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Quasinormal modes of Schwarzschild black holes in

1-parameter New General Relativity

In this thesis, we examine quasinormal modes of Schwarzschild black holes in a theory of
gravity called 1-parameter new general relativity. We start with an introduction to quasinormal
modes and review how quasinormal modes of Schwarzschild black holes are derived in general
relativity. There the axial and polar parity components of first-order metric perturbations are
used to find the Regge-Wheeler and Zerilli equations. Then, the main concepts of teleparallel
theories of gravity are introduced and we focus on 1-parameter new general relativity. The
calculations involve first finding the background and first-order perturbed field equations. The
background equations are then analysed to fix certain functions in the background tetrad. Finally,
we find the axial and polar perturbed field equations in one branch of solutions, where we see
that the symmetric quasinormal spectrum coincides with general relativity, the antisymmetric
axial modes are generated by the symmetric perturbations and the antisymmetric polar modes
remain undefined.
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Schwarzschildi mustade aukude kvaasi-normaalsed reziimid

1-parameetriga uues iildrelatiivsusteoorias

Selles magistritods me uurime Schwarzschildi mustade aukude kvaasi-normaalseid reZiime
gravitatsiooniteoorias, mida nimetatakse 1-parameetriga uueks ildrelatiivsusteooriaks.
Me alustame sissejuhatusega kvaasi-normaasetesse reZiimidesse ning seletame, kuidas
Schwarzschildi mustade aukude kvaasi-normaalsed reZiimid tuletatakse iildrelatiivsusteoorias.
Selle raames kasutatakse meetrika esimest jarku hdirituse komponente, mis on aksiaalse ja
polaarse paarsusega, Regge-Wheeleri ja Zerilli vorrandite leidmiseks. Seejarel antakse iilevaade
teleparalleelsete gravitatsiooniteooriate pohiideedest ning me keskendume 1-parameetriga
uuele iildrelatiivsusteooriale. Arvutused hdlmavad esmalt tausta ja esimest jarku héiritud
viljavOrrandite leidmist.  Tausta vorrandeid analiilisitakse selleks, et fikseerida teatud
tausta-tetraadi funktsioonid. Me 10puks leiame aksiaalsed ja polaarsed hdiritud viljavorrandid
tihes lahenduste harus, kus me ndeme, et slimmeetriline kvaasi-normaalne spekter iihtib
tildrelatiivsusteooriaga, antisiimmeetrilised aksiaalsed reZiimid tekivad stimmeetriliste héirituste
kaudu ja antistimmeetrilised polaarsed reziimid jddvad defineerimata.

Mirksonad: kvaasi-normaalsed reziimid, teleparalleelsed gravitatsiooniteooriad

CERCS: P190 - Matemaatiline ja iildine teoreetiline fiilisika, klassikaline mehaanika,

kvantmehaanika, relatiivsus, gravitatsioon, statistiline fiilisika, termodiinaamika.
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Introduction

The physical phenomenon of gravity is a curious one — while it is extremely prevalent in our
everyday lives, a complete mathematical description of its properties is yet to be found. The
first rigorous description was Newton’s law of gravitation, which relates the force of gravitation
between two bodies to their masses and inversely to the square of their distance. It is very
successful in describing many physical situations, but ultimately proved to have its limits.
General relativity (GR), first introduced in 1915, was the next outstanding theory of gravity. It
made use of differential geometry and explained gravity as a geometrical property of spacetime,
instead of a field on spacetime like the other fundamental interactions. This description states
that spacetime is not flat, like assumed by Newton’s law of gravity, but instead curved by the
presence of energy and matter. In GR, the curvature of spacetime is then the true nature of the

gravitational field [1].

GR has proven itself successful in many experimental tests, where the gravitational field is
relatively weak [2]. However, there are still problems that it fails to answer, such as questions
regarding the cosmological constant, the mysterious nature of dark matter and dark energy, and
the problem of finding a quantum theory of gravity. These lead to the idea that GR may not be
the complete picture of gravity, but instead a very good approximation at certain energy levels.
There are many different approaches to formulating a new theory of gravity. In order to navigate
among them, the expected outcomes of physical observables must be found for all these theories
that allow them to be distinguished experimentally [2]. The study of gravitational waves is a very
promising avenue as they provide the unique opportunity to explore gravity in the strong-field
regime. Gravitational waves are now regularly observed and offer a wide range of applications
[3], and will undoubtedly provide even more possibilities in the coming decades [4]. The current
gravitational wave measurements come mostly from mergers of binary black holes [3]. The final
stage of such mergers is the ringdown, where the resulting distorted black hole relaxes to an
equilibrium state. The gravitational waves emitted during this process are characterized by
quasinormal modes, which describe the source of the waves. These quasinormal modes and the
corresponding frequencies have very specific values in GR [5]. This then motivates the study

of quasinormal modes in other theories of gravity to determine how they deviate from GR.

In this thesis, we will explore quasinormal modes of Schwarzschild black holes in the teleparallel
theory of gravity called 1-parameter new general relativity (NGR). In Chapter 1, we will
introduce the notions of ringdown and quasinormal modes in more detail. Then, Chapter 2 will
outline the derivation of quasinormal modes in GR found in literature. Finally, in Chapter 3 we
will first introduce the main concepts relevant to NGR. We will then follow the method laid out
in Chapter 2 and find the background and perturbed gravitational field equations. We will then

analyse them to determine whether any new quasinormal modes appear.
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Chapter 1

Ringdown and quasinormal modes

Gravitational waves were first observed by the LIGO detector in 2015 from a merger of binary
black holes [6]. Since then, the catalogue of gravitational wave events found by LIGO and Virgo
has expanded to 50 events, and the regularity of detections is expected to continue to increase
[3]. There are also plans to launch a space-based gravitational wave detector LISA around 2034,
which would expand the available range of frequencies in order to observe new types of sources
and make it possible to track these mergers far earlier than before [4]. Gravitational waves
offer a lot of promise in the field of astronomy and astrophysics, where they can be used for
multi-messenger astronomy and the study of neutron stars [3]. In terms of theory, gravitational
waves provide a unique opportunity to observe gravity in the strong field regime. So far, tests of
GR have been possible only in the weak field regime, so these strong field tests could uncover

deviations from GR and offer experimental constraints for alternative theories of gravity [7].
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The ringdown signal is a valuable tool in studying black holes. The frequencies of the ringdown
stage can be described in terms of quasinormal frequencies, which are entirely determined by
the physical properties of their source. So, this quasinormal spectrum can truly be considered
a characteristic of a black hole. This opens a new field of study, where quasinormal modes
can be used to find the properties of black holes, sometimes called black hole spectroscopy [8].
Additionally, analysis of just the ringdown signal has certain advantages in terms of data when
compared to the inspiral-merger-ringdown (IMR) signal analysis. For example, some tests with

the IMR signal require a high signal-to-noise ratio specifically in the inspiral stage [9].

In order to investigate quasinormal modes in more detail, we first need to understand their
meaning. Now, normal modes describe a classical oscillating system, where energy conservation
is assumed. A general solution describing the system can be written as a superposition of normal
modes: x(t,x) = 2.7 an e/“n’ y,(x), where w, is the real-valued normal frequency, a, is the
expansion coefficient and y, (x) is the normal mode state of motion. If the system loses energy,
for example by emitting gravitational waves, the oscillations decay in time and the system is
instead described by quasinormal modes [10]. They differ from normal modes in a meaningful
way as quasinormal modes do not form a complete set. This means that all oscillations of this
system produced by some initial perturbations cannot generally be described as a superposition
of quasinormal modes. Still, quasinormal modes can be analysed similarly to normal modes if
proper boundary conditions are considered [11]. The time-dependent wave equation is [10]
0?9

(ﬁ —oat V(x)))((t,x) =0, (1.1)

where V(x) is the potential of the system. If the solution of this equation y(z,x) is bounded,
meaning that |y (¢, x)| < C for some finite value C € R, it can be written in terms of the Laplace
transform ¥ (w, x), where w is complex. This Laplace transform can in turn be defined in terms
of a Green function, which consists of two linearly independent solutions y;(w, x) and y,(w, x)

to a homogeneous differential equation [10, 12]

2

b
(@ +w? - V(x))yl,z(w,x) 0. (1.2)

In finite spatial intervals and at late times, the system can be approximated with a finite sum of

quasinormal modes in the form [10, 12]

N
X(6,x) % D" ape "y (wy, x). (1.3)

n
A significant distinction from normal modes is the fact that the quasinormal frequencies are
complex w, = Re(w,) +iIm(w,). The real part describes the physical oscillation frequency,

and the imaginary part represents the inverse of the damping time of the waveform. For physically



meaningful quasinormal modes, the imaginary part must have the correct sign to ensure decay
of the oscillations, which for (1.3) means Im(w,) < 0 [10, 11]. The damping timescale, where
the signal has decreased by a factor of e, is defined as 7, = —1/Im(w,,) [8]. It is important to pay
attention to the sign conventions as quasinormal modes are often introduced with the standard
Laplace transformation parameter s = —iw, such as in [10] and [11]. This leads to the opposite

sign in the exponent in (1.3) and consequently, the opposite demands for the sign of Im(w,).

As seen in (1.3), quasinormal modes form a discrete set with the index n. They are sorted in the
order of n such that n = 0 stands for the least-dampened mode, called the fundamental mode.
It is the longest lived mode and can therefore be used to characterize the entire quasinormal
spectrum at sufficiently late times. The modes n > 1 are called the overtones, where higher
values of n mean they are more highly dampened and thus have smaller values of the damping

timescale 7, [8].

The success of describing the quasinormal spectrum through only the fundamental mode relies
on balancing finding an appropriately late start-time, when the overtones can be neglected and
only the fundamental mode is relevant, but when the weak gravitational wave signal is still
reliably accurate [8]. The fundamental frequencies predicted by GR for astrophysical Kerr black
holes have been compared to the ringdown signal of GW 150914 in [13], where the measured
quasinormal oscillations and damping times agreed well with prediction for later start-times.
Further late-time analyses of gravitational wave events in [9] also included the first overtone,

and the general results were again consistent with GR.

The inclusion of overtones can additionally allow the use of the entire ringdown signal by
providing a more accurate description of the waveform [8]. For example, the mass and spin of
the final black hole from GW 150914 were estimated in [5] and the first overtone was included
starting at the peak of the signal. They found that this reduced uncertainty when compared to
the late start-time analysis with just the fundamental mode, the reference values being the mass

and spin calculated from the full IMR waveform.

In GR, the so-called “no-hair theorem™ asserts that these quasinormal modes are fully determined
by the mass and angular momentum of the black holes, and the quasinormal spectrum is therefore
fixed [8]. Future observations of gravitational waves aim to improve the detection of the
ringdown overtones [4], which would provide more accurate values of the quasinormal oscillation
frequencies and damping times. It then becomes interesting to investigate quasinormal modes in
other theories of gravity, since the properties of gravitational waves are quite diverse in different
theories. Many theories find additional polarizations for gravitational waves for example [2].
The study of quasinormal modes would provide both experimental constraints for the theories
and highlight fundamental differences in the behaviour of black holes [7]. This is the main
motivation of this thesis. However, before we proceed to alternative theories, we are going to

first familiarise ourselves with the formulation of quasinormal modes in GR.



Chapter 2

Quasinormal modes in General Relativity

General relativity is the current standard theory of gravity, where the gravitational field is
described only by the geometrical curvature defined on the Riemannian spacetime. In this
introductory section, we are going to briefly review the fundamentals of GR following the
textbook [14]. We will use geometrical units, where the speed of light and Newton’s gravitational

constant are ¢ = G = 1, and denote spacetime indices that run from O to 3 with Greek letters.

In GR, geometry of spacetime is described by the metric tensor g,,, which is symmetric in its
indices and defines the line element ds? = guvdx#dx”. A completely flat spacetime is described
by the Minkowski metric 7, = diag(—1,1,1,1) and allows the use of Euclidean geometry.
This is not the case in general. Vectors and tensors exist in tangent spaces at each point of any

spacetime and, for a curved spacetime, moving them between points is not trivial.

Parallel transport of a tensor means keeping it constant while moving it along a path. A
connection I'¥,, determines how exactly this is done by defining the covariant derivative V,
a generalization of the partial derivative. In a flat spacetime, a tensor remains constant along

a curve if its components satisfy 9,7#!#k,, , = 0. In a general spacetime, the meaning of

1eee
remaining "constant" is different. A tensor remains constant in terms of the parallel transport if

its components satisfy V,T#1-#k, =0, where the covariant derivative is defined as

_ A... A
V,DT#l #kw...vk = 6,0T#l ykw...vk +F”1/lp T 'ukv1...vk Tt F'Uk/lp ™ vt

A A
-I vip TH ﬂk/l Vi T e -I Vip T 'ukvl.,./l-

2.1)

A connection must therefore be defined on a spacetime for any meaningful physics to be done,
because parallel transport is the means by which nearby tensors can be compared. A connection
is called metric compatible if the metric is always parallelly transported with respect to it,
meaning that V,g,, = 0. This ensures that the inner product of two vectors, including the
norm of vectors and orthogonality, is preserved under parallel transport. In a curved spacetime,
parallel transport is path-dependent and parallelly transporting a tensor to the same point along

different paths will not generally lead to same tensor.

The connection of the Riemannian spacetime is the Levi-Civita connection 1, which is
symmetric in its lower indices, i.e. torsion free, and metric compatible. Its coefficients are

uniquely constructed from the metric and are given by the Christoffel symbols

O 1
I?,, = Egp"(aﬂgw +0y8ux — Ox8uv)- (2.2)
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Curvature describes how the components change when a tensor is parallelly transported around
an infinitesimal area. The Riemann curvature tensor vanishes only if the spacetime is flat and

its components are defined in terms of the connection as
R oy =017 ye = 017 e + 1P 1% e =T, 1 4. (2.3)

The gravitational interaction is given by field equations that relate curvature on one side, and the
distribution of energy and matter, described by the energy-momentum tensor 7,,, on the other.
The curvature terms are found by contracting the Riemann tensor to define the Ricci tensor and

Ricci scalar
Ry =Ry, and R =g""Ry,,. 2.4)

They then compose the Einstein tensor G, = Ry, — %gw R, which defines Einstein’s field
equations. They are a set of second order partial differential equations for the metric in the form

G,y = 81T}, which can be written as
1 1
Ruy = 58 R=87T0 or Ry =87(T =380 7), (2.5)

where T denotes the trace of 7,,. The energy momentum tensor vanishes in the absence of

energy and matter 7, = 0, and so the field equations in vacuum are simply
R,, =0. (2.6)

The unique non-trivial spherically symmetric solution to the vacuum field equations is the
Schwarzschild metric, which describes the gravitational field created by any non-rotating and
uncharged spherical body, and in spherical coordinates x* = {t,r, 6, ¢} is described by the line

element

ds® = —(1 - 21;4) i + (1 - 21;4')_1 dr? + 1% d6 + 2 sin® 0 d?, 2.7)
where M, is the mass of this body. The metric exhibits a true curvature singularity at r = 0 and
a coordinate singularity at r = 2M,, which can be cleared up by choosing a different coordinate
system. However, the Schwarzschild radius rg = 2M, is still significant as the motion of light
and massive particles is different inside this radius, and they can never escape beyond this
boundary without violating causality. This surface is called the event horizon and any body with
a radius r, will collapse into a black hole if ro = rg. The gravitational field of bodies with a
radius r, > rg can also be described by the Schwarzschild metric, but only outside the body in

the coordinate region r > r, [14].

Astrophysical black holes have a non-zero angular momentum, and thus are not well described



by the Schwarzschild metric. Instead, they are analyzed with the use of the Kerr metric, which
describes spacetime around uncharged black holes with angular momentum [15]. However,
rotating bodies do not preserve spherical symmetry and, because of that, the Kerr metric
is not diagonal, which leads to much more complicated field equations. Nevertheless, the
Schwarzschild metric can be used to approximate relatively slowly rotating bodies, such as the
Sun and the Earth [16].

So, we are going to limit ourselves to Schwarzschild black holes in this thesis. The spherical
symmetry of the Schwarzschild geometry allows for a much simpler treatment of quasinormal
modes as seen in overviews [10] and [11]. Additionally, the search for quasinormal modes
requires a solution to the gravitational field equations, and spherically symmetric solutions are

more readily available in alternative theories.

2.1 Linear perturbation theory

Gravitational waves are often analyzed in formalism of perturbation theory. The astrophysical
situation is described as a superposition of an equilibrium state and a perturbation, which can
be the source of gravitational waves [14]. Similarly, quasinormal modes of black holes can be
analysed in terms of the metric perturbations. If one assumes that the perturbation is sufficiently
small, the higher order terms can be neglected and one can consider only the linear order terms.
This is called linear perturbation theory. Following [11], the metric is split into an unperturbed

background g, and a small first-order perturbation 4,

8uv = 8uv + huv- (2.8)

The perturbed inverse metric is g#” = g*” — h*"”. Inserting the perturbed metric into (2.1) and

only considering terms linear in A, the perturbed Christoffel symbols are
o 2 o ) 1 — — —
1P, =1%, +061",, with 61", = Eng(Vﬂhvp +Vyhy, —Vohyy). (2.9)

The Ricci tensor can similarly be found in the form R, = Ruv + 6R,,. The background Ricci
tensor vanishes for the Schwarzschild metric, and so the background field equations are satisfied

trivially. The perturbed Einstein’s field equations in vacuum are

NP R ) ) (2.10)

<

SR,y =

It is now necessary to find the components of the metric perturbation #,,. The spherically
symmetric background allows for a decomposition of &, (,r, 6, ¢) into separate functions of
(t,r) and (6, ) [11]. It is useful to define the angular part in terms of the spherical harmonic

functions Yz, = Y, (0, ¢), which are the eigenfunctions of the Laplace operator V2 on the

10



2-sphere. The eigenvalue equation and the spherical harmonic functions written explicitly are

= (L + 1)y, with

ang) 1 62ng
00 sin2 @ O¢p?

2.11)
\/(2“1) (€ = |m|)!
Yim = €m

T @y 0

1 0
v2y, :——( ing
= Sing a6 S

where Py, (cos8) are the associated Legendre polynomials and €, = (—1)" for m > 0 and
€n = 1 for m < 0. The spherical harmonics depend on the angular momentum quantum number
¢ and the azimuthal quantum number m, which take values £ = 0,1,2,.. and —¢ < m < € [17,
pp- 135-139].

However, a decomposition into just the scalar spherical harmonics Yy, does not preserve
invariance under spatial rotations around the origin {¢,7,60,¢} — {t,r,6(0,¢), ¢’ (0, ¢)}.
Under these rotations, the components of the perturbation 4, transform as scalars, 2-vectors
and a2 X 2 tensor [11]

, , dxb , Ax¢ 0x?
Scalars: hy, = hoo,  Vectors: hy, = P hop, Tensor: h,, = 3 3 cd-
: , _ ox 2.12

Here the latin indices a, b, c take values 2 and 3. The perturbation 4, must thus be decomposed
into tensor harmonics, which are also eigenfunctions of the Laplace operator. Tensor harmonics

can be constructed from the spherical harmonics Yy, in the form [11, 18]

Scalar tensor harmonic:

Sem = Yem polar parity (—1)5, (2.13a)

Vector tensor harmonics:

1 Ya

D) (Vem)a = V Yo polar parity (-1)¢, (2.13b)
2 b Yab /41

2) Veimda=¢€"VpYem axial parity (1)1, (2.13¢)

Second order tensor harmonics:

1 Yab Yab . £

D (Temdab = VaVoYem polar parity (=1)¢, (2.13d)
2

2) (Tem)ab = Yab Yem polar parity (—1)¢, (2.13e)
3 1 Yab Yab Yab Yab ) ) 41

3) (Tem)ab = E[eac VeViYon+ e VeV Yol axial parity (=1)*1, (2.13f)
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4
4) (Tem)ab = €ab Yem axial parity (—1)%*!. (2.13g)
Yab
Here vy, is a metric tensor on the unit 2-sphere, V , is the covariant derivative with respect to

this metric and €., 1s the totally antisymmetric Levi-Civita tensor

B 1 0 0 —sinf [0 J——
Yab = gab/rz - (O sin? 0)  Cab = (sin@ 0 )’ eab - (sin@ 5(1)n9) ’ @.14)

Each of the tensor harmonics has either axial or polar parity. Parity describes the behaviour of
functions under space inversion, which for spherical angles means (6, ) — (1 — 6,7+ ¢). A
function has "axial’ parity if under such transformation it changes only by a multiplicative factor
(=11, and it has ’polar’ parity if the factor is instead (—1)¢. This is important, because the
background metric and the differential operator in the perturbed field equations are invariant
under inversions. This means that the perturbed equations will not mix different parities, and it

is possible to distinctly separate [11]
By = RS0 4 pPokn), (2.15)
The axial and polar perturbations can be written in terms of the tensor harmonics as [19]

0 0 —ho(t,r)==

. 0 0 —h(trs hi(t,7) sin 6 9
p{iaD _ o 4 Yem, (2.16a)
tm | Sym Sym i 5 ha(t, r)—— —% ho(t,r) sinf W,

ho(t,r) sin 6 dy

sin 6

sme O¢
Sym Sym Sym —% ha(t,r) sin 6 Xp,
B(r)Ho(t,r) Hi(t,r)  co(t,r)0p co(t,1)0,
H)(t,
s 2D g ang,
(polar) — 2 K(t +
hh Z Sym sym " [K(t,7) L2G(1,7) X, Yom. (2.16b)
tom G(1,r) Ogo|
r?sin’ @ [K(t, r)+
Sym Sym Sym

G(t,7) (899 — Way) |

Here we’ve defined X, = 2(990, —cot 0 8¢) Wy = 0gg —cot 8 0y — &W and B(r) =1- 2%

n2o
similarly to [11]. The tensor harmonic (T[m)ab does not appear in these matrices, because the

metric perturbations are symmetric in their indices while the tensor harmonic is antisymmetric.

For the analysis of the quasinormal mode spectrum, one can assume harmonic time dependence
ho(t,r) = €7 hy(r) and similarly for all functions of (r,¢). Also, since the problem preserves

spherical symmetry, one can restrict the analysis to the case m = 0 without loss of generality,

12



which eliminates ¢ from the equations [19]. Additionally, the field equations are gauge invariant,
which means that they do not change under a coordinate gauge transformation x"* = x* + &#(x%)
with £# < x®. Under this coordinate transformation, the perturbation transforms as h),, (x'*) =
huy(x'*) = V&, — V,&,. Then, gauge freedom allows a suitable choice of & to simplify
the perturbation [20, p. 967]. The Regge-Wheeler gauge, for axial and polar perturbations
respectively, is [11, 19]

fﬂ = (0, 0, A(t, r)Eabab)ng, f“ = (M()(l, r), My(t,r), My(t, r)’yabab)ng. 2.17)

The factor A can be adjusted to annul £, and the factors My, M|, M; can be adjusted to annul
co, ¢1, G in hy,. Inserting all these assumtions into (2.16), the axial and polar perturbations in
the Regge-Wheeler gauge are [19]

0 0 O ho(r)sinfdy
. 0 0 0 h(r)sinddy|
D = Z ey, (2.18a)
o o0 o0 0
Sym Sym 0O 0
B(r)Hy(r) H(r) 0 0
Hy(r)
Sym 0 0 .
pee =N B(r) e Y, (2.18b)
tm 0 0 r?K(r) 0
0 0 0 rsin?0K(r)

2.2 Perturbed field equations

The perturbed field equations can be derived by inserting the /., components (2.18) into the
field equations (2.10). The axial equations were found and reduced to a one-dimensional wave
equation by Regge and Wheeler in [19]. Then, the axial equations were verified and the polar
equations corrected by Edelstein and Vishveshwara [21]. Finally, the polar equations were
reduced to a one-dimensional wave equation by Zerilli in [22]. This section will summarize the
main results of [19], [21] and [22].

The axial case has two unknown functions kg, h;. The perturbed field equations become

separable into radial and angular parts

SRy = Ry (1) 69,y (6, ) €' = 0, (2.19)

13



The axial radial perturbed equations, modified to match earlier notation of this thesis, are

=B — — = 22
5R23 ar + B h()+ 2 /’ll 0, ( Oa)
iwdhy 2iw (el 2 W2
_wdhy o, [ ____]h =0, 2.20b
OR13 B dr B * r2 2 Bl ( )
d*h dh (C+1) 4M, 2iwB
oRoy = B0 4 igop S [AEX D)W, OB oy, (2.200)
dr? dr r2 r3

The equation 6Rg3 = 0 can be disregarded as it is a combination of the other two in the form

d[B*6Ri3] (1-3B)B SR (¢-1)(£+2)B

iwoRo3 = dr r r2

O0R23. (2.21)

A one-dimensional wave equation can be derived by finding /¢ from 6’/R»3 = 0, and inserting it
into 6’R13 = 0. To simplify the interpretation of the resulting equation, the radial function /; is
redefined as

Bh

— (2.22)

r

hy

In order to eliminate the first-order derivatives of izl, the radial coordinate is changed to the

so-called tortoise coordinate

- 1), dr, = %. (2.23)

r*:r+2M.ln( !
2M.

It has real values only in the relevant coordinate range for quasinormal modes, which is outside

the event horizon of the black hole, since the event horizon r = 2M, is mapped to r, = —co [11].
Following these considerations, the Regge-Wheeler equation is derived as

2

dr,?

hy + (w*~Vew(r.)) =0  with the Regge-Wheeler potential
(2.24)

2M.)(€(€+ 1) B 6M.).

Vrw(r) = (1 - 5

r r 7"3

We can see that this equation takes the same form as the homogeneous differential equations

(1.2), which is used for defining the quasinormal mode solutions.

Now let us turn to the polar field equations. The polar case has four unknown functions Hy, Hi,
H, and K. In order for the angular dependence to factorize in the field equation 6 Ry, = 0, one

must impose

Hy=H, =H. (2.25)
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Then, the radial polar perturbed equations are

dK _ ((C+1) r—3M, 1

OR Hq+ K--H=0, 2.26
ot = dr iwr? ! r’B r (2.262)
dH 2M
Ry = B d_l (2.26b)
dH dK 2M.,
ORip=B— —-B— +iwH; + H=0, (2.26¢)
dr dr r2
d’H dH; 2M.,BdK 2B dH 2iw(2r-3M,
6R00:Bz—+21w3—1— —+— —+ iw(2r -3 )H
dr? dr r2 dr r dr r2 (2.26d)
t(¢+1)B
—20%K — [w2+(+)]HEO,
r
d’H d’K dH, 2B(2r-3M.) dK 2dH
5R11:BZ——232—+21 L_ (2r )—+——+
dr? dr? dr r2 dr r dr (2.26¢)
2iwM, , t(+1)B
e G P
r r
d’K dK dH
O0Ro = P’B— + (4r — 6M,) — — 2rB — — 2iwr H1+
dr? dr dr (2.26f)
2.2 :
4 []2+—“’Br e+ 1)] K-2H=0
The second order equations can be derived from the first-order equations in the form
d(6R d(6R B(1+3B
0Ro0 = —A( )+B———— (0R12) + B> ——~ ( 01) 5R1z + ¥6R01+
dr r 2r
(¢+1)B
+ [iw + #] 0Ro2,
2r-w
B d(6R d(6R B B(1+3B
SR = —— A(r) + B (OR12) _ p2 d(0Ro1) +—5R12—¥57€ (2.27)
2r2 dr dr r 2r
i{({+1)B
+ [ia) - u] 0K,
2riw
d(o6R d(o6R ((C+1 B+3
6R22:—A(r) _,d0Re) g dORe) UL )6R02+r( )57301’
2 dr dr 2iw 2

where A(r) is the algebraic relation

L0+ 1)M, M (r = 3M,)  2w*r?
A= 2iwr+L]H1+[2/l+ (r ) _ wr]K

- [2/1 +
r’B B

M.
: 6 ] H, (2.28)
iwr? r

where A = %(f — 1)(€ +2). This algebraic relation must vanish, and can be used to replace H
in 6Ro; = 0 and 6Rpy = 0. To obtain a one-dimensional wave equation, the radial coordinate

is again changed to the tortoise coordinate and the following redefinitions of H; and K are
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introduced: R = H;/w,

A+ D)r?+3AM.r + 6M?

K = Ie + R\ 'th - D) = 1’
SR +g(IR  with f(r) 30 8(r) .
R=h(OR+kPR with A i(—Ar% + 3AM,r + 3M?2) o) —ir? '
= r wi = , r)y= ————.
’ YT T T aMy (ar + 3M.) (r —2M.)
Following these considerations, the Zerilli equation is derived as
2 A A
K+ (w?-Vz(r.))K =0 with the Zerilli potential
T
(2.30)

2M, ) 22X+ 1) + 642 Mor? + 18AM?r + 18M3

Vz(r) = (1 r3(Ar +3M,)?

r

2.3 Quasinormal frequencies

The Regge-Wheeler and Zerilli equations actually describe the same physical properties as they
are related by the equation [23]

A

6M2(r —2MJ) 7 A 2R
o(r Mg o EX 2.31)
r2(Ar +3M,) dr.

2 .2
A+ 1) - 2M.ia)]h1 - [gnu +1)+

Quasinormal frequencies found from equations (2.24) and (2.30) will therefore give the same
quasinormal spectrum. So, only the Regge-Wheeler equation can be used for simplicity. There
are different techniques for finding quasinormal frequencies, an overview is given in [11]. We

will look into two of the most common methods.

A continued fraction method was introduced by Leaver in [24]. The solution to the
Regge-Wheeler equation must ensure regularity of the boundary conditions. For the quasinormal
problem, the boundary conditions are that i; — (r — 2M,)'® as r — 2M, and h; — r~@e=@"
as r — oo. Adopting a system of units for which 2M, = 1, the ansatz satisfying these demands

can be written in the form

. , o - -1\"
hy=(r-1)"% 2w g=iw(r=1) E an(r ) , (2.32)
r
n=0

where the expansion coefficients a,, are determined recursively by

ap =1, (2.33a)
apay +Poao =0, (2.33b)
Apapyl +Pran+ypan—1 =0 (2.33¢)
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with

@, =n*+ Qiw+2)n + 2w + 1,
Bn = —[21% + (Biw + 2)n — 8w* + diw + £(L + 1) = 3], (2.34)

Vi = n? + diwn — 40? - 4.

To guarantee the convergence of the series in (2.32) at spatial infinity, the coefficients a, must

satisfy an infinite continued fraction relation

An+l Yn+1

a, - _ Ap+1 Yn+2 (2.35)
Bn+1 5 — An+2 Vn+3
T

The quasinormal frequencies w can be found by evaluating this relation at n = 0. The relation

(2.33b) gives a1 /ag = —Bo/@p and the continued fraction relation at n = 0 becomes

@0 Y1
@172
@273

C By— ...

Bo - 0. (2.36)
B1 -

B2

Leaver found sixty roots of this equation numerically for £ = 2 and ¢ = 3 in [24].

Alternatively, a semianalytic approach based on the WKB approximation, used in quantum
mechanics to obtain approximate solutions to the static one-dimensional Schrodinger equation

[17, p.315], was introduced by Schutz and Will in [25]. The wave equation is in the form

2
cclbc—lg +Q0(x)y¥ =0, (2.37)
where the function —Q (x) has a maximum at xo and approaches asymptotically a constant value
atx — +oo. Three separate regions are defined: I for (x;, o), Il for (x1, x3) and III for (—oo, x1),
where Q(x1) = Q(xz) =0and x| < xg < x3. The solutions 1 and Y are given by zeroth order
WKB functions. In region II, Q(x) is expanded in a second-order Taylor series and a solution
Y1 is found. Their modified method requires that these solutions are simultaneously matched at

x1 and x7, which forms a quantization condition

1 d?
\/%g - i(n + E)’ where Qo =0Q(x) and Qf = Kg - (2.38)

For Schwarzschild black holes, the potential is Q(r,) = w® — Vgw(r.). They calculated the
frequencies w for ¢ = 2,3,4, but only the fundamental mode mode n = 0 agreed with the

numerical results.

This approach was expanded to third order WKB terms by Will and Iyer in [26], where they
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used third order WKB functions for ¢ and 1, and expanded Q (x) into the Taylor series up to

sixth order terms. They found the relation

i\/%g —~A(n) - Q(n) =n+ % where
= %) (o) - () o]
Qn) = 223 69512(3”) (77 + 1880 - 384((Q;”Q'2’ 3(4))(51 1002+ 239
i 23104 (QQ(4)) (67 +680%) + 288 (Q(Qf)(j) )(19 + 280+
288(%(6))(5 +40%)| witha=n+ %

In [27], Iyer calculated Schwarzschild black hole frequencies for £ = 2, 3,4 with the 3rd order
WKB approximation and compared them to results from [24] and [23]. The accuracy of the
WKB method was greatly improved, and it worked especially well for n < ¢. The results for
¢ = 2 are displayed in Table 2.1.

OLeaver OWKB Deviation for Re(o), Im(o)
0.3737 —i0.0890 0.3731 —i0.0892 (—0.13%), (—0.22%)
0.3467 —i0.2739 0.3460 —i0.2749 (-0.20%), (—0.36%)
0.3011 —70.4783 0.3029 —i0.4711 (0.60%), (1.5%)
0.2515-i0.7051 0.2475-i0.6730 (—1.6%), (4.6%)

W NN = OS

Table 2.1: The frequencies oo = wM, for £ = 2 found by Leaver and from the 3rd order WKB
approximation by Iyer, table from [27].

These frequencies are given in geometrical units, which can be converted into kHz by multiplying
with 27 - (5142 Hz) - (Mo /M.), where Mg, is the Solar mass [10].
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Chapter 3

Quasinormal modes in New General

Relativity

General relativity is a very successful theory of gravity, and has had much validation from
experiments. However, as mentioned above, there are notable shortcomings, which alternative
theories of gravity are attempting to resolve. Many theories extend the existing framework of GR
by adding higher order curvature invariant or new fields [7]. There are also theories, which take
a completely different approach by describing the gravitational field in terms of other properties
of spacetime, either in addition to curvature or instead of it [28]. New general relativity (NGR)
is one of such theories [29]. In the following, we will introduce the basic ideas necessary for its

formulation and define the main features of the theory.

Torsion is an attribute of a general connection I'¥,, in the same way that curvature is. In a
torsion-free spacetime, like the Riemannian spacetime of GR, one can infinitesimally parallel
transport two vectors to form a closed parallelogram. However, in the presence of torsion, the
parallelogram will not close. The torsion tensor is proportional to this lack of closure, and is
defined as [28]

TPy =17, = T7 . (3.1)

In teleparallel theories, the gravitational field is described purely by torsion, which behaves
similarly to a force in the field equations. These theories can then be framed as gauge
theories with torsion as the field strength. The physical motivation stems from this formulation
resembling other fundamental fields, such as electromagnetism, rather than gravity being a purely
geometrical effect like in GR [30]. The spacetimes of teleparallel theories have non-vanishing
torsion and are metric-compatible, but have zero curvature [31]. It should be emphasised that
zero curvature does not automatically yield the Minkowski spacetime, because there torsion

vanishes as well [29].

The covariant formulation of teleparallel theories is defined in terms of 1) tetrads §¢ = 6¢,dx*,
which form a dual basis of the tangent space at each point in spacetime, and 2) a flat spin
connection w*;, = wp, dx# = A% 0,(A°) dx*, which represents inertial effects in a rotated
frame. Here A%, are local Lorentz transformations in the tangent spaces and Latin indices a, b, ¢

represent the Lorentz indices. The inverse of the tetrads are vectors e, = e,*d, that form a basis
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of the tangent space, and so their components satisfy [28, 30]
0% yept =67, 0%4es” = 5. (3.2)

The spacetime metric g, and the tangent space metric, which is the Minkowski metric 7,5, are
related by the tetrad in the form [30]

8uv = nabgauebv, gﬂv = nabea'uebv- 3.3)

The spin connection is flat, meaning that it has a vanishing curvature tensor R;,,,, (w“p,,) = 0, and
metric compatible. It is possible to choose a "proper" frame, where the inertial spin connection
vanishes w“,, = 0 with a local Lorentz transformation. This is called the Weitzenbock gauge.
The teleparallel affine connection, also called the Weitzenbock connection as it describes the
Weitzenbock spacetime, can be defined more generally as e v = €q° (0,6, + w%y,0° ), and if
wp, = 0as [29, 30]

1%, = " 8,6, (3.4)

This connection defines a vanishing curvature tensor R” -, (I'* ;) = 0, it is metric-compatible

V,8uvy = 0, and its torsion tensor is [29]
TPy = 1P =17y = €°(0,0%, — 6,60%,). (3.5)

GR can also be written in this teleparallel formulation, called the teleparallel equivalent of
general relativity (TEGR) or just teleparallel gravity. This formulation has certain advantages
and TEGR was recently used for quasinormal mode calculations to find the quasinormal energy
spectrum of Schwarzschild black holes in [32]. However, while GR and TEGR are entirely
equivalent, their respective extensions are not. Thus, modified teleparallel theories provide
another avenue to explore alternative theories of gravity [33]. One advantage of these theories
is, for example, that adding higher order torsion invariants does not change the field equations

to higher order differential equations, which happens for curvature based theories [30].

New general relativity (NGR) was introduced by Hayashi and Shirafuji in [29] and is one of the
oldest modifications of teleparallel gravity. The torsion tensor is decomposed into vector, axial,

tensor irreducible pieces in the form

2 1 )
Touy = g(tpuv —tovu) + §(gpunv — 8pv0u) + Eppvia’, (3.6)

where €, = y/det(g)&euypo is the totally antisymmetric Levi-Civita tensor with £, as the
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usual Levi-Civita symbol with values —1, 0, 1. The respective irreducible pieces are

v, =T",,, (3.7a)
1
a, = gf,uvpa'TVpo—, (3.7b)
1
tuve = Tuv)p + g(gp(uDV) — 8uvDp). (3.7¢)

The gravitational lagrangian density of NGR is defined as
L =c, "o, +cqaa, +c, 1P, (3.8)

This simplifies to TEGR if the constants take values ¢, = —%, c; = % and ¢, = % The NGR
field equations are E,, = 81T, where T, is the energy-momentum tensor and E,, is the
gravitational part [29, 34]

1 4 2 1 o
8mE,, = cq (Eapa(pgw) - §emﬁya“t#'g7 - §emp(,apn‘7 - geﬂvpavpa”) +

2 4 o 2 1
+ ¢ (gta[ﬁy]taﬁygﬂy - gt/l[pa-]typa- + 2fo/1[vp] - gty[#p]np + zeﬂaﬁyaatvﬁ'}/) + (3.9

1 4 o 1
+cy (Enpn(Pg,UV) + gt#[pv]np +28uy VP 0] = Efuvpvapna) :
The field equations in vacuum E,, = 0 are solved by Schwarzschild geometry only if [29]
cr+c, =0. (3.10)

It is possible to find ¢} = % in L' = m Lg, where m = const, for any choice of ¢;. As a universal
property of lagrangians, multiplication by a constant will not change the field equations. So
in spherical symmetry, one can always retrieve the TEGR values for ¢; and c¢,. Then, only
¢, remains a free parameter. The authors called this 1-parameter new general relativity and
supported it with observations in [35], where they found that Solar system measurements
heavily constrain ¢; and ¢, to the TEGR values, but ¢, is left arbitrary by the measurements.
A parameter dc, can then always be defined so that ¢, = % + dc,. Therefore, to be compatible
with observations and have Schwarzschild geometry as a solution, one needs to choose
2

3
=3, G =-3 ca:§+5ca. (3.11)
In [33], the NGR field equations were expanded around a flat Minkowski background to study
gravitational wave propagation. They found that gravitational waves in 1-parameter NGR have
exactly two polarizations just like in GR. In [36], more general teleparallel modifications of
Schwarzschild geometry were examined and corrections to the GR values of the photon sphere,

perihelion shift, Shapiro delay and light deflection were found. For the 1-parameter NGR case,
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which in the notation of the [36] means taking @| = @, = ... = 0, all the corrections vanish.

We are going to investigate whether any deviations from GR can be found in the quasinormal
modes of Schwarzschild black holes in the 1-parameter NGR theory, following the ideas laid out
in Chapter 2. We will first write the tensors appearing in the NGR field equations in terms of
linear perturbations. Then, we will explicitly find the background tensor components and ensure
that the background field equations vanish, as they should for a Schwarzschild spacetime. Finally,

we will find the components of the perturbations and analyse the perturbed field equations.

3.1 Expanding to linear perturbations

We are going to expand the NGR field equations around a general background, which we will
later specify to the Schwarzschild background. The equations will hold up to only the linear
order, and any higher order terms will be neglected. The general scheme for the tetrad and all
quantities defined by the tetrad has been presented in [34]. We are going to follow these ideas
and expand the NGR field equations first around a general background. The tetrad is split into

an unperturbed background 6, and a sufficiently small perturbation 7%,
0% =0", +1°,. (3.12)

The inverse tetrad can similarly be split into e, = e, + de,", and the relation 6%, e,” =

(0 + 1) (€" + et = 6, in the linear order gives de " = —,7 1P .. So we can write
et = et — e el (3.13)
A perturbation 7, with only spacetime indices can be defined as
Tuy = Nab 9_“# - (3.14)
where g,y = nap 04 #Q_b v 1s the background metric. The inverse of this relation can be written as
~TK

7, =08  7,,, whichalso gives 6Se,t =—¢,7 8" 7yc. (3.15)

Any arbitrary tensor Ay, can be split into a symmetric part A,,) = %(Auv + A,,) and an
antisymmetric part Ay, = %(AW - A,,). We can define symmetric and antisymmetric

perturbations as &y, = 27(,,) and a,, = 27(,,] and write

1
Tyy = E(hw"'a#v)’ (3.16)
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The metric, defined in terms of the tetrad, expands into

8uv = nab(ga,u + Ta/z)(ébv + Thv) = g/lv + 27—(;1\/) = g/zv + huv (3.17)
The inverse metric can similarly be found as gt = gt”

— 27 = gV _ pHY We see that the
symmetric part of 7, is just the linear perturbation of the metric. The Levi-Civita tensor €,,
expands into

|
Eavpor (1+§h)€w,p(,, since  Vdet(g) = (1+3h)Vdet(z) with =, g". (3.18)

The teleparallel connection expands into Ir w = (e —eé

8" 1or) aV(e_a,u + éao'go—KTk,u) =
I'?,, +0oI'*,,, where the linear perturbation orr uv can be found as

ST iy = €0 0y(6° 37 Ts) — 20" §" T 0,0

=€y an_ 0,(8” Tkp) + gO-KTK,u e_apavéaa - 8" 1o e_aa-avéap =

. . . (3.19)
= pv(ngTKu) + (gO-KTK,u)rp(rv - (ngTKO')F(rﬂV = V(ngTKu) =
= g7 V1.

The linear perturbation of the torsion tensor 7°,,, =I'*,, —T*,, is then

STy = 817 = 617 4y = 8 (VuTiw = Vi) = 8 (Vi = Viuay)o)- (3.20)
Here we have made use of the symmetries h,, = h,, and a,, =

—a,,. Inserting the torsion
tensor 7°,, =T*,, + 6T*,, into definitions (3.7), the vector irreducible v,, = T¥ ,,, becomes
u H PH

Dy =0y, + g’pkv[phﬂ]K - g’pkv[paﬂ]K =0, + 00y,

(3.21)

the axial irreducible a, = £€,y,08°*8"PT" o3 becomes

_ = l P pa =0 |, =payoB\TVv l ~pa =0 —VK% h

a, =a,+ 2h ay 6e'wp0-(h g7P+ g R P)T o5 + 6eﬂvpgg g’%g 8
1 . (3.22)
- gewpggpwg‘fﬂng[aamk =, +day,
and the tensor irreducible t,,, = %(gﬂ,( “So + 8T up) + 3 (n(ﬂgv)p v,8,v) becomes

] 1 ] 1

tuve = tuvp + (T v)p + 3 (D(,uhV)p — Dphyy) + 5 (50(u8v)p — O0p8uy) +
. 3 3 (3.23)
+ E(V[V V ]v) (V[Vap]# + V['uap ) t uvp T 5t#yp.
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We have now written all necessary tensors in terms of the symmetric and antisymmetric tetrad
perturbations A, and a,,. We are also going to lower all indices in the field equations with
the metric so that we can directly use all the results found above. In vacuum, the NGR field
equations (3.9) with lowered indices and ¢, ¢, values from (3.11) are

pa o

1 4 2
Ca(igpaaa/a(pg,uv) - §gkagﬁpgygfvaﬁyaktup0’ - §g 8 T €uypogpt

1 o
- ggpago-ﬁeuvpavaaﬁ)*'

2 4 O
3 (§g““gﬁpgwta[ﬂy] teper8ur = 3878 tulpotvap + 287 Votulvo)+ (3.24)
2

1
- ggpatv[up]na + Egakgﬁpgyo—fyaﬂyaktvpo')'F

2/1

4 o 1
_(Egpanan(pgﬂv) + ggpatu[pv] Dy + ngavan[pgv]u - zgpozg

- op
3

They can be split into background and first-order perturbed field equations
Ey=Eu +6E,, =0 (3.25)

with the linearly perturbed tensors from (3.17) to (3.23). The background field equations E are

1 4 _ _ - 2 0 on- -
(2g aa'a(pg,uv) - §g gﬂpgyo-evaﬁyaktppcr - §gpa/go-'8€,uvp0'aa/nﬁ+
1_ 5 s _
- ggpago-ﬁe,uvpa'vaaﬁ)'F
W2 (257850 7L, o BB — 2P 2P i Fras + 287 VT + (3.26)
3 38 878" la[pyltkpo8uv 38 8 "lulpoltvap T 28 Valulvp] .
2 pog D L oz

= 38" ol Da + 58788 Eﬂwﬂyaktvmr)"‘

2/1_ . _ _ _ 4 - _ o |
_g(igpanan(pguv) + ggpa/tu[pv]na + 2gpavan[pgv]u - Egpago—ﬁeuvp(raanﬁ) =0.

and the first-order perturbed equations are 0E,,, are

1/ o o _ o o~ =
Ca [i(gpa(saaa(pguv) + 8006058 puy) — hP* 0008y + gpaa“a(phﬂv))+

4 O ey = = n —
_§ (gmgﬂpgwemﬁy(éaktﬂpg + akétﬂpo.)+
— Eapytutupo (KOGPPEYT + WP + gmgﬁphyrr))
(3.27a)

2757 PE 00 (500D + Bo0D5) — EuvporlaDp(HP7G7F + g/mh(fﬁ))+

2(

9

1 2 o o

g( Eyvpa'(vcxéaﬁ - 6F/l[3a'a/l) - E_pvpavaaﬁ(hpaga-ﬂ + gpahaﬁ))+

h P _ - _ _ _ _ _ 2 _
_1_8(4 gmgﬂpgyo-fmmakt,upfr + gpag(rﬂquo_(z oD +3 V“aﬁ)) *
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2
+_
3

2

3 (g P37 31y (Starsyitepr + taipy1Otepe) — talpyitips (K 8PP 8+

BRI Gy + TGN Gy — FE ) |
4 —pa =0 n I a =0, a =0B\t n
_g(gp 8 B(éty[po']tvaﬁ + ty[pa]étva'ﬂ) - (hp 8 A +h” 8 B)t,u[prf]tva'ﬁ)+
+2 (gp C(VaStupvp) = ST watapyp) = 61 atupap) = 6T patupva)) = b “Vafy[vp])+
) ) ) (3.27b)
_g(g’pa(ét\'[up]ﬁa + 1y (4] 60a) — hpatV[ﬂp]f’a)"‘

| P : _
+3 (g““gﬁ” g7 Euapy (Saitypo + 0ty po )+
- gﬂaﬁyakfvpo_(hakgﬁpg)’ff + gakhﬁngT + gﬂ’KgﬁP h?’o'))_l_

h . -
+Zgakgﬁpgygfﬂ0fﬁ7akt1fptf +

1/_ _ o _ o U
E(gp‘lénan(pgw) + 87 0a00(p8 1) — hP DD (p8puv) + gmna”(phuﬂ)"'

2

3

4, o o
*3 (gpw(5tu [pv10a + tu[pv]00a) = hP oy Da)"‘

+2(gpa(?g(5n[pgv]# - 6f‘g[pgv]ﬂﬁ,1) - hp“?aﬁ[pgv]# + gpaﬁaﬁ[phv]#)+ (3.27¢)
1

—E(gpag”ﬁéww(éaaﬁﬁ +8g005) — (hP757P + gpahf’ﬂ)e-ﬂvp(,aaﬁﬁ)+

hpo-op- = =

3.2 Calculating with SymPy in Jupyter Notebook

In order to analyse the NGR field equations, we are going to need to find the background
and perturbation components of the relevant tensors and insert them into (3.26) and (3.27)
respectively. All following calculations will be done in Python (version 3.7.4) using its SymPy
library (version 1.7.1), which is made for symbolic mathematics, in particular mathematical
analysis [37]. We will largely make use of their Tensor module. It allows one to define tensors
with TensorHead () and contra- and covariant indices with TensorIndex () functions. Itis then
possible to create new tensor quantities by adding and multiplying tensors together, and SymPy
will automatically track the summation indices itself. Itis also possible to raise and lower indices
automatically with this module, but we don’t use that feature and always track the indices by hand.
Explicit component expressions can then be found by using the .replace_with_arrays()
function. It accepts a dictionary, which relates tensors with the appropriate indices and the
components given in lists or matrices. This method does not accept the same TensorHead ()
with different index positions if the automatic index raising/lowering is not defined, so we always
define "new" tensors for new index positions. For example, bar_g(mu,nu) is the metric with

lower indices and bar_G(-mu, -nu) is the inverse metric with upper indices. Additionally,
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we use of the basic options of SymPy a lot, such as defining symbols and symbolic functions
with symbols () and Function(), various simplifying functions like . subs (), cancel () and

factor() , and matrix manipulations.

The code is written and run in Jupyter Notebook (version 1.0.0), which is an open-source web
application that enables live code, visualization and LaTeX display options [38]. The code can
be run in small chunks by splitting the code into cells. This allows great interactivity as the result
of each cell can be displayed and checked immediately. Both SymPy and Jupyter understand
basic LaTeX syntax, so all calculations can be viewed and presented in an easy to understand
format. The notebooks can also be converted to LaTeX files with the built-in options, which

how the code formatting displayed in Appendix C was generated.

Appendix C contains the entire code used for finding the perturbed field equations in Section

3.4. The calculations in Section 3.3 use the exact same code up to output [8], but with the

C_1, C_5 = Function(’C_1’)(r), Function(’C_5’)(r)

line in output [3] enabled instead. The resulting background field equations were then
manipulated to find the necessary solutions to C; and Cs, and the results were incorporated

into the code to be included from the beginning.

3.3 Finding the background field equations

In order to find the background field equations, we need to explicitly find the components
of the background tensors written in section 3.1. We will do so for a spherically symmetric

background. The most general tetrad components in spherical symmetry are [31]

9_0 =Cidt+ Cydr,
6' = (C3dt + Cydr) sin@ cos ¢ + (Cs cos 0 cos ¢ — Cg sin @) do+
— (Cssin @ + Cg cos 8 cos ¢) sin 6 de,
] ( ¢ ®) ¢ (3.28)
6% = (C3dt + C4dr)sin@sin ¢ + (Cs cos 6 sin ¢ + Cg cos ¢) do+
+ (Cscos ¢ + Cgcos 6 sin ) sin6 do,

63 = (C3 dt + Cy4dr) cos 6 — Cssin 6 df + Cg sin® 0 de,
where C| = C(r) to Cg = Cg(r). The resulting non-vanishing metric components are [31]

g0=C-C2 gn=C1-C3, gn=Ci+C% gy=(Ci+CYsin6, (3.29)
gOl = 810 = C3C4 - C]CQ.
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We are interested in Schwarzschild black holes, so we want the background metric to be

specifically the Schwarzschild metric. We can write the metric as

-F> 0 0 0

0 1/F*> 0 0 2M,
3y = h F=F(r)=4/1- , 3.30
=l g o 2 o | Where (r) =4/ . (3.30)

0 0 0 r?sin%6

and, by comparing (3.29) and (3.30), find the following conditions for C,, C3, C4 and Cg:

C5C. C,2
C=—==, C=VC2-F2, C== Ce = Vr? - Cs°. (3.3D

C '’ F2°

In further calculations, all expressions will be significantly simplified if the square root \/C_12
can be evaluated, and this can only be done if we know the sign of C;. We are going to work
with the assumption that C; > 0 in order to write \/a = Cy. While this choice influences the
exact form of the expressions we find, the general results are unaffected. If C; < 0, the square
root evaluates to 4/C12 = —C; and the calculations can be done with the code in Appendix C
by simply changing the definition of C4. We will proceed to detail the results for C; > 0 and
Cy=C/F>?.

We can substitute the background tetrad components with the values (3.31) into (3.4) to find the

non-vanishing background teleparallel connection I, coefficients as

=)

. . 1-F2 . 1 . 33
Oy =-Ty=——, % ===, DPyu=0rp=- = cot 6,
01 =5 21 3= 23 2=y
. . Ciz : [:‘133 : .
Tl =F'T =22 Tln=—F==rFry=-""F53=-0Cs,
Cn sin“ 6
: ]%‘033 r2 h 1”2 h C5 C]] 2 2 C52 sin @ (332)
FO :—:—rl2 :—F3 = s Fz :—Sin29F3 = N
2=, Tl T mple 72 31 21 rCo,
2 2 ¢in2 :
. . re e r=sin“ 0 = C11Cs18in @
[Py =-1%; = %73 3 = - 7 oy = —

1—‘123 = —f132 = —VZFZI:QB = r2F2 sin29f312 = —C1(351 sin @,
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where

Cii(r) =VCi% - F?,

dc; _dFy  dF _(1-F?
=F(F— -Ci— th =7
Cia(r) ( ar 1 dr) W9 2rF (3.33)
Cs1(r) = Vr? = Cs2,
dC
C52(r) = I’d—s - Cs.
r

The independent non-vanishing background torsion tensor 7/, components are then

o _1-F* _ Cn o o GC
. | . 5 5C11
e
DYy 7 2 . ?
i ' rf=—CCs
T123 =2Cs51Cysinf, T71p=T"13= r2F2 ’
(3.34)
(I”F2 Cso — Cy 8512) sin 6

T231 = sin297_"312 = -

b

r2 C51 F?

0 2r2 —> 2r2sin 6 _3 2Cs51Cy1sind
T32:ﬁT30:TT02:T

Other non-zero terms come from the symmetry 7%, = —T*,,,. The background torsion tensor

components can now be used to find the three background irreducibles d,, a, and fw,p. The

non-vanishing background vector irreducible b, components are

_ _r2C12+2C5C112 _4C1C5—3I’F2—r

D = , D 3.35
0 1’2 C11 ! 21”2F2 ( )
The non-vanishing components of the background axial irreducible a, are
2(rF*Csy — 2C Csy 4Cs C
G G2 2 20C) o 4G Cu (3.36)
3r2(Cs 3r2F?
The independent non-vanishing background tensor irreducible t,,,,, components are
; _2102f _2Fr - 2C,C5-3rF%+r
001 =5 tar = 55t = 32 )
: ta0 t330 r’Cip = CsC11?
to1) = —p = = (3.37)
r*F*  r2F2sin’ @ 3reF=Cn
o3 _ Cs51Cy sin6 S S (rF*Csy +Ci Cs1%) sin6
023 = —lo32 = > s T3 =132 = 2F2 0o .

Other components can be found from the relation (,,, + 2t,,,)|u=y = 0 and the symmetry

tuvp = typp.
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Inserting all the background tensor components found above into the background field equations

(3.26), we find the non-trivial equations

_ 26c,F?
Enoo =
%0~ 94 Cgl

_ 20c¢,
11

8oc,
9r3

[I’ZFZCSZZ - 41‘C1€52 +4C§1] = 0, El() = - C52 Cll = 0, (338&)

= W [I’FC52 + 2C512] [I’FC52 - 2C512] = O, (3‘38[))
51

_ 20¢,
Eyp=—7fp
rts)

~ 2 2
E>s _ _(3 + 5Ca) erdC52 +Cor 4+ F CS C52 C2 dC1 456aC5C51+

Cs2 [2C1C3, - rF?Csp| =0,  Ezz =sin6 En, (3.38¢)

. = 2T /5 51 + P
2sin 6 9Cs; dr (351 dr 9r (3.384)
_2(1+6¢)CiCs1 2(3+28¢,)CiCsCsp (9 + 56c4)F%Csp _ o
3r 9rCsy 9Cs -

The immediately obvious solution is to choose Cs = + r, which results in Cs; = 0 and Csp = 0.
In this case, all of the background field equations vanish. It may seem like there could be an
issue with Cs; = 0, because it appears in the denominators. This is easily resolved by first
demanding that Cs, = 0, which gives the condition C5 = +«; r with some constant «;. In that

case,C51 = rvV1 — /<21 cancels out from the denominators and we find the condition x; = +1.

We are again going to simplify the following calculations by specifying the sign of Cs to be
positive. This choice affects the exact signs in future expressions, but the overall results remain
the same. As mentioned above, the code in Appendix C can easily be used to find the results for

Ci < 0and C5 = —r as well. In this thesis, we are going to explicitly present the results for
C;>0 and Cs=r. (3.39)

However, C5 = +r is not the only way to satisfy the background field equations in vacuum. The

equation E; = 0 contains two differential equations for Cs, both of which yield the solution

ki (F*+6F% +1) + 16k (F? + F)

Cs = ,
’ r4/<2(F4+6F2+ 1) +4k(F3+ F)

where k1 and «; are constants. (3.40)

Inserting this result into Egy = 0 gives

_ ScaF(F — D*(F +1)*
Eoo = (F-DA(F+D) > (k7 = 16x3)(C] = F?) = 0. (3.41)
9r2[k1(F3 + F) + ka(F* + 6F2 + 1)]

All other components also give the condition (k3 — 16x3)(C? — F?) = 0. The two possible

options are

Ki=x4ky or Ci==F. (3.42)
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While choosing x; = + 4k, means that Cs = +r again, the choice C; = + F gives us another
branch of solutions. This branch is very curious as the background torsion tensor 7%, is not
reflection symmetric in the case that Cs # + r. This has significant consequences when it comes

to the perturbed field equations. We will discuss this with the final results in Section 3.5.

We are now going to proceed to find the perturbed field equations with the background
components found in (3.32) to (3.37) simplified with Cs = r, Cs» = 0 and C5; = 0.

3.4 Finding the perturbed field equations

In order to find the components of the perturbed field equations, we first need to determine
the components of the tetrad perturbations h,, and a,,. As seen in (3.17), the symmetric
perturbation 4, is the metric perturbation. We may therefore use the same components as
found in GR. We will use up our gauge freedom to write them in the Regge-Wheeler gauge
(2.18a) and (2.18b).

When we look at the behaviour of the antisymmetric perturbation a,, under spatial rotations
around the origin (¢,r,0,¢) — (t,7,0(0,¢), ¢’ (6,9)), we see that, similarly to Ay, its

components decompose into

Scalars: a,, = %E a,, =ap =0 Vectors: a, = aﬁ% a,y = % a
00 T g0 g0 THy T H00 %00 T g0 gyra THY T gyra C0
4= ox* oxY g =g =0 4= oxt ox” P o0x°¢ 4
T gyt gyt T 21 = la = gl gxra K T gyra Cle (3.43)
ox* ox” .
ag = =5 27 Auv = 4ol
(9)6’0 ax/l
T o, oxt ox” Ax¢ dx?
ensor: a,, = 32d G Auy = 50d G Aeg-

Our background is spherically symmetric, so we can once again make use of the tensor harmonics
defined in (2.13). By choosing tensor harmonics of appropriate parities and index symmetries,
we can write
0 0 0 ao(r)sind oy
. 0 0 0 ai(r)sinfdy| .
ald = e Yo, (3.44a)
tm|Sym Sym O —ay(r)sin@

Sym Sym Sym 0
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0 Ao(r) Ai(r)dy

polar) _ Sym 0  Ax(r)ds

s e @y, (3.44b)

0
0
tm|Sym Sym 0 0

Sym Sym 0 0

It should be noted that ailp,? far) does not contain second order tensor harmonics, because the
only antisymmetric second order tensor harmonic has axial parity. We can now write the total

antisymmetric perturbation a,, as the sum

= a3 4 PO, (3.45)
For our choice of Cs = r, the perturbed field equations are invariant under inversions and the

radial functions in (3.44a) and (3.44b) will not appear together in the equations.

The linear perturbations 6v,, da, and ot,,, can be directly calculated with the components of
h.y and a,,. These components are rather lengthy, and explicitly written down in Appendix A.
We can now insert all these perturbations into the linearly perturbed field equations (3.27). To
simplify the analysis, it is useful to split the perturbed field equations 6 E,, = 0 into symmetric

and antisymmetric equations
5Eﬂ,, = 5E(#V) + 5E[”V]. (3.46)

The symmetric and antisymmetric parts must both vanish independently, since 6 E,,,, = 0 and we
can 6E(,,) = %(6EW +0E,,) and 6E ,,) = %(5EW —0E,). The field equations are spherically
symmetric, so we can restrict our analysis to m = 0. We will also assume harmonic time
dependence e’ like was done in Chapter 2. The symmetric and antisymmetric field equations

then separate into radial and angular parts, which we will denote

OE (uv) = 0E(uv) (r) 6Q (10 (6, ¢) el

. (3.47)
OE () = 0y (r) 6 Q) (6, @) €.

3.4.1 Axial perturbed equations

We are first going to look at the axial perturbed field equations. The radial axial non-trivial

symmetric field equations are can be written as

0F(03) =26Ro3 +9 5f(6063“) =0, (3.48a)
0F(13) = 20R13 +96E 5 =0, (3.48b)
5@(23) = 5R23 = 0, (3.480)
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where 6'R,, are the axial field equations in Eq. (2.20) from Chapter 2. It turns out that the

equations & E(‘SOC;) and & Z(‘S 103“) are related in the form

. . 2(rCpz - C11?%)
SEa = |, SE*¢a th Ki(r) = - .
! with Ka(r) = =5 e, —3r v 1)

(13) 03) (3.49)

This means that we can write 6E(13) = 0R13) — K10R03) = 0, which must be satisfied
independently of the exact value of Ky, so we find 6R13) = 0 and 6R(13) = 0. We therefore

retrieve the perturbed GR field equations for the perturbation functions /¢ and h
0R»3 =0, 0R13=0, Ry =0. (3.50)
The one symmetric field equation for the perturbation functions ag, a; and a; is
0F03) = F1(r) % + Fia(r) ao + Fi3(r) ar + Fia(r) ho + Fis5(r) hy =0, (3.51)

where the equation coefficients J;;(r) are explicitly written in Appendix B.

Now, let’s look at the antisymmetric equations. The radial axial non-trivial antisymmetric field

equations are

d2a0 da dho dhy

0FE031 = —_— —_— F, — —

(03] = F21 o2 F P Fazap+ Fagar + Fasar + Fog o T Fo7 o (3.520)
+ Frghg+ Faohp =0,

da() da2

0E13) = F31 O + F3 T + F3zag+ Fygap + Fisar + Fzeho+ Fzrhy =0, (3.52b)
d? d d

(51:[23] = f41 6122 + f42 ﬂ + f43 ﬂ + f44 ap + f45 a) + f46 a = 0, (3.520)
dr dr dr

where F;; = F;;(r) can be found in Appendix B. We can use 6 E(3) = 0 to write

da
(Fnd—r" +f12a0+]-"14h0+]-"15h1). (3.53)

1

a) =
Fi3

Substituting a; into 6 E[g3) = 0 yields

4= Fis Fis  Fni F13?
. (]__28 _ FuFu I T N .7:14]'—22ddjrr13 ) ho (3.54)
F13 F13 Fi3?
N (]__2 _FisFu T N FisFp s ) h ]
Fi3 Fi3 Fi3?
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We can now substitute both of these into 6 E[13) = 0 and get the equation

M (r) dﬂ + My (r) ag + M3(r) hg + My(r) hy = (3.55)
where
3 oca €(€+1)(rCip — C112)
Mu(r) = r(irw —2C11)(irwCiy —rCip — 0112)’
Mo(r) = CSeg bt (2C=F*=1)Cu 2Ci(irwCiy = rCip = Ci1?)
2 r2F? 2(irw Cyy —rCia — C112) (irw —2C11)%Cy
. o2y )
N 2irw(2Cy — F7) — (6Cy — F*+ 1)Cyy ’ (3.56)
(irw—2C11)2
_ Scg £(E+1)(2C = 3F? +1)Cyy
Ms(r) = 2r2F2(ir(u Ci1—rCyp — 6112) ’
Sca b(£+1 - C11?
Ma(r) = =5 (£+1)(rC12 = C11?)

r2(irwCi —rCra — 6112)'
The function a( can be found by integration if M (r) # 0 and directly from (3.55) if M (r) =

~ (Ms(r) h0+/\/l4(r)h1)

M, (r) =0, (3.57a)

o * 2 dr (M3 ho + My hl)
My ’

ao=¢l M (r) #0. (3.57b)

M2 dr [K
0—

where kq is an integration constant. As all the antisymmetric axial functions ag, a; and a, are

defined in terms of hg and A, no new independent quasinormal modes appear.

3.4.2 Polar perturbed equations

Now we’ll look at the polar perturbed field equations. The radial polar non-trivial symmetric

field equations are

0E0) = 0Roo =0, 0F1) =0Ro1 =0, 0F11) =0Rn =0,

(3.58a)

0E(22) = 0R2n =0, 0E(33) = 0R33 =0,

5o = 26R0 +9E(s =0, (3.58b)

0F(12) = 20R12 +90E( ;) =0, (3.58¢)
where 6'R ,, are the polar field equations from Chapter 2 in Eq. (2.26).
The radial polar non-trivial antisymmetric field equations are

5ca dA1 2C1—F2—1 . rC12+C112
0FEjon = — A+ ———A +( ——)A =0, 3.59
(o] dr 0 21”F2 : 1w r C]] 2 ( a)
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d
6Ej02) = 5(F2F2 6Eo17) — P1(r) §Ejory, (3.59b)
0Eq12) = Pa(r) 6Ejo1y, (3.59¢)

where

Pi(r) =

_ 2 ) 2
r(2Cy —3F“+1) and Pz(r):zwr r(rCia +Ci17) (3.60)

2 F? F2(Cyy

Additionally, it turns out that 6@?5;) and Z((s 162“) can be written in terms of 6 Eqq] as well

(5@{552“) = Pi(r) 6@{01],
r(rCip = Ci1?) (3.61)

ocqg _ . _
0E = P3(r) 5‘5[01] with  P3(r) = F20;,

(12)

They must therefore vanish, since 6 Ejo1] = 0, and we find that 6 E(2) = 6 Ro2 and 6E(12) = 6R 2.
This means that the symmetric perturbation functions Hy, H;, K are determined by the perturbed
GR field equations

0Rp1 =0, Rp=0, 6R;»=0. (3.62)

We are left with only one independent equation for Ag, A; and A; and it is

Scy[dA; 20, - F*-1
- A() B —
r2 | dr 2rF2

SEjon] = — Ay + (i - =0. (3.63)

r612+6112
— A
rCii ) 2]

This means that the system remains under-defined and, therefore, quasinormal modes produced

by the antisymmetric perturbation aﬁ?,lar cannot be found.

3.5 Results and discussion

We find that the quasinormal spectrum of the symmetric perturbations 4, of Schwarzschild
black holes in 1-parameter NGR coincides with the GR spectrum at the linear order of
perturbations. This hold equally true for both axial and polar parity perturbations. For the

antisymmetric perturbations, we find that the radial functions ag, a; and a; in the antisymmetric

axial

axial perturbation aj;,

are fully determined by the metric perturbation functions 4y and 4 as
ao = Folho, h1), a1 = Fi(ao, ho, h1), az = Fa(ao, ho, h1), (3.64a)

where the functions F¢, F| and JF, take values (3.57), (3.53) and (3.54) respectively if C; > 0
and Cs = r. This conclusion can be verified for C; < 0 and Cs = —r as well by making the

appropriate changes in the code in Appendix C. The exact relationship of these perturbation
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functions depends on the value of C; and Cs. For example, if C; = F and Cs = r, we find that

1 2(1-F L(L+1
—dh0+—( )ho, azz—(.+ )hO-

-V 3.65
iw dr irwF iw ( )

ap=—hy, ap=
The radial functions Ay, A and A; in the antisymmetric polar perturbation af;?,lar are not fully

defined by quasinormal modes alone. The single equation for these three functions is

Scy [ dA; 20, - F?-1

— —Ap+
r2 | dr 0 2rF?

2
§Eo1] = — A+ (iw - M) Az] =0. (3.66)

rCi

The quasinormal spectrum can be calculated only if additional constraints for these functions are
found. It may be possible to find these constraints by investigating other physical observables
in terms of these perturbations. However, as mentioned previously, the results in [36] show that
several Schwarzschild black hole related quantities do not get corrections in 1-parameter NGR.
So it is yet to be determined which physical observables could provide these constraints. If the
functions constrained were Ag and A, specifically, and A; were left arbitrary, then the polar
quasinormal modes could possibly show deviations from GR. This would mean that polar and

axial parity quasinormal modes would no longer coincide, making a clear distinction from GR.

The results of this thesis only hold for the linear order of perturbations. Investigations of another
general class teleparallel theories, called f(7) theories of gravity, have revealed that some
deviations from GR appear only once higher orders of perturbations are taken into account.
For example, [39] found that teleparallel perturbations of Schwarzschild black holes lead to
corrections to the Shapiro delay and light deflection at fifth order of perturbations. Additionally,
[40] found that additional degrees of freedom predicted by f(7') theories appear around the
Minkowski background at third order. There is consequently opportunity for further study
to determine whether higher orders of perturbations in NGR would lead to corrections to

quasinormal spectrum of Schwarzschild black holes.

It’s important to note that there is another branch of solutions, which is yet to be investigated.

As mentioned before, the background equations also vanish if C; = +F and Cs takes the value

KI(F*+6F%+ 1) + 16k (F? + F)
r .
Ay (FA+6F2+ 1) + 4K (F3 + F)

5 = (3.67)
In that case, the torsion tensor is no longer reflection symmetric and the perturbed field equations
therefore aren’t either. While they do still separate into radial and angular parts thanks to the
spherical symmetry, they mix the radial functions from the axial and polar parts of 4, and a,,
resulting in more complicated relations. For example, the radial antisymmetric field equation
0E[121=01is

6E12) = Ni(r) dd% + Nao(r) Ag + N3(r) Ay + Ny(r) Ay + Ns(r) ag + Ne(r) ho, (3.68)
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where

Ny = =N = Na _ _5c“i“’, N =

iw F?

Scaiw(F = 1)2(F + 1)?(ki F + 262F? + 2k2)
4rF* (k1 (F3 + F) + k2(F* + 6k2 + k2))

_ Scqiw(F = 1)*(F +1)? (4x3 — k1) (4k2 + K1)
4rF3 (Kl(F3+F)+K2(F4+6K2+K2))2.

(3.69)

N5 = ~Ng

Whether this branch gives any new quasinormal modes of Schwarzschild black holes in NGR is

yet to be determined.
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Summary

The ringdown stage of gravitational waves can be described in terms of quasinormal modes,
which are characterized by their complex quasinormal frequencies; the real part represents the
oscillation frequency and the imaginary part represents the inverse of the damping time. The
values of quasinormal frequencies of black holes are fixed by their physical properties. The
ringdown signal provides an opportunity to test theories of gravity in the strong field regime,
so quasinormal modes can be used to find experimental constraints and highlight fundamental

differences between theories.

GR characterizes gravity by curvature, where the gravitational field equations are a set of
differential equations for the metric. The quasinormal modes can be analysed in the formalism
of linear perturbation theory, where the metric is split into an unperturbed background and
a first-order perturbation. The quasinormal modes are then solutions of the perturbed field
equations, for which the metric perturbation can be written as a product of functions depending
on the radial coordinate, a damped harmonic oscillation in time and a tensor spherical harmonic.
These equations can further be separated into axial and polar parity, and analysing them yields
two wave equations called the Regge-Wheeler and the Zerilli equations respectively. They
possess the same quasinormal spectrum, and their quasinormal frequencies can be derived from

the found wave equations, for example, with the Leaver’s method or WKB approximation.

Teleparallel theories of gravity characterize the gravitational field by torsion. In this thesis, we
consider the teleparallel theory called 1-parameter NGR, where gravitational field equations are
given by the irreducible components of said torsion tensor, which are ultimately defined by the
tetrad. We follow a similar approach to GR in deriving quasinormal modes. The tetrad is split
into an unperturbed background, and first-order symmetric perturbations and antisymmetric
perturbations. These define the linear perturbations of the irreducible components of the torsion
tensor. The Schwarzschild background leaves only two of the background tetrad functions
arbitrary, which we further constrain using the background field equations. This thesis considers
one of the two possible branches. The antisymmetric perturbation of the tetrad is defined using
the same method as in GR, and the symmetric perturbation is given directly by the metric
perturbation. In our branch of solutions, the perturbed field equations once again separate
into axial and polar parity. We find that in 1-parameter NGR, the quasinormal spectrum of
the symmetric perturbations coincides with the GR spectrum for both parities at the linear
order. For the axial antisymmetric perturbations, we find that they completely defined by the
axial symmetric perturbations and do not produce any new quasinormal modes. The polar
antisymmetric perturbations, on the other hand, cannot be defined by the quasinormal modes
alone. So, additional constrains for these functions must be found if the polar quasinormal

spectrum is to be evaluated.
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Appendix A

Components of 6v,, 6a, and 6t,,,

The vector, axial and torsion irreducibles of the torsion tensor split into background and linear

perturbations

(h) (a) (h) (a)

v, =0, +060, +06v,7, ay=a,+06q, +da,, tu, (A.1)

tup + 6t/(fi)p + 6tff‘v)p.

These perturbations play a role in the perturbed field equations (3.27). We will write the
components of these perturbations in spherical symmetry explicitly in this appendix.

The calculations are done in spherical symmetry using 4, = hl(fﬁ b 4 thVO 40 with matrices from

(2.18) and a,,, = a'%* + o with matrices from (3.44).

The non-trivial vector irreducible perturbation components are
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The non-trivial axial irreducible perturbation components are
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Other components of the tensor irreducible perturbation can be found from the symmetry

0tuyp = Oty and the relation (6t,,, +26t,,, = 0)|,=,.
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Appendix B

Equation coeflicients F;;(r)

The function coeflicients in the axial perturbed field equations 6 Eq3) in (3.51) are

2C, - 3F? +1
]:11(1”) = 6Ca12—,
.
(2C, -3F*+1)(2C; - F>-1)
F =dc, , B.1
12(r) = dc 1252 (B.1)
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F = , F =—, F = .
13(7) = 14(r) 7, 15(r) =
The function coefficients in the axial perturbed field equations 6 Eo3) in (3.52a) are
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The function coeflicients in the axial perturbed field equations 6 E(;3; in (3.52b) are

_0cq . rCia + C11?
.F31(}") = F(l(u+ T),
oc
Fa(r) = ——
r
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The function coefficients in the axial perturbed field equations 6 E|»3) in (3.52c) are
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Appendix C

SymPy code in Jupyter Notebook

The following is the SymPy code used to find background and perturbed field equations in
Chapter 3. Runtime is displayed for cells that take longer than 1 minute.

[1]: from sympy import *

import sympy.tensor.tensor as st
from sympy.tensor.toperators import PartialDerivative

from IPython.display import Latex, Math
init_printing()

[2]: | #Rationalize floats:
def R(n): return nsimplify(n)

#Symmetric and antisymmetric brackets:
def symb(T, m, n): return R(1/2)*(T + T.subs({m:i0, n:il1}).subs({iO:n, il:m}))
def asymb(T, m, n): return R(1/2)*(T - T.subs({m:i0, n:il1}).subs({iO:n, il:m}))

#Partial derivative:
def PD(A, x):
i, iA = x.get_indices() [0], A.get_indices()

PD = st.TensorHead('d'+A.components[0].name, [ST]#*(len(iA)+1))

iA_dict = [[i1,i2,i3][k] if iA[k].is_up==False else -[i1,i2,i3][k] for k in range(len(iA))]
if i.is_up==True:

tensor_dict.update ({PD(i0, *iA_dict): PartialDerivative(A, x).replace_with_arrays(tensor_dict)})
elif i.is_up==False:

tensor_dict.update({PD(-i0, *iA_dict): PartialDerivative(A, x).replace_with_arrays(tensor_dict)})

return PD(-i, *iA)

#Covariant derivative:
def bar_nabla(i, T, connection='GR'):
iT = T.get_indices()

if connection=='GR': Gamma=bar_Gamma_ring
elif connection=='TG': Gamma=bar_Gamma_dot

covariantD = PD(T, coord(-i))

1 = st.TensorIndex('l', ST, is_up=False)

for k in range(len(iT)):
if iT[k].is_up==True: covariantD += Gamma(iT[k], 1 , i)*T.subs(iT[k], -1)
elif iT[k].is_up==False: covariantD += -Gamma(-1, iT[k], i)*T.subs(iT[k], 1)

return covariantD

[3]: | #Coordinates:
t, r = symbols('t,r',positive=True)
theta, phi = symbols('theta,phi',real=True)

#Lagrangian constants:

c_a, c_t, c_v = R(3/2), R(2/3), -R(2/3)
dca = symbols('dc_a')
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#Schwarzschild:
M_bullet, omega = symbols('M_{e}', positive=True), symbols('w"')

F = Function('F', positive=True) (r)
B, B_func = Function('B', positive=True)(r), 1-2*M_bullet/r

dF_subs = {diff(F,r): (1-F*x2)/(2*r*F),
diff(F,r,2): diff ((1-F**2)/(2*r*F)).doit().subs(diff (F,r), (1-F**2)/(2*r*F))}

#Spherical harmonics:
L, M = symbols('L', nonnegative=True, integer=True), symbols('M', integer=True)

Y_LM = Function('Y_{LM}', real=True) (theta,phi)

YLM_diff_rules = {diff(Y_LM,theta,2): -1/tan(theta)*diff(Y_LM,theta) - (L*(L+1)-M**2/sin(theta)**2)*Y_LM,
diff(Y_LM,phi): I*M+Y_LM,
diff (Y_LM,phi,2): -M#*2%Y_LM,
M:0}

#Tetrad functions:
#C_1, C_5 = Function('C_1')(r), Function('C_5')(r)
C_1, C_5 = Function('C_1")(x), r

C_d= C_1/F*x2 #C_4= -C_1/F**2 if C.1 < 0
C_3, C_6 = sqrt(C_1**2-F*%2), sqrt(r**2-C_5**2)
C_2 = C_3xC_4/C_1

[4]: | #Spacetime indices:
ST = st.TensorIndexType('SpaceTime', dummy_name='lambda', dim=4)

mu, nu = st.TensorIndex('mu', ST, is_up=False), st.TensorIndex('nu', ST, is_up=False)

rho, sigma = st.TensorIndex('rho', ST, is_up=False), st.TensorIndex('sigma', ST, is_up=False)
alpha, beta = st.TensorIndex('alpha', ST, is_up=False), st.TensorIndex('beta', ST, is_up=False)
gamma, kappa = st.TensorIndex('gamma', ST, is_up=False), st.TensorIndex('kappa', ST, is_up=False)

i0, il = st.TensorIndex('iO', ST, is_up=False), st.TensorIndex('il', ST, is_up=False)
i2, i3 = st.TensorIndex('i2', ST, is_up=False), st.TensorIndex('i3', ST, is_up=False)

#Lorentz indices:
LZ = st.TensorIndexType('Lz', dummy_name='c', dim=4)

b0, bl st.TensorIndex('b0', LZ, is_up=True), st.TensorIndex('bl', LZ, is_up=True)
c0, c1 = st.TensorIndex('cO', LZ, is_up=True), st.TensorIndex('cl', LZ, is_up=True)

#Tensors:
coord = st.TensorHead('x', [ST])
eta_down, eta_up = st.TensorHead('\eta_{down}', [ST]*2), st.TensorHead("\eta_{up}", [ST]*2)

tensor_dict = {coord(-i0): [t,r,theta,phi], eta_down(cO,cl): diag(-1,1,1,1), eta_up(-c0,-c1):,
~diag(-1,1,1,1)}

1 Background equations

[6]: | #Define tensors:
bar_tet = st.TensorHead('\overline{(}', [LZ,ST])
bar_e = st.TensorHead('\overline{e}', [LZ,ST])

bar_g = st.TensorHead('\overline{g}', [ST]*2)
bar_G = st.TensorHead('\overline{G}', [ST]*2)
bar_eps = st.TensorHead('\overline{e}', [ST]#*4)

bar_Gamma_dot = st.TensorHead('\dot{\overline{I'}}', [ST]*3)
bar_Gamma_ring = st.TensorHead('\mathring{\overline{I'}}', [ST]%3)

bar_T = st.TensorHead('\overline{T}', [ST]*3)
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[6]:

[7]:

bar_mfv = st.TensorHead('\overline{\mathfrak{v}}', [ST])
bar_mfa = st.TensorHead('\overline{\mathfrak{a}}', [ST])
bar_mft = st.TensorHead('\overline{\mathfrak{t}}', [ST]*3)

#Tetrad:

bg_tet = Matrix([[C_1, C_2, 0, 0],
[C_3*sin(theta)*cos(phi), C_4*sin(theta)*cos(phi),
C_b*cos(theta)*cos(phi)-C_6*sin(phi), -(C_5*sin(phi)+C_6*cos(theta)*cos(phi))*sin(theta)],
[C_3*sin(theta)*sin(phi), C_4*sin(theta)*sin(phi),
C_5*cos(theta)*sin(phi)+C_6*cos(phi), (C_5*cos(phi)-C_6*cos(theta)*sin(phi))*sin(theta)l],
[C_3*cos(theta), C_4*cos(theta), -C_5+*sin(theta), C_6*sin(theta)**2]])

bg_e = (bg_tet.T).inv()
tensor_dict.update({bar_tet(c0,i0): bg_tet, bar_e(-c0,-i0): bg_el})

#Metric:

bg_g = eta_up(-b0,-bl)*bar_tet (b0, mu)*bar_tet(bl,nu)

bg_g = bg_g.replace_with_arrays(tensor_dict, [mu,nul]).tomatrix().applyfunc(simplify)
bg_G = eta_down(b0,bl)*bar_e(-b0,-mu)*bar_e(-bl,-nu)

bg_G = bg_G.replace_with_arrays(tensor_dict, [-mu,-nu]).tomatrix().applyfunc(simplify)

tensor_dict.update ({bar_g(i0,il): bg_g, bar_G(-i0,-il): bg_G})
#Levi-Civita symbol:

sqrt_det_bg_g = sqrt(abs(det(bg_g))) .subs(abs(sin(theta)),sin(theta))

bg_eps = [[[[sqrt_det_bg_g*LeviCivita(i,j,k,m) for m in range(4)] for k in range(4)] for j in range(4)] for,
—i in range(4)]

tensor_dict.update({bar_eps(i0,i1,i2,i3): bg_eps})
#Connections:

bg_Gamma_dot = bar_e(-b0,-rho)*PD(bar_tet (b0,mu),coord(-nu))
bg_Gamma_dot = bg_Gamma_dot.replace_with_arrays(tensor_dict, [-rho,mu,nu]).applyfunc(simplify)

bg_Gamma_ring = R(1/2)*bar_G(-rho,-alpha)*(PD(bar_g(nu,alpha),coord(-mu)) + PD(bar_g(mu,alpha),coord(-nu))\
- PD(bar_g(mu,nu) ,coord(-alpha)))
bg_Gamma_ring = bg_Gamma_ring.replace_with_arrays(tensor_dict, [-rho,mu,nul).applyfunc(simplify)

tensor_dict.update ({bar_Gamma_dot(-i0,i1,i2): bg_Gamma_dot,
bar_Gamma_ring(-i0,i1,i2): bg_Gamma_ring})

#Torsion:
bg_T = bar_Gamma_dot(-rho,nu,mu) - bar_Gamma_dot (-rho,mu,nu)
bg_T = bg_T.replace_with_arrays(tensor_dict, [-rho,mu,nul]).applyfunc(simplify)

tensor_dict.update ({bar_T(-i0,i1,i2): bg_T})

#Tensors \mf{v}, \mf{a}, \mf{t}:
bg_mfv = bar_T(-alpha,alpha,mu)
bg_mfv = bg_mfv.replace_with_arrays(tensor_dict, [mul]).applyfunc(simplify)

bg_mfa = R(1/6)*bar_eps (mu,kappa,rho,signa)*bar_G(-alpha,-rho)*bar_G(-beta,-sigma)*bar_T(-kappa,alpha,beta)
bg_mfa = bg_mfa.replace_with_arrays(tensor_dict, [mul).applyfunc(simplify)

bg_mft = symb(bar_g(mu,alpha)*bar_T(-alpha,nu,rho),mu,nu) \
+R(1/3) *(symb(bar_T(-alpha,alpha,mu)*bar_g(nu,rho) ,mu,nu)-bar_T(-alpha,alpha,rho)*bar_g(mu,nu))
bg_mft = bg_mft.replace_with_arrays(tensor_dict, [mu,nu,rho]).applyfunc(simplify)

tensor_dict.update ({bar_mfv(i0): bg_mfv,

bar_mfa(i0): bg_mfa,
bar_mft(i0,i1,i2): bg_mft})

#For rTunning speed:
bar_MFT = st.TensorHead('\overline{\mathfrak{\mathfrak{t}}}', [ST]*3)
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[8]:

[8]:

[9]:

[10]:

bg_MFT = (bar_mft(mu,beta,gamma)*bar_G(-beta,-nu)+*bar_G(-gamma,-rho)) .replace_with_arrays(tensor_dict,,
— [mu, -nu,-rho]) .applyfunc(simplify)

bar_EPS = st.TensorHead('\overline{\mathcal{e}}', [ST]*4)
bg_EPS = (bar_eps(mu,nu,alpha,beta)*bar_G(-alpha,-rho)*bar_G(-beta,-sigma)).
—replace_with_arrays(tensor_dict, [mu,nu,-rho,-sigmal).applyfunc(simplify)

tensor_dict.update ({bar_MFT(i0,-il,-i2): bg_MFT,
bar_EPS(i0,i1,-i2,-i3): bg_EPS})

#Background field equations:
bg_Eq \
= (c_atdca)*(R(1/6)*bar_G(-rho,-alpha)*bar_mfa(alpha)* (bar_mfa(rho)*bar_g(mu,nu)+bar_mfa(mu) *bar_g(rho,nu)\
+ bar_mfa(nu)*bar_g(rho,mu)) \
-R(4/9)*bar_eps (nu,alpha,beta,gamma) *bar_G(-alpha, -kappa) *bar_mfa(kappa)\
*bar_MFT (mu, -beta, -gamma) \
-R(2/9)*bar_EPS (mu,nu, -alpha, -beta) *bar_mfa(alpha) *bar_mfv(beta) \
+R(1/3)*bar_EPS(mu,nu, -alpha,-beta) *bar_nabla(alpha, bar_mfa(beta))) + \
+ c_t*(R(2/3)*asymb(bar_mft(alpha,beta,gamma) ,beta,gamma)*bar_G(-alpha,-kappa)\
*bar_MFT (kappa, -beta, -gamma) *bar_g(mu,nu) \
-R(4/3)*asymb(bar_mft (mu,rho,sigma) ,rho,sigma)*bar_MFT(nu,-rho,-sigma) \
+2%bar_G(-rho, -alpha)*asymb(bar_nabla(alpha, bar_mft(mu,nu,rho)),nu,rho) \
-R(2/3)*asymb (bar_mft (nu,mu,rho) ,mu,rho)*bar_G(-rho, -alpha)*bar_mfv(alpha) \
+R(1/2)*bar_eps (mu,alpha,beta,gamma) *bar_G(-alpha, -kappa) *bar_mfa(kappa) *bar_MFT (nu, -beta, -gamma)) \
+ c_v*(R(1/6)*bar_G(-rho,-alpha)*bar_mfv(alpha)*(bar_mfv(rho) *bar_g(mu,nu) +bar_mfv (mu) *bar_g(rho,nu)\
+ bar_mfv(nu) *bar_g(mu,rho)) \
+R(4/3) *asymb (bar_mft (mu,rho,nu) ,rho,nu)*bar_G(-rho,-alpha)+*bar_mfv(alpha) \
+2xbar_G(-rho, -alpha) *asymb (bar_nabla(alpha, bar_mfv(rho))*bar_g(nu,mu),rho,nu) \
-R(1/2)*bar_EPS (mu,nu, -alpha, -beta) *bar_mfa(alpha)*bar_mfv(beta))

bg_fieldEq = cancel(simplify(bg_Eq.replace_with_arrays(tensor_dict, [mu,nu]).tomatrix()))
bg_fieldEq = trigsimp(cancel (expand(bg_fieldEq.subs(dF_subs).doit())))

bg_fieldEq

0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O

2 Perturbed equations

#Define tensors:

h = st.TensorHead('h', [ST]*2)

dh_mfv = st.TensorHead('d\mathfrak{v}(h)', [ST])

dh_mfa = st.TensorHead('d\mathfrak{a}(h)', [ST])

dh_mft = st.TensorHead('d\mathfrak{t}(h)', [ST]*3)

dh_Gamma_ring = st.TensorHead('d\mathring{\overline{['}}', [ST]*3)

a = st.TensorHead('a', [ST]*2)

da_mfv = st.TensorHead('d\mathfrak{v}(a)', [ST])
da_mfa = st.TensorHead('d\mathfrak{a}(a)', [ST])
da_mft = st.TensorHead('d\mathfrak{t}(a)', [ST]*3)

#Symmetric perturbations:

h_0, h_1 = Function('h_0', real=True), Function('h_1', real=True)

H_O, H_1, H_2, K = Function('H_0', real=True), Function('H_1', real=True), Function('H_2', real=True),
—Function('K', real=True)

h_ax_02, h_ax_03

0, h_0(t,r)*sin(theta)*diff (Y_LM, theta)
h_ax_12, h_ax_13 0

, h_1(t,r)*sin(theta)*diff(Y_LM, theta)

h_pol_01 = H_1(t,r)*Y_LM
h_pol_00, h_pol_11 = H_O(t,r)*F**2xY_LM, H_2(t,r)*1/F**2*xY_LM
h_pol_22, h_pol_33 = K(t,r)*r**2xY_LM, K(t,r)*r**2+sin(theta)**2xY_LM
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h_axial = Matrix([[0,0,h_ax_02,h_ax_03],[0,0,h_ax_12,h_ax_13],[h_ax_02,h_ax_12,0,0],[h_ax_03,h_ax_13,0,0]])
h_polar = Matrix([[h_pol_00,h_pol_01,0,0],[h_pol_01,h_pol_11,0,0],[0,0,h_pol_22,0],[0,0,0,h_pol_33]1])

tensor_dict.update({h(i0,i1): h_axial+h_polar})

H = st.TensorHead('\mathcal{h}', [ST]*2)
tensor_dict.update ({H(-10,-i1): (h(rho,sigma)*bar_G(-rho,-mu)*bar_G(-sigma,-nu)).
—replace_with_arrays(tensor_dict, [-mu,-nul).applyfunc(simplify)})

h_trace = simplify((h(mu,nu)*bar_G(-mu,-nu)).replace_with_arrays(tensor_dict))

#Antisymmetric perturbations:
a_0, a_1l, a_2 = Function('a_0', real=True), Function('a_1', real=True), Function('a_2', real=True)
A_O, A_1, A_2 = Function('A_0', real=True), Function('A_1', real=True), Function('A_2', real=True)

a_ax_02, a_ax_03 = 0, a_0(t,r)+*sin(theta)*diff(Y_LM, theta)
a_ax_12, a_ax_13 = 0, a_1(t,r)+*sin(theta)*diff(Y_LM, theta)
a_ax_23 = -a_2(t,r)+*sin(theta)*Y_LM

a_pol_01 = A_O(t,r)*Y_LM
a_pol_02, a_pol_03 = A_1(t,r)*diff(Y_LM, theta), O
a_pol_12, a_pol_13 = A_2(t,r)*diff(Y_LM, theta), O

a_axial = Matrix([[0,0,a_ax_02,a_ax_03],[0,0,a_ax_12,a_ax_13],
[-a_ax_02,-a_ax_12,0,a_ax_23],[-a_ax_03,-a_ax_13,-a_ax_23,0]])

a_polar = Matrix([[0,a_pol_01,a_pol_02,a_pol_03],[-a_pol_01,0,a_pol_12,a_pol_13],
[-a_pol_02,-a_pol_12,0,0], [-a_pol_03,-a_pol_13,0,011)

tensor_dict.update({a(i0,il): a_axial+a_polar})

2.1 Defining field equations:

[11]: | %%time
#Perturbation of \mf{v}
delta_mfv_h = asymb(bar_nabla(sigma,h(mu,kappa),'TG'),sigma,mu)*bar_G(-kappa,-sigma)
delta_mfv_h = (delta_mfv_h.replace_with_arrays(tensor_dict, [mul)).subs(YLM_diff_rules).doit().
—applyfunc(cancel)

delta_mfv_a = -asymb(bar_nabla(sigma,a(mu,kappa),'TG'),sigma,mu)*bar_G(-kappa,-sigma)
delta_mfv_a = (delta_mfv_a.replace_with_arrays(tensor_dict, [mul)).subs(YLM_diff_rules).doit().
—applyfunc(cancel)

tensor_dict.update({dh_mfv(i0): delta_mfv_h, da_mfv(i0): delta_mfv_a})

#Perturbation of \mf{a}
delta_mfa_h = R(1/2)*h_trace*bar_mfa(mu)\
-R(1/6)*bar_eps (mu,nu,rho,sigma)* (bar_G(-alpha,-rho)*H(-beta,-sigma)\
+ H(-alpha,-rho)*bar_G(-beta,-sigma))*bar_T(-nu,alpha,beta)\
+R(1/6)*asymb (bar_nabla(alpha,h(beta,kappa),'TG') ,alpha,beta)*bar_EPS(mu,nu,-alpha,-beta)\
*bar_G(-kappa, -nu)
delta_mfa_h = (delta_mfa_h.replace_with_arrays(tensor_dict, [mul)).subs(YLM_diff_rules).doit().
—applyfunc(cancel)

delta_mfa_a = -R(1/6)*asymb(bar_nabla(alpha,a(beta,kappa),'TG'),alpha,beta)*bar_EPS(mu,nu,-alpha,-beta)\
*bar_G(-kappa, -nu)
delta_mfa_a = (delta_mfa_a.replace_with_arrays(tensor_dict, [mul)).subs(YLM_diff_rules).doit().
—applyfunc(cancel)

tensor_dict.update({dh_mfa(i0): delta_mfa_h, da_mfa(iO): delta_mfa_a})

#Perturbation of \mf{t}

delta_mft_h = symb(h(sigma,mu)*bar_T(-sigma,nu,rho) ,mu,nu)\
+symb (asymb (bar_nabla(nu,h(rho,mu),'TG') ,nu,rho) ,nu,mu)\
+R(1/3) * (symb (bar_mfv(mu) *h (nu,rho) ,mu,nu) - bar_mfv(rho)*h(mu,nu))\
+R(1/3)*(symb (dh_mfv(mu) *bar_g(nu,rho) ,mu,nu) - dh_mfv(rho)+*bar_g(mu,nu))
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delta_mft_h = (delta_mft_h.replace_with_arrays(tensor_dict, [mu,nu,rhol)).subs(YLM_diff_rules).doit().
—applyfunc(cancel)

delta_mft_a = -symb(asymb(bar_nabla(nu,a(rho,mu),'TG'),nu,rho),nu,mu)\
+R(1/3)* (symb (da_mfv (mu) *bar_g(nu,rho) ,mu,nu) - da_mfv(rho)*bar_g(mu,nu))
delta_mft_a = (delta_mft_a.replace_with_arrays(tensor_dict, [mu,nu,rho])).subs(YLM_diff_rules).doit().
—applyfunc(cancel)

tensor_dict.update({dh_mft(i0,i1,i2): delta_mft_h, da_mft(i0,i1,i2): delta_mft_a})

#Perturbtion of the Christoffel symbols:
delta_Gamma_ring = R(1/2)#*bar_G(-rho,-kappa)*(bar_nabla(mu,h(nu,kappa)) + bar_nabla(nu,h(mu,kappa))\
- bar_nabla(kappa,h(mu,nu)))
delta_Gamma_ring = (delta_Gamma_ring.replace_with_arrays(tensor_dict, [-rho,mu,nul)).applyfunc(cancel)

tensor_dict.update ({dh_Gamma_ring(-i0,i1,i2): delta_Gamma_ring})

CPU times: user 1Imin 27s, sys: 767 ms, total: 1min 28s
Wall time: 1min 29s

[12]:  #For checking the TEGR perturbed field equations:

dh_Riemann = st.TensorHead('d\mathcal{R}', [ST]*4)

delta_Riemann = PD(dh_Gamma_ring(-rho,nu,sigma),coord(-mu)) - PD(dh_Gamma_ring(-rho,mu,sigma),coord(-nu)) \
+ bar_Gamma_ring(-rho,mu,alpha)*dh_Gamma_ring(-alpha,nu,sigma) \
+ dh_Gamma_ring(-rho,mu,alpha)*bar_Gamma_ring(-alpha,nu,sigma) \
- bar_Gamma_ring(-rho,nu,alpha)*dh_Gamma_ring(-alpha,mu,sigma) \
- dh_Gamma_ring(-rho,nu,alpha)*bar_Gamma_ring(-alpha,mu,sigma)

delta_Riemann = delta_Riemann.replace_with_arrays(tensor_dict, [-rho,sigma,mu,nul) .applyfunc(expand)

tensor_dict.update({dh_Riemann(-i0,i1,i2,i3): delta_Riemann})

dh_Ein = (dh_Riemann(-kappa,mu,kappa,nu) \
- R(1/2)*(bar_g(mu,nu) *bar_G(-rho,-sigma)*dh_Riemann(-kappa,rho,kappa,sigma))) .
—replace_with_arrays(tensor_dict, [mu,nul]) .tomatrix()
dh_Ein = expand(dh_Ein).subs(YLM_diff_rules).doit().subs(YLM_diff_rules).doit()
dh_Ein = cancel(trigsimp(dh_Ein.subs(dF_subs).doit()))

[13]: | #For running speed:
bar_mft_hG_Gh = st.TensorHead('(h\overline{G}+\overline{G}h)\overline{\mathfrak{t}}', [ST]*3)
bg_mft_hG_Gh = (H(-nu,-alpha)*bar_G(-rho,-beta) + bar_G(-nu,-alpha)*H(-rho,-beta))*bar_mft(mu,alpha,beta)
bg_mft_hG_Gh = bg_mft_hG_Gh.replace_with_arrays(tensor_dict, [mu,-nu,-rhol).applyfunc(simplify)
tensor_dict.update ({bar_mft_hG_Gh(i0,-il,-i2): bg_mft_hG_Gh})

[14]:  %%time
#Field equations with h:
tens_Eq_TEGR_h \
= c_a*(R(1/6)*(bar_G(-rho,-alpha)*dh_mfa(alpha)*(bar_mfa(rho)*bar_g(mu,nu) + bar_mfa(mu)*bar_g(rho,nu)\
+ bar_mfa(nu) *bar_g(rho,mu) )\
+ bar_G(-rho, -alpha)*bar_mfa(alpha)* (dh_mfa(rho)*bar_g(mu,nu) + dh_mfa(mu)*bar_g(rho,nu)\
+ dh_mfa(nu) *bar_g(rho,mu))\
- H(-rho,-alpha) *bar_mfa(alpha)* (bar_mfa(rho)*bar_g(mu,nu) + bar_mfa(mu)*bar_g(rho,nu)\
+ bar_mfa(nu) *bar_g(rho,mu) )\
+ bar_G(-rho, -alpha)*bar_mfa(alpha) * (bar_mfa(rho) *h(mu,nu) + bar_mfa(mu)+*h(rho,nu)\
+ bar_mfa(nu)*h(rho,mu)))\
-R(4/9)*(bar_G(-kappa, -alpha) *bar_EPS(nu,alpha, -rho, -sigma) * (dh_mfa(kappa) *bar_mft (mu,rho,sigma)\
+ bar_mfa(kappa)*dh_mft (mu,rho,sigma))\
- bar_mfa(kappa)*bar_mft (mu,rho,sigma)* (bar_EPS(nu,alpha,-rho,-sigma)*H(-kappa,-alpha)\
- bar_EPS(nu,beta, -kappa, -sigma) *H(-beta, -rho) \
+ bar_EPS(nu,gamma, -kappa, -rho) *H(-gamma, -sigma)))\
-R(2/9)*(bar_EPS(mu,nu, -alpha, -beta) * (dh_mfa(alpha)*bar_mfv(beta) + bar_mfa(alpha)*dh_mfv(beta))\
- bar_eps(mu,nu,rho,sigma)*bar_mfa(alpha)*bar_mfv(beta)\
*(H(-rho, -alpha)*bar_G(-sigma,-beta)\
+ bar_G(-rho,-alpha)*H(-sigma,-beta)))\
-R(1/3)*(bar_EPS(mu,nu, -alpha,-beta) * (bar_nabla(alpha,dh_mfa(beta))\
- dh_Gamma_ring(-kappa,beta,alpha)+*bar_mfa(kappa))\
- bar_eps(mu,nu,rho,sigma)*bar_nabla(alpha,bar_mfa(beta))\
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*(H(-rho, -alpha) *bar_G(-sigma,-beta)\
+ bar_G(-rho,-alpha)*H(-sigma,-beta)))\
-R(1/18) *h_trace* (4*xbar_EPS(nu,alpha,-rho,-sigma)*bar_G(-kappa, -alpha)*bar_mfa(kappa)\
*bar_mft (mu,rho,sigma)\
+ bar_EPS(mu,nu,-alpha,-beta) * (2*bar_mfa(alpha) *bar_mfv(beta)\
+ 3*bar_nabla(alpha,bar_mfa(beta)))))\
+ c_t*(R(2/3)*(bar_G(-alpha,-kappa)\
*bar_g(mu,nu) * (asymb (dh_mft (alpha,beta,gamma) ,beta,gamma) *bar_MFT (kappa, -beta, -gamma) \
+ asymb(bar_MFT(alpha,-rho,-sigma) ,-rho,-sigma)*dh_mft (kappa,rho,sigma))\
- asymb(bar_mft (alpha,beta,gamma) ,beta,gamma)\
*bar_g(mu,nu) * (bar_MFT (kappa, -beta, -gamma) *H(-alpha, -kappa) \
+ bar_G(-alpha, -kappa) *bar_mft_hG_Gh(kappa, -beta, -gamma) )\
+ asymb(bar_mft (alpha,beta,gamma) ,beta,gamma)*bar_G(-alpha,-kappa)\
*bar_MFT (kappa, -beta, -gamma) *h (mu,nu))\
-R(4/3)*(asymb(dh_mft (mu,rho,sigma) ,rho,sigma)*bar_MFT(nu, -rho, -sigma)\
+ asymb(bar_MFT(mu,-alpha,-beta),-alpha,-beta)*dh_mft(nu,alpha,beta)\
- asymb(bar_mft (mu,rho,sigma),rho,sigma)*bar_mft_hG_Gh(nu,-rho,-sigma))\
+2% (bar_G(-rho,-alpha) * (asymb (bar_nabla(alpha,dh_mft (mu,nu,rho)) ,nu,rho)\
- dh_Gamma_ring(-kappa,mu,alpha)*asymb(bar_mft (kappa,nu,rho) ,nu,rho)\
- dh_Gamma_ring(-kappa,nu,alpha)*asymb(bar_mft (mu,kappa,rho) ,kappa,rho)\
- dh_Gamma_ring(-kappa,rho,alpha)*asymb(bar_mft (mu,nu,kappa) ,nu,kappa))\
- H(-rho, -alpha)*asymb(bar_nabla(alpha,bar_mft (mu,nu,rho)),nu,rho))\
-R(2/3)*(bar_G(-rho, -alpha) * (asymb (dh_mft (nu,mu,rho) ,mu,rho) *bar_mfv(alpha)\
+ asymb(bar_mft (nu,mu,rho) ,mu,rho)*dh_mfv(alpha))\
- H(-rho, -alpha) *asymb (bar_mft (nu,mu,rho) ,mu,rho) *bar_mfv(alpha))\
+R(1/2)*(bar_G(-alpha,-kappa) *bar_EPS (mu,alpha,-rho,-sigma) * (dh_mfa(kappa) *bar_mft (nu,rho,sigma)\
+ bar_mfa(kappa)*dh_mft (nu,rho,sigma))\
- bar_mfa(kappa) *bar_mft (nu,rho,sigma)* (bar _EPS (mu,alpha,-rho, -sigma) *H(-alpha, -kappa) \
- bar_EPS(mu,beta, -kappa,-sigma)*H(-beta,-rho)\
+ bar_EPS (mu,gamma, -kappa, -rho) *H(-gamma, -sigma)))\
+R(1/4)*h_trace*bar_EPS(mu,alpha,-rho,-sigma)*bar_G(-alpha,-kappa) *bar_mfa(kappa) \
*bar_mft (nu,rho,sigma))\
+ c_v*(R(1/6)*(bar_G(-rho,-alpha)*dh_mfv(alpha) * (bar_mfv(rho) *bar_g(mu,nu) + bar_mfv(mu)*bar_g(rho,nu)\
+ bar_mfv(nu) *bar_g(rho,mu) )\
+ bar_G(-rho, -alpha)*bar_mfv(alpha)* (dh_mfv(rho)*bar_g(mu,nu) + dh_mfv(mu)*bar_g(rho,nu)\
+ dh_mfv(nu) *bar_g(rho,mu))\
- H(-rho,-alpha) *bar_mfv(alpha)* (bar_mfv(rho)*bar_g(mu,nu) + bar_mfv(mu)*bar_g(rho,nu)\
+ bar_mfv(nu) *bar_g(rho,mu) )\
+ bar_G(-rho,-alpha)*bar_mfv(alpha)* (bar_mfv(rho)*h(mu,nu) + bar_mfv(mu)*h(rho,nu)\
+ bar_mfv(nu)*h(rho,mu)))\
+R(4/3)*(bar_G(-rho, -alpha) * (asymb(dh_mft (mu,rho,nu) ,rho,nu) *bar_mfv(alpha)\
+ asymb(bar_mft (mu,rho,nu) ,rho,nu)*dh_mfv(alpha))\
- H(-rho, -alpha)*asymb (bar_mft (mu,rho,nu) ,rho,nu)*bar_mfv(alpha))\
+2x (bar_G(-rho, -alpha) * (asymb(bar_nabla(alpha,dh_mfv(rho))*bar_g(nu,mu) ,rho,nu)\
- asymb(dh_Gamma_ring(-kappa,alpha,rho)*bar_g(nu,mu) ,rho,nu)*bar_mfv(kappa))\
- H(-rho, -alpha) *asymb(bar_nabla(alpha,bar_mfv(rho))*bar_g(nu,mu),rho,nu)\
+ bar_G(-rho,-alpha)*asymb(bar_nabla(alpha,bar_mfv(rho))*h(nu,mu) ,rho,nu))\
-R(1/2)*(bar_EPS(mu,nu, -alpha,-beta) *(dh_mfa(alpha)*bar_mfv(beta) + bar_mfa(alpha)*dh_mfv(beta))\
- bar_eps(mu,nu,rho,sigma)*bar_mfa(alpha)*bar_mfv(beta)\
*(H(-rho, -alpha)*bar_G(-sigma,-beta)\
+ bar_G(-rho,-alpha)*H(-sigma,-beta)))\
-R(1/4)*h_trace*bar_EPS(mu,nu,-alpha,-beta) *bar_mfa(alpha)*bar_mfv(beta))

tens_Eq_dca_h \
= dca*(R(1/6)*(bar_G(-rho,-alpha)*dh_mfa(alpha)*(bar_mfa(rho)*bar_g(mu,nu) + bar_mfa(mu)*bar_g(rho,nu)\
+ bar_mfa(nu) *bar_g(rho,mu))\
+ bar_G(-rho,-alpha)*bar_mfa(alpha)* (dh_mfa(rho) *bar_g(mu,nu) + dh_mfa(mu)*bar_g(rho,nu)\
+ dh_mfa(nu)*bar_g(rho,mu))\
- H(-rho, -alpha)*bar_mfa(alpha)* (bar_mfa(rho) *bar_g(mu,nu) + bar_mfa(mu)*bar_g(rho,nu)\
+ bar_mfa(nu) *bar_g(rho,mu) )\
- bar_G(-rho,-alpha)*bar_mfa(alpha)*(bar_mfa(rho)*h(mu,nu) + bar_mfa(mu)*h(rho,nu)\
+ bar_mfa(nu)*h(rho,mu)))\
-R(4/9)*(bar_G(-kappa, -alpha) *bar_EPS(nu,alpha,-rho, -sigma) * (dh_mfa(kappa) *bar_mft (mu,rho,sigma)\
+ bar_mfa(kappa)*dh_mft (mu,rho,sigma))\
- bar_mfa(kappa) *bar_mft (mu,rho,sigma)* (bar_EPS(nu,alpha, -rho, -sigma) *H(-kappa, -alpha)\
- bar_EPS(nu,beta,-kappa,-sigma)*H(-beta,-rho)\
+ bar_EPS(nu,gamma, -kappa, -rho) *H(-gamma, -sigma)))\
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-R(2/9) *(bar_EPS (mu,nu, -alpha, -beta) * (dh_mfa(alpha) *bar_mfv(beta) + bar_mfa(alpha)*dh_mfv(beta))\
- bar_eps(mu,nu,rho,sigma)*bar_mfa(alpha)*bar_mfv(beta)\
* (H(-rho, -alpha) *bar_G(-sigma,-beta)\
+ bar_G(-rho,-alpha)*H(-sigma,-beta)))\
-R(1/3)*(bar_EPS(mu,nu, -alpha, -beta) * (bar_nabla(alpha,dh_mfa(beta))\
+ dh_Gamma_ring(-kappa,beta,alpha)*bar_mfa(kappa))\
- bar_eps(mu,nu,rho,sigma)*bar_nabla(alpha,bar_mfa(beta))\
*(H(-rho, -alpha)*bar_G(-sigma,-beta)\
+ bar_G(-rho,-alpha) *H(-sigma,-beta)))\
-R(1/18) *h_trace*(4*bar_EPS(nu,alpha,-rho,-sigma)*bar_G(-kappa,-alpha)\
*bar_mfa(kappa) *bar_mft (mu,rho,sigma)\
+ bar_EPS(mu,nu, -alpha, -beta) * (2*bar_mfa(alpha) *bar_mfv(beta)\
+ 3*bar_nabla(alpha,bar_mfa(beta)))))

CPU times: user 1Imin 19s, sys: 535 ms, total: 1min 20s
Wall time: 1min 21s

[15]:  #Field equations with a:
tens_Eq_TEGR_a \
= c_a*(R(1/6)*(bar_G(-rho,-alpha)*da_mfa(alpha)* (bar_mfa(rho) *bar_g(mu,nu) + bar_mfa(mu)*bar_g(rho,nu)\
+ bar_mfa(nu) *bar_g(rho,mu))\
+ bar_G(-rho, -alpha)*bar_mfa(alpha) * (da_mfa(rho) *bar_g(mu,nu) + da_mfa(mu)*bar_g(rho,nu)\
+ da_mfa(nu)*bar_g(rho,mu)))\
-R(4/9)*bar_G(-kappa, -alpha) *bar_EPS(nu,alpha,-rho,-sigma)* (da_mfa(kappa) *bar_mft (mu,rho,sigma)\
+ bar_mfa(kappa)*da_mft (mu,rho,sigma))\
-R(2/9)*bar_EPS (mu,nu, -alpha,-beta)*(da_mfa(alpha)*bar_mfv(beta) + bar_mfa(alpha)*da_mfv(beta))\
-R(1/3)*bar_EPS (mu,nu, -alpha, -beta) *bar_nabla(alpha,da_mfa(beta)))\
+ c_t*(R(2/3)*bar_G(-alpha, -kappa) \
*(asymb(da_mft (alpha,beta,gamma) ,beta,gamma) *bar_MFT (kappa, -beta, -gamma) \
+ asymb(bar_MFT(alpha,-rho,-sigma),-rho,-sigma)*da_mft (kappa,rho,sigma))*bar_g(mu,nu)\
-R(4/3)*(asymb(da_mft (mu,rho,sigma) ,rho,sigma)*bar_MFT(nu,-rho,-sigma)\
+ asymb(bar_MFT(mu,-alpha,-beta) ,-alpha,-beta)*da_mft(nu,alpha,beta))\
+2*bar_G(-rho, -alpha) *asymb(bar_nabla(alpha,da_mft (mu,nu,rho)) ,nu,rho)\
-R(2/3)*bar_G(-rho,-alpha)* (asymb(da_mft (nu,mu,rho) ,mu,rho)*bar_mfv(alpha)\
+ asymb(bar_mft (nu,mu,rho) ,mu,rho)*da_mfv(alpha))\
+R(1/2)*bar_G(-alpha, -kappa) *bar_EPS(mu,alpha, -rho, -sigma) * (da_mfa(kappa) *bar_mft (nu,rho,sigma)\
+ bar_mfa(kappa)*da_mft (nu,rho,sigma)))\
+ c_v*(R(1/6)*(bar_G(-rho,-alpha)*da_mfv(alpha)* (bar_mfv(rho)*bar_g(mu,nu) + bar_mfv(mu)*bar_g(rho,nu)\
+ bar_mfv(nu) *bar_g(rho,mu) )\
+ bar_G(-rho, -alpha) *bar_mfv(alpha)* (da_mfv(rho)*bar_g(mu,nu) + da_mfv(mu)*bar_g(rho,nu)\
+ da_mfv(nu) *bar_g(rho,mu)))\
+R(4/3)*bar_G(-rho, -alpha) * (asymb(da_mft (mu,rho,nu) ,rho,nu) *bar_mfv(alpha)\
+ asymb(bar_mft (mu,rho,nu),rho,nu)*da_mfv(alpha))\
+2xbar_G(-rho, -alpha) *asymb (bar_nabla(alpha,da_mfv(rho))*bar_g(nu,mu) ,rho,nu)\
-R(1/2)*bar_EPS (mu,nu, -alpha,-beta)*(da_mfa(alpha)*bar_mfv(beta) + bar_mfa(alpha)*da_mfv(beta)))

tens_Eq_dca_a \
= dca*(R(1/6)*(bar_G(-rho,-alpha)*da_mfa(alpha)*(bar_mfa(rho)*bar_g(mu,nu) + bar_mfa(mu)*bar_g(rho,nu)\
+ bar_mfa(nu) *bar_g(rho,mu))\
+ bar_G(-rho, -alpha)*bar_mfa(alpha)* (da_mfa(rho)*bar_g(mu,nu) + da_mfa(mu)*bar_g(rho,nu)\
+ da_mfa(nu)*bar_g(rho,mu)))\
-R(4/9)*bar_G(-kappa, -alpha) *bar_EPS(nu,alpha,-rho,-sigma) * (da_mfa(kappa) *bar_mft (mu,rho,sigma)\
+ bar_mfa(kappa)*da_mft (mu,rho,sigma))\
-R(2/9) *bar_EPS (mu,nu, -alpha, -beta) * (da_mfa(alpha) *bar_mfv(beta) + bar_mfa(alpha)*da_mfv(beta))\
-R(1/3)*bar_EPS (mu,nu, -alpha, -beta) *bar_nabla(alpha,da_mfa(beta)))

2.2 Finding field equations
(16]: | %ktime

Eq_TEGR_h = tens_Eq_TEGR_h.replace_with_arrays(tensor_dict, [mu,nu]).tomatrix()
Eq_TEGR_a = tens_Eq_TEGR_a.replace_with_arrays(tensor_dict, [mu,nu]).tomatrix()

Eq_dca_h = tens_Eq_dca_h.replace_with_arrays(tensor_dict, [mu,nu]).tomatrix()
Eq_dca_a = tens_Eq_dca_a.replace_with_arrays(tensor_dict, [mu,nul]).tomatrix()

CPU times: user bmin 56s, sys: 2.76 s, total: bmin 59s
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Wall time: 6min 3s

[17]1: | %Jtime
Eq_TEGR_h = expand(Eq_TEGR_h).subs(YLM_diff_rules).doit().subs(YLM_diff_rules).doit()
Eq_TEGR_a = expand(Eq_TEGR_a) .subs(YLM_diff_rules).doit() .subs(YLM_diff_rules).doit()

Eq_dca_h = expand(Eq_dca_h).subs(YLM_diff_rules).doit().subs(YLM_diff_rules).doit()
Eq_dca_a = expand(Eq_dca_a).subs(YLM_diff_rules) .doit() .subs(YLM_diff_rules).doit ()

CPU times: user 2min 43s, sys: 1.03 s, total: 2min 44s
Wall time: 2min 46s

(18] :  %ktime
Eq_TEGR_h = cancel(trigsimp(Eq_TEGR_h.subs(dF_subs).doit()))
Eq_TEGR_a = cancel(trigsimp(Eq_TEGR_a.subs(dF_subs).doit()))
display((trigsimp(expand_trig(cancel(dh_Ein-Eq_TEGR_h))), Eq_TEGR_a))

0 0 0 O 0 0 0 O
0 0 0 O 0 0 0 O
0 0 0 0j”|j]0 0 0 O
0 0 0 O 0 0 0 O

CPU times: user 2min 42s, sys: 1.08 s, total: 2min 43s
Wall time: 2min 45s

[19]:  %ltime
Eq_dca_h = cancel(trigsimp(Eq_dca_h.subs(dF_subs).doit()))
Eq_dca_a = cancel(trigsimp(Eq_dca_a.subs(dF_subs).doit()))

CPU times: user 4min 28s, sys: 1.69 s, total: 4min 30s
Wall time: 4min 33s

[20]:  %Jtime
Eq_total = cancel(Eq_TEGR_h + Eq_TEGR_a + Eq_dca_h + Eq_dca_a)

Eq_trace = trigsimp(expand(trace(bg_G+Eq_total)))
Eq_total = cancel(Eq_total - R(1/2)*bg_g*Eq_trace)

sym_fieldEq = ones(4)
asym_fieldEq = ones(4)

ij = [(0,0),(0,1),(0,2),(0,3),(1,1),(1,2),(1,3),(2,2),(2,3),(3,3)]
for i,j in ij:

sym_fieldEq[i,j] = factor(expand(R(1/2)*(Eq_totall[i,j] + Eq_totallj,il)))
sym_fieldEq[j,i] = sym_fieldEql[i,j]

asym_fieldEq[i,j] = factor(expand(R(1/2)*(Eq_totalli,j] - Eq_totallj,i])))
asym_fieldEq[j,i] = -asym_fieldEq[i, j]

CPU times: user 1Imin 14s, sys: 470 ms, total: 1min 14s
Wall time: 1min 15s

[21]:  #Simplifying equations:
harmonic_time_dep = {h_0(t,r): h_0(r)*exp(-I*t*omega), h_1(t,r): h_1(r)*exp(-I*t*omega),
H_0(t,r): H_O(r)*exp(-I*t*omega), H_1(t,r): H_1(r)*exp(-Ixt*omega),
H_2(t,r): H_2(r)*exp(-I*t*omega), K(t,r): K(r)*exp(-I*t*omega),
a_0(t,r): a_0(r)*exp(-I*t*omega), a_1(t,r): a_1(r)*exp(-I*t*omega),
a_2(t,r): a_2(r)*exp(-Ixt*omega), A_O(t,r): A_O(r)*exp(-I*t*omega),
A_1(t,r): A_1(r)*exp(-Ixt*omega), A_2(t,r): A_2(r)*exp(-I*t+omega)}

def my_fieldeq_simplify(Eq, times=1):
#Find radial equation:
non_radial_Eq = 1
for arg in Eq.args:
if ('theta' in str(arg)) or (arg.is_rational==True) or (str(arg)=='L') or (str(arg)=='L+1'):
non_radial_Eq = arg*non_radial_Eq
new_Eq = expand(cancel (times*Eq/non_radial_Eq))
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if str((t,r)) in str(new_Eq):
newv_Eq = expand(new_Eq.subs(harmonic_time_dep) .doit () *exp(I*t*omega))

new_Eq = collect(new_Eq, {h_0(r),h_1(r),a_0(r),a_1(r),a_2(r),H_0(r),H_1(r),H_2(r) ,K(x),
A_0(r),A_1(xr),A_2(x)})

#Simplify coefficients:

Eq_coeffs = [diff(h_0(r),r,2), diff(h_0(r)), h_0(r), diff(h_1(r),r,2), diff(h_1(r)), h_1(x),
diff(a_0(r),r,2), diff(a_0(r)), a_0(r), diff(a_1(r),r,2), diff(a_1(r)), a_1(r),
diff(a_2(r),r,2), diff(a_2(r)), a_2(r), diff(H_0(r),r,2), diff(H_0(x)), H_0(x),
diff (H_1(r),r,2), diff(H_1(r)), H_1(r), diff(H_2(r),r,2), diff(H_2(r)), H_2(x),
diff (K(r),r,2), diff(K(r)), K(r), diff(A_0(r),r,2), diff(A_0(r)), A_0(x),
diff (A_1(xr),r,2), diff(A_1(r)), A_1(r), diff(A_2(r),r,2), diff(A_2(r)), A_2(r)]

for arg in Eq_coeffs:

new_Eq = new_Eq.subs(new_Eq.coeff (arg)*arg, cancel(new_Eq.coeff (arg))x*arg)

return new_Eq

Q_11 = Function('Q_{11}')(xr) #§_11 = sqrt(C_1#+2 - F*+2)
Q_12 = Function('Q_{12}')(x) #§_12 = Fx(F+diff(C_1) - C_1*diff(F))

Q_subs = {diff(C_1): (Q_12/F**2 + C_1*diff(F)/F) .subs(dF_subs),
sqrt (C_1**2-F**2): Q_11, sqrt((C_1-F)*(C_1+F)): Q_11, (C_1-F)*(C_1+F): Q_11%%2,
C_1%%2: Q_11%*2+F**x2, C_1**3: C_1*x(Q_11%*2+F**2), C_1%*5: C_1%*3*(Q_11%*2+F**2)
C_1**x7: C_1%*5x(Q_11%*2+F**2), C_1%*9: C_1#*7+(Q_11**2+F**2), C_1%*11: C_1%*x9*(Q_11**2+F*x2)}

2.3 Polar pertubed field equations

[22]:  Y%Jtime
display(Latex('Component $\delta E_{[01]1}/2$:'))
asym_fieldEq_01 = my_fieldeq_simplify(asym_fieldEq[0,1], times=R(1/2))
asym_fieldEq_01 = asym_fieldEq_01.subs(asym_fieldEq_01.coeff(A_2(r)),\
cancel (apart (asym_fieldEq_01.coeff(A_2(r)),sqrt(C_1**2-F*%*2))))
display(Math(latex(collect (my_fieldeq_simplify(asym_fieldEq_01.subs(Q_subs)),dca))+'=0."'))

display(Latex('Component $\delta E_{(12)}~{éc_a}/4$:'))
sym_fieldEq_12_dca = factor(dca*expand(sym_fieldEq[1,2]).coeff(dca,1))
sym_fieldEq_12_dca = my_fieldeq_simplify(sym_fieldEq_12_dca, times=R(1/4))
#Wirite using dE_{01}
P_3 = cancel(sym_fieldEq_12_dca.coeff (diff(A_1(r)))/asym_fieldEq_01.coeff (diff(A_1(x))))
display(Math('\delta E_{(12)}~{dc_a} - P_3(r) \delta E_{[01]} = ' \

+ latex(cancel (sym_fieldEq_12_dca - P_3*asym_fieldEq_01)) \

+ ',\gquad P_3(r) = ' + latex(factor(cancel(P_3.subs(Q_subs))))))

display(Latex('Component $\delta E_{(02)}~{dc_a}/4%:'))
sym_fieldEq_02_dca = factor(dca*expand(sym_fieldEq[0,2]).coeff (dca,1))
sym_fieldEq_02_dca = my_fieldeq_simplify(sym_fieldEq_02_dca, times=R(1/4))
#Write using dE_{01}
P_1 = cancel(sym_fieldEq_02_dca.coeff (diff (A_1(r)))/asym_fieldEq_01.coeff (diff(A_1(x))))
display(Math('\delta E_{(02)}~{dc_a} - P_1(r) \delta E_{[01]} = ' \

+ latex(cancel(sym_fieldEq_02_dca - P_l*asym_fieldEq_01)) \

+',\qquad P_1(r) = ' + latex(factor(cancel(P_1.subs(Q_subs))))))

display(Latex('(This means that $\delta E_{(12)}"{GR}=0$ and $\delta E_{(02)}~{GR}=0$.)"))

display(Latex('Component $\delta E_{[02]}/4$:'))

asym_fieldEq_02 = my_fieldeq_simplify(asym_fieldEq[0,2], times=R(1/4))

#Wirite using dE_{01}

P_4 = cancel(asym_fieldEq_02.coeff (diff(A_1(r),r,2))/asym_fieldEq_01.coeff (diff(A_1(xr),r)))

P_5 = cancel(expand(asym_fieldEq_02-(diff (P_4*asym_fieldEq_01,r).doit().subs(dF_subs))).coeff(A_1(r))/\
asym_fieldEq_01.coeff(A_1(r)))

display(Math('\delta E_{[02]} - d_r(P_4(r)\delta E_{[01]}) - P_5(r) \delta E_{[01]} = ' + \
latex(cancel (asym_fieldEq_02 - diff(P_4*asym_fieldEq_01,r).doit().subs(dF_subs) \

- P_5+asym_fieldEq_01)) \

+ ',\qquad P_4(r) = ' + latex(factor(cancel(P_4.subs(Q_subs)))) \
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+ ',\quad P_5(r)=' + latex(factor(cancel(P_5.subs(Q_subs))))))

display(Latex('Component $\delta E_{[12]}/4$:'))
asym_fieldEq_12 = my_fieldeq_simplify(asym_fieldEq[1,2], times=R(1/4))
#Write using dE_{01}
P_2 = cancel(asym_fieldEq_12.coeff(diff(A_1(r)))/asym_fieldEq_01.coeff(diff(A_1(r))))
display(Math('\delta E_{[12]} - P_2(r) \delta E_{[01]} = ' \
+ latex(cancel(asym_fieldEq_12 - P_2*asym_fieldEq_01)) \
+ ',\qquad P_2(r) = '+latex(factor(cancel(P_2.subs(Q_subs))))))

Component 6E[gy) /2:

Ao(r)  EAL) . (—iern (r)+7rQu (r) +Qu? (T)) A (1) N (—2Cq (r) + F2(r) +1) Ay (1)

R 2 rQu (r) 2r3F2(r)

Il
o

Component 5Ef§;) /4

r (T Quz2 (r) — Qii? (7))

J
oF F2(r)Qu ()

Ca
(12)

— P3(7‘)(5E[01] = 0, P3(7’) =

Component (SE%;) /4:

_ r(2C1(r) —3F*(r) +1)

55’(’5;> —Py(r)0Ey =0,  Pi(r) = 5
(This means that <5E(Gl§) =0and 5E(GO§) =0)

Component 6Egy) /4:

r(2Cy (r) = 3F%(r) +1)
2

OEjon) — dr (P4 (r)8Eo)) — Ps(r)8Ejqy) =0,  Py(r) = r*F*(r), DPs(r) = —

Component 6E[15)/4:

ir (rw Q1 (r) —irQa (r) — iQ1? (r))
F2(r) Qu (r)

CPU times: user 2min 13s, sys: 776 ms, total: 2min 13s
Wall time: 2min 18s

(SE[12] - Pz(r)éE[m] = 0, Pz(r) =

[23]: display(Latex('Component $\delta E_{(01)}/(-2i\omega)$:'))
sym_fieldEq_01 = sym_fieldEq[0,1].subs(H_2(t,r),H_0(t,r)) .doit()
sym_fieldEq_01 = my_fieldeq_simplify(sym_fieldEq_01, times=1/(-2xI*omega))
display(Math(latex(sym_fieldEq_01.subs(F**2,B))+'=0."'))

display(Latex('Component $\delta E_{(02)}"{GR}$:'))

sym_fieldEq_02_TEGR = factor(cancel(expand(sym_fieldEq[0,2]).coeff(dca,0)).subs(H_2(t,r),H_0(t,r)).doit())
sym_fieldEq_02_TEGR = my_fieldeq_simplify(sym_fieldEq_02_TEGR)
display(Math(latex(sym_fieldEq_02_TEGR.subs(F**2,B))+'=0."'))

display(Latex('Component $\delta E_{(12)}~{GR}\cdot B/2$:'))

sym_fieldEq_12_TEGR = factor(cancel(expand(sym_fieldEq[1,2]).coeff(dca,0)).subs(H_2(t,r),H_0(t,r)).doit())
sym_fieldEq_12_TEGR = my_fieldeq_simplify(sym_fieldEq_12_TEGR, times=F*x2/2)
display(Math(latex(sym_fieldEq_12_TEGR.subs(F**2,B))+'=0."))

display(Latex('Component $\delta E_{(00)}/2$:'))

sym_fieldEq_00 = sym_fieldEq[0,0].subs(H_2(t,r) ,H_0(t,r)).doit()
sym_fieldEq_00 = my_fieldeq_simplify(sym_fieldEq_00, times=R(1/2))
display(Math(latex(sym_fieldEq_00.subs(F**2,B))+'=0."))

display(Latex('Component $\delta E_{(11)}\cdot B~2/2$:'))
sym_fieldEq_11 = sym_fieldEq[1,1].subs(H_2(t,r) ,H_0(t,r)) .doit()
sym_fieldEq_11 = my_fieldeq_simplify(sym_fieldEq_11, times=F**4/2)
display(Math(latex(sym_fieldEq_11.subs(F**2,B))+'=0."'))

display(Latex('Component $\delta E_{(22)}$:'))

sym_fieldEq_22 = factor(sym_fieldEq[2,2].subs(H_2(t,r),H_0(t,r)) .doit())
sym_fieldEq_22 = my_fieldeq_simplify(sym_fieldEq_22)
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[24]:

[25]:

display(Math(latex(sym_fieldEq_22.subs(F**2,B))+'=0."'))

Component JE o) / (—2iw):

d (3B(r) —1)K(r) Ho(r) (—il>—iL)Hy(r) _
KO+ =g - Or + e =0.
Component 6E (%12{) :
i Ho (r) — iwK(r) — B(r)% Hy () + w —0.
Component zSEg’;) -B/2:
iwHy (r)  B(r)g#Ho(r) B(r)£K(r) (1=B(r)Hy(r) _
21 T R R 2r T =0

Component 6E ) /2:
C2AK() + 2B () + B0 D)+ BWBO TR (B0 2 B0) KD, 2500 H ()
(=L*B(r) = LB(r) = r*w®) Ho (r) _ 0

72 -
Component 6E 11 - B2/2:

2 2 i i —3B2(r) — A d
2B () 1y (1) + B0 Mo () — 2820 ok ¢ CRBD LI () [Z3F0) ZB0)) KU 2800 Ho )
(L?B(r) 4+ LB(r) — r?w?) Hy (r) —0

72 -
Component 6E ):
PB(r) 3K () 2k (1)~ 0B(1) o Fi 1)+ @00 + ) () CEE LB AL BN g, )

2.4 Axial perturbed field equations
%htime
sym_fieldEq_13_dca = factor(cancel(dca*expand(sym_fieldEq[1,3]).coeff(dca)))
sym_fieldEq_13_dca = my_fieldeq_simplify(sym_fieldEq_13_dca, times=R(1/4))

sym_fieldEq_03_dca = factor(cancel(dca*expand(sym_fieldEq[0,3]).coeff(dca)))
sym_fieldEq_03_dca = my_fieldeq_simplify(sym_fieldEq_03_dca, times=R(1/4))

display(Latex('We can find that'))

kappa_ax = cancel(sym_fieldEq_13_dca.coeff(diff(a_0(r)))/sym_fieldEq_03_dca.coeff(diff(a_0(r))))

display(Math('\delta E_{(13)}"{dc_a} - \kappa_{ax}\delta E_{(03)}~{dc_a} = ' \
+ latex(cancel(sym_fieldEq_13_dca-kappa_ax*sym_fieldEq_03_dca)) \
+ ',\gqquad \kappa_{ax} = ' + latex(factor(cancel(kappa_ax.subs(Q_subs))))))

display(Latex('This means that $R_{(13)}~{GR}-\kappa_{ax}R_{(03)}~{GR}=0%, \
so $R_{(13)}"{GR}=0$ and $R_{(03)}~{GR}=0$."'))

We can find that

5 5 2 (rle (r)—Qu? (7)>
SE%t — kg ESC. =0, Koy = —

(13) (03) (2Cy (r) =3F2(r) +1) F2(r) Qu ()
This means that Rﬁlg) - KQXR%; =0, s0 R(Gllg) =0and R(%lg) =0.

CPU times: user 1min 3s, sys: 152 ms, total: 1min 3s
Wall time: 1min 4s

display(Latex('Component $\delta E_{(23)}$:'))
sym_fieldEq_23 = my_fieldeq_simplify(sym_fieldEq[2,3], times=-1)
display(Math(latex(sym_fieldEq_23.subs(F**2,B))+'=0."))

display(Latex('Component $\delta E_{(13)}"{GR}$:'))

sym_fieldEq_13_TEGR = factor(cancel(expand(sym_fieldEq[1,3]).coeff(dca,0)))
sym_fieldEq_13_TEGR = my_fieldeq_simplify(sym_fieldEq_13_TEGR, times=-1)
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[26]:

display(Math(latex(sym_fieldEq_13_TEGR.subs(F**2,B))+'=0."))

display(Latex('Component $\delta E_{(03)}~{GR}$:'))
sym_fieldEq_03_TEGR = factor(cancel (expand(sym_fieldEq[0,3]).coeff(dca,0)))
sym_fieldEq_03_TEGR = my_fieldeq_simplify(sym_fieldEq_O3_TEGR)
display(Math(latex(sym_fieldEq_03_TEGR.subs(F**2,B))+'=0."))
Component E p3):
iwhg (1) d (1—B(r))hy (r)
————= +B(r)-h =" =0.
B(?’) + (7‘) dr 1(7‘) + 0
(knnponent&Eggf

iwd ho (r) ~ 2iwhg (r) (L?B(r) + LB(r) — r*w? — 2B(r)) hy (r)

B(r) vB(r) 7B(r) =0
Connponent&Eggf
. d d? 2iwB(r)hy (r)  (=L>—L—2B(r)+2)hy(r) _
iwB(r) 2t (r) + B(r) 75 ho (r) + . + = =0.
%%time

F_11, F_12, F_13, F_14, F_15 = Function('F_{11}')(r), Function('F_{12}')(r), Function('F_{13}')(x),,
—Function('F_{14}')(r), Function('F_{15}") (r)

F_21, F_22, F_23, F_24, F_25, F_26, F_27, F_28, F_29 = Function('F_{21}')(xr), Function('F_{22}"')(x),.,
<Function('F_{23}')(r), Function('F_{24}')(r), Function('F_{25}')(r), Function('F_{26}')(x),.
—Function('F_{27}')(r), Function('F_{28}')(r), Function('F_{29}') (xr)

F_31, F_32, F_33, F_34, F_35, F_36, F_37 = Function('F_{31}')(xr), Function('F_{32}")(x),,
—Function('F_{33}') (r), Function('F_{34}')(r), Function('F_{35}')(r), Function('F_{36}"')(z),.
~Function('F_{37}') (r)

F_41, F_42, F_43, F_44, F_45, F_46 = Function('F_{41}')(xr), Function('F_{42}') (r), Function('F_{43}') (r),,
<~ Function('F_{44}')(r), Function('F_{45}')(r), Function('F_{46}') (xr)

myfieldEq_values = {}
display(Latex('Component $\delta E_{(03)}~{ic_a}/4$"'))

myfieldEql = sym_fieldEq_03_dca
for func, arg in {F_11:diff(a_0(r)), F_12:a_0(r), F_13:a_1(r), F_14:h_0(r), F_15:h_1(r)}.items():
myfieldEq_values.update({func: factor(myfieldEql.coeff(arg))})
myfieldEql = myfieldEql.subs(myfieldEql.coeff (arg)*arg, funcxarg)
display(Math(latex(myfieldEq1l)))

display(Latex('Component $\delta E_{[03]1}/4$'))
asym_fieldEq_03 = my_fieldeq_simplify(asym_fieldEq[0,3], times=R(1/4))

myfieldEq2 = asym_fieldEq_03
for func, arg in {F_21:diff(a_0(r),r,2), F_22:diff(a_1(r)), F_23:a_0(r), F_24:a_1(r), F_25:a_2(r), F_26:
—diff(h_0(r)), F_27:diff(h_1(r)), F_28:h_0(r), F_29:h_1(r)}.items():
myfieldEq_values.update({func: factor(myfieldEq2.coeff (arg))})
myfieldEq2 = myfieldEq2.subs(myfieldEq2.coeff (arg)*arg, funcxarg)
display(Math(latex (myfieldEq2)))

display(Latex('Component $\delta E_{[13]1}/4$'))
asym_fieldEq_13 = my_fieldeq_simplify(asym_fieldEq[1,3], times=R(1/4))

myfieldEq3 = asym_fieldEq_13

for func, arg in {F_31:diff(a_0(r)), F_32:diff(a_2(r)), F_33:a_0(r), F_34:a_1(r), F_35:a_2(r), F_36:h_0(x),

<F_37:h_1(r)}.items():
myfieldEq_values.update ({func: factor(myfieldEq3.coeff(arg))})
myfieldEq3 = myfieldEq3.subs(myfieldEq3.coeff (arg)*arg, funcarg)
display(Math(latex(myfieldEq3)))

display(Latex('Component $\delta E_{[23]1}/4%'))
asym_fieldEq_23 = my_fieldeq_simplify(asym_fieldEq[2,3], times=R(1/4))

myfieldEq4 = asym_fieldEq_23
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for func, arg in {F_41:diff(a_2(r),r,2), F_42:diff(a_1(r)), F_43:diff(a_2(x)), F_44:a_0(x), F_45:a_1(r),,
—F_46:a_2(r)}.items():
myfieldEq_values.update({func: factor(myfieldEq4.coeff(arg))})
myfieldEq4 = myfieldEq4.subs(myfieldEq4.coeff (arg)+arg, func*arg)
display(Math(latex(myfieldEq4)))

Component 6E fgg) /4

d
F]] (1’) E

Component 6E|y3) /4

ag (1) +Fra (r) ag (r) + Fu3 (r) a1 (r) + Fia (r) ho (r) + Fu5 (r) hy (7)

2
F»1 (1’)% ag (7’) + Foo (7)% a (1’) + Fo3 (1’) ap (1’) + Foy (7’) a (T) + Fo5 (1’) ap (1’) + Fog (1’)% hg (1’) + Fpy (1’)% hy (7) + Fog (7’) hg (1’) -+
Fao (r) hy (r)
Component 6E[;3)/4

% a0 (r) + Fs2 (r)% a2 () + Fas (1) a0 (r) + Faa (r) a1 (r) + Fas (r) a2 (r) + Fa (r) ho (r) + Fay () ha (r)

Component 6E 3 /4

F31 (1)

F41 (I’);L:Z ap (7’) + F42 (7’)% ai (7‘) + F43 (1’)% ap (1’) + F44 (7‘) ag (7‘) -+ F45 (1’) ap (7‘) + F46 (1’) ap (7‘)

CPU times: user 8min 22s, sys: 2.32 s, total: 8min 24s
Wall time: 8min 30s

[27]: Q_myfieldEq_values = {}

for func, val in myfieldEq_values.items():
new_val = cancel(cancel(val).subs(Q_subs).doit().subs(dF_subs))
new_val = factor(cancel(new_val.subs(Q_subs)))
Q_myfieldEq_values.update({func: new_val})

for func in [F_12, F_14]:
Q_myfieldEq_values.update ({func: factor(Q_myfieldEq_values[func].subs(Q_11**2,C_1**2-F*%2))})

[28]: al_from_Eql = solve(myfieldEql, a_1(r))[0]

myfieldEq2_subs = collect(expand(myfieldEq2.subs(a_1(r), al_from_Eql).doit()),{a_0(r),a_2(r),h_0(r),h_1(r)})
for arg in [diff(a_0(r),r,2),diff(a_0(r)),diff(h_0(r)),diff(h_1(r))]:
myfieldEq2_subs = myfieldEq2_subs.subs(myfieldEq2_subs.coeff (arg)*arg, \
arg*cancel (myfieldEq2_subs.coeff (arg) . subs (myfieldEq_values) .doit () .subs(dF_subs)))

a2_from_Eq2 = solve(myfieldEq2_subs, a_2(r)) [0]

myfieldEq3_subs = collect(expand(myfieldEq3.subs(a_1(r), al_from_Eql).subs(a_2(r), a2_from_Eq2).doit()),
{a_0(r),h_0(x),h_1(x)})
for arg in [diff(h_0(r),r,2),diff(h_1(r),r,2),diff(h_0(r)),diff(h_1(r))]:
myfieldEq3_subs = myfieldEq3_subs.subs (myfieldEq3_subs.coeff (arg)*arg, \
arg*cancel (myfieldEq3_subs.coeff (arg) . subs (myfieldEq_values) .doit () .subs(dF_subs)))

[29]:  Y%%time
M_1, M_2, M_3, M_4 = Function('M_1')(r), Function('M_2')(r), Function('M_3')(r), Function('M_4"') (r)
M_funcs = {}

for func, arg in {M_1:diff(a_0(r)), M_2:a_0(r), M_3:h_0(r), M_4:h_1(r)}.items():
Mi_top, Mi_bottom = fraction(together (myfieldEq3_subs.coeff (arg) .subs(myfieldEq_values).doit()))
#Bottom:
Mi_bottom = expand(expand(expand(Mi_bottom.subs(Q_subs)) .subs(Q_subs)) .subs(Q_subs))
#Top:
Mi_top = expand(expand(Mi_top.subs(Q_subs) .doit()).subs(Q_subs))
Mi_top = expand(Mi_top.subs(dF_subs) .doit() .subs(dF_subs))
Mi_top = expand(expand(Mi_top.subs(Q_subs).doit()).subs(Q_subs))

M_funcs.update({func: together(Mi_top/Mi_bottom)})
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CPU times: user 10min 42s, sys: 5.42 s, total: 10min 47s
Wall time: 11min 6s

[30]: M_funcs[M_1] = factor(cancel(M_funcs[M_1]))

P = Function('P')(x) #P = I*r*omega*{_11 - 7+{_12 - {_11%*2
#Change to P = I*r¥omegax{_11 + r*{_12 - {_11%*2 4f C_1 < 0

M2_top=expand (fraction(M_funcs[M_2]) [0].subs(Q_12, - (P-I*r*omega*Q_11+Q_11%*2)/r))
M2_bot=factor (fraction(M_funcs[M_2]) [1].subs(Q_12,- (P-I*r*omega*Q_11+Q_11%%2)/r)) .subs(Q_11%*2,C_1**2-F**2)

new_M2 = 0

for i in range(5):
M2_top_Pi = factor(factor(factor(M2_top.coeff(P,i)*P**i).subs(Q_11,sqrt(C_1**2-F**2))) .subs(Q_subs))
new_M2 += factor(M2_top_Pi/M2_bot)

M_funcs[M_2] = new_M2
M_funcs[M_3] = factor(cancel(factor(cancel(M_funcs[M_3])).subs(Q_11**2, C_1**2-F**2)).subs(Q_subs))
M_funcs[M_4] = factor(cancel(M_funcs([M_4]))

display(Math(latex(M_1)+'= '+latex(M_funcs[M_11)))
display(Math(latex(M_2)+'= '+latex(M_funcs[M_2])))
display(Math(latex(M_3)+'= '+latex(M_funcs[M_3])))
display(Math(latex(M_4)+'= '+latex(M_funcs[M_41)))

Loc, (L+1) (rle (r) —Qu? (r))
7 (rw +2iQu (1) (rw Qu1 (r) +irQuz (r) +iQu1? (”))
Lécg (L+1) (2C1 (r) = FA(r) =1) Qu (r) _ iLdca (L+1) (4rw Cy (r) = 2rwF?(r) +6iCy (r) Qui (r) — iF3(r) Qui (r) —iQui (1))

M, (r) = — 2r2F2(r)P(r) r2 (rw +2iQu (r))* F2(r)
2Léc, (L+1) Cq (r)P(r)

r2 (rw + 2i Qqq (r))z F2(r) Qq1 (r)
iLdcq (L+1) (2Cy (r) — 3F2(r) +1) Qn (1)
2r2 (TWQU( ) +irQuz (r) +iQu? (r)) F2(r

M1 (T) =

+

M3 (1’) = -

iLécy (L+1) (7 Quz2 () — Qi ( )

M J—
4 (1’) r2 (rw Q“ (7’) + ii‘Q]z (V) + lQ]] (V))

[31]: aO_from_Eq3 = dsolve(M_1*diff(a_0(r))+M_2*a_0(r)+M_3*h_0(r)+M_4xh_1(r), a_0(r),
hint='almost_linear_Integral')
display(aO_from_Eq3)

ag (r) = C1+/ (=M; (r) ho (r) *1\1/\[?4(5;)111 ()¢ M0 ar | e I

[32]: aO_for_ClequalsF = myfieldEq3_subs
for func, arg in {M_1:diff(a_0(r)), M_2:a_0(r), M_3:h_0(r), M_4:h_1(r)}.items():
new_coeff = factor(M_funcs[func].subs(P,I*r+omega*Q_11 + r*Q_12 - Q_11%*2).subs(Q_12,0))
new_coeff = factor(new_coeff.subs(Q_11,0))
a0_for_ClequalsF = aO_for_ClequalsF.subs(a0_for_ClequalsF.coeff (arg)*arg, new_coeff*arg)
a0_for_ClequalsF = solve(aO_for_ClequalsF,a_0(r)) [0]

display(Latex('If $C_1=F$, then'))

display(Math('a_O='+latex(a0_for_ClequalsF)))

al_for_ClequalsF = together (expand(al_from_Eql.subs(Q_myfieldEq_values).subs(Q_12,0).doit()))
al_for_ClequalsF = factor(al_for_ClequalsF.subs(Q_11,0).doit())

al_for_ClequalsF = factor(al_for_ClequalsF.subs(a_0(r),a0_for_ClequalsF).subs(C_1,F).doit().subs(dF_subs))
display(Math('a_1='+latex(al_for_ClequalsF)))

a2_for_ClequalsF = together (expand(a2_from_Eq2.subs(Q_myfieldEq_values).subs(Q_12,0).doit()))
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a2_for_ClequalsF = factor(a2_for_ClequalsF.subs(Q_11,0).doit())
a2_for_ClequalsF = factor(a2_for_ClequalsF.subs(a_0(r),a0_for_ClequalsF).subs(C_1,F).doit() .subs(dF_subs))
display(Math('a_2='+latex(a2_for_ClequalsF)))

If Cy = F, then

ap = 71’10 (1’)

i (FF(r) & o (r) = 2F(r)ho () + 2o (7))
h=- rwF(r)

L (L+1)ho (1)
a; = 7#

63



Lihtlitsents loputoo reprodutseerimiseks ja

uldsusele kattesaadavaks tegemiseks

Mina, Helen Asukiila,
1. annan Tartu Ulikoolile tasuta loa (lihtlitsentsi) minu loodud teose

Quasinormal modes of Schwarzschild black holes in 1-parameter New General

Relativity,

mille juhendajad on Manuel Hohmann, PhD, Christian Pfeifer, PhD ja Jodao Luis
Rosa, PhD, reprodutseerimiseks eesmargiga seda siilitada, sealhulgaslisada digitaalarhiivi

DSpace kuni autoridiguse kehtivuse 10ppemiseni.

2. Annan Tartu Ulikoolile loa teha punktis 1 nimetatud teos iildsusele kittesaadavaks Tartu
Ulikooli veebikeskkonna, sealhulgas digitaalarhiivi DSpace kaudu Creative Commonsi
litsentsiga CC BY NC ND 3.0, mis lubab autorile viidates teost reprodutseerida, levitada
ja iildsusele suunata ning keelab luua tuletatud teost ja kasutada teost drieesmargil, kuni

autoridiguse kehtivuse 16ppemiseni.
3. Olen teadlik, et punktides 1 ja 2 nimetatud digused jdédvad alles ka autorile.

4. Kinnitan, et lihtlitsentsi andmisega ei riku ma teiste isikute intellektuaalomandi ega

isikuandmete kaitse digusaktidest tulenevaid digusi.

Helen Asukiila
3. juuni 2021. a.



	Introduction
	Ringdown and quasinormal modes
	Quasinormal modes in General Relativity
	Linear perturbation theory
	Perturbed field equations
	Quasinormal frequencies

	Quasinormal modes in New General Relativity
	Expanding to linear perturbations
	Calculating with SymPy in Jupyter Notebook
	Finding the background field equations
	Finding the perturbed field equations
	Axial perturbed equations
	Polar perturbed equations

	Results and discussion

	Summary
	Acknowledgements
	Bibliography
	Components of v, a and t
	Equation coefficients Fij(r)
	SymPy code in Jupyter Notebook
	Lihtlitsents

