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1. INTRODUCTION
1.1. A brief history of black holes

Contrary to popular belief, the concept of a black hole dates back to studies well
before the advent of Einstein’s General Relativity (GR) [12] and Schwarzschild’s
celebrated 1916 solution [13]. It was Reverend John Michell, a close friend of
Cavendish and Herschel, who speculated on the existence of “dark stars” in his
1784 letter [14]. We shall give a modernized version of his Gedankenexperiment
here. Recall that the natural philosophers of the 18th century agreed that gravity
obeyed Newton’s law and that light was made of particles, emitted at approxi-
mately 3 x 108 ms~!. Michell assumed that the force of gravity would decelerate
any particle launched from the surface of a star, and he also knew how to compute
the escape velocity v, of that particle, i.e., the initial speed at which the particle
must be ejected to escape the star’s gravitational pull. For a star of uniform den-
sity equal to the Sun’s density, he argued that there is a critical radius, greater than
500 solar radii, for which the escape velocity equals the speed of light. Therefore,
in a hypothetical scenario where the radius of our Sun would be greater than the
above critical radius, the escape velocity would be greater than the speed of light,
and light particles would never reach an observer far away from the star.

Twelve years later, Laplace reached the same conclusion independently. In
Exposition du systeme du monde [15], he speaks of corps obscurs, luminous stars
of uniform density equal to the Earth’s density and radius approximately greater
than 250 solar radii, whose rays cannot arrive at us. The idea of gigantic, invisible
celestial bodies must have fascinated the British and French intelligentsia, but
Michell’s suggestion should appeal to us too: the irregular motion of luminous
bodies could be a telltale sign of dark stars if that motion is not easily explicable on
another hypothesis. This reasoning is, more or less, behind one of the many ways
astronomers pinpoint black holes today. Interestingly, both Michell and Laplace
opted for gigantic stars, although, ingenious as they were, they would have surely
noticed that a star of solar radius and uniform density approximately 59900 times
greater than the density of our planet would be an equally good ‘“Newtonian black
hole”. It was unthinkable in their times that stellar matter could be that dense;
we are talking densities at a whopping 30% of the density of an Earth-sized white
dwarf. Ironically, Eridani 40 B appeared in Herschel’s extensive Catalogue of
Double Stars [16] one year after Michell’s letter, although people did not know
it was a white dwarf at the time. As Young’s discovery [17] in 1801 sounded the
death rattle of the corpuscular description of light, philosophers became unsure
about how to combine Huygens’s wave description and Newton’s law of gravity.
The idea of dark stars was abandoned, only to resurface more than a century later
thanks to Karl Schwarzschild and his sphére catastrophique.

Already at the dawn of the 20th century, Schwarzschild was pondering over life
in curved space. Stationed on the Russian front of World War I, he read Einstein’s



newly published GR and lost no time in deriving the first exact solution to Ein-
stein’s Field Equations (EFE) that he promptly mailed to Einstein. The solution
described the gravitational field in the exterior of a spherical, non-spinning star,
and it was followed by an exact computation of the spacetime curvature inside
the star several weeks later. The brilliant man died shortly after, but his legacy
was meant to live on forever. What we today acknowledge as the event hori-
zon of a black hole at the Schwarzschild radius, went by many names back then:
Schwarzschild’s singularity or sphere, magic circle, frontier, barrier, catastrophic
sphere, etc. The reason was the bizarre prediction of Schwarzschild’s geometry
that time on the surface of a star with the circumference of the magic circle would
be frozen (infinitely dilated), and light would be shifted in wavelength an infinite
amount, that is, all the way out of existence. Yet no one at the time, not even
Schwarzschild himself, believed that gravitational collapse could squeeze a star
so much; the star’s pressure would step in and save the day, they thought. Opinion
setters like Einstein and Eddington were quick to dismiss such “frozen stars” as
mathematical curiosities.

The majority of theoretical physicists and astrophysicists could not come to
terms with the idea that black holes are the only stellar graveyard for sufficiently
massive, imploding stars. Their strong resistance is reflected by the fact that it took
too many decades for the scientific community to accept that black holes inhabit
our Universe. Despite accumulating theoretical evidence, from Chandrasekhar’s
maximum mass limit for white dwarves [19] to the Tolman—Oppenheimer—Volkoff
(TOV) limit for the mass of (Zwicky’s) neutron stars [20, 21] and the Continued
Gravitational Contraction of Oppenheimer and his student Snyder [22], many
physicists looked the other way: black holes were probably an artifact of the high
idealization of stars, perhaps there is another fate for stars more massive than ap-
proximately 2-3 Suns in their late times, or stars simply lose a sufficient amount
of their mass as they age in order to die as white dwarves or neutron stars. As
the world moved into the 1960s, many naysayers started becoming advocates.
The calculations of Wheeler, Harrison, and Wakano [23] for cold, dead matter
strengthened the case that gravity overwhelms both the electron degeneracy pres-
sure and the nuclear force when the star is massive enough. It was also becoming
increasingly implausible that stars as massive as 20-25 Suns could shed enough
mass as to end up in the neutron-star graveyard. Moreover, simulations of realistic
stellar implosions, carried out by Podurets [24] and May—White [25], reinforced
the Oppenheimer—Snyder viewpoint that the collapse of the heaviest of stellar ob-
jects produces black holes. For relativists, the discussion unequivocally shifted
from the existence of black holes to the singularity at their origin.

The year 1964 was the beginning of a brief golden age of theoretical black-hole
research that, according to Thorne [26], would end in 1975. Penrose, harvesting
the power of differential geometry, topology, and causality theory, gave us his
beautiful 1965 singularity theorem [27] that elevated geodesic incompleteness to
the necessary and sufficient condition characterizing singular spacetimes, thereby
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revolutionizing our understanding of singularities. However, one has to under-
stand that the notion of a trapped surface and the global methods introduced by
Penrose felt alien to nearly all physicists at the time. Among the skeptics, Kha-
latnikov and Lifshitz, still convinced that the random internal deformations of a
real collapsing star would prevent the formation of a singularity, kept trying to
disprove Penrose. Ironically, their efforts led them to the very conclusion they
hoped to avoid, the “physical” Belinski—-Khalatnikov—Lifshitz singularity [28],
where the temporal and spatial oscillations of tidal forces, albeit chaotic and un-
predictable, become, on average, stronger and faster as one approaches the origin.
That “matter does not matter” near a singularity had now emerged from traditional
equation-intensive methods as well. Penrose’s work spurred other hungry minds
to use the new techniques in cosmology. In a series of papers [29-32], Hawking
and Geroch demonstrated that singularities are likewise inevitable in cosmological
models. Hawking and Penrose, incorporating and extending their previous results,
formulated a final, general singularity theorem in their joint 1970 publication The
Singularities of Gravitational Collapse and Cosmology [33].

The golden age was an era of bold statements, none more bold than black holes
going bald. The idea behind the now-famous “hairlessness” of black holes can be
traced back to 1964, when Ginzburg (as in Ginzburg-Landau theory) realized that
the collapse of a sufficiently massive magnetized star leads to a black hole with
no magnetic field lines sticking out of it [34]. Later, in 1965 (english version
in 1966), Doroshkevich, Zel’dovich, and Novikov showed that small deviations
from sphericity are damped down as the star implodes [35]: nearly spherical stars
must form exactly spherical black holes after the collapse has settled down. The
trio quickly conjectured that, no matter the star’s shape, the black hole would al-
ways be spherical. However, Ginzburg and Zel’dovich’s team arrived at the above
conclusions by idealizing implosion as a sequence of static stars, i.e., by study-
ing “snapshots” of a collapsing star. It was Werner Israel who, in 1967, proved
a part of the conjecture: the geometry of every empty, static spacetime, featuring
a regular event horizon with a spherical topology, is that of Schwarzschild. He
later generalized his result to the charged case [37], proving that the Reissner—
Nordstrom (RN) solution is the only static and asymptotically flat electrovac field
with a regular event horizon.!

Meanwhile, Roy Kerr’s 1963 solution [41], initially thought to describe the
spacetime outside an idealized spinning star, was already causing a sensation as
the first of its kind. Its maximal analytic extension was constructed by Boyer and
Lindquist [42] in 1966, while Carter studied its global structure in 1968 [43]. It be-
came clear that the Kerr metric describes a spinning black hole! In fact, Carter [44]
and Robinson [45] showed that the Kerr black hole is unique, i.e., the geometry

! The RN solution was discovered by Reissner and Nordstrém independently in 1916 [38] and
1918 [39], respectively, but its significance was highlighted by Brill and Graves who analytically
continued the solution across the “pseudo-singularities”" (event horizon and inner Cauchy hori-
zon) [40].
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of every empty, stationary, and axisymmetric spacetime, featuring a regular event
horizon with spherical topology, is that of Kerr with a> < M?. In 1972, Hawking
proved that every stationary black hole with a spherical horizon topology is ei-
ther axisymmetric or static [46], while Bose and Wang generalized Carter’s result
to the (electrically) charged Kerr black hole of Newman et al. [48] in 1974 [47].
The above individual theorems comprise, in essence, the so-called “no-hair theo-
rem”, which states that the external gravitational and electromagnetic fields of a
stationary black hole in vacuum are completely determined (upon the completion
of implosion) only by the mass, the electric charge, and the angular momen-
tum of the star that collapsed. Everything else is converted into gravitational (or
electromagnetic) radiation that carries the “hair” completely away. Equivalently,
“every radiatable multipole gets radiated away completely in the late stages of
collapse”—as Price had succinctly put it [49, 50].

By 1975 we knew that black holes pulsate [51], radiate [52, 53], and ultimately
evaporate [53]. We also had a set of laws, the laws of black-hole mechanics [54],
that turned out to be the laws of thermodynamics for black holes [53, 107, 108].
Advancements in X-ray,” radio, and optical astronomy allowed for more accurate
observations, and by 1973 the evidence strongly suggested that Cygnus X-1 is a
black hole [55, 56]; once mere mathematical curiosities, black holes had moved
from the chalkboard to the observable Universe! After decades of debate, the
existence of black holes is now widely accepted, supported by event-horizon-scale
images of the supermassive black holes in M87 and at the centre of the Milky Way
obtained by the Event Horizon Telescope collaboration [57, 58].

1.2. A brief history of solution-generating techniques in GR

The generation of new exact solutions of EFE from known ones emerged from
the observation that the Killing-reduced field equations enjoy non-trivial sym-
metries. Ehlers [113] was presumably the first to discover a notable symmetry
of the stationary vacuum EFE, a kind of gravitational duality transformation.
Harrison [114] found another non-trivial symmetry of the stationary Einstein—
Maxwell system, which mixes gravitational and electromagnetic degrees of free-
dom. Neugebauer and Kramer [118] showed that the Ehlers transformation is part
of a non-linear realization of SO(2,1), although the group itself is not mentioned
in their work. In a subsequent publication [117], they reported additional solution-
generating symmetry transformations in Einstein—-Maxwell theory, independently
rediscovering Harrison’s transformation. Later, Geroch [124] developed a general
method for constructing a one-parameter family of new spacetimes from known
vacuum solutions in Einstein’s theory admitting one Killing Vector (KV). He was
the first to formally demonstrate that the KV reduction of EFE in vacuum yields
a system of equations covariant under global SL(2,R) transformations. Moreover,

2 Recall that NASA’s Uhuru satellite was launched and deployed in 1970. Its mission was to study
X-ray sources.
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when two commuting KVs are present, he showed that the above (internal) co-
variance group is also the group of linear transformations acting in the 2D vector
space of commuting KVs, and that it can be extended to a non-Abelian infinite-
dimensional group, now called the Geroch group [125].

Kinnersley [119], using the complex-potential formulation originally intro-
duced by Ernst [115, 116] in the case of stationary axisymmetric vacuum fields
and later extended by Israel and Wilson [129] to the case of stationary electrovac-
uum fields,? showed that the Einstein-Maxwell field equations possess a symme-
try group isomorphic to SU(2,1). Building on Geroch’s work, he introduced, in the
case of stationary and axisymmetric electrovacuum fields, an infinite-dimensional
group of linear transformations acting on the space of solutions, now called the
Kinnersley group, which contained the Geroch group as a subgroup [120, 121]. In
collaboration with Chitre, they produced a series of papers [121-123], in which
they developed a formalism for constructing an infinite hierarchy of potentials.
They showed that some of the non-linear symmetry transformations can be expo-
nentiated to finite values of their parameters and, therefore, used as a means of
generating new solutions. They further gave a series of transformations, which
generate new stationary axisymmetric vacuum solutions from known ones, with
the important property of preserving asymptotic flatness.

A complementary approach was introduced by Neugebauer using Bicklund
transformations [130]. He showed that the stationary axisymmetric vacuum field
equations admit two Bicklund transformation groups. By repeatedly using them,
one can eventually obtain solutions with an increasing number of constants. For a
special choice of parameters, the infinite-parameter group previously obtained by
Geroch and by Kinnersley and Chitre by a rather complicated method, is contained
in the free product of the two transformation groups.

A major refinement of the Kinnersley—Chitre formalism was achieved by Hauser
and Ernst, who discovered a linear integral equation of the Cauchy type whose so-
lution yields directly the generating function of the Kinnersley—Chitre hierarchy
of potentials associated with the transformed spacetime metric [126]. The inge-
nious duo pushed things further by introducing a homogeneous Hilbert problem
for studying the Kinnersley—Chitre transformations of all stationary axisymmet-
ric vacuum spacetimes. They showed, independently of the original Kinnersley—
Chitre formalism, that the Hilbert problem maps the potential of one stationary
axisymmetric vacuum spacetime into that of another. In a companion work, the
homogeneous Hilbert problem was generalized to handle transformations of elec-
trovac spacetimes [128]. The neat, modern interpretation of the reduced Ein-
stein and Einstein—-Maxwell equations as field equations derived from effective
Lagrangians describing non-linear 6-models coupled to 3D gravity, is probably
due to Maison [131] and Mazur [132].

Taken together, these developments transformed solution generation in GR

3 See also Ref. [114].
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from a collection of isolated transformation techniques into a coherent framework
based on hidden symmetries, group actions, and complex-analytic structures. By
the early 1980s, stationary and axisymmetric sectors of GR were firmly estab-
lished as integrable systems, with solution-generating techniques providing both
conceptual insight and practical tools for constructing physically relevant space-
times.

1.3. Motivation

Exact solutions of EFE have played a central role in shaping our understanding
of gravitational physics. Many of the most fundamental concepts in GR, includ-
ing black holes, event horizons, and gravitational radiation, were first revealed
through the study of highly symmetric exact solutions. Despite this long history,
the space of exact solutions of EFE remains largely unexplored, particularly in the
presence of rotation, non-trivial matter content, or non-standard asymptotic struc-
ture, although the tools for exploring it are known. Explicitly constructing new
solutions is therefore essential for assessing the full predictive scope of GR and
for identifying which features of black holes and other spacetimes are universal
and which depend sensitively on strong underlying assumptions.

Within the strict framework of Einstein gravity (EG) and classical GR, there
are two complementary and well-controlled avenues for constructing new exact
solutions. The first is to modify the matter sector. Physically motivated matter
models can lead to qualitatively new spacetime geometries, if the backreaction
of matter is taken into account. In particular, generalized theories of electro-
magnetism provide a natural testing ground, as they constitute reasonable matter
models allowing for richer interactions with gravity than the standard Maxwell
theory. The second avenue relies on exploiting the hidden symmetries of EFE or
the Einstein—-Maxwell equations. The use of the solution-generating techniques
described in the previous section makes it possible to map known solutions to
new ones, often revealing entire families of spacetimes that would be difficult to
obtain by direct integration of the field equations. It should readily be clear that
such techniques are especially powerful and can be used to generate more com-
plicated solutions from simpler seeds. The present thesis follows both of these
approaches.

First, we introduce and study a promising 2-field generalization of Maxwell’s
theory coupled to Lovelock [71] gravity. It is known that the consideration of
Non-Linear Electrodynamics (NLE) leads to black-hole solutions with richer ge-
ometric and thermodynamic properties [59-66]. We are particularly interested in
the coupling of the new model to EG in arbitrary dimensions. The matter action
we propose is also understood as a generalization of quasitopological electromag-
netism [73] in arbitrary spacetime dimensions. In fact, it is constructed in such a
way that it reduces to the theory of Liu et al. in four dimensions (modulo field re-
definitions), by which we were inspired in the first place. However, the couplings
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between the Faraday tensor and the field strength of the additional form field give
rise to richer configurations than those presented in the single-field model [73]. In
particular, our model is valid in any number of spacetime dimensions, whereas the
single-field model requires that the dimension is an even number. The black holes
that we construct are reminiscent of Lovelock—Born-Infeld black holes (see [81]
and references therein and thereof). They indeed exhibit rich geometric and ther-
modynamic properties, with phase diagrams similar to those found in everyday
thermodynamic systems such as fluids (phase transitions, triple points, etc.). In-
terestingly, the phase structure can be quite unusual for certain parameter val-
ues (for example, disconnected phase boundaries). The equation of state for the
new black holes has the form of a closed-form modification of the law of ideal
gases. Another empirically sound motivation for our generalized quasitopological
model is the historical association of NLE with regular black holes [67, 68, 97].
Quite so; one of the most significant results of this part of the work is the explicit
construction of regular black holes in a strongly-coupled regime. Unlike stan-
dard black-hole solutions, which typically develop curvature singularities at some
value of the radial coordinate, the curvature of regular black holes remains finite
and well-defined throughout spacetime. Importantly, the regular black holes found
here are geodesically complete spacetimes [27, 102]. These solutions therefore
serve as controlled and physically consistent examples showing how the singular
behaviour can be avoided within classical gravity coupled to suitably structured
matter.

In the second and third parts of this thesis, we use Kinnersley’s solution gener-
ating technique (mentioned in Sec. 1.2) to construct black holes with non-standard
asymptotics in GR. As already mentioned in Sec. 1.2, this technique has been
well-known for many decades, and it has systematically been used to generate
new asymptotically flat solutions with a plethora of parameters. Nevertheless,
the reduction of the Einstein—-Maxwell equations along a spacelike KV has not
been extensively explored. In particular, defining the auxiliary potentials by us-
ing the azimuthal KV in stationary axisymmetric spacetimes, leads to new solu-
tions which are asymptotically Levi-Civita [106, 181] or asymptotic to a rotating
generalization of the latter. Due to their unconventional asymptotic geometry,
such spacetimes are usually neglected as physically irrelevant. Nevertheless, their
heuristic value remains significant and should not be overlooked. Moreover, the
absence of asymptotic flatness does not, by itself, render a spacetime physically
irrelevant; rather, it signals that the solution does not describe an isolated system
with finite total mass. Solutions obtained by using an azimuthal KV are instead
naturally associated with configurations in the presence of non-compact sources
or background fields. Well-known and physically meaningful examples include
Melvin’s magnetic universe [141, 142], which represents a self-gravitating mag-
netic flux tube and is widely used to model strong-field backgrounds, as well
as cylindrically symmetric solutions such as the van Stockum spacetime [164]
and the Levi-Civita (LC) cylinder [69, 214] (see [70] and references therein for a
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physical motivation of cylindrical systems in GR), which describe infinite or ef-
fectively long matter distributions. In all these cases, asymptotic flatness is neither
expected nor appropriate. The physical relevance of such geometries is therefore
local and quasi-local: provided curvature invariants remain regular and the mat-
ter content satisfies reasonable energy conditions, these solutions offer consistent
local descriptions or near-zone approximations, which may be later matched to a
meaningful “exterior” region. Such geometries, which do not themselves describe
black holes, can nevertheless serve as backgrounds in which black holes may be
immersed. The “magnetized” black holes constructed by Ernst [190] provide a
particularly clear early example. Here, we register the electromagnetic swirling
black hole attached publication II. Still, such black-hole metrics contain the con-
tinuous parameter(s) introduced by the transformation(s). While these parameters
often admit a clear physical interpretation, it is natural to ask whether one can in-
stead construct black holes with non-standard asymptotics that are characterised
solely by the usual physical quantities, such as mass and angular momentum.
This motivates our construction of the Kerr-LC black hole by using a discrete
symmetry transformation known as inversion. Of course, one needs to be aware
that a canonical definition of asymptotic charges cannot exist in spacetimes with
LC-like asymptotics. Some of these spacetimes do not even admit an asymptot-
ically everywhere timelike KV in the first place! Despite the absence of canoni-
cal asymptotic charges, the parameters appearing in the Kerr—L.C family admit a
natural physical interpretation through limiting procedures: setting the “angular-
momentum” to zero yields the static Schwarzschild—-LC [207] spacetime, while
removing both “mass” and “angular momentum” reduces the geometry to the LC
background. Accordingly, these parameters play roles analogous to mass and an-
gular momentum in the Kerr solution.

1.4. Aim of the thesis

The aim of this thesis is to study and construct exact solutions of EFE, both in
(electro)vacuum and in the presence of non-trivial matter sources, with particular
emphasis on their geometric structure. The work is motivated by the fact that exact
solutions remain one of the most powerful tools for understanding the non-linear
dynamics of EG: 1- they provide insight into strong-field gravity in a geomet-
ric sense, 2- they improve our physical intuition of otherwise abstract concepts,
and 3- they function as theoretical laboratories for probing analogies (black-hole
mechanics-thermodynamics, gauge/gravity and fluid/gravity dualities, etc.) and
testing predictions (black-hole shadows, photon rings, redshift, etc.).

The thesis is organized around two complementary research directions, each
addressing a different mechanism through which EG admits novel solutions.

* The first direction concerns EG coupled to generalized electromagnetic
matter, in particular a 2-field so-caled quasitopological extension of clas-
sical electromagnetism. The aim here is to investigate how these modifi-
cations to the electromagnetic sector—which preserve key properties such
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as gauge invariance and second-order field equations—affect the spacetime
geometry. Within this framework, the thesis seeks to construct exact black-
hole solutions supported by a Maxwell field and a higher-form field, and to
analyse how the interaction of the latter two influences horizon geometry,
thermodynamic properties, and regularity. A central goal of this part is to
assess whether such theories admit physically consistent and well-behaved
black holes within EG.

* The second direction focuses on vacuum and electrovac solutions generated
by exploiting the hidden symmetries of EFE, made manifest in the Ernst de-
scription of GR [115, 116]. New spacetimes generated from known ones via
Kinnersley’s technique using a spacelike KV, have rather “exotic” proper-
ties. For starters, they are not asymptotically flat, and it makes sense to ask
what happens if we embed an asymptotically flat black hole in them. One
of our goals is to investigate how the transformations affect the Petrov type,
causal structure, horizon and ergoregion properties, and the removal or in-
troduction of curvature singularities, conical defects, and Closed Timelike
Curves (CTCs). The black holes we present are rotating, but the rotation
here is completely different from the kind of rotation we know from Kerr
black holes. We look into that. As mentioned in Sec. 1.3, there is no KV
everywhere timelike at spatial infinity. This implies that energy, Frame-
Dragging Angular Velocity (FDAV), ergoregions, and any other quantity
measured with respect to a unique normalizable timelike KV at infinity,
are now observer-dependent. Is there perhaps a new selection mechanism
to pick a unique “observer at rest” somewhere at infinity among the many
equally “good” candidates? There are many physically significant questions
to be answered, and we answer some of them in our work.

1.5. Structure of the thesis

In the current chapter we have already sketched a brief history of black holes
in Sec. 1.1, focusing on the controversy they provoked: the gradual shift of the
scientific community from scepticism to acceptance, and eventually to elevating
black holes to a central research object in modern theoretical and observational
physics. We have also briefly reviewed the history of solution-generating tech-
niques in Sec. 1.2 and their crucial role in exploring the space of solutions in GR.
In Sec. 1.3, we have seen that, despite this progress, many questions remain open,
providing the motivation for our work. The aims of this thesis were summarised
in Sec. 1.4. In Chap. 2, we review the attached publication I, emphasizing its
main results and the methods employed in their derivation. In Chap. 3, we give
a pedagogical derivation of the Ernst equations and review Kinnersley’s solution-
generating method. We present and discuss the main results of attached publica-
tion II. Finally, in Chap. 4, we review the attached publication III, focusing on
the geometric properties of the Kerr—Levi-Civita black hole. We end the overview
article by summarizing and concluding in Chap. 5.
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2. QUASITOPOLOGICAL ELECTROMAGNETISM
AND BLACK HOLES

2.1. Introduction

One can think of the Einstein—Hilbert action as the dimensional continuation
of the two-dimensional Euler characteristic. Adopting this approach is useful
when attempting to generalize field theories. For example, one can define higher-
curvature theories of gravity in D spacetime dimensions by dimensionally con-
tinuing the 2k-dimensional Chern-Weil topological invariants, where k € {Z* |
k < |D/2|}, with the map | | being the floor function. The resulting theory is
known as Lovelock’s theory of gravity [71], and it is the best-understood model
with higher-curvature couplings. For this reason, it has also been utilized to in-
vestigate the effects of higher-curvature terms in the framework of the AdS/CFT
correspondence [72].

A similar idea has been explored in the case of Abelian gauge theories in [73].
The authors of [73] introduced the theory of quasitopological electromagnetism,
an extension of the Einstein—-Maxwell theory via the inclusion of new terms in the
Lagrangian, terms related to topological invariants in the following manner: they
are based on the 2k-forms

k
Foyg =\ Fays 2.1
i=1

where Fjy) = dAjy is the the field strength two-form of the electromagnetic poten-
tial Afjj. These field-strength polynomials are metric-independent and can be cast
into total derivatives, much like the Pontryagin classes. In 2k spacetime dimen-
sions, the integral of F1yy) is topological.

For the forms Fy to affect the dynamics of the classical theory, a metric
g = (guv) must be introduced. Its existence allows us to define the Hodge star
map and consider the D-forms Fp A *]:[Zk].l Without further assumptions, the
contribution of these top forms to the field equations is non-trivial. The theory
containing such terms has been dubbed quasitopological electromagnetism for
two reasons. First, the building blocks Fy are topological invariants, as pre-
viously discussed. Second, the solution spectra in quasitopological electromag-
netism and Maxwell’s theory coincide for static and solely electric (or magnetic)
configurations, a fact no longer true when dealing with dyons.

In attached publication I, we proposed a natural generalization of quasitopo-
logical electromagnetism via the introduction of a form By, ), in addition to
the Abelian gauge connection Ajj). The field strength of B, i) is denoted by
H),, = dBy, 1. The physical interpretation of the new field depends heavily on
the context. For instance, one could identify it with fields appearing in string the-
ory, such as the Kalb—-Ramond two-form, the Ramond—-Ramond forms in Type II

! For example, the term —Fp AxFy /2 is the kinetic term in Maxwell’s theory.
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[ i ]

Fi [d] A*F; [d]
H[d] AN*H [d]
FHg N+ FHg
Fi [\ *H [d]
Fi [d] AN*xFH [d]
Hig N*F Hg)

Table 1. List of all D-forms one can construct using the forms Fpj, Hpm)» FH [kt pm)»
and the Hodge star map. The only restriction is that the degree d is equal to or less than
the dimension of spacetime D.

theories, or the three-form featured in eleven-dimensional supergravity. An ap-
pealing field ansatz is to take Hj, to be proportional to the volume form on a
codimension-two manifold of constant scalar curvature and spherical, flat, or hy-
perbolic topology. As we explicitly showed, couplings between Fiy) and Hj,) give
rise to richer configurations than those presented in the single-field model [73]. In
particular, our two-field model is valid in any number of spacetime dimensions,
whereas the single-field model requires that D is an even number.

2.2. Quasitopological field theory and exact solutions

Generalizing the idea laid out in [73], we considered invariants similar to ]:[Zk]-
To be precise, let

m

Fory Hipm) = \NHipls FHirpm) = Fiox A Hjpm) (2.2)
i=1

be our building blocks, where H,,, is a pm-form with
me{Z" |m<|D/p|}

and p mod 2 = 0 for all m > 1.2 Of these, we can construct all kinds of D-forms
that you see in Table 2.2.

All of them would contribute to the field equations and should be included in
the action. However, we are interested in configurations of the form

Fijocdx’ Adx',  Hip_) o< *(dx” Adx!), (2.3)

where Fjp) has solely electric components and Hjp_5 solely “magnetic” ones.
Henceforth, let p = D — 2 for convenience. With this in mind, it is easy to see
that the only non-trivial building blocks are Fy) = Fjy}, H|, = H|,}, and FH |p) =

2If p mod 2 = 1, then Hpm) = —H[pm] = 0 since the square of any odd number is an odd number

itself.

pm)
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Fjy) ANHy. 1t follows that the only non-trivial D-forms contributing to the equa-
tions of motion are Fiy) AxF{y}, Hj, A*H|,), and the interaction term FH pj*F H pj.
For this reason, we ended up with the D-dimensional action

1 1
Ip[g,An)Bp_1)] = /mde (ﬁLov - ZFZ - 27!H2 — Otﬁim) , (24

where F? = Fy F*V, H* = Hy,,_, HM-H,
ﬁint —_ av,lfl“-:i},lll)DF#l‘qummuDFWVzHVs...VD (2'5)
is the interaction Lagrangian density, and

\D/2] . i
Lio= Y S8 f[lRVfolvzf',lz_,_,m_,. 2.6)
= =
is the well-known Lanczos—Lovelock Lagrangian density.

We then made a static metric ansatz with the constant-time and unit-radius
slices being codimension-2 maximally symmetric model spaces X, of constant
curvature, the latter being positive when ¥y = 1, zero when y = 0, and negative
when y = —1. We also made a purely electric ansatz for Fjp), and we further
assumed that Hj) is proportional to the volume form on Xy.

First, we solved the equations of motion for the potential Aj;j. By observing
that these field equations acquire the form of a generalized Gauss’ law and by
integrating the canonical momentum conjugate to Ajj over any closed two-surface
of constant time at spatial infinity, one is able to recognize the integration constant
in the electric field as the electric charge density. The electric field is that of a
point charge at large distances but vanishes at the radial origin. We also found
that the equations of motion for By, j are identically satisfies. By integrating
H, over the aforementioned two-surfaces, one gets a topological charge in the
case of a compact Xy. In any case, the constant appearing in H,| is recognized
as the p-form flux density. By integrating the electric field, we find an electric
potential, which exhibits a screened Coulomb behaviour; at large distances, it
behaves as a Coulomb potential but becomes finite at short distances, a feature
certainly appealing.

Next, we attacked the metric field equations. We showed that the matter stress-
tensor satisfies the weak and null energy conditions. The equations of motion
for the metric are of the “Wheeler” type and may, therefore, be integrated & la
Wheeler [74]. A closed-form solution exists only if we truncate the Lovelock se-
ries to first order, i.e., if we consider our gravitational Lagrangian to be that of
Einstein gravity with a cosmological constant in D spacetime dimensions. The
square of the lapse function, G(r), features a hypergeometric function, which also
appears in the electric potential as the screening function. Its presence is reminis-
cent of what happens in the Lovelock—Born—Infeld theory (see [81] and references
therein and thereof).
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When g,,, — 0, the metric reduces to that of a Reissner—Nordstrom-(A)dS black
hole. The same holds in the o¢ — 0 limit. The lapse function can, in theory,
have multiple positive roots that define the locations of Killing horizons. Since
curvature invariants blow up as the radial coordinate approaches the origin, the
solution describes static, charged black holes (for a certain range of values of
the parameters and the coupling constant). Near the Killing horizons, the metric
decomposes into a direct product of a two-dimensional Rindler space and X,.
If the positive roots do not coincide, each horizon has a non-trivial temperature
proportional to its surface gravity and a non-trivial entropy proportional to its area.
In the case of coincident roots, the near-horizon geometry factorizes into a direct
product of a two-dimensional Anti-de Sitter (AdS) space and X,. The metric is
asymptotically (anti-)de Sitter, and we can appreciate that the contribution of the
gauge fields to the metric decays asymptotically at least twice as fast as the mass
term. Consequently, we can simply read off the Arnowitt—Deser—Misner (ADM)
mass M of the black hole from the asymptotic expansion of g; (see [87, 88] for
asymptotically AdS geometries).

The four-dimensional solution coincides with the one reported in [73] by con-
struction. Let us elaborate. Consider the matter action

1. - . _ _ -
TauleA) = = [ |3 hoFa -4y £ s (Fy 0 )| 2

where one makes a dyonic ansatz for A[l]. It follows that, in terms of our ansitze
for Fpy) and Hyj, F[Z} = Fiy) + H|y}, and the reduced matter action becomes

1 1
Lnat = —/ |:2F[2] /\*F[Z] + EH[Z} /\*H[z] + 1606]:7'[[4]*.7'—7‘[[4]] s (28)

which is exactly the matter action we proposed in four spacetime dimensions. Re-
quiring that the action (2.7) is stationary under variations of A[I] gives the gauge-
field equations

dxFpy) = —160aFiy Adx(Fip A Fpy), (2.9)

and since Fip A Fjp) = 2Fp) A Hyy), it follows that the above equation amounts to our
two independent equations for Aj;j and Bjj) when p = 2. The three-dimensional
solution cannot be obtained by directly evaluating the D-dimensional solution in
three spacetime dimensions, because the latter is singular there. Instead, one sets
D = 3 at the level of the field equations and only then integrates those to get a
solution that describes a deformed Bafiados—Teitelboim—Zanelli (BTZ) [93] black
hole. Note that the dyonic BTZ spacetime is recovered in the &¢ — 0 limit.

One of the most striking results in our work is the construction of regular
(non-singular) black-hole solutions. In conventional Einstein—-Maxwell theory,
curvature singularities at the origin are unavoidable for charged black holes. By
contrast, the interaction between the two field strengths considered here allows for
a consistent modification of the short-distance geometry. Recall that the energy
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density is a monotonically decreasing function of r, falling off sufficiently fast at
asymptotic infinity to provide a finitt ADM mass. On the other hand, it blows
up at the radial origin due to the contribution of the kinetic term for B, ;. To
have a finite energy density as » — 0, we must be able to disregard the aforemen-
tioned kinetic term. We can do that only in the strongly coupled regime, formally
accessed by taking the limit o — oo whilst keeping g/« finite.

We showed that if we impose a specific relation between the ADM mass, the
charges, and the coupling constant, hyper-spherical black holes exhibit a de Sit-
ter core; the spacetime geometry looks like the static patch of de Sitter space
near the origin, with the curvature radius being a function of the charges and the
coupling constant. This guarantees that the Riemannian curvature remains finite
as we approach r = 0 and that geodesics are complete [102]. Depending on the
values of the various parameters, the resulting geometries may describe regular
non-extremal and extremal black holes, as well as horizonless spacetimes with a
regular origin (backgrounds).

2.3. Black-hole thermodynamics

To study the thermodynamics of these novel black holes, we focused on locally
asymptotically AdS solutions. Here, we shall give some tips and tricks for the
calculation of the various thermodynamic quantities. We shall do so in units where
87'L'GD =1.

First, to find the temperature one performs a Wick rotation t — —i7, where we
identify T with 7+ f3. Near the horizon at r = r, the Euclidean metric assumes
the form

ds* ~ p*d P +dp* +r; dX7, (2.10)

where 7(7) = G'(r4)7/2 and p(r) = 2+/(r—ry)/G'(r). The first two terms
constitute the metric of a plane in polar coordinates, with Euclidean time 7 playing
the role of the angular coordinate. To avoid the conical singularity at the origin, 7
must be 27-periodic, which forces

_ 4w
S G(ry)

B (2.11)

In the Euclidean approach, we interpret the period of Euclidean time as the inverse
of the Hawking temperature 7. For the gauge field in this Euclidean space to be
regular at the origin of the p coordinate (the horizon), it must hold that it behaves
like ~ p? there, because

xdy —ydx

p2

3 Ultimately, this is a relation between the mass and the non-vanishing energy density of the matter
fields at the origin [103].

d? = (2.12)
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in Cartesian coordinates (x,y) = (p cos T, p sinT). Taylor-expanding the potential
about 7 = r,, we have that

a(p) :a(r+)+%G’(r+)a’(r+)p2+(’)(p4), (2.13)
which implies that we must fix the constant lim,_,..a such that a(ry) = 0. The
electric potential difference between horizon and infinity is then @, = a(eo) —
a(ry), and it is conjugate to the total charge Q. (or the charge density g, if Xy is
non-compact).

Calculating the thermodynamic potential conjugate to the topological charge
On (or the p-form flux density gy, if £, is non-compact) requires a bit more (trick-
ier) work. One needs to treat H|,| as the independent field and force Hy,) = dBy,
by including a Lagrange multiplier Byj) in the quasitopological action, i.e., by
adding an integral

/Em /\dH[p}. (2.14)
Variation of that new action with respect to H,| gives H 2] = dEm, where
ﬁm = —*H[p} — Sa(p!)zF[z]*f’H[D]. (2.15)

Variation with respect to Em yields dHj, =0, ergo H|,) = dBj,_y;. Since

5 ! 2.2 (.12
Hpy = <qm—8“(p) () )drAdt, (2.16)

rp gm’?

consistency of the field equations for H|,| requires that any symmetry-compatible
Em must be of the form bdt, where b(r) satisfies the differential equation

y_ dm  8a(p!)qn ()’

2.17
rP qmr? ( )
The solution to the above is the potential
bh=b. — dm _ rqed +(p_1)46q)e (2.18)
(n=1)r7=1 2pgm 2pgm

Regularity of Em (in Euclidean space) at the horizon requires that we fix b, such
that b(r,) = 0. Consequently, the potential difference between horizon and infin-
ity is @, = b(e0) —b(ry).
Finally, the Wald entropy formula [82] gives the Bekenstein—Hawking entropy
density [83, 84]
s=2mr! =S/oy, (2.19)

in units where 8wGp = 1. This is expected because the gravitational sector of
the action is just the Einstein—Hilbert functional. The above quantities suffice to
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verify the first law of black-hole thermodynamics, where M is interpreted as the
internal energy. Hence, the Helmholtz free energy is F =M —T'S.

Although not included in the original publication, we mention here that the
thermodynamical framework can be extended by treating the coupling constant
and the cosmological constant as thermodynamic variables. This is the so-called
extended phase space [88-90]. The quantity conjugate to & is given by

4(p)* [ 20 [2(d)
a=-2E / FHp+FHip = —4(p) 0y / L, (2.20)
which evaluates to
- 4?)—2[@51’(@) —(p—1)@c] 5. 2.21)
If we also define the thermodynamic pressure P = —A, its conjugate quantity is

known as the thermodynamic volume V. It is the coefficient of 6P in the on-shell
variation of the renormalized Euclidean action, namely

€ € e
- _ ; _ — _t
V= 0'7,t’3lg130</r+ drv/|g| /o dr\/\g> p+16y. (2.22)

Thus, allowing both A and « to vary, an extended first law is obtained by
taking the on-shell variation of the renormalized Euclidean action, with the mass
interpreted as enthalpy rather than internal energy. It reads

OM =T8S+ P00+ P 00m +V P+ Ad0. (2.23)

Note that, in the grand canonical ensemble (fixed potentials), the renormalized
Euclidean action evaluates to 3 Q, where Q is the grand potential

Q=G D0, — D, On, (2.24)
with
G=M-TS (2.25)

being the Gibbs free energy. On the other hand, in the canonical ensemble (fixed
charges), the renormalized Euclidean action evaluates to fG. In that case, addi-
tional surface terms are necessary to ensure a well-posed variational problem.

Recall that G(ry) = 0 can be solved for M as a function of S, P, Qc, On, and
o, if one replaces ry by S via Eq. (2.19). Under a change r — Ar, invariance of G
suggests that

P
Prs o5, (M Qc,0m) = AP (M, 0, On), 00> A0 (2.26)
Indeed, since S — APS, it holds that

M(S'.P,Q.. 0, ) = A" "M(S,P,Qc, Om, ), (2.27)

24



where, in this equation only, we use primes to denote the rescaled variables.
Therefore, M is a homogeneous function of degree p — 1, and Euler’s theorem
implies the Smarr relation

M=

P 154 —2 (Act—VP)+ DO + PO, (2.28)
p—1 p—1
which could not have been obtained, had A and & been held fixed, using scaling
arguments.

As is well-known, in EG in AdS, for a given temperature above a certain
threshold, there exist two-black hole solutions, a small black hole and a large
black hole, and there is a minimum temperature below which no black hole ex-
ists. Here, the presence of the two gauge fields and their contact term modifies
this picture: in a given temperature range, there exist up to five configurations
competing to dominate the ensemble by minimizing the free energy. First-order
phase transitions between small, intermediate, and large black holes can occur.
For completeness we mention that in the extended phase space, it is possible to
show that the Hawking temperature can be interpreted as an equation of state
P(T,V). Within this interpretation, black holes with a hyper-spherical £, (y = 1)
behave as non-ideal gases, with the gravitational constant playing the role of the
“inter-particle attraction”, the entropy proportional to the number of microscopic
degrees of freedom of the “black-hole fluid”, and with V' /S proportional to the
“volume per particle”. This approach to the thermodynamics results in a quite in-
teresting phase structure, featuring triple points, re-entrant phase transitions, and
even a peculiar case with disconnected phase boundaries. However, it is out of the
scope of this thesis.

2.4. Technical summary

We have extended the quasitopological electromagnetic Lagrangian introduced
in [73] by considering a higher-degree fundamental form By, ;. This field, in-
dependent of the potential Ay}, interacts with the field strength of the latter via
its field strength Hj,. This allows us to construct new dyonic black holes in
D # 4 dimensions (even and odd), also recovering the four-dimensional solu-
tion presented in [73]. A salient property of these spacetimes is the existence
of a screened Coulomb potential. Asymptotically, the new geometries behave like
(A)dS—Reissner—Nordstrom black holes up to a certain order, since the contribu-
tion of the interaction term is suppressed by one additional inverse power of r
relative to the standard electromagnetic contribution. However, the short-distance
geometry is quite distinct. The three-dimensional case is special, because the
matter action depends on the gauge potential and an axion field, with their inter-
action resulting in deformed BTZ black holes. Most importantly, we construct
new regular black holes and backgrounds in arbitrary spacetime dimensions. The
new black holes have interesting thermodynamic properties. First-order phase
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transitions between small, intermediate, and large black holes are possible, and
at a given temperature there can be up to five black-hole branches competing to
dominate the canonical ensemble. Small black holes can have arbitrarily low tem-
perature. They are the ones that minimize the free energy at low temperatures in
the canonical ensemble, where thermal AdS is excluded.
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3. THE ELECTROMAGNETIC SWIRLING UNIVERSE
AND NOVEL TYPE | SPACETIMES

3.1. Introduction

Since the advent of Einstein’s GR, exact solutions to EFE have played a crucial
part in modern Physics [106]. They have significantly aided us in understanding
many classical and semi-classical properties of gravity, thus becoming integral to
our hitherto comprehension of diverse phenomena occurring at astrophysical and
cosmological scales. Furthermore, exact solutions have set the stage for the the-
oretical exploration of many groundbreaking concepts, including, but not limited
to, black hole thermodynamics [83, 107-109], the information paradox [110], and
holography [111].

Nevertheless, obtaining sufficiently general classes of exact solutions in GR
has always been a difficult task due to the highly non-linear character of EFE.
Nowadays, the structure of vacuum and electrovacuum fields possessing a KV
is well understood, and a large class of transformations generating new station-
ary and axially symmetric solutions from a given one is known [119-128, 130].
Ehlers [113] was presumably the first to discover a notable symmetry of the
stationary vacuum EFE, a kind of gravitational duality transformation. Harri-
son [114] found another non-trivial symmetry of the stationary Einstein—-Maxwell
system, which mixes gravitational and electromagnetic degrees of freedom. Neuge-
bauer and Kramer [118] showed that the Ehlers transformation is part of a non-
linear realization of SO(2,1), although the group itself is not mentioned in their
work. In a subsequent publication [117], they reported additional solution gen-
erating symmetry transformations in Einstein—-Maxwell theory, independently re-
discovering Harrison’s transformation. Later, Geroch [124] developed a general
method for constructing a one-parameter family of new spacetimes from known
vacuum solutions in Einstein’s theory admitting one KV. He was the first to for-
mally demonstrate that the Killing-vector reduction of EFE in vacuum yields a
system of equations covariant under global SL(2,R) transformations. Moreover,
when two commuting KVs are present, he showed that the above (internal) co-
variance group is also the group of linear transformations acting in the 2D vector
space of commuting KVs, and that it can be extended to a non-Abelian infinite-
dimensional group, now called the Geroch group [125].

Kinnersley [119], using the complex-potential formulation originally intro-
duced by Ernst [115, 116] in the case of stationary axisymmetric vacuum fields
and later extended by Israel and Wilson [129] to the case of stationary electrovac-
uum fields,' showed that the Einstein-Maxwell field equations possess a symme-
try group isomorphic to SU(2,1). Building on Geroch’s work, he introduced, in the
case of stationary and axisymmetric electrovacuum fields, an infinite-dimensional

1 See also Ref. [114].

27



group of linear transformations acting on the space of solutions, now called the
Kinnersley group, which contained the Geroch group as a subgroup [120, 121].
The neat, modern interpretation of the reduced Einstein and Einstein—-Maxwell
equations as field equations derived from effective Lagrangians describing non-
linear o-models coupled to 3D gravity, is probably due to Maison [131] and
Mazur [132].

Recently, there has been a renewed interest in exploring new stationary ax-
isymmetric Einstein—-Maxwell fields, generated by applying the solution-generating
mechanism of Kinnersley [119] to known vacuum or electrovacuum seeds. In par-
ticular, the significant effects of Ehlers and Harrison transformations applied to ac-
celerating spacetimes have been discussed extensively [6, 133, 135, 136]. Using
Ehlers or Harrison transformations, or a combination thereof, one may map known
algebraically special accelerating solutions to new algebraically general solutions.
For example, some of us have successfully constructed a complete hierarchy of
type I spacetimes [6], obtained via this generating technique, thereby generalizing
the well-known Plebanski—Demianski (PD) family, i.e., the most general family
of type D Einstein—-Maxwell fields.

In light of these recent developments, we wish to shed light on novel space-
times one can generate from Minkowski spacetime by composing Ehlers and Har-
rison transformations. To further elaborate on our agenda, it is best if we adhere
to the following terminology. We shall refer to an Ehlers Transformation (ET) as
electric (resp., magnetic) when it acts on the Ernst potentials defined using the
timelike KV d; (resp., the spacelike KV dy). The same terminology applies mu-
tatis mutandis to a Harrison Transformation (HT). To our knowledge, only the
combination of electric transformations has been studied in the literature thus far.
In this work, we fill the gaps, and we do so by first combining a Magnetic ET
(MET) with a Magnetic HT (MHT). Afterwards, we take all possible combina-
tions of electric and magnetic transformations.

3.2. A detailed guide to the Ernst formalism

Here, we shall present a detailed derivation of the Ernst equations. The action for
Einstein—-Maxwell theory (after a redefinition of the Maxwell field) is

1
Slg,Ap] = M/\/—g|d4x<R—F2>. (3.1)

Varying it with respect to the metric and the gauge field, we obtain the field equa-
tions

4

0=0y(\/—|glF*"), (3.2b)

1
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respectively. Since the RHS of Eq. (3.2a) is traceless, the metric field equations
imply that R = 0 and thus admit the simple Ricci form

1
Ryy =2 (FHZFM - 4gqu2). (3.3)

Let us now consider a chart x = {z,p, ¢,z}, with ¢ identified with ¢ + 27, and
let us next make the Weyl-Lewis—Papapetrou (WLP) ansatz

ds* = —f(di — 0d9)* + ch [ (dp? +d2?) +p?dg?], 34

where f, @, and ¥ depend on p and z. Without further assumptions, the motion
group is locally generated by the two commuting KVs o, and dy. We will also
make the gauge field ansatz Aj;) = A,(p,z)dr +Ay(p,z) d@, the Lie derivative of
which with respect to the two KVs vanishes. The non-trivial components of the
field-strength tensor are

Fp=—A;, F.=-A, Fpy= :zw Fy, = —A,, (3-5)

where f’ denotes the derivative of a function f(p,z) with respect to p, while f
denotes the derivative of that function with respect to z. Since the metric and the
field-strength tensor do not depend on ¢ and ¢, it follows that the equations of
motion for the gauge field read

(V=IelF?H) = —(y/=JgFe+). (3.6)

‘We shall define the four-vectors

Fhu ik
u= —‘g|78u> V:v—|g|73ua (3.7

whose explicit expressions are

202 42
o - L (“’ff’A;+wa;,) o+l (AL +oa)ay,  (38a)
P f p
1 202 42 . _ ,
(A oray )k L (g4 0d) 3. G0
P f p
It is straightforward to find that
1 1
E%(@FV“) - E(pu“)/-i-\}“. (3.9)

Given an arbitrary three-vector X = X'¢;,2 whose components depend only on the
radius and height of the cylinder, namely p and z, respectively, its divergence has
the form

VX = ;(le)/Jer, (3.10)

2 The vectors {&;} = {p,Z, ¢} are the unit vectors in the cylindrical coordinate system.
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where V is the so-called del operator in cylindrical coordinates. Therefore, we
may define four three-vectors V¥ = u#p + v#Z (only V' and V¢ are non-trivial)
and cast the Maxwell equations into the neatly compact form

-

V.-V =0. (3.11)

Let us now introduce the tensor £,y = (2/p)+/—|g|(Ruv —2Tuv), where Ty
is the parenthesis on the RHS of Eq. (3.3). The latter tensor vanishes when the
field equations hold. We shall first present the equation &, = 0, whose explicit
form is

2. VIR PIVel [ AIVAg + oVA?
Vif— + -2 5

f p?

The other equation, &y = 0, reads

+\€7At12> =0. (3.12)

o|lVF? of} Vol 2fo’
f p
F2|VAy + 0VA,|?
2

—V2(0f)+ —4VA,-VA, (3.13)

+20( —~VA?) = o

Multiplying the former with w and adding the result to the latter, we get the sim-
pler equation

o - o Vo - > >
fp —Va)~Vf—f2 —2VA, - (VAg +oVA,). (3.14)
Both sides of the above equation can be written—modulo the Maxwell equa-
tions—as divergences, so Eq. (3.14) is equivalent to

- (2o -

V. <p2v@+4A,v<”> =0. (3.15)
Equations (3.11), (3.12), and (3.15) suffice to determine A;, Ay, f, and ®. Fur-
thermore, equations

1
pP(Rp; —2T,;) =0, EP[Rpp —R;—2(Tpp —T;)] =0 (3.16)

provide us with ¥ and ¥, respectively, them being explicit functions of p and z
that we can integrate to get y. Finally, note that £yy = 0 is not an independent
equation; it holds identically if &; = 0 = & holds.

At this stage, recall that if 4 is an arbitrary function of p and z, then

V. (;q? X %h) =0. (3.17)
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Consequently, if there is a divergence-free three-vector X with components X' (p,2),
there exists a function i(p,z) such that

o 1- =
X=—¢xVh (3.18)
p
That function is called a twist scalar potential.

Revisiting the Maxwell equations (3.11), we observe that

o - 1=
Vi=wV?— 7VA,. (3.19)

One of the Maxwell equations reads V-V% =0and we may thus introduce a twist
scalar potential Ay (p,z) such that

VO = ¢ x VA,. (3.20)

|~

Since
o x(pxX)=-X (3.21)

for any vector X=x! P -+ X%z, we may cross both sides of Eq. (3.20) with 6 from
the left to obtain the vector equation
LA, + 26 % VA, + 16 x VA, =0 (3.22)
T p “Tp o '

where we also considered the definition of V?. Taking the divergence of both
sides of the above equation, we finally find

- | w- -
Vo (-VAy+ — ><VA>:0, (3.23)
<f oy 0 X VA

an equation replacing the Maxwell equation V.79 =0. We used the property (3.17)
to get the above expression.
The other Maxwell equation, V - V! = 0, can be written as

- w-> -~ 1=
V.| —¢ xVA; —=VA; | =0. 3.24
(p¢ ¢ f t> ( )

Multiplying Eq. (3.23) by i and subtracting the above equation from the result, we
get the complex equation

- 1= - =
V- |[=-Vo+— ><V<I>>:0, (3.25)
<f p¢

which is equivalent to the Maxwell equations V.VH = 0. Here, we have intro-
duced the complex potential ® = A, +iA,.
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We shall now focus on the metric field equations, particularly Eq. (3.15). Ob-
serving that
(VD) = (A, VAy —AyVA,), (3.26)

where ® denotes the complex conjugate of ®, and since
S (2. . S T1. .
V. <p¢ ><A¢VAt> =-V. [p(P XS(CIDVQD)], (3.27)

it is straightforward to cast Eq. (3.15) into

2
{f Vo+ = ¢ X S(CDVCI))] =0. (3.28)
Next, we introduce another twist scalar potential, namely ¥ (p,z), such that
e - £ 67 . O
Fv(u +2¢ x3(PVP) = (—)°¢ x Vg (3.29)

where & = 0,1 encodes the sign freedom in the definition. Crossing both sides
of the above equation with ¢ from the left, dividing them by f2, and taking their
divergence, we find that

V-W=0, W:i=—[(—)°Vy—23(®Va)]. (3.30)

Sl
The above is equivalent to Eq. (3.15).
Moving on, we recall that

q 1=
Ve = ?|VA¢|2,

VoV = [VA, 2+ VA2, (3.31)
Vo = PO xW.
Using the above together with the identity
¢ x X[* = X[, (3.32)

which holds for an arbitrary vector X=x! P +X2Z, we may quickly cast Eq. (3.12)
into !
sz—?]§f|2+f3W2—2|§d>|2 = 0. (3.33)

Multiplying vV-Ww by if? and subtracting the result from the LHS of Eq. (3.33),
we get the complex equation

1 = - -

32



which is equivalent to the system of egs. (3.12) and (3.15).
Let us now expand Eq. (3.25) to obtain

le o 1 . o o
~ VI Vet Ve éw}- (§ x Vo) =0. (3.35)

Using the last equation in egs. (3.31), we can cast the above into
—VF VO + V2D +if2W -V = 0. (3.36)
Proceeding with the educated introduction of the complex gravitational potential
E=f—dD—i(—)%, (3.37)
we can express Eq. (3.36) as
(RE + DD) V2D = (VE +2PVD) - V. (3.38)

Interestingly, modulo the above, the complex gravitational equation (3.34) also
assumes a similar form, namely

(RE + | @) V2E = (VE +28VD) - VE. (3.39)

Equations (3.16), which we solve by quadrature to get ¥, can also be expressed
in terms of the two complex potentials £ and ®. We will not bother writing them
down since we will determine Y differently. The calculations in the magnetic case
are quite similar to those in the electric case. One starts by making the ansatz

ds® = f(dg - wdt>2+}[e”(d92+dzz) —p*dr’], (3.40)

where the functions f, @, and 7y are related to those in the ansatz (3.4) by re-
definitions, although we retain the same notation. The metric ansatz (3.40) is
suitable for reduction of the field equations along the orbits of the azimuthal KV
dy. Then, it is possible to show that the field equations one needs to satisfy are
again Egs. (3.39) and (3.38), provided we define the Ernst potentials as

E=—f-0D—iy, DP=A,+iA, (3.41)

where y and A, are the twist scalars, which satisfy

2
dxVy= —J;Vw+2$ x 3 (dVP), (3.42a)
¢ x VA, = g(m +OVAg). (3.42b)

Equations (3.39) and (3.38) are invariant under symmetry transformations in
potential space whose domain and target are the auxiliary Ernst potentials associ-
ated with Einstein—-Maxwell fields. Such transformations leave y invariant. Their
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Figure 1. Available symmetry transformations of the auxiliary potentials £ and ®. Greek
parameters are complex, while Latin ones are real.

finite forms and their names are shown in Fig. 1. Electromagnetic and gravita-
tional gauge transformations are gauge transformations in potential space; they
do not map known solutions to new ones. The rescaling/duality transformation
amounts to a global rescaling of f and y, together with a mixing of the real and
imaginary parts of the electromagnetic Ernst potential. When A = e’ it leaves the
metric invariant and corresponds to a pure electromagnetic duality rotation. The
Ehlers and Harrison transformations are the ones we extensively use in attached
publication II.

3.3. The electromagnetic swirling universe and analytic
continuation

First, we combined a MET with a MHT, generating the ElectroMagnetic Swirling
Universe (EMSU) from Minkowski spacetime. The (electro)magnetic (Bonnor—
Melvin) universe is the limit of the EMSU as the Ehlers parameter approaches
zero, while the swirling spacetime is the limiting value of the new metric at van-
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ishing Harrison parameter. In coordinates adapted to d;, we determined the er-
goregions in the new spacetime. We found that they extend to infinity, which
implies that there are regions at spatial infinity where the KV o, is not timelike.
In fact, there is no linear combination of the KVs which is timelike everywhere at
infinity, and the concept of “observers at rest” is inherently ambiguous; even the
most general combination of KVs defines a time flow in some parts of the asymp-
totic region, and we showed that there is no selection mechanism that singles out
a preferred KV within this general family. As a consequence, energy, ergore-
gions, and FDAV now become observer-dependent. Of course, this is true also in
a swirling spacetime. For convenience, we chose to define the ergoregions and the
FDAV with respect to dy, keeping in mind that this is just a choice. In particular,
we emphasized that the values of the FDAV—which coincides with the angular
velocity of a Zero-Angular-Momentum Observer (ZAMO) whose four-velocity is
aligned with d—are meaningless; only the velocity differences are useful, since
we can use them to probe for counter-rotating spacetime regions.

Next, we proved that the spacetime is free of horizons and curvature singular-
ities. We showed that the axis is regular. Moreover, we verified the absence of
a Misner string by observing that the gravitomagnetic potential associated with
d; vanishes on both components of the axis as O(p?). The asymptotic behaviour
of the metric depends on how fast p and z grow relative to each other. More or
less, it is swirling-like. We also showed that the new background is free of closed
timelike curves. There are electric and magnetic fields present in the EMSU. Both
depend on p, with the field lines parallel to the symmetry axis, in the vicinity
of which they acquire a constant profile. The fields decay asymptotically. Inter-
estingly, the electric field is non-trivial even if the initial external electric field is
switched off, since the initial external magnetic field sources it in that case. Simi-
larly, the initial external electric field sources the magnetic field in the absence of
an initial external magnetic field. The new geometry has Petrov type D, and we
proved, in great detail, that it belongs to Kundt’s class.

Continuing, we recalled two well-known facts: 1- a planar Reissner—Nordstrom
(RN) spacetime can be analytically continued to Melvin’s magnetic universe [156],
and 2- a planar Taub-NUT spacetime can be analytically continued to the swirling
solution [144]. These analytic continuations involve a double Wick rotation, co-
ordinate transformations and parameter redefinitions. Similarly, one may reason-
ably expect to be able to analytically continue a planar RN-NUT spacetime to the
EMSU, and we we proved this exactly. That motivated us to use the cosmological
extension of the RN-NUT spacetime to construct a generalization of the EMSU
that includes a non-vanishing cosmological constant A. In general, when we con-
sider a cosmological constant, the solution-generating technique of Kinnersley
ceases to apply, because the symmetries of the reduced field equations, on which
the method relies, are broken. Equations that were homogeneous in the absence of
A become inhomogeneous in its presence. In particular, the WLP metric itself is
not suitable for stationary axisymmetric fields in the presence of a cosmological
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constant,? ergo the machinery used so far is not applicable. Extending station-
ary and axisymmetric solutions of the Ernst equations to account for the presence
of a cosmological constant is a highly non-trivial task. Indeed, we were able to
analytically continue the cosmological extension of the planar RN—-NUT space-
time to that of the EMSU, obtaining another Petrov-type D spacetime, which,
again, belongs to Kundt’s class. We argued that the cosmological constant must
be negative to avoid CTCs at spatial infinity. String-like defects are present in the
extended spacetime, and one may remove them by imposing a particular relation
between the transformation parameters. Limits to the cosmological extensions of
the Bonnor—Melvin and swirling solutions are discussed.

3.4. A Schwarzschild black hole in the EMSU

The EMSU has a rather exotic asymptotic behaviour, and it is natural to ask
what happens when we “throw” an asymptotically flat black hole in it. The
Schwarzschild-EMS black hole is obtained by acting with a composition of a
MET and a MHT on the Ernst potentials associated with the Schwarzschild space-
time. The new spacetime describes the exterior of a black hole with its horizon
located at r = 2M. The curvature singularity is at the origin of the radial coor-
dinate. The embedding of the horizon surface can be visualized as a 2-sphere of
area 16M?, which is defomed when the transformation parameters are switched
on. The horizon circumference at the equator shrinks as those parameters grow
large, which leads to a squeezing effect.

The new black hole is stationary; ZAMOs in the exterior region rotate due to
the swirling property of the background. It also is an electrovac spacetime; there
is a Maxwell field present, different from that in the EMSU. The metric is asymp-
totically swirling-like, and the two spacetime regions separated by the equator are
counter-rotating. The FDAV grows infinitely large as |z| — oo, while it vanishes at
the equator and at r = 2M. The ergoregions prove to be more or less insensitive to
introducing a mass. Their behaviour at asymptotic infinity is the same as that in
the case of the EMSU, and nothing is worth reporting close to the horizon. We also
concluded that the new black-hole spacetime has Petrov type I, which becomes
D on the axis, while the solution is algebraically special on the horizon surface.
When both transformation parameters vanish, we recover the Schwarzschild black
hole. When only the Harrison parameter is switched off, we obtain the swirling
black hole (Petrov type is I) [144], which describes a Schwarzschild black hole
embedded in a swirling spacetime. Finally, when only the Ehlers parameter is
switched off, we recover the static Petrov-type I Schwarzschild-Melvin space-
time [161], which describes a Schwarzschild black hole embedded in an electro-
magnetic universe.

3 See [157] for a generalized metric which, given a specific harmonic condition, can be reduced to
the WLP metric.
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3.5. Mixing electric and magnetic transformations

Next, we scrutinized another route. Instead of composing Ehlers and Harrison
transformations of the same “kind”, i.e., electric or magnetic, we explored their
mixture. In general, there are eight possible mixed compositions

UaBUyg, (3.43)
where 8 # 6 («,,7,6 = 1,2) and

_ (Ee Enm
U= <He Hm>‘ (3.44)

The symbols E., E;,, He, and Hy,, denote the operator forms of an Electric ET
(EET), MET, Electric HT (EHT), and MHT, respectively. If the seed spacetime is
Minkowski, the number of available compositions reduces to four, namely

U, Uuh,. (3.45)

That happens because
U%,UP | ~ U%, (3.46)

where ~ denotes a rough equivalence relation here, in that electric transforma-
tions of the seed potentials associated with Minkowski result in a metric also
Minkowski modulo coordinate transformations.

Our goal was to register all novel spacetimes obtained via mixed compositions
in the case of a Minkowski seed. Are these new Petrov-type I geometries free of
curvature singularities, topological defects, and other sorts of pathologies? Since
we know that U!,U?, = U?,U',,, we could directly operate on the seed poten-
tials with Ec[c|He[G]Em[j]Hm[B], where j, c are real parameters, f = (B+iE)/2,
and 0 = (ge +1igm)/2. The above operation would be tantamount to casting the
EMSU metric in the form (3.4) and acting on the associated electric potentials
with E¢[c]He[o]. We could then consider all possible limits, in which we have
compositions of two transformation operators, one magnetic and one electric.
However, that would not be a wise strategy in terms of computational complexity.
Hence, we generated each case separately.

We collect the novel spacetimes in Fig. 2 for the reader’s convenience. There
are four inequivalent spacetimes one can obtain from Minkowski by operating on
its associated seed potentials with one electric and one magnetic transformation,
Ehlers or Harrison:

* A four-parameter family containing the parameters £ and B of the EMU
and two additional parameters g, and gy, entering via an EHT.

¢ A three-parameter family containing the parameters £ and B of the EMU
and one additional parameter ¢ entering via an EET.

* A two-parameter family containing the parameter j of the swirling universe
and one additional parameter c entering via an EET.
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Sec 4.3 in [2] EMSU Sec 4.1 in [2]
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Swirling EMU
Sec 4.4 in [2] Minkowski Sec 4.2 in [2]

Figure 2. Inequivalent spacetimes obtained from Minkowski via ETs or HTs up to two
sequential transformations.

* A three-parameter family containing the parameter j of the swirling uni-
verse and two additional parameters ge and gy, entering via an EHT.

As expected, the new spacetimes are complicated modifications of the electro-
magnetic universe or the swirling solution. However, they are neither “NUTty”
nor charged extensions of the latter. To be precise, we have not presented any ev-
idence to support the association of ¢ with a NUT parameter or that of g, g, with
monopolic charges. The “physical” meaning (if any) of ¢, ¢g., and g, remains a
puzzling problem.

Besides the spacetime of Sec. 4.3 in attached publication II, which describes
a naked singularity, all other spacetimes are curvature-regular under some param-
eter conditions. They are also free of topological defects, and their Petrov type
is I. However, there is a common problem in all of them, i.e. the appearance of
non-chronal regions, regions where we can draw CTCs. The fact that we gave
a “physical” reason, namely that the soaring rotation is what tips the light cones
over, is not a relief. One should primarily check if a freely falling observer can vi-
olate causality, i.e., if such curves are geodesic, though even non-geodesic CTCs
can be problematic if traversable under other sensible conditions. The whole topic
is delicate anyway. Protection mechanisms [162, 165] forbidding causality viola-
tion have yet to acquire the form of formal theorems, and it also has been conjec-
tured that causality-violating curves exist only in the classical theory (and would
disappear in the quantum version). Nevertheless, those pathologies exist at the
classical level, and the very fact that they beset honest solutions to the Einstein-
Maxwell field equations (or even to pure general relativity), namely that they do
not arise due to some artificial distribution of matter or some weird glueing of
spacetimes, actually makes them interesting in our opinion, though from a very
different perspective.
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3.6. Technical summary

We focused on obtaining the complete list of stationary and axisymmetric space-
times, generated from a Minkowski spacetime by operating on the associated seed
potentials with a composition of ETs and HTs. We operationally defined “elec-
tric” and “magnetic” transformations as transformations of potentials associated
with the “electric” and “magnetic” forms of the WLP metric, Egs. (3.4) and (3.40),
respectively.

Our first goal was to investigate the new spacetime obtained via the compo-
sition of a MET with a MHT. As expected, the resulting Petrov-type D space-
time, the EMSU, inherits key properties from the swirling [134, 143, 144] and
the Bonnor-Melvin [141, 142] solutions, two well-studied spacetimes which we
recover in appropriate limits. We emphasized that there is: 1- no KV timelike
everywhere at infinity and 2- many KVs timelike “somewhere” at infinity. Ob-
servers at rest with respect to these KVs are equally valid; there is no criterion
that singles out one member of this class over another. Different observers will
“map” the ergoregions differently and, in general, measure different values of the
FDAV. However, they will agree that the ergoregion extends to spatial infinity,
that the FDAV grows infinitely large when |z| — oo, and that regions above and
below an observer-dependent value of z counter-rotate. The EMSU is free of
singularities and string-like defects. The asymptotic behaviour of the spacetime
metric depends on the growth rate of the ratio p/z. When this ratio satisfies a
certain inequality, the metric is asymptotically swirling; however, the spacetime
itself is not, since the Faraday tensor does not vanish in that limit. Finally, we
gave a detailed proof that the EMSU belongs to the Kundt family. Next, we estab-
lished a precise relation between a planar Reissner—Nordstrom—NUT black hole
and the EMSU by analytically continuing the former via a double Wick rotation,
followed by suitable coordinate reparametrizations and parameter redefinitions.
The cosmological extension of this black hole is known, and we exploited the
above correspondence to reverse-engineer the form of the EMSU in the presence
of a cosmological constant. A fine tuning of the transformation parameters was
necessary to avoid string-like defects.

Another highlight of attached publication Il is the usefulness of the EMSU as a
“background” spacetime for black holes. Indeed, we “embedded” a Schwarzschild
black hole into this background and analysed how the former interacts with the
latter. The new spacetime is a rotating electrovac solution describing the exte-
rior region of a black hole. The rotation, however, is not of the Kerr type; in
the frame adapted to the generator of the Killing horizon, the black-hole angular
velocity—equivalently, the angular velocity of a ZAMO at the horizon—vanishes.
The ZAMOs nevertheless rotate in the exterior region, and their angular velocity
increases without bound as they move farther away from the black hole. In this
sense, the compact object itself is effectively static, while the exterior region ro-
tates as a consequence of the swirling property of the background geometry. Al-
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though the horizon is located at » = 2M and its surface area is that of a 2-sphere of
that radius, the surface itself is deformed in the presence of the transformation pa-
rameters. In an isometric embedding into Euclidean space, the horizon appears as
an axisymmetrically distorted surface, reminiscent of a sphere compressed along
its equator.

Finally, we constructed all spacetimes obtainable from Minkowski space by
composing electric and magnetic ETs and HTs. Three of these were found to be
conditionally free of curvature singularities and string-like defects. All of these
contain regions where CTCs are possible. One might naively expect the resulting
geometries to represent extensions of the Melvin or swirling solutions, for in-
stance, that an EET would generate a NUT charge, or that monopole-type charges
would arise through an EHT. This expectation is not borne out. The physical in-
terpretation, if any, of the electric-transformation parameters in these spacetimes
remains unclear and warrants further investigation.
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4. THE KERR-LEVI-CIVITA SPACETIME

4.1. Introduction

To date, only two exact solutions with well-defined static limits are known to
describe the exterior gravitational field of a spinning mass in vacuum. The first
is the Kerr metric [176], which remains the most astrophysically relevant solution
to EFE, underpinning much of our theoretical understanding of rotating black
holes. The second is its less familiar generalization, the Tomimatsu—Sato metric
[211]. Unlike the Kerr metric, the Tomimatsu—Sato solution does not reduce to
the Schwarzschild geometry in the limit of vanishing angular momentum, but to
a class of Weyl metrics known as Zipoy—Voorhees spacetimes [212, 213].

The circular, stationary, and axisymmetric Einstein and Einstein—-Maxwell field
equations become remarkably integrable in the complex-potential formalism of
Ernst [185, 186]. That formalism reveals a hidden set of Lie point symmetries
which, under appropriate conditions, serves as a powerful tool for generating
sophisticated solutions [112, 187-189]. We already discussed these symmetries
in attached publication II and in Sec. 3.2 of the present thesis. One notices that
every symmetry transformation introduces a continuous parameter into the new
solution. Our aim was to generate a new rotating vacuum solution without in-
troducing any additional parameters beyond those already present in the seed
spacetime, namely the mass m and the angular momentum per unit mass a. To
accomplish this, one must therefore resort to a discrete symmetry of the reduced
EFE. The symmetry transformation we employed is known as inversion.

Denoting the inversion operator by I, its action is defined by

1

I: —. 4.1
5'—>5 4.1)

The operator can be expressed as the composition

D;4E; G (4.2)
in the limit b — oo, where
Dg: (£,®) — a(a*s,d), (4.32)
E;: (@) (£,®)(1+ijE)7", (4.3b)
G : (£,®) — (E+ib, D), (4.3¢)

are the rescaling/duality, Ehlers, and gravitational gauge transformations, respec-
tively.! It can also be written as

G¥'DyE,GE), (4.4)

! The parameters j and b are real, while the parameter ¢ is complex.
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at the level of symmetry operators, which proves that no limit whatsoever is neces-
sary in the process. Do also note that (4.4) and D;;E ngg/)j produce the same solu-
tion, since the last gravitational gauge transformation cannot affect the form of the
physical metric. Despite the presence of an Ehlers transformation in the decom-
position (4.4), inversion does not generate stationary spacetimes from static ones.
Consequently, to obtain a rotating solution we shall start from a rotating seed.
However, inverting the “electric” potentials (see Sec. 3.2) associated with the Kerr
metric does nothing up to diffeomorphisms. In fact, an electric inversion does
not generate new solutions from known solutions in the Plebanski—Demianski
class [180]. Hence, it is important to consider magnetic transformations, i.e., to

invert potentials defined using the azimuthal KV dj.

4.2. The Kerr-Levi-Civita geometry

We considered the Kerr spacetime as our seed, and we applied the inversion ma-
chinery to the magnetic potentials associated with it. Initially, we obtained a new
spacetime with a conical singularity; to remove it we rescaled the azimuthal coor-
dinate and re-glued. The new spacetime is asymptotic to a rotating generalization
of the LC metric [181],2 and we address it as the Kerr—LC spacetime. The rr
component of the new metric has poles at the inner and outer horizon radii of
the Kerr black hole. Unlike Kerr, however, the Kerr—LC geometry is curvature-
regular everywhere; there is no ring singularity. This Petrov-type I solution of
the EFE describes either a regular black hole or a regular horizon-free geometry,
depending on the value of (a/m)?. Moreover, recall that the equatorial circum-
ference of the outer horizon at » = r; of a Kerr black hole is independent of the
angular momentum. By contrast, for a Kerr—LC black hole it does depend on it:
for fixed mass, increasing a leads to a larger equatorial circumference of the outer
horizon. As a increases (within the range for which the embedding exists), the
outer horizon evolves from a surface with an equatorial constriction to a prolate,
nearly cylindrical geometry, and ultimately to an oblate shape.

Next, we encounter the same issue discussed in attached publication II and in
Sec. 3.3. In spacetimes with an exotic asymptotic behaviour such as that of the
Kerr—LC spacetime, the notion of “rest” is ambiguous: no Killing vector remains
timelike everywhere at infinity, and the members

8,(a> =d+a 8¢ 4.5)

of a one-parameter family of KVs all define admissible time flows in certain parts
of the asymptotic region. Passing to coordinates adapted to d, ) therefore corre-
sponds to choosing a rotating frame. In such frames, the ZAMO angular velocity
shifts according to

Q@ =00 _q (4.6)

2 This is valid when p,z — co with p /7 finite.
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and becomes constant at the horizon. This constant, denoted Q(O‘)\H, may be
interpreted as the relative angular velocity of the black hole in the chosen frame.
Importantly, differences such as

AQ =Q@ 0|y (4.7)

are independent of o and therefore frame-invariant. By construction, the outer
horizon is a Killing horizon generated by

9y + QW11 9. (4.8)

We noted that the asymptotic geometry is insensitive to the choice of frame;
ZAMOs defined with respect to d,«) experience the same dragging far away. This
dragging, however, is not of the type produced by an isolated, massive, rotating
compact object dragging spacetime in its vicinity. Rather, it resembles the rotation
characteristic of swirling black holes. In essence, it is closer to the dragging en-
countered in swirling black holes. In fact, asymptotic frame-dragging is common
to all solutions with rotating asymptotic forms. Note, however, that the frame-
dragging in swirling black holes exists even if we remove the mass source, be it
static or non-static, due to the intrinsic rotation of the background. On the other
hand, dragging in the Kerr—LC spacetime is solely due to the angular momentum
of the Kerr seed. The price we pay for removing the conical singularity is that we
can no longer remove the source or its angular momentum. For the sake of the
argument, however, let us consider the spacetime with a conical defect and take
the limits m — 0 and J — 0 while keeping « finite. The resulting spacetime is
the LC spacetime. If we only switch off the angular momentum of the seed, we
recover the Schwarzschild—-L.C spacetime [205-207]. In both cases, we end up
with static solutions to EFE.

Because the ergo-geometry depends on the choice of rotating frame, the con-
clusions drawn in different frames can differ markedly and may even appear con-
tradictory. In one frame, for instance, a static observer can “hover” arbitrarily
close to the black hole, whereas this is impossible in others. In a different frame,
there exists a radius at which no observer can remain at rest at any altitude. Fi-
nally, there is yet another frame in which the ergoregions closely resemble those
of the EMSU attached publication II. Nevertheless, there is a universal conclusion
to be drawn, namely that ergoregions extend to infinity. Interestingly, the Kerr—L.C
metric does not admit a Kerr—Schild representation: the overdetermined system
that arises in attempting such a construction has no solution, in contrast to the
Kerr case and to the static Schwarzschild—-LC spacetime. Finally, we explicitly
showed that the Kerr-swirling and Kerr—LC metrics correspond to a more general
metric in, simply put, different potential-space gravitational gauges; there is no
physical-space invariance that maps one into the other.
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4.3. Technical summary

The attached publication III has been devoted to the construction of a novel rotat-
ing vacuum solution of Einstein’s field equations, the Kerr—Levi-Civita spacetime.
The new geometry is a rotating generalization of the recently studied Schwarzschild—
Levi-Civita black hole [205-207]. The solution was generated from the Kerr
metric by exploiting a discrete symmetry of the field equations in the complex-
potential formalism of Ernst, known as inversion. The Kerr—LC spacetime has
a remarkable amount of good properties that make it attractive: it is free of cur-
vature singularities, conical defects, spinning strings, and closed timelike curves.
When m? > a2, it describes a rotating black hole with the same horizon radii
as the Kerr black hole, but with the above nice features, which also hold in the
extremal and super-spinning regimes. It appears that the interplay between the
rotation of the Kerr seed and that of a generalized Levi-Civita asymptotic ge-
ometry regularizes the ring singularity of the Kerr black hole. Here, we achieve
the curvature regularization without introducing additional parameters, recovering
the Schwarzschild—LC spacetime in the static limit. We claimed that in all space-
times with a similar asymptotic geometry it is impossible to define a Killing vector
that is asymptotically timelike everywhere. Since the ergo-geometry depends on
the choice of frame and no preferred frame exists, we cannot really distinguish
between the qualitatively different ergoregion profiles. The frame-independent
conclusions are that the ergoregion extends to infinity in some directions and that
ZAMGOs experience a more intense dragging as they move farther from the source.
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5. SUMMARY AND CONCLUSIONS

Black holes are among the most extreme and fascinating objects in the Universe.
They push our understanding of gravity to its limit. Because of this, these compact
astrophysical objects are also powerful theoretical laboratories for better under-
standing gravity, matter, and geometry. This doctoral thesis dives into new black
holes in Einstein gravity in arbitrary spacetime dimensions and Einstein’s four-
dimensional theory of general relativity, focusing on how new types of matter and
well-known solution-generating techniques can give rise to previously unknown
spacetime geometries.

Exact solutions play a special role in gravitational physics. While many real-
world systems must be studied numerically or approximately, exact solutions al-
low researchers to explore the geometry of spacetime (and other properties) in
a mathematically controlled way. Historically, such solutions have led to major
breakthroughs, including the discovery of black holes themselves. The work pre-
sented in this thesis continues this tradition by constructing and analysing new
exact black-hole solutions that deepen our understanding of how gravity behaves
under extreme conditions.

The first major part of the thesis focuses on Einstein gravity coupled to a gener-
alization of classical electromagnetism. In standard physics, electromagnetism is
described by Maxwell’s theory. However, from a theoretical perspective, it is nat-
ural to ask whether electromagnetism can be extended in a systematic way, much
like gravity has been extended beyond Einstein’s original theory using geometric
and topological ideas. Inspired by this analogy, the thesis builds on and extends
quasitopological electromagnetism by introducing a new two-field matter model,
the building blocks of which are topological invariants. When this generalized
electromagnetic model is minimally coupled to gravity, it gives rise to new fam-
ilies of black hole solutions in various spacetime dimensions. These black holes
exhibit rich geometric structure and non-trivial thermodynamic behaviour. In par-
ticular, their thermodynamics reveals phase transitions that closely resemble those
of everyday systems such as fluids, providing a striking link between gravitational
physics and statistical mechanics. A key result of this part of the work is the exis-
tence of regular black holes. In standard black-hole solutions, spacetime typically
becomes singular at the origin of the coordinate system, meaning that physical
quantities such as curvature become infinite and the theory breaks down. In con-
trast, the regular black holes found here avoid such singularities while remaining
fully consistent solutions of classical field equations. These solutions are impor-
tant because they offer controlled examples where gravity remains well-behaved
even under extreme conditions, providing valuable insight into how singularities
might be resolved or avoided in a complete theory of gravity.

The second major part of the thesis explores new spacetime geometries gener-
ated using powerful solution-generating techniques developed in Einstein’s (and
Einstein—-Maxwell theory). A new vortex-like background is constructed, the elec-
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tromagnetic swirling universe, and a delicate technique is used to build its cosmo-
logical extension. The new spacetime possesses unusual symmetry properties,
asymptotic geometry, and electromagnetic fields. A black hole, immersed in it,
differs fundamentally from the usual electrovacuum fields. Both the black hole
and observers in its exterior are forced to rotate due to this new type of inherent
spacetime rotation, while the black hole also interacts with the external electro-
magnetic fields.

Another highlight of the thesis is the construction of a new exact rotating
spacetime in vacuum, referred to as the Kerr—Levi-Civita spacetime, using solution-
generating methods. Rotating solutions of Einstein’s equations are of exceptional
importance, since all realistic astrophysical black holes are expected to rotate.
Despite this, surprisingly few exact rotating solutions are known, and most dis-
cussions rely almost exclusively on the Kerr black hole. The Kerr-Levi-Civita
spacetime represents a genuinely new member of this rare class. It differs fun-
damentally from Kerr, while still solving Einstein’s vacuum equations exactly.
Unlike Kerr, which describes an isolated rotating mass in otherwise empty space,
the Kerr—LC solution inherits features from the the Levi-Civita spacetime and its
rotating generalization, leading to qualitatively new properties of the geometry.
Most importantly, the new solution involves only the Kerr parameters, but in such
a way that the rotation no longer resembles that of a Kerr black hole. For certain
parameter ranges, it describes a regular black hole that rotates in a rather swirling-
like fashion.

Taken together, the results of this thesis demonstrate that exact solutions re-
main an indispensable tool in gravitational physics. By introducing new matter
models, or exploiting hidden symmetries, our work reveals previously unexplored
black-hole geometries, which deepen our theoretical understanding of gravity.
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SISUKOKKUVOTE

Uued anallitilised musta augu lahendid Einsteini
gravitatsiooniteoorias

Mustad augud on ithed Universumi koige ddrmuslikumad ja paecluvamad objektid.
Need tihistavad punkti, kus meie arusaam gravitatsioonist on viidud selle piirini.
Seetottu on need kompaktseid astrofiiiisikalised objektid iihtlasi vdimsad teoreeti-
lised laborid gravitatsiooni, aine ja geomeetria mdistmiseks. Kédesolev doktoritoo
uurib musti auke Einsteini vorrandite tdpsete lahendite abil, keskendudes selle-
le, kuidas uued aine tiilibid ja tuntud lahendite genereerimise meetodid vdivad
viia seni tundmatute aegruumi geomeetriateni. Analiiiitilised lahendid mingivad
gravitatsioonifiiiisikas erilist rolli. Kui paljusid reaalse maailma siisteeme tuleb
uurida arvutuslikult véi ligikaudsete meetoditega, siis analiiiitilised lahendid voi-
maldavad uurida aegruumi geomeetriat (ja muid omadusi) matemaatiliselt kont-
rollitud viisil. Ajalooliselt on just sellised lahendid viinud oluliste labimurreteni,
sealhulgas mustade aukude endi avastamiseni. Kdesolevas t60s jitkatakse seda
traditsiooni, konstrueerides ja analiiiisides uusi analiiiitilisi mustade aukude la-
hendeid, mis siivendavad meie arusaama gravitatsiooni kditumisest ddrmuslikes
tingimustes. Doktoritd6 esimene pohiosa keskendub Einsteini gravitatsiooniteoo-
riale koos klassikalise elektromagnetismi iildistusega. Tavapirases fiitisikas kir-
jeldab elektromagnetismi Maxwelli teooria. Teoreetilisest vaatepunktist on aga
loomulik kiisida, kas elektromagnetismi saab siistemaatiliselt laiendada, sarnaselt
sellele, kuidas gravitatsiooniteooriat on laiendatud Einsteini algsest teooriast edasi
geomeetriliste ja topoloogiliste ideede abil. Sellest analoogiast inspireerituna tu-
gineb kéesolev t60 kvasi-topoloogilisele elektromagnetismile ning laiendab seda,
tutvustades uut kaheviljalist aine mudelit, mille ehitusplokid on topoloogilised
invariandid. Kui see iildistatud elektromagnetiline mudel on gravitatsiooniga mi-
nimaalselt seotud, tekivad uued mustade aukude lahendite perekonnad erinevates
aegruumi dimensioonides. Need mustad augud omavad rikkalikku geomeetrilist
struktuuri ja mittetriviaalset termodiinaamilist kditumist. Eelkdige ilmnevad nen-
de termodiinaamikas faasisiirded, mis meenutavad tugevalt igapdevaseid siistee-
me, nagu vedelikud, luues silmatorkava seose gravitatsioonifiiiisika ja statistilise
mehaanika vahel. Selle t60 iiheks keskseks tulemuseks on regulaarsete mustade
aukude olemasolu. Tavapérastes mustade aukude lahendites muutub aegruum ta-
valiselt keskpunktis singulaarseks, mis tdhendab, et fiilisikalised suurused, nagu
koverus, muutuvad 16pmatuks ning teooria lakkab kehtimast. Vastupidiselt sellele
vildivad kidesolevas toos leitud regulaarsed mustad augud selliseid singulaarsusi,
olles samal ajal taielikult kooskdlalised klassikaliste viljateooriate lahendid. Need
lahendid on olulised, kuna pakuvad kontrollitud niiteid olukordadest, kus gravi-
tatsioon piisib histi médratletuna ka adrmuslikes tingimustes, ning annavad viér-
tuslikku teavet selle kohta, kuidas singulaarset kditumist voiks tédielikus gravitat-
siooniteoorias lahendada voi viltida. Doktorito6 teine pdhiosa uurib uusi aegruu-
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mi geomeetriaid, mis on saadud vdimsate lahendite genereerimise meetodite abil,
mis on vilja tdotatud Einsteini ja Einsteini-Maxwelli teoorias. Konstrueeritakse
uus keerisetaoline taustaegruum, elektromagnetiline keerlev aegruum, ning sel-
le kosmoloogiline laiendus saadakse delikaatse meetodi abil. Uus aegruum omab
ebatavalisi siimmeetriaomadusi, astimptootilist geomeetriat ja elektromagnetvil-
ju. Sellesse paigutatud must auk erineb pohimdtteliselt tavapérastest elektrova-
kuumlahenditest. Nii must auk kui ka vaatlejad selle vilispiirkonnas on sunnitud
poorlema selle uue aegruumi sisemise pdorlemise tottu, samal ajal kui must auk
interakteerub viliste elektromagnetviljadega. Teine t66 fookus on uue analiiiitilise
poorleva vaakumlahendi konstrueerimine Einsteini vorranditele, mida nimetatak-
se Kerr—Levi-Civita aegruumiks, kasutades lahendite genereerimise meetodeid.
Poorlevad lahendid Einsteini vorranditele on erakordselt olulised, kuna koik rea-
listlikud astrofiiiisikalised mustad augud eeldatavasti pdorlevad. Sellest hoolimata
on analiiiitilised poorlevaid lahendeid teada iillatavalt vihe ning enamik késitlusi
tugineb peaaegu eranditult Kerri mustale augule. Kerr—Levi-Civita aegruum ku-
jutab endast selle haruldase klassi tdeliselt uut liiget. See erineb Kerri lahendist
fundamentaalselt, lahendades samal ajal analiiiitiliselt Einsteini vaakumv®orrandid.
Erinevalt Kerrist, mis kirjeldab isoleeritud poorlevat massi muidu tithjas ruumis,
sisaldab Kerr—LC lahend tdiendavat geomeetrilist struktuuri, mis on pirit Levi-
Civita aegruumist ja selle poorlevast iildistusest, ning mis viib kvalitatiivselt uute
geomeetriliste omadusteni. Kdige olulisem on see, et uus lahend sdltub ainult Ker-
ri parameetritest, kuid viisil, mille korral pédrlemine ei sarnane enam Kerri musta
augu poorlemisega. Teatud parameetrite vahemikes kirjeldab see regulaarset mus-
ta auku, mis pdorleb oma olemuselt keerisetaolisel viisil. Kokkuvdttes nditavad
kidesoleva doktorit6d tulemused, et analiiiitilised lahendid on gravitatsioonifiiiisi-
kas jatkuvalt asendamatud tdoriistad. Uute aine mudelite sisseviimise voi varjatud
siimmeetriate drakasutamise kaudu paljastab t66 seni uurimata mustade aukude
geomeetriaid, mis siivendavad meie teoreetilist arusaama gravitatsioonist.
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