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Rings, Modules
Preliminaries

Definition

A set R is called a ring, if it is equipped with two binary operations,
addition +: R x R — R and multiplicaton -: R x R — R, such that the
following properties hold:

Q@ Vr,s,teR: (r+s)+t=r+(s+1t),

Q@ I0eRYreR: O0+r=r+0=r,
@VireR3I—reR: r+(-r)=-r+r=0,

Q@ Vr,seR: r+s=s+r,

Q@ Vr,s,t € R: (rs)t = r(st),

Q Vr,s,teR: (r+s)t=rt+st & r(s+t)=rs+rt.
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Rings, Modules

Definition
A set M is called a right R-module, if it is equipped with a binary
operation +: M x M — M and a mapping -: M x R — M, such that the

following properties hold:
@ pair (M, +) is an Abelian group,
Q@ Vm,ne MVre R:  (m+ n)r =mr+ nr,
Q@ Vme MVr,se R: m(r+s)=mr+ ms,
Q Vme MVr,se€ R:  m(rs) = (mr)s. )
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Rings, Modules

Example (module):

Let S be a ring. Consider the direct power

S"={(s1,52,..-,5n) | S1,52,...,5, € S}. The set S" is a right module
over the ring Mat,, ,(S), where addition is defined componentwise and
mapping S” x Mat,, ,(S) — S" is defined as

qgi1 q12 ... (Qin

g1 g22 ... Q2n
(s1,%2,.--,5n) : : - : =

dn1 4qn2 ... dnn

n n n
= E Skal,ZSquza---szkan .
k=1 k=1 k=1
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Category theory

Definition
A category is something that consists of two kinds of things — objects and
morphisms. If A is a category then its objects form a class, which is
denoted as Ob(.A). Every ordered pair of objects (A, B) has a set
Mor(A, B) associated with it, which is called the set of morphisms from
object A to object B, such that:
Q if (A, B) # (A, B'), then Mor(A, B) N Mor(A', B') = &;
Q@ if f € Mor(A, B) and g € Mor(B, C), then exists their composition
gof € Mor(A, C);
@ if the compositions of morphisms (ho g)o f and ho (g o f) exist, then
they are equal;
© for every object A, there exists a morphism 14 € Mor(A, A), such that
fola=1fand 1p0g = g for every f € Mor(A, B) and every
g € Mor(C, A).
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Category theory

Definition

A morphism f € Mor(A, B) in category A is called a monomorphism, if
for every g, h € Mor(C, A) the following holds

fog=foh = g=h
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Category theory

A morphism f € Mor(A, B) in category A is called a monomorphism, if
for every g, h € Mor(C, A) the following holds

fog=foh —=— g=h

Definition

| \

A morphism f € Mor(A, B) in category A is called a epimorphism, if for
every g, h € Mor(B, C) the following holds

gof=hof = g=h

A\
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Category theory

Definition

A monomorphism f is called extremal, if f = g o e, where e is an
epimorphism implies that g is an isomorphism.
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Category theory

Definition

A monomorphism f is called extremal, if f = g o e, where e is an
epimorphism implies that g is an isomorphism.

Definition

A monomorphism f: A — B is called regular, if it (with the object A) is
an equalizer of some morphisms g, h: B — C.
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Description in Modg

Modg — category of all right R-modules

Theorem

Let R be a ring and f some morphism on the category Modgr. The
following assertions are equivalent:

@ f is a monomorphism;
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Description in Modg

Modg — category of all right R-modules

Theorem

Let R be a ring and f some morphism on the category Modgr. The
following assertions are equivalent:

@ f is a monomorphism;
@ f is an extremal monomorphism;

© f is a regular monomorphism;
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Description in Modg

Modg — category of all right R-modules

Theorem

Let R be a ring and f some morphism on the category Modgr. The
following assertions are equivalent:

@ f is a monomorphism;
@ f is an extremal monomorphism;
© f is a regular monomorphism;

Q f is injective.
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Description in UModg

Definition
A ring R is called idempotent, if R = RR, i.e.

Vre R3IkeN3In,r,...;rn,r, €ER: r=r-r+...+rr.

Kristo Viljako (UT) Monomorphisms in the Category of firm |



UModg
Description in UModg

Definition
A ring R is called idempotent, if R = RR, i.e.

Vre R3IkeN3In,r,...;rn,r, €ER: r=r-r+...+rr.

Example (idempotent ring 1):
Let X be a set. Denote Pyn(X) as the set of all finite subsets of X.
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UModg
Description in UModg

Definition
A ring R is called idempotent, if R = RR, i.e.

Vre R3IkeN3In,r,...;rn,r, €ER: r=r-r+...+rr.

Example (idempotent ring 1):

Let X be a set. Denote Pyn(X) as the set of all finite subsets of X.
(Psin(X); A,N) is an idempotent ring, which does not have an identity

element, because
VAEPﬁn(X): ANA=A

(A — symmetric difference)
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Example (idempotent ring 2):

Let Z,, be the ring integers modulo n. Consider the direct sum

R= Zn

00
k=1

i.e. R is the set of sequences of Z,, where almost all components are zeros.
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Example (idempotent ring 2):

Let Z,, be the ring integers modulo n. Consider the direct sum
oo
R =Pz
k=1

i.e. R is the set of sequences of Z,, where almost all components are zeros.
R is a ring where operations are defined componentwise. There is no
unit-element in R, but it is idempotent.

(0,3,2,0,...)=(0,3,0,0,...)+(0,0,2,0,...) =
=(0,1,0,0,...)+(0,1,0,0,...) +(0,1,0,0,...)+
+(0,0,1,0,...) +(0,0,1,0,...)
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Definition
A right R-module is called unitary, if MR = M, i.e.

Vme Mdmy,.... mge M3n,....,.nn € R: m=my-rn+...4+mg-r.
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Definition
A right R-module is called unitary, if MR = M, i.e.

Vme Mdmy,.... mge M3n,....,.nn € R: m=my-rn+...4+mg-r.

Example (unitary module):

Let R be a ring with an identity element.
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Definition
A right R-module is called unitary, if MR = M, i.e.

Vme Mdmy,.... mge M3n,....,.nn € R: m=my-rn+...4+mg-r.

Example (unitary module):

Let R be a ring with an identity element. A right R-module M is unitary if

and only if
VmeM: m-1=m.
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UModg — category of all right unitary R-modules

Let R be a ring. Then the morphism f: Mg — Ng in category UModg is
a monomorphism if and only, if

Kristo Viljako (UT) Monomorphisms in the Category of firm | - / 19



UModg — category of all right unitary R-modules

Let R be a ring. Then the morphism f: Mg — Ng in category UModg is
a monomorphism if and only, if

(Ker f)R = 0.
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FModg

A right R-module Mg, is called firm, if the mapping

k

b
pm: M@R— M, um th®rh :th‘rh
h—1 h=1

is bijective.
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FModg

Definition
A right R-module Mg, is called firm, if the mapping

k

b
pm: M@R— M, um <th®rh) :th‘rh
h—1

h=1

is bijective.

FModg — category of all right firm R-modules
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Let R be a ring and Mg € UModg. Then the canonical homomorphism
uy: M® R — M is a monomorphism in UModg.
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Let R be a ring and Mg € UModg. Then the canonical homomorphism
uy: M® R — M is a monomorphism in UModg.

If Mg in unitary, but not firm, then up; is a monomorphism, but is not
injective.
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Let R be a ring and Mg € UModg. Then the canonical homomorphism
uy: M® R — M is a monomorphism in UModg.

If Mg in unitary, but not firm, then up; is a monomorphism, but is not
injective.

Also, for such a module, 1y is surjective, therefore an epimorphism and a
bimorphism.
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Description in FModg

Let R be an idempotent ring and f: Mg — Ngr a morphism in the
category FModg, then the following assertions are equivalent:
@ f is a monomorphism;
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Description in FModg

Theorem

Let R be an idempotent ring and f: Mg — Ngr a morphism in the
category FModg, then the following assertions are equivalent:

© f is a monomorphism;
@ f is an extremal monomorphism;

© f is a regular monomorphism;
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Description in FModg

Let R be an idempotent ring and f: Mg — Ngr a morphism in the
category FModg, then the following assertions are equivalent:

© f is a monomorphism;

@ f is an extremal monomorphism;
© f is a regular monomorphism;

Q (Kerf)R=0;
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Description in FModg

Let R be an idempotent ring and f: Mg — Ngr a morphism in the
category FModg, then the following assertions are equivalent:

© f is a monomorphism;

@ f is an extremal monomorphism;
© f is a regular monomorphism;

Q (Kerf)R=0;

Q f =puyno(a®1lR)o g for some unitary module Ar, an injective
homomorphism a: Ar — Ng and an isomorphism g: Mg — AQ R;
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Description in FModg

Let R be an idempotent ring and f: Mg — Ngr a morphism in the
category FModg, then the following assertions are equivalent:

f is a monomorphism;

f is an extremal monomorphism;

f is a regular monomorphism;

(Kerf)R=0;

f=puno(a® 1lg)og for some unitary module Ag, an injective
homomorphism a: Ar — Ng and an isomorphism g: Mg — AQ R;

000O0CO

©

f =ho(a®1R)og for unitary R-modules Ag and Bg, an injective
homomorphism a: Ar — Bgr and isomorphisms g: Mr — A® R and
h: B® R — Ng.

Kristo Viljako (UT) Monomorphisms in the Category of firm |



Lattices

Lattice of subobjects

Let Mg be a firm module over a idempotent ring R.
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Lattices

Lattice of subobjects

Let Mg be a firm module over a idempotent ring R. Denote U(M) as the
set of all unitary submodules of module Mg.
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Lattices
Lattice of subobjects

Let Mg be a firm module over a idempotent ring R. Denote U(M) as the
set of all unitary submodules of module Mg.

Set U(M) is a complete modular lattice, where supremum and infimum are
defined as

BvC=B+C,
BANC=(BNCO)R,

where B, C € U(M).
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Let A be a category.
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Let A be a category. Define an equivalence relation of monomorphisms as

f~g <= dheclso: f=goh.
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Let A be a category. Define an equivalence relation of monomorphisms as

f~g <= dheclso: f=goh.

Denote f := [f]~
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Let A be a category. Define an equivalence relation of monomorphisms as

f~g <= dheclso: f=goh.

Denote f := [f]~ and Suby(A) := {f | f: B — A}.
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Let A be a category. Define an equivalence relation of monomorphisms as

f~g <= dheclso: f=goh.

Denote f := [f]~ and Suby(A) := {f | f: B — A}.
Class Sub 4(A) has a partial order defined as

f<g <= 3JdheMor: f=goh.
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Let A be a category. Define an equivalence relation of monomorphisms as

f~g <= dheclso: f=goh.

Denote f := [f]~ and Suby(A) := {f | f: B — A}.
Class Sub 4(A) has a partial order defined as

f<g <= 3JdheMor: f=goh.
For Mg € FModg denote

S(M) = Subryody(M).
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Let Mg be a firm right module over a firm ring R. Then S(M) is a poset
and a modular lattice, which is isomorphic to U(M).
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Let Mg be a firm right module over a firm ring R. Then S(M) is a poset
and a modular lattice, which is isomorphic to U(M).

This isomorfism is of the form
& U(M)%S(M), \U(NR) = MMO(LN®1R)>
where v N — M is the inclusion.

LN®1R_M®R 115Y; .1l

N®R
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Thank you for listening!
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