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Liihikokkuvote

Me iildistame Basteri ja Trevisani, 2024 tulemust, mis méodab juhusliku
taisithendusega nérvivorgu ja Gaussi protsessi vahelist kaugust, juhuslikule
korreleeritud kaaludega konvolutsioonilisele narvivorgule. Selleks leiame iile-
mise tokke ruut Wassersteini kaugusele juhusliku konvolutsioonilise narvivor-
gu ja talle vastava Gaussi protsessi vahel. Saadud toke naitab, kuidas arhitek-
tuurilised parameetrid mojutavad koondumiskiirust, kui kanalite arv kasvab.
Erijuhul kui konvolutsioonilise narvivorgu struktuur taandub tavaliseks nar-
vivorguks, saame tagasi tulemuse Basteri ja Trevisani, 2024 t66st.

CERCS teaduseriala: P160 Statistika, operatsioonianaliiiis, programmeer-
imine, finants- ja kindlustusmatemaatika.

Marksonad: Juhuslik konvolutsiooniline narvivork, narvivorgu Gaussi prot-
sess, Gaussi ldhendamine, Wassersteini kaugus, lai piirjuht.

QUANTITATIVE CONVERGENCE OF CONVOLUTIONAL
NEURAL NETWORKS WITH CORRELATED WEIGHTS
Master thesis
Karl-Joan Alesma

Abstract

We extend the quantitative Gaussian approximation of randomly initialized
fully connected neural networks established in Basteri and Trevisan (2024)
to convolutional neural networks with patch-wise correlated weights. Specif-
ically, we derive an upper bound on the quadratic Wasserstein distance be-
tween the output distribution of a randomly initialized convolutional neural
network and its associated neural network Gaussian process. The obtained
bound reveals how the architectural parameters affect convergence in the
wide limit. As a corollary, we recover the fully connected network bound of
Basteri and Trevisan (2024) when the convolutional structure degenerates to
a dense layer.

CERCS research specialisation: P160 Statistics, operations research, pro-
gramming, financial and actuarial mathematics.

Key Words: Random convolutional neural network, neural network Gaus-
sian process, Gaussian approximation, Wasserstein distance, wide limit.
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Introduction

Deep learning neural networks are a family of parametric models that have
been successfully applied to a wide range of real-world tasks, including image
recognition and natural language processing (LeCun, Bengio, and Hinton,
2015; Goodfellow, Bengio, and Courville, 2016). This widespread success has
led to an increasing interest in the theoretical foundations of such methods.

One approach to theoretical analysis is to consider the case where the number
of network parameters tends to infinity. It was shown by Neal (1996) that the
output of a single-layer neural network with randomly initialised parameters
converges to a Gaussian process (GP) as the width goes to infinity. This
was later extended to deeper networks by Lee et al. (2018) and Matthews
et al. (2018), to convolutional networks by Garriga-Alonso, Rasmussen, and
Aitchison (2019) and Novak et al. (2019), and Yang (2019) showed that
networks of "any reasonable architecture" converge to a Gaussian process.

An important breakthrough in the analysis of neural networks was the Neu-
ral Tangent Kernel (NTK) (Jacot, Gabriel, and Hongler, 2018). They showed
that the training of an infinitely wide neural network under gradient descent
evolves approximately linearly around its initialization and can be under-
stood as kernel regression with a fixed kernel (the NTK). This kernel only
depends on the network architecture evaluated at initialisation. Lee et al.
(2019) subsequently showed that gradient descent dynamics in the NTK
regime converge to those of a linearised model.

Both the GP correspondence and the NTK characterise neural networks at
initialization, which is important for several reasons. To perform Bayesian
inference with neural networks, one needs to specify a prior distribution over
the space of networks. This can be done by placing a prior distribution on
the parameters, which in turn induces a distribution over the networks. The
neural network Gaussian process correspondence enables exact Bayesian in-
ference in the infinite-width limit (Neal, 1996; Lee et al., 2018). Beyond the
Bayesian motivation, the choice of initialization has direct practical conse-
quences. A proper initialization keeps the variance of activations and gradi-
ents controlled across layers, preventing the signal from exploding or vanish-
ing as it propagates through the network (Hanin, 2018; Hanin and Rolnick,
2018).

The preceding convergence results are qualitative, which raises the natu-
ral question: how close is a finite-width, randomly initialized network to its
infinite-width limit? Quantitative bounds make it possible to evaluate the



gap between the predictions of a finite-width network and its infinite-width
NTK equivalent. In addition, they help understand how this gap depends on
the network’s architecture and training configuration.

Recently, a body of literature has emerged on this topic. Basteri and Trevisan
(2024) and Trevisan (2023) established quantitative bounds in Wasserstein
distance between the output distribution of a randomly initialized neural net-
work and its corresponding Gaussian process. Favaro et al. (2025) obtained
similar bounds for total variation and convex distances. Mosig, Agazzi, and
Trevisan (2025) extended these results beyond the initialisation regime by
providing explicit Wasserstein bounds for shallow networks at any positive
training time under gradient descent.

In this thesis, we extend the results of Basteri and Trevisan (2024) to con-
volutional neural networks (CNN). We additionally allow the convolutional
weights to be patch-wise correlated, as was done by Garriga-Alonso and Wilk
(2021). This reveals how the CNN architecture affects the rate of convergence
to its corresponding Gaussian process. Although Trevisan (2023) achieves a
faster rate of O (1/n) in Wasserstein distance, the constants are left implicit
and require the non-degeneracy of the Gaussian process kernel.

The first chapter provides an overview of the theoretical background, and
the second chapter contains the proof of the main result.



1 Notation and preliminaries

In this section, we give an extensive overview of the notation and the theo-
retical background needed to understand Theorem 7. Subsection 1.1 borrows
notation and concepts from Garriga-Alonso and Wilk (2021), subsections
1.2-1.7 from Basteri and Trevisan (2024) and Trevisan (2023), subsection 1.9
from Goodfellow, Bengio, and Courville (2016) and Garriga-Alonso and Wilk
(2021).

1.1 Multi-index notation

Let D e Nand F = (F,...,Fp) € NP be a tuple of positive integers. For a
single integer F' € N we write [F] := {1,..., F'}, and for a tuple we set

[F] = [R] x - x [Fp].

Elements of [F] are called multi-indices. A sum indexed by q € [F] is
understood as the iterated sum

=
S

We write |F| := [[, Fa for the total number of multi-indices in [F7].

1.2 Functions on index sets

Throughout the thesis, we work with real-valued functions defined on finite
index sets. Since convolutional layers index the inputs and outputs by grids
such as (C(O),F,EO),FéO)) € N? (as with RGB images), we adopt from the
outset the abstract viewpoint where indices range over an arbitrary finite set

S.

Given a set S, we write R® for the set of real-valued functions f: S — R. To
reduce notational clutter, we often use the bracket notation f[s| = f;. When
S = [k] we recover the space of k-dimensional vectors R® = R* and when
S = [h] x [k] we recover the space of matrices R® = R"* If T is a set and
f:R% — RT then for any X € R® and t € T, we denote f(X)[t] = (f(X));
to index the output of f.



We view R® as a vector space under the usual pointwise operations, (f +
9)[s] = fls] + g[s] and (Af)[s] = Af[s], together with the canonical basis
(es)ses defined by e;[t] = Li—y.

For A € R®*T we denote by Als,:] = (A[s, t]),cp € R” the slice of A obtained
for s € S.

1.3 Tensor products

Given sets S and T, the tensor product of f € RS and ¢ € R” is the element
f ® g € R%*T defined by

(f @g)[st] = fls] g[t],

which is also associative. The induced canonical basis of R*T is (e, ®

€t)ses,teT-

When S and T are finite, any A € R®*T can be identified with the linear
map R” — R? acting by

(Af)s] =Y Als, 1] f[t].

teT

The identity matrix Idg € R%*S is defined as Idg = ZSGS es ® ey, that is
Idg[s,t] = 1(s—y. When S = [k], we write Id; for a matrix in R¥**.

IfS =25 %8, T=T xT, and A € R"*T1 B € R%>*"2_then, under the
natural identification of R(S1xT1)x(82xT2) ith R(E1x52)x(T1xT2) - gne has

(A® B)(f®g) = (Af)® (Bg)  forall f € RTt, g € R™2,

1.4 Norms

When S = T, any matrix A € R is said to be symmetric, if A equals
its transpose AT[s,t] = A[t,s], and positive semidefinite, if for every finite
TCS

Z v[s]A[s, tju[t] > 0, for all v € R”. (1)

s,teT



For finite S, the trace of A € R%*% is tr(A) = >, ¢ Als, s]. This yields the
inner product on R¥,

(f.g)=tx(f@g) =) flslg
seS
with the induced norm
/2
= veFEn = (i) 2)
seS
This recovers the Euclidean norm on R¥, given by || f|| = />, f[i]?, and the
Frobenius (or Hilbert-Schmidt) norm on R given by || Al = , /> Ali, 412

The norm is multiplicative:

If@gll =171l

The induced operator norm of a linear operator A € R™>S will be denoted

instead as
[ Alop = sup | Av]| .

vER?
[[oll=1

We will also use the entry-wise 1-norm

||A||1,1 = Z Z |A[t, 5]|.

teT seS

1.5 Lipschitz functions

For finite sets S and T, a function f: R% — R is called Lipschitz, if there
exists a constant L < oo, such that

1f(2) = fF(| < L|z— 7| forall 2,2 € R
We denote with Lip(f) the smallest such constant.

If instead f: R — R and is applied element-wise, then for A, B € R¥*T it
holds

1£(A) = f(B)|I* < Lip(f)* |4 - B|*.
Indeed,

IIf(A)—f(B)IIQZZ( (A)fs, 1] = <Z Lip(f)|Als, ] = Bls, ]])”

—Zmp ot] = Bls.t) = Lip(/)? |4 — BIP.



1.6 Matrix square roots

Let S be finite and let A € R%*¥ be symmetric and positive semidefinite.
By the spectral theorem there exists an orthogonal U € R°*¥ (meaning
UUT = Idg) such that UTAU = D = Y ses dses @ e, where the eigenvalues
satisfy ds > 0. The square root of A is then

VA=UVDUT, @:Z\/d—ses®es. (3)

sesS
Moreover, v/ A is itself symmetric and positive semidefinite.

We denote the smallest eigenvalue of A by A(A) = mingeg ds and the smallest
strictly positive eigenvalue of A by A\, (A).

For symmetric matrix A and vector v € R\ {0}, it holds

v Av

vTo

A(A) <

(4)

If A and B are both symmetric and positive semidefinite, then the bound by
Hemmen and Ando (1980, Proposition 3.2) gives

1
[VA-VB| < |4 - Bl (5)
VAA)
where || - || is the Frobenius norm introduced above. When A(A) = 0, the

right-hand side is interpreted as 4o0.

Additionally, if A € R9*% and B € RT*T are both symmetric and positive

semidefinite, then
VA®B=vVA® VB,

where both sides are viewed as elements of R(SXT)x(S*T) This follows from

the fact that if UTAU = D4 and VT BV = Dp are spectral decompositions,
then (U®V)T(A®B)(U®V) = D,® Dy is a spectral decomposition of A® B,
and vD4 ® Dg = /D4 ® /Dg holds entry-wise since v/ds - dy = v/ds\/d.

1.7 Random variables and Gaussian processes

Throughout this subsection, S and 7' are finite sets. Let X be a random
variable taking values in R, defined on some probability space (€2, A, P). We
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denote by Py the distribution (law) of X and write X LY if X and Y have
the same distribution. For p > 1, define the L” norm of X by

1X 120 = (E[IX [P
The mean E[X] € R¥ is taken coordinatewise,
E[X][s] = E[X[s]], seS.
The second moment of X is the matrix

EX ® X] = (E[X[s]X[5]]) € R5*S,

s,8'€S

which is symmetric and positive semi-definite. We assume throughout, with-
out further mention, that the moments written down are finite. We write
Y(X) for the covariance of X, that is, the second moment of the centered
variable X — E[X]. For a centered random variable X, the second moment
and the covariance coincide.

From (2), we have that | X]|* = tr(X ® X) and using the linearity of the
trace to change it with the expectation, we get E [|| X|?] = tr(E[X ® X]). So
it follows that

E[||X]?] = tr (2(X)), if X is centered. (6)
When A takes values in R7*, the same definition gives a second moment

E[A ® A] c ]R(T><S)><(T><S)7

which it is sometimes convenient to rearrange into R(T*T)*(Sx5),

Definition 1 (Centered Gaussian process). Let D be a set. A centered
Gaussian process indexed by D with values in R” is a collection G =
(G(X))xep of RT-valued random variables such that for every finite X =
{Xi,..., Xk} € D, the random variable

G(X):=) G(X.) ®eu € RT

a=1

is a centered multivariate Gaussian. Its joint distribution is determined by
the covariance kernel

K:(DxT)x(DxT) =R,  K[X,1),(Xt)] = E[GX)HGX)[]

which is symmetric and positive semi-definite. We write G ~ N (K).

9



In order to prove the Wasserstein property (13) for p > 2 in the later section,
we first prove the following lemma. This result was given in Trevisan, 2023,
equation (2.25), but without proof or explicit constants.

Lemma 1. Let p > 2, S be a finite set, and let X be a centered Gaussian
random variable taking values in R® with the covariance matrix K. Then

1XI1z> < Conom v/ (K) = Conom | VE (7)

where )
rer ()
C1m0m - Omom(p) - ( \/7_1' .

Proof. We begin the proof by finding a different representation for || X||. Since
X is a centered Gaussian with covariance K, we may write X = v K Z , Where
7 ~ N(0,1dg). Let K = UDUT be the spectral decomposition of K as in (3).
Set Z := UTZ and since U is an orthogonal matrix, we have Z ~ A/(0, Idg).
Due to the orthogonality of U, we have ||[Uv|| = ||v|| for any v € R¥, therefore

B N e T N e o

Recall that tr(K) = >, _sds and note that the function ¢ — 7/? is convex
on [0,00). Applying the Jensen inequality, we have

ds 72 p/2< ds ZP
Ztr(K) s _Ztr(K) o

sES SES

Multiplying both sides by tr(/)?/? and taking the expectation gives

p/2
E[IX|"]=E (Z dst> < te(K)P* Y d B[22

seS seS (8)
= te(K)PP B[22 ()Y ds = te(K)PPE[| 22|,
seS

where sg € S is arbitrary, since all Z, are i.i.d for s € S.

For a standard centered normal random variable, the absolute p-th moment

is (Papoulis, 1991, p. 148)
op/21 (pEL
E[|Z,,|"] = M
NZS

10



and take

p/2 (pE1Y ¥
Chnom (P) = (%) :

To conclude, note that since K is symmetric, we have that
tr(K) = tr (VEVE) = tr (\/?\/ET) —tr (VK @ VE) = VK|,

Taking the p-th root of (8) and substituting in Cpom and tr(K) = |[VEK||?

gives
X112 < Conom /51K = Conom || VE |
O

Remark 1. Note that for p = 2, we have I'(2) = ‘/77? and therefore Cyom(2) =
1. Then the inequality (7) is actually an equality as seen in (6).

1.8 Wasserstein distance

This section presents some preliminary results about the Wasserstein distance
from Villani (2009).

Definition 2 (Wasserstein distance). Let p € [1,00) and let u,v be two
probability measures defined on a Polish space (M, dys). Denote by I'(u, v)
the collection of all couplings of p and v, that is all joint distributions
on M x M whose first and second marginals are u and v respectively. The
p-Wasserstein distance between p and v is given by

Wy(p,v) = inf { (B [dar (X, YY) | (X,¥) ~ 7 € T() }

With a slight abuse of notation, we will often write W,(X,Y) = W, (i, v) for
any X ~ pand Y ~ v.

Remark 2. For the distance to be finite, the probability measures p and
v need to have finite p-moments, that is for arbitrary xzq € M, it holds

Jop dar (o, )P p(dx) < oco.

Let S be a finite set. In the context of this thesis, we work on the set M = R
and with the distance d(z,y) = ||z—v||, 7,y € R®. The quadratic Wasserstein
distance we are interested in is then

Walpi) = int { /B [1X ~ VI | CXY) 3 € D)}

11



We now list some properties of the Wasserstein distance that we will use
later.

Lemma 2 (Properties of Wasserstein distance). Let p € [1,00) and let X, Y
and Z be random variables with values on R®. Then the following properties
hold.

1. If X and Y are defined on the same probability space, then
Wy (X,Y) < BIX =YD = |1 X = Y]l (9)

2. The triangle inequality holds
Wy(X,Z) <W,(X,Y)+W,(Y, Z). (10)

3. If Z is independent of X and Y, then
Wo(X +Z)Y +272) <W,(X,Y). (11)

4. Let Z take values on R”T where T is finite. The function Wg is convex
RT

5. Let p > 2. If X and Y are centered Gaussian random variables, then

WolX,Y) < Con(p) | VEX] - V2. (13)

Proof. For the proof of properties 14, refer to Villani (2009). To see that 5.
holds, let Z be a centered standard Gaussian variable. Take X = /X(X)Z

and Y = \/S(Y)Z. Then X £ X and Y £ Y, which means that (X,Y)is a
valid coupling. Now it follows that

WX 7)< 1% - Vs = ||(VER) - VED)) 2

< o) VI ~ VE)

Lr

]

Remark 3. By convexity in property 12, we mean that it is convex in its first
argument over distributions:

Wg(X, Y) = Wg(PX,Py) = Wg (/ ]P)X\Z:z d]Pz(Z),]P)y)
R

T

< / W (Px 2=z, Py) dPz(2).
RT

12



1.9 Deep neural networks

A classical fully connected neural network (FCNN) is a sequence of layers
in which every output node of each layer is connected to every input node,
with a different set of weights per output node. This is in contrast to a deep
convolutional neural network (CNN), in which each output node is connected
only to a small patch of input nodes and the weights are shared across output
positions. As the name suggests, this architecture achieves this by performing
a convolution at each layer (more precisely, a cross-correlation, as in most
implementations, the weights associated with the convolution operation are
not flipped).

Before we introduce the definition of CNN, we give a quick overview of the
fully connected neural network. For both architectures, let L > 1 and ¢ :
R — R be an activation function that is applied element-wise. Note that the
weights W and biases b in this section do not need to be random.

1.9.1 Fully connected neural network

Let n, ... n®) € N. For every £ € {0,..., L—1}, denote the weight matrix
by WO e R and the bias vector by b® € R™™. The FONN is
defined as follows: for every input X € R"” set

ZO(X)=wWOX 4O,
and then recursively, for £ € {2,... L},

20 — WD g7 4 D),

Here L is the number of layers and the superscript ) denotes objects asso-
ciated with layer ¢. The vector Z is called the pre-activation of layer ¢ and
each entry ZO[i], for i € [n], is called a neuron. The quantity n') denotes
the number of neurons in layer ¢. See figure 1 for an illustration. Note that
each neuron has its own set of weight parameters stored in the corresponding
column of W®.

13



n(2

Figure 1: An example of a fully connected neural network with L = 3
layers. Each fully colored rectangle represents a row W)[i,:] of the weight
matrix W, visualized as a vertical bar, where the color is different for each
i € [n+Y]. The information flows through the network as follows. For each
row of W we compute the inner product between the row of W and the
input X € R"(O), then add the bias term to the result. This produces the
output of a single neuron in the next layer (shown with the same color as
the weight row). Performing this n!) times and collecting the results into a
vector gives us Z). We then apply the activation ¢ and repeat the process.

1.9.2 Convolutional neural network

Before defining the CNN, we give some intuition about the terms channel
and patch, and introduce the formal definition later.

A channel of layer ¢ refers to a slice of the layer’s output. For an RGB image
at the input, the channels are the three color components red, green, and blue,
so C© = 3. In deeper layers, each channel is produced by a different set of
learned weights. As different weights learn to represent distinct features, the
number of channels determines how many features the network can track at
each layer.

To produce a single entry in a channel of the next layer, the convolution
selects a patch, a small subregion of the input, and combines it with a weight

14



matrix to generate a single output value. For example, in a two-dimensional
convolution with a 3 x 3 patch, every output pixel is obtained by taking the
inner product between a fixed 3 x 3 weight matrix and the corresponding
3 x 3 region of the input. Then the same weight matrix is reused across all
output positions, which is referred to as weight sharing. Compare it to the
FCNN, where each output neuron has its own set of weights, which are not
shared with other output neurons.

Let C© . ...C") ¢ N denote the number of channels in each layer. Let
D € N be the number of spatial dimensions and F© € NP the spatial
dimensions of the output of layer ¢. For images, one typically has D = 2,
whereas D = 1 models a one-dimensional sequence, such as audio. We write
P ¢ NP for the patch dimensions of the convolution between layers ¢ and
¢+ 1, and require P®[d] < F©[d] for each d € [D], so that the patch does
not exceed the spatial extent of the input. Throughout, we use 7 and j to
index channels, g to index spatial positions, and p to index positions within
a patch.

To express the convolution at a single output location, we need a function
that, given an output position ¢ € [F®] and a patch index p € [P*V],
returns the corresponding spatial position g(p) in the previous layer. As p
ranges over [P“~V], G(p) traces out the patch in the input (see figure 3).
For now, we assume that this function exists and defer the formal definition
to a later section (Definition 3).

For every ¢ € {0,...,L — 1}, denote the weights by W ¢ RO <00 xP®
and the biases by b9 € RC“™" For q € [FV] and i € [CV], we first define

¢ p(0)

Z0(X)i,ql = > WO, j,plX[j, 4(p)] + b, (14)

7j=1 p=1
and then recursively, for £ € {2,..., L}, g € [F], and i € [C“], define

ce-1) p-1)

200l = 32 3 WG plo(Z VL a)) + 6V

(15)
where Z0(X) € RC“*FY See figure 2 for an illustration.

The vector Z)(X) is the pre-activation of layer £, and the slices Z[i,:] are
the channels of layer /.

15



c)

c®)

Figure 2: An example of a deep convolutional neural network inspired by
Garriga-Alonso and Wilk (2021). This network has D = 2 spatial dimensions
and L = 3 layers. Each colored cube represents the weight slice W) [P, 1],
where the color is different for each i € [C**V]. The information flows
through the network as follows. The 1nput X e ROVEIXFEY g divided
into possibly overlapping patches of size P (P}EO), pY )). For each set of
weights Wi : :], we compute the inner product between the weights and
all the patches, then add the bias term to the result. This produces one slice
along a single channel in the next layer (shown with the same color as the
weights). Performing this C") times for all sets of weights and concatenating
the results gives us Z(). We then apply the activation ¢ and repeat the
process.

1.9.3 Bias-free CNN and multiple inputs
It is convenient to separate the part of the pre-activation that does not de-
pend on the current layer’s bias. For the base case, write

c0) p(0)

z" => > WYL, pIX[j a(p)],

Jj=1p=1
and for ¢ € {2,...,L},

c-1) pe-1)

Z8(X)i,q] = XZEZWM”Zm]ﬂﬂ D(X)[4,d(p)]),

so that ,
Z9(X)i,q) = 2" (X)[i, q] + b V).

16
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Figure 3: Consider an example where D = 2, P} = (3,3) and C*) = 3.
As a notational shorthand, write p.,; = (a,b, ) and Gay; = (g(a,b), j), where
a,b,j € [3]. Here (a,b) € [P®] is patch index and j is a channel index.
Given an output position g in layer £ + 1 and a patch index p, the patch
function returns the corresponding spatial position g(p) in layer . As p
varies over [P(¥] the function traces out the patch in the input. The same
weight Wi, :] is used for each q € [F“*Y] to produce the elements of
ZEHD (X4, 1]

Note that the activations in Zég) are computed using the entirety of Z(¢=1,
including its bias term, while only the bias of the current layer is omitted.

Finally, if X = {X,}
define

acfr] REOXF g o finite subset of inputs, then we

k
Z(Z)(X) = Z 7 (X.) ® eq € RCOXFOxk
a=1

1.9.4 Patch function

We now make the patch function q precise. Often, convolutions are defined
by subtracting the indices of one tensor from another. This can be quite
cumbersome, even when D = 2. To abstract away these details and make
the presentation cleaner, we similarly introduce the patch function as was
done by Garriga-Alonso and Wilk (2021). The three standard parameters of
a convolution operator enter as the parameters of q:
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e padding enlarges the input by 7T((f) extra positions on each side of di-

mension d, which would otherwise shrink the output;

o stride sg) > 1 means the patch is moved by sg)

every single step in the output;

input positions for

o dilation hg) > 1 inserts holes between weight entries, so that consecu-

tive patch indices select input positions that are hgf) apart.

We refer to Dumoulin and Visin (2016) for a detailed treatment of convolution
arithmetic.

Definition 3 (Patch function). For each spatial dimension d € [D] and layer
¢+ 1 € [L], fix the stride sff’ € N, the dilation hff) € N, and the padding
W((je) € Ny of the convolution operator. For a spatial location ¢ € [F“V]
in the output of layer ¢ + 1, the d-th component of the patch function
da: [P\"] = Z is

Ga(pa) =5 (qa — 1) + h (pa— 1) — 757 + 1. (16)

Given a D-tuple, we write g(p) = (G1(p1),---,4p(pp)). We call the image
G([P“]) a patch.

For any A € RF” we adopt the convention A[r] = 0 whenever r ¢ [F©],
so that A[g(p)] is well-defined for every p € [P“)] and every q € [F“+V].

Remark 4. Note that the function g(-) also depends on the value q.

Example 1. Consider a D = 2 convolution with input spatial size F©) =
(5,5), output spatial size F+1) = (2,2), patch size P®) = (3,3), stride
s = (2,2), dilation ¥ = (2,2), and padding 7) = (1, 1). For simplicity,
we will drop layer superscripts and work with a single channel. Substituting
into (16) gives for each spatial dimension d € {1,2}

Ga(pa) =2(qa— 1) +2(pa — 1) = 1+ 1 = 2q4 + 2pg — 4.

Consider the output position g = (1,1). As p ranges over [P“¥], the patch
function selects the nine input positions:

q ) = YY) q~(172> =Y )7 q~(173) - 74 )
q(2,1) = (2,0), 4(2,2)=(2,2), q(2,3)=(2,4),
q(3, = =Y, 6(372) = )7 q 73) =\



The dilation hy = 2 causes consecutive patch indices py; € {1,2} to land
on indices {0,2} rather than {0,1}. With weights W € RP“ and input
X € RFY | the convolution at g = (1,1) reads as

Y[L1]= ) WpX[a(p)

pe[PW]
= W1, 1]X][0,0] + W1, 2] X]0, 2] + WL, 3] X0, 4]
+ W[2,1]1X2,0] + W2,2]X[2,2] + W[2,3] X2, 4]
W3, 1) X[4,0] + W[3,2]X[4,2] + W[3,3] X [4, 4]
= W[2,2)X[2,2] + W[2,3]X[2,4] + W[3,2]X[4, 2] + W[3,3]X[4,4].

Five of the nine terms are zero, because of the out-of-bounds convention in
Definition 3.

Remark 5. The patch function allows us to simplify the notation and abstract
away the details of the convolution. With the patch function, for every D € N
the convolution is just

> WiplXlap)], qe<[F]

pe[P¥)]

Furthermore, if we were to use circular padding instead of zero padding, the
formula would remain the same. Compare it to the case without the patch
function. Already for D = 2,

PO plo

Vg1, gol ZZWP1PZ [ (q—l) hﬁ”(pl—l)—ﬂf)ntl,

p1=1pa=1
s g2 — 1)+ h (py — 1) =7 + 1,

and for D = 3, each summation, each weight slot, and each input slot acquires
a further component.

Remark 6 (Comparison with Garriga-Alonso and Wilk (2021)). The patch
function (16) differs from the one used by Garriga-Alonso and Wilk (2021),

who define
G5 (pa) =55 qa — h“)( - {Pé”/ﬂ).

The patch function g9V uses centered placement with flipping, whereas g
uses corner placement without flipping. Flipping makes the operation a true
convolution, which otherwise is cross-correlation. Definition 3 also makes the
padding parameter 7r((f) explicit.
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The drawback of their convention appears when using global mean pooling
at the last layer, where F) = 1 and PU~Y = F(=D In this case, §°*W
fails to recover every spatial position in [F®*~V], so the final average sum
does not include all elements. This can be remedied artificially by enlarging
P=1 beyond F~1 in each dimension, but at the cost of a worse constant
in Theorem 7.

This is illustrated by the following example. Take D = 1, F-D = pl—1) —
3,s=h=117=0,s0 F¥) =1 and ¢ = 1. The two conventions give:

GAW P ‘1 -
¢ p)=1-(p=-2) 2 1
qp)=1+(p-1) |1 2

w Ol W

The patch function %AW lands at index 0 ¢ [F*~V] and never reaches index
3, whereas (16) traverses all elements in [F(*~V].

1.9.5 Patch counter

We now introduce a quantity that counts the number of overlapping patches
in layer ¢. This quantity will be used in the proof of Theorem 7.

For r € [F“], let

NO(r):={(q.p) € [FV] x [PY]: v =d(p)}] (17)

be the number of patches that overlap at location r. Denote the maximum
for layer ¢ as

¢ = max NO(r). (18)

patch ° 're[[F(e)]]

Example 2. Consider a one-dimensional convolution from layer ¢ to layer
¢+ 1 with FOO = 6, with F*) = 4, patch size P®¥) = 3, and parameters
s = p® =1, 7 = 0. The patch function simplifies to G(p) = ¢ +p — 1,
and the four patches in layer ¢ are

q | patch
1[{1,2,3}
2| {2,3,4}
31 {3,4,5}
4 |{4,5,6}
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Counting how many patches contain each input position r € [F¥] = {1,...,6}
gives

(NOENT | =1(1,2,3,3,2,1),
soCY =3

patch — %

1.10 Neural network Gaussian process (NNGP)

We now define the Gaussian process approximating a wide random CNN, as
was done by Garriga-Alonso and Wilk (2021). To obtain the Gaussian pro-
cess, we iterate layer-by-layer and for each layer ¢ € {1,..., L — 1}, we take
the number of channels C'¥) to infinity, essentially applying the central limit
theorem at each layer (channels C® and C'") are kept fixed). The process
G which takes values on RF (Z), approximates a single channel of Z®, while
G, which takes values on RCY*F “), denotes a process approximating the
full output of Z©.

Alternative approaches for deriving the kernel include taking the limit of all
channel widths simultaneously, as done by Matthews et al. (2018), or us-
ing the tensor framework of Yang (2019). We chose the recursive approach
because it most closely mirrors the structure of the proof of the main theo-
rem. Regardless of the method used, all approaches yield the same Gaussian
process.

As before, for each layer ¢, we have weights W(© e RC“TxCOxPO 44
biases b\ € RC(HI), which we assume now to follow the prior distribution

|
WO ~ A (0, T ® e ®2“>) and  b© ~ N (o,c,(f) Idc(m)) ,

cw
(19)
where X0 € RPY“XPY g o positive semi-definite covariance matrix and

cl(f) > 0. Specifically, for any two patch positsions p, p’ € [P¥],
- L 2 [p, p']
EWOL WOl .0 = =g Lnlu=n (20)

The weights are thus independent across output channels ¢ and input channels
7, but may be correlated across patch positions p within the same filter. All
weights and biases are mutually independent across layers.

From now on, we consider Z)(X) as a random variable, where the random-

ness arises from the weights (W) and biases (b))}~ drawn according
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o (19). Crucially, the same weights and biases are used to evaluate Z(©
at every input in X, so the outputs (Z © (Xa))a e[k AT€ dependent random
variables, as opposed to being an i.i.d. family indexed by «a.

Garriga-Alonso and Wilk (2021) highlights three important cases for ©().

1. Independent case: £(¥) = cz(f) Idp for cff) > 0.

2. Mean-pooling case: ©) = (9117 ,,, where typically ¢ = 1/ |F(”1)

P>

3. Spatially correlated case: ©[p, p'| = exp(—||p —p'||/l) for | €
(0, 00).

In Case 1, the resulting covariance kernel sums components across patches
independently. In Case 2, the weights are fully correlated across all spatial
positions, which forces them to be identical and is equivalent to computing
the mean response over all spatial locations (also called global average pool-
ing). This shows that mean pooling, which is ordinarily implemented in a
CNN as a separate layer, can instead be realised solely through the weight
covariance structure. Case 3 interpolates between the two extremes by letting
the distance between patch positions control the strength of correlation. By
taking [ — 0, we recover Case 1, and by taking [ — co, we recover Case 2.

1.10.1 Derivation of the kernel

To determine the Gaussian process, we need to know its mean and covariance
function. Since in (19) the parameters are centered, the mean of Z(¥(X) is
zero at every layer. Therefore, the Gaussian process is completely determined
by its kernel alone.

Furthermore, observe that since the weights W(Z_l)[i, ;,:] are independent
across channels i and the activations ¢(Z“~Y(X)[4,:]) in (15) do not depend
on 4, means that Z(X)[1,q],..., ZO(X)[C®, q] are i.i.d for every fixed q
and X. This fact will be used when deriving the NNGP kernel and is assumed
in Lemma 3. Note that Lemma 3 establishes the inductive case while the base
case KM will be provided in section 1.10.2.

Lemma 3 (NNGP kernel recursion). Assume the correlated weight prior
(19). Suppose that, for a fixed layer £ > 1 and for all inputs X € R *F
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the channels (Z(@ (X)), :])ie[[C(f)]]

cess G¥(X) with the covariance kernel K*). Then for layer £ + 1 it holds
that

are i.i.d. copies of a centered Gaussian pro-

E [ (Xa) i, g2 (X)) [7 ] = Loy K [(q, Xa), (@ X))

(21)
where
) 210
K"V (g, Xa), (¢, X)) = ¢+ Y SO, pIVO[(d(p), Xa), (4 (P), X)),
p,p'=1
(22)
and

VO [(r, Xa), (7', Xa)] = E [ (GY(Xa) ) ¢ (GO(Xa)[r])] . (23)

0+1)

Moreover, K is symmetric and positive semi-definite.

Proof. Fix i,7 € [C"V], q,q' € [F*“V], and two inputs X,, X,. Since
the weights, biases, and previous-layer outputs are mutually independent,
we have

E [29(Xa)li, )2 (Xor) i 4] = E b6 1]
+E |20 (Xl a2 (Xl )]

Based on the biases’ prior (19), we have E [b®[i]b[]] = 1= l/}cl() To get
the covariance of Zé“l), we apply the result (24) from Lemma 5. For this set
Alj, q,a] = ¢(Z¥9(X,)[4, q]) and condition ZSKH) on Z®). Then

E |2 (Xl a2 (XY )
=E[E |2 (X)) (Kol 4

c® p®)
]‘{z Z’}Ce)z Z ( (8)

Jj=1pp'=1

2]

E |6 (29(Xa)l),ap)]) ¢ (2 (Xa)lj d ‘Z D

By the assumptions of the lemma, for each j, the random variable

Z(Xa)[, 129 (Xar)l5, ]
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has the same joint distribution as
GO(X,)GY(Xo).

Thus every expectation in the sum is of the form V' [(g(p), Xa), (§'(P'), Xu)]
and does not depend on j, whence

E |2 (Xl 42 (Kol )

= 1=y > S PIVY [(4(p), Xa), (@' (D)), Xo)].

p,p'=1

Combining both results gives us (21) and (22):

E [2“ (X[, q) 2“0 (X))l 4]
) 210
=1y (o) + Y 2O, plVO(G(p), Xa). (§'(P), Xor)]

p,p'=1
= 14—y K (g, X4), (¢, X)) -

It remains to show that KtV is symmetric and positive semidefinite. Sym-
metry follows immediately from the fact that V) and £ are symmetric.

For positive semidefiniteness, fix q, € [F**V], inputs X, and a, € R for
a € [n]. Since X is positive semidefinite, we can write it as ¥) = BBT
for B € RP“>? and d € N. Then

n

Z CLQGBK(€+1) [(Qa» Xoc)7 (qﬁ7 Xﬁ)]

a,f=1

=) n
Z aag+ Y > (BBN)p,paaasV¥ [(Gu(p), Xa), (@5(p'), Xp)] -
a,b=1 p,p'=1a,f=1

Since cl(f) > 0, the first term is non-negative. For the second term, we expand

n ) =10

Z Z Z B p, k]aaaﬁv(@ [(da(p)aXOé)a (qﬁ(p/)aXﬁ)]

k=1 a,5=1p,p’=1
n PO

ZZ S Gapaisp VO [(Ga(p), Xa), (@5(P), X5)].,

=1 a,f=1p,p'=1
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where Go pi = o B[p, k] € R. Because V¥ is a covariance kernel and hence
positive semidefinite, then for every pair (p, p’), the function ((q, X), (¢’, X')) —
VO(g(p), X), (g (p'), X")] is positive semidefinite. Consequently, the second
term is also non-negative. Combining the two expressions, we conclude that
K is positive semidefinite. O

1.10.2 Definition of the NNGP

Using Lemma 3, we can now define the NNGP recursively. For the first layer,
7 is Gaussian for any number of channels C(!) (we will see this in the proof
of Theorem 7). Computing its covariance for a single channel, we have

c©)  p(o)
KO[(g, %), (@ X = + o 30 3 SOl w1X aw)) X1 4 0]

j=1p,p’=1

We let GV ~ N(KM). For £ = 2,..., L, having already defined G~ to
obtain G, we take C“~Y — oo, turning Z into a Gaussian (for a formal
justification we refer to Garriga-Alonso, Rasmussen, and Aitchison (2019)
and Garriga-Alonso and Wilk (2021)). Based on Lemma 3, the covariance
for a single channel is

pi-1)

EO9[(g,X).(q, X = "+ Y s, p VD (G(p), X), (¢'(p), X))

and we define G ~ N(K®).

We additionally define the bias-free kernel

p-1)

K (g, X), (¢, X)) =Y S p,p1VED [(4(p), X), (¢ (p), X)],

p,p'=1

so that K() = cée_l) + Kée). This will be used in the proof of Theorem 7.

1.10.3 Multi-channel NNGP

The Gaussian process approximating the /-th layer of the network’s output
is G = (Q(Z)(X))XeRc(mxp(o) with values in RC“*F " defined as C© inde-

pendent copies of G, with G¥)(-)[i, q] denoting the value of the i-th copy
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at spatial position q, for i € [C¥] and q € [F®]. That is
E [69(X)[i, q)6 (X', q]] = L= K (. X), (¢, X)].

For kinputs X = {Xo},cpy C RECVFY write GO(X) = S2F_ GO(X,)®e,

which takes values in RC”*FOxk 1f we define the restriction of kernel K
to the dataset X as

( ®
KO(X) = (KO(g, X), (¢, X)) gy ey € REHXE),
X, X'ex

the covariance of G(X) is

2 (G(X)) = ldew @K (X).

1.10.4 Non-nullity of K(()Hl)

In the proof of Theorem 7, we require that KSZH)(X ) is not null for ¢ €
[L — 1]. We will show now that this at least holds for the two out of three
important cases of X)) whenever K (X) is not null.

Lemma 4. Let ¢ € [L — 1]. Suppose that ¢ is not identically zero Lipschitz
function and 2@ falls under either Case 1 or Case 3. Assume furthermore
that K (X) is not null with K¥[(g*, X), (g*, X)] > 0 for some gq* € [F“]
and X € X. If N (g*) > 1, then Ké“”(X) is not null.

Remark 7. It is quite reasonable to assume that N (q*) > 1, that is ¢* lies in
the range of the patch function for some output position. This, for example,
holds whenever the convolution parameters (patch size, stride, dilation) are
such that the convolution covers the full input, which is the typical setting
in practice. The assumption that K (X) is not null reduces to the case that
KW (X) is not null, which is valid to assume, as this depends on the input X.

From K\ () is not null follows that KD (X) is not null, since ¢{” > 0.
Proof. Common preliminary. Fix X € X and ¢* € [F®] such that

K9(q", X),(g", X)] > 0.

Then G (X)[q*] is not identically null. Since ¢ is not identically null and
is Lipschitz (hence continuous), it follows that ¢ (G)(X)[g*]) is not almost
surely zero, that is, P(¢ (G(X)[q*]) = 0) # 1, and therefore

V©1(g*, X). (q", X)] > 0.
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Furthermore, fix ¢’ € [F“*V] and p* € P® such that ¢'(p*) = ¢*, which
exists by the assummption N (q*) > 1.

Case 1: ¥¥) = cIdpw . For the output position ¢’ chosen above,

K [(¢,X), (g, X)) = > VO (p). X). (4 (p). X)].

p=1

Each summand is nonnegative and the term at p = p* equals
c-VO(g", X), (g, X)] > 0.

Hence Ké“”(?() is not null.

Case 3: X [p,p'] = exp(— ||p — p'|| /). Since X is positive definite (Ras-

mussen and Williams, 2006), its smallest eigenvalue satisfies A(X) > 0 .
Let v[p] := ¢(G¥(X)[q'(p)]) as shorthand. Then by (4), we have

K (¢, X).(q. X)) =E [vs“0] > E [A(0) vT0]
§ 2109]
=1 (29) Y VOUd(p). X). (@ (p), X)].

The right-hand side is strictly positive, as shown in Case 1 with ¢ = A\(X®)) >
0. Hence K(()Hl)(é\?) is not null. O
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2 Proof of the main theorem

Recall that we previously defined the deep convolutional network and the
prior distributions for the parameters

WO ~ A (0 = et ®dci @2 ) and  b© ~ N (o,c}f) IdC(M)).

(19)
The proof of the main theorem follows the same structure as in Basteri and
Trevisan (2024). Lemmas 5 and 6 generalise the corresponding Lemmas 3

and 4 from Basteri and Trevisan (2024), respectively. We now state these
lemmas and postpone their proofs to the next section.

Lemma 5. Fix a layer index ¢. Let W ¢ ROTIXCOXPO 156 the convolu-

tion weight matrix defined in (19). Let A € RC“*F“*k and B be a random

in RC“*U x FUHD)

variable with values and satisfying

c®) p@

Bli,q,a] =Y Y WY, j, plAlj, 4(p), o.

j=1 p=1

Then B is a centered Gaussian random variable with the covariance
Z(B) = Ideeer ®A, (24)

where A € REFxB)x(FUDxk) i oiven by

o0 po
A[(qa ) (q7 ) T Z Z 2(5 p p (p) ]A[Ja q/(pl%al}'
j=1pp'=1
Moreover,
=9 lop Cpmen O
E[IBIT] = — i ll4II" (25)

Remark 8. This lemma extends to the discrete convolution setting, the fact
that an affine transformation of a Gaussian random vector is again Gaussian:

it X ~N(p,X) and Y = a+ BX, then Y ~ N(a + Bu, BLBT).
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Lemma 6. Let S, T"and [ be finite sets and let X = (X[i])!, be independent
and identically distributed random variables with values in R and finite
fourth moment. Furthermore, let M = E[X[1]® X [1]] and define the following
random variable, taking values in R

M, — %ixm @ X[i].

Let ¥ € R be a symmetric and positive semidefinite matrix and let L :
R5*S — RT*T e a linear operator that can be written as

L(N):=> X[, j|B'NB;, (26)

igel

where N € R5*5 and B; € {0,1}°*" is a partial permutation matrix, that is,
for every s € S we have ), . Bi[s,t] € {0,1}, and for every t € T" we have
> scs Bils, t] € {0,1}. Moreover, assume that L(M) is nonzero, symmetric
and positive semidefinite.

Then,

2} < =17, -E X1 © X[1] - M|?]

B UW L(My) = V(M) nA*(L(M))

where AT(L(M)) > 0 denotes the smallest strictly positive eigenvalue of
L(M), which exists since L(M) # 0. The right-hand side is finite by the
finite fourth moment assumption.

Remark 9. Here M and M, represent the theoretical and empirical second
moments, respectively. In the context of the theorem, this will be the second
moment of the activations. The index set I takes the role of all possible patch
positions and the matrix B,, is the matrix encoding of the patch function (16).

Under these identifications, L(M) = Ké”l)(X) is the NNGP kernel of the
next layer, and L(M,,) = f(o(g ) (X)) is its empirical counterpart, formed by
averaging over channels. The lemma therefore bounds the distance between
the square roots of the empirical and theoretical kernels, with the channel
width C® playing the role of the sample size n.

We now have all the ingredients necessary to state and prove the main result
of this thesis.
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Theorem 7. Consider a deep convolutional neural network Z*) with ran-
domly initialized parameters as in (19) and Lipschitz activation function ¢
that is applied element-wise. Then, for every collection of k inputs X =

(Xa)aepy C RE*F? “such that Ké“l)()() is nonzero for all ¢ € [L — 1],
there exist finite constants (Cﬁ?r, Céi;clg)é - such that for every layer ¢ €
e[L

[L], the distribution of random variable Z)(X) is quantitatively close to the
associated Gaussian process G)(X) and satisfies the bound

W, (Z29(x),69(x)) <

(=1 || C«(i+1) Li 0—1—4 l{:} /C(j) O
WZ H Hl,l ker p((b) ijz—i-l patChH || p. (27)
i=1

C®

Each finite constant C’lﬁ depends only on the activation function ¢, the input
set X and the parameter variances (Z(i), cl(f) )ic[e—1], while each finite constant

C;()?tch depends only on the convolution parameters between layers ¢ and ¢+ 1.

Remark 10. Note that the constants do not depend on the channel widths.
Therefore, by taking the hidden channel widths C™V, ... C*~D to infinity
while keeping the input and output widths C®© and C¥) fixed, we recover
the convergence of the CNN to its corresponding Gaussian process.

Furthermore, the theorem reveals how the network architecture influences
the emergence of Gaussian behaviour. In particular, deeper networks require
larger channel widths for the Gaussian behaviour to emerge. Additionally,
larger overlaps between patches and stronger correlations between patches
(making the matrix X(¥ low-rank) also increase the required channel widths.

Corollary 8 (Recovery of the bound in Basteri and Trevisan (2024)). If

in Theorem 7 we take PY Y = 1, and 2(5_1)[1D,1D] = cgffl) > 0 for
¢ € [L], and additionally assume that F(© = ... = F*) = 1, then the

CNN simplifes to a fully connected neural network and we recover the bound
from Basteri and Trevisan (2024):

W Cher " Lip(@) Tty e
V) '

Remark 11. Note that the bound in Corollary 8 differs slightly from the one

stated in Basteri and Trevisan, 2024, equation (14), where the factor B s

not tracked through the application of Lemma 4.

-1
W (2(2),69(x)) < VED Y
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Proof of the main theorem. The proof proceeds by induction on ¢ € [L].
Base case. We note that
2 (Z0(x)) =% (ZO(”(X) +00 @10 ® 1k>
=X (Zé”()()) +3% (b(o) ® 1pm @ 1) (independence)

= IdC(l) ®)(? -+ Cl()o) Idc(l) ®1F(1) ®1,® 1F(1) ® 1y (lemma 5)
= Idpo @KW (X), (definition)

which is precisely the kernel of the first layer’s Gaussian process. Therefore

ZW(x) L gW(x), and consequently Wy (ZW(X), GV (X)) = 0. The lemma

5 was applied here with A = X.

Induction step. Assume that (27) holds for some ¢ € [L — 1]. We will show
that the following recursive bound holds

oy /o
s (LN CEalZ0 W (20(2).60(2) + 2], iV )

(28)

W2 (Z(€+1) (X), g(erl) (X)) <

Replacing W, (219 (X), G (X)) with the inductive hypothesis gives us (27).

Fix a probability space on which Z)(X) and G)(X) are jointly defined.
Without loss of generality, assume that the parameters W and ) are de-
fined on the same space and independent of both Z)(X) and G (X). If this
is not the case, we may enlarge the probability space to include independent
copies of the parameters. !

Define the auxiliary random variables:

c®) p®

Wi g0 = 30 ST WO, plo (GO(X)], d(p), o)),
7j=1 p=1

i g, 0] = K]0, g, 0] + O[],

Let (£, %;, P;) be a probability space and X; : ; — R% a random variable, i = 1, 2.
Define the product space (21 x Q2,31 ® Xa, P} X P5), and the variables X| = X; o and

X} = X5 o mg, where m;(w1,ws) = w;. Then X{ and X} are independent and X/ 4 X,
i=1,2.
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To account for biases, let H*D be a centered Gaussian random variable
. . . £+1 £+41)

that is defined on the same space, taking values in RC“"V*FVxk and with

covariance

Idc(l+1) ®K((]Z+1)(X) c R(C(Z+l)><C(€+1))><(F(Z+1)XF(£+1)Xka).
Similarly, WLOG, assume that H**1) is independent of b(*), so that

H(g+1) + b(é) ® 1F(£+1) ® 1y i g(f+1)(.)()

By the triangle inequality (10), we now split

W2 (Z(Z+1) ZJrl )
Wz( V() g V(X)) + W (6D (X), 6TV (X))
and bound the two terms separately.

First term. To begin with, note that

WE(ZD (), g D(X)) = WE(Z5 (&) + 09 @ Lpen @ L,
R(X) 4+ 09 @ 1pesn) @ 1)

< Wz( - (X); h(X)) (independence)

SE[IZE @) - @] (property (9))

and the bias term plays no role in the bound.

Furthermore, we write

Z8(X)i, q, 0] — B (X)[i, g, a
o) p)

=SS WO, j,p) (6 (ZOX)1, 4(p). o)) — & (GO(X)[5.4(p), a])) -

j=1 p=1

Conditioning on Z®¥)(X) and G¥)(X), and applying (25) from Lemma 5 with
A=¢(Z0) - ¢(GW), we obtain

E {HZé“”(X) — B (x)

2002, 60)

O+

< HZ(K H patch (0) £) 2
< ol [0(Z7(X)) = d(G(X))]]"-
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Finally, we use the Lipschitz property
l6(29(x)) = o(G(X)|* < Lip(¢)*|29(x) = (X))

Combining everything yields the bound on the first term

w3<z<f+”<x>,g<fﬂ><x>>SE[E [HZé””(M B ()|

20(2).69)||

0)
Cpatchc (&+1)

< = oy Lin(6)* E [ () - 6 () ).

Second term. We start off the same, as we did for the first term

Wi(g" ™ (x), 6D (x)) = WE(RD(X) + 89 @ 1pean @ 1y,
HAY(X) 409 @ 1) ® 1)
< WQ(h (£+1) (X), H(f-ﬁ-l)()())

Next, we condition A (X) on GO(X) = z € RCVxFUxk By lemma 5,
R (X) has a centered Gaussian law with the covariance Idges ®Ko(2),
where Ky(z) € RECxR)x(FEIxk) ig oiven by

o pw®
Ko(2)[(q,a), (¢, )] = @)Z Z S9p, plo(2l4, 4(p), al)o (2[5, ¢ (p'), )).

Applying (13), we obtain

2
Wg(Ph(z‘*’l)(Xﬂg([)(X):z?]PH(‘Z‘H)(X)) S \/IdC(Z-H) ®K0 \/Idc(£+1) ®K Z—H) (X)

= Idc(prl) ®\/ IA((](Z) - Idc(lJrl) ® \/ KééJrl) (X)
2

= || Idgesn ® (\/Ko(z) — \/K(()“l)()())
2

VERo(2) — K ()

Using the property (12) of Wasserstein distance, we now get

2

C«(K—H)

WA (x), HED(x) < CHVE |||y Ko(GO(X K\ (x
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We now apply Lemma 6. Set X [i] = ¢(G“ (X)[i]), where GO (X)[i] = GO (X)]i, :
] € RFY*k and take

n=C" S=[FO)x[k], T=[F“V]x[k], I=[PY]
For N € R®*% define the linear operator as

p)
L(N)[(g.a), (¢, o) = > SOp,pIN[(4(p). ), (§ (). o).

p,p'=1

If we also define,

Y

Bylr,a,q.0'] = g - Haary € RIHFTE

then the linear operator can be expressed as L(N) = ng}zl SO[p, p'| BINBy.

In particular L(M,) = Ko(G® (X)) and L(M) = KO(EH)(X). Indeed,

L(N)[(g,a),(q',a)] = %12“) [p,P|(ByNBy)(g,a),(q,a)]

= gl Fz(iﬁgjlz lp,P|B, (g, @), (r, B)|N[(r, B), (r', )] By [(+', 5), (@', )]
:piléiwgf [P, P11 r=gw)y L=y N[(7, B), (v, B) L rr=g o)y Lipr=ary
- % 2O[p, pIN[(d(p), @), (§'(P), ).

p,p'=1

The independence assumption required by the lemma is satisfied since G (X )
is centered Gaussian with covariance Ido« ® K (X), hence its coordinates
are independent across channel indices, and this property is preserved under
¢. Since Ky(z) and K(()Hl)(X ) are both covariance matrices, they are positive
semidefinite. Furthermore, by assumption, K(()ZH)(X ) is nonzero. Therefore,
the lemma yields

i

Ko (GO(X K\ (x

2
2] =917, ()

c® ’
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where the finite constant C’liﬁjl) is explicitly

Gl = J 16 (@O(x) [1] @ 6 (90 () [1] = VO ()] /o (K0 ()),
(29)

and depends uniquely on the activation function ¢, the input set X and the
weights variances (S0, ¢\7)_, .

Combining the above estimates, we obtain the following bound on the second
term:

Wi(g“ T (X), gD (X)) < WR(RHD(x), HE V(X))

= Vioie - V]

< HZ £)||1,(1)C oy <CIE£+1)>2
— C VA er .

Combining the terms. Combining the bounds for the first and second terms
gives us

< C(Z-‘rl

Wa (249 (X), g4V (x)) <

C/(+1)
C—((L1p<¢>>Miichnwmopﬁ<|\Z<f><x>—gw< )2+ £, kg:ﬂ).

Since we considered an arbitrary probability space, where Z) (X') and GV (X)
were jointly defined, we consider the infimum over such spaces in the above
inequality, which yields (28). O
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2.1 Proof of lemma 5

Lemma 5. Fix a layer index ¢. Let W©® ¢ ROUTI*COXPY 156 the convolu-

tion weight matrix defined in (19). Let A € RC“*F“xk and B be a random
(1)  pl+1) i

variable with values in R¢ and satisfying

c) p)

i,q, 0 => > WO, 4, plAl, 4(p), o

j=1 p=1

Then B is a centered Gaussian random variable with the covariance

E(B) = Ideeer ®A, (24)
where A € RExk)x(FEFDxE) o given by

o0 p

A[(qa ) (q’ ) = Z Z Z(Z p p (p) ]A[jv q~/(p/>70/}'

Jj=1pp'=1

Moreover,
|59 lop Cpaten O+
E(IBI] < —a5——I4I™ (25)

Proof. We first compute the covariance. For any pair of indices (i, g, «) and

(i/7 qu a/)7

2(B)[(i,q,), (i’ ', )] = E[Bli,q,0] Bli', ¢, ]
= > E[WYij,plAlj, 4(p), o] WO, j pA[j. ¢ (P)), o]]
53" p:p’
_1 / A !~/ /
= a5 2 Lenlp-n= P pIAL 4(p). alAL. 4 (9, o
33" psp’

1 . N
= 1{1:2’}m Z Z(Z)[pap/]A[ ,q(p),a]A[j,q/(p),Oé]-

Jp,p

For the second part, define
. - C
v[j,q,a] = (Al 4(p), a]) pegpog € RY
Since 2 is positive semidefinite,

0 <v'[j,q.0]S%v[j, q,a] < ||[v[j, q.d]|| | S“v]j, q, ]
<1 lop 0[5, @, ], (30)
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where we used the Cauchy-Schwarz inequality and a property of the operator
norm.

Using (6), we see that
E [||B|I°] = tr (Idgern ®A)

Ccl+1) ple+1)  p c® p©®
Z Z Zl{z Z}O Z Z E(K p p j? (p),Oé]A[],d(p/),Oé]
=1 q=1 a=1 =1 p,p'=1
C(Z_,’_l) c® pt+l) g
=G YYD vl g.al5%v[),q,0a]
j=1 g=1 a=1

(£+1)
20 (e+1)0 F
Yl Ui ZZZHqu,
7j=1 g=1 o=1
0) ple+1) o po)
» C+1) c
S e DO ID W IUL
j=1 q=1 oa=1p=1
FO g

nzmﬁ“zggywww@w

7j=1 g=1 a=1
50O, O €9 E &

Y S Al

_ 1159 op Cpaen O
G 14]2

c®

where N) was defined as (17) and C’(atch as (18). The term N® takes
into consideration the fact, that there might exists different indices q,q" €
[FV] and p, p’ € [P“], such that G(p) and ¢'(p’) index the same element,

that is g(p) = ¢'(p'). O

2.2 Proof of lemma 6

Lemma 6. Let S, T and [ be finite sets and let X = (X[¢])?_; be independent
and identically distributed random variables with values in R and finite
fourth moment. Furthermore, let M = E[X[1]®X[1]] and define the following
random variable, taking values in R%*%

M, — %ixm @ X[i].
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Let ¥ € R be a symmetric and positive semidefinite matrix and let L :
R5*9 — RT*T e a linear operator that can be written as

L(N):=> X[, j|BINB;, (26)

where N € R5*5 and B; € {0,1}°*" is a partial permutation matrix, that is,
for every s € S we have ), B;[s,t] € {0,1}, and for every t € T" we have
Y scs Bils,t] € {0,1}. Moreover, assume that L(M) is nonzero, symmetric
and positive semidefinite.

Then,

2] ISl - EIIX] @ X[1] — M|
= [H‘/L(M"> - V200 } s nA+(L§)\4))

where AT(L(M)) > 0 denotes the smallest strictly positive eigenvalue of
L(M), which exists since L(M) # 0. The right-hand side is finite by the
finite fourth moment assumption.

Proof. The proof consists of three parts: applying (5), computing || L(M,,) — L(M)|?
and || M, — M|>.
Part 1. We start off by showing that

IL(My) — L(M)|| < [|My — MIHZ]], ;- (31)

Let f; be a function that maps a column index of B; to a row index, such
that the element at that row and column is nonzero, that is

Then for i,i' € I and N € R5*S

st

— Z (Z Bl-[u,s]N[u,v]Bz-/[v,t]>
= 3 X (BIAS) INIS). fo (8] Bolfa(0).1))?

sedom( f;) tedom(f;/)

=YY NI S0)

sedom( f;) tedom(f;r)

< 3 Ns, ] = NI

s,t
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Using the triangle inequality for the Frobenius norm and applying the pre-
vious result, we get

IL(M,) — L(M)|| = | L(M,, — M)[| < Y ||Sli, j]B] (M, — M)B,||

i,7€1
=[S0 41 ||B] (M, — M)Bj|
1,5€1
< ||M, — MY IS ]

i,j€l
= [|My = M=y, -
Part 2. Next, we calculate || M, — M||>. Note that by the i.i.d. assumption

M=E[M,), and X(M,) =X (%iXU] ®X[z]> _ XXy ®X[1])’

n

so that, by (6),

B[ My — M| = tr (S (My)) = & (EXM @ X)) _ ENX[1]© X[1] - M|}

! (32)

2
Part 3. To conclude the proof, we want to apply (5) to H VL(M,) — /L(M) H .

However, we need to take into account that L(M) may not be strictly positive,
hence A(L(M)) could be null. To this aim, we set M’ = L(M), M! = L(M,,)
and diagonalize M’ = UDUT with U orthogonal and D = ZteT dier @ e
diagonal. Let T = {t € T': d; > 0} (non-empty since L(M) is not null by
assumption) and T° = {¢t € T': d; = 0} be a partition of T'.

Define D,, = UTM!U. Since M/ is positive semidefinite, then D, is also
positive semidefinite. Therefore, for each ¢ € T, we have D,[t,t] > 0. For
t € TV, its expectation equals

E[D,[t,t]] = ] UTE[M|Ue, = e UTM'Ue, = ¢/ De, = d, = 0.
A non-negative random variable with zero expectation is zero almost surely,
hence D, [t,t] = 0 almost surely for ¢ € T°. For a positive semidefinite matrix,

a zero diagonal entry forces the entire corresponding row and column to be
also zero. Therefore, both D and D, have a block structure where entries
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outside " x T are null. It then follows that the square root v/D,, has the
same block structure and by applying (5) only to these blocks we obtain

where AT (D) = At (M) is strictly positive.

\D Dull.
AF(D)

Note that D,, = UT M/ U implies M! = UD,U" and by (3)
VM' =UVDUT and /M’ =U+\/D,U".

Since U is orthogonal, the norm satisfies ||UAUT|| = ||A| for every A € R™*T,
hence

Conclusion. Combining everything together, we get

E M\/L(Mn) — VLM

|M" — M, ||
< .
(M)

(33)

2} 69 E [||L(M) — L(M,)|’]

AT(L(M))

@ 205, E (1M, — M7

N AT(L(M))

e 12115, - ElIX[1) @ X[1] - M|7]
- nAT(L(M))
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Conclusion

In this thesis, we established a quantitative bound on the quadratic Wasser-
stein distance between the output distribution of a randomly initialized con-
volutional neural network and its associated neural network Gaussian process
by extending the result of Basteri and Trevisan (2024) to the convolutional
setting. We derived this in the case where the weights are possibly patch-wise
correlated and showed how it depends on the network’s architectural param-
eters, such as depth, channel width, patch size, and the structure of patch
correlations. In the special case where the CNN architecture reduces to a
fully connected neural network, we recover the result of Basteri and Trevisan
(2024).

We now discuss the main limitations of this work and possible future research
directions.

1. The thesis does not include numerical experiments. The theoretical
bounds should be empirically validated and compared with the ob-
served convergence rates for concrete architectures and correlation ma-
trices.

2. The current analysis relies on L(N) in Lemma 6 or equivalently on
K(()EH) being nonzero. In the proof of Lemma 4, we verified this con-
dition for the independent weights and spatially correlated cases, but
the mean-pooling case remains unresolved and would need a separate
argument.

3. The result should generalise to arbitrary W, Wasserstein distances.
Lemma 1 was introduced precisely to establish property (13) in this
generality, but a corresponding generalisation of Lemma 6 is still needed.
Trevisan (2023) addressed this in an analogous step via Rosenthal’s in-
equality, but this leaves the constants implicit.

4. Asnoted by Basteri and Trevisan (2024), the approach should in princi-
ple extend to other architectures. The present thesis carries this out for
CNNs, but a natural step would be to place the result within the tensor
program framework of Yang (2019). The main obstacle to this exten-
sion is the presence of architectures in which the same weight matrix
appears more than once. Such weight tying renders the conditioning
arguments used in the proof of Theorem 7 invalid.
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