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International Autumn School 

"Applications of Topology in Algebra and 

Differential Geometry" 

On September 19-22, 1991 the third autumn school 

Applications of Topology in Algebra and Differential 

Geometry" organized by_the Laboratory of Applied Mathematics 

of Tartu University in cooperation with the Estonian 

Mathematical Society t&ok place in the Sports Centre of 

Tartu University at Kääriku. The first two schools of the 

same kind took place at Kääriku in 1985 and 1988. 

Differently from the previous schools the present gathering 

was international, having gests from Russia (6), Latvia (4), 

Kyrgystan (3), Byelorussia (1), Georgia (1), Moldova (1) and 

Norway (1). 

In the programme of the school there were 14 lectures 

and 6 short communications. The new research results were 

presented and some open problems were being discussed in the 

following fields: 

general topology, 

dimension theory, 

fuzzy topology, 

bitopological spaces, 

topological algebras, groups and semigroups, 

category theory, 

spectral theory, 

topological quantum field theory, 

homogeneous spaces and manifolds, 

Lie groups, 

geometry of differential equations. 



fixed point theorems, 

topological lattices, 

functors, kernels and jets. 

In the present issue of the journal "Acta et 

Commentationes Universitatis Tartuensis" most of the 

lectures delivered at the school are published. 

M.Abel 

R.Roomeldi 
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SOME ОРЕМ PROBLEMS IN THE THEORY OF TOPOLOGICAL ALGEBRAS 

M. Abal 

Tartu University 

The theory of topological algebras began in 1939 with 

the publication of Gelfand's paper [9]. During the last fifty 

years, in addition to Banach algebras, the main attention 

has been devoted to locally convex (in particular, to locally 

m-convex) algebras and locally bounded algebras. At this, 

locally pseudoconvex algebras (which include both locally 

convex and locally bounded algebras), Frechet algebras and 

several (more general) classes of topological algebras have 

not been studied so intensively. Working in the field of to­

pological algebras, some open problems have arisen. Below we 

should like to introduce some of them. 

a) Let К be one of the fields !R or C, A be a topologi­

cal IK-algebra, hom^A be the set of all continuous 

homomorphisms from A into Ж, homA be the set of non-trivial 

homomorphisms in hom^A and M(A) be the set of all closed 

regular two-sided ideals of A which are maximal as left (or 

as right) ideals in A. If for each M e M(A) the quotient 

algebra A/M is topologically isomorphic to IK then A is 

called a Ca.Z.f^d-#a.rur IX-aJgebra. This class of topological 

algebras was introduced at the beginning of the 1980s. 

Until now 10 different classes of Gelfand-Mazur K-algebras 

(see [4-6]) and some examples of topological C-algebras, 

which are not Gelfand-Mazur C-algebras (see [8], p. 214-217, 

[11], p. 75, [19], p. 141-148, [20], [21], p. 83-86; or [22], 

p.127), are known. 

P R O B L E M  1 .  # o y  t o  d e s c r i b e  а Д  C e j f a n c / - / < a ^ u r  

tK-aigebras? 

b) A topological K-algebra A with separately continuous 

multiplication is а УаеЛ)гоесА K-aJgebra if the set of all 



quasi-invertible elements of A is open and the quasi-in-

vertion is continuous in A. If the topology of A is complete 

and metrizable then A is called a FrecAet K-aiFebra. More­

over, if A has a base of neighbourhoods of zero consisting of 

balanced pseodoconvex sets then A is called a JocaJIy 

pseudcconyex K-aJ#et)ra It is known (see [19], p. 3-6) that a 

topological K-algebra A is JocaJiy psauafoconvex if the 

topology of A has been given by the family (p^: a e V) of 

kg-homogeneous (k^ ̂  (0,1] for each a ̂  V) seminorms. In the 

case when k^ в к (k^ = 1) for each a e V, then A is called a 

JocaJJy A-convcx (respectively a iocaJJy convex) tK-a^F^bra. 

In addition of this, if for each a ̂  M and a <e A there exist 

#(a, a) > 0 and M*a, a) > 0 such that 

РдГаЬ; < #(-а,а^Г^^ (1) 

and 

РдбЬа.) ̂  (2) 

for each b e A, then A is called а absorbin^y pseudoconvex 

IK-a^ebra (a at)sori)inF^y A-convex K-aJFeira if k^ = к for 

each a e V). In the case, when #(ct,a) = /T(a,a) = Pg,(s) for 

each a e M and a e A in (1) and (2), then A is called a ^o-

ca^iy c-p^eudoconvex [K-siFebra (*a Joca^y m-^^-convex^ Q(-a7-

F<?&ra if k^ = к for each a e <H). It is easy to see that 

the center of many Gelfand-Mazur [K-algebras is also a Gel-

fand-Mazur K-algebra, for example, in the case of locally 

pseudoconvex Frechet C-algebras, absorbingly pseudoconvex 

C-algebras and some locally pseudoconvex R-algebras. 

P R O B L E M  2 .  D o e s  t A e r e  e x ^ ' s t  a  < ? e 7 f a n d - ^ a z u r  K - a J -

Febra tAe center of vAioA not a Ceifand-Zfazur K-aiFetra? 

c) A topological Ж-algebra A is called а логяа7 IK-aJ-

^ebra if every closed regular left (right) ideal of A is 

contained in a closed maximal regular left (respectively, 

right) ideal of A. It is known that every 8-algebra is a 

normal IK-algebra and every commutative Hausdorff locally 

m-(k-convex) C-algebra with unit is a normal C-algebra. In 

[3], p. 7, it has been shown that every dense subalgebra of a 

commutative normal Gelfand-Mazur Ж-algebra is a Gelfand-

Mazur IK-algebra. 

H 



P R O B L E M  3 .  Р о м  t A e r e  e x i s t  a  n o n - o o m ^ u t a t i v e  

normai CeifaAd-#azur K-aJ^ebra AarinF a deAse suba7#ei)ra 

vAicA is not a 6^fand-#aj?ur tK-si^ebra ? 

P R O B L E M  4. Яоу to describe aii norcai K-aiF^ras? 

d) Let A be a topological C-algebra and sp^(a) be the 

specter of a ^ A. It is known (see [1] and [2], p. 22) that 

for each a <s A if A is a commutative Gelfand-Mazur C-algebra 

over С or a commutative complete Hausdorff locally m-(k-con-

vex) C-algebra with к e (0,1] (which is also a Gelfand-

Mazur C-algebra (see [6], Theorem 3.3)). Moreover, in [14], 

p. 67, h&s been given a commutative absorbingly convex C-al­

gebra (consequently, a Gelfand-Mazur C-algebra (see [6], 

Theorem 3.3) which does not have the property (3). 

P R O B L E M  5 .  V A i c A  C e i f a n d - M t z u r  C - a i F e & r a s  Л  ( " b e ­

sides of mentioned aAove.) Aave tAe property for eacA 

a e 4? 

e) Let A be an exponentially galbed IK-algebra, that is a 

topological K-algebra with separately continuous multiplica­

tion in which for each neighbourhood of zero % there exists 

a neighbourhood of zero V such that 

for each n e tN, and let A^ be the set of all a ^ A for which 

there exists <r tK\(0) such that the set [(a/\)": n e iN } is 

bounded in A. It is known (see [4,5]) that every exponen­

tially galbed C-algebra with A^ = A is a Gelfand-Mazur C-al­

gebra and every commutative exponentally galbed <R-algebra 

with continuous multiplication for which A^ = A is a Gelfand-

Mazur tR-algebra if A satisfies the property 

(a) if а,Ь ̂  yj and a^ ^ i)^ t # tAen a,A e # for eacA 

# e 

P R O B L E M  6 .  D o e s  t A e r e  e x i s t  a  n o n - c o m E U t a t i y e  

exponentiaiiy Failed IR-ai^ebra vitA ^ ^AicA is not a 

Ceifand-#azur [R-ai^e^ra Aut Aas tAe property 

др^ба^ = f pfa.?.' ic ^ Aom^ ̂  (3) 
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f) It is known (see [5]) that both every Waelbroeck 

C-algebra and every commutative Waelbroeck K-algebra with the 

property (a) are Gelfand-Ma2ur IK-algebras if their dual 

spaces are not trivial. 

P R O B L E M  7 .  P o e s  t A e r e  e x i s t  a  n o n - c o m m u t a t i v e  

Уае7АгоесА R-ai^eAra uritA лоп-triviai duai space yAicA is 

not a Ceifand-Zfazur [R-aiFehra but Aas tAe property (*a^? 

g) It is noted in [3] that the projective limit of 

Gelfand-Mazur K-algebras is not necessarily a Gelfand-Mazur 

K-algebra. 

P R O B L E M  8 .  У А е п  t A e  i n f e c t i v e  i i m i t  o f  C e i f a n d ^  

#azur K-aig^Aras is a Geifand-#azur K-aiFeAra? 

h) Let A be a locally pseudoconvex [K-algebra the topo­

logy of which is given by the family (P^- a <= <M} of k^-homo-

geneous seminorms with k^ e (0,1] for each a e *M and let 

A - f a e ,4 sup p is finite 7. 
ь  a e M "  

It is known (see [7], Theorem 2.3, or [15], p.174) that A. 
* 

is dense in A if A is a locally С -algebra, i. e. a complete 

locally m-convex C-algebra with involution in which every 

seminorm p satisfies the condition p(aa*) = p(a)^ for 

each a e A. 

P R O B L E M  9 .  J n  t ? A i c A  i o c a i i y  p s e u d o c o n v e x  t K - a i -

FeAras /4 Resides iccaiiy ̂ -aiFeAras^ is tAe set ̂  dense in 

i) Let A be a topological [K-algebra for which the set 

homA is not empty. 

P R O B L E M  1 0 .  F o r  v A i c A  t o p o i o F i c a i  I K - a i F e A r a s  ̂  i s  

tAe ZeAesgue dimension of tAe space Aom^ (*in tAe Ceifand to-

poioFy^ finite? 

j) Let X be a completely regular Hausdorff space and L*X 

be the realcompactification of X (see [10], p. 116). In the 

case when ^X - X the space X is called a reaicompact space. 

It is known that homA is a hemicompact space (consequent­

ly, a realcompact space (see [8], p. 26)) if A is a full 

Я 



Frechet locally convex C-algebra (see [12], p. 269) or a 

metrizable spectrally barreled C-algebra with unit (see [12], 

p. 170 and 183). 

P R O B L E M  1 1 .  F o r  v A i c A  topoioFicai K-*JF*bra ̂  is 

tAe space Ао*ь4 raaicompact? 

k) It is known (see [16] or [19], p.123) that a comauta-

tive locally convex Waelbroeck K-algebra is locally m-convex. 

P R O B L E M  1 2 .  P o s s  t A a r e  M i s t  a  c < M u m t a t i < r *  . M -

caiiy ^-convex Vaeibroec/r K-aiFebra vitA A ** 1 yAioA is 

not a iccaiiy д-(^-солим) K-aiFebra? 
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ON SYMPLECTtC STRUCTURE OF THE TOPOLOOtCAL 

QUANTUM FtELD THEORY. 

V. Abramov 

Tartu University 

1. The Lagrangian of the topological quantum field theo­

ry ([4]) on four dimensional compact Riemannian manifold M 

has the form 

ж a 
* = Tr( + E?t + ?. + ?.). (1.1) 

where de is the volume element on manifold M and 

f, = 

- ?: = -inD^", (1.2) 

Let us explain the notations used in (1.2). There is a prin­

cipal fiber bundle P(M,G) over manifold M with compact semi-

simple Lie group G, where the Lie algebra of this group is 

denoted by &. The invariant Killing form of this algebra is 

denoted by Tr. The local coefficients of the connection 

1-form ы define the gauge field A^(x) the strength tensor of 

which is Fg^(x). So, the term is the Yang-Mills Lagran-

gian. We will denote the curvature 2-form of the connection <-* 

by so the local coefficients of the form e" are the com­

ponents of the strength tensor F. The and X are the 

auxiliary spinless fields in the adjoint representation of 

the gauge group G. The covariant derivative with respect to 

gauge field A^(x) is denoted by + [A^, ] and we will 

denote the corresponding covariant differential by D". It is 

convenient to introduce the associated vector bundle 

В = P Xg&, where G acts on & by adjoint representation. Then 

the fields ̂  and X can be considered as sections of the E. If 

we denote the space of all smooth sections of И by *XE) then 

e У(Е). The space of the smooth k-form on M with coeffi­

cients in E will be denoted by n (E). So, we have e" ж Ю*(В). 

2* 
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Mow, не will consider the fields n, X^, "here a,/; = 

= l,...,dimM. They are fermion fields of this theory and take 

their values in the vector bundle E. It is convenient to con­

sider the 0-form ч, 1-form w = W^dx** and 2-form x = 

= Xg^dx°*Adx^ so that the 2-form x is self-dual x = *x. We 

shall call such forms fermion forms. It has been shoHn in [1] 

how one can construct the infinite dimensional Grassmann al­

gebra with scalar product and involution on vector bundle 

using the theory of de Rham currents. This construction has 

allowed us to interpret fermion type forms such as i, v, x as 

generators of the Grassmann algebra. So, the correct mathema­

tical approach to fermion forms ч, у, x has been described in 

[1]. It is well known ([4]) that the form's v coefficients 

can be interpreted as differentials on the space of all con­

nections. So, it is naturally to suppose that all quantities 

of the quantum topological field theory which contain fermion 

fields can be interpreted as differential forms on infinite 

dimensional proper space. In this paper we study the 

Lagrangian and show how it can be described by the language 

of differential forms on some infinite dimensional vector 

bundle. Also, we will write the Lagrangian in a more general 

form using the differential forms. It is shown that the term 

is closely related to the symplectic structure on the 

orbits of co-adjoint representation. 

2. Let V be the affine space of all irreducible smooth 

connections on principal fiber bundle P(M,G). The group of 

gauge transformations Ж acts on V and Si is the principal fi­

ber bundle with respect to this action. Let = S1/<E be the 

base space of this principal fiber bundle or the space of all 

classes of gauge equivalent connections. Let us denote by 

the space of self-dual 2-forms on M with coefficients 

i n B .  

In this paper we suppose that the main geometrical space 

of the quantum field theory in dimension 4 is the space Ж = 

= V x Ж* x й*^(Е), where Ж is the dual space to the Lie al­

gebra Ж and the H*^(E) is the dual space to П^(Е). In other 

words, one can say, using the terminology of [1], that <B* is 

the space of homogeneous de Rham currents on the vector bund­

le E and 0*^(E) is the space of self-dual homogeneous de Rham 

currents on E. The fixed point of this space will be denoted 

by 2^ = I** ^ obvious that the tangent space T^ Ж 

!2 



at the point z^ has the form of the sum 

s :: -M + Тф  * + Tg n*i(E). (2-П 
О О О  о  

Thus *M is the affine space, it is natural to identify the 

space T^ M with the space n*(E) of the 1-form on E. Since the 

spaces О!*, fi**(E) are linear vector spaces one can make the 

identifications 

Te Ü* ̂ *- Те = n**(E). (2.3) 
о о 

So, the tangent vector X at the point z^ will be defined by 

components 

X = (о-,е,Э), 

where с ̂  П'(Е), s e Ж*, e e 0*^(E). 

The definition of cosymplectic structure on manifold was 

given in [3]. In this paper, we give the analogous definition 

in the case of vector fiber bundles. 

D E F I N I T I O N .  C o s y c p J e c t i c  s t r u c t u r e  o n  t A e  

sector fiber bundle E is tAe У(*Е,)-Ь.Д.1леаг, s/revsy^cetr^e 

Лзгл on tAe space yitA values in У(Е^, i.e 

^:0*(Е)хО'(Е)-*У(В). (2.5) 

It should be noted that in the case of the vector bundle E = 

r P x ^G the cosymplectic form ̂  is the 2-form on tangent 

space T^*H with values in the Lie algebra <У. 

Let. L^ be the differential operator on the vector bundle 

E such that 

L^: O'(E) -*У(Е)з:Ж. (2.6) 

This operator depends on the connection ы. We say that 

the operator L^ is consistent with the cosymplectic structure 

M if the following consistency condition is satisfied 

- 1-ьЛ> = (2.7) 

Then the pair L^) allows us to define the differential 

2-forms on the space Ж which are closely related to the terms 

and in the Lagrangian ^ Let Ж = (c,e,Q), Ж' r (<y',e', 

e') be the pair of tangent vectors to Ж at the point z^. The 

2-forms fg, fg on the space Ж are defined by the following 

formulas 

!^(3f,X') ̂  - ̂ '(L^ ")) (2 8) 



It should be noticed that the fores are defined at the 

point z. = 

P R O P O S I T I O N  1 .  ? A e  F - f o r c  ?  =  о л  t A e  

драое Ж jy cJosed , i. e. 

d ?  = 0 .  ( 2 . 9 )  

In order to prove (2.9), one can use the formula 

f = 4<z.<**'*i'*.> + 

+ 0 ( ]X [ ) ,  ( 2 . 1 0 )  

where is a totally ekewsymmetric tensor. The left side 

of (2.10) in the case of the 2-forns (2.8) has the form 

^ - ̂ L^^(c.) + (e^ + e.^C-.,^) -

Taking into account (2.7), one can reduce this expression to 

the following one 

= 

i[^e(^(^,^)) + сЛ^(^(о-.,<^))] = 0 

There is natural cosymplectic structure in the case of 

the vector bundle E = P * with dim M = 4. Let us define 

this structure by the formula 

de^(<y,T) = [<y,*T], (2.11) 

where de is the volume element on the Riemannian manifold M. 

Then the differential operator б" (adjoint operator to cova­

riant differential D^) is consistent with cosymplectic struc­

ture (2.11). 

D E F I N I T I O N .  Г А е  y ( E ) - A i J j ' n e a r ,  s y M e t r j t ' c  f o r e  

П*(Е) x П*(Е) П^(Е) ол tAe ^pace П*(Е) is caj-Zed symp-

^ectic structure of second order on tAe vector AtMjdJe E. 

Let be a differential operator which depends on the 

connection м € M so that 

1) R^: tl'(E) n*(E), (2.12) 

2> = ̂ (°*.т). ^ o'(E). 

If the conditions (2.12) are satisfied, we say that ope­

rator R^ is consistent with symplectic structure of the se­

cond order. The pair (^.R^) allows us to define the 

differential 2-form on the space Ж by the formula 

14 



Сз<*,ЛГ) = ^[9(R^<7') - e-(R (с))], (2.13) 
о о 

where ЭС.ЭС' are the tangent vectors to Ж. 

P R O P O S I T I O N  2 .  M a  d i f f c r e n t i a i  2 - Л ? г с  

cJosad, j'.e. 
d*^ = 0. (2.14) 

Proposition 2 can be proved in the sane way as the Propo­

sition 1 by means of the formula (2.10). It should be noti­

ced that 2-form is closely related to the term in the 

Lagrangian (1.1). One can define the natural symplectic form 

^ of the second order on the vector bundle Б = P x by the 

formula 
к.(с.т) =*[<?,т]. (2.15) 

Then the operator R^ = *D^ is consistent with symplectic 

structure (2.15). 

3. In this section the terms and of the Lagrangian 

(1.2) will be studied. It will be shown that is closely 

connected with symplectic 2-form of Kirillov and is the 

curvature 2-form of the invariant Riemannian metric on Lie 

algebra. 

Firstly, let us consider the finite dimensional semi-

simple Lie algebra & with Killing form k. The Killing form к 

induces the bilaterally invariant Riemannian metric к whose 

curvature in the direction of the two orthonormal vectors 

a,b n a is ([2]) 

К«,.ь- ^ ^([a.bJ.Ea.b]). (3.1) 

Let a* be the dual space to &. The form к allows us to iden­

tify the spaces a and a*. Namely, if e ̂  ф*, then 

e(b) = k(ag,,b), (3.2) 

and we identify the elements & e &* and ^ &. Let 8^ 

be the orbit of co-adjoint representation of the Lie group G 

passing through the element e and В be the corresponding 

symplectic 2-form of Kirillov. Let b^ be element of the Lie 

algebra S. and p be the corresponding (in the sense of (3.2)) 

element of the dual space &*. Then the element [b^,b'] is the 

tangent vector to the orbit &* at the point p. If there are 

two tangent vectors = [b^,b'J, 3C'' - [b^,b''], then 

B^(X-,3r") = k(b^,[b',b"]). (3.3) 

The Lie algebra element [b^,a^] induces the vector field -

- [bp,[b^,a^]] for every e e g* which is the tangent vector 
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to the orbit &*. One can consider the curvature (3.1) as a 

function on the dual space G* 

K(e,p) = ^k([a^,b^], Ca^.b^]). (3.4) 

Let us remind that the vector field Ж is called strictly 

Hamiltonian if there exists such a function F that the 

equation 
i(*)B = -dF, (3.5) 

is satisfied. We say that the vector field which depends 

on some parameters t = (t*,...,t"), is the quasi-Hamiltonian 

veotor field, if there exists such a function F^ which also 

depends on the same parameters t - (t*, ...,t") so that the 

equation 
i(X^Br -dj^, (3.8) 

is satisfied. 

P R O P O S I T I O N S .  7 * A e  v e c t o r  f i e i d  c o n s i d e r e d  
* ^ 

aionF tAe orAit is <7uasi-//aziitcnian vector fieid, i.e. 

tAe i-form is exact yitA respect to e at eacA point 

P ̂  !t* and, moreover, 

g-i(^)B^, = -dgK(e,p), (3.7) 

vAere dg means exterior differentiation <vitA respect to e (p 

is tAe fixed point). 

So, we are able now to give the geometrical description 

of the terms and in Lagrangian (1.2). Obviously, the 

term is the symplectic 2-form of Kirillov if one consider 

it along the orbits of co-adjoint representation of the Lie 

group Ж of the gauge transformations. The term is the 

curvature in the direction of the elements ^ Ж. Equation 

(3.7) asserts that the sum is invariant under the 

supersymmetry: 

ax = 2i7i (this is the analog of exterior differentiation), 

- 0 (it means that ̂  is the fixed point), 

Qn = (the interior product with vector field [#,*-]). 
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LORENTZIAN SPACE-HOMOGENEOUS MANIFOLDS 

D.V.Alekseevsky 

Centre "Sophus Lie", Moscow 

Standard cosmological models are based on the assumption 

that our Universe is a space-homogeneous 4-dinensional 

Lorentzian manifold, that is a 4-dimensional Lorentzian mani­

fold with the isometry group G whose orbits are space-like 

hypersurfaces. We give the classification of all such 

manifolds. 

P R O P O S I T I O N  1 .  i , e t  ( M , g )  b e  a  

Banifo^d. Assume tAat a contacted isoretry Froup G of (M,g) 

Aas ал orbit tAat is a space-iiAe Aypersurface. ГАел tAe 

foiiovinF co ditio s are eguivaient.-

1) Timost aii orbits of G fup to countabie numbers ones^ 

are space-iiAe submanifoids. 

2) ̂ лу nei^AbourAood of a point of M Aas a лол-triviai 

intersection yitA an orbit tAat is a spaoe-iiAe Aypersurface. 

3) orbits of G are space-iiAe Aypersurfaoes. 

A Lorentzian manifold (M,g) that satisfies one of the 

equivalent conditions of Proposition 1 is called space-

homogeneous Lorentzian G-manifold. 

Let (M,g) be a space-homogeneous Lorentzian G-manifold. 

Changing the sign of the metric g in the directions tangent 

to G-orbits we obtain a Riemannian G-invariant metric g*. 

This leads to the following 

P R O P O S I T I O N  2 .  Г А е г е  e x i s t s  n a t u r a i  о л е - t o -

оле correspondence 

(M,g) < > (M,g+) 

between space-AojnoF^eous Zore/; tzian C-jcanifoids a d 

^iaBannian manifoids tAat Ааие ал isojoetry F^oup С vitA aiJ 

orbits of ccdi^^ensio  оле. 

R e m a r k .  T h i s  c o r r e s p o n d e n c e  w a s  e s t a b l i s h e d  b y  

L.Berard-Bergery [1]. We note that it breaks for arbitrary 

Lorentzian manifolds with an isometry group that has 

17 



a space-like hypersurface as an orbit (and, hence, one-

dimensional orbit space). A good counterexample is the 

Minkowski space with the Lorentz group G whose orbit space is 

a crux. 

Proposition 2 reduces the problem of classification of 

space-homogeneous Lorentzian manifolds to the problem of 

classification of Riemannian manifolds with an isometry group 

G that has codimension one orbits. The structure of such 

manifolds was determined in [2,3]. 

P R  O P O S I T I O M  3  [ 2 , 3 ] .  ( M , g )  b e  а  R i e m a n ­

nian manifoid vitA ал isometry Froup С tAat Aas codimension 

one orbits. ГАеп tAe orbit space О - M/G is iscmorpAic to one 

of tAe spaces; 

i ^   i i ^ S *  i i i . ) R *  i v ^ [ 0 , n ] .  

In the case i) the manifold M can be identified with the 

direct product M -   X G/K equipped with a metric of the form 

g^ = dt^ + g^, (i) 

where g^ is a one-parameter family of invariant metrics on a 

homogeneous space G/K. Any manifold (M,g) with the orbit 

space S* or К may be obtained by factorizing some manifold 

(Ж X G/K,gp) by the discrete isometry group ̂  - {T^! , n e Z) 

or, respectively, = (R^, , n ^ Z}, where 

: (t,bK) * (t + 2п,ЬтК) 

: (t,bK) f (-t.boK) 

and т,<? are elements of the group N = N^(K)/K with ^ = 1. 

Any manifold (M,g) with the orbit space [0,n] may be 

obtained by G-equivariant gluing together two G-manifolds 

with the boundary of the form 

M+ = ([-n/4,n/4] XG/K)/r^ , 

M = ([-"/4,^/4] xG/K)/r^. . 

This result reduces the problem of classification of 

4-dimensional space-homogeneous Lorentzian manifolds to the 

following problems: 

1. Determine all 3-dimensional homogeneous Riemannian 

manifolds (G/K,g); 

2. For each such manifold G/K, describe elements of the 

group N = N^(K)/K up to a conjugation; 

3. Describe all involutions in N up to a conjugation. 
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All necessary information for the solution of these 

problems in the case when G is a connected compact Lie group 

is contained in the Table 1. We indicate the dimension d of 

the manifold of invariant metrics on G/K, the possible order 

ordT of elements т e N = H^(K)/K, the set Inv(H) of 

involutions in N and the number n of the involutions and also 

the possible values tw - ord(0"C) of the order of the 

product cc* of two involutions. This invariant is called a 

twist and it has an important geometrical interpretation [3]. 

We denote by Г the symmetry group of a perfect poly-

hedra in f is it preimage under the projection SU^—*S0,, 

T is a maximal torus of SU^, M =   и {ю}. 

T a b l e  1  

G к d N ordT Inv(M) n 
ord(o"c') 

T^ 1 6 T^ (+1, il, ±1) 7 1,2 

su. 1 6 su. Vn^N - id 1 1 

su. Zb 2 Vn^N - id 1 1 

S": Z y Z *  2 1,2 - i d  1 1 

su. Г 1 1 1 0 0 -

so, 1 6 so, {S^,. vefR'} 00 VneM 

so, 2: 2 T'xZ^ Vn^N 
(-i,i),(i,-i), 

(-1,-1) 
3 1,2 

so, 2 0, Vn^N T ' 00 Vn<3N 

so, 2 T ' Vn^H -1 1 1 

so, Г 1 1 1 0 0 -

T*xSU^ {e "e 2 z 00 -1 1 1 

T*xSO, (t", t )=^' 2 T * ^  Vn^N (±1,+1)*(1,1) 3 1,2 

T'xSO, O^SO, 2 T ' -1 1 1 

T*xSO, O^SO, 2 T ' -1 1 1 

T'xsu^ (t",t) 

n-2m+1 
2 " s u < T )  

2 
Vn^4 - id 1 1 

so. so, 1 2, 1,2 -1 1 1 

so, 1 l 1 0 0 -

) ! )  

3* 
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ON A HOMEOMORPHISM OF CONTINUOUS MAPPINGS 

I. V. Bludova, V. I. Varankina, В. A. Pasynkov 

Tambov Pedagogical Institute 

Kirov Pedagogical Institute 

Moscow University 

The results of section 1 have been proved by V.l.Varan­

kina and by B. A. Pasynkov Jointly, section 2 is due to 

B. A. Pasynkov and section 3 is due to I.V. Bludova. 

Below a space is a topological space and a continuous 

mapping is a continuous mapping of spaces. 

1. In case of spaces we have two following statements 

(see for example flJ, 3.12.213: 

С A3 For any 7*ychono/ / space X space ?<*X) o/ oil 

maxtmai tdeaEs tn rtn^ C*fXJ> <fo/ aH bounded contention* 

reai-vaitied /uncttons de/tned on X) ts t^e Stone-Cec^ 

compactt/icatton о/ X. 

(B3 Compact MauseZor// spacer X and Z are homeomorpfttc 

t// rtn^s C*CX) and Z) are Lsomorphtc. 

We are going to prove generalizations of these state­

ments in the case of continuous mappings. 

f: X—+Y is (see[913: 

compietety re^tar if for any point x *= X and any 

closed in X set F, x F, there exists a neighbourhood О of 

fx and a continuous function a:f *0 *f0,l] such that 

x e f'*0 ft a"'(0). F П f*'o с a^'ci); 

T^-/napptn^ if for any у ̂  Y and x,x*^ f ̂ y, x ^ x' , 

x <=? i.nt<^X^<x'^3 or x* ^ int(Xx<x33; 

ГусЛоп^// if f is completely regular T^-wapping. 
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It is weil—known (see for example [ЗЮ that for any 

space X there exists a Tychonoff space тХ and a continuous 

mapping т^:Х ^тХ such that for any continuous mapping 

f:X *Y there exists a continuous mapping Tf:TX *TY with 

following property: " f = (Tf) о 

of Y and X = f'*0. О <: 9. 
° . 

Let us take the system С (f) of the rings 

C*tf3 = С*СХ^Э = С*СтХ^), О e 

i* :C*Cf^ tC*Cf:) 
uvf U V 

(induced by identical embeddings i^^:f"*U—-*f *^V when 

U с V, U,V ̂  Ф) as an analogue of the ring C*(Z3 for a space 

Z. It is clear that C*(f3 is a sheaf of rings. 

Let us define a continuous mapping J(f):J^X *Y which 

is an analogue of the space of ail maximal ideals in the 

ring C(Z) for a space Z. 

For any О € Ф the space of ^11 maximal ideals in 

the ring C*(f) is the Stone-Cech compactification of 

Let 

^of ^of°*of 

where т = т and i .is the natural embedding of тХ into 
of X of о 

(see C13,°3. 12. 21(c)). It would be important for us that 

the set j^,X^ is dens^ in The mapping f and define 

cont i nuous mappi ng 

1 :X *P, 
of of 

P = CY,/?,.0 
of 'of 

f  = p  . 1  ,  j  = q  * J  / X  ( H  
*of of ^ of ^of of о 

where p :P ^Y is the projection of the partial product 
^of of 

P onto the base Y (see ЮЗ, [21) and q is the projection 
О! O' 

of the product О x onto its factor The diagonal 

product 1(f) ' A<1^: О ̂  is continuous arid the image 

l(f)X is a subset of the partial topological product (C83, 

Г21) 

P(f) = (Y,</?^>,<0>; О ̂  Ai. 



If p(f3:P *Y, n^:P(f3 О are the projections 

([83,C233then([83.C233 

f = p(f3 о I(f3 , 1^= l(f3 . О e Ф. (2) 

Let J X be the closure of l(f3X in P(f3 and J(f) be the 

restriction of p(f3 to As all spaces /3^* О с Ф are 

Tychonoff and compact so the projection p(f3 and the mapping 

J(f3 are Tychonoff and compact (=perfect3 (see [93, [833. 

If x e X, a set F is closed in X and x F then there 

exist О e @ and a continuous function >[0,13 such that 

x e X^ fl a'*{:03 and F П X^ с a**C13. Then 

i X ff [j CX f) F3]. 1 x #r П FJ and lCf3x <? MCfDF], 
of ^of о of of 

I f  f x ^ f x '  a n d  x ^ x '  t h e n  x ^ F  =  [ < x ' 3 3  a n d  s o  

l(f3x ̂  l(f3x'. Ve have proved that 1(f) is a topological 

embedding. So J(f3 is a Tychonoff compactification of f. If 

0 <E Ф and ^ X^ <-[0,13 is a continuous function then there 

1 = a * Then (see (13, (233 

a = a * q , ° l , / X = a ° q _ ° n , * l ( f 3 / X  
of of о of of о 

Thus the mapping a <- *4^* ^of ^ continuous extension 

of the mapping a over (J(f3 3 *0 с (p(f33 *0 if one identify 

X and l(f3X. So (see [93 3 J^X coincides with the maximal 

Tychonoff compactification /?f:^X *Y of f (see [933. Ve 

T H E O R E M  1 .  =  ^ ? /  / o r  c m . y  T y c f t o r t o / /  m a p p t x t ^ y  / .  

C O R O L L A R Y  1 .  J C / . 3  =  /  / o r  a n y  T y c h o n o / /  c o m ­

pact mapping / (more exactiy, K/J> a ̂ omeomorpht^m о/ X 

arid J(X3 ^uch t^at / = -КГ/3 . K/3). 

and J(X3 = J(f3. 



T H E O R E M  2 .  J /  / o r  T y c h o n o / /  m a p p i n g s ?  / r X  ^ У  a n d  

yr Z >У tha *haa/y o/ rtn^sr C*(/J) and C*(#3 ara tsomorphic 

than ^?/ s <Гмога axactiy, /?/ and ara homaomorphtc). 

P  r  o o f .  W a  c a n  i d e n t i f y  C ^ ( f 3  a n d  C * ( g 3 .  L e t  

C* = C*Cf3 s C*Cg3, C* *= C*Cf3 з C**Cg3, Я = Я .= /Э 
*  О  О  О  ' О  ' O f  * O g  

Р = Р , = Р , р ж р = р , q = q q , 
О Of Og О Of Og О Of Og 

P = P(f3 =- P(g3 , я * П . = , О с Ф, 
о of og 

i *  = i *  s i *  .  U . V e 6 .  U c V .  
W Wf Wg 

Than wa hava 

/?ri =Ят1 = /?ri , U.Vt=e, UcV, (3) 
' W ' Wf ' Wg 

s^ere tha mapping /?ri is generated by the homomor-

phism i^ and /?ri /?тХ ^/?тХ , /^ri :/?rZ ^/?rZ ara the 
^  W  '  W f  '  и  '  V  '  W g '  V  '  V  

uni qua continuous extensions of Ti ^:тХ ^тХ and 
^ uvf U V 

^^Wg У 

It is enough for us to prova that tha subspaces J^,X and 

J Z of P = PCf3 = P(g) coincide. Let J X\J Z ̂  0 Then there 
g f g 

exists a point x € X such that t=I(f3x^JZ. As JZ is 
g g 

closed in P so there exist 0(k3 € a neighbourhood О of pt 

and the sets U(k), к - 1,. . . ,s, op>en in such that 

e ПСп^СО x UCk33: к = 1 s3 = 

= p"o n к = i S3 . P^^Z. 
С 43 

The set. W - D<C/?ri^^3'*UCk3: к = i,....s> is open in 

It is not empty because (see (333 

С 53 

* ^ v ° ^ u v  '  U . V c e ,  U c V  

and Csee C13, C23. С 43, CS33 

f ? r i  ° q  - n C t - 3  = / ? r i  . * 3  *  n ° i C f 3 C x 3 -
' OO(k) О О 00<И О О 

L  * q ° l  ( х З  = f ? T i  ° j  ( х З  =  
ОО(к) О Of 00<к) of 
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= = 

= "о<Ь° = 

= -

So q^* ПфЧ-Э € W and W ̂  0. It follows from this that 

^09^0 П W = Э. But if z 6 g' О and j^Cz) <E W then Csw C233 

1С g3 С z3 e P *0 and Csw С S3, С13 . t S3 3 

^ОО,И° J 09'^ = ^oo<k^z3 = J^Cz3 = 

%<Ь° = Ч.<ь° "o<b* ^g3Cz3 ̂  и. к = 1 s 

So С see (433 lCg)Cz3 e P\J^Z. It is impossible. Thus 

J^X с J^Z. Analogously, J^Z с J^X. So J^Z = J^X. Theorem is 

C O R O L L A R Y  2 .  C o m p a c t  7 у с / ъ о ? ъ о / /  m a p p t n #  / ? X  

and ^;Z or6- ftomeomorphtc t// the shea/^ o/ rtn^ 

and are t^omorphtc. 

Corollary 2 is a generalization of the statement (ВЭ 

(the case of the one-point space Y). 

R E M A R K  2 .  I n  [ 6 3  a  d i f f e r e n t  v a r i a n t  o f  a n  a n a l o ­

gue for continuous mapping of the ring C*CX3 for a space X 

has been given and in С71 it has been used in order to 

obtain analogues of statements (A).and (B3. 

2. For a space X the symbol С (X) denotes the ring of 
p 

all continuous real-valued functions defined on X with the 

topology of pointwise convergence. 

In С 41 J. Nagata proved the following statement. 

(C3 7ycftono// spaces X and Z are /tomeomorphtc t// the 

topoto#tcat rtn^s C^CXJ) arte? C^CZ^ are tsomorphtc. 

We would give a generalization cf this statement over 

continuous mappings now. 

Let f:X *Y be a Tychonoff mapping, Ф be the topology 

of Y and X = f'*<3, О <= 9 

The system C^(f3 of topological rings С ̂ Cf3 = С СХ^З s 

4 
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i -с (f3 (f3 
puvf pu pv 

(induced by the identical embeddings i ,:f *U *f when 
uvf 

U с V, U,V ^ 93 forms a sheaf of topological rings. 

T H E O R E M  3 .  A . e t  c o n i t r b t K M j M ?  m a p p t n g r s  / : X  ^ У  a n d  

#:Z ^У be stich thai У a 7*^-space and /or amy у € У there 

and % *0 are 7*ychono// spaces. Then / and % are homeo-

morphtc t// the shea/s o/ topo^^tcat rLn^s С <f/.3 and С 
p p 

are tsomorphtc. 

Ve can give another approach to the question elimin­

ating demands from the spaces X,Z,Y in Theorem 3. 

Let ve have a continuous mapping f:X *Y again (we use 

cited above designations3. For any О € 9 we have the partial 

topological product P(Y,TX^,03, the projections 

p : P *Y, q : О x тХ ^тХ 
о о о о о 

and a continuous mapping tP^ such that f = p^* ̂  and 

О О О  о  

^(f3:X ^P into the partial topological product 

P = P(Y,<TX 3,<03; О € #3 
о 

such that 

f = p * ^Kf3 and 71^0 ^(f3, О € 

where p:P ^Y and *^o' ^ € 9, are the projections. Let 

T^X = C^(f3X3 and Tf be the restriction of p to T^X. The 

mappings p and Tf are Tychonoff because all тХ^ are 

Tychonoff spaces (see[QJ3. 

L E M M A  1 .  f /  t h e  m a p p t n ^ y  /  t s  T y c h o n o / /  t h e n  p 6 / J >  

ts a topotogtcat embeddtny and so Г6/3 ts a Tychono// 

extension o/ /. 

For Tychonoff f the mapping T(f3 would be called the 

V 
morphism then f would be called 7*-comptete. 

T H E O R E M  4 .  T - c o m p t e t e  m a p p t n # s  / ' X  * У  a n d  

^;Z ^У are homeomorphtc t// the shea/s o/ topoto^tcai rtngrs 

С (/3 and С (g*3 are tsomorphtc. /fore exactty, t/ /or 
p P 
Tychono// mapptn^ /*X *У and y:Z ^У the y?n?a/s; С <T/J> and 
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С <ЗГ€> isomorphic than tha mappings 7*/ and 7*y ara homao-

morphic. 

P R O P O S I T I O N  1 .  ^ 4 n y  c o n t i n u o u s  m a p p i n g  o /  a n y  

Tychono// space to any Mausdor// space is 7*-coHsp!^ata. 

R E M A R K  3 .  P a r t i a l l y  t h e  r e s u l t s  o f  s e c t i o n  2  v e r e  

published in flOJ. 

3. It is very simple to construct nonhomeomorphic 

mappings f:X *Y and grZ *Y such that the sheafs С Cf3 and 
P 

С (g3 are isomorphic and either 13 X and Z are Tychonoff 
p 

spaces or 23 Y is T^-space. 

T H E O R E M  5 .  [ 5 3  F o r  a  7 * y c h o n o / /  m a p p i n g  / ; X  * У  

the /oiiovin# statements ara etyuivatent; 

/ ts Г-compieta; 

62) there exist a part tat topoioyicat product P = Р<ГУ, 

fT ̂ ,^0 a € ̂ 4) and a topoto%icai embeddin# n*X ^P such 
a a 

that ait spaces 7*^ ara 7*ychono//, tha sat nX is ciosed in P 

and / = p * 71 Mhere prP——*У is tha projection o/ par t tai 

topoioyicat product; 

63) /or any point x € f?/X\X thara exist a neighbourhood 

О о/ tha point ^?/6xJ> in У and a /unctionaHy open cover м о/ 

/"*0 such that x does not baton# to tha ctosura in<f/?/.> *L/ o/ 

any L/ с u^. 
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OM FACTORIZATION OF UNIFORMLY CONTINUOUS MORPHISMS 

T.K.Dyikanov 

Moscow Power Engineering Institute 

We transfer some notions and results concerning topolo­

gical and uniform spaces to the class of uniform mappings and 

uniformly continuous morphisns. 

Let f be a mapping from a set X into a topological space 

(Y,T). A system U = {Up : 0 <s т) of pseudouniformities Up on 

the sets f *(0) is called a pseudop.reun.i.fo.rc.ity ол tAe 

jnappjnF f [2] if for every 0,0' e т such that 0 so the 

identity embedding of f'*(0 ) into f *(0) is a uniformly 

continuous mapping with respect to the pseudouniformities Up. 

and Up. Moreover, if for every two distinct points 

x,x с f"'(y), у e Y, there exist a neighbourhood 0 of у and 

a cover a e Up such that x' does not belong to 

a(x) - <J(A ^ a : x e A), then the pseudopreuniformity U on f 

is called a preun^for^ity ол f and the pair (f,U) is called a 

preuniforc capping. 

Let X' be another set. Let U' = *-*{Up : 0 ̂  т) be a pre-

uniformity on a mapping f* : X* —* Y . A mapping ^ : X —+ X 

satisfying condition f = f X is called а \)-ил^^огя2у 

continuous corpAisc of tAe ргеил^Уогд яарр^'л^ f to tAe 

preunifor^t MppinF f [2] if for every О* ^ т and every cover 

a ^ Up. there exists О e т such that 0 s 0" and 

) n f'*(0) e U p .  

Let a = {A} be a uniform cover of a set f *(0). ГЛе star 

of a set # in f'(W witA respect to a is the set 

<*(M) = u(A €а:АПМ*а).А set M is called a-dense in 

(f *(0),Up) if for every x с f'*(0) there exists x <= M such 

that x чг a(x'), i.e. a(M) - f *(0). Let ^ be a cardinal num­

ber. A pseudopreuniformity U on f is called н-&оилб?ес? if for 

every 0 ̂  T and every а с Up there exists a set M which is 

a-dense in f *(0) and IM) = if ^ is finite, then (f,U) is 

called totaJJy bounded. 
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P R O P O S I T I O N  1 .  7 f  Ь  .  J T - +  Д Г  i s  а  Г У ,  У , ) -

uniformiy continuous morpAism of a ^-bounded pseudopreuniform 

tapping 6f, -У —'У to a pseudopreuniform mapping 

^f ,У ^ ^ **^ У tAen tAe capping 6f *,У\) is aiso ̂ -Aounded. 

P R O P O S I T I O N  2 .  J f  ( * f ,  У ;  :  J T  — ^  У  i s  a  

/^-bounded pscudopreuniforjc mapping, tAen for every Л" s ̂  tAe 

induced pseudopreuniformity У - У[^. on tAe mapping 

f' ' ^ ^ У is ̂ -Aounded. 

P R O P O S I T I O N  3 .  L e t  Л "  b e  o t - d e n s e  s e t  i n  J Ü *  

vitA respect to tAe topoioFy induced Ay tAe pseudopreunifor­

mity Ü on f. ff tAe mapping Cf*,y*,) -' Л" —* У is ^-bounded, 

tAen Cf, У^ ' JT —^ У is aiso n-Aounded. 

Let U be a pseudopreuniformity on a mapping f. If the 

space Y contains a base В such that for every 0 e В the 

(dimension of the pseudopreuniformity Up on f *(0)) 

dim(Up) ̂  n (where the integer n ^ -1), then it is said that 

(*tAe dimension of tAe pseudopreuniformity У^ dim^y^ 5 n. If 

in Y exists a base В such that for each О ^ В (the weight of 

Up) w(Up) ̂  m (where m is an arbitrary cardinal), then it is 

said that бtAe yei^At of ыбУ^ - m. 

Let (f,U) : X —* Y , (f*,U ) : X' —^ Y are preuniform 

mappings and let dim(U) = n and w(U) = m. 

T H E O R E M .  L e t  Ф  У — ^  A "  A e  С У , У ' ^ - u n i f o r m i y  

continuous morpAism of a mapping f to p-Aounded mapping f 

and У Ae a space satisfying ыСУ.) ^ m. ГАеп tAere exist a set 

J, P-Aounded preuniform mapping ^ J —t У and (*V, and 

6M, y \)-uniformJ!y continuous morpAisms w of f to F and x of F 

to f respectively, sucA tAat dimf^ ̂  n, ^ m and 

If X, X' are pseudouniform spaces and f : X —^ X' is a 

uniform mapping then W.Kulpa [1] proved the existence of a 

uniform space Z, such that dim(Z) S dim(X), w(Z) ̂  w(X'), and 

a factorization X 2-* Z —+ X' of f into uniform mappings. The 

main assertions of the Kulpa result follow from Theorem when 

(Y,T) is a one-point space. 
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ON A FUZZY UNIFORM STRUCTURE 

D. Dzhajanbajev, A.P.Šostak 

Kirghiz University, Latvian University 

The aim of this note is to introduce and to study the 

concept of a fuzzy (quasi-)uniformity which would be consis­

tent with a fuzzy topology as it was defined by the second 

author[6]. Our approach contains in itself the approach to 

quasi-uniformities developed by B.Hutton [3] as an important 

but very special (in a known sense crisp) case. 

Hutton's definition oi a fuzzy (quasi-)uniformity is given in 

Section 0 ; in the sequel such structures are called Hutton 

(quasi-)uniformities. 

0. Preliminaries. 

Y 
For a set Y let I denote the family of all its fuzzy 

subsets (i.e. the family of all mappings M: X—*-I:-[0,1]). 

Let Dg or just D denote the subset of (1^)^ such that 

(D1) U(M) ̂  M for each U6 D and each M6 1^ ; 

(D2) U(\^M,) -VyU(My) for each family {м^:УеГ}с1^ . 

It is easy to notice that U^,U^&D implies U^AU^e D . 

Besides, if U<E.D, then where U*^(M)-AiN&I^:U(N°)iM°} 

(M°:-1-M). 

(0.1) DEFINITION [3]. A Hutton quasi-uniformity 

on a set X is a non-void subset %CD such that 

(HU1) if U€% , V6 D and Us V, then Ve% ; 

(HU2) if U^Up^Tt , then there exists Vett such that 

Vi Л U^ ; 

(HU3) for every UeK there exists Ve'M such that V*V$U. 

A Hutton quasi-uniformity is called a Hutton uniformity if 

(HU4) U6ll. implies 4*^6% . 

A pair (X,%) will be called a Hutton (quasi-)uniform space. 

(0.2) D E F I N I T I 0 N [3]. Let (X,TA), (Y,l?) be 

Hutton (quasi-)uniform spaces and f: X-->-Y be a mapping.Then 

f is called uniformly continuous if for every Ve^ there 
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exists U€T4 such that U ̂  f""*(V) (here f""*(V)(M) 

f"^(V(f(M)))). 

The theory of Hutton (quasi-)uniform spaces was develop­

ed by Hutton and other authors (see e.g. [1],ГЗ],Г5]). In 

particular,in [31 it was shown that given a Hutton quasi-uni-

formity *U, , the formula - ( M€I^: M - V^N: Nel\ 3ueU., 

U(N)^M}-)defines a Chang fuzzy topology Г2J on X and that 

if f: (X,K.)-*-(Y,T?) is uniformly continuous, then the map­

ping f: (X,T%) —*(Y,f^) is continuous. 

1. Fuzzy (quasi-)aniform spaces: basic notions. 

(1.1) DEFINITION. A fuzzy quasi-uniformity on 

a set X is a non-zero mapping %: D—*-1 satisfying the fol­

lowing axioms: 

(FU1) if U,VeD and U^V, then *H(U)^ %(V) ; 

(FU2) if U,V6D, then ^(UAV) - %(U)A%(V) ; 

(FU3) *M.(U) - sup{K(V): VeD, V^V^U} for each U6D. 

A fuzzy quasi-uniformity is called a fuzzy uniformity if it 

satisfies additionally the following axiom: 

(FU4) !A(V) = *М.(ТГ1) for each V6D. 

A pair (X,*LL) is called a fuzzy (quasi-)uniform space. 

(1.2) REM A R K. Under assumption that (FU1) holds, 

the axioms (FU2) and (FU3) can be reformulated as follows: 

(FU2') if U,V€D, then%(UAV)^ *M-(U)/\'K(V) ; 

(FU3') for each U€ D and each &>0 there exists VeD 

such that V°V ̂  U and 'М.(У) > Tt(U) - С . 

(1.3) THE DECOMPOSITION OF A FUZ­

Z Y  ( Q U A S I - )  U N I F O R M I T Y  I N T O  A  S Y S ­

T E M  O F  H U T T O N  ( Q U A S I - )  U N I F O R M I T I E S ,  

bet % be a fuzzy (quasi-)uniformity on a set X and h:-

:= sup ( %(U): U6 D} ( = : h%). Then for each *e[0,h) 

:={UeD: ̂ .(U)>o<}is a Hutton (quasi-)uniformity on X. Thus 

a system ^(M-):= :<*e[*0,h)j of Hutton (quasi-^uniformities 

on the set X is obtained. Besides this system is uppersemicon-

tinuous in the sense that for each<*t[0,h) 1^= U{%/!HbE(<x,h)S 

Conversely, given an uppersemicontinuous system A = 

[0,h)} of Hutton (quasi-)uniformities on X and defining amap-

ping \^(Л): D-"Iby the equality *^/(Jl)(U)=sup^: U€%^j 

(or, equivalently, ̂/(JT.)(U) = inf(^ : U^K^j) we obtain a fuz­

zy (qunsi.-)uniformit.y ^/(ii) on X such that h^jj,^ = h and 

(<^/(Jl)), = . IL. is easy to conclude thut the operators 
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<%? and у thus defined are reciprocal: yf(<^(%))-% for 

each fuzzy (quasi-)uniformity % and (^(Л. ))-Л. far each 

uppersemicontinuous system Л of Hutton (quasi-)uniformities. 

(1.4) D E F I N I T I 0 N. Let (I,*M.),(Y,^) be two fuz­

zy (quasi-)uniform spaces. A mapping f: (X,t(.)-^-(Y,l}) is 

called uniformly continuous if %(f'^(V))b J(V) for each VeDY-

(1.5) PROPOSITION. A mapping f:(X,H) (Y,t) ) 

is uniformly continuous iff for each ̂ €fO,h^ ) the mapping 

f: (^t^) -^-(Y,^) of the corresponding Hutton (quasi-) 

uniform spaces is uniformly continuous. 

(1.6) P R 0 P 0 S I T I 0 N. If the mappings 

f: (X,*U.) —*- (Y,l^) and g: (Y,l? ) -4- (Z,1A?) of fuzzy (quasi-) 

uniform spaces are uniformly continuous, then the composition 

g*f: (X,*M.)—*(Z,1^) is uniformly continuous. 

(1.7) T HE CATEGORY QFU AND SOME OF 

ITS SUBCATEGORIES. Let QFU denote the catego­

ry the objects of which are fuzzy quasi-uniform spaces and 

the morphisms are uniformly continuous mappings between theae 

spaces. Its full subcategory consisting of fuzzy uniform spa­

ces will be denoted FU. 

The category of Hutton (quasir)uniform spaces and uniform­

ly continuous mappings between them in an obvious way can be 

identified with the full subcategory H(Q)FU of the category 

(Q)FU the objects (Х,*Ц.) of which satisfy the following ad­

ditional axiom: 

(H) K.(D)(L 2 =-{0,1} С I . 

2. Fuzzy topoloKies generated by fuzzy (quasi-)uniformities. 

Recall that by a fuzzy topology on a set X we call C6J 
X 

a mapping J: I 1 such that 

(FT1) 3"(0) - J" (1) - 1 ; 

(FT2) J*(MAN)^ 7*(M)AT(N) for all M,Nel^ ; 

(FT3) C"(\^Ny)^AJ* (N,) for each family { N^ : ft Г j С1^. 

A mapping f: (X,7^) (Y,T^) of fuzzy topological spaces is 

called continuous if T^(f"^(V))^3*^(V) for each Ve.I^ [6j. 

Let (X,l<(.),(Y,l)) be fuzzy (quasi-)uniform spaces. It is easy 

to establish the validity of the next statements: 

(2.1) PROPOSITION. The mapping : 1^-*- I 

defined by the equality 
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3^ (M) - sup ̂  N&I^: 3 UeT^ s.t. U(N) * M j - M 

is a fuzzy topology on X. 

(2.2) REMARK. Following f7J,for a fuzzy topology?" 

on X and <nf0,1j let 3^ - {uel^: У(и)^о<] . (Obviously, ̂  

is a Chang fuzzy topology.) Then (?^)^ * 

where :-(M€l^:V{N€l^: 3U<=%;, K(N)^Mj -Mj 

are Chang fuzzy topologies generated Dy the Hutton quasi-

uniformities . 

(2.3) PROPOSITION. If a mapping f:(X,*M.)-^(Y,i)) 

is uniformly continuous, then the mapping f: (X,3^)-*-(Y,y^ ) 

of the corresponding fuzzy topological spaces is continuous. 

(2.4) FUZZY (QUASI-) UNIFORMIZATI-

0 N OF A FUZZY TOPOLOGY. A fuzzy topology У 

on X is called (quasi-)uniformizable if there exists a fuzzy 

(quasi-)uniformity % on X such that У - . 

To describe the procedure of (quasi-)uniformization of 

a fuzzy topology effectively,consider the decomposition of 

У into its level Chang fuzzy topologies M: y*(M)^<xj 

a €[0,1 J and let ^3^ he a Hutton quasi-uniformity generating 

. For each *€fo,1) let ^ ; then {1^: *€f0,1)tis 

uppersemicontinuous family of Hutton (quasi-)uniformities on 

the set X. Hence the formula %(u) * sup%<\ : U6%"} defines 

a fuzzy (quasi-)uniformity %(:- %y* ) on X. Besides <7^(M)-

- supi « : V{N€ 1^: 3UeH^ , U(N) < M} - Mj - sup^y3 : 

V{ N@1^: 3 U€ U(N) & M } - M ̂  sup{^ : 

- sup (j) : У(M) j - 9*(M), i.e. 5^ - У . 

This construction and [3, Theorem 7J imply 

(2.5) PROPOSITION. Each fuzzy topological 

space is quasi-uniformizable. 

(2.6) DEFINITION. A fuzzy topology У on X is 

called completely regular if there exists a decreasing sys­

tem :*б[0,1)} of completely regular Chang fuzzy topolo­

gies [4],[3] such that 9"(M) - V(ct: (The system 

^ :<*t[0,1)} will be called a completely regular decomposi­

tion of J" in this case.) 

(2.7) PROPOSITION. A fur.zy topology У is 

uniformizable iff it is completely regular. 
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(Indeed, if : <%efO,1)j is a completely regular de­

composition of a fuzzy topology У , then reasoning in the 

same way as in (2.4) one can construct a Button uniformity 

% such that 3^ - У . Conversely, given a fuzzy uniformity 

consider Chang fuzzy topologies induced by the level 

Hutton uniformities . Then, noticing that (M) - V^<* : 

we conclude that is completely regular.) 

3. Initial fuzzy (ouasi-)uniformities. 

(3.1) CONSTRUCTION OF INITIAL FUZ-

Z Y (Q U A S 1-) U N I F 0 R M I T I E S. Let X be a set, 

(Y, 1?) be a fuzzy (quasi-)uniform space and f: X-+-Y be a 

mapping. Define the mapping f**^(l)): -*-1 by the equality 

(^(!?))(и) - sup (l)(V): f'^(V)^ U, for eachUbDg. 

Then f"^(!?) is the weakest fuzzy (quasi-)uniformity onXfor 

which the mapping f: (X,*M.)-*-(Y,*!)) is uniformly continuous; 

it is called the initial fuzzy (quasi-)uniformity for the 

mapping f. 

Let now {(Y^T^y ): УеГ}Ье a family of fuzzy (quaai-)uni-

form spaces and f^ : X-*-Yy be a family of mappings. Let 

^ be the initial for ^ fuzzy (quasi-)unifor-

mity on X and let be the corresponding o(-level Hutton 

(quasi-)uniformity. Th*n is the subbase for the Hutton 

(quasi-)uniformity 1^= sup 44.^ on X (cf [ 5]). Besides, 

since : <^tf0,1)} is uppersemicontinuous, it easily fol­

lows that the system Л = : o(efO,1)j is uppersemiconti­

nuous, too. Hence the formula %(U) = sup^o( : U€t^f defines 

a fuzzy (quasi-)uniformity on X which is obviously the weak­

est one for which all ̂  : (Х,Ю —* (Y^ , 1?**) are uniformly 

continuous; ТА is called initial for this family of mappings. 

(3.2) PRODUCTS. Let (Х,,Ц* ), УбГ be a family of 

fuzzy (quasi-)uniform spaces. The pair (X,%) where X * 

and tL is the initial fuzzy (quasi-)uniformity for the fami­

ly of all projections p,: X -* (Х,,*Ы*),<Г€Г , is the product 

of these fuzzy (quasi-)uniform spaces in the category (Q)FU. 
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(3.3) Р в О P 0 S I T I О N. If % is the initial fuz­

zy (quasi-)uniformity on X for the family f^ : X-*- (Yy,l7^), 

У€Г , and У is the initial fuzzy topology on X for the fa­

mily of mappings fy : X -* (Yy , 3"^ ), where , then 

7* - 3^ . 

(Indeed, from (2.3) it follows that all f^: (X,3^)—*-

-*-(Yy,T*f) are continuous. Therefore . Assume that 

У^(М)<<*<У(М) for some M€l^. Without loss of generality 

one can assume that M - fy\p) for some У€Г and some P e 1^ 

such that У(М) - 3**(P). However, then У^(М) - supi Л = 

V { N & I ^ : 3 u ^ t L s , U ( N ) ^ M i - M j ^  s u p { A : V ^ S & l V  :  

3 s.t. U^(S)^ P} - P} - У(Р) -^У(М) .) 
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EXISTENCE OF A COMMON FIXED POINT FOR A FAMILY 
OF NONEXPANSIVE MAPPINGS ON A METRIC SPACE 

Inese Gal In* a 

University of Latvia 

1 .  I  H T R O D U C T I O M .  T h e  c e n t r a l  c o n c e p t  o f  o u r  w o r k  

is a closure operator used as a convexity form in a metric 

space. The existence of a common fixed point for a family of 

nonexpansive mappings is proved. In [1, Theorem 2, 3] 

L.P.Belluce and W A.Kirk examine the existence of a fixed 

point for nonexpansive mappings if the condition of 

diminisching orbital diameters or the condition of normal 

structure is satisfied. Generalizing these results for a 

case of a metric space with the closure operator for a 

family of nonexpansive mappings these conditions are 

weekened. 

a .  B A S I C  D E F I M I T I O M S .  L e t  X  b e  a  m e t r i c  

space with a distance d. Let PX be a set of all subsets of X 

Definition 1. 

/) c!osure operator on X ts a mappt rty S. PX -* PX /or each 

<4. Be PX satts/ytng; 

1) А с В S(A) с S(B); 

2) А с S(A); 

3) S(S(A))=S(A). 

Definition 3. 

/4 ctosure operator S on X ts satd to be atge&rate t/ /or 

eaeft <4 PX and x e Sf,4.> there extsts a /tntte set P с /4 

sucft that x e S<TP^. 

Let S be a closure operator on X. A subset A of X is said 

to be S-closed if A=S(A). 
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Definition 3. 

<4 space X ts satd to be S-compact t/ each centered system 

o/ S-ctosed subsets о/ X has a nonempty tntersectton. 

Mote that the intersection of S-closed subsets of X is 

S-closed. 

Definition 4 

^ convex subset Ко/ a normed vector space X has normat 

structure t/ /or each bounded and convex subset N о/ К 

contatntn^ more than one etement there extsts a potnt ye M 

such that . 

sup{ < y-x < / x с H } < diam H. 

In our Theorem 2 we use the condition of normal structure 

in a weekened form. 

3 .  R E S U L T S .  [ 1 ]  a n d  [ 2 ]  i n s p i r e  t h e  f o l l o w i n g  r e s u l t :  

Theorem 1. 

Suppose (TX.dJ ts q metrte space and S ts an at^ebratc 

ctosure operator on X. Suppose S(^^=SfS6<4^.)=.S'6,4.> /or each 

e PX and X ts S'-compact. Let each ctosed batt B^x.r^ 

(TxeX. reR*J) be S-ctosed. f* ts a /amtty o/ set/maps о/ X 

sat ts/ytn#. 

1) Vx.ycX Vf.geF: d(f(x),g(y))<d(x,y) -

nonexpanstvtty condttton; 

2) VxeX ( 3vcF : v(x)*x ) ЭуеА(х): 

sup{inf(sup(d(y.f"'(x )/m^n}ncZ*)feF} <diam A(x ), 

A(x): = П { A^X / xeA & A=S'(A) & VfcF:f(A)<=A ). 

Then /* has a common /txed potnt. 

Proof. 

Using Zorn's Axiom and S'-compactness of X we conclude 

that there exists a minimal nonempty S'-closed and invariant 

under F subset M of X. 

Let a^t and there exists feF such that f(a)**a. Since 

M-A(a), by 2) there exists a point a^eM such that: 

supfinf(sup(d(a^,f"*(a) )/m^n)neZ }feF)=:q <d i am H 

t.ct r*=]q; diam Mt and 

A - U { D ( Q ( B(f"fa),r) Г) M / m>n)feF}n-?Z*}. 
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A is nonempty (a^eA) and S-closed as a union of an 

increasing sequence of S-closed subsets of X ( S is 

algebraic! ). We prove that f: A-*A for each f^F. 

L.et 

П f П (B(f*"(a),r) П M / m^n}f^F) for some neZ" 

Then 

d(y,f"\a))^r, Vm^n. Vf<=F. 

We conclude that 

d(f(y).f(f"'(a)))&Ky,f"'(a))<r, Vin>n,Vf^. 

Hence, 

f<y)c rt { n {B(fla).r) Q M/4>n+l)f<EF} 

and f(A)cA, ^f^F. By continuity of f: Minimality 

of H implies: M=A. We choose p^ freely. Then peA and for 

each there exists p ^A such that: 

d(p,p^)<e. 

Then there exists п^^й^ such that 

d(p^,f"(a))<r, m^n^.VfeF. 

Hence, d(p,f"*(a))^r+^, m3:n^,YfeF, 

and S( U( U{f*"(a)/m>n^feF})cB(p,*+r). 

Since я is arbitrary, 

n(S( U( U{f"(a)/m^n}f€F})n^:*}cB(p,r). 

Let ze (-) (S( U { U (f"*(a)/m>n)f^))n^^). 

Then z^(p,r) and Q {B(p,r)/p^} 

because p was choosen freely. 

Thus : 

ze p (B(p,r) Г) M/p^M} = :A^, 

where A^ is nonempty and S-closed as an intersection of 

S-closed sets We prove that A^ is invariant under F. Let us 

assume that there exists heF and xeA^ such that h(x)^A^. 

Then there exists y^t such that y^6(h(x),r). 

Hence 

A^:=B(h(x),r) n M 

is a proper subset of M. 

But: 1) A^0 (h(x)^); 

2) A^ is S'-closed; 

3) A^ is invariant under F because for each z^A^ 

and each geF: d(h(x),g(z))<d(x,z)<r (condition 2). 

Hence A^=M. Therefore f(A^)<=A^ for each fcF. Minimality of M 

implies M-A^. 
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However : diam ^ r < diam M. The contradiction 

obtained completes the proof. 

In the following theorem the second condition of Theorem 1 

is strengthened. It allows to simplify the conditions for 

the closure operator. 

Theorem 2. 

Suppose ts a metrtc space and S ts a ctosttre 

operator on X. Suppose S6/4J*-. S' J /or each and 

X ts S'-compact. Let each ctosed batt P^x.r^ fxeX. rcRJ be 

S-ctosed Г ts a /amtty o/ set/maps о/ X sat t s/y L n^. 

1) Vx.yeX Vf,g^: d(f(x),g(y))^d(x,y) -

nonexpanstvtty condttton; 

2) VxeX (3veF: v(x)^x) ЭусА(х): 

sup(d(y,z)/zeA(x)}< diam A(x), 

Mhere A(x):= fl (AefX/xeA & A=S'(A) & VfeF: f(A)cA}-

"normat structure" condttton. 

7*hen F has a common /txed potnt. 

Proof. 

Define H as in the proof of Theorem 1. Let a^t and there 

eyists feF such that f(a)^a. Since M=A(a), by 2) there 

exists y^l such that: 

sup{d(y,z)/z^} = :r<diam M. 

Def ine 

A^:= ( (1 (B(x,r)/xeH) ) n M. 

is nonempty (yeA^) and S-closed sets. The further proof 

of our theorem repeats the proof of Theorem 1. 
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ABOUT THE FUNDAMENTAL GROUP G^ * OF THE CONNECTION 

GENERATED BY THE DIFFERENTIAL SYSTEM OF HIGHER ORDER 

V. Glizburg 

Moscow Pedagogical State University 

The system of ordinary differential equations is con­

sidered: 

d*x dx" d** 'x^ ^ p = 3.4. .. 

^ dx* (dx*3^ i;k — l.n; a;b = 2,n 
(13 

defined on the differentiable manifold as a cross-section 

s: S*^*(V^3 * (23 

(p-13-elements of tangency of the space V . 

The cross-section (23 is characterized by the structural 

equations: 

a <sO к , , ,<3.i b , . ,ci p-1 b 

(p> pk pb (1) P b (p-1) 

С 33 

p 

which connect the canonical forms of the bundle S**(V 3. As a 

result of the p-steps partial prolongation of the equations 

(33, attended by the reduction of the principal frame bundle 

H^(V^3 at each stage, combined with the scope operations, we 

obtain the following structural equations: 

. l l * ^ d(j = ы ̂  + 0 

4"?,,= <-\,r << * ^ <"*- o?., 

6 
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<3(У* = (j** ^ - s<$^(j*3 + * * ^ 0)^ ü)* + 
(ж) < ж) b 1 2 <ж-1) 11 

1 a ^ct 
+ &)<**(*) + Q * 

(ж+1) (ж) 

(4) 

s = 2, р-2 

(j *** Q 
< р-2) 11 (р-1) 

d<j" * ^ См" - Ср-13б"м*3 + 5—i (j (р-1) < р-1) b b 1 ж 

.  1  1  1 ^ 1  d<j^ = 

d * - * * + П* 
li* "i ̂  "li "ii 

dM° = - м° * б^ы*^ Ь)^ С^; 

the forms <Q> Ar# semi-base in S?*"*(V^3. 

It is shown that the following assertion is valid: 

P R O P O S I T I O N  1 .  ? 7 ъ е  e g u a  6  L  o r u ?  < *  4 J )  a r c  t  

g?irt*cturat e<?ucHtons o/ Car tern'д? /uT^damenta^^-^roup cort?nec-

tton tn. ^ome pr^y^c^pcc^ /tbre ЬчгкДс ctbove ^(TM ). 

So the principal fibre bundle with the fundamentally-

group connection associated with the system (13 is construc­

ted. In other words we obtain the complete system of inva­

riants of differential equations (13. 

P R O P O S I T I O N  2 .  T h e  / t m / i a m e n t a t  y r o t t p  *  ь б ?  

type; 

l l^ l 
^i * у 
x = — 

у X + у 
11 ^ 

a b i a r 
^ ̂ С ^ y^^> 

Q = 0 

y3^"^ 

l l 
У, У 

= 1 

(53 

У *У < q) ^ 1. . 1 

The proof of this fact is based on the results of Lemma 1, 

Lemma 2 and on the consideration of the representation of 

G**'* equivalent to the parametric one. 

L E M M A  1  .  

k + 1 
*1* r! r^-l r -t tr iV-'+b 
E v!Cr-v3! Cr-i3!C)c-Cr-l)3! 

к = О,р-2; V О,к 

42 



^ - r! r^-1 „ ^ f. <^г+р-2 (р-1)! 
b) Г —г-? ч*г * ! ! (p-s) К -13 р гч*тт =л—" 

v! (r-v3! ' + i * L (г-13 !(p-r3! 

. ПСр-^^+ c-l)'+'-'pJLEZ^i— ^-) Cp-s3^r] = 
ю= г ^ ж= г + 1 -* 

V = О,р-1 

сЗ The following conditions are equivalent (Vk = 0,p-13: 

м 
.gb gb .*^1-x (X 3 (dP - P , dx 3 = 

b 1 (k) (k+1) 

к к 
Mc — ^ i -ьк+t 1-к—t к ! ж——] ^ ^ t 

= x^ - E C-l) C-) } П Cp-s\Cx^3 
t =0 a=t+l 

„ ̂ h ^b 1^^ 1 Ml ^1 ̂ l-k-t 
-(dP - P dx3(x x - x x 3 (t) (t+l> 11 1 11 1 

^ k+t- 1 k—t к ! t ] ̂  ^ ^*1-. t 
x^ - E C-H t!Ck-t3! - П Cp-s).Cx,3 -

- .^b ^b .^-l^-^l ^1- k-t 
- (dP - P dx 3(x x^3 

(U (t^l) 11 l 

*C — ^ .^k+t^l^k-t к! .—. ,r_ ^ l^,t 

t =o Ж = t +1 

^ , r^b ^b . 1-- 1 Xi k-t 
*- (dP - P dx 3 (x x 3 

(t) (t+D li l 

L E M M A  2 .  ( V k  =  0 , p - 1 3 :  

u - o.k-a 

ы ^yr njp-^r 

+'E'c-l)"\,cj^.,, П Cp-s3^k-t^,^i^, П 
t=u  ж  =  t  ̂ 1  "  =  u ^ l  

**'* k! fL, ̂  ^ 1,^ (t+13! 
rijP-^. v!Ct+l-v3. 

П^Р-зЭ. u.cviu3! 

к) ** 
Cu-DtCk-Cu-l)) 

— j ) Cp-s3^= О, u = 1 , k-l 

6* 
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^ Ck+13! ^ _ 
^ E C-13 П Cp-s). П Cp-s^,+ 

t жо ж= t + 1 Ж = i 

П cp-s).(k-t)n cp-=^+ 
t=u Ж = t +1 Ю=1 

-А. *ч r ^ ^ * !*"*! ^ -s —, , ̂ - t+l+v (t +i) ! 
t?o t-!Ck-t.3! *\,?o v!Ct+l -v) < 

v 
* П ср-ж^. Г1 ср-^.* О 
Ж = v+1 ж = 1 

Introducing the variables: 

1 , 2 1, A. 
x* = ̂  } x* = # ̂  ! OL ^ ̂ x j 

* дх*]х'=о *' сдх'з*]х*=о ^ ^x^[x^=o 

p" = dx° pa ^ d*x" _ d**"'x* 

dx* ' Cdxb^' ' Cd*')"-' ' 

P" = p° ex*.. . . ,х"э ж R . 
< p-1) 1 ... 1 ^ П 

pi 

we ж hall consider the representation of G**'* equivalent to 

the parametric one: 

i l l  
^1 

y^x +y 

1 Г" 
у x +y 

q=° 
Уь*°+ Е^Г 

ty^x'+y3"'* 

1 AC 

у . ^ ̂ У.*ь 

* СУ^,х*+уЗ* ^ Су^х'+уЗ""* 

y_ 

(6) 

11 * 1 ^3 
Cy^^x +y) 

^<.r ̂ -T-^rivrTV E ̂ -^^гг^гл- П ̂p-*=\-
Cy x +y3 tcO k^tti 

Г "чЬ **"' 1 о . i. q-tl, i ^ж-t, 1 1 _t 

i .p-i 

44 



The values <y3 are considered to be the group parameters. 

Differentiating (63, considering (y3 invariable and taking 

into account Lemmas 1 and 3 we obtain the forms over the 

variables x*, x*\ x*, x* , x**, P^ , P" , ... * inva-
1 11 b (1) <2) <p-l) 

riant under the transformations (63: 

^1 *H . 1 ^l Mi 1 Mi i i Mi 1 
a- = X dx ; x( dx^ - x^x^dx 3 , x^ 

^i Mt. . l Mi l.i ̂ i^Mi 1 a i 
9 = x (dx - 2x x dx + —(x x 3 dx 3 
11 1 li l 11 l 2 l 11 

^b " dx^ - ̂ ^x^( Уз ̂x^dx*3 , x^x^ = <3^ 

e" = x"Cdx^- dx*3 ; С 73 
b (1) ^ 

к к 

<ь,= E П 
t =0 ж = t + 1 

Ml 2 1- k-t - .-b -b . 1- ; T ^ 
*(-(x3 x 3 (dP-P dx 3, к = l,p-2; 

2 1 11 <t+l) 

e" = ̂ CxS^*(dP^ + -
{p-i> b i ^ < p-i) ^ t! (p-1 -t3! 

? ] 1 - Ml 2 1 p—1+t - b — b . 1- ^ - ! (p-s3 (-(x 3 x 3 (dP - P dx 3 У 
' ' ̂  я 2 1 11 (U <t+l) J 
я-t+1 ^ 

The exterior differentiation of (73 shows us that the forms 

<03 obey the structural equations (43 under the condition of 

identical vanishing the curvature-torsion forms <Q3. Thus 

Proposition 2 is completely proved. 

The results obtained show that the fundamental group 6^"* 

is the group of invariableness of the cross-section s, writ­

ten in the suitable local coordinate system as follows: 

d*x = О (83 

and the set of integral curves of (83: 

P=l 

E 
q = 0 

"= E с* с*'э" . c° = с* 
_„ <) < <q) fq) i . . . i 
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datarminad by tha Pfaff's system also: 

(])**= О. м" = О м" =0 (93 
tu fp-i) 

$ 
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CONDENSATIONS OF TOPOLOGICALLY 

INVERSE SEMI-GROUPS 

I.Guran 

Lviv University 

Cardi nai-valued topological invariants play an important 

role in our considerations. We consider 1(X3, Д^ХЗ, y(X3, 

t(X3, d(X3: the Lindelöf number, the character, the pseudo-

character, the tightness, and the density of a topological 

space X respectively. One can find the definitions of these 

functions in С 3,71. Let G be a topological group. We write 

b(G3 < т* if G is а т-bounded topological group С 4]. All the 

spaces under consideration are assumed to be Hausdorff. By 

condensation ve mean one-to-one continuous surjective map. 

Let S be a semi-group. The elements a and b are said to 

be inverse if aba = a and bab = b. If every element of a 

semi-group S has a unique inverse, then a semi-group S is 

called an ^nversre semt-group С 33. We shall say that a 

topological semi-group S is topotogtcaHy tnverse if S is an 

inverse semi-group and the operations of multiplication and 

of invertion are continuous. The inverse element of a is 

denoted by a *. 

Let S be a topologically inverse semi-group and EC S3 be 

the set of idempotents of S. The map i:S tE(S3, i(x3 = xx *, 

is continuous and i(x3 = x for every x <e EC S3. Hence, the map 

i:S *E(S3 is a retraction and the space ECS3 is retract of 

S. Therefore, EC S3 is a closed subset of S. 

only if ef = fe = e. Let 1^(S3 = <x € ECS3 ) x < f> and 

r^(S3 = <x e E(S3 j f <x3 be the left and right rays of 

idempotent f e ECS3 respectively. 

ctosec? ̂ ub^poce^ o/ a topological. I.у inverse semi-group. 

P  r  o o f .  T h e  m a p  % ? ^ : E ( S 3  * 1 ^ ( S 3 ,  y 3  -  x y ,  x  ̂  

^ ECS3, is a retraction. Hence, a space 1^S3 is closed in 

ECS3, and therefore in S. 

Now, assume that r (S3 ̂  r (S3 and z <e г ̂ (S3 r^(S3. If 
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z < x, then by virtue of Hausdorffness of S there exist 

neighbourhoods U(z3 of z and U(x3 of x such that 

U(z3 П UCxD = Л Since xz = z, by continuity of multi­

plication, there exist neighbourhoods W(x3 and W(z3 such 

that W(x3V(z3 с U(z3. However, z € r ̂ (S3 and therefore 

V(z3 f) ^ ̂  Consequently, there exists p € r^(S3, 

p > x, and x = xp € W(x3V(z3 с U(z3, and it contradicts to 

the assumption that DCz3 П LK x3 = Д. 

If the points z and x are not comparable, then zx < x 

and zx < z. Since S is a Hausdorff space, there exists a 

neighbourhood UCzx) of zx such that x € U(zx3. But again, by 

virtue of continuity of multiplication, there exist neigh­

bourhoods U(z3 and UCx3 such that U(z3U(x3 с U(zx3. Since 

z r (S3, then there exists p > x and p tar U(z3. Hence, 
x 

x = px ̂  LKz3U(x3 с U(zx3, and we get a contradiction with 

the assumption that x ̂  U(zx3. 

C O R O L L A R Y .  L e t  F < T S . 3  b e  a  s e t  o /  i d e m p o t e n t s  o /  a  

topological у inverse semi-group S. 7/ < is ^near order, 

then the interval 

(e,f3 = <x с E(S3 } e < x < f3, e,f € E(S3 

are open sets tn fCS). Consequent0y, the topology induced! on 

by the tinear order < is; coarser than the origina^ 

topotogy on 

Topiogicall у inverse semi-group S is called L-semi-group 

if the subset E(S3 is linearly ordered with respect to the 

relation < 

T H E O R E M  1 .  7 /  5  i s  a  c o m p a c t  Z . - ^ e m i - g r o t * p ,  t h e n  

is tinear^y ordered compactum. 7n partici^ar, i/ S is a 

metri^ab^e con?Tected L—yemi-grottp, then FCSJ> is homeomorphic 

to segment fO,Y7 or S is a topo^ogica^ group. 

The proof follows from the fact that the condensation of 

compactum is homeomorphism, and from the corollary. 

L E M M A  2 .  L e t  S  b e  a  t o p o l o g i c a l t y  i n v e r s e  S e m i ­

te, k3 = <x € S ] xx"*= e and x *x = кЗ, e,k € E(S3. 

7*hen every non-empty svbspace e,  J> is homeomorphic to 

ctosed maxima!^ subgroups ^<Te,e3 and Pes ides, 
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S = Ц(НСе,к) ) о,к e ECS)) , HCe,k) fl HCf,l) ̂  Л, 

t/ e ̂  / or and every sublet NCe,^) ts a closed 

svbspace о/ S. 

The cardinality of space X is denoted by [X]. Let q be a 

cardinal invariant. We denote by gqCS) the following cardinal 

function 

gqCS) = sup < т ) qCHCe.e)) < т . ee ECS3). 

T H E O R E M  2 .  L e t  5  b e  a  L - j s e m i - y r o v p .  T h e n  

[Sj < gbCS)gy<S)exp c^CS), 

vhere с CS) the ^matteart cardinat number tarier than the 

Sov^tin number cCS). 

P  r  o o f .  S i n c e  t h e r e  e x i s t s  t h e  c o n d e n s a t i o n  o f  s p a c e  

EC S3 onto a linearly ordered space X, we see that 

)ECS3] < )X] < exp d(X) < exp с*СХЭ < exp e\S3 

If G is a topological group, then )Gj < bCG)^yCG) by [41. By 

virtue of Lemma 2 the cardinality of the family of all 

subspaces HCe,k) is )ECS)[ Therefore 

jS] < )ECS3)gbCS)g%<S) < gbCS3g^S3exp c^CS). 

Note that there exists topologically inverse L-semi-

group X which has the Souslin property but the Souslin and 

Lindelöf numbers of a maximal closed subgroup are equal to 

conti nuum. 

The following corollary can be also deduced directly 

from Theorem 2 and results of the articles [1,41. 

C O R O L L A R Y .  L e t  S  b e  a  L - ^ e m t - ^ r o v p .  7 * h e n  

a) ]S) < gwlCS)y<S)exp dCS3, 

b) )S] < gl ( S3 ̂  S3 exp dCS), 

c) )S] < gcCS)y<S)exp dCS). 

T H E O R E M  3 .  L e t  S  b e  a  c o m p a c t  L - s e m i - ^ r o v p .  T h e n  

]S) < exp tCS). 

P r o o f .  I t  i s  w e l l  k n o w n  [ 5 1  t h a t  a  c o m p a c t  t o p o ­

logically inverse semi-group S is a union of pairwise dis­

joint compact subgroups [61. By [21 for a compact topologi­

cal group G we have tCG) = wCG). Hence 

}HCe.e)j < exp tCHCe,e)) < exp tCS) 

7 
4Я 



)S] < )ECS3 [exp tCS3. 

By virtu* of Lemma 1 and equality tCX3 = дСХЗ for every 

linearly ordered space X [7, 3.12.4(d)), we have [ECS3] < 

j S j  < exp tCS3 exp tCS3 = exp tCS3. 

Topologically inverse semi-group S is called (^-semi­

group if the subset ECS3 has the order type of the set of 

negative integers. It is easy to verify that in this case the 

only topology on EC S3 which makes EC S3 to be a topological 

semi-group is the discrete topology. Thus, ECS3 is a discrete 

subspace of any topological semi-group containing it. 

P R O P O S I  T I  O N .  L e t  S  b e  a  o y - t o p o Z o g i c a t t y  i n v e r ­

se semi-group. TTupn. S is the sum o/ the spaces MTe,hJ>. ^егюе, 

the topotogicat space o/ м-semt-group $ is com^ptete^y regu-

iar. 

T H E O R E M  4 .  7 o p o t o g i c a t t y  i n v e r s e  ( j - s e m i - g r o u p  S  

is metrizable i/ and onty i/ S satis/tes the /irst 

countabitity axiom. 

Note that in the last theorem the assumption that S is 

(j-semi-group cannot be replaced by the assumption that S is 

L-semi-group and %CS3 < т. 
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If С is a category, a system (A ,C) is called a ieft C-net of 

categories if 

LWC1. to each г e Ж a (small) category (I ,J ,A^, ,e^ 

corresponds, for different r the basic sets A^. of the categories A^ are 

disjuncted; 

LWC2. to any с e C^ and each i € I an element с t> i e I 
s r a 

corresponds; 

LNC3. if moreover < ' C* , then d & (c & i) = (dc) & i is 

satisfied; 

LNC4. for each i ̂  the equality e^& i = i holds; 

LNC5. to any с e cj , x e A^ an element с t> x e A^^. 

corresponds; 

LMC6. if moreover dec* then d & (c f x) = (d-c) t> x holds; 

LMC7. for each x € A^ the equality e^c- x = x is satisfied; 

LWC8. if moreover у € A^ then с ь (x-y) * (с с- x)(c t> у) holds; 

LMC9. the equality с & e^ e^ holds for any i e I . 

Here С is called the active category and A^ the passive categories 

of the net. The conditions LUC2, LMC5 and LMC6 mean that any с e 

determines a homomorphism (covariant functor) of the category to A . 

The notion of the left C-net (A ,C), shortly (A,C) is equivalent to the 

notion of a contravariant functor A : С —* cat from the category С to 

the cattfary cat of small categories. 

We get an example of a net of categories in the following way. Take 

a category G = (R,S,G*,-,e^) for which the graph (R,S) is symmetric, 

i.e. (r,s) e S implies (s,r) e S. Suppose that we have a subgroupoid [1] 

С = (R,S,C*,-,e^ ) in it, i.e. each element с € C° is invertible in C. 

Moreover, suppose that, a subcategory [1] A = (R,,A^,- ) in G is 

given for which only the diagonal subsets A^ are non-empty and which is 

C-invariant (с e , a e A^ imply c-a-c* € A*). We put now 

A^= ({r},{(r,r)},A^, ,e^. ) (so that all A^ are simply monoids), 

с & г = s for с € C^ , c&a=cac* for any a e A\ It is easy to see 

that if we take С for the active category and the monoids A for passive 

categories then such a system satisfies all axioms LMC1-LNC9. We call 

such a net the ieft inner net of categories and denote it by 

I(G,C,A) = (I^(G,C,A),I^(G,C,A)) where 1^(G,C,A) = A__ . I^(G,C,A) = C. 

Now suppose that besides the left C-net (A ,C) another left C-net 

(B ,C) of categories with the same active category С is given where 

В = (K ,L ,B* ,-,e„ ). Then we say that a two-sided f-net (A ,C,B ), r ^ r r rb в к' r r 

shortly (A,C,B) is given. We get an example of a two-sided net of 

categories if we take the categories G,C,A as in the last example, take 
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another C-invariant subcategory В = (R,A^,B^,-,e^ ) in G and put 

с & b = eb e ^ for each be B^ and В = ({r).((r,r)},B\-,e^ ). If же 

take С for the active category and monoids A^ and for the systems of 

passive categories we get a two-sided C-net (A ,C,B ). We denote it by 

I(G,C,A,B) = (1^ (G,C,A,B),I^(G,C.A,B),I^^(G,C,A.B)) where I^(G,C, 

A,B) = A^ , I^(G,C,A,B) = С , I^(G,C,A,B) = B^ and name it the two-

sided inner net. 

Now let a two-sided C-net (A ,C,B^) be given. Denote by M the set 

of all triples (i,r,k) where r€R, iel,k€ К . Denote by N the set 

of all pairs ((i.r,k),(j,s,l)) where (i,r,k),(j,s,l) e M, (r,s) € S and 

с € C* exists so that 

(i,c j) e , (c t> l,k) € . 

If ((i,r,k),(j,s,l)) € N we denote by Gj*^ the set of all ninuples 

(i,r,k,a,c,b,j,s,l) (4) 

where 

с e С* , a e A^ ' ̂ e B^ . (5) 

Define the equality of ninuples componentwise. We define the product of 

two ninuples from G^°' and G**" by the formula 'rk j* t ^ 

(i.r,k,a,c,b,j,s,I)-(j.s,t,d,g,f,m,t,n) = 

= (i,r,k,a (с ь d),c-g,(c c- f) b,m,t,n). (6) 

We define additionally 

"ci,* ^ (i.r,k,e^.,e<.,,e^,i,r,k). 

P R O P O S I T I O N  1 ( [ 2 ] ,  p . 2 4 ) .  i , e f  ( * A ,  < С , Д  ) ̂ ̂ two-sided 

net of categories. Hien tAe famiiy С = ^) is a category. 

denote С - X С X ^ and name it tAe two-sided s^ew product of 

tAe net (/4 ,С,Д 

We note that if a left net (A ,C) is given then one can define 

analogically the left skew product (A } X С of the net (A ,C) using 

sixtuples (i,r,a,c,j,s). 

Now let besides a left net (A ,C) a category M and a left net 

(D ,M) be given where D = (N ,F ,D° . .e, ). А Ложожогр/н'жя of !eft 
p ° p p p pn 4 n ^ 

p ' 
nets (f^,h) : (A ,C) —* (D ,M) is a family of homomorphisms of 

categories h : С —< M and f^: A —< D ^ (r e R) where 
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and the conditions 

(c & i)f^= (ch[) t> (if^). 

are satisfied for any i e I , a € A^ , (s,r) e S, с € (/. 

( 8 )  

(7)  

One can show that all the nets of small categories and their hono-

morphisxs fors a category LM. 

Now suppose that the two-sided nets (A ,C,B ) and (D ,M,E ) are 

given. Then we have the left nets of categories^,С), (B ,C), (D^,M), 

(E ,M). We say that a AomomorpMsm (f ,h,g ) : (A ,C,B ) —' (D -M,E^) is 

given if (f^.h) : (A^,C) (D^,M) and (g^,h) : (B^,C) — (E^.M) are 

homomorphisms of the nets of categories. 

It can be shown that all two-sided nets of small categories and 

their homomorphisms form a category TN. 

2. Behaviour of two-sided skew products by homomorphisms. 

P R O P O S I T I O N  2 .  Г о  e a c h  A o n o m o r p A i s n  )  '  

(/) ,C,ß ) —< CD ,М,Д J of tifo-sided neis of categories a Aomomorphism 
r r p p 

d .*(/).? X С X ^ ^ X W X ) of tAe tifo-sided s/tew products 

corresponds. 

If we denote the skew product (A ) X С X (В ) by S then 

Proposition 2 means that S is a covariant functor from TN to cat. 

For the p г о о f we denote {A}XCX(B}=G, {D ) X M X {E } = 
г г p p 

- H and denote the object sets of E^, П and H correspondingly by Q, T 

and U. By the definition the elements of T are the triples (i,r,k) where 

iE I , reR, к € К . First we define the mapping d^: T —* U by the 

formula 

(i.r.k)d^= (if^rh^.kg^) (9) 

and the mappings 

by the formula 
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First we control that the mappings d^ and d^ are defined 

correctly. As by the definition of the homomorphisms h, g^ the 

relations h : R —* P, f^ : I —* , g : —* Q hold, we have rU r r ^ r r r ^ 

rh € P, if € N ! kg Q for each r€R, i€l,k€K, so that 
О  r O r h r O r h  r  r  

О О 
(i,r,k) € T always implies (i,r,k)d € U. It follows from the definition 

ct> о ^^^^rO 
of the homomorphism f^ that f^.^ maps into . This is the 

o '  r 0  

demanded condition for the fourth element of the right hand side 
sh^ 

ninuple. From the definition of the homomorphism h we have ch 6 M ^ 
^ ^ о 

what is the condition for the fifth member of the right hand side. 

Analogically we get the demanded condition for the sixth element of the 

right side. The conditions for the first three and the last three el­

ements of the right side are checked already. 

Now we compute 

[(i,r,k,a.c,b,j,s,l)(j,s,l,p,u,q,m,t,n)] d*^ * 

= (i,r,k,a (c > p),c u,(c & q)b,m,t,n) d*^ = 

^ ^^ro'^o'^ro'^'^ " P)]f'" "^*-(c u)h\ 

t(c 4) = 

^ Of,<,.rh..kg,.,(af^).[(c ̂  

Kc > ^,).mf^.th^.kg^) = 

= H^..'\.kg^.(af^') [(ch;) > (pf^-)],(ch;).(uh^). 

[(ch;) > (bg' ̂ ,),-.f,.,th^,ng^) ̂  

= (if,..r\,kg^.af^\ch;.bg^^,jf^,sh^,lg^). 

(jf^^,sh^,lg^^,pf"^",uh\qg^ u^n'^to'^o'^to^ ' 

= [(i,r,k,a,c,b, j,s,l)d^* I - l(j,s,l.P)U,q,m,t,n)d"'^"l. 

Нете (he first equality holds by the definition (6) of the product in G 

and the second by the definition (10) of the mapping th^ third 

eqnali^y ns^ that h, f^ dnd ant homomorphisms of thecorresponding 

cr)!^gnrins (the ^nndi^inns (1)*(4)). Ibe fourth equality is based on the 

condition In the fifth equ^Ht.y we use the definition (6) oi the 

product in H ^nd in the sixtt^one the definition (10) of the mapping 

d j^ am! Ч'н i/M'posit ion is proved. 

!' )- i' 0 S 1 1 1 0 N J. ^ ' 
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В = ,) be two C-invariant subcategories in G. Suppose that 

# = CP, ^ ^ is aiso a category and d .' G—* Я, 

d = Cdg ,d\ Cr.Sy) e ̂  is а Аожояогр&1жя on categories wbere d^ «aps P 

onto P and S onto 0. Denote C*d* - W = ß = E 
г г rd r r rd r r rd 

td rd d 

^ = rP-<?,V ° .,e^_ J, P ̂  "".A,."rd°.'-s,,rd ^ = ^p^rd"'-^Hrd J 
0 0  0 0  0 0  

and put d^, A* = d^j^ ^restriction of d^ on ), A = C^ , 

Cr,s^ 6 f = ^ ̂  ̂ subgroupoid in H, P and 

f are ̂ -invariant subcategories in Й and Cf.-b,g ) is a boaonorphism of 

tbe inner two-sided net fCC,4,C,ßJ into tbe inner two-sided net 

It is easy to see that the condition (7) has now form sd^= (ch^) t> 

t> (rdp) and is trivially satisfied. We must only check (8) which in our 

case has the form 

(c t> a)f^ (ch[) t> (af^) (11) 

and its analogue 

(c t> b)g^= (ch^) t> (bg ) (12) 

for any с € C^, a € A^, b € !f. But by the definition of the operation & 

in the inner net we have 

(c & a)f = (c-a-c)"*f^= (ca c)*^d* = (cd^)-(ad^) (c *d*) = 

= (cd^)(ad^)(cd[)"' = (cd^) & (af,). 

Analogically we get (12). This completes the proof. 
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APPLICATION OF ВITOPOLOGY TO ALGEBRA 

A.A.Ivanov 

Leningrad Branch 

of Steklov Mathematical Institute 

1. The notion of bitopological structure on X means 

here a topological structure on XXX thus (X, /?) is a bitopo­

logical space if and only if (XXX, /3) is a topological space. 

This notion proved to be [4] a natural generalization of the 

old notion [6] of bitopological space in Kelly's sense 

understood as triplet (Х.т ,т^), where and т^аге topologi­

cal structures on X. Sine* and (XXX. т^хт^) define 

each other so introducing (Х.т^.т^) or (Х.т^хт^) is as a 

matter of fact the same procedure. We call (X,/!) where 

T^xT^ decomposable [4] bitopological space. 

2. The proainent role of topologization of algebraic 

objects for example groups is well known, the theory of 

topological groups contains outstanding results. As to 

bitopological groups their theory is in the very beginning. 

Birsan T. has introduced [1] the following notion of bitopo­

logical in the Kelly's sense groups a group G and two 

topologies т,.т^ on G that is a triplet (G,T ,т ) is a 

bitopological group if both p:(GxS,T^xT^)—*(G.T^) and 

p:(6MS,T^xT^)—*(G.T^) are continuous mappings, р(х.у)-жу is 

a multiplication on G. and the mapping ty(x)-x is a homeo-

morphism of (G.T^) onto (G.T^). Birsan considered there some 

initial statements of a theory of bitopological groups in 

that sense. One can prefers another approach of the same 

kind to the notion, for example by the following definition: 

a triplet (G.T^.T^) is a bitopological in Kelly's sense 

group if /<(6)С.т^хт^)—*(G,T^), р{х.у)-жу'*, is continuous 

mapping and the mapping is a homeomorphism of 

(G.T^) onto (G.T^). !t la easy to see that the mapping 

р:(ЗМб.т^хг^) —* (б.т^). where p(x.y)-yx*. is continuous 

too. This definition of bitopological group is not new in 

reality since it is equivalent to the Birsan's definition. 
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3. General notion of bitopological group has to be 

based on the general notion of bitopological space. In [5] 

there are different variants of corresponding definitions 

but now it seems the most natural the following: bitopologi­

cal group is a triplet (G.ß.T), where С is a group, /3 is a 

bitopological structure on 6, т is a topological structure 

on G. mapping p:(GMG, ß) —* (G. т ) being continuous. 

р(х,у)-жу'*. The reason of such preference is clear from 

the above considerations. There is no general connection 

between ^ and т and one of possible directions of research 

is discovering of such connections for special classes of 

bitopological groups We have considered already the case 

with ß-т^хт^ . We shall say that homomorphism 

Ф : G^—* G^ is bicontinuous homomorphism of bitopological 

group into bitopological group ^2-^2*^2^ ^ 

# = (6,-1^)** *^2**^2 '^2* 

continuous mappings. <фхф)(х,у)-(ф(,%у). 

4. Another variant of definition of bitopological group 

has been proposed in [2] The authors have formulated 

there the following definition bitopological group is a 

pair (G. /3 ) .where G is a group. ̂  is a bitopological stru­

cture on G, if the mappings m(x,y)-(xy. y"*x) 

t(x.y)*(x^.y^) are bicontinuous mappings. Here in corres­

pondence with [4] a mapping f:X^—* X^is called bicontinuous 

mapping of into if the mapping 

(/x/):(6^x G^. . ^) - t/*/)(x.y)-(/*./y). 

is continuous mapping . 

The notion of bitopological group in [2] is rather 

attractive since it has pure bitopological character .here 

is no necessity to use additional topological structure. On 

the other hand it has essential lack since it is not a natu­

ral generalization of a corresponding notion of bitopologi­

cal in Kelly's sense group namely the authors prove in [21 

that if ß-т XT then т =т 
'  t  2  * 2  

5.Some authors have examined in fact bitopological 

groups having no idea about general notion of bitopologicat 

group. In [3] for example the author has considered topolo­

gical groups (G ,т ) m such sense that G is a group, т is 

a topological structure on G and multiplication 

p(x,y)=xy is not necessary continuous as a function of two 
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variables but it is continuous as a function of any variable 

separately In other words multiplication p:(Gx6.TXT)—* 

(G,T) is not necessary continuous mapping but it is conti­

nuous mapping on every horizontal set Gx{y} and on every 

vertical set (x)xG . 

Let us define a topological structure /3 on 6x5 by the 

following condition: any set U is open in (GxG,/? ) if and 

only if its intersection with any horizontal set and with 

any vertical set is open in topology induced on.this set by 

TXT .It is easy to see that p will be continuous mapping 

of (GMG.ß ) into (G,T) that is we have here a bitopological 

group (G ,/?,т ) . 

6.From now on we shall consider bitopologic&l groups 

only in the sense of the item 3 that iB triplets (6,/З.т) 

with continuous multiplications p(x,y)-xy"*. As it was said 

in the same item a problem of discovering of general con­

nections between ß and т for different classes of bito­

pological groups not taking into account multiplication p is 

the problem of great importance and of great interest. In 

[4] the following connection between and т has been pro­

posed. Let (X,/? ) be a bitopological space that is (XXX, /?) 

be a topological space ,J:X—* XXX be the diagonal mapping, 

jx-(x.x) be a topological structure on X induced by 

and j . We can suppose now that for any bitopological 

group (G./9,T) Such approach looks very attractive but again 

as in [2] from /?=т хт follows т -т 
* 1 2  1 2  

7. Another way is to fix on G the discrete topology т^. 

Then on any group G there exists the minimal bitopology ̂  

ensuring continuity of p. This topological structure on GxC 

consists of inverse images of all subsets of G and has a base 

consisting of inverse image of all elements of G, which pro­

ved to be minimal open sets in (GxP.f! ),they make a parti­

tion of Gx6 . Each element G^ of the partition corresponds 

to some ceG namely G-((cx,x)lxeGl .in particular if c-1^ 

then G^-A=((x.x)lxeG) is the diagonal of GxG. It is easy to 

prove that if we fix and the unit of G then multiplica­

tion on G will be fully defined. It means that in this situ­

ation such bitopological structure almost defines a corres­

ponding algebraic structure on G. Moreover any bicontinuous 

mapping of a bitopological space (G,ß^) into bitopological 
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space which transfers to 1^, has to be homomor­

phism of G into G' 

It is of interest to investigate different properties 

of above defined bitopological structure .Such structure 

for example will be always symmetric t41 that is the mapping 

^(x.y)-(y.x) will be homeomorphism of (Gx6.^) onto itself. 

It will be also transitive [4] that is convergences 

((x^.y^))X*A)—" (x.y) and ((у^.ж^))\еЛ)—* (y.z) imply con­

vergence ((x^.z^)]b.^A)—* (x.z) . 

8.We shall say that a bitopological structure ^ on X is 

co-ordinated [4] with topological structure т on X if any 

convergence ((Жд.у^))Ь.яЛ)^* (x.y) implies convergences 

(х^)ХжЛ)^-* x and (у^)ХжЛ)^-* у in other words if тхтс ß. 

3o we can consider a class of bitopological groups (G.ß.T) 

for which p is co-ordinated with т .It is easy to see that 

if /?-г^хт^ then T с т^п т^ so the condition of co-ordi-

natedness is too strong condition. Let us consider another 

not so strong condition. We shall say that a bitopological 

structure ^ on X iB horizontally co-ordinated with 

topological structure т on X if any convergence 

((х^.у)]Ь-*бА)^-*(х,у) implies convergence (x^)\*A)^-*x It is 

easy to see that bitopological structure horiz­

ontally co-ordinated with т^ .The condition of horizontal 

co-ordinatedness can be expressed in another way. Bitopolo­

gical structure ?! being a topological structure on XXX 

induces a topological structure /?( .y) on XX(y) for any 

ysX. So we have the system ( /?( ,у))ужХ) topological stru­

ctures on horizontal sets. Let я be the first projection of 

XXX onto X. м(ж,у)-х. я*'(т) be a topological structure on 

X)6(. It induces on XX{y) a topological structure 

п**(т)^(ХХ(у)) . Bitopological structure ß will be horizon­

tally co-ordinated with т if п *(т)^(ХХ(у))с f!( .y) for every 

yt!X. By the way bitopological structure f?^ of the item 7 is 

horizontally co-ordinated with т^ but of course it is not 

co-ordinated with т^. 

9. The item 5 was devoted to a transition from continui­

ty of multiplication p:(G)43. тхт)—* (G,T), p(x,y)=xy, in 

regard to any variable, the other being fixed, to continuity 

of p:(GMS. f!)—* (G.T) in regard to both variables simulta­

neously. The corresponding bitopological structure /? can be 
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constructed such that тхтс f3. тхт and /3 induce coincided 

topology on every horizontal and every vertical set of 6x5. 

The same procedure is possible when we consider some bitopo­

logical structure /3' instead of тхт. The corresponding bito­

pological structure /3 can be constructed for p(x,y)-xy"* 

such that f3'c /3, f!' and f3 induce coincided topology on every 

horizontal and on every vertical set of GxS. As a rule this 

bitopological structure /3 will not be locally decomposable 

[4] but one can imagine a situation when just a locally decom­

posable bitopological structure on a group G will be neces­

sary. Locally decomposable bitopological groups have their 

peculiarity. 

10. Bitopological structure ß on X is called local [4] 

if any subset of (XxX)\A is open set in (XXX,/3) . Bitopolo­

gical group (G.?3,T) is called local if ?3 is local bitopolo­

gical structure on G. Since p(A)-l^ we could suppose that 

any subset of G\(l^} is open set in (G,T) however the condi­

tion of co-ordinatedness of (3 and т implies some kind of 

homogeneity of т. 

11. We see that there is a lot of problems concerning 

properties of structures /3 and т of bitopological groups. 

Another set of problems arises in connection with combining 

of bitopological groups: subgroups. quotient groups, 

products of groups, characters groups and so on. 

12. The notion of bitopological subgroups and the no­

tion of bitopological quotient group are quite natural. A 

bitopological group (G'./3'.т') is a bitopological subgroup 

of (G,/3,T) if G' is a subgroup of G, /3' and т' are induced 

by ß and T on G'x G'c Gx G and on G'c G respectively. A 

bitopological group (G,f3.T) is a bitopological quotient group 

of (G,f3,T) if G is a quotient group of G , j :G—* G is the 

qoutient mapping , /3 and т are maximal topological 

structures on G>35 and G respectively for which (jx_?):(GxS, /3 

)—* (GxS, f? ) and _y':(G, т)—* (G, т ) become continuous 

mappings. Corresponding theory can be created without any 

difficulty. 

13. Let us consider now the problem of bitopological 

groups of homomorphisms. The situation here is not so 

definitive as for example the corresponding situation in the 

problem of subgroups. The thing is that we can take all 
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homomorphisms or only continuous homomorphisms or even only 

bicontinuous homomorphisms. We stop on the last variant. So 

we consider two bitopological groups (С',/!',т'), (G./З.т) and 

the set Homb(G',6 ) of their bicontinuous homomorphisms. It 

is necessary first of all to prove that HombfC'.C ) is a 

group that is to prove that is bicontinuous if h and <y 

are bicontinuous homomorphisms. After that we have to intro­

duce on H=Homb(6',C) needed topological structure т and 

bitopological structure /! and to investigate correspondence 

between them to prove that (Н,??.т) is the bitopological 

group. 

14. It is necessary not only to create some general 

theory of bitopological groups but also to examine some 

concrete bitopological groups. The first example of such 

groups is bitopological real line. There are some variants 

of bitopological real line namely the followings. Let R is 

the real line, T^and are topological structures on R 

consisting of sets ) t) and R^ = (x]x < t) respecti­

vely then (Я.т^хт^.т^) will be the decomposable bitopologi­

cal real line considered as a group according to operation 

p(x.y)*=x-y. On the other hand we can introduce on KxR a 

topological structure <5 induced by the mapping р:ЯХЙ—* Я and 

the usual topological structure т on real line R. So we 

shall have another variant of bitopological real line. 
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AN EXAMPLE IN THE MULTIVARIABLE SPECTRAL THEORY 

A.Kokk 

Tartu University 

1. Introduction 

In [3] C.-K. Pong and A. Soitysiak proved that a com­

plex, unital Banach algebra has a non-trivial multiplicative 

functional if and only if the Harte joint spectrum of an ar­

bitrary finite family of its elements is non-empty. In ad­

dition, A. Soitysiak proved in [7] that a similar result is 

also available when considering the approximate point joint 

spectrum . Even more, as it is shown in [6, 8], a unital 

Banach algebra A possesses non-trivial linear multiplicative 

functional if and only if such a functional exists on every 

closed finitely generated subalgebra of A. 

In [4] we provided a characterization of joint spectra 

in the setting of arbitrary complex unital algebras and 

obtained, among other things, the following result. 

T H E O R E M  1 .  Г А е  f o i J o v i n F  a s s e r t i o n s  o n  а  c o c p i e x  

unitai spectra J Jy bounded ai^eAra /3 are eguifaient.* 

(*a^ tAe #arte joint spectru/в <?*Ca^^a^,...,a^^ is non­

empty for erery n-tupie fa^,a^,...,a^^' e 

CAJ aiFeAra d Aas a non-triviai iinear zuitipiioative 

.functional 

It is the object of this note to show that spectrally 

boundedness is an essential assumption on A in the above 

theorem. Namely, we present an example of a complex com­

mutative algebra A with Harte joint spectrum non-empty for 

every finite family of elements of A, but without non-zero 

linear multiplicative functionals. 

2. Preliminaries 

Besides the standard terminology and notation [1, 5] we 

shall need the following-

Let A be a complex associative algebra. In the sequel 

63 



by HomA не denote the set of all non-trivial linear multi­

plicative functionals on A equipped with the weak *-topol-

ogy and by c(A) the set of all п-tuples a = (a^,a^,...,a^) 

of elements of a^ e A with arbitrary finite length n. 

The ieft (resp. ri#At) joint spectrum c^(a) (resp. 

c^(a)) of an n-tuple a = (a^,a^, ...,a^) e c(A) with respect 

to A is defined to be the set of all those (c^,"^,...,"^) 

C" for which the n-tuple (a^ - - <*ge^,...,a^ -

generates a proper left (resp. right) ideal in A. The #arte 

joint spectrum c*(a) of a e c(A) with respect to A is the 

set o-*(t) U c*(a). 

Finally, recall that A is said to be spectraJiy bounded 

if <?*<a) с С is bounded for each а с A. 

Now suppose we are given an inductive system 

(Ag<, f^Q* V ) of unital algebras A^ together with algebra 

morphisms f^ :A^ —^ A^ for any a < /? in a directed index 

set V . Moreover, suppose f^„(e^) = e^ for any a < f? , where 

e^ (resp. e^) stands for the identity of A^ (resp. A^), that 

HomA^ is non-empty for every a e S) , and consider for each 

pair a,/? e M such that a < /Э the corresponding transpose map 

^ : HomA^ ^ HomA^ 

defined by 

n^(A) - A.f„ 

for all A e HomA^ . Clearly the family { HomA^, V ) con­

stitutes an inverse system of topological spaces, so that 

we may consider the corresponding inverse limit H = 

îm{ HomÂ , S! ). 

For the proof of the following useful fact we refer to 

[5, p. 153]. 

T H E O R E M  2 .  L e t  * * *  ^  ̂  s "  i n d u c t i v e  д у д -

tec of units.? aiFebras and iet .4 = respective 

inductive iimit ai^ebra. Jf ' 

yitA a < /? , tAen 

Ною^ - Цт{ HomA^, *M ) 

vitAin а Acmeomorpbism of tAe respective topcioFicai spaces. 

3. Example 

Let S be an uncountable set and denote by *U the set of 
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all finite subsets of the set S directed by inclusion. For 

each а с V let X^ be the set of all injections of ot into the 

integers and denote for any a < ß (a,/? V) by p^ the 
/? 

restriction вар X^ —' X^ . Then each X^ is countable, p^ 

is surjective for any a ̂  in V , and the inverse licit 

}im( X^, p^, V } is empty [9, p. 618]. 

Further , let A^ (a e V) be the algebra of complex-

valued continuous functions on the discrete topological 

space X^ , endowed with the compact-open topology, and 

define for any a < /? (a,/? e V) an algebra morphism 

%= A<, —* А,? ЬУ 

%(6) = g-P^ 

It is easily to be seen that { A^, f^< S* ) is an inductive 

system and, as X^ is locally compact and hemicompact, every 

evaluation map <5^: X^ —* HomA^ is, in fact, an onto homeo-

morphism [1, p. 28]. Consequently, since * 

for any a < /3, {HomA^, S! } is an inverse system with all 

surjective and with empty inverse limit [2, p. 90]. Thus, 

if A = limA^ is the inductive limit of the system 

{ A^,f^, V ), then , according to Theorem 2 , HomA is an 

empty set. 

Next we shall show that c*(a) is non-empty for any a ̂  

c(A). To this end let a^,a^, ...,a^ e A and choose an index 

a'c M and elements x^,x^,...,x^ € A^ so that = a^ 

<k = l,2,...n), where f^ is the canonical morphism of A^ 

into A. Further, fix any Ь e HomA^ and suppose that there 

exist b^,b^,...,b^ A satisfying 

(a, - Mx„)e^)b„ = e^ . 

By the well-known properties of inductive systems we now can 

choose indices /?,?* ^ *M and У^Уд - - 'Уп'^1'^д' ' ' A^ so 

that r ̂  <*, ^ ̂  Я, f^(y,) = a, , f„(z„)"= b, 'and \„(x„) = 

f^(y^) for each к = l,2,...,n. Besides, since is onto, 

there exists A e HomA^, such that ^*f^ = ^ and, using this, 

we get 
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ц I (X(x^) - ̂ (x^))A(f^(z^)) = 0. 

On the other hand, 

^ (У^ - Mx„)e )z„)) ̂  
^ ^' k=1 ' 

r E (f^(y,) - X(x,)f (e ))f (z,) = 
k=1 ' f ! ! 

= Z (a, - Mx^)e^)b, = e^ . 
k=* 

But this, in turn, implies that 

Hence 

This contradiction proves that 

I (a^ - Mx„)e,Jb„ ̂  e^ 

for every b^,b^, ...,b^ ̂  A. Equivalently, the Harte joint 

spectrum c*(a^,a^,...,a^) of the n-tuple (a^,a^,...,a^) is 

non-empty. 
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SOME FUZZY FIXED POINT THEOREMS 

Andris Liepiq^, Iveta Kaprane 

University of Latvia 

Fuzzy generalization of the famous Caristi-Kirh fixed 

point theorem fl] is obtained. 

Let X be a metric space with a distance d, and let F be 

a set of all fuzzy subsets A of X tA:X—^C0.11). 

Suppose S с F. 

D E F I N I T I O N  1 .  W e  s h a l l  s a y  t h a t  S  t r i e *  t o  b e  

tihe a syetem o/ ctoafed /ижжу жмЬже(я о/ X if for each 

A.B * S: 

mintA.B) e S. 

Let А ж F CA << 0. i.e. Эх <e X: x ж A. i.e. ACx) ) 0 ) .  

We define 

diam A :* sup CdCx.y) ] x.y * A). 

D E F I N I T I O N  2 .  W e  s h a l l  s a y  t h a t  X  t r i e *  t o  b e  

ti/te <3 comptete metric ярасе if for each descending sequence 

СAn), n e N of closed fuzzy subsets of X 

infCAn ] n e N) * 0 

if lim diam An = 0. 

Let O: R x R—^t0,H. 

D E F I N I T I O N  3 .  W e  s h a l l  s a y  t h a t  О  t r i e *  t o  b e  

tthe а /мжжу oroier ort R if for each x.y e R: 

1Э OC0.0) > 0; 

33 ОС x.y) > 0 * x 5 y. 

Let G:X—tR CinfCGCx) ] x e X) e ИЗ. 
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D E F I N I T I O N  4 .  W e  s h a l l  s a y  t h a t  6  t r i e s  t o  b e  

Iibe a continuous for better - tover semi-continuous.3 /unc­

tion if for each x € X: 

OCdCx, 3,GCx3-e(*33 € S. 

Let f:X—*X. 

D E F I N I T I O N  5 .  W e  s h a l l  s a y  t h a t  /  t r i e s  t o  b e  

tihe a G-CindereHa if for each x.y € X: 

OCd(x,y3,GCx3-GCy33 < OCdCx,f(y33,G(x3-G(f(y333. 

T H E O R E M  1 .  L e t  X  b e  о  m e t r i c  ж p a c e  м / t i c h  t r i e s  t o  

be tihe a comptete space, and tet G be a /unction MfticAt tries 

to be ti/w a continuous /unction. 

?7ten G-Cineuere/ ?tas a /ixed point. 

P  r  o o f .  L e t  x ^ e  X .  F o r  e a c h  x  €  X  w e  d e f i n e  

A (x) : - OCdCx ,x3 ,G(x 3-GCx33. 0 o o 

Since A Cx 3 = 0(d(x ,x3 ,G(x 3-CCx 33 = 0(0 , 03 >0, x с A 
о о oo о о oo 

and А^^ 0. Since G tries to be like a continuous function, 

A^c S. 

Let m : = inf«3Cx3 ) x ̂  A 3. 
0 ' о 

There exists xc A such that G(x3 < m + 1. 
1 О 1 о 

For each x e X we define 

ВСхЗ :=OCd(x,x3.G(x3-G(x33. 
i i i 

Since В Cx 3 = OCdCx ,x3,GCx3-G(x33 = OC0, 03 > 0, xe В . 
1 1  i l  l  l  1  i  

Since G tries to be like a continuous function, B^€ S. 

Let A : = mi n< A , В 3 . Si nee 
1 oi 

ACx<3 = min<A Cx3,B(x33 > 0, 
1  1  O l l i  

x e A and A ̂  0. Since A , В < S and S tries 
1 1 1  o i  

system of closed fuzzy subsets of X, A^€ S. 

Inductively we construct a descending 

n € N of closed fuzzy subsets of X: 

to be like a 

sequence CAn3. 
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An < Bn, 

ВпСЮ =0CdCx.M3,sCx^-Gt*O). 

Gtx^) < m^+ i , 

m : = i nf <G( x) } x € An>. 
я ' 

Let n € N and x с An. 

We have 0 < AnCx) < BnCx) = 0(d(x^,x3,G(x^3-G(x)3. Therefore 

dCx^,x) < CCx^-G(x) < 

< m ^ - GCx3 = inf<GCy) ] у <= An> + ̂  - GCx) < - . 
n-1 n ' n T1 

The last inequality holds because x € An-i. 

Let у € An. 

Hence. dCx.y) < dCx ,x3 + dCx ,y) < i + i = ̂  . 

di am An < — and lim di am An = 0 
n — 0 0  

Since X tries to be a complete space, we conclude that 

inf<An ] n € N> ^ 0. Let x ̂  X: inf<An(x3 ) n € N> > 0. Since' 

f tries to be like a G-Cinderella, 

infCAnCfCx)) ) n € N> > 0. 

dCx.f(x)) < diam An < ̂  

for each n e N and x = f(x). 

Theorem 1 can be slightly generalized using the concepts 

of illusionlike properties of G and f. 

D E F I N I T I O N  6 .  W e  s h a l l  s a y  t h a t  G  t r i e s ;  t o  b e  

i Huston! iAte continuous and / tries to be iHusionlihe 

G-CirMgeretLa if for each x e X there exists A € S (x € A3 

AC*) < OCd(x,*),GCx3-G<:*:)) 

and A(y3 € A(fCy)) for each у с X. 

T H E O R E M  2 .  A e t  X  b e  a  m e t r i c  y p a c e  t r i e f t  t r i e s  t o  

be !ihe a complete space. Let G try to be iHusionti*e 

continuous, and tet / try to be ittusion!.ihe G-Cindere!ta. 

7*hen / has a /ixed point. 
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P r  o o f .  L e t  x  с  X .  
о 

For each x € X we define 

В Cx) := OCdCx ,x),GCx )- GCx)). 
о o o 

Since G tries to be iilusionlike continuous and f tries to be 

iilusionlike G-Cinderella, there exists A € S Cx € A ) such 
о oo 

that A < B^ and А Сx) < A CfCx)) for each x с X. 
oo о о 

Let m : = <G(x) ) x € A >. 
0 ' о 

There exists X€ A such that GCx) < m -^1. 
1 О 1 о 

For each x € X we def i ne BCx) : = ОС dC x , x) , GC x 3 -G( x) 3 . 
l л 1 

Again, since G tries to be iilusionlike continuous and f 

tries to be iilusionlike G-Cinderella, there exists 

C<= SCx€C3 such that С < В and CCx) < CCf(x)) for each 
i i i  1 1  i  l  

X  €  X  

Let A : = min<A ,C ). Since 
1 oi 

A C x )  =  m i n C A  C x ) , C C x ) > ,  
1 1  O l l i  

A C x )  >  0 ,  x €  A  a n d  A ^  0 .  S i n c e  A  , C  €  S  a n d  S  t r i e s  t o  
1 1 1 1 1  o i  
be like a system of closed fuzzy subsets of X, A^e S. 

Inductively we construct a descending sequence СAn), 

n € N of closed fuzzy subsets of X and complete the proof of 

Theorem 2 by the same argument as proving the previous one. 
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TOPOLOGICAL INVERTIBILITY IN TOPOLOGICAL ALGEBRAS 

К. Luha 

Tartu University 

1. Let К be one of the fields К or t and A be a topolo­

gical Ж-algebra with unit and with separately continuous 

multiplication. Topological tK-algebra A is called 

a) a if the set -Гпг<1 of all invertible el­

ements of A is open; 

b) a iocaJJy pseudoconvejf aJ^abra if the topology of A 

is given by the family {p^: a e M) of k^-homogeneous semi-

norms where k^ e (0,1] for all a e M; 

c) a JocaJJy A-convex a.ZFe&ra if A is a Jocally pseudo-

convex algebra for which k^ = к for each а с <M; 

dy) a JocaJiy aJFeAra if A is a locally 

k-convex algebra every seminorm p^ of which satisfies the 

condition 

p^(ab) < p^(a)pg(b) 

for each a,b e A. 

In the case, when к = 1, locally m-(k-convex) algebra 

is called а .?оса7.?у m-convex ai^e^ra. 

2. Let be a directed set and {A^: a <s V) be the family 

of topological IK-algebras. If for all pairs (a,/?) e *U x V 

with a ^ f? there exists a continuous homomorphism h^ from A^ 

into Ад such that 

1) h" is the identity mapping on 

and 

2) h^ * h^ = h^ for all a,ß,^ e with a ̂  f? i }*, 

then the triple (Ag,h^;*M) is called a projectjve systec of 
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topo.?oF.tcaJ IK-aiF^bras ̂  over 4. The set 

^ ^ if а < /? in -И ) 

is called a projective ii^it of tAis system. In the case when 

every algebra A^ has the unit e^ , we assume that h^(s^) = 

= e^ for each a, f? e V with a ̂  Then the set 

not empty. 

3. Let A be a topological K-algebra. We shall say 

that an element a e A is topoioFicaJJy j^vertibie in ^ if 

there exists a net (а^)^д in A such that the nets 

(аа^)^д and (S\S)\eA to the unit e^ of A in the 

topology of A. We shall denote this set by fopinv^. 

In a general case (see [1], p. 1309) the set Topjnv.4 is 

wider than the set 7лу4. At this, ?*opinvd = .Глу^ if A is 

a g-algebra over К with unit or a Frechet locally m-convex 

C-algebra with unit (see [1], p. 1309). 

4. In the present notice we shall show that 7*opinvi4 = 

- in more general case, when A is a projective limit of 

Hausdorff C-algebras over IK with unit. 

T H E O R E M .  L e t  ^  ^  p r o j e c t i v e  i i c i t  o f  

//ausdorff 6-aiFe^ras ^ over [K vitA unit. ГЛел 

fopinvJijc^ = inviim^ . 

P r o o f .  L e t  а  =  ( а ^ )  e  i i ^ ^  b e  a  t o p o l o g i c a l l y  

invertible element. Then there exists a net 

iiin^^ such that the nets (aa(\))^^ and (a(\)a)^^ converge 

to "g be the projection from П(А^: a *M } onto 

A and ^ = n [ii^ for each a e <M. As u is continuous 
a a a' a с 

for each a e *M, the nets (^(aa(\)))^^and ^a^(X)a))^^ 

converge to for each at e <H (here e^ is 

the unit of A^). Hence Мд(а) e ropinv^^ for each a <E *M. As 

Ад is a g-algebra then M^(a) e for each a e S). Cunst-

quently, а e Jnviic^ (see [4], p. 7). 
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C O R O L L A R Y .  Д а  t  A  e  (  0 , 1 J  a n d  / 4  Ь с  а  c o m -

pJata //au^dorff JocaiJy m-6/c-convejf^ K-aJ#e6ra yjtA unit. 

ГАеп 

Гор^л?^ - in . 

P r o o f .  L e t  A  b e  a  c o m p l e t e  l o c a l l y  m - ( k - c o n v e x )  

K-algebra with unit the topology of which is given by the fa­

mily (p^: a e V) of k-homogeneous seminorms, A^ = A/kerp^ and 

be the canonical mapping from A onto A^ for each а ж V. 

Let Ag be the completion of A^, be the topological isomor­

phism from A^ onto a dense subset of A^, Цд = ^ 

be the mapping from A into П(А^: л с V) denned by 

Ф(а) = (Тд -

for each a e A . Then Ф is a topological isomorphism from A 

onto (see [4], p. 22). 

Let a e Гор^лу^. Then there exists a net 

A such that the nets converge in A 

to e^. As and Ф are continuous mappings then the nets 

(t'g * Ф(зВ\))\еЛ convert to the el­

ement - Ф(е^) = (the unit of Йд)- Hence (^ *  Ф(а) )  ^  
e 7*op.znv4g for each a e V. As A^ is a k-Banach K-algebra 

with unit (hence a C-algebra (see [2], p.10, or [3], p. 

17)) for each a <= V, then (^ * Ф(а)) ̂  each a e V. 

Taking this into account it is clear that Ka) с 

(see E4], p. 7). As the mapping Ф is an isomorphism tHen 

а с Jny/. 
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CATEGORIES OF HAUSDORFF AND К-SPACES 

Petre С. Osmatescu 

Polytechnicai Institute, Chisiпаи, MOLDOVA 

In this paper we investigate the category of Hausdorff 

topological spaces TH and k-right maps and full subcategory 

of k-spaces TK of TH, which is analogous to the theory for 

TOP, and К in С 53. 
к к 

The reflecto-coreflective functor F^ :TH —>TK, which 

stabilizes the equivalence between category TH and 

subcategory TK, was constructed. 

D.E.Cohen in [2] and J.Kelly, in t33 investigated the 

k-spaces : A topological space X is called а к-space if the 

subset А с X is closed iff А С) С с 2? for each С с 15 , 

where- 15 is a family of closed compact sets. 

They established that for every Hausdorff topological 

space X there exists a k*space X so that there exists a 

one-to-one continuous к-map of X onto X. 

The map f : X -> Y is called а к-map if for each compact 

F с X the image fF of F under f is compact, at the 

some time the inverse image f of each compact Ф S Y under 

f is compact as well. A. V. Arhangel'skii in Ml proved that 

for every Hausdorff topological space X there exists a 

D E F I N I T I O N  1 .  

map f : X -> Y ts caitect a map L/ /or each 

rimpact F с X t/ъе f с Y o/ F compact. 
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D E F I N I T I O N  2 . T H - C A T E G O R Y .  

The object# o/ the category TH ore aii //ausdor// 

topotogr^cai space#, the morph^#m# art* A!-rt^ht map# fde/. 1) 

u^htte the composition t# a usuat composition o/ map#. 

D E F I N I T I O N  3 .  T K - C A T E G O R Y .  

The* obyect^c o/ th^ category TK are aii  :usdor// 

fopoio^icat к-spaces, the mor/ism# are J^-right maps. 

It is clear that the composition of two к-right maps is 

again a k-right map. The TK-category is a full subcategory 

of category TH. 

D E F I N I T I O N  4 .  F U N C T O R  F ^ .  
к 

^wtrtor : TH -> TK. V X ж TH. F^CX3 - X. fd Mi, 

Functor F^ assigns every X it# under tyin^ the k-#pace# X, 

and /or p e Hom^(X, Y) a##i^yn# p. id e#t F^Cp) * p, Mhere 

the map p *= p^ о p о p^ is de/ined so thai the 

commutativity pop = p op holds in the diagram 

^ P 
X > Y 

^ t ^ I ^ 
X >y 

D E F I N I T I O N  3 .  t 4 3 .  

tet X and Y be topoto^icai spaces. ^4 /unction f : X >Y 

is catted a partiatty continuous at a point x^ e X i/ /or 

бчл?гу neighbourhood ЦСх^З o/ x^ and euer у neighbourhood 

V(fCx^)) o/ ftXp) there exi#t^a point x ж UCx^), x ̂  x^ 

#uch that fdx) e VCfCx^)3. 

T H E O R E M  1 .  

The /unctor F : TH >TK is ytmuitayi*oiAsty re/tec tine 

and core/tectiue. 

P  r  o o f .  T h e  f u n c t o r  F ^ .  w h i c h  a s s i g n s  t o  e v e r y  s p a c e  

X its underlying the к-space % possesses a front 
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adjunction map, which is 

f"* : X > X . 
X ^x 
-1 

Нот CX.F.CX3) 
TM к 

Стар is partially conti nuous3. 

the сагacturisti с properties of One- of 

-1 

this 

-1 

map 

consist? in the fact that the commutativity ^ о p = 

о p 
-1 

^v=F. ( 

for all # Hom^^CX.Y) and the defining map 

r r "i 
*x ^ ^ ° fx ' Нот CX.Y3 for ail ?? 

ТЯ ^ 

Нот CF CX3,Y) and in view of <p ^ commutativity also holds 
Th x 

in the diagram : 

F CX3 

The map ) :Hom^CF^(X3,Y)—>Hom^(X,iY) is one-to-one 

and onto whenever Y с TH. Hence, the functor F^ is a 

reflector and it is left adjoint of the injection functor 

i :  T K  >  T H .  Й  я Т Ъ  .  I X  =  X  

FJ 1 

consequently a category TK is reflective in the category TH. 

The functor F^ is dually, i.e. , it is coreflector as 

the functor F^ has the end adjunction map 

IP e Horn CF,(X3,X). 
x ты Ь 

One of the characteristics of consists in the fact 
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tlai) fy?3 = у? о e Hem (Y,X) for 
x * ' x тм 

?) (= Horn €Y,F, CX33 and in vi cf <o 
тм к x 

all 

х-
F^C^3 

1 he та p С ж? ) : Нот С Y, F ( X 3 3 
:< M TK ж 

-> Hom^CiY,X3 

we stated that the category TK is coreflective in 

category ТИ. 

T H E O R E M  2 .  

subcategory ГХ. 

Really, the maps 

isomorphisms , because 

-1 

Further 1 , i о F 
TH К 

TH 

с P 

TH 

V X TH Ci о F^3CX3=X , 1^(X)=X 

Consequently, we have funct-Oriai isomorphism 

-1 
1, -> i ^ С : i c* -> 1 ) 

TH 

because ^ X —> X X —> X3 is a categorial 

о i ; TK -> TK 
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we have 1 CX3-X , CF. о i3CX3=X, so 
TK X 

^ ^ ^ X i s a categorial isomorphism, 
x 

hence 1 : > F^ о i is a functOrial isomorphism. 

Further CF^ .  ̂ ЗСХЗ = F^ Cf**)= i t  foilovs frcm the 

di agram: 

^x 
X< F CX3 

-1 

L„, 
X 

- ^x ° ̂x = ^x 

Analogous C1.F^3CX3 = 1.CF^CX33 == 1-, hence F^.^= 

Consequent ly ,  an important  property was es tabl ished.  

This  i s  expressed by the fol lowing categorial  equivalence 

between the category TH and the subcategory TK, i .e .TH ^ TK 

D E F I N I T I O N  6 .  ^  m a p  f  :  X  >  Y  M L  H  b e  

rc!Med per /ect  und ontv t /  the inversetrnag^ f  ^ o /  the 
У 

point у ^ Y ts ccmpact in X. 

D E F I  N 1  T I  O N  7 .  A  e t  ^  c a t e g o r i e s  o /  

topo^yicai spätre? The /unctor  F :  16^ ^^2^ edi ted 

per /ect  i /  a  map f  e  Hom.^ CX,Y3 i s  per /ect ,  then the ^7Ю!р 
1 

FCf3 4? Иот^ CFCX3,FCY33 iy a I i?o a per/ect map. 

The ft^nctor F^ i s perfect because F^ preserve?: H^e 

perfect prop^rtv, thai i s if a map ^ e Horn CX,Y3 i s 
TH 

perfect then F^Cf3-feHom^CX,Y3 is also a perfect map, 

i t  fol lows from the definit ion map f .  

The next definit ion? were established in [4J. 

Let. F :  T 'дР be a ref lector defined on the 

category topological spaces CP is a ful l subcategory in T3 F 

i s a simple ref lector i f the front adjoint map 
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: Ж > FCX) is one-to-one and onto for All X. 

F is an identifying reflector if the map X is onto 

FtX3 for ail X. 

D E F I MI Tl ON The /utt *ubcate<yory P (ж stmpte 

(resp. tdentt/ytngj t// there eytsts a stmpte fresp. 

tidentt/ytngj re/tector F ! T > P. 

D E F I N I T I O N .  y t  c o r e / t e e t o r  Э  t  T  ^  P  i s  

costmpte t!/ the end ad^vnetton map <r^: 6CX3 > X fs 

one-to-one and onto /or att X. 

Remark i. The functor F^ is simultaneously a simple, 

identifying a eosimple as the full subcategory TK is simple 

and identifying 

D E F I N I T I O N  8 .  L e t  t X .T ). CY.r) be 
* у 

fopotoytcat space? T*he map f : X > У catted a h-te/t 

wtap t/ /or each compact F с У the tnver5:e tma^e f ^ F с X 

о/ F under f ty compact. 

If in categories TH.TK instead of к-right пырз ta)ce 
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CUMULANTS OF K-STATISTICS UNDER 

AN ELLIPTICAL POPULATION 

R.Roomeldi 

Tartu University 

In this paper some programs in REDUCE will be described 

to compute higher cumulants of k-statistics under an 

elliptical population. 

1. The assumption of elliptically distributed population 

has been given great attention among statisticians in recent 

years [1,5,7], because in this case it is possible to get 

quite general results which are almost as simple as in the 

normal distribution case. 

We recall that the random p-vector x = (x^,...,x^) is 

said to have an elliptical distribution E^(p,V) if its 

density function is of the form 

f(x) = a^!Vl'*^h((x-^)V*(x-/J)) (1) 

for some function h, a positive definite matrix V and a 

normalizing constant a^. 

As a special case (a^ = (2n) , h(u) = e не get 

the density function for the multivariate normal distribution 

f,(x) = (2n)-^!Vl'^e-"-^'-^ (2) 

with covariance matrix V. 

The characteristic function of the p-dimensional ellip­

tical distribution has the form 
_ T 

P(t) = y(t*Vt) e^ ̂  (3) 

for some function The k-order cnnnlants ^ [3,4] of 

E (/J,V) can be derived as the partial derivatives of lnp(t) 

_k 
J In p(t^,...,t ) 

t^o <?t <?t . . . #t t j * 

where i,j,...,s are к distinct indices. Hence, the character­
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istic function can be expressed as an asymptotic series 

through cumulants. The cumulants of an elliptical distribu­

tion up to the 4-th order are given in [5], higher cumulants 

in [7]: 

Ex = cov(x) = (x^.) - k^V, (5) 

3 

*i.jH " ^ (6) 

iS 
* <. = h-E x x.,x ^ ,  (7) tjktob 6 Lj H. ab 

i05 
' (8) 

where кз-^'^б'^а constants depending on the 

derivatives of the function v [7]. It is easy to see that 

the number of summands for и is (2k-l)!!. t t . . . t . L 
1 2 2k-l 2k 

The k-order k-statistic is the sample function, the mean 

value of which is the k-order cumulant. k-statistics are 

widely used in mathematical statistics. In many cases, for 

instance in asymptotic theory, their higher cumulants are 

needed. 

2. Let us consider the general expressions of higher 

cumulants of k-statistics, given by Kaplan [2],[3,P.441] and 

transform them to the case of elliptical population (in this 

case all the x-s with the odd number of indices are equal to 

zero). For example, the fourth cumulant of the second order 

k-statistics is 
24 

x(ab,ij,pq,uv) = x^^/n' + E *^%p,,^/{n'(n-l)) + 

a 24 

* E *tnp4*^,q^(n^-3n + 3)/(n^(n-l)'') *** 3E *^^K^^/{n^(n-l)) + 

^96 4 В 
+ )E x x,_ x + E * * к. ]/{n(n-l)} + ^ см. bp jq^v <at рч bjqv J 

48 

+ E *t,-.XjpXq,_,*vc/(n-1 . (9) 

The x-s in products are commuting with each other and 

the indices by each x are also commuting. The sums in (9) 

are generated according to the partition of indices 

(ab,ij,pq,uv), where the rules for taking indices are 

determined by the given product of x-s. The total number of 

summands is shown above the summation sign. For example, 
a 

E *cnpu*bjqv " *tn.pu*bjqv**4tpv*bjqu^*<M.qu*bjpv**<nqv*bjpu "** 
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Using the accuracy o(n'^) the exact formula (9) may be 

expressed in the form 

эГ ** * 
x(ab,ij,pq,uv) = 1/n 1*. + E ж ж. + E ж ж. + 

! abtjpquv en bjpquv bjqv 

2 4 oe 4В 

+ 3E ^ E *ctt*bp*jquv * E ̂ ^pu**bjqv "** 

4. . 

+ E ̂bt*jp"qu*vn[ 

3. In the elliptical population case it is possible to 

give the expressions of higher cumulants of k-statistics as 

the polynomials of и . For instance, in our example (10) 

the K-s with 4,6 and 8 indices must be replaced by 

the corresponding formulae (6)-(8) and the result may be 

given in the form 

x(ab,ij,pq,uv) = E<*.S (11) 

where are the sums of all the possible products of four 

ж. -s for the given paritition of indices (ab,ij,pq,uv): 

t 

S* " E *^b*i.j*pq*uv ' 

i 2  

Sg = E *<n*b)*pq*4v ' 

32 

53 - E *<,i*bp*jq*uv ' ( 12) 

i: 

54 " E *<tt*bj*pu*qv ' 

4B 

= E ̂ "bp*ju**qv ' 

We note that all the products in these sums are pairwise 

distinct and the total number of such summands is 

1+12+32+12+48=105 which is equal to the number of summands in 

the formula (8) for the eighth cumulant 

elliptical distribution. 

For comparison we give an analogous to (11) formula for 

the third cumulant of the second order k-statistics 

(see [7]) 

f * 
x(ab,ij,pq) = n Nks*ctb*<j*pq + (kg+3k^+l)E *<^*bp*jq + 

+ (k^+2kJE "„b^p*^ + ' <i3) 
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4. We have made the following programs in REDUCE on IBM 

PC XT: 

1) MAIN - the main program; 

2) GENKAPA - gives the rules for creating the cumulants 

"им - ' correspondingly to the 

expressions (6)-(8); 

3) DISTSUM - gives the main partition of indices in the 

cumulant (the matrix Distr) and the partition of indices in 

the i-th sum of the cumulant (the matrix Sum). 

For example, in the case (9) for the second sum the 

program DISTSUM begins as follows: 

Distr:=Mat((a,b,0,i,j,0,p,q,0,u,v))$ 

Distproc()t 

Sum:=Mat((a,i,0,b,j,p,q,u,v))$ 

Sumproc()t: 

Here zeros are used as delimiters. In the general case 

the procedure Distproc shares the blocks of indices of the 

cumulant into N sets A^,A^, . . . ,A^ such that all the blocks 

with the equal number of indices belong to the one set A . It 

computes 

V - the number of indices in each block of A; 
j J 
M. - the number of blocks of A 
j J 

Thus, A^ = and IG.J = V. for every 

k=l,...,M^. In our example (9) N = 1, = 2, M^ = 4 and 

A, = {{a,b},(i,j},{p,q},{u.v}} 

4) MAKESUM - transforms the i-th sum in (9) to the form 

of polynomial of ж-s with 2 indices and saves it on the disk. 

More precisely, let Perm(n) denotes the set of all 

permutations of n indices. Then MAKESUM generates the 

products of ж-s correspondingly to the matrices Sum and Distr 

for every set of permutations ^ Perm(M^),...,0'^ e Perm(M^) 

of the corresponding blocks in A^,...,A^ and for every set of 

permutations e Perm(V^) of indices in each block G^ 

Hence, it generates 

V V V 
h = V,! V^!'<M,!) *-(M,) *-...-(M„) " (14) 

products of ж-s. Some of them are equal and MAKESUM devides 

the result by the great common divisor d. In our example (9) 

h : 4!(2! )* = 384, 

for the second summand d=16 and we obtain 384:16=24 summands 

of type -
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Finally, using GENKAPA, the program MAKESUM computes the 

i-th sum of the cumulant in the form of the polynomial of ж-s 

of two indices and saves it on the disk. 

As in our example h=384, it took MAKESUM about 10 

minutes to compute one sum of (9) in REDUCE on PC XT. While 

the indices may be integers as well, it will be better to 

write MAKESUM in a faster programming language as PASCAL or C. 

The second difficulty is connected with the overflow of 

the computer memory and we must reload REDUCE after each 

processing of MAKESUM (the result is saved on the disk). 

5) TRANSAR - transfers polynomials of ж-s to the array-

form. It is needed because we cannot add the sums of higher 

cumulants immediately as polynomials, since the memory will 

be overflowed. Therefore we mu&t transfer these polynomials 

to the array-form in the following way. We use the natural 

order of monomials, applied in REDUCE for numbering the 

products of ж-s . 

In our example there are 105 monomials: 

M°1 ' *<tb*tj*pq*uv ' M°3 = *<tb*tj*pu*qv ' - ' 

М°Ю* ' *ctv*bu*<.p*jq ' **°10S " *ov*bu*i.q*jp 

For every polynomial of ж-s TRANSAR creates the array 

Co^,...,Co^ of distinct coefficients of monomials and the 

array Ind^...,Ind^^ of indices of coefficients of the 

corresponding monomials. 

6) SUMAR - adds all the array-form sums of the observed 

cumulant together and saves the result in the array-form on 

the disk. In our example there are 5 distinct coefficients in 

the result 

C°, = 

C°: = 2(k^+3k^)/{n*(n-l)) + k,/n\ 

Co., = 3k,/{n(n-l/) + 3(3k^+kg)/(n*(n-l)} + k^/n^, 

Co^ = 2k*(n"-3n+3)/{n^(n-l)') + 4ky(n(n-l)"} + (15) 

+ 4kg/(n*(n-l)} + k,/n' = 2(2k^-3k^)(n(n-l)*) + 

+ 2(3k^+2k^)/{n^(n-l)) + 2k^/(n-l)^ + k^/n^, 

Co^ = k^(n^-3n+3)/(n^(n-l)^) + 6k^/(n(n-l)*) + 

+ 2(3k^+2kg)/(n*(n-l)) + k^n^* + l/(n-l)' = 

- 3(2k,-k^)(n(n-l)*) + (9к^+4кф)/{п*(п-1)) + 

+ (k^+l)/(n-l/ + kg/n'. 
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In addition, Ind, - 1, Ind^ = Ind^ = Ind^ = 2, Ind, - Ind = 

=3, Ind^ = 4,... 

Using o(n *^) as in (10), we get 

Co,' = v' -

C°2 = (6k^+2ks+k,)/n^ , 

C°i = (3k,+ 9k^+3kg+k,)/n' , 

c°<' = (4k^+2k^+4k^.+ k,)/n^ , 

c°=* = (6k,+ 7k^+4kg+k,+ l)/n' 

From equation (7) and the array Ind it is easy to see that in 

( 1 1 )  

- Co^ , 1 = 1, . . . ,5 (17) 

which gives the representation of the cumulant 

x(ab,ij,pq,uv), analogous to (11) 

X(ab,ij,pq,uvy = П ^jk^E *ab*tj*pq*uv *** 

2  ' *  
+ (6k^+2kg+k^)E *„t*bj*pq*uv + 

2 ^ 
+ (3k +9k +3k +k„)E x x. x x + 4 4 С В ** см. bp jq uv 

1 2  

+ (4k^+2k^+4kg+k^)E ^ 

** ^ 

+ (6k^+7k^+4kg+k^+l)E **^^bp"ju^qv[ ^ 

In conclusion, I would like to express my greatest 

thanks to Imbi Traat, who kindly inspired me to carry out 

this investigation. 
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MARTIN'S AXIOM AND SOME QUESTIONS 

OF THE DIMENSION THEORY OF TYCHONOFF'S SPACES. 

L.G.Xambakhldze 

Tbilisi University 

All topological spaces in this paper are assumed to be 

Tychonoff's (=Hausdorffand completely regular) spaces, T de­

notes a class of all Tychonoff's spaces; T^^-class of all 

metrlzable separable spaces, T^g-class of spaces, expressed 

as a union of finitely many separable metrlzable subsets; 

T^-class of all o-compact spaces and T^-class of ail lo­

cally compact spaces. 

I", where n=-1,0,1,-- denotes n-cube (with natural to­

pology), besides 1*^=0 (s empty set), I°=(1} (sslngleton), 
1 *i and I =1 (=the closed real interval); I denotes the pro­

duct of copies of I(wlth Tychonoff's topology), 

ßX-Stone-Cech compactificatlon of X and ßX\X-Stone-Cech re­

mainder of X . 

Finally, N denotes the set of all natural numbers and 

N*=(-1)u{0}uNu(+m} (with usual arithmetical operations). 

Definition 1. Let d(X,T) be a N*-valued function, such 

that for each XeT one has d(X,T)eN*. A function d(X,T) is 

called a general dimenslonal-llke function on T (abbreviated 

GDLF on T) if the following is satisfied: 1) d(0,T)=-l; il) 

d((p). T)=0, where (p) Is singleton; 111) if X and Y are ho-

meomorphlc, then d(X,T)=d(Y,T). 

Definition 2. We say, that the GDLF d(X,T) on T has the 

property of normabllity (abbreviated property P^) if 
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d(I",T)=n, where n=-1,0,1,---. 

Definition 3. We say, that the GDLF d(X,T) on T has the 

property of c-monotonity (abbreviated property ) if for 

every XeT and every closed subset A of X we have: 

d(A,T)<d(X,T). 

Definition 4. We say, that the GDLF d(X,T) on T has the 

property of o-monotonity (abbreviated property P^) if for 

every X€T and every open subset G of X we have: 

d(G,T)<d(X,T). 

Definition 5. We say, that the GDLF d(X,T) on T has the 

property of compactification (abbreviated property P^) if 

for every ХбТ there exists the compactification bX such that 

d(bX,T)<d(X.T). 

Definition 6. We say, that the GDLF d(X,T) on T has the 

property of aubaddltlvlty (abbreviated property P^) if for 

every XeT, where X=AuB we have: d(X.T)<d(A,T)+d(B,T)+1. 

In this paper we solve the problem of existence (and 

non-existence) of such a GDLF on T, which possesses all the 

possible combinations of the system properties Р^,Р^,Р^, 

P4.P5-

Further we shall write " Theorem (МА+чСН) " if in the 

proof of this theorem Is applied the Martin's Axiom + the 

Negation of the Continuum Hypothesis. 

We shall begin with the following. 

Theorem 1. (MA+iCH). There exists Mrowka-Isbell space 

Г1) NuR (- space of the fcrm NuH, where R Is some infinite 

maximal almost disjoint family of N) such that ß(NuR)\(NuR) 

Is hom&omorphlc J 

From Theorem 1 we have the following 
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Theorem 2. (MA+iCH). The GDLF on T, which has the prop­

erties of normablllty, c-monotonlty, o-monotonlty, compac­

tification and suhaddltlvlty does not exist. 

From Theorem 2 it follows, that the GDLF on T, which 

has the all properties Р^,Р^,Р^,Р^,Р^ does not exist. 

Here we shall show, that for other all combinations of 

properties P^-P^ there exist corresponding general dimen­

sional-like functions on T. 

For this we need to define some GDLF on T. 
f-1 x=%; 

d.(X,T)=] ; 
1 L 0 ^ Xg3. 

dg(X,T)=sup(dlmY:YcX,Y€T^g and Y is open in X). 

fdlm X ** X6T- ; 
dJX.T)^ ; 
3 X€T\T^. 

fdlm X <=> XeT^.; 
d.(X,T)=^ ^ ; 
' 1+" ^ X€T\T^ g .  

fy(X) <=* X€T^ ; 
dL(X,T)=^ ^ ; 
^ (,+o) <=> XeT\T^. . 

where if(X) is dimenslonal-llke function, which is de­

fined and studied in [21 (see, also [3! and [4])^. 

Theorem 3. The GDLF d^(X,T) on T has the Р^,Р^,Р^,Р^ 

properties. 

Theorem 4. The GDLF dg(X,T) on T has the Р^,Р^,Р^,Р^ 

properties. 

We shall give the definition of the dimension function 

fX: 1) yX=-lt=*X=0; ii) fX<n if for every compact subset A=X 

and any open set VcX, which contains A there exists an open 

set UcX such that AcUcV and f(F^U)<n-1, where F^U denotes 

the boundary of U In X. 
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Theorem 5. The GDLF d^(X.T) on T has the P^,P^,P^,Pg 

properties. 

Theorem 6. The GDLF d^(X,T) on T has the Р^,Р^,Р^,Р^ 

properties. 

Theorem 7. The GDLF d^(X,T) on T has the Р^,Р^,Р^,Р^ 

properties. 

* 
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OPEN NORMAL FUNCTORS WITH COUNTABLE 
KERNELS 

M.M.Zaric/iHy; 

Ai l '  the  de f in i t ions  and  resu l t s  concern ing  the  not ion  o f  normai  
functor  in  the  categor ies  Comp and  Tych  can  be  found  in  [1]  and  

[2] .  In  [3]  a  character i zat ion  o f  G-symmetr ic  power  functors  SP^ 
i s  g i ven .  Here  we  extend  th i s  character i zat ion  onto  the  c lass  o f  
normal  functors  o f  in f in i te  degree .  

Def in i t ion  [2] .  Normal  functor  F :Tych-*Tych  i s  sa id  to  be  a  
functor  w i th  countab ie  kerne i s  i f  for  each  a  e  FX there  ex i s t s  a  
map  f :Y-*X o f  a  countab le  Tychonof f  space  Y  and  b  €  FY such  
that  F f(b )=a  .  Normal  functor  F :Comp-*  Comp i s  sa id  to  be  a  functor  
w i th  countab ie  kerne l s  i f -  there  ex i s t s  a  normal  extens ion  
F:Tych-*Tych  o f  F  w i th  countab le  kerne l s .  

Theorem 1.  Let  F :Comp-*Comp be  a  normal  functor  w i th  countab le  
kerne l s .  The  fo l lowing  i s  equ iva lent :  

1 )  F  i s  open  functor ;  

2 )  F  i s  b icommutat i ve  functor ;  

3 )  there  ex i s t s  an  open  natura )  t rans format ion  ^ : (- )"^F;  

4 )  F  =  [*}  j  I  i  6  ьк} for  some subgroups G(i)  of  symmetr ic 

groups S„( j , .  

Proof .  1 )="=>2)  i s  proved  in  [1 ] ,  4 ) -===>l )  i s  an  easy  
consequence  of  a  resu l t  o f  [4 ] .  

2 )—==>3) .AH thespacesundercons iderat ionare  Tychonof f ,  a l i the  
maps  are  cont inuous .  For  a  map  f :X-*Y in to  a  compact  space  Y  we  
denote  by  f :^X^Y the  natura l  extens ion  o f  f  onto  Cech-Stone  
compact i f i ca t ion  / !X  o f  X  .  

Lemma l .For  b icommutat i ve  functor  Fthere  ex i s t s  a  €  F/3(n,ker(a )=ai ,  
w i th  the  fo l lowing  proper ty :  for  each  b  ё FX there exis ts  ^<ы-*Х 
such that F?(a)=b. 

Proof .  Firs t ,  remark that there exis ts  a E F/5w wi th the fot lowing 
property :  for every map g:a)-*w and а '  (E F/Зы' w i th F/üg(a ' )=n  and  
ker(a ' )=m we  have  that  g  i s  b i j ec t ion .  indeed,  assuming  the  сн: 
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we can obta in the inverse system S = jA„ ,  p^ ,^ , j ,  where  A„ are  

countabie  se t s ,  A=) im ^  is  uncountabie  and for  each  а«м, there 

exis ts  a„  6  F/3A^ such  that  ker(aj  =  A, ,  ,  and  F/?p^(a„)  =  a ,  whenever  

y<a .  Then there  ex i s t s  с E F/!A such that 
F^Pa(c) = , a«o ,  (p^ :A-^A^ denotes  the  i imi t  project ion  of  ^) .  

But  then  obviousty  ker(c )=A ,  and we  get  the  contradic t ion .  

Now,  i t  foUows  from the  b icommutat iv i ty  o f  F  that  for  ^ach  b  
6  FX there  ex i s t s  d  €  F(^cuxX)  w i th  Fpr ,(d )*a  and  Fpr^(d )=b.  
Ev ident iy ,  pr ;  maps  b i j ec t i ve iy  ker(d )  onto  tü .  Denote  by  f ' :  <u-*ker(d )  
the  inverse  map  to  pr ,  I ker(d )  and  ie t  f=pr2*f ' .  Then  Ff(a )=b  .  

F ix  a  E  F/?<n sa t i s fy ing  the  cond i t ion  o f  Lemma 

Lemma 2 .  For  each  X  the  map  

^X:X"  =  C(M,X)-^FX 

de f ined  by  the  formuta  ^X( f )=Ff(a ) ,  f  €  С(м,Х), is  cont inuous.  

Proof .  By cont inu i ty of  functors (-)" and F i t  i s  suf f ic ient to 
cons ider the case of  metr izabte compactum X. Let < f j i  e  <ы> be a 

sequence of  e iements of  С(<м,Х) and f=i im< f j i  E м>. Let b,  

=F(t^, f j )(a),  i  e  at . Assuming that the sequence < b j i  €  ot>  has  

two  i imi t  po in ts ,  c ,  and  Сз, we can eas i iy  obta in from the iower 
semicont inu i ty of  supports [1] that 

ker(c,)=ker(c2)={( i , f ( i )) l i  €  ш}. 

Hence, C] =F(t^, , f)(a) and 

i im<Ff j(a) [ i  6  <u>=Ff(a).  

И is  easy to see that 

^ =<^X>:(-)"^ F 

is  a natura) transformat ion, i t  foUows from Lemma t that $X is  sur ject ive for 
each X . 

3)="==>4). Let G-{c €  C(t f ,M) lF^<7(a)=a} .  

Lemma 3 .  Each  orb i t  o f  natura )  ac t ion  o f  (d i scre te )  group  G 
onto  at  i s  f in i te .  

Proof .  Assuming  that  there  ex i s t s  an  in f in i te  orb i t  A  f ix  x„  €  
A and  )e t  h :  a )-*{0, ! }  be  the  map  de f ined  by :  h(x )=0 i f  x=x„  ,  
h (x)*!  otherwise .  Then for  each  <y E  G we  have  )  supp Fh*F^c(a) ]  
-2 .  I t  i s  easy  to  see  that  the  constant  funct ion  ho  ,  hg  (x )  =  ) ,  

xE /?<t)  ,  t i e s  in  the  c )osure  o f  the  se t  {h*/?tr l<7  E  G}  and i t  foUows  
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f rom Lemma 1  that Fho (a)=Fh ° F / i f7 (a) = F h (a)  for  each  a  e  G .  But  

l suppFho(a) t  =  t  and we  get  a  contradic t ion .  

Let  F 'X be  the  orbi t  space  of  X" by  the  act ion  of  G .  We have  
the  commutat ive  tr iangie  

^X 

^ .px 

^'X " hX 

F'X 

natura l  by  X .  By  v ir tue  o f  b icommutat iv i ty  o f  F  the  se t  

{a  e  FXIdeg(a)=n}  

i s  dense  in  FX for  every  X wi thout  i so ia ted  po ints .  S ince  hX 
i s  one- to-one  on  the  se t  o f  po ints  o f  degree  n ,  we  obta in  that  hX 
i s  bomeomorphism for  each  X wi thout  i so tated  po ints .  By  natura i i ty ,  

we  obta in  that  hX i s  homeomorphism for  each  X and FX=X°VG.  
Now,  i t  i s  suf f ic ient  to  appty  Lemma 3 .  The  theorem i s  proved .  

Reca i i  that  a  tr ip ie  T  ={Т,)?,м) on a category С cons is ts  of  an 
endofunctorT incand natura) transformat ions ?/: t-*T,//:T^T such that :  

^«/^T =  /<*Т,м, ^° !?T =  ^*Т;; = ly .  

Theorem 2. Let F be a norma) functor wi th countabte kerne ls  
and F generates a tr ip)e T=(F,;y,M) in Comp. Then F is  a power 
functor (-)" ,  Hn^a).  

Proof .  Recatt  (see [3]) that for each compact spaces X and Y 
and с €  FX,  d  e  FY the  tensor  product  o f  с and d is  de f ined by 
the formuta.  

с 0  d=F^(XxY)"Ff^(c) 

(here,  the map f , , :X-*F(XxY) acts by the formuta:  f^(x)= Fi^(d),  where the map 
i , :Y-*XxY acts by the formuta:  i , (y)=(x,y),  у  e  Y). 

We proceed as in the proof  of  Theorem t and f ix a6 F/?m 
sat i s fy ing the condi t ion of  Lemma i .  

For each compact space X and b e  FX the set  
supp(ag)b) Г) ((uxX)canbe cons idered as the graph of  a map hi , :(o-*X. 
И is  eas i ty to see that Fh^(a)=b. Def ine the natura) transformat ion 
^:(-)*"-*F by ^X(h) = Fh(a),  h e  C(a^,X)=X"*. t t  i s  remarked above that 
^X is  sur ject ive,  for each X .  
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To prove that ^X is  in ject ive,  note that 

supp(ag)Fh;(a)) = suppfat&Fh^fa)) 

whenever h,  ^  Ьз ,  h , ,^ €  C(tv ,X)=X"  .  There fore ,  s  =  <^X> is  functor ia]  

i somorph ism.  The  theorem i s  proved .  

The  fo i iowing  probtems  are  open.  

1 .  Character i ze  uncountabte  products  o f  G-symmetr ic  power  

functors  w i th in  the  c iass  o f  open  normal  functors .  

2 .  Descr ibe  a i t  the  extens ions  o f  functors  w i th  countab ie  kerne i s  

onto  the  Kie i s i i  ca tegor ies  o f  t r ip ies  generated  by  the  hyperspace  

functor  and  probab i l i ty  measure  functor  ( see  [3] ) .  
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О СЛАБОЙ ПОЛНОТЕ ТОПОЛОГИЧЕСКИХ ГРУПП 

А.А.Борубаев, А.А.Чекеев 

Кыргызский государственный университет 

Слабая т-полнота равномерных пространств определена и 

изучена в работе [2]. В данной заметке показано, что доста­

точно большой класс топологических групп удовлетворяет слабой 

т-полроте, именно, все замкнутые подгруппы произведения групп 

характера < т. Имеет место, также, аналог известной теоремы 

Е.В.Щепина [7] для слабо т-полных т-уравновешенных групп. 

О П Р Е Д Е Л Е Н И Е  1  ( [ 1 , 3 ] ) .  П у с т ь  %  о к р е с т н о с т ь  

единицы топологической группы G. Система : а е А) 

окрестностей единицы называется хдлзииядзряаягжм? базой 

огяосйге^яо о/гресгяосгя м, если для каждого g из G 

существует индекс а <= A, g *-%^-g s %. 

Топологическая группа G, в которой у каждой окрестности 

единицы существует квазиинвариантная база мощности 

называется т-урадяодешеяной. 

В работе [3] приведена характеристика т-уравновешенных 

групп. 

Фильтр У, в котором пересечение каждого подсемейства 

мощности <т снова является элементом фильтра У, называется 

т-^емгриродаяяА/м. Всякий т-центрированный фильтр Коши, 

относительно левой равномерности топологической группы G, 

будет называться г-фильтром /Гол?л. Топологическая группа, в 

которой сходится каждый т-фильтр Коши, будет называться слабс 

т-полной голоногиуесхой группой. 

Имеет место следующая характеристика слабо т-полных 

т-уравновешенных топологических групп. 
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Т Е О Р Е М А  1 .  Д л я  г о л м о г ^ е с я о й г  г р у п п а  < ?  с л е д у д ? д и е  

условия эквивалентны. 

^. группа С т -уравновешен и сла^о т -полна/ 

группа С является пределом обратного спехтра 

3 - ^ле XfC^J ^ т для каждого а е #, -

непрерывные гомоморфизмы и # т-полное индексное множество/ 

.У. группа С замкнуто я топологически изоморфно 

вкладывается в произведение .- а ̂  где - т для 

яаддого а е #. 

Приведем набросок доказательства (1—*2). В силу 

некоторых результатов из [3] мы получаем право на следующие 

рассуждения. Если з фильтр окрестностей единицы группы G, 

тогда для каждой окрестности % 3 существует фильтр 3^ в з 

такой, что 13^1 ^ т и ПЗ^ = s м. Итак, существует 

семейство {3^ : а е М) фильтров 3^ с 3, 13^1 < т, IMI = 131 

таких, что <13^ = замкнутый нормальный делитель в' G для 

каждого а е М. 

Множество М частично упорядочено: а < тогда и только 

тогда, когда з^ с з^. Пусть с М и IM^I ^ т. Положим 

^ = Sup{3^ : а е h), тогда ^ с 3 фильтр, 1^1^тиГ\Ж = Ц-

эамкнутый нормальный делитель группы G. Это означает, что 

SupMp существует в М, т.е. М т-полное индексное множество. 

Для каждого а ̂  М имеем естественное отображение 

: G—*GI^ , где для каждого х е G имеем f^(x) = xN^ и G!^ 

снабжено топологией, порожденной фильтром 

{f (М) г : М е 3 } 
^ а а а 

и значит 1(G),. ) ̂ т. Положим для каждого а <= М, Gl^ = G . 
а а 

По построению, если а < f?, тогда с и, следова­

тельно, ^ поэтому отображение 

: G^—< где f^(x) = xNg определено корректно и является 

непрерывным гомоморфизмом, так как 3^ с 3^ и 

fg(x у) : xyN^ , X .^у = f^(x).f^(y). 



По построению легко усмотреть, что если а < f! < у, тогда 

Таким образом составлен обратный спектр S -

состоящий из групп G^ , ^ каждого а е М, непре­

рывных гомоморфизмов и т-полного индексного множества М. 

Положим 3 = ^im S. Легко видеть, что отображения проекти­

рования являются отображениями "на" для каждого а t М. 

Рассмотрим отображение f : G—+(?, определенное по правилу 

f(x) = - с ̂  М) для каждой точки х е G. Отображение f 

является непрерывным, как диагональное произведение 

н е п р е р ы в н ы х  о т о б р а ж е н и й  ,  а  е  М .  Е с л и  x , y e G M X " " y ,  т о  

существует е Д такое, что х-% ft у-% - е, так как % е Д^ при 

некотором а е м, тогда *'N3 " следовательно, 

f^(x) ̂  f^(y), т.е. отображение f - инъективно. Более того, f 

является топологическим вложением группы G в группу <?. В силу 

слабой т-полноты топологической группы G отображение f 

оказывается отображением "на", т.е. f(G) = & и, 

следовательно, G топологически изоморфно &. 

Действительно, если у <= (У, тогда семейство 

(f^'(hg(y)) : а е М} 

т-центрировано в силу т-полноты индексного множества М, и 

является базой фильтра Коши относительно левой равномерности 

группы G, а так как G слабо т-полно, тогда существует точка 

х е G такая, что 

X е n{f^,*(hg(y)) : а е М) 

и ясно, что f(x) = у, т.е. f(G) = 

Доказательство (2—^3) очевидно. 

(3—*1). Пусть У т-фильтр Коши группы G. Группа G 

т-уравновешена, в силу вложенности в произведение 

n(G^ : а <= М), где Х(6д) - т Для каждого а е м [3]. Тогда 

Пд(У) т-фильтр Коши в группе G^, где - естественная 

проекция для каждого а е М. В силу того, что 1(С^) S т. 

Фильтр имеет предельную точку х^ ̂  G^. Легко показать, 
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что фильтр у СХОДИТСЯ К НИТИ Х=(Х^:аеМ) и, в силу 

замкнутости & в П^а = а с М), получаем, что х е G. Итак, G 

слабо т-полная группа. 

Из работ [2,3] известно, что каждая т-ограниченная 

топологическая группа G т-уравновешена и имеет место 

неравенство w(G) ̂  r(G)-x(3), где и - вес, Г - индекс ограни­

ченности топожогической группы G. С учетом этих свойств можно 

доказать следующую теорему. 

Т В О Р Е Н А  2 .  Д л я  г о л о л о г и ч е с ж о Я  г р у п п ы  С  с л е д у ю щ и е  

ус-юляя равносильны 

i. группа С т-ограничена н слабо т-полна; 

.2. группа 3 является пределом обратного спектра 

Д - ^ лля калдого a <s -

непрерывные гомоморфизмы и # т-полное индексное множество; 

группа С замкнуто и топологически изоморфно 

дкладыдаегся в произведение .- а е где мf^ ̂ т для 

каждого а е /f. 

Б.А.Пасынков [4] ввел класс почти метризуемых групп, а 

М.М.Чобан [6] рассмотрел подкласс почти метризуемых групп: 

проективно метризуемые группы. Отталкиваясь от этих определе­

ний введем следующие определения. 

О П Р Е Д Е Л Е Н И Е  2 .  Т о п о л о г и ч е с к а я  г р у п п а  G  

называется почти т-метризуемой, если в ней существует 

бикомпактное подмножество В и x(B,G) < т. 

О П Р Е Д Е Л Е Н И Е  3 .  Т о п о л о г и ч е с к а я  г р у п п а  G  

называется проективно т-метризуемой, если для любой 

окрестности единицы ^ существует бикомпактный нормальный 

делитель Н^с М и x(N^.G) ̂  т. 

П Р Е Д Л О Ж Е Н И Е  3 .  В с я к а я  п о ч т и  т - м е т р н з у е м а я  

топологическая группа слабо т-полна. 

Доказательство следует из [3], так как левая 

равномерность почти т-метризуемой группы является т-перистой. 
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Т Е О Р Е М А  4 .  Д л я  г о п о . т о . г м ч е с я о Я  г р у п п ы  G  с л е д у и ж м  

условия равносильны .* 

jf. группа G - прселггивяс т-мегрязуема/ 

группа С является пределом обратного спектра 

5 - f<?^, где - т для каждого а ̂  Л - т-полиса 

индексное MHojrecrBO, a - совершенные гомоморфизмы. 

Доказательство основано на теореме 1, так как всякая 

проективно т-метризуемая группа является т-уравновешенной. 

Сформулируем аналог спектральной теоремы В.В.Щепина [7] 

для класса слабо т-полных и т-уравновешенных топологических 

групп. 

Элемент ?- частично упорядоченного множества К называется 

предельным элементом множества D с М, если для любых двух 

элементов ^ D и < ,у существует такое а е D, что 

/? < а < ^, i = 1,2. Для предельного элемента у множества М 

множество f/!^M : направлено вверх. Если 

S = {G^,f^,M} - спектр и г - предельный элемент множества И, 

то Sl^ обозначает ограничение спектра S на множество Ml^ , 

т.е. S!^ = 

Спектр S = называется непрерывным, если для 

всякого предельного элемента у <= М имеем Gl^ = Sty 

Спектр S = fG^,f^,M} называется т-спекгром, если : 

1) S - непрерывный спектр; 

2) Н т-полно; 

3) Х(Сд) ̂  т для любого а ̂  М ; 

4) - непрерывные гомоморфизмы "на". 

Т Е О Р Е М А  5 .  Л У с г в  Д  -  и  У  =  ̂а ' ^ а ' ^  

т-спектры; С и Я пределы этих спектров, причем имеем х(*С.) > т 

и  ^  т .  Т о г д а  д л я  л ю б о ^  п а р ы  г о м о м о р ф и з м о в  р  .  < ? — и  

V/ . //—к? множество ̂  - fa е ̂  . существуют такие гомоморфизмы 

fa ' " <"a ^̂ a ̂ Pa°*a " ̂ a°f " 

конфинально н замкнуто в #, где .' С—и Я— 

естественные проекции. 

13* 
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С Л Е Д С Т В И Е  1 .  Г о л с л о г и ч е с к и Я  и з о м о р ф и з м  д в у х  

слабо т -полнмх т -уравноведеннмх гопо.тс'гитесямх групп, 

являющихся пределом т -спектров над одним и гем ле 

направлением мнолеством, поролдается изоморфизмом замкнутых 

конфинальнмх полспектров. 

С Л Е Д С Т В И Е  2 .  Г с л с - у о г и  ч е с к и ^  и з о м о р ф и з м  д в у х  

лроективно т -мегризуемых топологических групп, являющихся 

пределом т-слеятро# над одним и гем ле налрадленным 

мнолестдом, поролдается изоморфизмом замкнутых конфинальных 

подспектров. 
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Тф-ПРОСТРАНСТВА И ТОПОЛОГИЧЕСКИЕ РЕШЕТКИ 
НЕПРЕРЫВНЫХ ^O.lj-ЗНАЧНЫХ ФУНКЦИЙ 

Е.М.Вечтомов 
Московский педгосуниверситет 

Пусть X - топологическое пространство и Д = ^0, 1^ -
решетка с естественными отношением порядка ^ и операциями 
умножения * /или Л / и взятия точной верхней грани V . 
На Д будем рассматривать три топологии - дискретную и топо­
логии связного двоеточия. Относительно каждой из них Д ста­
новится топологической решеткой. Если Д наделить топологией 
связного двоеточия с изолированной точкой I, то 

С/Х, Д/ - это решетка 

всех непрерывных Д-значных функций, определенных на тополо­
гическом пространстве X, с поточечно заданными порядком и 
операциями. Фактически, С/Х, Д/ является решетной всех отк­
рытых множеств /их характеристических функций/ пространст­
ва X с операциями пересечения и объединения множеств. 

На С/Х, Д/ введем три топологии поточечной сходимости. 
Если С/Х, Д/ рассматривать как подпространство тихоновской 

V 
степени Д дискретного пространства Д, то получается 

топологическая решетка Ср/Х, Д/. 

Если же С/Х, Д/ считать подпространством Д^ для связного 
двоеточия Д с изолированной точкой 0, то получается 

топологическая решетка Ср/Х, Д/. 

Аналогично определяется топологическая решетка С^/Х, Д/. 
В докладе [Il автором отмечено, что произвольное Т^-про-

странство X определяется каждой из топологических решеток 
Ср/Х, Д/ и Ср/Х, Д/, но не обязано определяться топологичес­
кой решеткой С^/Х, ДУ. В обзоре [*2, теорема З.б] дан набро­
сок доказательства существования двойственности /антиэквива­
лентности/ между категорией всех Т^-пространств и их непре­
рывных отображений и категорией всех топологических решеток 

вида Ср/Х, Д/ с непрерывными гомоморфизмами / категорией 
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всех топологических решеток вида Ср/Х, Д / и их непрерывных 
гомоморфизмов, сохраняющих все имеющиеся точные верхние гра­
ни/. В данной работе этот результат будет подробно доказан. 

Чуть подробнее рассмотрим топологии пространств функ­
ций С^/Х, Д/ при т = р, О, I. Пусть значениями А и В служат 
всевозможные конечные множества пространства X. Множества 

F/A, В/ = /*ф 6 С/Х, Д/: А ^ ф"1/0/<= X ^ в} 

образуют базу открытых /и замкнутых/ множеств нульмерного 
хаусдорфова пространства Ср/Х, Д/. Множества F/A, %/ /соот­
ветственно, Р/%, В// образуют базу открытых множеств прост­
ранства Ср/Х, Д/ / С]-/Х, Д/ /. Тр-пространства С^Х, Д/ и 

Ср/Х, Д/ никогда не являются Т^-пространствами. Подчеркнем, 
что множества 

Рх ь ^ф <= С/Х, Д/: ф/х/ = 0 j , х € X, 

составляют предбазу открытых /замкнутых/ множеств простран­

ства сух, Д/ /Ci/X, Д//. 

З А М Е Ч А Н И Е  I .  К а к  п о к а з а л  е щ е  М . С т о у н ,  д л я  
любого топологического пространства X существует Т^-прост-
ранство У, такое, что решетки С/Х, Д/ и С/У, Д/ изоморфны. 
Пространство У получается из X отождествлением точек, не 
разделяемых никакими функциями из С/Х, Д/. Разделяемость 
различных точек пространства У функциями из С/У, Д/ как раз 
и означает, что У - Т^-пространство. При этом естественный 

алгебраический изоморфизм топологических решеток С^/Х, Д/ 
и С^/У, Д/, где т = р, О, I , является и гомеоморфизмом. 

Поэтому в задаче определяемости пространств X топологичес­
кими решетками С^/Х, Д/ следует ограничиться классом ^-про­

странств . 
П Р И М Е Р .  П у с т ь  X  -  м н о ж е с т в о  в с е х  н а т у р а л ь н ы х  ч и ­

сел, собственными замкнутыми множествами в котором объявле­
ны лишь начальные отрезки натурального ряда. И пусть У = 
X U Je} - пространство, имеющее те же самые собственные зам­
кнутые множества,что и X. Ясно, что компактные Т^-простран-
ства X и У не гомеоморфны, но естественное вложение X в У 
индуцирует топологический изоморфизм С^/Х, Д/ и С]-/У, Д/. 
Однако, Ст/Х, Д/ гомеоморфно одноточечной компактификации 
дискретного X, С-/У, Д/ гомеоморфно дискретноглу X, Сд/Х, Д/ 
ro;.;coMop?jno У, а Ср/У, Д/ гомеоморфно У, в котором дополни­

тельно открыто множество cj . 
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Собственное подмножество Р полурешетки /т.е. коммута­
тивной идемпотентной полугруппы/ (С, * *? называется идеалом 
в С, если ав ^ Р дли любых а ^ Р и в ё С. Идеал Р полу-
р е ш е т к и  С  н а з ы в а е т с я  п р о с т ы м ,  е с л и  а в ^ Р  в л е ч е т  а ^ Р  
или в^ Р для любых а, в ^ С. Идеал вида аС, а ^С, по­
лурешетки С называется главным. Идеалом решетки <(С,* ,V? 
называется идеал полурешетки ^С, * ̂  , являюцийся подполу-
решеткой полурешетки ^С, . Идеал Р решетки С называется 
простым, если Р - простой идеал /нижней/ полурешетки <fc, . 
Когда говорится о полурешетке С/Х, Д/, имеется в виду муль­
т и п л и к а т и в н а я  п о л у р е ш е т к а  (  С / Х ,  Д / , .  

Л Е М М А .  Д л я  п р о и з в о л ь н ы х  т о п о л о г и ч е с к о г о  п р о с т р а н ­
ства X и собственного подмножества Р в С/Х, Д/ эквивалентны 
следующие утверждения: 

I/ Р = Рд для некоторой точки х ^ X ; 
2/ Р - открыто-замкнутый простой идеал топологической 

решетки С-/Х, Д/ ; 
3/ Р - открытый простой главный идеал топологичес­

кой полурешетки С^/Х, Д/ ; 
4/ Р - открытый простой главный идеал топологической 

полурешетки Ср/Х, Д/ . 
Причем, если X - Т^-пространство, то в I/ точка х опре­

деляется однозначно. 
Д о к а з а т е л ь с т в о .  И м п л и к а ц и и  I /  ' - ^ 2/ 

и 3/ ===^ 4/ очевидны. Поскольку Р^ = ф-С/Х, Д/ , где 

х € X, ф - характеристическая функция открытого множества 
X ^ *х и *х - замыкание ^х^ в X, то I/ — ̂  3/. 

2/ =—^ 4/. Достаточно показать, что идеал Р главный. 
Пусть функция ф ^ С/Х, Д/ определена условием 

ф"1/0/ = /1 ^ а"^/0/ : а 6 р} . 

Возьмем произвольную окрестность Т функции ф в топологи­
ческой решетке Ср/Х, Д/. Найдутся такие конечные множества 
А и  В в  X,  что  ф ^  P/A,  В/^  Т,  т . е .  ф = 0  на  А и  
ф = I на В. Из определения ф вытекает, что для каждой 
точки х ̂  В существует такая функция ф^ ̂  Р, что ф^/х/ = 
= I. Тогда функция в = V^ф^ : х^в} лежит в идеале Р 
решетки С/Х, Д/, равна I на В и равна 0 на А. Следовательно, 
ф содержится в замыкании ? = Р . Поскольку а ̂  ф для всех 
а^ Р, то Р = ф-С/Х, Д/ . 

4/ ==^1/. Пусть Р = ф-С/Х, Д/ - открытый простой 
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идеал в топологической полурешетке Ср/Х, Д/, порожденный ф. 
Так как Р =/= С/Х, Д/, то ф"^/0/ не пусто. Рассмотрим мно­

жество К = С/Х, Д/ \ Р и покажем, что найдется точка х из 
ф**1/0/, в которой все функции из К равны I. Тогда Р = Р^ , 

и импликация доказана. Поэтому предположим, что для всякой 
точки х ^ ф /0/ найдется функция ф^ ^ К, равная 0 в х. 
Возьмем произвольно открытое множество Р/А, B/э ф для ко­
нечных подмножеств А=^Х]-,..., х^ и В в X. Тогда 
ф/А/ = ^0^ и ф/В/ = /i}. В силу простоты идеала Р функция 

ф^1- ...-ф^п принадлежит К. Но тогда 

ФУСФ*1'...-Ф*"; ^ Р/А, В/п  К . 

Стало быть, ф лежит в замыкании К = К , что противоречит 
включению ф ^ Р = С/Х, Д/ \ К . Концовка леммы очевидна. 

Пусть далее Ф: X —^ У - непрерывное отображение то­
пологических пространств. Влу отвечает отображение 

Ф* : С/У, Д/ С/Х, ^ , Ф /ф/ = ф°Ф /I/ 

для всех ф ^ С/У, Д/. Поскольку операции в решетках функций 
выполняются поточечно, то Ф является гомоморфизмом решетки 
С/У, Д/ в решетку С/Х, Д/, сохраняющим О, I и все точные 
верхние грани /конечные и бесконечные/. Ясно, что при любом 
х ё X имеет место равенство 

Сф) /Рд/ = Рфх 

Отсюда следует, что гомоморфизм 

Ср/Ф/ = Ф : С^/У, Д/ Су/Х, Л/, т = р, О, I, 

непрерывен. 
Таким образом, С^ - это контравариантный функтор из 

категории всех топологических пространств и непрерывных ото­
бражений в категорию топологических решеток и непрерывных 
гомоморфизмов. Отметим, что для Т^-пространства У различные 
непрерывные отображения Ф: X '—^ У индуцируют различные го­

моморфизмы Су/Ф/ . 
Считаем по определению, что гомоморфизмы ограниченных 

решеток сохраняют 0 и I . 
ТЕ О Р Е М А. Контравариантный функтор Ср /соответ­

ственно, Ср / устанавливает двойственность /антиэквивален­
тность/ между категорией всех Т^-пространств с непрерывными 

отображе:жями в качестве морф-измов и категорией 
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всех топологических решеток вида Ср/Х, Д/ /соответственно, 
Ср/Х, Д/ / и их непрерывных гомоморфизмов /непрерывных го­

моморфизмов, сохраняющих всевозможные точные верхние грани/. 
Доказательство. Уже показало, что Су и 

Ср - функторы. Остается доказать, что каждый непрерывный 
решеточный /сохраняищий точные верхние грани/ гомоморфизм 

Г: Ср/У, Д/.—^ Ср/Х, Д/ /Ср/У1 Д /-^ Ср/Х, Д// дш 

Т^-пространств X и У индуцируется некоторым /единствен­
ный/ непрерывн}лл  отображением Ф:  X— ^  У.  

Пусть сначала дан морфизм Г: Ср/У, Д/ —^ Ср/Х, Д/ . 
Пусть х ^ X к Р = Г'^/Р^/. Получаем oncpHTo-safAKHyTHž 
простой идеал топологической решетки Ср/У, Д/. Тогда по лем­
ме Р = Р.,, для единственной точки у ^ У. Значит, фор/ула 

J 

Фх = у 4==^- Г ̂ /Р^/ = Ру /2/ 

при х X и у ^ У определяет отображение Ф: X —^ У. 
Из /2/ непосредственно вытекает, что для любых ф 6 С/У, Д/ 
и х ^ X 

Ф"1/ф-1/0/ / = Г/фЛ^/0/ 

и 
/ф°Ф/х - О 4-=^ Г/ф/х = 0 . 

Первое соотношение доказывает непрерывность Ф /прообразы 
замкнутых множеств замкнуты/, а из второго соотношения на 
основании /I/ заключаем: Г = *Ф = Ср/Ф/. 

Предположим, наконец, что непрерывный гомоморфизм 
Г: Ср/У, Д/ —^ Ср/Х, Д/ сохраняет точные верхний грани. 

Пусть снова х ё X и Р = Г"^/Р^/. Ясно, что Р - открытый 
простой идеал топологической полурешетки Ср/У, Д/. В силу 
леммы и сказанного выше достаточно доказать, что идеал Р 
является главным. Для этого рассмотрим функцию 

ф = V Р € С/У, Д/ . 

Но условию 
Г/ф/ Г/VP/  = vr/p/^ ф' ^  Ру .  

где ф - характористическая функция няочества X ^ Т . 
Значпт, Г/ф./ - ф^-Г/ф/ ^ Р , и ф ^ Р . Следовательно, 
Р = ф-С/У, - гланды идеал. 

Ицкчеркжм, что если Г - топслогичсский и:!о;.;ор^изм, то 
отображение Ф ::ы ;].ор,'.:улы /2/ - гоыеонюфизм. 



С Л Е Д С Т В И Е  I  [ i l .  Д л я  л ю б ы х  Т ^ - п р о с т р а н с т в  
I и У равносильны условия : 

I/ X и У гомеоморфны ; 
2/ топологические полурешетки Ср/Х, Д/ и Ср/У, Д/ 

топологически изоморфны ; 
3/ топологические полурешетки Ср/Х, Д/ и Ср/У, Д/ 

топологически изоморфны . 
Топологическое пространство X называется Тд-пространст-

вом, если для любой точки х ^ X множество х*\^х] замк­
нуто в X. Класс Тд-пространств строго содержится между клас­
сами Тд-пространств и Т^-пространств, а конечные ^-прост­
ранства являются Тд-пространствами. 

С Л Е Д С Т В И Е  2  / т е о р е м а  Т р о н а / .  П р о и з в о л ь н ы е  
Тд-пространства X и У гомеоморфны тогда и только тогда, 
когда изоморфны решетки С/Х, Д/ и С/У, Д/ . 

З А М Е Ч А Н И Е  2 .  Н е т р у д н о  д а т ь  а б с т р а к т н ы е  х а р а к ­
теристики решеток С/Х, Д/ и топологических решеток Ср/Х, Д/ 
и Ср/Х, Д/. Решетка называется Т-решеткой /Т^-решеткой/, 
если она изоморфна решетке С/Х, Д/ для некоторого топологи­
ческого /Т^-пространства/ пространства X. Одна из характери-
заций Т-решеток получена Троном в 1962 году. Характеризация 
Т]--решеток приведена в книге Биркгофа ^3, глава ixj . Исхо­
дя из этих характеризаций и леммы, можно получить абстракт­
ное описание топологических решеток /и полурешеток/ Су'Х, Д/ 

и Ср/Х, Л/. 
Заметим также, что определяемость топологических прост­

ранств различными алгебрами непрерывных функций рассмотрена 
в обзоре ^2^. 
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ОБ АППРОКСИМАЦИИ РИПЕНИЙ ОДНОРОДНОГО 

УРАВНЕНИЯ 9,-СТОРОННЙ СВЕРТКИ, 1АРАКГЕРИСТМВСКАЯ 

ДУНКЦЩ КОТОРОГО УДОВЛЖВОВЯЖГ ОЦШММ СНИЗУ 

С.И. Калинин 

Кировский пединститут 

$ I. Постановка задачи и основной результат. 

В данной работе усяояимоя использовать терминологию и 

обозначения статей [I] - [2]. 

Пуоть G - выпуклая область в комплексной плоокости С , 

Н - пространство голоморфны! в этой облаоти функций, наделен­

ное обычной тополотей равномерной оходимооти на компактах. 

Локально-выпуклое пространство Н будем называть пространст­

вом^ оооциированным с областью G . Цуоть,да-

лее, Н*- пространство,аильное оопряженное к Н .Рассматрива­

ется однородное уравнение ^-сторонней свертки 

^ S ^ - О t И ) , (I) 

гда S € И , ̂ -сторонняя свертка функционала S и функции ^ 

ощмделяется по правилу ^ ^« 
( S @ ^ )  +  +  

^ , ц)= , (A) <^ о. 

Иивеотно [З^.что каидм ранение Н уравнения (I) можно 

аппроксимировать в топологии И линейными комбинациями элемен­

тарный решений этого уравнении, то еоть решений, являющихся кор-

имяж элементами оператора кратного дифференцирования. 

Наотоящая рабожа посвящается иоследаванию следующего вопроса: 

иуоть реиеиие ̂  Н уравнения (I) допуокает однозначное анали-
ткчаоиоа продолжение в неныпукдую односвязную облаоть Ž, 
(G С $*) . При какии уоловияи ^ можно аппроксижровать 

конЗинациами элементарный решений в тооололи пространства И 
ассоциированного о областью G '„ ( G' С ,где - одно-

связная облаоть,совпадающая с G или "мало" отличающаяся от 

последней. Ниже в предположении удовлетворения характеристи­

чной функцией ^(4) - < S, уравнения (I) оценкам они-

ау вдоль некоторых лучей или полной регулярности роста этой 

14* 
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функции на упомянутых лучах приводится списание областей G', 
для которых рассматриваемая аппроксимациониая задача имеет 
положительное решение. 

Для формулировки осилнного результата введем в рассмот­
р е н и е  ф л а г о в у ю  к о н ф и г у р а ц и ю , о п и с и н п у ы  я  [ 2 L  П у с т ь  Г [ , . -
допустите Cl] относительно маряжзяной диаграя^ы D фик­
ции ^ дуги ив границб облазти Q о зси оцк^ровзяными интерн-
валами направлений [i] 

<Д*) 

соответственноyQ^, )--сзгмзит,(1^. j ^'.)-сег­
мент L = ) памшмнин О области G . 
Предполагаем,что сегменты попарно не перезезолтся и не имеют 
общих точек с D _ * Пусть С', = Г[\ (Q^,^ U Сд.у^ с 
G, ̂  G\ и G^y). Область ' G. "мздо* от­

личается от G ,епду константы ^ п, ) 
малы. Для каждого L (L - образуем такхб ^-на­
правленный фляг S(. .пристроенный к хорде,смпыыицей конам 
дуги ,при &TOV соблюдем усяояия: I. непарно 
не пересекаются, 2, Найдутся положительный и отрицательный 
опорные лучи ж G .не пересекающийся с областью 

О  =  с .  U  ( S : ) .  ( 2 )  

След. я [41,об даст:. (2) назовем флаговой конфигураци­
ей,по мжденной сегментами G^. у. , Gp. . . .и.. 
Спраыдливе слелуичая алпрокежэционная 

? Е 0 ? Е М А, Пусть характеристическая функция '^(4.) 
уравнения (I) удовлетворяет оценкам снизу: 

t,0) = &-Ч т. ^ (t е.^.) I 
1 Т. 

вдоль .'?чей = 
соответственно,за исключением,быть может,множества 

кружков нулевой линейной плотности,и решение ^ И зтого 
урав&ыьмя допускает однозначное аналитическое продолжеше из 
области Gp в область G' .содержащуюся в (2). Тогда 
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равномерно внутри Q' можно аппроксимировать линейными ком­
бинациями элементарных решений уравнения (1). 

Сформулированная теорема есть дословная переформулировка 

теоремы А работы С2j.которая касалась обычного однородного 
уравноиш свертки,ч-с есть уравнения (I) с %. = I' Слндова-
теДуНо,до:!,':знваемап теорема является развитием цитированной. 

Иоли функщя Lf (ji) является функцией вполне регуляр­
ного роста в asnitaßAetB^ 6 - , 9 = L = . 

то выполняится 0JeHJ<z (3) о константами ,равными нулю. 

Тогда область совпадает с G ,а флат ^ Su. в 
(2) Oy .пут узкими [I]. И ж алеем распространение теорема Б из 
if] на случай уравнежя (I) ^-сторонней свертки. 

§ 2. Доказательство теоремы. 
Пусть !-)g - пространство,ассоциированное с областью G., 
подпространство ремяий ^ уравнения (Т). В силу 

сложенных на сешенты G^,. у. , ^ 
ловлй,по теореме 4 работы [3j - нетривиальное инвариант­
ное относительно оператора краткого дифференцирования 
подпространство,донусиаацее спектралыжй синтез. Для доказа-
т$жсгвз теорет достаточно показать,что инвариантное подпро­
странство ^/'с }-[^ ,где Н "Пространстве,ассоциированное с 
G'  V / '=  И 'НУ/ ' о  . т а к ж е  д о щ - с к а а т  с п е к т р а л ь н ы й  с и н т е з .  Б  

силу теоремы I из L3'] дспустимостг. спектрального синтеза под­
пространством t'/' 1)авиосильна обильности аннуляториого подмс-
дудя У этого подпространства. Поэтому покажем,что I'- оби­
льный подмодуль, Пс-следиее означает,что всякий элемент Т&Р' 
где ?' - модулт. целых функций,ассоциированный [5] с областью 
Q' принадлежащий I' локально [3],принадлежит I'глобально,то 

рсть е {' . Локальная принадлежность *-р подмодулю *[' харак­
теризуется тем,что Т является элементом локального подмодуля 

п о р о ж д а е м о г о  Г '  , д л я  л ю б о г о  А б  С  . г д е д ^ ^ А .  =  
Значит,для любого Ае С в не­

которой 0 "Сиъметричнор. окрестности д функция пред­
ставляется конечной линейной комбинацией элементов из I' с 
коэффициентами из локального кольца 0^ (X) ростков ^-сим­
метричных функций, локально аналитических в ^ -симметричных ок­
рестностях л . В чаотности, предотавляется такой комби­
нацией в некоторой окрестности точки А 6 Ü : 

(4 )  
к^1 ' 
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Покажем,что есть элемент модуля 1^, ^ассоциированного 

о областью Q.. Так как подмодуль I' главный о образующей ^ 

М,то существуют целые функции экспоненциального типа 

такие,что будут иметь место представления 

Mi = % f ^ (5) 

откуда,в оилу (4), 

Из (6) следует,что функция ^ = (р/^ голоморфна в окрестно­

сти \ ;а значит,в силу произвольности А .является це­
лой.' Таким образом, <р предотавляется в виде ^ ̂  , 

откуда по лемме работы [4*] заключаем, что & 1^, . 

функция ср будет локально принадлежать аннуляторному 

подмодулю подпроотранотва ^ ,так как,в силу (5) 

и уже цитированной лене из [4j, И к € I. 
Таким образом, элемент е *р' .принадлежащий 1 

локально,принадлежит *Р^ и локально принадлежит I 

Н о  ^  -  о б и л ь н ы й  п о д м о д у л ь  ̂ 3 ]  , з н а ч и т ,  Т  6  1  g  . И з  

последнего условия,в оилу включения I. С I' ,имеемЧ>е1'* 

Теорема доказана. 

Литература 

1. Калинин С.И. К вопросу об аппроксимации решения однородно­
го уравнения свертки посредством элементарных //юатем.за­
метки 7-1 982.-Т.32.-Вып.2.-С.I99-21I. 

2. Калинин С.И. Аппроксимация решения однородного уравнения 
овертки/сарактеоиотическая функция которого удовлетворяет 
оценкам онижу /7№тем.заметки.-1983.-т.34.-йш.3.-с.417-

3. ^раоичков-Терновокий И.Ф.,№вкин А.Б..Спектральный оинтез 
^ оператора ратного дифференцирования //ДАН.-1989.-Т. 

4. Калинин С.и! Аппрокоимация решений однородного уравнения 
свертки с несколькими неизвестными функциями,компоненты 
характеристического элемента которого удовлетворяют оцен­
кам снижу //Упорядоченные пространства и операторные ура­
внения (межвузовский оборник научных трудов) ,<^ктывкар.-
1989.-С.117-122. 

5. Красичков-Терновокий И.Ф. Инвариантные подпроотранотва 
аналитических функций. I. Спектральный синтез на выпуклых 
областях // Матеы. об..1972.-Г.в7.-Выл.4.-С.459-489. 

но 



Tartu Ül. Toimetised, 1993, 940, 111-114 

СЦЕПЛЕНИЕ ОПЕРАТОРОВ ПОЛНОГО ДИФФЕРЕНЦИРОВАНИЯ 

ПРИ СТРУЙНОЙ КОМПОЗИЦИИ 

М.Рахула 

Тартуский университет 

В пространстве струй отображений из одного многообразия 

в другое известную роль играют операторы полного дифференци­

рования - ОПД, см. Если задать три многообразия, 

первое, второе и третье, то струи из первого многообразия во 

второе и из второго в третье образуют струйную композицию из 

первого в третье. Спрашивается: как при этом связаны соот­

ветствующие ОПД? 

1. Эта связь устанавливается по схеме 

/ 

Пусть А,В и С - три дифференцируемых многообразия. Отобра­

жение 

X : А х В * С : (а. b) i—' с = a b 

порождает касательное отображение 

тх : ТА Ф ТВ * ТС : (a.a^b.b,) - (с,с,) 

где 

b + а Ь^ . 

Это значит, что для любой Фиксированной точки b В имеет 

место отображение 

Х^ : А * С : а '—* a b, 

и, точно так же, для любой Фиксированной точки а е А 
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отображение 

\  : В  . С  : Ь  .  а- Ь ,  

касательные отображения 

: ТА —- ТС и ТА : ТВ —' ТС 

переносят векторы а и b из точек а и b ы точку с " a b, 

т.е. 

TXja,) = a,b, T^(b^) , а 

и сумма этих образов есть образ суммы: 

ТХ (а^ + Ь^) - . 

2. В данном случае роль А. В и С игракт расслоения 

бесконечных струй 

J(U,V) , J(V,W) и J('J.W). 

где U, V и W - три гладких многообразия размерностей т, пир 

соответственно, i.j.k = 1 m; 

с = 1, . . . . р. 

t .а .а 
Координаты u ,f , f ,f ,f ...... порождают локально в 

J(U,V) натуральный базис, т.е. репер и дуальный коренер 

3 3 3 3 

<9f^ ' << ' t j 

du^ , df" , df^ , df" 
^ j 

В нём заменит ь на < 

3 + f". ̂  

а если операторы 

х = + f" + f" ̂  

то адаптированный базис. Эта замена сопровождается заменой 

дифференциалов df"* , df^ , df" .... формами 

f< ,  .a  L а  с< а  ̂  ^  с"  ^ ^ 
L 4  " d i  -  f  d u  ,  ^  =  d f  -  f  d u  ,  ̂  -  d f  -  f  , d u  , . . .  

L t t- ^ J t J LJ ^ Jk 

Аналогично, имел локальные координаты 

5 JtV.W) и n'.h^.h*, .. . в J(tj.W), определяем ОПД и формы 



& = dh -  h du ,  d = dh^ -  h^du ,  = t j  "  tj)< '  - -

в J(U,W). 

3. Струйная композиция индуцируется коммутативной диа­

граммой 

U W 

точнее, струйным продолжением отображения 

х : (f,g) < ' h = gf, 

которое понимается следующим образом -

i. а а а а о- е- о- , ̂ t.c t.c  ̂
A:(u ,f ,g ,g^,.g^,...) * (u ,h 

h" = + g^f^ (1) 
*- J ^/3 ^ J et t J 

Касательное отображение ТЛ определяется в натуральных базисах 

системой 

,, <у , су , L (У , а 
dh - du - g^dv 

dh^ r dg^f" + g^df" (2) 

dhfj = + e^(df^ + f°df^] + g^df^ 

и в адаптированных базисах - системой (первое уравнение не 

повторяется) 

f & - a f + g ^ 
L ai. *^с< 4. 

^ + g^"" 
LJ (3/Э t  J a  t j  а/э L ^ J J j  а  ^J 

4 .  Т Е О Р Е М А .  О Д Д  Z ^  с  О Д Д  X .  и  Y ^  

соогяожеиием 

Z^ = ТЛ(Х^ + Y^f^*) . 

/7ри эгсм z, разлагается в сумму 
ТЛ^ + (TA^Y^)f" , 
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TA Y - <L_ . <5 . Lc 1 . 1 3 

j ji' 

ТЛ V -^-Ž- 4. f^—- 4- L"' 4- „" 1 — 
f ^a ^<з^<? ^o/S^ j ̂ <y ^ j ̂ к ' j ^ J ,, ' ' ' 

J 

Д о к а з а т е л ь с т в о .  В ы ч и с л я я  з н а ч е н и я  в е к т о р ­

ного поля ТЛ(Х^ + в натуральном кобазисе на J(U,W), по­

лучаем, с учётом системы (1), компоненты поля Z (композицию 

с Л опускаем): 

du'(X + Y f") = du^X ) = du^ 

dh^fX + Y f°*) - h^du'(X ) 

или = g^dv^f") = g^f" ̂  h^' , 

dh^(X + Y^) = dg^fy; . ̂df^(X ) = 

= = h^. , 

4H^ + Y^,f^) r dg^(Y„)f^f( + dg^Y^)f^f'% 

[df"(X }f^ ̂  f°df'^(X)l + g^df°*(.X) = 
J  L  k  ) k t j  o t j k ! .  

И Т .  Д  -

Отображения ТЛ и ТА определяются системой (2), если в ней 
9 ' 

положить dg^ - = ..." О и df^' - df^ = ... - 0 соот­

ветственно. Подстановкой компонент полей Х^ и Y^ выявляем 

слагаемые в разложении Z^. 
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HEKCTOFKE СВОЙСТВА ТОПОЛОГИИ СВОБОДНЫХ 
ТОПОЛОГИЧЕСКИХ ГРУПП РАВНОМЕРНЫХ ПРОСТРАНСТВ 

А.А.Чекеев 
Кыргызский государственный университет 

А.Марков (/4/,/5/) для каждого тихоновского простран­

ства X определил свободную топологическую группу ^^Х) . 

Понятие свободной топологической группы F^(.X) рав­

номерного пространства (X,U) впервые выделил Накаяма (/7/) 

Под свободной топологической группой t*^„(x) равномерного 

пространства (Х,1А) понимается свободная группа F(X) мно­

жества X , наделённая сильнейшей групповой топологией, ле­

вая равномерность которой индуцирует на X равномерность 

U . Нуммела (/8/) модифицировал понятие свободной 

группы и определил свободную топологическую группу ^(х) 

равномерного пространства (\И) как свободную группу Р(Х) 

множества X , наделённую сильнейшей групповой топологией, 

двусторонняя равномерность которой индуцирует на X рав­

номерность . Впредь FN^(X)будет обозначать свободную 

топологическую группу в смысле Накаяма (/7/), а ^(Х) -сво­

бодную топологическую группу в смысле Нуммела (/8/). 

Вое встречающиеся ниже понятия равномерностей можно 
найти в книге А.Борубаева (/3/). 

Пусть (sX.stA*) - Самюэлевская компактификация равно -

мерного пространства (X,V) и равномерно гомеомор-

фная копия пространства (Х.м) , где X =^*х*'---х.бХ.З . По­

ложим Х*^=Хо(е.^иХ', где X , {tj и X дизьюнктны и отк­

рыто-замкнуты в X* . Наделим X* равномерностью 

которая является дискретной суммой равномерностей U и t( \ 

Аналогично спр<-депим X* как дизьюнктное обьединение 
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ъХч^1и(ьХМ и наделим X*  равномерностью *И* = ъТА* 

* (sUf*, дискретной сущмы sU и (iMlT . Из определения 

(Х*,М*) и(Х*,1/.") непосредственно следует, что 

равномерно гомеоморфно (X*,t(*) . Рассмотрим v\ -степени 

и (.X'.l?*) равномерных пространств . 

Имеют место естественные отображения и 

' где подмножество в ^(У) 

из слов длины im , а !\м^Х^ подмножество в из 

слов длины t и . При отображении ^ каждому элементу 

сопоставляется слово , 

т-е. ^^^,4^-",^-))*^-^ . Аналогично определяется ^ 

Следует отметить, что отображения ^ и непрерывны относи­

тельно топологии, порождённой равномерностью произведения, 

а отображение ^-замкнуто, в силу компактности Вве­

дём следующие обозначения A„=j^tX*": ^(^-несократимое 

слово длины ровнои ^  и ,  аналогично,  ^4^* :  ̂ ( ^ -не­

сократимое слово длины ровно и^ . 

Следующая теорема является переносом известной теоре­

мы А.В.Архангельского (/I/) на случай свободных топологичес­

ких групп равномерных пространств. 

Т Е О Р Е М А  I .  П о д п р о с т р а н с т в о  А ^  п р о с т р а н с т в а  

У* гомеоморфно отображается на подпространство 

топологической группы Рц(Х) . 

Д о к а з а т е л ь с т в о .  Р а с с м о т р и м  и  о т о б  -

ражение ^ - Так как (X* V* ^равномерно гомеоморфно ((ъХ*)*^ 

(stA*)") , то %* -компакт и ^ -замкнутое непрерывное отоб­

ражение. Имеем J и при , 

^*9 '  .  Следовательно ,  -  гомеомор­

физм. Ясно, что А„ как множество лежит в . Пусть 

Т  -топология ,  индунированная  на  ^ ( \ )из  а  -

топология, индуцированная на ^(А^) из группы . Имеем 

ив 



T ' потому, что естественное отображение 

непрерывно. Пусть Т, = ̂ (Т) и Ti= i<1 (?*) 

Тогда ^ и Ti, - тополегии на ^ . В силу того, чтоЫтг -

- гомеоморфизм и А„с. , топология Т\ совпадает с тополо­

гией 3"* индуцированной на А* из X" . Итак, 

Имеем T^CL , так как Те Т . Но i* - непрерывно отобра­

жает 4^ на , значит Ц с Т* , следовательно ^ ̂  

= Ц= Т* , т.е. Т= Т - ̂ Т") . Итак, -гомеомор­

физм. 

Следу идее следствие является переносом на свободные 

топологические группы равномерных пространств известной лем­

мы Джойнера (/9/). 

С Л Е Д С Т В И Е  2 .  П у с т ь  э ь *  .  

Тогда базу в тоже т. иа образуют множества вида 

где и 

С Л Е Д С Т В И Е  3 .  Т о п о л о г и я ,  и н д у ц и р о в а н н а я  н а  

štAA„) из топологической группы (X), совпадает с топо­

логией, индуцированной из топологической группы . 

Следующая теорема является аналогом теоремы А.В.Архан­

гельского (/2/). 

Т Е О Р Е М А  4 .  Р а в н о м е р н о  н е п р е р ы в н о е  о т о б р а ж е н и е  

j: (х,1А)-+ равномерного пространства (x,U*) на 

равномерное пространство равномерно факторно тогда и 

только тогда, когда равномерно факторно отображение 

; : ( $! !^(Х) , 

Д о к а з а т е л ь с т в о .  П у с т ь  ^  

равномерно факторное отображение, и предположим, что отобра­

жение не равномерно факторно, тогда на 

ИХ)существует групповая равномерность тЗ* более сильная, 

чем левая равномерность группы РМ%(у)такая, что гомоморфизм 

^ равномерно непрерывен. Тогда равно­
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мерно непрерывно и бтображение и, по 

определению группы , равномерность 6 слабее чем 

, что является противоречием, так как равномерность 

-J является сильнейшей из равномерностей, при которых % 

равномерно непрерывно. 

Обратно, пусть равномерно факторное 

отображение и такая равномерность на Y , что отобра­

жение (Х,И) -* - равномерно непрерывно. Продолжим 

это отображение до непрерывного гомоморфизма ^ 

^ Так как гомоморфизм J является равномерно фак­

торным отображением группы РМц(Х) на группу , отно­

сительно левых равномерных структур этих групп, то получаем 

что левая равномерность группы сильнее левой равно -

мерности группы , следовательно, равномерность V 

слабее чем равномерность if , т.е. $ - равномерно фактор 

ное отображение. 

П Р Е Д Л О Ж Е Н И Е  б .  Н е п р е р ы в н ы й  г о м о м о р ф и з м  

^ = (ж, —* топологической группы на топологи­

ческую группу Является открытым тогда и только тогда, 

когда равномерно факторно отображение ^ ' (Cr. 

где ^ - левые равномерности групп и 6-^ . 

Д о к а з а т е л ь с т в о .  Е с л и  г о м о м о р ф и з м  L . :  

-* - открыт, тогда он является равномерно открытым ото 

брежением в смысле А.Борубаева (/3/) и, поэтому , является 

равномерно факторным отображением. 

Обратно, пусть непрерывный гомоморфизм L 

является равномерно факторным отображением равномерного прос 

транства (&,,%) на равномерное пространство , где 

!А, , - левые равномерности групп (д, и 6^ , соот­

ветственно. Для каждого ./tM, положим A 

А = (^ . Тогда Й - база сильнейшей групповой 

на 



равномерности tT на группе 6!,/э4А! t при которой отображе­

ние проектирования TT: - равномерно 

непрерывно. Имеем следующую коммутативную диаграмму : 

* \̂ /' 
где отображения ^ и ^ равномерно факторны, a j - алгеб­

раический изоморфизм. Покажем, что отображение š * равно­

мерно факторно. Пусть <t такое покрытие группы 6^ , что 

. Тогда и, следовательно, в силу 

равномерной факторности отображений Tt и ^ имеем 

^ 4/^ . Итак, j - равномерно факторное отображе­

ние, следовательно, j - равномерный изоморфизм группы 

и группы J . Отсюда непосредственно еле -

дует, что гомоморфизм ^ - открыт. 

С учётом предложения б и теоремы 4 подучаем 

СЛЕДСТВИЕ 6. Равномерно непрерывное отображе­

ние равномерно факторно тогда и только 

тогда, когда открыт гомоморфизм Р^(Х) -*FNit(y) 

Пусть *Мх и *Uy обозначают универсальные равномерности 

тихоновских пространств ^ и Y . 

С Л Е Д С Т В И Е  7 .  Н е п р е р ы в н о е  о т о б р а ж е н и е  

^ т X тихоновского пространства X на тихоновское 

пространство У R - факторно тогда и только тогда, ког­

да равномерно факторно отображение 

Д о к а з а т е л ь с т в о .  П у с т ь  н е п р е р ы в н о е  о т о б р а ­

жение ^ X -*Y ^ - факторно (см.,например/6/), тогда 

согласно одному результату О.Окунева (/6/), гомоморфизм 

-открыт, т.е. открыт гомоморфизм 
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^ ' FW^(.X) . Тогда иэ следствия 6 вытекает 

равномерная факторность отображения . 

Аналогично доказывается *и обратное утвержцение. 

Следствие 6 является усилением одного результата 0. Оку-

нева (/6/), а следствие 7 показывает,как униформиэуется по­

нятие R - факторности. 

О П Р Е Д Е Л Е Н И Й  8 .  р а в н о м е р н ы е  п р о с т р а н с т в а  

и называются N - эквивалентными, если топо­

логически изоморфны их свободные топологические группы РМц(Х) 

и . 

Вышедокааанные утверждения позволяют сформулировать 

общий метод доказательства N - эквивалентности различных 

фактор-пространств заданного равномерного пространства. Сле-

дупцая теорема является переносом на равномерные простран -

ства известной теоремы О.Окунева (/6/). 

Т Е О Р Е М А  6 .  П у с т ь  

равномерные пространства, 

равномерно факторные отображения, и имеем продолжа­

ющие их гомоморфизмы 

Если существует топологический автоморфизм <1 группы 

такой, что , то равномерные пространства 

и - tJ - эквивалентны. 

Д о к а з а т е л ь с т в о .  О п р е д е л и м  о т о б р а ж е н и е  

по правилу для каждого 

а ̂  FN^(X) . Это отображение является алгераическим изо -

морфизмом, так как, если тогда и по 

определению ^ имеем .По определению автомор­

физма t. получаем, что или, переходя к образу 

при ^ , имеем . Итак,Ке^' = (t], что равносиль­

но изоморфности j . Проверим теперь непрерывность отобра -

жения j . Имеем и гомоморфизм - открыт, сог­
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ласно следствию 6. Из непрерывности отображений L и ^ 

следует непрерывность отображения ^ . Аналогично доказывав 

ется непрерывность обратного изоморфизма j** . Теорема дока­

зана. 

Можно указать конкретный автоморфизм топологической 

группы Pf^(X), который даёт возможность строить примеры не 

равномерно гомеоморфных пар N - эквивалентных равномерных 

пространств. 

О П Р Е Д Е Л Е Н И Е  1 0 .  Р а в н о м е р н ы е  р е т р а к ц и и  ,  

равномерного пространства (Х,1А) называются параллельны­

ми, если выполнены соотношения . Рет -

ракты и равномерного пространства (У ̂ называют­

ся параллельными, если они являются образами равномерного 

пространства (X,lA) при параллельных равномерных ретракциях. 

Следующая теорема является переносом на равномерные 

пространства ещё одной известной теоремы О.Окунева (/6/). 

Т Е О Р Е М А  I I .  П у с т ь  и  -  п а р а л л е л ь н ы е  р е -

т ракты равномерного пространства (У JU). Тогда равномерные 

фактор-пространства и И - эквивалентны. 

Доказательство этой теоремы опирается на теорему 9 и 

следующую алгебраическую лемму. 

Л Е М М А  1 2 . ( / 6 / ) .  П у с т ь  X  -  п р о с т р а н с т в о ,  и 

- подмножества X , ^X—X/^ и L,,:X-+X/^ 

соответственно R^- и тривиальные отображения, 

Lj - гомоморфизмы, продолжающие отобра­

жения и ^ . Пусть, далее L - автоморфизм группы Т-(Х^ 

такой, что Тогда . 

Д о к а з а т е л ь с т в о  т е о р е м ы  I I .  П у с т ь  

- параллельные 

равномерные ретракции. Рассмотрим отображение (X), 

заданное правилом . Это отображение равномер­
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но непрерывно. Цусть It - гомоморфизм, продол­

жающий L . Польауясь параллельностью равномерных ретракций 

^ и подучаем и сужение на (Х,1А) композиции 

Ь- L тождественно. Из этого следует, что и сама композиция 

L.L тождественна, следовательно*^!^,и из теоремы 

9 получаем, что фактор-пространства и X/g^ - эк­

вивалентны. 
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