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Chapter 1

Introduction

Firstly, it would be a pity not to retell the evergreen folkloristic story
behind the approximation problem. Having done that, we continue
with a self-contained summary of the thesis. In the end of this chapter,
we shall fix some notation and give references to sources that contain
well-known general concepts and results in functional analysis.

1.1 Historical roots of the field

In the 1930s, the mathematical life of Lwow (then in Poland, now JIbBiB, in the
Ukraine) was intense. Notable members of the Lwéw School of Mathemat-
ics included Stefan Banach, Wiadystaw Orlicz, Stanistaw Saks, Hugo Steinhaus
Stanistaw Mazur, Stanistaw Ulam, Juliusz Schauder, Herman Auerbach, and
others.

According to Ulam’s memories, it must have been Banach who had suggested
keeping track of some of the problems occupying the group of mathemati-
cians there. Apart from the more official meetings, there were frequent infor-
mal discussions held in coffee houses “Roma” or “The Scottish Coffee House”
located near the University building. The problems were written down in a
large notebook which was deposited with the headwaiter of “The Scottish Cof-
fee House”. Later, after the war, the problems from the notebook were pub-
lished as the “Scottish Book” [Scottish].

In the “Scottish Book”, the Problem 153 is the following.

Given is a continuous function f(x,y) defined for 0 < x,y <1
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and a number ¢ > 0; do there exist numbers ay,...,a,, bi,..., by,
c1,...,Ccp with the property that

n

f,y) - Z crflar, V) f(x,br)|<e
k=1

in the interval 0 < x, y < 1?

This problem had been proposed by Mazur in November 6, 1936, and the
prize for solving it was exceptional: a live goose. (Other problems had smaller
prizes, such as free dinner or bottle of whiskey, etc.)

Grothendieck proved in his famous Memoir [Gro, “Proposition” 37] that Prob-
lem 153 is equivalent to the approximation problem: do all Banach spaces
have the approximation property? In other words, is it true for every Banach
space X that, given any compact set K < X and a number € > 0, one can find

a bounded linear finite-rank operator T on X such that sup || Tx — x|l < €?
xeK

In fact, the “Scottish Book” was not the first source where the approximation
problem had been touched. Banach’s book “Théorie des opérations linéaires”
from 1932 [B] that created functional analysis as an independent discipline of
mathematics, contains at least two hints on the approximation problem.

On page 237, Banach considers a result originating from Mazur’s remark: let
(U,) be a sequence of compact linear operators on a Banach space E such
that U,x — x for every x € E, then the relative compactness of a subset G < E
is equivalent to the fact that the convergence U,, — I is uniform on G. Here
Banach essentially considers the bounded compact approximation property.

On page 111, Banach emphasized: On ne sait pas si tout espace du type (B)
séparable admet une basell. This question, the basis problem, is related to the
approximation problem in the way that every space with a basis also has the
approximation property. Hence, the negative solution for the approximation
problem implies the negative solution for the basis problem.

Both problems were in the focus of analysts for a long time, until the negative
solution was given by Per Enflo in 1972 [E]. The live goose was then indeed
given to Enflo by Mazur (see, e.g., [Kaluza], for a photo of this remarkable
event in 1972).

Nowadays the field of approximation properties attracts many researchers,
since it contains a number of problems that have not been solved for a long
time. For instance, two of such famous open problems are: is the bounded

1t is not known whether every separable Banach space has a Schauder basis.
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approximation property always commuting (for separable spaces) and is the
approximation property of a dual space always metric?

1.2 Summary of the thesis

The main aim of the thesis has been to investigate the commuting bounded
approximation property (and also its compact version). On the one hand,
the property is in general weaker than the commuting metric approxima-
tion property or the finite-dimensional decomposition property. On the other
hand, it is stronger than the bounded approximation property. (At least for-
mally) in between the bounded approximation property and the commuting
bounded approximation property there is a new concept defined in the thesis:
the asymptotically commuting bounded approximation property.

The thesis has been organized as follows.

Chapter [Ml contains a short historic overview of the approximation problem,
a summary of the thesis and some technical remarks on the notation used in
the thesis.

In Chapter Pl we make the reader familiar with several versions of approx-
imation properties, including the approximation property and its compact
version, the bounded (compact) approximation property (including the 1-
bounded, in other words, the metric (compact) approximation property), and
the commuting bounded (compact) approximation property. We present con-
cepts and results that are needed in the following chapters or that might be
required to obtain a holistic background on the subject.

In Chapter[§ we prove that the metric compact approximation of the identity
of the space Xy due to Willis [W] is commuting. This shows that the space
Xw has the commuting metric compact approximation property. Since Xy
fails the approximation property as shown in [W], we establish now that the
commuting bounded compact approximation property and the approxima-
tion property are different properties.

Chapter Bl relies heavily on [O4] and [GS]. In 1988, Godefroy and Saphar [GS]
demonstrated how the geometric structure (being M-embedded) of a sepa-
rable Banach space permits to lift the commuting bounded approximation
property to its dual space. We extend their result in a number of ways, omit-
ting the assumption on separability as well as making use of a more gen-
eral structural framework that we call the M(a, B, ¢)-inequality. Note that M-
embedded Banach spaces are precisely those that satisfy the M(1,{—1},1)-
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inequality. Among others, we prove that if a Banach space satisfies the
M(a, B, c¢)-inequality and has a A-bounded (compact) approximation property
(where A must not exceed max|B| + ¢), then both the space and its dual space
enjoy the metric (compact) approximation property.

The concept of the M(a, B, ¢)-inequality can be found implicitely in [O4], it
was considered there while investigating intensively property M*(a, B, ¢), an-
other general structural property that enables simultaneously describe a large
class of ideals of Banach spaces.

Chapter Bl focuses on an aspect of the space Xjs, a space whose description
was published in [JO] but created already in 1996 by Johnson and Schecht-
man. The space is remarkable for the fact that it fails the metric approxima-
tion property but has the bounded approximation property. In 2001, Godefroy
IG] proved that X;s has the commuting 8-bounded approximation property.
Godefroy also wrote that no effort had been made to tighten the constant 8.
In Chapter Blwe show that X;s has the commuting 6-bounded approximation
property. It is still open whether the constant 6 is sharp.

Chapter B coins a new term: the asymptotically commuting bounded ap-
proximation property. For separable spaces it coincides with the commuting
bounded approximation property. In the general setting we prove that if a Ba-
nach space has the asymptotically commuting bounded approximation prop-
erty, then it has a strong form of the separable local complementation prop-
erty. We note that in view of this result it is not clear whether the commut-
ing bounded approximation property implies the separable complementation
property (a fact that has been claimed to be true in [C2, Theorem 9.3]).

Chapters Bl and @ are based on [OZ1], Chapter Blis based on [Z], and Chapter
on [OZ2].

1.3 Notation

Our notation is standard.

In a Banach (or normed linear) space X (over K =R or C), we denote the unit
sphere by Sx and the closed unit ball by Bx. For a set A c X, its norm closure
is denoted by A, its linear span by span A, its convex hull by conv A, and its
absolutely convex hull by absconv A. The norm closures of the three latter sets
are denoted by span A, conv A, and absconv A4, respectively. For closures with
respect to other topologies, we mark the topology or specific space separately,
such as conv? A, etc.
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For Banach spaces X and Y, we denote the Banach space of bounded linear
operators from X to Y by Z(X,Y) and its closed subspace of compact linear
operators by £ (X, Y). The normed space of finite-rank linear operators from
X to Y will be denoted by & (X, Y). If X =Y, we shall write Z(X), £ (X), or
Z (X), respectively. For an operator T: X — Y, we denoteranT = {Tx : x € X},
the range of T, and ker T = {x € X : Tx =0}, the kernel of T. The restriction of
T on a subset A will be denoted by T|4. The identity operator on X will be
denoted by Iy, thatis, Ixx = x for every x € X.

We are going to use the canonical embedding jx : X — X™*, being defined by
Gx0x)=x"(x), x €X', xeX,
and the canonical projection 7x : X*** — X*** onto ran jx-, being defined by
nx = jx-(jx)".

Usually, we shall not write out jx and regard a Banach space X as a subspace
of its bidual X™*.

Recall that the Banach-Mazur distance between isomorphic Banach spaces X
and Y is defined as

dpm(X,Y) =inf{||_Z| ||<f_1 || : # is an isomorphism from X onto Y},

and if X and Y are not isomorphic, then dp(X,Y) = co.

Well-known basic notions and theorems of the theory of Banach spaces
and topological vector spaces (such as the Hausdorff theorem, the Auerbach
lemma, the Minkowski functional, the Hahn-Banach theorem, the Alaoglu
theorem, the Goldstine theorem, etc.) are used without referring to their
wording. If required, the adequate background information can be found, for
instance, in [Day], [D], [FHHMPZ], [C1Zz1], and [SWI.






Chapter 2

Approximation properties in general

In this chapter we introduce the terms needed in the following chap-
ters, namely we define several versions of approximation properties,
including the finite-dimensional decomposition, Schauder basis and
others, at the same time giving insight to some obvious or well-known
results on these concepts. To acquire more background information on
these properties, we refer the reader to an excellent survey by Casazza
[C2] which describes the state of the field as it was ten years ago.

2.1 The (compact) approximation property and its
bounded version

Let X be a Banach space.
Definition 2.1. If the following condition holds:

for every compact set K c X and every € > 0 there exists an
operator T € £ (X) such that | Tx - x|l <&,

then X is said to have the compact approximation property (CAP). If we can al-
ways choose T from & (X), then X is said to have the approximation property
(AP).

As it was mentioned in Chapter [}, the problem whether every Banach space

has the AP, is fairly old. The ground-breaking negative solution by Enflo was
the following. (For the concept of Schauder basis, see Definition 2Z.Z8])

15
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Theorem 2.2 ([E|, Theorem 1]). There exists a separable reflexive Banach space
B with a sequence (My,) of finite-dimensional subspaces, dim M;, — oo when
n — oo, and a constant C such that for every T of finite rank

CITI

” Tan - IMn ” =1- logdlmMn :

In particular, B does not have the AP and B does not have a Schauder basis.

For the case of the CAP, the first example was the very same space B in The-
orem In [JSZ], it has been pointed out that Figiel had noted: the crite-
rion used by Enflo |E] to guarantee that a separable space fails the AP, actually
guarantees that it fails the CAP. Among other examples, it was proven by Figiel
[E] and Davie [Davie] that #,, where p € (2,00), contains a closed subspace
failing the AP (due to Figiel’s note, also failing the CAP), and by Szankowski
[Sz1] (see [CIZzII, Theorem 1.g.4, p. 107]) that ¢,, where p € [1,2), contains a
closed subspace failing the CAP.

For a space having the CAP and failing the AP, we refer to [W] and Chapter 3
(Hence the CAP and the AP are different properties.)

However, most of the classical spaces, such as cy, Cla,b], ¢, Ly(a,b), where
1 < p < oo, satisfy the basis property (see Definition ZZZ8); in fact, they en-
joy all the approximation properties described throughout this chapter. Most
examples failing different approximation properties are highly artificial; per-
haps the easiest example “to write down” failing the AP is £ (¢>), again due to
Szankowski [Sz2].

Definition 2.3. If there exists a real number A such that the following condi-
tion holds:

for every compact set K ¢ X and every € > 0 there exists an
operator T € £ (X) such that |[T| <Aand [ Tx—-x| <€

then X is said to have the A-bounded compact approximation property (A-
bounded CAP). If we can always choose T from & (X), then X is said to have
the A-bounded approximation property (A-bounded AP). (See also Remark
Z4)

Remark 2.4. In all definitions of approximations, if the value of A is not im-
portant, we omit the string “A-".

Remark 2.5. The least possible value of A is 1: indeed, if | T|| < A < 1, then for
any x € Sy we have

ITx—xlzlxll-ITxl=z1-sup ITxll=1-T=1-A,

XeBx
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the lower bound being a positive constant, thus disabling the possibility to
have Tx — x as small as wanted for suitable 7.

The 1-bounded (C)AP is called the metric (C)AP, or the metric (compact) ap-
proximation property, for long.

For a Banach space failing the metric AP, but having the bounded AP, we refer
to Chapter b for references and a result. For very recent examples of Banach
spaces failing the bounded AP, but still having the AP, we refer to the paper by
Figiel, Johnson, and Petczynski [E]P, Corollary 1.13].

The (C)AP and the bounded (C)AP are inherited to complemented subspaces,
i.e. to such closed subspaces Y of a Banach space X for which there exists a
projection P € Z(X) onto Y.

Proposition 2.6. Let Y be a complemented subspace of a Banach space X. Let
X have the (C)AP or the bounded (C)AP Then Y also has it.

Proof. A projection onto Y is identity on Y, since for every y € Y thereis x € X
such that Px = y, hence
Py=PPx=Px=y.

Now fix an € > 0 and a compact set K in Y, then K is compact in X and we
finda T € #(X) (resp., T € £ (X)) such that || Ty—y|| <¢, ye K. Then

|PTy-Py|<IPIl|Ty-y|<IPle VyeKk.

Hence PTl|y € &(Y) (resp., PT|y € £ (Y)) is the required operator to show
that Y has the (C)AP. For the bounded version, if A is a uniform bound on the
norms of T, then || P|| A is a uniform bound on the norms of PT|y. O

The conditions in Definitions ZXTland Z3] can be written down in the language
of convergence to the identity operator uniformly on compact subsets. Recall
that a net (x,) is a function (x,) : @« — x, from a directed set of indices «a.

Proposition 2.7. A Banach space X has the (C)AP if and only if there exists a
net (Tq) € F(X) (resp., (Ty) < & (X)) converging to the identity operator uni-
formly on compact subsets, i.e. for any compact set K c X and a number € > 0
there exists an index ag such that

a = ag = | Tax—xll<e VxeK.

For the case of the A-bounded (C)APR, the equivalent condition is the same but
together with the restriction sup || T |l < A.
a
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Proof. Firstly, if such a net exists, then for any compact set K < X and a num-
ber € > 0 we take T, that meets the needs of Definitions EZT] or yielding
that X has the (A-bounded) (C)AP.

Let now X have the (C)AP. We order the pairs (K, ¢) (where K is compact and
€ > 0) to obtain a directed set as follows:

(Ky,€1) < (Kp,€2) = KicKs A €; =e6s.

For every such pair a = (K, &) we obtain an operator T, for which [ T[]l < A
and || Tox — x|l < € for every x € K.

Now, let us have a compact set K < X and a number ¢ > 0. We denote ag =
(K, €). Having (K1, €1) =: a = ay, there holds

Tox—xll<e1 <€

for all elements x € K3, hence for all x € K c K;. Therefore there exists a net
(T) such that T, — Ix uniformly on compact subsets.

For the bounded version, we see that all the elements from the net shall not
exceed A by norm. O

It is quite straightforward to verify that the A-bounded (C)AP can be defined
using a strongly (i.e. pointwise) converging net of operators.

Proposition 2.8. A Banach space X has the A-bounded (C)AP if and only if
there exists a net (Tp) < F(X) (resp., (Ty) € & (X)) such that | Tyl < A and
Tqx — x for every x € X.

Proof. Let X have the A-bounded (C)AP. By Proposition 277, we have a net
(Ty) € F(X) (resp., (Ty) < A (X)) such that T, — Ix uniformly on compact
subsets. Since {x} is a compact subset, T x — x for every x € X.

Now let there exist a net (T,) of finite-rank (resp., compact) operators on X
such that || Ty |l < A and T, x — x for every x € X. Fix a compact set K and a real
number € > 0. By the Hausdorff theorem, one can find elements xi,...,x, € K
such that for every x € K, there exists an index j = 1,..., n for which ||x - x;| <

€
Yh Since Ty x — x for every x, one can find an index a, such that

€ .
||Taoxj—xj||<§ Vji=1,...,n.

£

Let be given an x € K. We find an x; € {x1,..., X,} such that ||x—xj|| < Th

Therefore

| Tagx =l < [ Taxg [ 120 = |+ | Ty = x| + |2 = x5 <
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as required. O

Remark 2.9. Unlikely to the bounded (C)AP, one cannot define the (C)AP by a
net converging strongly to the identity. Namely, every Banach space has such
a net.

To see this, we order all finite sets of a Banach space X by the ordering
F1 < F2 < F1 C Fz.

Now & :={F : F is finite, F c X} is a directed set.

For every finite set F := {xy,..., x,} € X, the Auerbach lemma gives a projection
Pr onto spanF such that ||P|| < dimspanF < n. In particular, for every k =
1,...,n we have Prx; = x;. Now (Pr) converges strongly to Ix. Indeed, let us
be given an x € X, then for every F = {x} we even have Prx = x, hence by way
Prx — x.

Definition 2.10. A net (T,) c £ (X) is called a compact approximation of the

identity (CAI) provided T,x — x for any x € X. In particular, if (T,) c F(X),

then (T,) is called an approximation of the identity (Al). If there is a A such

that for a (C)AI (T,) there holds sup || T |l < A, then (T}) is called a A-bounded
a

(compact) approximation of the identity (A-bounded (C)AI). (See also Remark
24)

A 1-bounded (C)Al is called a metric (C)Al or a metric (compact) approxima-
tion of the identity, for long. Bearing in mind Remark any A-bounded
(C)AI must have A = 1.

Recall that if (x4) and (yp) are nets with directed sets A and B of their indices,
then (yp) is called a subnet of (x,) if there exists a function h: B — A satisfying
the conditions

(1) Y= Xnp) for all ﬁ € B,

(ii) B1 < B2 implies h(B1) < h(B>) for all By, B2 € B,
(iii) for every a € A there exists a f € B such that h(f) = a.

It is obvious that every subnet of a (C)AI (or a A-bounded (C)AI) is also a (C)AI
(resp., a A-bounded (C)AI).

The next proposition shows that an Al must contain operators of arbitrarily
large rank.

Proposition 2.11. Let X be an infinite-dimensional Banach space and (Ty) be
an Al of X. Then for any m € N there exists an index a such that « = ay implies
dim T, = m.
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Proof. Consider a subspace E of X such that dimE = m. As Bg is a compact
set, we use Proposition Z77to find an aq such that

1
azay = |Telg—Igll=sup||Tegx—xl<—.
X€BE m

We claim that such operators T, work.

Let P € Z(X,E) be a projection onto E for which || P|| < m (due to the Auer-
bach lemma). Then P is the identity on E. Now PT,|r € Z(E) is a bijection
on E. Indeed,

|PTalg—1Igll = sup||[PTagx—x|l=sup |[[PTax—Px| <
X€BE X€BEg
< |[Pllsup [Tex—xl <1,
X€Bg

which shows that PT,|g is invertible.

We conclude that

dimran T, = dimran T, |g = dimran PT,|g = dim E = m. O

For the following condition equivalent to the bounded AP we slightly perturb
the operators of the bounded Al in order to obtain that they coincide with the
identity on suitable finite-dimensional subspaces.

Proposition 2.12 ([C2, Theorem 3.3]). A Banach space X has the bounded AP
if and only if there exists a ' = 1 so that for every finite-dimensional subspace
E c X there is an operator T € & (X) such that |T|| < A’ and T\g = Ig.

We may compare this condition with the Auerbach lemma where for every
finite-dimensional subspace E c X one also obtains an operator T € & (X)
satisfying T|g = Ig. That operator is a projection onto E, but the bound is not
uniform: || T|| < dimE. The bound dim E can be made better: a result from
1971 by Kadets and Snobar [K(C] establishes vdim E. Uniform bound, how-
ever, could never be possible, since this would mean that all Banach spaces
would have the bounded AP.

The proof of Proposition Z T2 relies heavily on the following result.
Proposition 2.13 ([JRZ, Lemma 2.4]). Let X be a Banach space, let F be an n-
dimensional subspace of X and let T : X — F be onto. Let k < n and let E be

ek
a k-dimensional subspace of X such that ||T|g— Igll < € < 1, where 1¢ < 1.
—€
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ekl Tl

1-—
andranS* =ran T*. Moreover, if T is a projection, then S can be chosen to be a

projection.

Then there is a rank n operator S on X such that S| = Ig, |S-TIl <

)

We point out that the condition k < n is not really a restriction, in view of the
proof of Proposition ZZT1l Indeed, there it has been shown that if || T'|g — Ig| <
€ for a number € small enough, then the condition dim E < dimran T follows
automatically.

Proof of Proposition2Z12 Let X have the A-bounded AP Fix a finite-

dimensional subspace E, find an operator T € & (X) such that | T|g— Igll <
edimE

edimE < 1 (Proposition EZ7) where € is so small that also < 1. Now

-
have ran T in the role of F in Proposition[ZI3 and obtain an operator S € & (X)
such that S|g = Ir and

k|| T
1Sl < 1S— )+ 17y < T

+|T| < ﬂwlsle.
1-¢
On the other hand, if there is a uniform bound A’ such that any finite-
dimensional subspace can have a A'-bounded Tg € % (X) such that Tgx = x
for all x € E, then X has clearly the A’-bounded AP. Indeed, order all the finite-
dimensional subspaces by inclusion (denote the order by <), this will give an
ordering on the obtained operators Tr. Being given an element x € X, we see
that
E’=span{x} = Tpx=x

meaning by far that Tpx — x. O

Making ¢ > 0 in the proof of Proposition T2 arbitrarily small, we can have the

€ ek
first addend —— as small as desired, since lim —— =0.
l1-¢ e—0+1—¢

Remark 2.14. If X is a separable Banach space, then we can use a se-
quence in the net definition (PropositionZ8) of the A-bounded (C)AP. Indeed,
let us have X = {x;,x2,...} and find subsequently the A-bounded operators
Ty, Ty,...€c F(X) (resp., £ (X)) such that

1 Thx1 —x1ll <1,

1 1
Tox;1—x1ll < =, Tox, — x|l < =,
[ Tox1 — X1l 2 | T2x2 — X2l 2

1
| Thxe—xll<— k=1,...,n,
n
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€
then for any € > 0 we can at first approximate ||x — x|l < 31 for some k and
after that find an N (with N = k) for which

€
n=N = ||Tnxk—xk||<§.

Putting these two estimations together gives us || T,,x — x|| — 0.

On the other hand, if X has a (C)AI (T},) (i.e., a (C)AI that is a sequence), then

o0
X=JranT,

n=1

which means that X is separable.

What is more, a (C)AI (T},) (i.e., a (C)Al that is a sequence) is always bounded,
due to the Banach-Steinhaus theorem.

For separable Banach spaces we can use Proposition ZI2] to have even more.

Proposition 2.15 ([C2, Corollary 3.4]). A separable Banach space X has the A-
bounded AP if and only if there is a sequence (S,) € % (X) such that

(i) Spx—x foranyxeX,
(i) S;uSn =Sy forallm> n,

(iii) limsup|S,ll < A.
n

Proof. Let a separable Banach space X have the A-bounded AP. We have X =

o0
U Ey where {0} # E; < E» c ... is a chain of finite-dimensional subspaces of
k=1
X.

Let us have a A-bounded Al (T},) (see RemarkZ.T4). For the base of induction,
find S; by use of E, €1, a Ty, and Proposition ZT3 Then S is the identity on
E; whereas

&1 d1mE1 ” Tn1 ”

151 —Thll < .
1—81

The step of induction can be performed as follows. We denote

k
E;c+1 = span (Ek+1 u Ulransj) ,
]:
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dimE!
., EkndimE
take an €447 so small that max £k+1d1mEk+1,1— <1, and find a
—€k+1
Ty,., such that
‘ T lg,, = 1e | || < €kt

Inputting these ingredients into Proposition[ZI3lgives an Si; that is the iden-
tity on E,’C+1 (hence also on Ej.1). Therefore Si.1S, =S, forall n < k+1 due
toranS;cE;,,, j=1,...,k, and

. '
Ek+1 dlmEk+1 | T

|| Sk+1 nk+l || < 1-— Ekr1

Demanding also €; — 0, the “only if” part is done.

Assume now that there exists a sequence (S,) < & (X) such that S,x — x for
any x€ X, S,,S, = S, for all m > n, and limsup||S,|l < A. Switching to a subnet

n
(Sn,), we have Ag := li]rcn || Sny || < A. Now denote

L
ISl

Then (T}) is a A-bounded Al Indeed,

Ty = Sy keN.

I Tex - xll =

1| ISl + 5= 5] = 0

Ao
—S,. X
H ISl

and || Till = H ”

= Ao for all k, giving sup || T¢|l < A. O
N ” k
Remark 2.16. The “only if” part of the proof of Proposition 215 shows the fol-
lowing. For a separable Banach space the A-bounded Al (T,) implies the exis-
tence of an Al (Sg) such that S,,S,, = S, for all indices m > n, limsup|| Skl <A

k
and for some subsequence of natural number (74) there holds || Sk— Ty, || — 0.

In the present days, investigations include the extensions of the classical no-
tions of approximation properties.

One way is to consider more general or different types of compactness for the
sets K in Definition 1} e.g. [OT] on approximation using weakly compact
sets, and [SK1], [SK2], [DOPS] on approximation using p-compact sets.

One can also consider different restrictions on the approximating operators.
Following [LO2], X has the weak A-bounded AP if for an arbitrary Banach
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space Y and an operator S € #'(X,Y) (weakly compact operators, i.e., those
that map bounded sets to relatively weakly compact sets) there exists a net
(Ty) € F(X) such that T, — Ix uniformly on compact subsets of X whereas
limsup||ST, |l < A||S|l. The weak bounded AP has been intensively studied by

a
Oja, A. Lima, and V. Lima (see, e.g., [LO2], [V.1], [O8]).

The strong AP of X (meaning that for an arbitrary separable reflexive Ba-
nach space Z and an operator S € £ (X, Z) there exists a bounded net (T,) c
Z (X, Z) such that Ty x — Sx for all x € X) has been studied by Oja in [O7]. This
property is (at least formally) weaker than the weak bounded AP, but strictly
stronger than the AP.

Another way is to consider different classes of operators instead of £ (X) or
Z (X) in Definition ZJ1 For references in this direction we suggest to look at
[LMOQ].

2.2 The commuting bounded approximation property

Let X be a Banach space.

Definition 2.17. A (C)AI (Ty) is called commuting it ToTg = TgT, for all
and B. A commuting (C)AI (T,) is called a A-commuting bounded (C)AI if
limsup || Tl < A. A 1-commuting bounded (C)Al is called a commuting metric
(C)AL (See also Remark [Z41)

It is obvious that every subnet of a commuting (C)AI (or a A-commuting
bounded (C)AI) is also a commuting (C)AI (resp., a A-commuting bounded
(C)AD).

The concept of A-commuting bounded (C)AI enables to isolate another ap-
proximation property.

Definition 2.18. If there is a A-commuting bounded (C)AI (respectively, a
commuting metric (C)Al), then X is said to have the A-commuting bounded
(C)AP (respectively, the commuting metric (C)AP). (See also Remark [Z41)

This type of concept of the commuting bounded approximation property is
due to Casazza [C2].

It is interesting to make a historical note here: in [J] one finds a similar con-
cept (for separable spaces) due to Rosenthal, where the commutativity as-
sumption is stronger: Ty, T;; = Tminim,n Whenever m # n. In [J] it is written that
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Rosenthal had observed that, for separable spaces, his concept is equivalent to
the (our) A-commuting bounded approximation property, i.e., that Rosenthal
had already proven (twenty years before) the important equivalence
of Corollary 2Z2ZT] due to Casazza and Kalton [CK].

The AP and the commuting bounded CAP are different properties, as can be
seen from Chapter[3l It is an open question whether the bounded AP implies
the commuting bounded AP.

Though the condition lim sup [ Toll < A is seemingly weaker than sup | Tl <

A, the A-commuting bounded (C)AP implies trivially the A- bounded (C)AP as
can be seen from the following proposition.

Proposition 2.19. A Banach space X has the A-commuting bounded (C)AP if
and only if X has a commuting (C)AI (T,) together with one of the following
conditions:
(i) limsup||Toll < A; (i) lirr}zinfll Tall< A;
a
(iii) ligcnll Toll < A; (iv) sup|lTall < A;
a

Proof. 1t is clear that implies [[{)] and The other direction can be ob-
tained by switching to a subnet.

It is also clear that[Gv) implies[(d) since limsup || T || < sup || T .
a a
The argument why implies is similar to the proof of the “if” part

of Proposition Let (Ty) be such a commuting (C)AI for which Ay :=
liérxn | Tyl < A. Now denote

Ta
Sa=Ap——.
N Tl
Then S, is a commuting (C)AL: indeed,
2 /"/2
S(Xl Saz = —0 a1 Tag —0 Tag T(Xl = Sag Sa1 ’
|Ta1 Il 7 | || ar || [ Teee |
[Sex—xll = u Tox— 'II Tallllxll + 1 Tgx — x|l — 0.

| Tl ||

What is more,
Sl = Ao Va,

hence sup [|Sq 1l < A. O
a
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We are going to need all the arguments of the proof of the next result in a
slightly different context in Chapter 6l while proving Theorem 69 (see pp. [[4-
B4).

Theorem 2.20 ([CK, Proposition 2.1]). Let X be a separable Banach space
with an Al (T,) such that T,T,, = Ty, if n > m, and limsup|T,| < A. If
n

Y W TpTns1 — Tns1 Tull < 0o, then X has an Al (Sy,) satisfying SpSm = Smin(n,m)

n
for all n # m, and limsup [|S, | < A.
n

For the sake of completeness, we shall prove the next result originating from
[CKi], which relies on Theorem 220, in detail.

Corollary 2.21 ([CK| Propositions 2.2 and 2.3]). For a separable Banach space
X, the following statements are equivalent:

(i) X has the A-commuting bounded AP

(ii) There is an Al (T,) on X with T,Ty = Tminm,m) for all n # m, and
limsup|| Tl < A.
n

(iii) There is an Al (T,) on X with lillqnll TwTm—TimTyll =0 for all m, and
limsup|| Tl < A.
n
(iv) Thereis an Al (T,) on X with lr}lnnl | Ty T — T Tyl = 0, and limsup || T, || <
) n
A.

Proof. The condition [l obviously implies all the other conditions. Also,
easily implies by using Theorem

Let us show that[{ii)] or is sufficient to fulfill the assumptions of Theorem

In both cases, we shall first find an Al (Si) such that S;,,S,, =S, if m > n, and
for a subsequence (Ty,) of (Tx) we have klim | Sk = T, || = 0 (see Remark EZT6).
—00

Assume that the original Al (T},) on X satisfies li,rqn \TpTy — T Tyl =0 for
all m, and limsup || T,|l < A. We find an Al (S,) such that S,,S, =S, if m > n,
n

and for a subsequence (Ty,) of (T,;) we have lim | Sr = Tk, || = 0. This implies
that the limes superior of the right hand side of the inequality

1Sl < [[Sn = Tk, || + || T, |

is not greater than A, giving limsup || S, |l < A.
n
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Let us denote by A’ a number strictly greater than A. If needed, we omit a

finite number of members from the beginning, so obtaining

sup S, <A, supI Tl <A
n n

We also have lill1nlimsup 1SS, —S,Smll = 0. Indeed, fix an index m and a
m

number g, assuming 0 < € < 1. Clearly

”Smsn - S”Sm” < ” Smsn - Tkm Tkn ” + ” Tkm Tkn - Tkn Tkm ” + ” Tkn Tkm - Snsm ” :

Let N be an index for which

€
[0 Te | < 5,

n=N > {
| Tk, Th, = T, Th | < €

Hence for the case n = N we have

1SmSn =T, Te| < 1Smll[|Sn =T | + || T || | S0 = Ti | <
e+ A" Sm =T, |,

&

I T, 1 T = S| + 1Sl | Tao, = Sl <

e+ A ||Sm— Tk, |

| Tt Thow = T, T |
| Tk, T, = SnSm|

AN INANANN

or altogether
1SmSn = SuSmll <24 [[Sm = Ti,, || + .

Thus for all indices m we have

limsup 1SSy = SnSmll <21 ||Sp — Tk, || -

n—oo

Therefore
lim limsupl|S;S;n —SnSmll=0.

M= p-oo

Next, we choose a subsequence of (S;) inductively such

1
151, S1,001 = St,01 S, || < o+ For this task let /1 be an index such that

. 1
limsup || Sy, Sn— SnSy || < =
n 2
Pass to a subsequence (call it again (S;,)) so that

. 1
11’r1n 81,80 = SnSu || < >

that
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Let I, > [; be such that
1 ) 1
[S1,S1, = S, Sy || < 5 limsup S5, Sn = SnSs || < "
n
Pass to a subsequence (call it again (S;,)) so that

_ 1
lim |81, 8 = Sn S, | < "

In general, having chosen [, let [,,+1 > [, be such that

1 .
”Sln Sln+1 - Sln+1 Sln ” < z_n’ hmnsup ”Sln+1 S”l - SnSln+1 ” < 2n+1 .

Passing to a subsequence and calling it again (S;,), we have the conditions

1 .
” SlnSlnH - Sln+1 Sln ” < z_n’ h}ln ” Sln+1 S”l - S”lSln+1 ” < 2n+1 *

Having denoted U, = S;,, we are done: Y U Ups1 — Ups1 Upll < 1.
n
Assume now we have an Al (T,,) on X with 1’711rrrll \ T, Ty — T Tyl =0, and
limsup||T,|l < A. As above, we again find an AI (S,) such that S,,S, = S, if
n
m > n, and for a subsequence (T},) of (T,) we have lim [Srn—T,||=0. Ina
—00

similar manner we have limsup [|S, |l < A.
n

This time we have also lr}lrr’%IISmSn—SnSmll = 0. Indeed, fix an € such that

0<e<1,andfind an index N for which m,n = N implies the following condi-
tions:

ISn =V, | < o1

1Sl < A+e
” Vkm an - an Vkm ” < &

Now the inequality
1SmSn = SnSmll < | SmSn = Ti, Tiey || + | T, T = Tty Tiw | + | Tt Thes = SnSim -
enables to estimate all the addends separately, giving altogether
1SmSn—SnSmll <5e.

This means that
lim 1S;,S,—S,Sx1l=0.

m,n—oo
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1
Now we again go for ||S;,S1,., = Si,.,S1, || < o We choose I; such that

1
vm>hL  |SmSy =S, Sml|| < o7

In general, having chosen [, we choose 1,11 > I, such that

1
Vm > ln+1 ”SmSln+1 - Sln+1 Sm” < 2n+1
Denoting U,, = §;,,, we are done: Z NU,Up+1 = Up1Upnll < 1. O
n

One of the most important positive results concerning approximation prop-
erties obtained after the fundamental works of Grothendieck in 1950s is the
following theorem due to Casazza and Kalton [CK] from 1990 (see also, e.g.,
[CZ, Theorem 4.6]; for a different proof, see [GKI).

Theorem 2.22 (Casazza, Kalton). If X is a separable Banach space having the
metric AR then X has the commuting metric AP

It is not known whether Theorem holds in the case of the metric CAP. As
we mentioned, the separable space Xy of Willis not only has the metric CAP,
but it also has the commuting metric CAP.

It is not known (even for separable spaces) whether the A-bounded AP (for
A>1) implies the commuting bounded AP (see [C2, Problem 4.2]).

However, in Theorem we prove that for certain (large) class of separa-
ble Banach spaces and for certain real numbers A (the upper bound on A de-
pending on the class), the A-commuting bounded AP implies the commuting
metric AP,

It is not clear whether Theorem holds in the non-separable case. An easy
testbed for proving the negative could be ¢, that has the metric AP, but we do
not know whether ¢, fails the commuting metric AP.

Casazza, Kalton, and Wojtaszczyk (see [C2, Theorem 9.3]) have given the fol-
lowing result: if X is a non-separable Banach space having the commuting
bounded AP, then X has the separable complementation property (meaning
that every separable closed subspace of X is contained in a separable sub-
space which is complemented in X). It appears that their proof might be in
error (see Theorem &9 and Remark 6. 11lin Chapter6).

It is known that every infinite-dimensional complemented subspace of ¢, is
isomorphic to ¢, (see [Lin] or, e.g., [CIZ 1, p. 57]). If [C2, Theorem 9.3] holds,
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then ¢, cannot have the commuting metric AP since otherwise ¢, would
have the separable complementation property which is not possible (for ex-
ample, a separable space ¢y is a closed subspace of ¢,). In this case the non-
separable version of Theorem 222 would fail as well.

2.3 Stronger properties

Recall that a Banach space X has the bounded AP if and only if there exists
a net of uniformly bounded finite-rank operators converging strongly to the
identity. Requiring finite-rank projections here gives us a stronger property.

Definition 2.23. If there is a net of finite-rank projections (P,) on X such that
limsup||Pyll < A and P,x — x for every x € X, then X is said to have the -

a
property. The mi-property is called the metric m-property. A space with the
m)-property for some A is said to have the m-property.

Obviously every space with the m)-property also has the A-bounded AP. The
converse case has been studied by Read and found to be not true (see [C2, p.
295]).

For a separable Banach space, applying Proposition we obtain a result
similar to Proposition 215

Proposition 2.24 ([C2, Proposition 5.5]). A separable Banach space X has the
mp-property if and only if there is a sequence (P,) < & (X) of projections such
that

(i) Ppx— x forany xe X,

(ii) PyPn=P, forallm>n,

(iii) limsup| Pyl < A.
n

Amalgamating together the requirements of the commuting bounded AP and
the m-property, we obtain the finite-dimensional decomposition property.

Definition 2.25. A sequence of bounded linear finite-rank operators (P,;) on
X such that P,, Py, = Pmingm,n), m,n €N, and limP,x = x for every x € X, is
n

called a finite-dimensional decomposition of X. The number sup || P, | is called
n

the decomposition constant of (Py,).
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In view of Remark [ZT4] every Banach space with a finite-dimensional de-
composition is separable. It is clear from the definitions that a separable Ba-
nach space having a finite-dimensional decomposition with the decomposi-
tion constant A also has the 7 -property as well as the A-commuting bounded
AP. The following result shows that the converse holds as well.

Theorem 2.26 ([CI]). A separable Banach space has a finite-dimensional de-
composition if and only if it has both the commuting bounded AP and the 7 -

property.

The finite-dimensional decomposition has also a form closer to basis repre-
sentation.

Proposition 2.27. Let X be a Banach space. The following conditions are
equivalent.

(i) X has a finite-dimensional decomposition.

(ii) There exists a sequence of finite-rank projections (py) on X such that
prp1 =0 for every k # | and for every x € X there holds

[e.@]
X=) pix.
k=1

(iii) There exists a sequence of finite-dimensional subspaces (Xy) of X such
that every x € X has a unique representation

o0
x:Zxk, X € Xi, keN.
k=1

Proof. [@)] = [G1)] We let Py =0 and define
Pn=Py—Py, neN.
We easily have p,p, = p, for every n. If k # [, then
PkP1 = Pmin(k,1) = Pmin(k,1-1) = Pmin(k-1,)) + Pmin(k-1,-1)

where without loss of generality we can assume k < [. Then k = min(k, 1) =
min(k,/—-1) and k—1=min(k—1,[) =min(k—1,[—-1), yielding pxp; = 0.

n o0
We see that Z prx = P,x, hence x = Z pix has been justified by x = li’rlnan.
k=1 k=1
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[G1)] = [@)] We define
n
Py = Z Pk.
k=1

Now the equality x = lilgn P, x clearly holds. We also have

m n min(m,n) ) min(m,n)
Py Py = Z Pk Z Pk|= Z Pr= Z Pk = Pmin(m,n)
k=1 k=1 k=1 k=1

as required.
=> This is almost obvious if we denote X,, = ranP,, n € N. The only

(e8] (o]

matter is the uniqueness: if x = Z prx and also x = Z pPiXi then applying
k=1 k=1

pPn, 1 €N, on the latter equality, we deduce that p,x = p,x,. Hence the ele-

ments from X, in the representation of x are indeed unique.

[e.@]
(iii)] = [(D)] For every x € X, x = Z xi we define p,x = x,,, n € N. The operators
k=1

[e.°] [e.°]
pn are linear, since for x = Z Xx and y = Z ¥k the representation of x+ y
k=1 k=1

o0
is Z (xx + ¥x). The operators p,, are projections that satisfy pyp; =0 if k # [
k=1
since the representation of x, is0+0+...+0+x, +0+....
——

n—1 addends
It remains to verify that the operators p, are bounded. To see this, we point
out that the space

oo
d:{(xk):xkEXk, ZxkeX}
k=1

n

> Xk

k=1

is a Banach space with respect to the norm | (xg)| = sup
neN

. Moreover,

considering the operator T: &/ — X where
(o]

T(xe) = ) xk
k=1

we have that T is a bounded linear bijection between Banach spaces, hence
an isomorphism. Therefore there exists an a > 0 such that a || (x)ll < | T (xz) |l

or, in other words,
n

> Xk

k=1

asup < |lx|l.

n
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Now

n n-1 n n-1

||pnx|| = Zxk—Zxk < Zxk + Zxk <
k=1 k=1 k=1 k=1
L 2
< 2sup Z Xl < —-lx|.

no k=1

We conclude that the operators p,, n €N, are bounded. O

In the more general case when Xj; need not be finite-dimensional, the con-
straint that every x € X has a unique representation

o0
x:Zxk, Xr€Xg, keN,
k=1

turns the sequence (Xj) into a Schauder decomposition X. Therefore a finite-
dimensional decomposition is a special case of Schauder decomposition.

If dim X =1 for every k, we reach to the concept of Schauder basis.

Definition 2.28. A Banach space X has a Schauder basis (or: X satisfies the
basis property) if there exists a sequence (ex) < X (basis elements) such that
for every element x € X one can find a unique sequence (a;) of numbers (co-
ordinates of x) satisfying

00
X = Z ae.
k=1

A Banach space having the basis property enjoys all the approximation prop-
erties (except perhaps the metric approximation property) described through-
out this chapter. This is so because the basis projections P, € % (X), Ppx =

n

Z arxey, x € X, are suitable for most definitions and defining results that in-
k=1
clude nets (sequences) of operators.

The basis property on X implies that X = span(ey), yielding that X is sepa-
rable. For separable Banach spaces, a Schauder basis is much more useful
than an algebraic basis (Hamel basis) since an algebraic basis of an infinite-
dimensional Banach space is always uncountable.

What is more, the coordinate functionals of the Schauder basis f;(ex) = 6n
o0

(yielding f,,(x) = a, for all x = Z ayey) are always continuous, i.e., elements
k=1
of X*. On the contrary, one can define the coordinate functionals associated
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with the algebraic basis E of X: for e € E, one defines f.(e) =1 and f.(¢) =0
where € € E'\ {e}, and extends f, linearly to all elements of X. There are always
non-continuous functionals among the coordinate functionals that have been
generated by the algebraic basis E of an infinite-dimensional Banach space.

However, in the following, we shall work in terms general enough such that
we shall never see the basis property again. Roughly speaking, the “best” ap-
proximation properties that we are going to use or touch are the commuting
metric CAP in Chapter 3, the commuting metric AP in Chapters @ and [6, and
the finite-dimensional decomposition (with the constant A < 6) in Chapter Bl



Chapter 3

The metric compact approximation
of the identity of Willis is
commuting

In this chapter we prove that the approximation property is different
from the commuting metric compact approximation property. More
precisely, in 1992, Willis [WW] constructed a separable Banach space
Xw failing the AP but having the metric CAP. We shall show that the
metric compact approximation of the identity constructed by Willis in
the space Xy is commuting. Hence, the commuting metric compact
approximation property does not imply the approximation property.
The chapter is based on [OZ1]].

3.1 Bochner integral

For the sake of completeness, we shall take a short excurse to integral theory
in order to use the concept of Bochner integral. This integral works on func-
tions f:Q — X, where Q) = (QQ, u) is a measure space and X is a Banach space.
We need the case where u(Q) < oo. The path to follow is similar to that of the
Lebesgue integral, only absolute values have been replaced by norms.

We define simple py-measurable functions, define the integral at first on these
functions and after that we define when an arbitrary function is Bochner in-
tegrable.

35
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Definition 3.1. A function f:Q — X is called simple if it has a finite number
of different values.

In other words, f is a simple function if and only if we can have
n
QZUEk, k#Zl=>E.NnE; =@,
k=1

and f(w) = xx if w € Ex, k=1,...,n. Hence we may write down
n
F= Xe X
k=1

Definition 3.2. Let f : Q — X be a simple function. It is said that f is u-
n

measurable if in the expression of f = Z XE. Xk all the sets Ey, k=1,...,n,
k=1
are u-measurable.

For a function f:Q — X we denote by || f| the norm function of f, i.e.

Ifl @ =|f| wea.

Definition 3.3. Let f: Q — X be a function. It is said that f is u-measurable
if there exists a sequence (f;) such that every f, is a y-measurable simple
function and

lirrln || fn—f || =0 p-almost everywhere.

It is straightforward to verify that if a function f: Q — X is y-measurable then
| ]| : @ — Ris also u-measurable.

n
Definition 3.4. Let f = Z XE,Xr be a p-measurable simple function. The
k=1
Bochner integral of f over a u-measurable subset E c Q) is

n
ffdu:: Y w(Eg N E)xy.
E k=1

For a py-measurable simple function f : Q — X one needs only the triangle
inequality to justify
|fra
E

<[ 1fldu
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Definition 3.5. It is said that a u-measurable function f: Q — X is Bochner in-
tegrable if there exists a sequence (f;) of u-measurable simple functions such
that

li’r1nf | fn— £l du=0.
Q

If that is the case, then for every py-measurable subset E < Q) one can define
the Bochner integral of f over E by

fEfd,u::liqunfEfndu.

The Definition is correct: if f is Bochner integrable, then the limit
lim f frndu exists and is independent on the choice of the sequence (f;,).
n Jg

Proposition 3.6. Let A € K be a scalar. If functions f,g : Q — X are Bochner
integrable, then f + Ag is Bochner integrable as well and

| rergdu=[ rau+a | gau
E E E

In general an easily accessible criterion to check the Bochner integrability of
a function is the following.

Proposition 3.7 (Bochner’s Criterion). If a function f : Q — X is u-measurable,
then f is Bochner integrable if and only if|| f || is (Lebesgue) integrable.

The justification of the following two facts is straightforward.

Proposition 3.8. Ifa function f:Q — X is Bochner integrable, then

[ rau) <[ 171 au.

Proposition 3.9. Let a function f : Q — X be Bochner integrable. If T €
ZL(X,Y), then the function Tf :QQ — Y is Bochner integrable and

fQde“: T(fﬂfdp).

3.2 Willis space

First we shortly describe the construction of Xy, due to Willis [W]. Let X be
a Banach space which does not have the AP. Then there exists a compact set
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K c X such that the identity operator cannot be approximated on K by finite-
rank operators. It may be supposed, in view of a theorem by Grothendieck
(see, e.g., [LTz 1, Proposition 1.e.2]), that K = conv{xy : k € N} where ||x¢]| <1
for all ke N and | x| | 0.

Put

U; = absconv{ Xk tke l\l}
kIl
for every arbitrarily fixed ¢ € (0,1). Define Y; = spanU;.

Lemma 3.10. Having defined U; and Y; as above, the following holds.

1) Uy is a closed compact absolutely convex subset of X.
2) Y; is a Banach space with respect to the norm
lxll;, =infiA >0 : x€ AU, xey;,
and with the unit ball Uy;.

3) Ifs<t, thenYyc Yy and |yl <||y|ll, < |||yl

o VEYS.

Proof. The claim [[]] is obvious: U; is a closure, hence closed; it is an abso-

al g keN}u{O}
(B9

lutely convex hull, hence absolutely convex. Since the set {

Xk

(BN
Mazur’s Theorem (absolutely convex hull preserves relative compactness) we

see that U, is compact.

is compact, the set { tke l\l} is relatively compact and having applied

The core of the claim )] lies in the fact that [|-|l|; is actually the Minkowski
functional py,. It is well known that if U is closed bounded absolutely con-
vex non-empty subset of a normed space X, then spanU is a normed space
with respect to the Minkowski functional py, whereas U is its unit ball. If,
moreover, U is compact, then (spanU, py) is complete.

If s<t, then

Xk -
— = [l
Il x|

X
€ absconv{—kt tke I\I}
[l Xkl

for every k € N. This proves that U; c U;. The inclusion of the spaces itself

follows, since

LeUchtcBX, yeY, y#0,

Il

giving also the inequalities of the norms. O
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Consider the following space of functions on (0, 1) with values in X:
W =span{y ny:0<s<it<l;yeYs},

where y(s 5 is the characteristic function of (s, 7). If f € W, then f(r) € Y, for
all r € (0,1). Define a norm on W by

1
1 fllw = fo ol dr few.

The Willis space Xy is the completion of W with respect to | - [l w.

Theorem 3.11 ([W]). The space Xy has the metric CAP but fails the AR

3.3 The result

We emphasize that the only thing that is new here is the “commuting” part.
Everything else has been done by Willis [W].

Theorem 3.12. The space Xw has the commuting metric CAP

Proof. We start with the description of the metric CAI (T,) = (T,)5~, by Willis
and after that we shall show that the operators of this CAI commute.

For each r € (0,1), define S;(x(s,nY) = X(s+rt+ny fOor every s, t, 0 <s< <1,
and y € Y. Then extend S, to W by linearity and after that, since S, is a con-
traction mapping, extend S, to Xy by continuity. Now define, for each n,
operators T, : Xy — Xy, by

1/n
Tnf:nf Srfdr, feXw.
0

It is proven in [W] that (T},) is a CAI of Xy satisfying || T,,|| < 1 for each n.

In order to obtain that T}, T, = T;, Ty, for any m and n, by the definitions of Xy
and W, it suffices to show the commutativity of (T};) on the elements y, ¥,
where 0 < s< t<1 and y € U;. In fact, having done that, the commutativity of
(T,) extends to W and then to Xy due to the linearity and continuity of 7).

Let us first prove the commutativity of (7,) on the elements y s Xk, where
0<s<t<1and k eN. By the definition of T}, it is straightforward to verify
that, for all ¢ € L,(0, 1),

Tn(pxi) = (¢ * (nx0,1/m)) Xk
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where * denotes the usual convolution product over (0,1) (this equality was
used in [W] to show the compactness of T,). Hence,

T (Tn(xs0Xk)) = Tm((xeso * nxo1m) k)
((X(s,t) * ”X(o,l/n)) * m)((o,l/m))xk
mn (X0 * X0.1/m) * X©0,1/m)) Xk-

Since, by the Fubini-Tonelli theorem,

1/m plin
((X(s,t) *X(o,l/n)) *X(o,um))(r) :fo A Xis,n(Tr—=(u+v)dudv,
we clearly have

Tm (Tn ()((s,t) xk)) = Tn (Tm (X(S,If) Xk))

as required.

Denote

X
K:absconv{ k :kel\l}.
lxell®

By the above, we have the commutativity of (T},) on the elements y»x with
x € K. To prove the commutativity on the elements y »y with y € U, it
clearly suffices to show that for any € > 0, s+ ¢ < t, there exists x € K such
that

X0V — XesnXllw <3e.

=X =X —=Ysie
Recall that Ug = K, closure of K in X. We shall prove that K equals K ",
closure of K in Yy,.

—Yee —X .
First, let us notice that K *“ < K~ (by LemmaB10, B))). Since

xkll®

(we used that ||xi] — 0 and xi/l|xkll”"" € Us+e), we have the convergence

X . . . . . —Yoie .
” k”S — 0 in Y;;.. Having applied Mazur’s theorem, we obtain that K s
Xk

compact in Yy, .. Since the identity operator from Y., to X is continuous (see

Xk
IS+

= llxel®
s+e

S+€

S+¢€

X

_Ys £ . . —=X _Ys € _Ys £

Lemma B10, B))), K ™ is compact in X as well. Now K~ < K ™ =K ™,
R —=X
Therefore K °" =K .
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. =X =Y, .
Since ye U;=K =K ™, there exists x € K such that |||y —x|||
using Lemma .10, we have

s <E Hence,

1
lxsoy—xsox|w fo xes,0 My = xeo@x|||, dr

t
[ My =l ar =
S+e t
| =l ar+ [ =, ar
N S+&

ellly=xlls+ 1y =llsse
(||| ¥|ll 5+ Mxllls) + &
2e+¢€=3¢

VA

J/ANAN

as desired. O

Note that relying on the reflexive version of Willis space [W], Oja [O6] has con-
structed a Banach space X with Schauder basis such that its all duals are sep-
arable, its odd duals X*, X***, ..., have the metric CAP with conjugate opera-
tors (i.e., have a metric CAI whose operators are conjugate operators), and its
even duals X**, X**** ..., have the metric CAP, but fail the metric CAP with
conjugate operators.






Chapter 4

The M(a, B, ¢)-inequality

In this chapter we introduce a geometric property of a Banach space,
the M(a, B, ¢)-inequality.

The main result is the following. If the property is fulfilled for a Banach
space X, then for every A-commuting bounded compact approximation
of the identity (T,) < #(X) (having 1 <X <max|B|+c), also the net
of conjugates (T,) c #(X") is a (A-commuting bounded) compact
approximation of the identity.

We shall derive many corollaries from the main result, using several
concepts like the Radon-Nikodym property, weakly* strongly exposed
points, etc. Among other results, we shall prove that if a Banach space
X satisfying the M(a, B, c)-inequality has a A-commuting bounded
(compact) approximation of the identity (with 1 <X <max|B|+c), then
both X and X* enjoy the metric (compact) approximation property.

A number of corollaries will make use of special cases of the M(a, B, ¢)-
inequality and other structural properties.

The chapter is based on [OZ1]].

4.1 The concept

Throughout this chapter, B c K will be a compact set and a,c = 0. We write

max|B|, meaning Iil%xlbl. Since B is compact, we can always find a by € B for
€

which |bg| = max|b|.
beB

43
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Recall that we denote by mx the canonical projection of X***

where jx+: X* — X*** is the canonical embedding.

onto ran jx-

Definition 4.1. It is said that a Banach space X is M-embedded if

* 3k %k ***|

”x —JTXx***”-i'”T[Xx |:||x***|| ‘v’x***eX***.

It is clear that the left hand side of the inequality is never less than the right
hand side.

Definition 4.2. We shall say that a Banach space X satisfies the M(a, B, c)-
inequality if

||ax*** +bﬂxx***|| +c||nxx***|| < ||x***|| VbeB, Vx**"eX***.

Having compared the two definitions, it is clear that being M-embedded
means precisely satisfying the M(1,{-1},1)-inequality.

The M(a, B, c¢)-inequality was occasionally used in [O4] to characterize a large
class of ideals of compact operators, providing, in particular, an alternative
unified and easier approach to the theories of M-, u-, and h-ideals of compact
operators (see [O4), Section 4] for results and references).

The M(a, B, ¢)-inequality follows from property M*(a, B,¢) (see Proposition
E46). The latter structural property was introduced in [O4] (see also [O3])
to characterize intrinsically a large class of shrinking metric (C)Al, including,
e.g., those related to M-, u-, and h-ideals.

Note that for every Banach space satisfying the M(a, B, c¢)-inequality there
must hold |a+ b| + ¢ < 1. Indeed, if in such a space one uses an element

x* € X* such that ||x* || =1 and denotes x*** = jx-x* (giving x*** = wxx**"),
then
la+bl+c = [ax"+bx"|+c|x*| =
= |lax™* + baxx™ ||+ cllmxx™ || <
< =] =[x =1.

Since for a reflexive Banach space X any element x*** € X*** satifies the con-
dition x*** = mxx™*", every reflexive Banach space satisfies the M(a, B, c)-
inequality.

The M(a, B, c)-inequality inherits to closed subspaces and quotient spaces, as
can be seen from the following result.
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Proposition 4.3. If a Banach space X satisfies the M(a, B, ¢)-inequality, then
any closed subspace Y of a quotient space of X satisfies the M(a,B,c)-
inequality.

Proof. Consider a closed subspace Y of a Banach space X satisfying the
M(a, B, c)-inequality. Denote by i : Y — X the natural embedding. It is

o 3k >k k o3k >k k

well known and straightforward to check that 7yi*** = i***7x and that i** :
Y** — X** is isometric.
*

Fix y*** € Y*** arbitrarily and define a functional z*** € (rani**)” by

27y ) =y (y*"). Then |I2°**| < ly***|l. Thus for a norm-preserving

extension x*** of z***, one has || x***|| < |y***| and i***x™** = y***. Hence,

ok k ok kok ok kokk _ skok ok

[ @i*** x*** + by i*** x***|

|ay™** + by y***| +c|nvy

+C||ﬂyi***x***||

”l*** (ax***)+i*** (bﬂxx***)”

+c|i*Fmxx

%k 3k 3k % 3k 3k

N

||ax +bmxx || +c||nxx

===l <y

N

k %k %k
)

giving that Y satisfies the M(a, B, ¢)-inequality.

Inheritance by quotient spaces follows similarly, using that g*** is isometric
and q***nx,;y =nxq*"* for the quotient mapping g: X — X/Y. 0

4.2 The main result

We start from the result dating back to 1988, when Godefroy and Saphar [GS]
demonstrated how the geometric structure of a separable Banach space per-
mits to lift the commuting bounded AP from the space to its dual space.

Definition 4.4. A (C)AI (T,) of a Banach space X is called shrinking if T, x* —
x* for every x* € X".

Theorem 4.5 ([GS, Proposition 4.3]). Let X be an M-embedded separable Ba-
nach space. If 1 < A < 2, then every commuting Al (T,)}., of X such that
sup | Tyl < A is shrinking.

The following theorem is the main result of this chapter. In particular, it ex-
tends Theorem L5 to non-separable Banach spaces and compact approxima-
tions of the identity.
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Theorem 4.6. Let X be a Banach space that satisfies the M(a, B, c)-inequality.
If1 < A <max|B| +c, then every A-commuting bounded CAI of X is shrinking.

Note that since
|bl—a+c<l|la+bl+c<1,

the maximal value of max|B| + ¢ can never exceed 1 + a.

Theorem E6l applies, for instance, to the subspaces of non-separable M-
embedded spaces like ¢y (I') or & (¢,,(I)), 1 < p < oo, the Banach space of com-
pact operators on £, (I'), where I' is an uncountable set. It also applies, e.g., to
K (d(w, p)), 1 < p <oo, the Banach space of compact operators on the Lorentz
sequence space d(w, p), which is not M-embedded (see [Henl], or, e.g., [HWW,
p. 305]), but satisfies the inequality in Theorem B8l with a = 1, B = {-2}, and
¢ =0 (see Section €8 below).

The applications to Theorem E.f will be given in Sections Among
other things, we prove (see Theorem that if a Banach space X satisfy-
ing the M(a, B, ¢)-inequality has a A-commuting bounded (C)AI with 1 < 1 <
max|B| + ¢, then both X and X enjoy the metric (C)AP.

The proof of Theorem E.f below will develop the idea of the original proof of
Theorem due to Godefroy and Saphar (see [GS, Proposition 4.3]) (notice
that an alternative proof was recently given by Godefroy in [(G, Theorem VLI]),
and it will apply, among others, techniques from the paper [04] by Oja.

Let us recall that the characteristic r(V) of a subspace V of X* is defined by
r(v)= max{r =0:7rBx CB_Vw }

Obviously, r(V) < 1. We shall need the following auxiliary result which is im-
plicitly contained in [O4, proof of Theorem 4.1]. We include a proof for com-
pleteness.

Lemma 4.7. If a Banach space X satisfies the M(a, B, c)-inequality with
max|B|+c¢>1, then

rV) s ———
max|B|+c¢
for any proper closed subspace V of X*.

Proof. Since r(V) < r(W) if V < W, it is enough to consider the case when
V =kerx**, where x** € Sx++. Let f = max|B| = bsgnb for some b € B. We
have

|((@sgnb)Ix««+Prx+cax)x™ ™| < |sgnb||(alx+brx)x

+ellmxx ™ | < llx

)
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x*** e X***, and therefore

p+c

1
< —.
<2
(Notice that a > 0, since a = 0 would easily imply that f+ ¢ < 1.) Applying a
characterization due to Godefroy, Kalton, and Saphar [GKS} Proposition 2.3],

this condition implies the existence of a net (x,) in Bx converging weakly" to
x** in X™* such that

asgn an

1

va S .
a

B+c

X+

i
1mvs P asgnb

By a well-known theorem due to Dixmier [Dixmier, Theorem 7],

r(V)=inf sup |x*(x)|.

XESX x*eBy

Hence,

B+or(vV) < (B+o)inf sup |x*(x)] =

x*€By

x*( p+c xv)
asgnb

pre xv)‘sl
asgnb

ainf sup
vV x*eBy

= ainf sup [x**(x*)+x"

vV x*eBy

by the above inequality. This completes the proof. O

Proof of Theorem[48 Let X be a Banach space. We assume that X satisfies
the M(a, B, ¢)-inequality. Let 1 < A < max|B|+ ¢ and let (T,) < £ (X) be a -
commuting bounded CAI of X. We need to show that

T,x" — x¥, x*eX”*.
Since T,x — x for all x € X, we clearly have that T, x* — x* weakly” in X* for
all x* e X*.
Denoting

V =span|Jran Ty,
a

the closed subspace of X* generated by the subspaces ran T, let us first prove
that
T,v—v, veV.
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Consider v € V. Fixing ¢ > 0 arbitrarily, we find x* € span| Jran T} so that
a

Ix* — vl <e. Hence x* = T, y* for some index ag and some y" € X*. Due
to the compactness of T, and the weak™ convergence of the bounded net
(Tpy") to y*, we have T, T,y" — T, y". As the net (T,) is commuting, we
obtain

Tox" =TaTay" = Toy Tay" = Toy" =X

Now

limsup||Tyv—v| <
a

limsup|| T, II) |x* = vl +limsup|| Ty x* — x™||
a a
+x* =v]l <A+ e,
yielding that lién IT,v—vl=0.

To conclude the proof, it suffices to show that V = X*. If we had V # X7,
then by Lemma[.7] we would have r(V) < 1/(max|B|+c). This is not the case,
however. Indeed, by assumption,

0 <limsup| Tyl € A <max|B| +c.
a

By passing to a subnet, we may assume that

0<71:=1lim| T, < max|B|+c.
a

But then, since T, x* — x* weakly” in X* for all x* € X*, also

Ty;x* x*

ITell 7

weakly” in X™. This immediately implies that

* *

—w
—€By |, x*EBx*.
T

Hence, r(V) = 1/71, and therefore r(V) > 1/(max|B| + ¢), a contradiction. O

Proposition allows us to point out the following immediate extension of
Theorem EE6

Theorem 4.8. Let a Banach space satisfy the M(a, B, c)-inequality and let X
be a closed subspace of its quotient space. If 1 < A < max|B|+ ¢, then every
A-commuting bounded CAI of X is shrinking.
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Corollary 4.9. Let a Banach space satisfy the M(a,B,c)-inequality with
max|B|+c¢ > 1 and let X be a closed subspace of its quotient space. Let (e,,) be a
basic sequence in X. If the basis constant of (e;,) is strictly less than max|B| + c,
then (ey,) is shrinking.

Proof. Apply Theorem to spanfe, ey,...} € X (which is a closed subspace
of a quotient space of a Banach space satisfying the M(a, B, c)-inequality) and
to the sequence of partial sum projections associated with (e;). O

Corollary B9 extends [}, Corollaries 1 and 2], [GS, Corollary 4.4], and [O4],
Corollary 1.8].

Below, we shall formulate several results for Banach spaces X satisfying the
M(a, B, ¢)-inequality or having property M*(a,B,c). Notice that they actu-
ally hold for any closed subspace of a quotient space of X because both the
M (a, B, ¢)-inequality and property M*(a, B, ¢) are inherited by subspaces and
quotient spaces (see Proposition A3 and [O4}, Section 1]).

4.3 The M(r, s)-inequality

The next definition follows [CN|] and [HQOJ.

Definition 4.10. Let r, s = 0. We say that a Banach space X satisfies the M(r, s)-
inequality if

rlaxx™ || + sl x*** —mxx < ||x** Vx**r e X,

It is clear that satisfying the M(r, s)-inequality precisely means satisfying the
M(s, {—s}, r)-inequality. Also, X is M-embedded if and only if X satisfies the
M(1,1)-inequality.

In [CNI, the Godefroy-Saphar theorem (Theorem E5) was extended from M-
embedded spaces to spaces satisfying the M(r, s)-inequality with r + s> 1. Let
us point out its extension to non-separable Banach spaces and compact ap-
proximations of the identity. This is an evident special case of Theorem 8

Corollary 4.11. Let X be a Banach space satisfying the M(r, s)-inequality. If
1< A<r+s, then every A-commuting bounded CAI of X is shrinking.
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4.4 The Radon-Nikodym property and exposed points

This section is based on Phelps’s monograph [Ph] and the book on integral
theory of vector-valued functions by Diestel and Uhl [DU]. We introduce
the notions of the Radon-Nikodym property and (weakly*) (strongly) exposed
points that will be needed in the following sections.

At first we define the terms of slice and dentable subset in a Banach space X
and their weak™ counterparts for a subset in the dual X™.

Definition 4.12. Let A be a non-empty subset in X. Choose an arbitrary num-
ber a >0 and a functional x* € X*. The subset S(x*, A, @) c X where

S(x*, A a) = {xe A :Rex™(x) >supRex™(a) —a}

acA

is called a slice of A.

Rex*(x) = supRe x*(a)
acA
Rex*(x) =supRex"(a) —

aeA

The gray area is the slice of Ac X corresponding to a number a >0 and a
functional x* € X* (see DefinitionlZ1D).

Definition 4.13. Let A* be a non-empty subset in X*. Choose an arbitrary
number a > 0 and an element x € X. The subset S(x, A*,a) € X* where

S(x, A", a) = {x* € A* : Rex™(x) > sup Rea”(x) —a}
a*eA*
is called a weak™ slice of A*.
Definition 4.14. It is said that a non-empty subset A of X is dentable if for
arbitrarily small € > 0 there exists a functional x* € X* and a number a > 0

such that
diamS(x*, A, a) < €.
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Definition 4.15. It is said that a non-empty subset A* of X* is weakly*
dentable if for arbitrarily small € > 0 there exists an element x € X and a num-
ber a > 0 such that

diamS(x, A*,a) < €.

Definition 4.16. It is said that a Banach space has the Radon-Nikodym prop-
erty if its every non-empty bounded subset is dentable.

For the Radon-Nikodym property, we refer to [DU, Chapter VII] whose end
contains 29 equivalent formulations of the property as well as a representable
list of spaces that do and that do not have the Radon-Nikodym property. For
instance, reflexive spaces, separable dual spaces, ¢1(I') for any I', £ (¢, ¢ ) for
1 < g < p < oo have the Radon-Nikodym property, whereas ¢y, ¢, oo, £ (X)
and Z(X) where X = ¢, do not.

Definition 4.17. It is said that X is an Asplund space if for every separable
subspace E c X the dual space E* is separable.

Theorem 4.18 ([Ph, Theorem 5.7]). A Banach space X is an Asplund space if
and only if X* has the Radon-Nikodym property.

In the following we shall give the definitions of strongly exposed and exposed
points, together with their weak™ counterparts.

Definition 4.19. Let C be a closed convex set in X. A point x € C is

called strongly exposed if for some non-null functional x* € X* we have x €

S(x*,C,a) for every @ > 0 and lin}) diam S(x*, C, a) = 0. The suitable functional
a—

x* is called strongly exposing and it is said that it strongly exposes x. The set
of all strongly exposed points of a closed convex set C c X is denoted sexp C.

Proposition 4.20. Let C be a closed convex set in X. Let us have x* € X* and
x € C. Then x* strongly exposes x if and only if for every sequence (x,) < C there
holds

Rex™*(x,) — supRex*(c) = |x,—x|—0.
ceC

Proof. Let x* strongly expose x. This means that a functional x* and a point
x € C are such that

Rex*(x) >supRex*(c)—a Va>0, lim diam S(x*,C, a) = 0.
ceC a—0

The definition of supremum enables us to find a sequence (x,) < C for which

Rex* (x,) — supRex™(c). Letting @ — 0 shows that Rex™(x) = supRex™(c).
ceC ceC
Hence we have Re x* (x,) — Re x™ (x).
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This also shows that for any fixed a > 0, starting from some index ny, the el-
ements x, belong to the slice S(x*, C, a). Assuming now that | x, — x| > & for
some € > 0 and all indices n, due to x € S(x*, C, @) we have diam S(x*,C,a) =
| x;, — x|l > € which contradicts the fact that x* strongly exposes x. The “only
if” part is done.

Now let there hold

Rex™(x,) —supRex*(c) = |x,—x]—0
ceC

for every sequence (x,) c C. Using the definition of a supremum, we find a

sequence (x,) c C such that Rex™(x,) — supRex*(c¢). Hence |x,— x| — 0,
ceC
which easily yields that x*(x,) — x*(x). Since Rex"(x,) must converge to

a single point, we conclude that Rex*(x) = supRex*(c). Now Rex™(x) >
ceC
Re x* (x) — a is trivially true for any a > 0, hence x € S(x*, C, a) for every a > 0.

It remains to show that liné diam S(x*,C,a) = 0. Assume the contrary. Then
af—>

there exists a number € > 0 and a decaying sequence (a,) such that
diamS(x*,C, a,) > 2¢
for every n. Thus there exist sequences (X,), (X;) < C such that
2e < || X — Xnll < 1Xn — xll + 1 Xp — xII -

We see that at least one of the addends in the right hand side must exceed ¢.
Hence for every index n, we select x,, € S(x*, C, &) such that | x), — x|| > ¢.

The condition x}, € S(x*, C, &) means that Re x*(x},) > supRe x* (c) —a,, hence

ceC
Re x* (x},) — supRe x* (¢), which gives || x), — x| — 0, contradicting || x], - x| > e.

ceC
Therefore also lin%) diam S(x*,C,a) =0.
a—
We have shown that x* strongly exposes x. O

Definition 4.21. Let C* be a closed convex set in X*. A functional x* € C* is

called weakly* strongly exposed if for some non-null element x € X we have

x* € S(x,C*,a) for every a >0 and liné diam S(x,C*, @) = 0. It is said that the
a—>

element x weakly* strongly exposes x*. The set of all weakly™ strongly exposed
points of a closed convex set C c X is denoted w -sexp C.

Similar proposition to Proposition E.220] can we proven in the weak™ setting.
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Proposition 4.22. Let C* be a closed convex set in X*. Let us have x* € X*
and x € X. Then x weakly* strongly exposes x™ if and only if for every sequence
(x,,) € C* there holds

Rex,(x) — sup Rec*(x) = ||x; -x* || — 0.
c*eC*
Definition 4.23. Let C be a closed convex set in X. A point x € C is called ex-

posed if for some non-null functional x* € X* we have Re x" (x) = supRe x* (c)
ceC
and Re x" (y) <supRe x" (c) for every y € C different from x. The functional x*
ceC
is called exposing and it is said that x* exposes x. The set of all exposed points

of a closed convex set C c X is denoted exp C.

Proposition 4.24. Let x be a point in a closed convex set C c X. If x is strongly
exposed, then x is exposed.

Proof. The fact that x € S(x*,C,a) for every @ > 0 gives that Rex"(x) =
supRe x*(¢). If for some y € C, y # x, we also had Re x*(y) = supRe x*(¢), then

ceC ceC
having chosen x,, = y in Proposition E.20}, we would have x,, — x, a contradic-
tion. O

Definition 4.25. Let C* be a closed convex set in X*. A functional x* € C* is
called weakly* exposed if for some non-null element x € X we have Re x™ (x) =

sup Rec*(x) and Re y*(x) < sup Rec™(x) for every y* € C* different from x*.
c*eC* c*eC*

It is said that the element x weakly” exposes x*. The set of all weakly” exposed
points of a closed convex set C c X is denoted w -exp C.

The following obvious proposition can be proved similarly to Proposition 241

Proposition 4.26. Let x* be a functional in a closed convex set C* < X*. If x*
is weakly” strongly exposed, then it is weakly* exposed.

We refer an example from [Ph} p. 83] showing that exposed points need not be
strongly exposed. Namely, let C be the closed convex hull of the orthogonal
basis vectors (e,) in 2. Then 0 is an exposed point of C, but not strongly
exposed, since every slice C containing 0 has diameter at least v/2.

Theorem 4.27 ([Ph, Theorem 5.12]). The dual space X* has Radon-Nikodym
property if and only if for every weakly* compact convex subset C* < X™ there
holds .

C =conv” w -sexp C.
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In Lemma we shall see that the M(a, B, ¢)-inequality (in the case when
max|B| + ¢ > 1) implies the Radon-Nikodym property.

Definition 4.28. A closed subspace Y of a dual space X* is called norming if

x|l = sup |x*(x)| for any x € X.
x*eBy

Due to the Hahn-Banach theorem, it is clear that the whole X* can recover
the norm of X, hence X™ itself is norming. The following lemma shows that
the norm of a separable Banach space is always separably determined.

Lemma 4.29. For any separable Banach space X there exists a separable closed
norming subspace of X*.

Proof. Let X = {x; : keN}. For every x; we find a functional x,’; € Sx+ such
that x;;(xk) = |l xkll. Now the required norming subspace is

V =span{x] : ke N}. O

4.5 The M(a, B, c)-inequality and the metric (com-
pact) approximation property

Theorem below shows that the isomorphic assumptions in Theorem E6l
imply an isometric conclusion. Its proof will use the following auxiliary re-
sult which is implicitly contained in [O4}, proof of Theorem 4.1]. We include a
proof for completeness.

Lemma 4.30. If a Banach space X satisfies the M(a, B, c)-inequality with
max|B| + ¢ > 1, then X" has the Radon-Nikodym property and X* =
span(w*—sexpBX*).

Proof. 1If a closed subspace V of X* is norming, then r(V) = 1. Therefore
it is clear from Lemma B7 that X* contains no proper norming closed sub-
space. As closed subspaces of X inherit the M(a, B, ¢)-inequality, their duals
contain no proper norming closed subspace either. Since the dual space of
any separable subspace of X contains a separable norming subspace (Lemma
E29), it must be separable. Hence, X has the Radon-Nikodym property (The-
orem EI8). By Theorem EEZ7, we have By = mw*(w*-sexpBX*). This
clearly implies that Span (w -sexp Bx+) is a norming subspace of X*. There-
fore X* = span (w -sexp Bx+), because X* contains no proper norming closed
subspace. O
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Corollary 4.31. Let X be a Banach space satisfying the M(a, B, c)-inequality
with max|B|+c¢ > 1. If X has a metric (C)Al then it is shrinking.

Proof. Let Tyx — x for all x € X and sup||Ty| < 1. By Lemma X* =
span(w -sexp Bx-), and therefore it suffices to show that T, x* — x* whenever
x* € Bx+ is weakly” strongly exposed by some x # 0.

Let x* € Bx+ be such a functional that there exists a non-null element

x € X satisfying sup Ref(x) —Rex™(x) < a for all numbers @« > 0 and
fEBX*

lin}) diam S(x, Bx+,a) = 0. Fix a number ¢ > 0, then the last convergence im-

a—

plies the existence of an a, > 0 such that
y €S, Bx-,ap) = |y'-x"|<e VyeX .
The convergence (T, x*)(x) — x" (x) gives an index v( such that

Vi=vy = |(Tv*x*)(x)—x*(x)| <%.

Hence if v >= vy, we have

sup Re f(x) —Re(T, x™)(x) sup Re f(x)—Rex™(x) |+
feByxx feBxx

+ (Rex™ (x) —Re(T, x™) (%)) <
S (0 - (1 X)) <

< W,

N

yielding that T x* € S(x, Bx+, a,). This gives || T, x* — x*|| <¢, as required. O

Corollary 3Tl may be applied in the following context.

Theorem 4.32. Let X be a Banach space satisfying the M(a, B, c)-inequality
and let 1 < A <max|B|+c. If X has a A-commuting bounded (C)AI, then X has
a shrinking metric (C)AL In particular, both X and X* have the metric (C)AP

Proof. By Theorem FE6, X has a shrinking (C)AI and, by Lemma 30, X™ has
the Radon-Nikodym property. But it is well known (this is an extension of
classical results of Grothendieck) that whenever a Banach space, the dual of
which has the Radon-Nikodym property, has a shrinking (C)AlI, it also has a
shrinking metric (C)AI (see [GS, Corollary 1.6 and its proof] and [DU] p. 246]
(for the case of Al)). O
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If X is separable in Theorem then X™ also is (because, by Lemma 30,
X* has the Radon-Nikodym property). But then both X and X*, being sep-
arable, by the Casazza-Kalton theorem (Theorem Z27), have the commuting
metric AP whenever they have the metric AP. This proves the following result,
which contains [G} Theorem VI.1] (as a special case when X is M-embedded),
slightly improving it.

Theorem 4.33. Let X be a separable Banach space satisfying the M(a, B, c)-
inequality and let 1 < A < max|B|+ c. If X has a A-commuting bounded Al,
then both X and X™ have the commuting metric AP

The following result (an extension of [G, Corollary VI.2]) concerns the case
when the metric AP passes from one space to the other satisfying the
M(a, B, c)-inequality, if only the spaces do not lie too apart.

Corollary 4.34. Let X be a separable Banach space satisfying the M(a, B, c)-
inequality with max|B|+ c > 1. If there exists a Banach space Y with the metric
AP such that dgp (X, Y) < max|B|+c, then both X and X* have the commuting
metric AP

Proof. The assumption dpp(X,Y) < max|B| + ¢ ensures the existence of A,
1 < A < max|B| + ¢, together with an isomorphism ¢ : X — Y for which
IZI || Z -1 || < A. In particular, Y is separable. Therefore the Casazza-Kalton
theorem (Theorem gives that if Y has the metric AP, then Y has the
commuting metric AP as well. Now suppose there exists a sequence (S;) of
finite-rank operators on Y such that limsup||S,|l <1, S,y — yforall ye Y,
and S,,S, = S,Sy, for all m, n. Since the sequence of operators T, = j‘lsnj
is a A-commuting bounded Al for X, Theorem B33 applies. O

4.6 Ideals and the M(a, B, c)-inequality for
compact operators

We follow the definitions from [GKS].

Definition 4.35. A closed subspace £ of a Banach space £ is said to be an
ideal in & if there exists a norm one projection P on £* with kerP = #+ =
{fe %" : flx =0} In this case, we shall say that P is an ideal projection.

Definition 4.36. If |Pf| + || f—PfIl = | f| for all f € £", then % is called an
M-ideal in &£.
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The class of M-ideals has been extensively studied by many authors (see, e.g.,
the monograph [HWW] for results and references).

Definition 4.37. If there are r,s € (0,1] such that r||Pf|| + sl f —PfI < | f| for
all f e %", then we say that Z is an M(r, s)-ideal in £.

The M(r, s)-ideals of compact operators have been studied by several authors
(see, e.g., [HOP] for references).

Definition 4.38. If | —2P| =1, then % is called a u-ideal in <. If |I - (1 +
A)P| =1 whenever |A]| =1, then A is called an h-ideal in £.

A deep study of u- and h-ideals was made in [GKS].

Finally, let us note that every Banach space % is an ideal in £ ** with respect
to the canonical projection 7_z of & *** onto & *.

In the next section, we shall apply Theorem to infer some new sufficient
conditions for £ (X) to be an M-, u-, or h-ideal in £ (X). But now, we are go-
ing to use implicitly ideals of compact operators to show that in many natural
cases, £ (X) satisfies the M(a, B, c)-inequality with max|B|+c¢ > 1.

Proposition 4.39. Let max|B| > 1. If a Banach space X is reflexive and has a
metric Al (T,) such that

limsup || Ix+bTyl <1 VbeB,
a
then % (X) satisfies the M(1, B,0)-inequality.

Proof. Since every Al of a reflexive space is shrinking, we get immediately
from [O4, Corollary 4.5, 3°=1°] that £ (X) is an ideal in £ (X) with an ideal
projection P such that || I¢x)+ +bP| < 1 for all b € B. Since £ (X) is an ideal in
Z(X) and X is reflexive, the ideal projection is unique (see [CNO), Proposition
3.2]). But by the well-known Grothendieck’s classics (see, e.g., [DU, p. 247]),
LX) =X (X)"" (because X is reflexive and has the AP). Therefore P = m_z (x)
and % (X) satisfies the M(1, B,0)-inequality. O

Corollary 4.40. If a Banach space X is reflexive and has a 1-unconditional ba-
sis, then & (X) satisfies the M(1,{-2},0)-inequality.

Proof. Denoting the partial sum projections by (P,), we have ||P,|l = 1 and
|Ix — Pyl =1 for all indices n. Hence

1
I 1x =2Pyll < E(Ilfxll +1Ix = Ppl) <1,

and it remains to apply Proposition E239 O
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Reflexive Banach spaces having a 1-unconditional basis are, for instance, ¢,
(1 < p < 00), the Orlicz sequence space ¢; whenever both the Orlicz function
M and its complementary function M* satisfy the A,-condition at zero (see,
e.g., [CIZz1, p. 148]), the Lorentz sequence space d(w, p) (1 < p <o0) (see, e.g.,
[CTZ1, p. 178]).

4.7 Property M*(a, B, ¢) and ideals of
compact operators

In this section we are going to use property M*(a, B, c), a structural property
that was introduced in [O3] in order to give a uniform approach to several
properties, including property (M), (wM™) and others.

Let X be a Banach space.

Definition 4.41. It is said that X has property (M™) if

limsup || x* +x} || =limsup || y* + x} |
v v

for any functionals x*, y* € X* where |x*| = ||y*|| and for any bounded net
(x;) < X* converging weakly” to null.

The following Kalton-Werner-Lima-Oja theorem is a basic result of the theory
of M-ideals of compact operators.

Theorem 4.42. For a Banach space X, & (X) is an M-ideal in £ (X) if and
only if X has property (M*) and the metric CAP

The sequential version of property (M*) was introduced by Kalton [K2]. For
separable X, Theorem B.42 was proven by Kalton and Werner [KW], a simpler
proof was given in [L2]. For arbitrary (non-separable) X, the proof is due to
Oja [O2]. Known shortest proof to Theorem has been given in [O4], and
a direct “non-separable” proof in [NP].

Definition 4.43. It is said that X has property (wM™) if

limsup ||2x* — x} | =limsup || x} ||
v v

for any bounded net (x;,) c X* converging weakly” to x* € X™.
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Property (wM™), a weak version of property (M*), was introduced by Lima in
[L2]. For a reflexive space X, Lima obtained a similar condition: £ (X) is an
u-ideal in £ (X) if and only if X has property (wM™) and the metric CAP.

Definition 4.44. It is said that a complex Banach space X has complex prop-
erty (wM™) if

limsup || x; + bx*|| <limsup|x;|  Vbe{beC:|b+1l=1}
v v
for any bounded net (x;) € X* converging weakly” to x* € X*.

Complex property (wM™) was introduced by Oja in [O3].

In [O3] properties (M) and (wM™) have been generalized as follows.

Definition 4.45. It is said that X has property M* (a, B, c) if

limsup ||ax; + bx* +cy*|| <limsup||x;| Vbe{beC:|b+1l=1}
v v

for any functionals x*, y* € X*, | y*| <|x*|, and for any bounded net (x;) c
X* converging weakly™ to x*.

We can easily see that:
 property (M”") is precisely property M* (1,{-1},1);
* property (wM™) is precisely property M™* (1,{-2},0);

e complex property (wM™) is precisely property
M*(1,{beC: |b+1|=1},0);

 property (M™) implies property (wM™);

* property (M*) implies property M* (1,{be C : |b+1| <1-c},0) for every
cel[0,1];

» for a complex Banach space X, property (M™*) implies complex property
(wM™);

The spaces ¢y(I') and ¢, (I), 1 < p < oo, satisfy property (M"), but the Lorentz
sequence spaces d(w, p) do not. The Lorentz sequence spaces d(w, p), 1 <
p < oo, and, more generally, Banach spaces with a shrinking 1-unconditional
basis have property (wM™) and, in the case of complex scalars, the complex
property (wM™) (see [[2} Theorem 4.2] and [04, Lemma 1.1]).

Property M™(a, B, ¢), hence also all its special cases, inherit to subspaces and
quotient spaces (see [O4, Section 1]).
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Proposition 4.46 ([04), Proposition 1.3]). If X has property M* (a, B, ¢), then X
satisfies the M(a, B, c)-inequality.

The proof of the proposition is essentially the same as the proof in [HWW, p.
298] of the fact that property (M™) of X implies X being M-embedded.

Proof. Let X have property M*(a,B,c). Fixa x*** € X*** and b€ B. Let a
positive number a < 1 be chosen arbitrarily. Since

***”: sup Re(ax***+bnxx***)(x**),

lx** =1

||ax***+b7rxx

we can find an element x** from the unit sphere of X** such that

Re(ax™* + brxx***) (x**) > a||ax™* + b x x***||

As |[x**|| = 1, there exists a xj € Sx+ such that x** (x;) > a. Letting now x* =
|72 x| x5, we have || x| = ||z xx™**| and

X)) > a x| (4.1)
Due to weakly” closedness of ||x™**|| Bx+++ (the Goldstine theorem) we find a
net (x}) < X* such that jx-xj — w*** weakly” in X*** and |x} | < [x***|.

Since

* %k

X" (axy +b(jx) X)) = (ax™ " + bxx™") (x™),
we may assume that the members of the net (x}) have been chosen such that

Rex** (axy +b(jx)* x***) > a||ax™" + buxx***|. (4.2)

What is more, we see that x, — (jx)*x*** weakly” in X".

Putting together property M*(a, B,c) and the inequalities @) and #2), we
have

* % *
X

\%

lim sup ||x; || > (4.3)
v

> limsup|lax; +b(jx) x*** +c(jx) x| =
v

> limsupRex™* (ax) +b(jx) x*** +c(jx)" x***) =
v
> a||ax™ +baxx™ | + |cnxx**|),

Going a 1 1 in @3), we obtain

k %k k

[ ax*** + brxx

<|x

[ +cllmxx

as required. O
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For an example showing that the M(a, B, ¢)-inequality need not imply prop-
erty M* (a, B, ¢), we refer to [OZI} Example 4.15].

Relying on Theorem and the main result of [O4], we shall see in the next
Theorem E.47] that this stronger property ensures the existence of a shrinking
metric (C)AI having certain important features.

Theorem 4.47. Let X be a Banach space having property M*(a,B,c) with
max|B|+c¢>1 and let 1 < A <max|B|+c. If X has a A-commuting bounded
(C)AL then for any S € By (x), there exists a shrinking metric (C)AI (Ty) of X
such that
limsup|lalx +bTy+cS|I<1 Vbe B.
a

Proof. Property M*(a,B,c) of X implies that X satisfies the M(a,B,c)-
inequality (see Proposition E46). Hence, by Theorem X has the metric
(C)AP. But then, since X has property M™*(a, B, ¢) with max|B|+ ¢ > 1, by [04,
Theorem 3.5, 2°=>1°], we have (T,) as desired. O

In contrast to the previous results of this chapter which are mostly interesting
for non-reflexive spaces, Theorem .47 and the corollaries below are also in-
teresting for reflexive spaces. All these results are new even in the separable
case. The conclusion of Theorem E.47 was known before to hold under the
assumptions of property M*(a, B, ¢) and the metric (C)AP (see [04, Theorem
3.5]). We do not know whether Theorem 2471 holds without the commutativity
assumption.

We shall now apply Theorem EE47] to particular cases of property M*(a, B, ¢).
Our first application shows that the metric CAI in the criterion when £ (X)
is an M-ideal in £ (X) can be replaced by a A-commuting bounded CAI with
A<2.

Corollary 4.48. Let X be a Banach space having property (M™) and let1 < A <
2. If X has a A-commuting bounded CAl, then % (X) is an M-ideal in £(X).

Proof. By Theorem A7, for any S € £ (X), ||S|| <1, there exists a shrinking
metric CAI (T,) of X such that

limsup || Ix — Ty + Sl < 1.
a
It remains to apply [04, Corollary 4.3, 7°=1°]. O

In the next definition, we follow [LOT].
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Definition 4.49. A closed subspace £ of a Banach space £ is said to have the
unique ideal property if there is at most one ideal projection, that is, at most
one norm one projection P on £* with kerP = % *.

It is well known that M-ideals have the unique ideal property. By [CNO,
Proposition 3.2], £ (X) has the unique ideal property in any subspace £ of
£(X) containing % (X) and Iy, provided X* has the Radon-Nikodym prop-
ertyand X* = spﬁ(uﬁ—sexp Bx+). Due to [0O4, Corollary 1.6], this is the case in
the corollaries below.

Corollary 4.50. Let X be a Banach space having property M*(s,{—s}, ) with
r+s>1,r,5€(0,1],and let1 <A <r+s. If X has a A-commuting bounded CAI,
then % (X) is an M(r, s)-ideal in . (X) := span(£ (X) U{Ix}) having the unique
ideal property.

Proof. By TheoremE.32] X has the metric CAP. Moreover, in [O4, Remark 2 on
p. 2818] it is proven that property M* (s, {—s}, r) implies the following stronger
property. For all T € By(x), one has

limsup [|sT*(x, —x™) +ry*|| <limsup | x, |
v v

whenever x*, y* € X* satisfy ||y*|| < | x*||, and (x}) is a bounded net converg-
ing weakly” to x* in X*. Therefore it only remains to apply [O4, Theorem 4.1,
2°=>1°]. O
Remark 4.51. In the special case of property (M*) = M(1,{-1},1), Corollary
Eh0yields that £ (X) is an M-ideal in .#(X). By a theorem due to Kalton [KZ]
(established in [K2] for separable X and extended to arbitrary (non-separable)
X in [OI]) (see, e.g. [HWW, p. 299]), £ (X) is an M-ideal in .#(X) if and only if
& (X) is an M-ideal in £ (X). Thus we regain Corollary .48 We do not know
whether .#(X) in Corollary can be replaced by £ (X). It is not known
whether £ (X) is an M(r, s)-ideal in £ (X) whenever £ (X) is an M(r, s)-ideal
in £ (X). Notice that in [HJOJ, it is proven that if £ (X) is an M(r, s)-ideal in
#(X), then it is an M(r?, s?)-ideal in £ (X).

Corollary 4.52. Let X be a Banach space having property M*(a,B,0) with
max|B| > 1, and let 1 < A < max|B|. If X has a A-commuting bounded CAI,
then % (X) is an ideal in £ (X) having the unique ideal property and the ideal
projection P satisfies |al¢x)» + bP| <1 forall be B.

Proof. By Theorem 47, (for S = 0) there exists a shrinking metric CAI (T,) of
X such that
limsup |aly + bT,| <1 Vb e B.
a
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It remains to apply [04, Corollary 4.5, 3°=1°] O

The most important particular cases of Corollary are those concerning
u-ideals and h-ideals of compact operators.

Corollary 4.53. Let X be a Banach space having property (wM™) and let 1 <
A <2. If X has a A-commuting bounded CAI, then % (X) is an u-ideal in £ (X)
having the unique ideal property.

Corollary 4.54. Let X be a complex Banach space having complex property
(wM™) and let 1 < A < 2. If X has a A-commuting bounded CAI, then % (X)
is an h-ideal in £(X) having the unique ideal property.






Chapter 5

The Johnson-Schechtman space has
the commuting 6-bounded
approximation property

In this chapter we show that the closed subspace X s of ¢y constructed
by Johnson and Schechtman in 1996 has the commuting A-bounded
AP with A<6. This slightly improves the proof by Godefroy [G, The-
orem VI.3] in 2001 where it was established that A <8. The chapter
is based on [Z].

5.1 The setting

It is a well-known result of Grothendieck [Grol, Chapter I, “Proposition” 37]
that if there exists a Banach space which fails the AP, then there also exists a
closed subspace of ¢ that fails the AP (see, e.g., [LIz1, p. 37]). Hence, rely-
ing on Enflo’s theorem [E], let Y = U, Y, be a closed subspace of ¢, failing the
AP, where (Y},) is an increasing sequence of finite-dimensional subspaces of
Y. We denote by c(Y};;) and ¢y(Y;) the Banach spaces of norm-convergent se-
quences and norm-decaying sequences (y,) c Y, respectively, where y, € Y},
n € N, with respect to the supremum norm. It is clear that cy(Y},) is a closed
subspace of c(Y,).

The Johnson-Schechtman space X;s (constructed by Johnson and Schechtman
in 1996 and published in [JO]) is an isomorphic copy of c¢(Y},) in ¢y. The key
points of the construction are the Sobczyk theorem (Theorem B.1) and [[Z, p.

65
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51, observation of Lindenstrauss]: if a Banach space X has a closed subspace
Y so that both the subspace Y and the quotient space X/Y embed isomor-
phically into ¢, then so does X itself.

We denote the coordinate functionals on ¢y by e, k€ N.

Theorem 5.1 ([S]; see also [G, Theorem II.1]). Let X be a separable Banach
space, and Y a closed subspace of X. Let T € £(Y,cy). Then there exists an
operator T € £(X, ¢y) such that

1) Tx=((xz—1t]) (x))k, where x;. are Hahn-Banach extensions of function-
alsy,:=T" e eY";

2) xp, . €T Bxs, kEN;

3) t; isnullonY forall keN;

4) Tly=T;

5 | T| <2ITI.

Godefroy has proven in [G, Theorem VI.3] that X;s has a finite-dimensional
decomposition with the decomposition constant not exceeding 8. He wrote
in [G, Ch. VII, §VI] that no effort had been made in the proof to tighten the
constant and it is unlikely that 8 were the critical value. The main aim of this
chapter is to tighten the constant to 6.

5.2 The main result

The following — the main result of this chapter — is a slight improvement of [G,
Theorem VI.3].

Theorem 5.2. The Johnson-Schechtman space X;s has a finite-dimensional de-
composition with the decomposition constant not greater than 6, but X;g fails
the metric AP

The proof in [G] goes in two parts: first the construction of X;s and the finite-
dimensional decomposition, and second, showing that X fails the metric AP.
We need to go through only the first part. For the second part, we refer the
reader to [G} p. 21].

Proof. Let Y =uU,Y, be a closed subspace of ¢, failing the AP, dimY},, <oo, n€
N, and Y; c Y» c.... We define a quotient map L: ¢(Y,) — Y by L(y,) = lirfan/n,

thus ker L = ¢y (Yy), yielding that Y = ¢(Y},)/ co(Yy).
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We take an isometric embedding T : ¢y(Y;,) — ¢y. For instance, having (y,) €
co(Yy), where y,, = (éﬁ)k € ¢y, we can define

T(yn) = (€}, 63,82, &3,65,83, &4,65,85,¢1, ...).

It is straightforward to verify that T € £ (cy(Y,), cp) and T is isometric.

We shall use Theorem Bl in the situation when X = ¢(Y;;) and Y = ¢y(Y3,).
Theorem allows to extend the operator T to an operator T € £(c(Yy,), co)
such that Ty, = T and ||T|| < 2Tl = 2. We also need the expression of
T = ((xx— 1) (¥n)) ,» Where x; are Hahn-Banach extensions of functionals
Vi =T"e;€cy(Yp)", also xp, t; €I Tl Bey,)* and t;; is null on ¢y(Y;,) for all k.

Now the subspace ¢y(Y;;,) and the quotient space Y of c¢(Y,) isomorphically
embed into ¢p. It can be easily verified that the operator V : c(Y;) — ¢y ®o0 Co =
co, defined by V(y,) = (T(yn), L(yn)), is an isomorphism into ¢y with | V|| <2.

The next step in [G, proof of Theorem VI.3] yields ||V "' |;anv| < 4; we shall
present an argument that gives ||V |;anv || <3.

Assume that || V_llranV” >3. As

” vl |ranV|| = sup ” (¥n) ” ,
17w <1
lim|| yn[|<1

there exists a sequence (y,) € c(Y,) such that ||(yn)|| > 3, li’rln ||yn|| <1 and

| T(yn)|| < 1. Let N €N be an index such that sup |y, | < 1. Split (y,) into two
n=N

parts: (yg) =(y1,---,¥n-1,0,0,...) and (y,11) =n) - (yg). Of course || (yg)” >3,
(vn) € co(Yy) and || ()] <1.

Due to the inequality sup|y; (y)| = [|T(%)] = |(¥%)] > 3, we find an in-
k
dex m € N for which |y}, (y(,)l)| > 3. As sup|x; (yn) — £ ()| = | Ty | < 1,
k

we also have the inequality |x},((y,)) — t,,,((¥n))| < 1. Bearing in mind that
£, () = £, ((v2)), we have

|5 ()| +1 < |x5, () — G ()| + | £ (D) | + 1 <

< 2+l 1l <3 <|ym@] =
=[x ()] < |5 (D) + x5 () | + | (i) | <
< [ @)+ |2 1 ) | < e ()| + 1,

a contradiction. Therefore ||V [;anv | <3.
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We denote X;s = ranV and P, = VQ,V™!, where Qmyn) =

Vi Ym-1Ym» Ymor---), m € N. It is straightforward to verify that (P,,)

is a finite-dimensional decomposition of X;s and sup || P, || <6. O
m

Before making a remark, we need to go through some definitions.

Definition 5.3. A class of operators «f, & c «f € £, where & and £ consist
of all finite-rank and bounded linear operators, respectively, is said to be a Ba-

nach operator ideal if for all Banach spaces X and Y the following conditions
hold:

1) the component o/ (X,Y) = o/ N Z£(X,Y) is a Banach space with respect
to the norm ||| o,

2) for every x* € X and y € Y the one-dimensional operator T € & (X,Y),
Tx=x"(x)y, x€ X, satisfies | Tll, = |x*| - ||,

3) forevery Ae &, Te<of, Be £ we have BTA€ of and |BTA| ., < Bl -
1Tl - LAl

Definition 5.4. Let T € £ (X,Y). The operator T is said to be weakly compact
if T(By) is relatively weakly compact.

The operator T is said to be strictly singular if for any infinite-dimensional
subspace Z c X and every € > 0 there exists an element z € Z such that || Tz| <
ellzll.

The operator T is said to be completely continuous if it maps every weakly
convergent sequence to a norm-convergent sequence.

The operator ideal norms with respect to the Banach operator ideals of weakly
compact operators, strictly singular operators, and completely continuous op-
erators coincide with the usual operator norm.

Definition 5.5. A Banach space X is said to have the metric «f -approximation
property if for every compact set K c X and every € > 0 there exists an operator
T € o/ (X) such that |Tx— x| <€ for all x € K.

Remark 5.6. By [O6, Corollary 2.5 and Remark 2.4], Xjg fails the metric «-
approximation property for any operator ideal </ which is contained in the
union of weakly compact, strictly singular, and completely continuous opera-
tors.

Remark 5.7. By [O7, Corollary 3.8], there exist a separable reflexive Banach
space Z and a compact linear operator T : X;s — Z such that for every net
(T,) of finite-rank operators from X;s to Z converging strongly to 7, there
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holds sup | T¢ll > I T|l; in particular, X;g fails the weak metric approximation

a
property (see [LOZ2]).

Since a finite-dimensional decomposition with constant A implies the com-
muting A-bounded AP, the following corollary is immediate.

Corollary 5.8. The Johnson-Schechtman space X;s has the commuting A-
bounded AP with A <6.

Note that the proof of Theorem B2 is useful for any closed subspace of cj as a
starting point, yielding a finite-dimensional decomposition with the decom-
position constant not greater than 6 on the constructed space.

Since a finite-dimensional decomposition with constant A implies the A-
commuting bounded AP (see also Theorem 20), every Banach space con-
structed in this manner has the commuting bounded AP, hence this construc-
tion cannot provide any information on a well-known open problem whether
every Banach space with the bounded AP has the commuting bounded AP
(see remarks after Theorem E2222).

5.3 Applications

It was already defined in Chapter @l (see Definition EI) that X is called M-
embedded if the canonical projection mx from X*** onto X™ satisfies the in-
equality

nxx |l +lmxx

lx <|lx , X"t e Xt
M-embeddedness inherits to closed subspaces and quotient spaces (see
Proposition E3). A well-known example of an M-embedded Banach space is

¢o. Therefore also X;g is M-embedded.
The following result is a special case of Corollary A.341

Theorem 5.9. Let X be a separable M -embedded space. If there exists a Banach
space Y with the metric AP such that dppy(X,Y) <2, then X has the metric AP

Merging the last result (note that it also applies to X;s) with the facts that
V:c(Yy) — Xs is an isomorphism, ||V |V™!|| <6, and ¢(Y;) has the metric
AP, we have
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Corollary 5.10. For every Banach space Y with the metric AR there holds
dpym(Xjs,Y) = 2. On the other hand, there exists a Banach space Y with the
metric AP for which dgp(Xjs,Y) <6.

The question which is the greatest value of A that would guarantee the metric
AP to pass over from a Banach space Y to any separable M-embedded space
X with dpp(X,Y) < A, is yet open.



Chapter 6

Asymptotically commuting
bounded approximation property

This chapter coins a new term: the asymptotically commuting
bounded approximation property. The main result is the following:
if a Banach space has the asymptotically A-commuting bounded ap-
proximation property, then it has a strong form of the separable local
A-complementation property. The chapter is based on [0Z2].

6.1 The concept

Definition 6.1. We say that a Banach space X has the asymptotically -
commuting bounded approximation property if there exists a net (Sy) € % (X)
such that

1) Sgx — x for every element x € X;

2) limsup||Sqll < A;
a

3) lién S S — SpSal| = 0 for all indices f.

A net of operators (S,) satisfying these conditions is called an asymptotically
A-commuting bounded approximation of the identity. (See also Remark 241)

Recall that the definition of the A-commuting bounded (C)AP is alike, only
the third condition is stronger: S;Sg = SgS, for all indices a, 5. Hence, the 1-

71
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commuting bounded (C)AP trivially implies the asymptotically A-commuting
bounded (C)AP.

Proposition 6.2. Let X be a Banach space. If the dual space X* has the
A-bounded AP then both X and X* enjoy the asymptotically A-commuting
bounded AP

Proof. 1t is a known fact (see, e.g., [C2, Proposition 3.5]) that if a dual space
X* has the A-bounded AP, then X™ has the A-duality bounded AP, i.e. we can
find a net (S,) <€ % (X) such that

1) Sgx — x for every element x € X;
2) S;x* — x* for every element x* € X*;
3) IISall = ||S;|| < A for all indices a.

Using this fact, we find a net (Sy) € & (X) (then also (S;) c Z(X")) such that
Sqx — x, Syx* — x* where the convergences are uniform on compact sets,
and [|Sqll = ||Sz|| < A. The justification for the uniformness of convergences
on compact sets is similar to that of in Chapter P proof of Proposition 27,
namely due to the Hausdorff theorem we choose a finite e-net on the compact
set and approximate all the elements of the net well enough.

Therefore

ISaSs—Spll = sup [(Sa =D (Spx)| = sup [(Sa—Dyl|—0
X€EBx yeSp(Bx)

since a finite-rank, hence a compact operator Sg maps the unit ball Bx to a
relatively compact set. Similarly

= sup |(S;-1) (ng) “ = sup |(Sp-1D)y||—o.
x*eBX* y*ES;;(BX*)

Now for all indices 8 we have
1SaSp=SpSal < [1SaSp—Sp| +[1Sp—SpSal =

:”%%—%W-Q%—$

—0. O
a

Proposition applies, among others, to ¢,. Namely, [ZO has the metric AP,
hence by Proposition &2, ¢, has the asymptotically commuting bounded AP.
In [C2, Corollary 9.4], it has been asserted that ¢, does not have the commut-
ing bounded AP. This, however, seems to be an open problem whether ¢, has
the commuting bounded AP or not (see Remark [6.TT).
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The aim of the following result is to say that in the case of separable Banach
spaces, the asymptotically commuting bounded AP gives nothing new, it co-
incides with the commuting bounded AP. Therefore, the difference from the
commuting bounded AP may arise only in the case of non-separable Banach
spaces.

Proposition 6.3. For a separable Banach space X the A-commuting bounded
AP and the asymptotically A-commuting bounded AP are equivalent properties.
If a separable Banach space X is a dual space, then X has the asymptotically
A-commuting bounded AP if and only if X has the metric AP if and only if X
has the commuting metric AP

Proof. It has been proven in [CK| Corollary 2.3] that a separable Banach space
X has the A-commuting bounded AP if and only if X has a A-bounded Al
(T) € &% (X) such that li’r1n|| T2Tm—TnTyll =0 for every m. The proof in de-

tail for this result has also been written out in Chapter 2l Corollary 22211

It is a known fact that for a separable dual space Y* the AP and the metric
AP coincide (see, e.g., [C2, Theorem 3.6]). Hence, if a separable Banach space
X = Y™ has the asymptotically A-commuting bounded AP, it has the bounded
AP, therefore the AP, hence the metric AP. By a famous result by Casazza and
Kalton (see Theorem [Z22)), for a separable Banach space the metric AP and
the commuting metric AP coincide. Finally, if X has the commuting metric
AP, it also has the asymptotically A-commuting bounded AP for any A. O

6.2 The separable (local) complementation property

Recall that a closed subspace Y of a Banach space X is complemented in X if
there exists a projection P € Z(X) onto Y, i.e. P?>=PandranP = Y. For the
main result of this chapter, we shall need the following definition.

Definition 6.4. It is said that a closed subspace Y of a Banach space X is lo-
cally complemented in X if there exists a constant A =1 such that whenever E
is a finite-dimensional subspace of X and a number ¢ > 0, there exists a linear
operator T: E — Y with Tx=xforall xe EnY and ||T|| < A +e¢. If A works,
then it is said that Y is locally A-complemented in X.

It is clear that a complemented subspace is locally complemented. Indeed,
let Y be a complemented subspace of X, with the projection P. Fix a finite-
dimensional subspace E of X and a number € > 0. We define T = P|g. Then
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TeZ(EY). Ifxe EnY, we have x = Px since P is a projection and Y =ranP.
It is also clear that || P|g|| < [|P||. Thus the working A is || P|]| and we conclude
that Y is locally || P||-complemented.

Definition 6.5. Let X be a Banach space and let Y be a closed subspace of X.
It is said that an operator ® € £ (Y ", X") is an extension operator if (®y*)|y =
y* forevery y* € Y, i.e.

@y YW =y"(», yeY, yev"

It has been proven independently by Fakhoury [Fak] and Kalton [K1] that the
existence of an extension operator ensures the local complementation of a
closed subspace. We quote an improvement from [OP].

Proposition 6.6 ([OP, Corollary 3.3]). Let X be a Banach space and let Y be a
closed subspace of X such that there is an extension operator ® € £ (Y™, X").
Let Ec X and F c Y™ be finite-dimensional subspaces, and let € > 0. Then
there is a linear operator T : E— Y such that Ty=y forallye EnY, y*(Tx) =
®y*(x) forall xe E and y* € F, and ||T|| < |®| +&. In particular, Y is locally
Dl -complemented in X.

Definition 6.7. A non-separable Banach space X is said to have the separable
complementation property if for every separable closed subspace Y in X, there
is a separable closed subspace Z with Y ¢ Z c X and Z is complemented in
X.

“Definition” 6.8. We say that a non-separable Banach space X has the sepa-
rable local A-complementation property if for every separable closed subspace
Y in X, there is a separable closed subspace Z with Y ¢ Z c X and Z is locally
A-complemented in X. If the value of A is not important, we say that X has
the separable local complementation property.

We are using the quotation marks in the latter definition, since, by [HM]
or [SY], every non-separable Banach space X has the separable local 1-
complementation property.

6.3 The main result

The following is the main result of this chapter. For short, it states that if
a Banach space has the asymptotically A-commuting bounded AP, it has a
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strong version of the separable local A-complementation property. Among
other spaces, the result applies to .

It is worth emphasizing (see Remark[B.TT) that it is not clear whether the com-
muting bounded AP for a non-separable Banach space implies the separable
complementation property (as claimed in [C2, Theorem 9.3]).

Theorem 6.9. Let X be a Banach space with the asymptotically A-commuting
bounded AP Let Y be a separable closed subspace of X. Then there exists a
separable closed subspace Z of X such that Y c Z, and there exists a sequence
(Rp) € F(X, Z) such that the following conditions hold:

(i) RuR;,,=RyR, =R,, whenever n>m;
(ii) ranR, = ranl’%,z1 for every n;

(iii) limsupllR,ll <A;
n

(iv) the sequence (Rylz) € F(Z) is a A-commuting bounded Al on Z (hence
Z has the A-commuting bounded AP);

(v) Z is locally A-complemented in X.

For the proof, we shall construct sequences of operators, making their proper-
ties subsequently better and better. The last sequence to be constructed will
be (R,) that meets all the claims of the theorem.

Construction of (7,) and Z

Assume that Y = {yl, V2,.. } Choose a decaying sequence of positive reals (¢,)

such that ¢, <1 for every n and an < oo.
n

Denote E; = span {yl} and d; =dimE,. Let P € Z(X) be a projection onto Ejy;
such a projection exists due to Auerbach Lemma where it is also established
that || P1ll < d;.

The unit ball Bg, is compact (since E; is finite-dimensional), hence the as-
sumption of the theorem ensures the existence of an operator S,, € % (X)

such that [|Sg,x— x| < 2871 for every x € Bg, and || Sq, || <A+ %
1

Denote
T = Sa1 + P - Salpl-
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The operator Tj is the identity operator on E;. Indeed, if x € E;, i.e. x = Py for
some y, then T1x = Sy, (P1y) + P1(P1y) — Sq, P1(P1y) = P1y = x. What is more,

ITs=Sar|| = [[SaiPr—=P1|= sup |[Sa,y-y| <
Y€P1(Bx)

&1 €1

< su Sa;y=y| <Pl —=—.

yellPlﬁ)BEl ” oy y” ! 2dy 2

Now assume we have operators Sy, ...,Sq, € #(X), and T,..., T, € #(X) such
that

(@ Tpyx=yiforevery k=1,...,n,
(b) T,Tp, =Ty foreverym=1,...,n-1,

© [T Sa, | s%”, m=1,...n,

(d) ||Sam||s/1+€7m,m:1,...,n,

€ TpTm—TmTul <2(A+1)(e,+&p) forevery m=1,...,n-1.

It is clear from the constraint on (g,) that the last condition also implies

Z I Tn Th1 — Tna1 Thll < oo.
n

We construct an operator Ty, such that the similar conditions hold.
Denote

n
Epw1 =span|{y1,...,yns1}U | ranTp, |.
m=1
Then Ej;; is finite-dimensional, let d,,+; = dimE,4+;. Denote by Pj,;; : X —
E,+1 a projection onto E;;1 such that || Pyl < djy1.

The unit ball Bg,,, is compact. The asymptotically A-commuting bounded Al
(Sq) gives an index a’ such that

[SanSa = SaSa, | <€n1 Ym=1,...n,

a=a = Entl

|Sqgx — x| < Vx€Bg,,,.

dn+1
We choose a,41 such that these two conditions as well as[(d)} i.e.

En+l
2

[San | <A+

hold.
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Denote
Ty = San+1 +Ppy1— San+1Pn+l-

We shall verify that the conditions (@)} [b)} [[c]} [(€)] hold for T+ ;.
[[b} For every x € E,+1 we have x = P41y where y € X and hence

Tns1x=Sa,,,(Pns1Y) + Pus1(Pps1yY) — Say Pns1(Pps1y) = Ppi1y = X.

Therefore T,4+1yx = yx for every k =1,...,n+1 and T,+1 T, = Ty, for every
m=1,...,n.

We obtain that

” Tn+1 _Sam—l ” = ||San+1pn+l _pn+1|| = sup ||San+1y—y|| <
YEPp+1(Bx)
En+l _ En+l
< Sanay =] < 1Pustl- -
e [Seray =yl < WPwell- 52— = =3

[(e} Fix an index me {1,...,n}. Then

1Te1 T = T Tosrll < || Tost T = Saey T || + || Saer T = Setpir Sa || +
+[[SanirSam = SamSana | +
+ [ SamSan = TmSana | +
+ || TmSap = TmTnet || <
< 20Tl | Tns1 = Sayr | +2 S [| | Tin = S, | +
+ || Sas Sam = SamSana || -

Since . .
1 Tl < || Ty = Sauy || + || Sa | <7’"+(A+7'") <A+em,

we have

En+l

| The1 T — T Tl < 2(A+5m)5n+1+2(ﬂ+ )5m+5n+1:

2 €41 +2AE, + 26 €11 + Epr1(Em + 1) <
20+ 1) (Epy1 +Em).

N

The inductive step, hence also the construction of the sequence (7},), has been
completed.

Denote
Z={zeX:z=1limT,z}.
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o0
Then Y ¢ Z and Z =Span | ran T),.

n=1
Indeed, fix an element y € Y and a number ¢ > 0, then there exists an index N
such that ||y — yn| <e. If n= N, then

1 Twy =y < [Toy=Tayn|| + | Toyn = yn | +llyn -] <
< A+De+0+e¢.

Hence || T,y — y| — 0, meaning that y € Z.

oo
It is evident that Z c'span (] ran Ty,.

n=1

o0
To prove that Span | J ran T, < Z, it suffices to show the inclusions ran T,, < Z
n=1
and the closedness of Z.
Fix an element T,x € ranT,, then T,,T,x = T,x whenever m > n, hence
TmTpx — Tyx, yielding that ran T, c Z for every n.

Now let x € X be an element for which x,, — x while (x,,) € Z. We verify that
Tpx — x. Fix an € > 0, find an M such that || x; — x|| < &, and an N such that
n= N implies || T, xp; — xp |l < €. Then

lx = Tpxll < llx—xpll + 1 = Txpl + 1 Trll 1 xpr — xll <€+ €+ (A + 1)g,

showing that Z is closed.

Up to now, we have constructed a sequence (T;) < & (X) with the following
properties:

(Ta) Tpym=ym for all indices n = m;

(Tb) T,T,, = T, for all indices n > m;

(Tc) |IT,|l < A+¢, for all indices n;

(TAd) Ty Ty — TinTnll <2(A+ 1) (e, + &) for all indices m=1,...,n-1;

o0
(Te) Z =span U ran T}, is a separable space, Y c Z, and T,z — z for every
n=1
element z€ Z.

Z is locally A-complemented in X

Next we shall verify that Z is locally A-complemented in X. For this it suf-
fices to show (see Proposition that there exists an extension operator
®e L(Z*,X") such that | D] < A.
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We construct the extension operator @ as follows. Consider the operators T, €
£(X,Z), neN. Then ||T,;z"|| < (A+¢,)|z"| for every functional z* € Z".
Hence

(Th2) ez € I1 Aten) || Bx:

P A
while every factor (A + &) ||z* || Bx+ is a w*-compact set in X* due to

the Alaoglu theorem. Due to the Tychonoff theorem the direct product
itself is compact in the product topology, therefore the net (sequence)

((Tyr2") s z+) 4eny CONtains a pointwise converging subnet ((T;(V)z*)z*d*) :
v
We denote
®z* —hmT (V)z .

The definition of @ is correct in the sense that ®z* is an element of X*. In-
deed, ®z" is linear since all the ingredients are linear; ®z* is bounded as

@z = |(lmTy,2") @] = lim (752" ()| =tim| T3, 2" (2)] <
< timsup |75, | |12 < A= 121
From the inequality we also see that @ itself is bounded and [|®| < A. The
operator ® is obviously linear, hence ® € £(Z*, X™).

The operator ® is an extension operator since for every z* € Z* we have

z"(2) z* (lim To) z) =limz* (Thw2) =

lign(( 2 ) (=) = (hmT w2 )(z) =
(Pz") (2).

At this point, all the claims of our theorem have been proved, except[(i)] and
The argumentation for this final step has been essentially done in [CK]
proof of Proposition 2.1]. For the sake of completeness, we present here the
proof in detail.

Construction of (U,,)
We construct the operators U, € & (X), n € N, that possess the same properties
as the operators Ty, i.e.

(Ua) U,ym = ym for every n=m;

(Ub) U,U,, = Uy, for every n > m;
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(Uc) limsup Uyl < A;
n
Ud) U, Up—UnUpll <4A+1)(e,+€p) forevery m=1,...,n—1;

o0
(Ue) Z =span U ranU), is a separable space, Y c Z, and U,z — z for every
n=1
z€eZ,

but in addition,
(Uf) ranU,, =ran U,% =ranT,.
For every n € N we take a projection Q, € Z(X) onto ran T;,, and an operator

Uy=-ap)Th+a,Qp,

an

where the numbers a, € (0,1) have been chosen such that — is not an

n
eigenvalue of the operator Tlrant, € F(@anT), n €N, 6, < £,, n € N, and
Y 6, <1, where §,:=a, (1Qull + T, ).

n

(Ua} Since for all indices n = m, we have T,,y,, = ym, there also holds Q,y,, =
¥m» since a projection is the identity on its range. Hence

Unym=AQ-ap)ym+anYm=Ym n=m.

Let us have n > m. By a simple calculation we obtain U,U,, — U, = 0
due to the equalities T, Ty, = Trn, TnQm = Qm, QnTm = Ty QnQm = Q.

Since ||U, — Tyl = an 1Qn — Tyl < 6, we have

limsup [|Uy|l < limsup || T, +1i’11n||Un - Tull < A
n n

Due to |U,—-T,ll < 6,, we can also well estimate |U,U,;, — U, U,l.
Namely, assuming that for all n there holds | T, < A+ 1, Uyl < A+1 (for
every Tj, this is true since €, < 1; if not true for some U,,, we can omit some
members from the beginning while not harming other properties), we have

”UnUm_TnUm” < (A'f‘l)an»

[ TnUm_TnTm” S (A'i‘l)é\m,

1T T — T Tull < 200+ 1)(em+Ex),
[ Tan_TmUn” S (A'f‘l)an»
1TnUn=UnUnll < (A+1)bp.
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Summing up all these inequalities, we obtain that

WU Up—UpUpll < 20+ 1D)(Epm+€En+dm+0dy)
< 4A+1)(g;, +Ey), m=1,...,n—1.

This again implies
Z I1UnUn+1 = Up+1Unll <00
n

due to the choice of (g,,).

(U} It is clear that ran U,% cranU, c ranT,. We are going to verify that
ran T, c ran U,% which would show that ran U,, = ran U,% =ranTj.

Consider the operator UylanT, € £ (ran T,), we see that it is injective. Indeed,
let us have xeran T}, x # 0, then

Upx=Q-a)Tpx+a,Qpnx=0—-ay)Tpx+a,x#0

On

l_an

due to the fact that —

is not an eigenvalue of Ty |ran T,

Now the operator U,%Iran 1, € Z(ranT,) is injective as well: if x € ranT), is
such that Uﬁx = U, (U,x) =0, we must have U,,x = 0, hence x = 0. Therefore
UZlanT, is surjective. Hence ran T}, < ran UZ.

(Ue) Since ran T,, = ran U,,, we have
o0
Z =span | ranU,,.
n=1

The sequence (U,) is an approximation of the identity on Z. Indeed, fix an
element z € Z, then

1Unz =zl < |Up = Tulllzl + 1 Thz — 2l < 6pllzll + | Tz — 2l — 0.

Remark. The above proof developed the first five lines of the proof of [CK|
Proposition 2.1].

Construction of (V)

Next, we shall construct the operators V,, € #(X), n € N, that possess quite the
same properties as the operators Uy, i.e.

(Va) V,ym = ym for all indices n = m;
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(Vb) V,V,, =V, for all indices n > m;
(Vo) limsup ||V, < A;
n

Vd) 1\VuVi = Vi Vull < KINUpm—1Up — Uy Up—1 || for some constant K > 0 and
all indices m > n;

o0
(Ve) Z =span | JranV, is a separable space, Y ¢ Z, and V,z — z for every
n=1
element z€ Z.

(Vf) ranV,, =ran V,f =ranU,,.

Note that the previous condition [[Ud)|
1UnUpm = U Upll < 4A+ 1) (€1 + E5).

or its consequence
Y NUUps1 = Ups1 Upll <00
n
has been replaced by a stronger condition where the bound depends

only on the greater index m > n.

Denote
Yn=W1UpUps1 —=Up1Upll, neN.

We define

n+k-1

An,k)= [] U, kneN, An0=1I
j=n
The desired operators V,, will be the limits (by k) of A(n, k).
For every k € N it is easy to check the equality
A(n, k+ ].) = A(l’l, k) + A(n, k_ ].) (U}’H—k—l Ul’l+k - UT’H-]CUT’H-]C—I)
due to the property U, U, = Uy, if n > m. Thus having denoted

M, (k) = max | A(n, DI,
1<i<k

we have M,,(1) = || A(n, 1)|| = ||U,ll. As
we also have

My (k+1) max (Mp(k), | A(n, k+ 1)) <

max (M, (k), My (k) + My (k)Y n+k—1)
M, (k)(1+ Yn+k-1)-

N
N

N
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Therefore -
A, DIl < UL H (1+7v;5)
j=n
because
Mu(k+1) £ M,(j+1) & =
= — < (1I+ 1) < (I+
M, (1) ]l:ll M,(j) ]l:ll Vo l:[ v

(e,0) o0

Since Z Y;j < oo, the product H (1+7y;) converges, indicating that there is a
j=n j=n

uniform bound L on all sequences (|| A(n, k) |) .

The sequence (|| A(n, k)||)x converges since it is a Cauchy sequence. Indeed,
for every k € N we have

IA(n, k+1) — A(n, )| < Ly pik-1-

Assuming [ > k, we now have

n+l-1
lA(n, D) - An,k)I<L ) yj—0.
j=n+k-1 k.l

For every n we define

o0
V, = klim A(n,k) =[] U;.

We have V,y,, = ym for every n = m, since V,,U,, = Uy, for the case
n>m, and V,U, = U2 (indeed, U2 = (U,Up11 ... Uy k_1) Uy from where going
to the limit as k — oo yields U,i =V,U,).

If n> m, we also have

ViV = lillénVnUmUm+1---Um+k—1 = Vi

since V,,U,, = Up,.

We have ranV,, = ran V> = ran U, hence the operators V,, are of finite
rank. Indeed, we have

ranU, = ranU~ c ran V2 c ran V,, c ran Uy,.

More precisely, the inclusion ran U2 C ran V2 holds because U2 VaUy, as
shown before, and for every x € X there is an element y such that U, x = U% Vs
hence,

Ulx =V, Upx = VUsy =V, Uy = V2y.
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The inclusion ran V;, c ran U, holds since for every x € ranV,, there exists an
element y such that
x=Vyy= lim (A(n, k)y).
k—o0

For all indices k, we have A(n,k)y € ranU,; as ranU, is closed (it is finite-
dimensional), we also have x € ranU,,.

We have the estimate

(o]
IVall = lim [ A(n, k)l < [T +y ) 1T
k—o0 j:n

As the remainder of a converging infinite product vanishes (i.e. converges to
1), we find that
limsup ||V, |l < limsup | U, |l < A.
n n

[(Ve) Since ranU,, =ranV,, we have

[e.@]
Z =span | J ranV,.
n=1
The sequence (V) is an approximation of the identity on Z. Indeed, fix an
element z € Z, then

1Vie12 =zl < 1Vie12 = Vi Unzl + 1Upz = zll < (1 Vpsa | + D [ Unz - 2ll = 0,

since V41U, = Uy, for every n.

We are going to obtain a vanishing bound on ||V}, V,,, — V},, V;, | depending
only on m, where m > n. For any k where n+ k-1 > m, we have

An,k)V, = jlim UnUnt1.. . Upsk-1)) UnAlm+1,j—1) =
— 00
J—00
= lim A(n,m-n+1)A(m, j) =
j—oo
= An,m—-n+1)V,,.
Therefore

ViV = klirgoA(n, KV, =An,m-n+1)V,,=An,m—-n-10Up,-1Un Vi

and
VauVu=V,=Amn,m—-n-1)U,,Up—1 V.
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Denote K = Lsup||V, ||, then
n

IViVin =V Vall < |A(n, m = n = DI 1 Up-1Um = UnUn-1 1 1 Vin | < Ky -1

whenever m > n.

Remark. The above proof developed the first half-page of the proof of [CK|
Proposition 2.1].

Construction of (R,,)

As the final step of the proof, we construct a sequence (R;) € & (X) such that
(Ra) for I < k we have RiR; = RjRy. = Ry;
(Rb) ranRj =ran Ri =ranV,, for every k;

(Rc) limsup IR, |l < A;
n

o0
(Rd) Z =span | ranR,;

n=1
(Re) R,z — z for every element z€ Z.

For this end we shall choose an increasing sequence of positive integers (7;)
and operators Ry € Z (X, Z) such that the following conditions hold for every
k:

(1) for I < k we have Ry R; = RjR;. = Ry;

2) ranRi =ran Ry =ranVy,;

(3) Ry is a polynomial in Vy,, ..., Vy,;

@) ||Ri— Vi || <27F.

At first we choose n; =1 and R; = Vi, then conditions[[JH4) hold trivially.
Now suppose we have already chosen ny,...,n; and Ry,..., Ry that satisfy [T}

(4]

Denote ry = Rilranr,. The operator ry € £ (ran Ry) is invertible, since it is onto
ranRi =ranR;. Denote wy = (rk)_1 € Z(ranRy), then wyRrx = x for every

x e ran R. The operator wy is a polynomial in r¢. Indeed, if dim Ry = d, then
dZ

dim Z(ranRy) = d? and there exist coefficients a;, Z la;| > 0, such that
j=0

2
aOI+a1rk+...+adzr,‘j =0.
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From this equation we can express wy by carrying the first non-null member
a; r,i to the right and multiplying both sides by al-_1 w,ic. We obtain wy = p(ry)
where p is a polynomial.

Denote Wy = p(Ry) € & (X). Since Ry is a polynomial in Vy,,...,Vy,, for m >
n there holds V,,(I - V) = V,, = V., Vi, = Vi, Vi, = V,, Vo, and ||V, V4, — Vi, Vil
vanishes if m — oo, we have

lim [|Re(I—-Vp)l =0.
m—0o0

Using this, we find an index nj.; such that ny, > ny and

IRt = Vi DI < Sy
We define
R =V,

Ni+1

It remains to verify that conditions [[JH{4) hold for R ;.

+ WiR(I-V,

k+1)'

Condition [(3]] holds trivially since W} is a polynomial in Ry, hence WyRy

is a polynomial in Vy,...,V,,, thus altogether Ry, is a polynomial in
Virs oo Vi Vi, -

Condition [(4])] is also easily verifiable:

1
| Ricer = Vi | < IWR | Rl = Vi D] < S5

Let us verify [[T)] We have
I- Rk+1 =I- Vnk+1 - WkRk(I_ V}’lk+1) = (I_ WkRk) (I_ V}’lk+1)-

Due to the choice of Wy there holds (I — WiR;) Ry = 0. Since Wy is a polyno-
mial in Ry, we obtain

Ri(I— WiRy) = Ri — Rk WiRy = Ry — Wi R2 = (I — Wi Ro) Ry = 0.

We also have V,, Ry = Ry as Ry is a polynomial in V,,,...,V,, and m > n

implies V},,V,, = V},. Now putting this together, we get that
Ri(I = Ry+1)
(I = Rg+1) R

Ri(I- WeRQ)U = Vy,,) =0,
(I = WiR )T =V, )R =
(I - WiRk) (R — Viy,.,, ) = 0.

We have verified that
RiRi+1 = Rg+1 Rk = Ry
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Let now an index [ be such that [ < k. Then

RiRk+1 = RiRgRr+1=RiRr =Ry,
Ri+1R; = Rp+1RigR; = RyR;=Ry.

Finally we shall verify that[[2)] holds. We have
mnRi+1 cranRiy cranVy, .

The inclusion ran Ry, cranVj,,,, can be justified by the fact that Wi R (I -
Vi )X = Vi, Wi R (I = Vi, , ) X for every x € X.

Consider the operator Rj.1lran Vi, - We verify that it is injective. Let us have
an element x e ran Vy,,, such that Ry, x =0. As Wy is a polynomial in Ry, we
have

Vi, X = WiRg (I = Vp,,,) (-x) eran Ry = ran Vy,,,

hence Vj,,,, x = Vy,, y for some y € X. Thus
Vi X = Vi ¥ = Vi s Vi ¥ = Vi, Vi, X
Since Vj, ., lran Vigy is injective, we now have x = Vj,,, x and therefore
0=Rir1x=Vy, X+ WiR(I-Vy,,, X) =x+ WiRrx — WiRpx = X,
indicating that Ry lran Vi is injective.

Like we have already done on page [/, we obtain that Ri +1lranv,,,, is injective

as well. Therefore it is surjective. Hence ranV,, < ranRi ‘1

We have R, ¥, = Vm, if n = m, due to the similar property for the operators V.

As all the previous sequences, (R;) is an approximation of the identity as well.
Namely, for every z € Z we have

IRkz = zll < | Rk = Vi, || I 21l + | Vir 2 — 2| — 0.

Hence
[e.@] o0
Z cspan | JranR, cspan | JranV, = Z,
n=1 n=1
yielding that
o0
Z =span | JranR,,.
n=1
What has done up to now is sufficient since the other conditions and
follow from the fact that every Ry is a polynomial in first k members of a
subsequence of (V).
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Remark. The construction of (R,) and verifying its properties developed the

2
last 3 pages of the proof of [CK, Proposition 2.1].

In conclusion we see that all the claims of the theorem have been proven. [

6.4 Corollaries and remarks

The following corollary is immediate.

Corollary 6.10. Let X be a non-separable Banach space. If X has the asymp-
totically A-commuting bounded AR then every separable closed subspace of X
is contained in a locally A-complemented separable closed subspace with the
A-commuting bounded AP

For the case of the A-bounded AP, an analogous claim holds. Namely due to
[HM] or [SY], every separable closed subspace is contained in a separable lo-
cally 1-complemented subspace. Now, if X has the A-bounded AP then its
every locally 1-complemented subspace has also the A-bounded AP (for the
proof of this fact, see [KI, Theorem 5.1], [LI}, Corollary 2], or [O5, Proposition
2.1]). Hence every separable closed subspace of X is contained in a separable
locally 1-complemented subspace having the A-bounded AP.

Remark 6.11. It can be seen from the proof thatif Y = {y1,y»,...}, yn€ Y, ¥, =
span{y,...,yn} (hence, (Y;) is an increasing sequence of finite-dimensional
subspaces of Y whose union is dense in Y), then, moreover, the constructed

oo
sequence (Ry) is such that R,|y, = Iy, for every n and Z = span U ranR,,.

n=1
Under these assumptions in the proof of the theorem due to Casazza, Kalton
and Wojtaszczyk (see [C2, the proof of Theorem 9.3]) it has been asserted that
“by switching to a pointwise convergent subnet of (R;)” a projection P € £ (X)
with ran P = Z can be obtained, meaning that Z is complemented in X. How-
ever, the assumptions of Theorem are met for X = ¢, and it is known that
there does not exist any separable complemented subspace in ¢.,. This indi-
cates that the proof of the Casazza-Kalton-Wojtaszczyk theorem [C2, the proof
of Theorem 9.3] is in error, and it remains an open problem whether a non-
separable Banach space with the commuting bounded AP has the separable
complementation property or not. In particular, we do not know whether ¢,
has the commuting bounded AP.

Our conjecture is that the Casazza-Kalton-Wojtaszczyk theorem does not
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hold: the commuting bounded AP of a non-separable Banach space does not
imply the separable complementation property.
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Kommuteeruvad tokestatud aproksimatsiooni-

omadused Banachi ruumides
Kokkuvote

Kaesoleva viitekirja pohieesmérk on uurida kommuteeruvat tokestatud ap-
roksimatsiooniomadust (ja selle kompaktset versiooni). Uhelt poolt on see
omadus iildjuhul norgem kui kommuteeruv meetriline aproksimatsioonioma-
dus voi loplikumootmelise lahutuse omadus, teiselt poolt aga tugevam kui
tokestatud aproksimatsiooniomadus. Tokestatud ja kommuteeruva tokesta-
tud aproksimatsiooniomaduse vahele (vihemalt formaalselt) jadb viitekirjas
defineeritud uus moiste asiimptootiliselt kommuteeruv tokestatud aproksi-
matsiooniomadus.

Viitekirja esimene peatiikk kujutab endast sissejuhatust, mille koosseisu on
paigutatud lithike ajalooline iilevaade aproksimatsiooniprobleemist, vaitekir-
ja kokkuvote ning moningad tehnilised mérkused véitekirjas kasutatud té-
histuste kohta.

Viitekirja teises peatiikis tutvustatakse lugejale aproksimatsiooniomaduste
erinevaid versioone, sealhulgas klassikalist aproksimatsiooniomadust ja kom-
paktset aproksimatsiooniomadust, tokestatud (kompaktset) aproksimatsioo-
niomadust (holmates muuhulgas 1-tokestatud, see tihendab, meetrilist (kom-
paktset) aproksimatsiooniomadust) ning kommuteeruvat tokestatud (kom-
paktset) aproksimatsiooniomadust. Vilja on toodud mdisted ja tulemused,
mis on jargnevate osade moistmiseks voi teemast tervikliku pildi saamiseks
vajalikud.

Kolmandas peatiikis toestatakse, et artiklis [W] G. Willise poolt konstrueeri-
tud meetriline kompaktne aproksimeeriv pere Willise ruumil Xy on kommu-
teeruv. See tdhendab, et ruumil Xy on kommuteeruv meetriline kompaktne
aproksimatsiooniomadus. Kuna ruumil Xy ei ole aproksimatsiooniomadust,
on seega niidatud, et kommuteeruv meetriline kompaktne aproksimatsiooni-
omadus ja aproksimatsiooniomadus on erinevad omadused.

Neljas peatiikk tugineb artiklitele [O4] ning [GS]. Aastal 1988 niitasid G. Go-
defroy ja P. D. Saphar artiklis [GS], kuidas separaabli Banachi ruumi X geo-
meetriline struktuur (tdpsemalt, M-ideaaliks olemine oma teises kaasruumis)
voimaldab tosta kommuteeruva tokestatud aproksimatsiooniomaduse ruu-
milt X kaasruumi X*. Viitekirjas parendatakse seda tulemust mitmel moel.
Muuhulgas néidatakse, et separaabluse eeldusest saab loobuda ning ruumi
geomeetria osas kasutatakse eeldusena iildisemat tingimust, mida véitekir-
jas nimetatakse M (a,B,c)-vorratuseks. Margime, et Banachi ruum on M-
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ideaal oma teises kaasruumis parajasti juhul, kui ta rahuldab M (1,{-1},1)-
vorratust.

Rakendusena néaidatakse, et kui Banachi ruum rahuldab M (a, B, c)-vorratust
ning temal on A-tokestatud (kompaktne) aproksimatsiooniomadus (kus A ei
tileta arvu max|B|+c), siis nii ruumil endal kui ka tema kaasruumil on meet-
riline (kompaktne) aproksimatsiooniomadus.

M (a, B,c)-vorratus esineb defineerimata kujul juba artiklis [O4], kus seda
kasutati omaduse M™(a, B,c) intensiivsel uurimisel. Omadus M*(a, B,c) on
samuti Banachi ruumide struktuurne omadus, mis voimaldab iihekorraga kir-
jeldada teatud (suurt) ideaalide klassi Banachi ruumides.

Kolmanda ja neljanda peatiiki pohitulemused on ilmunud artiklis [OZ1].

Viiendas peatiikis keskendutakse ruumile X jg, mille kirjeldus on avaldatud
artiklis [JO], ent mille konstrueerisid juba aastal 1996 W. B. Johnson ja
G. Schechtman. Ruum X ;g on selle poolest markimisvadrne, et tal ei ole
meetrilist aproksimatsiooniomadust, kuid on tokestatud aproksimatsiooni-
omadus. Aastal 2001 toestas G. Godefroy [G], et ruumil X ;¢ on kommu-
teeruv 8-tokestatud aproksimatsiooniomadus, ning maérkis, et pole tehtud
mingeid pingutusi leidmaks viiksemat konstanti 8 asemel. Viiendas peatiikis
toestataksegi, et ruumil X ;g on kommuteeruv 6-tokestatud aproksimatsioo-
niomadus. Siiski jadb lahtiseks, kas konstant 6 on vihim voimalik.

Viienda peatiiki pohitulemused on ilmunud artiklis [Z].

Kuuendas peatiikis voetakse kasutusele uus moiste — asiimptootiliselt kom-
muteeruv tokestatud aproksimatsiooniomadus. Separaablite ruumide korral
langeb see moiste kokku kommuteeruva tokestatud aproksimatsiooniomadu-
sega. Uldjuhul niidatakse, et kui Banachi ruumil on asiimptootiliselt kom-
muteeruv tokestatud aproksimatsiooniomadus, siis tal on separaabel lokaalse
taiendatavuse omadus tugeval kujul. Mérgime, et selle tulemuse valguses po-
le selge, kas kommuteeruvast tokestatud aproksimatsiooniomadusest jareldub
separaabel tdiendatavuse omadus (nagu on viidetud teoreemis [C2, Theorem

9.3]).

Kuuenda peatiiki pohitulemusi sisaldava artikli eelvariant on [OZ2].
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