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DIFFUSION DISTANCE AND DIFFUSION MAPS: THEORY AND

APPLICATIONS

Bachelor’s thesis

Riki-Taavi Nurm

Abstract
In computer vision and data analysis, we are often interested in studying the intrinsic geom-
etry of a dataset independently of the ambient space in which it lives. After transforming the
dataset into a Markov graph, we can define the diffusion distance between any two vertices
based on how random walks diffuse between them. Using the eigenvalues and eigenvectors
of the corresponding Markov transition matrix, we can define diffusion maps which embed
the graph into a Euclidean space. The main aim of this thesis is to prove a theorem which
states that the diffusion distance on the graph is equivalent, up to a scaling constant, to
the Euclidean distance in the embedded space. We illustrate the theorem on synthetic and
established datasets.
CERCS research specialisation: P170 Computer science, numerical analysis, systems,
control.
Keywords: diffusion maps, diffusion distance, spectral theorem, Markov chains, dimension-
ality reduction.

DIFUSIOONKAUGUS JA DIFUSIOONIKAARDID: TEOORIA JA RAKENDUSED

Bakalaureusetöö

Riki-Taavi Nurm

Lühikokkuvõte
Arvutinägemises ja andmeanalüüsis tahame me tihti uurida andmete sisemist geomeetriat
sõltumata ruumist, kus nad asuvad. Pärast andmete Markovi graafiks teisendamist on või-
malik iga kahe graafi tipu vahel defineerida difusioonkaugus, kasutades juhuslikku ekslemist
nende tippude vahel. Markovi üleminekumaatriksi omaväärtuste ja omavektorite abil saame
defineerida difusioonikaardid, mis kujutavad graafi eukleidilisse ruumi. Selle töö peaeesmärk
on tõestada teoreem, mis väidab, et difusioonkaugus graafil on konstandiga korrutamise
täpsuseni võrdne eukleidilise kaugusega kujutusruumis. Me illustreerime seda teoreemi ka-
sutades nii sünteetilisi kui ka juba tuntud andmehulki.
CERCS teaduseriala: P170 Arvutiteadus, arvutusmeetodid, süsteemid, juhtimine (au-
tomaatjuhtimisteooria).
Märksõnad: difusioonikaardid, difusioonkaugus, spektraalteoreem, Markovi ahelad, mõõt-
mete vähendamine.

2



Introduction

In statistical data analysis and computer vision, we are often interested in focusing only on the

intrinsic geometry of the data, not on its location in the ambient space it lives in. In data analysis,

understanding the intrinsic geometry can be used to capture nonlinear patterns in the data, and,

as a result, it is sometimes possible to represent the most prominent features of the dataset in a

lower-dimensional space. In computer vision, understanding the intrinsic geometry can be used for

solving correspondence problems.

Isolating the data’s position from its local connectivity is a non-trivial task. One way to do that is to

turn the dataset of interest into a weighted graph using kernels that satisfy certain conditions. After

normalising the weighted graph, we can embed it using functions called diffusion maps. Diffusion

maps capture local connectivity in the data by analysing how random walks move between vertices

in the graph.

The variant of diffusion maps that we study in this thesis was presented by Nadler, Lafon, Coifman

and Kevrekidis in 2005 (see [Nad+05]). They proved that, after turning the dataset into a weighted

graph via the Gaussian kernel and embedding it via diffusion maps, the diffusion distance between

any two vertices on the graph is proportional to the Euclidean distance in the embedded space.

In the paper, the authors do not analyse in detail what conditions the kernel must satisfy for the

embedding to work as expected. They also prove the main theorem, but rely on auxiliary results

which are often not stated. Our aim is to prove the theorem in a self-contained manner and to

identify sufficient conditions on the kernel for the theorem to be applicable.

The thesis is organised as follows. Section 1 explains the basic terms used in the thesis and contains

key results used in later proofs. Section 2 defines diffusion distance and diffusion maps, and proves

that the diffusion distance is proportional to the Euclidean distance in the embedded space. We

begin by providing a complete proof of the spectral theorem for real symmetric matrices, since it is

a key theorem we use later to define diffusion maps. After that, we build on [Nad+05], but we prove

the theorem in a self-contained way. We follow the finite Markov-matrix formulation of [Nad+05]

and make explicit a set of assumptions on the kernel function under which the proof goes through.

We also modify the proof since some of the steps in [Nad+05] were slightly ambiguous.

Section 3 applies the theory to both synthetic and established datasets. We illustrate the key

properties of diffusion maps and show how they can be used for solving correspondence problems.

We also illustrate how using diffusion maps differs from classical linear dimensionality reduction

techniques. We use principal component analysis (see [Jol02, Section 1.1]) as an example, since

it is a well-known linear method. We finish by applying diffusion maps to the correspondence

problem on figures from the Dynamic FAUST dataset (see [Bog+17]). Since the dataset contains

non-rigid transformations, the embeddings do not align as cleanly as in the synthetic examples.

We nonetheless believe the example is valuable, both as a demonstration using real data and as

motivation for the discussion of what conditions must be satisfied for diffusion maps to work to

their full potential. The code used to generate plots and calculate the embeddings in Section 3 can
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be found on GitHub (see [Nur26]).

Large language models by Google (see [Goo26]), OpenAI (see [Ope25]), and Anthropic (see [Ant26])

were used during the writing of this thesis to generate alternative ideas, better understand materials

used, find relevant literature and references, find mistakes in proofs, help write and debug the Python

code for creating plots and calculations, and improve the readability of existing text. None of the

content in the thesis was written by artificial intelligence, and its output was thoroughly checked.
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1 Definitions and Preliminaries

In this section, we will introduce essential definitions and results required in the later sections of

this thesis. Table 1 summarises the general notation used throughout the thesis.

Table 1: General notation used throughout the thesis.

Notation Meaning

Matn(K) Square n× n matrix over K ∈ {R,C}
Matn×1(K) Column vectors of length n with elements in K ∈ {R,C}
Aij (ij)-th element of a matrix A ∈ Matn(K)

[v1, . . . , vn] Matrix with columns v1, . . . , vn ∈ Matn×1(K)

ek k-th canonical basis vector
Θn Zero matrix of shape n× n

Θ Zero matrix (with dimensions clear from context)
In Identity matrix of shape n× n

1 Vector (1, . . . , 1)T

∥·∥2 Euclidean 2-norm
card(X) Cardinality of set X
δij Kronecker delta

1.1 Algebra

We start with some general definitions from linear algebra; later in this subsection, we will also

prove some key results used in the following sections of the thesis.

Definition 1.1. Let A ∈ Matn(K) be a square matrix. Vectors ψ ∈ Matn×1(C) \ {0} and

φ ∈ Matn×1(C) \ {0} are called respectively right and left eigenvectors if

Aψ = λψ and φTA = µφT ,

where λ, µ ∈ C are eigenvalues.

Note that in Definition 1.1, eigenvalues of real matrices can be either real or complex.

Definition 1.2. Let M ∈ Matn(R). The value

ρ(M) := max{|λ| : λ is an eigenvalue of M}

is called the spectral radius of M .

Since almost all the matrices we work with in this thesis are square, we will define some useful types

of square matrices.
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Definition 1.3. Let A ∈ Matn(R).

1. Matrix A is called diagonal if Aij = 0 for every i ̸= j where i, j ∈ {1, . . . , n}.

2. Matrix A is called orthogonal if its transpose is equal to its inverse: AT = A−1.

3. Matrix A is called symmetric if it is equal to its transpose: A = AT .

4. A symmetric matrix A is called positive semi-definite (PSD, for short) if for all vectors

x ∈ Rn \ {0} one has xTAx ⩾ 0.

The following theorem gives us a useful property of positive semi-definite matrices.

Theorem 1.4 (see [HJ13, Theorem 7.2.1]). Let A ∈ Matn(R) be symmetric. The following

statements are equivalent:

(i) A is positive semi-definite;

(ii) all eigenvalues of A are non-negative.

Diagonal matrices have many nice properties, especially if all their diagonal entries are positive.

Given a diagonal matrix D ∈ Matn(R) with positive entries on its diagonal, meaning Dii > 0, for

i ∈ {1, . . . , n}, we can denote by Dt (t ∈ R) a diagonal matrix with
(
Dt
)
ii
= (Dii)

t.

An important result in linear algebra is called the Gram-Schmidt orthogonalisation process, but

before we can state it, we must first define inner product spaces.

Definition 1.5. Let H be a linear space over the field R and (a, b) ∈ H2 be an ordered pair. The

mapping H2 ∋ (a, b) 7→ ⟨a, b⟩ ∈ R is called an inner product if the following conditions are met for

all a, b, c ∈ H and k ∈ R:

1. ⟨a, a⟩ ⩾ 0 and [⟨a, a⟩ = 0 ⇐⇒ a = 0];

2. ⟨a, b⟩ = ⟨b, a⟩;

3. ⟨a+ b, c⟩ = ⟨a, c⟩+ ⟨b, c⟩;

4. ⟨ka, b⟩ = k⟨a, b⟩.

A space E equipped with an inner product ⟨·, ·⟩ is called an inner product space.

Definition 1.6. Let E be an inner product space. Vectors v1, v2 ∈ E are called orthogonal if

⟨v1, v2⟩ = 0. A system of vectors {v1, . . . , vn} ⊂ E is called orthogonal if they are pair-wise

orthogonal: for all i, j ∈ {1, . . . , n}, if i ̸= j then ⟨vi, vj⟩ = 0.

If additionally for every vi ∈ {v1, . . . , vn} the length ∥vi∥ :=
√

⟨vi, vi⟩ = 1 then the system is called

orthonormal.
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Now we can state the Gram-Schmidt orthogonalisation process.

Theorem 1.7 (Gram-Schmidt orthogonalisation process; see [Str16, Section 4.4]). Given

a finite or countable linearly independent system of vectors in an inner product space H, the Gram-

Schmidt process produces an orthogonal system of non-zero vectors that spans the same subspace.

After normalising these vectors, we obtain an orthonormal system which spans the same subspace.

Proposition 1.8 (Existence of eigenvalues; see [Axl24, Theorem 5.19]). Every operator1

on a finite-dimensional nonzero complex vector space has an eigenvalue.

Since matrices are linear operators on finite-dimensional vector spaces, it follows directly from

Proposition 1.8 that every matrix A ∈ Matn(R) has at least one eigenvalue λ ∈ C.

Proposition 1.9 (see [Laa23, Proposition 11.23]). Let A ∈ Matn(R). Then the following

statements are equivalent:

(i) A is orthogonal;

(ii) the columns of A form an orthonormal system.

We will end this subsection by proving that all symmetric real matrices have real eigenvalues. For

a complex number λ ∈ C, we denote its complex conjugate by λ.

Lemma 1.10. If A ∈ Matn(R) is symmetric, then its eigenvalues are real.

Proof. Let A ∈ Matn(R) be a symmetric matrix. By Proposition 1.8, the matrix A has at least

one eigenvalue. Suppose λ ∈ C is an eigenvalue. We will show that λ = λ. First notice that since

A is real, the following holds:

Av = λv ⇔ Av = λv ⇔ Av = λv.

Now, denote the corresponding eigenvector of eigenvalue λ as v. This means Av = λv. On one

hand

vTAv = (Av)T v = (λv)T v = λvT v.

On the other hand

vTAv = vTλv = λvT v.

Hence λvT v = λvT v =⇒ λ = λ. Note that we can cancel out vT v = |v1|2 + · · ·+ |vn|2 ̸= 0 because

v is an eigenvector. Therefore, we have proven that all eigenvalues of A are real. ■

The last theorem we state in this subsection is called the Perron-Frobenius theorem.
1Here, the operator is a linear map from a vector space to itself.

7



Theorem 1.11 (Perron-Frobenius Theorem, see [HJ13, Theorem 8.2.2]). Let A ∈ Matn(R)
be a positive matrix. Then the eigenvector corresponding to the largest eigenvalue can be chosen to

be positive, which means there exists an eigenvector v such that

Av = ρ(A)v,

and vi > 0 for every i ∈ {1, . . . , n}.

1.2 Probability theory

To formally define diffusion distance and diffusion maps, we first introduce Markov chains and state

some theorems about random processes. We start with some general definitions from probability.

This section is strongly inspired by [Axl20].

Definition 1.12. Let F be a σ-algebra defined on a set Ω and let P be a measure on (Ω,F). The

measure P is called a probability measure if P (Ω) = 1. In this case, the triple (Ω,F ,P ) is called a

probability space. Set Ω is called a sample space, elements of the σ-algebra F are called events, and

for A ∈ F the value P (A) is called the probability of A.

From now on, let (Ω,F ,P ) be a probability space.

As Definition 1.12 suggests, the sample space can be quite abstract, for example, the set of all

possible trajectories of a stochastic process. To work with such structures, it is often useful to map

the events to real numbers using functions called random variables.

Definition 1.13. Let E be a finite set. A function X : Ω → E such that {ω ∈ Ω : X(ω) = s} ∈ F
for every s ∈ E is called a random variable.

Let X : Ω → E be a random variable and let s ∈ E. For the probability that X takes the value s,

we write

P (X = s) := P ({ω ∈ Ω : X(ω) = s}).

More generally, for a finite collection of random variables X0, . . . , Xn−1 and s0, . . . , sn−1 ∈ E we

write

P (X0 = s0, . . . , Xn−1 = sn−1) := P ({ω ∈ Ω : X0(ω) = s0, . . . , Xn−1(ω) = sn−1}).

Definition 1.14. Let A,B ∈ F be events with P (B) > 0. The conditional probability of A given

B is

P (A | B) :=
P (A ∩B)

P (B)
.

Now we can introduce discrete-time stochastic processes on a finite state space.

Definition 1.15. Let E be a finite set. A sequence {Xt}t⩾0, where each Xt : Ω → E is a random
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variable, is called a discrete-time stochastic process, and E is called its state space. Elements of E

are called states, and we say the process is in state s at time t if Xt = s.

A special type of discrete-time stochastic process is called a Markov chain.

Definition 1.16. Let {Xt}t⩾0 be a discrete-time stochastic process with state space E. If for all

n ∈ N ∪ {0} and all states s0, . . . , s, l ∈ E the following property

P (Xn+1 = l | Xn = s, . . . , X0 = s0) = P (Xn+1 = l | Xn = s)

is satisfied, then the discrete-time stochastic process is called a Markov chain. This property is

called the Markov property. The chain is called time-homogeneous if, additionally, the right-hand

side of the property does not depend on n.

Definition 1.17. Let {Xt}t⩾0 be a time-homogeneous Markov chain, let E = {s0, . . . , sn−1} be its

state space. The matrix M ∈ Matn(R), with Mij := P (X1 = sj | X0 = si), is called the transition

matrix of the Markov chain. Since each row of matrix M is a probability distribution over E, all

its entries are non-negative, and each row sums up to 1. Square matrices with these two properties

satisfied are called stochastic matrices.

Example 1.18. Figure 1 contains an example of a time-homogeneous Markov chain with state

space E = {s0, s1} and with transition probability α from state s0 to s1, and β from state s1 to s0.

s0 s1

α

β

1− α 1− β

Figure 1: A time-homogeneous Markov chain with two states, and transition probabilities
α, β ∈ [0, 1].

The corresponding Markov transition matrix is

M =

(
1− α α

β 1− β

)
.

A useful property of time-homogeneous Markov chain transition matrices is called the Chapman-

Kolmogorov equation. First, a quick remark regarding notation. For t ∈ N ∪ {0} we denote the

probability of moving from state s to state l in t steps by p(t, l | s) := P (Xt = l | X0 = s). By the

Chapman-Kolmogorov equation (see [GS20, Theorem (7), §6.1]), the entry with row corresponding

to state s and column corresponding to state l of the Markov transition matrix M t equals p(t, l | s).

States of a Markov chain can have different properties. The next definition provides insight into

some state properties we will use in the proofs that follow.

Definition 1.19. Let s, l ∈ E be states of a Markov chain. State l is said to be accessible from
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state s if p(t, l | s) > 0 for some t ∈ N ∪ {0}, in this case we write s→ l. States s and l are said to

communicate if s → l and l → s, we denote this by s ↔ l. A Markov chain is called irreducible if

every pair of states communicates.

Another useful property of a state is its periodicity.

Definition 1.20. Let s ∈ E be a state. The greatest common divisor (gcd, for short) of the set

{t ∈ N : p(t, s | s) > 0} (with the period defined as ∞ if the set is empty) is called the period of the

state. The Markov chain is called aperiodic if every state has period 1.

Often we are interested in how the Markov chain performs over many steps. It turns out that

irreducibility and aperiodicity together guarantee that the process behaves “nicely”. We will now

state a key theorem regarding that.

Theorem 1.21 (The Fundamental Theorem of Markov chains; see [VW25, Theorem (1)]).

Let {Xt}t⩾0 be a Markov chain over a finite state space, with transition matrix M . Suppose the

chain is irreducible and aperiodic. Then the following hold:

1. There exists a unique stationary distribution π = (π0, . . . , πn−1) over the states such that for

any states s, l

lim
t→∞

P (Xt = s | X0 = l) = πs.

2. π is a left eigenvector of matrix M , with eigenvalue 1, meaning πM = π.

Theorem 1.22 (see [HJ13, Theorem 8.4.4]). Let M ∈ Matn(R), n ⩾ 2, be irreducible and non-

negative. Then ρ(M) is an algebraically simple eigenvalue of M , that is, it has algebraic multiplicity

1.

Note that the result from Theorem 1.22 holds for any 1× 1 real matrix m ∈ Mat1(R) too. Indeed,

by solving for eigenvalues det(m− λI) = 0 ⇔ m = λ and thus λ has algebraic multiplicity 1.
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2 Diffusion Distance and Diffusion Maps

Many datasets can be modelled as graphs, often as fully connected, weighted graphs where edge

weights reflect the similarity between data points. The diffusion distance provides a natural way

to measure the similarity between vertices in such graphs, but computing it directly can be com-

putationally expensive. In this section, we prove that under sufficient conditions on the kernel,

diffusion maps produce an embedding in which Euclidean distance is equal, up to a scaling con-

stant, to diffusion distance in the original space. While this equivalence, by itself, does not reduce

computational cost, in practice, it is often sufficient to use diffusion maps to embed the data into a

lower-dimensional Euclidean space, in which case the complexity decreases significantly. We will not

provide rigorous mathematical justification for using diffusion maps for dimensionality reduction,

but we will illustrate their efficiency in Section 3.

Before we formally define diffusion distance and prove how to embed the graph into Euclidean space,

we need to prove the spectral theorem.

2.1 Spectral Theorem

Since in this subsection we will frequently work with matrices that have a block structure, we start

by defining the block decomposition of matrices. This will make the proofs in this subsection easier

to follow.

Definition 2.1. Let A ∈ Matm×n(R). We say that the matrix A has a block decomposition if

A =

(
A11 A12

A21 A22

)

where Aij ∈ Matmi×nj (R) such that m1 +m2 = m, n1 + n2 = n and i, j ∈ {1, 2}.

We will now state some useful properties of block decomposed matrices.

Property 2.2. Let A ∈ Matm×n(R) and let

A =

(
A11 A12

A21 A22

)

be its block decomposition. Then

AT =

(
AT

11 AT
21

AT
12 AT

22

)
.

Property 2.3 (see [Str16, Block multiplication]). Let A and B be matrices with block decom-

positions

A =

(
A11 A12

A21 A22

)
, B =

(
B11 B12

B21 B22

)
.
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If blocks of A can multiply blocks of B, then

AB =

(
A11 A12

A21 A22

)(
B11 B12

B21 B22

)
=

(
A11B11 +A12B21 A11B12 +A12B22

A21B11 +A22B21 A21B12 +A22B22

)
.

The main result we want to prove in this subsection is the spectral theorem, which states that every

n-dimensional symmetric matrix has real eigenvalues and its eigenvectors form an orthonormal basis

of Rn. For better readability, we will provide the proof split into smaller lemmas.

Lemma 2.4. Let A ∈ Matn(R) be a symmetric matrix. Then there exists an orthogonal matrix

R ∈ Matn(R) such that R−1AR is diagonal.

Proof. We will prove it by induction.

The base case: if A ∈ Mat1(R) the statement holds, because we can choose Mat1(R) ∋ R = (1).

The inductive step: we now assume the statement holds for (n− 1)-dimensional matrices.

We will now show that the statement holds for n-dimensional matrices: let A ∈ Matn(R) be

symmetric. Since every finite-dimensional matrix has at least one eigenvalue (see Proposition 1.8),

we can denote the eigenvalue of A as λ1 ∈ C. Since A is real and symmetric, from Lemma 1.10,

we know that λ1 ∈ R. Note that since A is a real matrix and the eigenvalue λ1 is real, then the

corresponding eigenvector v1 is also real. Since eigenvectors are defined up to normalisation, we can

choose v1 such that ∥v1∥2 = 1. Since v1 is a non-zero vector in Rn, it can be extended to a basis

{v1, u2, . . . , un} of Rn. Applying the Gram-Schmidt orthogonalisation process (see Theorem 1.7) to

this basis and normalising the resulting vectors, we end up with an orthonormal basis {v1, v2, . . . , vn}
of Rn, where the first vector remains v1 since it was already a unit vector. Now let us define matrix

P = [v1, v2, . . . , vn]. Because the basis vectors are orthonormal, we know by Proposition 1.9 that P

is orthogonal. Let B = P−1AP . We will show that B is symmetric:

B is symmetric: since the matrix P is orthogonal we get B = P TAP therefore

BT =
(
P T (AP )

)T
= P TATP = P TAP.

Consider Be1, where e1 is the first standard basis vector of Rn. We compute P TAPe1 = Be1, which

equals the first column of the matrix B. On the other hand,

P TAPe1 = P TAv1 = P Tλ1v1 = λ1P
T v1

(∗)
= λ1e1.

Equality (∗) holds, because P T is a matrix with vectors v1, v2, . . . , vn as rows, since they are or-

thonormal vTi vj = δij . So we get

B =

(
λ1 Θ

Θ C

)
,
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where matrix C ∈ Matn−1(R). Note that C is also symmetric. Indeed, this follows directly from

B being a symmetric matrix. By our inductive hypothesis, there exists a matrix Q such that the

matrix D := Q−1CQ is diagonal and the matrix Q is orthogonal. Now, let us define the matrix R

as follows:

R := P

(
1 Θ

Θ Q

)
.

Observe that

(1) R is orthogonal:

R−1 =

(
1 Θ

Θ Q−1

)
P−1 =

(
1 Θ

Θ QT

)
P T = RT .

Note that the inverse of R is found correctly, since(
1 Θ

Θ Q−1

)(
1 Θ

Θ Q

)
=

(
1 · 1 + Θ ·Θ 1 ·Θ+ΘQ

Θ · 1 +Q−1 ·Θ Θ ·Θ+Q−1Q

)
=

(
1 Θ

Θ I

)
= I.

(2) R−1AR is diagonal:

R−1AR = RTAR =

(
1 Θ

Θ QT

)
P TAP

(
1 Θ

Θ Q

)

=

(
1 Θ

Θ QT

)
B

(
1 Θ

Θ Q

)

=

(
1 Θ

Θ QT

)(
λ1 Θ

Θ C

)(
1 Θ

Θ Q

)

=

(
λ1 Θ

Θ QT C Q

)
=

(
λ1 Θ

Θ D

)

and matrix D is diagonal by assumption.

Hence, R is orthogonal and R−1AR is diagonal, which completes the inductive step. ■

Proposition 2.5. Let A ∈ Matn(R). The following statements are equivalent:

(i) There exists an orthogonal matrix R such that the matrix R−1AR is diagonal.

(ii) Rn has an orthonormal basis of eigenvectors of A.

Proof. Firstly, assume there exists an orthogonal matrix R ∈ Matn(R) such that R−1AR is
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diagonal with elements λ1, . . . , λn ∈ R on the diagonal. Multiplying both sides by R we get

AR = R


λ1

. . .

λn

 .

Let v1, . . . , vn denote the columns of R. Therefore, the j-th column of matrix AR is Avj and the

j-th column of the right-hand side is λjvj . Comparing the columns we get Avj = λjvj for every

j ∈ {1, . . . , n} and thus each vj is an eigenvector of A with eigenvalue λj . From the orthogonality

of R, its columns form an orthonormal system in Rn (see Proposition 1.9). Since there are n of

them, they form an orthonormal basis in Rn, which is exactly what we needed to show.

Assume now that eigenvectors {v1, . . . , vn} of a matrix A form an orthonormal basis of Rn. Denote

the corresponding eigenvalues with {λ1, . . . , λn}. Let R be a matrix with eigenvectors v1, . . . , vn
for its columns. Since the eigenvectors form an orthonormal basis, R is orthogonal (see Proposition

1.9). Now, computing the matrix AR column-by-column, we get

AR = [Av1, . . . , Avn] = [λ1v1, . . . , λnvn] = R


λ1

. . .

λn

 .

Multiplying both sides by R−1 from the left we get

R−1AR =


λ1

. . .

λn


which is diagonal. Therefore, we have shown that the statements are indeed equivalent. ■

Theorem 2.6 (Spectral Theorem, see [Str16, Spectral Theorem, p. 339]). Let A ∈ Matn(R)
be symmetric. Then the following two statements hold:

1. A has real eigenvalues.

2. There exists an orthonormal basis of Rn which consists of eigenvectors of A.

Proof.

1. Follows directly from Lemma 1.10.

2. By Lemma 2.4, there exists an orthogonal matrix R ∈ Matn(R) such that R−1AR is diagonal.

By Proposition 2.5, the existence of such a matrix R is equivalent to eigenvectors of A forming

an orthonormal basis in Rn, which is exactly what we needed to show.

■
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2.2 Diffusion Theory

In this subsection, we will define diffusion distance and diffusion maps in a self-contained manner,

building on [Nad+05]. The main result of this thesis, Theorem 2.13, states that the diffusion

distance on the graph is equal, up to a known scaling constant, to the Euclidean distance in the

embedded space. Our presentation differs from [Nad+05] mainly in two ways. Firstly, we provide a

self-contained proof, while [Nad+05] relies on many auxiliary results. Secondly, we state sufficient

conditions on the kernel under which the theorem is applicable; this is not done in [Nad+05].

Although we have stated and proved most of the necessary results, we still need to prove some

additional ones. Therefore, to make this subsection easier to follow, we begin by providing a

roadmap outlining the key checkpoints. After that, we will start from the beginning.

(I). We start with a finite one- or higher-dimensional set of data, which we denote by X . We can

think of the points of X as vertices of an undirected weighted graph G = (X ,W ) with W

being the set of weighted edges, which we will define shortly, such that we can construct a

Markov chain on the graph. Note that the elements of X have an arbitrary but fixed order:

the labelling x0, x1, . . . , xn−1 is chosen arbitrarily once and kept consistent throughout the

subsection. This also justifies the notation vi(xj) for denoting the coordinate of vector vi
corresponding to the position of data point xj .

(II). We will define diffusion distance at time t ∈ N ∪ {0} as

D2
t (xi, xj) := ∥p(t, x|xi)− p(t, x|xj)∥2w

:=
∑
x∈X

(p(t, x|xi)− p(t, x|xj))2w(x),

where xi, xj ∈ X , p(t, x | xi) denotes the probability of a random walk landing at location x

at time t, given a starting location xi at time t = 0, and w(x) is a weight. We then define

the diffusion maps as

Ψt : X ∋ xi 7→
(
λt1ψ1(xi), . . . , λ

t
kψk(xi)

)
∈ Rk,

where N ∋ k ⩽ card(X )−1, λi is the eigenvalue, and ψi is the corresponding right eigenvector

of the Markov matrix defined on the graph G.

(III). We will finish the subsection by proving that diffusion distance on the graph is equal, up to

a scaling factor, to the Euclidean distance in the embedded space, where the embedding uses

all (card(X )− 1) non-trivial eigenvectors:

D2
t (xi, xl) =

1

c

card(X )−1∑
j=1

(
λtj
)2

(ψj(xi)− ψj(xl))
2 =

1

c
∥Ψt(xi)−Ψt(xl)∥2 ,

where xi, xl ∈ X and c ∈ R.

We now begin by denoting the set of data X := {x0, . . . , xn−1} ⊂ Rp (n, p ∈ N). To build the
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undirected weighted graph G = (X ,W ), with W ⊂ X × X , we need to determine the weights. For

that, we start by defining a kernel function.

Definition 2.7. A function k : X × X → (0,∞) is called a kernel function (kernel, for short).

In general, kernels need not have a strictly positive range, but in our case, it is important for the

theory to hold.

Additionally, we assume that the kernel k is

1. Positive semi-definite:
m−1∑
i,j=0

cicjk(xi, xj) ⩾ 0

for any x0, . . . , xm−1 ∈ X , c0, . . . , cm−1 ∈ R (m ∈ N).

2. Symmetric: k(xi, xj) = k(xj , xi) for every xi, xj ∈ X .

Example 2.8. Let xi, xj ∈ Rp and ε > 0. The Gaussian kernel is a strictly positive, symmetric,

positive semi-definite kernel

k(xi, xj) := exp

(
−∥xi − xj∥2

2ε

)
.

Here ε > 0 can be thought of as the width or radius, since for a large ε the kernel will evaluate to

near 1 even for points that are far apart.

Now we can determine the weights for the graph G by defining W ∈ Matn(R) as Wij := k(xi, xj)

(i, j ∈ {0, . . . , n− 1}). We define the degree of a vertex as the sum of weights connecting it to other

vertices. This allows us to naturally define the random-walk normalisation matrix D.

Definition 2.9. Let W,D ∈ Matn(R). The diagonal matrix D is called the random-walk normali-

sation matrix if

Dii :=
n−1∑
j=0

Wij .

Since, in our case, there are no isolated vertices (k is a strictly positive kernel), the matrices D−1

and D−1/2 are well-defined.

We now have all the necessary components to define a Markov chain on the graph G. We construct

a time-homogeneous Markov chain {Xt}t⩾0 with the vertices X as its states and the transition

probability between the states specified via the normalised weighted edges:

∀t ∈ N ∪ {0} : P (Xt+1 = xj | Xt = xi) =
k(xi, xj)

n−1∑
m=0

k(xi, xm)

.
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Arranging these probabilities into an n-dimensional matrix M ∈ Matn(R), such that

Mij = P (Xt+1 = xj | Xt = xi),

we have constructed a Markov transition matrix.

It turns out that M = D−1W . Indeed,

(
D−1W

)
ij
=

n−1∑
k=0

D−1
ik Wkj =

Wij

Dii
=

Wij

n−1∑
m=0

Wim

=
k(xi, xj)

n−1∑
m=0

k(xi, xm)

=Mij .

Example 2.10. Let W be a weight matrix such that

W =

(
1 0.25

0.25 1

)
.

Then the corresponding random walk normalisation matrix is

D =

(
1.25 0

0 1.25

)
,

and the resulting row-stochastic Markov transition matrix M = D−1W is

M =

(
0.8 0.2

0.2 0.8

)
.

We will now define a matrix D1/2MD−1/2 =:Ms ∈ Matn(R). Note that Ms is symmetric:

Ms = D1/2MD−1/2 = D1/2D−1WD−1/2 = D−1/2WD−1/2,

and on the other hand

MT
s =

((
D−1/2W

)
D−1/2

)T
=
(
D−1/2

)T
W T

(
D−1/2

)T
= D−1/2WD−1/2

because D and W are symmetric by construction. Additionally, M is similar to Ms:

Ms = D1/2M
(
D1/2

)−1
.

This means that M and Ms share eigenvalues. Since Ms is symmetric, from the Spectral Theorem

(see Theorem 2.6) we know that the eigenvalues {λj}n−1
j=0 are all real. Denote the corresponding

eigenvectors of Ms by {vj}n−1
j=0 . Note that they form an orthonormal basis in Rn, which also means

that ∥vj∥2 = 1. Additionally, we choose v0 to be positive; this is possible by Theorem 1.11 because

Ms is a positive matrix.
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Additionally, note that Ms is PSD. Indeed, for x ∈ Rn \ {0} denote y = D−1/2x and therefore

yT = xTD−1/2. Now

xTMsx = xTD−1/2WD−1/2x = yTWy ⩾ 0

because W is, by assumption, PSD.

Now, it turns out that the left and right eigenvectors of M are respectively

φj = D1/2vj and ψj = D−1/2vj .

Indeed:

φT
j M = vTj D

1/2M
(
D−1/2D1/2

)
= vTj MsD

1/2 = (Msvj)
TD1/2

= (λjvj)
TD1/2 = λj

(
D1/2vj

)T
= λjφ

T
j

and

Mψj =MD−1/2vj = D−1/2D1/2MD−1/2vj = D−1/2λjvj = λjψj .

Since the vectors vj are orthonormal in Rn, the following holds:

⟨ψi, φj⟩ = vTi D
−1/2D1/2vj = δij .

Therefore {ψj}n−1
j=0 and {φj}n−1

j=0 are biorthonormal.

Before continuing, we will prove that strictly positive Markov matrices have unique stationary

distributions.

Theorem 2.11. Let M ∈ Matn(R) be a Markov transition matrix with strictly positive entries,

meaning Mij > 0 for every i, j ∈ {0, . . . , n− 1}, then M has a unique stationary distribution.

Proof. Let M ∈ Matn(R) be a strictly positive Markov transition matrix. We will first show that

M is aperiodic and then that M is irreducible.

1. We want to show that for any i ∈ {0, . . . , n − 1} the greatest common divisor of the set

{t ∈ N : p(t, i | i) > 0} is 1. Since M is strictly positive p(1, i | i) > 0, therefore 1 ∈ {t ∈ N :

p(t, i | i) > 0} which is what we wanted to show.

2. We want to show that p(t, j | i) > 0 for every i, j ∈ {0, . . . , n− 1} and for some t ∈ N. Since

the Markov transition matrix is strictly positive p(1, j | i) > 0, therefore M is irreducible.

Now, since the state space is finite, from Theorem 1.21, it follows that M has a unique stationary

distribution. ■
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We will also prove a lemma about the eigenvalues of a strictly positive Markov transition matrix

M , which is similar to a symmetric PSD matrix.

Lemma 2.12. Let M ∈ Matn(R) be a strictly positive Markov transition matrix and let

Ms ∈ Matn(R) be a symmetric positive semi-definite matrix which is similar to M . Then the

eigenvalues of M are

1 = λ0 > λ1 ⩾ . . . ⩾ λn−1 ⩾ 0.

Proof. We will prove the lemma in three steps. First, we will show that all eigenvalues are non-

negative. Secondly, we will show that no eigenvalue is greater than 1. And lastly, we will show that

there exists a unique eigenvalue λ0 = 1.

1. Since Ms is PSD then from Theorem 1.4 we know that all its eigenvalues are non-negative.

From the similarity of M and Ms, it follows that the eigenvalues of M are also non-negative.

2. Let v be an eigenvector of M and λ ⩾ 0 the corresponding eigenvalue. Denote the index of

the largest coordinate (by absolute value) by imax = argmaxi |vi|. Since M is a row-stochastic

matrix, the following holds:

|λ| |vimax | = |λvimax | = |(Mv)imax | =

∣∣∣∣∣∣
n−1∑
j=0

Mimaxjvj

∣∣∣∣∣∣
⩽

n−1∑
j=0

Mimaxj |vj | ⩽
n−1∑
j=0

Mimaxj |vimax | = |vimax | ,

hence |λ| ⩽ 1. Since λ ⩾ 0, we obtain λ ⩽ 1.

3. From Theorem 2.11 we know that M has a unique stationary distribution. From Theorem

1.21 we know that a left eigenvector of M is the stationary distribution with corresponding

eigenvalue 1. From Theorem 1.22 we know that the eigenvalue λ0 = 1 is algebraically simple.

Therefore we have shown that the eigenvalues of M are of form 1 = λ0 > λ1 ⩾ . . . ⩾ λn−1 ⩾ 0. ■

Since Ms is a symmetric real matrix, we can eigen-decompose it, meaning

Ms = V ΛV T

where V ∈ Matn(R) is a matrix with its columns being orthonormal eigenvectors of Ms and

Λ ∈ Matn(R) is a diagonal matrix with eigenvalues {λj}n−1
j=0 on its diagonal. From Ms being

similar to M it follows that

M = D−1/2MsD
1/2 = D−1/2V ΛV TD1/2 =

(
D−1/2V

)
Λ
(
D1/2V

)T
= ΨΛΦT .
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Therefore

M t = ΨΛtΦT .

Now, recall that p(t, xj | xi) denotes the probability of travelling from state xi to the state xj in

t ∈ N steps. By the Chapman-Kolmogorov equation (see [GS20, Theorem (7), §6.1]),
(
M t
)
ij

=

p(t, xj | xi). Therefore

(
M t
)
ij
= p(t, xj | xi) =

n−1∑
k=0

λtkψk(xi)φk(xj)

= ψ0(xi)φ0(xj) +

n−1∑
k=1

λtkψk(xi)φk(xj),

Now note that any constant vector c ∈ Rn×1 is a right eigenvector with eigenvalue 1. Indeed,

Mc =

n−1∑
j=0

M0jc, . . . ,

n−1∑
j=0

M(n−1)jc

T

= c.

Since M is irreducible, from Theorem 1.22 we know that the eigenvalue λ0 = 1 is simple; therefore,

ψ0 is also a constant vector. Recalling that ψ0 = D−1/2v0, this means ψ0(xi) = D
−1/2
ii v0(xi) is the

same for every xi ∈ X . It is worth noting that from ψ0 being constant it follows that v0(xi) is

proportional to D1/2
ii for every xi ∈ X .

We can now define diffusion distance at time t ∈ N ∪ {0} as

D2
t (xi, xj) := ∥p(t, x|xi)− p(t, x|xj)∥2w

:=
∑
x∈X

(p(t, x|xi)− p(t, x|xj))2w(x),
(1)

where we choose the weight w(x) = 1/φ0(x). Note that this weight is well-defined, because v0 is

a positive eigenvector and the diagonal matrix D1/2 has positive entries on its diagonal. We can

also denote the mapping between the original space and the first k non-trivial eigenvectors as the

diffusion map

Ψt(xi) :=
(
λt1ψ1(xi), . . . , λ

t
kψk(xi)

)
, (2)

with N ∋ k ⩽ n− 1 (where n = card(X ) is the number of vertices).

We now state the main theorem connecting diffusion distance to the Euclidean distance in the

embedded space. Table 2 summarises the key objects used in the theorem.
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Table 2: Key notation.

Symbol Meaning Note

X dataset of n points in Rp -
W Matn(R) ∋ W, Wij = k(xi, xj) Positive, symmetric, PSD

D Matn(R) ∋ D, Dii =
n−1∑
j=0

Wij Diagonal

M D−1W Row-stochastic
Ms D−1/2WD−1/2 Symmetric, similar to M
vj j-th eigenvector of Ms ∥vj∥2 = 1

λj j-th eigenvalue of M (and Ms) -
ψj = D−1/2vj j-th right eigenvector of M -
φj = D1/2vj j-th left eigenvector of M -
Ψt(xi) Diffusion map of xi at time t -
D2

t (xi, xl) Diffusion distance between xi and xl -

Theorem 2.13 (see [Nad+05, Eq. (11)]). Let Ψt : X → Rn−1 be a diffusion map defined using

all (n − 1) non-trivial eigenvectors. The diffusion distance on X is equal, up to a scaling by a

constant, to the Euclidean distance in Rn−1.

D2
t (xi, xl) =

1

c

n−1∑
j=1

(
λtj
)2

(ψj(xi)− ψj(xl))
2 =

1

c
∥Ψt(xi)−Ψt(xl)∥2 , (3)

where c := ψ0(xi) =
v0(xi)

D
1/2
ii

which is independent of xi, since ψ0 is constant.

Proof. We start by rewriting the diffusion distance using the representation (1):

D2
t (xi, xl) =

∑
x∈X

(p(t, x|xi)− p(t, x|xl))2w(x)

=
∑
x∈X

n−1∑
j=0

λtj(ψj(xi)− ψj(xl))φj(x)

2

1

φ0(x)

=
∑
x∈X

n−1∑
j=0

λtj(ψj(xi)− ψj(xl))φj(x)

(n−1∑
k=0

λtk(ψk(xi)− ψk(xl))φk(x)

)
1

φ0(x)

=

n−1∑
j,k=0

λtj(ψj(xi)− ψj(xl))λ
t
k(ψk(xi)− ψk(xl))

∑
x∈X

φj(x)φk(x)

φ0(x)
.

Before continuing, we will show that

∑
x∈X

φj(x)φk(x)

φ0(x)
=

1

c
δjk.
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First recall that from the orthonormality of the eigenvectors vj of matrix Ms and the forms

φj = D1/2vj , ψj = D−1/2vj we get ⟨ψj , φk⟩ = δjk. Thus it is sufficient to show that
φj(x)

φ0(x)
=

1

c
ψj(x)

for all x ∈ X , because then
∑
x∈X

φj(x)φk(x)

φ0(x)
=

1

c

∑
x∈X

φk(x)ψj(x) =
1

c
⟨ψj , φk⟩.

Now for any j ∈ {0, . . . , n− 1} and any xi,

φj(xi) =
(
D1/2vj

)
(xi) =

√
Diivj(xi),

ψj(xi) =
(
D−1/2vj

)
(xi) = vj(xi)/

√
Dii.

Taking the ratio now

φj(xi)

φ0(xi)
=

√
Diivj(xi)√
Diiv0(xi)

=
1

v0(xi)
vj(xi) =

D
1/2
ii

v0(xi)

vj(xi)

D
1/2
ii

=
D

1/2
ii

v0(xi)
ψj(xi)

(∗)
=

1

c
ψj(xi) =

1

c
ψj(xi),

where (∗) holds because ψ0 is a constant vector and therefore

c = ψ0(xi) = D
−1/2
ii v0(xi)

for any i ∈ {0, . . . , n− 1}. This shows that

∑
x∈X

φj(x)φk(x)

φ0(x)
=

1

c

∑
x∈X

ψj(x)φk(x) =
1

c
δjk.

Now we can continue with the proof of the theorem:

n−1∑
j,k=0

λtj(ψj(xi)− ψj(xl))λ
t
k(ψk(xi)− ψk(xl))

∑
x∈X

φj(x)φk(x)

φ0(x)

=
1

c

n−1∑
j,k=0

λtj(ψj(xi)− ψj(xl))λ
t
k(ψk(xi)− ψk(xl))⟨ψj , φk⟩

=
1

c

n−1∑
j,k=0

λtj(ψj(xi)− ψj(xl))λ
t
k(ψk(xi)− ψk(xl))δjk

=
1

c

n−1∑
j=0

(
λtj
)2

(ψj(xi)− ψj(xl))
2.

Now, since λ0 = 1, ψ0 is a constant vector, we get (ψ0(xi)− ψ0(xl)) = 0, thus
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1

c

n−1∑
j=0

(
λtj
)2

(ψj(xi)− ψj(xl))
2 =

1

c

n−1∑
j=1

(
λtj
)2

(ψj(xi)− ψj(xl))
2

=
1

c
∥Ψt(xi)−Ψt(xl)∥2 .

That is exactly what we wanted to show. Note that the choice of the weight w(x) = 1/φ0(x) is

essential for the theorem to hold. ■
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3 Applications

As mentioned in the introduction, diffusion maps have many applications, including in computer

vision and in statistical data analysis. In computer vision, we are often interested in determining

whether two shapes are intrinsically similar, regardless of their positions in the ambient space.

In data analysis, we often work with high-dimensional data and are interested in whether it can

be represented in a computationally cheaper, lower-dimensional space without losing important

information.

In this section, we illustrate the applications of diffusion maps on three artificial datasets and

one well-established dataset. The first example is a dumbbell-shaped dataset, intended to give

an intuitive sense of the relationship between diffusion distance on the graph and the Euclidean

distance in the embedded space. We follow this up by applying diffusion maps to a dataset shaped

like a toroidal helix, demonstrating how diffusion maps can be used for dimensionality reduction to

retain the intrinsic geometry, and how a classical linear method, principal component analysis (see

[Jol02, Section 1.1]), fails to do so. For the third artificial example, we show how diffusion maps

can be used to solve correspondence problems in a controlled environment using two intrinsically

identical tori. This naturally leads to our last example, which shows how diffusion maps can be

applied to intrinsically identical real-world data, and identifies their limitations. For this, we chose

high-resolution human figures from the Dynamic FAUST dataset (see [Bog+17]). All code for

generating the datasets, applying diffusion maps and calculating the errors is available on GitHub

(see [Nur26]).

3.1 Artificial Examples

In all three of the following examples, we will illustrate the embeddings in either two- or three-

dimensional space. This deviates from Theorem 2.13, which states that diffusion distance is equiv-

alent to the Euclidean distance in the embedded (n − 1)-dimensional space. Nonetheless, the

embeddings capture the essence well and are therefore valuable.

Before starting with the specific examples, we provide the parameters for all three examples in Table

3. For all datasets, the Gaussian kernel (see Example 2.8) was used to construct a weighted graph

from the dataset.

Table 3: Parameters used for the three examples in Section 3.1.

Dataset n (data points) ε (width)2 Data dim. Embedding dim.

Dumbbell 515 0.05 2 1
Toroidal helix 3000 0.05 3 2
Tori 5000 0.05 3 2

2ε is the width parameter of the Gaussian kernel (see Example 2.8).
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3.1.1 Dumbbell-shaped dataset

To illustrate what diffusion maps capture, we chose to embed a dumbbell-shaped dataset (for exact

parameters see Table 3). The dataset in Figure 2 contains two clusters (coloured turquoise and

grey) connected by a narrow neck (coloured light green). We highlight three points: points A and

B are chosen to be near the bottleneck in the grey and turquoise cluster, respectively. Point C is

chosen to be farther from the "bridge" in the turquoise cluster.

Figure 2 shows the Euclidean distance between pairs A,B and B,C. With respect to the Euclidean

distance, points A and B are closer to each other than points B and C.

Figure 2: Dumbbell-shaped dataset, with highlighted points and the Euclidean distances
between them.

However, if we now look at the weighted paths connecting the respective pairs (see Figure 3), it is

clear that points B and C are much better connected than points A and B. This is expected since

B and C lie in the same cluster. Even though the graph is fully connected, the paths are weighted

using the Gaussian kernel (see Example 2.8), so points within the cluster are connected via edges

with larger weights. This means that the random walk is more likely to stay within the cluster

it starts from, and hence the diffusion distance between points B and C is smaller than between

points A and B.

Note that in Figure 3 the number of simulated paths was bounded by 2500 and the number of steps

in each path was bounded by 45. Only paths that reached the desired endpoint were visualised

(for example, for paths from B to C, only paths that reached point C in no more than 45 steps

are shown). Additionally, the graph in Figure 3 is fully connected, but since the width of the edges

depends on their weight, edges with very small weights are not visible in the plot.
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Figure 3: Dumbbell-shaped dataset, with red paths connecting points A and B and orange
paths connecting points B and C.

After embedding the graph following the construction stated in Subsection 2.2 but using only the

first non-trivial eigenvector and eigenvalue, the resulting embedding lies in R. Figure 4 shows the

resulting embedding in R. As expected, points B and C, which have a smaller diffusion distance,

are mapped closer in R than points A and B, which have a larger diffusion distance. The two

clusters are cleanly separated in the embedding, with the bottleneck points being mapped between

them.

Figure 4: Dumbbell-shaped graph mapped to R with highlighted points A,B,C.

3.1.2 Toroidal-helix-shaped dataset

To illustrate which points on the toroidal helix are close to one another with respect to diffusion

distance, we applied a colour gradient to the generated dataset. The gradient parametrises positions

along the toroidal helix, meaning points which are intrinsically close are similar in colour. This allows

us later to illustrate how diffusion maps capture the intrinsic geometry that principal component

analysis (PCA, for short) does not. We will not discuss in detail why using diffusion maps for

dimensionality reduction is justified, since it is outside the scope of this thesis. In short, the right

eigenvectors of the Markov matrix form a basis of Rn, but often the first k ⩽ n − 1 non-trivial

eigenvectors capture the most prominent features with respect to diffusion, and therefore it is

sufficient to embed the data into Rk (see [Nad+05, Section 2]). On the other hand, PCA projects

the data onto l ⩽ min(p, n− 1) eigenvectors of a covariance matrix (where n is the number of data
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points, and p is the dimensionality of data points), and thus captures the directions of greatest

variance. Figure 5 illustrates the coloured dataset resembling a toroidal helix in R3.

Figure 5: Toroidal-helix-shaped dataset in R3.

After applying diffusion maps to the shape and mapping it into R2, using two eigenvectors corre-

sponding to the two largest non-trivial eigenvalues, we end up with a circular shape shown in Figure

6a.

This coincides nicely with what is expected, since points which are farthest from each other on the

toroidal helix with respect to diffusion distance are also far apart from each other in the embedded

space with respect to the Euclidean distance. Comparing the result to applying PCA on the same

dataset and embedding it to R2 (Figure 6b), we can clearly see that the intrinsic geometry is not

captured.
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(a) Diffusion maps for dimensionality reduction
on the toroidal helix.

(b) PCA for dimensionality reduction on the
toroidal helix.

Figure 6: Comparison of results of applying diffusion maps and PCA for dimensionality
reduction.

3.1.3 Torus-shaped dataset

As mentioned, in computer vision, diffusion maps can be used to determine if two shapes are intrin-

sically similar. This kind of problem is called a correspondence problem. Formally, correspondence

problems are tasks where we have N ∈ N graphs G1 = (V1, E1), . . . , GN = (VN , EN ) and we are

interested in finding subsets of vertices V ′
2 ⊂ V2, . . . , V

′
k ⊂ Vk (N ∋ k ⩽ N) which are most similar

(with respect to some metric) to a given subset V ′
1 ⊂ V1.

For this example, we chose to work with two tori. We will first provide a visual solution to the

task by comparing embeddings in R2, and then confirm the result numerically. We generated the

first torus (in red) to be centred around the origin (0, 0, 0) in R3 (Figure 7a). The second one is

an identical copy of the first, shifted to be centred around (100, 100, 100) and rotated 90 degrees

around the x-axis (Figure 7b). This is a good example of a controlled geometric setting, since the

Markov matrices, and hence the embeddings, are identical because the Gaussian kernel is invariant

under shifts and rotations.
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(a) Original torus-shape dataset in R3,
denoted X1.

(b) Transformed torus-shape dataset in R3,
denoted X2.

Figure 7: The original and transformed tori in R3.

After embedding both tori into R2 separately and comparing the mappings, it is easy to see that

the embeddings are identical (Figures 8a and 8b).

(a) Original torus embedded, denoted
ΨX1(X1).

(b) Transformed torus embedded, denoted
ΨX2(X2).

Figure 8: Original and transformed tori embedded into R2 using diffusion maps.

The identical embeddings in Figure 8 confirm visually that the diffusion maps captured the intrinsic

geometry. To confirm our result numerically, we calculated the error r =
card(X)∑

i=1

∥Xi − Yi∥2 (where
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X,Y are datasets of the same cardinality) between the original datasets X1, X2 and between the

embeddings ΨX1(X1),ΨX2(X2):

roriginal =

card(X1)∑
i=1

∥(X1)i − (X2)i∥2 ≈ 866216.966,

rembedded =

card(ΨX1
(X1))∑

i=1

∥ΨX1(X1)i −ΨX2(X2)i∥2 ≈ 3.612 · 10−7.

Based on Theorem 2.13, we would expect the sum of pairwise distances between the embedded

shapes rembedded to be exactly zero (assuming constant sign choices for the eigenvectors). The

computed value is close, and the difference is most likely caused by numerical errors.

3.2 Diffusion Maps on a Non-Rigid Correspondence Problem

In the example of two tori from Subsection 3.1.3, the geometry of the data was controlled: the second

torus was a shifted and rotated copy of the original one, and therefore their weight matrices were

identical. For real-world correspondence problems, such good conditions are rare. In this section,

we will illustrate how diffusion maps perform for solving more complex correspondence problems.

We chose to work with two figures from the Dynamic FAUST dataset (see [Bog+17]), which contains

high-resolution human-shaped figures in different poses. This is a more difficult task than the one

with tori, since even though the human figures in different poses are intrinsically identical, the

change in pose is a non-rigid transformation, which causes the weight matrices to differ. Indeed,

when a person moves naturally (running, for example), the Euclidean distance between body parts

changes. Since the weights are built using the Gaussian kernel (see Example 2.8), which is influenced

by the ambient space, the weight matrices corresponding to different poses do differ. Hence, the

embeddings are not identical.

In some cases, the Gaussian kernel parameters can be tuned to better capture the prominent features.

Exploring how to choose the optimal parameters is outside the scope of this thesis, but briefly, for a

small ε, only local features are captured, and as ε approaches ∞, the only thing that diffusion maps

capture is the number of data points. We chose ε = 0.5 based on a few trials. Table 4 summarises

the parameters of this example.

Table 4: Parameters used for the FAUST example in Section 3.2.

Dataset n (data points) ε (width)2 Data dim. Embedding dim.

DFAUST 6890 0.5 3 3

Figure 9 shows two human-shaped figures in the original space R3. In the first figure (Figure 9a)

the person is standing still while in the second figure (Figure 9b) the person is running-in-place.
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(a) Dataset X in the shape of a standing figure. (b) Dataset Y in the shape of a
running-in-place figure.

Figure 9: Two figures from the Dynamic FAUST dataset in the space R3.

Figure 10 shows the embeddings in R3. We can see that they do not coincide perfectly but are

relatively similar.

Figure 10: Dynamic FAUST figures embedded into R3 using diffusion maps.
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Now confirming the results numerically:

roriginal =

card(X)∑
i=1

∥Xi − Yi∥2 ≈ 1078.315,

rembedded =

card(ΨX(X))∑
i=1

∥ΨX(Xi)−ΨY (Yi)∥2 ≈ 0.0896.

Therefore, we have illustrated that even for solving correspondence problems with non-rigidly trans-

formed data, diffusion maps perform relatively well. Finally, it is worth noting again that perfor-

mance could likely be improved by optimising kernel parameters (or possibly by choosing a different

kernel altogether).
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Summary

The main objectives of this thesis were to provide a self-contained proof of Theorem 2.13, identify

sufficient conditions on the kernel function for the theorem to hold, and illustrate how diffusion

maps perform on both synthetic and real-world data.

In Definitions and Preliminaries (see Section 1), we recalled necessary definitions and results from

linear algebra and probability theory.

In Diffusion Distance and Diffusion Maps (see Section 2), we first proved the spectral theorem,

which states that every real symmetric matrix has real eigenvalues and its eigenvectors form an

orthonormal basis of Rn. We then developed the theory of diffusion maps in a self-contained way.

We stated explicit sufficient conditions on the kernel (strict positivity, symmetry, and positive semi-

definiteness) and proved Theorem 2.13, which states that the diffusion distance is equivalent to the

Euclidean distance in the embedded space. The original paper by Nadler et al. [Nad+05] proves

the theorem using the Gaussian kernel but does not explicitly state the conditions under which the

result holds for general kernels and relies on auxiliary results that are not always stated.

In Applications (see Section 3), we applied the theory to three synthetic datasets and a real-

world dataset. The synthetic examples demonstrated how diffusion maps work at an intuitive level

(Subsection 3.1.1); how they can be used for dimensionality reduction, including how they differ

from PCA, a classical linear method (Subsection 3.1.2); and, lastly, how they can be used to solve

correspondence problems (Subsection 3.1.3). We concluded the section by applying diffusion maps

to two figures from the Dynamic FAUST dataset. Since the Gaussian kernel is not invariant under

non-rigid transformation, the embeddings did not align as cleanly as in the synthetic examples.

However, when embedding the figures into R3, the results were similar. Checking the correspondence

numerically confirmed that diffusion maps also perform well with complex real-world data.

There are several directions in which this work could be extended. We identified sufficient condi-

tions on the kernel, but we believe they can be weakened: strict positivity is used to guarantee

irreducibility and aperiodicity, positive semi-definiteness to guarantee non-negative eigenvalues. We

believe weaker conditions that ensure the same properties would suffice. Identifying exact neces-

sary and sufficient conditions would be the natural next step. Furthermore, the Dynamic FAUST

example (Subsection 3.2) raises the question of which kinds of kernels are better suited for solving

non-rigid correspondence problems. Finally, providing rigorous mathematical justifications for the

use of diffusion maps for dimensionality reduction would be a valuable direction for future work. In

particular, formalising the spectral-gap argument, which is one of the key criteria for determining

the minimal number of dimensions to keep.
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