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Abstract

Cartan Khronon theory reformulates space-time with a symmetry-
breaking clock field, the khronon, and a gauge field, incorporat-
ing internal gauge symmetry and chirality into the description of
gravity. In this framework, the physical effects typically attributed
to dark matter can instead be explained as effective contributions
generated by gravitational dynamics. This thesis develops Cartan
Khronon theory in both Euclidean and Lorentzian frameworks and
studies its phenomenological aspects. A central theoretical outcome
is the formulation of Cartan Khronon theory with a Spin(4) gauge
structure based on a dimensionally controlled mapping between Eu-
clidean and Lorentzian descriptions. This construction is tested
with various solutions that consistently recover the corresponding
general-relativistic solutions in a specific limit. Beyond this limit,
the theory exhibits a broad range of phenomenological implications
in cosmology and compact-object geometries. The key results in-
clude the development of cosmological perturbation theory for Car-
tan Khronon gravity, enabling a systematic analysis of the effective
dark sector, and the pregeometric study of black holes. This the-
sis presents Cartan Khronon gravity as a coherent gauge-theoretic
approach to space-time structure and gravitation, connecting foun-

dational questions to concrete phenomenological consequences.






Terminology & conventions

spacetime ... metrical continuum that combines the three dimen-
sions of space and the one dimension of time

space-time ... combination of the three dimensions of space and a
dimension of time described with a clock field

pregeometric ... does not require a metric tensor in formulation

khronon theory ... Cartan Khronon theory

measurement system : c=h=1, G =1/(8tm%)

Levi-Civita symbol :o€oe3 =1, €034 =1

Wy Uy Py ... spacetime indices

a,b,c,... tangent space indices (regardless of the framework)

i, 4.k, ... spatial indices (regardless of the framework)

A,B,C,... Lorentzian indices

I,J,K,... Euclidean indices

Differential forms, which allow spacetime indices to be omitted, are denoted
with bold symbols, e.g.,

A% = Auabdx“ :  gauge field / connection

F® = F,,%dz" A da” . field strength / curvature

M = M?*,,,dx#* ANdz” AdaP  :  effective dark matter

F* = dA® + A%, N A® = (DA)™
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1. Introduction

Marked by the advent of the theories of relativity [10-12], theoretical physics
has witnessed significant progress in gravitational theories over the last
century where geometry started to play a central role. Together with the
emergence of quantum theory overriding the deterministic framework of
classical physics, the success of these transformative paradigms forms the
foundation of modern theoretical physics. A slower and initially less promi-
nent line of research pursued the construction of a more coherent, unified
description of fundamental interactions based on the principle of symmetry.
This framework, which only gradually came to be recognised as the stan-
dard description for three of the four fundamental interactions, is gauge
theory.

Although the first indication of gauge invariance was already observed in
classical electromagnetism, its formulation and establishment as a principle
had to wait until much later. It was Weyl’s attempt to unify gravitation
and electricity [13] that shed light on the (incomplete) gauge structure in
the gravitational theory and the geometric feature of electromagnetism.
Though this theory was dismissed as unphysical, a decade later, after the
reinterpretations of the scale invariance as a phase symmetry of the quan-
tum wave function [14, 15] and the progress in spinor and tetrad formalism
[16], Weyl returned with a refined theory of local phase invariance of spinor
fields [17], establishing the modern view of the gauge principle. It required
a further quarter century and several attempts [18, 19] before Yang and
Mills finally constructed the non-Abelian SU(2) gauge theory [20] describ-
ing the gauge invariance of nuclear interaction, which is accepted as the
basis for the Standard Model of particle physics today.

The geometric structure of the gauge theory, however, was not as appre-
ciated as that of general relativity, partially because Yang-Mills theory was
constructed as a successor of Maxwell’s theory without explicit regard for
its underlying geometric feature. Over two decades after the establishment
of Yang-Mills theory, in 1975, Yang learned from Simons, his colleague
at Stony Brook University, about the identical structure of the fibre bun-
dle, a mathematical construction developed independently. Yang was so

impressed that he drove across the US to the house of Chern, his former
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lecturer at the Bl PR & KE (National Southwestern Associated Uni-

versity), and expressed his amusement as [21]

I found it amazing that gauge fields are exactly connections
on fiber bundles, which the mathematicians developed without
reference to the physical world. This is both thrilling and puz-
zling, since you mathematicians dreamed up these concepts out

of nowhere.

In the same year, Yang, together with Wu, clarified this deep relationship
between the two theories in their publication [22] in which they presented
a ‘dictionary’ [23] between gauge field and bundle terminologies. In this
dictionary, the bundle term corresponding to the source in gauge theory
(such as electric current) is marked as ‘?’, indicating where physics departs
from mathematics.

In fact, this is also where the difference between gravity and the other
fundamental forces becomes particularly evident. In Yang-Mills theory,
the source of the gauge field is a matter current associated with internal
symmetry under Lie group transformations, and the gauge field is repre-
sented as a connection on a fibre bundle, a projected space distinct from the
spacetime manifold. In contrast, the source current for gravity is tied to dif-
feomorphism invariance, symmetry under coordinate transformations, and
the corresponding connection determines the geometry of the base manifold
itself. Internal gauge symmetry preserves frame-independent physical quan-
tities, such as charge, independently of the background geometry, whereas
diffeomorphism invariance conserves energy and momentum, which both
affect and are affected by the geometry of the spacetime manifold. This is
why a gauge theoretic formulation of gravity cannot be achieved by directly
replicating Yang-Mills theory, and requires a careful consideration of how
to formulate gravity and its source in relation to spacetime geometry.

The tetrad formalism has played a central role in the development of
gauge theoretic formulation of gravity for this reason. The establishment
of this formalism was originally motivated by the integration of spin struc-
ture in gravitational theory, to enable the coupling of gravity to spinors
[17]. This reformulates general relativity using the (co)frame fields of the
local tangent space, substituting the metric tensor. By postulating a local

base with internal symmetry based on a Lie group, tetrad formalism in-
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troduces the connection as a field independent from the metric, narrowing
the gap between gravitational theory and Yang-Mills theory. The standard
formulation of the tetrads in gauge gravity over the last few decades has
incorporated the contribution from the translational (or transvectional [3])
part of the connection. However, as first proposed in [4], this formulation
has room for optimisation.

Another key aspect of gauge theory, perhaps less commonly associated
with gravitational theories, is the breaking of symmetry. The main criti-
cism that hindered the recognition of Yang-Mills theory as the Standard
Model of particle physics was the absence of mass in the theory [24], as ex-
periments suggested that short-range interactions, such as nuclear forces,
required massive particles as mediators. For the weak interaction, this was
solved with the Higgs mechanism [25], which allows gauge bosons to acquire
mass through spontaneous symmetry breaking while preserving the gauge
invariance of the Lagrangian. While this may not appear relevant to the
case of gravity, a similar mechanism has achieved the formulation of gravity
and supergravity as a unified gauge theory [26] and improved our picture
of cosmology by incorporating an emergent cosmological constant within
the gravitational theory [27]. In fact, a stream of coincident developments
of gauge structure in higher dimensional theory can be traced back to as
early as the 1910-20s, where dimensional reduction via symmetry breaking
induced gauge structure in 4D spacetime from diffeomorphism in higher
dimensional space [28-30].

Combining tetrad formalism and symmetry breaking, the two central
features of gauge theory, Cartan Khronon theory was developed. With an
optimised, minimal prescription of the tetrads with a symmetry-breaking
clock field, the khronon field, the choice of gauge selects the direction of
time, distinguishing the temporal dimension from the other three spatial
dimensions. In this theory, the spacetime metric is not necessary, and it
describes geodesics only in the symmetry-broken geometric phase, making
this a ‘pregeometric’ theory. Together with the chiral description of gravity,
the theory predicts an effective dust component, which arises from gravi-
tational dynamics. The first proposal of this framework [4] motivated this

doctoral project to study gravitational theories with internal Yang-Mills
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type gauge symmetry, to place gravity on a more equal footing with the
other fundamental forces.

An unintended theoretical implication of Cartan Khronon framework
stemmed from its background-independent description of time. While mod-
ern physics assumes a Lorentzian spacetime background, the introduction
of Euclidean time is essential for the mathematically well-defined formula-
tion of path integrals in quantum field theory, statistical field theory, and
black hole thermodynamics. This method is commonly regarded as a mere
mathematical convenience, since all physical measurements still take place
in the Lorentzian framework. However, the Euclidean framework could
instead be interpreted as the foundational ground where all the physics is
defined, with the Lorentzian domain serving as the observational framework
imposed by our perception of time [31]. In the Cartan Khronon framework,
the temporal direction is selected by the background-independent khronon
field, rather than being imposed a priori through a fixed metric signature,
providing a natural setting for a Euclidean description of space-time.

A major obstacle that has prevented a wider adoption of the Euclidean
framework concerns the lack of a regulated mapping between the Euclidean
framework and the Lorentzian description of the observational framework,
as the standard mapping procedure of Wick rotation is only applicable to
limited geometric structures, and a general, consistent procedure was ab-
sent [32-35]. In gravitational theory, this limitation becomes particularly
evident, since the metric and the causal structures are dynamical them-
selves. In Cartan Khronon theory, an improved formula of dimensionally
controlled mapping between Euclidean and Lorentzian frameworks is pro-
posed to enable a consistent translation.

This thesis reports key findings established through the study and devel-
opment of the Cartan Khronon framework. The central aim is to demon-
strate how this gauge-theoretic formulation of gravity with a symmetry-
breaking clock field lays the foundation for the Spin(4) gauge structure in
gravitation, a Euclidean-Lorentzian correspondence via improved Wick ro-
tation, and concrete cosmological and black hole solutions including the
contribution of the effective dark sector. After a primer chapter on the ele-
mentary concepts of general gauge theory in Chapter 2, the rest of the thesis

organises these results from the specific formalism of the Cartan Khronon
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framework in Chapter 3 to its phenomenological applications in Chapter 4

and 5. The main results and contributions of this thesis are as follows:

Confirmation of preceding proposals, including the optimal tetrad pre-
scription [4], the emergent dark matter effect [6], and the recovery of
general relativity in a special limit [9], through independent derivations

and analyses. — Chapter 3, 4.2.1
Development of the Spin(4) formulation of the theory, together with an

improved Wick-like formula establishing a systematic correspondence be-
tween the Euclidean and Lorentzian frameworks.

— Chapter 3
Formulation of FLRW perturbation theory within the Cartan Khronon
framework, providing the exact properties of the dark matter effect in
both general-relativistic limit and generalised scenario.

— Chapter 4
Derivation of explicit black hole solutions in the Cartan Khronon frame-
work, demonstrating recovery of general relativity in a special limit and

validating the Euclidean-Lorentzian mapping.
— Chapter 5

To conclude, Chapter 6 summarises these results, guiding to a question

that connects all the chapters.
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2. Gauge theory

Before diving into Cartan Khronon theory, the main subject of this the-
sis, this chapter lays out the essential theoretical basis to understand the
geometric and algebraic structures of gauge theory. The comparison with
general relativity highlights the geometric analogies and key differences,
outlining the motivations and methods for the gauge-theoretic approach to

modifying gravitational theory.

2.1. Global & local symmetry

Symmetry, in the context of physics, refers to the invariance of physical
laws under certain transformations. This is a reflection of the underly-
ing regularities in physical phenomena, making symmetry one of the most
fundamental and essential structures in the formulation of physical theo-
ries. Without symmetry, there would be no recurring patterns that govern
physical systems: the very notion of physical laws would no longer exist.
When a physical law is invariant under a transformation A that does not
depend on the coordinates, this law exhibits global symmetry, meaning it
transforms uniformly anywhere in spacetime. Meanwhile, a physical law
could transform in varied ways at different positions in spacetime and still
exhibits symmetry. Such symmetry with a coordinate-dependent transfor-
mation A = A(z) is called local, or gauge, symmetry. !

A simple intuitive example can be drawn using a colour wheel (Fig.
la). When the colour hue at every point on the wheel is increased by the
same amount, the wheel is effectively rotated, but the colour hue remains
in the same order and distribution. (Fig. 1b). When this effective rotation
amounts to 360° or its integer multiple, the wheel remains identical to its
initial configuration (Fig. la), exhibiting global symmetry. In contrast, if
the change in hue depends on the position on the wheel, the distribution
of colours can be altered (Fig. 1c), or even the overall palette may shift
(Fig. 1d). However, by introducing a compensating, position-dependent

adjustment at each point, one can restore the original ordering and distri-

! Since these transformations do not affect physical features that are observable, this
is sometimes called a gauge redundancy, instead of gauge symmetry.
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bution of colours. This way, the hues are “gauged” back to their original
configuration with the aid of these compensations, which, in gauge theory,
are known as the gauge field or gauge potential. When the colour wheel
remains unchanged under such a specific coordinate-dependent transforma-

tion, it is said to possess local or gauge symmetry.

O00O0

(a) Original state (b) Global (c) Local 1 (d) Local 2

Figure 1: Global and local transformations of a colour wheel

This is in fact an illustration of global and local phase transformations.
The necessity of a compensating field, the gauge field, reflects the fact that
a global symmetry can be promoted to a local one by replacing partial
derivatives with covariant derivatives. As an explicit example, let us con-
sider the kinetic energy of a complex scalar field ¢ under a global phase
transformation ¢ — e'®¢. The scalar field ¢ can compare to the colour hue
in the example of the colour wheels above, and its kinetic energy \(9“(;5]2
to their layout. It is straightforward to see the kinetic energy is invariant

under the global phase transformation A = .
9" 8¢ 0ud — " 0 (AT ¢%) 0, (AD) = g" 00" Db (2.1)

With a local transformation A(x), however, this invariance no longer holds,

since its coordinate dependence yields an extra term.
O = u(0D) = A + (,M)0. (2.2)

For the kinetic energy to be invariant under the local transformation, the
extra term (0,A)¢ has to be cancelled out, and this can be achieved by

introducing a gauge field /potential that transforms as

Ay — AN — (9,M)A7. (2.3)
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Taking this gauge field into account, the reformulated kinetic energy |(0, +

A,)¢|? is indeed gauge invariant, since
(O + Ap)o = (0uA) ¢ + MOug) + AAud — (0uM)dp = MO + Ap)d, (2.4)
then, with D, = 0, + 4,
9" (Du$)* Dygp = " A (D) ADyd = [Dyg|*. (25)

With this formulation, the analogy with the connection introduced to en-
able covariant parallel transport on a curved surface becomes clear. On
one hand, this is not surprising considering the establishment of the gauge
principle by Weyl [13, 17] was inspired by general relativity. On the other
hand, it is remarkable that the construction of Yang-Mills theory [20] was

achieved without geometric consideration.

2.2. Group and algebra

From the example of the phase transformation, one notices that these
transformations are not arbitrary but satisfy specific conditions, such as
A* = A, The set of transformations that satisfy the relevant rules of
algebra is called a group. In particular, the Lie groups, the groups that
provide the structure of continuous symmetry, are the transformations un-
der which physical laws are invariant. The most intuitive example may be
the rotation group. For a 3D Cartesian coordinate z?, the rotation around

the x’-axis by the angle # can be written as matrices R;.

1 0 0 cosf 0 —sinf cosf) sinf O
0 cosf sinf |, 0 1 0 , —sinf cosf 0
0 —sinf cosf sinf 0 cosf 0 0 1
(2.6)
An infinitesimal 6 yields generators of the 3D rotation group
0 0 0 0 0 -1 0 1 0
Jy=—|0 0 1|, Jo=—|l0 0 0|, Js=—t]-1 0 0],
0 -1 0 1 0 O 0 0 O
(2.7)
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which satisfy the following commutation relation.
[ iy T3] = iei* Iy (2.8)

This group can be extended to the Lorentz group by including boosts
and any possible combination of boosts and rotations. The boost for a

frame moving along the x; axis at the speed v, for example, is

¥y =B 0 0
— 0 0
ooy ’ (2.9)
0 0 10
0 0 0 1

where 8 = v/c, v = (1 —v?/c?)~1/2. This can be written in terms of

hyperbolic functions of an angle « as

cosha —sinha 0 0
—sinha cosha 0 0 (2.10)
0 0 10
0 0 0 1
An infinitesimal ¢ yields the boost generators K;
0 -1 0 0 0 0 -1 0 0 0 0 -1
-1 0 00 ] 0 0 0 1 0 0 0 O
2 s 1 5 2 )
0 0 00 -1 0 0 0 0 0
0 0 00 0 0 0 -1 0 0
(2.11)

which satisfy the algebra
[Ji, Jj] = ieii" e, [Ji, Kj] = iei" Ky, [Ki, Kj] = —ieiF 0. (2.12)

This set of transformations preserves the spacetime interval 7, dz*dz",
and hence the speed of light, making global Lorentz symmetry one of the
most fundamental and essential symmetry in all the metric-based theories

of physics. Such transformations A follow

ATUA =n, n= dla'g(_17 17 17 1) 9 (213)
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which does not precisely satisfy the orthogonality ATA = 1, but classifies
the set of transformations as an orthogonal group in a generalised sense.
Together with the property det A = 1 that preserves the orientation of
the spacetime, the Lorentz group is also called a special orthogonal group
SO(1,3). For a more detailed formulation, the Lorentz transformations A
are represented with parameters €,,, and the generators L, where Lo; = K;
and L;; = eiijk.

A= exp(ée‘“’Luy> . (2.14)

The generators L, consist of a scalar part L,(PV) and a matrix part A,

which differs depending on the type of the field the transformation acts

on.
Table 1: Lorentz generators for scalar and vector fields

Field type Intrinsic generator Full generator

Scalar (spin-0) field A,(PV) =0 L,SOV) = 22,0,

Vector (spin-1) field (AE},,))% = —2771)[“51‘}} (Lf}l,))g = L,S%g + (Al(},,))ab

Covector (1-form) — (ADM).b = 20,88 (LS)ab = L8t + (AM),0

v]

The matrix part is derived by simply computing [LLO,), V} for a relevant
field, a vector V' = V¢, for example.
The elements of an arbitrary Lie group satisfy certain commutation re-

lations, and the general form of these relations is
[Taa Tb] = fabcTc ) (2.15)

with the structure coefficient fijk defining the Lie algebra for relevant Lie
group. Following this relation and the Jacobi identity of the Lie group
elements

(To, [Ty, Te]] + [To, [Te, Ta]] + [Tty [Tu, T3)] = O, (2.16)

one finds the antisymmetric nature of the structure coefficient and its Jacobi
identity.
fao fed® + foc' fad® + fea fra® = 0. (2.17)
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Isomorphic groups share the same algebraic structure, for example, fu;,¢ =

eqp” for the SO(3) and the SU(2) groups. In light of this relation, the

Lorentz generators {J?, K’} can be reorganised into two sets of generators
7

T+ = % (J; £ iK;) which respectively satisfy the following sets of commu-

tation relations.

Note the complexification of the generators. The generators T and T~
respectively satisfy (T%)* = TF and det TF = 1, each composing a continu-
ous group SL(2,C). This is a manifestation of the double covering relation
50(1,3)c > sl(2,C) x sl(2,C), meaning, for every complexified Lorentz gen-
erator, there exists a pair of corresponding SL(2,C) generators. In other
words, for any Lorentz transformation of a vector z#* = 179y, there
is a corresponding SL(2,C) transformation of the spinor 1, and Lorentz
transformations are reducible to more fundamental spinor transformations.

To incorporate spinor representations in Lorentz algebra, it requires the
assistance of Clifford algebra Cl; 3. The generators of the group are Pauli

matrices % which corresponds to Hamilton’s quaternions 4, 3, k.

.. 0 1 . 0 —1 ” 1 0
o] = —it = , Oy = —ij = , o03=—ik= )
! 10 A 3 0 -1
(2719)

The identity is often included as the Oth element ¢” = 1. These generators
satisfy
[Ui, O']'] = 2i€ijk0k s (2.20)

corresponding to complexified Lorentz algebra (2.18). The spatial rotation
of a two-component spinor by an angle # about an axis n is formulated in

terms of these generators as ¢ — e2?

o - ny, describing the peculiar nature
of spinorial rotation. A rotation by # = 27 flips the sign of a spinor, and
it requires a 6 = 47 phase change to bring the spinor back to its original
state. This double-valued behaviour is the reflection of the fact that SU(2)
is a double cover of SO(3), and this characterises the intrinsic property of

spin-1/2 particles.
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For the description of the Lorentz transformation of the four-component

Dirac spinors, it requires gamma matrices

WY=icl®d?, =020, =iy =0®0° (2.21)

as the fundamental representations. The intrinsic Lorentz generators for

the Dirac spinor are constructed from these SL(2,C) generators as

1 1
S;uz = *57[;[71/] = *Z [’7;“71/] ) (222)

introducing additional generators to the Lorentz group that are more fun-
damental and irreducible. Under the transformation U = exp( et SW)

the vector bilinear z# = ¢y*1) transforms as
Py = YU AU = Ay, (2:23)

where 1) = 1140 is Dirac adjoint and A*, = 8} +€*, is Lorentz transforma-
tion, demonstrating the nature of ¢ as a Lorentz vector. These additional

generators introduced by Clifford algebra complete the Table 1 as follows.

Table 2: Lorentz generators for spinor fields

Field type Intrinsic generator Full generator

Weyl spinors ¢s = Prtp  PiS,,Pe, Pr=1(14n45) Ps (LL% n SW) Py

Dirac spinor ¢ = ¢4 + ¢ Su = — % [y, %] L(I/Q) L,SOI,JI + S
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2.3. Dynamics

The Standard Model of particle physics formulates the electromagnetic and
nuclear forces based on the gauge symmetry of their dynamics under the
relevant Lie group transformations. With the new field introduced to im-
plement local symmetry, there arise interactions that are absent in theories

that consider only global symmetry.

2.3.1. The source

Let us consider a general Lagrangian L(Q%, 0,Q%) to describe the dynamics
of a physical field @Q®. Under an infinitesimal global transformation A%,

the field Q% transforms as
Q" = Q" +06Q%, Q" =€eAHQ", (2.24)

then, the variation of the Lagrangian is

oL . 0L . [OL 9 (OL\]. .. 9 (0L .,
= 99" age, 0 = [362“ Do (an)] P (anfQ ) |
(2.25)

The variational principle identifies the Fuler-Lagrange equation as the field

oL

equation, and the conservation of the Noether current Jy* = O%L?u 6Q°%.
As discussed in the previous section, for a gauge-invariant action, it re-
quires the gauge-covariant derivative to be introduced. In addition, the
dynamics of the gauge field itself plays into how a gauge-invariant action
must be formulated: the gauge field cannot enter the Lagrangian inde-
pendently, but only through the covariant derivative or the field strength,

which take the following form.
Faw/ = 28[HAaV] + fabcAb[uAcy] . (226)

Here, the structure constant acts as a coupling constant for the self interac-
tion of the gauge field. With an Abelian group, such as U(1) group of phase
transformations, due to its commutative nature, the structure constant is

null and the gauge field does not couple to itself.
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To provide an explicit example of a gauge invariant action that includes

the self interaction of gauge field, let us consider the Yang-Mills action.
1 4 a Qv 1 a
IYM = —4792 d*xF /LZ/F(L = —2792 F /\*Fa . (227)
The variation of the action

1
—F*,D, (6A%) =

5IYM = —292 [_8ﬂ (FaMV(SAVa) + (D“Fa“’/) 5141/‘1] ’

2¢°

(2.28)

when coupled to a matter source current
5Imatter = meaéAuaa (229)

identifies the equation of motion D, F**" = J,”%, and covariant derivative
of this relation demonstrates the gauge-covariant conservation of the matter
current D, Ji,#* = 0. By considering an infinitesimal global transformation
a®, the variation of the gauge field becomes §4,% = f%.A,%a¢, and the
boundary term of (2.28)

1 1
— 0 (FudAL?) = ——

242 o (Fa,uufabcAub> a“=0 (2.30)

identifies the conserved Noether current
o 1 b cuy
JN a — _ngf(lbcA VF . (231)

Each matter field interacting with gauge field carries a charge corresponding

to Noether current.

Q" = / da® I . (2.32)

For the Standard Model of particle physics, the gauge group is often de-
scribed as SU(3) x SU(2) x U(1) with the SU(3) gauge symmetry for the
strong nuclear force, the SU(2) for unified framework for the electroweak
theory, and the SU(2) x U(1) for the electromagnetism. The elements of
these groups each satisfy AAT = 1, with different ranks and representations,

respectively corresponding to different Noether currents and charges.
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Table 3: Gauge symmetry, associated fields and sources in the Standard Model
and gauge-theoretic picture of Cartan Khronon theory

Gauge group Generator Gauge field / excitation Source / charge
SU(3)c Gell-Mann matrices G (gluons) colour charge
SU(2)L, Pauli matrices W (weak gauge bosons) weak isospin

U1y phase transformation B (hypercharge gauge field) hypercharge
U(1)eMm phase transformation Agy (photon) electric charge
SU(2) x SU(2) gamma matrices A% (spin connection) angular momentum

2.3.2. Spontaneous symmetry breaking

The physical mechanism of the fundamental interactions is not as straight-
forward as the elegant mathematical structure of the gauge theory. A
gauge-invariant action faces a significant issue with the absence of a mass

term for gauge bosons, as it would violate the gauge symmetry.
mQAHA“ — m? (AAHA“A’1 — Ay,,A’“LA’1 — AA“A’lAyuA’1 + AyuAflA’“A’l) :

This implies that a gauge-invariant action can only describe the dynam-
ics of massless particles, in spite of experimental evidence indicating that
the short-range forces within atomic nuclei must be mediated by massive
particles.

In the Standard Model, this problem for the weak gauge bosons is cir-
cumvented by the Higgs mechanism. Instead of the kinetic term of the
gauge field, a scalar field ¢, now known as the Higgs field, is introduced as

the potential. )
2
V(e) = 2ol + 55 (olo) . (2.33)

It is straightforward to confirm that the introduction of this term does not

perturb the gauge invariance of the action.
10— (A9)' Mg = ¢TATAG = . (2:34)

When the Higgs field rolls down the “Mexican hat” potential well (2.33),
it acquires a non-zero vacuum expectation value at its minima ¢f¢ = v? /2.

With a certain gauge choice, the corresponding direction is selected, e.g.,
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(p) = \% (0, v)T, breaking the electroweak SU(2) x U(1) gauge symmetry
into the electromagnetic U(1)gys symmetry only for the Higgs vacuum.
The gauge bosons associated with the broken symmetry, the W and Z
bosons, acquire mass via their couplings to the Higgs field, while photons
remain massless as they follow the unbroken U(1)gys symmetry. Thus,
the particles that couple to the Higgs boson acquire mass, while the gauge

invariance of the underlying Lagrangian is preserved.

2.4. Gauge structure in gravitation

In a simplified view, Yang-Mills theory and general relativity can both be
interpreted as frameworks that introduced covariant derivatives to advance
the state of physics at their respective times. Both theories consider the
local symmetry of the physical systems containing covariant structure. In
Yang-Mills theory, the gauge field is introduced as the connection, while
general relativity introduces the Levi-Civita connection. The physical fields
in each theory, namely the field strength and the curvature, are constructed
from the respective connections. The covariant derivatives in each theory
satisfy the Bianchi identity, each as a consequence of the Jacobi identity of

the gauge field (2.16) and the Levi-Civita connection.
[D/u [DprH + Dy, [Dp’ Du“ + [Dpa [D,LHDVH = 3! D[,uFVp] =0. (2.35)

The crucial distinction, however, lies in how the connection is constructed
in each theory, reflecting the difference in the transformations under which
each physical system remains invariant. Let us recall the example of the
colour wheel. In this case, the colour wheel is invariant under a trans-
formation of its physical feature, whereas the physical system of general
relativity is invariant under coordinate transformations. The former is a
Yang-Mills type symmetry where the transformation acts on an abstract
space, while the latter is the diffeomorphism invariance, where the trans-
formation takes place directly on the spacetime manifold. The gauge-field
connection lives on the fibre bundle, a projection lifted from the base ob-
ject, unaffected by the geometry of the base object, whereas the Levi-Civita
connection lives on the base object — the spacetime manifold. The gauge

field in Yang-Mills theory is a fundamental field that does not require an-
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other field in its construction, while the Levi-Civita connection depends on
the spacetime metric. This distinction manifests in how the gauge field and

the Levi-Civita connection transform.

2.4.1. Tetrad formalism

Since Weyl’s second attempt at unification [17], tetrad formalism has been
the standard approach for incorporating a gauge field into gravitational
theory. This formalism employs the orthonormal frame basis e,* of the
tangent space at each point in spacetime, bridging the background space-

time and the tangent space as
Juv = eauebunab . (236)

This provides the framework for defining spinor fields on a curved space-
time, since they transform under the local Lorentz transformations (2.22),
not under coordinate transformations, and the spacetime metric alone does
not provide the algebraic basis for spinor representations. Due to this
implementation of spin structure, the connection that supports covariant
parallel transport in this orthonormal frame is called the spin connection.
The spin connection w,, = w,* Ly, transforms in the same manner as (2.3),

functioning as a gauge field, and relates to the affine connection as
ab __ a vb v pb
w, " =e, (8ue +1I" e ) . (2.37)

While the Levi-Civita connection ensures that distances and angles mea-
sured on the spacetime manifold are preserved along parallel transport, the
spin connection preserves distances and angles in the local orthonormal
frame. This difference allows the latter framework to accommodate non-
vanishing torsion, a field sourced by spin that represents twisting of the

tangent space along parallel transport.
T, = 2D = 26,17, . (2.38)

In general relativity, the symmetry between the indices u,v makes it a
torsion-free theory. The presence of torsion can, in principle, lead to phys-

ical effects such as modifications to spinning particle motion and altered
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interactions in high spin density regions. Geometric extension and modifi-
cation of general relativity involving torsion include Einstein Cartan gravity
[36], teleparallel gravity [37], and metric affine gravity [38].

The gauge field w, now allows the formulation of the curvature on equal
footing with the field strength in Yang-Mills theory.

F = F“bw,dx“ ANdz” = Dpwyjep = dw® + W A w®, (2.39)
Then, the Yang-Mills type gauge-invariant gravitational action follows as
I= / aped 0 N FO. (2.40)

This corresponds to the quadratic Gauss-Bonnet term in general relativity,
which reduces to a surface term and does not contribute to the local dynam-
ics in 4D spacetime. The first order gauge-invariant action corresponding

to the Einstein-Hilbert action is known as the Palatini action.
1= /d4x e eaueb,,Fab“” = /eabcde“ Ael A Fel (2.41)

The rest of this thesis enjoys the brevity offered by differential forms.
This formalism allows coordinate-independent formulations with reduced
indices, and naturally encodes important geometric properties, such as an-
tisymmetry. These advantages make them particularly well-suited for the
discussions that follow. A systematic list of mathematical definitions can
be found in [39] and a comprehensive explanation for the technical details
can be found in [40].

2.4.2. Which Lie group?

For the description of the tetrad formalism in Section 3.2, we employed the
Lorentz generator to construct the gauge field for convenience, but the same
procedure to construct a Yang-Mills type action can be applied to different
Lie groups by adopting relevant generators. In fact, historical attempts
at gauge-theoretic formulations of gravity have involved the following Lie
groups, where the Lorentz group is a subgroup to all the other four groups,

and the additional invariances imposed by these groups are listed below.
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Table 4: Options for internal gauge symmetry of gravitation

Gauge group Transformations Geometry
Lorentz [41] rotation and boost * R, T
Poincaré [42] * + translation R, T
Weyl [43, 44] * + scale transformation R, Q
GL(4) [45] * + scale and shear R, T,Q
(anti) de Sitter [26, 27] * + transvection R,T

Geometrically speaking, Lorentz, Poincaré, and (a)dS gauge theories intro-
duce torsion (indicated as 7" in Table 4) in addition to curvature (R), coin-
ciding with the geometric modification provided by Einstein Cartan gravity.
Similarly, GL(4) gauge gravity introduces torsion and non-metricity, and
together with the translational symmetry 7°(4), corresponds to the metric
affine gravity.

A specific formulation of tetrads has become the standard over the course
of these developments in the gauge-theoretic formulation of gravity. This
involves two fundamental fields: the non-Lorentz part of the gauge field 6

and the symmetry-breaking field €.
e’ =0+ D¢". (2.42)

A similar approach to the Higgs mechanism in Section 2.3.2 can be in-
corporated into a gauge theory of gravity via £ to ensure the resulting
symmetry to be Lorentz symmetry: the foundational spacetime symmetry.
This mechanism has been implemented in various gauge theories of gravity,
and the (anti) de Sitter gauge theory has been particularly successful, be-
ing the first gravitational theory to induce cosmological constant without
adding it by hand. To showcase this example, we can consider a dS gauge

invariant action.

1

eapcppFAP NFOPEE (2.43)

Here, the capital indices run through A = 0,...,4, and we denote the 4D

indices with lowercase letters a = 0, ...,3. The dS symmetry is broken into
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Lorentz symmetry by &4 = E(Sf. Since the cosmological constant is the
intrinsic curvature of the spacetime, this relates to the dS scale length as
L= \/@ as A = 372, Redefining the additional gauge field component
A as A® = ¢~1 A% clarifies the additional terms acquired by dS covariant
field strength.

F® = (DA)® —1724% A AY (2.44a)
F*=(DA)* —dlogl A A”. (2.44b)

With the coframe fields defined as e®* = A® + D&® and the Lorentz gauge
covariant field strength R® = (DA)ab, the symmetry broken Lorentz gauge
invariant action reproduces the gravitational action with a Gauss-Bonnet
term and the Palatini action, and incorporates the cosmological constant

as a kinematic effect.

/eabcdé (R“b AR — gAe“ Ane? A R+ jge“ AeP Ael A el
(2.45)
The non-vanishing torsion T% = De® indicates the theory prescribes Cartan
geometry, and as we will see, the inclusion of cosmological constant term
in the action is in fact not unique to the (a)dS gauge theory, but a feature
shared with other Cartan geometric theories, such as Lorentz and Poincaré

gauge theory.
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3. Cartan Khronon

Building on the advantages of tetrad formalism and the symmetry-breaking
mechanism in gravitational theory, an optimised formulation of tetrad with
a symmetry-breaking field was first proposed in [4], with potential implica~
tions for dark matter effect. The original theory chooses the Lorentz group,
the most basic symmetry for spacetime, as the gauge symmetry. Then a
natural question one may ask is: what is the resulting symmetry after the
symmetry breaking? As it will turn out, the symmetry-breaking field in this
theory is a clock field, hence dubbed the “khronon”, which breaks Lorentz
symmetry into spatial symmetry of the SO(3) group.

Traditionally, the asymmetry between space and time has been mod-
elled by assigning different metric signatures for temporal and spatial di-
mensions, with a Minkowski manifold as the spacetime background. This
description of spacetime necessitates the imaginary treatment of time and
contributes to the lack of time evolution in quantum theories, often re-
ferred to as the problem of time [46, 47]. The newly introduced formulation
with a fundamental, background-independent clock field no longer requires
the fixed signature split of (—,+,+,+), redefining how spacetime struc-
ture is formulated. This prescription offers a framework for a real-valued
description of space-time, entailing rich theoretical and phenomenological

implications.

3.1. Theory framework

This theory develops from a minimal number of fundamental fields: the
gauge field A% and the symmetry-breaking field ¢*. An economical for-

mulation of the tetrad is introduced as
e’ =D¢p". (3.1)

With the gauge choice ¢® = §% ¢, a more explicit expression of the tetrads

in the symmetry broken phase

e =d¢, e =q¢pAl, (3.2)
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reveals the role of the khronon field as a clock field, and how the space-time
asymmetry emerges from symmetry breaking. The spacetime metric is not
required as an independent fundamental field, but is instead defined from
these two fundamental fields only in the symmetry-broken phase, making

this a pregeometric theory.
guwdat @ da¥ = noode® + ni;¢* Alg @ Al . (3.3)

In this theory, only the electric components of the connection enter the
corresponding metric.

As discussed in the previous chapter for the general gauge theory, a gauge
invariant action only permits a specific structure (2.26) for the gauge field
to enter the action. With the minimal fundamental fields of this theory,
we have O-form ¢%, 1-form e* = D¢ and 2-form F® = (DA)™ as the
building blocks for a four dimensional gauge invariant action. When the
invariance under the generic O(m,n) (m + n = 4) gauge transformations
and the global shift ¢¢ — ¢ + % transformations (where D¢* = 0) are
imposed, possible components of the action reduce to a handful of terms
below. Classified by the order of the khronon field ¢¢,

Ty = QG/fabchab/\FCd-i-gP/Fab/\Fab, (3.4a)
Iy = / €abede” N €” A (gﬁF“l + g:FCd) (3.4b)

+§/(FabAFac¢b¢C_FabAeaAeb> )

A
Iy = il /eabcdea AneP AefAel. (3.4c)

This is the generic form of the gauge-invariant action for an arbitrary sub-
group of O(m,n), which includes the Lorentz SO(1,3), Euclidean SO(4),
and their double covers. The quadratic terms of I(g) reduce to boundary
terms, each corresponding to the Gauss-Bonnet and Pontryagin terms, and
the quadratic sector I() contains the Palatini and Holst combinations. In
this framework, however, a weighted (anti) self-dual decomposition is intro-
duced, as will be explained in more detail later in Section 3.1.3. As demon-
strated in (2.45) for the dS gauge-invariant action with symmetry-breaking

mechanism, the I(4) term is associated with the cosmological constant.
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This makes g4+, g—, A to be the effective coupling constants that deter-
mine the dynamics of the theory at classical level. Some key theories and
phases that stem from the choice of gauge group and these constants are

as schematised below.

General action

1(6, A) = [ aeaD§" ADG® A (dA + A%, A A°)
¢: symmetry-breaking field into SO(3)

A: gauge field of an O(m,n) (m+n=4)

Lie algebra

s0(1,3) 7 —50(4)
SO(1,3) o123 =1 SO(4), Spin(4) €034 = 1
eapcpD¢? A DB A FOP ersr DOl ADg7 A FEE
complexification K requires Spinor representation built-in
SO(1,3)¢ Lorentzian-Euclidean Cly
mapping
Chirality TT——{S0(4) Spin(4)
Left- or Right-
handed Left- and Right- or[ Chirality
handed
X and
(Anti-) Self-dual /—\ (Anti-) Self-dual
eapcpe’ NeB AEFCP erxnel Nel AEFED
Ambidextrous Ambidextrous
eABCDeA AeB A <g++FCD + g,*FCD) GIJKLeI Ael A (g++FKL + g,—FKL)

Figure 2: Theory scheme

3.1.1. Group and algebra

As outlined in Section 2.2, the choice of symmetry group determines the
algebraic structure of the theory. Due to its tie to the Minkowski met-
ric (2.13), the Lorentz group SO(1,3) is the most fundamental symmetry
for all the theories formulated on the metrical spacetime manifold. After
complexification, the Lorentz group exhibits an interesting correspondence
with the electroweak symmetry SU(2), as demonstrated through the de-

composition of the Lorentz generators into two sets that satisfy respective
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commutation relations (2.18). The chiral formulation of spinors is a notable
manifestation of this split into two subgroups.

w=<Zf) wizé(livf’)w. (3.5)

The full Dirac spinor 9 is the wave function of the Dirac equation, and the
chiral parts ¢4+ describe spin—% fermions, where the + indicates the right-
and left-handedness of the spin orientation with respect to the fermion’s
motion.

However, such correspondence between different groups is not unique to
the Lorentz group. Most fundamentally, SU(2) and SO(3) share the same
algebra

su(2) =s0(3), (3.6a)

and SU(2) is a double cover of SO(3), i.e., there is a 2-to-1 map from SU(2)
to SO(3). In a similar manner, for SU(2) x SU(2) and SO(4),

su(2) @ su(2) = so(4). (3.6b)

and SU(2) x SU(2) is a double cover of SO(4). Constructed as the double
covering of respective SO(n) (n > 2), spin groups Spin(n) represent spino-
rial rotations and play a significant role in the description of fermions. This

reveals the relation
Spin(4) = SU(2) x SU(2) . (3.7)

The two SU(2) groups each correspond to the left- and right-handed spinor
components in the Euclidean framework. The difference between Spin(n)
and SO(n) lies in their topology: the former is simply connected whilst the
latter is not. Intuitively, a simply connected space has no holes, meaning
any closed loop can be shrunk down to a single point.

In the Cartan Khronon framework, since the background-independent
clock field assists the description of space-time asymmetry, it is unnecessary
to assume a Minkowski background, and a Euclidean background can be

employed. The gauge symmetry for the gravitational action is, then, not
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limited to SO(1,3), but SO(4) and Spin(4) also become viable candidates.
In terms of algebra, the difference between these groups comes down to the
choice between s0(1,3) and so(4). A subtle, yet pivotal difference between
these algebras is found in the definition of the Levi-Civita symbol. We

employ the following index convention for so(1,3),

1 if (A, B,C, D) is an even permutation of (0,1,2,3),
€eapcp = § —1 if (A, B,C, D) is an odd permutation of (0,1,2,3), (3.8a)

0 otherwise,

and for so(4),

1 if (I, J, K, L) is an even permutation of (1,2,3,4),
ergxL = § —1 if (I,J, K, L) is an odd permutation of (1,2,3,4), (3.8b)

0 otherwise,

where we treat the index 4 as the temporal index in the Fuclidean setting.

Between Spin(4) and SO(4) groups, while both groups yield the same
gravitational action based on their shared algebra so(4), the conceptual dif-
ference lies in what each fundamental representation describes. An SO(4)
transformations rotate vectors, while a Spin(4) transformation ‘rotates’
spinors. As demonstrated for the example of Lorentz group in Section 2.2,
in an SO(1,3) or SO(4) frameworks where spinorial rotation is not intrinsic,
it requires Clifford algebra to describe spinor transformations, whereas in a
Spin(4) gauge theory, the spinor representations are the fundamental rep-
resentations of the group, hence the description of fermions is inherent, and

the SO(4) generators can be constructed from the spinor representations.

3.1.2. Euclidean-Lorentzian correspondence

Having established the algebraic difference between the groups, a bridge
between the so0(1,3) and so(4) frameworks is required. Even when the
entire derivation process of a physical system can be carried out in the
Euclidean framework with no adversity, once the result is obtained, a Eu-
clidean description of a time-dependent phenomenological solution requires
a translation into the Lorentzian framework where the physical measure-

ments take place. For example, with the different formulations of time
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between the two frameworks, a wave equation in one framework becomes
an equation of exponential growth in the other.

A simple replacement of time ¢ — it g, known as the Wick rotation, is the
standard procedure to introduce Euclidean time in quantum theories and
black hole thermodynamics. In quantum theories, the probability ampli-
tude of transition from an initial state |g1, ¢1,S1) to a final state |ga, @2, S2)

is formulated using path-integral

(91,61, 1192, 62, S2) = / Dlg. 6 exp(illg, d]) (3.9)

to measure the phase contribution exp(il[g, ¢]) over all the possible field
configurations D[g, ¢|. With a real action I, the path-integral fails to con-
verge, and Euclidean time is introduced for mathematical convenience. This
approach has been proved to be particularly useful for the description of
black hole thermodynamics, as the partition function Z can be formulated

as a periodic function in Euclidean time

7 = Te{exp(—fH)} = / Dlg.dlexp(—Islgd),  (3.10)

and this allows the identification of Hawking temperature 7' = 1/3 and
intrinsic entropy S = Baa% — Ip for various black hole solutions, such as
Schwarzschild and Kerr-Newman, as well as de Sitter space [31].

This procedure is an extrapolation of Green functions and path inte-
grals in Minkowski spacetime into Euclidean space via analytic continua-
tion, treating the time coordinate as a complex variable [48]. However, this
procedure is not applicable to arbitrary equation, e.g., requires a spacetime
metric to be purely electric to have a Euclidean correspondence [32]. In ad-
dition, a simple index rotation of the gamma matrices with v* = —i4Y fails
to establish a viable Euclidean description of spinors, causing the loss of
Euclidean symmetry, hermiticity wl = 9£, and the violation of the reality
condition [49]. In the attempt to maintain these qualities in both frame-
works, several approaches have been considered. The Osterwalder—Schrader
reflection positivity [50, 51] provides a method to reconstruct Lorentz sym-
metry and restore hermiticity of spinors at the cost of non-hermitian action,
and the Schwinger/Zumino approach [52, 53] introduces a consistent rota-

tion matrix for spinors to restore Euclidean symmetry and hermiticity of
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both spinors and action. However, neither restores reality for Majorana
spinors, i.e., their components become complex in the Euclidean regime.
In addition, often referred to as the doubling problem, the former approach
requires the spinor and its conjugate to be treated as independent Grass-
mann integration variables, and the latter requires the number of spinor
components to be doubled [54].

In the Cartan Khronon framework, we propose a simple yet improved
procedure that may evade these problems. With the khronon field serv-
ing as a clock field independent of the background, this allows a formula-
tion of coordinate-independent bridge between the two frames, instead of
a background-dependent coordinate trick. When constructing tetrads from
the khronon field, the physical dimensions of these fields must be handled
with a care. If the khronon were introduced as a dimensionless field, this
causes the tetrads (3.2) to acquire dimensions of energy, even though frame
fields are generally dimensionless. Considering the role of the khronon as a
clock field, a more natural prescription would be to introduce dimensionful
parameters mp and s in respective framework, and establish the mapping

procedure as below.

Lorentzian-Euclidean
(mp,1) (K, 7) (3.11)
correspondence
Lorentzian framework Euclidean framework

L-E mapping

¢ = o' ,\_/_h\~ ¢! = ¢4

S ,, _
t=mr —1/m% < kK 7= ko
it T

Figure 3: Treatment of time in and between so(1,3) and so(4) frameworks

In this formulation, the Wick rotation acts not only on time but also on
two dimensionful parameters mp and k, as it should be. Time and these
newly introduced parameters are all real-valued in their own ‘home’ frame-
works, and mp in the Lorentzian framework is identified as the Planck
mass from the Friedmann equation, as will be discussed later in Chapter
4. This means that the correspondence between the Lorentzian and Eu-
clidean descriptions is not just a formal substitution of coordinates: it is a

dimensionally controlled map between two physically meaningful setups.
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The bridge between the spinor representations in each framework is then
constructed using a unitary rotation U = exp (7475g) of the spinor basis.
With this rotation, the gamma matrices can be mapped between the two
frameworks without violating each group symmetry [49]. The rotation by
0 = 7/2 allows the consistent formulation of the gamma matrices in Eu-
clidean framework

i

Yo =9%, YE=7%, YE=7YEVEVEVE = 7', (3.12)

which satisfy the Euclidean Clifford algebra and the corresponding her-

miticity relations.

ket =21 ()" =k =9k ()’ =1 (3.13a)

In particular, the Euclidean temporal matrix reflects the spatial gamma

matrices under conjugation.
VEVEVE = Ve VEVEVE = V- (3.13b)

This new system can be understood as a reinterpretation of ¥4 and ~°.
Then Euclidean Weyl spinors are
(1£49") vg, (3.14)

VYer == (LF73) vE =

N |
N =

and the Dirac adjoint in Euclidean description is ¢ = 1/}24% = —1/1274.
In a theory where the gamma matrices are available as the generators, a
vector field can be written in terms of spinors, and the khronon field is no

exception.

¢’ = Pyiy (3.15)

This shows that the khronon is not an external add-on, but can be rep-
resented internally within the spinorial structure of the theory. It can be
checked that the khronon field in the symmetry broken phase ¢* = &7%1/}

is invariant under the parity transformation

A R S S SO R e N (3.16)
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3.1.3. Chirality in gravitation

With the Spin(4) structure or the spin structure supplied by Clifford alge-
bra, it is possible to implement chiral structure not only in spinors but also
in gravitation. The chiral description of gravity has been studied in sev-
eral contexts, most notably in loop quantum gravity [55-57]. Although its
physical interpretation remains somewhat ambiguous, it induces observable
implications in phenomenology, as we will see across the following chapters.
The chiral projection of gravity is formulated through its (anti) self-dual
decomposition, which arises from the following structure of the Lie algebra

we prescribe.
50(1,3)c ~sl(2,C) @sl(2,C), so0(4) =su(2) ®su(2). (3.17)

This decomposition requires the Hodge star operator x which represents

self-duality for the 2-forms.
1 cd 1 cdef c sd
*Xab = ieab Xcd, **Xab = Eeadee Xef = 05[a5b]XCd . (3.18)

The parameter ¢ is introduced for a general formulation and differs de-
pending on the algebra, such that ¢ = 1 for so(4) and o = —1 for so(1, 3).
This operator plays a role analogous to that of the 4® matrix in the Weyl
spinor decomposition (3.5). The corresponding chiral projectors are then
defined so that the (anti) self-dual parts are separated consistently in both

Euclidean and Lorentzian settings.

1 1 1
+ cd _ — cd __
Pyt = 5 <1:t \/E*>ab =3 < (5 Q\FEM, > . (3.19)

The contrast of the complexification in so0(1,3) and the preserved reality
in so(4) is most evident here. It is convenient to note that the chiral

projections T X, = ¥ P, X4 satisfy the following relation.
KX = Vo0 X (3.20)

With a s0(4) or so(1,3) generator S,p, the (anti) self-dual decomposition
can be formulated in an algebra-independent way, providing an explicit

decomposition with respect to the generators.
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X =3XS0 =13 <+Xab T Sap+ X _Sab> (3.21)
= FXT S+ T XS 4+ T X TS+ 5 XY S
_ <+th 4 @+Xijeijtk) + 5, + <7th _ ngijeijtk> ~Su
_ttxth g, L xth—g, — ot Xk g, 42 XS,
=+ X TS+ XS,

The corresponding (anti) self-dual connection A, and the (anti) self-dual

curvature *F are then straightforwardly defined as
TR = d* A% 1+ FA NTAD, (3.22)

The (anti) self-duality imposes the following relation between the time-
related ‘electric’ components and the purely spatial ‘magnetic’ components

of the spin connection and curvature.
. . 1 .. A
TA =2F AN = i%et’jkA]k, (3.23a)

TR =9t Ft = i\%e”’jkw’k . (3.23b)

Meanwhile, being rank-1 2-forms, torsion, along with the tetrads, cannot be

decomposed into (anti) self-dual parts in the same manner. Instead, these

fields can be written in terms of (anti) self-dual pieces of the connection
and curvature.

e =¢(TA + A", (3.24a)

T'=De' =¢ (TF'y+ FY) . (3.24b)

This shows that chirality is now assigned to the spin connection, instead
of a physical particle. This decomposition tells which components of these
geometric fields couple to right- and left-handed fermions through the co-

variant derivative.

Dy =(d+%A)¢y +(d+"A)y_. (3.25)

How respective chiral components would manifest as observable geometric

features of gravity remains an open question.
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3.2. Dynamics

Having established the theoretical framework, we can now discuss the dy-
namics of each model. Since the (anti) self-dual case is only a special limit,
we proceed with the general case with weighted handedness. Since the sur-
face integrals and topological terms do not affect the classical dynamics,
the simplest gravitational action we can consider without losing generality

reads

|
1=3 / Cabed€” A €¥ A (g++F0d + g:F“l) (3.26)

- \/E/nga AD" A (94T (DA — g~ (DA)wp)

where (DA)y, = dAg + A A Ay and the hidden o-dependence of the

(anti) self-dual 2-forms determines whether the action is real or complex.

3.2.1. Canonical source currents

In general relativity and many other gravitational theories, the energy-
momentum tensor, as the source of gravity, is defined as the variation of

matter action with respect to the metric.

1
5Imatter = 5 / V _gég'uyT,uV . (327)

This metrical energy-momentum tensor is symmetric by construction. How-
ever, in the present pregeometric and gauge-theoretic formulation, it is
possible to establish canonical source currents in line with the Noether cur-
rents. Through the variation of the matter action with respect to each
fundamental field, energy-momentum current t® associated with transla-
tional symmetry and angular momentum current O associated with the

relevant Lie group symmetry are introduced.
6Imatte7‘ - / <5D¢a A ta + 5Aab A Oab> . (328)

The source current O corresponds to what is also known as the hyper-
momentum tensor. [58] The canonical energy momentum current t* can
be written in terms of its tensor components t,, = t,.,9./"9" as t¢ =

t% «eb. Let us define these current components to be dimensionless across
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Lorentzian formulation t 45 and Euclidean formulation t;;.

th= L A 6Bt =t xe’, (3.29)
mp
This allows the matter sector to be described in a way that matches the
dimensions of the geometric variables used in the theory.

With the fundamental spinor representations, it is natural to consider
fermions as the matter source. In the Spin(4) framework, we can formu-
late the Euclidean Dirac Lagrangian in Hermitian form, by rotating the
Lorentzian Dirac Lagrangian itT~° (]D + m) 1, using the unitary matrix

U= exp(’y475g) introduced in Section 3.1.2.

WpTUA? (B +m) Uy =AU (B +m) Uy = p (Dg +m) de. (3.30)

In the pregeometric formulation, the covariant derivative of spinor fields is

defined with the matrix representation of the generator S,, = %’y[a'yb].

1 . -1 N
Dy = dy) + §A“b8abw, Dy = dy — 5A"%sab. (3.31)

Then a generalised action for fermions can be built from following Hermi-

tian 1-form.

(04 D) + (07'Dw)| = £ (4°Dv —Diy'y)  (332)

DN |

From the full action including mass term

1 _ _ _
I = / [2 *e% A (w%Dz/J — Dzﬂ’yﬁb) +xmp | (3.33)
the energy and spin currents are derived as
1 - - _
=~ (e“ A eb> A ($3De — D) + xe®miy,  (3.34a)
a 1 c,7, a a
Owb =-7*e P ('yco b+o b%) P, (3.34b)

where a more explicit expression t%, shows it is not necessarily symmetric.

1 —_ _ _
t%b *1 = —5* (e* Ne‘) A e‘“’ebu (ijcD,ﬂb — Dl,@bfycw) + %0%mapep . (3.35)
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3.2.2. Equations of motion

With all the ingredients on the table, we can now consider the gravitational

field equations. The variation for respective fundamental field yields

55¢I =D [2 (9+FF% — g-"F%) AD” —t* — A« Dgf’a} ’ (3.362)
s =D [9:7 (Dol ADS) — g (Do A DY )] (3.36b)

+ 2D¢c A (g++F[ac _ gf_F[ac) Cbb] + ¢[atb] _ Oab _ )\qs[a *qub} ’

and the action principle tells the equations of motion. What makes this
theory distinctive is the conserved 3-form M defined through the khronon
field equation as DM“ = (3.36a) = 0. The same structure can be found
in (3.36b) and this simplifies the equation significantly.

2(g+TF% —g-"F%) AD¢’ =t* + A\« D¢* + M*, DM*=0, (3.37a)
. D* <D¢>[“ A D¢b]) _¢.D" (ng[“ A qub]) — oot £ 0% (3.37D)

As we break the symmetry between time and space by gauge-fixing the
khronon field to align with the time coordinate ¢* = ¢df, we enter the

SO(3) phase. In this phase, the khronon field equation becomes

(9+TF;—g-"F)ne' =t + Axe' + M', DM'=0, (3.38a)
2(g+tF'j—g-"F';)nel =t' + \xe'+ M', DM'=0. (3.38b)

Noting T* = De® and hence T* = DD¢' = F;¢ = 0, the connection field

equation becomes

(94 — g )T Ne' + o (g4 +g-) e pTI nek = —pM' — O, (3.39a)
2(gy — g )TN + Vo (g4 +g-) eépTh nel =0%. (3.39Db)
Without explicitly solving these equations, we already see the interesting

nature of this 3-form M?®. Firstly, by definition, it satisfies the continuity

equation, hence it is conserved. When gravity is (anti) self-dual g;g_— =0

If one insists on tensor formulation, corresponding formulation of M® can be included
as the Lagrange multiplier , and finding components correspondence requires the inclusion
of covariant boundary term.
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and the spin current is negligible O = 0, the connection equation of motion

reduces to

Tinel +oe 3 TI neb = —pM' (3.40a)
2Tl N el + /o, TF nel =0. (3.40D)

Multiplying one of the equations by /o and the Levi-Civita tensor, this
system reveals the vanishing spatial components M*® = 0. Interpreting
M as matter, this would correspond to the pressureless nature. Finally,

applying the vanishing spatial components to the conservation equations,

DM!=dM!'=0, (3.41a)
DM'=A"AM'=¢ e AM! =0, (3.41b)

we find M has to satisfy
M = pxe = pvda' Adz? Ada?®, Oy (pv) =0, (3.42)

where p is the effective energy density of the 3-form M and v is the unit
volume of the space it spans. This suggests that its effective energy dilutes
according to the spatial expansion, and concentrates as space contracts, as
desired for a dark matter candidate. In this scenario, the effective energy
of this component is determined by the initial condition.

In the case of ambidextrous gravity gyg— # 0 where both chiral sectors
contribute, and the spin current does not vanish O # 0, while M remains
conserved, some of the above properties are modified. In this case, The
following rearranged connection equations of motion make the left- and

right-handed sectors explicit
. , . 1 , .
o (TZ Ae + T A ek) = —5oM' 70, (3.43a)
. , . 1 A ,
g- (T" Ael— ¢TI A ek> = JoM' =0, (3.43b)

which becomes particularly useful for phenomenological analysis, as will be
demonstrated in the subsequent chapters.
So far, we have seen that Cartan Khronon theory introduces a compo-

nent M that imitates the behaviours of matter with specific properties,

45



together with the spin current O as an additional feature beyond general
relativity. Furthermore, its background-independent formulation of time
provides a framework wherein the gravitational and material dynamics can

be described in both Euclidean and Lorentzian settings.
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4. Cosmology

Despite being the weakest among the fundamental forces, when it comes to
the large-scale structure, gravity is the dominant force that governs physical
phenomena, making cosmology a perfect testing ground for gravitational
theories. The widely accepted standard model of cosmology today is built
on general relativity, but largely relies on manually incorporated elements
to account for observations that cannot be explained with general relativ-
ity. A data source responsible for the vast majority of these predictions for
the early universe is the Cosmic Microwave Background (CMB), the resid-
ual electromagnetic radiation from the time of photon decoupling. Since
these data provide an accumulated imprint from earlier times, this makes
it possible to make deductions and place constraints on theories to explain

how the universe’s structure was formed.

Table 5: Timeline for the standard model of cosmology [59-62]
t=0 o (Singularity)

Planck Epoch ~ 10733 cm

~107*% sec ¢ ~ 10" GeV From QG to GR

Inflationary era

~ 1073 sec

»  ~ 1016 GeV Inflaton decays into hot plasma
Radiation-Dominated Era
~10*yr ¢ ~1eV Start of structure formation a~33x1074

Matter-Dominated Era

~38x10°yr ¢ ~04eV e Photon decoupling produces CMB a ~ 9 x 1074
~98x10°yr ¢ ~1073eV  Freezing of structure formation a~0.73
Dark Energy-Dominated Era
~100yr ¢ ~107%eV e Present a=1

Cartan Khronon theory provides a framework in which the manually in-

corporated factors in the standard model can instead be described with
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effective contribution of gravitational dynamics itself, thereby offering a
self-contained, more complete picture of the universe compared to general
relativity. The configuration of gravitational chirality (¢4, ¢—), introduced
in (3.26), alters consequent phenomenology significantly. The initial state
of the universe may be determined with the chirally symmetric phase of
gravity, and later transitions into the (anti) self-dual phase which recovers
the standard ACDM model.

Each section of this chapter starts with a concise review of the stan-
dard model, then explores cosmological implications provided by Cartan
Khronon theory, demonstrating its more comprehensive portrayal of the

universe.

4.1. Cosmological background

The standard model of cosmology employs the conjectures that, on suf-
ficiently large scales, space and the density distribution are uniform and
there is no preferred direction. Together with the assumption that the
matter content can be approximated to be a perfect fluid, this shapes the
large-scale structure of the simplified model of the universe. The standard
model requires additional energy and mass inferred from observational data,
that cannot be explained with the matter content we know of. These are

collectively known as the dark sector of the universe.

4.1.1. Homogeneous & isotropic universe

The generic homogeneous and isotropic spacetime metric, established in-
dependently by Friedmann [63], Lemaitre [64], Robertson [65], and Walker
[66], after whom named the FLRW metric, reads

ds® = —dt® + a(t)? ( dr® + r2d6* + r? sin? 9d¢>2> : (4.1)

1— kr?
where k is the parameter for spatial curvature (open< 0, flat= 0, closed>
0), and the scale factor a(t) measures the change in distance between two
points in space, normalised so that a(tp) = 1 at the present time. Applying
this configuration to Einstein’s field equations yields the Friedmann equa-
tions, which relate the expansion of the universe to the energy density p

and pressure p of its matter content.
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Jd\?> k1 _

a a?
a” ad\% k 9

Following from this system, conservation law for the matter content is de-
rived as
al
Pr3—(p+p)=0. (4.3)
In the simplest case where the universe is spatially flat & = 0, i.e., Eu-
clidean, and the source matter is assumed to be a perfect fluid p = wp, the

Friedmann equations are solved for the scale factor as
2
a ~ 30Fw) (4.4)

For ultra-relativistic particles w = 1/3 that dominated the early universe,
this predicts decelerating expansion a ~ t1/2 and the equation (4.3) reveals

4

the relation p, ~ a™*. Similarly, for a matter dominated era where the

pressure is negligible w = 0, one finds the corresponding expansion rate.

Radiation dominated a ~tY2 p, ~a™%

Matter dominated a~t?3 pp~ad

A more realistic cosmological picture with mixed composition can be intro-
duced by hand.

pP=pr+pPm+ ... (4.5)

Introducing Hubble parameter H = a'/a and density parameters §; =

pi/ pe, the expansion of the universe can be formulated as

H? 4 3

FOQ = QTCL_ + Qma_ + ceey (46)
where ). €; = 1. This model, however, is not the full picture of the
universe, as it fails to explain several observed phenomena. Firstly, if the
current universe was matter-dominated, this model would predict a deceler-

ating expansion at ~ t2/3. In contrast, observations of supernova distances
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across a range of redshifts carried out in the late 1990s revealed that the
expansion of our universe is in fact accelerating [67]. This points to an en-
ergy source in vacuum space that would overcompensate the pulling force
of gravity and drive the accelerated expansion of space. Secondly, the rota-
tion speed of a spiral galaxy is theoretically expected to decrease towards
its outer regions. Yet, successive measurements reveal that the rotation
speed does not decline as sharply as predicted, implying the existence of
undetected mass required to sustain this nearly constant rotational velocity
[68]. Due to the characteristic curved profiles in velocity-radius plots, e.g.,

[69], this phenomena is commonly known as the galaxy rotation curve.

4.1.2. ACDM model

The vacuum energy responsible for the accelerated expansion of the uni-
verse can be incorporated into the Friedmann equations by hand as a con-
stant A.

d\° kA1,
(5) +@-3=3m e

a’ a 2 k L
2;4— (a) +E—A:—mpp. (4.7b)

This constant is known as the cosmological constant, which first appears
in Einstein’s early consideration of cosmology based on general relativity
[70]. It was later abandoned after Hubble’s work [71] which explained the
expansion of the universe without the cosmological constant. Even though
there were sporadic revivals of the cosmological constant after Finstein’s
time, it was not widely accepted until multiple observational evidences
indicated the accelerating expansion of the universe. The vacuum energy
responsible for this effect came to be known as dark energy [72]. In a dark
energy dominated universe, the universe’s scale would grow exponentially,

with its density unaffected by the scale factor.
Dark Energy dominated a ~ exp(\/A/?)t) pa ~ a®

The observational data consistently suggest that dark energy accounts for

roughly Q ~ 0.7 of the total mass-energy content of the universe, leaving
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Q, ~ 0.3 for matter. However, the ordinary (baryonic) matter we know of
only accounts for Q,, ~ 0.04 [59, 73].

The missing mass to explain the galaxy rotation curve has been sought
after since 1930s, and this invisible matter was named dark matter after its
non-luminous nature. Unlike dark energy whose sole role is to accelerate the
expansion of the universe, dark matter is considered to be also responsible
for other large scale and galactic effects, such as structure formation in the
early universe and gravitational lensing of distant galaxies. [74] In order to
be able to explain these phenomena, dark matter has to be a non-relativistic
perfect fluid that interacts only gravitationally. While other possibilities,
such as hot or warm dark matter, have also been considered, the standard
model of cosmology adopts Cold Dark Matter, since its pressureless nature
explains observations ranging from CMB anisotropies to galaxy clusters.
A matter source with vanishing pressure is sometimes referred to as ideal
dust, and its difference from ordinary matters (baryons and photons) is
more evident in its perturbation growth. Since it does not interact with
radiation, cold dark matter does not feel the high pressure in the radiation
dominated era that prevents the density perturbation of ordinary matter.
Consequently, while baryons and photons undergo acoustic oscillations, cold
dark matter starts to cluster. This makes cold dark matter responsible for
the formation of gravitational potential during this era, attracting other
matters and forming early structures of the universe [61].

In Cartan Khronon theory, this dark matter effect arises from gravita-
tional dynamics. As we have seen briefly in Section 3.2.2, this dynamical
effect M behaves like conserved matter, with its effective density and pres-
sure satisfying continuity equations. In the (anti) self-dual sector of the
theory, the effective pressure vanishes in vacuum and its total mass in a co-
moving volume remains constant, demonstrating its nature as an effective
candidate for ideal dust, even before explicitly solving the field equations.
To investigate deeper into the cosmological background offered by Cartan
Khronon theory, we consider the Spin(4) gauge-invariant self-dual action

for standard cosmology

I:/D¢1AD¢JA+F1J—/*)\—/qul/\tf. (4.8)
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For Euclidean description, this thesis employs dimensional parameter x,
time 7, and dotted time derivative, in contrast to mp, ¢t and prime ’ in the
Lorentzian framework.

The homogeneous & isotropic configuration for the gauge field is
AY = A(1)dz', AY = B(r)é¥,dz" (4.9a)
and for energy-momentum current is
t' = —Vrpxdr, t'=\kpxe', (4.9b)

where factors \/k are introduced for correct dimension. Together with the

cosmological constant
A= kA= —mp3A, (4.10)

and conserved 3-form
M* = —\/kpxdr, M =0, (4.11)

these lead to the Friedmann equations with Euclidean time.

3<Z>2:/{(p+ﬁ)+A, (4.12a)

22 4 <a> = —kp+A. (4.12b)
a a

After the dimensionally controlled mapping, we obtain the Lorentzian Fried-

mann equations for the ACDM model.

3H? =mp (p+p) + A, (4.12¢)
2H' +3H* = —mp*p+ A. (4.12d)

4.1.3. ABDM model

The self-dual action (4.8) can be generalised by introducing weighted chi-

rality of gravitation.

I:/ngf/\DquA (9+7Frs—g-"F1j) —/*)\—/DQSI/\tI. (4.13)
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In the g1g— = 0 limit where gravity is either fully right- or left-handed,
we recover the phenomenology of general relativity with effective cold dark
matter [1, 2, 8, 9]. For g;g— # 0 where both chiral sectors of gravity
contributes to the dynamics, the conventional procedure leads to a triv-
ial solution A = B = 0, and does not recover the FLRW background.
However, this is resolved by including the effective dark matter M in the
vacuum background. Since M is not a substantial matter but a dynamical
effect that imitates the behaviour of matter, the inclusion of M does not
alter the vacuum nature of the background. For convenience, we introduce

parameters of g4

(9+ —9-)° 49,9 g+ +9-
a=9r"9-) g _%9r9- 9+ VI9-_ T gla.
g9+ + g9- g+ +g- 9+ — g— /
(4.14)

where a« = v = 1, 8 = 0 recovers the limit of purely left- or right-handed

gravity and the ACDM model as described in the previous subsection. The
special cases g+ = —g_, g+ = g are separately studied as potentially
significant limits. This generalised ambidextrous gravitational action (4.13)
is comparable to that of loop quantum gravity in which the Barbero-Immirzi
parameter v = m represents the size of a discrete quantum area.
A range of physical implications, including black hole entropy, has been
investigated, however, the potential significance of this parameter remains
to be fully understood. In current context, the parameter v determines the

relative weight of the Palatini and the additional term of the Holst action.

_ 2
/eabcdea/\eb/\ (g++FCd + g_fFCd> = # /ea/\eb/\<Fab + *Fab> .
v
(4.15)
The system of connection equations of motion (3.40) determines the

effective pressure of M as

1—Ht

ﬁ = _2ﬁ t2 )

(4.16)

and the continuity equation of M reveals this to be the source of its effective
density.
§+3Hp = —3%’ : (4.17)
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The khronon equations of motion (3.38) then lead to the Friedmann equa-

tions with additional S-terms.

3aH? -3t 2 =mp* (p+p) + A, (4.18a)
a(3H*+2H') — Bt = —mp°p+A. (4.18b)

It is straightforward to verify that ordinary matter indeed satisfies its stan-
dard conservation law. In a vacuum without ordinary matter and dark
energy, the evolution of the scale factor and the effective dark matter den-

sity is determined by the chiral parameters g, g_.

alt) ~ RICE) A = 23”;53 (0—36+ VaZ+308) . (419)
The self-dual phase a = 1, 8 = 0 recovers the Minkowski vacuum and
effective ideal dust, as the dust effect dilutes, and the inclusion of the dust
effect in the vacuum background does not affect the scale factor. With a
slight deviation from general relativity 8 = € < 1, the effective dark matter
acquires a nonzero effective pressure and no longer behaves exactly as ideal
dust, though, as we will see, this does not disqualify M as a dark matter
candidate.

g+ =1,9-=0 an~ts p“:§mPt*2

€

g+ =1, 9gr =ex1 an~tis ﬁ:(§+e)mpt_2

In the chirally symmetric phase a = 0, § = —2¢, a vacuum solution does
not exist. In the presence of matter, the system instead leads to a peculiar
relation p + p = —3p.

g+ =9- a~ @Bl 5= (14 3uw)p

A physically more meaningful scenario is introduced with a seemingly bizarre
configuration g = —g_. In this special phase, we find the khronon field
takes the role of scale factor, and recovers the expansion rate H ~ t~! of

the radiation dominated universe.

4 mo

gr=—9g- a~¢ ﬁ:—m‘FqT p ~ ¢~30+w)

The effective energy of M in this phase can be a candidate for dark ra-

diation, the excessive radiation in the early universe, predicted from ob-
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servational data [75, 76]. These physical significances make the g, = —g_
phase a well-motivated candidate for the chirally symmetric phase, as can

be supported by the following reorganisation.

1 _
2/E[L]KLGI/\GEJ/\ (g++FKL+g_ FKL)

= /eI Anel A (g++F]J — g__F[J) . (420)

4.1.4. With the spin current

For the study of the effective dark matter, we have so far focused on the
simple case where the spin current is absent. However, extending the cos-
mological analysis by including this additional contribution reveals its im-
portant role in Cartan Khronon theory. The full action including the effect

of spin current reads

I= /D¢f AD¢’ A (g+TFrj—g-"Fry) (4.21)

—/*A—/D¢1At[—/AIJAO[J,

and the homogeneous, isotropic configuration for the spin current can be

set up as
0" = /rkTO x €', (4.22)
to fit the rearranged formulation of the connection equations of motion

(3.43). Let us introduce the following parameters for convenience.

13/

a2

The solution to the connection equations of motion elucidate an interesting

Q= t0+70), = (9470 —g-70) . (4.23)

K
2 (

relation between the spin current and the effective pressure of the dark
matter candidate M:

Y 28

P=—mt+ (H-771). (4.24)

This relation is particularly significant when gravity is purely left- or right-
handed, as this is the identification of a direct coupling between left- or

right-handed spin current *O and the effective pressure of M. The conti-
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nuity equation DM® = 0 substantiates this role of the spin current.

,5+3H<ﬁ+262)=66—9 (4.25)
RT

kT3 kT2
The khronon equations yield the Friedmann equation with the new effect
of spin current as

9 302 . L

3aH +3HQ+1f:m(p+p)+3ﬁT : (4.26a)
@

2 : o by -2

3aH* +20H +2HO0 + — +Q+ —(= = —kp+ B7 7, (4.26D)
4oy VE

and solving this for ordinary matter, one finds its continuity equation

sourced by its own spin current and the expansion of universe.

1 HQ+Q ¥
K3/2

) 30 .
,O+3H(p+p):<H2+H+2+ —3H——. (4.27)
K T 2a

When we employ the fermions (3.34) to be the source, a more explicit
formulation of source currents is available. A more detailed study of how
spin currents affect the cosmological background is currently under investi-
gation, and this thesis only teases the presence of such an unseen contribu-
tion that arises in Cartan Khronon theory. The dark matter effect is now
coupled to the material spin, and this introduces effective pressure for M at
the background level. This leads to potential implications in phenomenol-

ogy, such as altered mechanism of inflation and structure formation.

4.2. Cosmological perturbation

Moving beyond the simplified homogeneous and isotropic background, this
section considers the evolution of spacetime structure by introducing per-
turbation fields. In cosmological perturbation theory, these fluctuations
are classified into three distinct modes of tensor, vector, and scalar, each of
which evolves independently at linear order. While vector perturbations,
which represent rotational velocities within cosmic fluids, are generally triv-
ial in standard models due to their rapid decay in an expanding universe,
tensor perturbations describe the propagation of gravitational waves, which

provide the theoretical foundation of recently confirmed phenomena, and
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scalar perturbations are essential for modelling structure formation, as they
govern the evolution of density fluctuations responsible for the formation
of galaxies and stars. Within the Cartan Khronon framework, this analy-
sis is further refined by introducing additional pseudo-tensorial and scalar

fluctuations to account for the unique behaviours of the dark sector.

4.2.1. Gravitational waves

In the standard cosmological perturbation theory [61, 77], the spatial fluc-
tuation of the cosmic background is represented with a symmetric, traceless

and divergence-free tensor h;;.
ds® = —dt* + a® (8;; + hij) da'da? . (4.28)

The traceless condition h’; = 0 removes the components that behave like
scalar, and divergence-free/transverse condition h;’ i = 0 removes vector-
like behaviour, separating the tensor mode evolution. Solving Einstein’s
field equations for this metric, one obtains a wave equation for h;;, predict-

ing gravitational waves.

i+ 3Hhj; —a *V?hi; =0. (4.29)

In Cartan Khronon theory, we take into account additional pseudo-
tensors h for the gauge field and m for effective dark matter, allowing

a more detailed analysis of the perturbations.
AY = A(si+h'j)da?, AY =B (eij g+ eiﬂﬁ,k) dz* (4.30)
M*=—\/rpxe®, M = (\/Eﬁéj- + /@*3/2mij> xel (4.31)
Inserting this setup into the connection equations (3.40a), we obtain the

relation between the pseudo-tensorial perturbation ﬁij and the rest of the

tensorial perturbation fields.

- 1 .
hij = hi; + B (’yahij + e(iklhj)w — aa’yﬂflrmi]) . (4.32)
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The other connection equations (3.40b) further reveal the effective dark

matter perturbation m;; to be dependent on the metric perturbation h;;.
bl

mij = B'}/ Y . (4.33)

T

As a result, the khronon equations (3.38) yield
. . 72
hij +3Hh;j + EVthj =0, (4.34)

in Euclidean framework, which is translated into the gravitational wave

equations of the metric perturbation h;; in Lorentzian framework:
~2
hi; + 3Hhj; — ?v%j =0. (4.35)

This equation has the same form with the gravitational wave equation
derived in general relativity, but with a modified propagation speed con-
trolled by the chirality parameter v = gi%z:. When the speed of light
is constant and remains to be the absolute speed limit, this identification
places a constraint ¥ < 1, which limits the possible configurations to
(9+ =0, g- #0), (g+ >0, g— <0), and (g+ < 0, g— > 0), ruling out
the g1 = g_ configuration and supporting g+ = —g— to be the chirally
symmetric configuration as discussed in Section 4.1.3.

In the v = 1 limit, the speed of gravity is equal to that of light. Thus,
Cartan-khronon theory reproduces the standard gravitational-wave equa-
tion of general relativity when gravity is purely (anti) self-dual o = 1,
B = 0. The multi-messenger data from the neutron star merger GW170817
[78] show the difference between the speed of gravitational and electromag-

netic waves in vacuum is within the range of
—3x107%c < wgw —vEm < 7 x 10710, (4.36)

This data indicates that, at present time, the left(right)-handed compo-
nent of the gravitation has to be much smaller than the right(left)-handed
component, to the order of |g+/g+| < 1071°.
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4.2.2. Structure formation

In the perturbation theory for general relativity, the scalar perturbations
in the metric consist of the fluctuations in the lapse function A, the scalar

part of the shift vector B, and the spatial components D, E

ds® = — (1+2A4) dt*+2aBdtdz' +a® [(1 — D — $E ) 65 + E 5] da'da? .
(4.37)

Including perturbations in the metrical energy-momentum tensor
T% =—p—odp, T'j=(p+0p)d;+pll};, (4.382)
T%=(p+p)(vitBi), To=—(p+puv’, (4.38b)

we can derive evolution equations for the fluctuations in matter density dp

and pressure dp, velocity potential v, and anisotropic pressure II.

§p' =—3H (6p+p) + (p+p) <3D/ - 2V : 17> , (4.39a)
[(p+p)(v=B)]'=—(p+p) (v—B) —4H (p+p) (v —B)  (4.39D)
+ 2 [6p+ 2pV2IL+ (p+p) A] .

In order to identify physical fluctuations and remove the false fluctuations
generated by coordinate choice, one can study gauge-invariant quantities,

called Bardeen potentials [79)].

b=A+[a(B-aF)], ¥ =D+1iV’E—aH (B-aFE). (4.40)

Adopting the conformal Newtonian gauge, i.e., choosing the coordinate

where B = E = 0, the metric fluctuations reduce to diagonal components.
ds? = — (14 2®) dt* + a* (1 — 2W) 6;;da’da? . (4.41)

In this gauge, the perturbed Einstein’s field equations reduce to constraint
equations for relative energy-density perturbation 6V = 6p" /p, velocity,

equation of state w, and anisotropic pressure,

3a2H? [0V + 3aH (1 +w) o] = VAU, 3a°H*wIl=U — &, (4.42a)
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and evolution equations

SaH* (14 w)oN =0 + HO, (4.42b)
SH?5p"N = p [V + H(®' +20) + (H* + 2H")® + 55;V? (& — )] .
(4.42¢)

The lapse potential ® governs for the acceleration of matter, and the cur-
vature potential ¥ measures the depth of gravitational wells. These are
generalisations of the gravitational potential in the Newtonian limit. The
difference between the two Bardeen potentials is sourced by the anisotropic
stress. Hence, for a perfect fluid, the two become identical. Derived from
field equations, comoving density perturbation for arbitrary matter content

1 follows the second order equation

0 + (1= 6w +3c2) Ho, — 3 [ + (10 — 20) w; — 6¢2 — 3Quw?] 6, H*

= fzv? (@ — 5—’7 + 1%) : (4.43)
where ¢ = p./p is called the speed of sound, representing the evolution
of pressure which acts against gravitational pulling force. For cold dark
matter, both the pressure and sound speed vanish, which is precisely what
allows its clustering effect. In the radiation-dominated early universe, over-
densities deepen the potential wells to draw in more matter, forming struc-
tures such as stars and galaxies. In a matter-dominated universe, these

potentials stabilise to provide the source for stable growth of the structure.

In Cartan Khronon theory, the same procedure to examine the pertur-
bations is applied to an increased number of scalar fields. The general per-
turbative analysis must then take into account fluctuations in the khronon
field ¢, the connection components c,r,s,, &,f,§,zﬁ, the effective dark
matter density §p and pressure dp, along with the lapse and shift compo-

nents n, m, X, 1M,

p=1/Vite = e'=(1+Vkp)dr+ Vrpda', (4.44a)
Ay = Ab g+ A (1= ) b5 + Al + €55 ) da? | (4.44b)

A¥ = Bé% dp + B (a’j By (1 — 1;) + AT+ 237[i5j]k) da* | (4.44c)
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M*= —/k(p+6p)re* —xixe", (4.444)
Mi =N;x eO + (\/E (]5 + 513) 51'3‘ + Aijm + 6Z‘jk17~7,7k-> * ej s (4446)

and those in the matter source dp, ép, u, 11,

th = — Vi (p+0p)xe* + (p+p) (Viug +a k)  xel, (4.44f)
t' = (p+p) (Viuta " rp) we' + v/ [(p+0p) 6] + AT wel . (4.44g)

By constructing corresponding metric tensor from Cartan Khronon funda-
mental fields using the relation (3.3), one finds that the current configura-

tion corresponds to the standard case (4.37) as

A:g:;, B:\/Eg—i—ac’, Dzw—g, E:r, (4.45)
and the energy momentum current is in fact equivalent to the standard
case (4.38a), only the linear perturbations included in the background xe!
cause the current to appear differently.

The first half of the connection equations (3.40a) identifies the relation
between perturbation fields in the magnetic part of the connection and the

rest of the scalar fields.

é:c‘f%f 22y/7E3TB (n+ 2vyim) , f:r—%+y% (éf+ ﬁ;m) , (4.46a)
5= —§+% <@A¢+w+;v2r— ‘iﬁ%) , (4.46b)
§= Yt (ﬁam VPm+ 257;‘{4¢> -5 (VRE - gvr)

- % (ﬁi¢ +9+ ;v2¢> : (4.46¢)

The second half of the connection equations (3.40b) then determines the

fluctuations for some components of the effective dark matter.

B

n=0, m:\/ET(c'+7"), m=0, (4.47a)
X B [ VrA A 1,

0p = —2— — - . 4.47b
2 ol e A A (4.47b)
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The Euler equation DM ; = 0 further identifies

2 A A2 A o1
X_\/EfA <\/E<A—Az>g0+\/ﬁA¢+w+3V2¢>. (4.48)

At this point, the independent perturbation fields reduce to the fluctuations
in khronon field ¢, the connection components c,r, 1, 5, and the effective
dark matter density dp. Finally, applying these results, the background so-
lution for A, B, and Wick rotation, the khronon equations (3.38) in Lorentz

framework result in

1 2 1
5p +6p = —6ambH (ch’ + 4 3v%’) + 20 L2 (H(I) . 3v27~)
a
mp o Lo mp
~ 28792 (H® + W + -V ) + 6L a, (4.49)
a? 3 t3
mp

i 2
(p+p)vi=——"p+ 20
a a

mp

1

1
Sp = 2am}p {(31{2 +2H') @' + H (" + 3V + V) + (\p” + 3v2c”>}

2 m% 9 1_, m%
mp Lo
H,i,j = (Oz — ﬂ) ? H(I),i,j -+ \Ij,i,j -+ gv T.,i,j
—3am%bH (cij—10j) — am? (ii—1"5) (4.49d)

where ® = mi; and ¥ = ¢ — % were introduced for brevity. The direct
correspondence between these parameters and the Bardeen potentials in

the standard case can be identified as follows.
Vb =mp'd', V0. (4.50)

In the a = 1, f = 0 limit, the obtained khronon equation system (4.49)
corresponds to the standard case (4.38a), confirming the recovery of general
relativity once again, and the perturbation in the effective dark matter
density dp becomes the only additional field with physical meaning.

To further ensure consistency, the continuity equation obtained from
the system of field equations agrees with the one directly derived from

DM 4 = 0 in the conformal Newtonian gauge.
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R R R 1V2 0\ .
0p' +3Hop='p +3 <H<I>’ + 0+ 3a2<1>> p

m2 [(2H 3

+6ﬁT2P Kt - t2> b HE \4 50
m2

—QBa—éDVQ [H'®+ HY — ot + V]

2 ) 2
~ % [—Qﬁm% (HO' + 0') + <ﬁ —28m2H' + BmP) @] :

t2

This reveals the clustering nature of M regardless for any value of 3. The
approximation in the bottom line shows the quasi-static limit V2f > H?f
where f/ ~ Hf, f” ~ H?f, and also takes into account that gravita-
tional potentials are negligible compared to density perturbations dp, dp >
p®’, p¥. Now the second order differential equation of the density pertur-
bation, with the absence of V25 term, shows the vanishing sound speed of
M.

5 [2H_ 28m3, (6—6Ht N 12 ﬂ 5

¢ p pt2 + 2pm7,
o - 2pt? [3aHt(5Ht — 7) + 9 — 53] -
:2p25+2ﬁmpp [a%( ~ )AQO‘ Bl (4.52)
am?, aptt (28m% + pt?)
4 . o _ 5244
Jr2BGBmP [aHt(bHt — 8) + 4o — f3] t 5

apt* (26m% + pt?)

In the 8 = 0 limit, this reduces to the standard evolution equation for
cold dark matter, and even for 5 # 0, this does not alter the vanishing of
sound speed, supporting the interpretation of the effective dark matter as

a clustering medium.
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4.3. Cosmological timeline and outlook

We have demonstrated the standard model of cosmology assumes a man-

ually introduced dark sector, whereas Cartan Khronon theory provides a

self-contained framework in which explicit solution of the dark matter effect

can be derived. So far, we have found

e The special limits of (anti) self-dual § = 0 and symmetric gravity g4 =
+g_ lead to different phases of cosmological background and effective

dark matter behaviour.

e The parameter v represents the gravitational wave speed, which places
a constraint 72 < 1, and observational data further imply another con-
straint |3 < 107! at the present time.

e When the spin current is neglected, the exact § = 0 limit of the theory

recovers general relativity and effective ideal dust.

e For 8 # 0, the effective dark matter is no longer pressureless, though its

sound speed still vanishes locally.
This provides a theoretical model that explains a large proportion of the
late time cosmology since the matter-dominated era. However, its potential
to provide further insights into earlier universe cosmology has not been fully
explored.
A number of different scenarios are under consideration. If the universe
starts from a point ¢ = 0, the elapse of time spontaneously breaks the
symmetry between space and time ¢* = (¢,0,0,0). A toy model with
this beginning called “khronogenesis” has been considered in the g = 0,
w = const. background [8]. This model predicts a non-singular beginning
in the presence of something material, and the universe starts with an
inflationary era a ~ ¢%/3(1+®) This may be combined with the chirally
symmetric configuration g = —g_ discussed in Section 4.1.3. In this
phase, the background includes an M effect that imitates the behaviour
of radiation, potentially providing an initial condition for the origin of the
matter content.

The transition mechanism from the chirally symmetric phase into the
(anti) self-dual configuration of gravity g, ~ 1, |[g_| < 10715 at present
time is currently under investigation. Simply promoting the parameters

g+ to dynamical variables induces a significant drawback of altering the
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Table 6: Timeline for Cartan Khronon model of cosmology
t=0 Symmetric Phase ¢* = 0, g+ = —9g—
Inflationary era — Phase transition
? e Phase transition towards g ~ 1, g_ ~ 0
Radiation-Dominated Era
~ 1 sec ~ 100 eV e Big Bang Nucleosynthesis
~ 10* yr ~1leV Start of structure formation a~33x107*

Matter-Dominated Era

~ 3.8 x 10° yr ~0.4eV e Photon decoupling produces CMB a~9x107*

~ 9.8 x 10° yr ~ 1072 eV  Freezing of structure formation a~0.73
Dark Energy-Dominated Era

~ 1019 yr ~ 1074 eV e Present a=1

khronon field equations, spoiling the signature of this theory — the effective
dark matter. This confines g+ to remain independent of the khronon field,
at least at the time of Big Bang Nucleosynthesis (BBN) and thereafter,
where the phenomenology is established by observations and the effect of
dark matter is not negligible. Another possible route is an alternative
inflationary mechanism, as the alignment of khronon field with the scale
factor in the g = —g_ phase is highly compatible with models such as
[80].

The inclusion of spin current opens the door to various alternative sce-
narios. In the context of Einstein Cartan gravity, the inflation and more
general cosmology with the effect of spin has been studied in [81-83]. Each
study considers a different source, from anisotropic spinning fluid with high
density of spin-1/2 particles to fermion condensate, yet all describe a spin-
induced accelerated expansion that does not require the vacuum energy or
scalar field in standard inflation model. In addition, each model predicts
a bounce, a repulsive centrifugal effect that avoids the Big Bang singu-
larity. The khronon theory predicts yet newer effect of spin current as

hinted in Section 4.1.4. This is expected to provide an altered description
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of phenomenology in inflationary and radiation-dominated eras. While spin
effect is not expected to influence the gravitational waves, it is curious to
see whether it would feed the vector mode to yield a propagating effect,
and how it would affect the structure formation.

In summary, several plausible scenarios of the early universe cosmology
can be considered within the Cartan Khronon framework. A non-singular
origin could be realised from space-time symmetry breaking, a spin-induced
bounce, or a combination of both, leading to a smooth onset of cosmic infla-
tion without appealing to a separate quantum theory of gravity. Ongoing
studies of spin current effects and mechanisms of chiral symmetry breaking
may reveal further phenomenological consequences in inflationary and radi-
ation dominated eras, potentially with further observable signatures. Over-
all, Cartan Khronon theory offers a self-contained analytical description of
dark matter effects and provides a systematic framework for studying the
evolution of the universe, with structure formation in the matter-dominated

era naturally emerging from gravitational dynamics.
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5. Black holes

The origin of the concept of the black hole goes a long way back to the
18th century [84], when it was predicted that a sufficiently massive and
compact star could induce gravitational attraction that is so strong that
even light cannot escape. Not long after general relativity was introduced,
a theoretical solution, known as the Schwarzschild solution today, provided
the theoretical foundation for this idea. This dense region in spacetime en-
closed by an event horizon holds theoretical significance as a testing ground
across the entire spectrum of spacetime curvature.

However, a black hole, as a physical object in reality, may differ from
what one would imagine based on its name or what some theoretical solu-
tions predict it to be. Contrary to the image implied by the word “hole,”
a black hole is not a physical cavity in spacetime, but a substantial region
with extreme mass density. It is possible to travel around a black hole and
observe its opposite side. Just like any other star, black holes are not static
but rotate in reality, and other stars can form a stable orbit around a black
hole outside its horizon. Recent observations confirm that the boundary
of a black hole is, in fact, brighter than the background region, due to the
radiation from a gas disk formed by heated matter about to cross the event
horizon.

This chapter demonstrates that the standard black hole solutions of
general relativity are reproduced within the Cartan Khronon framework,
confirming the recovery of general relativity as a special limit of the theory.
The proposed mapping procedure for Euclidean-Lorentzian correspondence
remains effective in the non-trivial context of the Kerr solution. Several un-
conventional spacetime configurations enabled by this framework are con-

sidered in addition.

5.1. Spherically symmetric spacetime

The simplest theoretical solution of a black hole is given as a spherically

symmetric vacuum solution to gravitational field equations [85].

—1
ds? = — (1 - %) de? + (1 - %) dr? +r2d6? + r?sin?6de?. (5.1
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This metric describes a spherical region with radius » = rg, from which
nothing can escape. The region itself is electromagnetically neutral with
net zero charge, and the geometry outside r > r4 also applies to a vacuum
region outside a star. The Schwarzschild radius 7 is related to the mass

4w
provides a description in the standard spherical coordinates, an improved

my inside this region as r; = 2Gm, = % While Schwarzschild metric
P

description was found in a different coordinate system found by Lemaitre
[86].

ds? = —dr2 + dp? 4 7(7, p)2d#* + r(7, p)? sin® 6d¢? . (5.2)

Ts
(7, p)

The Lemaitre coordinate system {7, p} is a compound of Schwarzschild

temporal and radial coordinates {¢,r}

dr = dt + /rs/r (1 —rs/r) " dr, (5.3a)
dp = dt + /r/rs (1 —rs/r) " dr, (5.3b)

which removes the coordinate singularity at the horizon, providing a smooth,

continuous horizon-crossing.

In Cartan Khronon theory where the metric is not fundamental, we
consider spherically symmetric configuration for tetrads and connection to
obtain the vacuum black hole solution. Due to the temporal nature the
khronon field induces, it is natural to employ a synchronous configuration.
A general function F'(r) can include spherical solutions that are not neces-

sarily in vacuum.
0_ 1_ 2 _ 3_
e =dr, e =F(r)dp, e‘=rdf, e’ =rsinfdy, (5.4)

The corresponding electric components of the connection are

F in 6
wlo — (77-? p) dp, w20 _ r(:j p) (197 w30 — T(T, p: sin dSO, (55)

and the remaining components should follow the spherically symmetric con-
figuration [87].

wly = Adf—iBsinfdy, (5.6a)
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wls = +iBdf + Asinfdy, (5.6b)
w?s = —iCdr —iDdp — cosfdey. (5.6¢)

Solving the connection equations of motion (3.40), these parameters are
identified to be

/
. F
A=- B=l_i c=o, D=F-—, (5.7)

!/

where = 2,/ = a% and the khronon equations of motion (3.38) find the

F(r):i,/?;—s—i—zﬁp—l, (5.8)

where the integration constant is absorbed into r4, and the parameter A is

general solution

constant. The Lemaitre solution is recovered in the A = 1 limit, showing

the theory reproduces the standard black-hole exterior of general relativity.

5.1.1. Singularity and causal structure

While the exterior properties of a black hole are increasingly being eluci-
dated with observations, what happens inside a black hole is not observable
by nature. This is where the theoretical prediction comes into play. For a
particle of mass m moving in the equatorial plane § = 7/2, its trajectory

into a Schwarzschild black hole follows

o__ ¢ s_ L i (1= 1 LN ey
Y 1—rs/r’ v mr2’ \/e r +m27‘2  (5:9)

due to the conserved energy E = em and angular momentum L [88]. The
specific energy e = E/m = 1/4/1 — vZ, classifies the trajectory based on

the initial velocity of the test particle at infinite distance.

e > 1 | hyperbolic ”hail” geodesics with finite vy, > 0

e =1 | parabolic "rain” geodesics with vse =0

e <1 | elliptic ?drip” geodesics with vy, < 0 (starts from finite r)
e < 0 | white hole

For a trajectory without angular motion L = 0, a comparison with the
spherically symmetric solution in Cartan Khronon theory reveals that the

additional parameter A coincides with this specific energy e. Despite being
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one of the connection components, this parameter A turns out to carry a
physical meaning. A study to find the reason for this identification may
entertain interesting properties of black hole geometry in Cartan Khronon
description.

As the test particle passes through the event horizon r = r, the Schwarz-
schild lapse vanishes, and the explicit solution for the test particle orbit with
L=0ande=1,

t=to+r, ;(;)3 \/>+ln‘%+1‘ : (5.10)

shows the Schwarzschild time is not well-defined at the event horizon r = r,.
However, as briefly discussed, this is a coordinate-dependent false singu-
larity, and switching to proper-time coordinates of Lemaitre or Painlevé-
Gullstrand descriptions allows a smooth passage through the event horizon.

The explicit orbit in terms of proper time

3
2 2
r=mE <T> , (5.11a)
or equivalently,
9 1/3
r(r) = {47’5 (- 7’0)1 ; (5.11b)

demonstrates the test particle itself would not observe any significant dis-
continuity at the event horizon. Nevertheless, what distinguishes a black
hole from other astrophysical compact objects is exactly this event horizon,
which forms a one-way boundary instead of a physical surface. At the hori-
zon, the radial coordinate of an infalling object becomes timelike, so the
infalling object cannot return to the exterior or remain on a stable orbit. As
the object experiences the descent towards the centre of the black hole, the
theoretical trajectory reaches its limitation at the very centre r = 0 of the

black hole, where the curvature diverges to infinity, forming a singularity.
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5.1.2. Orthoradial spacetime

The description of the event horizon in Cartan Khronon theory is non-
singular, following the continuous formulation of the Lemaitre coordinates.
In the SO(3) phase after the symmetry breaking, the khronon field acts as
a canonical clock field, corresponding to the time coordinate in Lemaitre
coordinate, measuring the proper time for observer. The Cartan Khronon
framework, however, can accommodate the unconventional SO(1,2) phase
in which the radial coordinate becomes timelike, corresponding to the black
hole interior. In this phase, the “radion” ¢% = 0{¢(r) replaces the role
previously played by the khronon. In the absence of black hole ms; = 0,
radion is linearly related to the radial coordinate. In the presence of a black
hole, the radion transitions smoothly from real values outside the horizon

to imaginary values inside, with the field vanishing at the horizon.

P(r) = + r(r—m)i%log [Z (1+H> —2} +¢o.  (5.12)

This real-to-imaginary transition of the radion field offers a natural frame-
work for the imaginary shielding, a method to reinterpret the central sin-
gularity that has been considered in a different theory [89] where this tran-
sition was implemented by gluing the Lorentzian and Euclidean metrics.

With the corresponding setup for the gauge field

r rsin 6
wol = édta w12 = _gdea w13 = - ¢ dg@, (513&)
Wl = A(r)df — iB(r)sinfdy, s =iB(r)df + A(r)sinfdy,
w?3 = iC(r)dt 4 iD(r)dr — cos fde, (5.13b)

the spherically symmetric solution in radion phase is obtained with the

following lapse function.

R e e A

This lapse function recovers the Schwarzschild solution for the integration
constants & = 0 and § # 0, whereas the @ #% 0 and 8 = 0 case is not
asymptotically flat. For the modified Schwarzschild solution with a # 0

and 3 # 0, only either of the exterior or the interior is real-valued, and an
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additional singularity appears outside the event horizon, which coincides
with the caustic singularity in mimetic gravity [90]. This scenario is ruled
out by recent observations of black hole shadows [91], making the a # 0,
B # 0 solution purely theoretical.

5.1.3. Electromagnetised spacetime

An electrically charged black hole is usually described with the solution
to the Einstein-Maxwell equation. The static solution is known as the

Reissner-Nordstrom metric [92, 93]

-1
df::—(1—73+7é>dﬂ4—<1—rs+7§> dr?+r2d6° + 12 sin® 0dg? |
roor roor

(5.15)
which describes the spacetime around a charged analogue of the Schwarzschild
solution with mass ms = 47Tm%37“s and charge ¢ = ,/477607“3. This can
be recovered in Cartan Khronon theory with a similar procedure as the
Schwarzschild metric.

However, with a pregeometric formulation of electromagnetism, as es-
tablished in [94], the source electromagnetic fields can be embedded into
the gravitational frame, allowing an unconventional formulation of an elec-
tromagnetised metric. As discussed in more detail in one of the attached
publications [2], in order to recover the known phenomenology of electro-
magnetism in such a first-order formalism, it seems inevitable to formulate
the electromagnetic field strength F' and the gauge potential H* = h® Ae?
independently, with an additional coframe field h®. The Yang-Mills type

action
I= [ H A GHoy - ). (5.16)
yields field equations
dH =0, (5.17a)
2xHy e’ —FAe, =0, (5.17b)

and find the spherically symmetric configuration for the hyperframe to be
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e
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from which an electromagnetised (hyper)metric is constructed as

2 ¢

~ q _

ds® = h"®h, = 47574 (—f2dr? + f2dt?) + 4 =< (d6” + sin® 6dy?) . (5.19)
This is a reformulation of the static charged black hole, with electromag-
netism embedded in the Lorentz gauge, offering a unified framework for
gravitational and electromagnetic interactions, though this makes the geo-
metric interpretation of the metric unclear. More insights towards unifica-

tion in line with this approach can be found in [95].

5.1.4. Symmetric configuration in g # 0 phase

As discussed in the previous Chapter 4, observational evidence suggests
gravitation in Cartan Khronon theory has to be mostly (anti) self-dual
B ~ 0 at present time, leaving slight room 8 < 107! for ambidextrous
description. In the early universe, however, gravitation was expected to
be chirally symmetric g4 = —g_, that is, 8 # 0. We have seen in Section
4.1.3 that, in the 8 # 0 phase, it is essential to include the dark matter
effect to recover the FLRW cosmological background. With the spherically

symmetric configuration (5.4) and

Mlz—@*el— v3 xet, (5.20a)
2 2Kk2
M? :—\/gpe*e2+fr*e3, (5.20b)
M?’—L3 2+@*e3, (5.20c)
K2
M =Y se —|—Q*e (5.20d)
2Kk2

accompanied by the continuity equations for M, field equations result in
the following system involving the function F'(r), the chirality parameter

B, and the effective density p.
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2

(9++9-) (1= A?) +a(F +2F,) F+ 36 = —r*hp,  (5.21a)
2

(g1 +9-) (1— A2) +a (F* +2F,Fr) = —5% , (5.21b)

o [FpnFr+ (F,)%r +2F,F] = B, (5.21c)
T

In contrast to the general relativistic limit, no valid spherically symmetric
solution has not been found in the presence of the M effect. The attempt
to recover an axisymmetric solution with a similar procedure has also been
unsuccessful, indicating there may be no straightforward black hole solution
in the 8 # 0 phase.

Observations indicate the existence of accreting black holes at z ~ 10.6
[96], corresponding to a few hundred million years after the Big Bang,
during the matter-dominated era. At present, there is no evidence of a
black hole from an earlier time. If the absence of a black hole solution in
B # 0 phase is confirmed, this could constrain the theory by requiring the
transition from the symmetric phase to the 8 = 0 phase to occur before
t ~ 108 years, and the speed of gravity to be exactly the speed of light. This
would also imply the effective dark matter M acted as ideal dust during the
structure formation. The former constraint is in agreement with the cosmic
timeline, which places the transition before the Big Bang Nucleosynthesis.

However, finding an exact analytical solution for a black hole in the
presence of matter faces difficulties even in the context of general relativ-
ity. Some attempts to construct analytical black hole metrics surrounded
by dark matter have tested pasting an isolated black hole spacetime onto
a background to match the matter distribution [97], while others have
adopted a numerical approach [98] or a mathematically convenient halo
profile [99]: no straightforward analytical solution has been found in the
presence of matter. For this reason, the possible absence of a black hole
solution is not regarded as a critical limitation of the 8 # 0 phase, and the
strictness of the second constraint, 5 = 0 at present time, remains open to

discussion.
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5.2. Axisymmetric spacetime

The theoretical model of a black hole closest to the observed black holes
is obtained as the axisymmetric solution of gravitational field equations.
Taking into account the angular momentum J = mgsa, the Kerr metric

describes a rotating spacetime [100]

ds? = — (1 -~ %) ar? — Qrgar sin? Odtde + %dr2 +2de% + %sinQ 0d?

(5.22)
where ry = my/(4mm%) = 2m, ¥ = r? + a%cos? 0, A = r? 4+ a® — ryr,
and A = (7"2 + a2) Y + rera®sin?6. The spin parameter a must satisfy
0 < a < m for this geometry to be a valid black hole solution with an event
horizon.

Unlike the static black holes discussed in Section 5.1.1, the Kerr metric
predicts two horizons, r+ = m + m), where the outer horizon r
is a coordinate singularity, while the inner horizon r_ may develop into a
physical singularity. In addition, there is a ring-shaped singularity located
at r =0, 8 = /2. The close vicinity of the event horizon is predicted to
have a dragging effect due to the rotation where observers cannot remain
at rest. In this region between the outer event horizon ry = m++v/m?2 — a2
and the ergosphere r = m + vm? — a? cos? 0, the Killing vector becomes
spacelike, allowing trajectories with negative energy relative to infinite dis-
tance. This results in the Penrose process, the effective extraction of energy
past the event horizon [101].

The stable circular orbit of a particle outside a Kerr black hole would
be

r? — 6mr + 8ay/mr — 3a® =0, (5.23)

where the sign 4+ depends on whether the particle orbit is prograde, mean-
ing it revolves in the same direction as the black hole rotation, or retro-
grade, revolving against the black hole rotation. For a prograde orbit, as
the spin parameter increases, the innermost stable circular orbit moves in-
wards, reaching the event horizon for a maximally spinning black hole where
a = m. Whereas, for a retrograde orbit, as the spin parameter increases,
the innermost stable circular orbit moves outwards, extending beyond the

ergosphere up to r = 9m. Strongly lensed emission from plasma associated
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with photon capture in the vicinity of event horizon is expected to pro-
duce a bright emission ring surrounding the central shadow. Although the
size and asymmetry of the shadow depend on the mass, spin, inclination
and plasma model, the flattening effect of the mass quadrupole moment
and the compressing effect of frame dragging are predicted to cancel each
other, keeping the Kerr central shadow close to circular [102-104].

The Event Horizon Telescope images of M87* [105, 106] reveal an asym-
metric bright emission ring enclosing a central brightness depression, con-
sistent with the shadow expected from a Kerr solution in general relativity.
The observed ring asymmetry can be accounted for by strong gravitational
lensing and relativistic beaming in the emitting plasma, while the measured
circularity constrains the deviations from the Kerr exterior geometry. Re-
lated Event Horizon Telescope observations of Sgr A* [107, 108] provide
further strong-field tests of stationary black-hole metrics, and the black
hole spin is estimated to be near theoretical maximum, corresponding to
the case where the prograde innermost stable circular orbit lies very close
to the event horizon. These observations probe the exterior region of Kerr
geometry, while the interior structure including the Cauchy horizon the ring
singularity remains to be unknown. This makes the recovery of the Kerr
exterior in the Lorentzian description a necessary consistency test for the
Cartan Khronon construction, while leaving room for alternative interior
descriptions.

Introducing oblate spheroidal coordinates cosf = z/r, tan¢ = y/x, the

Kerr metric can be reorganised into a tetrad-friendly form [109].

5 N3 2
ds? = —de? + ( Tl ;T (dt — asin? 9d¢)> (5.24)
T a

+¥2d6? + (rQ + a2) sin? 0d¢? .

Since a rotating spacetime configuration is a non-trivial test for whether the
mapping procedure Section 3.1.2 is indeed well-defined, let us introduce the
tetrads corresponding to the above metric, but with unspecified functions
f, o, a, B in Euclidean setting.

o

fdr—asin29d<p, e’ =o0df, &= fsinfdp, e'=do.

(5.25)

el = Bdo +
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Then electric part of the connection is determined following the relation
e’ = —A'¢. Solving the connection equations of motion (3.40) for the most
generic configuration of the magnetic components of the connection, one

finds the solution

iA1:_<iB+W>d¢— <i—|—X> dr —Ydo — <Z:FzSin29> dy,

¢ of
(5.26a)
£ A? = Sd¢ + Tdr + Udf + (Vq:;) dy, (5.26b)
+A% = _0d¢ — Pdr — Qd — (Riisin@) do, (5.26¢)
where
B 670'4‘50" 04/62—04,8,31 ) o’ 15—045/
0= 552 + = sinf, P = fa 2f sinf,
fo' « . 3 ao+aoc’ |,
Q:_T’ R:—% (O/ﬁ—aﬁ')sm G—Tsm 0 (5.26d)
—1(acosﬁ+5ff')sin9—£sin9,
o
B O/ﬁ—FOéB/ ) ﬁﬁ?o__ﬁZO_a _ Oé/ ] 670__60_7
S = . sin 6 + 552 , T'= 7 sin 6 + 5o
a'oc—ao a fBo" o
_ 2
U 2fo sm@—{—f S 3’ (5.26e)
/ y ) /
V:—%sin‘gﬁ—iaﬂa apo Sin29—LSin97
o 202 o2
oo —ao « fBp" B
= 0+ — 0 — - = .26f
w 2707 B sin +f B cos > 5’ (5.26f)
o —ao’ a0’ B'o— Bo’
X = %0 1n0—i—f2 cosf — /3’ _¢f Y = - sin 6 9
ad’oc —a’o’ | 4 a? ofdp—ofaf —2a0 . 4
Zf—wsm H—f—gsm 0 cosf + 200 sin” 6
—icose.
o

Together with the khronon equations of motion (3.38), we identify the

unspecified functions introduced for the tetrad configuration:

f= iM’ g_i\/m a=taph, B==x\
42

(5.27)
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Since the angular momentum is a time-derivative, the framework-dependence
of the parameter a is marked with its subscript, and the translation into
the Lorentzian framework involves ap — —ia. The mapped Lorentzian
solution recovers the Doran metric (5.24), confirming both the consistency
of the (anti) self-dual sector of Cartan Khronon theory with general rela-
tivity and the reliability of the newly introduced mapping procedure (3.11)
between Euclidean and Lorentzian frameworks.

The rotating black hole solution in the geometric phase of Cartan Khronon
theory, i.e., the Doran metric, predicts no physical distinction from the stan-
dard Kerr black hole. However, in the same manner as how the Lemaitre-
Painlevé-Gullstrand metric regularises the coordinate singularity in the
Schwarzschild solution, the Doran metric also employs the proper time
of free-falling observers, yielding a smooth description of the motion across
the event horizon. Although the Doran form is regular at the outer horizon,
the Cauchy horizon of Kerr metric persists at r— where infalling matter is
expected to accumulate, and this influx undergoes an unbounded relative
blue-shift, driving the effective internal mass parameter and curvature to
diverge. This is known as the mass-inflation instability [104, 110].

In the Euclidean framework of Cartan Khronon theory, however, a real
solution requires > ag. While certain components of tetrads and connec-
tion diverge at r = ag, the scalar curvature F'/ A F;; vanishes, indicating
this boundary is not a curvature singularity. When ap < m, as required for
a valid Kerr solution with event horizon, the Cauchy horizon falls into the
region r < ag: the Euclidean axisymmetric domain terminates before the
Lorentzian inner-horizon region is reached. Since r. > ag holds for any
ar, the boundary r = ap lies between the event horizon r; and the inner
horizon r_. This points towards the establishment of a shielding method
that does not require the glueing of two metrics [89, 111], and its regularity
and extendibility will be studied.

78



6. Conclusion

Over a century since the establishment of the theories of relativity, it
has been the standard practice to formulate classical aspects of physics
in Lorentzian spacetime. There are, however, notable exceptions in which
a Euclidean spacetime provides a more suitable framework, in quantum
physics and black hole thermodynamics. In fact, Euclidean description of
physics entails real-valued formulation of physical observables, in contrast
to the complexified formulation in Lorentzian description. This incomplete
Lorentzian picture of physics with extended numbers has led some to pon-
der on the idea whether a Euclidean background might in fact represent the
fundamental structure of the physical world, and a Lorentzian background
only provides a framework for observation.

With time formulated as a background independent field, the Cartan
Khronon framework provides a foundation for unconventional space-time
structures, accommodating both Lorentzian and Euclidean backgrounds.
An improved procedure of mapping between these frameworks, akin to
Wick rotation, incorporates dimensionful parameters and rotation of the
gamma matrix, providing a consistent description of time. This compre-
hensive framework incorporates a Spin(4) gauge structure, offering a real-
valued chiral formulation of the gravitational fields on par with the funda-
mental fields of the theory, Weyl spinors. Due to the internal gauge struc-
ture of this theory, gravity is sourced by canonical currents: the energy-
momentum current associated with the translational symmetry and the
spin current associated with the Spin(4) or relevant Lie group symmetry.

The successful derivation of various phenomenological solutions and re-
covery of the general relativistic solutions in their specific limits provide
consistency verifications of the Cartan Khronon gravity and the proposed
dimensional mapping procedure between Euclidean and Lorentzian descrip-
tions. In particular, general-relativistic solutions are recovered in the (anti)
self-dual limit 8 = 0 where the dynamical effect of the gravity M behaves
as effective ideal dust, and the propagation speed of the gravitational waves
coincides with the speed of light. The inclusion of the spin current reveals
its coupling to the effective dark matter, allowing the M-effect to be in-

cluded at the background level in this sector.
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A more general configuration of gravitational chirality (g4,¢—) beyond
this limit predicts altered phenomenology. In this phase 8 # 0, new ho-
mogeneous solutions have been identified where the dynamical effect of M
no longer behaves as ideal dust. However, its sound speed remains negli-
gible at the relevant scales in structure formation, keeping M a plausible
candidate for effective dark matter. The recovery of FLRW solution in this
phase requires the inclusion of the effective dark matter in the background.
This makes the derivation of a spherically symmetric or an axisymmetric
geometry less straightforward.

A constraint can be imposed on the chiral parameter v, whose abso-
lute value coincides with the gravitational wave speed. Given the speed of
light is constant and not surpassed by the speed of gravity at any phase
of cosmology, it has to satisfy v> < 1. This excludes g4 = g_ from vi-
able configurations, and g4 = —g_ provides a feasible chirally symmetric
phase of gravity instead. In this specific phase, the khronon field plays
the role of scale factor and dynamical effect of M imitates the behaviour
of radiation, potentially providing an effective source of dark radiation.
Comparing the gravitational wave speed |y| predicted by the theory with
neutron-star merger data, we find |g+/g+| < 10715 for present time: grav-

ity is mostly (anti) self-dual today, only allowing a deviation of |3]| < 10715,

Table 7: Various phases of Cartan Khronon framework (O = 0)

9+, 9-) a B y=vaw M cosmology BH

(1,0), (0,1) 1 0 1 ideal dust ACDM GR
—g%/9+ S107% <1 20 <1 p#0,cs=0 ABDM ?
g+ = —g— 00 00 0 dark radiation an~ @ ?
9+ =9-=49 0 -2 00 p=—p—3p a~¢Batwl 9

The scalar sector of the perturbative framework makes it possible to assess
the behaviour of M in structure formation as the clustering mediator, al-
lowing the Cartan Khronon theory to provide analytical solution for dark
matter effect and advance our picture of the universe, particularly in the
matter dominated and the current dark energy dominated eras. Possi-

ble scenarios for earlier time before BBN are under investigation. Future
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studies on the spin effect and the chiral symmetry breaking mechanism
should elucidate more phenomenological consequences in the inflationary
and radiation-dominated eras. These results suggest that the theory cap-
tures the standard late-time cosmological evolution while also leaving open
plausible alternatives for the early universe.

Black hole and other spherically symmetric geometries have been studied
in the general-relativistic limit of Cartan Khronon framework. An alter-
native description with a radial symmetry-breaking field offers an exotic
causal structure, yielding a caustic singularity comparable to that of the
compact object in mimetic gravity. Integrated formulation of electromag-
netised metric tensor is demonstrated by incorporating first order pregeo-
metric formalism for electromagnetism. No stationary black hole solution
in the presence of M-effect has been found with the configurations con-
sidered here. This leaves the study open whether a more general, possibly
dynamical, configuration is required in the g # 0 sector.

An axisymmetric Euclidean spacetime geometry was established, whose
mapping into the Lorentzian description recovers the rotating Kerr geome-
try. This, along with the cosmological perturbation theory across Euclidean
and Lorentzian descriptions, provides a particularly robust validation to
support the proposed dimensional mapping procedure. The real Euclidean
solution terminates before reaching the space-time domain that corresponds
to the Lorentzian Cauchy horizon. This suggests a new interpretation of
the interior structure, potentially shielding both the inner horizon and the
central singularity, though a nonsingular completion requires further anal-
ysis.

Altogether, these results collectively demonstrate that Cartan Khronon
theory does not only offer an alternative formulation of gravitation, but
provides a concrete framework where the emergence of time, compact-
object geometry, and dark-sector phenomenology become different aspects
of the same gauge-theoretic dynamics. The theory connects the founda-
tional structure of space-time with observable cosmological and black hole
phenomena, offering a coherent starting point for exploring extreme regimes
of the gravitational physics, the early universe, black hole interiors, and the

dynamical origin of the dark sector within a single theory of space-time.

81



Through improved descriptions of phenomenology, this thesis asks a fun-

damental question:

Is Lorentzian spacetime — where we observe physics — the optimal

framework to define physics?
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Sisukokkuvote

Cartan kroonon — Reaalne aeg-ruumi struktuur —

Uldrelatiivsusteoorias kirjeldatakse gravitatsiooni aegruumi geomeetriana,
milles aja- ja ruumisuundade erinevus sisaldub Lorentzi struktuuris. Kéeso-
lev viitekiri kisitleb teistsugust voéimalust: ajasuund ei ole teoorias algusest
peale ette antud, vaid selle valib diinaamiline kellavéli ehk kroonon. Car-
tani kroononi gravitatsiooniteoorias on fundamentaalseteks muutujateks
sisemine seostus A ja kroononivili ¢, millest defineeritakse kaasraam
e? = D¢°. Sellises kirjelduses ei pea meetrika olema teooria lihteobjekt,
vaid aegruumi geomeetria tekib siimmeetriat rikkunud faasis. Viitekirja
eesmiérk on arendada seda kalibratsiooniteoreetilist gravitatsioonikésitlust
ning uurida selle konkreetseid tagajédrgi kosmoloogias ja mustade aukude
futisikas.

To6 alguses antakse iilevaade kalibratsioonisiimmeetriast, spiinoresitus-
test ja gravitatsiooni esimest jarku formulatsioonist. See annab aluse Carta-
ni kroononi teooria diinaamika késitlemiseks. Teoorias seostuvad gravitat-
sioonivilja allikad loomulikult kanooniliste vooludega: energia-impulsi voo-
luga ning sisemise poordsiimmeetriaga seotud spinni vooluga. kroononvélja
kaudu saadud kaasraam voimaldab kirjeldada gravitatsiooni sisemise siim-
meetria alusel ilma s6ltumatut meetrikat voi tetraadi algselt sisse toomata.

Viitekirja keskne teoreetiline tulemus on Cartani kroononi teooria euklei-
dilise Spin(4)-formulatsiooni viljatéotamine. Tavapérases Lorentzi kirjel-
duses eristab aega ruumist meetrika signatuur, samas kui eukleidilises S-
pin(4)-kirjelduses saab aja suund kujuneda kroononivilja valitud suuna-
na. Spin(4)-struktuur on oluline ka seetottu, et see voimaldab késitleda
kiraalseid spiinoresitusi teooria sisemise siimmeetria osana. T66 kéigus for-
muleeritakse dimensionaalselt kontrollitud vastavus eukleidilise ja Lorentzi
kirjelduse vahel. Selle vastavuse iilesanne on siduda eukleidilises raamis-
tikus tuletatud lahendid Lorentzi geomeetriaga, mille kaudu kirjeldatakse
fuitisikalisi vaatlusi. Vastavust ei kisitleta iiksnes formaalse konstruktsioo-
nina, vaid seda kontrollitakse konkreetsete kosmoloogiliste ja musta augu
lahendite abil.
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Kosmoloogilises osas rakendatakse Cartani kroononi teooriat homogeen-
sele ja isotroopsele universumile. T66 kdigus leitakse uusi taustlahendeid,
mis soltuvad gravitatsiooniteooria kiraalse sektori valikust. Teatud piiris
taastuvad iildrelatiivsusteooriast tuttavad kosmoloogilised lahendid, kuid
teooria sisaldab ka gravitatsioonidiinaamikast tekkivat efektiivset kompo-
nenti. Sobivas sektoris voib see komponent kidituda tolmutaolise ainena ning
anda panuse, mis meenutab kiilma tumeaine rolli kosmiliste struktuuride
kujunemisel.

Taustlahendite uurimise korval arendatakse viitekirjas Cartani kroononi
gravitatsiooni kosmoloogiliste héirituste teooriat. Tensorhéirituste analiitis
voimaldab uurida gravitatsioonilainete levikut ja selle séltuvust teooria ki-
raalsetest parameetritest. Skalaarses sektoris késitletakse tihedushéirituste
arengut ning efektiivse komponendi moju struktuuritekkele. Analiiiisitud
spinita skalaarses sektoris ja véikestel skaaladel saadud tulemus néitab,
et efektiivsel komponendil v&ib olla kaduv helikiirus ning seetéttu kiillma
tumeainega sarnane klasterdumiskditumine. See ei toesta veel téielikku al-
ternatiivi tumeainele, kuid annab konkreetse aluse teooria edasiseks feno-
menoloogiliseks kontrollimiseks.

Musta augu lahendite osas uuritakse koigepealt sfadriliselt simmeetrilisi
konfiguratsioone. Tuletatakse lahendid eri stimmeetriasektorites ning késit-
letakse ka elektromagnetvélja sisaldavat juhtu. Need lahendid véimaldavad
kontrollida Cartani kroononi teooria seost iildrelatiivsusteooriast tuntud
staatiliste musta augu geomeetriatega. Lisaks uuritakse, millistel tingimus-
tel voib efektiivne gravitatsiooniline komponent musta augu konfiguratsioo-
nides esineda. Valitud statsionaarsete ansatsite piires ei leita iildises sek-
toris mittetriviaalse efektiivse komponendiga lahendit; see jitab avatuks
kiisimuse, kas selliste konfiguratsioonide kirjeldamiseks on vaja {ildisemaid
voi diinaamilisi lahendeid.

To66 iiks olulisemaid konkreetseid kontrolle on poorleva musta augu la-
hendi konstrueerimine. Eukleidilises formulatsioonis saadud aksiaalsiimmeet-
riline lahend seotakse dimensionaalselt kontrollitud kaardistuse abil Lo-
rentzi kirjeldusega ning asjakohases piiris taastub Kerri geomeetria Dorani
koordinaatides. Kuna Kerri lahend on astrofiiiisikaliste péorlevate mustade
aukude standardne kirjeldus, annab selle taastumine tugeva testi nii Car-

tani kroononi teooriale kui ka eukleidilise ja Lorentzi raamistiku vahelisele

84



vastavusele. Eukleidiline lahend katab seejuures teistsuguse reaalse koor-
dinaatpiirkonna kui Lorentzi Kerri siselahend. See tdhelepanek pakub uue
ldhtekoha musta augu sisegeomeetria uurimiseks, kuid regulaarse siselahen-
di voi singulaarsuse korvaldamise toestamine néuab edasist analiiiisi.
Kokkuvottes arendab vaitekiri Cartani kroononi gravitatsiooniteooria
sidusaks Spin(4)-pohiseks raamistikuks, milles aja suunda kisitletakse dii-
naamilise struktuurina. T66 néitab, et eukleidilise ja Lorentzi kirjelduse
vahelist vastavust saab rakendada konkreetsetele kosmoloogilistele ja musta
augu lahenditele ning et teoorial on uuritavas sektoris uued, fiiiisikaliselt
huvipakkuvad tagajérjed. Véitekiri loob seega aluse edasiseks uurimistooks
kahes gravitatsioonifiiiisika darmuslikus valdkonnas: varase universumi dii-

naamikas ja mustade aukude sisegeomeetrias.
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