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Chapter 1

Introduction

The Standard Model of particle physics, formulated in the 1970s [1–3], has
been an extremely successful theory in describing the elementary particles
and the fundamental interactions between them, apart from gravity. The
last particle predicted by the model, the Higgs boson, was discovered in
2012 [4, 5], marking another great success that demonstrated the internal
consistency and predictive power of the model. Despite these achievements,
the Standard Model remains an incomplete description of nature, and many
open questions in particle physics still await answers.

The most weakly interacting particles in the Standard Model, neutri-
nos, are assumed to be massless. Neutrino oscillation experiments, however,
have firmly established that at least two of the three generations possess
nonzero masses [6–8]. Introducing right-handed neutrinos allows one to add
a mass term in analogy with other fermions by tuning the corresponding
Yukawa couplings. Such an approach, though, further exacerbates the al-
ready large hierarchy of Higgs couplings and is therefore unsatisfactory. A
more elaborate mechanism is thus preferred.

Current experimental data strongly suggest that the electroweak vac-
uum of the Standard Model is metastable [9]. Given the present particle
content, this vacuum remains highly long-lived and metastable, thereby not
yielding an immediate problem as tunneling to the true vacuum remains ex-
ceedingly unlikely. Nevertheless, many find the metastability of our vacuum
state conceptually unsatisfactory. Moreover, issues may arise when extend-
ing the Standard Model with particles which can further destabilize the
vacuum—for example by introducing new heavy fermions, as is often done
in neutrino mass generation models.

From a cosmological perspective, great success has been achieved by the
standard model of cosmology, the ΛCDM model [10], which postulates the
existence of dark energy and dark matter as the dominant components of
the energy budget of the universe. However, it does not explain the nature
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of either. The latter—dark matter—is essential for explaining large-scale
structure formation [11–13], the rotational velocities of stars around galac-
tic centers [14, 15], and the acoustic peaks of the cosmic microwave back-
ground [16]. Although there is an active community exploring explanations
of dark matter within the framework of modified gravity, a particle physics
interpretation is often considered more natural, as it consistently fits obser-
vations across multiple scales. This, however, necessitates going beyond the
Standard Model, which contains no viable dark matter candidate.

Another widely accepted paradigm in cosmology is inflation [17–19]—a
period of rapid accelerated expansion in the very early universe. Inflation
provides elegant solutions to the horizon and flatness problems [18] and can
be driven by the false vacuum of a scalar field potential. In principle, the
Higgs boson, as the only scalar field of the Standard Model, could serve
as the inflaton whose potential drives inflation. However, alternative possi-
bilities arise naturally in models with an extended scalar sector, and these
must also be explored.

Finally, the Standard Model contains exactly one dimensionful param-
eter: the Higgs mass term. This is not only aesthetically unappealing but
also gives rise to the possible naturalness problem. The Higgs mass receives
large quantum corrections proportional to the scale of new physics, requiring
delicate fine-tuning of the bare mass to cancel these contributions [20]. Mo-
tivated by this issue, this thesis explores the framework of classically scale-
invariant models, which eliminate problematic dimensionful terms from the
potential. However, this framework is experimentally excluded within the
Standard Model itself: therefore extensions of the scalar sector with new
particles such as the dilaton and, possibly, scalar dark matter candidates
are necessary. The introduction of new degrees of freedom, in turn, provides
an excellent opportunity to also investigate other open questions of both
the Standard Model and cosmology.

This thesis is structured as follows. Chapter 2 provides a brief overview
of the Standard Model of particle physics, with a focus on the Higgs boson,
the hierarchy problem, and the issue of vacuum metastability. In Chapter 3,
the discussion shifts to cosmology, where a concise overview of the history of
the universe is given. We examine the standard cosmological model known
as the ΛCDM model, describe the properties of dark matter most relevant
for this work—including its production and detection—and introduce the
concept of cosmic inflation. Chapter 4 presents the experimental evidence
for neutrino masses and discusses possible mechanisms for their generation.
In Chapter 5, we explain the essence of classically scale-invariant models and
present novel approaches to their analysis, illustrated through two concrete
models. Finally, the summary are provided in Chapter 6 and Chapter 7, in
English and Estonian, respectively.
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Chapter 2

Standard model of particle
physics

The Standard Model of particle physics is a relativistic quantum field the-
ory [21] that describes all known elementary particles and the fundamental
interactions between them: the electromagnetic, weak, and strong forces [22–
25]. The theory of quantum gravity remains unknown and is therefore
excluded. Fortunately, gravitational interactions are negligible at particle
physics energy scales and do not affect the discussion that follows. Electro-
magnetic and weak interactions among leptons and quarks are described by
a Yang–Mills theory [26], based on the symmetry group SU(2)L × U(1)Y
before symmetry breaking (see section 2.1). Here, the subscript Y refers to
hypercharge, while L denotes left-handed fields that transform as doublets
under SU(2)L, associated with the weak isospin quantum number. Strong
interactions among quarks are based on the symmetry group SU(3)C , with
the subscript referring to the colour quantum number, and are described by
the gauge theory of quantum chromodynamics [23].

Each symmetry group is associated with gauge fields, whose spin-one
bosons mediate the corresponding interactions. For the U(1)Y generator,
the associated field is Bµ, for the SU(2)L the three generators ta (with
a = 1, 2, 3) correspond to the gauge fields W a

µ and for SU(3)C there is an
octet of gluon fields Gα

µ (with α = 1, 2, .., 8) for eight Tα generators. These
generators satisfy the following relations:

[ta, tb] = iεabctc,

[Tα, T β] = ifαβγTγ ,

Tr(TαT β) =
1

2
δαβ,

(2.1)

where εabc is the antisymmetric Levi-Civita symbol, and fαβγ are the struc-
ture constants of SU(3)C . The generators of SU(2)L are typically expressed
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as ta = σi/2, where σi are Pauli matrices, while those of SU(3)C are given
by Tα = λα/2, with λα being the Gell-Mann matrices. The field strength
tensors of the gauge fields are given by:

Gα
µν = ∂µG

α
ν − ∂νG

α
µ + gsf

αβγGβ
µG

γ
ν ,

W a
µν = ∂µW

a
ν − ∂νW

a
µ + g2f

abcW b
µW

c
ν ,

Bµν = ∂µBν − ∂νBµ.

(2.2)

Here, gs and g2 are the coupling constants of the strong and weak inter-
actions, respectively. The hypercharge coupling g1 is not present in the
expression of the related field strength as gauge fields associated to Abelian
groups do not have self-interactions. The Lagrangian of the Standard Model
must remain invariant under local gauge transformations, meaning that the
theory must be independent of arbitrary local choices of phase or gauge ba-
sis. As a simple example, under a local U(1) symmetry the field transforms
as

ψ(x) → eiα(x)ψ(x). (2.3)

It is easy to see that this invariance is broken by a kinetic term involv-
ing only ordinary spacetime derivatives. To ensure invariance under such
transformations, one must instead use the covariant derivative:

Dµ = ∂µ − igsTaG
a
µ − ig2taW

a
µ − ig1

Y

2
Bµ. (2.4)

The fermions have half-integer spin and are described by spinor fields. There
are three generations of fermions with the same quantum numbers and
gauge representations but different masses, as shown in Table 2.1. Finally,
the Standard Model also includes a single spin-zero boson field, called the
Higgs field, which transforms as an SU(2)L doublet with hypercharge Y = 1,
and as singlet under the SU(3)C group. With this field content, one can
construct the following renormalizable, gauge-invariant Lagrangian:

LSM =− 1

4
Ga

µνG
µν
a − 1

4
W a

µνW
µν
a − 1

4
BµνB

µν

+ L̄ /DL+ ēR /DeR + Q̄ /DQ+ ūR /DuR + d̄R /DdR

+ (DµH)†(DµH)− V (H)

− YeL̄HeR − YdQ̄HdR − YuQ̄H̃uR + h. c,

(2.5)

where we have omitted generation indices. The fermion content are summa-
rized in the table 2.1. The quantity /D = Dµγ

µ denotes the covariant deriva-
tive contracted with the Dirac matrices, and H̃ = iτ2H

∗ is the isospin con-
jugate of the Higgs doublet H. The first line in the Lagrangian describes the
dynamics and self-interactions of the gauge bosons. The second line contains

13



Table 2.1: Fermion content of the Standard Model, including their hypercharge
and representation under the gauge groups. Generation indices are omitted for
clearness. Note that right-handed leptons do not include neutrinos.

Name Symbol Y SU(2)L SU(3)C

Left-handed leptons LL = (eL, νL)T −1 2 1
Left-handed quarks QL = (uL, dL)T

1
3 2 3

Right-handed leptons eR −2 1 1
Right-handed u-type quarks uR

4
3 1 3

Right-handed d-type quarks dR − 2
3 1 3

the kinetic terms of the fermions. Note that due to the covariant derivative,
these terms also describe their interactions with gauge bosons. The third
line describes the kinetic term and potential of the Higgs field given by
equation (2.7). Finally, the last line contains the Yukawa interactions be-
tween the Higgs boson and fermions. In the electroweak sector of the theory,
no explicit fermion mass terms can be added because left-handed fermions
are SU(2)L doublets and right-handed fermions are singlets. Nevertheless,
the Higgs potential provides a source of spontaneous symmetry breaking
via the Higgs–Brout–Englert–Guralnik–Hagen–Kibble mechanism [27–31],
or the Higgs mechanism for short, which is discussed in the next section.

2.1 Higgs boson and spontaneous symmetry
breaking

The scalar sector of the Standard Model consists of a single field, the Higgs
boson, as described above. As a complex SU(2)L doublet, it can be written
as

H =

(
h+

h0

)
, (2.6)

with one electrically charged component and one neutral component. The
scalar potential in the Lagrangian (2.5) is given by

V (H) = µ2hH
†H + λh(H

†H)2. (2.7)

In the case of µ2h < 0 and λh > 0, this potential has a minimum away
from the origin of the coordinates. After symmetry breaking, the U(1)EM
subgroup remains unbroken, corresponding to electromagnetism, with the
associated gauge field identified as the photon, which therefore remains
massless. Consequently, only the neutral component of the Higgs field

14



acquires a vacuum expectation value (VEV):

⟨0|H|0⟩ =
(

0
vh√
2

)
(2.8)

with vh =
√
−µ2h/λh. It is convenient to rewrite the Higgs doublet as

H(x) =

(
θ1 + iθ2

vh+h√
2

+ iθ3

)
= eiπa(x)ta

(
0

vh+h(x)√
2

)
, (2.9)

with fields πa(x) related to Goldstone bosons θa appearing in the linear
parametrisation. This can be simplified with a gauge transformation to the
unitary gauge:

H(x) → e−iπa(x)taH(x) =

(
0

vh+h(x)√
2

)
. (2.10)

After expanding the Higgs kinetic term in the Lagrangian, one gets following
terms:

LSM =
1

8
g22v

2
h

∣∣W 1
µ + iW 2

µ

∣∣2 + 1

8
v2h
(
g2W

3
µ − g1Bµ

)2
+ ..., (2.11)

which are mass terms for the gauge bosons. By redefining the gauge fields
as

W±
µ =

1√
2

(
W 1

µ ∓ iW 2
µ

)
, Zµ =

g2W
3
µ − g1Bµ√
g21 + g22

, Aµ =
g2W

3
µ + g1Bµ√
g21 + g22

,

(2.12)
the corresponding gauge boson masses are

MW =
g2vh
2

, MZ =

√
g21 + g22
2

vh. (2.13)

The photon field Aµ remains massless. The three degrees of freedom θi,
called Goldstone bosons, initially present in Eq. (2.9), are absorbed by
the three massive gauge bosons [32], providing them with their longitu-
dinal components. The non-zero VEV spontaneously breaks the symmetry
SU(2)L×U(1)Y → U(1)EM, leaving a residual U(1)EM symmetry associated
with the electromagnetic interaction and the photon field. The associated
conserved quantum number, the electric charge Q, is related to the hyper-
charge Y and the diagonal generator t3 of SU(2)L, corresponding to the
weak isospin, as

Q = t3 +
Y

2
. (2.14)
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Fermions acquire mass after symmetry breaking through Yukawa interac-
tions with the Higgs boson, with the mass given by

mf =
yfvh√

2
, (2.15)

where mf is the fermion mass and yf is the Yukawa coupling of the fermion
to the Higgs boson. Finally, the physical Higgs boson mass is given by

m2
h = 2λhv

2
h. (2.16)

Great effort has been devoted to determining the VEV of the Higgs boson,
vh. The most precise determination comes from measurements of the muon
lifetime and mass, which can be expressed as

τµ =
1536ℏπ3

C2
Wm

5
µ

, (2.17)

where mµ is muon mass and CW is the Wilson coefficient, which can be
determined from experimental data on the muon lifetime and mass. In the
Standard Model, muon decays are mediated by theW boson, and the Wilson
coefficient can be related to Standard Model parameters as

CW = − g22
2M2

W

= −2
1

v2h
→ vh =

√
2

|CW | . (2.18)

Using the experimental values of the muon lifetime, τµ = 2.1969811(22)µs,
and its mass, mµ = 105.6583745(24)MeV [33], the resulting value of the
Higgs VEV is

vh = 246.21964(6)GeV. (2.19)

With the VEV determined, one can obtain the couplings of the Higgs boson
by measuring the masses of the corresponding particles.

2.1.1 Naturalness of the electroweak scale

In quantum field theory, classical (tree-level) parameters receive quantum
corrections from loop diagrams. Unlike other fields in the Standard Model,
the Higgs boson is not protected against large corrections by any symme-
try, such as chiral symmetry for fermions or gauge invariance for gauge
bosons [20]. As a consequence, the Higgs boson mass receives quadratically
divergent corrections proportional to some new physics cut-off scale Λ. Ex-
plicitly, the one-loop correction can be approximated by

δm2
h =

Λ2

32π2

(
6λh +

1

4
(3g21 + 9g22)− y2t

)
, (2.20)
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which includes the most relevant contributions. The Standard Model is typ-
ically assumed to be valid up to the Planck scale, ∼ 1019 GeV. This cut-off
scale Λ may correspond to any new physics between the electroweak scale
(around ∼ 100 GeV) and the Planck scale. The combined experimental
measurement of the Higgs boson mass is provided by [34] and is

mh = 125.11± 0.11GeV. (2.21)

For the Higgs boson mass to remain so small compared to the potential scale
of new physics, the tree-level mass must be fine-tuned to cancel out large
quantum corrections. The quadratic sensitivity of the Higgs boson mass, and
the resulting unnatural fine-tuning of the tree-level parameter, is known as
the hierarchy problem. The hierarchy problem is independent of the chosen
renormalization scheme, and it persists even if new physics couples to the
Higgs boson indirectly, as long as it interacts with the Standard Model [35].
A possible solution to the hierarchy problem is described in the Chapter 5
in the context of classically scale-invariant models.

2.1.2 Metastability of electroweak vacuum

At very high energy scales, the Higgs potential is dominated by the quartic
term:

V (h≫ mt) ≈
1

4
λhh

4. (2.22)

In quantum field theory, couplings are not constant but run with renormal-
ization scale µ instead [3, 36, 37]. If at any scale λh becomes negative, the
potential acquires a new, much deeper minimum, rendering the electroweak
vacuum we inhabit unstable. The dominant one-loop contribution to the
β-function describing the evolution of λh is

βλh
=

dλh
d lnµ

=
1

16π2

(
− 6y4t + 12y2t λh +

3

8

(
2g42 +

(
g21 + g22

)2)

− 3λh
(
3g22 + g21

)
+ 24λ2h

)
.

(2.23)

The beta-function βλh
depends on the fourth power of the top-quark Yukawa

coupling yt, which is determined experimentally from top-quark mass mea-
surements [38]. Its value at low energy is

yt =

√
2mt

vh
=

√
2 · 172.52GeV

246.22GeV
= 0.99090, (2.24)

making the quartic top Yukawa term in (2.23) the largest contribution. This
drives λh to negative values at around the scale µ ≃ 1010 GeV, as shown in

17



102 104 106 108 1010 1012 1014 1016 1018 1020

-0.04

-0.02

0.00

0.02

0.04

0.06

0.08

0.10

RGE scale Μ in GeV

H
ig

g
s

q
u

ar
ti

c
co

u
p

li
n

g
Λ

3Σ bands in

Mt = 173.3 ± 0.8 GeV HgrayL
Α3HMZL = 0.1184 ± 0.0007HredL
Mh = 125.1 ± 0.2 GeV HblueL

Mt = 171.1 GeV

ΑsHMZL = 0.1163

ΑsHMZL = 0.1205

Mt = 175.6 GeV

107 108

109

1010

1011

1012

1013

1014

1016

120 122 124 126 128 130 132
168

170

172

174

176

178

180

Higgs pole mass Mh in GeV

T
o
p

p
o
le

m
as

s
M

t
in

G
eV

1017

1018

1019

1,2,3 Σ

Instability

Stability

Meta-stability

Figure 2.1: Left: Running of the Higgs quartic coupling λh. Right: Regions of
stability (green), metastability (yellow), and instability (red) of the electroweak
vacuum in the plane of top-quark and Higgs boson masses. Plots are taken from [9].

the right panel of Figure 2.1. The left panel shows that, despite the exis-
tence of a deeper minimum, we inhabit a metastable vacuum. To clarify the
meaning of metastability, one must calculate the probability of quantum
tunneling to the true vacuum. This can be done using semi-classical meth-
ods [39]. The probability d℘ of nucleating a bubble of true vacuum within
a spatial volume dV and time interval dt can be calculated as

d℘ = Λ4
Be

−S(ΛB)dV dt, (2.25)

where ΛB is the characteristic scale at which the decay is most likely to oc-
cur. It can be chosen to maximize the expression Λ4

Be
−S(ΛB), which roughly

corresponds to the region where βλh
(ΛB) = 0. Following the derivation

in [9], a simple analytical approximation of the action is obtained using the
four-dimensional Euclidean tunneling bounce solution:

S(ΛB) = S4(ΛB) =
8π2

3|λh(ΛB)|
. (2.26)

The total probability that a bubble of true vacuum has nucleated during
the history of the universe is

℘ = Λ4
Be

−S(ΛB)

∫ t0

0
dt

∫

|x|<a(η0−η)
d3x ≈ 0.15

Λ4
B

H4
0

e−S(ΛB) (2.27)

where the final expression provides a rough estimate of the integral, as
derived in [9]. Here, H0 = 66.7km/s/Mpc [40] is the present-day Hubble
rate, further discussed in Chapter 3. Using this expression, one can esti-
mate the probability of electroweak vacuum decay to be less than 10−1000,
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making such a decay extremely unlikely. This renders the electroweak vac-
uum metastable, in agreement with current observations. Nevertheless, if
one considers models beyond the Standard Model, the stability of the elec-
troweak vacuum must be revisited. For example, the addition of extra scalar
fields can contribute positively to βλh

, potentially resulting in a more sat-
isfactory, fully stable electroweak vacuum, as will be discussed later in this
thesis.
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Chapter 3

Cosmology

New developments in 20th-century astronomical observations, together with
the mathematical framework provided by General Relativity [41,42], led to
the emergence of modern cosmology. A cornerstone of this field is the dis-
covery of the expanding universe by Georges Lemaître [43] and Edwin Hub-
ble [44], which culminated in what is now known as the Hubble–Lemaître
law, a fundamental relation in cosmology:

˙⃗r = H(t)r⃗, (3.1)

where H(t) > 0 is the Hubble rate (or Hubble parameter), whose present-
day value is observed to be 66.7 km s−1Mpc−1 [40] and r denotes the dis-
tance between two objects in space. Under general assumptions in cosmol-
ogy, the Einstein equations of General Relativity lead to a mathematical
singularity at a finite scale, known historically as the Big Bang singularity.
This is outlined in Section 3.1, where the standard model of cosmology—the
so-called ΛCDM model—is introduced. Beyond this point, General Relativ-
ity breaks down, and we currently lack both the mathematical tools and
physical understanding to describe the very early universe. Moreover, the
Big Bang model leaves several open problems, most notably the flatness
problem and the horizon problem. In Section 3.2, we discuss the most widely
accepted solution to these problems: cosmic inflation.

This chapter provides only a brief review of the evolution of the uni-
verse, focusing particularly on its early stages and current energy content.
It closely follows more detailed reviews on cosmic inflation [45–48] and dark
matter [49].

3.1 ΛCDM model

Arguably the most important observational data on the early universe comes
from the cosmic microwave background (CMB), which offers a snapshot of
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the universe when it became transparent to photons during the matter-
dominated epoch, at a redshift of approximately z ≃ 1100 (about 380,000
years after the Big Bang). The most precise CMB measurements have been
provided by the Planck satellite [16], which is major success in the confirma-
tion of the cosmological principle, which states that the universe is isotropic
and homogeneous on large scales. The Planck results show that the CMB
is statistically consistent with this symmetry on scales larger than roughly
100 Mpc.

Using the cosmological principle, the most general metric that can be
constructed is the Friedmann–Robertson–Walker (FRW) metric:

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

)
, (3.2)

where a(t) is the scale factor, which evolves with time and encodes the
expansion of the universe. The coordinates r, θ, ϕ are comoving spherical
coordinates, meaning they remain fixed for observers who are at rest with
respect to the overall expansion of the universe. The constant k determines
the spatial curvature of the universe, with possible values:

• k = 1: a closed universe, corresponding to a 3-sphere,

• k = −1: an open universe, corresponding to a hyperbolic geometry,

• k = 0: a flat universe, corresponding to Euclidean space.

The relative rate of expansion of the universe is described by the previously
introduced Hubble parameter, which relates to the scale factor a(t) as

H =
ȧ

a
, (3.3)

where the explicit time dependence is omitted here and throughout this
chapter for simplicity. One studies the evolution of the scale factor on a ho-
mogenous and isotropic background by solving the Einstein field equations,
which relate the Einstein tensor to the energy–momentum tensor:

Gµν + Λgµν =
Tµν
M2

P

, (3.4)

where Λ denotes the vacuum energy, commonly referred to as the cosmo-
logical constant or dark energy. If the energy–momentum content of the
universe is modeled as a perfect fluid, it can be written as

Tµ
ν = Diag(−ρ, p, p, p), (3.5)
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Table 3.1: Constituents of the universe with their equation-of-state parameter w,
energy density scaling with the scale factor, and scale factor evolution assuming
each component dominates. Present-day densities Ωi,0 are based on Planck mea-
surements [16], consistent with a flat universe.

w ρ ∝ a ∝ Ωi,0

Radiation 1
3 a−4 t1/2 ∼ 10−5

Baryonic matter 0 a−3 t2/3 0.049

Dark matter 0 a−3 t2/3 0.266
Curvature − 1

3 a−2 t1 0.0004
Λ −1 a0 eHt 0.685

with energy density ρ and pressure p. By substituting the FRW metric into
the Einstein tensor defined as

Gµν = Rµν −
1

2
Rgµν , (3.6)

one arrives at the Friedmann equations:

H2 =

(
ȧ

a

)2

=
ρ

3M2
P

− k

a2
+

Λ

3
,

Ḣ +H2 =
ä

a
= − 1

6M2
P

(ρ+ 3p) +
Λ

3
.

(3.7)

Combining these two equations will give rise to differential continuity equa-
tion

dρ

dt
+ 3H(ρ+ p) = 0. (3.8)

This equation describes the dilution of energy density during the expansion
of the universe. Its solution is

ρ ∝ a−3(1+w), (3.9)

where w = p/ρ is the equation-of-state parameter, which depends on the
specific component of the universe. Different constituents and their corre-
sponding values of w, along with their dilution behavior as a function of
the scale factor, are listed in Table 3.1. According to the ΛCDM model,
the universe consists not only of baryonic matter and radiation, but also
of the previously introduced cosmological constant Λ, and non-relativistic,
non-interacting matter known as dark matter [50], which will be discussed
further in Subsection 3.1.1. This framework is in excellent agreement with
observations and is therefore regarded as the current standard model of Big
Bang cosmology.
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Figure 3.1: Evolution of the energy densities of the components of the universe.
The plots are taken from [49].

By combining Eq. (3.9) with the Friedmann Eqs. (3.7), one obtains the time
evolution of the scale factor for different dominant energy components:

a ∝
{
t
2
3
(1+w), w ̸= −1

eHt, w = −1
(3.10)

Due to the differing rates of dilution, different components dominate the
energy budget of the universe at different times—beginning with radiation-
dominated epochs, followed by matter domination, and eventually entering
a phase dominated by the cosmological constant, whose energy density re-
mains constant during expansion. This evolution is illustrated in Figure 3.1.

It is convenient to express present time energy densities of the universe’s
components as fractions of the critical density, defined by ρc = 3M2

PH
2,

which corresponds to a spatially flat universe. Each component’s density
parameter is then given by Ωi,0 = ρi/ρc. Using this, the Friedmann equation
can be rewritten as

(
H

H0

)2

=
∑

i

Ωi,0a
−3(1+wi) +Ωk,0a

−2 (3.11)

where we have set a0 = 1, and written the curvature contribution Ωk,0

explicitly outside the sum to better illustrate the consistency condition
∑

i

Ωi,0 +Ωk,0 = 1. (3.12)

The observed values of Ωi,0 are presented in the last column of Table 3.1. As
shown in the table, today’s energy budget of the universe consists of only
about 5% of baryonic matter and a negligible contribution from radiation.
The remaining 95% is divided between dark matter and dark energy, under
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the assumption that dark energy is indeed a cosmological constant. Mea-
surements of the CMB, combined with large-scale structure observations,
are consistent with a flat universe, constraining the curvature parameter to
Ωk,0 = 0.0004(18) [41].

3.1.1 Dark matter

Measurements of the CMB acoustic peaks [16], together with simulations of
nonlinear growth of primordial inhomogeneities and the formation of large-
scale structures [11–13], indicate the presence of an additional component
of the universe with the same equation of state as baryonic matter but with
negligible non-gravitational interactions. In particular, its lack of interaction
with the electromagnetic force led to the name dark matter.

Apart from fitting extremely well with the observations mentioned above,
dark matter also explains a variety of observables on very different scales,
such as the rotation curves of spiral galaxies [14,15], colliding clusters [51],
and cosmic shear [52,53]. Its impact across such a wide range, from individ-
ual galaxies to the entire observable universe, makes a yet-to-be-discovered
particle (or particles) one of the most natural explanation. Although all
current observations rely only on the gravitational effects of dark matter,
and any non-gravitational interactions must be negligible on astrophysical
scales, this does not exclude the possibility of interactions with the Stan-
dard Model content. In fact, most models of dark matter generation assume
some level of interaction with ordinary matter, and numerous experiments
have been conducted, and continue to be conducted, to detect dark matter
through its possible couplings to the Standard Model content.

Properties from cosmological observations

To effectively assist in the formation of large-scale structures, dark matter
must be non-relativistic at the onset of structure formation and in all sub-
sequent epochs [54]. This requirement is emphasized in the ΛCDM model
through the designation “cold” dark matter. Otherwise, fast-moving dark
matter particles would suppress the growth of perturbations in a manner
similar to the photon–baryon fluid before recombination. This cold dark
matter bound usually translates into model depending bounds on dark mat-
ter mass and interactions with relativistic particles.

Observations such as colliding galaxy clusters also place bounds on dark
matter self-interactions [55,56], in addition to its interactions with the Stan-
dard Model content. This implies that dark matter is effectively collisionless
and dissipationless, lacking any efficient mechanism to cool. As a result,
dark matter evolves differently from baryonic matter during cosmic history.
Furthermore, without sufficient interactions there is no mechanism yielding
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a significant production of dark matter at later times, meaning that dark
matter must either be stable or decay on timescales much longer than the
age of the universe.

Apart from the measurements of the CMB acoustic peaks discussed
above, two other cosmological observations are particularly important in
the context of dark matter production: Big Bang Nucleosynthesis [57] and
isocurvature perturbations [16], as they constrain both when and how dark
matter could have been produced.

Big Bang Nucleosynthesis Independently of CMB data, Big Bang Nu-
cleosynthesis (BBN) probes an even earlier stage of the universe. BBN de-
scribes the synthesis of the light elements from free protons and neutrons
in the primordial plasma of the early universe. While the predicted abun-
dances depend on several cosmological parameters, the presence of energetic
photons capable of breaking apart nuclei makes BBN also sensitive to the
baryon-to-photon ratio η, yielding the corresponding best-fit value [33]

η = (6.2± 0.4) · 10−10, (3.13)

which translates to Ωbh
2 = 0.022 ± 0.002, with the dimensionless Hub-

ble parameter h = 0.667. This is in excellent agreement with the Planck
measurements and strengthens confidence in our understanding of cosmic
evolution. Since BBN probes an earlier stage of the universe than the CMB,
the corresponding temperatures were significantly higher, around T ∼ MeV.
Any dark matter production mechanism must therefore operate before this
epoch.

Iso-curvature perturbations Isocurvature perturbations describe inho-
mogeneities that differ between particle species without affecting the total
energy density. They can arise from independent quantum fluctuations of
different fields. A global fit of CMB data shows that such perturbations are
subdominant compared to adiabatic perturbations, which affect all species
equally. The fact that dark matter and the Standard Model exhibit very
similar fluctuations suggests an early connection between the two.

Production

The evolution of the number density nDM of a particle species is governed by
the Boltzmann equation. Neglecting the fermionic or bosonic nature of dark
matter and assuming identical dark matter particles, it can be approximated
in an expanding universe as

ṅDM + 3HnDM = −⟨σvMøl⟩(n2DM − n2DM,eq). (3.14)
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Here, the right-hand side of the equation represents the annihilation rate
of dark matter, given by the thermally averaged annihilation cross section
multiplied by the Møller velocity [58], while nDM,eq denotes the equilibrium
number density, typically approximated by the Maxwell–Boltzmann distri-
bution. If the right-hand side becomes negligible, the number of dark matter
particles is conserved and is diluted only by the expansion of the universe,
which is accounted for by the term 3HnDM on the left-hand side.

When calculating the dark matter abundance, it is convenient to intro-
duce the quantity YDM, defined as

YDM =
nDM

s
, (3.15)

where s is the total entropy density. The advantage of using this quan-
tity, instead of the number density nDM alone, is that it remains constant
whenever the number of dark matter particles per comoving volume is con-
served. In other words, YDM remains constant once dark matter production
has ceased and it has decoupled from the Standard Model, provided that
no number-changing processes remain active. The present-day value YDM0

can then be estimated from the observed dark matter mass density as

ρDM =MDMnDM =MDMs0YDM0, (3.16)

with ρDM/s0 ≃ 0.44 eV [16] and dependence on the dark matter mass MDM.
Having introduced the relevant framework, we now present two of the

most common mechanisms for dark matter production, which arise as nat-
ural consequences of the properties and bounds outlined above.

Freeze-out By far, the most popular mechanism for dark matter produc-
tion is freeze-out [59]. In its simplest form, it assumes that dark matter is
a stable particle, weakly interacting with the Standard Model. Although
historically dark matter has been considered predominantly in the form of
Weakly Interacting Massive Particles (WIMPs), it should be emphasized
that the small interaction with the Standard Model does not necessarily
have to proceed through the weak force. Nevertheless, the freeze-out mech-
anism has multiple appealing features. First, it assumes that dark mat-
ter was initially in thermal equilibrium with the Standard Model thermal
bath in the early universe, when interaction rates exceeded the Hubble ex-
pansion rate. This ensures adiabatic initial conditions consistent with the
isocurvature perturbation bounds. Second, its only requirement is a suffi-
ciently weakly interacting dark matter particle, typically corresponding to
an annihilation cross section typically of order ⟨σvMøl⟩ = 10−26 cm3s−1 [60].
Finally, its simplicity makes it highly predictive: the dark matter density
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Figure 3.2: Freeze-out (left) and freeze-in (right) evolution of the dark matter
abundance for three different values of the annihilation rate Γ, with the arrow
indicating the direction of increasing Γ. The variable x = mDM/T denotes the
ratio of the dark matter mass to the temperature. The dashed line represents
thermal equilibrium with Standard Model particles, and denotes the ratio of the
dark matter mass (or alternatively the mediator mass between the Standard Model
and dark matter) to the temperature, which increases as the universe cools. The
plots are taken from [61].

can be calculated from just two parameters—the dark matter mass and its
interaction cross section with the Standard Model.

As mentioned above, in the freeze-out mechanism, dark matter remains
in thermal equilibrium with the ordinary matter thermal bath until its anni-
hilation rate can no longer compete with the Hubble expansion rate, which
occurs roughly when

Γ ∼ nDM,eq⟨σvMøl⟩ ≲ H, (3.17)

where Γ is the annihilation rate and σ is the total annihilation cross sec-
tion. Simply put, dark matter becomes too diluted to annihilate efficiently,
leaving behind a “frozen” relic abundance that we observe today. Note that
stronger interactions reduce the dark matter abundance by increasing the
annihilation rate, which keeps dark matter in thermal equilibrium with the
thermal bath for a longer time, as illustrated in Figure 3.2. This feature
favors couplings that are small enough to remain consistent with current
experimental bounds, while still providing a observed dark matter abun-
dance.

Freeze-in A scenario somewhat inverse to freeze-out can occur if the dark
matter coupling to the Standard Model content is too small for the dark
matter abundance to ever reach thermal equilibrium [62]. In this paradigm,
dark matter starts with a negligible density and gradually builds up its
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abundance, but the interaction rate drops below the Hubble expansion rate
before equilibrium is achieved, and the dark matter abundance “freezes in”.
In terms of the Boltzmann equation (3.14), this corresponds to the regime
nDM,eq ≫ nDM. In this case, the inverse annihilation rate Γ governs the
production of dark matter, placing an approximate upper limit on the cou-
pling to the Standard Model at order of 10−7. Above this value, dark matter
would thermalize too efficiently. This process is also illustrated in Figure 3.2.
The freeze-in scenario remains highly predictive, like freeze-out, but due to
its extremely small interactions with the Standard Model it is much harder
to test experimentally and therefore often considered less appealing than
the latter.

Unlike the freeze-out case, it is not as straightforward to conclude that
the inhomogeneities are predominantly adiabatic rather than isocurvature,
since freeze-in lacks thermal equilibrium. Nevertheless, in the freeze-in sce-
nario dark matter is produced from the Standard Model thermal bath and
therefore inherits its adiabatic perturbations on observable scales. Any pos-
sible isocurvature contributions are suppressed and remain well below cur-
rent observational bounds [63].

(In)direct detection experiments

Over the past several decades, great effort has been devoted to detecting
dark matter through its non-gravitational interactions with ordinary matter.
Due to the large number of experiments and the variety of approaches, a
comprehensive review of all results lies beyond the scope of this thesis.
Instead, we highlight some results from the channels most relevant to the
present work.

Direct detection aims to observe the energy deposited by dark matter
scattering off atoms. The most sensitive experiments include PandaX-4T [65,
66], XENONnT [67, 68] and LUX-ZEPLIN [69]. Because of the extremely
low expected event rate, these searches typically employ massive multi-
ton, ultra-pure detectors located deep underground, both to increase the
probability of scattering events and to reduce background noise. So far, no
conclusive evidence has been found, and direct detection experiments have
instead provided increasingly stringent bounds on dark matter interactions
with nucleons. An overview of these bounds is shown in Figure 3.3, which
presents the limits on the spin-independent dark matter–nucleon scattering
cross section.

Indirect detection, on the other hand, aims to observe the byproducts of
dark matter decay or pair annihilation by measuring cosmic-ray fluxes that
exceed the expected contribution from astrophysical sources. Such events
are far more common than those in direct detection, but the method suffers

28



101 102 103 104

WIMP Mass [GeV/c2]

10 48

10 47

10 46

10 45

10 44

W
IM

P-
nu

cl
eo

n 
σ

S
I [

cm
2
]

LZ (2025)

LZ (2023)

PandaX-4T (2025)

XENON1T (2018)
LUX (2017)DEAP-3600 (2019)

XENONnT (2023)

Median 3σ discovery potential
Median expected upper limit
Power constrained upper limit
Unconstrained upper limit

Figure 3.3: Bounds on the dark matter–nucleon scattering cross section. Regions
above the solid lines are excluded at the 90% confidence level. The most stringent
constraints are provided by LUX-ZEPLIN (LZ), with the 68% and 95% confidence
level regions shown in green and yellow, respectively. The plot is taken from [64].

29



10−2 10−1 100 101 102 103 104 105105 106 107 108 109 1010 1011

mχ (GeV)

1019

1020

1021

1022

1023

1024

1025

1026

1027

1028

1029

1030

τ χ
(s

)

♥
B

or
ex

in
o

♥KamLAND

♥JUNO

S
K

(O
li
va

re
s

et
al

.)

♥SK -ve

HK (Bell et al.)

SK

IceCube

ANTARES

IC-DeepCore

Ic
eC

u
b

e
(B

h
at

ta
ch

ar
ya

et
al

.)

♥IceCube-HE

♥SK atm.

♥
Ic

eC
u

b
e-

E
H

E

♥Auger

♥P-ONE

KM3NeT ♥RNO-G
♥GRAND

♥DUNE

♥TAMBO

♥IceCube-Gen2

γHAWC

γCTA

γCTA (Queiroz et al)

γIceTop

γLHAASO

γFermi-LAT (Cohen et al.) γFermi-LAT

γKASCADE

γKASCADE-Grande

γCASA-MIA γEAS-MSU

γTA-SD

γAuger-SD
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from [73].

from astrophysical uncertainties, since many background processes are not
yet well understood. To reduce these uncertainties, indirect detection exper-
iments often focus on rarer channels with lower background noise. The most
notable experiments include Fermi-LAT [70], AMS-02 [71] and IceCube [72].
As an important example for this thesis, Figure 3.4 highlights numerous
experiments searching for dark matter decay into neutrinos, which place
bounds on the dark matter lifetime that are several orders of magnitude
longer than the age of the universe across the studied mass range.

3.2 Cosmic inflation

Despite its successes, Big Bang cosmology has serious shortcomings, most
notably the horizon problem and the flatness problem [18], which are dis-
cussed in more detail in Section 3.2.1. A widely accepted resolution is the so-
called inflationary period, proposed prior to the radiation-dominated epoch
in the pioneering works of Starobinsky [17], Guth [18], and Linde [19]. The
inflationary paradigm postulates a phase of rapid accelerated expansion in
the very early universe. This idea not only addresses the aforementioned
problems, but also provides solutions to other open questions, such as gen-
erating the initial quantum perturbations that seeded the formation of large-
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To produce an accelerated expansion in General Relativity, the energy–
momentum tensor must have negative pressure, similar to the case of a
cosmological constant. A natural candidate to drive inflation is the false
vacuum V of a scalar field ϕ, called the inflaton. With positive vacuum
energy, the field provides negative pressure, and after transitioning to the
true vacuum, the standard Big Bang cosmology can resume. This transition
generally cannot proceed through a first-order phase transition, as that
would produce large inhomogeneities [76]. Instead, the vacuum energy V
must evolve dynamically to allow for a smooth, second-order–like transition.
In Section 3.2.2 we adopt the common assumption that the field acceleration
ϕ̈ is small, leading to the slow-roll approximation [19]. Finally, we note that
inflation can also be described in the framework of modified gravity, as has
been widely studied. Although philosophically different, these approaches
are often mathematically similar, since modified gravity theories typically
reduce to models involving scalar fields [17, 77].

3.2.1 Motivation

The flatness problem

To illustrate the essence of the flatness problem, let us rewrite the Friedmann
equations (3.7) in terms of the previously introduced fraction of the critical
density, Ωtot =

∑
j ρj/ρc , now also including the curvature contribution:

Ωtot − 1 =
k

a2H2
,

ä

a
= −1

2
H2Ωtot(1 + 3w).

(3.18)

From these equations, one can derive the evolution of the density parameter
Ωtot with the expansion of the universe:

dΩtot

d ln a
= (1 + 3w)Ωtot(Ωtot − 1). (3.19)

As seen here, a flat universe (Ωtot = 1) remains flat. However, for w >
−1

3 (as in the radiation- or matter-dominated universe), this fixed point is
unstable: even small deviations from flatness grow with time. As mentioned
above, our universe is consistent with flatness, with deviations from Ωtot = 1
quantified by the present-day curvature parameter Ωk,0 = 0.0004(18) [41].
Without a physical explanation, the (near-)perfect flatness of the universe
appears fine-tuned and, therefore, problematic.

The inflationary period, dominated by a positive potential V corre-
sponding to negative pressure, effectively mimics a cosmological constant
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Λ with an equation-of-state parameter w ≃ −1 (see section 3.2.2). From
Eq. (3.19), one sees that in this regime Ωtot is driven toward the flatness
fixed point. If the inflationary expansion lasts long enough, it naturally
brings the total energy density close to the critical value, making any subse-
quent deviation during the radiation- and matter-dominated eras negligible.

The horizon problem

As light travels along a null geodesic, dr = dt/a, the comoving distance it
covers between times t1 and t2 in an expanding universe is

∆r =

∫ t2

t1

dt

a
=

∫ ln a2

ln a1

d ln a

aH
(3.20)

In a radiation- or matter-dominated universe, the expansion is decelerating,
and the integrand, the so-called comoving Hubble radius, (aH)−1 = 1/ȧ
converges. As a result, the comoving distance traversed by light since the
Big Bang is finite. This defines the particle horizon: regions separated by
more than this distance are causally disconnected, as no signal could have
traveled between them.

One can estimate the particle horizon from the Big Bang (a → 0) to
the time of last scattering of photons observed in the CMB (a ∼ 1/1100),
obtaining a comoving distance of approximately ∆r ∼ 100 Mpc, which cor-
responds to about one degree on the CMB sky today [46]. This implies
that photons we observe entering the horizon today originated from regions
that were causally disconnected in the early universe. Nevertheless, CMB
measurements reveal an almost perfect blackbody radiation spectrum with
temperature fluctuations on the level of ∆T/T = 10−5 [16]. If this homo-
geneity were not an initial condition, it would require an implausible degree
of fine-tuning to explain how causally disconnected regions evolved to such
similar states. This puzzling uniformity is referred to in the literature as the
horizon problem.

Note that the horizon problem arises from the decelerating nature of the
radiation- and matter-dominated universe. This means that the comoving
Hubble radius (aH)−1, which determines the region that is causally con-
nected at a given time, was much smaller in the past. This can be verified
by differentiating the scale factor evolution in Eq. (3.10) and substituting
the equation-of-state parameter for matter or radiation. The simple solution
to make all regions of the CMB causally connected is to introduce a period
of accelerated expansion. During such an inflationary epoch, the comoving
Hubble radius decreases while the particle horizon continues to grow as the
universe expands. By the end of inflation, the comoving Hubble radius lies
well within the particle horizon, meaning that all regions corresponding to
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Figure 3.5: Illustration of the effect of the inflationary period on the relationship
between the Hubble radius (red) and the particle (comoving) horizon (blue). The
black arrow indicates the shrinking of the Hubble radius during inflation and its
subsequent expansion in the post-inflationary era. In simple terms, regions within
the blue area are causally connected, while the red circle represents the size of the
observable universe at a given time. The plot is taken from [47].

the observable universe today were causally connected before the onset of
the radiation-dominated era. The relationship between the comoving Hub-
ble radius and the particle horizon is illustrated schematically in Figure 3.5.

To give a rough estimate of the inflationary expansion required to al-
leviate the horizon problem, one can again examine the comoving Hubble
radius by demanding that it were larger at the start of inflation than the
observable universe today:

(astartHstart)
−1 > (a0H0)

−1. (3.21)

This can be rewritten as

1 >
astartHstart

a0H0
=
astart
aend

aend
a0

Hstart

H0
. (3.22)

As we will see in Section 3.2.2, the Hubble parameter decreases slowly during
inflation, allowing the approximation Hstart ≃ Hend, which leads to a slight
overestimation of the total expansion required. It is convenient to express
the required expansion in terms of the number of e-folds, defined as N =
ln aend

astart
. Taking the logarithm of Eq. (3.22) gives

N > ln
aend
a0

+ ln
Hend

H0
. (3.23)
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Both terms describe the evolution of the universe during the standard Big
Bang cosmology and can, in principle, be computed from the conservation
of comoving entropy density. Unfortunately, this requires knowledge of the
temperature of the universe at the beginning of the radiation-dominated
epoch, the so-called reheating temperature TRH . To obtain a very rough
estimate, let us assume that the Hubble parameter scales as H ∝ a−2,
as in the radiation-dominated era, and use the fact that the temperature
redshifts with the scale factor, T ∝ a−1. Under these assumptions, Eq. (3.23)
simplifies to

N ≳ ln
TRH

T0
, (3.24)

where the present CMB temperature is T0 = 10−3 eV [16]. More rigor-
ous studies of the thermal history of the universe find that the number of
e-folds lies in the range N ≃ 50–60 [78,79], corresponding to reheating tem-
peratures between the TeV scale and the grand unification (GUT) scale,
TGUT = 1016 GeV.

3.2.2 Slow-roll inflation

By far the most widely used framework for scalar-field–driven inflation is
the slow-roll approximation [80], which we outline below. Let us consider a
simple action for a scalar field ϕ minimally coupled to gravity:

S =

∫
d4x

√−g
(
1

2
M2

PR− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

)
(3.25)

Although models with a minimal coupling to gravity are often disfavored by
observations [16], one can perform a conformal transformation on theories
with a non-minimal coupling to bring them to the standard Einstein–Hilbert
form [45]. Therefore, the analysis presented in this section applies more
generally.

The field can be decomposed into a classical homogeneous background
and fluctuations:

ϕ(t, x⃗) = ϕ(t) + δϕ(t, x⃗). (3.26)

The near homogeneity of the CMB suggests that these fluctuations are small
compared to the background value and can be safely neglected when study-
ing the background evolution of inflation. The corresponding energy–momen-
tum tensor is

Tµν = ∂µϕ∂νϕ− gµν

(
1

2
∂ρϕ∂ρϕ+ V (ϕ)

)
, (3.27)
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from which one can identify the energy density and pressure of a perfect
fluid (see Eq. (3.5)):

ρ =
1

2
ϕ̇2 + V (ϕ),

ρ =
1

2
ϕ̇2 − V (ϕ).

(3.28)

For the equation-of-state parameter w = p/ρ ≃ −1 to hold, the potential
energy must dominate over the kinetic term, V (ϕ) ≫ ϕ̇2. Strictly speaking,
this condition is not necessary for inflation, as accelerated expansion already
occurs for w < −1/3. Nevertheless, the stronger condition is more natural:
it ensures a sufficiently rapid expansion while keeping the inflationary pe-
riod finite yet long enough to solve cosmological problems. It also has the
practical benefit of greatly simplifying the analysis.

To further ensure a prolonged inflation, maintain the validity of the first
slow-roll condition throughout the entire period, and simplify the equations
of motion, the second slow-roll condition requires the field acceleration ϕ̈ to
be also small: ∣∣∣ϕ̈

∣∣∣≪
∣∣∣3Hϕ̇

∣∣∣,
∣∣V ′(ϕ)

∣∣, (3.29)

where V ′(ϕ) = dV (ϕ)
dϕ . Under this approximation, the equation of motion for

ϕ derived from the Friedmann equations in Eq. (3.8) simplifies to

ϕ̈+ 3Hϕ̇+ V ′(ϕ) ≃ 3Hϕ̇+ V ′(ϕ) = 0. (3.30)

It is convenient to define the slow-roll parameters as

ϵ =
M2

P

2

(
V ′(ϕ)
V

)2

,

η =M2
P

V ′′(ϕ)
V

.

(3.31)

The smallness of the slow-roll parameters, ϵ, |η| ≪ 1, is equivalent to the
assumptions introduced above. These parameters can be related, to a good
approximation during slow roll, to the time evolution of the Hubble param-
eter through the Friedmann Eqs. (3.7):

ϵ ≃ − Ḣ

H2
, η ≃ Ḧ

2HḢ
− Ḣ

H2
. (3.32)

It is straightforward to see that inflation occurs when ϵ < 1, since the co-
moving Hubble radius decreases when d(aH)−1/dt = −ä/ȧ2 < 0, while
ϵ ≃ − Ḣ

H2 = 1 − aä/ȧ2. Inflation ends when ϵ ≃ 1, although the slow-roll
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approximation no longer holds at that stage. Nevertheless, it is generally un-
derstood that the transition from the slow-roll phase to the post-inflationary
reheating stage occurs rapidly and does not significantly affect the overall
expansion history. The reheating stage refers to the process in which the
potential energy of the inflaton field is converted into thermalized particles,
restoring the conditions of the standard Big Bang cosmology as the infla-
ton settles into the true minimum of its potential. There is an open debate
within the scientific community regarding the exact nature of reheating, as
even the temperature at which it occurs remains uncertain [81,82]. For the
purposes of this thesis, the details of this process are not crucial and will
therefore not be discussed further.

3.2.3 Inflationary observables

The most important observables of inflation arise from the quantum fluctua-
tions δϕ(t, x⃗) introduced in Eq. (3.26), which we have so far neglected in our
discussion. These fluctuations break the perfect homogeneity of the early
universe and leave measurable imprints on the CMB. In particular, the tilt
of the scalar perturbation spectrum, ns, and the relative amplitude of tensor
perturbations, r, can be directly related to the slow-roll parameters intro-
duced above. The full derivation of these relations is lengthy and beyond the
scope of this thesis; for a more detailed treatment, see for example [46]. In
essence, one studies the spectrum Ps(k) of a gauge-invariant combination of
the scalar-field perturbations δϕ(t, x⃗) and the scalar metric perturbations.
Similarly, tensor perturbations of the metric give rise to a separate spec-
trum Pt(k), which at first order is decoupled from the scalar sector and
manifests observationally as a stochastic background of primordial gravita-
tional waves. The ratio of the two spectra defines the tensor-to-scalar ratio
r, which under the slow-roll approximation is given by

r =
Pt

Ps
≃ 16ϵ∗, (3.33)

where ϵ∗ is the slow-roll parameter (defined in Eq. (3.31)) evaluated at the
time when the relevant cosmological scales were generated, typically near
the beginning of inflation. Moreover, the slow evolution of the Hubble pa-
rameter H during inflation induces a weak scale dependence in the spectra,
known as the tilt. The tensor tilt is predicted to be very small and remains
challenging to detect, whereas the scalar tilt provides a significant observa-
tional constraint and is related to the slow-roll parameters as

ns − 1 =
d lnPs

d ln k
≃ −6ϵ+ 2η, (3.34)
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Figure 3.6: Measurements of the scalar spectral index ns and tensor-to-scalar ratio
r at k = 0.05 Mpc−1 from ACT (blue), Planck 2018 (orange), and their combi-
nation (purple). All contours also include data from BICEP2/Keck Array, CMB
lensing, and BAO experiments. The inner and outer contours correspond to 68%
and 95% confidence levels, respectively. Several benchmark inflationary models are
indicated. The plot is taken from [83].
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again evaluated at the same stage of inflation. Experiments aiming to mea-
sure the inflationary observables ns and r are very active, with several on-
going and planned missions designed to improve the measurement preci-
sion, such as the BICEP and Keck Collaborations [84], LiteBIRD [85], and
CMB-S4 [86], among others. The recently completed ACT experiment [83]
has also presented new results, shown in Figure 3.6 in combination with
other experiments.
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Chapter 4

Neutrino masses

As described in Table 2.1, neutrinos belong to the left-handed lepton dou-
blet LL that transforms under the SU(2)L symmetry group. Under the
remaining gauge group SU(3)C × U(1)EM, neutrinos transform as singlets,
meaning they do not participate in strong or electromagnetic interactions.
Within the Standard Model, whose Lagrangian was introduced in Eq. (2.5),
fermions acquire masses after symmetry breaking through Yukawa interac-
tions, as discussed in Section 2.1. The inclusion of right-handed neutrinos
formally allows the introduction of a Dirac mass term via fine-tuning of the
corresponding Yukawa couplings. Yet, this would only amplify the already
large hierarchy in the Higgs couplings, making the approach unsatisfactory.

Experiments on neutrino oscillations, such as Super-Kamiokande [6] (see
Section 4.1), have proven that neutrinos possess mass. One could attempt
to generate neutrino masses within the Standard Model through loop cor-
rections. The only possibility is to use the L̄LL

C
L terms, where the charge-

conjugated field is defined as LC
L = CL̄L with the charge-conjugation matrix

C. The problem with such a term is that it violates lepton number, thereby
breaking the accidental symmetry of the Standard Model, U(1)B−L. Since
this symmetry is anomaly-free, no such term can arise within the Standard
Model. Consequently, neutrino oscillation experiments provide conclusive
evidence for physics beyond the Standard Model, necessitating its exten-
sion to explain neutrino masses.

Treating the Standard Model as an effective low-energy theory valid well
below some new physics scale Λ allows one to construct non-renormalizable
operators that generate neutrino masses. The lowest-dimension operator of
this kind is the dimension-5 Weinberg operator [87]:

−Lmν =
(
L̄LH̃

) κν
Λ

(
HTLC

L

)
+ h.c, (4.1)

where κν is a dimensionless coupling constant. This term is permitted be-
cause the new physics responsible for it does not have to respect the acciden-
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tal symmetries of the Standard Model. Moreover, the smallness of neutrino
masses arises naturally from the suppression by the large new-physics scale
Λ. The possible ultraviolet completions that generate this operator are dis-
cussed in Section 4.2.

4.1 Evidence for neutrino masses

To better understand the evidence for neutrino masses, let us examine the
relationship between the neutrino flavor and mass eigenstates, να and νi.
Following the standard derivation presented in [88], and omitting details
not essential for this discussion, we summarize the key steps below.

The time evolution of a massive neutrino state is described by a plane
wave:

|νi(t)⟩ = e−iEit|νi(0)⟩. (4.2)

The flavor and mass eigenstates are connected through a unitary trans-
formation defined by the mixing matrix U (commonly referred to as the
Pontecorvo–Maki–Nakagawa–Sakata matrix [89]):

|νi⟩ =
e,µ,τ∑

α

Uαi|να⟩. (4.3)

By combining Eqs. (4.2) and (4.3), the time evolution of a neutrino produced
in a definite flavor state can be expressed as

|να(t)⟩ =
n∑

i

U∗
αi|νi(t)⟩ =

n∑

i

e,µ,τ∑

β

U∗
αiUβie

−iEit|νβ⟩. (4.4)

Eq. (4.4) shows that as the mass eigenstates evolve in time, the flavor states
of neutrinos also change. A pure flavor eigenstate at time t = 0 thus becomes
a superposition of different flavor states at a later time t. Using Eq. (4.4),
one can readily compute the probability for a transition να → νβ :

Pαβ = |⟨νβ|να(t)⟩|2 =
n∑

i,j

U∗
αiUβiUαjU

∗
βje

−i(Ei−Ej)t. (4.5)

For all practical purposes, neutrinos are ultrarelativistic, with |pi| ≃ |pj | ≃
E, allowing the use a good approximation

Ei ≃ E +
m2

i

2E
, (4.6)

and therefore the transition probability can be approximated as

Pαβ = |⟨νβ|να(t)⟩|2 =
n∑

i,j

U∗
αiUβiUαjU

∗
βje

−i
∆m2

ijt

2E , (4.7)
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with ∆m2
ij = m2

i −m2
j . Because neutrinos travel at ultrarelativistic speeds,

one can replace the time variable with the propagation distance, t → L,
since the travel time cannot be directly measured in experiments. This pe-
riodic variation in the probability of neutrino flavor eigenstates is known
as neutrino oscillation. The first hints of such oscillations appeared al-
ready in 1968 [90, 91], when the observed solar νe flux was about one
third lower than predicted. The first strong evidence came later from the
Super-Kamiokande experiment [6], mentioned above. Note that the oscil-

lation phase, Φ = −∆m2
ijL

2E , depends on the mass differences between the
neutrino mass eigenstates. If neutrinos were truly massless, no oscillations
would occur.

Nowadays, numerous experiments focus on a wide variety of neutrino
sources. Because neutrinos have extremely small interaction cross sections,
the sources used must be highly intense, and their properties must be well
understood to accurately predict the emitted neutrino flux. The main re-
search directions can be summarized according to the origin of the neutrinos:

Solar neutrino experiments Thermonuclear fusion in the Sun produces
a high flux of neutrinos with typical energies of the order of 1 MeV. Since
reactions such as 4p → 4He + 2e+ + 2νe and other fusion processes involv-
ing heavier nuclei generate only electron neutrinos νe, the initial flux com-
position is well understood. Experiments studying solar neutrinos include
Borexino [92], which precisely measures the νe flux and compares it with pre-
dictions from Standard Solar Model calculations; Super-Kamiokande [93],
which is primarily sensitive to νe neutrinos; and SNO [94, 95], which can
distinguish between different neutrino flavors. Neutrino oscillations in mat-
ter differ from those in vacuum—a phenomenon exploited, for example,
by Super-Kamiokande, which observes a day/night asymmetry since solar
neutrinos detected at night must pass through the Earth.

Atmospheric neutrino experiments Cosmic rays interacting with the
atmosphere of the Earth produce pions and kaons, which decay and gener-
ate neutrinos of all flavors over a wide energy range, from about 100 MeV
up to more than 1 TeV. Although the absolute neutrino flux is difficult to
calculate precisely, the ratio of fluxes among flavors is better understood,
since the decay rates of the parent mesons are well known. Key experiments
include Super-Kamiokande and IceCube [7]. In these experiments, determin-
ing the direction of the incoming neutrinos is crucial, as the zenith angle
corresponds to the travel distance: neutrinos arriving from the opposite side
of the Earth traverse about 104 km, while those coming from above travel
only around 10 km.
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Accelerator neutrino experiments Colliding high-energy protons pro-
duce mesons, which subsequently decay and generate neutrinos, in a process
similar to that occurring in cosmic ray interactions. Accelerator-based neu-
trino experiments offer a significant advantage: they allow experimentalists
to precisely control and determine the location and properties of the neu-
trino source. Such experiments typically focus on the dominant neutrino
flux and position the detector at a distance that maximizes the oscillation
probability for a given energy range. The measured flux is then compared
with predictions obtained from detailed Monte Carlo simulations. Repre-
sentative experiments include T2K [96] and NOνA [97].

Reactor antineutrino experiments A byproduct of nuclear fission in
reactors is the production of electron antineutrinos, ν̄e, with energies in the
MeV range. The ν̄e flux can be predicted either from nuclear data on fission
yields and beta-decay chains or by measuring the accompanying electron
spectra. As in accelerator-based neutrino experiments, the distance of the
detector from the source is crucial. For instance, experiments with baselines
of around 1 km can measure the mixing angle between the first and third
mass eigenstates, θ13 with a precision unattainable by other neutrino sources
discussed above. Another ongoing effort of reactor-based experiments is the
search for neutrinoless double beta decay, the observation of which would
confirm that neutrinos are Majorana fermions—consistent with the mass
term introduced in Eq. (4.1). Notable experiments include KamLAND [98],
Daya Bay [99], and RENO [8].

The combined results from various neutrino experiments are summarized in
Table 4.1. These include the mass-squared differences, ∆m2

21 and ∆m2
31, and

the parameters of the mixing matrix U , which describe the mixing angles
θijbetween different states and the CP-violating phase δ. Since the absolute
values of the neutrino masses are still unknown, the ordering of the mass
eigenstates remains undetermined. If the masses follow the same hierarchy
as charged leptons and quarks, m1 < m2 < m3 the pattern is referred to as
normal ordering; conversely, if m3 < m1 < m2, it is referred to as inverted
ordering. Best-fit values for both scenarios are presented in the table.

Significant effort has also been devoted to determining neutrino masses
from cosmological observations, independently of neutrino oscillation exper-
iments—most notably through studies of the CMB, we discussed in Chap-
ter 3. Because neutrinos travel at ultrarelativistic speeds in the early uni-
verse, the sum of their masses affects the matter power spectrum by sup-
pressing late-time structure formation. At low redshifts, massive neutrinos
become non-relativistic and contribute to the total non-relativistic matter
density. So far, all cosmological observations remain consistent with massless
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Normal ordering Inverse ordering
∆m2

21[10
−5eV2] 7.50+0.22

−0.20 7.50+0.22
−0.20

|∆m2
31|[10−3eV2] 2.55+0.02

−0.03 2.45+0.02
−0.03

θ12[
◦] 34.3± 1.0 34.3± 1.0

θ13[
◦] 8.53+0.13

−0.12 8.58+0.12
−0.14

θ23[
◦] 49.26± 0.79 49.46+0.60

−0.97

δ[◦] 194+24
−22 284+26

−28

neutrinos, placing an upper limit of
∑
mν < 0.072 eV [101], which is remark-

ably close to the lower bound implied by oscillation data,
∑
mν > 0.06 eV.

The same collaboration also reports an effective number of neutrino species
of Neff = 3.10(17), confirming the existence of exactly three generations of
light neutrinos.

4.2 Neutrino mass generation

At tree level, there are three possible extensions of the Standard Model that
generate the effective operator in Eq. (4.1) [102]. Introducing an SU(2)L
singlet fermion leads to the Type-I seesaw mechanism [103,104]; adding an
SU(2)L triplet scalar with hypercharge results in the Type-II seesaw mech-
anism [105, 106]; and introducing an SU(2)L triplet fermion with exotic
hypercharge gives rise to the Type-III seesaw mechanism [107]. Their main
features are discussed further in Section 4.2.1. The principal shortcoming of
the seesaw framework is its limited testability: although it provides a nat-
ural explanation for the smallness of neutrino masses, it typically requires
either a very high new-physics scale or extremely small couplings. Several
approaches have been proposed to lower the relevant scale and make such
scenarios accessible at colliders. In this thesis, we focus on one such possi-
bility — the inverse seesaw mechanism [108], discussed in Section 4.2.2.

4.2.1 Seesaw mechanism

A natural way to extend the Standard Model is to introduce right-handed
neutrinos, as realized in the Type-I seesaw mechanism. Since right-handed
neutrinos are experimentally known not to interact with the Standard Model
gauge fields, they must be fermion singlets, commonly referred to as ster-
ile neutrinos. In principle, there is no restriction on the number of sterile
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neutrino states, although at least two are required to account for the ob-
served neutrino oscillations. The most common choice in the literature is to
introduce three sterile neutrinos, allowing all three Standard Model neutri-
nos to acquire mass and maintaining the appealing generational symmetry
observed among the other fermions.

The Standard Model Lagrangian can then be extended with neutrino
mass terms as

−Lmν = N̄RMDνL +
1

2
N̄RMRN

C
R + h.c., (4.8)

where the sterile neutrinos are denoted by NR, with their charge-conjugated
fields defined as NC

R = CN̄T
R . The Dirac mass matrix MD arises after elec-

troweak symmetry breaking, as in Eq. (2.15), with its elements determined
by the neutrino Yukawa couplings:

(MD)ij = Y ν
ij

vh√
2
. (4.9)

The Majorana mass matrixMR, on the other hand, corresponds to the Stan-
dard Model singlet term and can either be introduced directly as a bare mass
term in the Lagrangian or generated dynamically through additional new-
physics interactions. Consequently, the Standard Model neutrinos acquire
mass at tree level via the diagram shown in Figure 4.1. To determine the
values of these masses, it is convenient to rewrite Eq. (4.8) as

−Lmν =
1

2

(
νCL N̄R

)
Mν

(
νL
NC

R

)
+ h.c, (4.10)

with the full neutrino mass matrix given by

Mν =

(
0 MT

D

MD MR

)
. (4.11)

This mass matrix can be diagonalized perturbatively in the limit MR ≫
MD [109]. More concretely, the mixing matrix takes the form

W =



(
I − 1

2M
∗
D

1
M∗

R

1
MR

MT
D

)
U M∗

D
1

M∗
R
V

− 1
MR

MT
DU

(
I − 1

2
1

MR
MT

DM
∗
D

1
M∗

R

)
V


+O

(
ϵ3
)

(4.12)
as derived, for example, in [108]. Here, I denotes the identity matrix, U is
the PMNS matrix introduced in Eq. (4.3), and V is the matrix that diag-
onalizes the sterile neutrino sector. The expansion parameter ϵ = MD/MR

is extremely small in generic seesaw mechanism, ensuring that this pertur-
bative approximation remains highly accurate.
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ν νNR NR

∆

νν

Figure 4.1: Mass generation in the generic Type-I (left) and Type-II (right) seesaw
mechanisms. The Type-III diagram is identical to the Type-I case, but with an
isotriplet fermion Σ instead of the singlet fermion NR. The diagrams are taken
from [108].

If one uses the mixing matrix from Eq. (4.12) to diagonalize the mass
matrix Mν ,

W TMνW = Diag (ν1, ν2, ν3, N1, N2, . . .) , (4.13)

one obtains three light states corresponding to the Standard Model neutri-
nos and heavy states associated with the sterile neutrinos. Their approxi-
mate masses are given by

mν ≃MT
D

1

MR
MD, MN ≃MR. (4.14)

If one assumes the Yukawa couplings Y ν in Eq. (4.9) to be of order O(1),
then MD ∼ 100 GeV. This implies that, to obtain sub-eV masses for the
light neutrinos, the Majorana mass term must be at least of the order
MR ∼ 1014 GeV. While such a scale is appealing from the perspective
of leptogenesis and Grand Unified Theories—falling naturally within their
energy range—it remains far beyond the reach of current or foreseeable
collider experiments.

The Type-III seesaw mechanism is phenomenologically distinct, employ-
ing a fermion triplet with nontrivial hypercharge. Nevertheless, the funda-
mental mass-generation principle remains the same, and a separate dis-
cussion is unnecessary for the purposes of this work. The Type-II seesaw
mechanism, on the other hand, differs more substantially, as illustrated
in Figure 4.1, since it does not require the introduction of new fermions.
Instead, the Standard Model neutrinos acquire mass through the vacuum
expectation value of a new scalar triplet field ∆,

mν = Y νv∆. (4.15)
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Here, the seesaw suppression arises within the scalar sector itself, as the
triplet VEV v∆ is naturally small—being suppressed by the high mass scale
associated with ∆.

4.2.2 Inverse Seesaw mechanism

If we introduce two sets of singlet fermions,NR and SL, both carrying lepton
number L = +1, instead of a single set as in the Type-I seesaw. The part
of the Lagrangian that governs neutrino masses then has the form

−Lmν = ν̄LMDNR + N̄RMRSL + S̃LµSL + h.c, (4.16)

with S̃ = ST
LC

−1 defined using the charge-conjugation matrix C. The Dirac
mass term MD is defined as in Eq. (4.9), as in the usual seesaw case. The
term MR is now also a Dirac mass term, while the Majorana term is µ,
which controls lepton-number violation. In the limit µ → 0, lepton num-
ber conservation is recovered. This term can arise from the spontaneous
breaking of lepton number (see Section 5.3).

Following the same procedure as in the regular seesaw mechanism and
defining the mass matrix Mν analogously to Eq. (4.11), we obtain, in the
(νL, N

C
R , SL) basis,

Mν =




0 MT
D 0

MD 0 MT
R

0 MR µ


 . (4.17)

Again, by determining the mixing matrix perturbatively in the limit µ,MD ≪
MR, one obtains

W ≃


U − 1

2
1

MR
MDM

†
D

1
MR

U 1√
2
M

†
D

1
MR

i√
2
M

†
D

1
MR

0 1√
2
I − i√

2
I

− 1
MR

MDU
1√
2
(I − 1

2
1

MR
MDM

†
D

1
MR

) i√
2
(I − 1

2
1

MR
MDM

†
D

1
MR

)


 .

(4.18)

Using this mixing matrix, we can obtain the mass eigenstates by diagonal-
izing the mass matrix Mν (see Eq. (4.13)). This again yields three light
neutrinos associated with the Standard Model neutrinos, while the remain-
ing fermions acquire masses at the new-physics scale MR:

mν ≃MD
1

M
µ

1

MT
MT

D, MN ≃MR. (4.19)

Since µ is associated with the lepton-number–violating term, and no other
such terms are present, it can naturally take a very small value. Conse-
quently, neutrino masses are suppressed by a small parameter rather than
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by a large new-physics scale, which is why this mechanism is referred to as
the inverse seesaw.

A major advantage of the inverse seesaw mechanism compared to the
conventional seesaw is that the new-physics scale does not need to be ex-
tremely high. Assuming again that MD ∼ 100 GeV, a scale of MR ∼ 1 TeV
can easily reproduce sub-eV masses for the Standard Model neutrinos if
µ ∼ 10 eV. Finally, a variety of other schemes are possible, for example,
modifying the Type-II or Type-III seesaw mechanisms based on similar
principles [108].
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Chapter 5

Classically scale-invariant
models

As discussed in Section 2.1.1, the Higgs boson mass is sensitive to the scale
of new physics and, therefore, appears fine-tuned unless addressed within a
beyond-the-Standard-Model framework. One widely studied possibility is to
forbid the problematic dimensionful parameters, such as the µ2h term in the
Standard Model Lagrangian (Eq. (2.5)), at the tree level [35,110]. In this sce-
nario, symmetry is broken dynamically through a mechanism known as di-
mensional transmutation, and all masses are generated radiatively through
quantum corrections (see Section 5.1). Potentials that contain only dimen-
sionless parameters are referred to as classically scale-invariant potentials,
and models based on them are known as classically scale-invariant models.

5.1 Coleman-Gildener-Weinberg formalism

A common approach to studying effective potentials in this framework is
the Coleman-Gildener–Weinberg formalism [20, 110]. It is based on the as-
sumption that, along generic field directions, loop corrections are negligible,
while along the direction where the tree-level potential vanishes—known as
the flat direction—quantum corrections become important, determining the
shape and the minimum of the potential. To illustrate the main features of
this class of models, let us start with a simple example. Consider a U(1)
gauge theory with a complex scalar field Φ = (ϕ1 + iϕ2)/

√
2 described by

Lagrangian

L = (DµΦ)
†(DµΦ)− 1

4
FµνFµν − V (Φ), (5.1)

where the covariant derivative is defined asDµ = ∂µ−ieAµ, and Fµν denotes
the field strength tensor. The classically scale-invariant potential V (Φ) is
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then given by

V (Φ) =
λ

4!
(Φ†Φ)2, (5.2)

with a dimensionless coupling constant λ. This potential is symmetric and
has no minimum away from the origin; thus, it cannot lead to spontaneous
symmetry breaking at the classical level. To study the effect of quantum
corrections, we now consider the one-loop effective potential. It is useful to
define the field norm φ2 = Φ†Φ = ϕ21 + ϕ22, since the effective potential can
depend only on gauge-invariant quantities. Even for such a simple model,
the full calculation of loop corrections is rather involved and unnecessarily
time-consuming. The reader is encouraged to consult the original work by
Coleman and Weinberg [110] for a more detailed derivation. Here, we simply
present the result in the MS scheme:

V1−loop(φ) =

(
λ2

256π2
+

3e4

64π2

)
φ4

(
ln
φ2

µ2
− 25

6

)
. (5.3)

or the minimum to occur away from the origin, the coupling λ must be
small compared to the gauge coupling. In the limit λ2 ≪ e4, the effective
potential becomes

Veff(φ) ≃
1

4!
λφ4 +

3e4

64π2
φ4

(
ln
φ2

µ2
− 25

6

)
. (5.4)

Physical observables cannot depend on the arbitrary renormalization scale
µ, so it can be fixed for convenience. The simplest choice is to take µ = vφ,
so that the logarithmic term vanishes at the minimum of the potential. The
value of the coupling λ at this minimum is obtained from

dVeff(φ)

dφ

∣∣∣∣∣
φ=vφ

= 0 ⇒ λ =
33

8π
e4. (5.5)

Substituting this result into Eq. (5.4), one finds

Veff(φ) ≃
3e4

64π2
φ4

(
ln
φ2

v2φ
− 1

2

)
. (5.6)

Note that we started with the tree-level potential in Eq. (5.2), which con-
tained only the dimensionless coupling λ, and ended up with the effective
potential in Eq. (5.6), which introduces the dimensionful parameter vφ. This
replacement of a dimensionless parameter by a dimensionful one is known as
dimensional transmutation, as mentioned above. After including radiative
corrections, our initially scale-invariant potential becomes associated with
a characteristic energy scale vφ.
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To generalize this idea to a general renormalizable gauge theory, let us
consider a field vector Φ = (ϕ1, ϕ2, . . . , ϕn)

T containing n real degrees of
freedom. The most general classically scale-invariant potential can then be
written as

V (Φ) =
1

4!

n∑

i,j,k,l

λijklϕiϕjϕkϕl, (5.7)

where λijkl is a completely symmetric coupling tensor. As before, we define a
radial coordinate φ and also a unit vector N such that Φ = φN. In this case,
generally we make no assumptions about the smallness of the couplings. This
implies that, in the presence of large classical field contributions, radiative
corrections become negligible. However, for dynamical symmetry breaking
to occur, there must exist a direction in field space along which the tree-
level potential vanishes. As mentioned earlier, this direction corresponds to
the flat direction, denoted here by n. The condition for the flat direction to
be stationary is

∇NV (N)|N=n =
∑

j,k,l

λijklnjnknl = 0. (5.8)

For the flat direction to correspond to a local minimum, the Hessian matrix

(P)ij =
∂2V (N)

∂Ni∂Nj

∣∣∣∣
N=n

=
1

2

∑

k,l

λijklnknl (5.9)

must be positive semidefinite, meaning it satisfies the condition xTPx ≥ 0
for all x ∈ Rdim(P). As before, we omit the detailed derivation of the radia-
tive corrections and note that, in the MS scheme, the one-loop correction
takes the form

V (1)(φn) = A(n)φ4 +B(n)φ4 ln
φ2

µ2
, (5.10)

where the coefficients A(n) and B(n) depend on the radiatively induced
minimum vφ and on the tree-level field masses:

A(n) =
1

64π2v4φ

{
tr

[
m4

S

(
ln

m2
S

v2φ
− 3

2

)]

+ 3 tr

[
m4

V

(
ln

m2
V

v2φ
− 5

6

)]

−4 tr

[
m4

F

(
ln

m2
F

v2φ
− 3

2

)]}
, (5.11)

B(n) =
1

64π2v4φ

(
trm4

S + 3 trm4
V − 4 trm4

F

)
, (5.12)
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where the subscripts S, V , F denote scalar, vector, and fermion fields,
respectively. As in the derivation of Eq. (5.6), we can fix the arbitrary
renormalization scale and minimize Eq. (5.10) with respect to φ. Choosing
µ = exp( A

2B + 1
4) gives

V (1)(φn) = B(n)φ4

(
ln
φ2

v2φ
− 1

2

)
. (5.13)

With the coefficient B(n) > 0, the radiatively induced minimum lies below
the classical one, located at the origin where V (0) = 0. As a final but
important remark, let us examine the scalar masses. Using the previously
defined Hessian matrix in Eq. (5.9), the tree-level scalar masses can be
written as

m2
S = v2φ(P)ij , (5.14)

while including the radiative corrections gives

(m2
S + δm2

S)ij =
∂2[V (Φ) + V (1)(Φ)]

∂ϕi∂ϕj

∣∣∣∣∣
Φ=vφn

. (5.15)

For scalar fields orthogonal to the flat direction, quantum corrections are
expected to be small and can safely be neglected. In contrast, the field along
the flat direction, called the dilaton, does not acquire a tree-level mass, since
by definition the tree-level potential vanishes there. However, it receives a
mass radiatively, given by

m2
φ = 8B(n)v2φ. (5.16)

In their original proposal, Coleman and Weinberg [110] suggested that elec-
troweak symmetry could be broken dynamically, identifying the dilaton with
the Higgs boson and thereby explaining its lightness. This idea, however, has
been ruled out experimentally within the Standard Model [34], necessitat-
ing an extension of the scalar sector. Beyond-the-Standard-Model scenarios
face similar challenges in realizing the Higgs as a dilaton, as it is difficult to
satisfy both experimental and theoretical constraints, particularly without
invoking non-perturbative couplings. In Section 5.4, we explore the possi-
bility of a naturally light Higgs boson that is not a dilaton.

5.2 Flat directions in scale-invariant potentials

In our paper [111], we introduced a new technique to investigate the ap-
pearance of flat directions, which is considerably simpler than the more
commonly used approach based on hyperspherical coordinates. We begin
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by reviewing the simpler case of biquadratic potentials and then extend
our discussion to the general potential form given in Eq. (5.7). The general
biquadratic potential can be written as

V (Φ) =
n∑

i,j

ϕ2iλijϕ
2
j = (Φ◦2)TΛΦ◦2, (5.17)

where Λ is a symmetric coupling matrix. The symbol ◦ denotes the Hadamard
product, defined as the element-wise product of matrices, (A ◦ B)ij =
AijBij . The Hadamard power is then given by (A◦n)ij = An

ij , implying
that Φ◦2 = (ϕ21, ϕ

2
2, . . . , ϕ

2
n)

T .
For the potential to be bounded from below, V (Φ) ≥ 0, he necessary and

sufficient condition is that the matrix Λ be copositive [112]. This condition
can be verified using the Cottle-Habetler-Lemke theorem [113], which states:
Suppose that the order n − 1 principal submatrices of a real symmetric
matrix A of order n are copositive, i.e. xTΛx ≥ 0 for all x ≥ 0.1 Then A
is copositive if and only if

det(A) ≥ 0 ∨ some element(s) of adjA < 0. (5.18)

The adjugate of the matrix A, denoted adjA, is defined through the relation
A adj(A) = det(A) I.

We can express the norm of Φ using the Hadamard square and the
identity element of the Hadamard product, namely the vector of ones e =
(1, 1, .., 1)T , as

ΦTΦ = eTΦ◦2. (5.19)

We restrict the potential in Eq. (5.17) to the unit hypersphere by introduc-
ing a Lagrange multiplier, as

V (N, λ) = (N◦2)TΛN◦2 + λ(1− eTN◦2). (5.20)

While the vector N lies on the unit hypersphere, its Hadamard square N◦2

lies on the unit simplex, with its elements serving as barycentric coordi-
nates, as illustrated in Figure 5.1. Minimizing the potential on the unit
hypersphere is therefore equivalent to minimizing a quadratic function of
N◦2 on the unit simplex, given by

∂V (N, λ)

∂λ
= 1− eTN◦2 = 0, (5.21)

∇NV (N, λ) = 2N ◦ (2ΛN◦2 − λe) = 0. (5.22)

1 Note that this differs from the usual positive semidefiniteness defined for all real x.

52



n◦2

N2
1

N2
2

N2
3

Figure 5.1: The unit simplex for three scalar fields, showing one possible orien-
tation of the flat-direction unit vector’s Hadamard square, n◦2. Illustration taken
from [111].

By assuming that no element of N◦2 vanishes, we can combine these two
equations as

ΛN◦2 =
[
(N◦2)TΛN◦2] e ≡ V (N) e, (5.23)

which can then be solved by introducing an ansatz

N◦2 =
adj(Λ) e

eT adj(Λ) e
, (5.24)

where the denominator is simply a normalization factor, given by the sum
of all elements of the matrix adj(Λ). From the definition of the adjugate
matrix, it is easy to see that the potential value at the extremum then is

V (N) =
det(Λ)

eT adj(Λ)e
. (5.25)

Finally, the flat direction requires the tree-level potential to vanish along it.
From Eq. (5.25), one can see that this condition corresponds to a vanishing
determinant of the coupling matrix:

det(Λ) = 0
0<n◦2<∞⇐=====⇒ V (n) = 0. (5.26)

The flat direction is then given by the solution of the minimization equation:

n◦2 =
adj(Λ) e

eT adj(Λ) e
. (5.27)
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Eq. (5.26) and Eq. (5.27) are core results of our paper [111], which allow to
identify the existence and direction of flat direction with simple conditions.
This is illustrated with a concrete model in Section 5.3. There, we also
show that it is convenient to define the flat direction as the eigenvector
of the coupling matrix Λ associated with a vanishing tree-level mass. The
values of the couplings can then be determined from the scalar masses and
the flat direction as

Λ =
1

8
P ◦ (nnT )◦−1 =

1

8v2φ
m2

S ◦ (nnT )◦−1. (5.28)

Finally, for a general potential as in Eq. (5.7), one can follow a similar
procedure using the tensor eigenvalue formalism instead of matrix algebra.
This yields analogous results, where the existence of a flat direction is en-
sured by the vanishing of the resultant resN(ΛN3) = 0, also known as the
hyperdeterminant.

5.3 Radiative inverse seesaw

In this section, we outline the framework of our paper [114], where we inves-
tigated the possibility of realizing the inverse seesaw mechanism (described
in Section 4.2.2) within a dynamical symmetry breaking model, and pro-
posed a viable dark matter and inflaton candidate within this context. Our
primary goal here is to demonstrate the practical application of the method
presented in the previous section, while omitting the detailed outcomes of
the calculations, which can be found in the paper itself.

As mentioned earlier, the realization of the inverse seesaw mechanism
requires introducing two sets of singlet fermions,NR and SL. To generate the
necessary mass terms after symmetry breaking, the scalar sector is extended
by two additional scalar fields. In addition to the Higgs doubletH, the model
now includes a complex singlet σ and a real singlet ρ. The relevant part of
the Lagrangian responsible for neutrino mass generation is

Lν = −Y ij
D L̄

j
Liτ2H

∗N i
R − Y ij

NSρN̄RiSLj − Y ij
S σS̃LiSLj + h.c. (5.29)

One can see that this Lagrangian reproduces the form of Eq. (4.16) after
symmetry breaking, with M ij

D = Y ij
D vh, M

ij = Y ij
NSvρ and µij = Y ij

S vR,
where vh = ⟨H⟩, vρ = ⟨ρ⟩, and vR = ⟨σ⟩ are the vacuum expectation values
of the scalar fields. The scalar field σ carries lepton number L = −2, mean-
ing that its Yukawa interaction term breaks lepton number once symmetry
is spontaneously broken.
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σ → σ∗, the scale-invariant potential is

V = λH |H|4 + λσ|σ|4 +
1

4
λρρ

4 + λHσ|H|2|σ|2 + 1

2
λHρ|H|2ρ2 + 1

2
λρσ|σ|2ρ2

+
1

2
λ′Hσ(σ

2 + σ∗
2
)|H|2 + 1

4
λ′ρσ(σ

2 + σ∗
2
)ρ2 +

1

2
λ′σ(σ

4 + σ∗
4
)

+
1

2
λ′′σ(σ

2 + σ∗
2
)|σ|2.

(5.30)

Here, the couplings with primes explicitly break lepton number and generate
a mass for the pseudo-Goldstone boson, referred to as the Majoron, which
we denote by J in the following. The field J serves as a viable dark matter
candidate since it does not mix with other scalar fields, being the only CP-
odd state. Nevertheless, J is not entirely stable, as it can decay through
the Yukawa sector into neutrinos. As discussed in Section 3.1.1, this does
not exclude the possibility of J constituting dark matter, provided that
its decay is sufficiently slow. This condition can be achieved for a small
dark matter mass (we considered the sub-GeV case) and large values of vR
(vR ≳ 1013 GeV in the considered scenario).

It is convenient to parametrize potential in Eq (5.30) as

V =
1

4
λHh

4 +
1

4
λρρ

4 +
1

4
λRR

4 +
1

4
λJJ

4 +
1

4
λRJR

2J2 +
1

4
λHρh

2ρ2

+
1

4
λHRh

2R2 +
1

4
λHJh

2J2 +
1

4
λρRR

2ρ2 +
1

4
λρJJ

2ρ2,

(5.31)

where the original scalar fields have been defined as

|H|2 = h2

2
, σ =

R+ iJ√
2

. (5.32)

We can relate the scalar fields that mix with each other in the gauge basis
to the mass eigenstates through a rotation matrix

O =




c12c13 s12c13 s13
−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13
s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c13


 , (5.33)

where the rotation angles αij are absorbed into the shorthand notation
sij ≡ sinαij and cij ≡ cosαij . Then gauge and mass eigenstates are related
as 


h
ρ
R


 = O



h1
h2
h3


 , (5.34)
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One of the mass eigenstates must correspond to the Standard Model Higgs
boson with mh = 125.1 GeV. In our paper, we identified this state with
h1, while h3 was associated with the dilaton, which has a vanishing tree-
level mass. Consequently, the flat direction must align with the eigenvector
corresponding to h3, i.e., the last column of the matrix O:

n =




s13
s23c13
c23c13


 . (5.35)

Now that the flat direction has been identified, the couplings of the CP-
even scalar fields can be expressed in terms of physical parameters using
Eq. (5.28). The corresponding coupling matrix in that equation is

Λ =
1

4




λH
1
2λHρ

1
2λHR

1
2λHρ λρ

1
2λρR

1
2λHR

1
2λρR λR


 , (5.36)

written in the (h, ρ,R)T basis. Note that identifying one mass eigenstate
with a vanishing mass automatically satisfies the necessary condition for
the existence of a flat direction outlined in Eq. (5.26).

The remaining couplings associated with the Majoron J do not affect
the flat direction and can be chosen to yield the desired mass,

m2
J = 1

2

(
λHJv

2
h + λρJv

2
ρ + λRJv

2
R

)
, (5.37)

while simultaneously ensuring that lepton number violation remains small.
For a detailed analysis of the constraints and the viable parameter space,

the reader is referred to the original paper [114].

5.4 Multi-phase dynamical symmetry breaking

Since no additional scalar fields have been observed experimentally, the
dilaton must generally be much heavier than the Higgs boson in classically
scale-invariant models. This reduces the model’s appeal, as the naturalness
of the Higgs mass once again becomes questionable. Although the issue
is less severe than in the Standard Model (as discussed in Section 2.1.1),
it still appears unnatural that the dilaton—whose mass arises solely from
quantum corrections—is significantly heavier than the Higgs boson, whose
mass originates at tree level.

One possible way to obtain a naturally light Higgs boson mass is through
the framework of dynamical symmetry breaking near a multi-phase critical
point. In this scenario, the Higgs mass becomes loop-suppressed in a manner
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similar to the dilaton mass. We outline the main features of this framework,
first introduced in [115], by examining the model with the dark matter
candidate developed in our work [116].

Consider a scale-invariant extension of the Standard Model with two real
singlet scalar fields,s and s′, endowed with a discrete symmetry Z2⊗Z′

2. Its
potential is

V = λH |H|4 + λS
4
s4 +

λS′

4
s′4 +

λHS

2
|H|2s2 + λHS′

2
|H|2s′2 + λSS′

4
s2s′2.

(5.38)

We associate s′ with dark matter and therefore require that the correspond-
ing Z′

2 symmetry remain unbroken to ensure stability. The other new scalar
field, s, breaks its Z2 symmetry and acquires a vacuum expectation value
vs. In this regime, there are three possible phases of symmetry breaking:

h) vh ̸= 0 and vs = 0 occurs when running of the couplings crosses λH =
0 while λS ,λHS > 0 for vacuum stability. From the symmetry-breaking
perspective, this reduces the model to the original Coleman–Weinberg
proposal [110], which, as already noted, is experimentally excluded.

s) Similarly, vs ̸= 0 and vh = 0 occurs when running of the couplings
crosses λS = 0 while λH , λHS > 0. This phase is incompatible with
the present day because the Higgs boson is known to have a nonzero
vacuum expectation value.

sh) Both scalar fields acquire vacuum expectation values, vs, vh ̸= 0. This
happens when λHS = −2

√
λHλS < 0 with λH , λS > 0. Contrary to

the other two phases, the mass eigenstates are now mixtures of the two
gauge eigenstates. This phase is compatible with current constraints.

In the usual Gildener–Weinberg approximation described in Section 5.1, the
flat direction in the sh) phase is

h/s =
√
−λHS/2λH , (5.39)

where only quantum corrections along this direction are taken into account.
We now focus on the interesting case in which symmetry breaking occurs
near the intersection of the sh) and s) phases. This boundary corresponds
to the condition

λS(µ̄) = λHS(µ̄) = 0. (5.40)

Note that on this boundary the Higgs boson is massless, while near the
boundary, where the latter condition holds only approximately, it acquires
a small mass and is therefore phenomenologically well motivated. In this
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multi-phase criticality scenario, due to the smallness of λHS , one must also
include quantum corrections to it, which are ignored in the Gildener–Wein-
berg approximation. Intuitively: whereas the Gildener–Weinberg approach
assumes a flat direction along a straight line, near the phase boundary this
approximation breaks down and the flat direction follows a curved trajectory
instead. As a consequence, the minimum is displaced in field space.

Interestingly, in the present model, the running of the couplings λS and
λHS is mainly driven by their couplings to the dark matter field s′. The
dominant contributions to their β-functions are

βλHS
≃ 1

2
λSS′λHS′ , βλS

≃ 1

4
λ2SS′ . (5.41)

As a result, the dark matter field directly influences the dynamics of symme-
try breaking, unlike in the conventional Gildener–Weinberg approximation.
Importantly, the coupling λHS′ , which would otherwise play a role only in
dark matter phenomenology—particularly in direct detection—now also be-
comes crucial as it drives the radiative corrections. The scalar field masses
can then be well approximated by

m2
h ≃ − βλHS

(4π)2
v2s lnR, (5.42)

m2
s ≃ 2

βλS

(4π)2
v2s , (5.43)

m2
s′ ≃

1

2
λSS′v2s , (5.44)

where the parameter lnR is related to displacement of minimum as

hflat
sflat

/
vh
vs

=

√
1 +

1

2 lnR
. (5.45)

This approach not only provides a natural explanation for the lightness of
the Higgs boson—whose mass arises from quantum corrections, similar to
the dilaton—but also yields a viable dark matter candidate and establishes
a strong connection between dark matter and Higgs phenomenology. A de-
tailed discussion of the phenomenological implications and experimental
constraints can be found in the original paper [116].

58



Chapter 6

Conclusion

In this thesis, we reviewed the open problems of the standard models of par-
ticle physics and cosmology, such as the nature of dark matter, inflation,
vacuum stability, neutrino mass generation, and the possible unnaturalness
of the Higgs boson mass. To alleviate the latter issue, we explored classi-
cally scale-invariant models as a solution. Although this class of models has
been known for over 50 years, we demonstrated that there is still room for
improvement within this framework.

In our first publication [111], we developed a new method for determin-
ing flat directions in scale-invariant potentials. We demonstrated that, for
biquadratic potentials, the determinant of the quartic coupling matrix van-
ishes in the presence of a flat direction. Building on this result, we derived
a convenient way to obtain the Hessian matrix when the couplings and the
desired flat direction are known, or conversely, to determine the necessary
couplings from the scalar masses and the chosen flat direction. We further
generalized our findings to generic quartic potentials using the formalism
of tensor eigenvalues and provided explicit examples: two- and three-field
cases for quartic potentials, and a two-field case for the general one. This
new approach greatly simplifies the study of complex scalar sectors, enabling
a more straightforward phenomenological analysis of intricate models.

In our second publication [116], we studied a classically scale-invariant
model featuring an extended scalar sector with two real gauge singlets. In
this model, we explored the regime of multi-phase criticality, where the
quantum corrections neglected in the usual Gildener–Weinberg approach
become relevant. In this limit, we found a strong connection between dark
matter and Higgs phenomenology, as the couplings to dark matter drive the
dynamics of symmetry breaking. Consequently, the Higgs boson mass be-
comes loop-suppressed in a manner similar to the dilaton mass. We showed
that the model can be described with only three free parameters and deter-
mined the parameter space consistent with experimental constraints such as
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direct detection limits and the Higgs boson invisible width, while simultane-
ously producing the correct dark matter relic abundance and maintaining
perturbativity. We also studied the renormalization group running of the
couplings to identify the energy scale up to which the theory remains per-
turbative.

In our third publication [114], we analyzed an inverse seesaw model
with a classically scale-invariant potential, featuring one complex and one
real scalar singlet in addition to the Standard Model Higgs doublet. In this
framework, the imaginary part of the complex singlet—the Majoron—ac-
quires its mass through explicit breaking of lepton number in the potential.
We applied the results of our first publication to determine the conditions
for the flat direction. To explore the parameter space of the model, we
performed a Markov Chain Monte Carlo scan, taking into account exper-
imental constraints such as the Higgs boson signal strength and invisible
decay width, the correct neutrino masses, as well as theoretical constraints
including perturbativity and vacuum stability. We investigated the possi-
bility of the Majoron serving as a dark matter candidate by scanning the
region where, in addition to the previous requirements, the model yields the
correct relic abundance while ensuring dark matter stability on cosmological
time scales. The latter required a large dilaton vacuum expectation value,
which in turn suppressed dark matter interactions, rendering the freeze-out
mechanism ineffective. However, we found that the freeze-in mechanism can
successfully produce the observed relic abundance. Analyzing typical inter-
action strengths in this regime, we identified the Standard Model Higgs bo-
son and the new real scalar singlet as viable inflaton candidates. Since Higgs
inflation has already been extensively studied, we focused our analysis on
the new scalar field. We demonstrated that this model can simultaneously
account for neutrino masses, dark matter, and inflation while remaining
consistent with both experimental and theoretical constraints.

All three publications aimed to advance the understanding of classically
scale-invariant models and to explore their potential for addressing open
questions of the Standard Model and cosmology, with particular emphasis
on dark matter phenomenology.
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Peatükk 7

Kokkuvõte: Dünaamiline
sümmeetria rikkumine ja
tumeaine

Käesolevas väitekirjas käsitlesime standardmudeli lahendamata küsimusi
osakestefüüsikas ja kosmoloogias, sealhulgas tumeda aine olemust, inflat-
siooni, vaakumi stabiilsust, neutriino massi tekkemehhanisme ning Higgsi
bosoni massi võimalikku ebaloomulikku peenhäälestust. Viimase mainitud
probleemi leevendamiseks uurisime klassikaliselt mastaabi-invariantsed mu-
deleid. Kuigi sellised mudelid on olnud teada juba üle 50 aasta, näitasime,
et selles raamistikus leidub endiselt arenguruumi.

Esimeses publikatsioonis [111] arendasime uue meetodi tasase suuna
kindlaks tegemiseks mastaabi-invariantsetes potentsiaalides. Näitasime, et
biruut-potentsiaalide korral on tasase suuna olemasolul interaktsioonide
maatriksi determinant null. Selle tulemusele tuginedes tuletasime lihtsa vii-
si Hesse maatriksi leidmiseks juhul, kui interaktsioonid ja eelistatud tasa-
ne suund on teada. Samuti leidsime lihtsa võrrandi interaktsioonitugevuste
leidmiseks kui skalaarosakeste massid ja tasane suund on teada. Üldistasi-
me saadud tulemuse ka üldistele neljanda astme potentsiaalidele, kasuta-
des tensorite omaväärtuste formalismi, ning tõime välja konkreetsed näited:
kahe- ja kolmeväljalised juhud biruut-potentsiaalide korral ning kaheväljali-
se näite üldise neljanda astme potentsiaali puhul. Pakutud uus lähenemine
lihtsustab oluliselt keerukate skalaarsektorite analüüsi, võimaldades nende
fenomenoloogilist uurimist märgatavalt tõhusamal kujul.

Teises publikatsioonis [116] uurisime klassikaliselt mastaabi-invariantset
mudelit, mis sisaldas laiendatud skalaarsektorit kahe reaalsete kalibratsioo-
niteisenduste singletiga. Selles mudelis käsitlesime mitme faasiga kriitilisuse
režiimi, kus kvantparandused, mida tavapärases Gildener–Weinbergi lähen-
duses on tühised, muutuvad oluliseks. Sellel piirjuhul ilmneb tugev seos

61



tumeaine ja Higgsi fenomenoloogia vahel, kuna interaktsioonid tumeaine-
ga määravad sümmeetria rikkumise dünaamika. Selle tulemusena on Higgsi
bosoni mass väike, sest see tuleneb kvantparandustest sarnaselt dilatoniga.
Näitasime, et mudelit saab kirjeldada kolme vaba parameetriga ning leid-
sime parameetrite piirkonna, mis on kooskõlas eksperimentaalsete piiran-
gutega nagu tumeaine otsese detekteerimise tulemused ja Higgsi nähtama-
tu lagunemise laius, tagades seejuures õige tumeaine relikt-tiheduse kui ka
teooria perturbatiivse käitumise. Lisaks uurisime interaktsioonide renorm-
rühma jooksmist, et leida energia skaala, kus teooria püsib perturbatiivsena.

Kolmandas publikatsioonis [114] analüüsisime pöörd-kiigemehhanismiga
mudelit mastaabi-invariantse potentsiaaliga, mis sisaldab lisaks Standard-
mudeli Higgsi dubletile üht kompleksset ja üht reaalset skalaarset singleti.
Selles raamistikus omandab kompleksse singleti imaginaarne osa, majoron,
massi leptonarvu otsese rikkumise tõttu potentsiaalis. Kasutasime esimese
publikatsiooni tulemusi, et kindlaks määrata tasase suuna tingimused. Mu-
deli parameetrite ruumi uurimiseks kirjutasime koodi Markovi ahela Monte
Carlo simulatsiooniks, rakendades seejuures nii eksperimentaalseid piiran-
guid nagu Higgsi signaalitugevust, selle nähtamatu lagunemislaiust ja õiget
neutriinomasside spektrit, kui ka teoreetilisi piiranguid nagu perturbatiiv-
sus ja vaakumi stabiilsus. Leidsime ka piirkonna, kus majoron täidab kõiki
tingimusi tumeaine kandidaadina. Nimelt, saavutab õige tumeaine relikt-
tiheduse ning püsib kosmoloogilistel ajaskaala jooksul stabiilsena. Viima-
ne tingimus on täidetud ainult siis, kui dilatoni vaakumi keskväärtus on
suur ning tumeaine interaktsioonid seevastu väiksed. See tähendas aga, et
liiga väikeste interaktsioonide tõttu pole õige relikt-tiheduse saavutamine
tavapärase väljakülmumise mehhanismiga võimalik. Seevastu sissekülmu-
mise abil saavutasime vaatlusandmetega kooskõlalise tulemuse. Analüüsisi-
me vastavas piirkonnas iseloomulikke interaktsioonitugevusi ning leidsime,
et nii Standardmudeli Higgsi boson kui ka uus reaalne skalaarne singlett
võivad sobida inflatoni rolli. Kuna Higgsi inflatsioon on kirjanduses juba
põhjalikult käsitletud, keskendusime edasisel analüüsil uuele skalaarväljale.
Näitasime, et uuritav mudel suudab üheaegselt kirjeldada nii neutriinode
masse, tumedat ainet kui ka inflatsiooni, jäädes seejuures kooskõlla nii eks-
perimentaalsete kui ka teoreetiliste piirangutega.

Kõigi kolme publikatsiooni eesmärk oli täiendada klassikaliselt mastaabi-
invariantsete mudelite käsitlust ja hinnata nende võimekust pakkuda la-
hendusi standardmudeli ning kosmoloogia senini lahendamata küsimustele,
pöörates erilist tähelepanu tumeaine fenomenoloogiale.
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