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Introduction

The research field of this master’s thesis is functional analysis. In the thesis,
we study sequence spaces and certain nuclear and compact operators defined
by them.

The theory of nuclear operators was created by Grothendieck in 1953
when he first described p-nuclear operators (0 < p < 1). In the 1970s,
Pietsch presented the definition of (7, p, ¢)-nuclear operators and developed
their theory, among other things proving that they form a quasi-Banach
operator ideal.

In the year 2002 Sinha and Karn introduced p-compact operators [SK02.
This was followed by studies about p-compact operators by many authors. In
[ALO12|, published in 2012, Ain, Lillemets and Oja showed that p-compact
operators can be studied in the context of previously known theory of nu-
clear operators, because the class of p-compact operators is (in the sense of
quasi-Banach operator ideals) equal to the surjective hull of (p, 1, p)-nuclear
operators, meaning K, = (1) This was also shown by Pietsch in 2104
[Piel4].

In 1970, M. S. Ramanujan introduced A-nuclear operators (for a sequence
space A C /o) as an extension of p-nuclear operators [Ram70|. In 2013, Bhar
and Gupta, introduced A-compact operators [GB13]. In 2017, Bhar and Karn
[BK18] proved that the dual of the operator ideal of A-compact operators
K¢ ={T : T* € K,} is (in the sense of quasi-Banach operator ideals) equal
to the injective hull of A-nuclear operators, meaning K¢ = N, ;nj. Therefore,
K¢ is a quasi-Banachi operator ideal. So far, it has not been known, whether
ICy is a quasi-Banachi operator ideal.

These results give a reason to ask, if there exist sequence spaces (A, u, V)
such that for suitably defined (A, u, v)-nuclear operators, the equality IC) =

v - would hold.

(A psv)
This thesis consists of four sections. In the first section we present prelim-

inaries about topological vector spaces, operator ideals and sequence spaces.
In the second part, we introduce (A, u, v)-nuclear operators and shown that
they form a quasi-Banach operator ideal. In the third section we present the

factoring of nuclear operators.



In the last section we introduce (A, p1)-compact operators extending both
(p, r)-compact operators introduced by Ain, Lillemets and Oja [ALO12| and
A-compact operators introduced by Bhar and Gupta [GB13]. We will show
that (A, pu)-compact operators are (in the sense of quasi-Banach operator
ideals) equal to the surjective hull of certain nuclear operators defined by a
triplet of sequence spaces (\, pt, o). This enables us to represent A-compact
operators as the surjective hull of a certain quasi-Banach operator ideal (fol-
lowing the ideas of [ALO12| and [Piel4]). This, in particular, yields that
A-compact operators themselves form a quasi-Banach operator ideal given
some modest requirements on the sequence space .

We consider vector spaces over a field K, which denotes either the field
of real numbers R or complex numbers C. Given vector spaces X and Y,
we denote by L(X,Y’) the collection of all linear operators from X to Y. If
X and Y are topological vector spaces, then £(X,Y) denotes the space of
all continuous and linear operators from X to Y. Symbol Ix denotes the
identity operator of a vector space X. By By we denote the closed unit ball
of a normed or quasi-normed space X. The dual space of X is denoted by
X*.



1 Preliminaries

We will assume that the reader is familiar with the main definitions and
results from the theories of functional analysis and topological vector spaces.
We will, however, recall some particular facts and definitions from them. In

the last subsection we will touch on the basics about general sequence spaces.

1.1 About topological vector spaces

In this section we present some definitions about topological vector spaces
that we will use in the following sections. These and other definitions about
topological vector spaces can be found in [Koe69]. By R* we denote the set

of all non-negative real numbers.

Definition 1.1. Let X be a vector space. A mapping q : X — RT is a

quasi-norm, if
1. q(z) =0= 2 =0 for each z € X,
2. q(kx) = |k|q(x) for each k € K,z € X (absolute homogeneity),

3. there exists a constant sc > 1 such that ¢(x + y) < s(q(x) + q(y)) for
each z,y € X.

A quasi-normed space is a vector space equipped with a quasi-norm. An

extensive outline about quasi-normed spaces can be found in [KPR84].

Definition 1.2. Let X be a topological vector space and z* € X*. Then a
functional p,« : X — R, defined as

per () = |2°(2)], © € X,

is a seminorm. The weak topology (denoted by w) on X is the locally convex
topology defined by all the seminorms p,«, x* € X*. This means that the

base of neighbourhoods of zero is

B = {Us,x{,...,x;

e>0,x27,...,27 € X* neN}

where

Ueat,ar, = 17 € X| sup pe:(7) < e}
1<i<n



The weak-* topology for the dual space X* (denoted by w*) is defined in
a dual way, using seminorms p,, instead of p,-, defined as p,(z*) = |z*(z)|,
for all z* € X*.

Definition 1.3. A Fréchet space is a complete metrizable locally convex

space.

Proposition 1.4 (|[Con85, Chapter IV, Prop 2.1|). A locally convex space is
a Fréchet space if and only if its topology is defined by a countable family of

SEMINOTmMS.

1.2 About operator ideals

In this section we present some notions from the theory of operator ideals.
We use the definitons and notations from the extensive monograph [Pie80|
and article [Ste80|. Let £ denote the class of all linear continuous operators
between any two Banach spaces. In the following definitions, X, Y, W,V run

through the class of all Banach spaces.

Definition 1.5. An operator ideal is a subclass A of class £ such that its
components A(X,Y) := AN L(X,Y) satisfy the following conditions:

1. Ix € AK,K).
2. If Sl,SQ S A(X, Y), then Sl + SQ € A(X, Y)
3. UT e LW, X), Se AX,Y)and R € L(Y,V), then RST € A(W,V).

Definition 1.6. Let A be an operator ideal. A mapping A : A — R* is a

quasi-norm (on an operator ideal) if:
1. A(Ix) = 1.
2. There exists a constant s > 1 such that
A(S) + S2) < #[A(S1) + A(S2)] VS5 € A(X,Y).
3. UT e LW, X), Se AX,Y) and R € L(Y,V), then
A(RST) < [|[R[ AT
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In that case (A, A) is a quasi-normed operator ideal.

Definition 1.7. A quasi-Banach operator ideal (A, A) is an operator
ideal A equipped with a quasi-norm A, such that all quasi-normed spaces
(A(X,Y), A) are complete.

Definition 1.8. The natural surjection Qx : ¢1(Bx) — X is defined as

QX(aa:)a:GBX - Z AT, (ax)wGBX € gl(BX)
$EBX
Definition 1.9. The surjective hull of an operator ideal A is A" and its
components are A5(X,Y) ={T € L(X,Y) : TQx € A({1(Bx),Y)}.

Definition 1.10. An operator ideal A is surjective if A = A",

We also recall the description of the surjective hull from [Ste80].

Proposition 1.11 ([Ste80]). The surjective hull A*™ of an operator ideal A
is the class of operators T which are subject to an inclusion T'(Bx) C S(Bz),
operator S being an operator of type A, say S € A(Z,Y), T € L(X,Y).

Definition 1.12. Let (A, A) be a quasi-normed operator ideal. Then
A(T) = A(TQx) for any T € A(X,Y) and (A™™, A°™) is the surjective
hull of (A, A).

Proposition 1.13 (|Pie80, Prop. 8.5.2|). Let (A, A) be a quasi-Banach

operator ideal. Then (A", AS) is a quasi-Banach operator ideal.

1.3 Sequence spaces

In this section we present some definitions and results about sequence spaces.
Terminology presented in this section is based on [Ruckle|.

Given a vector space X, we denote by X™ the vector space of all sequences
in X, that is the vector space of all functions from N to X. We will inter-
changingly denote the elements of X~ as 7 = (z,) = (2,,)n, where z,, € X
for every n € N. Given 7 € K" and 7 € XV, the pointwise multiplication
is denoted by Ty = (z,4,) € X~. By a sequence space we mean a vector

subspace of KV,



Given N C N, we denote by xy the characteristic function of N and
put Xm = X{mm+1,.} for m € N. By e we denote the sequence e := xy =
(1,1,1,...). By e, we denote the n-th coordinate sequence, namely e, :=
Xy = (0,...,0,1,0,...).

-

n

Given two subsets A, B C K, the product set is denoted by AB =
A-B:={7y : 7 € A, y € B}. In the following we would like to relate
the product of two quasi-normed sequence spaces to another one. Since
the product of two sequence spaces may fail to be a sequence space, it will
be convenient, for this relation, to consider a wider class of subsets of KW,
which is closed under taking product: class of sets, which are closed under
multiplication by a scalar. Let us denote this class by S. Namely, & =
{kA: k € K,A C KN}, Given two sets A, B € S, equipped by absolutely

homogeneous functions p and ¢, respectively,
e put (A,p) < (B,q),if AC B and p(T) > ¢q(7) for all T € A;

e denote (A,p) - (B,q) = (AB,pq) with pq(¢) := inf p(Z)q(y), where

infimum ranges over all representations ¢ = Ty with T € A and 7 € B.

Note that it is easy to verify that pq above is absolutely homogeneous on
AB € S.

Some of the properties usually defined for sequence spaces are also of
use in a more general context of vector sequence spaces. Let us present the

definitions in this context. In the following, let X denote a Banach space.

Definition 1.14. A vector sequence space a(X) is a vector subspace of X

for some Banach space X.

In case when X = K then a vector sequence space a(K) is a sequence

space «.

Definition 1.15. Given a vector sequence T € X~ and N C N, the N-section
of T is defined as Sy(T) := xy -7 € X™.

The usual pointwise order < on RY induces a preorder on XV via the

mapping js : T+ || - || o Z.



Definition 1.16. A vector sequence space a(X) C XM is solid (or normal)
if 7 € a(X) whenever 7 € X" and there exists T € a(X) such that || - || o7 <
|- [lew.

Definition 1.17. A vector sequence space a(X) C XV is monotone (or

sectionally reqular) if Sy(T) € a(X) for every T € a(X) and N C N.

Definition 1.18. A vector sequence space (X ) C XV is symmetric if Tomw €

a(X) for every T € a(X) and every permutation 7 of N.

Definition 1.19. A sequence space A C K" with the property that the
topology of \ is equal or finer than the pointwise topology on KN is a K-

space.

If X\ is a K-space, then for each n € N the coordinate functional e} : A\ —

K, defined by €} (Z) = z,, is continuous, meaning e’ € \*.
Definition 1.20. A Fréchet space that is also a K-space is an FK-space.
The description of Fréchet spaces is in Proposition 1.4 provides the fol-

lowing example.

Ezxample 1.21. The sequence space K, equipped with the topology of point-

wise convergence, is an FK-space.

Definition 1.22. A Banach sequence space that is also a K-space is a BK-

space.

Definition 1.23. A K-space a(X) with the property that for all 7 € «(X)
and for all n € N, we have X112, -7 € a(X) and lim,, o0 X120} T =T

(which is equivalent to lim,, o, X, - T = 0) for all T € a(X) is an AK-space.

Definition 1.24. The Koethe dual (or cross-dual) of a sequence space A is

)\X:{EEKN:Z|an:cn\<oo V&E)\}.

n=1

Definition 1.25. A quasi-norm ¢ on a vector sequence space a(X) C XV is

monotone if q(7) < q(T) whenever Z,7 € a(X) are such that ||-[[o7 < ||| oZ.
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Definition 1.26. A quasi-norm ¢ on a symmetric vector sequence space
a(X) c XN is K-symmetric if ¢(T o w) = q(T) for any T € o(X) and any

permutation 7 of N.

In the following, by #(X) C XY we denote the sequence space of all

sequences with finitely many non-zero coordinates. If X = K, then
¢ = span{e, € K" :n € N}.

Lemma 1.27. If a sequence space \ is monotone, symmetric and non-zero,
then ¢ C .

Proof. Let A be monotone, symmetric and non-zero. To see that ¢ C A, it is
enough to show that for all n € N we have e,, € A. Let n € Nand let ¥ € A be
such that T # 0. Thus exists ¢ € N such that x; # 0. Therefore (1/2;)T € A
is a sequence with element 1 at the ¢-th position. Since A is monotone, we
can "make all other elements zero" in this sequence, so we have e; € \. Since
A is symmetric, we can "arrange" this element 1 in the sequence e; to any

position, by some permutation. Therefore for all n € N we have e,, € A\. [

We need the following lemma about a property of monotone and sym-
metric vector sequence space. For any vector sequence T = (x,,) we denote

1T = (21,0, 29,0, 23,0,...) and jo& := (0, 21,0, 22,0, 23,0, ...).

Lemma 1.28. If a vector sequence space A(X) is monotone and symmetric,
then 11T + joy € M(X) for any T,7 € A\(X).

Proof. Let a vector sequence space A(X) be monotone and symmetric and
let Z, y € A(X). Since A(X) is monotone, we have

7' = (21,0,23,0,...),7% = (0,29,0,24,...) € M(X).
We define 7, w9, permutations of N, as follows:
2n — 1, ifn=2k+1ke NU{0},
2, if n =2,

m(n—2)+1, ifn=2kkeN\{l},n+1%#0 (mod 3),
m(n —2)+2, ifn=2kkeN\{l},n+1=0 (mod 3),

7T1(7”L) =

\

11



(on — 1, ifn =2k keN,

1, ifn=1,

ma(n —2) + 1, ifn=2k+1,keN,n+120 (mod 3),
(m2(n—2)+2, ifn=2k+1ke€N,n+1=0 (mod 3).

mo(n) = 4

Since the vector sequence space A(X) is symmetric, we have

7' om = (21,0,0,0,23,0,0,0,z5,...) € A(X),
f2077-2 = (0707372707070737470707073767"') € )‘<X)

and therefore T' o m; + T' o my = 517 € A(X). Analogously j,5 € A\(X) and
in conclusion j;T + jo27 € A\(X). ]

Definition 1.29. Let X be a Banach space and let ¢ be a quasi-norm on
a vector sequence space a(X). We shall call quasi-norm ¢ normalized if
d(X) C a(X) and ¢((x,0,0,...)) = ||z|| for any = € X.

1.3.1 Weak sequence spaces

Let X be a Banach space. There is a natural injection j,, from X% into the
space L(X*, KY) of linear operators between X* and KY: given T = (,) €
XN put

(JuZ)(z*) = 2" oT = (2" (x,)) for all x* € X*.

Note that j, is an injection because X* separates points of X, which
means that for each € X \ {0} there is a linear functional in X* that is

non-zero on x. It is straightforward to verify that the following lemma holds.

Lemma 1.30. Every operator in jw(XN) 1s continuous as an operator be-
tween locally convex spaces (X*,w*) and KN (the latter with the usual point-

wise topology).
Corollary 1.31. Every operator in j,,(XY) has the closed graph.
This is connected to the application of the closed graph theorem below.

Definition 1.32. Let A C K" be a sequence space equipped with a linear
topology. The weak sequence space S\w(X) is defined as j ![£(X*,\)] € XN

12



Therefore, 7 € A¥(X) means that 5,7 € £(X*, A). If A is a quasi-normed
sequence space, then the inclusion j,(A*(X)) C £(X*,)\) defines a natural
quasi-norm on \*(X) by ||Zllw = [[ju(@)|| for all T € A*(X). If X is a

BK-space, then this inclusion defines a natural complete norm on A*(X).

Definition 1.33. Let A C K" be a sequence space. The weak sequence space
AY(X) is defined as j'[L(X*,\)] € XN,

Therefore, T € \*(X) means that for all z* € X* we have (z*(x,)) € A.
If X\ is a topological vector space, when can we assume that every ele-
ment of j,(A¥(X)) is continuous? We will use a version of the closed graph

theorem.

Theorem 1.34 (|Tre95, p 173]). A linear operator from a barrelled space to

a Fréchet space is continuous whenever it has the closed graph.

Definition of a barrelled space and other notions about topological vector
spaces not presented in this paper can be found from [[Koe69, chapter 27||.
A Banach space is also a barrelled space.

So in order to ensure that every element of 7, (A" (X)) is continuous we
need that

e )\ is a K-space (then the graph of every element of j,(A\* (X)) is closed)
e )\ is a Fréchet space.

Therefore, if A is an FK-space, then by Theorem 1.34 we have
Jw(AY(X)) C L(X*,N).

The arguments above say that A\*(X) = A*(X) whenever X is an FK-
space.

On the other hand, if A does not have a topology, then A\*(X) is still
always a special case of S\W(X ) if we equip A with the subspace topology of
KN,

Similarly to the above, one can define an injection j,- : (X*)N —

L(X,KY) by

(G T) (@) = (2(2)) = jx(z) 0T

13



for 7* = (z7) € (X*)Y and z € X, because X separates points of X*. Here,
Jx : X — X* is the natural embedding defined as

(jx(x) (@) = 2" (x) Va*e X*

for each # € X. Again, elements of j,-((X*)Y) are continuous, when consid-

ered as operators from (X, w) to K.

Definition 1.35. Let A C K" be a sequence space. The weak-* sequence
space AV (X*) is defined as j [L(X,\)] € (X*)N.

Therefore, T8 € A\* (X*) means that for all z € X we have (2% (z)) =
jX (SL’) oT* €\
Definition 1.36. Let A\ C K" be a sequence space equipped with a linear

topology. The weak-* sequence space X" (X*) is defined as j,![£(X, \)]

The inclusion j,-A"" (X*) := £(X, \) defines a quasi-norm on \*"(X*) if
X is quasi-normed, defined as ||Z]+ = ||ju+(T)|| for all T € A*"(X). If X is
an FK-space, then \*"(X*) = A%" (X*).

Lemma 1.37. If X is reflexive, then the spaces \(X*) and \*" (X*) coin-
cide.

Proof. Space X is reflexive when jx(X) = X**. Let 78 € A*(X*). This
means that j,z° € L(X**,\), meaning that for all z** € X** we have
(& () € A

To get T € A" (X*), we need to have that j,-Z* € L(X,\), meaning
that jx(z) oZ* € XA would hold for all x € X.

Since jx(X) = X**, then for every z € X exists ™ € X** such that
jx(z) = . Thus we can see that T* € A*" (X*) and \¥(X*) = \¥" (X*). O

We will present a proof for a well known fact that £i/(X*) = (2" (X*) for
any 1 < p < oo. It is easy to see using Goldstine theorem. By Cl, A we
denote the closure of A in weak-* topology.

Theorem 1.38 (Goldstine). Let X be a Banach space. Then the image of

Bx under the natural embedding is weak-* dense in Bx«, meaning By« C
Cly jx(Bx).

14



Lemma 1.39. Let 1 < p < oco. Then (¥(X*) = (2" (X*) for any dual space
X

Proof. Let us show it for 1 < p < oo. For the case p = oo some small
modifications need to be made.

Assume T+ € (" (X*). It means that for any « € X one has (2} (z))n € £,
*l w* = ||]w*f*||

For us, it is enough to show that for any z** € By« one has (z**(z%)),, €
¢,, that is, there exists M > 0 such that for all N € N,

and moreover ||(x}(2))n|le, < || z||. Here, ||7*|

w*

N
Sl @)l < M.
=1

By Goldstine’s theorem By« C Cl,« jx(Bx). Thus for every N € N and
for every e > 0 we can find x € Bx such that |2 (z}) — a}(z)| < ¢/N? for
all © < N. By using inequality

ja+ b < 277 (|al” + [b]")
that holds for p > 1, we can arrange so that
|2 (@7) P < 227 (|27 (@) + (/N?)P).

Thus, we can see that

Dl (@ < 27! (lef(ﬂf)lp + (E/N)p> <27 (7" [l + (¢/N))

=1 i=1

which is enough. [

However, if we look at coordinate functionals e, then e* € ¢ (cf)\c¥ ().
It is easy to see that &* € c¥"(c})), meaning j,~e* € L(cp, cp), because j-€* =
I.,. To see that e* ¢ cf(cf), meaning j,€* ¢ L({x, co), it is enough to notice
that for e € {, we have (j,€%)(e) = e & .

If \ is a K-space, then it always holds that e € A" ()\*), meaning that
" = I € L(\, ).

15



1.3.2 Strong sequence spaces

Definition 1.40. Let A be a sequence space. The strong sequence space is
defined as
N(X) :={Z = (z,) € X" (J|2,]|) € A}

This may fail to be a vector space unless A is solid. If a solid sequence
space A is equipped with the norm || - ||, then ||Z||s = ||(||zx||)|| defines a norm
on A*(X) whenever the original norm || - || on A is monotone.

It is well known and easy to verify that ¢5_(X) and ¢% (X) coincide. If
X = Y* is a dual space, then these spaces also coincide with % (Y*), as

discussed in the previous section.

1.3.3 Sequence systems

In the following we will need similar properties of two slightly different types
of nuclear operators defined by a triplet of sequence spaces. For this, it is

convenient to introduce the following general definition.

Definition 1.41. By a sequence system « we mean a rule that for every
Banach space X fixes a linear subspace a(X) of XY such that for every
T = (x,) € a(X), for every Banach space Y and for every T' € L(X,Y) one
has T o7 = (Tz,) € a(Y).

Definition 1.42. By a w*-sequence system o we mean a rule that for every
dual Banach space X* fixes a linear subspace a(X*) of (X*)N such that for

every T5 = (zf) € «(X™), for every Banach space Y and for every T €
L(Y,X) one has T* o T* = (T*z}) € a(Y™).

Note that every sequence system is, in particular, also a w*-sequence

system.

Example 1.43. If X is equipped with a linear topology, then also s a
sequence system and A s a w*-sequence system. We explain why the
first claim holds. Indeed, from T € A(X) and T € L(X,Y) follows that
(T'z,) € A(Y). Thus for every y* € Y* we have (y*(T'z,)), € A. Therefore
Jol(Tz,)] € L(Y*,\), meaning (Tz,) € A*(Y).

16



Ezample 1.44. Given a sequence space A, both \* : X +— A¥(X) and \* :
X +— A(X) (assuming that X is solid) are sequence systems and A" : X*
AV (X*) is a w*-sequence system. We explain why the claim for A* holds.
Indeed, from T € A\(X) we have (||z,||), € A. Since A is solid, it follows from
Tz, |l < ||T||||zn| that (||Tx,]) € A\. Thus, (Tx,) € A*(Y).

Let X be a Banach space and let ¢ be a quasi-norm on a vector sequence

space a(X).

Definition 1.45. We say that a sequence system (w*-sequence system) «
is quasi-normed, if for all Banach spaces X the vector sequence space a(X)
(a(X™)) is equipped with a quasi-norm ¢ such that for every Banach space
Y, every operator T' € L(X,Y) (R € L(Y, X)) and every T € a(X) (T* €
a(X*)), one has (T 07) < |[Ta(z) (R 0 7) < | Rlq(")).

Given any property P introduced for (quasi-normed) vector sequence
spaces, we will say that a (quasi-normed) (w*-)sequence system « enjoys
property P whenever every component of a enjoys P.

We say that a sequence system « is non-zero, when every component of

¢ 1S non-zero.

FExample 1.46. If X is monotone and ¢ is monotone, then both N and \@°
are monotone with monotone quasi-norms. We explain why the claim for AW
holds. Indeed, let A be monotone, let X be a Banach space, let T € S\W(X ),
N C N and z* € X*. Then x* o Sy(Z) = Sny|[(z*(z,))] € A. Since ¢ is
monotone, it follows that the the norm of operator j,Sy(%) is bounded.
Therefore A\* is monotone. Let g be a monotone quasi-norm on \. Let
T,y € X be such that || - ||oy < || - || o Z. Since

[Zllw = 7wl = sup q((juT)2") = sup q((z"(zn))n)
a1 <1 a1 <1

and ¢ is monotone, we have that ||7||, < ||Z||, and therefore || - ||,, is also
monotone.

Example 1.47. Let A be a sequence space equipped with a quasi-norm ¢q. If
A is symmetric and ¢ is K-symmetric, then both A% and A" are symmetric

with K-symmetric quasi-norms.
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2 (A, p, v)-nuclear operators

In this section we introduce the notion of (A, «, 8)-nuclear operators. In the
following, we assume that sequence spaces and sequence systems are non-

Z€ero.

Definition 2.1. Let )\ be a sequence space, let a be w*-sequence system and
let B be a sequence system. Let X and Y be Banach spaces. We say that an
operator T € L(X,Y) is (A, «, )-nuclear if

T = Z Tny & Yn,
n=1
where (0,) € A\, (z) € a(X™) and (y,,) € B(Y) (the series converges in the
usual operator norm). Here, given z* € X* and y € Y, the one-rank operator
r* @y is defined by (z* ® y)(z) = z*(z) - y for all z € X. We denote the
collection of of all (A, o, B)-nuclear operators by N, ). In the following, we
will also use notation T'= 307" ®@y = >~ 0,25 @y, for a given nuclear
representation of operator 7.
Given a triplet of sequence spaces A, p, v, we denote N ..

./\f( At pwy- Lhe operators belonging to the latter collection will be called
(A, p, v)-nuclear. Often, we will also consider a related class Ny yw vy with-

out giving it a special notation.

Ezample 2.2. Let 1 < r,p,q < ocand 1+ 1/r > 1/p+1/q. The (r,p,q)-
nuclear operators (see [[Pie80, Chapter 18]|) by definition are exactly the
(€r, 0., €. )-nuclear operators, which in this special case coincide with the
(€, L4+, Ly )-nuclear operators, due to Lemma 1.39.

Ezample 2.3. The A-nuclear operators (see [Ram70|) are exactly the
(A, oo, A)-nuclear operators. Note that Ramanujan assumed that ||z| < 1
and |ly,|| < 1 for all n € N. These conditions can be attained by normal-

izing the nuclear-representation of the operator, considering o,z; ® y, =
@) @) llow @) ()17 27, © Y-

We continue with showing that under some modest assumptions, Ny q )

is an operator ideal.
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Theorem 2.4. Let \ be a sequence space, let a be w*-sequence system and
let B be a sequence system. Let X\, a and [ be symmetric and monotone.

Then ./\/’()\70[”3) 1s an operator ideal.
Proof. Denote N := Ny o) for brevity.

1. Since e; € A, (Ix,0,0,...) € a(K*),e; € f(K) and I[x = 1-Ix ® 1, we
have Ix € N.

2. Given Banach spaces X and Y, let us show that NV (X,Y) is closed
under addition. Let S1,S5 € N(X,Y') and we pick representations

S, = Za@*l Q7,, So= Zaﬁ*z QR Y.

S+ S5 =Y (171 + j272) (hT*1 + oT°2) @ (17 + jTa)-
Since A, a and (8 are symmetric and monotone, it follows from Lemma
1.28 that

J101 + J202 € A, 1T 1 + J2T72 € o, and 17, + j2U, € B.
In conclusion, S; + S, € N.

3. Let X, Y, V and W be Banach spaces. Consider operators S &
N(X,)Y), R e LY, V)and T € L(W,X). We need to show that
RST € N(W,V). Pick a representation S = > oz* ® § with & € ),
75 € a(X*),y € B(Y). Then

RST = Z 0,17z, @ Ry,

n=1

Since (T*z%) € a(W*) and (Ry,) € 5(V), we have RST € N.
[

Corollary 2.5. Let \, i and v be symmetric and monotone sequence spaces.

Then both -/\/(Mw) and ./\/’(A7uw7,/w) are operator ideals.
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2.1 Nuclear quasi-norm
Let X be a Banach space and let ¢ be a quasi-norm on a vector sequence
space a(X).

Corollary 2.6. Let A\, i and v be symmetric and monotone sequence spaces.
Let i and v be equipped with K-symmetric and monotone quasi-norms. Then

both Ny ju puwy and Noy e pwy are operator ideals.

Definition 2.7. Let (), ¢y\) be a quasi-normed sequence space, let («,qq)
be a quasi-normed w*-sequence system and let (5,qg) be a quasi-normed
sequence system. Let X and Y be Banach spaces. Given an operator T' €

Nirap) (X,Y), we define the nuclear quasi-norm as

N()\,a,ﬁ) (T') := inf g\ (0)qa (f*)Qﬁ<g)7

where the infimum ranges over all nuclear representations of T' = Y67* ®
withd € A\, T8 € a(X*) and 5 € 5(Y).

Theorem 2.8. Let (A, qy) be a quasi-normed sequence space, let (o, qq) be a
quasi-normed w*-sequence system and let (5, qp) be a quasi-normed sequence
system. Let A\, a and B be symmetric and monotone, all equipped with nor-
malized K-symmetric quasi-norms. Assume also that (X, qy) - (a(K), ga) -
(B(K),q5) < (01, ]|-l1)- Then (Nnap)s Noa,p)) i a quasi-normed operator
ideal.

Proof. Denote N := N a,3) and N := N5 o, for brevity.

1. Let us show that N(Ix) = 1. Clearly,

N([K) S C_IA(Gl)CIa((]K7 07 07 s ))%(61) - 17
because the quasi-norms are normalized.

On the other hand, if Ix = > 77" @ 7 for some 7 € \, T* € o(K*) and
7 € B(K), then

1= Ix(l) = Zw?(l)yi <|lg- Gr()eoz) - glh <

<inf Q)\(E)QQ(E*)Qﬁ<y) = N([K)>

In conclusion, N(Ix) = 1.
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2. Let X and Y be Banach spaces and let k), ko, kK3 be the quasi-norm
constants of ¢y, ¢, on a(X*) and gg on S(Y'), respectively. Let Sy, S2 €
N(X,Y). We shall show that N(S; + Ss) < 4krkaris(N(S1) + N(Ss)).

As in the proof of Theorem 2.4 pick representations S; = Y717 ® 7,
and Sy = ) 727%9 ® Y, and note that

Si= 81+ 8 =Y (101 + j202) (hT"1 + 2T"2) ® (71T, + job),

where j; and jy are isometries due to K-symmetricity of the quasi-
norms. We can assume that ¢,(T"%) = ¢s(y,) = 1 for k = 1,2. (If
this does not hold for initial nuclear representations, we can normalize

them as in Example 2.3.) Then
N(S) < (101 + j202) - ¢a(1T"1 + J2T72) - g3 (171 + j2¥a) <
< 4drrkakip(qr(T1) + qr(T2)).

This implies the claim.

3. Let X, Y, V and W be Banach spaces. Consider operators S &
N(X,)Y), R e LIY,V) and T € L(W,X). We need to show that
N(RST) < ||R||N(S)||T||. This is immediate from the definition of
a quasi-normed (w*-)sequence system and the representation RST =
> G(T*oT*)®(Ro7Y) (see the proof of Theorem 2.4) for S = > 07" ®7Y
witha € A\, T* € a(X™), 7 € B(Y).

O

Corollary 2.9. Let A, u, v be symmetric and monotone sequence spaces all
equipped with K-symmetric normalized quasi-norms. Let p and v be FK-
spaces or have monotone quasi-norms. Then both (./\/’()\’ﬂw*’l;w, Ny jwey) and

(Noajw,ows Nojw pwy) are quasi-normed operator ideals.

2.2 Completeness of the nuclear quasi-norm
Given a double indexed sequence a}, consider its diagonalization n; = a;;((jj)),

where
(k(7))=(1,2,1,3,2,1,4,3,2,1,...) and i(j) = (1,1,2,1,2,3,1,2,3,4,...).
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We need the following lemma about diagonalization of double indexed series

in a Banach space.

Lemma 2.10. Let X be a Banach space, let (al) be a double indexed sequence
m X and let ( (j))> ~be its diagonalization. Assume that for every k € N, the
j

series y .o, ai converges. If, for every k € N it is possible to fir a function
pr N — [0,00) such that:

L1322, akll < pe(m) for allm, k €N,

3. pr(m) monotonely goes to 0 as m goes to oo for every k € N,

then o =
RIS W
k=1 i=1
Proof. Denoting b, := pi(i) — pr(i + 1) > 0, we get that
S5 <
k=1 i=1

This series converges under any rearrangement. In particular, under diago-

nalization.
Since X is a Banach space, (1) and (2) implies that Y ;- > 7 ai con-
verges to some z € X. Consider y, ==z — > 7, a;({j)). This must be of

the form y,, = > ., Zfit;; al, where ¢} differs from 1 for only finitely many
indeces k. We have that

uynH<Z IED S DS by
=ty k=1 i=t} j=n+1

as required. O

Definition 2.11. We say that a quasi-normed vector sequence space

(a(X), qo) is stable under diagonalization if given a sequence ((x%);)r, C a(X)

such that .
D dal(@})i) < o0
k=1
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also its diagonalization (wﬁ%) belongs to a(X) and

0 ((0),) £ Ll

Theorem 2.12. Let (), qy) be a quasi-normed sequence space, let (o, qa) be a
quasi-normed w*-sequence system and let (5, qp) be a quasi-normed sequence
system such that (N}AMQ% N(,\@ﬁ)) s a quasi-normed operator ideal. Assume
that \, a and 8 are monotone, have monotone quasi-norms and are stable
under diagonalization. Assume that the quasi-norm of at least one of A\, «,

or B is AK. Then (Nxa,p8) Nna,) 45 a quasi-Banach operator ideal.

Proof. Denote N := /\/'(A7a,5) and N := N, o) for brevity. The proof follows
the scheme in [[Ram70, p. 192|]. Take a Cauchy sequence (S,) in N'(X,Y).
We can assume that N(S,41 — S,) < 8% for all n € N. For all n € N, fix
T, €N\, T € a(X*) and 7, € B(Y) such that S,41 — S, = >, 7,75 ® 7,
and gA(04), 4o (T*0), 45(Y,,) < QL” Then

Since N is a quasi-normed operator ideal, its norm dominates the usual
operator norm ([Ram70]), so (S,) converges to some S € L(X,Y) in the

usual operator norm. Hence

S=8, =YY T @7, =Y oy @yhin L(X,Y).
k=n

k=n =1

Denote pr.(m) := ¢x(Xm - Tk)qa(Xm - Tk)q8(Xom - Ui )- Then pr(m) monotonely
goes to 0 as m — oo, because the quasi-norms are monotone and one of
them is AK. Also Y2 pi(1) < co by construction. Therefore Lemma 2.10

assumptions for a}, = oix}’ ® yi are fulfilled, considering that
> k= Sk — S € N and|) ) ajl| < pi(m)
i=1 i=m

for all k,m € N. Lemma 2.10 now implies that S — S,, = (¢,2*,7), where

g,2*, ¢ are the diagonalizations of (7)%,, (T*k)%,, (Ur)i,, respectively.
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Since all the quasi-normed vector sequence spaces in question are stable under

diagonalization, we have that & € A and

A 00 B 00 1 1
NEFI ST AP JENEE
k=n k=n

Similarly, #* € a(X*), § € 8(Y) and ¢a(2*),q3(9) < 52=. Therefore, S —

S, € N(X,Y), so also, in particular, S € N(X,Y) and N(S—S,) < g7 —
0. [
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3 Factoring nuclear operators

Similarly to [[Pie80, Theorem 18.1.3]] we obtain a factorization of
(A, u®", £2_)-nuclear operators, which we can denote shortly as (A, i, foo)-
nuclear operators, because ¢35 (X) = (% (X), as discussed before (see Section
1.3.2). Before we start, let us fix some notation for some well-known opera-
tors related to sequence spaces.

Let X be a Banach space, then ¥y : T — ) > x, defines a bounded
linear surjection ¥, € L(¢;(X), X) of norm 1.

If sequence spaces A, u, v satisfy A\u C v, then every ¢ € A defines a
linear multiplication operator M5z € L(u,v) by Mz(m) = om € v. If these
sequence spaces are quasi-normed and Ay < v, then Mz is bounded and
|Mz|| < [|]|x- Indeed,

[Mz(m)|., = [[omll, < [|7|[l[ml],-

Similarly, in this case, Mz € L(u, v*(X)) with || Mz|| < ||Z||x if T € A*(X)
(assuming A and v are solid).

If, in addition, v = ¢;, A is AK-space and u is a BK-space, then Mz =
Yger ®@e € Ny (1 €1) with Noy o) (Mz) < |7

Indeed, e’ € u*, because u is BK. Then €* € pu® (u*), because j,-e* =
I, € L(p, p). Clearly, € € £5(¢1) with ||e|| = 1. Finally,

HMO- — iaief X e;
=1

because A is AK.
Let S € Nuueo)(X,Y) have a representation S = > oz* ® §. Then

S can be factorized as S = X1 MyzMzj,~ZT* (see the diagram below), where
JurT* € L(X, 1) (because T* € puv (X)), My € L(u, (1) with Mz(m) = om,

S H(O, Ce ,O,O'n+1,0_n+27 <. )H)\ — O’
n— 00
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My e L(41,065(Y)) with Mz(Z) =yzand £y € L(G(Y),Y) with ¥4 (7) = > 7.

X 25y
w
jw*f* 6‘;(Y)
My
non

In particular, in this case, S can be factorized as S = BMzA, where
A(= JuT*) € L(X, ), B(=X1My) € L(¢1,Y) and Mz € Noy ey (s bh).

X 2,5y
Al TB

b b

Note that [|A]| = [+ and | B = |15 My < |7

¢s.- This gives that

N()\,u,foo)(s) = ianT*H#w*

alx1Flles, = k([ Afl[[a]x]| B,

where the infimum ranges over all representations S = BMzA. The other
inequality “<” holds when (N ey, Napue)) 18 @ quasi-normed operator
ideal, because

Novutoo) (9) = Nowgutos) (BMzA) < || BIIN( ) (Mz) | A
and Ny pu0.0)(Mz) < [|@]|x. Thus we can state the following.

Theorem 3.1. Let A\ and p be quasi-normed sequence spaces such that X\ is
AK, p is BK, A\ < £y and (N ey Nouew)) @5 @ quasi-normed operator
ideal. Then every operator S € N ,e.)(X,Y) can be factorized as S =
BMzA, where A € L(X,pn), B € L({1,Y) and Mz € N ey (i, b)) for
some @ € X\. Moreover, Nix,0.)(S) = inf||A|[||&]|5||B||, where the infimum
ranges over all such representations of S.
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4 (A, p)-compact operators

In this section we shall mimic the approach in [ALO12| (done for (p,r)-
compact operators). Let u be a BK-space, let X be a Banach space and
let (z,) € (#*)*(X). It is well known that the mapping ®¢,) : (an) —
> anx, defines a bounded linear operator from p to X. Indeed, using

the notation of the previous section, 7 = ¥ Mz with Mz € L(p, ¢5(X)) and

Definition 4.1. Let X and Y be Banach spaces. Let p be a BK-space
and let A be a solid sequence space such that A\ C p*, which simply means
that Au C ¢1. We say that an operator T € L(Y, X) is (\, pu)-compact if
T(By) C ®,)(B,) for some (z,) € A*(X). We denote the collection of all
(A, p)-compact operators by Ky ).

Example 4.2. Let 1 <p < ooand 1 < r < p*, where p* is the conjugate index
of p. Note that ({,,,)-compact operators are exactly the (p,r)-compact
operators of [ALO12].

Ezxample 4.3. Let A be a BK-space with the property that 0 < sup,,||le,|[» <
00. Then (A, \*)-compact operators are exactly the A-compact operators of
[GB13].

For an example of a A-compact operator which is not p-compact, we refer
to [GB13].

If, in addition, A is a normed AK-space and Ay < /¢, then ®(,,) €
Noes) (1, X) for any 7 € A*(X). Indeed,

X

Pany = ) _lenllel ® 7= = DM ew y Mja).
n=1

|| TanT

with (e;) € " (1”).

Proposition 4.4. The class of (X, p)-compact operators KC(x . is an operator
1deal.

Proof. 1. Let us pick ¢, € A*(K). Then

Ix(Bg) = Bx C ®,,(B,) = {Z ela; = ay : (a,) € B“} = Bg.

i=1
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Thus, we have Iy € Ky (K, K).
2. Let T, S € K\ (Y, X). Then there exist (x,), (2,) € A*(X) such that
T(By) C ®(,)(By) and S(By) C @(.,,)(By).
Therefore,

(T + S)(By) C T(By) + S(By) C (I)(xn)(B'u) + q)(zn) (BH)
= (P(a,) T P(z)) (2BL) = (Pa@sz)(BL)
and thus '+ S € K\ (Y, X).
3. Let S € Kp (Y, X), T € LW,Y) and R € L(X,V). Then RST €
KoY, X), because RST(By) C ®,,)(B,) for (a,) = ||T||(Rzn) €
A (V).
L]

Proposition 4.5. The operator ideal Ky ) is surjective.

Proof. This follows directly from the description of the surjective hull in
Proposition 1.11 . O

Let T € Ko (Y, X). Let (z,) € A*(X) be such that T(By) C ®,,)(B,).
Since ®(,,,) € /\f(,\,#,gm) it follows from Proposition 1.11 that IC(» ,) C
On the other hand, if

sur
(>‘7/"‘7ZOO) ’

T = Z O‘n:E:L ® Yn € ./\/’()\7%(00)()(, Y)

n=1

with (0,,) € A, (z) € p* (X*) and (y,) € loo(Y), then

T = Z.%;: ® (0nYn) = P (yn) © JuT",

n=1
SO
T(Bx) C @) (17w T 1 By) C (7 (0nya)) (B)-
This means that N ey C K-
Thus, due to Proposition 4.5 we have Ky ;) = /\/'(S)‘izlw). The last result

is summarized in the following theorem.
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Theorem 4.6. Let pu be a BK-space. Let A be a normed AK-space such that

sur

A < £y. Then the operator ideal Ky, is equal to Oorinbos)

Corollary 4.7. Let \ be a normed AK-space. Then the operator ideal ICy is
equal to /\/(S/{‘f)\ww).

Let us show that the norm N , \(T') of T € N, (Y, X) =
K (Y, X) can be expressed as k(x,)(7) := inf||Z||, where the infimum
ranges over all T € A*(X) such that T(By) C ®z(B,) (which is the norm
that was was used in [BK18|). We denote ky := k xx).

On one hand, [[Pie80, Proposition 8.5.4|] gives that
Nt (1) < N o) (@7) < 175,

so Ny (T) < ko (T). On the other hand, given the factorization
TQy = BMzA € /\/’()\7M7gw)(f1(By),X) with M5 € ./\/’()\#7(00)(#,61) for some
T € A (we can assume that ||A|| = ||B|| = 1), note that

o0

BM; = Y1 Mg, pe,) = »_ €5 ® (0,Ben) = o, e,).

n=1
So,
koun (T) < [[(anBen)|[x < [|Alllle]5] B,

from which it follows that
koo (T) < mf|A[|[[F]A Bl = Noypew) (TQy) = NN 0oy (T)-

In particular, this shows that in this case (KCx ), ko)) is a quasi-Banach
surjective operator ideal whenever N, , . ) is quasi-Banach. Considering
Proposition 1.13, M .r..) is a quasi-Banach operator ideal. The last result

is summarized in the following theorem.

Theorem 4.8. Let i be a BK-space. Let \ be a normed AK-space such that
Me <l If (Noupew), Nowpes)) @S a quasi-Banach operator ideal, then its

surjective hull (NG, o s NOLo.y) i equal to (Ko, ko))

Corollary 4.9. Let u be a BK-space. Let A be a normed AK-space such
that A < b If (N, Noupew)) 18 @ quasi-Banach operator ideal, then

(K ko) is a surjective quasi-Banach operator ideal.
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Corollary 4.10. Let (i, | - ||,) be a BK-space. Let (A, | - ||x) be a normed
AK-space, such that \u < 1. Let X\ and pu be symmetric and monotone, both
equipped with normalized monotone K-symmetric (quasi-)norms. Assume
also that X\ and p are are stable under diagonalization. Then quasi-Banach

sur su

operator ideal (NG, o\ N, o)) is equal to (Ko, kou)-

Corollary 4.11. Let (A, || - ||») be a normed AK-space that is symmetric
and monotone and equipped with a normalized monotone K-symmetric norm.
Assume that X\ is stable under diagonalization. Then quasi-Banach operator
ideal (Naax ooy Nooax o) is equal to (Ky, ky)

Corollary 4.12. Let A be a normed AK-space. If (Niaxe)s Nooaxen))
is a quasi-Banach operator ideal, then (ICy, ky) is a surjective quasi-Banach

operator ideal.
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