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A B S T R A C T   

Axial resolving power (ARP) is one of the cornerstones of imaging systems. In conventional imaging systems, 
changing ARP by changing the numerical aperture affects also lateral resolving power (LRP). It is highly 
desirable to change ARP independent of LRP. Recently, incoherent digital holography (IDH) techniques were 
developed using sparse ensembles of Bessel, Airy and self-rotating beams that allow tuning ARP independent of 
LRP. In the above studies, the ARP was tuned by controlling the randomness which resulted in noisy re
constructions. In this study, we proposed and demonstrated two INCoherent Hybrid Imaging Systems (INCHIS) 
using a Bessel and spherical beam to change the ARP between the limits of Bessel and spherical beam inde
pendent of LRP. The first hybridization technique INCHIS-H1 requires pre-engineering of multifunctional phase 
masks using a recently developed modified Gerchberg-Saxton algorithm and an active device such as a spatial 
light modulator. The second hybridization technique INCHIS-H2 can be implemented using both active as well as 
passive optical elements with lens and axicon functions and the ARP is changed digitally after optical recording. 
While INCHIS-H1 requires pre-engineering of phase masks to change ARP like any conventional imaging system, 
the capability in INCHIS-H2 to change ARP post-recording opens a new pathway in imaging technology. 
Simulation results and proof-of-concept experimental results are presented. A recently developed Lucy- 
Richardson-Rosen algorithm has been used for image reconstruction for the above cases. We believe that the 
developed hybridization methods will revolutionize the field of IDH, computational imaging, computer vision 
and microscopy.   

1. Introduction 

A spatially incoherent and temporally coherent light source is 
preferred for imaging applications due to a higher resolution and lower 
imaging noises: speckle noise and edge ringing effects, in comparison to 
spatially and temporally coherent light sources. In this research, only 
imaging systems that use a spatially incoherent and temporally coherent 
source are considered. The lateral resolving power (LRP) and axial 
resolving power (ARP) are two of the most important characteristics of 
an imaging system given as ~λ/NA and ~λ/NA2 respectively, where NA 
is the numerical aperture given as ~D/2f, where D is the diameter of the 
lens and f is the focal length. In all imaging systems, LRP and ARP are 
interdependent and changing one by changing NA affects the other [1]. 
In many scenarios, it is desirable to change one property without 

changing the other. For instance, in microscopy, when studying thick 
and sparse objects, it is desirable to decrease ARP without affecting the 
LRP so that the entire measurement can be completed within one or a 
few recordings. In direct imaging approach, an axicon with a long focal 
depth is often used to image objects with a low axial resolution (AR). 
However, the Bessel beam generated by an axicon has sidelobes which 
suppress the high spatial frequencies during imaging [2–5]. Either en
gineering approaches are needed to suppress the sidelobes [6] or 
deconvolution methods are needed to process the blurred images 
generated by Bessel beams [7]. Alternatives to Bessel beams to image 
objects with a high focal depth are available for direct imaging which 
includes axilens [8,9] and holographic beam shaping elements [10,11]. 
However, even in the above cases, post-processing techniques are 
necessary to obtain a high-quality image. In indirect imaging methods 
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such as holography, the different planes of an object are observed 
digitally using computational refocusing in the form of numerical back 
propagation instead of manual refocusing as it is done in direct imaging 
methods [12–14]. Like direct imaging methods, holography methods 
also have the same relationship between LRP and ARP which makes 
tuning one property independent of another difficult. 

Hybridization is a powerful technique used for creating mixed 
characteristics that are not naturally available and it means different 
things in different fields. In holography, hybridization approach uses 
combination of different types of optical fields in a special basis to create 
mixed imaging characteristics. Fresnel incoherent correlation hologra
phy (FINCH) is a widely used incoherent digital holography (IDH) 
technique [15,16]. In FINCH, light from an object point is split into two, 
differently modulated by two quadratic phase masks and interfered to 
create a self-interference hologram. The image of the object is then 
reconstructed by numerical back propagation of the hologram. FINCH, 
in inline configuration, requires at least three camera shots with 
different phase shifts followed by a computational superposition to 
reconstruct object information without twin image and bias terms. 
FINCH has a higher LRP but a lower ARP than those of direct incoherent 
imaging systems with the same NA. In FINCH, a hybridization method 
was applied by changing one of the two beam modulations from 
quadratic phase to a spiral phase to achieve edge enhancement in 
reconstructed images [17]. Another IDH technique called coded aper
ture correlation holography (COACH), was developed in 2016 which has 
the same LRP and ARP as those of direct incoherent imaging systems 
with the same NA [18]. A hybridization method was developed by 
combining FINCH and COACH such that the LRP and ARP can be tuned 
between the limits of FINCH and COACH [19]. This allows to create 
on-demand 3D imaging characteristics tailored for different studies. In 
the case of FINCH–COACH system, the change in ARP resulted in a 
change in LRP but the ARP-LRP pairs of the hybrid FINCH–COACH 
systems cannot be obtained naturally from either FINCH or COACH. 

The development of COACH connected two sub-fields of imaging 
namely IDH and coded aperture imaging (CAI) as the hologram 
recording in COACH is similar to that in IDH but the reconstruction is 
similar to that in CAI [20–24]. Subsequently, interferenceless COACH 
(I-COACH) was developed which has the advantages of both IDH and 
CAI [25]. In I-COACH, the complete 3D information of an object was 
recorded without two-beam interference for the first time. The first 
version of I-COACH used a quasi-random phase mask and matched filter 
for image reconstruction and required at least three camera shots as 
FINCH and COACH [26]. Later, a new reconstruction method called 
non-linear reconstruction (NLR) was developed that enabled single shot 
capability in I-COACH [27]. With NLR, I-COACH was implemented with 
different deterministic optical fields such as Bessel, Laguerre-Gaussian 
and higher order Bessel beams, but the reconstruction was noisy [28]. 
Recently, a novel computational reconstruction method called 
Lucy-Richardson-Rosen algorithm (LR2A) was developed by combining 
NLR and the widely used Lucy-Richardson algorithm (LRA) and imple
mented for 3D imaging using mid infrared optical fields with Cassegrain 
objective lenses as coded apertures [29–31]. The LR2A method was 
found to perform better than NLR and LRA for deterministic optical 
fields [32–34]. As it is known, deterministic optical fields have many 
interesting propagation characteristics which can be exploited for im
aging applications. 

The capability to tune ARP independent of LRP has been demon
strated in I-COACH using a sparse array of Bessel beams [35], Airy 
beams [36] and self-rotating beams [37]. In this study, we propose and 
demonstrate two INCoherent Hybrid Imaging Systems (INCHIS) for 
tuning ARP independent of LRP using deterministic optical fields and 
LR2A. In the first hybridization method INCHIS-H1, an IDH-like archi
tecture has been used to convert every object point into at least two 
beams - Bessel and spherical and create a self-interference between 
them. The strength of the beams is controlled to tune the ARP between 
the limits of the Bessel beam and spherical beam. ARP can be tuned 

between the limits of CAI with Bessel and CAI with spherical beam and 
at all other points the system is IDH with self-interfering Bessel and 
spherical beams. In the second hybridization method INCHIS-H2, two 
camera shots of the same scene are recorded, one with an axicon and 
another with a lens and the ARP is engineered after recording by con
trolling the strength of the two intensity distributions. Once again, the 
tunability range is within the AR limits of axicon and a lens. INCHIS-H1 
requires pre-engineering of masks, while INCHIS-H2 requires only 
post-engineering of holograms. To the best of our knowledge, this is the first 
time, a method has been demonstrated to engineer the AR of recorded pictures 
and videos allowing to focus and defocus different planes relative to one 
another. This is different from the deconvolution methods developed to 
digitally refocus information, as in such methods, when one plane is 
focused, other planes are blurred [32]. But in the developed method, it is 
possible to change ARP which allows to simultaneously digitally refocus 
multiple planes and refocus one plane with respect to another. There are 
other methods developed by Rai and Rosen [38] and our group [37] 
which are originally developed for real time tuning of ARP and for 
separating objects with same lateral locations, can be efficiently adapted 
for tuning ARP after completing the recording process. However, the 
post tuning is complicated unlike INCHIS-H2 and both methods cannot 
be implemented using refractive elements. 

The manuscript consists of six sections. The methodology for the two 
hybridization methods is presented in the second section. The simula
tion studies and results are presented in the third section. In the fourth 
section, proof-of-concept experimental results are presented. The results 
are discussed in the fifth section. The conclusion and future perspectives 
of the study are presented in the final section. 

2. Methodology 

The optical configuration of INCHIS-H1 and INCHIS-H2 are shown in 
Figs. 1 and 2 respectively. In INCHIS-H1, the pure optical fields for 
hybridization are selected in the first step and the corresponding phase 
masks are calculated [39]. The phase-only masks for generating pure 
optical fields are multiplexed into a pure phase mask using the recently 
developed computational algorithm, transport of amplitude into phase 
based on Gerchberg-Saxton algorithm (TAP-GSA) [40,41]. This is a 
necessary step as combining two pure phase functions result in a com
plex function which is difficult to implement in experiments. If random 
multiplexing was used to combine two pure phase functions, it leads to 
scattering noises and decreases light throughput [41]. It is possible to 
multiplex several phase masks using TAP-GSA. However, in this study, 
only two optical fields are considered for both methods. The strengths of 
the two masks are controlled by two variables namely T1 and T2. The 
resulting phase-only masks from TAP-GSA is displayed on a spatial light 
modulator (SLM) and the point spread function (IPSF) library is recorded 
at different depths using a point object. Then an object is recorded with 
the same mask and exactly same experimental conditions. The 3D image 
of the object can be reconstructed by processing the IPSF library and 
object intensity distribution using one of the reconstruction methods 
such as matched filter, phase-only filter, NLR and LR2A [26,28,29]. 
Depending upon T1 and T2, the ARP of the imaging system varies. When 
the phase mask is pure, i.e., either axicon or lens, then the system be
haves similar to I-COACH and CAI as only a single beam is generated. 
When a hybrid mask is used, multiple beams are generated and 
self-interfered and the imaging system behaves similar to FINCH or 
COACH. 

In INCHIS-H2, the light from an object point is split into two using a 
50–50 beam splitter. The two identical object intensity distributions 
from the beam splitter is modulated by two active or passive optical 
elements: a lens and an axicon and the two point spread functions IPSF-L 
and IPSF-A are recorded under identical conditions. An object is recorded 
in the similar fashion. The point spread function and object intensity 
distributions are calculated by summing the contributions from lens and 
axicon after selecting the strengths T1 and T2 respectively. The image of 
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the object is then reconstructed by processing the IPSF and object in
tensity distribution (IO) using LR2A [29]. After recording a scene in this 
fashion collinearly using an axicon and a lens simultaneously using two 
cameras under identical conditions, it is possible to engineer the ARP 
after recording. 

2.1. INCHIS-H1 

A point object located at (rs, zs) and emitting light with an amplitude 
of

̅̅̅̅
Is

√
is considered. A hybrid phase mask designed by combining the 

phase mask of a diffractive axicon and a diffractive lens using TAP-GSA 
is located at a distance of zs from the point object. The complex ampli
tude of the hybrid phase mask is given asψM ≈ exp[ − iπT1(λf)− 1

(x2 +

y2)] + exp[ − i2πT2Λ− 1 ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√
], where f is the focal length of the 

Fig. 1. Optical configuration of INCHIS-H1. 
zs, zh are object and image distances, D is 
the diameter of the aperture, TAP-GSA is 
transport of amplitude into phase based on 
Gerchberg-Saxton algorithm, IPSF is the point 
spread intensity distribution, ĨPSF is phase- 
only filtered version of IPSF, Δz = 0 is the 
plane of interest, DoF is degrees of freedom 
and T1 and T2 are strengths of the phase 
modulators namely lens and an axicon 
respectively. The axial distributions were 
generated using a phase-only filter.   

Fig. 2. Optical configuration of INCHIS-H2. zs, zh are object and image distances, D is the diameter of the aperture, IPSF is the point spread intensity distribution, ĨPSF 

is phase-only filtered version of IPSF, Δz = 0 is the plane of interest, T1 and T2 are strengths of the intensity distributions of lens and an axicon respectively. The axial 
distributions were generated using a phase-only filter. 
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diffractive lens, Λ is the period of the diffractive axicon, λ is the wave
length, 0 ≤ T1 ≤ 1 and 0 ≤ T2 ≤ 1 and ψM is a phase-only function in 
experiment. For simplicity, only a single wavelength λ is considered. The 
variables T1 and T2 control the contributions from a diffractive lens and 
a diffractive axicon respectively. When T1 = 0 and T2 = 1, the hybrid 
phase mask reduces to a diffractive axicon and when and T1 = 1 and T2 
= 0, the hybrid phase mask reduces to a diffractive lens and for other 
values of T1 and T2, a hybrid mask is obtained. 

Since, TAP-GSA has been thoroughly investigated in [41], only the 
gist of the idea is presented here. A Fresnel propagator is used to connect 
the two planes of interest namely mask plane and sensor plane. The 
TAP-GSA begins with the mask plane with the phase of the ψM and 
propagated to the sensor plane by the Fresnel propagator. At the sensor 
plane, the amplitude information is replaced completely by the 
constraint which is the amplitude information obtained if ψM is propa
gated to the sensor plane by the Fresnel propagator. The obtained phase 
information is partially replaced by the phase information obtained at 
the sensor plane if ψM is propagated from the mask plane to the sensor 
plane by Fresnel propagator. The degrees of freedom (DoF) is the ratio 
between the number of pixels replaced in the phase matrix of the sensor 
by total number of pixels of the matrix. The resulting complex amplitude 
is back propagated to the mask plane by an inverse Fresnel propagator. 
The amplitude is replaced by a uniform matrix and the phase is carried 
on. After several iterations, the TAP-GSA converges and yields a 
phase-only function that can generate the optical fields corresponding to 
the complex amplitude formed by the direct summation of the 
two-parent pure-phase functions. 

The complex amplitude after the hybrid phase mask is given as 
̅̅̅̅
Is

√
C1L

(
rs
zs

)
Q
(

1
zs

)
ψM, where L and Q are the linear and quadratic phase 

functions given as L
( s

z
)
= exp[i2π(λz)− 1

(sxx+syy)] and Q(b) =

exp[iπbλ− 1(x2 + y2)], respectively, and C1 is a complex constant. A self- 
interference is obtained between the Bessel beam and spherical beam as 
both are derived from the same object point. The IPSF recorded by the 
image sensor located at a distance of zh is given as 

IPSF(r0; rs, zs) =

⃒
⃒
⃒
⃒

̅̅̅̅
Is

√
C1L

(
rs

zs

)

Q
(

1
zs

)

ψM⊗Q
(

1
zh

)⃒
⃒
⃒
⃒

2

, (1)  

where, ‘⊗’ is a 2D convolutional operator and r0 = (u, v) is the location 
vector in the sensor plane. Now substituting for ψM in Eq. (1), we obtain 

IPSF(r0; rs, zs) =

⃒
⃒
⃒
⃒

̅̅̅̅
Is

√
C1L

(
rs

zs

)

Q
(

1
zs

){
exp

[
− iπT1(λf )− 1( x2 + y2)]+ exp

[

− i2πT2Λ− 1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√ ]}
⊗Q

(
1
zh

)⃒
⃒
⃒
⃒

2

.

(2) 

After grouping the individual contributions, we get 

IPSF(r0;rs,zs)=

⃒
⃒
⃒
⃒

̅̅̅̅
Is

√
C1L

(
rs

zs

)

Q
(

1
zs

)

exp
[
− iπT1(λf )− 1( x2 +y2)]⊗Q

(
1
zh

)

+
̅̅̅̅
Is

√
C1L

(
rs

zs

)

Q
(

1
zs

)

exp
[
− i2πT2Λ− 1

̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 +y2

√ ]
⊗Q

(
1
zh

)⃒
⃒
⃒
⃒

2

,

(3)  

IPSF(r0; rs, zs) = |ADL + ADA|
2
, (4)  

where ADL and ADA are the complex amplitudes with diffraction effi
ciencies corresponding to maximum phases (2πT1) and (2πT2) generated 
for the diffractive lens and diffractive axicon respectively and are a 

spherical beam given as Q
(

1
ze

)
, where 1ze

= 1
zs
+ 1

zh
− 1

f and a Bessel beam of 

first kind J0. The transverse magnification of the system is given as 
MT=zh/zs. The IPSF can be expressed as 

IPSF(r0; rs, zs) = IPSF

(

r0 −
zh

zs
rs; 0, zs

)

. (5) 

A 2D object consisting of M points can be represented as a collection 
of M Kronecker Delta functions as 

o(rs) =
∑M

j
ajδ

(
r − rs,j

)
, (6)  

where a′
js are constants. Since, in this study, only spatially incoherent 

illumination is considered, the light diffracted from one point do not 
interfere with light diffracted from another but their intensities add up 
in the sensor plane. Therefore, the object intensity distribution obtained 
for o can be expressed as 

IO(r0; zs) =
∑M

j
ajIPSF

(

r0 −
zh

zs
rs,j; 0, zs

)

. (7) 

The goal is to reconstruct the object o from IPSF and IO given by Eq. 
(5) and Eq. (7) respectively. If the autocorrelation of IPSF gives a Delta- 
like function, then the object o can be reconstructed by a cross- 
correlation between IPSF and IO. In a recent study, the use of NLR 
generated a sharp autocorrelation function and therefore reconstructed 
intensity distributions of multipoint objects effectively [28]. The 
reconstructed image by matched filter is given as 

P(rR) =
∫ ∫

IO(r0; zs)I∗PSF(r0 − rR; zs)dr0

=
∫ ∫ ∑

j
ajIPSF

(

r0 −
zh

zs
rs,j; zs

)

I∗PSF(r0 − rR; zs)dr0,

=
∑

j
ajγ

(

rR −
zh

zs
rs,j

)

≈ o
(

rs

MT

)

,

(8)  

where ‘∗’ means complex conjugate. For a speckle pattern, γ is a Delta- 
like function. But for most deterministic fields such as Gaussian, Bessel, 
Laguerre-Gaussian beams, etc., γ is not a Delta-like function. The 
reconstruction by NLR generates a Delta-like function for both random 
as well as deterministic optical fields. The reconstruction by NLR is 
given as 

IR =

⃒
⃒
⃒F

− 1
{
|̃IPSF |

αexp[j⋅arg(̃IPSF)]|̃IO|
βexp[ − j⋅arg(̃IO)]

}⃒
⃒
⃒, (9)  

where α and β are tuned between − 1 and 1 until the lowest recon
struction noise quantified by the entropy is obtained, Ĩ is the Fourier 
transform of I and arg(•) is the phase. In recent studies, an algorithm 
LR2A developed by combining the LRA with NLR yielded a better signal 
to noise ratio (SNR) than NLR [29,32-34]. The schematic of LR2A is 
shown in Fig. 3. The algorithm uses a maximum likelihood solution 
estimation by iteration of the existing relationship between the object o, 
IPSF and IO. The algorithm begins with an initial guessed solution of o 
which is usually IO (Rp=1) and is convolved with IPSF and the resulting 
matrix is compared with IO by calculating the ratio. This ratio is corre
lated with the IPSF to obtain the residue and multiplied to the previous 
solution which is Rp=1. The process is repeated until the solution con
verges to a non-changing value. The LRA uses matched filter for per
forming the correlation which is replaced by NLR to obtain LR2A. 

Within the focal depth of the Bessel beam, the ADA remains a con
stant, while ADL varies. By controlling T1 and T2, IPSF can be shifted to
wards the behaviors of ADA and ADL. When the system is shifted towards 
ADL, IPSF changes with zs and so it is necessary to record IPSF for all values 
of zs. On the other hand, when the system is shifted towards ADA, IPSF 
does not change with zs and so IPSF recorded for one zs can be used to 
reconstruct all if not most of the object planes. Unlike the case with ADL, 
with ADA, the object information is not blurred or unrecognizable but 
has a low resolution due to suppression of higher spatial frequencies [7, 
28]. 
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2.2. INCHIS-H2 

A point object located at (rs, zs) is considered. It emits light with an 
amplitude of

̅̅̅̅
Is

√
. The light from the point object is split into two using a 

50–50 beam splitter. One of the two parts was modulated by a lens and 
another by an axicon both located at a distance of zs from the point 
object. Two identical image sensors are mounted at a distance of zh from 
the lens and the axicon respectively such that their optical axes are 
overlapped. The complex amplitude after the lens and the axicon are 

given as 
̅̅̅̅̅̅̅̅̅
Is/2

√
C1L

(
rs
zs

)
Q
(

1
zs

)
exp[ − iπ(λf)− 1

(x2 + y2)]and 
̅̅̅̅̅̅̅̅̅
Is/2

√
C1 

L
(

rs
zs

)
Q
(

1
zs

)
exp[− i2πΛ− 1 ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

x2 + y2
√

] respectively. The intensity distribu

tions recorded for a point for a lens (IPSF− L) and an axicon (IPSF− A) are 
given as 

IPSF− L(r0; rs, zs) =

⃒
⃒
⃒
⃒

̅̅̅̅̅̅̅̅
Is/2

√
C1L

(
rs

zs

)

Q
(

1
zs

)

exp
[

− iπ(λf )− 1( x2 + y2)]⊗Q
(

1
zh

)⃒
⃒
⃒
⃒

2

, (10)  

IPSF− A(r0; rs, zs) =

⃒
⃒
⃒
⃒

̅̅̅̅̅̅̅̅
Is/2

√
C1L

(
rs

zs

)

Q
(

1
zs

)

exp
[

− i2πΛ− 1
̅̅̅̅̅̅̅̅̅̅̅̅̅̅
x2 + y2

√ ]
⊗Q

(
1
zh

)⃒
⃒
⃒
⃒

2

. (11) 

The point spread function of the system is given as 

IPSF(r0; rs, zs) = T1 × IPSF− L(r0; rs, zs) + T2 × IPSF− A(r0; rs, zs), (12)  

where 0 ≤ T1 ≤ 1 and 0 ≤ T2 ≤ 1 control the contributions of lens and 
axicon respectively. The object intensity distribution can be given by 
Eq. (7) which is simply IO− L = IPSF− L ⊗ o and IO− A = IPSF− A ⊗ o for lens 
and axicon respectively. It is possible to reconstruct o by correlating IO− A 
and IPSF− A or by correlating IO− L and IPSF− L as shown in Eq. (8). The 
advantage in the proposed method is that the ARP can be tuned after 
completing the recording process by tuning T1 and T2. It is possible to 
reconstruct o by processing IO− L × T1 + IO− A × T2 and IPSF− L × T1 +

IPSF− A × T2, as (IPSF− L × T1 + IPSF− A × T2)⊗ o = IO− L × T1 + IO− A × T2. 

3. Simulation results 

Simulation studies were carried out using MATLAB with a matrix size 
of 500 × 500 pixels, pixel size Δ = 8 µm, wavelength λ = 632.8 nm, and 
zh = 30 cm. Two test objects namely the logos of ‘CIPHR’ and ‘University 
of Tartu’ are considered for the simulation studies. From now on, the 
two test objects namely the logos of CIPHR and University of Tartu will 
be addressed as O1 and O2 respectively. Two object planes corre
sponding to zs = 30 cm and 27 cm were considered. A Diffractive Fresnel 
Zone Plate (DFZP) with a focal length that do not satisfy the imaging 
condition was designed such that 1f ∕=

1
zs
+ 1

zh
. A diffractive axicon with a 

period of 96 μm was designed to generate a Bessel beam. The images of 
the test objects O1 and O2 are shown in Figs. 4(a) and 4(b) respectively. 
The test object O1 and O2 are located in plane 1 (zs = 30 cm) and plane 2 
(zs = 27 cm) respectively. Five cases are considered for simulation: (T1 
= 1, T2 = 0), (T1 = 0.75, T2 = 0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 
= 0.75) and (T1 = 0, T2 = 1) in a fashion of shifting from the charac
teristics of a lens towards an axicon. The first and fifth cases are pure 
cases of lens and axicon respectively. The cases in between lens and 
axicon constitute hybrid imaging system. Let us first consider INCHIS- 
H1. The amplitude and phase of the diffractive elements for the five 
cases are shown in Fig. 5. As it is seen in Fig. 5, the hybrid cases have 
both magnitude as well as phase matrices. The axial distributions were 
calculated for the five cases by processing the IPSF(zs = 30 cm) with 
IPSF(20 cm ≤ zs ≤ 30 cm) with a step size of 1 mm using NLR with α =
0 and β = 1. In the calculation of axial characteristics, NLR has been used 
as it is stable and does not require calibration for different cases of in
tensity distributions like LR2A. 

The axial profiles for the five cases are plotted in Fig. 6(a1). As it can 
be seen, there is a non-linear change in ARP when the values of T1 and T2 
were varied. The axial distribution for the case (T1 = 0, T2 = 1) 
resembled the typical axial intensity distribution of an axicon [42,43]. 
The axial distribution for the case (T1 = 1, T2 = 0) resembled that of a 
lens. In between these two cases, mixed axial properties formed by 
combination of different degrees of lens and axicon are obtained. The 
area under the axial curve is inversely related to the ARP. The normal
ized areas under the axial curves for different combinations of T1 and T2 
are plotted as a bar chart in Fig. 6(a2). The plot of the normalized area 
under the axial curve quantitively shows the difference in ARP for 
different combinations of T1 and T2 with a maximum ARP for a lens (T1 
= 1, T2 = 0) and minimum ARP for an axicon (T1 = 0, T2 = 1). The image 
of the IPSF(zs = 30 cm), IPSF(zs = 27 cm), IO and their reconstructions at 
the two planes IR(zs = 30 cm) and IR(zs = 27 cm) using LR2A for (T1 = 1, 
T2 = 0), (T1 = 0.75, T2 = 0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 =

0.75) and (T1 = 0, T2 = 1) are shown in Figs. 6(b)− 6(f), Figs. 6(g)− 6(k), 
Figs. 6(l)− 6(p), Figs. 6(q)− 6(u) and Figs. 6(v)− 6(z) respectively. 

Comparing the reconstruction results for the different cases, it is seen 

Fig. 3. Schematic of LR2A. ML—maximum likelihood; OTF—optical transfer function; p—number of iterations; ⊗—2D convolutional operator; ℑ - Fourier transform, 
ℑ∗ - complex conjugate operation following a Fourier transform, ℑ− 1 – inverse Fourier transform, Rp and R(p + 1) are the pth and (p + 1)th solutions, IO was used as the 
initial guess solution Rp=1, ~ Fourier transform of a variable. 

Fig. 4. (a) CIPHR logo and (b) logo of University of Tartu used as test objects 
O1 and O2 located at zs = 30 cm and zs = 27 cm respectively. 
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that as the values of T1 and T2 were tuned to transform the lens into an 
axicon through hybrid states, the ARP decreased. Comparing Figs. 6(q)−
6(u), it is seen the O2 is defocused in the case of 6(q) but the focus 
improved as the system is shifted towards Fig. 6(u). The same can be 
observed in Figs. 6(v)− 6(z) where the object O1 appear defocused at 6 
(v) and it gradually improved as the system is shifted towards 6(z). The 
above effect can also be achieved by increasing the number of beams 
with different axial characteristics instead of tuning the strength of the 
two interfering beams. The optimal values of reconstruction using LR2A 
for the above cases were α = 0, 0.5 ≤ β ≤ 0.6 and 4 ≤ p ≤ 10. Simula
tion of two points located axially away by 6 cm and moving in circular 
path with different radii with one clockwise and another counter 
clockwise was carried out for three cases (T1 = 1, T2 = 0), (T1 = 0.5, T2 
= 0.5), and (T1 = 0, T2 = 1). The videos of the IO and IR for the above 

three cases are given in media files S1, S2, S3, S4, S5 and S6 respectively. 
INCHIS-H2 as discussed in Section 2, is a post-processing method 

where two images or two videos, one with a lens and another with an 
axicon are recorded and combined after applying different weights to 
the two images or videos using variables T1 and T2. When a PSF with a 
similar combination from lens and axicon is used to reconstruct images 
and videos, a desirable AR can be obtained. The axial distributions were 
calculated for the five cases by processing the IPSF(zs = 30 cm) with 
IPSF(20 cm ≤ zs ≤ 30 cm) with a step size of 1 mm using NLR with α =
0 and β = 1. The plot of the axial curve for (T1 = 1, T2 = 0), (T1 = 0.75, 
T2 = 0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 = 0.75) and (T1 = 0, T2 =

1) are shown in Fig. 7(a1). It can be seen from Fig. 7(a1), the gradual 
increase of focal depth with increase in T2 and decrease in T1 as ex
pected. The normalized areas under the axial curves for different 

Fig. 5. Magnitude and phase of the diffractive element for (T1 = 1, T2 = 0), (T1 = 0.75, T2 = 0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 = 0.75) and (T1 = 0, T2 = 1) 
for INCHIS-H1. 

Fig. 6. INCHIS-H1: (a1) Axial intensity 
distributions for (T1 = 1, T2 = 0), (T1 =

0.75, T2 = 0.25), (T1 = 0.5, T2 = 0.5), 
(T1 = 0.25, T2 = 0.75) and (T1 = 0, T2 =

1). (a2) Plot of normalized area under 
the curve for different values of T1 and 
T2. The simulated images of the IPSF(zs =

30 cm), IPSF(zs = 27 cm), IO and their 
reconstructions at the two planes IR(zs =

30 cm) and IR(zs = 27 cm) using LR2A 
are shown in 6(b)− 6(z). The depth of 
focus is gradually increased and ARP is 
gradually decreased as the element is 
changed from lens to axicon through 
hybrid states.   
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combinations of T1 and T2 are plotted as a bar chart in Fig. 7(a2). The 
plot of the normalized area under the axial curve quantitively shows the 
difference in ARP for different combinations of T1 and T2 with a 
maximum for a lens (T1 = 1, T2 = 0) and minimum for an axicon (T1 = 0, 
T2 = 1). 

The image of the IPSF(zs = 30 cm), IPSF(zs = 27 cm), IO and their re
constructions at the two planes IR(zs = 30 cm) and IR(zs = 27 cm) using 
LR2A for (T1 = 1, T2 = 0), (T1 = 0.75, T2 = 0.25), (T1 = 0.5, T2 = 0.5), 
(T1 = 0.25, T2 = 0.75) and (T1 = 0, T2 = 1) are shown in Figs. 7(b)− 7(f), 
Figs. 7(g)− 7(k), Figs. 7(l)− 7(p), Figs. 7(q)− 7(u) and Figs. 7(v)− 7(z) 
respectively. Comparing the Figs. 7(b)− 7(f), Figs. 7(g)− 7(k) and Figs. 7 
(l)− 7(p) the transition from the lens to an axicon is evident. Comparing 
Figs. 7(q)− 7(u) and Figs. 7(v)− 7(z), the object in the plane of PSF is 
reconstructed, while the object in the other plane is not reconstructed 
well. However, as the system is tuned towards axicon, both objects are 
reconstructed. The optimal values of reconstruction using LR2A for the 
above cases were α = 0, 0.6 ≤ β ≤ 0.7 and 4 ≤ p ≤ 10. Simulation of two 
points located axially away by 3 cm and moving in circular path with 

different radii with one clockwise and another counter clockwise was 
carried out for (T1 = 0.5, T2 = 0.5). The videos of the IO and IR for (T1 =

0.5, T2 = 0.5) are given in media files S7 and S8 respectively. 

4. Experiments 

A photograph of the experimental setup is shown in Fig. 8. The set up 
was built with a high-power LED (Thorlabs, 940 mW, λ = 660 nm and 
Δλ = 20 nm), spatial light modulator (SLM) (Thorlabs Exulus HD2, 
1920 × 1200 pixels, pixel size = 8 μm) and an image sensor (Zelux 
CS165MU/M 1.6 MP monochrome CMOS camera, 1440 × 1080 pixels 
with pixel size ~3.5 µm), refractive lens (f = 50 mm), United States Air 
Force (USAF) object or pinhole, beam splitter, iris and polarizer. The 
object is critically illuminated using a refractive lens L1. The IPSF was 
recorded using a pinhole of diameter 50 μm. The objects USAF objects ‘1′ 
and ‘3′ from Group 5 were used. The light from the object was collimated 
using a refractive lens L2, and polarized along the active axis of the SLM 
using a polarizer and passed through the beam splitter to be incident on 

Fig. 7. INCHIS-H2: (a1) Axial intensity distri
butions for (T1 = 1, T2 = 0), (T1 = 0.75, T2 =

0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 =

0.75) and (T1 = 0, T2 = 1). (a2) Plot of normal
ized area under the curve for different values of 
T1 and T2. The simulated images of the IPSF (zs =

30 cm), IPSF (zs = 27 cm), IO and their re
constructions at the two planes IR (zs = 30 cm) 
and IR (zs = 27 cm) using LR2A are shown in 7 
(b)− 7(z). The depth of focus is gradually 
increased and ARP is gradually decreased as the 
element is changed from lens to axicon through 
hybrid states.   

Fig. 8. Photograph of the experimental setup: (1) LED, (2) iris, (3) refractive lens L1 (f = 50 mm), (4) object/pinhole, (5) iris, (6) refractive lens L2 (f = 50 mm), (7) 
polarizer (8) beam splitter, (9) SLM, (10) image sensor. (The red line shows the path of the beam from LED to image sensor). 
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the SLM normally. The phase masks designed for five combinations (T1 
= 0, T2 = 1), (T1 = 0.25, T2 = 0.75), (T1 = 0.5, T2 = 0.5), (T1 = 0.75, T2 
= 0.25), and (T1 = 1, T2 = 0) moving from axicon to lens are shown in 
Figs. 9(a1)− 9(a5) respectively. On the SLM, phase masks were displayed 
one after another and the object intensity distributions are recorded by 
the image sensor. The phase masks were engineered with a DoF < 10%. 
The MATLAB codes for applying TAP-GSA is provided in supplementary 
code 1. 

The images of the IPSFs for zs = 5 cm and 5. 6 cm for the five cases are 
shown in Figs. 9(b1)-9(b5) and Figs. 9(c1)-9(c5) respectively. To 
demonstrate 3D imaging, the IO of object ‘3′ recorded at (zs = 5 cm) for 
all the five cases were summed with the corresponding IO of object ‘1′ 
recorded at (zs = 5.6 cm) as shown in Figs. 9(d1) to 9(d5). The recon
struction results IR (zs = 5 cm) shown in Figs. 9(e1) to 9(e5) and IR (zs =

5.6 cm) shown in Figs. 9(f1) to 9(f5) respectively. The direct image of 
the object is shown in Fig. 9(g). In 3D imaging, it can be seen that the 
reconstructed plane appears focused while the other plane is not and the 
blur increases from axicon towards lens. To quantitatively show the 
variation of ARP for different values of T1 and T2, the normalized ratio 
between the average intensity values at the two planes given as S =

μIR
(O1)

μIR
(O2)

, where O1 is the object that is out of focus and O2 is the object 

that is in focus during reconstruction, is plotted as shown in Fig. 10. 
Additional experiments with synthetic objects generated by shifting a 
point object has been carried out and the results of blurring and 3D 
experiments are shown in the first section of the supplementary 

document. This study was carried out using binary phase masks. The 
MATLAB codes for LR2A are provided in supplementary code 2. 

For INCHIS-H2, the recorded images of axicon and lens are combined 

Fig. 9. INCHIS-H1: Phase masks, IPSF(zs = 5 cm), IPSF(zs = 5.6 cm), IO, reconstruction results IR(zs = 5 cm) and IR(zs = 5.6 cm) for: (T1 = 0, T2 = 1), (T1 = 0.25, T2 =

0.75), (T1 = 0.5, T2 = 0.5), (T1 = 0.75, T2 = 0.25), and (T1 = 1, T2 = 0) are shown from Figures (a1) to (a5), (b1) to (b5), (c1) to (c5), (d1) to (d5), (e1) to (e5), and 
(f1) to (f5), respectively. (g) Direct image when both objects are in the same plane. 

Fig. 10. INCHIS-H1: Normalized ratio S for (T1 = 1, T2 = 0), (T1 = 0.75, T2 =

0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 = 0.75), and (T1 = 0, T2 = 1). 
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after applying different weights to the two images using T1 and T2. In the 
first step, the IPSF of a particular plane (zs = 5 cm) of lens and axicon 
were taken and the weights T1 = 0.25 and T2 = 0.75 were applied and 
summed to obtain the IPSF for the second case (T1 = 0.25, T2 = 0.75). 
Similarly, the IO of axicon and lens were taken and the weights T1 = 0.25 
and T2 = 0.75 were applied and summed to obtain the IO for the second 
case (T1 = 0.25, T2 = 0.75). This process was repeated by applying 
different weights to IPSF and IO for the other cases. The 3D imaging re
sults are shown in Fig. 11. The images of the IPSFs for zs = 5 cm and 5.6 
cm for the five cases are shown in Figs. 11(a1)-11(a5) and Figs. 11(b1)- 
11(b5) respectively. A second plane information IO of object ‘3′ recorded 
at (zs = 5 cm) for all the five cases was summed with the corresponding 
IO of object ‘1′ as shown in Figs. 11(c1) to 11(c5). The reconstruction 
results IR (zs = 5 cm) are shown in Figs. 11(d1) to 11(d5) and the 
reconstruction results IR (zs = 5.6 cm) are shown in Figs. 11(f1) to 11(f5) 
respectively for the five cases. It can be seen from the above figures that 
the plane of interest appears focused while the blur of the other plane 
increases from axicon to lens. In all the above studies, LR2A was oper
ated with 0.3 ≤ α ≤ 0.6, β = 1 and 25 ≤ p ≤ 35. To quantitatively show 
the variation of ARP for different values of T1 and T2, the normalized 
ratio between the average intensity values at the two planes given as S is 
plotted as shown in Fig. 12. Additional experiments using synthetic 
objects have been carried out using binary phase masks and the blurring 
and 3D experiments are presented in the first section of the supple
mentary section. A proof-of-concept experiment using only refractive 
elements namely refractive lens and solid axicon was carried out using 
multiple point objects. The results are presented in the second section of 
the supplementary document. Once again, the capability to tune ARP 
was demonstrated. 

5. Discussion 

In this study, two hybridization methods INCHIS-H1 and INCHIS-H2 
are proposed and demonstrated. INCHIS-H1 was inspired from [19], but 
more advanced than [19] with respect to all the characteristics of im
aging and the implementation. The method proposed in [19] was based 

Fig. 11. INCHIS-H2: IPSF(zs = 5 cm), IPSF(zs = 5.6 cm), IO, reconstruction results IR(zs = 5 cm) and IR(zs = 5.6 cm) for: (T1 = 0, T2 = 1), (T1 = 0.25, T2 = 0.75), (T1 =

0.5, T2 = 0.5), (T1 = 0.75, T2 = 0.25), and (T1 = 1, T2 = 0) are shown from Figures (a1) to (a5), (b1) to (b5), (c1) to (c5), (d1) to (d5), (e1) to (e5), and (f1) to (f5), 
respectively. 

Fig. 12. INCHIS-H2: Normalized ratio S for (T1 = 1, T2 = 0), (T1 = 0.75, T2 =

0.25), (T1 = 0.5, T2 = 0.5), (T1 = 0.25, T2 = 0.75), and (T1 = 0, T2 = 1). 
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on FINCH and COACH and so it was necessary to convert every object 
point into at least three beams: spherical, plane and chaotic, and at least 
three camera shots were required. In the proposed INCHIS-H1, every 
object point is converted into two beams: spherical and Bessel and a 
single camera shot is sufficient. In a way, the INCHIS method-H1 can be 
considered FINCH or IDH where the self-interference happens between a 
Bessel beam and a spherical beam instead of between two spherical 
beams. By tuning the ratios T1 and T2, INCHIS-H1 can be tuned from 
I-COACH or CAI with lens as coded aperture to I-COACH or CAI with 
axicon as coded aperture through FINCH. Further, the SNR in the new 
method is higher than [19]. The above is partially due to the nature of 
the self-interfering beams, i.e., in the INCHIS-H1, intensity distributions 
have higher energy density due to deterministic optical fields in com
parison to a scattered beam in COACH. The second reason for a better 
SNR in INCHIS-H1 compared to COACH is the lower photon budget 
requirement due to lesser number of beams in INCHIS-H1 than COACH. 
Finally, TAP-GSA is used in INCHIS-H1 for multiplexing phase masks 
instead of random multiplexing. Finally, in [19], when the ARP is tuned, 
LRP is also changed unlike in INCHIS methods. In all the hybrid cases, 
the DoF of TAP-GSA was low to avoid any loss of light due to scattering. 
The comparison between INCHIS-H1 with FINCH–COACH system, 
I-COACH with an ensemble of Bessel, Airy and self-rotating beams are 
provided in section – 3 of the supplementary document. 

Ideally, as the phase mask is tuned from a lens (T1 = 1, T2 = 0) to an 
axicon (T1 = 0, T2 = 1), the focal depth is expected to improve and on 
average, this is true. However, there are also anomalous axial regions as 
seen in Fig. 6(a) when the axial response does not follow the expected 
trend locally. In these regions, the reconstruction of images for a phase 
mask that contains a higher composition of lens than axicon is of better 
quality than a phase mask with higher composition of axicon than lens 
with an IPSF that is recorded for a different plane. Such local axial regions 
are the anomalous axial regions. In binary phase masks, there is an in
crease in the occurrence of anomalous axial regions due to higher 
diffraction orders as seen in the supplementary document. The axial 
profiles for the five cases (T1 = 1, T2 = 0), (T1 = 0.75, T2 = 0.25), (T1 =

0.5, T2 = 0.5), (T1 = 0.25, T2 = 0.75) and (T1 = 0, T2 = 1) are plotted for 
a binary phase mask as shown in Fig. 13. As The anomalous axial regions 
are highlighted with a red dotted circle with yellow glow. In these re
gions, the variation in AR for different cases do not follow the expected 
trend. The above problem needs to be addressed in the future studies. 

INCHIS-H2 is relatively more elegant and also more powerful 
compared to INCHIS-H1. The post processing of the recorded intensity 
distributions involving the addition of the intensity distributions with 
weights T1 and T2, do not create any anomalous axial regions in simu
lation studies Fig. 7(a1). In simulation studies, the values of T1 and T2 in 
creating the hybrid IPSF and IO were the same. In experiment, however, it 

was necessary to change the values of T1 and T2 to compensate the 
changes made to the exposure time and light intensity during recording. 
This new method allows to tune the AR of recorded pictures and videos. 
As with any new method, the advantage often comes with a penalty and 
INCHIS-H2 is not an exception. The ability to tune the AR of recorded 
pictures and videos in INCHIS-H2 comes with a penalty which is the 
need for recording two pictures and two videos instead of one. However, 
considering the advantages of INCHIS-H2 and considering that most in- 
line holography methods require at least three camera shots, the penalty 
is mild. 

Conclusion 

Two hybridization methods named INCHIS-H1 and INCHIS-H2 have 
been developed to tune the ARP independent of LRP. In INCHIS-H1, the 
well-known FINCH configuration has been adapted where the light from 
an object point is split into two and modulated by a lens and an axicon 
and self-interfered. A phase mask is designed by multiplexing the 
functions of a diffractive lens and a diffractive axicon using TAP-GSA to 
generate a spherical beam and a Bessel beam which are interfered in the 
image sensor. The contributions of the diffractive lens and diffractive 
axicon can be tuned using weights such that the system can be tuned 
between the imaging characteristics of a diffractive lens and that of a 
diffractive axicon. The simulation and proof-of-concept experimental 
results are promising. The axial characteristics of the hybrid phase 
masks varied as predicted theoretically but with some local anomalous 
regions where the properties crossed over between different cases. 

The second method INCHIS-H2 involves recording an object with 
two elements namely lens and an axicon and they are combined with 
different weights after recording to obtain a desired ARP. The INCHIS- 
H2 is more attractive than INCHIS-H1 as it allows to modify the AR of 
recorded pictures and videos which is significant and is reported for the 
first time. This new capability to tune ARP will be useful in many ap
plications such as microscopy, computer vision, motion photography 
and computational imaging. In both methods, INCHIS-H1 and INCHIS- 
H2, ARP is changed for a constant LRP defined by ~λ/NA. The limit 
of ARP is set at ~λ/NA2 which can be reduced to the ARP of axicon but 
not improved beyond ~λ/NA2. The LRP can be changed only by con
ventional means such as changing the NA or changing the size of the 
pinhole used for recording the IPSF. 

Changing LRP of a recorded picture has been reported mostly based 
on interpolation, extrapolation, deep learning [44–46] and deconvolu
tion methods [34]. Modifying the ARP of recorded videos and pictures 
had been impossible so far. With the development of the INCHIS-H2, it is 
possible to modify the ARP of recorded pictures and videos. The study 
using the SLM has been extended to the configuration shown in Fig. 2 
using refractive lens and axicon and the proof-of-concept results are 
presented in the second section of the supplementary document. But 
some recent developments on recording virtual IPSF and unusual 
ring-shaped point spread functions using wavefront modulation gives 
hope for a better future for INCHIS [47]. Further studies are needed on 
improving the optical architecture, phase masks and computational 
reconstruction methods to fully exploit the potential of the developed 
new hybridization methods. We believe that the developed technology 
will add new capabilities to imaging. 
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