j .. qr,n
beq,r .. beq,r

]
(7.8)

wherein νr,j is the dual-variable associated with the equality constraints.
Irrespective of the batch size, the inverse on the right-hand side of (7.8)
is computed only once. Thus the batch solution of (7.7) reduces to just a
large matrix-vector product that can be trivially parallelized over GPUs.
The solution process of (7.7) is presented next.

Here, a more detailed analysis of the projection optimization in lines
7-8 of Alg. 2 is presented. The derivations in Publication II presented in
Section 6.2.2 are extended to include the cooperative navigation setting.
Specifically, the optimizer introduced in Publication II is updated with new
constraints for collision avoidance and UAV-UGV separation.

To begin, the inequality constraints (7.1d) - (7.1h) are reformulated by
noting that in lines 7-8, the optimal UGV trajectory coefficients lξg are
known from the previous planning step. In other words, the waypoints
lpg = (lxg(t),

lyg(t)) for the UGV are known. For notational simplicity, the
superscript l is dropped in the following.

The quadratic collision constraints (7.1f) are reformulated into the fol-
lowing polar form:

fo,i(.) = 0, do,i ≥ 1,∀i (7.9)

fo,i =
{
xr(t)− xi(t)− ado,i(t) cosαo,i(t)
yr(t)− yi(t)− ado,i(t) sinαo,i(t)

}
(7.10)

The angle between the vector connecting the center of the UAV and the
ith obstacle, and the X axis is represented by αo,i(t). The variable do,i(t)
denotes the normalized magnitude of this vector. It can be easily verified
that satisfaction of (7.9) ensures the satisfaction of original constraints (7.1f)
based on the Euclidean distance.

Following a similar approach, constraints (7.1d) - (7.1e) and (7.1g) -
(7.1h) can be reformulated to the forms (7.11) - (7.14).
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fv(.) = 0, dv(t) ≤ vr, (7.11)
fa(.) = 0, da(t) ≤ ar, (7.12)

flos(.) = 0, slos ≤ dlos(t) ≤ slos, (7.13)
fref (.) = 0, sref ≤ dref (t) ≤ sref , (7.14)

where

fv =
{
ẋr(t)− dv(t) cosαv(t)
ẏr(t)− dv(t) sinαv(t)

}
, (7.15)

fa =

{
ẍr(t)− da(t) cosαa(t)
ÿr(t)− da(t) sinαa(t)

}
, (7.16)

flos =
{
xr(t)− xg(t)− dlos(t) cosαlos(t)
yr(t)− yg(t)− dlos(t) sinαlos(t)

}
, (7.17)

fref =

{
xr(t)− xref (t)− dref (t) cosαref (t)
yr(t)− yref (t)− dref (t) sinαref (t)

}
. (7.18)

Remark 10. αo,i, αlos(t), αref (t), αv(t), αa(t), do,i, dlos(t), dref (t), dv(t),
and da(t) are extra variables that will be obtained by the batch projection
optimizer along with ξr,j.

d) Reformulation of Projection. Using the formulation developed in
the previous section as well as the parametrizations in (3.5) - (3.6), the
projection optimization in lines 7-8 of Alg. 2 can be replaced with the
following:

min
ξr,j

1

2

∥∥ξr,j − ξr,j
∥∥2
2

(7.19a)

Aeqξr,j = beq,r (7.19b)

Fξr,j = ej(αj ,dj), d ≤ dj ≤ d (7.19c)

F =







Fo
Ẇ
Ẅ
W
W




0

0




Fo
Ẇ
Ẅ
W
W







, e =




xo + ado,j cosαo,j
dv,j cosαv,j
da,j cosαa,j

xg + dlos,j cosαlos,j
xref + dref,j cosαref,j

yo + ado,j sinαo,j
dv,j sinαv,j
da,j sinαa,j

yg + dlos,j sinαlos,j
yref + dref,j sinαref,j




(7.20)
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αj = (αo,j ,αlos,j ,αref,j ,αv,j ,αa,j) (7.21)
dj = (do,j ,dlos,j ,dref,j ,dv,j ,da,j) (7.22)

The matrix Fo is obtained by stacking the matrix W from (3.5) - (3.6)
as many times as the number of obstacles in the point cloud, for colli-
sion avoidance at a given planning cycle. The vectors xo,yo are formed
by appropriately stacking xo,i(t), yo,i(t) at different time instants. Similar
construction is followed to obtain αo, αlos, αref , αv, αa, do, dlos, dref ,
dv, da. The vectors d, d are constructed by stacking the lower and upper
bounds of individual d’s from (7.9) - (7.18).
The subscript j signifies that (7.19a)-(7.19c) are defined for projection of the
jth sample of ξr,j . In total, there would be n such optimization problems.
Second, the constraints (7.19c) serve as the replacement for h1(ξr,j) ≤ 0

and h2(ξr,j ,
l ξg) ≤ 0 in line 8 of the Alg. 2

e) Solution Process. The non-convex equality constraints (7.19c) are
relaxed as l2 penalties and augmented into the projection cost (7.19a).

L(ξ) = 1

2

∥∥ξr,j − ξr,j
∥∥2
2
− ⟨λj , ξr,j⟩+

ρ

2

∥∥Fξr,j − e(αj ,dj)
∥∥2
2

(7.23)

The use of so-called Lagrange multipliers λj plays a crucial role in driving
the residuals to zero for any arbitrary ρ [84].

AM is used to minimize (7.23) subject to (7.19b). This reduces to the
following recursive steps, wherein the left superscript k is used to track the
values across iterations.

k+1ξr = argmin
ξr,j
L(ξr, kαj , kdj), s.t Aeqξr,j = beq (7.24a)

k+1αj = argmin
αj
L(k+1ξr,αj ,

kdj) (7.24b)

k+1dj = argmin
dj
L(k+1ξr,

k+1αj ,dj) (7.24c)

More specifically, only one variable amongst ξr,j , αj , and dj is optimized,
while the other two are held fixed at the previous update.

The minimization (7.24a) is a convex QP with the same structure as
(7.7), with Q = I + ρFTF, qr,j = −ρFTe − λj . Therefore, the solution
across the entire batch can be calculated in parallel using (7.8). The steps
(7.24b) and (7.24c) have a closed-form solution that can be trivially batched
using the approach presented in Section 6.2.2 in the previous chapter. The
projection operator can be trivially extended for the UGV case. It will be
used in line 4 of Alg. 1 for optimizing UGV trajectory with the CEM of
Alg. 2.
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7.3.3. CVAE Initialization

With naive Gaussian initialization, the CEM in Alg. 2 may require a large
batch size and many iterations to converge to an optimal solution. Thus,
in this section, a data-driven approach is adopted to derive a more in-
formed initialization for the CEM. More specifically, a Behavior Cloning
(BC) framework is derived to learn a policy πθ that maps state observa-
tions o and laser (LiDAR) point cloud c to a distribution over optimal
trajectory coefficients for UAV/UGV, ξ∗ = (ξ∗r , ξ

∗
g). The observations o

have information about the positions and velocities of the UAV/UGV.
πθ is modeled as a probabilistic generative model in the form of a CVAE

[95], [96]. To train, a dataset with different samples of (o, c) and their
corresponding expert demonstration trajectories τ e is collected.

Encoder
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 Expert Trajectory
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Figure 30. The pipeline for the learned CVAE.

The proposed CVAE model, illustrated in Figure 30, consists of an
encoder-decoder architecture augmented with PointNet [97] to extract fea-
tures o from unstructured and unordered LiDAR point clouds c. The
learnable parameters of PointNet are represented as ω. The features from
PointNet and state observations are stacked to create an augmented vector
oaug = (o,o), which is then fed to an encoder MLP along with the expert
trajectory τ e. The encoder compresses this information to a latent variable
z with distribution qϕ(z|oaug, τ e) = N (µϕ, diag(σ

2
ϕ))

The decoder model consists of an MLP with parameters θ and a differ-
entiable optimization layer. It takes in oaug and maps z ∼ qϕ(z|oaug, τ e)
to the output distribution πθ(ξ∗|z,oaug) over the optimal trajectory coef-
ficients. The role of the optimization layer is to project the UAV/UGV
coefficient distribution resulting from the MLP to the vehicles’ current po-
sitions and velocities. Thus, the optimization layer is simply a differentiable
equality-constrained QP. Both the encoder and decoder along with Point-
Net are trained in an end-to-end fashion using the loss function presented

in (7.25), where W =

[
W 0
0 W

]
(recall (3.5) - (3.6)). The first term is
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called the reconstruction loss and aims to make the trajectory predicted by
the CVAE as close as possible to the expert trajectory. The second term
aims to make the latent distribution very similar to an isotropic Gaussian
N (0, I), where I is the identity matrix.

min
∑∥∥Wξ∗ − τ e

∥∥2
2
+ β DKL[qϕ(z |oaug, τ e) | N (0, I)] (7.25)

The back-propagation, required for updating the parameters (ω,ϕ,θ),
traces the gradient with respect to the loss function through the QP layer.
In the inference phase, the samples are drawn from N (0, I) (instead of
qϕ(z|oaug, τ e) ) and then passed through the decoder network to generate a
distribution over optimal trajectory coefficients ξ∗, conditioned on state ob-
servations o and point clouds c. The β hyper-parameter acts as a trade-off
between the two cost terms. The KL-vanishing issue is tackled by applying
a monotonic annealing schedule of β hyper-parameter [98], starting with 0
and gradually annealing the β at each optimizer step.

7.4. Validation and Benchmarking

This section validates the proposed approach over different ablations and
presents the comparisons with the baselines.

7.4.1. Implementation Details

Alg. 1 and 2 are implemented in Python using JAX [92] library as the
GPU-accelerated linear algebra backend. The polynomial matrix W is con-
structed from a 10th order polynomial. The simulation pipeline is built on
top of ROS [91] and the physics simulator Gazebo. The benchmarks are run
on AORUS Laptop Intel core i7− 11800H with NVIDIA RTX 3080 and 32
GB RAM. For the real-world experiments, Parrot Bebop 2 and Robotont
UGV [99] are used. For occlusion handling, the learned occlusion model
in Publication II (Section 6.2.3) is used that takes in a robot, a target,
and obstacle positions as inputs and outputs an occlusion value. Thus,
this model is evaluated over the UAV-UGV pair and between the UAV and
the moving point of interest on the specified warehouse rack. The expert
demonstrations to learn the CVAE are collected through teleoperation. The
parameters used in the CVAE and its architecture are brought in Tables 5,
6, 7.

An MPC pipeline is developed on top of the proposed optimizer. It
takes the UGV and UAV’s current positions and velocities as feedback along
with LiDAR (laser) point cloud and generates occlusion-free trajectories for
both vehicles in real-time. No warm-starting is used for the proposed CEM
optimizer in Alg. 2.
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Table 5. PointNet Architecture

PointNet Network
ω

Block Layers Output
Size

Kernel
Size

Bias Activation

Conv 1-3 1D Convolution,
Batchnorm

64 1 False ReLU

Conv 4 1D Convolution,
Batchnorm

128 1 False ReLU

Conv 5 1D Convolution,
Batchnorm

1024 1 False ReLU

MLP 1 Adaptive Maxpool,
Linear,

Batchnorm,
Dropout

256 None False ReLU

o Linear 40 None True None

Table 6. CVAE Encoder Architecture

Encoder Network
ϕ

Block Layers Output Size Activation

MLP 1-4 Linear, Batchnorm 1024 ReLU

MLP 5 Linear, Batchnorm 256 ReLU

Mean Linear 2 / 6 None

Variance Linear 2 / 6 Softplus

Table 7. CVAE Decoder Architecture

Decoder Network
θ

Block Layers Output Size Activation

MLP 1-4 Linear, Batchnorm 1024 ReLU

MLP 5 Linear, Batchnorm 256 ReLU

ξ Linear 44 None

ξ∗ Optimization Layer 44 None
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a) Baselines. The proposed optimizer is compared with the following
baselines:
Conventional CEM: This is the most popular optimizer for planning with
learned neural-network models such as the learned occlusion cost presented
in this work (e.g. see [100]). Recall that Alg. 2 improves CEM by augment-
ing a projection optimization and thus, this comparison essentially presents
the benefit of the said augmentation.
CMA-ES: This sampling-based optimizer differs from CEM in the way it
adapts the covariance matrix of the sampling distribution. In this work, the
customization of CMA-ES proposed in [101] is used that is re-implemented
with the JAX GPU accelerated library [102].

b) Hyper-parameter Selection. The batch size n of CEM in Alg. 2 is 100
and the top 20 of them are chosen as the EliteSet in each iteration. The
smoothness and occlusion weights are scaled to obtain a trade-off between
fluent motion and occlusion avoidance. It is worth mentioning that this
scaling is kept the same throughout all the experiments.

c) Metrics. The following metrics are utilized for benchmarking:
UAV-UGV Occlusion Time: The total time during which the UAV and
UGV’s line of sight is occluded by the obstacles.
UAV-Rack Occlusion Time: The total time during which UAV cannot
scan the racks due to the occlusions stemming from the obstacles.
Acceleration: This metric measures how fast the UAV and UGV change
their speed during experiments.
Computation Time: The time taken to compute the optimal trajectories
for the UAV and UGV.
Normalized Distance Traversed: The distance traveled before the oc-
currence of any collisions divided by the total distance of that particular
experimental run.

7.4.2. Gaussian and CVAE Initialization

This subsection presents a qualitative demonstration of Alg. 1 and Alg. 2
for both Gaussian and learned CVAE initializations of the latter. Figure 31
presents the top-down view of a typical warehouse scenario where the UAV
needs to scan the racks while following the reference trajectory (black) and
avoiding the obstacles (gray). Thus, both UAV and UGV need to avoid
the obstacle from the bottom so that the UAV can keep seeing the rack
and to ensure that the UAV-UGV LoS is not occluded. When Alg. 2
is initialized with a Gaussian distribution, we obtain a large number of
occlusion/collision-free samples from the second iteration. From the fifth
iteration onwards, all the samples converge and become occlusion/collision-
free. However, when Alg. 2 is initialized using the learned CVAE model,
almost all the trajectories are already collision/occlusion free in the first
iteration itself. And starting from the second iteration, all the samples
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converge to the optimal solution. In general, it is observed that CVAE-based
initialization significantly accelerates the convergence of Alg. 2. Moreover,
it also allows us to use a smaller batch size. This is discussed in more detail
in the next subsection.

Figure 31. The proposed CEM optimizer Alg. 2 with naive Gaussian and learned
CVAE initialization. The latter produces distributions more focused around re-
gions that are collision-free and maintain UAV-UGV and UAV-rack visibility.

7.4.3. Effect of CVAE

Here, we quantify the effect of initializing the proposed CEM-based opti-
mizer with a learned CVAE distribution vis-a-vis Gaussian. The results
of different metrics are shown in Figure 32. The CVAE initialization can
match the performance of the Gaussian variant with 1/5th of the batch
(sample) size and fewer iterations. This, in turn, allows the CVAE vari-
ant to run on embedded devices such as NVIDIA Jetson Xavier with a
computation time of 0.09s. It is important to point out two additional ex-
perimental details. First, during the experiments with Jetson Xavier, the
entire Gazebo simulation pipeline and the proposed optimizer ran on the
embedded board. Second, only 50% of the available GPU memory was al-
located to the proposed optimizer using JAX’s internal parameters. Both
these experimental settings give a reliable indication that the proposed Alg.
2 for both UAV and UGV can run in real-time alongside another software
stack for perception, state estimation, etc.
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Figure 32. The comparison of different metrics of the proposed optimizer when
it is warm-started with Gaussian sampling and CVAE. Occlusion time refers to
combined UAV-UGV and UAV-rack occlusion time.

7.4.4. Comparison with SOTA Sampling Based Optimizers

In this subsection, the proposed Alg. 2 with Gaussian and CVAE initial-
izations is compared with CEM and CMA-ES baselines.

The results are summarized in Table 8. The UAV-rack and UAV-UGV
occlusion times achieved for the baseline CEM with 100 batch size were
15.4 and 290.5 seconds, respectively. These figures decreased considerably
to 10.2 and 25.7 seconds when the batch size increased to 400. CMA-ES,
expectedly performed better than CEM on the occlusion time metric. In
fact CMA-ES with a batch size of 250 outperformed CEM operating with a
batch size of 400. The projection-augmented CEM of Alg. 2 with Gaussian
initialization and the batch size of 100 outperformed both CEM and CMA-
ES on the occlusion time metric. When warm-started with the learned
CVAE initialization, Alg. 2 could achieve the same performance with a
batch size of only 20.

Table 8. Overall Distance Traveled / Sim. Time: 1045.2m / 1628s

Ablations UAV-UGV/
UAV-Rack
Occ. Time(s)

Normalized
Distance
Mean / STD

Linear Acc.
Mean / Max

Comp.
Time (s)

CEM
Batch 100

15.4 / 290.5 0.62 / 0.15 0.17 / 0.49 0.15

CEM
Batch 400

10.2 / 25.7 0.94 / 0.1 0.14 / 0.52 0.36

CMA-ES
Batch 100

18.4/ 153.7 0.66 / 0.14 0.19 / 0.42 0.14

CMA-ES
Batch 250

7.8 / 12.4 0.95 / 0.12 0.12 / 0.68 0.19

Alg. 2 - Gauss.
Batch 100

0 / 0 1 / 0 0.32 / 0.83 0.07

Alg. 2 - CVAE
Batch 20

0 / 0 1 / 0 0.34 / 0.52 0.016
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The normalized distance metric exhibits the same trends for all the base-
lines and the proposed approach. Both CEM and CMA-ES require a large
batch size to reach the mean normalized distance of around 0.95. In con-
trast, the proposed Alg. 2 with both Gaussian and CVAE initializations
achieves the perfect value of 1 in the runs across all the benchmark envi-
ronments.

The proposed optimizer, Alg. 2, however, used more acceleration effort
than both CEM and CMA-ES to adapt the motions quickly to unforeseen
obstacles. Both CEM and CMA-ES required more iterations to obtain a
feasible solution. This coupled with a larger batch size make their compu-
tation times two to five times that of the proposed Alg. 2.

7.4.5. Comparison with A∗ planners

Here, the proposed approach is compared with A∗-based planning. More
specifically, the sequential optimization framework of Alg. 1 is retained, but
the projection augmented CEM of Alg. 2 is replaced with an A∗-based ap-
proach. The endpoint of the reference trajectory is given as the goal point
for both UAV and UGV. The qualitative results are summarized in Figure
33. As shown, the A∗ planner can find the correct occlusion-free homotopy
for collision avoidance. However, the main difference from the proposed
optimizer lies in the computation time. The improvement provided by the
proposed approach is particularly stark while planning over longer hori-
zons, which is indeed critical while navigating in unknown environments.
Furthermore, the A∗-computed trajectories need additional smoothing. In
contrast, the proposed approach directly produces the smooth velocity com-
mands that can be executed on the UAV and UGV.

The difference in the computation time can be explained in the following
manner. A∗ performs an incremental search over a discretized grid repre-
sentation of the workspace and thus requires several sequential queries of
occlusion and tracking costs. The latter is particularly computationally
expensive. In contrast, the proposed optimizer performs a more focused
search along smooth trajectories. Moreover, cost computation along all the
sampled trajectories is parallelized over GPUs.

Table 9. Computation Time Comparison of A* Planners

Method Horizon
2m

Horizon
4m

Horizon
6m

Horizon
8m

Horizon
10m

A* 0.002s 0.004s 0.006s 0.018s 0.028s
A* with
Occ. Cost

0.24s 0.5s 0.8s 0.1.42s 1.86s

Alg. 2
(Ours)

0.028s 0.036s 0.048s 0.056s 0.07s
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Figure 33. The comparison of trajectories generated for UAV and UGV using
A* and the optimizer presented in Alg. 2

7.4.6. Ablation Studies

a) Importance of Occlusion Cost with Respect to Racks. For scan-
ning warehouse racks, a UAV is often expected to follow a reference trajec-
tory which may not be collision-free in unknown environments. Thus, the
UAV has to avoid obstacles while performing the scanning task. Figure
34(a) shows an instance where the UAV can avoid the obstacle from the
top or the bottom. Although the UAV and UGV could easily avoid the
obstacle from the top, while doing so, the UAV’s view of the rack will be
occluded and the scanning task would have to be repeated. To alleviate
this, in addition to the UAV-UGV occlusion cost, a UAV-rack occlusion
cost (foc(pr(t),psc(t)) from (7.1a)) must be added to the optimizer.

Figure 35(b) and Figure 35(c) show the results in the absence and pres-
ence of UAV-rack occlusion cost, respectively. As it can be seen, in the
absence of UAV-rack occlusion cost, the obstacle is avoided from the top,
and thus the UAV loses visibility of the rack. However, when the UAV-rack
occlusion cost is added, the UAV overtakes the obstacle from the bottom
and keeps seeing the rack.

Figure 34. An experiment demonstrating the importance of having an occlusion
cost between the UAV and the rack. Figure (b) shows the result when the UAV’s
FoV is occluded due to absence of the occlusion cost. Figure (c) shows how adding
the occlusion cost makes the vehicles overtake the obstacle from the bottom to
maintain the rack’s visibility (recall last term of (7.1a)).
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Table 10. Overall Distance Traveled: 1508.4m / Sim. Time: 1890s

Ablations UAV-UGV/
UAV-Rack
Occlusion Time(s)

Normalized
Distance
Mean / STD

Linear Acceleration
Mean / Max

Computation
Time (s)

With rack
Occlusion

0 / 0 1 / 0 0.32 / 0.83 0.07

Without rack
Occlusion

0 / 140.4 1 / 0 0.15 / 0.36 0.052

The simulation benchmarks are run for both variants, and the results
regarding different metrics are provided in Table 11. The simulation bench-
marks spanned approximately 1890 seconds, covering a total distance of
1508.4 meters with 10 different obstacle configurations. As shown, having
no rack occlusion cost results in 140.4 seconds where obstacles occlude the
UAV’s view of the racks. In contrast, when UAV-rack occlusion cost is in-
troduced to the optimizer, the vehicles finish the scanning task perfectly.
In both cases, the vehicles finish the runs with zero collisions. Naturally,
the UAV-UGV pair used more aggressive accelerations in the presence of
UAV-rack occlusion cost. The optimizer with UAV-rack occlusion cost is
slightly more computationally expensive but real-time nonetheless.

b) Importance of Incorporating Occlusion Costs for Both UAV
and UGV. In a cooperative navigation setting, authors in [66] recom-
mend putting the complete responsibility of keeping the inter-vehicle LoS
occlusion-free to either of the vehicles. In this subsection, we test this hy-
pothesis for our problem setting. We ran all the ablations across the same
benchmark scenarios as in Section a).

Figure 35. (a) - (c) present the results of three ablations, where the responsibility
of keeping the UAV-UGV LoS occlusion-free is handled by UAV, UGV or both.
In Figure (a), the occlusion is handled by the UGV. Figure (b) depicts the results
when the responsibility of avoiding occlusion is on the UAV. And finally, Figure
(c) shows the result when occlusion is cooperatively handled by both.

Occlusion handled by UAV: Here, the UAV takes the occlusion-
avoidance responsibility. The UGV does not help the UAV keep their LoS
occlusion free. Mathematically, it means the UGV, while solving its op-
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Table 11. Overall Distance Traveled: 1508.4m / Sim. Time: 890s

Ablations UAV-UGV/
UAV-Rack
Occlusion Time(s)

Normalized
Distance
Mean / STD

Linear
Acceleration
Mean / Max

Computation
Time (s)

Occlusion handled
by UAV

6.2 / 120.6 0.73 / 0.31 0.27 / 0.64 0.034

Occlusion handled
by UGV

8.2 / 15.3 0.76 / 0.32 0.24 / 0.63 0.034

Occlusion handled
by UAV-UGV

0 / 0 1 / 0 0.32 / 0.83 0.07

timization problem, does not consider the cost term foc(pr(t),pg(t)) from
(7.1a). Figure 35(a) shows a scenario where the UAV would like to avoid
the obstacle from the bottom to keep the racks visible. However, no such
requirement exists for the UGV, for whom avoiding the obstacle from the
top is easier in the current configuration. Thus, the UAV ends up sacrificing
its primary task to keep the UAV-UGV LoS occlusion-free. However, this
behavior is not fixed and depends on many factors. Based on the relative
positions, the UAV may choose to maintain the visibility of the racks and
not the UGV. Table 11 (first row) presents the quantitative metrics for this
ablation.

Occlusion handled by UGV: In this scenario, the UGV is responsible
for keeping UAV-UGV LoS free of occlusion. Thus, the UAV does not con-
sider foc(pr(t),pg(t)) (recall (7.1a)) during its optimization. Figure 35(b)
shows that the UAV takes the path from the bottom to keep scanning the
rack. However, due to conflicting costs, the UGV decides to take the path to
the top. Therefore, the UAV and UGV lose visibility of each other because
of the obstacle in between. As a result, the UGV can no longer guide the
UAV, resulting in the latter colliding with the obstacle. The second row in
Table 11 shows the quantitative metrics of these ablations.

Occlusion handled by both UAV and UGV: Here, the responsibility
of occlusion avoidance is taken by both vehicles. In other words, both
would help each other to prevent obstacles from coming in the way of their
LoS. Figure 35(c) shows the same configuration in which the previous two
variants failed. As can be seen, having foc(pr(t),pg(t)) during both vehicles’
optimization made the UGV follow the UAV and avoid the obstacle from
the bottom. Thus, UGV could keep guiding the UAV to maintain collision-
free motions, and the UAV also kept seeing the rack. We achieved zero
occlusions across all the benchmarks in this setting. The vehicles, too,
finished all the runs without any collisions. As shown in Table 11, this
setting has the best performance across occlusion and collision metrics at
the expense of a slight increase in computation time and acceleration.
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7.4.7. CAVE Generalization to Unseen Enviornments

This section presents the results for the generalization of the learned CVAE
to unseen environments. Figure 36(a and (c) demonstrate two warehouse in-
ventory settings where new obstacles are added on the fly (shown with black
circles). Figures 36 (b) and (d) correspondingly show how the vehicles adapt
to these changes and avoid collisions with the new obstacles while maintain-
ing their LoS free of occlusions. Thanks to the learned CVAE generating
trajectories for the initialization that accounts for the new configurations,
the proposed MPC can adapt to these abrupt changes and perform the task
successfully.

(a)

External Camera View

(b)

(c) (d)

Figure 36. The experiment depicted here illustrates the generalization of the
proposed CVAE model to unseen scenarios. (a) and (c) present different parts of an
inventory run where obstacles are introduced dynamically (shown as black circles)
into the environment. (b) and (d) correspondingly indicate how the vehicles adapt
to the new changes. The CVAE model adjusts the initialization trajectories to
accommodate these changes, leading to trajectories that avoid collisions/occlusions
stemming from the newly added obstacles.
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7.4.8. Real World Demonstrator

Presented here is the result of the real-world experiment for the proposed
VACNA in a warehouse inventory setting. The environment consists of
three obstacles and the items on the racks are represented using fiducial
markers(visible in the UAV view). Figure 37 illustrates a static environ-
ment, where the UGV guides the UAV to scan the fiducial markers while
avoiding the obstacles and tracking the reference trajectory (shown with
black in the RViz view) without getting their LoS occluded. Figure 38,
however; shows another setting where the obstacles are displaced during
the run and UAV/UGV would adapt to new obstacle configurations and
avoid collision/occlusions on the fly.
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UAV Camera View

RViz View

UGV Camera View

External Camera View

(a)

UAV Camera View

RViz View

UGV Camera View

External Camera View

(b)

Figure 37. The real-world experiment of VACNA for scanning warehouse racks
in a static environment. The fiducial markers visible in the UAV camera view
resemble the items on the racks.
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UAV Camera View

RViz View

UGV Camera View

External Camera View

(a)

UAV Camera View

RViz View

UGV Camera View

External Camera View

(b)

Figure 38. The figures show the real-world experiment of VACNA for scanning
warehouse racks in a dynamic environment. The obstacles are displaced through-
out the run (as can be seen in th external camera view) and UAV/UGV has to
avoid collisions while maintaining the visibility of the rack and keeping UAV-UGV
LoS free of occlusions.
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8. CONCLUSION

The thesis addressed the challenge of Visibility Aware Navigation (VAN) in
environments that are highly cluttered and dynamic. The contributions of
this work were demonstrated across various scenarios such as target track-
ing, aerial cinematography, and cooperative navigation for warehouse in-
ventory applications.

The first contribution developed a real-time Model Predictive Control
(MPC) that can track a target without any occlusion in the presence of both
static and dynamic obstacles. To solve non-convex problems, the optimizer
employs multiple layers of reformulation to introduce multi-convexity into
the problem structure. The proposed MPC outperforms the state-of-the-art
in various metrics, such as visibility score, control effort, and computation
time. Moreover, it can handle a rough linear prediction of obstacle and
target trajectories. The MPC achieves real-time performance on embedded
devices such as NVIDIA Jetson TX2, thanks to the proposed reformulations.

The second contribution brought the advantages of gradient-free trajec-
tory optimization into VAN. A new batch projection operator is proposed
and integrated into an MPC pipeline based on the Cross-Entropy Method,
which can efficiently handle inequality constraints. This projection results
in a significant decrease in constraint violations and outperforms the state-
of-the-art in various metrics of target-tracking benchmarks. The proposed
approach does not require explicit map building of the environment and
can adapt to changes in the environment based on point cloud data from
LiDAR.

Finally, the third contribution extended VAN to Visibility-Aware Co-
operative Navigation (VACNA) for warehouse inventory applications. The
proposed approach allows small-sized UAVs with only a monocular camera
to scan warehouse racks while being guided by another UGV that handles all
the perception and planning for both vehicles. Additionally, a CVAE model
learned from expert demonstrations is used to initialize the optimizer, fur-
ther increasing the efficiency of the proposed optimizer. The whole planning
pipeline can run in real-time on embedded devices such as NVIDIA Jetson
Xavier, thanks to the CVAE initialization.

8.1. Limitations

The occlusion model learned in Chapter 6 only considers 2D environments
when computing occlusions. This implies that obstacles are included in the
calculation with infinite height, rather than their actual height. As a result,
trajectories must avoid obstacles by passing them from the side, as passing
over them is not considered occlusion-free. While this approach is effective
in some cases, it can also be inefficient since trajectories that could pass
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over obstacles without obstruction are automatically excluded. However,
with the utilization of the PointNet architecture outlined in Section 7.3.3,
it is possible to adapt and retrain the occlusion model to account for 3D
environments. This modification would allow for more accurate and efficient
trajectory planning, as the model would be capable of recognizing obstacles
with varying heights and plan trajectories accordingly.

8.2. Future Work

Even though the VACNA approach discussed in Chapter 7 was developed
for warehouse inventory applications, it can be readily adapted to other
cooperative navigation scenarios. Furthermore, the current implementation
of the VACNA approach only supports a single UGV-UAV system. How-
ever, the author is exploring options for extending the approach to support
single-UGV-multi-UAV settings.

Moreover, the author aims to extend VAN to other robotic systems. For
example, visibility-aware planning can be important for autonomous cars
while overtaking [103], [104]. Additionally, VAN is also used for navigation
in unknown environments, where maintaining visibility of the goal positions
can help prevent unexpected collisions [105].
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SISUKOKKUVÕTE

Nähtavust arvestav navigatsioon

Liikumise planeerimine on robotite ja automatiseerimise põhikomponent,
mis hõlmab järjestikuste liikumiste või tegevuste määramist konkreetse ees-
märgi saavutamiseks, samal ajal rahuldades erinevaid piiranguid. Käesolev
doktoritöö tegeleb liikumise planeerimise probleemi variantiga, mida nime-
tatakse nähtavust arvestavaks navigatsiooniks (VAN), kus eesmärk on lii-
kuda kahe punkti vahel või jälgida viittraektoori, hoides samal ajal teatud
objekte roboti vaateväljas. VAN leiab rakendust erinevates valdkondades,
nagu sihtmärgi jälgimine, õhust kinematograafia, märgipõhine lokaliseerimi-
ne ja koostööalane laopidamine. Sihtmärgi jälgimisel ja õhus kinematograa-
fias tagab see sihtmärgi selge nähtavuse, vältides takistusi. Olekuhinnangu
ja lokaliseerimise korral parandab see täpsust ja vastupidavust, planeerides
teid, mis säilitavad märke, nagu märgistusmärgid või märgutuled, nähta-
vuse. VAN võib samuti luua aluse koostööks arvutusressursside ja tajude
poolest rikkaliku maapealse ilma juhitud sõiduki (UGV) ning väikeste mõõt-
metega ilma juhitud õhusõiduki (UAV) vahel. Nähtavust arvestav navigat-
sioon (VAN) võib aidata UGV-l juhtida UAV-d seni, kuni nende vaateväli
pole takistatud.

Siiski on VAN-ga seotud kaks põhilist väljakutset. Esiteks tuleb välja töö-
tada robustsed algoritmid, mis suudavad käidelda keerulisi piiranguid, näi-
teks nähtavust, isegi tihedalt segatud ja dünaamilistes keskkondades. Täp-
semalt tuleb navigatsiooni käigus vältida takistuste poolt tekitatud varjatud
vaatevälja takistusi. Teiseks tuleks lahendused reaalajas toimima panna sis-
seehitatud seadmetes, mida saab kanda väikestel robotitel nagu droonid.
Käesolev doktoritöö pakub välja uudsed liikumise planeerimise algoritmid
nähtavust arvestava navigatsiooni kontekstis, mis suudavad käidelda keeru-
lisi keskkondi staatiliste ja dünaamiliste takistustega ning saavutada samas
reaalajas jõudlust piiratud ressurssidega seadmetel. Algoritme on ulatusli-
kult testitud nii simulatsiooni- kui ka reaalmaailma keskkondades ning võr-
reldud erinevate uuenduslike lähenemisviisidega. Pakutud lähenemisviisid
ületavad uuenduslike meetodite tulemusi erinevates mõõdikutel, nagu var-
jatud oleku aeg, kontrollivaeva ja arvutusaeg. Lisaks töötavad algoritmid
reaalajas sisseehitatud seadmetes, nagu NVIDIA Jetson TX2 ja Xavier.
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