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1 Introduction

In [2], A. Avilés, V. Kadets, M. Mart́ın, J. Meŕı and V. Shepelska introduced

slicely countably determined sets and spaces. One of the main motivations was

the generalization of separable Banach spaces with the Radon–Nikodým property

or the Asplund property.

An open question on this topic was whether this concept can be extended to the

non-separable case. The main goal of this thesis is to solve this open question. We

will provide a pointwise description of the slicely countably determined property,

which enables us to investigate this subject in non-separable Banach spaces, and

moreover, allows us to prove some notable results in the context of slicely countably

determined sets and spaces aswell.

The thesis consists of four sections. The first section focuses initially on the

preliminaries, composed by fundamental definitions and results of Banach space

geometry and the definitions of widely known classes of Banach spaces, such as

spaces with the Daugavet property or the Radon–Nikodým property. We also recall

the localized versions of these classes of Banach spaces. Furthermore, we recollect

the definitions of slicely countably determined sets and spaces with examples.

In the second section, we introduce the main definition of our thesis, conveyed

with many properties and examples. Additionally, we prove a general theorem

(Theorem 3.16), which for instance, enables us to describe slicely countably deter-

mined points in the unit balls of L1-preduals.

The third section is dedicated to the research of slicely countably determined

points in the unit ball of the direct sum of Banach spaces. In this section we show,

in particular, that the unit ball of the direct sum
⊕∞

n=1Xn of non-trivial Banach

spaces, endowed with the p-norm, where 1 < p < ∞, always contains a slicely

countably determined point.

In the last section we study slicely countably determined points in projective

tensor products of Banach spaces. By studying when elementary tensors are slicely

countably determined points (Theorem 5.6), we can deduce that for Banach spaces

X and Y , if BX is slicely countably determined and BY is dentable, then the unit

ball of the projective tensor product of X and Y must also be slicely countably

determined.
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In this thesis, we consider Banach spaces over K, where K = R or K = C, if
we do not state otherwise. Given a Banach space X over K, we write BX for its

closed unit ball and SX for its unit sphere. The dual space of X is denoted by X∗.

Let A be a subset of X. We write span(A) and span(A) for the linear hull and the

closed linear hull of A respectively, conv(A) and conv(A) for the convex hull and

the closed convex hull of A respectively. The quotient space of a Banach space X

with respect to a subspace Y ⊂ X is denoted by X/Y .

The diameter of A is denoted by diam(A) and the set of extreme points of A

by ext(A). For a set B ⊂ X and x ∈ X, we write d(x,B) = inf{∥x− b∥ : b ∈ B}.
The identity operator on Banach space X is denoted by Id. Given a set I and a

function f : I → K, we denote supp(f) = {i ∈ I : f(i) ̸= 0} as the support of f .
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2 Definitions and preliminaries

In this section our goal is to recall some definitions and results necessary for in-

troducing slicely countably determined points. To this end, we give the essential

definitions such as the slice of a convex set and the determining sequence of subsets

for a set, as well as the definitions of some widely known classes of Banach spaces,

in particular, the ones having the Daugavet property or the Radon–Nikodým prop-

erty, including the pointwise characterization of these properties. In addition to

the preliminaries, we recall the definitions of slicely countably determined sets and

spaces.

Throughout this section, let X be a Banach space.

2.1 Various geometric notions in Banach spaces

Definition 2.1. Suppose that A ⊂ X is bounded and convex. A slice of A is the

non-empty intersection of A with an open half-space.

It is well known that every slice of A can be written in the form

S(A, x∗, α) = {x ∈ A : Rex∗(x) > sup
b∈A

Rex∗(b)− α},

where x∗ ∈ X∗ \ {0} and α > 0. Note that a slice is non-empty, relatively weakly

open and convex.

Definition 2.2. Let S1, . . . , Sm, where m ∈ N, be slices of a convex and bounded

set A ⊂ X. A convex combination of slices of A is a set of the form

m∑
n=1

λnSn,

where m ∈ N, λn ∈ [0, 1] for every n ∈ {1, . . . ,m} and
∑m

n=1 λn = 1.

J. Bourgain was the first to observe that convex combination of slices play a

special role in non-empty relatively weakly open subsets.
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Lemma 2.3 (Bourgain’s Lemma, [2, Lemma 2.16]). Let K ⊂ X be bounded, con-

vex and closed. Then every non-empty relatively weakly open subset of K contains

a convex combination of slices of K.

Remark 2.4. As per [2, Remark 2.17], the assumption of K being closed can be

omitted.

For convenience, we also state some fundamental theorems of functional anal-

ysis.

Theorem 2.5 (Mazur’s Theorem, [7, Theorem 3.45]). Let X be a Banach space

and C ⊂ X a convex set. Then the weak closure and the norm closure of C

coincide.

Theorem 2.6 (Tukey–Klee Separation Theorem, [14, Theorem 2.2.28]). Let X be

a Banach space and assume that K and C are disjoint non-empty convex subsets

of X such that K is compact and C is closed. Then there exists x∗ ∈ SX∗ such

that

min{Rex∗(x) : x ∈ K} > sup{Rex∗(x) : x ∈ C}.

Theorem 2.7 (Krein–Milman Theorem, [14, Corollary 2.10.9]). If X is a Banach

space, then BX∗ is the weak∗ closed convex hull of its set of extreme points.

Next we recall some well-established geometrical properties of Banach spaces.

Definition 2.8 ([8, §III]). Let A ⊂ X be bounded and convex. A point a ∈ A

is called an SCS point of A (SCS standing for small combinations of slices), if for

every ε > 0 there exists a convex combination of slices
∑m

n=1 λnSn, m ∈ N, such
that a ∈

∑m
n=1 λnSn and diam

(∑m
n=1 λnSn

)
< ε.

One particular subset of SCS points leads to the definition of the Radon–

Nikodým property.

Definition 2.9. Let A ⊂ X be bounded, convex and closed. A point a ∈ A is a

denting point of A, if for every ε > 0 there exists a slice S of set A such that a ∈ S

and diam(S) < ε. The set of all denting points of A is denoted by dent(A).

Definition 2.10 ([8, §III]). A bounded, convex and closed set A ⊂ X is called

dentable, if A is the closed convex hull of its denting points, i.e. A = conv(dent(A)).
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Definition 2.11. A Banach space X has the Radon–Nikodým property (shortly,

X has the RNP), if every bounded, convex and closed set A ⊂ X is dentable.

Example 2.12. The Banach spaces ℓp, where 1 < p < ∞, are reflexive and

reflexive spaces are known to have the RNP. Moreover, the Banach space ℓ1 is a

separable dual space, which means that ℓ1 also has the RNP (see [6, Page 218] for

both claims).

With the use of the Radon–Nikodým property, another class of Banach spaces

is defined.

Definition 2.13. A Banach space X has the Asplund property, if the dual X∗ has

the Radon–Nikodým property.

Example 2.14. The Banach space c0 has the Asplund property, since its dual

space is ℓ1, which by Example 2.12 has the RNP.

We now recall the definition of a Banach space having the Daugavet property.

These Banach spaces are known to be remarkably different from Banach spaces

having the RNP or the Asplund property, regarding their geometry. Specifically

speaking, it is known that every slice of the unit ball of a Banach space with the

Daugavet property has diamater two, whereas Banach spaces with the RNP have

arbitrarily small diameter slices in the unit ball.

Definition 2.15. We say that a Banach space X has the Daugavet property, if

∥Id+T∥ = 1 + ∥T∥

for every T : X → X, which is linear, bounded and rank-one.

Example 2.16. The Banach spaces C[0, 1] and L1[0, 1] have the Daugavet prop-

erty (see [19, page 77]).

Lastly, we recall the localized version of the Daugavet property.

Definition 2.17 ([1]). A point x ∈ SX is called a Daugavet point, if

BX = conv({y ∈ BX : ∥x− y∥ ≥ 2− ε})

for every ε > 0.
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It is well known that a Banach space X has the Daugavet property if and only

if every x ∈ SX is a Daugavet point [1, Proposition 1.2].

2.2 Slicely countably determined sets and spaces

The aim of this subsection is to recall the notion of slicely countably determined

sets and spaces (SCD sets and spaces in short) and give some related examples.

We first recollect the definition of determining sequence of subsets for a convex

bounded set.

Definition 2.18 ([2, Definiton 2.1]). Let A ⊂ X be bounded and convex. A

sequence {Vn : n ∈ N} of subsets of A is determining for A, if A ⊂ conv(B) for

every B ⊂ A intersecting all the sets Vn.

Using the former definition, we can recall the definitions of slicely countably

determined sets and spaces.

Definition 2.19 ([2, Definition 2.5]). A bounded convex subset A of Banach space

X is called slicely countably determined (an SCD set in short), if there exists a

determining sequence of slices of A.

Definition 2.20 ([2, Definition 3.1]). A separable Banach space X is called slicely

countably determined (an SCD space in short), if every bounded convex subset of

X is an SCD set.

Example 2.21. Every bounded, convex and closed set A ⊂ X, which is separable

and dentable, is an SCD set (see [2, Proposition 2.8]). On the other hand, the unit

ball of a separable Banach space with the Daugavet property is not an SCD set

(see [2, Example 2.13]).

Example 2.22. Every separable Banach space having the Radon–Nikodým or the

Asplund property is an SCD space (see [2, Examples 3.2]). In particular, reflexive

separable Banach spaces are SCD spaces. However, if X is a separable Banach

space which admits an equivalent renorming with the Daugavet property, X is not

an SCD space (see [2, Examples 3.3]).
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3 Slicely countably determined points

The main goal of our work is to generalize the slicely countably determined prop-

erty to the non-separable setting. A natural way to proceed is to carry this property

from sets to points. In this section, we introduce the main definition of the thesis

with characterizations. For instance, we show that it is possible to replace slices

in the determining sequence with non-empty relatively weakly open sets or with

convex combinations of slices. We also give several examples of slicely countably

determined points. Furthermore, we prove a sufficient condition for a Banach space

to admit no slicely countably determined points in the unit ball. With the use of

this condition, we give a description of SCD points in the unit ball of L1-preduals

and spaces having the Daugavet property.

3.1 Definitions and characterizations

Let X be a Banach space. First we naturally extend the concept of a determining

sequence of subsets for a point.

Definition 3.1. Let A ⊂ X be bounded, convex and closed and a ∈ A. We say

that a sequence {Vn : n ∈ N} of subsets of A is determining for a, if a ∈ conv(B)

for every B ⊂ A intersecting all the sets Vn.

Remark 3.2. We can assume the set B in the Definition 3.1 to be convex. Indeed,

assume that we have {Vn : n ∈ N} such that for every convex subset C ⊂ A,

satisfying C ∩ Vn ̸= ∅ for every n ∈ N, we have a ∈ conv(C) = C. Let B ⊂ A

be a set satisfying B ∩ Vn ̸= ∅ for every n ∈ N. Then conv(B) ⊂ A and conv(B)

also intersects every Vn, hence a ∈ conv(conv(B)) = conv(B), meaning that the

original condition also holds. The converse implication is evident.

Moreover, we can also assume closedness of set B in Definition 3.1, by using

similar proof as with convexity.

First we give some equivalent conditions for a sequence of subsets to be deter-

mining for a point. These characterizations will be used throughout the thesis.

Proposition 3.3. Let A ⊂ X be bounded, convex and closed and a ∈ A. For a

sequence {Vn : n ∈ N} of subsets of A, the following conditions are equivalent:
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(i) {Vn : n ∈ N} is determining for a;

(ii) for every slice S of A with a ∈ S, there is m ∈ N such that Vm ⊂ S;

(iii) if xn ∈ Vn for every n ∈ N, then a ∈ conv({xn : n ∈ N}).

Proof. (i) ⇒ (ii). Let S be a slice of A with a ∈ S. Assume on the contrary

that Vn ̸⊂ S for every n ∈ N. Therefore, (A \ S) ∩ Vn ̸= ∅ for all n ∈ N. By (i)

a ∈ conv(A \ S) = A \ S, a contradiction.

(ii) ⇒ (iii). Let us prove the contrapositive. Assume that for every n ∈ N
there exists xn ∈ Vn such that a ̸∈ C, where C := conv({xn : n ∈ N}). Since {a}
is compact, set C closed and convex and {a} ∩ C = ∅, there exists a functional

x∗ ∈ SX∗ such that

Rex∗(a) > sup
c∈C

Rex∗(c),

by Theorem 2.6. Let α := sup
x∈A

Rex∗(x)− sup
c∈C

Rex∗(c) > 0. Then a ∈ S(A, x∗, α),

but for arbitrary n ∈ N we get Vn ̸⊂ S(A, x∗, α), because xn ∈ Vn and

Rex∗(xn) ≤ sup
c∈C

Rex∗(c) = sup
x∈A

Rex∗(x)− α,

hence xn ̸∈ S(A, x∗, α).

(iii) ⇒ (i). It is clear, because if B ∩ Vn ̸= ∅, then there are bn ∈ Vn ∩ B for

every n ∈ N and by (iii) we have a ∈ conv({bn : n ∈ N}) ⊂ conv(B).

We now give the main definition of the thesis.

Definition 3.4. Assume that A ⊂ X is bounded, convex and closed and a ∈ A.

Point a ∈ A is called a slicely countably determined point of A (an SCD point of

A in short), if there exists a determining sequence of slices of A for the point a.

We denote the set of all SCD points of A by SCD(A).

Remark 3.5. Evidently we can assume that the functionals defining the slices,

which determine a point, to be norm one.

Lemma 3.6. Let A ⊂ X be bounded, convex and closed. The set SCD(A) is

convex and weakly closed.
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Proof. Fix x1, x2 ∈ SCD(A), x1 ̸= x2 and λ ∈ [0, 1]. It suffices to show that

λx1 + (1− λ)x2 ∈ SCD(A). By assumption there exists two determining sequence

of slices, one for x1 and the other for x2. Consider the union of these sequences. If

we have B ⊂ A such that B intersects all slices in the union, we get a ∈ conv(B)

and b ∈ conv(B). It is clear that in this case λa+ (1− λ)b ∈ conv(B).

It is easy to check that SCD(A) is closed in the norm topology. Indeed, fix a

sequence an → a, where an ∈ SCD(A) for all n ∈ N. Assume that for each an

the determining sequence of slices is {Sm
n : m ∈ N}. We show that the sequence

{Sm
n : n,m ∈ N} is determining for point a, using Proposition 3.3 condition (ii).

Let S be a slice containing a. Since an converge to a, we can find an index k ∈ N
such that ak ∈ S. Since the sequence of slices {Sm

k : m ∈ N} determines ak, there

exists Sm
k ⊂ S.

To conclude, we use Theorem 2.5 to see that

SCD(A) = SCD(A) = SCD(A)
w
.

To show that Definition 3.4 is indeed reasonable, we prove the following con-

nection between SCD sets and SCD points.

Lemma 3.7. For a bounded, convex and closed subset A ⊂ X, the following

statements hold:

(a) If A is an SCD set, then every a ∈ A is an SCD point.

(b) If every a ∈ A is an SCD point and A is separable, then A is an SCD set.

Proof. (a). By Proposition 3.3 condition (ii) and [2, Proposition 2.2] it is easy

to see that the sequence of slices {Sn : n ∈ N} determining set A also determines

every point a ∈ A.

(b). We need to find a determining sequence of slices for A. By assumption we

have a countable set {xn : n ∈ N}, which is dense in A. Moreover, for every n ∈ N
we have xn ∈ SCD(A). Hence for each xn there exists a determining sequence of

slices {Sm
n : m ∈ N}. Let us now consider sequence of slices {Sm

n : n,m ∈ N}. To

show that this sequence is determining for A we use once again Proposition 3.3

condition (ii). Fix an arbitrary slice S of A. Since the set {xn : n ∈ N} is dense,
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there exists n ∈ N such that xn ∈ S and then, by assumption, there also exists

m ∈ N so that Sm
n ⊂ S.

The upcoming proposition provides us with an effective tool in our analysis.

Proposition 3.8. Let A ⊂ X be bounded, convex and closed. The following

conditions are equivalent:

(i) a ∈ SCD(A);

(ii) there is a sequence of non-empty relatively weakly open subsets {Wn : n ∈ N}
of A, which is determining for a;

(iii) there exists a sequence of convex combinations of slices {Cn : n ∈ N} of A,

which is determining for a.

Proof. Firstly, note that (i) ⇒ (ii) and (i) ⇒ (iii) are obvious.

(iii) ⇒ (i). Assume that there exists a sequence of convex combinations of

slices {Cn : n ∈ N}, which is determining for a. For every n ∈ N, the set Cn is

defined as follows:

Cn =
kn∑
i=1

λn
i S

n
i ,

kn∑
i=1

λn
i = 1, kn ∈ N, (3.1)

where Sn
i , i ∈ {1, . . . , kn} are slices of A. Let us show that the sequence of slices

{Sn
i : n ∈ N, i ∈ {1, . . . , kn}} is determining for a. For that, let B ⊂ A be convex

and B ∩ Sn
i ̸= ∅ for every n ∈ N and every i ∈ {1, . . . , kn}. Hence there exists

bni ∈ B ∩ Sn
i , from which we can construct another set

B̂ := conv({bni : n ∈ N, i ∈ {1, . . . , kn}}) ⊂ B ⊂ A.

Note that B̂ ∩ Cn ̸= ∅ for every n ∈ N. Indeed, by fixing n ∈ N arbitrarily, we

have Cn defined by condition (3.1). Now using the fact that bni ∈ Sn
i , we get

kn∑
i=1

λn
i b

n
i ∈

kn∑
i=1

λn
i S

n
i = Cn.

Moreover, since B̂ is convex, we have
∑kn

i=1 λ
n
i b

n
i ∈ B̂. Therefore, by (iii), we have

a ∈ conv(B̂) ⊂ conv(B).
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(ii) ⇒ (iii). Assume that we have a determining sequence of non-empty rela-

tively weakly open sets {Wn : n ∈ N} for a. By Lemma 2.3, for each n ∈ N there

exists Cn such that Cn ⊂ Wn, where Cn is defined by condition (3.1). Suppose

B∩Cn ̸= ∅ for each n ∈ N. Then B∩Wn ̸= ∅ for all n ∈ N and since the sequence

{Wn : n ∈ N} is determining for a, we have a ∈ conv(B). This in turn shows that

{Cn : n ∈ N} is determining for a.

Using Proposition 3.8, we get the following example of SCD points.

Example 3.9. Let A ⊂ X be bounded, convex and closed. If a is an SCS point

of A, then a is an SCD point of A.

Proof. Assume that a is an SCS point. According to Definition 2.8, we can generate

convex combinations of slices Cn as follows:

Cn =
kn∑
i=1

λn
i S

n
i , a ∈ Cn, diam(Cn) <

1

n
,

where kn ∈ N. By Proposition 3.8 condition (iii), it suffices to show that the

sequence {Cn : n ∈ N} is determining for a. Let B ⊂ A and B ∩ Cn ̸= ∅ for every

n ∈ N, hence there exists bn ∈ B ∩ Cn. We need to show that a ∈ conv(B). Pick

an arbitrary ε > 0 and m ∈ N such that 1/m < ε. Then

∥a− bm∥ ≤ diam(Cm) <
1

m
< ε,

therefore a ∈ conv(B).

Corollary 3.10. Every denting point of A is an SCD point of A.

In order to finish this subsection, we bring out an example, where each member

of the determining sequence of slices is far from the determined point.

Example 3.11. Assume thatX has the RNP and let x0 ∈ SX be a Daugavet point

(a space like this exists by [18]). Then for every ε > 0 there exists a sequence of

slices {Sn : n ∈ N} ⊂ BX determining for x0 such that d(x0, Sn) > 2− ε for every

n ∈ N.
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Proof. Fix ε > 0. We have, by assumption, a determining sequence of slices

{Tn : n ∈ N} for x0. Since BX = conv(dent(BX)), we have Tn ∩ dent(BX) ̸= ∅ for

every n ∈ N, meaning we have an element xn ∈ Tn for each n ∈ N, which is also a

denting point of BX . This enables us to find a slice Sn such that xn ∈ Sn ⊂ Tn and

diam(Sn) < ε/2 for every n ∈ N. Observe that in this case the slices {Sn : n ∈ N}
also determine the point x0 (this is obvious by condition (ii) in Proposition 3.3),

and since x0 is a Daugavet point, we have ∥x0 − xn∥ = 2 for every n ∈ N [11,

Proposition 3.1]. In conclusion

d(x0, Sn) ≥ ∥x0 − xn∥ − diam(Sn) ≥ 2− ε

2
> 2− ε.

3.2 SCD points in the unit ball of a Banach space

In this subsection, we prove a sufficient condition for the unit ball of a Banach space

to have no SCD points. This condition will be used to describe SCD points in the

unit ball of L1-preduals and in Banach spaces having the Daugavet property. For

this purpose, we introduce a class of Banach spaces failing the (−1)-ball covering

property. We encourage the reader to consult [9] and [5] for further reading on the

(−1)-ball covering property.

We start by proving some useful properties of SCD points in the unit ball of a

Banach space. To this end, let X be a Banach space.

Proposition 3.12. Suppose that a ∈ BX . Then a ∈ SCD(BX) if and only if

−a ∈ SCD(BX).

Proof. Necessity. Assume that a ∈ SCD(BX), meaning that we have {Sn : n ∈ N},
where Sn = S(BX , x

∗
n, αn) such that for every S = S(BX , x

∗, α) ∋ a, there exists

m ∈ N such that Sm ⊂ S. For every n ∈ N, write Ŝn = S(BX ,−x∗
n, αn) and fix an

arbitrary slice S = S(BX , x
∗, α) ∋ −a. Then

Re
(
− x∗(a)

)
= Rex∗(−a) > 1− α,

meaning that a ∈ S(BX ,−x∗, α). By assumption there exists m ∈ N such that

S(BX , x
∗
m, αm) ⊂ S(BX ,−x∗, α). Now we see that Ŝm ⊂ S. Indeed, if x ∈ Ŝm,
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then

Re
(
− x∗

m(x)
)
> 1− αm ⇐⇒ Rex∗

m(−x) > 1− αm.

Since S(BX , x
∗
m, αm) ⊂ S(BX ,−x∗, α), we get

Rex∗(x) = Re
(
− x∗(−x)

)
> 1− α.

Sufficiency can be deduced from the earlier proof by taking the element −a as

the initial SCD point.

The last proposition gives us a convenient way to check whether the unit ball

has any SCD points at all.

Corollary 3.13. SCD(BX) = ∅ if and only if 0 ̸∈ SCD(BX).

Proof. Sufficiency. Assume that there exists a ∈ SCD(BX). By Proposition 3.12

we have −a ∈ SCD(BX). Since the set of SCD points is convex, we have

0 =
1

2
a+

1

2
(−a) ∈ SCD(BX).

Necessity is clear.

Definition 3.14 ([5, Proposition 2.2]). A Banach space X is said fail the (−1)-ball

covering property ((−1)-BCP in short) if for any separable subspace Y ⊂ X there

exists x ∈ SX such that the equality

∥y + λx∥ = ∥y∥+ |λ| (3.2)

holds for every y ∈ Y and λ ∈ R.

Example 3.15. The spaces ℓ1(I), where I is an uncountable set, ℓ∞/c0 and

L∞[0, 1] all fail the (−1)-BCP (see [5]).

Theorem 3.16. Let X be a Banach space and assume that X∗ fails the (−1)-BCP.

Then SCD(BX) = ∅.

Proof. By Corollary 3.13 it suffices to prove that 0 ̸∈ SCD(BX). Pick an arbitrary

sequence of slices {Sn : n ∈ N}, defined as Sn = S(BX , x
∗
n, αn), where x∗

n ∈ SX∗
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for each n ∈ N and let us find a sequence (xn) ⊂ BX such that xn ∈ Sn for every

n ∈ N and 0 ̸∈ conv({xn : n ∈ N}). Since X∗ fails the (−1)-BCP, we can find

x∗ ∈ SX∗ such that

∥x∗
n + x∗∥ = ∥x∗

n∥+ 1 = 2,

By this condition, we can find for each n ∈ N elements xn ∈ SX such that

Re(x∗
n + x∗)(xn) > 2−min

{
αn,

1

2

}
.

From this we infer that xn ∈ Sn for every n ∈ N, because

1 + Re x∗
n(xn) ≥ Rex∗(xn) + Re x∗

n(xn) > 2−min
{
αn,

1

2

}
≥ 2− αn.

Similarly we see that Rex∗(xn) > 1/2 for every n ∈ N. To conclude the proof,

notice that

{xn : n ∈ N} ⊂
{
y ∈ BX : Rex∗(y) ≥ 1

2

}
.

Now making use of Theorem 2.5, we get

conv({xn : n ∈ N}) ⊂ conv
({

y ∈ BX : Rex∗(y) ≥ 1

2

})
= convw

({
y ∈ BX : Rex∗(y) ≥ 1

2

})
=
{
y ∈ BX : Rex∗(y) ≥ 1

2

}
,

but Re x∗(0) = 0, therefore 0 ̸∈ conv({xn : n ∈ N}).

By Example 2.21, we know that if X has the Daugavet property, BX is not an

SCD set. With Theorem 3.16 we obtain something stronger.

Corollary 3.17. Let X be a Banach space with the Daugavet property. Then

SCD(BX) = ∅.

Proof. Let us show first that X∗ fails the (−1)-BCP. For this, fix a separable

subspace Y ⊂ X∗. Additionally pick x ∈ SX and ε > 0 arbitrarily. We use [13,

Lemma 2.12] to find x∗ ∈ SX∗ such that

Rex∗(x) ≥ 1− ε and ∥x∗ + y∗∥ = 1 + ∥y∗∥
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for every y∗ ∈ Y . Fix now y∗ ∈ Y and λ ∈ R. Clearly, if λ = 0, equation (3.2)

holds. Considering the case where λ ̸= 0, we see that

∥y∗ + λx∗∥ = |λ|
∥∥∥∥y∗λ + x∗

∥∥∥∥ = |λ|
(
1 +

∥∥∥∥y∗λ
∥∥∥∥) = ∥y∗∥+ |λ| ,

therefore equation (3.2) still holds. Since we have shown that X∗ fails the (−1)-

BCP, we can apply Theorem 3.16 to obtain that SCD(BX) = ∅.

So far the only known separable Banach spaces failing to be SCD spaces were

the Banach spaces having the Daugavet property.

Example 3.18. There are separable Banach spaces without the Daugavet prop-

erty and which have no SCD points in the unit ball. Indeed, let X be a separable

Banach space with the Daugavet property. Then there is an absolute normal-

ized norm N on X × X such that X ⊕N X fails the Daugavet property and

(X ⊕N X)∗ fails the (−1)-BCP (see [4, Remark 6.9]), the latter meaning that

SCD(BX⊕NX) = ∅, by application of Theorem 3.16.

Next we study SCD points in the unit ball of L1-preduals.

Definition 3.19. We say that a Banach space X is an L1-predual, if

X∗ = L1(S,Σ, µ)

for some measure space (S,Σ, µ).

Definition 3.20. Given a measure space (S,Σ, µ), we say that the set A ∈ Σ is

an atom, if µ(A) > 0 and for any measurable subset B ⊂ A, if µ(B) < µ(A), then

the set B has measure zero.

For a measure space (S,Σ, µ), we have ext(BL1(S,Σ,µ)) = ∅, if µ has no atoms

(see [3, Theorem 4.8]). However, if X is an L1-predual, Theorem 2.7 implies that

X∗ has extreme points in the unit ball. This means that if X is an L1-predual,

the unit ball of the dual space X∗ must have at least one atom.

For these spaces, we use the decomposition

L1(S,Σ, µ) = L1(S,Σ, ν)⊕1 ℓ1({A ∈ Σ: A is an atom of µ}), (3.3)
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where ν is a measure, which has no atoms (see [10, Theorem 2.1]). In particular,

if µ only consists of atoms, we have L1(S,Σ, ν) = {0} . Let us first prove a useful

lemma.

Lemma 3.21. Suppose that (x, y) ∈ ext(BX⊕1Y ), where x ̸= y. Then either x = 0

and y ∈ ext(BY ) or y = 0 and x ∈ ext(BX).

Proof. Assume that (x, y) ∈ ext(BX⊕1Y ), but x ̸= 0 and y ̸= 0. Then we can write

(x, y) = ∥x∥
( x

∥x∥
, 0
)
+ ∥y∥

(
0,

y

∥y∥

)
,

where ∥(x, y)∥1 = ∥x∥+∥y∥ = 1. This is a contradiction, since we have represented

the extreme point (x, y) as a convex combination of two different elements of

BX⊕1Y , hence x = 0 or y = 0.

Assume now that x = 0. Then we have (0, y) ∈ ext(BX⊕1Y ). It is clear from

the definition of extreme points that in this case y ∈ ext(BY ). We arrive to the

same conclusion if y = 0.

We provide a description of SCD points in the unit ball of an L1-predual by

the following theorem.

Theorem 3.22. Let X be an L1-predual. Then the following statements hold:

(a) if ext(BX∗) is finite, then X is an SCD space. In particular, SCD(BX) = BX ;

(b) if ext(BX∗) is infinite and countable, then X is an SCD space. In particular,

SCD(BX) = BX ;

(c) if ext(BX∗) is uncountable, then SCD(BX) = ∅.

Proof. (a). First, note that Theorem 2.7 implies that there always exists extreme

points in the unit ball of a dual space. If the amount of extreme points is finite, we

have a finite-dimensional dual space, which implies that X is finite-dimensional.

In this case, since every finite-dimensional Banach space is reflexive, we get by

Example 2.12 that X has the RNP, which in turn means that X is an SCD space

(and in particular SCD(BX) = BX) by Example 2.22.
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(b). If ext(BX∗) is infinite and countable, then by [3, Theorem 3.21] the dual

space X∗ is separable. According to Example 2.12 separable dual spaces have the

RNP, therefore X has the Asplund property, which in turn implies, by Example

2.22, that X is an SCD space and in particular, SCD(BX) = BX .

(c). Assume that ext(BX∗) is uncountable and consider the decomposition

(3.3). Recall that the Banach space L1(S,Σ, ν) does not have any extreme points

in the unit ball, if ν is a measure with no atoms. By Lemma 3.21 we see that

ext(BX∗) = {0} × ext(Bℓ1(I)). (3.4)

It is also well known that ext(Bℓ1(I)) = {θei : i ∈ I, θ ∈ K, |θ| = 1}, where ei

are the standard basis vectors. Now since the set of extreme points of BX∗ is

uncountable, we deduce that I is uncountable (considering (3.4)). In this case the

Banach space ℓ1(I) fails the (−1)-BCP [9, Corollary 25] and finally, we apply [9,

Proposition 8] to obtain that the direct sum X∗ = L1(S,Σ, ν) ⊕1 ℓ1(I) also fails

the (−1)-BCP. Now by Theorem 3.16 we have SCD(BX) = ∅.

Following the proof of Theorem 3.22, we get the following.

Corollary 3.23. If X is an L1-predual, then either X is separable and has the

Asplund property (hence an SCD space, which means that SCD(BX) = BX) or

SCD(BX) = ∅.
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4 SCD points in direct sums of Banach spaces

Now we consider how does the concept of SCD points relates to the direct sum

of Banach spaces. For instance, we are interested whether being an SCD point in

either components unit ball of the direct sum of Banach spaces is again an SCD

point in the unit ball of the direct sum. In addition, we find an example of a

separable Banach space in which the only SCD point of the unit ball is the zero

element.

Let X and Y be Banach spaces. Note that throughout the section, we will

make use of identifications

(X ⊕p Y )∗ =


X∗ ⊕q Y

∗, if 1 < p < ∞, 1
p
+ 1

q
= 1,

X∗ ⊕∞ Y ∗, if p = 1,

X∗ ⊕1 Y
∗, if p = ∞.

4.1 SCD points in the direct sum X ⊕∞ Y

Let X and Y be Banach spaces. Our goal in this subsection is to research SCD

points in the unit ball of the Banach space X ⊕∞ Y . Observe that in this case

BX⊕∞Y = BX × BY . This observation makes our investigation more straightfor-

ward.

For convenience, we denote Z := X ⊕∞ Y throughout this subsection. Let us

first prove some useful properties. Note that similar statements were proven in

the context of SCD sets in [12, Lemmata 2.3 and 2.4].

Lemma 4.1. For any (x∗, y∗) ∈ Z∗ and α, β, γ > 0, the following conditions hold:

(a) S(BX , x
∗, α)× S(BY , y

∗, β) ⊂ S(BZ , (x
∗, y∗), α+ β).

(b) If a ∈ BX , b ∈ BY satisfy (a, b) ∈ S(BZ , (x
∗, y∗), γ), then a ∈ S(BX , x

∗, γ)

and b ∈ S(BY , y
∗, γ).
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Proof. (a). Pick (x, y) ∈ S(BX , x
∗, α)× S(BY , y

∗, β). Then

Rex∗(x) > ∥x∗∥ − α, Re y∗(y) > ∥y∗∥ − β

=⇒ Re(x∗, y∗)(x, y) > ∥x∗∥+ ∥y∗∥ − (α + β)

⇐⇒ Re(x∗, y∗)(x, y) > ∥(x∗, y∗)∥1 − (α + β),

hence (x, y) ∈ S(BZ , (x
∗, y∗), α+ β).

(b). Let a ∈ BX , b ∈ BY be such that (a, b) ∈ S(BZ , (x
∗, y∗), γ). This means

that

Rex∗(a) + ∥y∗∥ ≥ Rex∗(a) + Re y∗(b) > ∥(x∗, y∗)∥1 − γ = ∥x∗∥+ ∥y∗∥ − γ,

from which we can conclude that Re x∗(a) > ∥x∗∥− γ, therefore a ∈ S(BX , x
∗, γ).

The proof for b ∈ S(BY , y
∗, γ) is analogous.

Lemma 4.2. Assume that (a, b) ∈ SCD(BZ). Then there exists a sequence

((x∗
n, y

∗
n), αn) ∈ Z∗ × (0,∞) such that for every (x∗, y∗) ∈ Z∗, α > 0 satisfying

(a, b) ∈ S(BZ , (x
∗, y∗), α), there exists m ∈ N such that

S(BX , x
∗
m, αm) ⊂ S(BX , x

∗, α) and S(BY , y
∗
m, αm) ⊂ S(BY , y

∗, α). (4.1)

Proof. Let Sn = S(BZ , (x
∗
n, y

∗
n), 2αn) be the determining sequence of slices for

(a, b) ∈ BZ . We show that the desired sequence is ((x∗
n, y

∗
n), αn), where n ∈ N.

Pick (x∗, y∗) ∈ Z∗, α > 0 so that (a, b) ∈ S(BZ , (x
∗, y∗), α). Since the sequence

{Sn : n ∈ N} is determining for (a, b), we can find m ∈ N such that

S(BZ , (x
∗
m, y

∗
m), 2αm) ⊂ S(BZ , (x

∗, y∗), α).

An application of Lemma 4.1 (a) gives us

S(BX , x
∗
m, αm)× S(BY , y

∗
m, αm) ⊂ S(BZ , (x

∗, y∗), α).
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Observe that inclusions (4.1) are satisfied. Indeed, making use of Lemma 4.1 (b):

(x, y) ∈ S(BX , x
∗
m, αm)× S(BY , y

∗
m, αm) =⇒ (x, y) ∈ S(BZ , (x

∗, y∗), α)

=⇒ x ∈ S(BX , x
∗, α), y ∈ S(BY , y

∗, α),

which implies that (x, y) ∈ S(BX , x
∗, α)× S(BY , y

∗, α).

With the use of the presented lemmata, we get the following theorem.

Theorem 4.3. An element (a, b) ∈ SCD(BZ) if and only if a ∈ SCD(BX) and

b ∈ SCD(BY ).

Proof. Necessity. Assume that (a, b) ∈ SCD(BZ) and let

((x∗
n, y

∗
n), αn) ∈ Z∗ × (0,∞)

be the sequence from Lemma 4.2. Let us show that slices Sn = S(BX , x
∗
n, αn) are

determining for a. Fix a slice S(BX , x
∗, α) ∋ a. Observe that (x∗, 0) ∈ Z∗ and

(a, b) ∈ S(BZ , (x
∗, 0), α), hence, by Lemma 4.2, there exists m ∈ N such that

Sm = S(BX , x
∗
m, αm) ⊂ S(BX , x

∗, α),

so a ∈ SCD(BX). Analogously we deduce that b ∈ SCD(BY ).

Sufficiency. Now presume that a ∈ SCD(BX) and b ∈ SCD(BY ) and let the

sequence {Sa
n : n ∈ N} determine a and the sequence {Sb

n : n ∈ N} determine b.

We show, by using Proposition 3.8 condition (ii), that the sequence of non-empty

relatively weakly open subsets {Sa
n × Sb

k : n, k ∈ N} determines point (a, b). Fix a

slice S = S(BZ , (x
∗, y∗), α) containing (a, b), where ∥(x∗, y∗)∥1 = 1.

Now fix γ > 0 arbitrarily. Observe that

Rex∗(a) > ∥x∗∥− (∥x∗∥−Rex∗(a)− γ), Re y∗(b) > ∥y∗∥− (∥y∗∥−Re y∗(b)− γ).

From this we infer that

a ∈ S1 := S(BX , x
∗, ∥x∗∥−Rex∗(a)−γ), b ∈ S2 := S(BY , y

∗, ∥y∗∥−Re y∗(b)−γ),
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meaning it is possible to find i, j ∈ N such that Sa
i ⊂ S1 and Sb

j ⊂ S2. Now making

use of Lemma 4.1 (a), we get S1 × S2 ⊂ S, because

(∥x∗∥ − Rex∗(a)− γ) + (∥y∗∥ − Re y∗(b)− γ)

= ∥(x∗, y∗)∥1 − Rex∗(a)− Re y∗(b)− 2γ

= 1− Re(x∗, y∗)(a, b)− 2γ < α− 2γ < α.

In conclusion, we have Sa
i × Sb

j ⊂ S1 × S2 ⊂ S, which means that the sequence of

non-empty relatively weakly open subsets {Sa
n × Sb

k : n, k ∈ N} determines point

(a, b).

4.2 SCD points in the direct sum X ⊕1 Y

Let X and Y be Banach spaces. This subsection is dedicated to the study of SCD

points in the unit ball of the Banach space X ⊕1 Y .

Proposition 4.4. Suppose that a ∈ SX . Then (a, 0) ∈ SCD(BX⊕1Y ) if and only

if a ∈ SCD(BX).

Proof. Necessity. Let the sequence of slices {Sn : n ∈ N}, where for every n ∈ N

Sn = S(BX⊕1Y , (x
∗
n, y

∗
n), αn),

be determining for point (a, 0). Here we assume that

∥(x∗
n, y

∗
n)∥∞ = max{∥x∗

n∥ , ∥y∗n∥} = 1

for all n ∈ N. Let us show that the sequence of slices {Tn : n ∈ N}, where

Tn = S(BX , x
∗
n, αn), determines point a. Pick for every n ∈ N an element xn ∈ Tn.

Our goal is to show that a ∈ conv({xn : n ∈ N}). To do so, denote

I := {n ∈ N : ∥x∗
n∥ = 1}, J := N \ I,
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and define elements zn ∈ BX⊕1Y as follows:

zn =

(xn, 0), n ∈ I;

(0, yn), n ∈ J,

where for every n ∈ N the element yn is picked such that yn ∈ S(BY , y
∗
n, αn). It is

easy to see that every zn belongs to the slice Sn and since the sequence {Sn : n ∈ N}
is determining for point (a, 0), we have (a, 0) ∈ conv({zn : n ∈ N}).

Fix ε > 0 and find λn ∈ [0, 1] for every n ∈ N, where finitely many of λn are

non-zero and
∑∞

n=1 λn = 1, such that∥∥∥∥∥(a, 0)−
∞∑
n=1

λnzn

∥∥∥∥∥ <
ε

2
. (4.2)

Then we have∥∥∥∥∥(a, 0)−
∞∑
n=1

λnzn

∥∥∥∥∥
1

=

∥∥∥∥∥(a, 0)− (∑
n∈I

λnxn, 0
)
−
(
0,
∑
n∈J

λnyn

)∥∥∥∥∥
1

=

∥∥∥∥∥(a−∑
n∈I

λnxn,−
∑
n∈J

λnyn

)∥∥∥∥∥
1

=

∥∥∥∥∥a−∑
n∈I

λnxn

∥∥∥∥∥+
∥∥∥∥∥∑
n∈J

λnyn

∥∥∥∥∥ ,
and using the estimation (4.2), we get∥∥∥∥∥a−∑

n∈I

λnxn

∥∥∥∥∥ <
ε

2
.

Notice that using the reverse triangle inequality

ε

2
>

∥∥∥∥∥a−∑
n∈I

λnxn

∥∥∥∥∥ ≥

∣∣∣∣∣∥a∥ −
∥∥∥∥∥∑
n∈I

λnxn

∥∥∥∥∥
∣∣∣∣∣ =

∣∣∣∣∣1−
∥∥∥∥∥∑
n∈I

λnxn

∥∥∥∥∥
∣∣∣∣∣ ,
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therefore

1− ε

2
<

∥∥∥∥∥∑
n∈I

λnxn

∥∥∥∥∥ ≤
∑
n∈I

λn ≤ 1.

Denote Λ :=
∑

n∈I λn and see that 1− ε/2 < Λ ≤ 1. Moreover, notice that

∑
n∈I

λn

Λ
xn ∈ conv({xn : n ∈ N})

and

ε

2
>

∥∥∥∥∥a−∑
n∈I

λnxn

∥∥∥∥∥ =

∥∥∥∥∥a−∑
n∈I

λnxn −
∑
n∈I

λn

Λ
xn +

∑
n∈I

λn

Λ
xn

∥∥∥∥∥
≥

∥∥∥∥∥a−∑
n∈I

λn

Λ
xn

∥∥∥∥∥−
∥∥∥∥∥∑
n∈I

(
λn −

λn

Λ

)
xn

∥∥∥∥∥ .
To conclude, we see that∥∥∥∥∥∑

n∈I

(
λn −

λn

Λ

)
xn

∥∥∥∥∥ ≤
∑
n∈I

∣∣∣∣λn −
λn

Λ

∣∣∣∣ ∥xn∥ ≤
∑
n∈I

∣∣∣∣λn −
λn

Λ

∣∣∣∣
=
∑
n∈I

λn

∣∣∣∣Λ− 1

Λ

∣∣∣∣ = |Λ− 1|
Λ

·
∑
n∈I

λn

= |Λ− 1| = 1− Λ <
ε

2
,

therefore ∥∥∥∥∥a−∑
n∈I

λn

Λ
xn

∥∥∥∥∥ <
ε

2
+

∥∥∥∥∥∑
n∈I

(
λn −

λn

Λ

)
xn

∥∥∥∥∥ <
ε

2
+

ε

2
= ε.

Hence a ∈ conv({xn : n ∈ I}) ⊂ conv({xn : n ∈ N}).
Sufficiency. Suppose that a ∈ SCD(BX), with the determining sequence of

slices {Sn : n ∈ N}, where Sn = S(BX , x
∗
n, αn), x

∗
n ∈ SX∗ for every n ∈ N. Without

loss of generality we can assume that αn < 1 for every n ∈ N.
Define for every n, k ∈ N a slice Sk

n = S(BX⊕1Y , (x
∗
n, 0), αn/k). We show that

the sequence of slices {Sk
n : n, k ∈ N} is determining for point (a, 0). Fix elements

zkn = (xk
n, y

k
n) ∈ Sk

n for every n, k ∈ N. It is easy to see that xk
n ∈ Sn and since
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the sequence {Sn : n ∈ N} determines point a, we have a ∈ conv({xk
n : n ∈ N}) for

every k ∈ N. Furthermore, we see that

1 ≥
∥∥(xk

n, y
k
n)
∥∥
1
=
∥∥xk

n

∥∥+ ∥∥ykn∥∥ > 1− αn

k
+
∥∥ykn∥∥ ,

from which ∥∥ykn∥∥ <
αn

k
<

1

k
.

Pick an arbitrary ε > 0 and find K ∈ N such that 1/K < ε/2. By the argument

presented before, we can find z ∈ conv({xK
n : n ∈ N}) such that ∥z − a∥ < ε/2.

Let z =
∑∞

n=1 λnx
K
n , where

∑∞
n=1 λn = 1, λn ∈ [0, 1] and the number of non-zero

elements λn is finite. Now∥∥∥∥∥(a, 0)−
∞∑
n=1

λn(x
K
n , y

K
n )

∥∥∥∥∥
1

=

∥∥∥∥∥(a−
∞∑
n=1

λnx
K
n ,−

∞∑
n=1

λny
K
n

)∥∥∥∥∥
1

=

∥∥∥∥∥a−
∞∑
n=1

λnx
K
n

∥∥∥∥∥+
∥∥∥∥∥

∞∑
n=1

λny
K
n

∥∥∥∥∥
<

ε

2
+

∞∑
n=1

λn

∥∥yKn ∥∥ <
ε

2
+

∞∑
n=1

λn ·
1

K

=
ε

2
+

1

K

∞∑
n=1

λn

≤ ε

2
+

1

K
<

ε

2
+

ε

2
= ε,

hence (a, 0) ∈ conv({zKn : n ∈ N}) ⊂ conv({zkn : n, k ∈ N}).

By the proposition presented above, we obtain the following result.

Theorem 4.5. Let (a, b) ∈ SX⊕1Y , where a ∈ X \ {0} and b ∈ Y \ {0}. Then

(a, b) ∈ SCD(BX⊕1Y ) if and only if a
∥a∥ ∈ SCD(BX) and

b
∥b∥ ∈ SCD(BY ).

Proof. Necessity. Let the slices Sn = S(BX⊕1Y , (x
∗
n, y

∗
n), αn), n ∈ N, determine

point (a, b). We prove that the slices {Tn : n ∈ N}, where Tn = S(BX , x
∗
n, αn), is

determining for point a
∥a∥ . Pick for each n ∈ N an element xn ∈ Tn. We assume
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that ∥(x∗
n, y

∗
n)∥∞ = max{∥x∗

n∥ , ∥y∗n∥}=1, and using this fact, we construct the sets

I := {n ∈ N : ∥x∗
n∥ = 1}, J := N \ I.

Now we define elements zn ∈ BX⊕1Y :

zn =

(xn, 0), n ∈ I;

(0, yn), n ∈ J,

where yn belongs to slice S(BY , y
∗
n, αn) for every n ∈ N. Evidently zn ∈ Sn for

each n ∈ N and consequently, since the sequence {Sn : n ∈ N} determines point

(a, b), we have (a, b) ∈ conv({zn : n ∈ N}).
Let ε > 0. We can find δ ∈ (0, 1) such that

2δ

∥a∥2 − δ ∥a∥
< ε

and
∑∞

n=1 λnzn ∈ conv({zn : n ∈ N}), where λn ∈ [0, 1] and only finitely many λn

are non-zero, such that ∥∥∥∥∥(a, b)−
∞∑
n=1

λnzn

∥∥∥∥∥
1

< δ.

Then

δ >

∥∥∥∥∥(a, b)−
∞∑
n=1

λnzn

∥∥∥∥∥
1

=

∥∥∥∥∥(a, b)−∑
n∈I

λn(xn, 0)−
∑
n∈J

λn(0, yn)

∥∥∥∥∥
1

=

∥∥∥∥∥(a−∑
n∈I

λnxn, b−
∑
n∈J

λnyn

)∥∥∥∥∥
1

=

∥∥∥∥∥a−∑
n∈I

λnxn

∥∥∥∥∥+
∥∥∥∥∥b−∑

n∈J

λnyn

∥∥∥∥∥ ,
therefore

δ >

∥∥∥∥∥a−∑
n∈I

λnxn

∥∥∥∥∥ ≥ ∥a∥ −

∥∥∥∥∥∑
n∈I

λnxn

∥∥∥∥∥ ≥ ∥a∥ −
∑
n∈I

λn,

meaning that
∑

n∈I λn > ∥a∥ − δ. Similarly we can see that
∑

n∈J λn > ∥b∥ − δ.

28



On the other hand∑
n∈I

λn = 1−
∑
n∈J

λn < 1− ∥b∥+ δ = ∥a∥+ ∥b∥ − ∥b∥+ δ = ∥a∥+ δ,

so in conclusion we have
∣∣∥a∥ −∑n∈I λn

∣∣ < δ. Now by denoting Λ :=
∑

n∈I λn,

we see that ∑
n∈I

λn

Λ
xn ∈ conv({xn : n ∈ N})

and ∥∥∥∥∥ a

∥a∥
−
∑
n∈I

λn

Λ
xn

∥∥∥∥∥ =

∥∥∥∥ a

∥a∥
−
∑

n∈I λnxn

Λ

∥∥∥∥ =

∥∥Λa− ∥a∥
∑

n∈I λnxn

∥∥
Λ ∥a∥

=

∥∥Λa− ∥a∥
∑

n∈I λnxn + ∥a∥ a− ∥a∥ a
∥∥

Λ ∥a∥

=

∥∥a(Λ− ∥a∥) + ∥a∥ (a−
∑

n∈I λnxn))
∥∥

Λ ∥a∥

≤
∥a(Λ− ∥a∥)∥+

∥∥∥a∥ (a−∑n∈I λnxn)
∥∥

Λ ∥a∥

≤
∥a∥ |Λ− ∥a∥|+ ∥a∥

∥∥a−∑n∈I λnxn

∥∥
Λ ∥a∥

<
δ + δ

Λ ∥a∥

=
2δ

Λ ∥a∥
≤ 2δ

(∥a∥ − δ) ∥a∥
=

2δ

∥a∥2 − δ ∥a∥
< ε,

Therefore a
∥a∥ ∈ conv({xn : n ∈ N}). The proof for the point b

∥b∥ is analogous.

Sufficiency. Assume a
∥a∥ ∈ SCD(BX) and

b
∥b∥ ∈ SCD(BY ) and observe that

(a, b) = ∥a∥
( a

∥a∥
, 0
)
+ ∥b∥

(
0,

b

∥b∥

)
,

where ∥(a, b)∥1 = ∥a∥+ ∥b∥ = 1. By Proposition 4.4 we have

( a

∥a∥
, 0
)
∈ SCD(BX⊕1Y ) ,

(
0,

b

∥b∥

)
∈ SCD(BX⊕1Y )

and since the set of SCD points is convex, we have (a, b) ∈ SCD(BX⊕1Y ).
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4.3 SCD points in the direct sum (
⊕∞

n=1Xn)p

In this subsection, let Xn ̸= {0}, n ∈ N, be a sequence of Banach spaces. We now

investigate the Banach space
(⊕∞

n=1Xn

)
p
endowed with the norm

∥x∥ =
( ∞∑

n=1

∥xn∥p
)1/p

,

where x = (xn)
∞
n=1, xn ∈ Xn for every n ∈ N and 1 < p < ∞. The study of this

space yields interesting results, in particular, by taking a countable sequence of

Banach spaces, which contain no SCD points in the unit ball, the unit ball of the

direct sum of these spaces does indeed contain only one SCD point. One of our

main results on this topic is the following theorem.

Theorem 4.6. Consider the Banach space X :=
(⊕∞

n=1Xn

)
p
, where 1 < p < ∞.

The element 0 ∈ BX is an SCD point of BX .

Proof. Firstly, for each n ∈ N select an element x∗
n ∈ SX∗

n
and for every k ∈ N

define a slice

Sk
n = S

(
BX , (0, 0, . . . , x

∗
n︸ ︷︷ ︸

n components

, 0, 0, . . . ),
1

k

)
.

Let us prove that the sequence of slices {Sk
n : n, k ∈ N} is determining for point

0 = (0, 0, . . . ) ∈ BX . To this end, pick xk
n ∈ Sk

n for every n, k ∈ N and fix ε > 0.

It suffices to find x ∈ conv({xk
n : n, k ∈ N}) such that ∥x∥ < ε.

Pick K ∈ N, such that K ̸= 1 and (p/K)1/p < ε/2. Now for given n ∈ N,

xK
n = (wK

n,1, w
K
n,2, . . . , w

K
n,n, w

K
n,n+1, . . . ),

so we have

1− 1

K
< (0, 0, . . . , x∗

n, 0, 0, . . . )(w
K
n,1, w

K
n,2, . . . , w

K
n,n, w

K
n,n+1, . . . )

= x∗
n(w

K
n,n) ≤ ∥x∗

n∥
∥∥wK

n,n

∥∥ =
∥∥wK

n,n

∥∥ ,
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hence
∥∥wK

n,n

∥∥ > 1− 1/K. Moreover, we have xK
n ∈ BX , which means that

∥∥xK
n

∥∥p = ∞∑
i=1

∥∥wK
n,i

∥∥p ≤ 1.

Recall also the generalization of the Bernoulli inequality, which states that

(1 + s)r > 1 + rs

for every r > 1 and s ̸= 0 satisfying s > −1 (see [15, Page 34]). Now we can derive

another estimation:

∞∑
i ̸=n

∥∥wK
n,i

∥∥p = ( ∞∑
i=1

∥∥wK
n,i

∥∥p )− ∥∥wK
n,n

∥∥p < 1−
(
1− 1

K

)p
≤ 1−

(
1− p

K

)
<

p

K
.

Define for each n ∈ N an element

x̂K
n = (0, 0, . . . , wK

n,n, 0, 0, . . . ).

Using the estimation above we get

∥∥xK
n − x̂K

n

∥∥ =
∥∥(wK

n,1, . . . , w
K
n,n−1, 0, w

K
n,n+1, . . . )

∥∥ =
( ∞∑

i ̸=n

∥∥wK
n,i

∥∥p )1/p < ( p

K

)1/p
.

Now consider the inclusion operator I : ℓ1 → ℓp. Note that ∥I∥ ≤ 1, since for any

y ∈ Bℓ1

∥Iy∥p = ∥y∥p ≤ ∥y∥1 ≤ 1,

where the inequality ∥y∥p ≤ ∥y∥1 is a consequence of the Hölder inequality [7,

Exercise 1.15]. Since the Banach spaces ℓ1 and ℓp are not isomorphic [7, Propo-

sition 4.49], I cannot be an isomorphism, which means that there cannot exist

constants α, β > 0 such that

α ∥y∥1 ≤ ∥Iy∥p = ∥y∥p ≤ β ∥y∥1

for every y ∈ Sℓ1 . Since β = 1 satisfies the right-hand side of the inequalities, it
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must hold that for any α > 0 there exists y ∈ Sℓ1 such that

∥Iy∥p < α ∥y∥1 ≤ α.

Using this fact, we can find a sequence (λn) ∈ Sℓ1 , λn ∈ [0, 1] for every n ∈ N,
satisfying

∥I(λn)∥p = ∥(λn)∥p =
( ∞∑

n=1

λp
n

)1/p
<

ε

2
.

Now consider the element

x =
∞∑
n=1

λnx
K
n

and observe that x ∈ conv({xk
n : n, k ∈ N}). Indeed, fix δ > 0 arbitrarily. Because∑∞

n=1 λn = 1 we can find an index N ∈ N such that

r :=
N∑

n=1

λn > 1− δ

2
.

Now we can define another sequence

(µn) = (λ1, λ2, . . . , λN , 1− r, 0, . . . ),

which obviously satisfies µn ∈ [0, 1] for every n ∈ N,
∑∞

n=1 µn = 1 and because

there are finitely many µn being non-zero, we have

∞∑
n=1

µnx
K
n ∈ conv({xk

n : n, k ∈ N}). (4.3)
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Now ∥∥∥∥∥x−
∞∑
n=1

µnx
K
n

∥∥∥∥∥ =

∥∥∥∥∥
∞∑
n=1

λnx
K
n −

∞∑
n=1

µnx
K
n

∥∥∥∥∥ =

∥∥∥∥∥
∞∑
n=1

(λn − µn)x
K
n

∥∥∥∥∥
≤

∞∑
n=1

|λn − µn|
∥∥xK

n

∥∥ ≤
∞∑
n=1

|λn − µn|

=
∞∑

n=N+1

|λn − µn| = |λN+1 − (1− r)|+
∞∑

n=N+2

λn

= (1− r)− λN+1 +
∞∑

n=N+2

λn <
δ

2
+

δ

2
= δ,

which means that x ∈ conv({xk
n : n, k ∈ N}). To conclude, we apply the estima-

tions derived above and see that

∥z∥ =

∥∥∥∥∥
∞∑
n=1

λnx
K
n +

∞∑
n=1

λnx̂
K
n −

∞∑
n=1

λnx̂
K
n

∥∥∥∥∥
≤

∥∥∥∥∥
∞∑
n=1

λnx
K
n −

∞∑
n=1

λnx̂
K
n

∥∥∥∥∥+
∥∥∥∥∥

∞∑
n=1

λnx̂
K
n

∥∥∥∥∥
=

∥∥∥∥∥
∞∑
n=1

λn(x
K
n − x̂K

n )

∥∥∥∥∥+
∥∥∥∥∥

∞∑
n=1

λnx̂
K
n

∥∥∥∥∥
≤

∞∑
n=1

λn

∥∥xK
n − x̂K

n

∥∥+ ( ∞∑
n=1

λp
n

∥∥x̂K
n

∥∥p )1/p
≤
( p

K

)1/p ∞∑
n=1

λn +
( ∞∑

n=1

λp
n

)1/p
=
( p

K

)1/p
+ ∥(λn)∥p <

( p

K

)1/p
+

ε

2
< ε.

For the upcoming discussion, let I be an uncountable set. Recall that the

Banach space c0(I) consists of all bounded functions f : I → K such that the set

{i ∈ I : |f(i)| ≥ ε}
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is finite for every ε > 0. The norm on c0(I) is defined as

∥f∥ = sup
i∈I

|f(i)| .

Note that the Banach space c0(I) has the Asplund property, since (c0(I))
∗ = ℓ1(I),

which has the RNP (see [6, Page 218]). On the other hand, we can easily deduce

that SCD(Bc0(I)) = ∅. Indeed, By Example 3.15 the Banach space ℓ1(I) fails the

(−1)-BCP. An application of Theorem 3.16 results in SCD(Bc0(I)) = ∅.

Proposition 4.7. Consider the Banach space X := c0(I) ⊕p Y , where Y is an

arbitrary Banach space and 1 < p < ∞. If (a, b) ∈ SCD(BX), then a = 0.

Proof. We prove that if a ̸= 0 then (a, b) ̸∈ SCD(BX). Let a ̸= 0 and select an

arbitrary sequence of slices {Sn : n ∈ N}, where

Sn = S(BX , (a
∗
n, b

∗
n), αn).

Note that here (a∗n, b
∗
n) ∈ (c0(I) ⊕p Y )∗ = ℓ1(I) ⊕q Y

∗, where q is the Hölder

conjugate of p. Pick for every n ∈ N elements xn = (an, bn) ∈ Sn and consider sets

A := supp(a), An := supp(an), Bn := supp(a∗n), n ∈ N.

These sets are countable, since every element in c0(I) or ℓ1(I) has countable sup-

port (see [7, Page 9]). Therefore we can define another countable set

J := A ∪
∞⋃
n=1

An ∪
∞⋃
n=1

Bn.

Since I is uncountable, we can find i ∈ I such that i ̸∈ J . Observe that for every

n ∈ N
(an + ∥an∥ ei, bn) ∈ Sn,

where ei = (δik)k∈I . Indeed, fix n ∈ N. Since i ̸∈ An, it is easy to see that
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∥an + ∥an∥ ei∥ = ∥an∥. By using the fact that ei ̸∈ Bn

(a∗n, b
∗
n)(an + ∥an∥ ei, bn) = a∗n(an) + ∥an∥ a∗n(ei) + b∗n(bn)

= a∗n(an) + b∗n(bn) = (a∗n, b
∗
n)(an, bn) > 1− αn.

To conclude the proof, it suffices to show that

(a, b) ̸∈ conv({(an + ∥an∥ ei, bn) : n ∈ N}). (4.4)

Assume that we have for all n ∈ N elements λn ∈ [0, 1] such that
∑∞

n=1 λn = 1

and only finitely many of λn are non-zero. We now divide our discussion into two

possibilities.

(a) Suppose that the following estimation holds:

∞∑
n=1

λn ∥an∥ <
∥a∥
2

.

In this case, select k ∈ I such that and |a(k)| = ∥a∥. Since ∥a∥ > 0, we have

k ∈ A, which means that k ̸= i and in turn ei(k) = 0. Now∥∥∥∥∥(a, b)−
∞∑
n=1

λn(an + ∥an∥ ei, bn)

∥∥∥∥∥
p

=

∥∥∥∥∥(a−
∞∑
n=1

λn(an + ∥an∥ ei), b−
∞∑
n=1

λnbn

)∥∥∥∥∥
p

≥

∥∥∥∥∥a−
∞∑
n=1

λn(an + ∥an∥ ei)

∥∥∥∥∥
≥

∣∣∣∣∣a(k)−
∞∑
n=1

λn

(
an(k) + ∥an∥ ei(k)

)∣∣∣∣∣
≥ |a(k)| −

∞∑
n=1

|an(k)| ≥ ∥a∥ −
∞∑
n=1

λn ∥an∥

> ∥a∥ − ∥a∥
2

=
∥a∥
2

,

which means that (4.4) is satisfied.
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(b) Assume now that
∞∑
n=1

λn ∥an∥ ≥ ∥a∥
2

.

Using similar approach and the fact that i ̸∈ J , we obtain∥∥∥∥∥(a, b)−
∞∑
n=1

λn(an + ∥an∥ ei, bn)

∥∥∥∥∥
p

≥

∥∥∥∥∥a−
∞∑
n=1

λn(an + ∥an∥ ei)

∥∥∥∥∥
≥

∣∣∣∣∣a(i)−
∞∑
n=1

λn

(
an(i) + ∥an∥ ei(i)

)∣∣∣∣∣
=

∣∣∣∣∣a(i)−
∞∑
n=1

λnan(i)−
∞∑
n=1

λn ∥an∥

∣∣∣∣∣
=

∣∣∣∣∣−
∞∑
n=1

λn ∥an∥

∣∣∣∣∣ ≥ ∥a∥
2

,

hence (4.4) holds once again.

The results above lead to an interesting conclusion.

Theorem 4.8. Consider the Banach space X :=
(⊕∞

n=1 c0(I)
)
p
with 1 < p < ∞.

Then SCD(BX) = {0}.

Proof. First, we know that 0 ∈ SCD(BX) by Theorem 4.6. Assume now that

(an) ∈ SCD(BX). We show that an = 0 for all n ∈ N, starting with a1. To this

end, consider the mapping

( ∞⊕
n=1

c0(I)
)
p
∋ (x1, x2, . . . ) 7→ (x1, (x2, x3, . . . )) ∈ c0(I)⊕p

( ∞⊕
n=2

c0(I)
)
p
.

It is easy to see that this mapping is an isometry, consequently (a1, a2, . . . ) is an

SCD point in the unit ball of X if and only if (a1, (a2, a3, . . . )) is SCD point in the

unit ball of c0(I)⊕p

(⊕∞
n=2 c0(I)

)
p
. Now by Proposition 4.7 we have that a1 = 0.

The rest of the coordinates work similarly.

We now prove an analogous result to Proposition 4.7 for spaces with the Dau-

gavet property. To this end, we use the following lemma.
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Lemma 4.9. Let X be a Banach space with the Daugavet property. Then for every

sequence of slices {Sn : n ∈ N} ⊂ BX and every x ∈ SX , there is a sequence (xn)

with xn ∈ Sn for each n ∈ N, such that x ̸∈ span({xn : n ∈ N}).

Proof. For the proof of this lemma, check the proof of [2, Example 2.13]

Proposition 4.10. Consider the Banach space X := E ⊕p Y , where E has the

Daugavet property, Y is arbitrary and 1 < p < ∞. If (a, b) ∈ SCD(BX), then

a = 0.

Proof. We again prove the contrapositive. Let a ̸= 0 and fix an arbitrary sequence

of slices {Sn : n ∈ N}, where Sn = S(BX , (a
∗
n, b

∗
n), αn). Moreover, we assume

that ∥(a∗n, b∗n)∥q = 1, where q is the Hölder conjugate of p. We find a sequence

(xn) ⊂ BX such that xn ∈ Sn for each n ∈ N and (a, b) ̸∈ conv{xn : n ∈ N}. Define

A := {n ∈ N : a∗n ̸= 0}, B = N \ A = {n ∈ N : a∗n = 0}.

Using these sets, let us define the desired sequence. First, if n ∈ B, we will pick

xn = (0, vn) ∈ Sn, where the first coordinate can be taken zero due to the fact

that a∗n = 0. Now, for every n ∈ A define a slice

Tn = S
(
BE, a

∗
n,

αn

4

)
,

and consider the sequence of slices {Tn : n ∈ A}. By Lemma 4.9 we can find a

sequence (un)n∈A ⊂ BE so that un ∈ Tn for all n ∈ A and

a ̸∈ span({un : n ∈ A}).

The latter means that there exists ε > 0 such that ∥a− u∥ ≥ ε for every element

u ∈ span({un : n ∈ A}). Consider now the following claim.

Claim:

∀n ∈ A ∃rn, sn ∈ R ∃qn ∈ BY : un ∈ Tn =⇒ (rnun, snqn) ∈ Sn. (4.5)
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Proof of Claim. Fix n ∈ A and observe that we can find (en, yn) ∈ Sn such that

(a∗n, b
∗
n)(en, yn) = a∗n(en) + b∗n(yn) > 1− α

2
.

Take rn := ∥en∥ and sn := ∥yn∥. In addition, find qn ∈ BY such that

b∗n(qn) > ∥b∗n∥ −
α

4
.

By assumption un ∈ Tn, which means that

a∗n(un) > ∥a∗n∥ −
α

4
.

To conclude, first notice that

(rnun, snqn) = (∥en∥un, ∥yn∥ qn) ∈ BX .

Indeed, we have

∥(rnun, snqn)∥pp = ∥(∥en∥un, ∥yn∥ qn)∥pp
= ∥en∥p ∥un∥p + ∥yn∥p ∥qn∥p

≤ ∥en∥p + ∥yn∥p ≤ 1,

and finally, using all the estimations derived above

(a∗n, b
∗
n)(rnun, snqn) = a∗n(un) ∥en∥+ b∗n(qn) ∥yn∥

>
(
∥a∗n∥ −

αn

4

)
∥en∥+

(
∥b∗n∥ −

αn

4

)
∥yn∥

= ∥a∗n∥ ∥en∥+ ∥b∗n∥ ∥yn∥ −
αn

4

(
∥en∥+ ∥yn∥

)
≥ a∗n(en) + b∗n(yn)−

αn

2
> 1− αn

2
− αn

2
= 1− αn,

which means that (rnun, snqn) ∈ Sn, hence claim (4.5) holds. □

So we are able to pick, by using this claim, for each n ∈ A

xn = (rnun, snqn) ∈ Sn.
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Pick arbitrary λn ∈ [0, 1], finitely many being non-zero and let
∑∞

n=1 λn = 1. We

have∥∥∥∥∥(a, b)−
∞∑
n=1

λnxn

∥∥∥∥∥
p

=

∥∥∥∥∥(a, b)−∑
n∈A

λn(rnun, snqn)−
∑
n∈B

λn(0, vn)

∥∥∥∥∥
p

=

∥∥∥∥∥(a−∑
n∈A

λnrnun, b−
∑
n∈B

λn(snqn − vn)
)∥∥∥∥∥

p

=

(∥∥∥∥∥a−∑
n∈A

λnrnun

∥∥∥∥∥
p

+

∥∥∥∥∥b−∑
n∈B

λn(snqn − vn)

∥∥∥∥∥
p)1/p

≥

∥∥∥∥∥a−∑
n∈A

λnrnun

∥∥∥∥∥ ≥ ε,

which means that (a, b) ̸∈ conv({xn : n ∈ N}).

By following the proof of Theorem 4.8, we see that the following theorem also

holds.

Theorem 4.11. Consider the Banach space X :=
(⊕∞

n=1En

)
p
, where 1 < p < ∞

and En are spaces with the Daugavet property. Then SCD(BX) = {0}.

Theorem 4.11 has important consequences. Namely, we can find a separable

Banach space with only one SCD point in the unit ball. Indeed, consider the

Banach space X =
(⊕∞

n=1C[0, 1]
)
p
, where 1 < p < ∞. Then by Theorem 4.11

we have SCD(BX) = {0}. It is also worth noting that by Corollary 3.17 we know

that SCD(C[0, 1]) = ∅. This means that we can generate SCD points (in the unit

ball of the direct sum) even if the components themselves have no SCD points (in

the unit ball of the component).

To finish the section, we generalize Theorems 4.8 and 4.11. The proof of this

theorem is obvious by the proof of Theorem 4.8.

Theorem 4.12. Consider the Banach space X :=
(⊕∞

n=1 Yn

)
p
, where 1 < p < ∞

and for every n ∈ N, the Banach space Yn is either c0(I) or has the Daugavet

property. Then SCD(BX) = {0}.
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5 SCD points in projective tensor products

We now turn our attention to SCD points in projective tensor products. We

start by giving some preliminary definitions about projective tensor products. For

further reading on tensor products, we advise the reader to consult [17].

Let X and Y be Banach spaces, both over R.

Definition 5.1. A mapping B : X ×Y → R is called a bilinear form, if it satisfies

the following conditions:

(a) B(λ1x1 + λ2x2, y) = λ1B(x1, y) + λ2B(x2, y);

(b) B(x, µ1y1 + µ2y2) = µ1B(x, y1) + µ2B(x, y2),

for all x1, x2, x ∈ X, y1, y2, y ∈ Y and all λ1, λ2, µ1, µ2 ∈ R.

All bilinear forms on X × Y form a vector space, denoted by B(X × Y ). We

denote its algebraic dual by B(X × Y )#. The elementary tensor of x ∈ X and

y ∈ Y is a linear functional on the space B(X × Y ), denoted by x⊗ y and defined

by the equation

(x⊗ y)(B) = B(x, y), B ∈ B(X × Y ).

Definition 5.2. The algebraic tensor product X⊗Y is the subspace of B(X×Y )#,

which is defined as

X ⊗ Y = span{x⊗ y : x ∈ X, y ∈ Y }.

We observe one natural way to define a norm on the algebraic tensor product.

Definition 5.3. The projective norm ∥·∥π on the algebraic tensor product is given

as

∥z∥π = inf
{ m∑

n=1

∥xn∥ ∥yn∥ : z =
m∑

n=1

xn ⊗ yn, m ∈ N
}
.

Hence, we obtain the normed space

X ⊗π Y := (X ⊗ Y, ∥·∥π).

As generally this space is not a Banach space (unless X and Y are both finite-

dimensional), we work in the completion of this space.
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Definition 5.4. The projective tensor product X⊗̂πY is defined as the completion

of the normed space X ⊗π Y .

Note that throughout the discussion above, we will make use of the isometry

B(X × Y ) = (X⊗̂πY )∗ (see [17, Page 22]).

We will now present the main result of this section, by first introducing an

useful lemma.

Lemma 5.5 ([16, Lemma 3.4]). Suppose that we have a norm one bilinear form

B ∈ (X⊗̂πY )∗ and ε > 0. Then

S(BX⊗̂πY
, B, ε2) ⊂ conv({x⊗ y : x ∈ BX , y ∈ BY , B(x, y) > 1− ε}) + 4εBX⊗̂πY

.

Theorem 5.6. Assume that we have a ∈ dent(BX) and b ∈ SCD(BY )\{0}. Then
a⊗ b ∈ SCD(BX⊗̂πY

).

Proof. First, notice that since a is a denting point of BX , we can find for each

n ∈ N a slice S(BX , x
∗
n, αn), where ∥x∗

n∥ = 1 and

a ∈ S(BX , x
∗
n, αn) ⊂ B

(
a,

1

n

)
. (5.1)

On the other hand we can find a sequence of slices

{S(BY , y
∗
n, βn) : n ∈ N, ∥y∗n∥ = 1}, (5.2)

which is determining for point b. Let us now define for each n,m, k ∈ N the

following slices:

Sk
n,m = S

(
BX⊗̂πY

, x∗
n ⊗ y∗m,

1

k

)
,

where

(x∗
n ⊗ y∗m)(x⊗ y) = x∗

n(x)y
∗
m(y)

for every x ∈ X and y ∈ Y . Note here that the function x∗
n ⊗ y∗m is bilinear and

bounded, therefore (x∗
n ⊗ y∗m) ∈ (X⊗̂πY )∗. Our goal is to prove that the sequence

of slices {Sk
n,m : n,m, k ∈ N} is determining for the elementary tensor a⊗ b. To

this end, we will use Proposition 3.3 condition (ii). Let S = S(BX⊗̂πY
, B, α), where
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B is a norm one bounded bilinear form and a⊗ b ∈ S. It suffices to find a member

of the sequence of slices {Sk
n,m : n,m, k ∈ N}, which is contained in S.

First, since a⊗ b ∈ S, we have

B(a, b) > 1− α =⇒ ∃γ > 0: B(a, b) > 1− α + γ.

This in turn means that

a ∈ {x ∈ BX : B(x, b) > 1− α + γ},

where the set above is actually a slice of BX , since for the mapping x 7→ B(x, b)

is clearly linear and continuous.

Take n ∈ N such that 1/n < γ/32. Then by (5.1)

a ∈ S(BX , x
∗
n, αn) ⊂ B

(
a,

1

n

)
⊂ B

(
a,

γ

32

)
(5.3)

Using the fact that B(a, b) > 1− α + γ, we see that similarly to the last case

b ∈ {y ∈ BY : B(a, y) > 1− α + γ},

where the set is again a slice of BY . Since the sequence of slices in (5.2) determines

b, we can find m ∈ N such that

S(BY , y
∗
m, βm) ⊂ {y ∈ BY : B(a, y) > 1− α + γ}. (5.4)

Consider now the following set:

S⊗ := {u⊗ v : u ∈ S(BX , x
∗
n, αn), v ∈ S(BY , y

∗
m, βm)}.

We claim that

S⊗ ⊂
{
z ∈ BX⊗̂πY

: B(z) > 1− α +
31γ

32

}
. (5.5)

Assume that we have u ∈ S(BX , x
∗
n, αn) and v ∈ S(BY , y

∗
m, βm). By (5.4) we get
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B(a, v) > 1− α + γ and using (5.3), we obtain

B(u⊗ v) = B(u, v) = B(a, v)−B(a− u, v)

> 1− α + γ − ∥B∥ ∥v∥ ∥a− u∥ > 1− α + γ − 1

n

> 1− α + γ − γ

32
> 1− α +

31γ

32
.

Hence (5.5) holds.

To proceed, pick for each n,m ∈ N another k ∈ N satisfying 1/k < min{αn, βm}.
Now we claim that

S
(
BX ⊗BY , x

∗
n ⊗ y∗m,

1

k

)
⊂ S⊗, (5.6)

where BX ⊗BY = {x⊗ y : x ∈ BX , y ∈ BY }.
Fix x⊗ y ∈ S(BX ⊗BY , x

∗
n ⊗ y∗m, 1/k), i.e.

(x∗
n ⊗ y∗m)(x⊗ y) = x∗

n(x)y
∗
m(y) > 1− 1

k
.

Since y ∈ BY , we have

x∗
n(x) ≥ x∗

n(x)y
∗
m(y) > 1− 1

k
> 1− αn,

which means that x ∈ S(BX , x
∗
n, αn). It is easy to see that analogous discussion

leads to y ∈ S(BY , y
∗
m, βm). In conclusion

x⊗ y ∈ S⊗.

Let k ∈ N be such that 4/k < γ/32. In order to finish the proof, we show that

S
(
BX⊗̂πY

, x∗
n ⊗ y∗m,

1

k2

)
= Sk2

n,m ⊂ S = S(BX⊗̂πY
, B, α). (5.7)

To show that (5.7) holds, we use Lemma 5.5, which states in particular that

S
(
BX⊗̂πY

, x∗
n ⊗ y∗m,

1

k2

)
⊂ conv

(
S
(
BX ⊗BY , x

∗
n ⊗ y∗m,

1

k

))
+

4

k
BX⊗̂πY

. (5.8)
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Pick an element z ∈ S(BX⊗̂πY
, x∗

n ⊗ y∗m, 1/k
2). By (5.8) by can write

z = a+
4

k
h, a ∈ conv

(
S
(
BX ⊗BY , x

∗
n ⊗ y∗m,

1

k

))
, h ∈ BX⊗̂πY

.

This means that we can find another element â ∈ conv(S(BX ⊗BY , x
∗
n⊗ y∗m, 1/k))

such that ∥a− â∥ < γ/32. By defining ẑ = â+ (4/k)h, it is obvious that

∥z − ẑ∥ = ∥a− â∥ <
γ

32
.

In addition, by (5.6) we have

conv(S(BX ⊗BY , x
∗
n ⊗ y∗m, 1/k)) ⊂

{
z ∈ BX⊗̂πY

: B(z) > 1− α +
31γ

32

}
,

because a slice is a convex set. With this, we obtain

B(ẑ) = B(â) +
4

k
B(h) > 1− α +

31γ

32
− 4

k
.

Now using the above estimations as well as (5.5) and (5.6), we get

B(z) = B(z)−B(ẑ) +B(ẑ) = B(ẑ)−B(ẑ − z)

> 1− α +
31γ

32
− 4

k
− ∥B∥ ∥ẑ − z∥

> 1− α +
31γ

32
− 4

k
− γ

32

= 1− α +
30γ

32
− 4

k
> 1− α +

γ

32
− 4

k
> 1− α.

It is unknown whetherX⊗̂πY is an SCD space, wheneverX and Y are SCD spaces.

The following can be considered as partial progress towards this open question.

Corollary 5.7. Let BX be dentable and SCD(BY ) = BY . Then SCD(BX⊗̂πY
) =

BX⊗̂πY
. If additionally BX is separable and BY is an SCD set, then BX⊗̂πY

is an

SCD set.

Proof. Notice that using elementary properties of projective tensor products to-
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gether with the assumption, we can write

BX⊗̂πY
= conv(BX ⊗BY ) = conv

(
conv(dent(BX))⊗ SCD(BY )

)
= conv(dent(BX)⊗ SCD(BY )).

By Theorem 5.6

dent(BX)⊗ (SCD(BY ) \ {0}) ⊂ SCD(BX⊗̂πY
). (5.9)

This in turn implies that

dent(BX)⊗ SCD(BY ) ⊂ SCD(BX⊗̂πY
). (5.10)

Indeed, pick x⊗ y ∈ dent(BX)⊗ SCD(BY ), where y ̸= 0 (such elements clearly do

exist). Then by (5.9) we directly obtain that x⊗y ∈ SCD(BX⊗̂πY
). Using Corollary

3.13 we have 0 ∈ SCD(BX⊗̂πY
). Now picking x ⊗ 0 ∈ dent(BX) ⊗ SCD(BY ), we

have

x⊗ 0 = 0 ∈ SCD(BX⊗̂πY
)

and consequently (5.10) holds.

Also note that the set of SCD points is closed and convex, meaning

conv(dent(BX)⊗ SCD(BY )) ⊂ SCD(BX⊗̂πY
).

In conclusion

BX⊗̂πY
= conv(dent(BX)⊗ SCD(BY )) ⊂ SCD(BX⊗̂πY

) ⊂ BX⊗̂πY
.

If additionally BX is separable and BY is an SCD set, the set BX⊗̂πY
must also be

separable, hence by Lemma 3.7 we have that BX⊗̂πY
is an SCD set.
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6 Summary

In [2], A. Avilés, V. Kadets, M. Mart́ın, J. Meŕı and V. Shepelska introduced

slicely countably determined sets and spaces. One of the main motivations was

the generalization of separable spaces with the Radon–Nikodým or the Asplund

property. The goal of this thesis is to answer to an open question whether the

slicely countably determined property can be naturally extended to non-separable

Banach spaces. To this end, we introduce the slicely countably determined points,

together with numerous examples and properties. We study these points in widely

known classes of Banach spaces, and moreover, we investigate the stability of

these points in direct sums and projective tensor products of Banach spaces. With

the help of this pointwise approach, we are able to prove new results for slicely

countably determined sets and spaces aswell, making the research on this topic

appealing.

48
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4. Kinnitan, et lihtlitsentsi andmisega ei riku ma teiste isikute intellektuaalo-

mandi ega isikuandmete kaitse õigusaktidest tulenevaid õigusi.
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