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Abstract

This thesis presents a generalization of a lemma appearing in Nikita Leo’s
proof of the plasticity of the closed unit ball of the /,.-sum of two strictly
convex Banach spaces. The generalization is then used to show a property
related to but weaker than plasticity for the closed unit ball of the f,.-sum of
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Introduction

The central aim of this thesis is to present a generalization of a key lemma found
in Nikita Leo’s proof of the plasticity of the closed unit ball of the ¢,,-sum of two
strictly convex Banach spaces, where the generalization extends the lemma to the
loo-sum of any finite number of strictly convex Banach spaces. In addition, the
generalized lemma is applied to prove that any 1-Lipschitz bijection from the closed
unit ball of such a space to itself which maps extreme points to extreme points or

the sphere into itself must be an isometry.

1 Preliminaries

1.1 Background

The notion of plasticity for metric spaces was introduced by Naimpally, Piotrowski,
and Wingler in their 2006 article [8]. A metric space is said to be EC-plastic (or

just plastic) when all 1-Lipschitz bijections from the space into itself are isometries.
In their 2016 article [2], Cascales, Kadets, Orihuela, and Wingler began an investi-

gation of the following question.

Problem. Is the closed unit ball of every Banach space plastic?

In said article, this question was answered affirmatively for the special case of
strictly convex Banach spaces. (Recall that a Banach space is strictly convex if
its unit sphere contains no segments with distinct endpoints.) The general case,

however, remains open.

All totally bounded metric spaces are known to be plastic, including the unit balls

of finite-dimensional Banach spaces [8].

The unit ball is also known to be plastic in the following cases:



e spaces whose unit sphere is a union of finite-dimensional polyhedral extreme

subsets (incl. all strictly convex Banach spaces) [1, 2],
o any {1-sum of strictly convex Banach spaces (incl. ¢; itself) [5, 6],
o the fs-sum of two strictly convex Banach spaces [4],
o /1 ®2R 4],

o C(K), where K is a compact metrizable space with finitely many accumula-
tion points (incl. ¢ = C(w + 1), i.e., the space of convergent real sequences)

3, 7].

In [4], Nikita Leo showed that the fo-sum of two strictly convex Banach spaces
has a plastic unit ball. While the original proof does not directly apply to an
arbitrary finite sum of strictly convex Banach spaces, a crucial step in the proof
can be modified to suit this purpose. By generalizing this step, we can establish a
similar but weaker property than plasticity, which only considers a specific class of

1-Lipschitz bijections.

1.2 Conventions and notation

We adopt the convention that 0 € N. For n € N we define [n] :={i e N|i<n}.
Throughout, (X;,¢ € [n]) shall be a family of strictly convex Banach spaces, and
Bx, Sx shall denote the closed unit ball and unit sphere of the Banach space X
respectively. Given a family as above, we identify By, with B; and Sx, with S; for
legibility.

For a family of Banach spaces as above, @ X; will denote their co-sum, with

i€[n]
components in the natural ascending order. For such a sum, let (7;,4 € [n]) be the

projection operators onto each component.

For two points in the ball of a Banach space X, we say they’re opposed when the

distance between them is 2. In a strictly convex Banach space, this is equivalent to



the two points summing to 0. For an oo-sum of strictly convex Banach spaces, this

means the two points are opposed along their projection to some component space.

For any map f from a metric space (M, d) to itself, we say that it is non-expansive
when it is a 1-Lipschitz map, and that it is non-contractive when for all xz,y € M
we have d(z,y) < d(f(x), f(y)) (note that this is dual to the inequality d(z,y) >
d(f(z), f(y)) defining 1-Lipschitz maps).



2 Main result

We shall prove the following theorem.

Theorem 1. Let 7 = @ X; and let G: Bz — By be a non-contractive function.
1€[n]
Then there is some permutation o: [n] — [n] and a family of non-contractive

functions g;: S; — Sy ;) such that for all points x € Bz and all i € [n], we have

mir € S; = Ty G(x) = gi(miz).

We start with the crucial lemma, whose central construction will reoccur in subse-

quent lemmas. We use the notation of Theorem 1.

Lemma 1. Given 2" — 1 pairwise opposed points in Bz, there is at most one point

in Bz that is opposed to all of them.

As a natural consequence of this lemma, the maximal size of a set of pairwise

opposed points in By is 2™.

Proof. The proof is by induction on n. The base case with n = 1 is clear by

inspection (note here that n determines how many components Z has).

Consider an enumerated family (xi)ié[gn] of pairwise opposed points in Bz. We
want to show that any point ¢ € Bz that opposes all points x; with ¢ > 0 is equal

to xg.

To do so, we first partition the family of points into two subsets A and B, where A
is any maximal subset of the family satisfying the condition that for all a,a’ € A,
the projections mga and mga’ are not opposed, and B is simply the complement of

A.

Let us note two things: that every pair of elements in B are also unopposed along
7o, and |A| = |B| = 271, From this, it follows that B is also maximal for same

property defining A.



For the first, note that due to the maximality of A, any element in B has to oppose
some element of A along the projection mg — otherwise A could be extended by that
element. This implies that mgB C —mgA. But simultaneously changing the sign of
of the my component of two elements that are unopposed along that component will
preserve this property, so simultaneously changing the sign of all the my components
of A will keep them pairwise unopposed. Since the my components of B are a subset

of the sign-changed components for A, they are also pairwise unopposed.

For the second, suppose that |A| > 2"~1 . Since no pair of points in A oppose each
other along the projection my, but each pair is opposed along some projection, it
follows that each pair in A is opposed along some projection m; with ¢ > 0. If we
consider the space obtained by dropping the my component, we get a space that
is similar to Z but with one less component. However, this space now contains a
family of more than 2"~ ! pairwise opposed points, which contradicts the induction
hypothesis for n — 1, since the maximum number of such points in a space with

one less component is 2" 1.

Now suppose |A| < 2"~1 Then we have that B is a set with the same pairwise
non-opposition property as A, and since A and B partition our family of points,
we have |B| > 2"1. We can then apply the |A| > 2"~! argument to B to arrive at
a contradiction. (Note that that argument did not require maximality from A.)

Since both branches of |A| # 2"~! gave a contradiction, we conclude that |A| =

on—1L,

Moreover, the above argument also allows us to extract mgA = —myB.

Assume without loss of generality that xg € A. Suppose that ¢ fails to oppose any
member of B along the projection my. Then, by definition, ¢ opposes all of them
along the other projections. This induces a family of more than 2"~ opposed points
in the n — 1 case, which is impossible by the induction hypothesis. Thus, ¢ must
oppose some member of B along my, which in turn implies that ¢ is equal to some

member of A along 7. Consequently, ¢ fails to oppose any member of A along



7o, S0 ¢ must oppose each member of A\ {z¢} along some other projection. This
induces a family of 2"~ — 1 points in the n — 1 case, so by the induction statement,
there is at most one point in the induced space (corresponding to dropping the g
component) that opposes all of them. By assumption, this point must agree with ¢
along all the projections 7m; with ¢ > 0. Since x also opposes all of A\ {z¢} along

the projections other than 7y, we conclude that for all i > 0, m;q = m;x0.

Therefore g agrees with xg along all but at most one component. To get full
agreement with xg, repeat the argument along one other component. This is always
possible after the base case since n > 2, so there is at least one other component

along which to run the argument. O

For the following lemmas, we take that xg € Sz is some extreme point, and the
family (7;);c[on) is generated by this point and the negations along each component.

We then define (y;)icon) by yi = G ().

Lemma 2. Let x4, xp differ in only one component by a sign flip. Then yu,yp do

also.

Proof. Let v be the point that agrees with z,, x, everywhere except for the one
component where the two disagree, where we define v to be 0. Since v opposes all

of (x;) other than x,, x5, G(v) opposes all of (y;) other than possibly yq, yp.

Suppose first that y,, yp differ in more than one component. Let the indices of these

components be ¢ and j, respectively.

We define two partitions of (y;) by the logic of Lemma 1: one as A;, B; along the
component 7; and the other as A;, B; along the component 7;. We choose these

subject to the constraints y, € A;, A; and y, € B;, B;.

To see that this is possible, first take any partition along 7;, and call the components
of it A, B. Without loss of generality, suppose that y is in the component B. Then,

due to —m; A = m; B, there must be some y. € A such that m;y. = —m;yp. Define
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AP = {y,,y.}. Note that y, and y. do not oppose each other along 7; (otherwise,
we would have m;y, = myp, contradicting the definition of i), so we can extend
AP to a maximal set A" where no pair of elements is m;-opposed. We cannot have
yp € A’ since it opposes y. along ;, so y, must belong to the complement B’ of A’.

We can now take A; = A’, B; = B’ and perform an analogous procedure along ;.

Let us now examine G(v). Suppose that G(v) opposes some member of A; along ;.
In this case, G(v) agrees with some member of B; along m;, so G(v) must oppose
all the members of B; \ {y;} along the other projections, which implies that for
k # i, we have m,G(v) = mryp. Therefore, we can conclude that m;G(v) = mjyp,
which implies that G(v) must oppose all the members of B; \ {y} along the other
projections. As a result, for all k& # j, we have m,G(v) = T,y,. But these together
imply G(v) = yp = G(xp), which contradicts the injectivity of G.

Consequently, G(v) does not oppose any member of A; along 7;, nor any member
of B; along the same. By reasoning analogous to the above, this implies that for
k # i we have m,G(v) = Ty, and m,G(v) = Ty So we have that 7y, = mjyp,

contradicting our assumption that j is an index where the two differ.

So yq, yp differ in at most one component. Since y,, ¥ oppose each other, they must

differ in that component by a sign flip. O

This implies that any two y,, yp differ only by sign flips in various components. To
see this, take x, and x;, and note that these differ only by sign flips. You can form
a sequence of points in the family (z;) such that the sequence starts at x,, ends at
xp, and every two consecutive members differ by a sign flip. Then the sequence of
their images under G in the family (y;) will start at y,, end at y,, and every two

consecutive members will differ by a sign flip.

The following is a specification of this sign flipping idea. What it expresses is that

all G does with regard to the signs of components is permute them.

Lemma 3. There is a permutation o: [n] — [n] such that for any function

11



f:[n] = {—1,1} and vector q € By satisfying Vi € [n],miq = f(i)mizo, we have

Vi € [n], moi)G(q) = f(I)7o@i)Yo-

Proof. For i € [n], let ¢; be defined as equal to ¢ in all components except the 7;

component, where we have m;q; = —m;xg.

By Lemma 2 we have that G(¢;) and yo = G(x¢) differ in exactly one component
by a sign flip. Let the index of that component be denoted by o (7).

First we need to show that o is a permutation. Since o is a function from [n] to [n],
this is equivalent to o being injective. If o (i) = o(j), then G(g;) = G(g;), which by

the injectivity of G' implies ¢; = ¢;, and thus ¢ = j. Therefore, o is a permutation.

Now we will use induction on the number of components, denoted as k, that differ
between g and x¢. It is clear that the cases k € {0, 1} are covered, with k = 1 being

covered by the above construction of o.

Assume that we have established the induction statement for at most & components,
and let ¢ be a vector which differs from xg in k 4+ 1 components by sign flips. Let
the first two components where ¢ differs from xg have indices 7, j (these exist and
are distinct since we have k + 1 > 2 for the induction step). Define ag as equal to
g, but equal to xg at 4, j. Further define a; (resp. a;) as equal to ¢, except equal to

xg at i (resp. 7).

By the induction statement, G(ag) and G(a;) differ by a sign flip at o(j), while
G(ap) and G(a;) differ by a sign flip at o(i). By Lemma 2, G(q) differs from each
of G(a;),G(a;) by a single sign flip. Let G(q) differ from G(a;) at index v and from

G(aj) at index v.

The prior facts together imply that there are two paths for flipping signs to get
from G(ag) to G(q) that have to commute — flipping at indices o(j),u or flipping
at indices o (i), v. If u = o(j) then we would have G(ag) = G(q), which would imply
ag = q. However, this is a contradiction since ag and ¢ differ from o by a different

number of sign flips. Hence u # o(j), which implies that G(q) and G(ap) differ

12



at o(j) by a sign flip. Symmetrically, G(q) and G(ag) differ at (i) by a sign flip.
Since (i) # o(j) and G(q) can differ from G(ag) in at most two components, it
differs from G(ag) in exactly those components.

Now let f: [n] — {—1,1} be the function satisfying m,a9 = f(u)m,z0, and let f’
be the analogous function for gq. We clearly have f(u) = f'(u) for u # i, j, and
fu)=—f'(u) =1 for u=1,j.

By the induction assumption, we have 7,,)G(ao) = f(u)Ty(u)yo. Moreover, from

the above line of reasoning, we have

7ra(u)C;(q) - WU(U)G(CL()) - f(u)ﬂa(u)yo = f,<u)7ra(u)y0

for w # 4, j, and we also have

To(w)G(q) = —To@w)Glao) = = f (W) Trwyyo = (W) Te@vo

for uw = 4,j. In both cases, the last equality in the chain follows from the prior
analysis of the relation between f and f’. Since we get Tow)G(q) = f’(u)wg(u)yg in
both cases and the cases are exhaustive, that equality holds for all u € [n], which

is what we wanted. O

The previous lemma only establishes that there is some such permutation o for every
choice of extreme point xg. However, it immediately follows that the permutation
is the same for every x; in the family. To establish that this permutation is also

the same for all extreme points of Bz, we require another lemma.
Lemma 4. Let ¢ € Bz and i € [n] be such that miq = mizg. Then m,;G(q) =

T (i)Yo, Where o is the permutation we get for xo from Lemma 3.

Proof. This is trivial for the n = 1 case, so we will assume n > 1.

Let (x;)jes be the subfamily of (z;);¢j2n) that satisfies the condition m;x; = —m;wo.

We have that G(q) opposes y; for each j € J. Note that To(i)¥Yi = —To(i)Yo DY

13



Lemma 3 for all j € J, and |J| = 2" !. Suppose that Toi)G (@) # To(iyyo- Then
G(q) would fail to oppose any y; along Ty (s), S0 it would have to oppose them along
the other components. Dropping the 7, (;) component, we would get a family of
271 1 1 pairwise opposed points in an (n — 1)-component space, which contradicts

the corollary of Lemma 1. Therefore, we must have 7,;G(q) = 74 (i)Yo O

Lemma 5. Let x, 2 be extreme points of By and let 0,0’ be their respective induced

permutations (according to Lemma 3). Then o = o’.

Proof. 1t suffices to consider the case where z and 2’ differ only in the component 7;.
If they differ in more components, we can chain applications of the one-component

. / .
case as we turn x into ' one component at a time.

By Lemma 4, we have 7,;G(z) = ﬂg(j)G(x’) for all j # i. Similarly, we have
T ()G () = T G(2") for all j # i. If o(i) # o'(i), then we would have that
G(z) and G(z') agree on all components, in which case z = 2’ contradicting our
assumption. So we must have o (i) = o’ (7).

Next, we pick any j # i and define ¢, ¢’ by taking x, z’, respectively, and flipping

the sign of the j component. Thus, we get

To()G(q) = To(j)G(q) = =T G(2) = =75 G ('),

where the second equality comes from Lemma 3, and the first and third from i # j
and Lemma 4. Note however that by Lemma 3 we have that 7,G(¢') = 7,G(z')
for all ¢ # o'(j). Since m,(jyG(¢') = —7y(j)G (") and 7, ;G (z') # 0, we have
o(j) =o' (j).

So we have o (i) = ¢’(i) and Vj # i,0(j) = o’(j). Consequently we have 0 = ¢’/. [
We can now prove Theorem 1.

Proof of Theorem 1. Let o be the permutation induced by an extreme point of Sz.

By Lemma 5, ¢ is unique.

14



For each i € [n], we define the mapping ¢;: B; — By as the standard inclusion
satisfying m;t;q = q and mji,q = 0 for j # . Then, we define g;: S; — S,(;) by
9i(q) = T(;)G(1iq). To see that the codomain of g; is correct, we use Lemma 4:
note that g;(q) agrees with 7,;G(x) for any extreme point x € Sz that satisfies
mx = ¢, and that G(x) is extreme (as a corollary of Lemma 1), so its components

are all of norm 1.

Now suppose that x € Bz and mx € S;. Fix any extreme v such that m;x = mv.
Then

ML T = X = TV,

so by Lemma 4, we have both 7,;G(x) = m,;G(v) and 74, G (Lmiw) = 7y G(V).

Therefore, we have

7o) G(7) = 7o) G(Limix) = gi(miT).

To complete the proof, we must show that g; is a non-contraction.

Take u,u’ € S; and let z,2’ be extreme points of Bz such that m;xz = u and

mix’ = ', and which agree along all other components. Then

lgiCw) = gi@)| = [|7o(5 G (@) = Mo G (")

= @) - G|
> o — |
= lu= ],

The second inequality in the chain follows from Lemma 4: since , 2" differ only in

i, then G(x), G(2") differ only in o(4). O

15



3 Main corollary

We will now apply the main theorem to prove a weaker version of plasticity for the
closed unit ball of the £,-sum of finitely many strictly convex Banach spaces. We

continue to use the notation of Theorem 1, letting Z = @ X;.
i€[n]

Theorem 2. Let F': By — By be a 1-Lipschitz bijection. If F' maps extreme points

to extreme points, or F(Sz) C Sy, then F is an isometry.

The proof of this is a direct adaptation of Leo’s argument in [4].

Let F' be as in the statement of Theorem 2. Define G to be its inverse function.
Since G satisfies Theorem 1, we can define the permutation o and the family of

functions g;: S; — S,(;) as given by Theorem 1.

Lemma 6. FEach g; is a bijection.

Proof. We begin by showing that g; is surjective. It is enough to show that y € g;(.S;)
for any y € S,(;).

We shall first consider the case where FI(Sz) C Sy.

Construct the point x € Sz such that 7,z = y and 7z = 0 for all j # o(i).
Let J = {j € [n] | |[m;F(X)| = 1}. From Theorem 1, we know that |7, z|| =1
for all j € J. It follows that J C {i}. FI(Sz) C Sz implies that J is nonempty,
from which we have J = {i}. This allows us to use Theorem 1 to conclude that

To@)T = gi(miF(x)). Since 7, = y, this implies that y € g;(S;).

We now consider the case where F' maps extreme points to extreme points. Construct
an extreme point z € Bz such that 7,z = y. Since F(z) is an extreme point,
we have that 7,z = g;(m;F(z)) by Theorem 1. Since 7,;z = y, we have that
Yy € gi(Si).

Hence, g; is surjective. Moreover, since g; is a non-contraction by construction, it

is injective. Therefore, g; is a bijection. O

16



Since each g; is a bijection, we can define inverses fy(;) = g; L

Lemma 7. F(Sz) C Sy implies that F maps extreme points to extreme points.

Proof. Fix any extreme point x € Sz. We aim to show that F(z) is an extreme

point also.

Define y € Sz by my = fo;)(To(:)T). Since y is an extreme point, we have by
Theorem 1 that

Toi)G(Y) = 9i(Tiy) = 9i(fo()(To()T)) = To@)

where the last equality follows from the definition of f, ;.

Since G(y) and x are equal on all components, we have that G(y) = x, which means

that F'(z) = y. Since y is extreme by construction, this is sufficient. O

The previous lemma allows the remainder of the proof to proceed by considering

only the case where F' maps extreme points to extreme points.

Definition 1. We say that G is homogeneous in k components if, for all J C [n]

with |J| < k and for all # € By such that  has norm 1 on components [n] \ J,
;X

we have Vi € [n],7m,;)G(z) = |mzlg: ( >, where the expression on the

[zl
right hand side is understood to be 0 whenever ||m;z|| = 0. Analogously, we say

that F' is homogeneous in k components when, for the same J and x, we have

Vi € [n], 7y F(x) = ||mi|| fi (”)

[Jiz]|
Lemma 8. The function G is homogeneous in k components if and only if F' is

also.

Proof. We will show that G being homogeneous in k& components implies that F is

also. The proof in the opposite direction is analogous.

Let us have J C [n] with |J| < k and « € Bz such that x has norm 1 on components

[n]\ .

17



Fix any extreme point y such that m;xz = a;my for all i € [n], where «; are non-
negative scalars. (If ||m;x|| > 0 then «; = ||mx||, otherwise ay; = 0 and m;y can be

arbitrary in S;.)
Define q by miq = a,;)miF(y). First, let us confirm that G(q) = =.

By homogeneity, we have

Toi)G(q) = |miqllgi(miF(y)) = gy gi(miF(y))-

Since F(y) is an extreme point, we also have 7,;)y = gi(mF'(y)), hence

Toi)G(Q) = Qo (i)To(i)Y = To(i)T-

Since G(g) and z coincide on all components, we have G(¢) = z, hence ¢ = F(x).

To prove that F' is homogeneous in k components, we need to show that m,-1(;) F'(7) =

T
Il (2

(|||
Y = go-10)(To—1(1F'(y)) and f; is the inverse of g,-1(;), we have fi(my) =

). Equivalently, we need to show that m,-1(;¢ = i fi(my). Since

To-13)F(y). Thus, it suffices to show that 7,-1(;)q = a;m,-13;)F(y), which is equiv-
alent to mq = ag;miF(y), the way we defined g earlier. Consequently we have

that F' is homogeneous in k£ components. O

Lemma 9. The function G is homogeneous in n components.

Proof. We proceed by induction. The base case is covered by Theorem 1.

Suppose G is homogeneous in k < n components. Let J C [n] with |J| =k + 1,
and let x € Bz have norm 1 on components [n] \ J. We already know that for

i € [n]\J, TG (x) = gi(miz) by the construction of g;.

It thus suffices to show that for i € J, we have 7,;G(x) = |[miz||g; <me” )
T
Fix any ¢ € J. Define y such that myy = m;G(x) on indices k # o(i), and
Toi) G ()

= m——— 7, Where we take m,;y to be an arbitrary element of S,; in
|7 G(2)

To(@)Y

18



the case m,HG (x) = 0. Note that y has norm 1 on k components, so we can apply
the induction assumption to it. We also define z as equal to y, except at (i), where

we flip the sign of the component.

We have that
1F(y) —zll < lly — G(z)]| = 1 — ||m0(:)G(2)

Similarly, we have that
IF(2) = 2l| < [lz = G(@)l| = 1 + ||70() G () |-

By the homogeneity of F' in k components, we have that m F'(y) = f,u)(To@)y)
and T F'(2) = fo(i)(To()2)-

Since g;j(—z) = —g;j(x) holds for all j € [n], x € S;, we also have that f,(;(—z) =
—fo(j)(z) holds for j € [n], x € Sy(;). Since 7,2 = —7y(;)y, we have that
fo)(To(i)2) = = fo(i) (Toiyy), from which mF(2) = —mi F'(y).

Since ||m F(y) — miz|| < ||F(y) — z||, we have that
|7 F(y) — miz|| <1 — |7, G(=)]|-
Analogously we have that
l=miF(y) — miz|| = |miF (2) — mizl| < 1+ ||my i) G(2)|-

This means that 7;x lies in the intersection of the two balls B(m; F (y), 1—||my:) G (@) ||)
and B(—m;F(y),1+ Hﬂ-a(i)G(x)H)' The intersection of these is a convex set in Xj,
and is contained in the sphere of each ball. Since X; is a strictly convex space, this
intersection can contain at most one point. Since HWJ(i)G(a:)HmF (y) belongs to
both balls, we must have that Hwo(i)G(az) HmF(y) = m;x. Since we had ||m; F(y)| =1
by the homogeneity of F, this gives us ||mz| = |7 G(2)||-

If m;z = 0, we are done, since this gives us 7,(;)G(x) = 0. We shall proceed with
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the assumption that m;x # 0.

In this case, we have that ||m;x|| f,( (7s)y) = mx. Dividing both sides by ||m;x||

and applying g;, we get 7,(;y = (H ’> By the definition of y, this gives us
’L

To@G(®)  mowmG(z) < T >

[7o@G@) ~ lmizl [Tmall

) ;X
from which 7, ;) G(z) = [|mx||g; <|]7rx\

Lemma 10. For all x € Sz and o € [—1, 1], we have F(ax) = aF(z).

> is immediate. O

Proof. By homogeneity, we have, for a > 0, that

sy Flaa) = Il (240 ) = allmalf (75 ) = amso Fla).

In the case of o < 0, it is sufficient to consider only o = —1. Here we make use of

the fact that f;(—z) = — fi(x):
s F (=) = Im(-a)l i ()

mi(—
(-
~mal (£ (7))
—||miz|| f; (M)

= —Wa—l(i)F(l’).

O
Lemma 11. F(Sz) = Sz.
Proof. Let us first show that for all x € Sz we have F(x) € Sz.
Let ||m;z|| = 1. Then by the homogeneity of ' in n components, we have 7,-1;) F'(z) =

fi(miz). Since fi(mix) € S,-1(;), we have that ||[F'(z)| = 1.
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Now it suffices to show that for = € Sz, we have G(x) € Sz. This follows imme-
diately from the agreement Lemma 4 and the fact that the image of an extreme

point under G is extreme. 0

It is now sufficient to apply the following result.

Lemma 12 ([2, Lemma 2.5]). Let X be a Banach space and F: Bx — Bx be
a 1-Lipschitz bijection. If F(Sx) = Sx and F(azx) = aF (z) for all z € Sx and

a € [—1,1], then F is an isometry.

By combining Lemmas 10, 11, and 12, the proof of Theorem 2 is immediate.
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4 Additional results

In this section, we present some notable theorems that we encountered while
investigating the topic. These theorems do not meaningfully relate to the main

result of this document, and we drop the assumption of strict convexity here.

Theorem 3. Suppose that there are Banach spaces X and Y, and a non-expansive
bijection F': Bx — By such that F' is not an isometry. Then there is a Banach space

Z and a non-expansive bijection F': By — By such that F' is not an isometry.

The inspiration for this theorem was drawn from the work of Olesia Zavarzina in
[9]. Unfortunately, we are not aware if this theorem is already known as folklore.

Since it has not yet been published, we present it here.

Proof. Let C; be a Banach space for each i € Z, such that C; = X for i < 0 and
oo
C; =Y fori > 0. Take Z = @ C; with the co-norm. Define F': By — Bz by

1=—00

i F'(2) = mi_12 for i # 0 and o F'(2) = F(m_12).

It is straightforward to verify that the codomain of F’ is correct and that F’ is a

bijection. It remains to be shown that F” is non-expansive and not an isometry.

To show that F’ is not an isometry, take any z, 2’ € Bx such that HF(Q?) - F()| <
Ha: — :L‘/H Then take 2,2 € Bz to be the natural inclusions of z, 2’ into C_1, so

1z =z and mz = 0 for i # —1, and similarly for 2’.

Then we have that moF’(z) = F(z) and m; F'(2) = 0 for i # 0, and 2’ is analogous.

So we have
17— )| = [[F@) = P < flo = = J2 = 2]

Thus, F’ is not an isometry.

Now we will show that F’ is non-expansive by using the following calculations for
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arbitrary u,v € Byz:

£ ) = F(w) | = sup [|miF" (u) = m:F" (0)
= max{||mF" (u) — moF" (v}, up |7 (u) — m F' (v) ||}
=max{[|F(rT_1u) — F(W—lv)llvs;% [mi—1u — mi1v])}
<max{||T_1u — 7r,1v||,isu_p1 |miu — mv||}

=sup ||mu — mv||
iE€EZ

=[lu =l

O]

We now proceed to prove that from a homeomorphic 1-Lipschitz non-isometry from
the closed unit ball of a Banach space to itself, we may extract a function with the

same properties for the ball of a separable subspace of the original Banach space.

Lemma 13. Let X be a Banach space and A be a subset of X that is closed under
scaling by rationals. Then AN Bx = AN Bx.

Proof. Since AN By is closed and AN Bx C AN By, we have AN Bx C AN Bx.

To show the opposite inclusion, take any a € A N By, and choose a sequence
a; € A that converges to a. If |ja]| < 1, then ||a;|| < 1 for all sufficiently large ¢, and

therefore a; € AN Bx for all sufficiently large ¢, so a € AN By.

On the other hand, if ||a|| = 1, then choose a sequence of rationals g; such that

1
0 < ¢ < —— and ¢; — 1. Such a sequence exists since ||a;|| — 1. Then we

have g;a; € AN Bx for each i and ¢;a; — a, so a € AN By.
71— 00
Having exhausted all cases, we have shown that ANBx C AN By, as desired. O

Theorem 4. Suppose X is a Banach space and F: Bx — Bx is a non-expansive

homeomorphism that is not an isometry. Then X has a separable closed sub-
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space Y such that F(By) = By and G = F‘Byz By — By is a non-expansive

homeomorphism that is not an isometry.

Proof. Let x,2’ € Bx be points such that ||[F(z) — F(2')|| < ||z — 2/||.

Let S C X be the intersection of all subsets of X that are closed under addition,
rational scaling, F, F~! (where either is defined), and which contain both z and
2’. This is well-defined since X is one such subset. Also, S satisfies all of those

properties itself.

Since S is closed under addition and rational scaling, we have that S is closed
under addition and real scaling, and since it is also a closed set, it must be a closed
subspace of X. By the previous lemma, we have that SN Bx = SN Bx = Bg. We

claim that S is the subspace we are looking for.

First, note that S is countable, since it coincides with a set of finite expressions
generated by the points z and 2/, addition, rational scaling, and applications of

F', F~! when either are defined. This implies that S is separable.

Since F is continuous and S is closed under F', we have that F(SN By) C

F(SNBx) € SN By, so F(Bg) € Bg. Analogously, since F~! is continuous
and S is closed under it, we have that F’ *1(B§) C By, which implies Bg C F(Bg).
Since we have inclusions going both ways, we must have F'(Bg) = Bg.

From this, it is immediate that F' restricted to Bg is a non-expansive homeomor-
phism from the set to itself. Moreover, since z, 2" € Bg, we also have that F' cannot

be an isometry on Bg. O
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Conclusion

In this thesis, we showed that Nikita Leo’s result in [4] regarding the plasticity of
the closed unit ball of the {o,-sum of two strictly convex Banach spaces partially
generalizes to the case of the sum of an arbitrary finite number of strictly convex
Banach spaces. We generalized a key lemma in Nikita’s proof and adapted the
remainder to show that in the case of such spaces, any 1-Lipschitz bijection from
the closed unit ball of the space to itself which maps extreme points to extreme
points or the sphere into itself must be an isometry. Some additional results with
simpler proofs were also collected, in the hope that they may prove useful for

subsequent investigation.

Whether there exists a path from our results to a full generalization is presently
unclear. Further investigation may make use of these results in order to prove
plasticity in special cases—we believe the case of a finite £,-sum of fs-spaces
may be tractable using our results. Alternatively, they may be used to guide the

construction of potential counterexamples, should any exist.

Furthermore, we believe that the results proved herein may directly generalize to
the case of non-contractive maps between the closed unit balls of distinct Banach

spaces, in the style of [9]. However, we have not yet verified this in detail.
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